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Abstract

The question of what is a possible range for the Dehn functions (a.k.a. isoperi-
metric spectrum) for certain classes of groups is a natural and interesting one.
Due to works of many authors starting with Gromov, we know a lot about the
isoperimetric spectrum for the class of all finitely presented groups. Much less is
known for other natural classes of groups, such as subgroups of CAT(0) groups
or of right-angled Artin groups. The isoperimetric spectrum for the subgroups of
right-angled Artin groups, known so far, consists of polynomials up to degree 4
and exponential functions. We extend the knowledge of this spectrum to contain
the set of all positive integers. We start by constructing a series of free-by-cyclic
groups whose monodromy automorphisms grow as n*, which admit a virtual em-
bedding into suitable right-angled Artin groups. As a consequence we produce
examples of right-angled Artin groups containing finitely presented subgroups

whose Dehn functions grow as n*+2.

viii



Chapter 1

Introduction

1.1 Background

Right-angled Artin groups are a remarkable class of groups which can be thought
of as an interpolation between free groups and free abelian groups. That is
the reason why they are also known under the name of ‘partially commutative
groups’. They are the groups given by a finite number of generators zq,...,z,
subject only to the commutator relations between a certain subset of pairs of
generators. This structure can be conveniently represented by a graph I' whose
vertices correspond to generators y, ..., %, and whose edges {z;, z;} encode the
commutation relations z;z; = x;x;. For example, a complete graph on n vertices
corresponds to the free abelian group Z", and an empty graph (i.e. graph on
n vertices with no edges) corresponds to F,,, the free group of rank n. In other
words, there is no other relations between generators of right-angled Artin group,
except commutators of a certain subset of all pairs of generators. Figure gives
few typical examples of right-angled Artin groups. Note that the last graph (the
pentagon) gives rise to the right-angled Artin group A(T") which is not isomorphic
to a non-trivial direct or free product of other known groups in any obvious way.

Despite their seemingly easy presentations, right-angled Artin groups (which
we will abbreviate ‘RAAGs’ from now on) have revealed a very rich structure.
An early result of Servatius, Droms and Servatius [29] showed that the RAAG

with the length n cycle as its defining graph contains as a subgroup the fun-
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Figure 1.1: Examples of right-angled Artin groups.

damental group of an orientable surface of genus 1 + (n — 4)2"~3. This came
up quite unexpectedly and showed that there is a beautiful interplay between
the combinatorics of commutation relations and the geometry of non-positively
curved spaces.

In 1997, Bestvina and Brady [5] showed that certain RAAGs contain remark-
able subgroups with properties not known before. The authors considered kernels
of certain maps from RAAGs to Z. They showed that among these kernels there
are groups of types F'P, but not F,,, groups that have infinite relation gap, and
also groups that serve as potential counterexamples to the Eilenberg—Ganea con-
jecture.

In recent years interest in subgroups of RAAGs was reignited due to the spec-
tacular breakthrough of Tan Agol, Dani Wise and others on the virtual fibering
problem in 3-manifold topology. In [2] Agol showed that if M3 is a compact,
oriented, irreducible 3-manifold with x(M) = 0 and 7 (M) is a subgroup of a
RAAG, then M virtually fibers. In their seminal paper [23] Haglund and Wise
showed that fundamental groups of special cubical complexes are subgroups of
RAAGs. Building on this machinery, Agol went on to solve the virtual fibering
conjecture in [3]. The fundamental result in [3] is that non-positively curved cu-
bical complexes with hyperbolic fundamental groups are virtually special, which

implies that all these fundamental groups virtually embed into certain RAAGs.



1.2 Summary of Results

In this dissertation we consider two questions about subgroups of RAAGs.

The first question asks which free-by-cyclic groups virtually embed in RAAGs.
In [21], 22] Hagen and Wise show that hyperbolic free-by-cyclic groups virtu-
ally embed in RAAGs. It is also known that F, x Z groups virtually embed in
RAAGs. The hyperbolic free-by-cyclic examples all have exponentially growing
monodromy automorphisms and the F, x Z groups have exponential or linear
monodromy automorphisms. In [20], Gersten gives an explicit example of an
F3 x Z group which does not virtually embed in a RAAG. The group considered
by Gersten is not a CAT(0) group, and this prompts the following open question.
Does every CAT(0) free-by-cyclic group virtually embed in a RAAG? The fam-
ily of the so-called Hydra groups considered in [I9] provides a test case for this
question where the monodromy automorphisms grow polynomially with arbitrary
degree. While we haven’t proved that Hydra groups virtually embed in RAAGs
(this is a topic of an ongoing research of the author), we construct analogues of
the Hydra groups (where the base Z? subgroup is replaced by a more complicated
RAAG) which are CAT(0) free-by-cyclic with polynomially growing monodromy

automorphisms of arbitrary degree and which are virtually special. We prove

Theorem A. For each positive even integer m there exist virtually special free-by-
cyclic groups G m = Foy, Xy Z with the monodromy growth function gry(n) ~ n™

and Gpm—1 = Fopm—1 X Z with the monodromy growth function gry(n) ~ n™ 1

Since finite index subgroups of free-by-cyclic groups are again free-by-cyclic

and since special groups embed into RAAGs we obtain the following corollary.

Corollary A. For each positive integer k there exist a right-angled Artin group

containing a free-by-cyclic subgroup whose monodromy automorphism has growth

function ~ n*.



The second question asks what kinds of functions arise as Dehn functions of
finitely presented subgroups of RAAGs. Recall that Dehn functions capture the
isoperimetric behavior of Cayley complexes of groups. A lot is known about Dehn
functions of arbitrary finitely presented groups (see [9, [0, 28]). For example, a
group is hyperbolic if and only if its Dehn function is linear. CAT(0) groups and,
in particular, RAAGs, have Dehn functions which are either quadratic or linear.
In [7] there are examples of CAT(0) groups which contain finitely presented sub-
groups whose Dehn functions are of the form n® for a dense set of a € |2, ).
Restricting to the case where the ambient groups are RAAGs it gets harder to
find examples of subgroups with a wide variety of Dehn functions. In [§] there
are examples of finitely presented Bestvina—Brady kernels of RAAGs which have
polynomial Dehn functions of degree 3 or 4. In [I§] it is shown that the Dehn
function of such kernels of RAAGs are at most quartic. In [I2] Bridson provides
an example of a RAAG containing a finitely presented group with exponential
Dehn function. This is the extent of what is known about the isoperimetric be-
havior of subgroups of RAAGs. Our second result shows that there are finitely
presented subgroups of RAAGs whose Dehn functions are polynomial of arbitrary

degree.

