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PREFACE 

This study is the first of a series reporting the results of re
search concerning the application of spatial price equilibriwn models 
to the livestock marketing sector of the economy. As such, the re
search deals primarily with estimating the equilibriwn geographical 
prices, conswnption and flows for livestock products under alternat
ive conditions and assumptions. 

This initial study is concerned with developing an operational 
model for spatial price equilibriwn analysis and applying it to the beef 
marketing sector of the economy. For purposes of presentation, the 
study is divided into two parts: (1) statement of the general problem 
and methodological considerations underlying the development of an 
operational spatial price equilibriwn model and {2) spatial price equil
ibriwn solutions for beef under alternative asswnptions and conditions 
and general economic implications relating to this type of analysis. 
Those readers interested in only the results of the spatial price equil
ibriwn models for beef should go directly to Section ill, "The Data. " 

SPATIAL PRICE EQUILIBRIUM ANALYSES 

OF THE LIVESTOCK ECONOMY 

The three studies reported in this series are: 

1. Methodological Development and Annual Spatial Analyses of 
the Beef Marketing Economy 

2. Applications of Spatial Analysis to Quarterly Models and 
Particular Problems within the Beef Marketing System 

3. Spatial Price Equilibriwn Models of the Pork Marketing 
Sector 



SPATIAL PRICE EQUILIBRIUM ANALYSES 

OF THE LIVESTOCK ECONOMY 

1. Methodological Development and Annual Spatial Analyses 

Of the Beef Marketing Sector 

G. G. JUDGE and T. D. WALLACE 
Department of Agricultural Economics 

I Introduction 

Economists have been concerned over a long period of time with 
the development of a general theory of location and space economy. 
General equilibrium theory as elaborated by Walras (28), Pareto {21) 
and Wicks ell (29), and its modern counterpart as exemplified by the 
writings of Hicks (19), and Mosak {18), Lange (15) and Samuelson {22), 
treat an economy in which all factors and producers, products and con
sumers are, in effect, located at one point (transportation costs are 
taken as zero). Productive efforts by such men as Weber (7), Englan
der (4), Ohlin (19), Palander (20), Hoover (11), Losch (17) and others 
have extended the general theory in the direction of embracing the total 
spatial array of economic activities. Contributions by Leontief (16) in 
developing the input-output technique for general equilibrium analysis 
and Koopmans (13, pp. 33-97), Dantzig (13, pp. 19-32) and others in 
developing the activity analysis model of production and allocation are 
of consequence here since they permit an attack on a specific set of sig
nificant problems which logically fall within the province of a general 
theory of location and space economy. 

With the objective of specifying a conceptual framework and the 
design of the corresponding operational model, Enke (5), Samuelson 
(23), Beckmann (2) and Baumel (.1) set out the problem of interconnect
ed competitive markets in a new form, and at the same time, opened 
a new approach to spatial pricing systems and competitive locational 
equilibrium. This new operational formulation permits space to be 
treated explicitly and presents the rationale whereby a purely descrip
tive problem in nonnormative economics can be converted into an ex
tremum problem in which linear programming can be employed as a 
tool of analysis. By converting the spatial equilibrium system into an 
extremum problem, insights can be obtained relative to the geographic 
location of production, spatial equilibrium prices and the optimum geo
graphical flows consistent with a given set of data. 

In addition to being operational in the sense that computations 
involved are manageable, solutions to spatial equilibrium models of 
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the Enke-Samuelson type generate information that is basic to choice 
by decision makers at the government and firm levels. For example, 

using the method of "comparative statics," the spatial equilibrium 
models can be used to ascertain the consequences of changes in: (1) 
transport costs, (2) the level and regional distribution of production, 
{3) level and distribution of consumer income, and (4) the level and 
regional distribution of population, on production, consumption, geo
graphical prices and flows. Given the setting, this study is concerned 
with an interregional analysis of the beef sector of the U. S. economy 
within the conceptual framework defined by the postulates of the Enke
Samuelson formulation of spatial price equilibrium analysis. 

A. The General Problem 

The general problem of equilibrium among spatially separated 
markets has been stated in one of its simplest forms by Enke. His 
formulation proceeds as follows: 

"There are three (or more) regions trading a homogenous 
good. Each region constitutes a single and distinct market. 
The regions of each possible pair of regions are separated -
but not isolated - by a transportation cost per physical unit 
which is independent of volume. There are no legal restric
tions to limit the actions of the profit-seeking traders in 
each region. For each region, the functions which relate 
local production and local use to local price are known and, 
consequently, the magnitude of the difference which will be 
exported or imported at each local price is also known. 
Given these trade functions and transportation costs, we 
wish to ascertain: (1) the net price in each region; {2) the 
quantity of exports or imports for each region; (3) which 
regions import, export, or do neither; (4) the aggregate 
trade in each commodity; (5) the volume and direction of 
trade between each possible pair of regions .... " (5, p. 41). 

Enke then suggests how a solution to this problem may be obtained by 
electric analogue. 

Samuelson has demonstrated how the Enke problem contains 
within it the following Koopmans-Hitchcock minimum transportation 
cost problem: 

"A specified number of (empty or ballast) ships is to 
be sent out from each of a number of ports. They are to be 
allocated among a number of other receivinG ports, with the 
total sent in to each such port being specified. If we are 
given the unit costs of shipments between every two ports, 
how can we minimize the total cost of the program?" 
{23, p. 284) . .l) 

1/ 
- For discussions relating to this problem, see (13, pp. 222-259) and (14). 
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It should be noted that the Koopmans-Hitchcock problem implicitly 
assumes that the scale of output and the demand in each given region 
are known. 

Samuelson has investigated the many-region location problem 
posed by Enke, and has suggested how it can be couched mathemati
cally into a maximum problem which can be solved by trial and error 
or by a systematic procedure of varying shipments in the direction of 
increasing the social pay-off, (23, p. 292). Baumol (1) has presented 
a solution similar to that of Samuelson. Beckmann (2) has extended 
the formulation and has considered the case of continuous geographical 
intensity distributions of production where every infinitesimally small 
area in an economy both produces and consumes a given commodity. 
Under these formulations, theoretically, both the geographic distribu
tion of production and consumption and the optimum geographical pat
tern of interregional flows would have been derived simultaneously. 
These formulations ignore a number of basic locational forces, but if 
a finite number of production and consumption points or regions are 
specified, the Enke-Sarnuelson-Beckmann models offer an efficient 
approach to spatial pricing systems and the determination of the result
ing geographical flows of commodities. 

From an empirical standpoint, the following studies should be 
mentioned. Fox (6) and Judge (12), employing the Enke-Samuelson
Beckmann formulations, developed spatial price equilibrium models 
of the feed-livestock and egg sectors of the economy. Snodgrass and 
French (24) and Henry and Bishop (9) employed the transportation model 
as formulated by Koopmans to derive optimum geographical flows for 
the dairy and broiler sectors of the economy. These studies give an 
operational content to the theoretical formulations discussed above and 
suggest the practicability of research relating to spatial pricing systems 
and competitive locational equilibrium. 

B. The Particular Problem Investigated 

Given the general problem and the Enke-Samuelson-Beckmann 
formulation, this study is concerned with developing a spatial price 
equilibrium model for the beef sector of the economy. The particular 
problem follows that of Enke, except that, in this study the regional 
supply of beef, population and income are considered as predetermined 
variables, i.e. the optimum regional level and location of beef pro
duction is not considered in the problem and is taken as given for any 
point in time. Therefore, given the regional demand relationships and 
transport costs along with the existing values of the predetermined var
iables, the problem becomes one of ascertaining: 

1. A set of spatial equilibrium prices of beef and the quantities 
consumed in each region, 

2. The quantity of beef exported and imported from each region 
under the equilibrium conditions, 
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3. The aggregate net trade and the corresponding total transport 
cost, and 

4. The volume and direction of trade between each possible pair 
of regions that will maximize net returns to each source and 
permit the geographical distribution of beef at a minimum 
transport cost. 

The spatial price equilibrium solution reflected by the unique set 
of basic data for a particular year will be considered first. The pro
blem will then be broadened to obtain the changes in the basic data, 
such as: 

1. An increase or decrease in unit transport costs between 
regions i and j, 

Z. An increase or decrease in the total supply of beef, 

3. A change in the geographical distribution of beef production, 

4. A change in the level and geographical distribution of popu
lation and income, 

5. The assumption that all beef is slaughtered where it is pro
duced, and, 

6. A change in the price or supply of pork available. 

Each of these questions will be analyzed to determine the direc
tion and magnitude of the changes on equilibrium regional prices, re
gional consumption and the pattern of geographical flows of beef. 

II The Model 

A. Assumptions 

In an attempt to reduce the model to a simplified version of real
ity, the following restrictive and expository assumptions are made. 
Perfect competition assumptions dictate the requirements for the reg
ional pattern of prices and flows of the commodity. Therefore, each 
firm is assumed to lnve tne objective of maximizing profits and thus will 
make shipment decisions which yield the greatest per unit net return. 
The supply source and market for each geographical area is assumed 
to be represented by a fixed point. It is assumed that regional demands 
can oe represented by known linear demand functions, and regional 
supplies are taken as predetermined for the given time period. All 
regions are connected by transport costs that are independent of the 
direction and volume of trade, and flows of beef among regions are 
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assumed unha.n1pered by governmental or other interference. It is as
sumed that consumers are indifferent as to source of supply and that 
the product is homogeneous. The observed values of factors affecting 
regional consumption over and above the price of the commodity are 
taken as predetermined or given, Imports and exports of beef outside 
the continental United States are taken as negligible and it is assumed 
for any time period t that total production and total consumption of 
beef are equal. 

Obviously, both production and consumption of beef can take 
place in all regions and beef consumed out of local production does not 
require transporting since each region is represented by a point. An
other obvious assumption, although required explicitly in a mathema
tical sense, is that there can be no negative shipments. It may also 
be observed that as a result of the profit maximization postulate there 
can be no eros s -hauling of the product, deficit regions cannot export, 
and surplus regions can only export to deficit regions. 

B. The Formal Model 

Given the postulates and the objectives, the problem can be div
ided for simplicity into the following three parts: (1) general solution 
for determining equilibrium beef prices, consumption and surpluses 
or deficits for all regions, (2)deriving minimum cost flows of beef 
among regions, and (3) estimating objective regional price different
ials and determining the final spatial price equilibrium solution. It 
should be understood that division of the problem into three parts is 
motivated by hopes of expository simplification and that the determin
ation of all wlialowns is, of course, a mutually dependent process. 

(1) Determination of regional prices, consumption and surpluses 
and deficits: The two-regional competitive case is presented since it 
can be easily diagr=med and provides an insight for the logic under
lying the solution for the general case, Generalization ton regions is 
not straightforward but should prove simpler once the theoretical sol
ution is established for the trivial example. First, consider the geo
metrical representation presented in Figure 2. 1. 2} 

s 1 and s2 represent fixed supplies for regions l and 2, respect
ively, and D 1 and D2 depict linear demand schedules for the two reg
ions. Assuming that none of the product will be shipped, equilibrium 
price would be at Pi and consumption would be established at A for re
gion 1, while price and the quantity consumed in region 2 would be Pz 
and B. 

Now assuming that shipment between regions can occur at a unit 
transport cost of C, a joint equilibrium would be established at price 
P 0 for region l (determined by the intersection of ES1 and ES2 , the 

?:_/ See Judge ( 12, p. 9) and Samuelson (23, p. 286). 
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Determination of Equilibrium Prices, Consumption and Surplus 
and Deficit Quantities for the Two-Region Case 

excess supply curves for the two regions). The price for region 2 
would be P 0 -+ C, and region 1 would consume the amount A' (A' ( A) 
while region 2 would increase consumption to B' (B') B). Obviously, 
A'+ B'-::: A+ Band thus A- A':. B 1 - B. Thus, knowing the demand 
schedules for regions 1 and 2, the supplies for both regions and the 
transport cost between the two regions permit the determination of joint 
equilibrium prices and consumption for both regions, surplus and de
ficit production and the amount of the product that will be transported 
to satisfy the equilibrium condition. Total transport costs may then be 
estimated by multiplying C times either B 1 - B or A - A'. 

The algebraic analogue of the geometric mode1 (Fig. 1) may be 
depicted as follows: let the two demand schedules be represented as, 

Dl: A' '" t'l Po+ k, (2.1) 

02: B' • p(P0 +C) + k, (2.2) 

and 

A'+ B' ,. A + B, (2.3) 
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where 1;1 is the known slope and k the known intercept of the linear de
mand fl.Ulction (assuming that both regions have the same demand fWlc
tion). 1../ A+ B is the total production or total consumption for both re
gions and is known. C represents the cost of transporting a Wlit of 
product between the two regions and is assumed fixed and known. The 

unknowns include A', B' and P 0 , and equation (2. 3) provides enough in
formation so that equations (2. 1) and (2. 2) may be solved Wliquely for 
these unknowns. Adding equations (2. 1) and (2. 2) yields: 

A' + B' • 2~P0 + ~ + 2k. (2.4) 

And from (2. 3): 

A + B • 2~P0 + ~ + 2k. 

The solution for P 0 , the equilibrium price in the surplus re
gion, yields: 

1 . 
P = - (A + B - ~ - 2k) 

0 2~ • (2.6) 

Given the Wlique P 0 , equilibrium price in the deficit region is, 
then, P 0 + C, and these values may be substituted into (2. 1) and (2. 2} 
for Wlique solution for A' and B'. 

Before proceeding to the case of N regions, it should be pointed 
out that if the price differential, (P1 - P;!.), assuming no shipments, is 
less than the cost of shipping between regions there would be no move
ment of the product between the two regions, Also, if the Wllikely case 
of the price differential being equal to the Wlit transport cost occurred, 
either region would be indifferent to shipping a unit of product . ..:11 

In generalizing the two-region case toN regions, consideration 
is given to other regional factors that may be associated with the de
termination of the level of regional consumption, A typical equation 
for one region in the N region case may be written as: 

i=l, ..• ,N 

3._/ This asswnption is, of course, not necessary for a unique solution of the problem. 

±/See Samuelson (23) for a rigorous treatment of the various alternatives in question. 

~/ Here the assUillption that the demand function is homogeneous for all regions is 
omitted. 
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where y li is conswnption in the ith region, e i is the known coefficient 
connecting conswnption and price in the ith region, Y20 is price in the 
base region, di is the price differential between region i and the base 
and may be zero, positive or negative, Zij, j = 1, ... , k, represent all 
other factors that may affect regional conswnption such as population, 
income, prices of complementary and competing products, etc., the 
Clij are the coefficients of the Zij and CliO is the equation constant. It 
is asswned that the ~i• di, a ij• Zij and 'liQ are known. Swnming eq
uation (2. 7) over, the N regions yield: 

(2.8) 

N 
Since total conswnption{~1Y11 ) for theN regions is asswned 

equal to total production, which is known, equation (2. 8) can be solved 
for Y 20 (The price in the base region). 

1 
y20 '"-N--

L ~i 
:61 

~N N 
L yli - L ~.di -

:61 i-ll. 

(2.9) 

With Y20 determined and asswning the di, i=l, ... , N, are known, 
equilibrium. regional conswnption can be established for all regions by 
substituting Y2o+~ in the regional demand equation {2. 7). Unfortun
ately, the di are not ordinarily known for the N case since in consider
ing more than two regioris, the price advantage is no longer strictly 
equal to the transport cost between the base and the ith regions. The 
problem relating to the determination of the ~will be discussed in the 
next section. 

