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CHAPTER I
INTRODUCTION

Tweedie [19] characterized inverse statistical variates by inver-
sion of the logarithm of moment generating functions and discussed
examples of inverses to Binomial, Poisson and Normal variates. This
has led to the distribution of inverse to the nocrmal variate known as
inverse Gaussian. To put it in the simplest form, cne may say that the
inverse Gaussian is to the normal as (i) the negative Binomial is to the
Binomial and (ii) the exponential is to the Poisson, This relationship
between any such pair of random variables can also be described in
terms of physical phenomena and its study constitutes the subject
matter of the theory of stochastic processes. The physical aspect of
the inverse Gaussian is inherited in the Brownian motion, and this has
been mathematically established in detail, among others, by Cox and
Miller [3]. Briefly, it says that the time X for a particle to cover a
given distance d along a line in a diffusion (Gaussian) process for the

first time is described by the density function

2 .
d e—(d«vx) /2{3}(.9 x>0

|/2ﬁ.{3x3

where B is a diffusion constant.and v is the velocity associated with

f(x) =

the particle movement.



While dealing with the same structure but with different situa-
tions, Wald [22] and Feller [7] also derived this distribution in an
asymptotic way. But the family of such distributions lurked completely
until Tweedie [20], [21] published some interesting results on its
statistical properties. In fact, the development on sampling distribu-
tions given in his papers became the milestone for further statistical
inferential investigation on the inverse Gaussian distribution. Recently,
Wasan and his associates have elaborated on some analytical and
characteristic properties of this distribution in its various forms
including limiting cases. Wasan [23] has also formulated an inverse
Gaussian process.

In this thesis, our main objective is to investigate some problems
of statistical inference related to thé inverse Gaussian distributien and
to draw attention to seme useful areas for its applications. Among its
various equivalent forms often found in the literature, we will consider
the form which has become alrnost standard. A random variable X is

distributed as inverse Gaussian if its density function is given by

2
Ak -p)
A 2 Zx
f(x;p,\) = 5 e B2, x>0 (1)
2TX
= 0, otherwise

where p and A are assumed to be positive and these constitute a pair

of independent parameters. See Chapter II for further properties.
Our interest in the inverse Gaussian distribution derives mainly

from its direct relationship with the normal distribution and its skew-

ness property, especially in the case of large variance. We note that



this distribution shares with the Gamma and log-normal distributions
the asymptotic convergence to normality when the variance gets small,
We also demonstrate another common feature of the inverse Gaussian
and the log-normal as life-time distributions in Chapter VII,

In Chapter II, we give some properties of this distribution.
Chapter III consists of some distributions related to the inverse
Gaussian. The problem of testing statistical hypotheses on the para-
meters p and A of (1) is discussed in Chapter IV and optimal test
procedures are derived. Chapter V is a follow-up on the interval
estimation.

In Chapters VI and VII, we propose tc investigate the inverse
Gaussian as a life-time distribution as to various aspects of reliability
theory. Since this distribution arises as a distribution of first-passage
time in a Gaussian process, its applicability to a life-testing or a life-
time situation is a natural consequence. Many distributions, including
log-normal, have been studied for their use in reliability problems;
but no such study seems to be available on the inverse Gaussian as a
life -time distribution.

Notations being adopted here are often given in any standard texts
on topics of this thesis. As a result of its general nature as to the study
on inverse Gaussian distribution and a coverage of different aspects of
statistical inference, it was not possible to introduce a topic and
discuss it beyond our needs for its applications to the inverse Gaussian
distribution. However, we feel that the discussion of the material is
self-explanatory to those who are acquainted with the area of statistical
inference. Otherwise, a slight refuge in references given at the end is

sufficient to overcome the initial difficulty.



CHAPTER 1II

SOME STATISTICAL PROPERTIES OF THE

INVERSE GAUSSIAN DISTRIBUTION

In this chapter we outline briefly some properties of the inverse
Gaussian distribution given by (1) in Chapter I. For more details, see
Johnson and Kotz [11], Tweedie [20] and Wasan [24].

Tweedie [20] showed that the distribution is unimodal, with its

mode at

1
2\2 2
9 3
x_ = p,(l + —L*—) - (1)
m 4)\2 2\

Next, the characteristic function of an inverse Gaussian random

variable X is given by

1

) Ny oy 2int )’ 2)
oxlt) = exp| B (1. (1. 2Ly (

and all moments exist. The rth moments about 0 is given

T rr-1 (r -1+s)! _p,_s
EIXT] = p s§0 gl{r-1-s)! (2)\> (3)
and, in particular,
3
E[X] = p and Var(X) = ﬁ)\— ) (4)



The density curve is positively skewed, and \ is a shape parameter.
Further, we list the following properties that either have been

established earlier or can be easily proved.

Property (additive) 1: Let Xl’ XZ’ R

,Xn be n independent inverse
Gaussian random variables, and Xi is distributed according to (1) in
Chapter I with p = My s A = )\i (i=1,2,...,n). Then rlzl) Xi is an
inverse Gaussian distributed randem variable if and only if §i are the
same for all i, where §i = )\i/piz (i=1,2,...,n). Letting §i= £

n
(i=1,2,...,n), the distribution of Z Xi is the inverse Gaussian with

n n 2
parameters Z p. and £{Z p.| .
e 1 i

Property 2: If Z = )\X/pz , then Z has inverse Gaussian distribution
with parameters ¢ and ¢2, where ¢ = \/u. Moreover, E[Zz]=¢

and Var([Z]-= b .

Wasan and Roy [25] have tabulated the percentage points of the distribu-
tion of Z for different values of ¢ . Also, Wasan [23] has formulated
an inverse Gaussian process on such pr.operties of a random variable.
Note that m is the coefficient of variation for both random

variables X and Z .

Property 3: Let Y =(Z-¢)/,/Z . Then (i) Y2 has a xz distribution
with 1 degree of freedom, and (ii) Y has a non-linear weighted normal

distribution given by (1.2), Chapter III.

Property 4: The distribution of X is asymptotically normal with mean

p and variance 93/)\ as A—o . (This result is due to Wald [22].)



Property 5: The density function f(x;u,N as in (1) of Chapter I is

T P2 {Total positive of order 2) but it is not PF2 (Polya frequency

function of order 2). (See Karlin [12] for definition of TP2 and PF2 .)

Wasan [23] establishes only the TP2 property.

Property 6: The family of inverse Gaussian density functions is com-~

plete. (See Wasan [23].)

For a sample X = (XI’X Xn) from an inverse Gaussian

IR

population with parameters p and A, Tweedie [20] obtained maximum

likelihood estimates (MLE's) of w and A given by

n Ao n
ﬁ:%zxi and ~x1=%z(§—~—_l—). (5)
1 | 1\ X

He also proved that ﬁ and Q‘l are stochastically independent; and
(1) /|.\L has inverse Gaussian distribution with parameters p and nk,
and (ii) nX Q-l is distributed as xz with n-1 degrees of freedom.
(% Xi , rIZl) X:l) is a minimal sufficienf statistic for {u,\). Further-
more, Tweedie developed an analogue of the analysis of variance for

nested classification.

The distribution given by (1) in Chapter I can equivalently be

2
focp,g) = [Or OB p) f26x x>0 (6)
2TX

where . and ¢ are positive. For p =1, (6) reduces to the form

written as

known as the Wald distribution, an alternative name used in Russian

literature.



The MLE's of p and ¢ are

n n -1
0= and % = l:n"z(z X.)(Z X.“l) - 1] .
1 1 1 1

Bl
HMD
i

AN
It can be shown that the density function of ¢ is

n n
A 2 o "4 A
SCHN ———2—@) "o B0+d | K_|ne [LE2 ) (s
[ N
where
© z-2
a _- (t+ )
K:Ea,(z) - %(% Z) f t“(a +1) e 4t dt
0
as given by Watson [26, pg. 183]. Also
ESTINU.
E[Qr] - <229)r 2 > (r+s)! - (9)
n-1 8520 sl(r-s)!(2n¢)
2
and
/ T 2:—1~ +r r-l1 '
E[gul“] - (H%) 2 > (I°-1+S). = . (10)
n-1 5=0 s!(r-1-s)!{2nd)
2
Consequently
E[6] = 2¢*l  ana var(d) = 2“24’2*“(“;1)4’”(““2) (11)
(n-3)" {n-5)

n-3



and

AN -1 A= -
E[é 1] _ nnl and Var (6 1) _ (n 1)(2;1¢;-n+1) . (12)
¢ > 4
: .. AN N
Next, the correlation coefficient between p and ¢ is given by
-5
p = - / ) n(n-5)¢ . (13)
2n” ¢+ n(nt+l) o+ 2(n-2)
For large n, we have approximately
N N\ Z
E[¢]=¢, nvVar(¢) = 2¢"+ ¢, (14)
N 1 ALE! 2 1
E[¢""] = g nVar(e™) = F+ 3 (15)
‘ ¢ ¢
and
o .
A S (16)

J2e+1

Results in (14) and (16) are also given by Johnson and Kotz [11]. The
discussion in this section is useful toward an investigation of statistical
inference associated with the parameter ¢ or a function of ¢. For
example, approximate confidence bounds on the coefficient of variation
m can be constructed on the basis of results in (14) and (15) when

n is large.



CHAPTER III

DISTRIBUTIONS RELATED TO THE

INVERSE GAUSSIAN

In this chapter, we will derive the distributions of some functions
of the inverse Gaussian distributed random variables. These distribu-

tions are slight variants of some well known distributions.
A Non-Linear Weighted Normal Distribution
We first prove the following theorem.

Theorem 1: Let X be an inverse Gaussian random variable with the

density function

flxx;pn,N) = ,/)\/an3 expE)\(x-p)Z/szx:], 0<x<w

w>0, Xx>0.

= 0 otherwise (1.1)

Consider Y = /A (X -p)/p,/X . Then the random variable Y has the

following density function.