Theorem B. For each positive integer k there exists a 3—dimensional right-angled

Artin group which contains a finitely presented subgroup with Dehn function ~ n*.

An interesting open question remains: Do there exist subgroups in RAAGSs

with other types of Dehn functions?

1.3 Outline of the Thesis

In chapter 2 we introduce the growth functions of automorphisms and prove a

folklore result (Proposition that the growth of an automorphism of a free
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group is invariant under taking powers of the automorphism and under passing
to a subgroup of finite index. In doing that, we rely on the Gilbert Levitt’s
Growth Theorem [26] (whose proof uses train-track machinery). We also provide
an example due to Yves Cornulier which demonstrates that for arbitrary groups
the invariance of the growth function under passing to a subgroup of finite index
does not hold.

Chapter 3 is devoted to providing estimates for the Dehn function of the
double of a free-by-cyclic group in terms of the growth of the monodromy auto-
morphism. We use Bridson’s lower bound from [I3] (Proposition and adapt
the Bridson—Pittet’s proof of the upper bound, given in [I7] for the abelian-
by-cyclic setting, to the case of free-by-free groups needed for our construction
(Proposition . Using these estimates, we show later in chapter 7 that for the
polynomially growing monodromy automorphisms involved in our construction,
the upper and lower bounds on the Dehn function of the double actually coincide.
If the monodromy automorphism has polynomial growth of order n*, then the
Dehn function of the double grows like nf*2.

In chapter 4 we recollect all the relevant definitions related to the Morse theory
on groups and special cubical complexes, which will be used in chapters 5 and 6.

In chapter 5 we introduce the free-by-cyclic groups G,,;, which play the
central role in our construction. We define these groups through LOG notation,
which is a graphical tool to encode conjugation relations. We prove that the
group G, is CAT(0) and free-by-cyclic, and exhibit explicit formulas for its
monodromy automorphism (Proposition . We defer until chapter 8 the proof
that this automorphism has growth ~ n*.

The goal of chapter 6 is to exhibit a finite special cover for the presentation
complex K, ,, of the group G, ,,, for arbitrary even m. The construction is

done in several stages. First, for arbitrary m, we engineer a certain right action of



G.m on a set of cardinality 2™+, which may be thought of as the O-skeleton of a
(2m+1)—dimensional torus Ta,, 1. This action defines a finite cover [A(m — Koy,
which cellularly embeds into the 2-skeleton of Ts,,,1 (Proposition . Since [A(m
is a subcomplex of a product of graphs, it is free from three out of four hyperplane
pathologies in the definition of a special cube complex (Proposition . To
eliminate the fourth hyperplane pathology we observe that for even values of m,
the complex K,,,, is a V H-complex in the terminology of [23]. It follows that
there exist another finite cover K,, — [A(m, such that K,, is a special square
complex (Proposition [6.6]).

In chapter 7 we bring all the pieces together and prove Theorems A and B.
For even values of m, groups G, ,, are virtually special free-by-cyclic with the
monodromy automorphism growing as n”". To obtain growth functions of odd
degree, we observe that the presentation 2-complex K, ,,_1 of the free-by-cyclic
group Gy, m—1 is a combinatorial subcomplex of K, ,,—; and it is obtained by
deleting the 2—cells meeting the hyperplane corresponding to the last generator
am+1. Thus the pullback of K, 1 in K,, is a finite special square complex
covering K,,,,—1. This makes G,,,,—1 a virtually special free-by-cyclic group
with the monodromy automorphism growing as n™=!.

To prove theorem B, we look at the double of the special (free-by-cyclic) finite

index subgroups H of G, (Gmm-—1), and prove that the lower and the upper

m+2 m+1>.

bounds for its Dehn function coincide, and are of the order n (resp., n
This double naturally embeds into a RAAG, whose underlying graph is the join
of the underlying graph for the RAAG containing H and the empty graph on two
vertices.

In chapter 8 we provide the computation of the growth function for the mon-

odromy automorphism of G, and its abelianization. And finally, in chapter 9

we list open questions related to the study in this dissertation.



Chapter 2

Preliminaries on Growth

In what follows we will consider functions up to the following equivalence rela-

tions.

Definition 2.1. Two functions f, g: [0,20) — [0, 00) are said to be ~ equivalent
if f <gandg < f, where f < g means that there exist constants A > 0 and

B = 0 such that f(n) < Ag(n) + B for all n > 0.

Definition 2.2. Two functions f, g: [0,00) — [0, 00) are said to be ~ equivalent
if f =< g¢gandg= f, where f = g means that there exist constants A, B > 0 and

C,D, E = 0 such that f(n) < Ag(Bn + C) 4+ Dn + E for all n > 0.

We extend these equivalence relations to functions N — [0, 00) by assuming

them to be constant on each interval [n,n + 1).

Remark 2.3. Notice that f < ¢ implies f = ¢g and f ~ g implies f ~ g.
However, the relation ~ is strictly finer than ~, as the latter identifies all single
exponential functions, i.e. k" ~ K™ for k, K > 1, whereas the relation ~ does
not. We will use the relations ~, < when dealing with growth functions of
automorphisms and the relations ~, = when discussing Dehn functions of groups
(as is done traditionally). The term Dn in the above definition of = is essential

for proving the equivalence of Dehn functions under quasi-isometries.

Let F' be a free group of finite rank k with a finite generating set A. Let

da(x,y) be the associated word metric on F. If 1p: G — G is an automorphism,



we define

gty (n) := max " (a)|.a,

where | g4 is equal to d (1, g) for g€ F.

The following properties of gr,, 4 will be used in the sequel.

Proposition 2.4. Let F be a free group of finite rank with a finite generating set

A, and let i be an automorphism of F'. Then
(i) for each finite generating set B of F', gr,, 5 ~ gry 4;
(ii) for each d € N, gry 4 ~ grya 4;
(iii) for each finite index subgroup H < F invariant under v with a finite gen-
erating set B < H, we have gry, 4 ~ gry, p-

Proof. Let A = {ai,...,an}, B = {b1,...,by}. Since both sets A and B
generate F', there exist words w; and v; such that a; = w;(by,...,by) and
bj = vj(ay,...,ay), forall 1 <7 < N, 1< j < M. Let constants K and L
denote the maximal lengths of w;, v;, respectively, i.e. K = maxi<i<n ||wills,

L = maxj<j<p |vj]l.a. Then, obviously, for all 4, j, n, one has:

[9"(@) s < K- [[9"(@)|a - and [P (by)]a < L -9 (03)] -

Now fix arbitrary 1 < 7 < M and assume without loss of generality that

vj(a,...,ay) = a; ...a;", for values 1 <i, < N and ¢, = £1 or 0. Then

[9"0) s = " (az; - - @)l < 19" (ai) |5 + - + [ (ai, )5 <

K" (ai)lla + -+ K¢ (@i, )] 4 < KL max [¢"(a;) |4 = KLgry 4(n).

