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Abstract 

 The accuracy of a casing collapse prediction is critical to a successful casing 

design program. This is especially true today as the likelihood of HPHT reservoirs and 

difficult conditions downhole has become increasingly more prevalent. To account for 

these conditions, more up to date, accurate collapse resistance equations and true yield 

strengths should be used. 

 The original API collapse equations were adopted in the 1960s and reflect the 

quality of the pipes produced. Since that time, improvements in manufacturing 

procedures have increased pipe quality and improved tolerances of material properties. 

It is necessary to adopt new collapse resistance equations that reflect this improvement 

in overall quality. 

  Many new collapse equations have been proposed since the API equations were 

originally adopted. A review of a selection of these equations compares them to each 

other, the API equations and real collapse data. As a result, the Klever and Tamano 

model was shown to most accurately predict the collapse resistance of real pipes. 

 With a new more accurate collapse equation in place, the next largest factor in 

determining true pipe collapse depends on knowing the real yield strength of the pipe. 

The expense of testing has resulted in infrequent testing and, therefore, inherent 

uncertainty in the material properties of any given pipe. A new method of yield strength 

acquisition simplifies the testing procedure in hopes of encouraging an increase in 

testing frequency. Additionally, the new method finds yield strength in the hoop 

direction instead of the axial direction, which is directly related to collapse. 



xv 

 The new acquisition method was compared against the tested yield strengths 

given by the pipe manufacturer. Testing was performed on a variety of outer diameters, 

wall thicknesses, and pipe grades. The new method proved to be very accurate, yielding 

just a 0.5% variation from the mean yield strength values. 
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Chapter 1: Introduction 

1.1 Motivation and Problem Statement 

When making the decision of what components to put into a well, it is of utmost 

importance to have accurate, reliable information concerning the properties of those 

components. This is especially true of the collapse resistance of casing. Collapse 

resistance can affect the success of a drilling program as well as the economics of the 

design due to cost variations in casing grades and weights. The relevance of these issues 

is on the rise given the increasing prevalence and likelihood of HPHT conditions 

downhole in many of today’s new wells (Teodoriu and Holzman 2010). 

 A successful and economical casing design must make use of a casing collapse 

equation to predict the collapse pressure of the selected tubulars to ensure that they will 

survive the expected downhole pressures. The accuracy of the collapse pressure 

prediction depends upon the equation selected and the value of yield strength used in 

that equation. Numerous equations exist for the different modes of collapse that may 

occur. Collapse modes may include yield strength collapse, plastic collapse, transition 

collapse, and elastic collapse. The mode of collapse experienced by any one pipe is 

dependent on the ratio of outer diameter to wall thickness (D/t) and pipe grade (J-55, N-

80, P-110, etc.). 

 The best-known collapse equations are the widely used American Petroleum 

Institute (API) equations originally adopted at the 1968 API Standardization 

Conference. These equations, for better or worse, are still widely used in the industry 

today. This is hardly a surprise as these equations appear in the classic textbook, 
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Applied Drilling Engineering, by Bourgoyne et al. (1986), which serves as the basis of 

many introductory drilling engineering courses across the world. 

 The adoption of these equations is tied to the quality of tubulars produced more 

than fifty years ago. Since then, advances in manufacturing processes have tightened 

production tolerances and resulted in increases in both burst and collapse resistance. 

This increase in resistance means that for pipes with relatively large D/t ratios (>18), the 

API equations result in an excessively high safety margin leading to “over-engineered” 

designs that are more costly than necessary (Adams et al. 1998). On the other hand, the 

API equations tend to over-predict the collapse resistance of pipes with smaller D/t 

ratios (<18). This over-estimation of collapse resistance could have catastrophic 

consequences in a vital portion of the casing design such as the production liner (Ju et 

al. 1998). 

 Improved collapse resistance predictions can be had through the use of more up 

to date formulae. Additionally, using the true yield strength of the pipe will increase 

accuracy of predictions. In API equations, nominal yield strength based on casing grade 

is used for calculations, but pipes within any one particular grade will have a range of 

yield strengths. Also, API standard yield strength testing practice utilizes a specimen 

removed from a pipe and tested axially. However, collapse of the tubular is primarily 

influenced by the material properties in the hoop direction (Ju et al. 1998). The 

manufacturing process results in inherent anisotropy between axial and hoop material 

properties and should be taken into account. 
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 This thesis aims to distill the currently available collapse pressure resistance 

formulae to determine best practice and propose a novel method for the acquisition of 

yield strength in the hoop direction. 

1.2 Objectives 

1. Explore pipe manufacturing processes and testing procedures, noting 

changes with time, to find areas for improvement 

2. Review and compare traditional API collapse pressure equations to newly 

developed equations to reach a conclusion on best practice 

3. Develop a new method for experimental determination of tubular yield 

strength in the hoop direction 

4. Apply the new testing method to the best performing collapse pressure 

formula to create an improved system for predicting tubular collapse 

resistance 

1.3 Organization of Thesis 

 The first chapter lays out motivation behind this study as well as the objectives 

used to fully explore the problem. The second chapter presents some background on 

pipe manufacturing and its advancements in the last fifty years as well as the material 

testing procedures currently used by the API. Chapter three explores the history and 

development of the classical API collapse equations. The fourth chapter reviews the 

shortcomings of the API equations and outlines a few new equations that have been 

presented in the last fifty years, as well as their performance. Chapter five details the 

development of the new yield strength acquisition method including experimental setup, 
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equation derivation, and performance. Chapter six completes the thesis with conclusions 

of the work completed as well as recommendations for future work and improvements. 

Chapter 2: Pipe Manufacture and Testing Procedures 

2.1 Pipe Manufacture 

The two main types of tubulars manufactured are seamless and electrically welded 

(EW). 

2.1.1 Seamless Pipe 

Production of seamless pipe is a four-step process. First, a hot rod of steel called a billet 

is pierced by a mandrel in a rotary piercing mill. Then the pierced billet is processed 

through the plug mills where the wall thickness of the pipe is reduced. Reelers then 

burnish the pipe surfaces and form a more uniform wall thickness. Finally, a sizing mill 

produces the final pipe dimensions and roundness (Bourgoyne et al. 1986). This process 

can be seen in Figure 2.1. 

 

Figure 2.1: Seamless pipe manufacturing process (Bourgoyne et al. 1986) 

 

2.1.2 Electrically Welded Pipe 

EW pipe starts as flat sheet stock that is then cut, formed, and the two edges are welded 

together. The welding process can either be electric resistance welding using an 
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electrode or electric-flash welding where the two edges are flash heated and then 

pressed together to form the weld (Bourgoyne et al. 1986). This procedure is sometimes 

called the UOE process. This means the flat sheet stock is pressed into a “U” shape, 

formed to an “O” shape, welded, and then “E”xpanded circumferentially (Ju et al. 

1998). The electrically welded pipes are then rolled and straightened to ensure uniform 

sizing.  

 

Figure 2.2: Production process for seamless and welded pipes (Brechan et al. 2018) 
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 The increase in burst and collapse resistance in modern tubulars is a result of 

improvements in manufacturing processes since the adoption of the original API 

collapse equations in the 1960s. Today, inert gases are used to help achieve the desired 

chemical composition and grain structure, as well as prevent imperfections. Computer 

controlled heat processes help ensure consistent metallurgy and the conveyor type 

“continuous casting” provides a more consistent product than the “batch” processes 

used previously (Brechan et al. 2018). Figure 2.2 shows the continuous casting process 

in the upper right corner, billet piercing for seamless pipe on the left side, and seamless 

and welded pipe creation side by side on the right side. 

2.2 Testing Procedures 

2.2.1 Yield Strength Testing 

Material testing procedures are published in API 5CT – Specification for Casing 

and Tubing. According to 5CT, yield strength is defined as the tensile stress required to 

produce a specified elongation under load. The value of this elongation is specified in 

Table E.6 in the 5CT specification. For most pipe grades, yield strength is found at 

0.5% elongation, while P-110 uses 0.6% elongation and Q-125 uses 0.65% elongation. 

The testing frequency can be found in Table E.40 in 5CT. Testing frequency 

depends on pipe grade and size, and is defined as the number of required tests per lot. A 

lot is a group of pipes possessing the same properties and the size of the lot varies from 

100 to 400. This means testing frequency can vary from 0.25% of pipes in a lot tested 

on the low side, to 1% of pipes tested in a lot on the high side. 

Test specimens can be full-section pieces, strip specimens, or round bar 

specimens as seen in Figure 2.3. The ideal 5CT specimen is the round bar as it has a 
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uniform shape.  Table 2.1 shows the required specifications for both strip and round bar 

specimens. Strip specimens for seamless pipes may be taken from any location about 

the pipe circumference. For welded pipes, the strip specimen must be taken 90° from the 

weld. Round bar must be taken from the mid wall of the pipe. 

 

Figure 2.3: Full-section, strip, and round bar test specimen (API 5CT 2006) 
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Table 2.1: Specifications for strip and round bar specimens (API 5CT 2006) 

 

2.2.2 Collapse Resistance Testing 

 The API procedure is found in API 5C3 instead of 5CT and is limited in the 

scope of testing procedure. The bulletin states that the test specimen must have a length 

equal to at least twice the outer diameter, the testing apparatus must expose the full 

specimen length to the test pressure, the apparatus shall not impose radial or axial 

restraint or axial load on the specimen, and the apparatus shall not apply pressure to the 

inside surface of the specimen (API 5C3 1994). 

 The 5C3 bulletin therefore limits collapse testing to external pressure only. 

Teodoriu and Holzman present two test frames that can test for collapse resistance 

while also applying axial loads and/or internal pressure (2010). Figure 2.4 shows the 

“autoclave” type test frame that uses a piston to apply axial load. The piston works by 

reacting to the pressure difference between the two chambers. When the pressure in the 

two chambers is equal, there is no axial load. When the pressure in Chamber 1 is greater 

than Chamber 2, tension occurs; when the pressure in Chamber 1 is less than Chamber 

2, compression occurs. With this test frame it is difficult to apply internal pressure. 

Figure 2.5 shows a more common “open” test frame. Axial load is applied with a 
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hydraulic ram by alternatively pressurizing two chambers, external pressure is applied 

with the autoclave, and internal pressure is applied with a high volume pneumatic 

intensifier and high-pressure compressor. The internal gas volume is reduced by the 

inclusion of a massive bar inside the pipe. 

 

Figure 2.4: “Autoclave” type test frame (Teodoriu and Holzman 2010) 

 

 

Figure 2.5: “Open” type test frame (Teodoriu and Holzman 2010) 
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Chapter 3: Classic API Collapse Equations 

3.1 Elastic Collapse 

 The accepted API equation for elastic collapse is rooted in the expression for 

collapse of long cylinders under external pressure originally developed by M. Levy in 

1884 (Clinedinst 1939) as: 

𝑃 =
2𝐸

1 − 𝜈2

1

(𝐷 𝑡⁄ − 1)2
(3.1) 

where,  

𝐸 = Young’s modulus, psi 

𝜈 = Poisson’s ratio 

𝐷 = Outside diameter, in. 

𝑡 = Wall thickness, in. 

 Timoshenko took a similar approach in 1936 with the development of Eq. 3.2 

for the elastic collapse of thin-wall tubulars: 

𝑃 =
2𝐸

1 − 𝜈2
𝜉3 (3.2) 

where, 

𝜉 =
1

𝐷 𝑡⁄ − 1
(3.3) 

 In 1939, Clinedinst pulled from both of these equations to create Eq. 3.4 which 

assumes a linear stress distribution acting on the outer diameter of the tubular instead of 

the mean diameter:  

𝑃 =
2𝐸

1 − 𝜈2

1

𝐷 𝑡⁄ (𝐷 𝑡⁄ − 1)2
(3.4)
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Later in 1939 the API adopted Eq. 3.4 as the theoretical formula for elastic 

collapse and took the value for average elastic collapse as 95% of the theoretical 

formula (API 5C3 1994). Assuming a Young’s modulus value of 30x106 psi and 

Poisson’s ratio of 0.3, Eq. 3.5 was accepted as the average elastic collapse pressure: 

𝑃𝐸𝑎𝑣𝑔 =
62.63𝑥106

(𝐷 𝑡)⁄ ((𝐷 𝑡⁄ ) − 1)
2

(3.5) 

At the 1968 API Standardization conference, the minimum elastic collapse 

pressure was established as 75% of the average value, resulting in 71.25% of the 

theoretical Clinedinst equation: 

𝑃𝐸 =
46.95𝑥106

(𝐷 𝑡)⁄ ((𝐷 𝑡⁄ ) − 1)
2

(3.6) 

3.2 Yield Strength Collapse 

 The API equation for yield strength collapse was calculated by means of the 

Lamé equation: 

𝑃𝑦𝑝 = 2𝑌𝑝 [
(𝐷 𝑡) − 1⁄

(𝐷 𝑡)⁄ 2 ] (3.7) 

where, 

𝑌𝑝 = Minimum yield strength, psi 

 This equation uses the nominal yield strength given by the grade of pipe used (J-

55 has nominal yield strength 55,000psi) (API 5C3 1994). 

