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CHAPTER I
INTRODUCTION

Differential geometry has a long history as a branch of mathematics
but a large portion of the knowledge produced belongs to the realm of
contemporary mathematics. Much of this new material is scattered
throughout the research journals.

Mathematics, in general has been expanding in all areas at a fabu-
lous rate during the past half century. At the same time, one of the
most striking trends in contemporary mathematics is the constantly in-
creasing interrelationship among its various branches. Thus, as a pos-
sible means to alleviate some of the resulting pedagogical problems,
one needs to study some of the latest developments, reexamine the tra-
ditional areas of mathematics in light of these developments and clarify
and condense the material presently required for undergraduates by
pointing out the important ide%s and techniques being used.

The various concepts and computational techniques that are current-
ly in use in differential geometryvand emphasized in this paper are:

1) exterior differential calculus of E. Cartan; and

2) covariant differentiation Vx Y for vector fields X and Y.

Purpose of Study

It is the purpose of this study to develop many of the basic con-

¢epts and techniques that are currently being used as research tools in



modern differential geometry with the following objectives in mind:

1.) The material necessary for a thorough understanding of recent
research papers in differential geometry by Shiing-Shen Chern and
Richard Lashof on curvature of manifolds will be presented.

2.) The exterior algebra of forms will be used to derive a measure

of curvature of a hypersurface called the Deal curvature.
Procedure

The basic definitions and theorems will be presented in a setting
familiar to the advanced undergraduate student of mathematics. 1In fact,
it will be shown that many of the basic ideas used are just generaliza-
tions of concepts presently being used in elementary calculus. An
algebra, called the exterior algebra of forms, will be utilized in con-
junction with the method of moving frames as developed by Cartan.

After a careful study of some recent research papers in differen«
tial geometry (in particular, see [4] and [5]) where many of the modern
research toois are used, the author of this thesis developed the neces~
gsary background material for.an understanding of the topics being pre-~
sented in these papers. The notes on-differentiai geometry by N. Hicks
[10] influenced the material in Chapter II on differentiable manifolds,
and the notation is that due to Barrett O'Neill [15]. The development
of the exterior algebra of forms follows that presented by Mostow,
Sampson, and Meyer [13].

These methods are then used to study é geometrical object, such
as a surface, and a measure of curvature of a surface in E3, introduced
by R. B. Deal, Jr., (see [6]), is presented in this modern setting and

then generalized to a hypersurface in E". Many other applications of



exterior forms have been given by H. Flanders [8].
Brief History

The discipliné was well iéunched after ﬁhe fofmulation of the ana-
lytic geometry of R. Descartes (1596-1650) and the calculus by G.
Leibniz (1646-1716) and I. Newton (1643-1727). Many of the isolated
results on curves and surfaces were contributed by L. Euler (1707-1783).
In France, G. Monge (1746-1818) founded an extensive school of geometry
that influenced much of the development of differential geometry.

It was C. F. Gauss (1777-1855) who transformed the theory of sur-
faces into its modern systematic mold. He recognized the fundamental
significance of intrinsic geometry.  His main work in differential

geometry is his treastise of 1827, Disquisetiones generals circa super-

fices curvas.

A development of intrinsic geometry independent of imbedding was
given by B. Riemann (1826-1866) in 1854. Riemann dropped the restric-
tion of two dimensions and laid the foundations for "Riemannian geome-
try'" that has been extensively developed. These results were not pub-
lished until 1868, after Riemann's death.

Felix Klein (1849-1926) and his "Erlangen program'" had more influ~
ence, at first, than that of Riemann's work. Klein defined a geometry
as being a theory of invariants of a group of transformations. For
example, Euclidean geometry would be a theory of invariants of a group
of rigid motions.

| Around the turn of the 20th century G. Ricci and T. Levi-Civita
developed the tensor calculus, which became a powerful tool of differ-

ential geometry. Einstein's theory of relativity created much acitvity



in the further devélopment of Riemannian geometry during this time.
During the early part of the 20th ceﬁtury, E. Cartan (1869-1951)
utilized the earlier work of H. Grassman (1809-1877) in 1847 (on the
algebra bf subspaces of vector spaces) to systemitize the study of dif-
ferentials. When the Frenet formulas were discovered (by F. Frenet in
1847, and independently by J. Serret in 1851), the theory of surfaces
in E3 was already a richly developed branch of geometry. The success
of the Frenet approach to curves led G. Darboux (in 1887) to adope the
"method of moving frames'" to the theory of surfaces. Then, it was Cartan
who brought the method to full generality. His essential idea was very
simple: To each point of the object under study (a curve, a surface,
Euclidean space itself, . . . ) assign a frame; then using orthonormal
expansion express the rate of change of the frame in terms of the frame
itself. This, of coﬁrse, is what the Frenet formulas do in the case of
& curve. Cartan, also, introduced the notion of connections in £ibre
bundles.  This notion has been given a modern formulation, first by E.

Ehresmann [7], and has been utilized by 8. S. Chern [4] and others.



CHAPTER II
BASIC DEFINITIONS AND THEOREMS

The goal of modern differential geometry is a study of differenti-
able manifolds using the tools of analysis. Thus, one wants to use
calculus on a manifold and that calculus is the same as the one used on
Euclidean space. For this reason we start with Euclidean space, map-
ping from En to Em, tangent vectors, vector fields, and derivatives of
these objects. Then a definition of a manifold is given and the pre-
vious definitions on E" are extended to the manifold. Let R denote the
real numbers.

Definition 2.1. Euclidean n-space is the pair (S, d), where

S = {(pl, Pys + =+ 3 pn) }pi eR, i=1,2, ..., n}andd is a map-

n 2. %
ping, d : S x S— R, defined by d (p, q) = [.Zl(pi - qi) ]2, where
l=
p = (pl’ Pos + + + > pn), q = (ql, e e ey qn) belong to S.
n

Thus (S, d) = E.

By the dot product of points p = (pl, Pos « + = pn) and

Ms

i=lpi

The dot product is an inner product. That is, the dot product has the

q = (ql, Qos = =« > qn) in E" we mean the real number P q~= q

i

following properties:

1.) Bilinearity (ap + bq) r = ap'r + bg-'r
r-(ap + bq) = ar-p + br-gq
2.) Symmetry P°q=g"*Pp

3.) Positive definite p-p =20, pop=20 if and only if p = 0.



If p= (Pl’ Pz: s e s Pn) then
_ .2 2 2. %
o] = (] +py + . . . 97,
called the norm of p. Thus, the norm is a real valued function on En,
and it has the following properties:
L) e+ aff = [lpf] + [laf

2.) Hapu =|a| IIp|| where-| a | is the absolute value of the real
number a.

Thus, d(p,q) = ||p -~ ¢

The mapping d gives some structure to the set S and E" is a metric
space with metric d. Therefore, E" is a topological space with the
usual topology. Now, add additional structure by making E" into an R-
module (vector space over the reals) with the following definitions of
vector addition and scalar multiplication:

P+a=(pps Pps o o o5 P F Ay gy ey )

1

(pytays Pytay » - - -, P otq)
Q/p =‘Q/(Pl) pza L R Pn) = (CYP]_, Q/p2’ LI S Q/p)

for all p, q in E" and all ¢ in R.

Definition 2.2. Let Xy, X > X be the real valued func-

2’
) n R _
tions on E  such that for each p=(pl, Pys + + 3 pn) in E, xi(p) =Py

for i=1, 2, . . . , n,

The functions x., X . e . x are called the natural coordinate:
1 2’ > “n ,

n
functions of E .

Definition 2.3. A real-valued function f on En is differentiable

e —————  S———

(or of class Cm) provided all partial derivatives of £, of all orders,

) n
exist and are continuous. Notation: £ ¢ C° (E, R).

. n
Next, we define a tangent vector at a point in E . Then, we



define a directional derivative (with respect to a tangent vector) of
a real valued function which generalizesvthe usual directional deriva-
tive in elementary calculus. .This generalization will allow us to
define a tangent vector on a manifold as a linear mapping on real-
valued functions.

n . .
Definition 2.4. A tangent vector vp to E° consists of two points

n . . . . .
of E': its vector part v and its point of application p.

We think of a tangent vector vp as the arrow from p to p + r.
Tangent vectors vp and wq are equal if and only if v = w and p = q.
Tangent vectors with the same vector parts but different points of ap-
plication are called parallel.

Definition 2.5. Let p be a point of E'. The set Tp(En) = {v,]v,

is a tangent vector to E" at p} is called the tangent space of E" at P.

We can make Tp(En) into a vector space by defining vp + wp to be
(v + w)p and c(vp) to be (cv)p, These operations on each tangent space
make Tp(En) a vector space isomorphic to En. We need only show that
the mapping V—-—a-vp is a linear isomorphism from E” to Tp(En),

. n . . .
Definition 2.6. A vector field V on E 1is a function that assigns

to each point of p of E” a tangent vector V(p) to E" at P.
Let 35 = {V lV is a vector field on En} and :}= {f lfecm(En, R)}.
Then we can make}: into an Smmodule (vector space over 3’) by the
usual pointwise principle:
V+W () =VE) +Wp)
and
(£V) (p) = £(p)V(p) for all p.

