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CHAPTER 1
INTRODUCTION

The problem of characterizing probability distribution originates
in early papers by Bernstein [2] and Cramer [3]. The modern equivalents

of the results of these men are stated in the following.

Theorem 1.1 (Bernstein): Let X1 and X2 be independent random

o

variables. Then the independence of 21 = X1 + X2 and ~Zz ='X1 - X

is a necessary and sufficient condition for Xi.and Xz"to be distri-
buted hormaily.

The result of Cramer is the converse to the well known fact that
if X, and X2 are independent and normal;y distributed then so is

1

the sum X1 + X2

Theorem 1.2 (Cramer): Let X. and X2 be independent random

1

variables and suppose Z = X1 + X2 is distributed normally. Then each

of X1 and X2 is distributed nqrmally.
We note that Bernstein's characterization is based on functions of
random variables being indeﬁendent, while Cramer's relies on a property
of a statistic, in particular that of being normally distributed.
It is the purpose of this paper to extend and generalize two
characterizations, one given originally by M. V. Tamhankar [10], the

second by A, Kagan and O. Shalaevski [5]. The work with Tamhankar's

characterization is similar to the theorem of Bernstein in that it is



based on independent functions. The generalizations of the work by
Kagan and Shalaevski are based on statistic properties as was Cramer's
theorem. These later results are presented as they occurred in our
iﬁvestigations, and thus tend to telescope.

We state the theorem of Tamhankar in nearly the form in which it
originally appeared. Let Xl, ceey Xn have a joint probability density

function f(xl, ceesy xn) and transform as follows:

X1 = R cos 61

X2 = R sin 61 cos 92

Xn_1 = R sin 91 * .. * sin @n_2 cos en—l
X = i : * M i i

n ‘R sin 91 cee sin en_2 sin Gn-l

where capital letters represent random variables and small letters their

values and-

-® <x. < i=1,2, vsuy n
O<r«<e
0= Bi < ' i=1,2; veu,y, n=2

0< 8 <o
n-1

Let g be the probability density function of the transformed vector
(R, Gil’ ""ein—l) and assume g(r, 91, ceey en;l)/IJl to be well defined

v

and continuous so0 we may write

f(xl, cees xn)‘Jl = g(r, 91, ceey B )

n-1
where
J = a(xl’ ..-T xn) - 1 sinn_2 8, - * sin 8
3(r, 8, -ies 8D 17 -2 *
n
Assume also that f 1is continuous in each Xj and note that r2=3§1 x?.



Theorem 1.3 (Tamhankar): Under the above conditions Xig eees X

are mutually independent and R is independent of (6%, ...,E;n_l) if
and only if all Xj are distributed normally with zero mean and common
variance.

The theorem was extended by Kotlarski [6, 7] to allow more general
transformations, and by Flusser [4] to allow more freedom in the
independence grouping of the original and transformed vectors;

i.e., (R, ""Eaj) and «E%+1, ...,é}n_l). In Chapter II we combine

and generalize the work of Kotlarski and Flusser to give what appears

to be the ultimate extension of Tamhankar's result.
n

It is well known that if the statistic Z = j§1 (xj + aJ.)2

» ay € R,
is drawn from a population which is distributed normally with zero mean,
n

then the distribution of Z depends on the aj only through j§1 ajz.

The theorem of Kagan and Shalaevski is the converse.

Theorem 1.4 (Kagan and Shalaevski): Let Xis ones Xn be inde-

pendent and identically distributed (i.i.d.) and suppose the distri-
n
bution of Z =j§1 (Xj + aj)z, a; € R, depends on the a only through
n =
j§1 ajz. Then each X, is distributed N(0,0).

In Chapter III we present three generalizations of this theorem.
The first relaxes the i.i.d. requirement to the independence of vectors

(X ---,X) a.nd (X
m

, «ees X ) with no restriction that the
m+1 n

17
variates have an identical distribution. The second allows the
characterization of correlated random variables and the third invokes

convolution and Fourier transforms to characterize other probability

distributions, including the gamma.



CHAPTER II
GENERALIZATION OF TAMHANKAR'S THEOREM

-
veey X ) and Z = (X eeny X ),
s , n

s+1’

- - - Lo
Let X = (W,Z), where W = (X,

‘ -
be an absolutely continuous random vector. Let W and 2 be inde~
pendent with continuous positive density functions as follows:

-9
(C=1) W: f(xl, vees xs), where (x_, ..., xs) € Qﬁ: R® with

11
(0, vvey 0) E‘Gl . 1 <s <n
s

-
Z: gl(x “re xn), where (x

G cr™
ce1? cees xn) € 5

s+1’
with (0, ..., 0) €0,
Note that the;Lebesque measure of Gl and Gz should be
|
positive.
|
(C-2) Let p,» k=1, ..., n, be real numbers such that there

exist limits‘

lim £(xs eeny x) LA >0,
X 9 eees xs->0‘ TST I ‘Pk- 1
k=11"%
lim i g(Xs+1’ mees X))
x y esey X PO n p -1 = AZ >0 .
s+1 > “n ﬁ | | k
k=s+1 xk

Consider the transformation



x, = dj(yl)dg(yz)dg(yj) . . af(yr)Y(yr+1, ceey yn)
X, = c&(yl)ﬁz(yz)d3(y3) . e d}(yr)Y(yr+1, ceer )
Xy = a,(y,) 53(y3) e 0 IVY, gy eeey y))
E ; ; (2.1.1)
x. o= o (y,) e By VY, g0 eees Y)
x 1= %y R Yes1Tppqr oome ¥)
x = Gﬁ(y1) e . Yn(yr+1’ ceny yn)

-1 R
for y, €[0,%] and (v, ..., vy ) €D c R, with 1<r Sn.
1 2 n (0]
Assume that the functions Gk’ Bk’ ¥, and Yk are taken in such a way
that there is possible a change of variables in n-dimensional integrals,
in particular that the Jacobian of (2.1.1) exists and does not vanish

for ¥q € (0,%), (yz, e, yn) € Eb. We also require at least one point

*

(yr+1’

* * *
oy yn) such that Y(yr+1, cees yn) = 0, and that & be

strictly monotonic on [0,®) with Gi(O) = O.