3.3 Plastic Collapse 

 The equations for plastic collapse were developed by using statistical regression 

analysis of empirical collapse data. The pool of collapse data used in equation 

development consisted of 402 collapse tests of K-55 grade pipe, 1440 collapse tests of 
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N-80 grade pipe, and 646 collapse tests of P-110 grade pipe for a total of 2488 collapse 

tests. The average plastic collapse formulas are based on Stewart type formulas 

originally developed by Reid Stewart and published in an ASME paper in May 1906 

(API 5C3 1994). Eq. 3.8 shows the standard form for the average plastic collapse 

pressure equation: 

𝑃𝑝𝑎𝑣𝑔 = 𝑌𝑝 [
𝐴

𝐷 𝑡⁄
− 𝐵] (3.8) 

where, 

𝐴 = 2.8762 + 0.10679𝑥10−5𝑥𝑌𝑝 + 0.21301𝑥10−10𝑥𝑌𝑝
2 − 0.53132𝑥10−16𝑥𝑌𝑝

3(3.9) 

𝐵 = 0.026233 + 0.50609𝑥10−6𝑥𝑌𝑝 (3.10) 

 To arrive at the minimum plastic collapse pressure, the method adopted in 1968 

was to subtract 25% from the value calculated in Eq. 3.8. The updated method for 

finding minimum plastic collapse pressure is to subtract a constant pressure value 

determined for each grade. This results in Eq. 3.11: 

𝑃𝑝 = 𝑌𝑝 [
𝐴

𝐷 𝑡⁄
− 𝐵] − 𝐶 (3.11) 

where, 

𝐶 = −465.93 + 0.030867𝑥𝑌𝑝 − 0.10483𝑥10−7𝑥𝑌𝑝
2 + 0.36989𝑥10−13𝑥𝑌𝑝

3 (3.12) 

3.4 Transition Collapse 

 When using average plastic collapse pressure and average elastic collapse 

pressure, these two curves will intersect, and no transition collapse region is necessary. 

However, when minimum plastic collapse pressure and minimum elastic collapse 

pressure are used, the curve for minimum plastic will fall below and not intersect the 
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minimum elastic curve. The transition curve was developed as a bridge between these 

two minimum value curves (API 5C3 1994).  

 The transition curve is made to intersect the D/t value where average plastic 

collapse is zero and is tangent to minimum elastic collapse resulting in Eq. 3.13:  

𝑃𝑇 = 𝑌𝑝 [
𝐹

𝐷 𝑡⁄
− 𝐺] (3.13) 

where, 

𝐹 =
46.95𝑥106 [

3𝐵 𝐴⁄
2 + 𝐵 𝐴⁄

]
3

𝑌𝑝 [
3𝐵 𝐴⁄

2 + (𝐵 𝐴)⁄
− (𝐵 𝐴)⁄ ] [1 −

3𝐵 𝐴⁄
2 + (𝐵 𝐴)⁄

]
2

(3.14) 

𝐺 = 𝐹𝐵 𝐴⁄ (3.15) 

3.5 Delineation of Collapse Mode 

 Each mode of collapse is associated with a range of D/t values. The following 

equations give the upper and lower D/t limits for the different regions of the collapse 

modes. These limits are will differ depending on the associated pipe grade and nominal 

yield strength. 

3.5.1 Yield Strength Collapse Region 

 The region for yield strength collapse ranges from a D/t value of zero on the low 

end to the upper limit defined by Eq. 3.16: 

(𝐷 𝑡)⁄
𝑦𝑝

=
√(𝐴 − 2)2 + 8(𝐵 + 𝐶 𝑌𝑝)⁄ + (𝐴 − 2)

2(𝐵 + 𝐶 𝑌𝑝)⁄
(3.16) 

The API Bulletin 5C3 provides a list of the different upper D/t limits for the yield 

strength collapse region based on pipe grade in Table 3.1: 
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Table 3.1: Yield collapse pressure formula range (API 5C3 1994) 

 

3.5.2 Plastic Collapse Region 

 The region for minimum plastic collapse ranges from the D/t values calculated 

with Eq. 3.16 and given in Table 3.1 as the lower limit, to the upper limit D/t value 

calculated with Eq. 3.17: 

(𝐷 𝑡)⁄
𝑃𝑇

=
𝑌𝑝(𝐴 − 𝐹)

𝐶 + 𝑌𝑝(𝐵 − 𝐺)
(3.17) 

 The full range of D/t values for the plastic collapse region for different pipe 

grades can be seen in Table 3.2. This table also gives the values for parameters A, B, 

and C for use in the calculation of minimum plastic collapse pressure as well as 

calculating parameters F and G. 
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Table 3.2: Plastic collapse pressure formula range (API 5C3 1994) 

 

3.5.3 Transition Collapse Region 

 The region for transition collapse ranges from the D/t values calculated with Eq. 

3.17 and given as the upper limit in Table 3.2 as the lower limit, to the upper limit D/t 

value calculated with Eq. 3.18: 

(𝐷 𝑡)⁄
𝑇𝐸

=
2 + 𝐵 𝐴⁄

3𝐵 𝐴⁄
(3.18) 

The full range of D/t values for the transition collapse region for different pipe 

grades can be seen in Table 3.3. This table also gives the values for parameters F and G 

for use in the calculation of transition collapse pressure. 
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Table 3.3: Transition collapse pressure formula range (API 5C3 1994) 

 

3.5.4 Elastic Collapse Region 

The region for minimum elastic collapse ranges from the D/t values calculated 

with Eq. 3.18 and given as the upper limit in Table 3.3 as the lower limit, and extends 

to all D/t values greater than those found in Eq. 3.18. 

By looking at the D/t ranges for the different collapse modes in the preceding 

tables, as the pipe grade and yield strength increases, the points of transition from one 

collapse mode to the next fall to lower D/t values. This means that with increasing pipe 

strength, the elastic collapse region starts at lower D/t values and takes up a greater 

portion of the D/ t range, increasing the likelihood that high strength pipe grades will 

experience collapse in the elastic region. Figure 3.1 shows the four collapse mode 



17 

curves and resulting overall collapse curve with corresponding collapse mode regions 

for N-80 grade pipe on the top, and a comparison of the collapse curves of three 

different pipe grades (J-55, N-80, P-110) on the bottom: 

 

 

Figure 3.1: Collapse curves for N-80 (top), J-55 vs. N-80 vs. P-110 (bottom) (Staelens 

et al. 2012) 

  

The bottom half of Figure 3.1 also gives insight in how varying pipe grades 

behave in the different collapse regions. The difference in collapse pressure between 
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pipe grades is greatest in the yield strength collapse and plastic collapse regions. 

However, as the D/t ratio increases, the elastic collapse pressures tend to converge, 

resulting in little difference in collapse resistance between pipe grades in the elastic 

region (Staelens et al. 2012). 

3.6 Accounting for Axial Load and Internal Pressure 

 The API equations can account for the effect of axial load by calculating an 

equivalent yield strength by using Eq. 3.19: 

𝑌𝑝𝑎 = [√1 − 0.75(𝑆𝑎 𝑌𝑝)⁄ 2
− 0.5 𝑆𝑎 𝑌𝑝⁄ ] 𝑌𝑝 (3.19) 

where, 

𝑌𝑝𝑎 = Yield strength of axial stress equivalent grade, psi 

𝑆𝑎 = Axial stress, psi 

 Equation 3.19 is based on the Hencky-von Mises max strain energy of distortion 

theory of yielding (API 5C3 1994). For tension loads, the value of Sa will be positive, 

whereas for compression loads, Sa will be negative. Due to the squared value found in 

Eq. 3.19, this equation does not adequately represent the increase in collapse resistance 

resulting from compression loads. 

 To account for the effect of internal pressure, effective pressure is calculated 

using Eq. 3.20: 

𝑃𝑒𝑞 = 𝑃𝑜 − (1 − 2 (𝐷 𝑡⁄ )⁄ )𝑃𝑖 (3.20) 

Where, 

𝑃𝑜 = External pressure, psi 

𝑝𝑖 = Internal pressure, psi 
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 As the D/t value increases, the effect of a given internal pressure will also 

increase. This means pipes in the yield strength collapse region are less susceptible to 

the effects of internal pressure than pipes in the transition or elastic collapse regions. 

Chapter 4: Equations Beyond API 

4.1 Shortcomings of API 5C3 Equations 

 This chapter will show the deficiencies associated with using the API 5C3 

equations for calculating collapse pressures and present several new equations that seek 

to account for those deficiencies. The API equations do a poor job of calculating real 

collapse pressures. It could be said that the API did not intend to calculate real collapse, 

but rather to find correlations that could then be coupled with enough safety margin to 

produce adequately workable casing design programs. 

 A common misconception exists that the API 5C3 equations reflect a uniform 

casing failure probability of 0.5% across the entire range of real D/t values. This is 

untrue due to a number of factors (Kuriyama and Mimaki 1994).  

First, the API equations have a safety margins built in directly. They are 

designed to use the specified minimum yield strength (SYMS) or nominal yield strength 

in calculations requiring the input of yield strength. This is the yield strength 

accompanying a specific pipe grade (i.e. N-80 has nominal yield strength 80,000 psi). 

However, Table 4.1 from API 5CT shows that for each specific grade, the actual yield 

strength can exist within a range of 15,000 to 40,000 psi. The inherent safety margin 

will then be the difference in collapse pressures for real versus nominal yield strength. 

Additionally, the yield strength collapse pressure calculated by the API 5C3 equation 

does not actually represent collapse. Rather, it represents the pressure at which yielding 
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begins at the inner pipe wall (Kuriyama and Mimaki 1994). On top of these built in 

safety margins, an additional safety factor will be added to the calculations during the 

design of the casing program which will further exasperate the difference of the 

calculated value from the real collapse value (Brechan et al. 2018). 

Table 4.1: Pipe tensile and hardness requirements (API 5CT 2006) 

 

 Second, the API is inconsistent with how the minimum collapse values are 

determined from average collapse values. For elastic collapse, minimum values are 

achieved by applying a constant 71.25% multiplicative factor across the entire D/t 

range. However, for minimum plastic collapse, a constant pressure value is subtracted 

based on pipe grade. The value of plastic collapse pressure will decrease with increasing 

D/t as shown from the curve in Figure 3.1, but because the pressure value subtracted 
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will stay constant, the percentage of plastic pressure subtracted will increase with 

increasing D/t (Ju et al. 1998). 

 Finally, the API equations do not explicitly account for the detrimental effects of 

pipe imperfections on the collapse resistance, but rather deal with exclusively “ideal” 

pipes. The ultimate collapse resistance of a real pipe will be affected by ovality, 

eccentricity, the shape of the stress/strain curve, and the residual stress found in the pipe 

due to the manufacturing process (Ju et al. 1998, Klever and Tamano 2006). 

 In order to graphically show the deficiencies of the API equations, Ju et al. 

plotted observed collapse pressure/API calculated collapse pressure vs a normalized D/t 

value. To do this, a normalization factor was first defined as shown in Eq. 4.1: 

𝑟𝑛 = √
𝐸

(1 − 𝜈2)𝑌
− 1 (4.1) 

where, 

rn = value of D/t where Pe = Pyp as seen in Figure 4.1 

 

Figure 4.1: Definition of normalization factor rn (Ju et al 1998) 
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This normalization factor was then used to define 𝐷 𝑡⁄̅̅ ̅̅ ̅: 

𝐷 𝑡⁄̅̅ ̅̅ ̅ =
𝐷 𝑡⁄

𝑟𝑛

(4.2) 

The result is shown in Figures 4.2 and 4.3. 