Definition 2.6. Let Ul’ U2, e e ey Un be the vector fields on

En such that



U ) = (1,0, L., 0

U2(p) = (0, 1, 0, . . ., 0)p
Un(p) = (0, 0, . .., 1)p for each p in E".
We call {U, Uy, . . ., U} the natural frame field on E',

Lemma 2.1, If V is a vector field on En, there exist uniquely
determined real-valued functions Vis i=1,2, .. ., n, on E" such

that

The functions vi are called the Euclidean coordinate functions of V.
Proof: By definition of V, V : Eq—a-Tp(En) so the vector part of
V(p) may be denoted as (Vl(p)’ e e e, vn(p)) where the v, are real-

valued functions on E" (since they depend on the point p). Thus,

vip) = (vi (@), v, ()5 . . ., Vn(p))p

=v£p)(l,0,0, A 0) TR U vn(p)(O,O,° .., D)

P P

at each point p. But by definition of addition and scalar multiplica-
tion of vector fields, V and ¥ ViUi have the same tangent vector at
each point p. Hence, V = § ViUi°

Definition 2.7. A vector field V on En is differentiable if and

only if its Euclidean coordinate functions are differentiable (in the
sense of Definition 2.3).

Definition 2.8. Let f be a differentiable real-valued function

on En, and let vp be a tangent vector at p ¢ E". Then
.4 ,.
Vp [f] T dt (f(P + tv)) lt=0

is called the derivative of f with respect to v_.

2L L2 ¥y




_ n
Lemma 2.2. If vp = (Vl’ Voo s vn)p e TP(E ) then

v, L]l = .E v, & o).

i=1 i aXi

Proof: let p = (pl, Pys = = v pn). Then,

p +tV = (p1 + tvi, P, + tVos « + o P + tvn)
d (p, + tv,)
d since = = — = v we have
an dt 1
a_ = of
o (G +tv) | X Ui 3x; (®).

The main properties of the directional derivative are given in
the following theorem and the proof is a direct application of Lemma
2.2.

- o } n

Theorem 1. If f, ge¢ C (E, R), vp, wp € TP(E ) and a, b ¢ R,
then

1.) av_ + bw )[f] = av_[f] + bw _[f

(av, + bu )[£] = av [£] + bu [£]

2.) v laf+b = av f] + bv

J[af + bg] = av [£] + by (g]
3.) v [fg] =v [f] - glp) + £(p) - v_[g].
P p P

We again apply the pointwise principle and take directional deriv-

atives of vector fields so we have the following:

n

Corollary 2.1. If V, We¢Ef and f, g, he C (E, R), a, b ¢ R,

then

1.) (fV + gW)[h] = £V[h] + gW[h]

2.) V[af + bg] = aV[f] + bV[g]

3.) V[fg] =V[f] g+ £ - V[g].

Definition 2.9. A curve in EE is a differentiable function ¢ :
I—-v--En from an open interval I into En. Thus ¢ = (al, Ups o o o an),

where oo. = X, ox are the Euclidean coordinate functions of ¢g.
1 1
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Definition 2.10. Let ¢ : I—=E .be a curve in E" with

o = (ql’ Uys =+ v s an). For each real number t ¢ I, the velocity

vector of g at t is the tangent vector

. (do, (t)  da, () dg_(t) )
@ () e =R B )
n

at the point o(t) in E,

n

Lemma 2.3. Let g . T—=E" be a curve in E" and f e C° (", R).
Then
o' (e)[] = L)
Proof: Since ¢'(t) = Cg%%, . Q%%) , we have by Lemma 2.2

?' (O[] = T af () E= (a(t)),
i=1 0%y

Now £(a) = £(ay, . . . , o) and hence $H& () =22 @) d2(t)
i

by chain rule for composite functions. Thus o'(t)[f] = ngﬂl (t).

Definition 2.11. Given a function F : B aE" let fl’ f2,

. n
o a o s fm denote the real-valued functions on E = such that

F(p) = (£,(P), £,(P), . . . , £ (P))

for all points p in E', The functions fi are called Euclidean coordi-

nate functions of F and we write F=(f1, f2, e e ey fm)o

The function F is differentiable, or c” (En, Em), provided its

" R). A differenti-

coordinate functions are differentiable, or C° (E
, n m . . n m .

able function F ; E—E 1is called a mapping from E° to E . Notice

that the fi in F = (fl’ f2, e e ey fm) are the composition mappings:

£,) = x, (F)) -

Definition 2.12. If @ : I——I--En is a curve in " and F : Et—E"

is a mapping (differentiable function), then the composite function
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8 = Flg) ¢ I E" is a curve in E" called the image of ¢ under F,.

T

Figure 2.1

Definition 2.12, Let F : E—=E" be a mapping. If v is a tangent
: ‘ 8

n c s .
vector to E  at p, let E, (v) be the initial velocity of the curve

B t—=F(p + tv) in E". The resulting function F, : Tp(En)~——4-

TF(p)(Em) is called the dexivative map F, of F.

Thus F, is the function that assigns to each tangent vector v in
" at p a tangent vector F, (v) to E" at F(p). Consider the tangent
vector v as the initial velocity of the curve ¢ : t—=p + tv. Now the
image of ¢ under thé mapping F is the curve B such that

g(t) = Fla(t)) = F(p + tv).

And so from the definition above we have

—_ 1 _ d(F(p + tv))
o0 - g - (AREEED



12

The figure below describes the case where n = m = 3,

Fx(V) 8() = F(a(t))

| Figure 2.2

Theorem 2.2, Let F : E~—=E" be a mapping with F = (fl, f2,
n
a 2 LI} fm)o If v € TP(E ), then
F, (v) = (v[flj, v[fzj, e v[fm])F(p)"
Proof: Given v ¢ Tp(En) we have from definition of F, that g(t)

= F(p + tv) = (fl(p + tv), fz(p +tv), . . ., fm(p + tv)) and B'(O) =

F, (v). But by definition of velocity vector,

' 4a_ = (4
g8'(0) i (F(p+tv)) lt=0 = Gt fl(p+tv) [t= s

0

d d
= £, (p+tv) { s e e 0, = £ (pFtv) )
dt "2 £=0 dt m lt=0

(v[flj, v[fzj, o e s s V[fm])F(p)"
The following corollary shows the strong link between the calculus

and linear algebra.

Corollary 2.2. Let F = (fl, f2, s s o fm) be a mapping from E"

to E', Then at each point p of En, the derivative map F*p : Tp(En)-—ﬂP

T )(Em) is a linear transformation. (The proof is immediate since

F(p
Vp[fi] is linear)



Now since F* is a linear transformation from Tp(En) to TF(p)(Em)

we express F, in the following matrix form:

13

0 >, df. df 0
0 i i .. . 1 0
% 0%, X
: of, of, ¥
F, 1= 1 3% 0%y 1
0 afm afm e e afm / 0
axl ax2 5xn
0
0
where 1 is the transpose of Ui(p) =0, 0, ..., 1, ... ., 0
0
. . .th
and the 1 is in the i slot. Thus
af
FLo=(=—3) i=1, 2, ,n, =1, 2, . m
iy axi

This last matrix is called the Jacobian matrix of F at p.

Theorem 2.3. Let F : E=—=E" be a mapping. If g8 = F(w) is the
image in E" of the curve o in En, then B' = F, (¢'). (This says that
F, preserves velocities).

Proof: If F= (f,, . . . , £ ) then
1 m

B
By Theorem 2.2
Fo (@'(0)) = (@' (e) [£;7, o' (t) [£,], « - ., " () [£ D).

L , df . (o) dg.

! = e = ———i
By Lemma 2.3 we have ¢ (t)[fi] it (t) at (t), hence

Fla) = (£,(@), £5(@, - - « 5 £.@) = (Bps -« « 5 By
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dg,(t)  dg,(t) dp_(t)
B, (@' () = (5= , ——, . . ., =) p(o).

Therefore B' = F (a').

Definition 2,13. A mapping F @ E~—E" is regular if and only if
£ _ (Xegu.ar y

for each point p of E" the derivative map is one-to-one.

A mapping that has an inverse mapping is called diffeomorphism
(remember that by a mapping we mean differentiable function), Thus a
diffeomorphism is necessarily both one-to-one and onto, but a mapping

.which is one-to-one and onto need not be a diffeomorphism. (Consider
: . . 2 2 . 3
the mapping F : E=~—E" defined by F = (u”, v = u). Then

(ul/3’ v + u1/3

F“‘1 = ) is not differentiable at u = 0.

Theorem 2.4. Let F : E—=E" be a mapping such that F;p is one=-
to=one at some point p. Then there is an open set U containing p such
that the restriction of F to U is a diffeomorphism U-—~V onto an open

set V.

Definition 2f14° A set e

17 €95 -« o o s € of n mutually orthogonal

n .
unit vectors (ei . ej = aij) tangent to E at p is called a frame at

the point p.
Theorem 2.5. Let @15 o o o5 2 be a frame at the point p of E",
If v is any tangent vector to E" at p then
= . . o . . F . .
v = (v el) e, + (v e2) e, + (v en) e

We call the above process (which works in any inner-product space) the

orthonormal expansion of v in terms of the frame €1> €y o o o s en°

If we let e, = U, then
i i

n N

Vv = (vl, v2, e e ey vn) = lel
i=1
n .

w = (wl, w2, , wn) = 3 wlUi

1
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and in terms of these Euclidean coordinates
VeW=3x viwi .