Asswning for the moment that the di, i=l, ... , N, are known for 
all regions, the amount of surplus or deficit product for each region 
can be calculated since production or available supply is asswned pre
determined for each region. 

{2) Minimum. cost flows of beef among regions: Given the sur
plus and deficit regions and the quantities of the commodity involved in 
each case, the problem of determining minimum. cost flows may be 
treated as a linear programming problem. To make the problem ex
plicit, the following tableau is employed (Table 2. 1 ). 

With the determination of the ai and bj, i=ol, ... , n; j:l, ... , m; 
n + m = N, the problem is one of satisfying all demands out of total 
supplies in such a way as to minimize transport costs. The problem 
may be stated algebraically as finding a set of Xij such that: 
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18 u 
:1: :1: xijc ij - minimum, 

j-1 i-1 

(2.10) 

subject to 

18 

:1: x1 j • a1 ; 1-1, ... , u, 
jal 

(2.11) 

(2.12) 

(2.1~) 

and 

x1 j l 0 for all 1, !f (2.1~) 

Table 2.1 The General Tr&Riportation Probla Tableau 

Daatio&tiona (Deficit Regiona) 

i 
j 11) (2) Ita) 

Totals 
.i 

( 1) ell el2 elm 
"1 

(2) e21 e22 e2a .2 

-;;-
d 

.!l xij .. 
.:! . 
..:l ... .. • ~ . 
d .... .. .... .. . 
0 

(n) 
enl en2 e,.. • n 

Totals bj bl b2 ~-
n • 
t!~i • l b 

1.1 j 
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where Xij represents the amount of product shipped from the ith sur
plus region to the jth deficit region; ai represents the amount of prod
uct available for export from the ith surplus region; bj is the amount 
required by the jth deficit region and Cij is the per unit cost of shipp
ing from the ith surplus to the jth deficit region. There are many 
solutions to (2.11) and (2.12) subject to (2.13) and (2. 14), and given 
any feasible solution of n ~ m - 1 or N - 1 shipments, an iterative pro
cedure known as the simplex method provides a means of converging 
to the optimum program (the one that satisfies 2.10).5!.1 

Therefore, given the ~·sand bj's (regional excess supplies and 
demands), the linear programming transportation model may be used 
to determine the optimum distribution system. After setting forth and 
carrying through the problem in this form, it can be shown that the 
resulting minimum cost set of flows is the one that would be determined 
under the conditions of perfect competition. This conclusion follows 
since the equilibrium prices are tied together by a specific set of trans
port costs and the relevant transport costs, used in obtaining the opti
mum set of flows, are less than for every possible alternative delivery 
which is not made. The solution obtained will be unique except for the 
case when two or more sources find two markets equally profitable. 
In this case, of course, more than one optimum shipment plan exists. 

(3) Determining regional price differentials (dj): If the regional 
price differentials are known, then one can proceed in a straightforward 
manner to derive the spatial equilibrium prices and flows. However, 
in the real world these geographical price differentials constitute one 
of the unknowns necessary for a solution as they condition regional 
prices and the level of regional consumption. Therefore, in some cases, 
the magnitude of the price differentials may determine whether are
gion is surplus or deficit and by how much. 

Since for practical problems the number of regions employed are 
finite, it is possible to obtain an initial approximate set of price dif
ferentials by the following procedure. For any given time period, re
gional supplies and population are known and average total per capita 
consumption and per capita supply of each region are also known. This 
information can be used to initially partition each region as being sur
plus or deficit. Given information relative to the classification of each 
region, an approximate set of price differentials can be generated by 
employing the following rules: (1) if one region ships to another, the 
prices must differ by the known unit transportation cost and (2) if two 
surplus regions ship to the same deficit region, the difference between 
prices in the surplus regions will be equal to the difference between 
their unit transport costs to the deficit region. Thus, the system in
volves a structure of regional prices bound together by specific trans
port costs. By selecting the ith region as the base, the approximate 
regional price differential may then be used to determine the equilibrium 

!!../See Dantzig (13, pp. 359-73). For example of the use of the simplex technique in 
obtaining a solution for the transportation problem, see Appendix A. 
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regional prices. These prices can then be used to generate the data 
necessary for the transportation problem and thus the optimum geo
graphical commodity flows under the assumed price differentials. 

Up to this point, the analysis has proceeded on the basis that the 
initial vector of price differentials is the "correct" one. Also, the 
programming problem, as such, has been solved without recourse to 
price differentials, the prime economic allocators of regional distrib
ution. However, as with any linear programming problem, the solu
tion implicitly places values. on the various inputs and outputs involved. 
Therefore, with the aid of the duality theorem of linear programming, 
a unique set of price differentials may be derived which correspond to 
the equilibrium set of flows and which may be used to check the approx
imate differentials of the initial formulation. Thus, given a minimum 
cost transportation solution, the dual problem is concerned with deriv
ing the vector of regional price differentials consistent with this solu
tion. 

In developing the dual solution, let Vi be associated with the de
stinations and Ui be associated origins or supply points. The problem 
may then be set forth in the following equations as that of maximiz.

ing:JJ 

(2.15) 

subject to the restrictions: 

v. - ui { ciJ' 
J -

(2.16) 

ui, v j } o, (2.17) 

Since equation (2. 15) is equal to S, the total cost of transportation de
rived in the minimum formulation, the maximum problem may be 
thought of as finding the values of the ui and vi that will maximize the 
total gain in value of amounts shipped subject to non-positive profits 
on each shipment. Within this framework, it is then possible to in
terpret the Ui as the value of the product at supply origin i and the Vj 
as the value of the product delivered at destination j. By rewriting 
equation {2. 17) as: 

(2.18) 

"!J This development of the dual follows that given by R. Dorfman, P. A. Samuel
son and R. M. Solow (3, pp. 1ZZ-1Z7). 
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this relationship then states that for any supply-destination pair, the 
value at the destination must be no greater than the value of the input 
at the supply point plus transportation cost. For routes in the basis, 
destination value equals &upply point value plus transportation costs. 
For those routes not in the basis, destination value is equal to or less 
than the supply point value plus transport costs. For any given prob
lem, once the supply-destination pairs are known, then for that set of 
pairs, equation (2. 18) may be rewritten as: 

(2.19) 

This then defines a set of linear equations involving n + m unknown 
values of the Ui and Yj. Since there are only n+ m - 1 observed unit 
transport costs in a basic solution, a unique solution to the set of eq
uations requires assigning an arbitrary value to either one Ui or Yj. 
By choosing the value at the ith supply point as equal to zero, a set of 
price differentials is generated subject to this choice or base. By 
t~en making use of the Ui and Yj estimates of the dual, objective es
tunates of the ~. the regional price differentials, are obtained. Iii 

In addition to providing objective estimates of the regional price 
differentials, the Ui and Vj also contain two types of useful economic 
information: (1) the values of Ui measure the comparative advantages 
of the surplus regions and {2) the values of the Yj give the delivered 
price differentials that correspond to the most economical allocation 
of the supply from the viewpoint of minimum aggregate transportation 
costs. 

The next step is to ascertain whether or not the set of price dif
ferentials generated by the dual solution agree with those developed in 
the initial approximate formulation. If the new set of price different
ials differ from the initial formulation, the process of determining eq
uilibrium prices and flows is repeated using the new estimates of the 
di. Thus, an iterative process is employed to determine the price dif
ferentials and the final stage is reached when the di, i • 1, ... , N, gen
erated by the last optimum shipment program agree with the differen
tials used in determining equilibrium price, consumption, etc. The 
results of this iterative process are similar to those of basing-point 
prices in that the prices at each supply point are influenced by the tran
sportation costs pertaining to the other supply points. Therefore, the 
price at supply point 1 may be greater than those at supply point 2 be
cause supply point 2 has a locational disadvantage and could not other
wise dispose of its product without loss. The results obtained in this 
manner are the competitive equilibrium solution that would result from 
the efforts of the supply points to dispose of their supplies at the maxi
mum possible prices and the solution to the value and flow problem is 
simultaneous and interdependent. An example of this iterative procedure 
is given in the empirical results section. 

!Y It should be mentioned that only the regional price differences are determinate 
by this formulation, The regional equilibrium prices or P 0 plus or minus 
the price differential relative to the base region is determined by using 
equation Z.9. 
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III The Data 

In order to convert the conceptual framework to an operational 
model, real world counterparts must be defined and the data used to 
reflect the variables must be specified, In converting the formal 
model to a reflection of a real world situation, the area under study 
must first be demarcated into meaningful geographical units or re
gions. Given the regional demarcation, the model then specifies a 
need for the following data: (1) regional market demand relation-
ships for beef, (2) observed values of the predetermined variables -
regional supply of beef, population, disposable income and the price 
of pork - in time t, and (3) a structure of transportation rates bet
ween all possible pairs of regions. The data basic to the first ana
lysis, which involves the 1955 time period, is presented in this section. 
Basic data for alternative time periods will be discussed when the part
icular analysis is introduced in the empirical results section. 

A. The Regional Demarcation 

Although the particular problem conditions to a large extent the 
division of an economic territory into geographically contiguous units, 
the final demarcation also involves subjective considerations along 
with restrictions relative to the availability of data. In arriving at 
the final demarcation, the investigator usually seeks a regional model 
that will be both manageable and reasonably realistic or meaningful. 

Employing these criteria, the United States was partitioned into 
21 geographically contiguous regions (Fig. 3. 1). States are the 
smallest geographical units for which data for the predetermined var
iables are available and, thus, each region is composed of one or 
more states. Each regional market or source of supply is represen
ted by a point that is identified with a certain city near the geograph
ical center of each area. 

B. Market Demand Relationship 

Converting the formal model to an operational form requires the 
specification of regional market demand relationships for beef. Since 
there are no adequate data on beef consumption by state or regions, 
the regional demand relationships were derived from an econometric 
demand analysis of the United States as a whole by Wallace and Judge 
(27). The aggregated sector model underlying this analysis specified 
behavior relationships that were logarithmic in functional form, and 
generated parameter estimates of beef price and income elasticity of 
demand and pork price elasticity of substitution of -0. 86, tO. 59 and 
+0, 32, respectively. Using these parameter estimates, the market 
demand function was converted to a functional form linear in natural 
units by employing the following identity: 
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Figure 3. 1. The Regional Demarcation, Demand and Supply 

Points, Spatial Beef Model 

Regions States 
Demand and 
Supply Point 

2 
3 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

Vermont, New Hampshire, Maine, 
Massachusetts, Connecticut and 
Rhode Island 

New York 
Maryland, Delaware and Washington, 

D. C., Pennsylvania and New Jersey 
West Virginia, Virginia, North Carolina 
Kentucky and Tennessee 
Michigan and Ohio 
Illinois and Indiana 
Minnesota and Wisconsin 
Nebraska and Iowa 
Kansas and Missouri 
Alabama, Georgia and South Carolina 
Florida. 
Arkansas, Mississippi and Louisiana 
Oklahoma and Texas 
North Dakota and South Dakota 
Washington and Oregon 
Montana and Idaho 
Wyoming and Colorado 
Utah and Nevada 
Arizona and New Mexico 
California 

Boston 
New York 

Philadelphia 
Roanoke 
Bowling Green 
Toledo 
Chicago 
St. Paul 
Omaha 
Kansas City 
Atlanta 
Tampa 
Vicksburg 
Ft. Worth 
Bismarck 
Portland 
Butte 
Denver 
Ely 
Gallup 
Fresno 
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where Bi is the relevant elasticity estimate; yl' per capita conslUilption 
of beef and Yi can take on definitions of retail price of beef, per cap
ita disposable income and retail price of pork. The formulation dy1/ 
dYi represents the partial derivative of y1 with respect to Yi• Data 
applying to the 1955 observed values of the variables were then employ
ed along with the elasticity estimates to derive the desired linear co
efficients. This transformation resulted in the following linear in 
natural Wlits market demand relationship which was postulated for 
each of the twenty-one regions: 

where Yli is the per capita conslUilption of beef in the ith region; Yzi> 
the retail price of beef in the ith region; Y 3i is price of pork in the 
ith region and Zli represents per capita disposable income for the ith 
region. In applying equation {3. 2), the price of pork was excluded 
from the 1955 market demand relationship since available data were 
not sufficient to establish regional pork prices. However, in this case, 
the average impact of the price of pork is included in the constant term. 
The price of pork is included in demand relationships reflecting other 
time periods for which these data are available. 

C. Regional Values of the Predetermined Variables 

The postulated model specifies the need for regional t;ta relat
ing to beef supplies, population and disposable income • .3. The model 
specified observed values of these series as predetermined variables 
and the data relating to the regional values in 1955 were obtained from 
records published by the Departments of Agriculture and Commerce. 
The observed values of these predetermined variables are asslUiled to 
be free of errors of measurement and are accepted as accurate port
rayals of the variables they are supposed to reflect. The 1955 region
al values of the predetermined variables are given in Table 3. 1. The 
sources and derivation of the variables are given in the footnotes ac
companying the Table. 

D. Transportation Rates 

The market and supply sources as formulated in the model are 
asslUiled to be designated by a single point in each region. Since the 
structure of transport rates for beef are basic to the spatial solution, 
it is necessary to obtain estimates of the costs between the points that 
represent each pair of regions. 

2./ Beef supplies are defined as the total annual regional availability of commercial 
and farm slaughter beef in carcass weight form. The regional data, there
fore, relate not to farm production but rather to the availability of slaughter
ed beef. 
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Table 3. 1 - Data Pertaining to the Total and Per Capita Supply of Beef 
Available for Consumption, Per Capita Disposable Income 

and Population, by Regions, 1955 

Total 1 Par Capita Per Capita 
Populatio~/ Beef Supply-/ Beef Supply Diapooable21 

Re&ions { 1000 J:!OUnda ) (eounda) Income {i)- {thousands) 

1 1«3,710 15·5 1,817 9,619 
2 383,783 u.o 1,970 16,021 
3 830,980 d.l 1,785 20,213 
~ 198,091 20.0 1, 18o 9,907 
5 3~2,d8 53·3 l,o87 6,~25 
6 1,066,866 65.6 1,823 16,271 
7 1,499,690 110.0 1,865 13,630 
8 1,324,079 192.1 1,512 6,892 
9 2,109,061 518.8 1,362 4,065 

10 1, 167,530 186.5 1,523 6,261 
11 333,962 36.8 1,066 9,08o 
12 166,320 46.5 l,Ul 3,58o 
13 211,793 30·8 994 6,869 
h 947,597 86.5 1,386 10,958 
15 271,697 204.9 1,137 1,326 
16 387,537 90·3 1,677 4,,292 
17 120,353 97·0 1,4,4,2 l,li!d 
18 477,962 257·1 1,53~ 1,859 
19 lo8,o58 10~.7 1,528 1,032 
20 81,210 4,5.1 1,317 1,8oo 
21 1,318,935 101.8 1,978 12,961 

u. s1 r:s;i96.632 131.1 1,608 164.'502 
- 1Agricultural Marketing Service, "The Livestock and Meat Situation," u. s. 

Department of Agriculture, August 19~8 and March 1956; Agricultural Marketing 
Service, "Livestock Slaughter," U. s. Department of Agriculture, May 1956, p. 4; 
~nd Agricultural Marketing Service, ·~eat Animal, Farm Production, Disposition 
and Income, By States," u. s. Department of Agriculture, Bulletin 184, 1956, pp. 
6-10. Estimates by state of beef production (including farm slaughter) are 
directly available for 1947 and 1954. For 1955, commercial slaughter in live-
weight waa added to farm alaughter and the total divided by the appropriate ratio 
to obtain carcass weight supplied by statea. 