Therefore, gr, g(n) = maxicj<n | (b))lls < KLgry 4(n), and, by symmetry,

gry.a(n) < LK gr 5(n). This proves (i).

8



Before proving parts (ii) and (iii), we state following remarkable result of

Gilbert Levitt:

Levitt’s Growth Theorem (|26, Cor. 6.3]). Let F' be a free group of finite rank
with a free generating set A. Given o € Aut(F) and g € F, there exist A > 1,
an integer m = 0 and constants A, B > 0 such that the word length |a™(g)|.a
satisfies:

Vn e N, AXN'n™ < ||a”(g)|a < BA"n™. O

Consider a sequence of growth parameters (\;, m;) from the Levitt’s Growth
Theorem corresponding to the generators aq, ..., ay, so that for each 1 <7< N

there exist constants A;, B; > 0 such that

AN < 0 (ag)]| 4 < Bidin™ for all n € N.

Order these parameters lexicographically: (\;,m;) < (\;,m;) if and only if
Ai < Ajor A =\ and m; < my. Clearly, (A, m;) < (\;,m;) if and only if
Ain™i JNIn™ — o0 as n — 0. Pick 1 < ip < N such that (\;,, m;,) is maximal
with respect to this order. Then for any constants C},C; > 0 and arbitrary
1 < i< N we have:

CiAIn™ « CaAjn™o,

which means that the left-hand side is less than or equal to the right-hand side
for all large enough n € N.

To prove (ii) in one direction, notice that for any 1 <i < N,

@) (@) |a < B (dn)™ = (BXdd™ )\ « PR (4 xp o) <
BiXdd™i
A ()




Hence, there exist a constant Cp;, = 0 such that

grpa,a(n) = max ()" (a:) |4 < Dgry 4(n) + Chig,

where D = max;<j<y BiA!d™ [A;,. Thus, grye 4 < gry 4.

In the opposite direction, for any 1 < i < N we have:

“

[0"(ai)|a < BiXin™ < BiX{" (dn)™

aio)”A‘

207 Y0

dn m; B;
(A AP (dn)™io) < T
By taking maximum, we get for arbitrary n e N:

gty a(n) = max [¢"(a;)|a < D|¢™ (aiy)|a + Chig < D grya a(n) + Cuig

1<i<N

for D = max; B;/A;, and some Cy;; = 0. This proves that gry 4 < grya 4 and
hence that gr,, 4 ~ grya 4.

To prove (iii) in one direction, notice first that H, being of finite index in
F, is quasi-convex in F' (see e.g. [16 II1.3.5]). Hence for any h € H, one has
|h]|g < C||h] .4 for some C' > 0. Writing each b; € B as a word b; = vj(a1,...,an)

and setting L = max;<j<u |vj] .4, we obtain for arbitrary 1 < j < M:

[ (b;)5 < Cl"(b5)a < OL max [ (ai)| 4 = CLgry a(n),

so that gry, s(n) = maxi<j<u [¢" (b)) < CLgry 4(n), ie. gry, s < gry a-

In the opposite direction, notice that there exist an integer p > 0 such that for
every a; € A, we have af € H. As above, let (A\;,m;), A;, B; > 0 be a sequence of
growth parameters for the generators ay,...,ay, and let (\;,, m;,) be maximal.

Consider a new generating set B’ for H, B’ = B u {a; }. Then for arbitrary

10



1 < i< N we have:

10" (a;)]| a4 < BiAIn™ «

U™ (aip)]a <

Wn(@)la < 2Lyt (ad)]s.

B; n, m; B;
i ) 4 i Di
AiO (A/LO )\ZO n ) < AiO

Bi
Ai

where L has a similar meaning as above. Here the fourth inequality holds since,

in general, for any automorphism « € Aut(F'), any g € F and any p > 0, one

has |a(g)|a < |a(g?)|4. (Indeed, one can write a(g) = uvu~! with v cyclically

reduced. Then [a(g)]| = 2u[ + [[v], whereas [[a(g?)] = |[uvPu™"| = 2|u] + p|lv].)
By taking maximum, we get for arbitrary n € N:

gry,a(n) = max [¢"(a;)| .4 < DL|¢" (ai)|5 + Chig < DL gry), (1) + Chig

1<i<N

for D = max; B;/A;, and some Cp;, > 0. This means that gr,, 4, < 8Ty .- Since,
by part (i), gry, 5 ~ 8y|,.p> this proves that gr, 4 < gry, 5 and part (iii) is

proved. O

Remark 2.5. The proof of property (i) of Proposition works for automor-

phisms of arbitrary finitely generated groups.

Remark 2.6. Property (iii) of Proposition [2.4]does not hold for arbitrary finitely
generated groups. We are grateful to Yves Cornulier for providing the following
example. Let G = {(a,b | aba™! = b~' a* = 1) be the infinite dihedral group.
Then the inner automorphism 4y : x + bxb ! has linear growth, but its restriction
to the index 2 subgroup (b) is trivial. To see that, observe that aba™' = b~!
implies ab = b~'a and hence ba = ab™!. Thus bab™! = ab™? and i}'(a) = b"ab™" =
ab—?". Looking at the Cayley graph of G shows that the element g = ab™2" is at
distance 2n + 1 from 1, so that ab=2" is a word of minimal length representing

element ¢, and 7, indeed grows linearly on G.

11



In view of item (i) in Proposition , we will suppress the dependence on the

generating set and adopt the notation

gry(n) := gry a(n),

for an arbitrary generating set A  F.

For the abelianization F,, = F//[F, F| = Z* we consider the induced automor-
phism ¢ F,;, — F;, and denote {€;} be the generating set of I}, corresponding
to A: & = a;[F,F], a; € A, i =1,... k. For any v € ZF let |v|; denote the
(,-norm on ZF viewed as a subset of C*: if v = 3 ¢;&;, then |v]; = 35 | |ail.
Define
max |(¢")" (&)}

Blyat (n) = i=1,....k

Then the following is true:

Lemma 2.7.

gry,(n) = gryw(n).