Now if we use the frame €15 ¢ o 0 s en, we have
V=y a e, (ai =V . ei)

W=% biei (bi =y . ei) s

but the dot product is given by the same simple formula V « W = z_aibi,

{ « W N - . o =
since V (c aiei) (s bjej) E(aibj) e, ej 5 ?ibi gij
= 5 aibi°
It is for this reason that we use frames and the advantage becomes
enormous when applied to more complicated geometric situations.

Definition 2.14. Let €15 -+ -

The n x n matrix A whose rows are Euclidean coordinates of these n

s en be a frame at a point p of En.

vectors is called the attitude matrix of the frame,

a. ) then

Thus, if e. = (ail’ Bigs o v v s g ;

1

A= (a,.) l<i,j<n.
Notice that the rows of A are orthonormal since

'E aikajk =e, ej = 6ij for 1 < i,j < n.

By definition, this means that A is an orthogonal matrix. . Hence AtA

= 1, where 1 is the n x n identity matrix, and A is the transpose of
, t t =1 .

A, This means that AA =1 and so A =A ~, the inverse of A.

. n .
Definition 2.,15. A vector field on a curve ¢ : I—>E 1is a

function that assigns to each number t in I a tangent vector Y(t) to
n .
E" at the point o(t).

Thus for each t ¢ I, we can write

() = (v (), ...y Y (0)

£y, (©) U (a).

To differentiate a vector field on ¢ we need only differentiate its
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Euclidean coordinate functions, thus giving a new vector field on g.

That is, Y(t) = (y,(t), y,(t), . . . , y (©)) = £y, () U (a(t))

dy, (t)

= dt Ui(Q’(t))n

Y'(t)

It is easy to show that we have the following properties:
(a¥ + bz)' = aY' + bZ' , a, b ¢ R, the reals
and
df.

(f)' =S¥ + £Y', (Y - 2)' =Y - z+7Y.2".

We say that a vector field Y on a curve is parallel provided its
Fuclidean coordinate functions are constants (i.e., Y(t) = (cl, Cys c3)
=5 CiUi for all t.
Lemma 2.4.
(1) A curve g is constant<= o' = 0.
(2) A nonconstant curve ¢ is a straight line &> ¢'' = 0.

(3) A vector field Y on a curve is parallel<= Y' = 0.

Definition 2.16. Let W be a vector field on ED and let v be a

n . . . .
tangent vector to E  at the point p. Then the covariant derivative of

W with respect to v is the tangent vector
v, =W+ tv)' (0)
at the point p.
Thus, vVWAmeasures the initial rate of change of W(p) as p moves

in the v direction (See fig. 2.,3).
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Figure 2.3

Lemma 2,5. If W =3 WiUi is a vector field on E" and v is a

tangent vector at p, then

v W=

hMs

v [w;1 U ().
1

i
Proof: Since W(p + tv) =¥ wi(p + tv) Ui(p + tv) for the restric-
tion of W to the curve t—=p + tv and to differentiate all we have to

do is differentiate the Euclidean coordinates. But the derivatives of

yi(p + tv) at t=0 is v [wi]. Hence,

IhMB

vVW =

v [wi] Ui(p).
i

1

Thus, to apply Uy to a vector field we apply v to its Euclidean
coordinates, We use the linearity and Leibnizian properties of the
directional derivative to derive the corresponding properties of the
covariant derivative,

Theorem 2.6. Let v and w be tangent vectors to EY at p, and a,

b e R,f ¢ c” (En, R), let Y and Z be vector fields on E'. Then

1.) ¢ Y = avVY + bVWY for all a, b, ¢ R.

av + bw
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2,) v (@Y +bZ) =ay Y + by 7
v v v
3.) v (£Y) = v[f]Y(p) + £(p)v Y
4.) v[Y + 2] =9 Y« 2(p) + X(p) + Y Z
Proof:

1,) Yav + bu Y =5 (av + bw) [yi] Ui(p)

a £ v[y,] U, (p) +D gwuly Ju ()

it

avVY + bva

2.) V (a¥ +bz) = g v[a¥, + bz, ] U, (p)

a vy v[Yi] U (p) + b T v(Z]U ()

avVY + vaZ :

3.) y,(fY) = nv[fy,1 U, () =% vp[f]yi(p)Ui(P) + % £(p)vly;]u, (p)

Vp[f]E y; PV, () + £(p)T v[y,]U, (p)

v £]Y(p) + £(p) - va°

4.) v (Y -2 =v[Y - 2]=v[xg yizi]

[

Sviy,l -z, +Z yi(p)v[zi]

o e V
v, © Z2(p) + Y(p) o2
Note: The properties above are also sufficient conditions for

Uy For suppose we are given a covariant differentiation satisfying
the conditions 1 through 4 above. Then for the vector field W and

tangent vector v at p we have:

. W

- v, & WiUi(P))

£ 9, w0 () =5 (v[w, U, (p) +w, (PIy U, (P))

T v, [w; U (p) =W +tv)' | _, since

0
vai(p) =0 (i.e., v[c] = 0).
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Using the pointwise principle, we can take the covariant deriva-
tive of a vector field W with respect to a vector field V. . The prop-
erties of the preceding theorem take the following form:

Corollary 2.3. Let V, W, Y, and Z be vector fields on E®. Then

(1.) vv(aY + bz) = ava + vaZ for all reals a, b.-

2.) Vey + oW Y = f9.Y + ngY, for all functions f and g.
(3.) wy(fY) = V[£]Y + £9,¥, for all £ ¢ C* (£, R)

(4.) V[Y - 2] =9Y-Z+Y . y2.

Definition 2.17. If W = ¢ wiUi is a vector field on En, the

covariant differential of W is defined to be gW = ¥, dwiUi°

n n

: E ' = = .
Thus AW Tp( ) TP(E ) such that (vW)v by dwi(v) Ui(p) VVW
Notice that dwi is a linear mapping on tangent vectors.

Definition 2.18. The bracket (or Lie product) of two vector fields

V.

V and W is the vector field [V, W] = VVW - vw

Theorem 2.7. If f,g ¢ C. (E", R) then

1.y [V, W]£] = VIW[£]] - W{V[£]]

2.) [V, W] =~ [wW, V]

3.) (U, [v, wj] + [v, [W, UJ] + W, [U, V]] =0

4,) [V, gW] = £V[gIW - gW[E]V + £g[V, W].

Differentiable Manifolds

Let M be a set of points. An m-coordinate pair on M is a pair

of Mand a 1 to 1 map ¢ : M E"

(¢, Ml) consisting of a subset M 1

1
such that ¢Gﬁ1) is open in E". One m-coordinate pair (¢, Ml) is gf
related to another m-coordinate pair (g, MZ) if and only if the maps

¢09u1 and 90¢a1 are C maps wherever they are defined (i.e., domains of

definition must be open).
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Figure 2-4

A»Qf m-subatlas on M is a collection of m-coordinate pairs (¢},
1

Mh), each of which is € related to every other member of the collec-

tion, and the union of the sets Mh is M. A maximal collection of C*
related m-coordinate pairs is called a gf m-atlas. If a C m-atlas

(o-] .
contains a C m~subatlas, we say the subatlas generates the atlas.

Definition 2.19. An m dimensional gfvmanifold (or a c® m-manifold)

is a set M together with a ¢ m-atlas.

An atlas on a set M is called a differentiable structure on M,

Each m=coordinate pair (¢, Ml) on a set M induces a set of m real valued

functions on M1 defined by X, = u; o ¢ for i =1, 2, . . . , m where the

. . m . m
u, are the natural coordinate slot functions of E (i.e., ug Ee—s=R

= - . . oM
by ui(p) = p; where p (pl, Pys + + + 5 Pys o o o s pm) is in E). The

functions xl, o e e s

x are called coordinate functions (or a coordi-

nate system) and M. is called the domain of the coordinate system.

1

We list some examples:



Example 1,

Example 2.,

Example 3.

Example 4.

Example 5.
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Let M be E” with a C* n-subatlas equal to the pair (g, E™)

where ¢ is the identity map on ",

Let M be any open set of E" and let a C" n-subatlas be the

pair (¢, M) where ¢ is the identity map of g™ restricted to
M, | |

Let Ml be the l-dimensional Cl manifold of example 1. That

is, let M, = R and ¢ the identity map. Let M, = R and with

1 2

1
the C° l~subatlas (x3, R), where x is the identity mapping

on R. Then M1 # M2 since xl/3

is not Cl at the origin
(i.e., x © (x
This example‘shows that the same set of points may have
different differentiable structures,

Let g be a ¢~ real valued function on'En+1, with n > 0, and
suppose dg # 0 on the set N = {peEn+1| g(p) = 0}. Then N
is a € n-manifold when a C~ n-subatlas is chosen as
follows: At each point p ¢ M, choose a partial derivative
of g that doesn't vanish, say the ith one, apply the
implicit function tﬁeorem to obtéin a neighborhood of p
(relative topology on M) which projects in a 1-1 way into
the Ui = 0 hyperplane of En+1,

Let V ve a vector space over R with Let {el, o e oy en} be

a basis of V. The group of all non-singular matrices

called the general linear group and denoted by GL(n,R).