£1u. s. Bureau of Foreign and Domeotic Co....,rces, "Supplement to Survey of 
Current Business," u.s. Department of Ca.....rce, 1956, p. hl. Per capita dis
posable income ia not available for 1955 on a state baaio, so it waa neceasary to 
adjust theae data on the basis of state personal income payment to obtain estimate• 
of this aeries. 

j/U, s. Bureau of Foreign and Domestic COllllllerce, "Supplement to Survey of 
Current Business," u. s. Department of C0111111erce, 1956, p. h5. These data apply 
to population estimates aa of July l. 

A model to reflect rail rates between market and supply source 
points was postulated as: 

where Ci · represents the cost in cents of shipping a pound of carcass 
beef frorJ point i to point j by rail, M'J:; is the rail milage between i 
and j, ~ 2 and f'>l are parameters to be estimated and t is an unob
servable random error. 

The above functional form was postulated in the belief that rail 
rates are an increasing function of milage but should increase at a de-
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creasing rate. For obvious reasons, the fllllction was postulated as 
having a zero intercept. 

21 

Since beef is shipped by both truck and rail, an additional model 
was constructed to represent truck rates. 

C ... 
ij -

M•• a 1 ij + M.J 
a 2 ij + 

where Cj'~ is the per pound cost by truck in shipping carc~ss beef f~om 
point i co)point j, M1j is the highway mileage between reg10n 1 and ), 
the a:. are unknown parameters to be estimated and € ' is an un-

1 
observable random error. 

A sample of data was secured to represent the observable varia

bles, and the least squares procedure usil~loments about zero was 
used to estimate the unknown parameters.- The results were: 

1 .. .ooo8M:j 6 .. '2 (Rail) (3.5) 
cij + .04 4Mij 

R2 • ,970 

and 
1 .... .0015Mtj + .o22(i'{tf (Truck) (3.6) 

cij • 

R2 • .969 

If rail mileages were the same as highway mileages between cities, 
the minimum rate matrix could have been established by solving equa
tions (3. 5) and (3. 6) simultaneously and using equation (3. 6) to gene
rate costs up to the intersection of the two functions. Then equation 
(3. 5) could have been used to estimate costs for mileages greater than 
the intersection point. However, since distance for the two types of 
transportation are not equal, both rail and highway mileage data were 
secured between all basing points. Both functions were then used to 

generate truck and rail costs and the minima oi those alternative rates 
were chosen as representative.!J/ 

The decision to generate transport costs by smooth fllllctions ra
ther than using actual rates as determined by the Interstate Commerce 
Commission was influenced by several factors. The basing point 

..!.E_/ Rail rates for fresh beef (n"-66) were obtained from the Commodity Stabilization 
Service, Transportation and Storage Services, USDA; corresponaing rail mile
ages were taken from "Rand McNally Commercial Atlas and Marketing Guide, 11 

86th edition, Rand, McNally and Co, ( 1955). Truck rates for fresh beef (n; 25) 
were obtained from Wilson and Co., Oklahoma City Branch and Armour and Co 
Chicago Branch. Corresponding highway mileages were obtained from "Stand- •' 
ard Highway Mileage Guide," Rand, McNally and Co., Chicago, 1955. 

As a point of interest, rmder the assmnption that highway mileage is the sam.e 
as rail mileage between i and j, the simultaneous solution forM for (3. 5) and 
(3.6) was approximately 1089 miles. Thus, under 1089 miles, truck rates were 
less than rail and over 1089 miles, the reverse was true. 
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cities were chosen in many cases because of their proximity to the cen
ter of the geographical regions. Thus, the I. C. C. rate between, say, 
Ely, Nevada, and Bowling Green, Kentucky, could be quite distorted, 
if available at all, since it is possible that not enough beef has been 
shipped between the two to establish a representative rate. Another 
reason for using functions was that this provides a method for estim
ating transport costs between any two cities in the United States with 
a minimum of resources. It was felt, too, that under pure competi
tive assumptions, transport costs should approximate a continuous 
function of the form specified. The estimated transport cost data are 
presented in Table 3. 2. 

IV The Empirical Results 

Being provided a method by the formal model and a means of re
lating the model to the real world by the basic data, the objectives 
motivating this research can now be realized to the extent that the sim
plifying assumptions are valid. In presenting the results, the method 
of analysis is discussed in detail for the year 1955. For all other, 
similar analyses, only the final results are given and certain of the 
more important implications are developed. 

A. Regional Price and Consumption for 1955 
Under Alternative Assumptions 

Before proceeding to the major objectives of the study, several 
alternative assumptions such as absence of interregional trade, equal 
regional per capita incomes, etc., were posed to provide descriptive 
indications of the importance of the various factors on the regional 
price and consumption of beef. These results (see Table 1) were ob
tained by employing the logarithmic counterpart of the demand equat
ion (3.-Jl presented in Chapter III and the relevant regional data for 
1955.!.... In the first analysis, regional consumption was assumed equal 
to the regional supplies of beef, i.e. no interregional movement of 
beef. 

The results of this analysis make apparent the importance of in
terregional trade on the geographical prices of beef (Table 4. l, 
Column 1). Under the assumption of no interregional movements, the 
estimated price of beef becomes quite high in New England, New York 
and other high income, low producing areas, while beef is almost a 
valueless good in Iowa and Nebraska (Region 9). If such a catastrophic 
breakdown in transportation did actually occur, it could be expected 
that inter-industry adjustments would partially alleviate the large 
price differentials. However, these estimates serve to point out the 
degree of geographical specialization in beef slaughter and the impact 
of competition and geographical flows on prices. 

~ The choice of the logarithmic fWlctional form was based on the objective of port
raying more accurately the extreme quantities involved. 



Table 3. 2 - Estimates of Transport Rates for Fresh Beef between Specified Points, by Regions, United States!l 

Region l 2 3 ~ 5 6 7 8 9 lO ll 12 13 a 15 16 17 18 19 20 21 (ll 

(cents per Pound or Dollars per 100 lbs,) 
'0 
Sl> 
c+ 

0 .67 .87 1.6:; 2.H 1.77 2.21 2.85 2.98 2.92 2.)8 2.86 ).0~ ).~9 ).H 5.a ~.)0 ).69 ~.69 <,,29 5·36 ..... 
Sl> 

2 0 ·35 1.19 2.00 1.~6 1.90 2.68 2.76 2.62 2.00 2.53 2.72 ).18 :;.29 5.01 ~.16 
I-' 

3·55 ~.55 ~.ll 5·23 
'U 

3 0 1.00 1.85 1,31 1.76 2.5~ 2.62 2.~8 .1.8:; 2.~ 2.59 3.06 ).17 ~.90 ~.09 3·•3 Ll3 •• oo 5.12 '1 ..... 

• 0 1.21 1.2• 1.58 2.38 2.39 2.19 1.16 1.81 1.92 2.6o ).a •·75 :;.92 :;.18 ).62 ~.76 
() 

~.)0 "' 
5 0 1,13 1.06 1.8• 1.7. 1.3~ .89 1.8:; 1.23 1.81 2.67 •• 36 3·•9 2.52 :;.68 ).0 • ••• 2 t3J 

,D 

6 1.56 1.67 1.67 1.61 2.69 3·67 3.26 
.::: 

0 ·70 2.50 2.03 2.53 2.35 •• 19 3·30 ··~ 
..... 
I-' 

7 0 1.10 1.22 1.27 1.68 2.57 1.79 2.22 1.98 3·89 2.99 2.28 3·~ 2.96 •• 12 ..... 
a' 

1.16 ).16 
'1 

8 0 1.00 1.18 2 •• 2 ).21 2.3. 2.22 3·38 2.39 1.97 2.88 3·95 ..... 
.::: 

9 0 .6) 2.29 3.01 1.92 1.65 l.H 3·33 2.H 1.35 2.62 2.)0 3·50 
s 

10 0 1.92 2.75 1.5:> 1.). 1.83 3·59 2.67 1.50 2.90 2.a 3·33 t: 
11 0 1.20 1.19 1.98 3.06 •.M :;.8. 3.00 •• a ).26 ~.29 "' c+ 

::r' 
12 0 1.73 2.50 3·73 5·25 ~ •• 2 ).6o •• 50 3·82 ~.69 & 
13 0 1.07 3.01 •• )8 3·75 2.30 3·70 2.52 3·55 

0 
I-' 
0 

a 0 2.56 3.92 ),U 1.78 :;.oo 1.76 3·15 Otl ..... 
15 0 2.8. 1.61 1.70 2.63 2.66 3·5• 

() 

"' I-' 
16 0 1.67 2.79 1.96 2.85 1.81 t:1 

17 0 1.88 1.53 2.08 2 •• 8 "' < 
"' 18 0 1.76 1.29 2.72 I-' 
0 

0 1.6o 1.•7 
'0 

19 3 
(!) 

20 0 1.89 ::> 
cT 

21 0 

--
l/Theoe rates ware estimate& by ueing equations (3.5) and (3.6). '" w 
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Table 4. 1 - Estimated Regional Price and Consumption of Beef Under 
Alternative Assumed Conditions (1955) 

1) 2) (3) ( i) (5{ 
Regional price Regional price Regional per cap- Regional price Regions price 

Region assuming no asawdng equal ita consumption aaaum.ing a 207o assuming a 20]o 
interregiona 1 per capita assuming equal increaae in decrease in 
trade regional prices in all regional pork regio'ff1 pork 

conaumetion regions eric.e!/ 2rice-
dollars/pound cents/pound pounds cents/pound cents/pound 

5-17 7i.8 8<).8 75·5 6i.9 
2 3·30 79-0 9<.2 75-0 6<.5 

1.65 73·9 88.9 75-2 6i.6 

2.86 55·7 69.6 7i-9 6i.< 

5 .87 52.6 66.3 71.< 61.< 
6 .98 7<-9 89.9 7<.1 63·7 

·55 76.1 91.2 72-5 62.3 
8 .25 66.0 8o.6 70-9 6o.9 

9 .07 61.< 75.8 71.6 61.6 
10 .26 66.3 81.0 71·5 61.5 
11 1.32 51.9 65.5 72·• 62.3 
12 1.2< 63.8 78·3 76·3 65.6 

13 1.5i ,9.6 62.9 71.8 61.7 
1< ·59 62.1 76.6 72-• 62.; 

15 .19 5L3 68.1 69.9 6o.1 
16 .6< 7Q.8 85.7 69.9 6o.1 

17 ·53 6;.9 78.; 70·9 6o.9 
18 .18 66.6 81.9 69.7 59-9 
19 .50 66.< 81.7 69.9 6o.1 

20 1.20 6o.o 7<.2 71.0 61.0 
21 .62 79-2 9L5 70.7 6o.7 

!/See Table 4:.5, Column 1, for the estimated regional equilibrium prices of beef 

under the 1955 actual pork price. 

Alternatively, the estimates given in columns two and three of 
Table 1 provide some indication of the net effect of regional incomes 
on regional price and consumption of beef. For example, under these 
assumptions, California (Region 21) has the highest estimated consum
ption and price since it had the largest per capita disposable income 
for the year considered. The estimated regional prices suggest a dif
ferential range of 29. 6 cents between regions and the estimated reg
ional consumptions suggest a differential range of 31. 6 per capita 
pounds of beef between regions, which may be attributed to variation 
in the level of the income variable. From a practical standpoint, sub
stitution within grades probably serves to dampen the effect of regional 
income differences in terms of total beef consumed per region. The 
estimates presented in Column 2 could be interpreted as equilibrium 
regional prices under a rationing scheme similar to that employed for 
beef during World War II. In the event of such a program, this type of 
procedure could be employed to develop equitable regional controls if 
price was used as the allocator. Alternatively, the estimated regional 
price and consumption differences give an indication of the extent of 
distortion in equilibrium values when either regional price or consump
tion or both are specified under a controlled situation. 
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The final two colunms of Table 1 were generated by using regional 
equilibrium consumption estimates for 1955 (see the next Section) along 
with a uniform 20 per cent increase and decrease in the 1955 pork 
price. The effect of assuming a uniform 20 per cent decrease in pork 
prices, certeris paribus, was to decrease regional beef prices. Cor
respondingly, a uniform increase in regional pork prices resulted in 
generally higher regional prices of beef. A 20 per cent increase or 
decrease in the regional price of pork generated, on the average, a 
change of 5 cents in the price of beef. These results make explicit the 
degree of competition between pork and beef as consumer goods. 

B. Equilibrium Geographical Prices and Flows for Beef, 1955 

(1) Determination of regional price, consumption, surpluses and 
deficits - (First Approximation): Given observations relating to dis
posable income, population, production and market demand relation
ships by regions, the first task is to determine a structure of geograph
ical prices that are tied together by transport costs. The procedure 
followed was to choose a base region and then approximate a set of 
price differentials relative to that base. Region 9 (Iowa and Nebraska) 
was chosen as the base because of its proximity to the center of the 
United States and because it is obviously a surplus producing and proc
essing region. The per capita production (slaughter) observations of 
Table 3. 1 provide some indication as to which regions are surplus and 
which are deficit, and thus give some clues as to the probable pattern 
of shipment. In approximating the differentials for 1955, it was de
cided by observing the level of regional per capita supplies in Table 
3. 1, that regions 1, 2, 3, 4, 5, 6, 11, 12, 13, and 20 would be sur
plus; regions 7, 8, 9, 10, 15, 17, 18, 19 and 21 would be deficit and 
regions 14 and 16 would go either way depending on their final equil
ibrium prices. Proceeding on the basis of this subjective analysis and 
using the relevant transport costs, along with the method outlined in 
Chapter ll, an approximate set of price differentials was obtained 
(Table 4. 2). As an example of this procedure, assume that the base 
region (Region 9) ships to region 2, the price differential would be 
equal to the unit transport cost between the two regions or 2. 76 cents. 
Assuming that both regions 9 and 10 ship to region 5, the difference 
between equilibrium prices in the surplus regions must be equal to the 
differences between their transport costs to the deficit region. Since, 
at this stage in the analysis, it is not definitely known which surplus 

regions ship to each deficit region, (neither is it known in all cases 
whether a region will be clearly surplus or deficit), this manner of 
determining differentials is unsatisfactory as it stands. However, it 
does provide a useful (l.pproximation, and given the resulting equilib
rium flow solution, it can then be shown that the linear programming 
simplex tableau provides an objective means of determining the 
"correct" price differentials. 

Provided a set of regional price differentials, the problem is now 
one of solving for the equilibrium price in the base region (Y2o>· 
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Following the procedure outlined in the model section, consider the 
following equation. Uf 

where Yu represents per capita consumption of beef for the ith region, 
Yzo is price in the base region (9), di is the estimated price differen
tial between the base and ith regions and Zu is the per capita dispos
able income for the ith region, and summing over all regions yields: 

(4..2) 

21 
Since 2: p y is the total consumption of beef in the United States 

:1..1 i li 21 

and is assumed equal to the known total supply, 2: P1 is total popul-
21 :1..1 

ation, 2: z11 Pi is the total disposable income for the United States for 
:1..1 

1955 and the Pi and~ are known, the solution for Yzo is straight
forward. Inserting the observed regional values of the variables in 
equation (4. 2) and carrying through the analysis, the base price, Yzo, 
was found to be 66.26 cents per pound. Price in the ith region was 
determined by using the relationships, Y2 i = Y20 +~· where Y2i is 
the price in question. The price differential, ~. can be positive, ne
gative or zero. 