Proof. Let e: F — F,;, be the natural homomorphism. Then

()" (@) = e(v" (i)

and hence the length of the shortest word in generators {&;}¥ ; of the element
() (&;) € ZF is no bigger than ||¢"(a;)| 4. But the former is equal to |(¢?°)"(&;) |1
hence |(¢¥®)"(&;)|1 < |"(a;)|4 for all i = 1,... k. By taking maximum, we get

the required inequality. O

By embedding Z* into C* we may consider C* as a vector space with the

basis {&;}¥ ;. Now let A be a linear operator on C* given in basis {&;}¥ , by the

k

matrix (a;;);;—;, and let |v|,, denote the fo,-norm on C*: if v = 3% | i@, then

12



[v]e = max;—1__ |c;|. Consider two norms on End(CF), one is the operator norm

with respect to fo:

| Av]op

|A],p = sup = sup |Av|w,
20 [V]eo |v]oo=1

. . . 2
and another one is the supremum norm, which is the £,-norm on the space C*":

Al = max o],

i,7=1,...,

Lemma 2.8.

-----

Proof.

max |Ae;[1 = max |Aeifo = max |ay| = [Alsup. O
1 7 2y
The following fact is well-known (see [24, Cor. 5.4.5)):

Lemma 2.9. There exist constants Cy, Cy > 0 such that
Ci[[Allop < |A]lsup < Cof Allop- 0
Corollary 2.10. The growth function
gry’ s A" sy
is ~ equivalent to the growth function
gry s m— | A" -

The following results are proved in [14], Proof of Th.2.1]:

13



Lemma 2.11. The ~ equivalence class of the function gry depends only on the

conjugacy class of A in GL(k,C). O

In view of Corollary and Lemma [2.11] we need only to consider the

growth of the Jordan normal forms of matrices A.

Lemma 2.12 ([14, Th.2.1)). Suppose that J is a matriz in the Jordan normal
form with all eigenvalues equal to 1. Then gr(n) ~ n®!, where c is the mazimal

size of Jordan blocks of J. [
Combining all of the above, we get:

Corollary 2.13. Let ¢ be an automorphism of a free group F. If the abelian-
ization Y™ has all eigenvalues equal to 1, and c is the size of the largest Jordan

block in the Jordan normal form J for 1¥*, then

gry(n) > n and  gryw(n) =nc.
Proof. Indeed,
gry(n) = grya(n) (by Lemma
= [(0) |sup (by Lemma
> O (™) op (for some C; > 0, by Lemma [2.9)
~ [T op (by Lemma [2.11])
~ne (by Lemma [2.12)). O

14



Chapter 3

Dehn Function of the Double

In this chapter we outline what is known about the upper and the lower bounds
for the Dehn function of the double of a free-by-cyclic group, in terms of the

growth of its monodromy automorphism.

3.1 Relevant Definitions

Definition 3.1. (The double) Let G be a free-by-cyclic group G = F 1, Z. The
double of G is the group I'(G) = G *r G.

If G = (At ]| tat™' = 9(a) for all a € A) then T'(G) = (A, s,t | sas™ =
YP(a), tat™ = (a) for all a € A). If one denotes F(s,t) the free group on the
generating set {s,t} and (¢0): F(s,t) — Aut(F(A)) the homomorphism given on
the generators by s +— ¢, t — 1), then I'(G) = F(A) x(y F(s,t).

Definition 3.2. (Dehn function) Let a group I" be given by a finite presentation
P = (A | R). For each word w lying in the normal closure of R in the free group
F(A), define

Area(w) :=min{N | w =

F(A)

N
nxi’lrizi with z; € F(A),r; € Ri}.
=1

The Dehn function of P is the function dp: N — N defined by

dp(n) := max{Area(w) | w = 1, jw]|4 < n}.
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where |w] 4 denotes the length of the word w in generators A*.

Viewed up to ~ equivalence, the Dehn functions are independent of the choice

of the presentation (see [I1} 1.3.3]), so we denote dp(n) as dr(n).

3.2 Bounding the Dehn Function of the Double

The lower bound for the double of a free-by-cyclic group was established in [13]
Lemma 1.5] (see Proposition [3.3[ below). The argument for the upper bound (see
Proposition below) follows the outline of [I7, Theorem 5.1]. In the latter
paper the argument is given in the setting of abelian-by-cyclic groups; we adapt

this reasoning to the free-by-free setting.

Proposition 3.3 ([13, Lemma 1.5] and [I1l Proposition 7.2.2]). Let ¢ be an au-
tomorphism of F' and ||.| denote the word length with respect to a fized generating
set of F'. Then for the Dehn function ér(n) of the double I' of F' x,, Z one has

- max " ()] < 6 (). 2
be}

Proposition 3.4. Let v be an automorphism of a free group F' and assume that
gry(n) < n® and gr,+(n) < n®. Then for the Dehn function dp(n) of the double
[ =T'(F x4 Z) one has ér(n) = n?+2,

Later in chapter 7 we will use Proposition to show that a particular double
has Dehn function growing at least as n?*2. Together with Proposition this

will imply that the Dehn function grows as ~ n+2.

Remark 3.5. It can be proved using train-tracks that gr,-1(n) ~ n? if and only
if gr,(n) ~ n? (see e.g. [27, Th. 0.4]). However, for the reader who is unfamiliar

with the train-track machinery we make the exposition independent of this result.
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Instead, in what follows we will apply Proposition to the automorphisms ¢
whose growth functions gry(n) and gr,-.(n) are computed in chapter 8 and are

shown to be ~ equivalent to each other.

3.2.1 Proof of the Upper Bound

In order to prove Proposition [3.4] we need some preliminary results on combings
of groups. We start with some definitions from [10] and [17].
Let I be a group with finite generating set A and d4(z,y) be the associated

word metric.

Definition 3.6. A combing (normal form) for I is a set of words {0, | g € '} in
the letters AT such that o, = g in I'. We denote by |o,| or |o |4 the length of

the word o, in the free monoid on AT,

Definition 3.7. Let
R={p: N->N|p0) =0; p(n+1) e {p(n), p(n) + 1} Vn; p unbounded }.
Given eventually constant paths py,pe: N — (I', d) we define

D(p1,p2) = min { max{da(pi(p(1), p2(p(£))}}.