Now map 2
GL(n, R) —E"
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defined by: (a..)

i3 (all’ a195 + + - 5 8

» 210 f22

o e e ann)' The image is open since it is the inverse
2

: . , n
image of an open set (using the determinant map : E——R

In

which is continuous).

Definition 2.20. Let M be a fixed C* n-manifold. An open set iﬁ

M is a subset A of M such that ¢ (A (\ U) is open in E" for every n-
coordinate pair (g, U).

With the above defintion for open sets the manifold M.becomes a
topological space.

Definition 2.21. Let M be a C m-dimensional manifold and N an

n-dimensional C~ manifold. If A M, A open, then F : A—wN is C

, . . - -1 (-] n

(A, N) at p ¢ A if and only if g O F O g ¢ C (AN Ml), E7) at
¢(p) for all coordinate pairs (g, Ml) at p ¢ M and all g ¢ C7 (Nl’ R),

F(p) ¢ N1° (See figure below).

Figure 2.5
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Note: The definition above includes the special cases where M = g™

and ¢ is identify map (or where N = E", and g is identify map).

Definition 2,22. Let I be an open interval of the real line and M

a C° m-manifold, A differentiable mapping ¢ : I—=M is called a curve
in M.

Lemma 2.6. If ¢ is a curve, ¢ : I—=M, whose image lies in M,
where (g, Ml) is an m-coordinate pair of the, C” m~dimensional manifold
M, then there exist unique differentiable functiona @y 8oy o o0 ey AL

on I such that

alt) = ¢_l (al(t), az(t), o 0w am(t)) for all t ¢ 1.

Figure 2.6

For the proof of the above Lemma we need only consider the
Euclidean coordinate functions of the mapping ¢ © o and the uniqueness

comes from the following:
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$0a=90¢ (b, by . . ., b)

-
i)

~
[}

(al, ays o

(bys byy o o v 5 D).

Definition 2.23. Let M be a C~ m-manifold. Let E}'= {f |f ® c”

M, R)}° A tangent vector at p ¢ M is a linear mapping v :3-—""R such

that v{fg] = v{f] - g(p) + £(p) - v[g]l.

Definition 2.24., The tangent space, TP(M), to M at p is the set
of all tangent vectors v at p.

The tangent space TP(M) is a vector space over R where (v + w).
[£] = v[f] + w(f] and (av) [f] =a . v [f] for all v, w ¢ TP(M), fePF
and a ¢ R,

Let x » X be a coordinate system about p ¢ M. We define

lgac

: -
coordinate wvectors ) b
(ax. p B

1

o -1
(jgﬁﬁ’) £ = AEZS D )
o )

where X, = Ui °o¢, i=1, 2, . . . , m.

Figure 2.7
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Notice that the (Eﬁi.) are tangent vectors since
. i/p

Ly

1.) (—a-)[af+bg] =SL5: ((af +Dg) © 0 ) (1 oy)

3K,

1

_ 3 (@f 2 ¢t 4 g o o7 a(p

u,
a.l

=1, . -1
=22 00 D) + 2820 Dy
1

ou,

()t ee ()
P P

-1
2 -a(fg°og¢ )
2.) (axi) (6] = 5u- @)
p

-1 -1
S 2 ECENE T (o

u,
al

=1
_ D (fog )(¢(p)) - g(p) + £(p)

Uy
-1
2.(g° )
S ? o))
[ : 2
(axi> [£] - g() + f“’)(axi) [e] -
P P

x be a coordinate system about p ¢ M

Lemma 2.7. Let Xps o o o0 X

with xi(p) = 0 for all i, Then for every function of f ¢ c” (Ml’ R),

"M, an open subset of M with p ¢ M., there exist m functions f

1’ 1’ ° @ s
. @ s - ol T - f‘; :
fm in C (M, R) with fi(p) (axi> [f] and £ .f(p) + E Xifi in Mlo
P
In the above lemma we need only consider the map ¢ belonging to

the x, and let F = £ © ¢=1, F is defined over some ball B = {q ¢ E" l

_ Al aF
d(0, q) < r}. Let (al, e e e, am) ¢B. Then let F, IO >, (al,

, a tai, 0, .. ., 0) dt. Then set fi = Fi ° g.

i-1’
Theorem 2.8. Let M be a C* m=manifold and let s oo o5 X be

a coordinate system about p ¢ M. Then if v ¢ Tp(M), v=ysv [x](%iLi>
' i *i/p
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and the coordinate vectors (éi—-) from the base for Tp(M).
i
P

For Theorem 2.8. let A T Xi(p) if xi(p) # 0 for all i. Then
for any v ¢ TP(M) and f ¢ c® (N, R) we use Lemma 2.7 with respect to
the coordinate system y., . . . , ¥y and note that af = (2t .

1 m Yy 3% /5
Also, 1f ¢ is a constnat map, v [c] = 0 and so v [f] = v [c¢] +v[§ yifi]
i
=T v Iyl s £ 0+ v ) v IE1] = 5l [xy - x )] - £ ) +

(xi - xi(P))(P) v [fi]] =z v ([ Xi] °(§§; p. Thus we have the

required representation. Now if v = § a 2~ = 0 then 0 = v [xj] =

. i ax,
BXJ i
5 a; S;_ = aj so the coordinate vectors are independent and span TPGM)
i

so this space has dimension m.

With the above definition of tangent vector and the representation
theorem we have for all the corresponding definitioné given earlier on
E” a counterpart defined on manifolds.

Definition 2.25. A vector field, V on a subset M, of a c® m-

1

manifold M, is a mapping that assigns to each p ¢ A a tangent vector

v T .
b © pﬂﬂ)

A vector field V is ¢~ on M1 if and only if Ml is open and for all
f ¢ C (B, R), the function V [£] (p) = v, [£] is C*onM B, IfV

and W are C* vector fields on M M, their bracket [V, W] is a c”

1
vector field on M; defined by [V, W]p [f] = Vp[W[f]] - Wp[V[f:\]° Thus
we have all the properties listed earlier in Theorem 2.7 and we note
in particulaf that Egif ’ SST] = 0 for all i and j since cross partial
derivatives of C° funcéions are equal.

Let M and N be C” manifolds of dimension m and n respectively. 1If
F is a C* mapping, F : M—=N, Then we call the induced map F, : TP(M)

— )(N) the Jacobian map of F and F, is defined by

T
F(p
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F*VF(p)[g] = VF(p)[g ° F], for v ¢ TF(p)(N>

and g ¢ Cm(Nl, R) with F(p) ¢ Nl (an open subset of N). Notice that
Ffis a tangent vector at F(p) and that F, is linear. We get a matrix
representation of F, by selecting coordinate systems Xys » o 0 s X a;
p and Vs o 00 s Yy at F(p), computing F, on the basis Vi = at p.

Thus if w, = ~&- is a base at F(p) we have
J ayj

F*Vi = ; (F*Vi> ijj hence

B(Yj ° f)

((F,V)y) =——7—— forlsism l<js=n.

X,
al

The generalization of the definition of covariant differentiation
3 @ I3 . 3
or a connection on any C manifold is the existence of an operator v
. e - . ©
which satisfies the four conditions below and assigns to C vector

fields V and W a €~ field L
+ = +
1) gy W +2) = g + v2

2.) @) = v, (@) + v,

Vy+w

3.) va(W) = f(p) 2

‘4,) VV (fw) = V[{] Wp + £(p) Yy W).



CHAPTER III
TENSORS AND FORMS

This chapter presents the exterior algebra of forms and an oper-
ator on these forms called the exterior derivative. The exterior
algebra 1s a subalgebra of a tensor algebra over a finite dimensional
vector space U, (In later application U becomes the tangent space
TP(M) to a manifold M at p ¢ M, U"c is the dual space, the space of

forms on M,)

Tensor Products

Definition 3.1l. Let Ul’ o v 4y Ur,W be vector spaces over fileld
R, A mapping f : U X U2 X, . .X UE~—*~W is called r-linear (or
multilinear) if f(xl, o e o xr) is linear in each of the r-entires,
that is, if : f(xl, Coee s Xy + x{, o e e xr) = f(xl, v e s X,
o e e xr) +ﬁf(xl, e e ey xi, . e e, xr) and f(xl, C e e s BX,
Ce e xr) = cf(xl, T xr) for all X x{ e Ui and
all ¢ ¢ R.

Example 3.1. Let U; = U, =R = {(x;, - . ., x) |X, ¢ R}. Let
f Ul X Uf——a-R defined by f(x,y) = % XY where x = (Xl"° e e xn),
y = (yl, . e ey yn), Then f is bilinear.