2
gly sy \) = . I:l— ———L——} exp[—-zz—:ls o <y<o,

2w 4\ 2 '
f2 Jw Y- (1.2)

Proof: The transformation vy = /k_(x wp)/p. [x is one-to-one and as

x varies from 0 to », y varies from -o to +wo., Inversely, we find



10

that

»
n

l:(zwﬂxzyz) + J4u3>~ ¥+ I~L4Y4 ]ﬁk
2 2 2
[(ZHHH y) & |yl 4un+psy ]/Zk

Since ye(-0,0) <> xe(0,n) and ye(0,0) <> x¢(u,»), it can

easily be seen that

x = l:(ZH)\+HZY) + oy /4I~L)\+I~LZY2:]/2>\- (1.3)

Also,

dx _ [ix]"l: 2ux/?

\[X_(xw)

So the density function of Y is given by

_ X dx
Bly i, M) = £xip,\) g
2
- L 2 2 2
_ 4p o 2 (AuN+uy) +py 4pitpy .
\/Z‘rr
Thus,
2
A
glysu,N) = . -—L—— e 2,-00<Y<oo.
yemw g_>\_+yz
M

This establishes the theorem.
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The result of Theorem 1 is of much significance as it establishes
a relationship between a normal density functionand an inverse Gaussian
density function.

The rgsult of Shuster [18] and Zigangirov [28] for evaluating the
inverse Gaussian distribution from the normal can now easily be

obtained because

x y
FX(X):f f(t;p,k)dt=f gz;p,N)dz = Fyly)

0 -0

where yzﬁ(x—p)/p./; and

vz ‘ y .z
1 2 1 z
F(y):—-———fe dz - / —_— e dz .
¥ VZTT - vZ‘n’ - ﬂi-zz
]/ N

To evaluate the second term on the right side, let u = ‘/4)\/p.+z2

Then

21 ° _u
e 1 f e 2:du, ify<o0
[2m
4x 2
= +
TR
2nd term =
4\ 2
2x 0 _u’ e
ep.J' f e zdu-f e 2duy‘ify>0
[2m
[ x
[ p
2%
i
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where
2
© ou
d(a) = 1 f e 2 du
Fom
a
Thus,
2\
Fyly) = ¢(-y) +e ¥ ¢<5‘-‘;}+y2), (1.4)
or

2\
Fo(x) = ¢ %(1-:‘;) +e“¢‘/_§<l+§) , (1.5)

the form given in Shuster [18] and Zigangirov [28]. The distribution
function of Y given in (1.2) or (l.4) will be called the non-linear
weighted normal distribution. This distribution contains a parameter
A , which is the inverse of the square of coefficient of variation for the
inverse Gaussian random variable. We may write g(y; &-) for the
density function.

The density function g(y; ﬁ—) is monotonically decreasing for
y <0 and increasing for y >0 with respect to /& ; and asymptotically
standard normal as ﬁ' - o . A sketch of its curves for some values of
-& is given in Figure 1.

The moments V. of this distribution are finite for all r. How-
ever, it is not possible to write a simple expression for V. - For r
even number, LA U and for r odd, —% \/H_/Tpﬁ_l < V. <0,

where Mo is the rt moment of the standard normal distribution.
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gly: a/p)
-5
Ap =1
ANp=8
N .
\ A = 20
A/p = 100
.3
.2
1
-3 -2 -1 0 1 v 2 3

Figure 1., The Non-Linear Weighted Normal Distribution,
Density Curve for \/p =1, 8, 20, 100

In fact,

A
E(Y) = E& e [K () - Ko()],

where Ka(z) stands for a modified Bessel function of the second kind
{see Chapter II, pg. 7). Since extensive tables are available for
ez(KO(z) and ezKl(z) (see Watson [26]), E(Y) can be found for a
given value of ﬁ- . Observe that the variance of Y is not greater than

1. Furthermore, an exact expression for v. can be written in terms
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of Bessel functions Ka(z) .

It can be easily seen that (i) the random variable |Y| has the
standard half-normal distribution, and (ii) the random variable Y2
has the xz—distribution with 1 degree of freedom.

Many papers have been written in the past on the linear combina-
tion of normal distributions; especially the linear combination of two
normal distributions. One of the reasons for doing this was to seek
substitutes for a normal distribution for a non-normal situation. How-
ever, little attempt has been made on the study of non-linear combina-
tion of normal distributions.

Results (i) and (ii) in the above paragraph suggest the useful-
ness of this distribution for statistical applications. In fact, the basis
of statistical inference obtained in the following chapters is the one-to-

one relationship which exists between an inverse Gaussian distributed

random variable and random variable Y of (l.2).
A Non-Linear Weighted Student's t Distribution
First, we give the following theorem without proof.

Theoreva,: Let Y, Ylp oo Yn be (n+1) independent and: identically

distributed random variables, each distributed according to {1.2).

n
Consider Z =X Yi2 and U = \/—n—Y/ Z . Then the random variable

1
U has its density function given by
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hu; &) = — :
: J}l—ﬁl n
272
n 1 u2
X © > -z-(l'l'-—n—)z
. u z e d
n+l n+l > 20
2 2 2 ntl 0 4N u
[1+1—1—- I Tt R
n
J
o <u<w, (2.1)

It may be noted that the distribution of U is unimodal but unsym-
metrical, slightly skewed to the right. This property is a direct con-
sequence of the unsymmetry in the distribution function of Y. Next,
the behavior of the distribution function of U is the same as that of Y
as to their common parameter &i' and h(u,a—) is asymptotically the
Student's t density function as & o,

Though it is not possible to write P[U iu] in any known clesed
form, it can be "approximately' expressed as a non-linear combina-
tion of Student's t distributions with n degrees of freedom. So, the
distribution of U with density function in {2.1) will be called the non-
linear weighted Sutdent's t distribution.

It is easy to see that all moments of this distribution exist; even
moments are the same as that of the Student's t distribution with n
degrees of freedom and odd moments are all non-positive, Further-
more, (i) the random variable IUI has the truncated Student's t
distribution on the positive real line, and (ii) the random variable UZ
has the F distribution with 1 and n degrees of freedom. Next, it
follows that if YI’ ey Yn , Zl’ e Zm are (n+m) independent and

identically distributed random variables, each distributed according to
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2

i H

2

n m
(1.2) and § = %) Y n=2x Zi , then (i) % has F distribution with
1

n and m degrees of freedom and (ii has Beta distribution with

) o

€+m
parameters n and m. See Chapter 18, Cramdr [4] for details.

As an application of Theorem 2, consider a random sample

Xl’ Xzy “ees Xn from an inverse Gaussian population with density

— n
function in (1.1). Then, it is known that X = Z Xi/n and

1
n
V = . z L 1L are independently distributed, where X has an
n-1 1 X. 5'(

inverse Gaussian distribution with parameters p and nk, and \V
has a XZ distribution with n-1 degrees of freedom. Since AV can

be expressed by

n-1 2 2

2
1 v Xi po X

we can apply Theorem 2 to the transformed random variables

\/I;\'()—(—p.) \/I_(Xi"}‘l')

and —_—, i=l,2,...,n.

is distributed according to (2.1) with n replaced by n-1 and nk
instead of X\ .

First, we note that the random variable U1 is the same as the
test statistic given by (2.27), Chapter IV for a test of hypothesis

regarding p when M\ is unspecified. Secondly, the distribution of U1
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depends upon nuisance parameter A, whereas its conditional distribu-

X,
i

Lemma 2, Chapter IV). This further suggests that X\ is not a scale

n
tion given T({X), where T(X)=2X (Xi+ —1—) , is independent of \ (see
1

parameter in the usual sense.

n —
Since (n-1) s2 = 2 (Xi - X)2 can be expressed as

1

2
2 2 % no(X-w
(n-1)s™ = (n-1)p XV - 2 —= (X -Xj),
1 i
we have from (2. 2)
/B (X -p)
U1 = 5
2, 1 o (F-w
S +n-1 z X (X_Xl)
1 i
Letting
1 2 (Xi““)z
Yn = a1 ? Xi (XaXI) ?

it can be easily shown that E(Yn) =0 and Var (Yn) =0 (nml) , and
so, Yrl converges to 0 in probability, Let t = \[r_l_()—(np,)/s . Then
it follows from (x) and (xiv), Rao [15, pages 102-104] that U1=t
converges to 0 in probability. Hence U1 is asymptotically equivalent
to t in the sense that both have the same limiting distribution.

Next, we have also derived two more distributions, a non-linear

weighted non-central xz distribution and a non-linear weighted non-

central t distribution. However, these will not be discussed here.



CHAPTER IV

OPTIMUM PROCEDURES OF TESTING
STATISTICAL HYPOTHESES ON

PARAMETERS

Let X = (Xl’ XZ’ .. ’Xn) be a sample from an inverse Gaussian

population with parameters p and A . Then, the density functions of X

n/n
flx;p,\) = (\/)\/ZTT e)\/p) (1'[ X;?’/z) exp "—%in-%z%:] (1)
1 2p i

constitute a two-parameter exponential family, We will investigate the
problem of testing various hypotheses on parameters p and X of (1l).
Uniformly most powerful (U.M. P.) or uniformly most powerful
unbiased tests will be obtained and the test statistics will be derived so
that a test can be easily performed for a given size of the test {(i,e.,
level of significance), More emphasis will be placed on the problem of
testing hypotheses on p with both A known and X\ unknown. Presently,
we will not discuss the power of these tests. However, the power of
tests concerning hypotheses on A\ can be obtained explicitly in terms of

xz-distributions.
Uniformly Most Powerful Test Procedures

Consider the problem of testing a statistical hypothesis on a

parameter of (1) when the other parameter is specified. In this case,

18
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{1) reduces to a one-parameter exponential family. Consequently, (I)
possesses the monotone likelihood ratio [MLR] property. It then

follows that a U.M, P. size o test exists for one-sided hypothesis,

say,
(1). (1),
HO .)\_<_)\O vs H1 .X>)\O, p known
or
(2, (2).
H0 .pipo vs H1 ,p>p0, A known .
(i) For testing Hg)l) Vs H(ll) , the U.M. P. size a test is
1, if xe A
o(x) = (1. 1)
0, otherwise
where
2
n (xi—p)
A = x=(x1,...,x) z <ecp,
n’ ", X,
i=1 i
o 2 2
and c¢' = 5 ¢ = xa(n) , the a percentile of a ¥~ distribution with n
v

degrees of freedom.