With the determination of equilibrium prices, the linear demand 
relationship (4. 1) was used to estimate per capita consumption for 
each region. The per capita estimates of consumption were then mul
tiplied by regional population and total regional consumption estimates 
were subtracted from regional supply data for estimates of surpluses 
and deficits. The following Table (Table 4. 2) is a presentation of the 
estimates of regional price, consumption, etc. employing the initial 
approximate ~. 

(2) Determination of optimum flows for beef (First Approxi
mation): Given estimates of the regional excess supplies and demands, 
the problem becomes one of determining the geographical flow'pattern 
for beef such that the total cost of transportation is minimized, 

ill Since the variables are linear in natural units, an alternate iterative procedure 
could be employed for arriving at the equilibrium set of geographical prices by 
choosing. a base region price, estimating regional consum.ption and then making 
the ad,justment in price necessary to equate supplies with demands, 

141 This linear demand equation is the same as equation (3. Z) of the preceeding 
Chapter, except that the price of pork is taken as an average for all regions and 
included in the constant terms. 
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Table 4. 2 - Regional Equilibrium Price Differentials, Prices, 
Consumption and Surpluses and Defecits, 

{1955), First Approximation 

" Par Surplua 
!legion d , Price Price Capita Total and l/ 

nilferential CODBWBJ!tion ConsumJ!tiOn Deficit"-
centa ceats lila. 1,000 lila. 1,000 lila. 

2.98 69.24. 87.1 8;52,952 -684.,24.2 

2 2.76 69.02 92.0 1,4.65, 172 -l,o81,389 

3 2.62 68.88 86.5 1,738,4.85 -907,325 
4, 2.39 68.65 68.4. 672,961 -4.74.,870 

5 1.54. 67.8o 66.5 4.24.,038 - 81,620 

6 1.67 67.93 88.7 1,4.34.,591 -367,725 

7 0.86 67.12 90.8 1,230,624, 269,066 

8 o.o8 66.34. 8o.9 554.,074. 770,005 

9 0.00 66.26 76.5 308,730 1,8oo,331 

10 0.20 66.4.6 81.1 504.,689 662,84.1 

11 2.12 68.38 65., 587,966 -254.,004. 

12 2.64. 68.90 76.1 270,4.87 ·104.,167 

13 1.21 67.4.7 64..0 4.36,;522 ·224., 529 
14, 0.14. 66.4.0 n.o 836,633 108,964. 

15 -0.53 65.73 70·2 92,4.06 179,291 

16 -2.25 64..01 88.4. 377,111 10,4.26 

17 -1.4.0 64..86 8o.4. 99,104, 21,24.9 

18 -0.79 65.4.7 82.5 152,4.22 325,504. 

19 -1.79 64..4.7 83.4. 85,501 22,557 
20 -0.28 65.98 75·4. 134.,782 ·53,572 
:ill -2.17 64..09 97.4. 1,255,762 63,173 

!/A ainua preceding an observation indicates that the region in queation 
occupies a deficit poaition and the related naaber indicatea the aagnitude of 

the deficit. 

As a basis for this determination, the following table (4. 3) pre
sents transport costs between all surplus and deficit regions, the 
total amounts of beef available for distribution by the surplus regions 
and the total amounts demanded by the deficit regions. 

Using this data, the linear programming transportation model was 
used to derive an optimum geographical shipment pattern for beef. 15/ 
The optimum tableau, given the transport cost and rim quantity re
quirements, is presented in Table 4. 4. 

~ For discussions of this method, see Dantzig (13, pp. 359-373) and Henderson and 
Schlaefer (8) and for an example of the logic of the simplex method as applied to 
the transportation problem, see Appendix A. To establish a first basic solution 
that would be a closer approximation to this optimum than some arbitrary pro
cedure, a method known as "Vogel's Approximation11 was used. See Appendix B. 



Table 4. 3- Transport Costs (Cents per Pound) and Rim Requirements (1955) First Approximation 

~~ Destinations 
l 2 ? ~ 5 6 llv 12 1'5 20 s~ggfles 

(1,000 lb. 

7 2.21 1.90 1.76 1.58 1.06 ·10 1.68 2.57 1.79 2.96 269,066 
8 2.85 2.68 2.5~ 2.38 l.S. 1.56 :!!.~2 3.21 2.3~ 2.88 770,005 

9 2.98 2.76 2.62 2.39 1.7~ 1.67 2.29 3.01 1.92 2.30 1,800,331 
10 2.92 2.62 2.~8 2.19 1.3~ 1.67 1.92 2.75 1.53 2.1~ 662,8H 
1~ 3·~9 3.18 3.06 2.6o 1.81 2.53 1.98 2.50 1.07 1.76 108,96~ 

., 
15 3·~~ 3·29 3.17 3.14 2.67 2.35 3.06 3·73 3.01 2.66 179,291 = •..< 

00 16 5.14 5.01 ~.90 ~.75 ~.36 Ll9 L6~ 5·25 ~.38 2.85 10, ~26 .... 
.... 
0 17 ~.)0 ~.16 L09 3·92 3·~9 3·30 3.8~ ~.~2 3·75 2.08 21' 2~9 

18 3·69 3·55 3·~3 3.18 2.52 2.69 3·00 3·6o 2.)0 1.29 325,50~ 

19 ~.69 ~·55 4..~3 ~.)0 3·68 3·67 ~.14 4..50 3·70 1.6o 22,557 
21 5·36 5·23 5.12 ~.76 ~.4.2 ~.ro ~.29 4..69 3·55 1.89 63,173 

Total ~,233,~07 
Demands 68~,2~2 1,081,389 907,325 4.74.,870 81,620 367,725 254.,004. 104.,167 224.,529 53,572 ll 

(1,000 lbs.) - ' - --

1/ - Totals may not be additive due to rounding, 

I 

I 

I 
I 

1\) 

00 

0 ;.,
~j 

"' ;;J' 
0 
a 

"' :» 
I)Q 

'1 
>-" 
() 

~ 
~ 
'1 

"' 1-' 

t') 

~ 
a> 
'1 
1-'• 
a 
a> 
~ 
(I) 
c+ 

"' c+ 
:J· 
0 
::> 



Origins 

7 
8 

9 
10 

14 

15 

16 

17 

18 

19 

21 

Totals 

- ~j-

Table 4. 4 - Optimum Shipment Pattern for Beef (First Approximation, 1955) 

(l,OOOlbs.) 

Destinations 
l 2 "3 4 5 6 11 12 i.'S 20 

~ _..Q8 _..Q8 ~ ....i6 269,o66 .....5Q ..&1. .!..:.!2 3.86 

335,310 _;_;6,036 .Q ..&1. _,3§ 98,659 _,3§ ill .88 2.92 

....Q5 745,353 907,325 147,653 .20 _,Q2 ill ill ~ 2.26 

....1.3 ...QQ ...QQ 327,217 81,620 _gj 254,004 _,_!..!. ..:1:.2. 2.30 

..L.Q2 ~ ..:.2! .68 .ill .!.:.2§ ill _Jj 108,964 .?..:.!2 
179,291 .02 .04 .24 _,_§g .20 _,.1.2 ..:.2§ .:.2.2 2.11 

10,426 .04 ..:Q1 _d2 .&! ..:.21 ..:.21 .20 ~ .6o 
21,249 _,Q2 ..:.!.Q _,_.!§ __,_.2§ _,£2 ...:..2.2 .21 .84 _:..§1 

137,930 _,Q2 _,Q2 _,Q2 .22 _,£2 ~ 72,009 115, 565 ..:& 
.20 ~ ~ ...:..2.2 ~ .:.!1 .46 .10 .6o 221557 

__,_.2§ .62 .&2 _:2g .!..:.22 .:2.! .:.2 32,158 .16 31,015 

684,242 1,081,389 907,325 474,870 81,620 367' 725 254,004 104,167 224,529 53,572 

~ ~ 2.62 ~ b.2! 1.64 2.12 2.84 b.2! .04 
--- -· ---- - --- -- -----------

!/Totals may not be additive due to rounding. Total costs • 
n m 
L L Ci.xij • $104,572,214. 
i j J 

Totals ui 

21$,066 0.94 

770,005 o.o8 

1,800,331 o.oo 

662,841 0.20 

lo8,964 0.47 

179,291 -0.51 

10,426 -2.21 

21,249 -1.37 

325,504 -0.76 

22,557 -1.56 

63,173 -1.85 

4,23),407.!.1 
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The cells of Table 4. 4 in which the bold face type appear repre
sent the activities which appear in the final basic solution, and the 
corresponding munber represents the quantities of beef involved in 
the optimum. flow solution. For example, the optimum flow solution 
indicates that region 8 would supply 98, 659 thousand pounds of beef to 
region 6, region 21 would supply 32, 158 thousand pounds of beef tore
gion 12, etc. The plain type nurn.bers appearing in the cells of Table 
4. 4 may be interpreted as the difference between direct and indirect 
transportation costs. The indirect costs refer to the opportunity cost 
of not including a particular activity (supply and destination combina
tion) in the basic solution or, alternatively, the consequences of in
cluding it in the basic solution. The general theory of the simplex 
solution states that an optimum is reached when all direct minus in
direct costs are positive or zero. This solution indicates that a change 
of activities appearing in the basis would result in equal or added total 
costs. For example, region 7 could ship a unit of product to region 1 
only at a 0. 22 cent loss or by increasing total transport cost by 0. 22 
cents per unit shipped. Alternatively, it could be inferred that the 
transport cost between region 1 and 7 would have to decrease at least 
0.22 cents per unit before any product would be shipped in that direc
tion, given the alternative shipping possibilities and costs. 

The dummy variables UJ: and Vi are determined from the following 
set of linear equations for the minimum. problem: 

i • 1, ••• , n: j - 1, ••• ' ., 

where C!. is the transport cost of shipping a unit of product from re
gion i to1~egion j for the supply-destination pairs that appear in the 
basic solution. Since there are n+ m, U{ and V. to be determined and 
only n+ m- 1 transport costs in a basic solutioh, it is necessary to 
assign an arbitrary value to either one Uf of V.. Once that value is 
assigned, the other values are unique. For exlample, in Table 4. 4, 
the u. opposite region 9, the base region, is assigned the value, zero. 
Given1 this assigned value, and using equation (4. 3), the Vi opposite 
deficit region 4 is determined from equation (4. 3) as 2.39, the trans
port cost of shipping from region 9 to region 4. Note that in this case 
an alternative optimum. feasible program exists since there is a zero 
difference in direct and indirect costs for the activity of shipping a 
unit of product from region 8 to region 3. Given solutions for U[ and 
Vi for any basic solution, the simplex procedure for converging to 
the optimum solution stems from the idea that for all activities not in 
the basic solution there are two costs - the direct cost of shipping a 
unit of product from region i to region j and the indirect cost (Ui + V.) 
that indicates the opportunity cost of not having that activity in the J 

basic solution. Thus, the plain type num~ers in Table 4. 4 are a re
sult of differencing the relevant cij and ui + v., and the optimum is 
reached when all direct costs minus indirect cbsts are positive or zero. 
This indicates that to change from the optimum basic solution would 
result in equal or added costs. 
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Given the optimum set of activities from the minimum solution, 
the duality theorem may then be used to obtain estimates of the ~' the 
regional price differentials.U!/ Since the minimum problem has been 
solved, the solution to the dual is trivial. fn this case, the dual may 
be generated by multiplying the vector of Ui by the scalor (-1) and de
fining it as Ui. Or alternatively, given the optimum set of activities, 
the price differentials relative to a given base can be derived by solv
ing the set of linear equations: 

v. - u 
J i (4.4) 

By then assigning a value of zero to the Ui opposite the base region, 
the economic interpretation of the other Ui is that they represent lo
cational price differentials of the surplus or shipping regions relative 
to the base region (in this case, region 9). The Vi represent location
a! price differentials of the deficit regions relative to the base region. 
A change of base could easily be accomplished by assigning the value 
zero to the Ui or Vi opposite any other region and expressing all other 
ui and vi in relation to that value. It should be noted that given the 
minimum solution, the dual does not need to be formulated and solved 
since the activities (supply and destination pairs) are identical under 
the minimum and maximum formulations. 

Solving the linear equations given in equation 4. 4 results in the 
vector of price differentials (Ui and Vj) given in Table 4. 4. Compar
ing these price differential with the irutial specification of column 1, 
Table 4. 2, reveals certain differences between the two price differen
tial vectors. For example, region 1, under the new formulation, has 
a price differential of 2. 93 cents relative to region 9 instead of 2. 98 
cents under the initial approximate specification. Similar differences 
obtain for several of the other importing and exporting regions. 

(3) Equilibrium price pattern, regional consumption and sur
pluses and deficits, 1955 (Flnal Solution): The process outlined prev
iously for determining regional equilibrium prices, consumption and 
regional surpluses and deficits was repeated using regional price dif
ferentials provided by the Ui and Vi of Table 4. 4. The results of this 
analysis are presented in Table 4. 5. 

The resulting regional equilibrium prices varied from a low of 
64.46 in region 16 (Washington and Oregon) to a high of 69.60 in region 
1 (New England). Per capita regional consumption varied from a low 
of 63 lbs. in region 13 {Arkansas, Louisiana and Mississippi) to a 
high of 97 lbs. in region 21 (California), The equilibrium solution re
sulted in eleven surplus and ten deficit regions. 

In regard to the classification of the regions, it is rather surpris
ing that California (Region 21) was a surplus producing area for 19 55, 

16/ 
- See Section B in the chapter relating to the model employed. 
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Table 4. 5 -Regional Equilibrium Prices, Consumption and Surplus 

and Deficits {1955) Final Solution 

Region Price Per Capita 
Cona'WII tion 

cents/lb.) 1,000 lbs.) 
69.6o 86.7 83~,188 

2 69.~3 91.5 1,4,66,503 -l,o82, 720 

3 69.29 86.1 1,739,937 -9o8,957 
4, 69.06 68.0 673,64,4, -4,75,553 
5 68.21 66.1 4,2~,531 - 82,113 
6 68.31 88.3 1,436,127 -369,261 

7 67.61 90·3 1,230,411 269,279 
8 66.75 8o.5 554,,705 769,374 
9 66.67 76.0 309,04,6 1,8oo,015 

10 66.87 8o.7 505,213 662,317 
11 68.79 ~.8 588,638 -254,676 
12 69.51 75.4 270,035 -103,715 
13 68.21 63·3 434,518 -222,725 
a 67 .a 76·3 835,637 111,96o 
15 66.1E 69.8 92,486 179,211 
16 64.46 87.9 377,243 10,294, 
17 65·30 79·9 99,146 21,207 
18 65.91 82.0 152,506 325,456 
19 65.11 82.7 85,343 22,715 
20 66.71 74.6 134,318 -53, loB 
21 6L82 96.6 1,252,456 66,479 

since they had a higher per capita disposable income and a larger pop
ulation relative to most other regions. A possible explanation of this 
is offered by the Western Livestock Marketing Research Technical 
Committee (26) in that although California is a deficit producing area, 
live inshipments, from other contigious regions, for slaughter gene
rate an excess supply situation. As might be expected, the heavily 
surplus producing regions included the corn belt states and states ad
jacent on the north and south of the corn belt areas. The heavily de
ficit areas included New England, the Atlantic States and the South
eastern States. 