Example 3.2. Let U be a vector space over field R, dim U = m with
base {Ul, o o o s Um}, Let V be a vector space over field R, dim V = n

with base {Vl, o e e Vn}, Let P be a vector space over field.R,

28
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dim P = mp with base {Pij}’ i=1, ... ,m; j=1, e o 5 N,
Define f : U X V—P by f£(x,y) = xlprij where x = xlUi, y = ylvj.
= (& iy i = wiodp i ] =
= + = =
Now f(x; + x,, y) = (x; x2) y" Pyy = XY Pijﬂ+ X,y Pij £(xqy y)
+ f(xz, y)

f(x’ yl + y2) = f(X, yl) + f(X, yz)

flex, y) = £(x, cy) = cf(x, y).
Note: f(Ui’ Vj) = pij’ hence £(U X V) spans P. Also, let g : U X V—»
L, where g is bilinear, L i1s any other vector space. Define gy ! P11,
81 linear gl(Pij) = g(Ui, Vj)° This defines g1 uniquely on P by

linearity. Now g = g; © f since g, © £(x, y) = gl(f(x,y))

- xiyj(pij) = xing(Ui, v, = s(ini, ij )

3 3
= g(x, y).
Definition 3.2. By a TIensor Product of two vector spaces U, V
on R is meant a vector space P over R equipped with a fixed bilinear
mapping £ : U X V—»P having the following properties:

(i) the image £(U X V) spans P,

(ii) if g : U X V——» L then 3 linear mapping
bilinear

g1 ¢ P——>L 5 g= g1 o f

UXV —

. Figure 3.1
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Properties:
1.) Thé linear mapping 81 ° P—L in definition 2 is uniquely
détermined by the bilinear mapping g.
2.) Let {P, £} and {P', f'} be two tensor products of vector
spaces U and V. Then there is one and only one linear mapping

h:P P' such that £f' = h © £ and h is an isomorphism.

Uxv - ~> 'h
}

From 2.) We see that any two tensor products of U and
V are canoﬁically isomorphic. Thus by U (:) V we denote
any one of the {P, f} and for the given mapping £ :
U X V—rU (:) V.- we use the following: £(x, y) =
x (¥) y. From the bilinearity of f we have

(x, + x2)®9 =x,(®y +x,®y

x® (y; +3) = x@®y; +x@y,

(ex) @y = x® (cy) = c(x®)Y)

3.) Every element t ¢ U (¥X) V can be expressed in at least ome

way as a sum t =

1

it Mo

) X, (:) s where X in U, y; € vV, (1 = 1,
2, . . ., 8).

4,) If U and V have dimension m and n respectively then U (:) \Y
has dim m * n, and if {Ul, e e ey Um}, {Vl, o e e s Vn} are
bases for U and V, respectively, then the elements Ui C)

Vj in U C) V form a base.

5) U ® VEV ® U

Now given vector spaces U, V, W, over R, we can apply the tensor-

product operation twice, for many, for example, (U (E) V) (:) W.
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In a similar way we can form repreated tensor products with any number

of factors. For our purposes we will be interested in repeated tensor

products of a single vector space U,

6.)

7.)

(U@v)@w=u@(v@w)

Let U N Ur be vector spaces over R, - The mapping

l’

£:0 X, . .xur——-—Ul@ ) U_ defined by

f(xl,.,.,xr)=xl®...®xr, xigUi
; ® .0 U

If g ¢ Ul X. . .X Uru—a—L is any r-linear mapping into a

is r-linear and its image spans U

vector space L then there is a unique linear mapping

g': U @ . e @ U-—>L such that
g(xls ¢ s sy xl') “8'(1{1 @ P ® xr)

(proof is by induction on r)

The Tensor Algebra of a Vector Space

Let J denote an arbitrary set, and suppose that there is assigned

to each element j in J.a vector space Uj over R, Let S denote the set

of all mappings f that assign to each j in J a vector £(j) in Uj in

such a way that

(1)

f(j) is the zero vector in Uj for all but a finite number

of j in J.

We make S into a vector space over R as follows:

(ii)

(£ +£%) (3) = £(3) + £'()

(c£) (3) =c » £())

for any £, £f' in S, any j in J, and any ¢ in R. With these operations

S 1is a vector space.

Definition 3.3. The space S is called the direct sum of the
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family {Uj},

Let xj be an element in‘Uj° Denote by xj the element of § defined

Now since

(X§ + X§)' (i)

and

. cxj if i =3
(ex;) (1) =9 ¢ 1f i # ]
'
the mapping Uj——ﬂr-S defined by xj~—a—xj is a linear mapping which maps
Uj isomorphically onto a subspace U; of S. Now let f£f be any element of
S and write f£(j) = xj, so that xj is in Uj. By condition (i), all but
a finite number of the x, are zero. Let x, , . . . , X, be those
] J1 Jr
which are not zero. From (ii) and (iii) it follows that

(iv) £ = X + .. .+x .
N i,

Conversely, given any elements x, , . - . , x, in U, , . . . , U,
1y Ir 11 Ir
(iv) defines an element f in S.

Finally, we simplify our notation by writing xj instead of the
mapping xé, Thus we have the following:
Any element of the direct sum can be expressed as a finite sum

x, + . . .+ x,
3 i,

with x, in U, , . . . , x, 1in U, . Furthermore the expression is
3 3 Jr N
unique, provided the x's are nonzero and provided the elements ips

o s jr of J are distinct.

Now let U be an n-dimensional vector space over the field R, Let
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U* be the dual vector space. We introduce the following notation:

M El® . @A ..U
P q

= (@ vEE? ™

i P = P o _ q ¢
In particular, Uo C) U, Uq C) U,

Thus Ué = U, U = U¥, and we further define Ug

1 R.

From all these vector spaces we now build a giant vector space T(U),
namely, their direct sum

(vi) T(U),= direct sum of all qu (p, q=0,1, 2, . . .)

"The elements of T(U) are called tensors on U, As we have just seen
each qu can be regarded as a subspace of T(U). The elements of UpO .
are called contravariant tensors of type (p, 0), elements of qu are
called covariant tensors of type (0, q); elements of qu, P, g > 0 are
called mixed tensors of type (p, q).

From (v) we have

qu = UpO (:) qu provided p » 0, q > 0,:

(Even if p or q is zero, we can still regard the above formula as
correct, For example, if q = O the right hand side is UPOC:)R

= Upo.) T(U) is a vector space over R, and now we show that it can be
made into a ring.

We define a product T(U) X T(U)——=T(U) by

1 | R !
(t, tHY—>t & t'-= 5oty ® tj

1,]

where t = T ty t' = b3 t{, t, t' e T(U).
i=1 j=
Now, the system T(U), with the product given is an associative algebra.
Every element of T(U) can be expressed as a finite sum of elements of

the type
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“® @0 @

i . )
(xi e U, ijln U J,)

and the product in T(U) of two such elements is given by
“® - @@ @) @y @
...@zr)®(w’f®..,®w:

X, ® ... ® xPICD z; C) N €] z ® y? ®

Furthermore the contravariant tensors in T(U) form a subalgebra

TO(U) = direct sum of Upo, p=20,1,2, .. .) of T(D
and the covarlant tensors form a subalgebra
TO(U) = direct sum of qu (g =0, 1, 2, . . .) of T(U).

Definition 3.4. TO(U) is called the contravariant tensor algebra

over U, and TO(U) is called the covariant tensor algebra over U; T(U)

is called the tensor algebra over U.

Exterior Algebra of U

Let U be a vector space over R, and TO(U) = direct sum UpO p =0,
1, 2, . . . TO(U) has the product operation (:) so let S denote the
ideal of TO(U) generated by all elements of the type

b4 (:) X, x ¢ U,

By this we mean: S consists of all elements in TO(U) which can be
obtained from the elements of the type x .69 x by a finite number of
the three operations in To(U)° (addition, scalar multiplication,
tensor product by arbitrary elements).

Now tl’ t2 e S t, +t, and t, = ¢t S, hence S is a subgroup

1 2 1 2

of TO(U), regarded as an abelian group, so we can form the quotient



group TO(U)/S, consisting of all the cosets cf S. Every coset of §
can be written (in many ways) as t + S, t ¢ TO(U) (for any t in the
coset), We make TO(U)/S into a vector space by

(t1+S)+(t2+S)=(t1+t2)+S,

c(t +8) = ct + 8,

These operations are independent of the representatives chosen
‘for suppose:
'

1

1f t1 + S = t1 + S and t2 + S = t2
1 1

(t1+t2)+S—(t1+Sl+t2+Sz)+S

(ti + té) +(s; +8,) +8

+ S, then

1 !
(t1+t2)+S
and similarly
1 B 1
t1+s—t1+s::>tl—-t1€Sandso
c(t' - t) ¢S, thus ct' +S =ct + §
showing that the operations defined above are independent of the t

chosen. We now make TO(U)/S into an algebra by defining a product

operation, called the wedge product, in TO(U)/S by the rule:

(7t1+S)/\(t2+S)=(tl @ t2)+S

35

The right hand side depends only on the cosets and not the representa-

1
tives chosen., For if t, is in t, + § and if t, is in t, + S, then both

1 1 2 2

1 1 2 2 1 1 1 2 1

it
[}
1

1 1
(:) t2 and t1 (:} (t2 - t2) must also be in S, Hence so is their sum

] 1]

£y @ ty = t; @ t,, and therefore t; @ té +8 =1t @ t, * S.

Definition 3.5. The quotient algebra TO(U)/S is called the

exterior algebra of U (or the Grassman algebra of U),

We shall denote it by'AlL We now examine its structure. Let

] 1 ]
t, = t, and t, - t, are in §. (i.e., t, + 8, =t, + S, and so t, = t

2
, =8, ¢ S8). Thus, from the definition of § the products (t; - t))
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P : TO(U)——->-U be the canonical mapping

P ¢ t—>»t + S,

P is linear with Ker P S, since 'P(atl + btz) + 8 =at, +S +at, + 8§

1 2
+ 8) +b(t2 + 8)

a(tl

aP(tl) + bP(tz)

P(t) =0t +S=8ort=-~0=¢tg 8.