Definition 3.8. Given a combing o for I', the asynchronous width of o is the

function ®,: N — N defined by
(I)cr(n) = maX{D(Ugvah) | dA(lag)ad.A(lah) Sy d.A(g7 h) =1 }

Definition 3.9. A finitely generated group I is said to be asynchronously com-

bable if there exists a combing o for I and a constant K > 0 such that ®,(n) < K
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for all n e N.

Definition 3.10. The length of a combing o for I' is the function L: N — N
given by:

L(n) = max {|oy| | da(L.g) <n}.

The relation of combings to Dehn functions is manifested in the following

result:

Proposition 3.11 ([I7, Lemma 4.1]). Let I" be a group with a finite set of semi-
group generators A*. If there exists a combing o for T whose asynchronous width
is bounded by a constant and whose length is bounded by the function L(n), then

the Dehn function or(n) for any presentation of T satisfies ér(n) = nL(n). O

In connection to the groups which are doubles, the following result from [10]

is useful.

Theorem 3.12 ([10, Theorem B]). If G is word-hyperbolic and H is asynchro-

nously combable then every split extension
1——G—GxH-—H-—1

of G by H is asynchronously combable. O

Remark 3.13. From the proof of this result in [10] it follows that if groups G
and H have combings ¢ and ¢ whose asynchronous width is bounded by some
constants, then the combing for the split extension G x H of G by H, whose
length is bounded by a constant, can be taken as the product (concatenation)
o o% of combings o7 and ¢@, meaning that we traverse path o’ first, then path
0%, Note that the product of combings in the opposite order, %o, may not

have bounded asynchronous width, as the example of Baumslag—Solitar groups

shows.
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Now let again I' = F' x(y) F'(s,t) be the double of G = F' x Z, where F is a
free group on the set of free generators A.

Our goal is to obtain an upper bound on the length L(n) of the combing ().

F(A) in terms of the growth of the automorphism 1. (Here we treat a combing
on a free group as a unique reduced word in a fixed system of generators which
represents the given element of the group.) We prove the following proposition,

adapting the reasoning for the abelian-by-cyclic groups from [17, Theorem 5.1]

to the case of free-by-free groups.

Proposition 3.14. Let P(n) be an increasing function bounding the growth of
both v and Y, i.e. da(1,4"(a)) < P(|n|) for alla e A, n € Z. Then the length

L(n) of the combing a¥t) - oF D of the group T = F(A) %y F(s,t) satisfies

L(n) < nP(n)+ n.

Proof. Take arbitrary v € I" and write it as v = u - g, where u € F(s,t), g €
F(A). Let ng = daogsy(1,7) be the length of the shortest word in generators

(AU {s,t})* representing element ~ in I'. We would like to show that

loy| = |ow - 04| = disy(1,u) + da(l, g) < ngP(no) + no.

Considering the natural homomorphism 7n: F(A) 3y F(s,t) — F(s,t), one ob-
serves that u = 7(y) and hence dg, (1, u) < ng. Therefore it suffices to show
that

da(1,g) < noP(ng).

Denote wy the shortest word in generators (A U {s,t})* such that wy = 7 in
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I', so that |wo|augse = no. Then wy can be written as
Wo = UW1UW2 ~ =~ - - Ur Wy,
where u; € F(s,t), w; € F(A) for all i. Then

T T
no = |wolavisy = Z i s,y + Z |wila (*)
=1 =1

and u = uy ... u,.

Denote
v -1
uj> ) 1=1,...,7

7
Ui:Huj.wi.(
=1

Then, as one easily checks,

J=1

i
-1
V1U2 ... Up = U1W1UW2 . . . UpWy * < Uj)
J=1

so that
i
’y:w():’Ul’UQ...UT'( Uj).
j=1
Hence
. T 1 r
g=1u ’}/Z( UJ) cV1V2 ... Up ( u]):
J=1 J=1
T r _1 i % 1 T
[(TTw) - TT e (TTws) - TT] -
=1 7=1 7j=1 7j=1 7j=1
r
-1 1 -1
H (ur U,._1 uH—l) w; - (UZ'+1 Ce U,T)
i=1

If we denote by e: F(s,t) — Z the homomorphism defined on the generators as:

s +— 1, ¢+ 1, then for any g € F(A) and any u € F(s,t) we have ugu™' =
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¥ (g). Therefore,

g = Hw_E(UH—I Ur) Hd) Y= z+16(“3)( )

On the other hand,

‘ Z e(u;) Z e (uy)] Z le(uy)] < Z uilisy = lulgsy <no (%)

j=i+1 j=i+1 j=1

by the observation above.
Moreover, since for any a € A we have d4(1,¢"(a)) < P(|n|), then for any
w; € F(A) we get
da(L 0 () < Pl - da(L w).

Finally, we get for the element g the estimate:

da ZdA (1, 9p~ =i 0) (‘ Z e(u; D da(1,w;)

Jj=i+1

< [by (*%)] Z‘P no)-da(l,w;) = P(”O)'Z da(l,w;) < [by (*)] < P(ng)no.

i—1 i—1
This shows that |o,| < noP(ng)+ne and finishes the proof of the Proposition. [

Now we are ready to prove the upper bound for the Dehn function of the

double.

Proof of Proposition[3.4. As was noted above, I' = T'(F'xyZ) = Fx ) F(s,t). As
a free group, F' is asynchronously combable (with constant K = 1) and F(s, ) is
also word-hyperbolic. Therefore by Theorem [3.12] T" is asynchronously combable
and hence, by Proposition dr(n) = nL(n). But due to Proposition (3.14}

L(n) £ n?™1 and therefore dr(n) = nd*2 O

21



3.3 Comparing Lower and Upper Bounds

We will show later in chapter 7 by ad hoc methods that for the automorphisms
involved in our construction, the lower and upper bounds on the Dehn functions
given above actually coincide. It might be desirable, if possible, to find criteria
when the upper and lower bounds from Propositions and are the same.

Recall that Propositions and give us the following double inequality
for the Dehn function of I' = I'(F' %, Z):

n - max 47 (0)] = 6r(n) = gry(n) -n’?
beF

The function n +— maxyp<n [|¥V"(b)| measures how fast the ball of radius n
in the word metric grows under the n-th power of an automorphism . On the
other hand, the function gr,,(n) = maxyp-; [¢"(b)| measures how fast the sphere

of radius n grows under the n-th iterate of ¢). Obviously, for all ) € Aut(F),

max ["(b)[| < n - gry(n),

ol <n

and for the above lower and upper bounds to meet we need this inequality
to become an ~ equality. For some natural classes of automorphisms (e.g. if
grya(n) =~ gry(n)) this actually happens, and the conclusions of Propositions
and [3.4)in these cases can be written in a more elegant form: dp(n) =~ gr,(n)-n’.