(2) Vs H(Z) , the U, M. P. size o test is

{(ii) For testing H0 1

1, if xeB
o(x) = (1.2)

0, otherwise

where B = {x = (Xy500n » X ) :x > k} , and k depends upon size o of

the test and is the solution of the following equation
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where

In fact, if n and N\ are not small, k is approximately (1 - a) percen-

tile of the standard normal distribution.

Uniformly Most Powerful Unbiased

Test Procedures

Two-Sided Hypotheses on a Parameter When the Other is Known

Let f(x;0), ©0e¢&, be the probability density function of a
random variable X , where 0 may be a real vector-~valued parameter.
For testing a hypothesis HO:G € @O Vs HI: 0e¢ @1 with @OU O = 0,
a size o test ¢ is said to be unbiased if the power function
E [¢(X)] > @, forall 8¢co, .

As the UMP test does not exist in the case of a two-sided
hypothesis on a parameter of (1), we will find UMP unbiased tests
instead.

(i) Let X = (Xl’ XZ’ e Xn) be a sample from an inverse
Gaussian population with parameters p and A, where p is assumed

to be known. Then the density function of X is

2
n/2,n n (x.-w)
flx;\) = (E)-\;T-) (II x;3/2) exp [u XZ 2 lx :]
| . 1 i
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Clearly,

2
is sufficient for X, and is distributed as a &Xw xz- randem variable

with n degrees of freedom. It follows from Lehmann [14] that an UMP

unbiased test of the hypothesis H :l - L vs H :—1- # L is
0"\ )\0 ' X )\0
1, if T(x) < kl or T(x) > 1<‘2
d(x) = (2.1)
0, otherwise
)\0 : )\0
where, for a given size a of the test, ¢ = (F kl) and ¢, = (;2— k2>

are determined by

with

g () = ————t e , t>0.

The first condition in (2.2) can be written in terms of the XZ distribu-

tion with n degrees of freedom, F 2 (a) as
X (n)

F (c

- F (¢,) = 1lwa ,
x%(n) !

)
2 %)
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and the second condition as

n(logc2~ logcl) = c,-c¢y.

2

This form of the second condition follows due to integration by parts in
(2.2) since tgn(t) = ngn+2(t) - and ¢, can also be easily obtained
from tables of the XZ— distribution due to the following relationship.

F (c,) - F

2 (C):F (C)"'FZ (C1)9
X (n)

w2 (n) wZm+z) 2 y%(n+2)

and each is equal to 1 -« . Further, as it is pointed out in Lehmann
[14, p. 130] regarding a similar situation, we may actually conclude

that the equal tails test given by

Cl «©
/ g (t)dt = f g, (t)dt =

0 c

R

is a good approximation of the above test, provided n is large or X\ is

not small compared to . .

(ii) Consider a sample X = (X . ’Xn) from the inverse

R
Gaussian with parameter p and N (known). The density function of X

is
n/2/n
A ~3/2 A A A 1
f‘X?H“(ﬂ) (.Hxi /)exp[-;z“ﬁ%"zzz]'
2 ;

Clearly, T{x) =2 Xi is a sufficient statistic for w . Then a UMP
unbiased test of the hypothesis HO:p. = pg VS Hl:p. # Ko exists and

has the form
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0, otherwise

where, for a given size a of the test, the constants kl and kz are

determined by‘

k| k,
with
2
~ oy (E-kp)
Z :
2p
_ 0
glt) = |54 372 © » £20

For simplifying conditions in (2.4), let

nk (t- p,o)

“th_

It is a one~to-one transformation 3te(0,») implies ve(-o,o), and

inversely,

Mo 2 / 2 2
t = 5% liZn)\+p.oy +y 4np,o)\+p,oy

Then, the first and second conditions in (2.4) can respectively be

reduced to
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2
) €5 _ Y
1w —F | ¢ dy. = 1 -¢a
Jem 4n\ 2
Cl -ty
Mo
and
C yz
2 - —
1 1+ A e 2 dy = 1-«
2 4n\ 2
c -— +
1 Ko
where
‘/n)\ (k.- pn)
¢; = L0 i-1,2
Poy/ ki
and they are different from zero, provided « > 0. It follows that
c = -cy and c, = Zl -~ /2 the (1 - a/2) percentile of standard

normal distribution. Hence, the UMP unbiased size o test of

Hyp=pg vs Hitp g is

1, if ly|>c
b(x) = (2.5)

0, otherwise

where ¢ is (l - a/2) percentile of standard normal distribution and

y = \/—YK(X;pO) . ’ (2.6)
P‘o[;—

Testing Hypotheses on a Parameter When the Other is Unknown

In this section we will consider both one-sided and two-sided
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hypotheses on a parameter of (1) when the other is unspecified and will
obtain UMP unbiased test criteria. The theory of hypotheses testing
given in sections 3 and 4, Chapter IV, Lehmann [14] will be applied to
find such tests. First, we define a few concepts associated with the
subject and show that these hold for the family of inverse Gaussian

density functions given in (1).

Definition 1: A size « test ¢ of H0‘96®0 vs H :96@1 is said to be

) 1
similar on the boundary Oy = 50 M 51 if Ee[¢(X)] = ¢ for all

96®B.

Definition 2: A test ¢ satisfying Ee[cl)(X)] = a forall 0Oe Og » is
said to have Neyman structure if E[cl)(X) |T =t]=a, a.e. [pT], with
T as sufficient statistics for B¢ @B . (pT is the family of distribu-

tions induced by T for 0c¢ O ).

Definition 3: A statistic T is complete (boundedly complete) for
T
]

»

beoy if Ee[f(T)]zo for all 6e¢®p implies £(t) =0, a.e. [p

for any real-valued function (bounded function) f .

It follows from Theorem 2, Lehmann [14, p. 134], that the
bounded completeness of a sufficient statistic T ensures a similar test
with Neyman structure which is easier to construct as compared to an
unbiased test. Since the class of similar tests contains the class of
unbiased tests, we obtain an UMP unbiased test by constructing an
UMP similar test with Neyman structure whenever the power function

of each test for a given family of distributions is continuous.

Let X = (Xl’ XZ’ ey Xn) be a sample from an inverse Gaussian
n n
population with parameters p and A\ . Then X Xi and Z(—}l—(-— - Tl_—>
i 1 i X
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n
are sufficient statistics for p and N\ with X Xi having the inverse

1

n

Gaussian distribution and X\ ?(-;T - -_—l_-) having the XZ distribution
i X

with (n~l) degrees of freedom. Because of inverse Gaussian and XZ

distribution being complete families of distribution functions, indepen-

u nil 1 . .
dence of 2 X. and 2|3 - —| implies that
11 1VH X
n n
2 x,, 3k - L)
1 o1\ X

is a complete sufficient statistic for w and X . In fact, it is boundedly
complete,

Now we shall discuss the following hypotheses on parameters p

and X\ .
(1) HE)I):)\SKO vs H(ll):K>>\0, 0 <K p<ow
G HE o = g ve BP0, D<p<a
(iii) HE)3):H S kg VS H(13):p > g 0 <K A< o

(iv) H((;L):p‘—fpo vs Hj :p#po, 0 <A< w

For any other hypothesis, the treatment of the problem is
similar to one of these four hypotheses, and hence will not be discus-
sed.

(i) By Theorem 3 (Chapter IV) in Lehmann [14], an UMP un-
biased size « test of H(l) vs H(l) existz and the rejection region

0 i
given by

n 1 -
'Z;{— < k(x) 3
1 7
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is determined by E)\ [IR(X) |>_f] = @ . Due to stochastic independence
- n
of X and ?(%— - é , the rejection region can be written as
i X
1/
R = {x=(x,, ,x)E(—Wu—-)<c
1 n X, =
1 i x
where c is independent of x and is determined by E)\ [IR(X)] = a.
n 0
Since A\ E(—lx— - —1—) has a xz distribution with (n-1) degrees of
1 i X
freedom, it follows that Co = )\Oc is the o percentile of the XZ (n-1)
distribution.

(ii) Similarly, the UMP unbiased test of HE)Z) vs H(lz) can be

shown to have the rejection region

1
A = x—(xl, ,x).cl<2(——r)<c2 (2.7)
1 X
where <y and c, are determined by
MoC2 .
g{t)dt = T tg(t = lea
M1 o |
with
n-3 t
_ 1 2 T2
g{t) = ——g—— ¢ e , t>0.
2 | n-1
2 2

For further simplification, follow the argument as given in (i) of the

previous subsection. Moreover, it has also been discussed by Roy and
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Wasan [16].

Tests in (i) and (ii) are identical to those obtained earlier with
(1 1) . n 2,2
?(;: - -;{—_> in place of ?(xiup.) /u X, and (n-1) degrees of free-
dom instead of n. The reason is obvious because a UMP unbiased
test in (i) or (ii) depends only on the statistic %(Yl - ;1{-) whose
distributions are independent of u, and constitute a,n1 exponential
family in A . Hence, the problems are reduced to the corresponding
ones for a one-parameter exponential family which have been discussed
earlier.

Next, we establish the following two lemmas which will be useful

in obtaining conditional distribution functions of test statistics in (iii)

and (iv).

Lemma 1: Let Xl’ . o Xn be i.i,d. random variables distributed as
the inverse Gaussian with parameters p and X with p =1. Consider

the functions U and V of X's given by

1
X - (2. 8)
1

Then, the conditional density function of U for a given value of V is

given by

n-3
2 2
N n 1 {u-n)
hUlV:v(u) - 1 1 3 |:1 h u(v~2n):l
[3(— E—) u” (v - 2n)

=0, otherwise (2.9)
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Proof: Since U and

o 1 n
Vi®= Z|x - FX
1 i i
2

are independently distributed, and V1 =V . [U+ EU—], the joint density

of U and V is

n-1 n-3
£ (w,v) = nz)\ 1 e—)\(umn)Z/Zu A 2 u+r_1_2;‘ 2
u,v\? - 2w 3/2 n-1|"" u
u ———
n-1 2 2
2
Ay s
"z VM u
e
n-3
_n )A\n/Z et 1 n? 2 -\v/2
= 372 vV - u+—u— e s
n-l n/2 u
\/? == 2
n2
u>0 and v>u+—-l-1-.
Next,
n (Xqul)2
V=5 —% + 2n,
X,
1 i
2 2 2 . :
and X Z (X,-1) /Xi has a X distribution with n degrees of freedom.