Also:

(t1 @ t2)+ S = (t1+S) /\(t2+s)
P(tl) /\ P(tz),

P(t, ® tz)

Thus we have the result that P is a homomorphism of algebras.
P : Upo—.-> subspace of A\ U call it /\PU (i.e., P(Upo) = /\PU).
From the definition of S we know that § = ker P contains no elements of

R=1 or U o U. Hence, P maps R isomorphically onto /\ °U and P

= Q

maps U o isomorphically onto /\1U, Thus we identify /\OU with R and

1
/\ U with U, From this we have

(vii) P(c) c for all ¢ ¢ R,
P(x) = x for all x ¢ U.
Now since UP is spanned by elements of the type x

L ® @

(xi ¢ U) we have

(viii) P(x @ . ® xp)

P(xl)/\ p(xz)/\ . ./\P(xp)
b s

Hence, APU is spanned by elements of the type

p

(ix) Xl/\ X, /\ e o /\ Xp’ with X, € U.
Elements of/\ Py are said to have degree p.
Since x @ x ¢ S for all x in U we have P(x @ x) = 0, or
P(X)/\ P(X) = 0. But by (vii) above we have

(x) x/\x=0forallx€U.
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The mapping UX U X . . . X U—>\ PU defined by
;—‘__—W‘J
P

(xi) (xl, Xps o o o xp)—-»xlA . . ./\xp

is p=linear. This follows from the following diagram:

£ P
P f R n
UXKUX ., . .XU0U—>0"_ =0 ® ... ® U
p-linear

p (linear)

o

Figure 3.3

Then from (xi) we have that if x, y are in U, then

(x +y) /\(X‘”""y) =x/\X+X/\yﬂ'y/\x+Y/\y
But from (x) x/\x=y/\y= x +y) /\(x+y) = 0 so we have
« Ny +y\x =00
win w\y -\ s

From (xii) we have

( 1 . . .p
(xiii) x, /\ X, /\ /\ = gign \ i i/
i i AL
1 2 1P 1 .. .p

xl/\a . e /\XP(Xi e U)

showing that the expression is skew-symmetric in its entries, we also
have
(xiv) Xy /\ . . c/\ Xp = 0 if any two x, are identical (xi e U).

For suppose xj = x then by suitable permutation we can put xj and

Xy adjacent., But Xj X = 0 and since the permutation can at most

change the sign we have the result.
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Using (xii) repeatedly we have

(xv) xl/\, , ,/\prylA. ..,/\yq=(-l)pq ¥y /\ . ,/\yq A
T

for any X:s V5 in U. Since any u e/\ Py oand v ¢ /\qU can be written as
a linear combination of elements xl/\ o o e /\ X, and yl/\ e /\yq
we have

(xvi) U/\ v = (-1)Pd V/\U for U e /\pU, v e/\qv

. . , 2
Notice: x /\x not necessarily zero if x ¢ /\ U. PFor example let
X = x; /\xz + X4 /\ X, then x /\x = (xl/\ X, + X4 /\x4)/\(xl/\x2 + x3/\x4)
(x1 /\XZ)/\XS/\X4 + (x3/\x4)/\(xl/\x2)
= xl/\ xz/\ X3 /\x4 * x1/.\""2 /\Xs/\ *4
= 2(x1/\ X, /\x3 /\xq) # 0

for Xy» x2, Xgs X, € U, X, are linearly independent.

Also we have /\pU =0 if p >n = dim U (Since /\pU, p>n, is spanned by
elements of the type xl /\ o o o /\ xp (Xi e U) and every such element is
zero if p > n),

Hence,/\u= /\OU @/\lu ® ... @Anua

Theorem 3.1, xl/\ o a/\ X, = 0 if and only if Xy Xy o o o
x5 are linearly dependent (xi ¢ U).

We now compute the dimension of the/\ p(U)° Let B = {el, e o e

en} be a base for U. Thus dim U = n. If X, = x3 e,, 1 =1, 2, . . .,

1 1
p, then
: j j
xl/\q../\xp=xllej /\,.o/\xppej
1 P
j j

=% 1 e e xp P ej /\ o e /\ ej .

1 P

Thus /\pU is spanned by the elements of the form
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J1 p
But from (viii) and (ix) we see that /\pU is spanned by e /\ . /\ej
1 .
with 1 < j, < j, < < j_ < n. There are (n) elements e /\
1 2 o o e D . p jl
o o o /\e, such that 2 < j1 < j2 < o v e < jp < n. These elements are
P
linearly independent hn/\IﬁL For suppose
ﬁ hj A
(xvii) by c L...7p ‘ej /\. . /\ej =0
ji<oo o] 1
1 Jp P
J1.. jp
for some scalars c * ¥, Let Kp+1, e e e Kn be distinct integers

from 1 to n and form the exterior product of the left member above

(xvii) with the element ey /\ . ./\ ey All terms
p+l1 n

e,/\a,,/\e./\e /\,../\e (j; < - . . < j_ ) vanish except
iy Jp Kp+l K 1 P

n

the ones for which jI, e e e s jp is the complementary set of indices

K Kn’ so that K .« . 5 K

s Kp corresponding to Kp+l’ o e oy 1 n

1, o o

is a permutation of 1, . . . , n. Thus the product of the left side of
(xvii) and eK+1/\ o o o /\en reduces to the single term

1, . . . .
e P ey /\ o o s /\eK (no summation) and this must be zero by
n

(xvii). But ey /\ e e . /\eK is not zero, by Theorem 3.1, thus

K K 1 n

R 1. . . p_ 0.

Hence, we have proved that
(xviii) dim/\pU =(;‘)p =0, 1,2, ...,n.
and that
the elements ejl/\ . . ,/\ej with i < j'1 <. s . jp < n form a
base in./\p(U) if {el, e e e s en}pis a base in U (p > 0).

Thus we have
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ain v = () + (P)+. ..+ (2)= 1+ 1) = 2",
Differentiable Forms on a Manifold

We now let U = T:(M), the dual space to the tangent space TP(M) gt
a point p in a c® m-manifold M. The O-forms on M aré the differenti-
able real-valued funcﬁions f : M—R,

Definition 3.6. A l-form ¢ at p ¢ M is an element in T:(M).
Thus ¢p(av + bw) = a¢p(v) + b¢p(w)_for all a, beR, v, w ¢ Tp(M)°
Notice ‘that by definition ¢p(v) is a real number for all v ¢ Tp(M)°

Definition 3.7. If f is a differentiable real-valued function on

some open set containing a point p of a C” m-manifold M then the differ-
ential df of f is the l-form such that

df = f1 for all T (M).
(v)p vp[ 1 Ve p(:)

If X5 X > X is a local coordinate system in a neighborhood

2’

of p ¢ M, then the differentials (dx,) , (@x,) , . . . , (dx ) form
» 1 P 2 P m’p

a basis for T;(M)a In fact, they form a dual basis of the basis

2. (_a-gzﬁp, L ,(§; P for T ().

1 . .
Note: Let M = E~ with coordinate system x. Then any tengent

vector v at p is of the form (x2 - x.) = (Ax)p = Ax * 1° and so

1 P P
= px - SE =
dX(AxP) = (AX)pEXJ = (Ax lp)EXJ = Ax - (lp)EXJ = Mx L T A%,
. _ (4 .
since 1p = dx.)p° See Figure 3.2 below.

L
A
=

Figure 3.2
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In a neighborhood of p, every l-form y can be uniquely written as

w = g fi dxi
1

where the fi(xl’ e ey xm) are functions defined in the neighborhood
of p and are called components of y with respect to (xl, e ey xm).
The l~form wvis called differentiable if the fi are differentiable.

A l-form can be defined as an IBKM)-linear mapping of the :}(M)~
module I(M) into B(M)v. The two definitions are related by ((‘U(V))p =
< Wy V(P) > Vg 3E(M), P ¢ M, where <, > denotes the value of the
first entry on the second entry as a linear functional on :E(M).

Let/\ T:(M) be the exterior algebra over T:(M)° An r-form y is a
mapping that assigns an element of /\r(T:(M)) to each point p of M, 1In
terms of local coordinates X5 o« o 5 X can be expressed uniﬁuely as

a sum

_ £ . /\
w = ; . ilo . clr,dxi /\ dxi /\ e s e dxi .
i, <1 <...<1r1 2 T

The r-form y is called differentiable if the componentsfi i
P - i

are all differentiable. By an r-form we shall mean a differentiable
r-form.
We denote by Dr(M) the totality of differentiable r-forms on M
' o) mor
for each r =0, 1, . . ., m. Thus D (M) = E}(M), Let DM) = D (M),
r=0

then with respect to the exterior product, D(M) forms an algebra over

the field of real numbers.
Exterior Differentiation

The exterior derivative of a p~form on M is a mapping d - : Drﬂﬂ)—*
DH{M)swhtMt

1.) d(w +n) = dw + dn for all w ¢ D"@), n ¢ D°(M)
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2.) d()\/\p,) d)\/\p, + (_l)r )\/\du where 3 ¢ Dr(M)
3.) d(dw) = 0 for all w ¢ D.