However in general the above inequality is strict. Gilbert Levitt [26], p. 1128]
gives the following example of an automorphism from a paper of Bridson and
Groves [I5 p. 36], whose growth is one degree less than the growth of another

representative of its outer automorphism class. This implies that the lower and

upper bounds above are not equal:

Example 3.15. Let ¢ be an automorphism of a rank 2 free group Fy = F(z,y)
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acting on the generators z,y as follows: ¢(z) = =z, ¢(y) = yx. Let i, be the

inner automorphism associated to y and set ¢ = i, o ¢. Thus, ¢(z) = yzy™*,

U(y) = yPxy .

Bridson and Groves notice (and this is easily proved using the
formula (f]) below) that gr,(n) = n, but gr,(n) ~ n?.

We claim that the doubles of G, = F, x4 Z and of Gy = F, xy Z are
isomorphic. Indeed, let I'(Gy) = F5 %) F(s,t) and I'(Gy) = F5 X(i,0¢) F(51,11).
Consider a homomorphism p: I'(G4) — I'(Gy) defined identically on F, and

sending s — y~ sy, t — y~'t;. Relations in Gy are satisfied:

w(sgs 'o(g) ") =y tsigsy yol(g) Tt =y iy 0 ¢(9))yelg) Tt =1

and similarly for ¢. Obviously, u is surjective, and it is easy to see that u is also
injective. Indeed, if u(g-w(s,t)) = 1then 1 = g-w(y s,y 't1) = g9 - w(sy, t1)
for some ¢’ € Fy, w(sy,t1) € F(s1,t1), and we conclude that w(sy,t;) = 1 and

hence w(s,t) =1 and g = 1.

Applying Propositions [3.3]and [3.4] to I = I'(G,), we get:

n - max [¢"(b)| = op(n) = gry(n) - n*.

o <n

By looking at the growth of a word b = y" we see that

lo™ () = llo™ ()" = Iy")"| = n(n + 1)

Thus, n - maxjpj<n |¢"(b)| = n - [¢"(y™)| =~ n®. On the other hand, gr,(n) - n* ~

n-n? =n3, and we conclude that dp(n) ~ n.

Now applying Propositions and to I' =@ I'(Gy), we get:

n - max [[¢"(b)| = or(n) 2 grw(n) -n? ~nt,

o <n
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1 2

and, in particular, maxj<y [|" ()| = dr(n) -n™" =~ n?® ~ gr,(n) 2 n-gr,(n).

This phenomenon that maxjyj<, |¥"(b)| =~ maxjy—1 [¢"(b)| can be explained
by looking at the growth of n-th powers of generators of F'. Bridson and Groves
notice in [I5] that for any ¢ € Aut(F), for any w € F' and any inner automorphism

14, the following formula holds:

(0 d)"(w) = u'¢(u™) ... ¢" () ¢"(w) - 6" (w) ... pluw)u.  (F)

In particular, for the automorphism 1 defined above, we have ¥"(y) = U, 'V,,U,,

where V,, = ¢"(y) = yx" has length growing linearly, whereas

Uy=0¢""(y)...0(y)y=ya"" ... -yz-y

1 . . . .
n(n2 ), quadratic in n. In particular, in the expansion for )" (y)",

has length n +
the long conjugating elements U1, U,, cancel each other, all except the first and

the last ones, and the length of " (y") = U 'V"U, is quadratic, but not cubic.
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Chapter 4

Cube Complexes

In their article [23] Haglund and Wise established that the fundamental groups
of the so-called special cube complexes admit embeddings into right-angled Artin
groups. This gives us a natural class of subgroups of right-angled Artin groups
and suggests that we construct our examples within this class. We summarize

the relevant definitions and results about special cube complexes in this chapter.

4.1 Piecewise Euclidean Cube Complexes

Note that there are different notions of a cube complex in the literature. The
definition given in [I6] seems to be too restrictive, as it prevents the torus with
the standard CW structure having a single square 2—cell to be a cube complex.
We adopt the approach from [8] 23].

Informally, a finite-dimensional cube complex is a CW complex which is ob-
tained from a collection of standard cubes of dimension at most m by identifying
their faces via isometries. More formal definition involves the following ingredi-

ents.

Definition 4.1. (n—cube) Given a non-negative integer n, a standard n—cube is
the product [0, 1] < R™ viewed as a metric space with the usual Euclidean metric
of R™. An n—cube in R™ is the image of the standard n—cube under an isometry
g: R" - R". By embedding R" < R™ (n < m) and composing with isometries

g: R™ — R™ we get the notion of an n—cube in R™. We will call ‘n—cubes in
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R™ just ‘n—cubes’ or even ‘cubes’ for brevity.

Definition 4.2. (Face) Let 0 < k < n be an integer. A k—face, or just face, of a
standard n—cube is a product | [\, J; < [0, 1]", where J; = [0,1] for some k of
the factors and J; = {0} or {1} for the remaining n — k of the factors. A k—face

of an n—cube ¢([0, 1]™) in R™ is the g image of an k—face of [0, 1]™.

Definition 4.3. (Cube complex) A finite-dimensional piecewise Euclidean cube
complex, or simply a cube complex, X is a CW complex with the following addi-

tional structure.

o [The cells] There exist a positive integer m such that each cell of X is an

n—cube for some n < m.

e [Admissible maps| Let D be an n—cube in R™, and let f,: D" — X be the
characteristic map of the n—cell e of X. If g is an isometry of R™, then
the composition

faog: g ' (DR) > X

is called an admissible characteristic map for the n—cell €. (Note that

g~1(D") is an n—cube in R™.)

e [The gluing maps| For each n—cell DI of X the restriction of the charac-
teristic map f, to any k-face of D! is an admissible characteristic map for

a k—cell of X.

If all cubes of a cube complex are 2—cubes (i.e. m = 2 in the definition), such

cube complex is called a square complez.

Definition 4.4. (Simple, flag, npc) A cube complex is simple if the link of every
vertex of it is a simplicial complex. A simplicial complex is flag if any collection
of k + 1 pairwise adjacent vertices spans a k—simplex. A cube complex is non-

positively curved if the link of each vertex is a flag simplicial complex.
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4.2 Special Cube Complexes

Definition 4.5. (Hyperplane) A midcube of an n—cube [0, 1]™ is a subset obtained
by restricting one of the coordinates to % A hyperplane of a cube complex X is

a connected component of a new cube complex Y which is formed as follows:

e the cubes of Y are the midcubes of X;

e the restriction of a (k + 1)—cell of X to a midcube of [0,1]* defines the

attaching map of a k—cell in Y.