(4) Optimum shipment program for beef, 1955 (Final Solution): 
The changes in magnitude of the surpluses and deficits determined by 
the optimum price differentials were insufficient to change the direc
tion of any shipments from the "first approximate" spatial solution. 

Table 4. 6 presents the new solution for flows of beef for 1955. 

Since the Ui and V. for this spatial equilibrium solution are the 
same as the d; (price differentials) used to obtain estimates of regio-
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147,061 
.20 

.....5.§ 

Table 4. 6 -Final Optimum Flows of Beef in the United States (1955) 

(l,OOOlbs.) 

Destinations 
2 _3 4 5 6 11 12 1'5 20 

.08 .08 _,_u .46 269,279 ..:..2Q .:§]_ ~ 3.86 

341,687 Q ..m. & 99,982 & .&. .88 2.92 

741,033 908,957 150,025 .20 ...Q3. ..:..!1 ..:..!1 ~ 2.26 
_,.QQ .....Q2 325,528 82,113 ...£.2 254,676 ill ..J,2 2.'j0 

_,.§2 ....2..!. .68 .ill .!..:]§ ..:.2.2 _,_u lll,96o ~ 
_..Qg .04 ....£! .62 .20 .....i2 ~ .:..22 2.11 

.&! ....ill. ill .&!. ..:.2! .....ll .20 ill .6o 

...Q3. ...!Q .J.2 .....5.§ ...£2. ..:..15. ~ .84 .&I 

...Q3. ~ ...Q3. .22 ...£2. ..J:g 67,629 110,766 & 

...gj ......gj_ ..:..15. _,j§ ..d1 .46 ...!Q .6o 22,715 
.62 ~ .._2g .!.:..Q.2 ....2..!. _,jg 36,o86 .:.!§ 30,393 

685,478 1,082,720 908,957 475,553 82,113 369,261 254,676 103,715 222,725 53,lo8 

2.93 2.76 2.62 2-39 1.54 1.64 2.12 2.84 1.54 .04 

1/ -Totals may not be additive due to rounding. TC. $104,756,372. 

Totals 

269,279 

769,374 
1,8o0,015 

662,317 
lll,96o 

179,211 

10,294 

21,207 

325,456 
22,715 

66,479 

4,238,307!1 

ui 

0.94 
0.08 
0.00 

0.20 

0.47 

-0.51 
-2.21 

-1.37 
-0.76 

-1.56 

-1.85 

f 
cf-
f-'• 

"' 1-' .., 
'1 ..... 
0 
(1) 

toJ 
.g 
..... 
1-' .... 
a' 
'1 ..... 
~ 

;;:: 
(1) 

cf
::r 
8. 
g. 
0 

(JQ ..... 
~ 
1-' 

t:l 

~ 
(1) 

1-' 

~ 
!i 
~ 

w 
w 



34 Oklahoma Agricultural Experiment Station 

nal price, consun1ption, surpluses and deficits, the sequential ana
lysis is complete. It is possible that a third stage would be necessary 
if the rim totals had changed so that the new optimum would involve 
different combinations and directions of shipment. The resulting Ui 
and Vj of the final optimum solution contain two types of useful econo
omic 1nformation. First, the Ui measures the comparative location 
advantage of the supply points relative to region 9 (Iowa and Nebraska). 
For example, beef is worth 0.47 cents per lb. more at region 14 {Ok
lahoma and Texas) than at region 9 because of its proximity to the 
consun1ing centers of the Southeast. Alternatively, beef is worth 0. 76 
cents per lb. less in region 18 (Wyoming and Colorado) than at region 
9 because of its distance from the major consun1ing centers. Second, 
the values of the vi give the delivered price differentials relative to 
region 9 for the deficit regions. For example, the price of beef is 
2.93 cents per lb. higher in region 1 (New England) than in region 9. 
The resulting price differentials obtained are the competitive equil
ibrillnl price differentials (or prices) that would result from the eleven 
surplus regions attempting to sell their excess supplies to the ten de
ficit regions at the maximum possible gain, Therefore, the optimun1 
values and the direction of flows are simultaneous and interdependent. 

Observing that regions 16, 17 and 18 ship to region 1 points up 
the fact that "closest" markets are not necessarily "optimum" in the 
general equilibrium sense. Although there are deficit areas closer 
to these regions than New England, total transport costs would be in
creased by any such program. Another way of looking at this is that 
though there are closer markets for regions 16, 17, and 18, the most 
economically attractive market is region 1. 

C. The Effect of Changes in Transport Costs on Regional 
Equilibrium Price Patterns and Flows of Beef (1955) 

In order to assess the elasticity of demand for transportation 
services to the beef industry and the corresponding equilibriun1 prices 
and flows, the conditions (1) a 20 per cent increase and (2) a 20 per 
cent decrease in transport costs, were postulated for the year 1955. 
Although for these and all subsequent analyses the sequential process 
was employed to converge to optimun1 regional prices and flows for 
beef, only the final solutions will be presented. 

(1) The effect of a 20 per cent increase: Table C. 1 of Appendix 
C contains the regional equilibrium prices, consumption, surpluses 
and deficits and the optimum flows, assuming all transport costs con
necting the surplus and deficit producing regions were increased by 20 
per cent over 1955 rates. With the increase of 20 per cent in trans
portation rates between regions, total transport expenditures increas
ed by 19.08 per cent, while total geographical flows decreased by only 
0.49 per cent- thus, indicating a very inelastic demand for beef trans
port services within the range considered. The classification of re
gions and the direction of flows remained the same as the initial 1955 
analysis, the only change being a slight decrease in amounts exported 
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and imported, The effect of the increase in transport costs on region
al prices was to lower the base price by 0, 64 cents while accentuating 
the price differentials between regions. In general, the effect on the 
magnitude of consumption was a decrease in the deficit regions and an 
increase in the surplus regions. 

(2) The effect of a 20 per cent decrease in transport costs: Table 
2 of Appendix C contains the results of the alternative assumption -
a 20 per cent decrease in transport costs between regions for 1955. 
Under the assumption that transportation costs decrease by 20 per 
cent, total shipments of beef increase . 50 per cent while total trans
port expenditures for beef decreased by 19.37 per cent. The reason 
for the highly inelastic demand for transportation service is the re
lative insignificance of transport costs to the selling price of beef in 
the range considered. That the intercept for the demand curve for 
transportation services for beef is far above the origin is reflected in 
Table 4. 1. For example, under the assumption of no interregional 
trade, the price differential between Region 9 and 1 was estimated at 
$5. 10 per ])Ound, Thus, the transport cost between these two regions 
could be $5. 09 per pound and still not preclude some shipment of beef. 

The effect of the decrease of transport costs on price resulted in 
a higher base price and depressed price differentials, Consumption 
tended to be lower in the surplus areas and higher in the deficit areas 
due to the decreased transport costs. AB in the case of increased 
costs, regional consumption was not sufficiently changed to allow any 
changes in direction of optimum flows from the 1955 program. 

D. Equilibrium Price Pattern and Optimum Flows for 1955 
Assuming that Regional Farm Supplies of Beef 
were Slaughtered Locally 

To obtain some indication of the impact of changes in the geograph
ical supply of beef on the equilibrium solution and the tendency of slau
ghter plants to be market rather than production oriented, a price and 
spatial analysis was carried out for 1955 under the assumption that 
beef was slaughtered in the producing region. To obtain the data nec
essary for the analysis, estimates of farm production of beef by re
gions for 1955 were multiplied by the ratio of total slaughter divided 
by total farm production,l1/ These liveweight estimates were then con
verted to a carcass weight equivalent basis, The results of the ana
lysis carried out under this assumption are presented in Table 4. 7. 

Relative to the initial 1955 solution, the alternative regional supply 
specification yields many interesting changes in the classification of 
regions, magnitude and sign of price differentials, size of surplus and 
deficits and the total geographical flows of beef. Under the assump
tion that processing plants are production oriented, regions 13 (Ark-

]]} These data were obtained from "Meat Animals, Farm Production and Income, by 
States," AMS, USDA, Washington, D. C. (February, 1956). 



Table 4. 7 -Regional Equilibrium Prices, Consumption, Surpluses and Deficits and Optimum Flows (1955) 
Assuming Regional Production of Beef for Slaughter is Slaughtered Where Produced 

Surplu1 Origino and Quantitieo of Shipmento 
Bquil. lquil. and (1,000 1bo.) 
Price con •• Daficit l.eaion cent•/ 1,000 1,000 
Dound oounda goundo 8 9 10 13 a - 15 16 17 18 19 20 

1 69.4.5 835,815 •754.,920 .05 .07 .15 .~ .16 313,615 b2! 104., 558 }56,74.7 LiQ .....Ja 
2 69.,a 1,4.68,875 -1,274.,702 ~ .Q 4.,a;oo9 :;:3! 372,B8o 4.63,213 !ill ..Q! ..21 hi! ..55 
3 69.16 1,74.2,929 -1,4.96,053 ~ l, 104.,958 391,095 ~ .,&g .,&g t1s ..2§ ...23 .!.....i3 .....26 
4. 68.72 677,,o2 -385,903 :* .21 ill ..&2 385,903 ill .Ll12 ...3.2 _,ji .L..U ...Qi 
5 67.93 4.26,4.96 -21,231 ~ ...3.2 ..&2 ...!2 21,231 .ill g.gj ..1! ill 1..2! .&2 
6 68.20 1,4.38, 193 -939,852 307,4.01 632,4.51 ill ..1! ..di ill .h§Q _,j! .&! .L..§i ...:z9. 
7 67.75 1,228, 553 -238,082 238,082 ,01 .20 ...2j .....22 _,j! 1:2.2 ~ .&2 .!.&! ...22 
8 66.65 555, 5o8 54.5,~2 
9 66.5ol. 309,64.6 1,737,'09 

10 66.68 506,536 829, 70ol. 
ll 68.o8 595,528 -182,4.73 ....22 .ill ~ 182,4.73 .02 ....22 ~ ..21 ..§§ ~ ..3& 
12 68.62 273,4.29 ·121, 123 ,kg! ...2j ,,62o 87,503 1.12 ~ ...22 ill g.Q! ...2i 
13 66.89 4.4.4., 14.2 216,093 
14 66,12 84.7, 528 867,517 
15 66,01 92,709 776,828 
16 66.82 ,66,626 ,Col. 
17 65.15 99,355 4.96,373 
18 65.76 152,820 336,7o1.7 
19 66.16 8o~.,213 100,6o3 
20 65.74. 136,177 151,561 
21 67.63 1,2a,252 -64.4.,283 ~ g.& ~ 2.81 .!...2i .L:li ,Col. 391,815 ~ l00,6o3 151, !j6l 

u 1 .11 0 ,14, ·35 -.4.2 ··53 ··72 -1.39 -.78 -.38 -.8o 

total ohipmento (1,000 lba,). 6,058,622; total coots • $152,3ol.8,777• 

vj 
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ansas, Louisiana and Mississippi) and 20 (Arizona and New Mexico) 
which were deficit areas in the initial analysis, beccune surplus. Also, 
regions 17 (Idaho and Montana), 19 (Utah and Nevada), 14 (Oklahoma 
and Texas) and 15 (North and South Dakota), were considerably more 
surplus than under the previous formulation. California (Region 21) 
and lllinois and Indiana (Region 7), initially surplus regions, became 
deficit under the assumption that beef is slaughtered where produced. 
This analysis makes explicit t~e magnitude of the live movement of 
beef into California for processixg. This live movement of beef to Cal
ifornia results in an excess supply for this region and, therefore, gen
erates a certain cunount of cross-hauling, i.e. shipped live in to Calif
ornia and shipped back out as processed meat. The scale effects of 
large processing plants or locational advantages in terms of labor, 
capital and/or natural resources may serve to explain this apparent 
uneconomic flow pattern. However, that a region such as Arizona and 
New Mexico is highly surplus in farm production and deficit in slaught
ered beef, raises a strong possibility of resource misallocation, and 
suggests several problem areas for research. This analysis may also 
be used to suggest how far East that California must now reach to sat
isfy its demands and thus generates an East- West line of self-suffic

iency. 

The total costs for this alternative progrcun were 45 per cent 
higher than for the initial 1955 anaiysis, i.e. assuming that process
ing plants were production oriented in 1955, the total cost for shipp
ing processed beef would have been approximately 45 per cent higher 
than under the locational matrix of processing plants and supplies that 
did exist. The increase in trar-.sport costs results from the fact that 
processing plants are to some extent consumer oriented and the cost 
of live movements of beef is not included in the initial analysis. In 
regard to total product movement, the total geographical beef flows 
increased by 43 per cent over the initial 1955 progrcun. Comparing 
the total beef flows for this progrcun (6 billion lbs.) with the total 
shipped under the first 1955 progrcun (4. 2 billion lbs. ), indicates an 
estimated live i'!J.!~rregional shipment of approximately l. 8 billion 
pounds of beef. IJ;v 

From the standpoint of value, the equilibrium price in the base 
region (9) under the alternative specifications are approximately the 
same. However, changes in the classification of regions generates 
a new set of regional price differentials. In particular, the price dif
ferentials in regions 11 and 12 are decreased although their deficit 
classification does not change. Since regions 13 and 20 change from 
a deficit to a surplus classification.' their relative equilibrium prices 
are decreased. The largest change in price differential occurs in 
region 21 (California). In the initial analysis, the price differential 
for California was -1. 85, while in this analysis the price differential 
becomes+ 1. 09. This value analysis makes explicit the impact of the 
location of production and processing firms on the resulting compara
tive advantage or disadvantage of a particular region. 

~ This is in terms of carcass weight and these estimates are based on the regional 
demarcation as postulated. 
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E. Equilibriwn Prices and Flows, 1947 and 1952 

Having investigated the equilibriwn solutions for one period of 
time, it may now be instructive to consider alternative formulations 
which involve changes in the geographical distribution and level of in
come, population and supplies. Therefore, a spatial analysis was 
carried out for 1947 and 1952 conditions in the hope that any trends in 
regional beef production, conswnption, etc. would become discern
able when compared with the 1955 analysis. The year 1947, like 1955, 
represents a high production period for beef. Alternatively, 1952 re
presents a period of high prices and relatively low production for the 
beef industry. The results of the analysis for 1947 are presented in 
Table 4. 8. 

In this analysis, the price differentials and production of beef 
were such that regions 16 and 17 became self-sufficient and thus there 
were no economic incentive for flows either in or out.1.91 Therefore, 
an equilibrium price for these regions was obtained by equating each 
regions market demand with its supply. These regions were then 
dropped from the resulting equilibrium flow solution. In the equilib
riwn analysis, all other regions were unchanged from the initial 1955 
solution in terms of being surplus and deficit. Regional prices for 
1947 were somewhat lower than for 1955, due primarily to the consid
erably lower regional incomes in 1947. 

Under the regional breakdown as postulated, 30. 8 per cent of 
total beef production was shipped interregionally for 194 7 compared 
to 31.4 per cent for 1955. The average cost of shipping for 1947 was 
$2.39 per hundred pounds of beef shipped and for 1955, the average 
cost of shipping was $2.47 per hundred pounds, This difference in 
the per unit flow costs between time periods indicates some decentral
ization of processing plants since 1947 as the average length of haul 
is somewhat larger for 1955. Shifts in population tend to minimize 
the impact of decentralization on per unit flow costs, and the impact of 
changes in liveweight shipments has not been estimated. 