6y af = ¢ ax. |, for £ ¢ DO(M).
-2 i

The conditions above completely characterize d and in terms of

i i i
local coordinates if y = % fi n dx 1/\ dx 2/\ .. /\@x t
1auar
i1 < 12 < .. & 1r
then
i i, i
d =35 df, . dxl/\dxz/\.no/\dxra
10 - i

Let F : M——» N be a differentiable mapbing where M is a C* m-
manifold N is a C* n-manifold. Since the Jacobian F, maps tangent
vectors on M into tangent vectors on N, it induces a map F* of forms
on N to forms on M., If g is a real-valued ¢” function on N, then F*(g)
= gOF is a C” real-valued function on M. Hence

F' ;DO (N) —>DC (M)
Now if ¢ is a l-form on N then define F*(¢) (v) = ¢ (F, (v)) for all
v g ?p(M), and if 7 is a 2-form on N then define
F*(n)(v,w) = N(F, v, F, w) for all pairs (v,w) ¢ TP(M) X TP(N)-
In general, then we define F*(M) € Dr(M) by
F*(M)(Vl’ Vor o e e Vr) = u(F, Vi F, Vys e e e s F,v)
where v, e T (), e DF ().

Theorem 3.1. Let F : M—N be a differentiable mapping of a
¢” m-manifold M into C” n-manifold N and let w and 7 be forms on N,
Then

1) F (g4 ) =F w+F 7

2 F o\ = ﬁ‘wAF*n

o

3.) F (dg) = d(F w).



CHAPTER IV
ON THE DEAL CURVATURE OF HYPERSURFACES

This chapter utilizes the exterior algebra of forms and the moving
frames as developed by E, Cartan to study hypersurfaces in Euclidean n~
dimensional space. The Deal Curvature of a surface on E3 is given and
then extended to hypersurfaces in En,

The covariant differential, ¢W, of a vector field (see Definition

2.17) will be used in terms of the natural frame field U U, to

12U Us

yield a vector field with 1l-form coefficients. Then orthonormal expan-

e e, is used to introduce the

sion in terms of the moving frame e €5y €4

connection forms for the moving frame e e e

1’ 727 737

Moving Frames in Ej

To each point p in E3 we attach a right~handed orthonormal frame

€1 €y e, and suppose the vector fields e, are differentiable. Let

1 2 3 1 2
X=(x, x, x7) =x Ul + x U2 + x3U3 denote the positioning vector of

the point p. Now since VVX = vv(xlUl) + VV(XZUQ) + vvx3U3

b

1
v[x ]Ul + v[x2]U2 + V[X3]U3 (by Lemma 2.5)

1
dx (V)U1 + dxz(v)U + dxs(v)U
2 3
(by Definition 3.7)
3 1 2 .3 )
where v e‘Tp(E ), we have ¢gX = (dx, dx", dx”). Thus in the following

sections we will use E. Cartan's notation and express the covariant

differential by dX. Thus, dX = (dxl, dxz, dx3) and if we express dX
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U, in terms of

in terms of the frame e e 1’ Uzs 3

17 €21 ©3 by expanding U

the e, and then collecting terms we have:

dX = 01€1 + 098y + 05€3
where the oy are one-forms. We do the same for each e,
(1 =1, 2, 3)

e2 + wiBe3

where the (.. are one~forms. Since e, = e, = ., we have
Wy 3 i 7% T by

dey = wyi®p T Uy,
de., * e, + e, °~de, =0,
1 J 1 J
and so

Ww. + = Ou

ik Wiei

And, in particular, Wy = 0.

We introduce the following matrix notation:

e = e2 s o7 (O']_: 09> 03): Q= (wij)o

t
Thus, we have dX = ge, de = (e, and ( + tQ 0, where () is the

transpose of the matrix (.

'Now, since d(dX) = (d(dxl), d(dxz), d(x3)) 0, we have

0

d(dX) = d(ge) =dg » e + ¢ - de

dg + e = ofie = (dg - ofde,

but the e, are linearly independent, so
dg = Q.

Also, d(de) = 0, and so

d} - e - Qde = dQle - Qze,

therefore, dQ} = Qz.

0

In summary, then we have



Structure equations Integrability conditions
dX = ge cdg = o0
de = Qe dQ=Qz
o+ Q=0

Notice that if we let

U= U2

Y3

where Ul(p) (1, 0, 0)p, Uz(p) = (0, 1, O)py

U3 = (0, O, l)p then

e, =%b,.U, BU

1 1] ]

0]
1]

where B = (bij) is an orthogonal matrix:

I =e" =3u'u's = B1°8 = B"B.
Thus,

dx = (dxl, dxz, dx3)U = ge = gBU,
and so

(dxl, dx2, dx3)_= gB
hence

dx’ /\dxz/\ dx> =|B 101/\ 02/\03.

45

But BB = I so | B F =1,|B|= T 1. Since e is a right-handed system,

] B|=+ 1 and so
dx /\dy'/\dz = gl/\gz /\03

and thus 01/\ Oy /\03 is the volume element for E3.
Surfaces in E

. 3 . coe
Let M be smooth surface in E” with X as positioning vector. We
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choose a moving orthonormal frame at each point p of M such that e, is

3

normal to the surface. Then ey and e, span the tangent plane at each

point p.
Since X is constrained to the surface M, dX must lie in the tan-

gent plane and so 03 must be zero. Thus

dx = (dxl, dxz, dx3) = 0.8 + 0.e, .

272

/\o

represents the element of area on M.

and ©

1 2

Figure 4.1

Since () is skew~symmetric we have

0 w Wy
Q= "EU 0 -wz o
wl w2 0

Therefore, the structure and integrability equations reduce to
dX = 0181 * 0589 dop = w A %

de1 = &ez - wleB dg, = -u)/\01
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de, = -ge, - |
ez wel w263 . Gl /\wl N 02 /\

de, = Wy + w2e2

w2=
de+wl w, = 0
dw; =f0/\w2-

The elements of () are called the connection forms for M with

respect to the frame e e,. The equation dw + Wy /\ Wy = 0 is

10 %20 &3

called the Guass equation and

o)

dwy = w Mwy
are called the Codazzi equations.
Also, since dx /\dy = Gl’“ Oy > the element of area on M isvgiven
by the form oy /\02. Now as X moves over the surface M, e

the surface §° = {(xl, x2, X3) le)z + (X2

moves over

3

3,2 2
X

¥+ 7 =11, s” s

called the spherical image of M and since e e,, are orthogonal to e

1’ 3’

2
they lie in the tangent plane to 82 and form a frame on S . Thus, since

dey = wjey + wyey,

Wy /\ W, is the element of area on 82 (i.e., de

o plays same role to S

3

as dX does for the surface M). From Chapter III we know that there is

only one linearly independent 2-form on M so
wl/\ Wy = Kjl/\

Ao,

where K is a scalar called the Gaussian curvature of M at p.

Also, 01/\ Wy = Jy /\uﬁ is a 2-form on M and so
01/\‘”2 - 02/\ Wy = 2H ol/\cz,

We call H the mean curvature of M at p. The one-forms w are

1 %2
and since 01/\ wl + o) /\w

linear combinations of gy and ¢ = 0, we

2 2

have a symmetry in the coefficients:



48

W, = q0; + ro,

From this we have

QqQ
—
e
i

o, N

1 2 1 2

Oz/\ wy = "po'l/\ Oy

and so by adding the last two equations above we have
0'1 sz = Uz/\(Dl = (P+r) 01 AUZ’

(p + r)/2., Also,

Therefore, 2H = p + r or H
= +
w; A w, = (po; + q0,) /\ (qoy * 1g,)

(pr - qz) 01 A02

Il

and hence, K = pr = ¢
We call the matrix

p 4

q r
the shape operator of the surface M and the Gaussian curvature K and
the mean curvature H of M are given by

K

det S = pr - q2

- L -1
H =3 trace S > (p + ).

The characteristic roots of the symmetric matrix S are called the

principal curvatures k k, of M. Thus

1° 72
| S = I | = 0 implies

(P - x)(r - X) = q2 = 0 or pr = q2 - (p + r)K + 12 =0

and so K = kik2

2H = kl + k2°

Notice that from dw + wl/\wz = 0 we have

dw + KQl 02 = 0.
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Thus we know the Gaussian curvature once we know &, o1» 02. But
from the relations
do1 =w /\02
d02 = "w/\ 01
we havg dcl + do2 =W (02 - ol) which means that we know { once o1
and o, are known. That is
do‘1 = ao, /\ o,

do, = boy /\ )
are determined and so we have
4o, + dg, = (aoy +b0,) N (o, = o) = oM (o, - op).
Hence, O = ag; + boz, Thus the Gaussian curvaturevis completely deter-

mined analytically by O. and Oy * This contains the theorem of Gauss

1

that curvature is an intrinsic invariant of M,
On Deal Curvature of Surfaces

We consider the following two-form on M:
- w
Pwy /\ Oy rw, /\ o, + 2q ) /\02,
Since the space of all two-forms on M is one dimensional we have

e, Noy =y Moy + 200, 6y =%, 0, A g,

where KD is a scalar called the Deal Curvature of M at p.
By direct computation

pwlA gy - er/\Ol + quz/\ = (p2 + r2 + 2q2)gl /\02.