An edge a of X is dual to some hyperplane H if the midpoint of a is a vertex of

H.

Definition 4.6. (Parallelism, Walls) Two oriented edges a, b of a cube complex
X are called elementary parallel if there is a square of X containing a and b
and such that the attaching map sends two opposite edges of [0, 1] x [0, 1] with
the same orientation to a and b respectively. Define the parallelism on oriented
edges of X as the equivalence relation generated by elementary parallelism. An
(oriented) wall of X is a parallelism class of oriented edges. Note that every

hyperplane H in X defines a pair of oriented walls consisting of edges dual to H.

Now we describe four pathologies for interaction of hyperplanes in a cube

complex, which are forbidden for special cube complexes.

Definition 4.7. (Self-intersection) A hyperplane H in X self-intersects, if it

contains more than one midcube from the same cube of X.

Definition 4.8. (One-sided) A hyperplane H is two-sided if there exists a com-
binatorial map of CW complexes H x [0, 1] — X mapping H x {%} identically to
H. (Recall that a cellular map f: X — Y of CW complexes is combinatorial if
the restriction of f to each open cell of X is a homeomorphism onto its image.)

A hyperplane H in X is called one-sided if it is not two-sided.
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Definition 4.9. (Self-osculating) A hyperplane H in X is self-osculating if there
are two edges a, b dual to H which do not belong to a common square of X but
share a common vertex. If in addition there is a consistent choice of orientation
on the edges dual to H which makes the common vertex for a, b their origin or

terminus, then the hyperplane H is called directly self-osculating.

Definition 4.10. (Inter-osculating) Two distinct hyperplanes Hy, Hs of X are
inter-osculating if they intersect and there are edges a; dual to H; and as dual

to Hs which do not belong to the same square of X but share a common vertex.

Definition 4.11. (Special cube complex) A non-positively curved cube complex
is called special if its hyperplanes are all two-sided, with no self-intersections,

self-osculations or inter-osculations.

Definition 4.12. (Virtually special group) A group G is called special if there
exists a special cube complex X whose fundamental group is isomorphic to G. A
group G is virtually special if there exists a special cube complex X and a finite

index subgroup H < G such that H is isomorphic to the fundamental group of

X.

Definition 4.13. (Right-angled Artin group) Let A be a finite simplicial graph.
The right-angled Artin group, or RAAG, associated to A, is a finitely presented

group A(A) given by the presentation:

A(A) = (a; € Vertices(A) | [a;, ;] = 1 if (a;,a;) € Edges(A)).

Definition 4.14. (Salvetti complex) Given a right-angled Artin group A(A),
the Salvetti complex associated to A(A) is a non-positively curved cube com-
plex Sa defined as follows. For each a; € Vertices(A) let S; be a circle en-

dowed with a structure of a CW complex having a single O—cell and a single
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Ll-cell. Let n = Card(Vertices(A)) and let T' = []7_, S;. be an n-dimensional
torus with the product CW structure. For every full subgraph K < A with
Vertices(K) = {a;,, ..., a; } define a k—dimensional torus Tk as a Cartesian prod-
uct of CW complexes: T = H?:l S;ij and observe that T can be identified as a
combinatorial subcomplex of T'. Then the Salvetti complex associated with A(A)
1s

SA = U {TK c T | K a full subgraph of A}.

Thus Sa has a single O—cell and n 1-cells. Each edge (a;,a;) € Edges(A) con-
tributes a square 2—cell to Sa with the attaching map aiajai’laj’l. And in gen-
eral each full subgraph K < A contributes a k—dimensional cell to Sx where

k = Card(Vertices(K)).

Theorem 4.15 ([23],Th. 4.2). A cube complez is special if and only if it admits

a local isometry into the Salvetti complex of some right-angled Artin group.
Since local isometries of CAT(0) spaces are m-injective, one gets the following

Corollary 4.16. The fundamental group of a special cube complex is isomorphic

to a subgroup of a right-angled Artin group.

4.3 Morse Functions on Cube Complexes

We will use the following definitions from [4, [5].

Definition 4.17. (Morse function) A map f: X — R defined on a cube complex

X is a Morse function if

e for every cell e of X, with the characteristic map y.: [0,1]™ — e, the
composition fy.: [0,1]™ — R extends to an affine map R™ — R and [y,

is constant only when dime = 0;
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e the image of the O-skeleton of X is discrete in R.

Definition 4.18. (Circle-valued Morse function) A circle-valued Morse function
on a cube complex X is a cellular map f: X — S! with the property that f lifts

to a Morse function between universal covers.

Definition 4.19. (Ascending and descending links) Suppose X is a cube com-
plex, f: X — S is a circle-valued Morse function and f: X — R is the cor-
responding Morse function. Let v € X© and note that the link of v in X is
naturally isomorphic to the link of any lift & of v in X. We say that a cell
¢ « X contributes to the ascending (respectively descending) link of v if 0 € €
and f|; achieves its minimum (respectively, maximum) value at o. The ascending
(respectively, descending) link of v is then defined to be the subset of the link
Lk(v, X) naturally identified with the ascending (respectively, descending) link of
v. Note that in the case when X is a square complex, all ascending, descending

and entire links are graphs.

For 2-dimensional complexes, we have the following characterization of free-

by-cyclic groups, which was proven in [4] (see also [25, Th. 10.1]).

Theorem 4.20 ([4], Proposition 2.5). If f: X — S is a circle-valued Morse
function on a 2—complex X all of whose ascending and descending links are trees,
then X is aspherical and w1 (X) is free-by-cyclic. This means that there is a short
exact sequence

1l —F,—mX) —Z—1,

where the free group F,, is isomorphic to m(f~1(pt)), pt being any point on S*.
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Chapter 5

Groups Gy, ;.

In this chapter we define a sequence of groups G, and study their presentation
complex. We show that it is a non-positively curved square complex and that

the groups are free-by-cyclic.

5.1 LOG Definition

Definition 5.1. (LOG) A labeled, oriented graph, or LOG, consists of a finite,
directed graph with labels on the vertices and edges satisfying the following: the
vertices have distinct labels, and the edge labels are chosen from the set of vertex

labels.