 

Figure 4.2: Original API database observed collapse pressures normalized by API 

calculated collapse pressures (Ju et al. 1998) 

 

Figure 4.3: Post-1963 database observed collapse pressures normalized by API 

calculated collapse pressures (Ju et al. 1998) 
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 Best-fit lines applied to Figures 4.2 and 4.3 show excessive risk for low D/t 

values and excessive safety for high D/t values. This becomes critical when applied to 

casing design. Pipe used for surface or intermediate casing will exhibit D/t values 

greater than 20, whereas pipe used as production liner will exhibit D/t values in between 

12 and 15 (Ju et al. 1998, Adams et al. 1998). The production liner will experience 

greater depths and greater corresponding pressures than the surface or intermediate 

casing but is at greater risk for collapse when using the API equations for designing the 

casing program. This can be seen in the following example: 

   For N-80 grade casing, the value of rn becomes 19.3. An intermediate casing 

string with outside diameter of 13 3/8” and wall thickness 0.480” (from API 5CT Table 

E.1, #68) will have a D/t of 27.86 and 𝐷 𝑡⁄̅̅ ̅̅ ̅ of 1.44. Based on the best fit lines, the actual 

collapse pressure will be more than 60% greater than the collapse pressure calculated 

with the API equations. A production liner with outside 5” and wall thickness 0.362 

(from API 5CT Table E.1, #18) will have a D/t of 13.81 and 𝐷 𝑡⁄̅̅ ̅̅ ̅ of 0.72. Based on the 

best fit lines, the actual collapse pressure will only be roughly 90% of the collapse 

pressure predicted by the API equations. 

 Through this simple example, it can be seen that the intermediate casing string 

would be greatly over-designed, and the production liner would be under designed 

when using API equations. The over-designed intermediate string would cost much 

more and have a great detrimental impact to the economics of the well, whereas the 

under-designed production liner could result in catastrophic failure in a critical portion 

of the well. This two-sided design problem is evidence that the classic API equations 

are in need of improvement. 
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4.2 New Collapse Equations 

 The lack of accuracy in the prediction of tubular collapse pressures 

demonstrated by the example in the previous section exemplifies the need for better 

methods of collapse pressure calculation. Several methods have been proposed and are 

detailed in the following sections. Some approaches attempt to develop new equations 

for each individual collapse mode (yield strength collapse, elastic collapse, plastic 

collapse), whereas others incorporate the original API equations and attempt to devise a 

method for fitting the theoretical data to real data. Additionally, some more complete 

approaches attempt to accomplish both the development of new individual collapse 

mode equations, and the incorporation of those new equations into a cohesive final 

design equation. 

4.2.1 Yield Strength Collapse 

 One early equation for yield strength collapse was proposed by Timoshenko for 

the collapse of thin-wall tubes as seen in Eq. 4.3: 

𝑝𝑡ℎ𝑖𝑛
𝑦𝑐

= 2𝜎𝑦𝜉 (4.3) 

where, 

𝜉 =
1

𝐷 𝑡⁄ −1
 = the characteristic pipe geometry parameter 

 Another yield strength collapse equation is the Tresca criterion (Klever and 

Tamano 2006) seen in Eq. 4.4: 

𝑝𝑇𝑟𝑒𝑠𝑐𝑎
𝑦𝑐

= 2𝜎𝑦

𝜉

1 + 𝜉
(4.4) 

 These two equations are given in a style that is similar to the API equation for 

yield strength collapse given in Eq. 3.7. That is, each of these three equations takes 

twice the yield strength value and multiplies it by some ratio of D/t values to calculate 
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the collapse pressure. However, as has been previously stated, the API yield strength 

collapse equation is not a true prediction of collapse pressure, but rather a prediction of 

the pressure at which yielding will occur at the inside wall of the pipe. 

 In an effort to develop a yield strength collapse equation that would represent 

real pipes, Tamano et al. developed Eq. 4.5 (1983): 

𝑝𝑒
𝑦𝑐𝑇

= 2𝜎𝑦

𝐷 𝑡⁄ − 1

(𝐷 𝑡)⁄ 2 (1 +
𝑓𝑎𝑐

𝐷 𝑡⁄ − 1
) (4.5) 

where, 

𝑓𝑎𝑐 = Factor to allow curve fitting to real data 

 This equation is valid for the case of external pressure only. Development of this 

equation is an attempt to model the full through-wall yield of the pipe rather than the 

initial yielding at the inside wall. This is accomplished by taking the original API yield 

strength collapse equation and adding a multiplicative component with parameter fac to 

allow curve fitting to real data. Tamano et al. (1983) originally used 1.43 as the value of 

fac, but it has since been shown that using a value of 1.5 produces an equation that is 

second-order correct in t/D (Klever and Tamano 2006). 

 Building on the original work by Tamano et al, Klever and Tamano proposed 

Eq. 4.6 for through-wall yield strength collapse for external pressure only: 

𝑃𝑒
𝑦𝑐

= 2𝜎𝑦 𝜉 (1 −
1

2
𝜉) (4.6) 

 To account for the imperfections found in real pipe, the value 𝜎𝑦
′  can be 

substituted in place of 𝜎𝑦. 𝜎𝑦
′  is given as: 

𝜎𝑦
′ = 𝑘𝑦(1 − 𝐻𝑦)𝜎𝑦 (4.7) 

where, 
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𝑘𝑦 = Yield bias factor 

𝐻𝑦 = Yield decrement function 

 A comparison of the accuracy of prediction of through-wall yield pressure for 

Eq. 4.5 and Eq. 4.6 can be achieved through scaling with the exact von Mises through-

wall yield pressure. Exact von Mises through-wall yield pressure is given as (Klever 

and Tamano 2006): 

𝑝𝑒 = −𝜎𝑦

2

√3
𝑠𝑖𝑛𝜂𝑒 (4.8) 

where, 

𝜂𝑒 is a variable whose value results in G = 0 for the following equation: 

𝐺 = ∫
2

√3 + 𝑡𝑎𝑛𝜂
𝑑𝜂 + 𝑙𝑛

𝑅𝑒

𝑅𝑖

𝜂𝑒

0

(4.9) 

where, 

Re = outside radius, in. 

Ri = inside radius, in. 

 The result of scaling Eq. 4.5 and Eq. 4.6 with the exact von Mises through-wall 

yield pressure can be seen in Figure 4.4. This figure shows the best prediction with Eq. 

4.6 for D/t values greater than 12 and adequate prediction with Eq. 4.5 for D/t values 

greater than 20 when using a fac value of 1.5. However, using Eq. 4.5 with fac value of 

1.47 as originally proposed by Tamano et al. results in an underprediction of through-

wall yield pressure throughout the full range of D/t values. 
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Figure 4.4: Accuracy of Eq. 4.5 and Eq. 4.6 (Klever and Tamano 2006, modified) 

 

To account for the combined effect of axial load, external pressure, and internal 

pressure, Eq. 4.10 was developed to show the pressure differential between internal and 

external pressure with the inclusion of an effect axial load at von Mises through-wall 

yield: 

∆𝑝𝑦𝑀 = 2𝜉𝜎𝑦
′

2

√3
√1 − (

𝐹𝑒𝑓𝑓

2𝜋𝑅𝑡𝜎𝑦
′
)

2

(4.10) 

where, 

Feff is the effective axial load given by the following equation: 

𝐹𝑒𝑓𝑓 = 𝐹 − 𝑝𝑖𝐴𝑖 + 𝑝𝑒𝐴𝑒 = 𝐹 + 𝑝𝑖(𝐴𝑒 − 𝐴𝑖) + ∆𝑝𝐴𝑒 (4.11) 

where, 

𝐴𝑒 = Pipe outside cross-sectional area, in.2 

𝐴𝑖 = Pipe inside cross-sectional area, in.2 

4.6 

4.5 

4.5 
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 Given that through-wall yield pressure is a close upper bound to plastic collapse 

pressure without work hardening, through-wall yield pressure can be used to 

approximate the yield collapse pressure of thick-wall pipes (Klever and Tamano 2006). 

As a result, the differential pressure for yield collapse can be taken as the minimum of 

two values: the average of the von Mises and Tresca, or von Mises alone. This 

formulation is shown in Eq. 4.12: 

∆𝑝𝑦𝑐 = min {
1

2
(∆𝑝𝑦𝑀 + 2𝜉𝜎𝑦

′ ), ∆𝑝𝑦𝑀} (4.12) 

 Below the initial yield pressure, the entirety of a pipe wall will be in an elastic 

mode. As the pressure is increased to and beyond initial yield, the radius of plasticity 

moves from the inner pipe wall (a) outward. When this radius reaches the outer wall (b), 

through-wall yield is achieved. The mid-way point between initial yield and through-

wall yield is shown in Figure 4.5 as the radius of plasticity, rs: 

 

Figure 4.5: Transition from initial to through-wall yield (Sun 2010) 
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 By using elastic and plastic mechanics to find the stresses in the radial and 

circumferential directions coupled with the von Mises criterion when the radius is at the 

inner wall, Sun developed an equation for initial yield which differs slightly from the 

original API formulation: 

𝑝𝑖𝑦 = 2.309𝜎𝑦 [
(𝐷 𝑡) − 1⁄

(𝐷 𝑡)⁄ 2 ] (4.13) 

The same procedure can be used to develop an equation for through-wall yield 

by coupling with the von Mises criterion when the radius is at the outside wall: 

𝑝𝑓𝑦 =
2𝜎𝑦

√3
ln (

𝐷 𝑡⁄

𝐷 𝑡⁄ − 2
) (4.14) 

 Though these equations are updated versions of the classic API equations, their 

scope is still limited to the theoretical. Without any inclusion of parameters for the 

correction of imperfections or the ability to provide curve fitting to real data, these 

equations will suffer the same pitfalls of the original API 5C3 equations. 

4.2.2 Elastic Collapse 

 As discussed previously, the precursor to the Clinedinst elastic collapse 

equation, which was adopted as the API theoretical collapse pressure, was Eq. 3.2 put 

forth by Timoshenko to solve for the collapse pressure of thin-wall pipes. Klever and 

Tamano returned to the Timoshenko when creating a new elastic collapse equation 

shown in Eq. 4.15: 

∆𝑝𝑒𝑐 =
2𝐸′

1 − 𝜈2
𝜉3(1 + 𝑐𝜉) (4.15) 

where, 
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c = Elastic collapse equation parameter for wall thickness 

𝐸′ = Factored Young’s modulus given by: 

𝐸′ = 𝑘𝑒(1 − 𝐻𝑒)𝐸 (4.16) 

where,  

𝐻𝑒 = Elastic decrement function 

𝑘𝑒 = Elastic bias factor 

 It is evident that this is the same as the Timoshenko equation with the addition 

of a multiplicative factor at the end. Since the original Timoshenko equation was 

developed for thin-wall pipe, this multiplicative factor is used to incorporate the effect 

of thick-wall pipe on the elastic collapse pressure.  

 The value of c in the multiplicative factor will determine how accurate this 

newly developed elastic collapse equation is compared to the collapse of real pipes. If 

the value of c is taken to be zero, the original Timoshenko equation will be recovered. 

Brechan et al. point out that when using the Klever and Tamano elastic collapse 

pressure, the ISO recommends using c = -1 + t/D. Using this c value, Eq. 4.15 reduces 

to Eq. 4.17: 

∆𝑝𝑒𝑐 =
2𝑘𝑒𝐸

(1 − 𝜈2)(𝐷 𝑡)(𝐷 𝑡⁄ − 1)2⁄
(4.17) 

 However, when the value of c is taken to be -1 + t/D, c will be less than -0.9 for 

the entire elastic collapse region. This would effectively result in a reduction of elastic 

collapse pressure. This is counterintuitive given c was created to account for the effect 

of thick-wall pipes when using the Timoshenko elastic collapse equation for thin wall 

pipes (Brechan et al. 2018). Figure 4.6 shows the comparison of Eq. 4.15 given 
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different values of c, scaled to the Timoshenko thin-wall elastic collapse equation. The 

API 5C3 equation for elastic collapse is also included. 