1
So the marginal distribution of V is given by

A2/ 2 st AV - 2n)/2
= — (Vv - 2n) e ) v>2n.

gy(v) =
M Zn/z[?
z

Then
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n-3
22
n 1 E/-(u+ nT)]
hUIV:V(u) = fU,V(u,v)/gV(v) = X 372 n-2
n-l\ u 5
‘3(2’ 2) [V—Zn]z
B3
_ n 1 (u_n)Z 2
~ (1 n-1 3 D ’
(. 25) fo-em
2
(u-n)
0 < alv = 2n) <1

This establishes the lemma.

Lemma 2: In Lemma 1, let

1
272
U=-n (U -n)
W= ool B LR I (2. 10)
JO(V - 2n) [ U(V'Zn)]

Then, the conditional distribution of W, given V=v, is given by

! 1 w\/iv~2n)/ne1 ]
pWIVIV(w) = . 1 - —
n-1 (1 n-l 2 2%
| Pz 2 4n+(v+2n) o [1+W ]
n-1
o <w< o, (2.11)

Proof: w is a monotone non-decreasing function ir u and inversely,

we obtain

wz v -2n W2 w2
u=n-+t (V-Zn)?l_—1+w-?1—-j——-[4n+(v+2n) m] 2(1+;T)



and
3 3
2 2
du _fdw |7 R A PR P
dw du u+n " u(v -2n)
n-1
where
WZ
1 2(1+—_—n=1)
e w2 v -2n w2
4n+ (v+2n) ;1—:-1—+w ] [4n+(v+2n) n~_—1—]
1 w.f(v-2n)/n-1
= Za |-
4n+(v+2n) H‘:—l'
and

1 NCEL V. 1+-V1%— K
" u(v-2n) n-1

By making these substitutions in (2. 9), the result in (2. 11) follows.

Hence, the proof is complete.

Observe that W if expressed in X's, has the simple form

X -1

31

W = [n(n-1) (2. 12)

3 - 5)

_ 1 B
where, X = — 2 X
"o
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Now we shall discuss the problem of statistical hypotheses con-
sidered in (iii) and (iv). Since f(x;p,\) =p f(x/u:l,\/p) in (1),
without loss of generality, assume Ko = 1 in H(()3) and H(()4). Next,

we can write (1) in the form

f(x5p,N) = c(8],86,)h(x) exp[elTl(x)+62T2(x)]

with
91:'%’ 92:“%’ Tl(x):;xi’ Tz(x):;;:l?
21 1 171
Furthermore,
fxsp, N = ¢(8,0,)h(x) exp [GTI(X)+92T(X)]
with

0 = (61-62)

n noy
and Tx) = Zx, +Z —
Then the hypotheses in (iii) and (iv) are equivalent to the following

ones.

(iii) H(')(3):6 <0 vs H'1(3):6 >0, 0<0,<0

(iv) H(')(4):6 =0 vs H'1(4):e £0, -2<6,<0

(iii) By Theorem 3 {Chapter 1IV), Lehmann [14], an UMP un-

biased test of H(')(3):9 < 0 vs H'1(3):6 > 0 exists and is of the form
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1 if t1 > Kk(t)
¢(t1’ t) = Y(t) =
0 <

where, for a given size « of the test, k(t) and vy(t) are determinedby

Eq_o[é(T,T)[T=t] = a forallt.

By Lemma 1 and 2, it follows that the test is equivalently given by the

rejection region

t.-n
1
R =(w:w>c((t), w= /n—l (2.13)
tt t2 2
A R
which can be explicitly obtained by the condition
=]
a = p(w|t) dw (2. 14)
c(t)
where
1 wf(t -2n)/n-1 1
P(Wlt) = 1 - 2 n ]
1 n-1 =
n-1 B(—,-—) w 2 |2
2 2 /4n+(t+2n) 1 [1_}_ W ]
n-1
co <w<o, {2.15)

The condition (2. 14) can be expressed in terms of student's t distribu-

tion
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After the change of variable

2
u = /4n+(t+2n)3j

a]

in the second term of (2.15), the condition (2. 14) reduces to

> ~1
2
- t+2n 2
* - Ft,n-l(c) B [jt~2n:l Ft,n—l(\/4n+(t+2n)c ) . (2.16)

For a known o« and t, one can easily find ¢ from student's t tables by

iteration because F (c) and F 4n + (t+ 2n) c2 are both
t,n~1 t,n-1
monotonically decreasing with respect to ¢. In fact, (2.16) can be
written in terms of Beta distribution for which extensive tables are
available and, hence, iteration can be more accurately carried out.
By further simplification in (2. 13) and (2. 16) we find that the

UMP unbiased test of HO:H <1 vs Hitp>1 has the rejection region

R = xz(xl,xz,...,xn):\/? = > c (2.17)

- 12 1 2/
where x= -2 x. and v = —— Z|— -~
n i - L\ %

%)=
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n-2
n 2 2
? (Xi+1) /x. ) n (Xi+1)2
a = Ft’n_l(c)-— 5 X Ft,n—l 4n + ¢ ?—;——- . (2.18)
Z (x.-1)" /x. !
1 1

For the general case of testing Hozp ﬁpo vs lep > o the

rejection region corresponds to

t'(x) = ————=—m>— > k (2.19)

where k is determined by

n-z
n 2 2
F i Trg) /% n (x+ o)
a = Ft,n_l(k)— = X Ft,n-l 4n+k po?-————————xi .(2.20)
f(xi““o) /%

Observe that the rejection region in (2. 19) is reduced to (2. 17) by
transforming to the variables Xi/p.0 (i=1,2,...,n).

(4)

(iv) For testing H '(4):6 =0 vs H’l :8 £ 0, the existence of

0
an UMP test follows again from Theorem 3, Chapter IV, Lehmann [14]

and is of the form

1, if ’cl < kl(t) or ’cl > kz(t)
ot 1) = {yy), t=k(D), i=1,2
0, otherwise ,

where, for a given size a of the test, constants kl(t) . kz(t) and

Yl(t) s yz(t) are determined by
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Ee:0[¢(T1, T)|T=t] = «

and

Eg_olT, ®(T,, T)[T=t] = a Eg_ [T, |T=t].

By incorporating the results of Lemma 1 and 2 above, the test is given

by the rejection region

"R = w:w<c1(t) or w>c2(t), w = [n-1 (2.21)

with Cl(t) and cz(t) are given by conditions

Cl(t) >
f p(w|t)dw +f p(w|t)dw = a (2.22)

=~ Cz(t)

and

Cl(t) @ @
f q(w’t)dw +f q(w't)dw = a/ q(w't)dw (2.23)

-® CZ(t) -t

where p(wlt) is given in (2, 15) and

1 \ w [(t - 2n)/n-~1 )

q(w(t) = 1+

1 n-l 2 =
n-l 5(2" 2 ) /4n+(t+2r_1)§—’:i~ [1 N w2:|2
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The simplification of the second condition, as in (2.23), can be
realized due to transformation of Lemma 2 which in the present nota-

tions leads to the relation
tlh(tllt) = q(w]|t) .

Recognizing that

f q(w|t)dw = 1,

-0

it follows from (2. 22) and (2.23) that cl(t) and cz(t) do not depend
on t, and Cp = =Cy Moreover, these are different from zero pro-
vided o > 0 and CZ is the (1 -a/2) percentile of student's t
distribution with (n-1) degrees of freedom.

Thus, it follows from (2.21) that the UMP unbiased size o test

of Hg”:p:l Vs H(4)

1R # 1 has its rejection region given by

J?X_jl > ¢ (2.25)
X Vv
- 12 A
where x= — 2 x,, V= — Z|— <« — and c =t - » the
n i n--l1 X, % l-a/2

(1 -a/2) percentile of student's t distribution with (n-1) degrees of
freedom.

As mentioned in the case of one-sided hypothesis, similar argu-
ment leads to the existence of UMP unbiased size o test of Hozp, = Ko

vs lep. # Ko and its rejection region is given by

[t'(x)] > ¢ (2.26)
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where
(% -p,)
) = fo —= (2.27)
Koy XV
and c¢ = tl-a/Z , the (1-a&/2) percentile of student's t distribution

with (n-1) degrees of freedom.

As discussed in Chapter III, for statistics t' = \/-n—(i;(_-p)/p Xv

— n ——
and t = \/—n-(X«p)/s , where sz= H—l-l— = (Xi—X)2 , t'-t converges
|

to 0 in probability. Next, it can easily be shown that conditionally or
otherwise, t' has asymptotically the standard normal distribution.
Since the asymptotic distribution of the student's t is also standard
normal, it follows that, for large sample, the test statistic t"(X)
corresponding to (2.19) and (2.27) can be replaced by t = \/'n_(}_(-p.o)/s

distributed as student's t with (n-1) degrees of freedom.



CHAPTER V
INTERVAL ESTIMATION

We will examine the problem of confidence intervals for the para-
meters and the reliability function associated with the inverse Gaussian
distribution. However, the discussion on confidence intervals for A
will not be included here because these are easily obtained from the
xz distributions. Instead of confidence bounds on the reliability

function, we will briefly discuss the tolerance limits.
Confidence Bounds on Parameter p

Since there is a direct relationship between confidence sets and
families of tests of hypotheses, the results of the last chapter can be
used to derive the confidence intervals on p . In order to have this

direct relationship between the two, we first formulate the concept.

Definition 1: A family of subsets {S(X)} of the parameter space ©
is said to be a family of confidence sets at the confidence level (1 - a)
if

PG{GES(X)} = o forall 6e®

Next, we define an optimal criterion for the cheoice of a family of con-
fidence sets such that there is a small probability of covering false

values of the parameter.