(C-3) Assume there exist continuous real valued functions

, Trespectively, such

Y, Yl’ Yg defined on [0,®), Gi;@z‘

that



ceey X )

Y(yl) = ¥ (x g, .es, xs) + Yz(xs+1, -

v, € fo,® , (x,, vuu, X € Gl

1

(x ceey, x ) €CG (2.1.2)
n 2

s+1?

where each function maps onto [O,“), has value O only

at the origin, and ¥ is strictly monotonic.

(C-4) Finally, assume the functions

pk—l —a?l(xl, cesy XS)

Ay kHl‘xk‘ €

(x

g7 e xs) € G1

f(kl, ceey xs) =

0 (xl, cens xs) € RS\\G1
- % ‘ p, -1 -aYz(xs+1, ceny xn)
2 k=s+1!%k ©
(xs+1’ vees xn)ECL2
g(xs+1, vees xn)=

0 (x_ ., «ee, x ) ERTSNG

s+1 n 2
(2.1.3)

are probability density functions.



- -
Theorem 2.1: W and Z are distributed as in (2,1.3) if and only
if there exists an integer q, 1S q < r, such that (Yl’ ceey Yq) and

(Y

qel? tt Yn) are independent.

We state the following lemmas, which may be verified through
manipulation of the determinant, before proceeding with the proof of

the theorem.

Lemma 2.1: The Jacobian of the transformation (2.1.1) is, for any
k € r, the product of two functions, one involving only (yl, ceny yk)

the other only (yk+1, ceoy yn). Thus

|Jl = Hl(yl’ « ooy Yk) Hz(yk+1’ LA | yn)
1<ksSr. (2.1.4)

n p, -1
Lemma 2.,2: The product kgl‘xkl k remains after applying trans-
formation (2.1.1) a product of two functions, one involving only

(Yl, censy yq) the other only (yq+1, deey yn). Hence, we may write

n pk—l
kgl‘)(l{‘ = G(y11 sewy yq) H(Yq+1, snay yn) 5
q
(yl, ceey yq) € EH C R
n-q
(Yq+1, ey Yn) EEZCR . (2.1.5)



Proof of Theorem: Suppose q exists, The random vectors

*
(Xl, ooy Xn) and (Yl’ cees Yn) have density functions f defined on
*

G - G1 X 02, and h defined on ¥

fo,®) x Ib, respectively, which

are connected by the formula

* *
OIS xn)|J| B (yys vees ¥) - (2.1.6)

In view of the assumed independence of the variables this becomes

f(xl, ooy xS) g(xs+1, oo ey xn) IJI = h(y1, seey yq) k(yq+1, casy yn),

(2.1.7)
(xl’ cvas xs) € Gl
(xs+1, cees xn) € Gz

(2.1.8)
(yl, . yq) € ®1<I rY

€® cgr*d
(yq+1’ ’ yn) 2 R

where 5& X Sé =D, and the x's and y's are connected by (2.1.1).

Dividing both sides of (2.1.7) by |J| = H  + H, and setting

h(yl, ceos yq)

ho(yl, saey yq) = ) (yl, csey yn) € EH

Hl(yl’ cees yq)

( ) (2.1.9)
kly ceey ¥
Ko(Yg, 10 nes V) = Hz(igi;, — A RIICARTRRIE AL
we have
f(x1’ I xs) g(xs+1’ Tee xn)Eho(yi’ Tt yd?ko(yq+1’ te yn)
(2.1.10)

with arguments as in (2.1.8).



Dividing side by side (2.1.5) into (2.1.10) yields

fl(xl’ coey xs) gl(xs+1, ceos xn)==h1(y1, ceny yq) ki(yQ+1, cens yn)

(2.1.11)
with arguments as in (2.1.8) and
F(X,y eeey X))
11 9 s G
fl(xl’ ceny xs) = , pj—l , (xl, cee xs) € 1
T 1x
J=1| J‘
g(x 3 ".ﬂ,x)
. +1 n G
gl(xs+1, cens xn) = — Pj'l , (x IPEERREY xn) € 5
1l
j=s+1lle
(2.1.12)

ho(yl, ceey yq)

hl(yi’ ooy y):

q Gly s «eey yq) S SPRPPR yq) €D,

ko(

cees ¥)
‘ _ g+1’ ' ’n
kl(yq+1, .ee yn) =iy

’ (Y

PTEETTY yn) Eié .

qe1? ttt yn)

Letting y, = O and observing from (2.1.1) that this forces each

X, to zero, j=1, ..., n, causing (2.1.11) to become

fl(o, ceey 0) gl(O, ceey O0) = h1(0’yz’ ‘oo yq) kl(yq+1, cees yn)

0y ¥ys oees YD ED 4 (3 1 wves ¥) €, . (2.1.13)

' We remark here that the left side of (2.1.13) is equivalent to the
product of A, and A, by definition in (C-2). Now dividing (2.1.11)

by (2.1.13) we obtain

fz(xi, ceas xs) gz(xs+1, ceey xn) = hg(yl’ ceny yq) (2.1.14)
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with arguments as in (2.1.8) and where

fl(xl, cees xs)

= G
/ f2(x1, ceey xs) Iy . (xl, ceus xs) € .
g, (X ., eeey, X))
1 "s+1 n G
< gz(xs+1, cves xn) = Az , (xs+1, cens xh) € 2
h1(y1, cees yq)

By (s wees V) = L (3ys eeer YD ED

h1(O,y2, cees yq)
(2.1.15)

Obsere here that f2(0, eess 0) = gz(O, cees 0) = 1,

*

* ' *
i cee ene )
Choosing a vector (Yq+1’ v Y40 . yh) € 2 such that

i

*
Y(yr+1, eoeq yn) = O we note from (2./1.1) that at this point
X, =X, = ... =% = 0. Since Equation (2.1.14) is independent of the
choice of (yq+1, censy yn) it is equivalent to
n-r
o cee = cee cee R
z(xr+1’ K xn) hz(yl’ K yq), (xr+1’ K xn) €