 

Figure 4.6: Eq. 4.15 comparison given different c values (Klever and Tamano 2006, 

modified) 

 

 By using Finite Element Analysis (FEA) to simulate the collapse pressure of a 

real pipe with D/t value equal to 40, a determination concerning the appropriate value 

for c can be made. Figure 4.6 shows the FEA most closely resembles the value at D/t of 

40 for the curve c = 6. It is also clear that the ISO value of -0.9 would fall below the 

elastic collapse pressure given by the Timoshenko equation for the entire D/t range. 

Therefore, the most appropriate value of c for use in Eq. 4.15 is 6 (Brechan et al 2018). 

4.2.3 Combination Elastic/Plastic Collapse 

 Elastic/plastic combination collapse equations can be used to find collapse 

pressures by understanding how the material transitions from an elastic state to a plastic 

state. Eq. 4.18 gives the relationship between the location of the elasto-plastic boundary 

and the external pressure as proposed by Kuriyama and Mimaki (1994): 

4.15 

4.15 

4.15 

4.15 



32 

𝑃𝑦 =
1

4

𝑍(3𝑏2 + 𝑐2)

𝑏2
+

1

4

(𝑏2 − 𝑐2)

𝑏2√4𝑌2 − 3𝑍2
 (4.18) 

where, 

𝑎 = inner radius, in. 

𝑏 = outer radius, in. 

𝑐 = elasto-plastic boundary, in.  

Py = External Pressure, psi 

𝑍 = −
2

√3
𝑌 sin(

𝜋

6
+ 𝜃𝑐) 

 The collapse pressure of a pipe in the elasto-plastic transition is given by Eq. 

4.19: 

𝑃𝑐 =
24𝐸𝐼

[(1 − 𝜈2)(𝐷 − 𝑡)3]
(4.19) 

where, 

I = Geometrical moment of inertia 

 

Figure 4.7: Elasto-plastic collapse pressure (Kuriyama and Mimaki 1994) 
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As the elasto-plastic boundary moves radially away from the inner wall toward 

the outer wall, the external pressure will increase. Conversely, the collapse pressure will 

decrease as the elasto-plastic boundary moves toward the outer wall. When the curves 

cross, Py = Pc, and elasto-plastic collapse occurs at pressure Pcr (Kuriyama and Mimaki 

1994). This relationship is shown graphically in Figure 4.7.  

Pipe collapse can also be thought of as a step-wise process involving the 

mechanics of multiple previously discussed collapse modes. One such mechanism is the 

4-hinge collapse model which involves ovalization of the pipe through the elastic stage 

followed by plastic collapse as seen in Figures 4.8 and 4.9: 

 

Figure 4.8: Elastic ovalization (Abbassian and Parfitt 1995) 

 

 

Figure 4.9: 4-hinge mechanism (Abbassian and Parfitt 1995) 
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 Ovalization is an elastic process that involves calculation of the elastic buckling 

collapse pressure (Eq. 4.20) and the elastic ovalization pressure (Eq. 4.21)(Abbassian 

and Parfitt 1995): 

𝑃𝐸𝑏 =
2𝐸

(1 − 𝜈2)
(

𝑡

𝐷
)

3

(4.20) 

𝑃𝑒𝑜 = 𝑃𝐸

𝑢 − 𝑢𝑜

𝑢
(4.21) 

where, 

uo = Amplitude of original ovality 

u = Amplitude of ovality at pressure Peo 

 The elastic ovalization pressure is a function of the elastic buckling collapse 

pressure, the ovality of the pipe originally, and the ovality of the pipe at ovalization 

pressure. The plastic collapse pressure is a function of yield strength, D/t, and ovality 

amplitude and ovalization pressure given by Eq. 4.22: 

𝑃𝑝𝑐 =
2𝑌𝑡

𝐷
[−2

𝐷

𝑡
(1 −

𝑢

𝐷
)

𝑢

𝐷
+ √1 + 4

𝐷2

𝑡2
(1 −

𝑢

𝐷
)

2 𝑢2

𝐷2
] (4.22) 

 The initial ovality of the pipe will affect the calculation of the elastic ovalization 

pressure, the yield strength will affect the calculation of the plastic collapse pressure, 

and the value of D/t will affect the calculation of both values. In a manner similar to the 

previous method, when the curves of the elastic ovalization pressure and the plastic 

collapse pressure cross, true collapse pressure will be found. As pressure increases, the 

pipe will begin to deform elastically. When the external pressure reaches a critical 

value, the pipe will have deformed elastically enough that it will jump onto the plastic 
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collapse curve due to formation of the four hinges (Abbassian and Parfitt 1995). This 

process can be seen graphically in Figure 4.10: 

 

Figure 4.10: Elastic ovalization and plastic collapse curves define collapse pressure 

(Abbassian and Parfitt 1995) 

 

4.2.4 Design Equations 

 The design equations pull results from the individual collapse mode equations in 

an effort to produce one cohesive, user-friendly equation. Some design equations use 

the new collapse mode equations detailed in earlier sections, whereas others use the API 

equations and apply different methods to make the results fit real data.  

 Eq. 4.23 uses the original Clinedinst elastic collapse pressure equation as well as 

the Tamano et al. yield collapse equation with fac set to 1.47 (Adams et al. 1998): 
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𝑝𝑐 𝑢𝑙𝑡 =
(𝑝𝑒 + 𝑝𝑦)

2
− √(𝑝𝑒 − 𝑝𝑦)

2

4
+ 𝑝𝑒𝑝𝑦𝐻 (4.23) 

where, 

H = decrement function to account for ovality, eccentricity, and residual stress 

𝐻 = 0.0808𝑜𝑣 + 0.0114𝑒𝑐 − 0.1412𝑟𝑠 (4.24) 

 Adams et al. build on the Tamano et al. design equation but also introduce the 

idea of bias factors ke and ky in Eq. 4.25: 

𝑝𝑐 𝑑𝑒𝑠 =
(𝑘𝑒𝑝𝑒 + 𝑘𝑦𝑝𝑦)

2
− √(𝑘𝑒𝑝𝑒 − 𝑘𝑦𝑝𝑦)

2

4
+ 𝑘𝑒𝑝𝑒𝑘𝑦𝑝𝑦𝐻 (4.25) 

where, 

𝑘𝑒 = Elastic bias factor 

𝑘𝑦 = Yield bias factor 

 Klever and Tamano use the newly developed yield strength collapse equation 

(Eq. 4.12) and elastic collapse equation (Eq. 4.15) to create a transition equation to 

bridge between the yield and collapse regions as shown in Eq. 4.26: 

∆𝑝𝑐 =
2∆𝑝𝑦𝑐∆𝑝𝑒𝑐

∆𝑝𝑦𝑐 + ∆𝑝𝑒𝑐 + √(∆𝑝𝑦𝑐 − ∆𝑝𝑒𝑐)2 + 4𝐻𝑡∆𝑝𝑦𝑐∆𝑝𝑒𝑐
(4.26) 

where, 

𝐻𝑡 = Transition decrement function, 𝑓(𝜉, 𝑜𝑣, 𝑠ℎ, 𝑒𝑐, 𝑟𝑠) 

 From Brechan et al. 2018:  

𝐻𝑡 = 0.127𝑜𝑣 + 0.0039𝑒𝑐 + 0.440(𝑟𝑠 𝜎𝑦⁄ ) + ℎ𝑛 (4.27) 

where, 
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ℎ𝑛 = Correction for the shape of the stress/strain curve 

 The shape of the stress/strain curve will affect the value of the decrement 

function Ht and, therefore, will affect the differential collapse pressure calculated in Eq. 

4.26. The manufacture and treatment of the pipe will determine the shape of the curve. 

A hot rotary straightened (HRS), quenched and tempered (Q&T) pipe will exhibit a 

“sharp-knee” stress/strain curve, whereas a cold rotary straightened (CRS) pipe will 

exhibit a “round-knee” stress/strain curve. For the calculation of Ht, HRS pipes will 

have a hn value of zero and CRS pipes will have a detrimental hn value of 0.017 

(Brechan et al. 2018). CRS pipes may also exhibit work hardening beyond the yield 

strength. This is the material property of increased strength with increasing strain. The 

effect of the stress/strain curve shape and work hardening can be seen in Figure 4.11: 

 

Figure 4.11: Stress/strain curve shape and work hardening (Klever and Tamano 2006) 

 

 Figure 4.11 shows the sharp-knee curve (A), round-knee curve (B), and the 

zone of work hardening (C). 
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 Like API 5C3, Eq. 4.26 can be split into respective collapse modes using a ratio 

of yield collapse pressure to elastic collapse pressure as seen in Eq. 4.28. The divisions 

between collapse modes for ratio X are defined in Table 4.2. 

𝑋 =
∆𝑝𝑦𝑐

∆𝑝𝑒𝑐
(4.28) 

 

Table 4.2: Collapse mode (after Klever and Tamano 2006) 

Collapse Mode Log Ratio 

Yield Log(X) < -0.3 

Transition -0.3 < log(X) < 0.3 

Elastic Log(X) >0.3 

 

 Eq. 4.26 is a design equation because it can be used to find the collapse pressure 

at any value of D/t. This is made possible by the behavior of the equation at the high-

end and low-end values of D/t. At low values of D/t, the elastic collapse pressure will be 

much greater than the yield strength collapse pressure, and the differential collapse 

pressure will more closely resemble the yield strength collapse pressure. Conversely, at 

high D/t values, yield strength collapse pressure will be much greater than elastic 

collapse pressure, and the differential collapse pressure will more closely resemble the 

elastic collapse pressure (Klever and Tamano 2006). This can be seen in the statement 

below: 

∆𝑝𝑒𝑐 ≫ ∆𝑝𝑦𝑐, ∆𝑝𝑐 ≈ ∆𝑝𝑦𝑐 

∆𝑝𝑒𝑐 ≪ ∆𝑝𝑦𝑐, ∆𝑝𝑐 ≈ ∆𝑝𝑒𝑐 
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Other design equations use the API equations with a number of design 

parameters to attempt to fit the API values to real data. Eq. 4.29 uses the Clinedinst 

theoretical elastic collapse pressure and API yield strength collapse pressure with a 

built-in design factor and probability of failure: 

𝑃𝑑 =
0.76𝑃𝑒

0.928𝑃𝑦𝑝
1.072

𝐷𝐹 √𝑃𝑒
3 + 𝑃𝑦𝑝

33

(4.29)
 

where, 

DF = design factor 

 Alternatively, if actual values of wall thickness, yield strength, and initial ovality 

are known, a resistance equation can be calculated to give the best prediction of actual 

collapse pressure of real pipes as seen in Eq. 4.30: 

𝑃𝑅 =
𝑃𝑒

0.928𝑃𝑦𝑝
1.072

√𝑃𝑒
5 + 𝑃𝑦𝑝

55
𝐹(∆) (4.30)

 

where, 

𝐹(∆) = Ovality correction function 

 𝐹(∆) = [1 + 𝐴∆(𝐷 𝑡⁄̅̅ ̅̅ ̅)
𝐵∆

∆]
−𝐶∆

(4.31) 

where, 

Δ = Ovality 

∆=
𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛

𝐷𝑎𝑣𝑔

(4.32) 

AΔ, BΔ, CΔ  = Constants used in ovality correction 

 The value of constants AΔ, BΔ, and CΔ depend on the normalized value of D/t 

calculated in Eq. 4.2 and are summarized in Table 4.3: 
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Table 4.3: Constants for ovality correction (after Ju et al. 1998) 

𝑫 𝒕⁄̅̅ ̅̅ ̅ ≥ 1 𝑫 𝒕⁄̅̅ ̅̅ ̅ < 1 

AΔ = 384.0 AΔ = 303.6 

BΔ = -2.52 BΔ = 3.37 

CΔ = 0.257 CΔ = 0.262 

 