The Southern states, regions 11, 12, and 13, had an approximate 
44 per cent increase in per capita farm production of beef over the 
years 1947 to 1955, but their per capita deficit position, in the equil
ibriwn sense, is approximately the same (about 27 lbs. per capita) for 
processed beef. This indicates that processing is not keeping pace 
with the increased farm production in these states. 

The analysis for 1952 is presented in Table 4.9. 

19/ The reader will recall that in the theoretical solution for the two-region case the 
price differential between the surplus and deficit regions must be greater than 
the transport cost between the two or there would be no incentive to ship. An 
analagous case occurred in the 21 region model in that if regions 16 and 17 were 
treated as surplus, the price differential forced the computed consumption to 
be less than production and when treated as deficit, the resulting differentials 
forced computed conswnption to be greater than production. 



Table 4. 8 -Regional Equilibrium Prices, Consumption, Surplus and Deficits and Optimum Flows for Beef (1947) 

E i 1 E i 1 Surpd1u• Origino and Quantities of Shipmento 
qu • qu • an ( 1 000 1b ) 

Region Price Cons. Deficit • •· v j 
centa/ 1,000 1,000 7 8 9 10 a 15 18 19 21 
oound ooundo ooundo 

1 62.01 679,854. -4.81,M6 ,14. 378,"3 ..&.2 _.12 1.a 10;,205 ..!! .21 _,_§2 2.93 
2 61.84. 1,185,122 -857,557 26'5,'"1!16 Q 591,74.1 -:ob 1.oo .o2 .a .24. .....n 2.76 
3 61.70 1,372,875 -679,14.7 Q 210,6o2 4.68,54.5 -:ob 1.02 .04. :Ib :2f; ~ 2.62 
4. 61.4.7 535,757 -4.05,357 ~o jo 136,930 2~7 ~ .24. ....!! ~ ~ 2.39 
5 6o.62 340,184. -138,84.6 • • .&2. 1;8,84.6 ~ :b2 ill _,_52 b.!! 1.54. 
6 6o.M 1,04.8,517 -126,328 12 ,328 .&._ ..!! ill .L..22 :2S .J;§ ~ 1.10 1.50 
7 59.94. 962,972 392, l« 
8 59.16 4.37,4M 589,04.5 
9 59.0S 263,264. 1,197,216 

10 59.28 4.02,068 688,076 
11 61.20 4.58,434. -228,930 .42 ~ ....!1 228,930 .44 ill ill ill ill 2,12 
12 62,03 166,232 -84.,862 ':!!! ...2! :&§ 51,873 ~ ~ 9,949 7,597 15,443 2.95 
13 6o.n 356,252 -192,469 1.oo ill ~ .os 6o,356 ~ 132,113 ..:.2Q .16 1.65 
14. 59.66 630,24.2 6o,356 
15 58·57 87,701 103,205 
16 57·" 297,6;59 -
17 57.67 81,4M -
18 58.4.3 112,479 1'<!,062 
19 57 ·5} 58,705 26,8;57 
20 59.13 81,832 -19,24.0 i.11 ~ g&2 ~ ~ 2.10 ill 19,24.0 .10 .05 
21 57·3' 873,363 15,44;5 

__ 1],____·8~ .OS o .20 ,58 -.51 -.65 -1,55 -l.H 

Total ahipmenta (l,ooo lba,) • 3,214.,;82; Total tranoport coo to • $76,4.78, 1;51, 

! .... 
~ 
"d 
'1 .... 
() 
G> 

i .... 
~ ..... 
~ 
'$ 
«" 
::r a 
~ 
0 

OQ ..... 
~ .... 
t:J 

~ 
~ .g 
~ 
~ 

~ 



Table 4. 9 -Regional Equilibrium Prices, Consumpti~, Surpluses and Deficits, and Optimum Flows for Beef (1952) ~ 

Surpldo Origins and quantities of Shipments Equil. Equil. and (1,000 lbs.) 
Price Cons. Deficit 

Region cents/ 1,000 1,000 
pound pound a pound• 7 8 9 10 14 15 17 

l 91.66 6o0,64.6 -4.64, 722 .a 273, 18; 
~ ~ ~ 

1u,;o6 1,915 
2 91.4.9 1,04.2,997 -724., 710 lOr,1il8 0 62;, 2 .o .02 .:.22..._ 
3 91.35 1,259,916 -672,886 0 264,;-390 408,496 71ib ~ .04 .10 
4, 91.12 504,229 -376,471 .05 .07 172,694 203,777 .u :Tii 
5 90-27 307,987 -104,073 ~ ~ .2() 104,073 .ill :52 ~ 
6 90-29 982,a3 -166,699 l ' 9 .11 ~ l.U '":2!l .ill 
7 89-59 874.,590 267,717 
8 88.81 392,;86 537,573 
9 88.73 2;8,505 ,204,882 

10 88.93 362,;6o 534,359 
ll 90.85 427,663 -226,512 .42 ~ ill 226,512 .ill ill ill 
12 91.41 174.,049 -100,94.9 .ill ::J _,g:r ~ ~ 1I 13 90-27 ;27,3H -236,982 b.!.! :sa ...12 68,170 .:2£ 
a 89.20 6o6,896 68,170 
15 88.22 66,«7 124.,306 
16 87.08 - -
17 87.36 74.,006 1,915 
18 87.97 105,621 215,9iB 
19 87.01 56,692 10, 1;8 
20 88.61 91,4.75 -;0,232 i..2i .hl§ 2.42 2.4.6 ~ g..n ~ 
21 86.72 854,276 139,225 

ui .86 .08 0 .20 .47 -.51 -1.37 
-

Total shipments (1,000 lba.) • 3, 104,2;6; Total transport costs -$76, 722,2;o. 

18 19 21 

65, ;18 .04. .42 
.!2.2 EI. :E 
.!2.2 _,.Q2 .4.9 

.!22 .19 ~ .22 .42 
~ .ill .!22 

.12 _,]2 .16 
:Tii .10 100,949 

15o;b3o .4,4, lb,Hl2 

~ 10, 1;8 20,094 

-.76 -1.72 -2.01 
--- -----
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Region 16 was again dropped from the analysis as a self-suffic
ient area. In general, 1952 is characterized by relatively high reg
ional prices (from 86, 7 to 91. 7 cents per lb.) and low output of beef 
(on the average, only 62 lbs. of beef was available per capita). In the 
equilibrium solution, the classification of surplus and deficit regions 
was the same as for 1947 and 1955. Per capita shipment for 1952, 
under the regional breakdown of the model, was approximately 20 
pounds. Per capita shipment for 1955 was 26 pounds. This analysis 
points up explicity the impact of short supplies of beef on regional 
prices and suggests the revenue effects of changes in the level of pro
duction. 

In order to facilitate comparisons between 1947, 1952 and 1955, 
transport costs were assumed equal for all years. Therefore, 
changes in the equilibrium values of the prices and flows were as
sessed independently of changes in interregional transport costs. It 
is estimated by the United States Department of Agriculture that av
erage transport costs for meat increased by 60 per cent over the 
period 1947-1956 (25). Therefore, using 1955 transport costs over
estimates the actual regional price differentials for the years 1947 
and 1952, and this should be kept in mind when drawing inferences for 
these two observation periods. 

F. Equilibrium Prices and Flows, Extrapolated for 1963 

Spatial models are also useful tools for estimating the equilibrium 
conditions that may exist in some future time period. These result
ing predictions are, or course, conditioned by the "goodness" of the 
projected future values of the predetermined variables. In this con
nection, a spatial analysis was generated for 1963 by extrapolating 
the basic regional data of production, population and disposable in
come. Population for 1963 was estimated by multiplying 1955 popul
ation by the regional percentage change of 1955 compared to 1947. 
Slaughter {regional supplies) of beef for 1963 was estimated in the 
same manner. Disposable income was estimated for 1963 by adding 
to 1955 income the linear increment of 1955 less 1947 income for each 
region. Given the 1963 value estimates of these variables, separate 
analyses were made under the alternative assumptions that (1) pop

ulation, production and income all increased from 1955 to 1963 as 
postulated above, (2) population and income increased as described 
above, but total regional production remain unchanged from 1955 lev
els, (3) population and income increased in the manner postulated, but 
per capita regional production is the same as for 1955 and (4) popul
ation and production increase as described, but per capita incomes 
remain the same as for 1955. 

(1) Spatial and price analysis, 1963, assuming population, pro
duction and incomes all increase: In order to assess the effect of 
changes in the basic data, assuming that all relevant factors increase 
at rates similar to the 1947-1955 time period, it was postulated that 
regional production of beef, regional population and regional dispos-



42 Oklahoma Agricultural EAperiment Station 

able incomes all increase from 1955 to 1963 as described above. lt 
was further assumed that 1955 transport costs would prevail for this 
future period, The solution for regional equilibrium prices of beef, 
consumption and optimum flows was derived and the results are pre
sented in Table 4. 10. 

The essential interpretation of all estimates shown in Table 4. 10 
is that if the basic factors change from 1955 to 1963, as they did from 
194 7 to 1955, these estimates will result. The projections indicate 
an average per capita availability of beef of 95 pounds. In this ana
lysis, region 5 (Kentucky and Tennessee) became a surplus produc
ing area. This result obtained because of the relatively large increase 
in production between 1947 and 1955, i.e., supply of beef increased 
relatively more than population. Relative to the initial 1955 analysis, 
the total flows of beef increased by 34 per cent and regional prices 
remained approximately the same. 

(2) Spatial and price analysis, 1963, assuming population and in
come increase while total production remains fixed at the 1955 level: 
Recognizing that beef production is subject to periodic fluctuations, 
this analysis attempts to assess the impact of a low production year 
if population and income keep climbing at rates equivalent to the 1947-
1955 rates of increase. The results of this analysis are presented in 
Table 3 of Appendix C. 

This set of assumptions generated an average per capita avail
ability of beef of 72 pounds. As expected, the effect of constant total 
supplies and increased population and income is reflected by high reg
ional prices (92.4 to 96. 7). California, region 21, appears as a def
icit region under these assumptions, due to the relatively high rates 
of increase in population and income in the period 1947-1955. To 
satisfy this deficit, California imported the entire surpluses of regions 
16 and 19 along with most of the surplus of region 17. This change 
in classification, of course, generated changes in the regional price 
differentials and thus the regional comparative advantages and disad
vantages. 

(3) Spatial and price analysis, 1963, assuming that population 
and income increase while per capita production remains the same 
as for 1955: Since 1955 represents a large production period for beef 
(approximately 81. 2 lbs. per capita), it is possible that an increase 
in population and income may occur in the next few years with little or 
no increase in the regional per capita supplies of beef. Therefore, an 
analysis was made to assess the effect of constant regional per capita 
supplies and is presented in Table 4 of Appendix C. 

Again, under this assumption, regional prices are affected up
ward from the initial equilibrium solution for 1955. Although the 
surpluses and deficits are different in magnitude, there were no 
changes in the pattern of shipment from the initial 1955 optimum ship
ment program. 



Table 4.10- Regional Equilibirum Prices, Consumption, Surpluses and Deficits and Optimum Flows (1963) 
Assuming Production, Population and Income All Increase 

Surplus Origins and Quantitiea of Shipment• 
Bquil, Equil, and (1,000 1bs,) 
Price Cons. Deficit Region 
cants/ 1,000 1,000 
pound pound a pounds 5 7 8 9 10 a 15 16 17 18 19 21 

1 70.o8 1,0~i,216 -922,6i~ _,_n .22 102,007 .,.Q2 ~ l...Q2 281,073 1,186 i9,20ll i89,175 _,_§2 .LQ1 
2 69.91 1,892,059 1,U2,UO 

~ :68 198,168l,U<!.,2<!.2 .o ....§2 .02 .0<1. ill ill ....rg 1.11 
~ 69.77 2,2~9,2<1.0 1,2<1.~,85~ .<!. :OS 0 1, u~,853 :ob ~ .0<1. .&1 .10 .,.Q2 :M I':'U 
i 69.54. 86<1.,!55 -56~, 5~! .,.Q2 ....12 _,§]_ 18~, 35!38o, 180 .2<1. ill :u; ill ........! 1,01 
5 68.~8 53!,U7 !7,907 
6 68.79 1,985,512 -751,271 _wg 65,629 685, 6!2 ill ~ .!....3.§ .20 ..ili .&2 .&2 ....2.§ 1.<1.0 
7 68.09 1, 59!,059 65,629 
8 67.23 722,093 985,817 
9 67.15 37!,220 2,671,449 

10 67.35 G<!.o,957 6o9,!52 
11 69.27 763,139 -277,175 !7,907 ~ ~ ill 229,272 ill 1i ..:..2!. .ill. .12 ..22 ,81 

10!,018 ~ 12 69.99 !<1.),976 -10!,018 .22 ill ill ,11 ....12 .20 .21 ...22 
13 68.69 537,086 -26),210 _,2g !..12. .88 _,..2§. .....12 18o,1H ....22 :;]3 -:&" 1:3),069 hQ2 _,_£2 
a 67.62 1,120,095 18o, 141 
15 66.6<1. 105,6o6 281,073 
16 6<1..94 503,956 l, 186 
17 65.78 128,810 !9,202 
18 66.~9 213, 191 684,298 
19 66.08 127, 56! 8,937 
20 67.68 22!,992 -119,626 .b1! .l...TI ~ h11 .L.!l.! l..1Q 1.62 ill .d§ 8,036 8,937 102,65~ 
21 65.79 1,85!, 568 102,653 

ui 1.23 .9! ,08 0 .20 .!7 -.51 -2.21 -1.37 -.76 -1.07 -1.36 

Total shipments (1,000 lba.) • 5,687, 7<1.0; Total transport costa • $14),505, 702. 
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(4) Spatial and price analysis, 1963, assuming that population 
and production increase while per capita incomes remain at 1955 
levels: As an antithesis to the latter two "sellers' market" assump
tions, the following analysis was carried out under the assumption 
that regional incomes, per capita, will remain at the same levels as 
for 1955 while population and production increase at the rates they 
did from 1947 to 1955. The results of this analysis are presented in 
Table 5 of Appendix C. 

Assuming no change in per capita incomes between the two per
iods, the 1963 analysis resulted in generally lower prices than those 
prevailing in 1955. Region 5 became a surplus region under those 
assumptions and, therefore, the shipping pattern was rearranged. 
Obviously, many other admissable alternative formulations could have 
been specified and analyzed. However, the sole purpose of these pro
jected analyses was not to make pragmatic predictions relative to a 
future time period, but rather to suggest how spatial price analyses 
may be employed and the type of possible "if-then" statements that 
may be made when alternative conditions are specified. 

V General Implications of the Postulated Models 

The specification and solution of spatial models and their dual 
system may be used to obtain insights to many theoretical problems 
involving economic choice. By employing this new type of analysis, 
the efficiency and competitive structure of individual sectors may be 
investigated and knowledge may be obtained relative to problems of 
industrial structure and comparative-statics when the consequences 
of changes or actions are desired. 