(Y11 ecey Yq) Esl

(2.1.16)

where ﬂz is the product of f2 and 9, restricted to points at

which the first r coordinates are zero. But observing again from

1.1 cee is i coe
(2 ) that the vector (xr+ , xn) is independent of (yz, ) Yr)

11

we are justified in writing

h3(y1) = h2(y1’y2’ ceey yq)’ Ylel:O,“) ’ (Yls ceey yq) E®1 ’
(2,1.17)
from which (2.1.14) becomes
fz(x1’ cees xs) gz(xs+1, . xn)==h3(y1), (xl,..., xs) Eai ,

(x cens xn) Eaz , y&‘E[O,ﬂ) . (2.1.18)

s+1?
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. . . -1 . N
Since Y is one to one and onto, V¥ exists and we may write

(2.1.2) as
v, = ‘i’-lt‘i'l(xl, cees xs)+‘1’2(xs+1, ceny xn)] , ylé[o,'ﬂ)

(X5 oaey xs) Eal’ (xs+1, .,.,xh)LeGZ.

11
(2.1.19)
Then (2.1.18) becomes
-1
fz(xl, ceey xs) gz(xs+1, ceny xn)==h3[Y (Yl[xl,..., xs]+

+ Y2[x5+1,..., xn])],

G G
(xl, cens xs) € . (xs+1, cees x%) € 5 *
(2.1.20)
If we set
~1
h3[‘i' (wl=nh (), ut [0, ®) (2.1.21)
the Equation (2.1.20) becomes
fz(xl, seey xS) gz(xs+1’ L) Xn) =h4[‘y1(x1, veey Xs) +
- YZ(xs+1’ Tt xn):I !
v ‘ .
(x4 wees xs)Eal, (xs+1, cees xn)E 5 *
(2.1.22)
By evaluating (2.1.22) first when X, = X, = oo = Xx_ =0 and then
when x = X = 44 = X = 0 we have
s+1 s+2 n
- G
fz(xl, ceny xs)-h4[Y1(x1,..f,.xs)], (xl,..., xs) € 1
(2.1.23)
= . G_.
gz(xs+1,..., xn) h4[w2(x5+1" - xn)], (xs+1, ’Xh) € 5
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Putting (2.1.23) into (2,1.22)
hlt[‘l’i(xl, sesy Xs)] hlt[wz(xs+1’ ceny xn)] =

= hg[wl(xl,..., xs)d-wz(xs+1,..., xn)],

(X5 00y x) 661, CHPTRITTR W 602 . (2.1.24)
Now set
u, = ‘Fl(xl, cees xs), (xl, cens xs) EG1
(2.1.25)
up = Yplxg g o)y (X e eeey X)) 662
from which (2.1.24) becomes
hy (u)) by (u)) = (u; +u,), uk_E[o,w), k=1,2 .
(2.1.26)

The Equation (2.1.16) is the Cauchy equation and in view of the

continuity of f, g, ¥, Yi, ¥ the function h, is continuous., The

2’
solution of (2.1,26) [see [1] p. 38] is given by

hQ(u) = &7, u€l0,9), and a is a real constant.

We may now retrace our steps. From (2.1.25)

—awl(xl,..., xs)
hétwl(x1""’ xs)]=:e , (xl,..., xs) Eal

—aYZ(xs+1

yasey X))
\ hl_{:[wz(xsi-l’ es ey xn)]'—‘e L) (xS+1, so 0y xn) EGZ .

From (2.1.23) ‘
-awl(xl, ...,’xs)
fz(xl, seay xs) = e 9 (Xl, s0ey xs) Eal

—awz(xs+1,..., xn)

. = G .
gz(xs+1,. .y xn) e (xs+1,..., xn) € 5

9
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From (2.1.15)

4 -awi(xi, se ey xs) -

fi(xl’ cees xs) = Ale . (xl, ceey xs) € Gi

J

—a‘yz(xs_”_, s ey xn)

\91(xs+1, se sy xn) = Aze ‘ ' (xs+1, ssey xn) eazu
From (2.1.12)
s p, -1 ~a¥ (x,, «eey, x)
. k 171 s
(f(x1, ceey X ) = A kgl‘xk‘ e ,
(x1, cees xs) E(I1
p,-1 =a¥ (x _, ..., x)
k 2 " s+1 n
g(xs+1, tet xn) = A2 k:TsT+1\Xk| € !
(xs+1, ey xn) 6612 .

This completes the proof of the sufficiency.

To see that the condition is necessary, note that when (2.1.3)
holds the product of f and g may be substituted into (2.1.5).
Recall that the Jacobian may be written as a product which when trans-
formed by (2.1,1) and also used in (2.1.5) gives the desired separation
of g*.

It is possible to see that the theorems of Tamhankar [10] and
Flusser (4] are corollaries of Theorem 2.1 as follows. Take r = n

and the functions Gk and Bk as given below:
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al(yl) =¥,

ak(yk) = COS Y, 2 < k<=n
= si < <

Bk(yk) sin y, , 2<k <n

with O < Yy €1 for 2<k<n-1 and O < Y, < 211, Set

2
¥(y) = v,
2 2
Yl(xl, es ey Xs) = xl + es e + Xs
2
Yz(xs+1, ceey xn) =X_ 4 eee v X7

We obtain Tamhankar's result when Xl, ey Xn are assumed to be
mutually independent and identically distributed, and Flusser's result

by assuming only (X censy Xs) and (X

s41? * Xn) are independent

1,
1< s <n.

Example 2.1 which follows shows that the independence break of the
transformed variables is free to occur anywhere between f and r,.
Examples 2.2 and 2.3 with the additional assumption that XO, casy Xn

are mutually independent are the subject of the paper by Kotlarski [6].