4.2.5 Accounting for Axial Load and Internal Pressure 

 The API 5C3 Bulletin provides two equations for handling axial load and 

internal pressure. The first equation calculates an equivalent yield strength and the 

second equation calculates effective pressure. These equations can be combined into 

one equation that will account for both at the same time. This modified equivalent yield 

strength is given by Eq. 4.33 (Brechan et al. 2018): 

𝜎𝑒 = 𝜎𝑦 [√1 −
3

4
(

𝜎𝑎 + 𝑝𝑖

𝜎𝑦
)

2

−
1(

2

𝜎𝑎 + 𝑝𝑖)

𝜎𝑦
] (4.33) 

where, 

𝜎𝑎 = Average axial stress, psi 

 Axial load is accounted for in the original Tamano et al. model using the same 

correction factor as Eq. 4.33 but without the inclusion of internal pressure as shown in 

Eq. 4.34: 

∆𝑝𝑦𝑇𝑎𝑚𝑎𝑛𝑜 = 2𝜎𝑦

𝐷 𝑡⁄ − 1

(𝐷 𝑡)⁄ 2 (1 +
𝑓𝑎𝑐

𝐷 𝑡⁄ − 1
) [√1 −

3

4
(

𝜎𝑎

𝜎𝑦
)

2

−
1

2

𝜎𝑎

𝜎𝑦
] (4.34) 

 Klever and Tamano provided a correction for axial load in the von Mises 

equation (Eq. 4.10). However, since tension is taken as a positive value and 
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compression is taken as a negative value, the squared Feff term returns the same value 

for pipes in tension as pipes in compression. This contradicts the traditional API notion 

that pipes in tension will show reduced collapse resistance and pipes in compression 

will show greater collapse resistance (Brechan et al. 2018). Eq. 4.10 can be rewritten so 

that the beneficial effect of compression is accounted for as seen in Eq. 4.35: 

∆𝑝𝑦𝑀 = 𝜉𝜎𝑦
′

4(1 + 2𝜉)

3 + (1 + 2𝜉)2
[−𝑆𝑖 ± √1 + 3

1 − 𝑆𝑖
2

(1 + 2𝜉)2
] (4.35) 

where, 

𝑆𝑖 =
𝜎𝑎 + 𝑝𝑖

𝜎𝑦
′

(4.36) 

4.3 Performance of New Equations 

4.3.1 Comparison of Models to API 

 In order to make a determination about the validity of the individual collapse 

mode equations and the design equations, their calculated values can be compared to the 

calculated values of the API equations as well as true collapse pressure data. Figure 

4.12 shows a comparison of Eq. 4.6 (<3D> yield (Mises)) to the Timoshenko thin-wall 

theory, Tresca criterion, and API 5C3 equation. The Tresca and 5C3 equations both 

underestimate collapse whereas the thin-wall theory appears to overestimate it. The 

FEA results show a D/t value of 10 falls on the Eq. 4.6 line and a D/t value of 8 follows 

the thin-wall theory due to the effect of work hardening. 

 Figure 4.13 shows a comparison using the Kuriyama and Mimaki elasto-plastic 

collapse equation. The comparison includes elasto-plastic collapse for an ideal pipe and 

a pipe with imperfections against the API equations utilizing the SMYS (nominal yield 

strength). Figure 4.14 uses the calculated values for an actual pipe and the API equation 
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from Figure 4.13 normalized by the values for the ideal pipe. At a D/t value around 13, 

the margin between the API and actual pipe collapse values is less than 10% of the ideal 

collapse pressure which indicates an unacceptable risk level. Conversely, the margin 

between API and actual collapse values for D/t 22.5 is almost 50% of the ideal collapse 

pressure (Kuriyama and Mimaki 1994). This excessively large margin indicates that the 

casing design for pipes in this range would be unnecessarily over-designed and 

expensive. 

 

Figure 4.12: Yield strength collapse equation comparison (Klever and Tamano 2006) 

 

 

Figure 4.13: Elasto-plastic and API collapse pressure comparison (Kuriyama and 

Mimaki 1994) 
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Figure 4.14: Collapse pressure margins normalized by ideal pipe (Kuriyama and 

Mimaki 1994) 

 

 The collapse resistance of a pipe is affected by the original ovality of the pipe, 

yield strength, and D/t value. In the case of the Abbassian and Parfitt model which is 

based on pre-collapse ovalization followed by the plastic collapse, the elastic 

ovalization is affected by the original ovality, plastic collapse is affected by the yield 

strength, and the D/t value affects both (Abbassian and Parfitt 1995). Figure 4.15a-c 

shows increasing ovality brings down the elastic ovalization curve resulting in a 

decreased collapse pressure, increasing yield strength raises the plastic collapse curve 

resulting in an increase in collapse pressure, and increasing D/t reduces both the elastic 

ovalization and plastic collapse curves resulting in an overall decrease in collapse 

pressure. 

 Figure 4.16 shows the comparison of the actual collapse data from full-scale 

testing to the calculated collapse predictions from the 4-hinge model on the left and the 

ratio of the calculated collapse prediction/actual collapse data versus the D/t value on 
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the right. Figure 4.17 shows the same graphs for the API calculated collapse 

predictions. The grouping of the test data versus calculated values more closely 

resembles the trend line for the 4-hinge model compared to the API calculated values. 

Also, the trend line for the calculated/actual versus D/t value graph is horizontal at a 

value just above 1 for the 4-hinge model, whereas the trendline slopes downward 

toward higher D/t values for the API calculated values (Abbassian and Parfitt 1995). 

This indicates that the 4-hinge model is fairly accurate in predicting real collapse 

values, but the API calculations over predict collapse resistance for low D/t values and 

under predict collapse resistance for high D/t values. 

 

Figure 4.15: Effect of original ovality (a), yield strength (b), and D/t value (c) on 

collapse pressure (Abbassian and Parfitt 1995) 

14.15 (a) 14.15 (b) 

14.15 (c) 
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Figure 4.16: 4-hinge model versus test data (Abbassian and Parfitt 1995, modified) 

 

 

Figure 4.17: API collapse prediction versus test data (Abbassian and Parfitt 1995, 

modified) 

 

 Figure 4.18 shows the observed collapse data normalized by the Ju et al. design 

equation versus the normalized D/t value. Figure 4.19 shows the observed collapse data 

normalized by the Ju et al. resistance equation which takes in to account the actual 

measurements of wall thickness, yield strength, and initial ovality of a real pipe versus 

the normalized D/t value (Ju et al. 1998). In both cases, the trendline is horizontal 
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indicating that the model is accurate for the entire range of applicable D/t values. In the 

case of the design equation, the trendline sits close to 1.3 revealing a near constant 

underprediction of real collapse values. For the resistance equation, the trendline sits 

much closer to 1 which confirms the accuracy of the resistance equation in predicting 

real collapse values. 

 

Figure 4.18: Observed collapse data normalized by the design equation (Ju et al. 1998) 

 

Figure 4.19: Observed collapse data normalized by the resistance equation (Ju et al. 

1998)  
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 Figure 4.20 shows the probability of failure given collapse pressure predictions 

obtained with the API 5C3 equations for four different pipe grades (K-55, L-80, P-110, 

Q-125). For a D/t value of 12, the probability of failure is roughly 5% on average. This 

means roughly one in twenty pipes will be expected to fail at this low D/t value, which 

is unacceptably high. For a D/t value of 40, the probability of failure is only 0.01% (Ju 

et al. 1998). While a low probability of failure is good for peace of mind for the casing 

design, such an underprediction of collapse resistance will result in an unnecessarily 

over-built and costly design. 

 

Figure 4.20: Probability of failure for four different pipe grades using API equations 

(Ju et al. 1998) 

 

 Given a design factor (DF) equal to 1, Figure 4.21 shows the probability of 

failure for the same four pipe grades shown in Figure 4.20 using the Ju et al. design 

equation. 
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Figure 4.21: Probability of failure for four different pipe grades using the design 

equation (Ju et al. 1998) 

  

 The design equation is more conservative for low D/t values with a range of 

failure probabilities from 0.01% to 0.1%. For the range of D/t values from 23 to 40, the 

design equation is fairly consistent in failure probability with a value of 0.8%. 

 

Figure 4.22: Value of DF given desired failure probability, K-55 (Ju et al. 1998) 
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Figure 4.23: Value of DF given desired failure probability, L-80 (Ju et al. 1998) 

 

 Figures 4.22 and 4.23 show how a design factor can be chosen for use in the 

design equation by correlating it to the desired value of failure probability for pipe 

grades K-55 and L-80, respectively. In both cases, decreasing the probability of failure 

requires increasing the design factor. 

 

Figure 4.24: Comparison of Adams et al. model and API equations (Adams et al. 1998) 
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Table 4.4: Down-rating factors (after Adams et al. 1998) 

Grade ky ke 

K-55 0.865 0.775 

N-80 0.915 0.775 

P-110 0.810 0.775 

 

Figure 4.24 shows a comparison of collapse pressures for the Adams et al. 

model given a constant failure probability of 0.01 and the ke and ky values given in 

Table 4.4 against the collapse pressure predictions calculated with the API equations. 

Again this shows the overestimation of collapse resistance for low D/t values by the 

API equations. 

Finite element analysis (FEA) is sometimes used to gauge the accuracy of 

collapse models against real pipes. Figure 4.25 shows a comparison of FEA values for 

D/t value 8, 10, and 40, against the Klever and Tamano collapse model. The FEA 

values describe the case of both zero axial strain and zero axial load individually: 

 

Figure 4.25: FEA compared with model curves (Klever and Tamano 2006) 
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 In the case of zero axial strain, elastic and yield collapse are function of pressure 

differential only. For D/t values 8 and 10, the FEA predicts collapse pressure just inside 

the von Mises through-wall yield envelope. This is well modeled by the average 

between the von Mises and Tresca criteria given by the blue line. For the D/t value of 

40, Eq. 4.15 closely matches the FEA when used with a c value of 6 as seen by the blue 

line (Klever and Tamano 2006). For zero axial load, the effect of internal pressure on 

yield collapse is a function of the axial load. For D/t value10, the FEA closely follows 

the von Mises envelope and the pressure differential depends on the internal pressure. 

FEA predicts the yield collapse resistance of D/t value 8 to be beyond what is predicted 

by the von Mises envelope with increasing internal pressure. This is a result of the 

effect of work hardening increasing the material strength beyond yield strength. For D/t 

value, the collapse pressure differential is independent of axial load, resulting in the 

horizontal blue line. 

 

Figure 4.26: Effect of work hardening on collapse resistance (Klever and Tamano 

2006) 
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 Figure 4.26 further shows the effect of work hardening on collapse resistance. 

Inside the yield envelope, the Klever and Tamano collapse model (blue line) accurately 

predicts real collapse pressures. Beyond the yield envelope in the work hardening 

regions, the shell-theory model for perfect pipes does an adequate job of predicting true 

collapse. 

 An effective method for analyzing the sensitivity of collapse resistance to 

internal pressure is to examine the derivative to internal pressure of the collapse 

pressure differential. Eq. 4.37 shows the constant value of this derivative used by the 

API 5C3 Bulletin: 

∂ 𝛥𝑝𝑐

∂ 𝑝𝑖
|
𝐴𝑃𝐼 𝐵𝑢𝑙𝑙.5𝐶3

= −2
𝑡

𝐷
(4.37) 

 

Figure 4.27: Effect of effective axial load on pressure differential gradient (Klever and 

Tamano 2006) 

 

 Effective axial load is given as Eq. 4.38: 

𝜎𝑎 𝑒𝑓𝑓 = 𝐹𝑒𝑓𝑓 (2𝜋𝑅𝑡)⁄ (4.38) 
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 Figure 4.27 shows when the pipe is in axial tension, increasing internal pressure 

decreases the collapse pressure differential. Conversely, when the pipe is in 

compression, increasing internal pressure increases the collapse pressure differential 

(Klever and Tamano 2006). This means that although increasing internal pressure will 

increase collapse resistance, the amount of increase in resistance will not be linearly 

related to internal pressure increase. The degree to which internal pressure will affect 

collapse resistance is related to D/t. The effect is great in lower D/t pipes, whereas high 

D/t pipes are mostly affected by pressure differential only. This characteristic is also 

well illustrated by Figure 4.28 where high D/t pipes show little difference in collapse 

pressure differential throughout the effective axial load range, whereas the collapse 

pressure differential of low D/t pipes is greatly affected by the effective axial load. The 

discontinuity of the curves in Figure 4.27 is due to the transition from the average of 

the von Mises and Tresca criteria to the von Mises value alone (Klever and Tamano 

2006). 