39
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Definition 2: A family of confidence sets at the confidence level (1 - a)

is said to be uniformly most accurate (UMA) if

Pet{e € S(X)} = minimum for all 8, 8'¢® .

By Theorem 1, section 5.8, Ferguson [8], a UMP test leads to a
UMA family of confidence sets. Due to the non-existence of UMP

tests in many situations, we cannot obtain confidence sets with the UMA
property in a large number of cases. This suggests restricting atten-

tion to confidence sets which are unbiased.

Definition 3: A family {S(X)} of confidence sets at the confidence

level (1 - @) is said to be unbiased if

Pe,{eeS(X)} <l-a forall 6,0'¢®

By Theorem 2, section 5.8, Ferguson [8], a UMP unbiased test leads
to a UMA unbiased family of confidence sets. For gréater details,
see sections 4 and 5 in Chapter V, Lehmann [14].

With these considerations, we now obtain UMA or UMA unbiased
confidence bounds at the confidence level (1 - @) for p in the following

cases:

{i) Two-sided bounds when A is known.
{ii) Two-sided bounds when A is unknown.
(iii) Lower bound when \ is known.
{iv) Lower bound when A is unknown.
The cases for the upper bound can be dealt with in a manner analogous
to the treatment in {iii) and {iv), Exact results are given for (i) and

(ii), and approximate results are given for (iii) and (iv).
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(i) If X = (Xl, oo ,Xn) is a sample from the inverse Gaussian
population with parameters p and A (known), the UMP unbiased size

a test of HO: h=Hy VS lep # Ko has the acceptance region given by

\/—YK(EwLO)
Ho\/;— -<—Zluoz/2’

(1. 1)

where Zl—a/Z is the (1l - a/2) percentile of the standard normal.
[See (2.5) and (2.6) in Chapter IV]. Then the confidence set S(x)
consists of all p's satisfying (1.1) with p = o - Accordingly, this

set is given by the interval

x
ey “1-arz

Since we are concerned with a population of positive real values,

it is appropriate to take max (1 - \/)?/n)\ Zl-a/Z s 0> for the lower

bound. Hence, the UMA unbiased confidence interval for p at the

_.
i

DINI
N
| A

F x|
IA

confidence level (1 -~ a) is given by

[= -1 - -1
— . X — X
x |:1 N ey Zl-a/Z‘J , X| max l:l S ey Zl—a/Z] , 0 . (1.2)

where Z is the (1 - a/2) percentile of standard normal distri-

lea/2

bution.

(ii) For a sample X = (X 9Xn) from an inverse Gaussian

19--.

population with unknown parameter A , the UMP unbiased size o test

of HO:p..: ho VS Hl:p # Ko has the acceptance region given by
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\/—1’_1__ (x"ld'o)

T,

S_ tl_a/Z’ (1.3)

n
1 1 . .
wherel VE =T ?(x—l - E) and tl-a/Z is the (1 -a/2) percentile
of the student's t distribution with (n-1) degrees of freedom. [See
(2.26) and (2.27) in Chapter IV]. Similar to the case in (i), it can be
easily concluded that the UMA unbiased confidence interval for p at

the confidence level (1l -a) is given by

— -1 — -1
— X v — X Vv
X I: T tl—a/Z:) , X |max l: - T tl_a/zjl , 0 (1.4)

where tl—a/Z is the (1l -a/2) percentile of the student's t distribu-

tion with (n~1) degrees of freedom.

(iii) By (1.2) and (1.3) in Chapter IV, the acceptance region of

the UMP size a test of HO:I‘L Sk VS H1:|¢>|¢O is

_ /E (E-po)

CA(RG) = AE = (X, Ky, X ) = < clug)y s
0 1'72 n HOF

(1.5)

where C(l‘LO) is determined by

Zn)\/po 2
a = o&(c) - e ¢ 4n)\/|¢o+ c (1.6)

with ¢(a) denoting the probability that the standard normal variate
exceeds a . It follows that the confidence set S(X) consists of all

p's satisfying the inequality in (1.5) with p = hg s OF, we may write
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= 1
S(x) = {p:p Z;[1+c(|¢) Ex)t] . (1.7)

But the determination of c(u) depends on the knowledge of both . and
a as can be seen from (l.6). Thus, we fail to find a lower-bound for

u . However c(u) can be approximated by

a = ¢(c),

provided n and X are not small. Then, from (1.7) an approximate

lower confidence bound for p is given by

= |~1
= X
R - 0.9)
where Z is the (1 - a) percentile of standard normal.

lew
Next, we give another approximate but slightly more conservative
lower confidence bound for u when the sample size is large. Let
Xl’ cees Xn' , n large, be a sample from an inverse Gaussian popula-
tion, with parameters p and X\, where A is assumed to be known.
Then X has asymptotically the normal distribution with mean u and
variance p.B’[n)\]“l . By the convergence theorem, 6 a.2 (i), Rao [15],
it follows that [i]nl/z has asymptotically a normal distribution with
-1/2

mean and variance [4n)\]‘1 . It implies that
/4n)\ [[)—(]-1/2 - [u]ul/ZJ has the standard normal distribution

asymptotically. By this fact, a lower confidence bound at level (1l ~ a)

can be obtained as

= -2
uzX[”'z' arzm} : (19
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where Zl—a is the (1 - a) percentile of the standard normal distri-

bution.
(iv) To obtain a lower confidence bound for p , consider the

acceptance region

A =g E (xee,x ) —
Roy XV

) < cliy) (1. 10)

obtained for the UMP unbiased size a test of HO:p, <Ky Vs lep, > |;10

in (2.19) and (2.20) of Chapter IV, where,

n 2 n-2
2 (e eg) /x| 2 , o (xtpg)
alth’n_l(C)u = Ft,n—l 4n +c HOE—_X-._-—_ (1.11)
> (x, - )Z/X 1 i
[ iR
Here Ft n__1(3.) denotes the probability that the student!s t, with

(n-1) degrees of freedom, variate exceeds a. By a similar argument
as, for example in (iii), we do not obtain an exact confidence bound
from (1.10). However, an approximate lower confidence bound for p

at level (1l -«a) 1is obtained as

L x |14t Vv (1.12)

provided n is not small.
As a result of the last paragraph in Chapter IV, another approxi-
mate lower confidence bound for p in the case of large sample can be

obtained by
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(1.13)

In (1.12) and (1.13), 1:1 o is the (1 - @) percentile of the student's

t distribution with (n-1) degrees of freedom.
Tolerance Limits

With the results in the previous section, one may attempt to
obtain confidence sets for the reliability function R(x;0) , or to find
the tolerance limits, e.g., find L(x) such that PG[R(L(X);B) > pl = Y
for some specified probabilities p and y , on the basis of confidence
bounds given for p or A . See the following lemma for the definition
of R(x;0). An exact solution of such a problem depends on at least
two conditions. First, (i) there exists a function g(6) of 6 such that
R(x;0) is a mdnotone function in g(0) for all x, and secondly,

(ii) exact confidence bounds are available for g(0). Since R(x;0)
does not have a simple closed form, the tolerance bounds are difficult
to express in terms of given parameters p and A . For example, it
can best be obtained by the quantity u+ 7N [Z + Z | Z +4)\/p.] for an
upper tolerance bound for a proportion p of the inverse Gaussian popu-
lation with given parameters u and X\, where Zp is the p percentile
of the standard normal distribution and this bound is not the greatest
lower upper bound, This suggests that the condition (i) is hard to be
met for a general treatment of the problem for the inverse Gaussian
distribution. Consequently, it is not feasible to have an exact solution
of the problem unless it is restricted to a rather simple case., Hence-

forth, our discussion will be limited to the case of one-sided tolerance
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limits. These limits will have optimal properties analogous to the
UMA property of a confidence bound given in the previous section.
Refer to Faulkenberry [6] for a general discussion on UMA tolerance
limits.

First we prove the following lemma.

Lemma: For any given x>0, let R(x;0) = E[I(x, uo)(X)], where X is
the inverse Gaussian random variable with a density function f(x;8)
and 06 = (u,\) . Then (a) R(x;6) is a monotone non-decreas‘ing
function in pu for a fixed X and (b) R(x;0) is a monotone non-

increasing function in X for a fixed .

Proof: R(x;0) 1is an analytic function in © = (u,\) and differentiation

can be performed under the integral sign.

(a) Differentiating R(x;6) with respectto p, we have

3
= 0
2,, 2
dR(x;0) _ )\2 / top e-x(t_p.) [2u"t dt
o 27 o / [3

A - _f(t, 6) .
-—é—f e RETe) dt -p| R(x;6)

2 [mglx|x > - £(x] | Rex;0) .

"

H

Clearly, the right side is non-negative for all x > 0 . Thus, the

monotonicity of R(x;6) in p follows.

(b) Once again, differentiating R(x;0) with respectto A, we get
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[e0]
OR(x;6) _ L,f [1_4—9_“‘ ) £(t, 8) dt
X

o\ 2\ Hzt
2
@ - Lo
:—21—)\ ; (1_Y2) 1-—l——2—e 2(ily
T 4\
No(x )/ fx = 4
VET TN - e X -ty
by the transformation vy = ﬁ(t~|¢)/p\/t— . Also see Theorem 1,
Chapter III. Letting
2
u = \[)T(xup)/p\/_x_ and F(u) = . —L | e dy ,
u 23 + yz
M
. [=¢]
ili%\i?_) = 21? e / y°- g(Y‘;)\/p)/E‘(u) dy | F(u)
VZTr
u

- 'zix 1~E[UZIU>u]]F(u),
-

where U = \/T'(X ) /p ,X is the transformed random variable with

the density function

2
L9
] « ~———ownu| e Z, ~-o <u<w,

Since E[U
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EB%‘X_;QL = z.l).\_ [:E[Uz] - E[v?|u > u]:l F(u) <0

Thus, R(x;0) is a monotone non-increasing function in \, thus com-

pleting the proof of (a) and (b).