- -
Example 2.1: Let W = (Xl,Xz) and Z = (XB,Xé) be’ independent

with continuous positive density functions 'f12 and f34, Let aj,
bj’ j=1, 2, 3, &, be real numbers such that
k1 = ;—;f—l————— '
1%, T 8%
1
k_ = :
2 b1b4 - b2b3

are finite and positive.
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—y

-1 . -1
£x,,x,) = (2mk,) < ’xztm*o f(XB’.x(-x?; (2mk,)™ " .

i
2 3
Transform as follows

X, =k, r (aécos 91 - a

1 1 sin 91) cos O_ cos 8

2

x, = k1 r (aisln @1 - a3005 61) cos 92 cos 63
= k b i - b i )
x3 5 T ( ,Sin 62 cos 63 o sin .3)
X, = k2 r (blsln 83 - b3 sin 92 cos 93)
where
X,ER,j:l, .-.,li:-
J
0O<r S e
0< 8, <on
1
—ﬂ/ZSejSTT/z
j=1,2.
Put
Y(r) = r2
O0f<r <®
Y (x,,x ) =c xz + C.X,X_ + C xz
1°71'72 171 27172 . 32
v : 5 o xJ.ER, J=1, eeay & .
2(x3,x4) = CyXg + CoXpX, + CpX)
where the c¢,, j =1, .c., 6, are appropriate combinations of the aj

and bj so that the transformation leads to the equation

‘i’(r):‘i’i(xi,xz) + ‘FZ(XB,.X ), 0<r<e, XJ.ER, =1, cee, b .
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The necessary and sufficient condition that (Xl,Xz) and :(XB,XA)

be distributed according to

—%Nl(xl,xz)

fo(xxy) = zéLl © ,
ijR, J=1, seey & .
£, (x,,%,) = —— e—%Yz(XB,xh)
347377 2k, ’
is that R and (617 62, 63) or (R,el) and (62,63) be independent.

Recall the gamma distribution G(p,a) with parameters p > O,
a > 0, which is given by the density
rpP p-1 =~ax

a X ° x >0

F'(p) ’

f(x)

0 otherwise .

Example 2.2: Let W = (X, ..., X ) and Z = (X ceey X))
—— o’ ' s s+1’ ' "n’?
(0 £ s <n), be two independent random vectors with positive

coordinates. Assume that the probability density functions f and g

= -
of W and Z are continuous for positive arguments and that there

exist limits

f ces
lim o ” xs) =A >0
X .y eeoey X =0 p -1 p -1 2
(0] s x 0 . x n
(0] s
g(xs+1, cees xn)
; - >
X_ o lim x 50 “p__ -1 p -1 Ay, >0
s+l et ¥y

for some set of positive Py 1 =0, sese, N,
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Transform as follows:

x - - L .

0 1 Y1 Y2 Yn
X, =Y (1~Y2) e . Y y >0,

: : : O<yi<1, 1=1, .ca,n
xn_1 =Y (1-Yn_1) Yn
X = Y (1—Y ) .

n n

The necessary and sufficient condition for all Xi to be mutually
independent and distributed G(pi,a) is that there exist an integer

q, 0 £ q <n, such that (Y, ..., Yq) and (Y

qel? tte Yn) are

independent.

- -
Example 2.3: Assume W cand  Z are as in Example 2.2.
Transform as follows:

X =YY

0] 1
y >0, (y'l’ cee, yn)EQ

X =

1 YY2

n
E E Q = {.(Y1, A | yn)‘igl yi = 1;
= 2 i =
Xn_1 = YYn Y, 0, 1 =1, ..., n} .
X =Y(1-Y ~...-Y) .
n

n 1

The necessary and sufficient condition for all Xi to be
mutually independent and distributed G(pi,a) is that Y and

(Yi’ ceey Yn) be independent.



CHAPTER III

GENERALIZATION OF THE THEOREM OF

KAGAN AND SHALAEVSKI

A restatement of the theorem of Kagan and Shalaevski is included

for reference.

Theorem 3.1: Let X1, ey Xn be i.i.d. and suppose
n

Y = Z (X.+a.
J J

2
j=1 )

» 2y € R, has a distribution which depends on the

n

aj only through j§1 ajz. Then ‘the common distribution of the Xj is
N(o, 0O).

The original method of proof as given by the authors was to twice
n

2
ceey an) = E exp[—jz (Xi4-ai) L.

differentiate the function h(a 24

1’
When the first generalization was made this method was abandoned and
replaced by the solution of the Cauchy equation. We include the proof

of this theorem as originally done to give contrast to the proof of the

most recent result.

Theorem 3.2: Let (X , ..., Xm) and (X . Xn), 1<m«<n,

1’ n m+1’
be independent and let Y = j§1 (XJ.-&-aJ.)2 have a distribution which
n = .
depends only on j§1 ajz, aj € R. Then all Xj are independent and

distributed normally with zero means and common variance.

cees xn)

Proof: Let F(xl, cens xn), FO(Xl’ cees xm), Fl(xm+1’

be the distribution functions for the vectors (X , ..., Xn),

1,
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(x e ay x), and (x
m

SPEIREEY Xn), respectively. Define a function

1,

h on Rn as follows:

n
2
h(al, ceny an) = E exp (-j§1 (Xj + aj) )

. (3.2.1)
- 2, -
Sn exp ('j§1 (xj + aj) Y aF(x s weey X ), ajEIl.
R

il

-

Note that h is continuous with respect to Agy eeey B by the

convergence theorem for Lebesgue integrals (see Loeve [8; P 125]).