 

Figure 4.28: Effect of effective axial load on collapse pressure differential (Klever and 

Tamano 2006) 
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 As in Figure 4.27, Figure 4.28 shows the effect of combined loading (axial load 

and internal pressure) is greater for low D/t pipes as compared to high D/t pipes. 

4.3.2 Model to Model Comparison 

 The comparison of individual models to one another provides the opportunity to 

find the best model. Finding the best model involves visual inspection of collapse 

curves as well as examination of the average predicted collapse values compared to 

observed data and the standard deviation of the predicted collapse data from the test 

data. Figure 4.29 shows a comparison of the Sun equations for initial yield and 

through-wall yield to the API initial yield and Tamano et al. through wall yield 

equations: 

 

Figure 4.29: Comparison of Sun, API, and Tamano et al. yield equations (Sun 2010) 
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 The equations proposed by Sun show collapse pressures greater than the API 

and Tamano et al. equations for all applicable values of D/t. Broadly speaking, true 

increases in collapse resistance would translate to the ability to use lighter or lower 

grade pipes downhole, resulting in a more economical casing design. However, in this 

case the proposed equations are based purely on theory and do not have the same ability 

to account for imperfections or curve fitting to real data as the Tamano equation. 

 Figure 4.30 shows the comparison of the elasto-plastic collapse model with the 

theoretical Clinedinst elastic collapse equation (Elastic Collapse), API 5C3 yield 

strength collapse (Yield Onset), and the Tamano et al. yield collapse with fac = 1.47 

(General Yield). FEA closely follows the elasto-plastic curve: 

 

Figure 4.30: Comparison of elasto-plastic collapse with theoretical elastic, API yield, 

and Tamano et al. yield (Kuriyama and Mimaki 1994) 
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 Figure 4.31 shows four different equations for collapse pressure scaled with the 

reference pressure found in Eq. 4.39: 

𝑝𝑟𝑒𝑓 = 2𝜉𝑚𝑖𝑛 {𝜎𝑦,
𝐸

1 − 𝜈2
𝜉2} (4.39) 

 

Figure 4.31: Comparison of four collapse pressure models for L-80 pipe (Klever and 

Tamano 2006) 

 

 The four models included in Figure 4.31 are the Timoshenko model with 

ovality = 0.217%: 

(𝑝𝑒
𝑐)2 − [𝑝𝑡ℎ𝑖𝑛

𝑦𝑐
+ (1 +

3𝑜𝑣

2𝜉
) 𝑝𝑡ℎ𝑖𝑛

𝑒𝑐 ] 𝑝𝑒
𝑐 + 𝑝𝑡ℎ𝑖𝑛

𝑦𝑐
𝑝𝑡ℎ𝑖𝑛

𝑒𝑐 = 0 (4.40) 

Tamano et al. model with H = 0.05: 

(𝑝𝑒
𝑐)2 − (𝑝𝑦𝑐𝑇 + 𝑝𝑦𝑐𝑇)𝑝𝑒

𝑐 + (1 − 𝐻)𝑝𝑦𝑐𝑇𝑝𝑒𝑐𝑇 = 0 (4.41) 

Klever and Tamano model with ky = 0.99, ke = 1.09, c = -1 + t/D, Hy = He = 0, 

and Ht = 0.109, and the API 5C3 average collapse values. In this comparison, the 

Klever and Tamano model predicts greater collapse resistance than the other models for 

high D/t values and falls between Tamano and Timoshenko for low D/t values. For all 

the models the dip in the middle is due to the increased effect of pipe imperfections on 

collapse resistance in the transition zone. 
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Figure 4.32 shows actual strength versus predicted strength for six different 

collapse pressure models (API 5C3 with mean values, API 5C3 mean/Clinedinst 1985 

plastic, Tamano et al. 1983, Tokimasa and Tanaka 1986, Issa and Crawford 1993, 

Abbassian and Parfitt 1995). This figure shows the Tamano et al. 1983 model has the 

tightest grouping to the trendline: 

 

Figure 4.32: Actual versus predicted strength for six models (Adams et al. 1998) 
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 Model comparisons based on the mean and standard deviation for 

predicted/actual collapse pressure can be seen in Table 4.5: 

 

Table 4.5: Model comparison with full-scale test data (Abbassian and Parfitt 1995) 

 

  

Similar to Table 4.5, Table 4.6 uses the mean of predicted/actual collapse 

pressure, but instead of standard deviation, the coefficient of variance (COV) is used 

(Adams et al. 1998). COV = standard deviation/mean. 

 

Table 4.6: Model comparison of predictive accuracies (after Adams et al. 1998) 

Model Mean COV 

API 5C3 (mean values) 1.036 0.133 

API 5C3 (mean yield, mean elastic)/Clinedinst 1985 (plastic) 1.028 0.081 

Abbassian and Parfitt 1995 0.976 0.105 

Tamano et al. 1983 1.002 0.083 

Tokimasa and Tanaka 1986 1.244 0.164 

Issa and Crawford 1993 1.042 0.094 
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 Based on these comparisons, it is evident that the Tamano et al. 1983 model 

gives the best combination of near-unity mean and low variance in collapse pressure 

predictions. By incorporating new decrement functions and bias factors, the Klever and 

Tamano 2006 model provides the ability to incorporate combined loading and pipe 

imperfections to make the most accurate prediction of true pipe collapse pressures. 

Therefore, it can be concluded that the Klever and Tamano model is the best predictive 

method for collapse pressures to date. 

Chapter 5: Yield Strength Acquisition Method 

 Now that the Klever and Tamano collapse equation has been shown as the most 

accurate, the second step is to develop a simple, repeatable, and more cost-effective 

method for finding the yield strength of any given pipe. Beyond the decrement 

functions and bias factors, yield strength is the biggest factor in determining the true 

collapse pressure. The API defined pipe grades exist for a range of yield strengths 

corresponding to a single grade as given in API 5CT, but the nominal yield strength is 

most often used in collapse resistance calculations. Tables 5.1, 5.2, and 5.3 show how 

the yield strengths of real pipes deviate from the nominal strengths. In each table, 

“Avg” is the average value of measured yield strength/nominal yield strength. 

Table 5.1: Yield strength deviation from nominal, Drilling Engineering Association 

data set (Brechan et al. 2018) 

 

Table 5.2: Yield strength deviation from nominal, ISO HRS data set (Brechan et al. 

2018) 
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Table 5.3: Yield strength deviation from nominal, ISO CRS (Brechan et al. 2018) 

 

 The deviation from the nominal yield strength can be seen further for P-110 pipe 

in Figure 5.1 for the Drilling Engineering Association (DEA) data set and Figure 5.2 

for the ISO data set. These figures show that the real yield strength of these pipes is 

around 13-15% of the nominal yield strength. Using the nominal yield strength in 

calculations will consistently under-predict collapse resistance. This results in an 

excessive safety margin that leads to over the top, sometimes uneconomical casing 

designs. 

 

Figure 5.1: Actual/Nominal yield strength, DEA data set (Brechan et al. 2018) 

 

Figure 5.2: Actual/nominal yield strength, ISO data set (Brechan et al. 2018) 
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 It is important to be able to calculate the true collapse resistance of the casing 

and then apply an appropriate design factor to limit any wasting of excessive strength. 

The ranges of yield strengths in API grades are the product of the variability in the 

manufacturing processes of pipes when the standard was adopted in the 1960s, as 

previously discussed. Improvements in these manufacturing processes enables tighter 

tolerances to be applied to material properties. 

 Ideally, the yield strengths of the individual pipes going into the hole would be 

known before the casing design is made. However, with the infrequency of testing 

means we are unable to say with much certainty what individual pipe characteristics 

may be without inherent risk. The infrequency of testing is a result of the large expense 

that comes with testing. Test specimens must be cut to exact dimensions and then tested 

axially, or specialized equipment must be used that can handle the curved surfaces of a 

full section specimen. Additionally, all test specimens are tested for yield strength in the 

axial direction. As previously discussed, collapse is a function of the yield strength in 

the hoop direction. 

 The newly proposed testing method aims to simplify the testing procedure and 

find yield strength in the hoop direction. Simplifying the test procedure should drive 

down testing costs and hopefully encourage an increase in the frequency of testing. 

Finding yield strength in the hoop direction should further increase the accuracy of 

collapse predictions. 

5.1 Experimental Setup 

 The new yield strength acquisition is based on the simple idea of crushing the 

pipe and analyzing the force versus displacement curve. The experimental setup started 
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with a 50-ton hydraulic shop press shown in Figure 5.3. To ensure consistent crushing, 

a steel test apparatus was used, consisting of two steel plates and four steel guide rails 

as shown in Figure 5.4. Figure 5.5 shows a 3D model of what the apparatus should 

look like when loaded with a test pipe. 

 

Figure 5.3: Hydraulic shop press 

 

Figure 5.4: Steel test apparatus 
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Figure 5.5: Steel test apparatus 3D model 

 

 An Omega force gauge with a range of 0-75000 pounds shown in Figure 5.6 

was used to measure the force applied to the pipe. The force gauge was bolted to a 

circular aluminum plate, so it could then be mounted to the top plate of the test 

apparatus as shown in Figure 5.7 and 5.8.  

 

Figure 5.6: Omega force gauge 
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Figure 5.7: Omega force gauge bolted to aluminum plate 

 

 

Figure 5.8: Omega force gauge mounted to test apparatus 
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 Holes were then drilled in the support beams of the hydraulic press to 

incorporate alignment bars as shown in Figure 5.9 and Figure 5.10: 

 

Figure 5.9: Holes drilled in hydraulic press 

 

 

Figure 5.10: Test apparatus with alignment bars 
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 An Omega displacement gauge was used to measure displacement. A cross bar 

was mounted to the hydraulic ram and the displacement gauge was held in place with 

clamps so the extensional piece of the gauge stays in contact with the cross bar during 

the full range of motion of the ram as shown in Figure 5.11: 

 

Figure 5.11: Displacement gauge and cross bar 

 

 In between tests, the top plate is raised and lowered by using a simple scissor 

jack mounted to an aluminum plate on top of the press as shown in Figure 5.12: 

 

Figure 5.12: Scissor jack on top of the press 

Displacement gauge 

Hydraulic Ram 

Cross Bar 
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 Chains are connected from the scissor jack to the top plate of the test apparatus 

using quick disconnect hooks attached to the bolts in the side of the plate as shown in 

Figure 5.13:  

 

Figure 5.13: Chains attaching top plate to scissor jack 

 

 Before testing, the pipe was cut to the appropriate length using a band saw as 

shown in Figure 5.14. For each pipe sample, four test specimens were measured and 
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cut. Two samples having a length equal to one diameter, and two samples having a 

length equal to two diameters. 

 

Figure 5.14: Band saw cutting pipe 

 

 After cutting, pi tape was used to accurately measure the outer diameter and 

circumferentially divide the pipe into eight equal sections (A-H) as shown in Figure 

5.15 and 5.16. A caliper was then used to measure the wall thickness for each of the 

eight sections at both ends. The caliper was also used to measure outer diameter across 

the four planes (A-E, B-F-, C-G, D-H). Then, a Positector ultrasonic tool was used to 

measure wall thickness at multiple points along each of the eight sections as shown in 

Figure 5.17. 
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Figure 5.15: Pipe divided into eight equal sections 

 

 

Figure 5.16: Pipe divided into eight equal sections and marked 
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Figure 5.17: Using Positector ultrasonic tool to measure wall thickness 

 

5.2 Test Procedure 

1. After initial measurements of the pipe are taken, the pipe is loaded into the test 

apparatus with the A line pointing up and the E line pointing down in contact 

with the bottom plate. 

2. Using the scissor jack, the top plate is lowered until it is resting on top of the 

pipe as seen in Figure 5.18. 