As a result of this lemma, one-sided confidence bounds at a
given confidence level can be easily obtained for R(x;0) when
(1) ® =, X\ is known and (ii) 6 = X\, p is known on the basis of one-
sided confidence bounds on pu given in the last section and those of \,
respectively. Such confidence bounds will be exact in the case of
R(x;\) and will be approximate in the case of R(x;p). For one Zsided
tolerance limits, we first outline the procedure and then give results
for cases (i) and (ii).

Suppose 6*(X) is a lower confidence bound for 6 at confidence
level y, i.e., P[G*(X) <0e]= y - Consider L(x)>sR(L(x); O*(X)) =p.
If R(x;0) is a monotone non-decreasing function in 6, we can con-

clude that R(L(x);0)>p <> 6 > 6>'<(x) , SO,
P[R(L(X);8) >pl = y . (2. 1)
Then, a lower tolerance limit L(x) is obtained by solving the equation

b3

R(L(x),08 (x) = p (2. 2)

for L{x). However, such a limit would be approximate unless we get
an exact solution from (2. 2).

Now we consider cases (i) and (ii).

(i) Suppose 6=y and \ is assumed to be known. Then, from (1.8),

we have approximately
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-1

wix) = ;{l:l+Zl_Y HX)\—:, (2.3)

and so, it follows from (2.2) and the above lemma that

> Sk
b= & _L)\TJ _;I__:E(X_)_l e " (X)¢ L_)Zx_)- _I_-';(E‘_)_+1 (2. 4)

(x) po(x)

where

o) tz
1 T2
d(a) :f e dt . (2.5)
A ‘/211'

From (2.4), we cannot express L(x) explicitly as a function of other
quantities. But for \ large, the second term on the right side of (2. 4)
is small, since A = eZ)\/P"*(X) ¢(2 /)\/p*(x)> is small and the second

term is not greater than A . It can be concluded that the solution of

(2.4) for L{x) 1is bounded by

Sk * (X) 2 2 sk
wo(x) +J:L_2_>\._ [zp +zp \/zp +4n/u (x) :lg L(x)

>‘<2
b (x) 2 2 *
< p (x)+ AN [ZP+A+ Zp‘+A/Zp+A+ 4\ /p (x) . {2.6)

" Here, Zp and Zp+A denote the (1 -p) and (1 ~-p-A) percentiles

of standard normal distribution.

(ii) Suppose 6 =\ and p is assumed to be known. A lower confidence

bound for -)lt at confidence level y is easily obtained as
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where xi (n) is the y percentile of the xz distribution with n degrees
of freedom. From the lemma, R(x;0) is a monotone non-decreasing
function in ;1\- , and so, due to (2.2), we have L(x) as a solution of

the equation

* b3 3
2
o= & _x_i_(%)(%ﬂ _1) 2N /l(gf))(L:Lx) +1> . (2.8)

where ¢(a) as in (2.5). By a similar argument as above in (i),

L(x) is bounded by

Wt —— [zz 2z \/z; Fan (x)/u J < L{x)

2 2 *
<+t —_H-_zx*(x) [ZP+A,+ Z o in /zp+A,+ 4\ (X)/p_:‘ (2.9)

where, A'= eZ)\ﬂ () /s ¢(2,/)\*(x)/P- )

Though we are unable to express L(x) in (i) and (ii) exactly in
terms of known quantities, these exact solutions can directly be
obtained from (2.4) and (2.8) by iteration using the standard normal

table.



CHAPTER VI

MINIMUM VARIANCE UNBIASED ESTIMATION

OF RELIABILITY

Our aim is to obtain the minimum variance unbiased estimate

(MVUE) of the reliability function R(x;0) = E[I(X 00)(X)] when X is an

.inverse Gaussian random variable. Here, IA( -) denotes the indicator
function of the set A and 6 is the set of unknown parameters associated
with a distribution function of a random variable, The method of esti~
mation is that given by Kolmogorov [13] and, again, by Basu [2]. Itis
based on finding the conditional distribution of a sample observation
given the sufficient statistic. Then, making use of the Lehmann-Scheffé
and Rao-Blackwell theorems, the unique MVUE of the reliability
function R(x;0) is obtained.

Recently, Sathe and Varde [17] and Eaton and Morris [5] have
derived MVUE's of similar parametric functions by considering
ancillary statistics independent of complete sufficient statistics.

Though their approach is elegant, it falls short as a technique, since
it does not provide any method of constructing ancillary statistics
whose distributions are utilized for acquiring such estimates.

Let X = (Xl’ XZ’ ey Xn) be a sampie from an inverse Gaussian
is an unbiased

population with parameter © = (u,\). Then I[X 00)(X

i)

estimate of R(x;0). If T(X) is a complete sufficient statistic, the

51
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MVUE of R(x;0) 1is given by E[I[X, 00)(Xl) [T(X)], and it will be
denoted by l/i(x; 0).

We will consider the problem of estimation for all three cases.
They are, namely: (1) p unknown and A known, (2) p known and A
unknown, and (3) both p and N\ unknown. Our results will be given in
the forms which can be evaluated by using the standard normal table
for case (1), and by use of the student's t table for cases (2) and (3).
These forms will be obtained by following the technique given in Folks,

Pierce and Stewart [9].

MVUE of R(x;6) When 6=p

o]

The sample mean X =3z Xi/n is a complete sufficient statistic
1
and its distribution is inverse Gaussian with parameters p and n)\,

where \ is assumed to be known. To derive the MVUE of R(x;p)
using the above method, we first find the conditional density function

of X given X =x.

11
The joint density function of random variables X1 and
n
Y = = X./(n-1) is
2 1
_ ‘/n-l A X (xl--|.L)2 (n-1)(y - )2
f(x,,y) = —————3 €xp |- + y-p
1 3 2 x -
> 2n 1 y

2n (%, ¥)°

With the transformation Y = (nX - Xl)/(n-l) , we obtain the density

function of X1 and X as
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f(x,,x) = n(n-1)\ oxp | - \ (x1-p) . [n(x‘H)“(xl-p)]
1’ 3 P > 2 = —
2 M 1 nx—x1

We already know that the density function of X is

= 2
g(X) = Jon/znx> exp|. BME-M | T
2p x

so the conditional density function of X1 , given X =x, is given by

hix) [x) = f(x),%)/g(x)
—% nA(x -}?)2
= 5= (n-1)x exp | - L , 0<x,<nx
2T 3 e 1
= 2x. x(nx -x_)
[x, (0% -x;)]° ! !
1 1 (1.1)
Hence, we derive the MVUE of R(x;u) as
nx
N -
R(x;u) = h(xllx)dxl, x>0 (1.2)

X

with h(x, |x) in (1.1),
Next, we will express the right side of (l.2) in the form in which
the standard normal table can be used to evaluate R(x;u) for all

x>0.

Let w = /o) (xlu;)//xlf(nguxl) . We have a one-to-one

transformation, and w varies from -o to ®» as x, varies from 0 to

1
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nx . Then

3
dx -1 2[x1(n;-x1)]2
—_ = == = (1.3)

dw dxl fn)\ x [(n-Z)xl-i.-n;]

Inversely, it can be found that

1

- - 2 == — 242
x[(Zn)\+nxw )+ Jnx |w]|[4(m-1D)A+nx w°] :l

L Jox |wl |

1 Z[n)\+;w2]
Since we (-o,0) <= xle(O,;) and we (0,0) <> xle(;?,n;), we
can write
| 1
;[(Zn)\+n;w2) + /n; w[4(n—1))\+n;w2]2]
7 = 2
Z[n)\+xw ]
Also,
X 2— 2 (n-2)w |x
(n-2) = +n = 200-lh¥n xw ), . (1. 4)

\/4n(n-1))\ +nz}?w2

After substitution in (1.2) from (1.1), (1I.3) and (1.4),

- 2 2
© Z(n—-l)[n)\+xw ] exp »-—-—‘;
2

A
Rx:p) =\ = dw ,
w! (4n(n—1))\+n2;w2)+ (n»Z)w\/_;_/4n(n~1))\+n2;W2

where
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After further simplification, we have

2
© = w
1 / - (n-2)w [x -

: e dw (1.6)
\}Zﬂ w! \/4n(n»-1))\+n2§w2,

with w'! in (1.5). The integral in (l.6) can be evaluated from the
standard normal table for a given value for w'. Separating the inte-

grand, we have

2

© w : © WZ
A -5 } s
R(x;p) = 1 / e 2 dw - _nz_/ W e 2 dw
‘/21r ! -nj2w 4(n-1)\ 2

w! +w
nx

To eavluate the second term on the right side, let

nx

.- /4(n-1))\ e

Then, by a similar argument as given on page 11, Chapter III for

evaluating a similar integral,

2nd term = n-2 ez(nml))\/rlx ¢ /—‘L—(—rl-:l—)—)\- + W'2 , =0 <wl<owm,
n =
nx

where
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Hence, the MVUE of R(x;u) is
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0 ’ x > n;

A

R(x;p) =¢1, x <0 (1.7)
d(w') - n;Z eZ(n-l))\/nx d(w'') , otherwise

where

ﬁ(x-i) /A (X +(n-2)x)

Jn;x(n§~x)

MVUE of R{x;6) When 6 = X\

n
The statistic T(X) = X (
1

Xiu}.L)Z/Xi is completely sufficient and
)\T(X)/}.LZ has the xz distribution with n degrees of freedom. First,
we find the conditional density function of X1 , given T(X)
The joint density function of random variables X1
n
a 2 .
Y(X) = ? (X,-p)7 /X, is

=t.

and



2
n A (- 1)
> n-3 - — Y + -
flxy) = A 2 o 21 1
n-1l 22 n-1
A S
Since
2
Y(X) = T(X) = X ’
1
the joint density function of X, and T(X) is
B )\2 (Xl—p.) Zp.z
f(xl,t) = = 3 t - - e s
n-1'.z n-l1_2 !
VT 72 K 1
2
(xl"'“’)
0 < < t,
*1
The density function of the random variable T(X) is
n n . At
2 5 -1 2
glt) = n)‘ ¢ e M, >0,
2 nfn!
27 p ’?
So, the conditicnal density function of X1 given T{X) =t is
n-3
277 2
1 (Xl"l-’-) (X]_“IJ‘)
h(x,[t) = b 1w — , 0< <t
1 tx x
l n-l 3 1 1
Pl 32 tx)