From a methodological point of view, analyses of this type yield 
implications for many areas of economic research. The requirements 
of specifying spatial market demand relationships generates a need 
and use for parameter estimates such as price and income elasticity 
which are the prime objective of sector models. Furthermore, by 
using these parameter estimates, it is possible to obtain estimates of 
spatial consumption patterns under alternative price, income and pop

ulation situations. By using these market demand relationships and 
employing the linear programming dual, it is possible to obtain re
gional price differentials that are consistent with a perfectly compet
itive market formulation. This type of spatial model is valuable be
cause it is operational research-wise and the computations required 
are manageable. By employing principles which seek to narrow down 
the number of geographical market and supply points, the spatial for
mulation alluded to in the preceding sections treats the space factor 
explicitly and offers an efficient approach to the determination of re
gional prices and the resulting geographical flows of a commodity. 
The model has general application and can be applied to any industry 
or sector which satisfy the underlying assumptions with a reasonable 
degree of accuracy. 
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From an economic policy point of view, the interdependent nature 
or our economy necessitates an analytical model, depicting the joint 
determination of sector variables, if the consequences and repercus
sions of certain policy actions are to be isolated. In this connection, 
spatial models offer an operational tool to the policy maker since 
they can be used to answer questions of a comparative static nature 
and thus indicate the changes in the optimum values of geographical 
prices, flows and differentials brought about by a specified change in 
the data or action. In particular, the model provides information 
basic to determining the consequences under given conditions of 
changes in: (1) transport costs and (2) geographical distribution of 
population, income and product supply, on the level of geographical 
prices and flows. The comparative static method of analysis may be 
best illustrated by an example. How would the optimum solutions for 
1955 change if the transport costs between each pair of points were 
increased by 20 per cent? To answer this question, we could merely 
change the existing cost structure by 20 per cent, recompute the new 
optimum solutions and compare these with the initial result (Section B, 
Chapter III). The number of admissable alternative applications of 
this type are, or course, very large and depend on the "if-then" ques
tions to be asked. Knowledge generated by application of the model 
permits a ready application to such practical problems as production -
shifting legislative policies or the level and distribution of population 
and income. By employing this type of analysis, policy makers may 
ascertain in advance of a specified change both the direction and mag
nitude of the disturbance on the system. 

As a basis for policy action, the perfect market concept used in 
formulating the spatial equilibrium models provides a standard of 
comparison whereby the pricing and distribution of a commodity can 
be judged as efficient or inefficient relative to this base. The impact 
or value of this normative approach to economic policy rests, of 
course, on the relationship of the conceptual model to general welfare. 
The normative model, in this case the competitive model, depicts 
what could happen under given ends and assumptions and thus may not 
indicate what will obtain in the real world. However, from an ec
onomic policy standpoint, when "what could be" and "what is" differ, 
the divergence does indicate possible areas for choice or action. For 
example, what are the consequences of slaughtering beef in the region 
where produced rather than shipping it live to consumer-oriented 
processing plants? Whether or not action will be taken will, of 
course, depend on the social goals to be pursued. 

Spatial equilibrium analysis provides information for decision 
making by both producing and processing firms. In regard to the beef 
producing firm, these analyses should suggest how changes in trans
portation, and the geographical distribution and level, population, in
come and supply might alter beef prices. These expected prices 
could then be used as a basis for resource adjustments. By introduc
ing the time dimension, insights into the changing character of the 
beef industry may be discerned and the long-run competitive position 
of one region relative to another can be analyzed. 
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From the standpoint of the processing and distributing firm, the 
information provided by the analyses should make possible a rational 
choice among alternative geographical destinations of product ship
ments. By employing the duality theorem of linear programming, a 
unique set of regional price differentials can be derived which cor
respond to the optimum set of product flows. These results may then 
be used by the processing firm in ascertaining the comparative or 
location advantage of one region relative to others. Through this ana
lysis, some insights into the optimum geographical location of beef 
processing firms may be obtained which are a function of both location 
and the scale of the firm. 

The results of the spatial analysis have suggested several possib
ilities for future research in the beef sector of the economy. The 
more important research possibilities implied are: (1) consideration 
of a less aggregative model so that market and supply points will be 
more descriptive of a region, (2) recognition of seasonal variation in 
beef supplies and thus possibly considering equilibrium models on a 
quarterly rather than an annual basis, (3) consideration of the quality 
of beef produced and demanded in each region and (4) an activity ana
lysis model of the livestock-feed economy. These and other restric
tive assumptions underlying the analysis such as uncertain demand 
and product carryover will be explored in future research. 

VI Summary 

Recent developments in the field of linear programming have 
made possible a new type of economic analysis and have made feas
ible an operational model of general equilibrium analysis under which 
the space factor may be treated explicitly. The general method of 
linear programming has in this study been applied to the problem of 
developing a spatial price equilibrium model for beef. Specifically, 
the study has attempted to derive the geographical equilibrium prices 
and flows of beef under alternative sets of conditions for the controll
ed variables. Alternative models were employed to ascertain the 
economic consequences of specified disturbances in the initial set of 
data. Finally, the implications of the results for decision making and 
action by the government and firm were reviewed and suggestions for 
possible future research were enumerated. 
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Appendix A 

An Example of the Simplex Technique in Solving 
A Transportation Problem 

Most material published on the simplex procedure for solving the 
transportation problem required some knowledge of vector and matrix 
theory to appreciate its logic. This appendix represents an attempt 
to give the reader an understanding of the logic of the technique even 

though he has little mathematical training. Most of the material pre
sented here parallels that of Dantzig (13, pp. 359-73). The authors 
make no claim for originality but only hope that the number of re
search people who may use linear programming with some understand
ing may be increased, 

As a means of presenting the simplex procedure, an example in
volving three origins (supplies) and five destinations (demands) is 
used. Generalization to any sized matrix is immediate. The program 
requirements and transport costs for the hypothetical problem are 
assumed to be as in Table A. l. 

Table A. 1 - Program Requirements and Transport Costs 

~ Destinations Totah 
li--j 11) 12\ I 'I\ l<i\ I~\ •t 

:I (1) 1 3 <l 6 3 50 .... .. .... (2) 0 5 6 9 2 8o .. 
0 

(3} 8 5 3 2 9 120 

Total a b1 90 25 35 w 6o 250 

In words, the destinations require 90, 25, 35, 40 and 60 units of 
a homogeneous product {bj) while the origins have available for ship
ment 50, 80 and 120 units of the product (ai). The assumed transport 
costs appear in the cells of the body of Table A. 1. For example, the 
cost is 4 for transporting a unit of the product from origin 1 to dest
ination 3; shipping from origin 3 to destination 5 entails a cost of 9, 
etc. There is no restriction on the magnitude or sign of the costs, 
therefore a constant may be subtracted from all original costs. That 
this can be done is emphasized by the zero cost between origin 2 and 
destination 1. 

The table provides the following set of equations: 

( 1) xll + xl2 + xl3 + xu + x15 • al 50 

(2) x21 + x22 + x23 + x2! + x25 82 = 8o 



50 

(3) 

(4.) 

(5) 

(6) 
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x31 + X,2 + x33 + x34. + x35 • .3. 120 

xu + ~1 + X,1 • b1 • 90 

x12+~+~• b2 • 25 

x13 + ~3 + X,3 • b3- 35 

(7) x14. + ~4, + x34, • b4, • 40 

(B) x15 + ~5 + x35 • b5 • 6o 

In total there are 8 equations in 15 unknowns, but since: 

(9) 

there are only 7 independent equations. Therefore, many independent 
solutions are feasible for the system as given. Any feasible solution 
is referred to as a basis. At least one solution will minimize total 
costs. i.e., 

This optimum or optimum basic solution is, then, to be sought, 
subject to the restriction that all "ij must be positive or zero. 

First Feasible Solution and Check for Optimality 

Keeping in mind that only 7 of the "ij can be non-zero, a trial 
solution may be obtained by starting with xu and continuing across and 
down the tableau until all origins are exhausted and all destinations 
are satisfied. Thus, a first feasible basis could be x11 • 50, ~1 • 

0 2 15 20 x • 40 and X.. • 6o. 
4, ' ~ • 5, ~3 • ' x,3 = ' 34. '5 

The total cost for this solution is: 

Given a feasible basis, the problem is one of determining whether 
costs can be reduced further. The fundamental approach of the sim
plex technique is to express all activities in the system in terms of 
the basic set that constitute a feasible solution. An activity of ship
ping a unit of product from ito j can be denoted as ~·· where Xij 
represents the level of Aij· To sustain a unit level o~ any activity, 
one unit of product at the ith origin is required as input and one unit 
is made available at the jth destination. Following this formulation, 
any cost Cij in the basic solution may be expressed as a sum of an 
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input cost, u!, and an output cost, Vj- For the first feasible basis, 
this formulation yields the following set of equations: 

(11) t4 + v1 • c11 • 1 

(12) ~ + vl • c21 • o 

(13) 
I 

u2 + v2 • c22. 5 

( 14,) u~ + v 3 • c23 - 6 

(15) u'3 + v3 • c33 • 3 

(16) I 
u3 + v~. c3~- 2 

(17) I 
u3 + v5. c35 • 9 

By assigning one of the uJ. of v. some arbitrary value, each of 
the remaining ones are uniquely determined. 

Table A. 2 presents the first feasible basis, the direct costs 
and the components of the indirect costs, the Uj_' and Vi. Using 
equations {11) through {17) and assigning U1 a value of zero permitted 
determining the Ui and Vi as given in Table A. 2. 

Table A. 2 - First Feasible Basis 

---- Destinations Totals u' 
N (1) (2) ( ~) (~) (5) 1 

.. (1) 1 
r:: 50 50 0 .... .. 

(2) 0 5 25 6 15 
.... .. ~ 8o -1 0 

(3) 3 2 9 
20 ~ 6o 120 -~ 

Totals 90 25 35 ~ 6o 250 

vj 1 6 7 6 13 

The determination of whether the solution of table A. 2 is optimum 
stems from the idea that each cost for those activities not in the basic 
solution can be expressed as either the direct {transport) cost or as 
indirect costs - i.e .• cij ~ ui + vj. where ci. is the cost of not hav
ing some activity ~j in the basic solution. llf 

then it costs more not having ~j in the basic solution than the direct 
or transportation cost would be if it were in the solution. Therefore, 
the difference Cij - ·c;ij is examined for all activities not in the basic 
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solution. If the differences are all positive, the optimuzn program 
has been reached- if some are negative, the program must be re
arranged. 

Using the costs versus indirect cost criterion, it can be seen from 
Table A. 3 that activities Alz, A13, A15• and A25 are admissable 
~andidates for entering a new solution. Since A15 and Az5 are caus
mg the largest unfavorable costs by not being in the basis, it seems 
logical to bring in either of these activities in a second feasible basis. 
(The iterative process allows only one change per program - after 
bringing in one new activity and dropping an old one, the program 
must be re-evaluated.) 

Table A. 3 - Cij - Cii First Feasible Basis 

~ Destinations 

~ I 1 l 12) I'll l~l I<;) .. 
s:l ( 1) 0 -3 -3 0 -10 .... .. .... .. (2) 0 0 0 ~ -10 0 

I 'I\ 11 'I 0 0 0 

Program Adjustinent 

It has been established that costs can be reduced by bringing in 
the activity A15 at some level. The problem is now one of determin
ing at what level this activity can be introduced. 

In Table A. 4, the activity A15 has been introduced at a level ct. • 
In order that the rim requirements are not violated, this requires sub
tracting a: from xu which requires a being added to xzl• etc. until 
all rows and coluznns still suzn to their respective totals. 

Table A. 4 - Program Readjustment 

----------
Destinations 

Totals .. 1---t-. j I 1 l 12\ I'll l~l I 5) 
s:l .... (1) 50- a 50 .. a .... .. (2) ~+a 25 15 -a 8o 0 

(3) 20 +a ~ 6o- a 120 

Totals 90 25 35 ~ 6o 250 

Since there can be no more than 7 activities (n+ m - 1) and all 
Xij must be positive or zero, the obvious choice for 01 is 15. lie! 
were larger than 15, xz3 would enter as negative and a. were smaller 
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than 15, there would be 8 activities in the second basis. As a general
ization, the equation Xij - a:: 0 can be considered and ct chosen as 
the smallest positive solution. 

This completes the full cycle of the iterative process. Table A. 5 
contains the second feasible basis which results from choosing t:f.;:; 15. 

To converge to a minimum cost program, the steps just presen
ted are repeated until Cij - Cij is positive or zero for all i, j. Total 
costs are 

Table A. 5 - Second Feasible Basis 

~ Deatiaations Totals 
h--.j (1) (2) (~) (4,) (5) 

"' (1) ~5 15 50 
~ ...... (2) 55 25 8o ,._ 

(~) 120 Q ~5 4,0 4o5 

otala 90 25 ~5 4,0 6o 250 

Logic of Iterative Technique 

The mathematical logic enabling one to express the "so-called" 
indirect costs is that given a linearly independent set of vectors that 
span a vector space (a basis) all other vectors in the space can be ex
pressed as a linear combination of the basic set. Thus, the "cost" 
of some activity not in a basic solution can be expressed as a linear 
combination of the costs that appear in the basic solution. An intui
tive grasp of the indirect cost for.mulation can be gained, however, by 
tracing through a unit program change. First, let A15 (Table A. 4) 
be sustained at a unit level. In order that the row and column sums 
remain invariant, x 11 must be decreased by 1, xzl must be increased 
by 1, X23 is decreased by 1, X33 is increased by 1 and X35 is decrea
sed by 1. Each of the activities in the basic solution have a direct 
cost, therefore everywhere that a unit of product has been subtracted 
costs have been decreased by the associated unit costs and where the 
unit of product has been added, total costs have been increased by the 
unit costs. Letting a minus represent cost reduction and1 a plus repre
sent addition to costs and summing gives the result: 

Bringing in a unit level of activity in A 15 only entails a direct 
cost of 3, therefore, total costs can be reduced by 10 units by the 
program readjustment considered. • This is the same inference that 
obtains by considering cl5 - cl5 in the iterative procedure where, 
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Since in the iterative process, A 15 is brought in at a:::.l5, total 
costs are reduced by 150. This corresponds to the formula given for 
determining total costs for the second feasible basis. 

By introducing slack or storage vectors, the simplex procedure 
can be used to solve a transportation problem where supplies are 
assumed greater than demands. Alternatively, the problem where 
demands are greater than supplies can be solv"d using this same 
approach. So-called slack vectors are merely unit vectors that trans
form inequalities into equalities. Degeneracy is ignored here, but 
can easily be resolved if it appears at any stage in the iterative pro
cess. (See 13, pp. 365-67). 
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Appendix B 

The "Vogel Approximation" Method for Determining A First 
Feasible Basis ll 

Artificial and poorly motivated methods of obtaining an initial 
feasible solution in the Simplex Procedure have been subjected to 
presistent objections. In this connection, the "Vogel Approximation" 
method provides a means of establishing initial solutions to transport
ation problems that have been found to reduce the requisite number of 
Simplex iterations. In fact, for small matrices, this method often 
provides the optimum program without resorting to any other type of 
iterative process. 

In order to present the Vogel method, the hypothetical problem 
posed in Appendix A is again used. 

(See following page for Table B. 1) 

Y Presented at a Quality Control Industrial Engineering Conference held at Milwaukee, 
Wisconsin, in 1954. 
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Table B.l - Vogel's Approximation Method for Establishing a Feasible Basis~_/ 

Destinations Row Coot Differences 

~ ( 1) (2) (~) (~) (5) 
Totals 

(1) (2) (~) (~) (5) (6) (7) 

(1) 1 _i_ __!.__ .....L «l_l_ 10-=- 50 2 2 2 0 X 

_2_ (2) -_Q_ __.2.__ _L _g_ 
8o 8o 2 2 X 

C:~) 
_§_ 

25__.2._ .35_3_ 
_ __g__ 

20_2_ 120 1 2 2 2 2 2 2 «l 

90 25 35 «l 6o 250 

( 1) 1 2 1 ~ 1 Step a: 
1) Construct the tableau with costs in the upper right h 

(2) 1 2 1 X 1 boxes. 
2) Enter the difference of the two lowest row costa for 

(3) 7 2 1 6 row in column (1) of the row cost difference tabla. 
the same for column coats. 