3. Ensure the correct orientation of the pipe (A up, E down) as seen in Figure 5.19 

before lowering the hydraulic ram 

4. The hydraulic ram is then lowered until it is just touching the force gauge 

5. The Omega data acquisition software is prepared on the laptop with a sampling 

rate of 5Hz 
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6. Tare the gauges on the acquisition software to read zero 

 

Figure 5.18: Pipe loaded into test apparatus  

 

 

Figure 5.19: Ensure correct pipe orientation 

A 

E 
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7. Begin collecting data by pressing “Start” on the computer screen 

8. Insert the removable handle into the receiver for the small-diameter (slow) 

plunger on the right-hand side of the pump unit as seen in Figure 5.20 

 

Figure 5.20: Pump layout 

 

9. Begin pumping at a constant rate 

10. Pump until the displacement gauge reads 25% of pipe OD 

11. Stop pumping, end data collection on the laptop 

5.3 Development of the Yield Strength Equation 

 Initial testing was performed on a 5.5” casing with wall thickness of 0.288”. The 

initial tests served two purposes: to see if the experimental setup would work and to see 

if the initial data would provide any clues as how to proceed with the development of 

Handle 

“Slow” 

Pump 
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the yield strength equation. The first round of tests was performed using the four 

specimens with two different lengths (1Da, 1Db, 2Da, 2Db). After testing was 

completed, it was observed that the force required to crush the 2D samples was roughly 

twice that needed to crush the 1D samples. The only measured parameter changing from 

the 1D sample to the 2D sample was the length, which also translates to doubling the 

cross-sectional area of the pipe. 

 To find yield strength, a simple model was created to isolate the strain 

experienced by the pipe to the cross-sectional area of the pipe wall located 90° from the 

top and bottom plates. This corresponds to sections C and G in Figure 5.15. Forces 

acting at the pipe wall can be thought of as a system of resulting moments acting about 

a point located at the center of the pipe wall (red dot) as seen in Figure 5.21:  

 

Figure 5.21: Forces occurring at the inner and outer pipe wall 
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 This means the exterior portion of the pipe wall will be in tension, and the 

interior portion of the pipe wall will be in compression as see in Figure 5.22: 

 

Figure 5.22: Cross-sectional view, pipe wall in tension (green) and compression (red) 

 

 A review of moments in the 1990 Bisplinghoff et al. book provides Figure 5.23: 

 

Figure 5.23: Moment of F about point p 
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 From the above figure, the magnitude of the moment of force F about point p 

can be written as Eq. 5.1: 

|𝑀| = 𝑎|𝐹| (5.1) 

where, 

𝑎 = Moment arm 

|𝐹| = Force producing the moment about point p 

|𝑀| = Magnitude of the moment of F about point p 

 In the case of the pipe being crushed, the pipe resists strain, so the forces at the 

interior and exterior wall form a couple moment that is equal and opposite to the 

moment created by the input force from the press. This can be visualized in Figure 

5.24: 

 

Figure 5.24: Forces associated with pipe crush 

  

 In this figure, only one side of the pipe is represented, so F1 is equal to one half 

of the input force from the press. F2 is the force experienced at the interior and exterior 

surfaces of the pipe wall as a result of the input force. The moment arm for F1 is D/2-

t/2, and the moment arm for each F2 is t/2. The moments associated with these forces 

act at point p. Using this figure, Eq. 5.2 can be derived in the following manner: 
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0 = 𝑡
2⁄ |𝐹2| + 𝑡

2⁄ |𝐹2| − (𝐷
2⁄ − 𝑡

2⁄ )|𝐹1|  

(𝐷
2⁄ − 𝑡

2⁄ )|𝐹1| = 𝑡
2⁄ |𝐹2| + 𝑡

2⁄ |𝐹2|  

(𝐷
2⁄ − 𝑡

2⁄ )|𝐹1| = 𝑡|𝐹2|  

|𝐹2| =
(𝐷

2⁄ − 𝑡
2⁄ )|𝐹1|

𝑡
(5.2) 

where, 

|𝐹1| = ½ the force applied to the specimen from the press at the elastic limit, lbs. 

|𝐹2| = Resultant force at the interior and exterior surface of the pipe wall, lbs. 

 

To arrive at the yield strength, the force F2 must be divided by the appropriate 

area. In this case, since there is a force present at both the interior and exterior pipe 

walls, the area should be one half the cross-sectional area of the pipe wall. The result is 

shown in Eq. 5.3: 

𝜎𝑦 =
|𝐹2|

𝑎𝑟𝑒𝑎 2⁄
(5.3) 

where, 

area = cross sectional area of pipe wall = 𝑙 × 𝑡, in2 

l = length of the test specimen, in 

 

 This equation can be simplified further as follows, resulting in Eq. 5.4: 

𝜎𝑦 =
2(𝐷

2⁄ − 𝑡
2⁄ )|𝐹1|

𝑙𝑡2
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𝜎𝑦 =
(𝐷 − 𝑡)|𝐹1|

𝑙𝑡2
(5.4) 

5.4 Results 

5.4.1 Finding Yield Strength Empirically 

 In order to use Eq. 5.4 to find yield strength, we must be able to find the input 

force from the press at yield. This can be accomplished by finding the force applied at 

the elastic limit. To do this, the test data from each specimen was plotted on a force 

versus displacement graph. The linear portion of the graph represents pure elastic 

deformation. The slope of this linear portion can be thought of as a form of elastic 

modulus. By finding the point at which the plotted data from the specimen deviates 

from the straight line, the elastic limit can be found. This means the force of the point at 

which the data deviates from the elastic modulus line is the force at yield. 

 Eight different pipe samples were tested, each with four test specimens (1Da, 

1Db, 2Da, 2Db). For each test specimen, the data was plotted on a force versus 

displacement curve with the elastic modulus line. The point of deviation from the line is 

the elastic limit. The results of this procedure can be seen in Figure 5.25 through 

Figure 5.32. For simplification, Eq. 5.4 can be applied to create stress versus 

displacement curves as seen in Figure 5.33 through Figure 5.40. 

 For the four specimens of the 1.5” pipe, Figure 5.25 shows the force at yield as 

1425 lbs. for both 1D samples, and 2800 and 3000 lbs. for the 2Da and 2Db specimens, 

respectively. Converted to stress, Figure 5.33 shows yield stress for specimens 1Da, 

1Db, 2Da, and 2Db as 97,033 psi, 94,884 psi, 94,052 psi, and 96,031 psi, respectively. 

For the four specimens of the 2 3/8” pipe, Figure 5.26 shows the force at yield 

as 6200 and 6600 lbs. for 1Da and 1Db specimens, and 12,400 and 12,800 lbs. for the 
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2Da and 2Db specimens, respectively. Converted to stress, Figure 5.34 shows yield 

stress for specimens 1Da, 1Db, 2Da, and 2Db as 83,360 psi, 79,155 psi, 87,169 psi, and 

73,272 psi, respectively. 

For the four specimens of the 2 7/8” pipe, Figure 5.27 shows the force at yield 

as 5500 lbs. for both 1Da and 1Db specimens, and 11,250 and 11,200 lbs. for the 2Da 

and 2Db specimens, respectively. Converted to stress, Figure 5.35 shows yield stress 

for specimens 1Da, 1Db, 2Da, and 2Db as 55,770 psi, 58,211 psi, 58,005 psi, and 

54,978 psi, respectively. 

For the four specimens of the 3” pipe, Figure 5.28 shows the force at yield as 

9850 and 10,300 lbs. for 1Da and 1Db specimens, and 20,600 and 19,900 lbs. for the 

2Da and 2Db specimens, respectively. Converted to stress, Figure 5.36 shows yield 

stress for specimens 1Da, 1Db, 2Da, and 2Db as 73,112 psi, 72,505 psi, 73,410 psi, and 

73,116 psi, respectively. 

For the four specimens of the 3.5” pipe, Figure 5.29 shows the force at yield as 

3900 and 3800 lbs. for 1Da and 1Db specimens, and 7200 and 7500 lbs. for the 2Da and 

2Db specimens, respectively. Converted to stress, Figure 5.37 shows yield stress for 

specimens 1Da, 1Db, 2Da, and 2Db as 39,985 psi, 38,867 psi, 37,758 psi, and 38,928 

psi, respectively. 

For the four specimens of the new 3.5” pipe, Figure 5.30 shows the force at 

yield as 5400 and 5450 lbs. for 1Da and 1Db specimens, and 10,950 lbs. for both the 

2Da and 2Db specimens. Converted to stress, Figure 5.38 shows yield stress for 

specimens 1Da, 1Db, 2Da, and 2Db as 56,489 psi, 57,328 psi, 56,537 psi, and 56,943 

psi, respectively. 
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For the four specimens of the aluminum 3.5” pipe, Figure 5.31 shows the force 

at the elastic limit as 5500 lbs. for both the 1Da and 1Db specimens, and 11,000 and 

12,000 lbs. for the 2Da and 2Db specimens, respectively. The force at the offset yield 

point for these specimens is 8600, 8700, 17,900, and 17,800 lbs., respectively. 

Converted to stress, Figure 5.39 shows yield stress at the elastic limit for specimens 

1Da, 1Db, 2Da, and 2Db as 27,199 psi, 26,865 psi, 26,333 psi, and 28,987 psi. Offset 

yield strength for these specimens is given as 42,939 psi, 42,503 psi, 42,938 psi, and 

42,893 psi respectively. 

For the four specimens of the 5.5” pipe, Figure 5.32 shows the force at yield as 

8500 lbs. for both the 1Da and 1Db specimens, and 16,000 and 16,750 lbs. for the 2Da 

and 2Db specimens, respectively. Converted to stress, Figure 5.40 shows yield stress 

for specimens 1Da, 1Db, 2Da, and 2Db as 48,607 psi, 50,272 psi, 51,790 psi, and 

51,270 psi, respectively. 

 In the case of non-ferrous metals, such as aluminum, there will not be a well-

defined yield point due to the rounded shape of the stress/strain curve. In this case, an 

offset yield point must be used. This method uses an offset elastic modulus line shifted 

some percentage of strain to the right from the original elastic modulus line. Where the 

offset line intersects the data curve is the actual yield strength. In this case, 5-15% of 

strain was used as the offset. Further work is required in defining the offset value. 
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5.4.2 Comparing Empirical Method to Measured Data 

 Of the eight pipe samples tested, three had a mill test report (MTR) detailing the 

measured values for yield strength and tensile strength as measured by the manufacturer 

(1.5”, 3”, new 3.5”). Based on the measured strength values, API pipe grades were 

assigned to each sample according to the tables in API 5CT. The results of grading are 

found in Table 5.4: 

Table 5.4: Resulting API grade for samples with MTR 

Outer Diameter, 

in. 

MTR Measured 

Yield Strength, 

psi 

MTR Measured 

Tensile Strength, 

psi 

Resulting API 

Pipe Grade 

1.5” 98,000 121,000 T-95 

3.0” 73,433 83,880 J-55 

3.5” 56,120 65,250 H-40 

 

 Comparisons for the empirical yield strength versus API and MTR measured 

yield strength can be found in Table 5.5. The empirical yield strength is significantly 

greater than API yield strength in the low strength samples (J-55, H-40). However, 

when compared with the MTR values, the empirical data is quite accurate. Using the 

sample mean and sample standard deviation of all twelve Empirical/MTR numbers, a 

statistical confidence interval can be calculated for the true mean of Empirical/MTR 

values. Using a t-value distribution, it can be said with 99% confidence that the true 

mean value of Empirical/MTR lies in the interval [0.9957, 1.0045]. That is, it can be 

said with 99% confidence that the average difference between empirical yield strength 

values and MTR measured yield strength values is less than 0.5%. 



97 

 

T
a
b

le
 5

.5
: 

E
m

p
ir

ic
al

 y
ie

ld
 s

tr
en

g
th

 v
s.

 A
P

I 
n
o
m

in
al

 y
ie

ld
 s

tr
en

g
th

 v
s.

 M
T

R
 y

ie
ld

 s
tr

en
g
th

 

 



98 

5.4.3 Nominal vs. Empirical Yield Strength for K&T Collapse 

 To further illustrate the effect of yield strength and the importance of using real 

yield strength in collapse resistance calculations, the three pipe samples with MTR test 

data were used to compare collapse resistance calculated with the Klever and Tamano 

equation for API nominal yield strength and the empirically measured yield strength. 