Set
“1 h n 5
sae e = TN "Z aee N R .
G(ul, , un) S Sn exp ( 21 X, ) dF(xi, , xn), us €
-0 -
(3.2.2)
Because of the independence of A(Xl, . Xm) and (Xm+1, ceny Xn)
we may write
GO(ul"°" um)Gl(um+1,..., uh)
u; u " ,
= s e e "".2 LECN )
S Sm exp ( i1 xj ) dFO(Xi’ , xm)
- -
(3.2.3)

u
qn+ 1 n 5

. - X ’ .
Sm ...]Sn exp ( jeme1 X5 ) dFl(xm+1, cees xn), ujGII
-0 -0

Now by expanding the exponent in (3.2.1) and using (3.2.2) and (3.2.3)

we may write

m m
2
h s e = —-Z - e e e
(al, , an) exp ( 5Z1 Zajxj) exp ( jgl a; ) dGO(X1, ) Xm)
m
R
n 2 2 i
. _ 3 : ;
. exp(~. = zajxj) exp ( j=m+12j YAG (% 45 weesX ),
s J=m+1
gn-m

'aJ.GR . (3.2.4)
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But by hypothesis

h(al, cees an) = ¥( a. ), aj €R ; (3.2.5)
hence combining (3.2.4) and (3.2.5)

m m 5
S eXP(—jE 2ajxj) exp(—j§1 a, ) dGO(xl’ ceey xm)

.
, n n 0
. S exp(--J.=nzH_1 Zajxj) exp(-j=§+1 a, ) dGl(xn+1, veey xn)
gh-m
2 2
= (.21 a., ), a.ER . (3.2.6)
j=1. 73 j
Setting
V.(t) = ¥(t) e, tzo0, (3.2.7)

we see that 3.2.6 becomes

m n
-z -, Z C ‘ rea X'
S exp ( 551 Zajxj) dGO(xl’ cees xm) S exp ( j=m+12ajxj?dG1(§m+1’ ,xg

Rm Rn-m

¥ (I a®, a €ER. ‘. (3.2.8)

Let

o
i

. SdGo(xl, ooy x)

(3.2.9)

Rm
b1 = SM dGl(xm+1, e ey Xn)
Rn—m

and note that neither bO nor b, is zero. Evaluating (3.2.8) first

when am+l1 = am+2 = see = an = 0 and then when a, = a2 = ses = am = 0

we find
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n m
2
Yl(j§1 a, ) =D, S exP(_jElzajxj)dGO(xl’ ceen X)), aj €R
r" |

(3.2.10)

n n
2
Yl(j=§+1 a, )==bo S exp(-j=E+12ajxj)dGl(xm+1,..., xn), ajEIl.

Rn-m

Substituting (3.2.10) into (3.2.8)

m 5 n
Y1(j§1 2 )Y1(j=§+1 a; ") v ( %
"~ b b ' 1 j=1
0°1

ajGIL (3.2.11)

Dividing both sides of (3.2.11) by bb, and setting

Yl(t)
=¥ _(t), t20 (3.2.12)
bob1 2
we have
m . n n
2 2 2
Yz(jgl a )Yz(j=§+1 a, ) = vz(jgl a, ), as €R (3.2.13)

which is a form of the Cauchy equation (see Aczel [1; P. 31]) and,
because the continuity of Tz follows from the continuity of h, has
solution

v (t) = St t20 | (3,2.14)

where ¢ is a real constant. From (3.2.12),
ct
= 2 2.
?1(t) bobe s t20. (3.2.15)

Now from (3.2.2), (3.2.5), and (3.2.7) we may write

n
2 s :
¥ (.2, a.7) = S exp(—j§1 2ajxj)dG(x1, eres xn), a, €R; (3.2.16)

Rl’l
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thus from (3.2.15) and (3.2.16)

2

n n
S exp(-j§12ajxj)dG(x1,..., xn)==bob1 exp(c jEl aj ), ajell.

rR" (3.2.17)

But (3.2.17) is an n-dimensional transform with parameters 2aj,j= 1, 2,

weey, N, hence dG(x ersy X ) is determined uniquely by-
1 1’ 1 n

n
2
dG(xl, cee xn)==k1 exp(k2 j§1 X, )dx1 -er dx , X, €ER. (3.2.18)
Then from (3.2.2)
2 e
eve = Z N ’ .
dF(xl, , xn) L3 exp(k3 5E1 xj )dx1 dxn, xj €R

Since F is a distribution function k1 and k must be given by

3

~(269)7 1,

e
i

_ [(zﬁ)n/z Gn]-l ,

=
t

which shows all X‘j to be distributed independently and normally with
zero mean and common variance.
In attempting to generalize further it was noticed that the
n
-
statistic Y = jgl(xi + ai)z is essentially a function of vectors X
- ) - - =2 o ’
and a and may be written as Y = (X + a) I (X + a) - where denotes
transposition and I is the n X n identity matrix. Further, the
g 2
statistic Y being a sum may be freely broken; i.e., Y = jgl(xj+'aj)

n
+ b3 (X.+-ai)2. The following theorems and corollaries are natural

j=m+1 1
extensions of Theorem 3.2; hence, some of the proofs are omitted.

Theorems 3.3 and 3.4 taken together allow a characterization of the

normal distribution.
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Theorem 3.3: Let X = (X_, vus, Xn) and Y = (Y,, eeu, Ym) be

1! 1!
real random row vectors. Let
U= Uan ‘ V= Vme
A= Aan B = Bmxm

. . -1 -1
be real, symmetric, positive definite matrices with A +U ', B + V

nonsingular. Denote

[a(A + vHto 1A

(@]
1}

1,-1

BB +V ) " -1]B.

=)
it

For all row vectors a € R', b € R" define

Z = (X - a)A(X - a)’ + (Y - b)B(i - )

where ' again means transposition. If X and Y are independent
and distributed N(O,U) and N(O,V), respectively, then the

S / . s
expectation of Z depends only on -a€a + bbb .