(~) X 2 1 6 3) Choose the maximum value of row and column (1) of the 
difference tables. Circle thio value. (tinrowl~ 
column coat differences.) 

(5) 5 3 9 t) Examine the row or column in the tableau that c~rresp 
to the circled value and make the maximum possible as (6) 5 3 X 
ment to the minimum coat appearing in that row of col 

(7) X 3 
In the example, this oatiafiea all demands for destin 
(~); therefore, it is eliminated from further conaide 
tion. Thus, an x is entered in the corresponding cos (8) X 
difference column. 

d 

ch 

oat 

.do 
gn

umno. 
ion 

5) Repeat the process except that the costs in column (~) of 
the tableau are not conoidered in finding the new row coat 
differences. 

l/Thio method was called to the attention of the authors by Mr. Robert Ashworth of the Industrial Engineering 
Department, Oklahoma State University. The method was presented before an Industrial Engineering Quality Control 
Conference held at Milwaukee, Wisconsin, 195~. For this particular example, the Vogel method provides en opt~ 
tableau. (The reader may satisfy himself of thia by uoing the simplex procedure of Appendix A to find Cij - Cij") 
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Appendix C 

Tables Relative to Equilibriwn Solutions 

for Alternative Levels of Transport Costs 

and Projected 1963 Conditions 



Region 

1 
2 
3 
4, 

5 
6 
7 
8 
9 

10 
11 
12 
13 
a 
15 
16 
17 
18 
19 
20 
21 

Table C. 1 - Regional Equilibrium Prices, Consumption, Surpluses and Deficits and Optimum Flows 
Assuming a ZOo/o Increase in Transport Costs (1955) 

Surplu1 Origins and quantities of Shi-nto EquU, llquU. and (1,000 lba.) 
Price Cons. Deficit 
cent1/ 1,000 1,000 
pound pound I pound a 7 8 9 10 a 15 16 17 18 19 21 

69.54. 831,36o -682,650 ...&2 339,715 ..sa ~ .L2i 178,718 7,161 20,523 136,533 ...2i ....22 
69.3-l l,<l61,328 -1,077, 5'5 .:22 328,393 7<l9, 152 ..sa. .!.&1 ,Qg ..&! ..&3 ..&3 _,g:z ...1.i 
69.17 1, 73<l,04,7 -903,067 ..22 .Q 903,067 ..&§ l..Q2 ..&! ..&§ ..!i ..&2 ...!!Q .J:I. 
68.90 671,175 -4.7}.084. ...!2 ..&§ a6,755 326,329 ....§1 ..&!l ..!1 ...!§ ~ ...!! ~ 
67.88 '24.,079 -81,661 .ill. ..t.i5. ..ii tll,661 .88 ...n _.]g ....22 .&.2 ....22 ~ 
67.99 1, <l3<l,812 -~67.946 268,372 99,574. ..&! ....g§ l.M ..ii ..!! ill ill _..sg l..Q2 
67.15 1,231,318 268,372 
66.12 556,397 767,682 
66.03 310,o87 1,798,974 
66.27 506,553 66o,977 
68.57 586,94.9 •252,987 .6o ..t.i5. .&.! 252,987 ,4,0 ..2! ill ,4,2 .a ....5.2 ~ 69.<l3 268,84,1 -102,521 .80 .:.2! .21 ill .16 ...!§ .24, .&.2 7b,Oll .12 2 '510 
67.87 <l34.,lo8 -222,315 ~ 1.06 .4,6 .2-l 110,192 b.!.5. ill 1.01 112,123 _.]g ..12 
66.59 B37,<lD5 110,192 
65,4,1 92,979 178,718 
63·37 380,376 7,161 
64,,38 99,8,0 20,523 
65.11 153,295 324,,667 
6<l.l5 85,956 22,102 
66.07 134,,778 ·53, 568 ~ hll g,Jg g_,n ~ ~ _.]g .81 ...5!l 22,102 31, 4,64, 
63.80 1,26o,961 57,97-l 

.!!i 1.12 .09 0 .24. .56 -.62 -2.66 -1.65 -.92 -1.88 -2.23 
--- --- - ----- ---------- --- ------- ----- -

Total ahipaenta (1,000 lbe,) • 4,,217,34,5; total transport coats~ $124,,739,983. 
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Table C. Z - Regional Equilibrium Prices, Consumption, Surpluses and Deficits and Optimum Flows Assuming 
a ZO% Decrease in Transport Costs (1955) 

Surplus Origins and Quantitieo of Sbipmento Bquil. !quil. and (l,OOO lbo.) Price Cons. Deficit vj Region cents/ 1,000 1,000 
oound tJounda oounda 7 8 9 10 t• 15 16 17 18 19 21 

l 68.87 837,565 -688,855 ...ill 316,076 ..&} ....!.2 .82 179,709 13, •• 2 21,896 157,731 ...!.2 ..!1 2.35 
2 68.73 1,.71,622 -l,o87,839 ...m 35•, 733 733.106 .&2 ...1! .02 .o. ..&} ..&} ...!2 ....2Q 2.21 
3 68.62 1, 7•5, 756 -914.,776 ...m 0 91•, 776 ~ ill .04 .06 ..5lll ~ ..ill ill 2.10 

• 68.4.3 676,o8o -•77,989 .Jl .'06 153,188 32•,8ol ~ 
.20 ~ .di ..&} ...&! ill 1.91 

5 67-75 •a•,96o -82,5~ _,j§ ....2! ...!.2 82,5~ _,___ ill ..52 ..!1 .:12 ill .84 1.23 
6 67.& 1,437,38• -370,518 270,236 100,282 ...gg .18 l.o8 .16 .&:! ~ ~ _,j§ ill 1.32 
7 67.28 1,229,.54 270,236 
8 66.59 552,988 771,091 
9 66.52 307,991 l,8ol,070 

10 66.68 503,852 663,678 
11 68.22 590,297 -256,335 .40 ~ ~ 256,335 .26 ill ~ .28 .10 ill .26 1.70 
12 68.8o 271,216 -104,896 ....2! ...32 ~ .08 ....!Q _,jQ 

~ :M 59,176 .08 45,720 2.28 
13 67.76 •3•,905 -223,112 ...2.2 ..:19. _,jQ .a ll3, 767 .;:n ..!il. 109, 3'5 .:..!§ ~ 1.24 
14. 66.90 833,830 113,767 
15 66.12 91,988 179,709 
16 M.76 ,7.,095 13,•~ 
17 65.43 98,•57 21,896 
18 65.92 151,710 326,252 
19 65.28 8•,728 23,330 
20 66.56 133,850 -52,640 i.Q2 ,W3 l.8o ~ l..l.5. 1....22 .4.8 ill ~ 23,330 29,310 .o. 
21 65.05 1,2.3,905 75,030 

ui ·16 .07 0 .16 .,a -.40 -1.76 -1.09 -.6o -1.2. -l.H 

Total abipmento (1,000 lbo.) • •,259,501; Total coats • $&,•68,340. 
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Table C. 3 -Regional Equilibrium Prices, Consumption, Surpluses and Deficits and Optimum Flows, 1963, 
Assuming Total Production Remains at the 1955 Level while Population and Income Increase 

Regional lquilib!!iua Prices, Conauaption, Surpluses and Deficita and 
Optillum Flows, 1963, Aaawaing Total Production Remains at the 1955 Level while Population and Income Increase 

Surplus Origina and Quantities of Shipment• Equil. l!!quil. and (1,000 lba.) 
Price Cons. Deficit vj Region cent1/ 1,000 1,000 
pound pounds pounds 1 8 9 10 a 15 16 17 18 19 

1 96.69 785,95' -637,2'' .22 '35,<l0l ..&.2 ~ 1.14 192,47<l b21 9,369 .11 l.<lO 2.93 
2 96.52 1,436,866 ~053,083 ~ 206,061 847,022 . 1.00 ,02 lill ill .a .!ill 2.76 
3 96.38 1, 700,101 -869,121 ~ 0 869,121 :06 1,02 .0<1. ~ .10 ~ 1...!2 2.62 
... 96.15 657,173 -•59,082 

-=* ~ 111,382 347,700 ~ ,2, . ,16 .d! ~ 2.39 
5 95-30 <!,02,772 -6o,35<l .4 ~ .20 6o,354 .&2 -:b2 2,12 ..2§ ill .!..12 1.54 
6 95-<1.0 1, 502,322 -•35,456 29'b,326 139,129 ill ~ .!ill .20 .!.&2 .&2 ,<!,0 .!.....§1 1.64 
1 94-70 1,203,364 296,326 
8 93.S. 5<!.3,488 78o,59l 
9 93·76 281,536 1,827, 525 

10 93-96 482,711 684,819 
11 95.88 579,419 -2<l5,<l57 ~ ~ ~ 245,<l57 ....... ill 1,82 ill ~ 1,66 2,12 
12 96.71 337,333 -171,013 1~ ~ .&... 31,3o8 ill ~ ~ .10 139,705 

~ 2.95 
13 95.H <l06,268 -194,475 .J:I. .41 .o8 104,2,2 ...!12 ~ ....n 90,233 . 1.65 
a 9'·3' &3,355 10,,2<!,2 
15 93.25 79,223 192,474 
16 93.06 371,313 16,22' 
17 92.39 96,<l02 23,951 
18 93.11 159,798 318,164 
19 93.<1.0 9<~.,992 13,066 
20 9'-.f.O 169,,36 -88,226 2.4§ ~ 1.66 h1Q ~ b21 ~ ~ 

88,226 13~6 .64 
21 94.87 1,362,8o7 -•3,872 ~ ~ ~ 2,<!,2 -·- .!...,2g 1 ,224 a,5 ..22 1,11 

ui -94 ,08 0 ,20 .58 --51 -·10 -1.37 -.65 -.36 
-----

Total ahipaanta (1,000 lbs,). -&,257,383; Total tranaport costs • $102,213,557-
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Table C. 4 -Regional Equilibriwn Prices, Conswnption, Surpluses and Deficits and Optimwn Flows, 1963, 
Asswning Per Capita Supplies Remain Fixed at 1955 Levels 

Surplua Origin• and Quantitiea of Shipment• Equil. Equil. and (1,000 lba.) 
Price Cone. Deficit Region cents/ 1,000 1,000 
pound pounds pounds 7 8 9 10 u 15 16 17 18 19 21 

1 88.24. 899,317 -74.1,4.14. .22 26o. 705 .:.2.2 .19 ~ 215,009 30,911 31,266 203,523 .20 ·56 
2 88.07 1,6o~,-!,,4.52 1,205,139 :OS o!,70,978 73-!,, 161 :ob 9 .02 .04. ~ ~ ~ :'62 
3 87.93 1,9-!,5, 7-!,7 1,026,117 :08 0 1,026,117 :ob '791 .04 ~ .10 .:.2.2 ~ ~ 
4 87.70 751' 355 -53l,o~,63 :13 ~ 187,915 3-!,3,5-!,8 :ti8 -:2i -:it :u; ~ :ij ~ 
5 86.85 o~,6l,O« -92,561 ':1'5 3 .20 92.561 ·1• -:b2 -:5S .22 .:.2!: .!& 
6 86.95 1,720,963 --!,61,212 30o;tl23 154,389 ~ ~ @ .20 ~ :29 .29 ·•7 .;2l 
7 86.25 1,379,313 306,823 
8 85.39 623,296 886,072 
9 85-31 322,871 1,9-!,8,193 

10 85.51 553, 5-!,4 729,595 
11 87.-!,3 662,793 -293,486 

~ ~ .!.!1 29~,-!,86 ill ~ .:.2.!: .ill: .12 .o~,6 
~ 12 88.15 386,223 -151,702 ~ ~ .ll ..:.!2 ~ 

.20 .21 89,187 To 2, 515 
13 86.85 o~,65, 582 -24.2,5H .h!2 ~ .:.!2 123,316 ~ -:B'i 119,228 :bO _,.!.§ 
a 85.78 967,819 123,316 
15 84..8o 90,823 215,009 
16 83.10 -!,32, 520 30,911 
17 83.94 110,709 31,266 
18 84..55 183,598 -!,11,938 
19 83-75 110,323 31,739 
20 85.35 195' 4.81 -77,013 ~ ~ 2.26 hlQ ~ ~ .6o ,.§:: .& 31,739 45,274 
21 82.47 1,616,828 107,789 

ui .94. .oe 0 .20 .47 -.51 -2.21 -1.37 -.76 -1.56 -1.85 
------·· ------- ---- ----- - -- --

Total shipalents (1,000 lbs.). 4,822,651; Total tranaport costs • $120,053,244. 
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Region 

1 
2 
3 

' 5 
6 
7 
8 
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21 

Table C. 5 -Regional Equilibrium Prices, Consumption, Surpluses and Deficits and Optimum Flows, 1963, 
Assuming Per Capita Incomes Remain at the 1955 Level 

Surplus Origiu and Quantitiu of Shipaanta Bquil. Equil. and ( 1,000 lba,) Price Cona. Deficit 
cents/ 1,000 1,000 
nound pounds oounds 5 7 8 9 10 1' 15 17 18 19 21 

fiJ.37 1,017,932 -906,359 ...I! .22 123' '98 ..&.2 ~ ~ 
266,095 ,2, 177 '7', 589 .....22 l.&1 

fiJ.20 1,'930, 301 -1,,8o,652 
~ 

:OS 198,936 1,281' 716 . .oa ill ill ...zg .L.!.! 
fiJ .06 2,2a, 15' -1,218,767 ·' .08 0 1,218, 767 --:ob ~ .o~ .10 ..&.2 ill hli 
59.83 859,858 -558,937 .:2.2 ill .&:I lfiJ,,59 39~78 .2~ -:Tb ill .8~ 1.01 
58.67 529,591 52,763 
59.08 1,953,~0 -719,159 ...zg M,lH 655,018 ill ill .W§ .20 .&2 .&2 ..22 .!...!Q 
58.38 1, 595, 5'7 M,a1 
57-52 730,,58 977,,52 
57·~' 38,, 727 2,6fiJ,9'2 
57.M Ml, 526 fiJ8,883 
59-56 7'9, 132 -263,168 52,763 

~ 
_,j§ .....!1 210,,05 ill ill ill .12 .:.22 .81 

fiJ .28 '37, 537 -97,579 .22 :£ ~ & ill ~ .4! 97, 579 .:.22 ~ 58.98 527,,22 -253, 5~6 ~ .L.!2 ~ .:.!2 188,978 ....2.2 ,8, M,56e .!.:.22 ....2.2 
57·91 1,111,256 188,98o 
56.93 120, 58' 266,095 
57·7' 505.~2 - 2fiJ .2..&2 iill ill .l:..Q2 .hl2 !.,Q2 ~ 2fiJ b1l .:.22 . ...u 
56.07 135, 575 ~.'37 
56.68 219,926 677,563 
56·37 129,165 7,336 
57·97 22,, 7'9 -119,383 .b1! lill Rill h11. .!.&! .L.1Q 1.62 .18 ~,827 7,336 71,220 
56.08 1,886,001 71,220 

ui 1,23 ·9' .oB 0 .20 .~7 -.51 -1.37 -.76 -1.07 -1.36 

Total ohip111ents (1,000 1bs,). 5,617,810; Total transport coots. $al,390,537• 
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