The results of this comparison appear in Table 5.6.  

 For the 1.5” sample with API pipe grade T-95, the D/t value is 18.08 which 

places the sample in the transition collapse mode when using the K&T equation. Given 

the nominal yield strength for this sample is 95ksi and the empirical yield strength is 

98.768ksi, the difference in collapse pressures is only 3.1% This is due to the small 

difference in yield strength and the reduced effect of yield strength on transition zone 

collapse calculations. 

 The 3” sample with API grade J-55 has a D/t value of 11.88 which places it in 

the yield collapse region. The yield strength difference between nominal and empirical 

is significant for this sample, resulting in a 32.8% difference in collapse pressures. The 

large difference in yield strength and the significant effect of yield strength on yield 

collapse are the causes for this wide difference in collapse pressures. 

 The 3.5” sample has an API grade of H-40 and a D/t value of 16.28, which 

places it in the yield collapse region. Just like the previous sample, the significant 

difference between nominal and empirical yield strengths coupled with the heavy 

influence of yield strength on yield collapse results in a large 38.1% difference in 

calculated collapse pressures. The difference in collapse pressures for K&T with 

nominal yield strength and empirical yield strength can be seen in Figures 5.41 to 5.43. 
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 For Figure 5.41, the difference in collapse pressures in minimal because of the 

small difference between nominal and measured yield strength. The greatest difference 

in collapse pressure is found in the yield region, with little to no difference in the elastic 

region. The difference in collapse pressure is greater in Figure 5.42 due to the greater 

difference in nominal to measured yield strength. Like the previous figure, the greatest 

difference in collapse pressure is found in the yield region with a peak around D/t 15, 

and converges in the elastic region. Figure 5.43 is much the same showing a peak 

difference in collapse pressure at D/t 12 in the yield region and converging in the elastic 

region. 

 Figure 5.44 provides a visual comparison of collapse pressure calculated with 

the API equations using nominal yield strength and the Klever and Tamano equation 

using the empirical yield strength. This is an extension of the values previously 

provided in Table 5.5 and Table 5.6. The red line in the figure is the line of equality 

where the collapse values calculated by the two methods are equal. The points for each 

of the twelve specimens tested fall below this line indicating the values calculated with 

the empirical yield strength and Klever and Tamano equation is greater than the values 

calculated with nominal yield strength and API equations. The figure also lists the D/t 

value for each group of specimens. It can be seen that decreasing D/t increases the 

distance of the group away from the red line. This means that specimens with low D/t 

values with show a greater difference between API and K&T than specimens with high 

D/t values. This confirms the trend of the greatest difference in collapse values in the 

yield region, decreasing in the plastic region, and converging in the elastic region as 

seen in Figures 5.41 – 5.43. 
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Chapter 6: Conclusion and Recommendations 

6.1 Conclusion 

1. The Klever and Tamano equation uses decrement functions, bias factors, and 

curve fitting parameters to account for the imperfections in real pipe to create 

what was found to be the best-performing prediction of true collapse resistance 

2. With a more accurate equation for predicting collapse resistance, knowing the 

real yield strength becomes the biggest factor in accurately calculating true 

collapse resistance 

3. The high expense of pipe testing results in infrequent testing and uncertainty in 

the material properties of any given pipe 

4. Proposed a completely new method to find the yield strength of pipe using a 

crush test 

5. Developed an equation to convert input crush force to the yield strength of the 

pipe wall 

6. Yield strength found by plotting a stress versus displacement graph and finding 

where the test curve deviates from the elastic deformation region 

7. Comparing empirical yield strength obtained through crush tests to the yield 

strength supplied by the pipe manufacturer reveals remarkable accuracy in the 

new acquisition method 

8. Applying newly acquired yield strength to the Klever and Tamano equation 

gives best estimate of true collapse resistance 
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6.2 Recommendations 

1. The testing procedure may potentially be improved by increasing sampling 

frequency and developing a new method for operating the hydraulic ram. Hand 

pumping the hydraulic press creates a jagged curve which makes it difficult to 

accurately determine the force at the elastic limit. Applying the force in a more 

consistent manner could smooth out the data curve and aid in interpretation. 

2. A new testing apparatus should be developed to apply tension or compression to 

the pipe being tested. This could reveal whether or not this method can be used 

to predict the collapse resistance calculated by the modified equations 

accounting for axial load. 

3. Further testing with a larger sample size as well as more specimen lengths could 

help to refine the accuracy of this method. 
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Nomenclature 

𝑎 = Inner radius, in. 

𝑎 = Moment arm (Bisplinghoff et al.) 

𝐴𝑒 = Pipe outside cross-sectional area, in.2 

𝐴𝑖 = Pipe inside cross-sectional area, in.2 

AΔ, BΔ, CΔ  = Constants used in ovality correction 

API = American Petroleum Institute 

𝑏 = Outer radius, in. 

c = Elastic collapse equation parameter 

𝑐 = Elasto-plastic boundary, in. (Kuriyama and Mimaki) 

CRS = cold rotary straightened 

𝐷 = Outside diameter, in. 

DF = Design factor 

Davg = Average measured outside diameter, in. 

Dmax = Maximum measured outside diameter, in. 

Dmin = Minimum measured outside diameter, in. 

𝐷 𝑡⁄̅̅ ̅̅ ̅ = Normalized D/t 

(𝐷 𝑡)⁄
𝑦𝑝

 = D/t intersection between yield strength collapse and plastic collapse 

(𝐷 𝑡)⁄
𝑃𝑇

 = D/t intersection between plastic collapse and transition collapse 

(𝐷 𝑡)⁄
𝑇𝐸

 = D/t intersection between transition collapse and elastic collapse 

ec = (𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛) 𝑡𝑎𝑣⁄  = eccentricity 

𝐸 = Young’s modulus 

𝐸′ = Factored Young’s modulus 
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fac = Factor to allow curve fitting to real data 

F = Axial load, lbs. 

𝐹𝑒𝑓𝑓 = Effective axial load, lbs. 

𝐹(∆) = Ovality correction function 

|𝐹| = Force producing the moment about point p 

|𝐹1| = ½ the force applied to the specimen from the press at the elastic limit, lbs. 

|𝐹2| = Resultant force at the interior and exterior surface of the pipe wall, lbs. 

ℎ𝑛 = Correction for the shape of the stress/strain curve 

𝐻 = Decrement function, 𝑓(𝜉, 𝑜𝑣, 𝑒𝑐, 𝑟𝑠) 

𝐻𝑒 = Elastic decrement function, 𝑓(𝜉, 𝑜𝑣, 𝑠ℎ, 𝑒𝑐, 𝑟𝑠) 

𝐻𝑡 = Transition decrement function, 𝑓(𝜉, 𝑜𝑣, 𝑠ℎ, 𝑒𝑐, 𝑟𝑠) 

𝐻𝑦 = Yield decrement function, 𝑓(𝜉, 𝑜𝑣, 𝑠ℎ, 𝑒𝑐, 𝑟𝑠) 

HRS = hot rotary straightened 

I = Geometrical moment of inertia 

𝑘𝑒 = Elastic bias factor 

𝑘𝑦 = Yield bias factor 

l = length of test specimen, in. 

|𝑀| = Magnitude of the moment of F about point p 

MTR = Mill Test Report 

ov = (𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛) 𝐷𝑎𝑣⁄  = ovality 

𝑝𝐴𝑃𝐼 = 𝑃𝑦𝑝, psi 

𝑝𝑐 𝑑𝑒𝑠 = Design collapse pressure, psi 

𝑝𝑐 𝑢𝑙𝑡 = Ultimate collapse pressure, psi 
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𝑝𝑒 = External pressure, psi 

𝑝𝑒
𝑦𝑐𝑇

 = Tamano yield collapse pressure (external pressure only), psi 

𝑝𝑓𝑦 = Through-wall yield collapse, psi 

𝑝𝑖 = Internal pressure, psi 

𝑝𝑖𝑦 = Initial yield collapse, psi 

𝑝𝑇𝑎𝑚𝑎𝑛𝑜 = 𝑝𝑒
𝑦𝑐𝑇

, psi 

𝑝𝑇𝑎𝑚𝑎𝑛𝑜,𝑓𝑎𝑐=1.5 = 𝑃𝑒
𝑦𝑐

, psi 

𝑝𝑇𝑟𝑒𝑠𝑐𝑎
𝑦𝑐

 = Exact through-wall Tresca yield pressure, psi 

Pc = Elasto-plastic collapse pressure, psi 

Pd = Design equation collapse pressure, psi 

Pe = Theoretical elastic collapse pressure, psi 

𝑃𝑒
𝑦𝑐

 = Yield collapse pressure (external pressure only), psi 

Peo = Elastic ovalization pressure, psi 

𝑃𝑒𝑞 = Equivalent external pressure, psi 

𝑃𝐸 = Minimum elastic collapse pressure, psi 

𝑃𝐸𝑎𝑣𝑔 = Average elastic collapse pressure, psi 

PEb = Elastic buckling collapse pressure, psi  

𝑃𝑜 = External pressure, psi 

𝑃𝑝 = Minimum plastic collapse pressure, psi 

𝑃𝑝𝑎𝑣𝑔 = Average plastic collapse pressure, psi 

Ppc = Plastic collapse pressure, psi 

PR = Resistance equation collapse pressure, psi 
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𝑃𝑇 = Minimum plastic/elastic transition collapse pressure, psi 

Py = External Pressure, psi 

Pyp = Pressure associated with initial yield at the interior wall of the tubular, psi 

𝑃𝑌 = Minimum yield strength collapse pressure, psi 

Q&T = quenched and tempered 

rn = Value of D/t where Pe = Pyp 

rs = 𝜎𝑟𝑒𝑠 𝜎𝑦⁄  = residual stress over yield stress 

𝑅 = Midwall pipe radius, in. 

Re = outside radius, in. 

Ri = inside radius, in. 

sh = Parameter characterizing stress/strain-curve shape 

𝑆𝑎 = Axial stress, psi 

𝑆𝑖 = Combined loading parameter in yield collapse 

𝑡 = Wall thickness, in. 

u = Amplitude of ovality at pressure Peo 

uo = Amplitude of original ovality 

𝑋 = Collapse characterization parameter 

Y = Yield strength, psi 

𝑌𝑝 = Minimum yield strength, psi 

𝑌𝑝𝑎 = Yield strength of axial stress equivalent grade, psi 

𝑍 = −
2

√3
𝑌 sin(

𝜋

6
+ 𝜃𝑐) 

Δ = Ovality 
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∆𝑝 = Pressure differential = 𝑝𝑒 − 𝑝𝑖, psi 

∆𝑝𝑐 = Collapse pressure differential, psi 

∆𝑝𝑒𝑐 = Elastic collapse pressure differential, psi 

∆𝑝𝑒𝑐 = Elastic collapse pressure differential (for c = -1+t/D), psi 

∆𝑝𝑡ℎ𝑖𝑛
𝑒𝑐  = Elastic collapse pressure differential for thin-walled pipe, psi 

∆𝑝𝑦𝑐 = Yield collapse pressure differential, psi 

∆𝑝𝑡ℎ𝑖𝑛
𝑦𝑐

 = Yield collapse pressure differential for thin-walled pipe, psi 

∆𝑝𝑦𝑀 = von Mises yield pressure differential, psi 

∆𝑝𝑦𝑇𝑎𝑚𝑎𝑛𝑜 = Yield collapse pressure differential with axial stress, psi 

𝑑 𝛥𝑝𝑐

𝑑 𝑝𝑖
| = Collapse pressure differential gradient 

𝜂𝑒 = variable whose value results in G = 0 

θc = Auxiliary angle for von Mises yield criterion 

𝜈 = Poisson’s ratio 

𝜉 = Characteristic pipe geometry parameter 

𝜎𝑎 = Average axial stress, psi 

𝜎𝑒 = Equivalent yield strength, psi 

𝜎𝑦 = Yield stress, psi 

𝜎𝑦
′  = Factored yield stress, psi 
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