57
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As shown earlier, we can now obtain the MVUE of R(x;\) and it is

given by

%[(Zp,‘i't)‘i' /4pt+t2]
/ﬁ(x;)\) :f h(xllt)dxl, x > Z[:Zp+t- /4pt+t2]

(2.2)

with h(xllt) in (2.1).
A
Next, we simplify (2.2) so that R(x;u) can be evaluated using

a student’s t table. Let

N~

-1 (x;-1) . (% - u)z
\/txl tx1

It is 2 one-to~one transformation and -1 < (x1'=-|.L).//t:x1 <1 implies

we (-o,o). Next,

3
[ 3 272
dx1 . dw -l_ 2 tx1 (xlmp.)
dw =~ | dx - tx
1 /n-1 (x1+p) 1

and

or
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1+—— +t

]
]
it

Xy = , (2.4)

since we (-o,o) <=> Xy € (L) and we (0,0) <> X ¢ (4, U) where

L = % (2u+t) - Jaut+t® | and U = % 2u+t)+ fapt+td | (2.5)

By substitution in (2,2) from (2.1), (2.3) and (2.4), we have

R(x;\) = Ay
1 n-1
/nml [5(2, 2)
27~z !
./ - dW
\ 2 2 w 2\, 2
W 4p(1+::1)+t:’_1 + 4pt(l+—-—_—i-)+t =
n-1
where
n-1 (x-p)
w! = (2. 6)
tx-(x--|.1,)2

[40] —s

n-l
Rix;\) = 11 1f 1- ” - > v
— o
ol 2 | )b L2 ]2
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where w' 1is given by (2.6). The right side in (2.7) can be expressed

in terms of student's t distribution,

@
_ 1 1 du
Ft’n-l(C) ) n-l f 1 n-l1 L]
- c B(—— —_——> 212

With the change of variable

2

m1 |3 w), Wt
u = [nel n (1+n-1>+n-1 s

the second term on the right side in (2.7) can be simplified to

-1
2

1+ 4 F [n-1 éli1+ﬁ + 2
t t,n-1 t n-1 n~1

Ny

Accordingly,

N5

-1
2 2
N 4 4 w! w!
) - - I - — |t
R(x:\) = Ft,n-l(w) 1+ t Ft,n-l n 1\/t (l+n—1>+n~l :

with w! in {(2.6). Hence, the MVUE of R(x;\) is-

[(Zp'f't)-i- /4pt+t2:|

0 x> 2
A | .
Rix;p) =4 1 . x<%~[(2p.+t)-,/4pt+t ] (2. 8)
£+ 4y 2"
! " .
Ft,n-l(W )'[ t Ft,n—l(w ), otherwise

|



61

where

,[ -1 (x-p) -1 (x+u)
wil = "
/tx—(x |.1, /tx-(x-p)2

n
and t=2 (xi--|.L)2 / X is obtained from the sample observations
1

MVUE of R{x;8) When 6 = (4, \)

The statistic T(X) = (?(, V), where

n n
X=X<2X and V:Z(XL~—1—>,
nl 1 1 i X

forms a complete sufficient statistic. Tweedie [20] further showed

that X and V are stochastically independent; and (a) X has the inverse
Gaussian distribution with parameters p and n\, and (b) AV has the
xz distribution with (n-1) degrees of freedom. To find the MVUE,
we first want to find the conditional distribution of X1 given T(X).

Let

I’_‘A

= 1
Y‘n—l

NM B
P
[y
=]
[o N
<

)

The joint density of random variables X1 , Y and V1 is

n
1

. :2(_m

i 1 2 X

i

2 Av




Consider the transformation

el

1

=)

,.4

+

b
N

vV o= V1+—“_‘_1 +5(1-—~-—_n;
Y 1 X
Then, inversely,
X1 =%
Y = (ns_(-Xl) n-1
n(X,-X)°
V1 = V- ——
XIX(nX -Xl)
and the Jacobian of the transformation is nrjl . So the joint density

function of r.v.'s X X and V is

1’

n-4
7 n(x ~>—:)2 2
, - (n-1) )\ 1
f(xl,x,v v - —
' /2 x1 (nx -x ) xlx(nx-xl)
2 = 2
(x-w" In(x-p) - -wIT nix, -x)
- exp| - + - 5|v-
p 2 x - 2
2 1 DX -xy xlx(nx xl)
_ n(xlwg)
0 < Xy < nx , 0< < v
xlx(nx xl)

The density function of statistics T(X) = (X,V) is
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n-4
/A (a-1) =3 n(x,- %) 2
h(x,|T(x)) = i L ;
1l n-2 vx, (hx-x.) vx. x(nx-x.)
xle (L, U) (3.1)
where
_ n[2 +vx] - /4n(n-1)v;+n2v2 ;2
L = x — ’
2[n+vx]
(3.2)
_ n[2+v;] + /4n(n-l)v§+n2v2 ;2
U =x , —
2[n+vx]
Accordingly, the MVUE of R{x;u \) is
9)
A)
R{x;p,\) =/ h(x | T(x))dx, (3.3)

X

with h(xllT(x)) in (3.1) and U in (3.2).

T> o

Next, we simplify (3.3) so that (x;n,\) can be evaluated

using a student's t table. Let
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DN —

o \/'n_(xl-;{) L n(x1-§£)
\/vxl;(n;-xl) vV X

1% (nx —xl)

We have a one-to-one transformation and, inversely

n[2(1+w2)+v§w2] +w [4n(n-1)vx (1 +w2)+n2v2 }?ZWZ

X, = X
L 2[n(1+w2) +vx wz]

In addition,

-3, = 3 —.2
dx1 dw -1 2/vxx1(nx—x1)

n(x,-x)
= = 1 - 1

dw | dx, /& %[(n-2)x +nX] vx ¥ (n¥-x

1)

and we (~o,®) as X € (L, U). From (3.1) and (3.3), after substi-

tution

4(n-1)

1 n-2
ﬁ(z’ T)

A
Rx;p, ) =

fw [n(1+w2) +v§w2]
2 2 2—=2 2

w! <4n(n«1)(1+w2)+n2v>_cw2>+(n~2)w 4n(n-1)v§(1+w Y+n v x W

dw

’ n-1

Equivalently,
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° (n-2)w [vx
ﬁ(x;l_,_,)\) = __l—f ] - n w /vXxX de—l’
ﬁ<-1— n_Z) \/4n(n—1)(1+W2)+n2v§W2 l:l+w.2]—.2-‘
(3. 4)

where,

/?(x—;)

w! = . (3.5)

\/vx;(n}?-x)_ - n(x -;)2

A
R(x;p,\) can further be expressed in terms of student's t distribution,

24}

- 1 du
Ft n-Z(C) = f n-1
’ > 1 n-2 2 5
n-2 B\7 7z ¢ 1+ 2
n-2

The first term on the right side in (3,4) is equal to Ft n_‘?.(\zv') , and

with the change of variable

. \/4(n—1)(i+w2) tow?

vV

we obtain the second term equal to

L
2

n-3
2
+ nW'2 R

n-2 i_'_ 4(n-1)

4(n-1)(1 +W'2)
n —

= t,n-2
nvx v X

where w' is given by (3.5). Hence, the MVUE of R(x;u,\) is
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0 3 x > U
N
R(x;p,N)=X1, x < L
n-3
-2 4(n-1 2
Ft,n_z(w')- nz 1+ (? _) Ft,n~2(W”)’ otherwise,
nvx
(3.6)
where
n (x-x
w! = \/_( ) . Wl = nx + (n-2)x
-, = =2 -, = -2
vxX(nx -x) - n(x-x) vxx(nx -x) - n{x -x)
and
L = __x_:_ n2+vx) - /4;n(n-1)v§+ nzv2 5?2
2(n+vx) B
U = ——X—T n(2+vx) + \/4n(n-l)v§+ nzv2 ;2
2(h+tvx)

Comparison of these estimates as given in (1.7), (2.8) and (3. 6)
with those of their counterparts for the Gaussian distribution (see
Folks, Pierce and Stewart [9]) shows a remarkable similarity. Not
only are their MVUE's commonly expressed in terms of the same
distributions, standard normal and student's t, but these estimates
are also similar in character as to the form and the respective para-
meters involved. Of course, the obvious difference that MVUE's
obtained for the inverse Gaussian are expressed as the non-linear
combination of standard normal distributions or that of student's t dis-~
tributions is expected since the inverse Gaussian distribution is itself

a non-linear weighted normal distribution (see (1.5), Chapter III).



CHAPTER VII

SOME RELIABILITY ASPECTS

Considering a physical phenomenon with some dynamic stress
operating on a device or unit under normal use, assume that the device
or unit will fail at a given level of stress. If the level of stress obeys
the Gaussian law, it can be proven that the life-time T of the device is
described by an inverse Gaussian model. This is a known result in
terms of a first passage time random variable for the Gaussian proc-
ess. It is, therefore, appropriate to consider the inverse Gaussian
distribution as a mathematical model representing some life~time
distribution and to undertake its investigation as to its failure rate and
other aspects of reliability theory.

In Chapter VI, we have already given MVUE's of the reliability
function. In the following section, we will show that the inverse
Gaussian distribution has a non-monotone failure rate. In addition, a
brief description on the mean residual life-time will be given. The
present discussion is for the case of a single component device or unit

and is only of preliminary nature.

Failure Rate

We define the failure rate of a life-time distribution F with the

density function f£(t) by
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r(t) =h].imP[T€(t,t+h),T.>t], t>0
-0

or equivalently,

£(t)

*®) = T

te(0,m) . (1)

Let 1f(t) be unimodal and let trrl be the modal point. Clearly,
r(t) is non-decreasing for te (0, tm] . It is therefore sufficient to
restrict our investigation for te (tm, o). Assuming that r(t) is

differentiable, it is seen from (1) that

2 .
r'(t) _ £'(t) ) £7(t)
r(t)  fe)[1-Ft)] [[1 F(e)] + fl(t)] (2)

provided «r(t) > 0. Letting p(t) = -f'(t)/f(t) , we have p(t) >0 for

te (tm, o) and have (2) written as

Assume that p(t) is non-decreasing for te (tm, w) . Then it follows

from (3) that

() L _plt) | 1 , ().
(B 2 T-F() p(t),/ Fe =+ t)
t

implying «r'(t) > 0 because

/ fi(x)dx = -f(t) .

t
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Hence, r(t) is monotone non-decreasing for all t. On the other hand,
suppose p'(t) > 0 does not hold for all te (tm, o). Then, assuming

without loss of generality that p(t) is unimodal, there exists a to

such that p'(t) >0 for te(tm,t and p'(t) <0 for te(to,cn).