Proof: Define the following functions

¢ (a) = Bexp[-#(X-a)A(X-a)'] .
‘ a€R
{ @ b) = Eexp[-1(Y-b)B(Y=b) ]
b ER" .
©,(a,b) = Eexp[-%s(X-a)A(X-a) " - %(Y-b)B(Y-b) "]
(3.3.1)

By hypothesis X ~ N(0,U), thus evaluating ¢k(a) we find

1

(21'r)n/2 fmgn

R

exp[—%(x—a)A(x—a)I]exp[-%xU-ixl] dx; .. dx_,

wx(a) = 1

n

aER . (3.3.2)
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Expanding the exponent and simplifyihg

(2m™?2 /]as v

o, (a) = expl-tata’] .
X (2m)"2 Vark
. 7z 1 :’ S exp[anI -% x(A+U-1)x,:|
(em™= /la + vvH=1|
Rn
c dX, ... dx_, a €R" . (3.3.3)

1 n

The final portion of (3,3.3) is the moment generating functionfof a

1

normal vector with covariance matrix (A + U )-1 evaluated at point‘

ah (see Moran (9, p. 272]), thus

-1.=~1
(Px(a)i/[(A+l|J | exp[-VzaAal:lexp[VeaA[(A+U“i)—l]AaI]a a €ERD,
U

(3.3.4)
Combining exponents and recalling the definition of C
¢p(a) =k, explkaca’], a€R". (3.3.5)
Similarly
0, (b) - k, exp[#Db”], b ER" . (3.3.6)

From the independence of X and Y we have that

n 1m

(Pz(a,b) = (Px(a)QDY(b), a€R", b ER .
Hence from (3.3.5) and (3.3.6)
©,(a;b) = k, exp4(aca’ + bDb']  a€R?, bER",

which is sufficient to show the expectation of Z is dependent only on

’ ’
aCa + bDb .
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Corollary 3.1: Let X = (X 1

.n-,x) a-nd Y:(Y cnn’Y)
n m

1*
be real random row vectors. Let U = U and V =V be real,
nXn mXm

symmetric, positive definite matrices. For all a.ERp, b €ER"  define

Z-(X-a)Ulx-a)+@-b)ViY-b'.

If X and Y are independent and distributed N(O,U) and N(0,V)

respectively then the distribution of Z depends only on

al"ta’ + bv b .

Theorem 3.4: Let X = (X, ..., Xn), Y = (Yl’ ceny Yn) be two

1,
real independent random vectors. Let A,C be real nXn matrices

and B,D be real mXm matrices with A -~ ¢cC and B - cD invertable

for suitable real constant c¢. Denote

P(c) = A'(A - cC)_iA

d
1l

i}

a(e) = B(B - D)™ 1B

L
i

i

and require that P - A and Q

B be positive definite and symmetric.

For all a€R", b €R" define
Z = (X-a)A(X-a)' + (Y-b)B(Y-b)' .

If the distribution of Z depends only on aCa/ + bDb’ then X and Y
are distributed normally with zero means and covariance matrices

(P - A)_1 and (Q =~ B)_1 respectively.

Corollary 3.2; Let X and Y be real independent random row

vectors., Let A = A and B =B be real, symmetric, positive

nXn mXm

definite matrices. For all a.GRp, b €ER™ define
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Z=(X-aAX-a) +(Y-b)B(Y-b).

If the distribution of Z depends only on aAa’ + bBb' then X and Y
are distributed N(O,cA-l) and N(O,cB—l) respectively for a suitable
constant c. |

Further generalization hinged on the recovery of the original
distribution from the integral transform. Although tables are
extensive, they lacked the exact transforms of interest. This problem
was overcome by introducing convolutions of probability measures and
requiring the statistic to be sufficiently close to a probability
density function. We begin with some preliminary definitions and
notations.

Let | be a probability measure (p.m.) and f a p.d.f. defined
on real n-space Rn. The respective Fourier'transformsv ﬁ and %

will be given hy

ﬁ(t) = S eidtx w(dx) , t €R"
R"

ft) = S It £(x)ax, terR® .
Rn

We define the convolution of f and W by

(£ * wi(a) = S f£(a - x)uldx) , a€R®
Rn

and note that

(f * p)(a) = E“’f(a -X), a€R .-
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Here EM denotes the expectation under the measure [ and when no
confusion results the | will be supressed. The convolution f * L
is a p.d.f. which corresponds to the sum of two independent random
vectors, one with p.d.f. f and the other with p.m. { (see Moran

[9, P. 230]) and their Fourier transforms are related by

A A
f*u::f'].h.

The following conditions are notation will be used for the theorems

and corollaries which follow,

I. Y, = (X ...,xn) and Y, = (x X ) are real

1°? n+1' °°°7 Tn+m

independent random vectors with p.m.'s u1 and Mz.

ITI. The functions f1 and f2 are p.d.f.'s on R" and Rm,

respectively.

A A

ITI. The Fourier transforms f1 and f2 do not wvanish.

Iv. For G < R", G, c R" and D being one of (0,®), [1,®),
or (0,1], the functions 9, and 9, defined on R" and Rm,

respectively, satisfy

onto
4 —>
%k ®
k=1,2

g, (x) =0, x g0 .

k
Notation: Denote

n

* _ m
ﬂk(ak)=(fk uk)(ak), k=1,2, a, €R, aZER ,

* *
d i G : =1, k=1, 2.
and let a_  denote a point of U  such ﬁhat gk(ak) , k=1, 2
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V. M(a) £0£ T (a))

VI. For all c€CC R and for suitable ¢y and c2 dependent

on c,

o) = 655ty

is a p.d.f. k=1,2, aleRn, aZERm .

VII. There exists a set C' © C such that for c€C’ the

equations n
R A t€R  if k=1
f (t)Q (t;c)=h (t;c) (3.6.1)
kook k tER™ if k=2 ,

have solutions for unknown ¢k which are Fourier transforms of p.m.'s

on R" and Rm, respectively.

Whenever I and II are satisfied we shall denote

n m
Z(al,az)=f1(a1-Y1)f2(a2~—Y2)’ a, €R, a2€R . (3.6.2)

Theorem 3.5: If assumptions I and II are satisfied then

n m
E Z(ay,a,) = N(a)N,(a) , a €R', a €R" .

Proof: Since Y1 and Yz are specified independent in I we may
write for a1€Rn, aZERm,

E Z(al,az) = E fl(a1 - Y.1)f2(a2 - Yz) =

il

E fl(a1 - Y1) Efz(a2 - YZ) = 'ﬂl(al)'ﬂz(az) .
Theorem 3.6: Suppose assumptions I~ VII are satisfied and the

expectation of Z(al,az) depends on a, and a, only through a
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function of gl(al) . gz(az) which is continuous at at least one point

of ® and is zero at zero. Then the p.m.'s K, and W, are deter-

1
mined up to a parameter c€C’ by
h (t;c)
ﬁl(t;c) = i : t €R™
£, (t)
(3.6.3)

‘ h,_(s;c)

: fz(s)

Remark: These two theorems along with an additional condition

which specified ¢ may be used to. characterize by and uz.