Oy

Also,

[(2m)? - 2K]ol/\ o, =L + 0% - 26r - qz)lcl/\ 0y

2 2 2
[p +r + 2q ]O'l AOZ
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K, = (m? - 2x.

Thus, in terms of the principal curvatures k

D

1 gnd k2 we have

2 .
(k1 + k2> - 2(klk2)
.2 2
= kl f k2'
Example: Let M be g surface of a sphere with radius a. Then

X = (a sin ¢ cos 0, a cos ¢ sin 8, a cos @)

and so
dX = (a cos ¢ cos O, a cos ¢ sin 8, - a sin @) d9
+ (-3 sin ¢ sin 6, a sin ¢ cos 6, Q) d@
= (a dg) e + (a sin @ d8) ey,
where
e cos ¢ sin 8 cos ¢ cos 8 - sin ¢
e = e, = -sin § cos B 0
e, sin ¢ cos 8 sin @ sin © cos @
Therefore
o1 = adg , o, = a sin ¢ de , o3 = 0.
Thus
de3 = (cos ¢ cos 6, cos ¢ sin B, =-sin ¢) d¢
+ (-sin ¢ sin g, sin ¢ cos g, 0) de
= d¢el + sin ¢ deez\
and so w; = de, w, = sin ¢ de.

Therefore we have
- . =1 1 =i
wlA w, = dg sin ¢ d@l 2 GlAa 0y 22 Q’IAQZ.
l .
This gives ;Z as the Gaussian curvature of a sphere of radius a. Now

since

dp = p a dp + q a sin ¢ dg
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8 =qadp *+ra sin ¢ dp

= 0, and hence

£
o
j= 2
o
<
o
o
] )
H
[}
[NCR N (SR W
0
fl

- 2 2 1 .1 _2
KD =p +1r 4+ 2q° = 2 + 2 >
a a a

Deal Curvature of Hypersurfaces

+
A hypersurface is an n-dimensional manifold M embedded in E" 1.

Let X denote the moving point p on M, and let n be the unit normal at
each point in M. Consider the mapping X——n on M into s". The tangent
space Tp(M) is an n-dimensional Euclidean space, so we pick an ortho-
normal basis e

e e - Thus, at X, the vectors e

. n+l . .
e s 5 €, M form on orthonormal basis of E . Now since dX is in

17 € o 0 e R

the tangent space we have
dX = 018 + 0989 + .. .+ 5ge , g, are one-forms on M.
From e, -t e = 6ik’

we have dei - e + e, - de, =0, de, .n+e - dn=0,n - dn =0, and

where wij and wi.are one-forms on M and

4 =
wig Ty < 0.

Thus in matrix notation we have

1
e = ez s 0% (O'ls 02, e o o O'n)s (= ((J.)ij)s
w = ((.Uls U.)2: L wn)«
e
n

Therefore



o+t =0
And since

0 = d(dX) = (dg)e - g(de) = (dgde = g(Qe - “wn)

(dg - oVe + (otwin,
we have dg = oQ and g-w = 0.

Now,

L0 )

t. .
dq - Qz + by -Tde + Qb
“\dy - o0 0

We define a skew-symmetric matrix of two forms:

©

_ 2
(eij) =d0 - Q

dO'=O'Q :d(.U":UJQ

ocw=20
@'l'tww'—'o

or in terms of individual elements of the matrices we have

dw, = % wfmwij
e., +-uwa = 0,
ij i

The o3 form a basis for one-forms on M, hence we have

©p = B Py 050

Because % Gwai = 0, the bij must be symmetric,

()il () e
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b,. =Db,..
ij ji
The mean curvature and Gaussian curvature are defined by

1
n

==gb.,., K=|b

ii g5

H
Since 61 A‘. .. /\Gn is the n~dimensional volume element on M and

Wy /\, . .\/\uh is the corresponding quantity for Sn, K represents the

ratio of volumes, volume of spherical image over volume of M, due to

A

1

(2 blj c‘j)/\- . .A(Z bnj GJ)
=»l bij ’o’l/\. N -AO‘ =KO'1/\n N -/\On

n

Now consider the following n-form on M:
A A
wiAo'l s e .A O‘i/\..
n-1 n

-1
28r7C x DY bi~)wi/\01/\-
i=1  j=i+1 J

I<D O’lA s e -AO‘n.

The scalar KD is called the Deal curvature of M.

ii

Ns,
A M. Ay

n
s DLy
i=1

As noted above

+ bl 6+ .. .+b

wy = P1y ooy 2“2 1n On

wy = byp 0 Pyt Ty gy

°

w, =b

n nl C1 + b

99 0g ¥ - o o T b O

so we consider the following:

" 'bllwlAC’zAC’s/\' : '/\Un -2, o\, '/\C’

11 91

m
- b22wZAq1AO3A' . .,/\gn = bgz Ol/\" . ./\cn

(ml)i“lbiiwi/\gl/\. A 01—1/\01+1/\- , ./\erl -2 o N oA,

1191 n
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(“l),n bnnwnAo'lA. Y\ W bnnG]_/\. A

n-1 n

2(byy * .. ot bnn)wl/\czl\' : ./\on = 2by155001 A. . ‘/\On
“2(bgy ..o F bnn)%._/\ C’1/\03/\' .o, = 2b22b3301/\

N

n

[3

(~1)i'12(bi+l’i+l.+ B bnn)wiAol/\GZ/\' . ‘AOiA' . ./\0

n

2bi1b1+1,i+1 c71/\' ) 'AOn

(—1)“"12bnnwnﬂl/\01/\. . ./\on_z/\gr'l = 2b

By adding the above equations we have

Ao A,

nnl,n-lbn,n 01

- -1, A n-1 n i-1
DY, NN NG+ 2 -y,
151( Y 11‘”1/\01/\ 01/\ Acn i§1 ( j=§+£ )
w oA o AGA - Ao,
~ n 2 n~1
= (B P TR by i) AT

= (nH)Z O'l/\n . —Ag“n.

Now we consider the det bi‘ =

.« s o b
bnl nn

and the following expressions derived from w; = b

ij 95°
~ ooz i-1 | ‘
2K = 2{i§1[j=§+1 SO w Ny N. ./\31/\. . '/\On
n=1 'n

- (= (-l)i-lbij) wi/\gl/\. . ./\gi/\° . Ng }

i=1  j=i+l
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n

'2{(151 bisbig1,i41) 01

Ao As

n~-1 noo,
- by .) .
igl(j=§+l 37 o1 !

Thus from the form giving Deal curvature we have

n .
E_: ("]-)l L biiwiAGl/\' . ./\o‘i/\. . ./\o‘n

i=l
n-1 n-1 o1 /\ A A : A
-2 -1 b,. . o o JNEN o
) [(j=§+l( ) .iJ) “if 91 A O]

= [(nH)z o 2?5 ] o-l/\ . e o/\o‘n = KD O‘l/\" . '/\O'n'

It can be shown that in terms of the principal curvatures kl, o o ey k

n
(characteristic roots of the symmetric matrix (bij» that KD = ki + kg
+ .. .+ k2°
n

Example: Consider the surface of revolution given by

X(ul,uz) = (uzcosul, uzsinul, h(uz)),
Let the frame be given by

e, = (wsinul, cosul, 0)

e, = (cosul, sinul,H(uz)) "“%‘3‘5‘;

(1+h(u™)7)*

ey = (ﬁ(uz)cosul, hkuz) sinul, wl)(l/(1+ﬂ(u2)2)%).
Then

dX(ul, u2) = uzdule1 + (1+hku2)2)%du2e2

= 0181 T 0%

and

dey = W(uD)au/ DD De; + @ed)an? /A D )e,

wiey towyey.



Therefore

HeDOn )/ w232y au N a4

wl/\ (1)2

(1) /? (5 H D)5 A,
- K o\,

; . 1 2
where K is the Gaussian curvature of X(u ,u”),

Also, since

w; = Po; T doy

wz = qdl + rO'Z ’

we have
= () /(w2 (1H(u2)2)
q=0
r = Hud)/ (1) 232,
and so

2, 2
Pwl/\dz - r‘”z/\ﬁl = () C’1/\02

)2 ()%
whH?n )/ 14 w35 A,

B KD C’1/\02

where KD is the Deal curvature of the surface of revolution given by

"

+-

X(ul,uz)o If we let
h(uz) = uz, 0 <« u2 <1,
we have the surface of a cone and the Gaussian curvature vanishes;
K=20
while the Deal curvature is given by
Ky = 1/2057%,
If we let

h(u?) = (a- (D)%%
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then the surface of revolution given by
‘ i
X(ul,uz) = (uzcosul, uzsinul, (82_(u2)2)2)

is a sphere with radius a. Now since

n(e?) = -~/ (a2 W%, H(Wd) = -a?/ (a2 (u2)%)3/?

we have the Gaussian curvature of a sphere of radius a given by

K = b(ud)h(u?)/ (u?) (14h(u?)2)?

l/a2.

And, for the Deal curvature, KD’ of the sphere we have:

KD = 2/32°
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