N

Accordingly, it can be easily deduced from (3) that r'(t) >0, tet ,t )

m’ n

1 < M
and r'(t) <0, te (tn,cn) , Where trni tn—<~ t Thus, r(t) is not

0°
monotone as it is increasing for te (tm, tn) and is decreasing for

te (tn,oo) . Observing that l:r1 is a solution of r'(t) = 0 only for values

of t greater than trn and p(t) = ~a§1€ log f(t), we have r'(t)> 0 if and
2
d2 logf(t) <0 for te (tm, o) . This establishes the following

dt
theorem.

only if

Theorem: Let F be a life-time distribution with the unimodal density
function 1{(t), the mode at tm. Then F is an increasing failure rate

(IFR) distribution if and only if logf(t) is a concave function for

Next, if the mode of f(t) is at 0 or f(t) has infinite value to
begin with, then as in the proof of the above theorem it can be shown
that F is a decreasing failure rate (DFR) distribution if and only if
log f(t) 1is a convex function for all t .

It may be noted that the concavity of logf(t) does not hold if
f(t) decreases slowly enough as t gets large. We see such behavior
in the density function of many distributions, e.g., log-normal, inverse
Gaussian, Pareto, Gamma and Weibull, etc., depending on their para-
metric values.

Clearly, the inverse Gaussian is not a DFR distribution, We

show further that it is not, in general, an IFR distribution as well.
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Considering an inverse Gaussian life-time distribution with para-

meters p and X, we can write

log f(t) = k- §2—1ogt - &Z}L—)—— , k = constant .
: 2p t
Then
2
> log f(t) = _(é_t__'%)\_) .
dt 2t
2 2
and so due to > log f(t) >0 for t = 3 N, a value greater than the

dt
mode, the result follows from the above theorem.

The failure rate is given by

AN
it cet o At
- 5 / s 1)) ot of e bl

where ¢(a) denotes the probability that the standard normal variate

X
exceeds a . It can be seen that r(t) is increasing for te (0,t ) and

K sk
is decreasing for te(t ,o), where t is the solution of the equation

N 3 N
r(t) = —&2:—+?t°~’—2
2 2t

and r(t*) is the maximum value r{t) can achieve. Observe that
r(t*) < o unless t*—*co . But t*—*m only if A->o, and then r(t)
is monbtone non-decreasing for all t. Since f(t) is asymptotically a
normal density as A->o and the normal distribution is IFR with the -

failure rate becoming infinite as t-—-o , the same conclusion is

reached,



Bounds on Failure Rate

The failure rate r(t)

be expressed as

2
/m 2 oA ke - Xm0
(

_E)eZH
x

Consequently, we can obtain a lower bound of r(t)

A
[ A "2t N
r{t) > 3 e /zh(‘ T)

given by

where

2

a 22
h(a):/ L e % du.
=

dx .
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for an inverse Gaussian distribution can

(5)
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For any fixed t >0,

S !
e < e <1 (7)
So from (5), we have
© R 2 At © 3 Nt y
2 2 -~ T2
1 1 2 B 2 2 21
=0 _>_f — e dz = te f y e dy .
0 2 1

Ve
(1+?)

The last term can be expressed as an infinite series, and approximating

it by finite number of terms, we get an upper bound given by

-1
+0(t ) . (8)

2 4
3u 154, 10511
r(t) < 1~ +
2 At )\th )\3t3

In fact, another lower bound follows due to the last inequality in (7) and

it is given by

r(t) > 5 e . (9)
2
This bound is more conservative than the one in (6).
From (8) and (9), it is noted that =r(t)-0 as t—0 and
r(t) - ——)\—2~ as t—o. Hence, the failure rate for the inverse Gaussian
2
distribution first increases up to a certain point depending on para-
metric values, and then decreases monotonically to some constant

value. There is similar behavior with the failure rate of the log-

normal distribution except there it finally decreases to 0. Due to this
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similarity and serious attempts made in representing life-time distri-
butions by the log-normal distribution in the past by many authors, we
feel that the inverse Gaussian distribution is a good competitor of the
log-normal and, in fact, it could be better as it is more natural to

have some failure rate than no failure rate in the end.
. Mean Residual Life-Time

The failure rate r(t) of a life-time distribution is closely
related with the conditional expectation of the remaininglife«time under
the assumption that the item did not fail up to a certain instant T. Let
s be the random variable for the residual life-time; that is, the period
from an instant of time T until the instant of failure under the condition
that there was no failure prior to the instant T. Then from (1) it can

be seen that the distribution of s is obtained by

t+T
P[sﬁt] = 1-exp f r{x)dx

T

Consequently, the mean residual life-time

@© t+T
B =f exp f r(x)dx} dt . (10)

0 T

Clearly, decreases (increases) monotonically for the life-~time

b
distribution with IFR (DFR). However, if r(t) first increases and

then begins to decrease monotonically at some instant t", as the case

with the inverse Gaussian, we have B > Bp for T2 > T1 > tbp .
2 1

That is, the mean residual life-time will increase from some instant
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onward., The increase in the mean residual life-time after the instant

st
>

t is explained by the fact that the items with a high rate of wear can
fail and the rate of wear of the surviving items is relatively small
resulting in a higher longevity. Based on such considerations, Watson
and Wells [27] have examined the log-normal distribution, among
others, for the possibility of improving what they call ""mean useful
life of items' instead of mean residual life-time. A similar investiga-
tion of the inverse Gaussian distribution, which also has non-monotonic
failure rate, is warranted.

We conclude this chapter with a description showing the appro-
priateness of incorporating ideas mentioned in the preceding section.

In the past, reliability investigators have most often, attempted to
represent a life-time phenomenon by a probability distribution with
IFR property. This is undoubtedly adequate in a situation which mainly
involves the cause of the aging or the wearing out process. But failure
of a unit may be due to various causes other than the aging process,
such as a technological defect, improper usage; or, say, instantaneous
injury. See Gertsbakh and Kordonskiy [10] for details on causes of
failure. In order to deal with these unavoidable causes, an appropriate
measure as to the model of failure and possible methods of improve-
ment sheuld be adopted.

Consider, for example, a manufacturing process with isolated
random flaws which may lead to the occurence of weak spots in an item.
The weak spots may remain unnoticed unless items are subjected to a
test for a certain period of time. As a result, a fraction of the product
will fail and the fraction of the product surviving will, on the average,

have higher longevity. Consequently, the probability that an item will
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fail during (t,t+A), given that it did not fail for time t is less than
the probability of its failure during (0,A). For this reason, it is
desirable to have a testing period for items of a product before these
are released to the market. However, this will lead to the decrease in
the life-time of an item because the testing period may not be short
since a defective item may not show its weakness immediately. But,

if the defective items are eliminated, the residual life-time in the
fraction of items that do not fail should, on the average, exceed the
average life-time of the initial product so as to compensate for the
testing period. This is possible when a life-time model can be repre-
sented by a probability distribution that has non-monotonic failure rate.
Hence, with the consideration of the inverse Gaussian as a model of
failure due to reasons mentioned in the beginning of this chapter, this
study on the inverse Gaussian distribution can lead to interesting

applications in reliability theory.



CHAPTER VIII
SUMMARY

Our study is devoted to the discussion of the inverse Gaussian
distribution with an emphasis on the theory of its statistical inference.
Problems of testing statistical hypotheses and interval estimation for
its parameters u and )\ are investigated in detail. Further, its devel-
opment in the area of reliability is suggested and various results are
established.

As the inverse Gaussian density functions constitute a two-
parameter exponential family, a comprehensive account of optimum
test procedures is developed for testing hypotheses on parameters p
and X\ by exploiting the theory of testing statistical hypotheses, as
given in Lehmann [14]. Test statistics of UMP unbiased tests of
Hozp = pg VS Hl:p. # T when (i) N\ is specified and (ii) \ is
unspecified, are shown to have standard half-normal and truncated
student's t distribﬁtions, with their domain on the positive real line,
respectively. We note that similar results are well known in the case
of testing hypotheses on the mean of a normal population with two-sided
alternatives. Exact optimal test procedures for such one-sided
hypotheses are also derived. Next, we have discussed the problem of
uniformly most accurate (UMA) confidence bounds on . Exact

results in the case of desiring two-sided confidence bounds and
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approximate results in the case of desiring one-sided confidence bounds
are given. A discussion on tolerance limits is appended.

As an application, we have indicated a theoretical reasoning to
consider inverse Gaussian as a life-time distribution. Minimum vari-
ance unbiased estimates of its reliability function,

R(x;p,\) = E[ (X)] are obtained for all different cases; namely,

I(x, ©)
(1) p unknown, X\ known, (2) p known, A\ unknown and (3) both . and
A unknown. Interestingly, these estimates and similar such estimates
in the case of normal distribution have certain common features and,
consequently, it helps visualizing more on the characteristics of para-
meters p and A . As to other concepts of reliability, it was proved
that its failure rate is a non-monotone function and, thereby, the mean
residual life-time for an inverse Gaussian distribution first decreases
and then begins to increase after an instant, depending on the para-
metric values. On this basis we have suggested an application of the
inverse Gaussian as a model of failure. Furthermore, bounds on its
failure rate are given and its comparison with the log~normal distribu-
tion is made.

For more insight into the inverse Gaussian distribution theory, a
relationship between its density function and the normal density function
is established. As a consequence, we have been able to derive some
related distributions. This has led this author to a better understanding
of the silent features of the family of inverse Gaussian distributions

and of the statistical inference discussed in this thesis,
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