Proof of Theorem 3.6: By Theorem 1 we have

E Z(a,a,) =M (a)M,(a), a €R', a,€ER , .. (3.6.4)

On the other hand by hypothesis E Z(al,az) may be expressed as

E Z(ai,az) = p(gl(al)'gz(az)) v oAy €R", a, ER (3.6.5)

with P being continuous at at least one point of ® and zero at zero.

Combining (3.6.4) and (3.6.5) we obtain the functional equation

Ny(aN(a)) =plg,(a)) g,(a,)),  a €RY, a €R' (3.6.6)

) *
in which ﬂl and ﬂz are unknown. Evaluating (3.6.6) when a, = a,

ES

and then when a1=:a1 we see that because of IV

N (a)N(al) = plg,(a;))s  a, €RT
(a)N,(a)) = ploylay),  a, €R"

3 3
or because V requires ﬂl(al)ﬁ()ﬁTb(az),
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p(gl(al))

Tll(al) = T *) , aléRn
2%
(3.6.7)
: p(g, (a,))
M(a,) = —=2— a, €R" .
22 2
ﬂl(al)
Define a function Y by
y(t) = f(t) — , t€dU {o}. (3.6.8)
nl(al)nz(az)

Note that since P is zero at zero and continuous at some point of B

the same is true of Y. Also since 9, £ 0 on the complement of Gk’

k=1, 2, it follows from (3.6.7) that ﬂk = 0 on complement of Gk’

k=1, 2, We conclude that

and ﬂz are unknown only on Gl and

1

Gz, hence restrict ourselves to those sets. Now using (3.6.7) and

(3.6.8) in (3.6.6) we get

Vg (a) 0,(a,)) = (g, (a))¥(g,(a,)), a €0, a,€0,,  (3.6.9)

or setting gl(al) = tl, gz(az) = tz,

Y(tl.tz)zy(tl)y(tz) y ottty €D, (3.6.10)

This is the Cauchy equation (see Aczel [1, p. 38]) which has most

general solutions for ¥ continuous at at least one point

v(t) =t or y(t)=o0o, tE€D, (3.6.11)
and ¢ a real constant, We now retrace our steps. From (3.6.8)

p(t) =T (2T, (a )t or p(t) =0, t€D. (3.6.12)
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Putting (3.6.12) into (3.6.7) and recalling that g, =0 outside
Gk’ k =1, 2, we obtain
\ *, C n
T]1(a1) = ﬂl(al)gl(al) . a1€R
(3.6,13)

N (a) = M (a)g(a,) €R"

g %’ = ligt8g705%857 8y '
or

'ﬂl(al) =0 = nz(az) , aleRn, a €ER" , ,

%* *
However, we see from the requirement ﬂl(al);éo;é ﬂz(az) that the latter

case is impossible. Recalling the definition of ﬂk, (3.6.13) becomes

(£, *n)(a) = M (a)gS(a.) €Rn
My TRy tay) = taglggta ), ey

(3.6.14)
(£, *u,)(a,) = nz(;z)gg(az), aZERm )

The left sides of (3.6.14) are p.d.f.'s, as noted when the convolution
was defined. The right sides are also p.d.f.'s for c€C as given

in VI. Thus, for c€C (3.6.14) becomes

s n
(f,*p () = h(aj5¢) , a €R

hz(az;c) , a2€Rm .

il

[‘ (f2 * Hz)(az)

Since by is a p.m., k=1, 2, we have our second restriction on the
' /
parameter ¢ and may state that for c¢&C as given in VII the

unknown uk are determined by'

A A A n
£,(t) »p (t5¢) = h, (t;c), t €R

A A A m
fz(s)' uz(s;c) = hz(s;c), sE€ER .
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A A
Finally, since III requires f1 and f2 to be nonzero, we see the

above equations are equivalent to those given in (3.6.3) which completes

the proof.

Remarks: (i) With minor alterations the functions f1 and f2

may be replaced by constant multiples of p.d.f.'s.
(ii) By setting ‘i"k(ak) = log gk(ak), | akEGk’ k=1, 2, the

epenaence on @ proauc g a *g a ecomes a ependence on e
d d th duct g,(a ) g,(a,) b d d th

sum ‘i"l(al)+‘i’2(a2), aleal, azeaz.

The following examples and corollaries illustrate the application

of Theorems 3.5 and 3.6.

Example 3.1: Assume O > 0, O < P, < 1, P, + 4

m+n., Assume Y, = Xy e Xn) and Y = (X

1 eeey X ) are real

2 n=1" n+m
independent random vectors. Denote
D4
n =J p.-1 ~8x.
a -
T xJ e Y all x, >0
j=1 (pj) J J

fl(xl’ ee ey Xn) =

0 el sewhere

n+m a?j p.-1 -@&x.

i xJ e J all x, >0

=n+1 (pj) J J

f2(xn+1’""xn+m)=
0 el sewhere
and
n

exp| - .= a.] all a. 20
P51 8 J

gi(al, caey an) =

0 el sewhere
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[ n+m
exp -, & a.] all a, ® O
L j=ne1 B J

gz(an+1, assy an+m) =

0 el sewhere .

q
Assume for some 1 S k £ n+m that E Xk = 7% .

Corollary 3.3: The expectation of

n

b1=(a1, o.-,an)ER
Z(bl,bz) = fl(bl-'yl)fz(bz-yz) .
b2= (an+1, ey an+m) ER

depends on b1 and b2 only through a continuous function of

n+m

z
1 %5 7 jonms1 3

if and only if all coordinates of Y and Y2 are mutually independent

1
wi tII X, ~ G( . G,).
J qJ,

Proof: It is evident that Theorem 3.5 applies. Assumptions I~ VI

are satisfied for C = (0,®) and

¢ exp[}c jgl aj] all a; 20
hl(blgc) =

o el sewhere

- n+m

c exp[—c j=§+1 aj] all a, 20
hz(bz;c) =

(6] el sewhere
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The corresponding characteristic functions are

. =1
A n it,
hy(tse) = JT=T1 <1 T Tc ) ’ tjER
A n+m ig,\=1
H = Tr < - ) . .
hz(s,c) P 1 -—‘la , sJER
We see that the equations
it (-1
(1-=)
n c
@, (t;e) = jT-_:rl is.\=pj sjER
<1 - a)

have solutions for ¢k which are Fourier transforms of p.m.'s at

. . . / /
least for ¢ = @&, Thus VII is satisfied for some set C < C, C
containing at least @. Thus Theorem 3.6 applies. From (3.6.15) we

see that the characteristic function corresponding to Xj is

where Fj denotes the distribution function of Xj. Then from the

A
relationship —iF;(O) = Xj (' denotes derivative here) we see that
q

the assumption E Xk = 7% actually forces ¢ = @ Hence the character-

istic functions are
. J
A
F.(t) = <1 - ii) , i=1,2, «ss, n+m ,
h - x . -
and eac i ~ G(qk,a)

Examgle 3.2: The previous example characterized the gamma distri-

bution under the strict assumption that P, *Q = 1. This example shows
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that the assumption may be avoided and 9 allowed more freedom., For

simplicity we take m = n = 1. Assume Q, Py q are positive and

P+ q 21, k=1, 2, Assume X, and X, are real independent
q
random variables and E X1 =g Denote
p
k p, -1
a X k e—CXx x>0
lﬁ(pk)
fk(x) = k=1, 2,
0 x<0
and
p, +q, =1
-1
e k 'k pk+q —ta
" T a e a>0
Pyt Gy
gk(a) = k=1, 2.
0 a<o
Corollary 3.4: The expectation of
Z(al,a2)=fl(al—Xl)fz(az—Xz) , al,a2€R

depends on a, and a, ‘only -through a continuous function of

gl(al)‘gz(az) if and only if X ~ G(qk,a), k =1, 2.
Proof: Similar to the proof of Corollary 3,3.

Example 3.3: Let A,C be real nXn matrices and B,D be real
mXm matrices which are invertable, positive definite and symmetric.

Assume X = (Xl’ ceny Xn) and Y =‘(Y1, ceesy Ym) are real and

independent. Denote

fl(x) = exp |:—1/2xA_1 x"] , x ER"
f (y) = exp [—szB—l Y/j ’ YERm

2



where ' denotes transposition, Also set

-1 ’ n
- 3
gl(al)-.exp [-% a, C a1] , a,€R

1 m

a.l, a €R

- - .
ggay—enl[éazD 5 o ER

and assume there exists a non-empty set C' C (0,®) such that for

c:EC,, ¢C - A and cD - B are invertable and positive definite.

Corollary 3.5: The expectation of

Z(a,,a,) = expl-th(a, - XA (a, = X) = la, = VB H(ay- 1) '],

€R", a, ER"

a 2

1

depends on a, and a, only through a continuous function of

-1

/ -1
a,C”" a, + alD aé if and only if X ~ N(O,cC~A) and Y ~ N(O,cD-B).

1 1 2

Proof: We have the assumptions I - VI satisfied with C= (0,®).

The Equations (3.6,1) are then equivalent to

expl-%t cCt ]

n

901(13;0) = expL=}étAt7] ’ t €R

. _ expl-%s s’ ] m
@Z(S,C) = e}mL-%sBS’j L) SER .

These equations have solutions which are the Fourier transforms of

36

p.m.'s when cE(B,(as'in-examplé 3.3), which establishes the corollary.

Example 3.4: Assume Y1 = (Xl, ceey Xn) and Y2=-(Xn+11,.., X

are real and independent. Denote

)

n-+m
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n
2
= s e - z 0 R
g1(x1, ceey xn) f1(x1, , xn) expﬂ ¥ i1 xj] , XJE

n+m
2
ees = sne = - .z . GR.
gz(xn+1’ ? xn+m) fz(xn+1’ ’ xn+m) exp[ % J=n+1 xJ] " ¥

Take C = (0,%) and C' = (1,®),

Corollary 3.6: The expectation of

n-+m

2
Z(bl,b2)==exp[}% j§1 (aj - Xj) ]

: n
b, = (_a,l, cesy an) €ER

b2=(an+1""’an+m

~

m

) ER

depends on b1 and b2 only through a continuous function of

if and only if all components of ,Y1 and Y2 are mutually independent

and distributed N(0,0).

Proof: This is a particular case of Corollary 3.5 with all

matrices taken as the identiﬁyv

Remark: Corollaries 3.5 and 3.6 are restatements of Theorem 3.3
and Theorem 3.4,  If the assumptions in Corollary 3.6 are .changed to
require all Xj be i.i.d., then the same conclusions follow which is

the original result of Kagan and Shalaevski.



CHAPTER IV
SUMMARY AND CONCLUSIONS

The purpose of this work has been to offer generalizations of two
know characterization theorems for probability distributions.

The generalization of Tamhankar's [10] theorem as given in
Chapter II appears to be complete and allows characterizations of the
normal, gamma, and Dirichlet distributions based on the independence of
transformed variables.

The work presented in Chapter III extends the result of Kagan and
Shalaevski [5] and allows characterization of two useful distributions,
the normal and the gamma; hence, also the Chi-square and the
exponential. These characterizations are based primarily on statistic
properties, in particular the fashion in which the expectation of a
random variable depends on a parameter. It is almost certain that these
generalizations can be extended. For example, it appears possible that
the: random variables may be allowed to take values in a Hilbert or
Banach space, where the normal distribution is given by its character-
istic function. The author intends to extend these theorems to these
more abstract spaces and additionally to endeavor to change the group
operators of + and - to more general operations. .This would then
allow characterizations of distributions which stem from quotients

and products, as an example the Cauchy distribution.
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