A LOG determines a finite presentation as follows. The set of generators is
the set of vertex labels. The set of relations is in one-to-one correspondence with
the set of edges; there is a relation of the form a~'ua = v for each oriented edge
labeled a from vertex u to vertex v.

Let me N,m>1. For k =0,...,m, let G, be a group defined by the LOG
presentation in the Figure

i.e.

Gm,k = <a17"'7am+k+1 | [aiaai+1] =1, +=1,...,m,

Uy 71105 m s j 41 = gy J =1, k).
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Am+1 Am+-2 Am+k o mitk+1

Figure 5.1: The LOG description of Gy, .

Clearly G, is an HNN extension of G, y—; with the stable letter a,,+x+1 so

there is a natural tower of inclusions

C:m,O = Gm,l = Gm,2 o Gmm

)

5.2 CAT(0) Structure for G,

aj
TN + +
CL]- CLjJrl
Ajt1 A A Gi+1
Ny a; @1
a;
Am+j I
> a; . .
, N m++)
/ \ - >‘a:rn+j+1
am+j
Am+j+1 A A Om+j+1 N
a
a .
N 7 o er]Jr].
a;

Figure 5.2: The contribution of the relations aj;llajajﬂ =a;, 1 <7 <m,and
a;ﬁrjﬂajamﬂﬂ = Qm+j, 1 < j <K, to the link of the O-cell of the presentation
complex K, .
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One way of producing a CAT(0) structure on groups G,, x is to verify that the
presentation 2—complex corresponding to their LOG presentation can be metrized
so that it is a non-positively curved, piecewise euclidean (PE) complex.

Let K,, denote the presentation 2-complex corresponding to the LOG pre-
sentation above of Gy, . It has one O-cell, (m + k + 1) 1-cells labeled by
at, ..., Gmaket, and (m+k) 2—cells corresponding to the relations aj_jlajajﬂ = q;
for 1 < j < m and a;ﬁrﬁlajamﬂﬂ = G+, for 1 < j < k. By construction, K,
is a subcomplex of K, 1. We endow K, ; with a PE structure by using regular
euclidean squares for the 2—cells, and using local isometric embedding attaching

maps.

Proposition 5.2. The presentation complex K, ) defined above is a non-positi-

vely curved PE complex.

Proof. We need to check the Gromov link condition [16, Th. 11.5.20]. For the
square 2—cells, it reduces to a purely combinatorial requirement that the link of
every O—cell has no circuits of combinatorial length less than 4. Figure shows
the contributions of the relations of G, to the link L of the unique O-—cell of
K, . We adopt the following notation: if a 1-cell a originates at O—cell u and
terminates at O—cell v, then it contributes a vertex denoted a~ to the link of u
and a vertex denoted a* to the link of v.

We see that the link L can be obtained as a union of a sequence of graphs:
Liclyc-- < Lyyps1 = L,

where L is just a pair of disjoint vertices a; , a;, and L;; is obtained from L; by
adding a new pair of disjoint vertices a;;, a;,, and connecting each one of them
to some pair af, a; with s < i+ 1. We observe that this procedure preserves the

following property: “for every [, vertices a;", a; are non-adjacent”. Indeed, the
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shortest path between the “old” vertices a}, a, has length two, and the shortest
path between the newly added vertices af, , a;,, is at least two. This shows that
at each step we cannot create cycles of lengths two and three. Therefore the link

L has no cycles of length less than four. O]
Corollary 5.3. Groups G, are CAT(0).

Proof. Indeed, the universal cover f(mk of non-positively curved square complex
K,k is a CAT(0) complex and G, acts on it by isometries, properly discontin-

uously and cocompactly. O

5.3 Free-by-Cyclic Structure

Notice that all the relations of groups G, , have the form: a?j = q;. This implies
that there exists a well-defined epimorphism G, — Z, sending every a; to a
fixed generator of Z. This epimorphism can be realized geometrically by a circle-
valued Morse function f: K, — S*, which can be defined as follows. Consider
a CW structure on S! consisting of one 0—cell and one 1-cell. Then f takes the 0
cell of K,, ;. to the O-cell of S, maps 1-cells of K,, ; map homeomorphically onto
the target 1—cell of S, and extends linearly over the 2—cells. Here by ‘extends
linearly’ we mean that f lifts to a map of the universal covers in the way depicted
in the Figure . (Note that, by the non-positive curvature, characteristic maps

of cells lift to embeddings in the universal cover.)

Proposition 5.4. The (circle-valued) Morse function f: Ky, — S induces a

short exact sequence
1_)Fm+k—)Gm,k—)Z—)1a

where F,,1x 1 a free group of rank m + k.
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Figure 5.3: The Morse function on each 2—cell and the preimage set of 0.

Proof. By Theorem it suffices to show that the ascending and the descending
links of the O-cell in K, are trees.

The ascending link of the 0-cell of K, is formed by those corners of 2—cells
of K, x which are formed by a pair of originating edges (labeled a, in Figure .
Similarly, the descending link of the O-cell of K, is formed by those corners of

2—cells of K,, which are formed by a pair of terminating edges (labeled a;, in

Figure .

ay Qg as ay, g1 Ay, Oy
[ 1 ] o o o 1— o o o —.—.
am+2 am+3 CLm-&-4 am+k+1
TS . - cee —o— o
+ + + + + + + +
) Qo ag Ay Qg1 Qg2 Cpoik Ukl

Figure 5.4: The ascending and the descending links for the Morse function
[ Kpr — R/Z.

From Figure [5.4] we observe that the ascending and the descending links of
the O-—cell of K,, are indeed trees. By the definition of f, each 2—cell of K,
contributes its diagonal loop to f~!(0-—cell). Furthermore, f~'(0-cell) is a bou-

quet of these diagonal loops. Hence f~!(0-cell) is a graph having a single 0—cell
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and (m + k) 1—cells which are denoted in the Figure |5.3| by A;, B;. O

The above Proposition implies that G, x = Fyux Xg,, , Z for some monodromy
automorphism ¢, . We shall determine explicitly the automorphism ¢, for a
particular choice of basis for F),, ;. Let A;, B; be the diagonals of the 2-cells of
Ky, as shown in Figure [5.3] Note that they have the following expressions in
the generators of G, x:

Ai=aa, 1<i<m Bj=a,, a5, 1<j<k.
Proposition 5.5. For 0 < k < m, G, has the following explicit free-by-cyclic
structure:

Gug = Fogr ¥g,,, 2

where

Fm+k::<A17~'-;Am7Bla"'7Bk>; Z:<Cl1>

and the monodromy automorphism ¢, i, acts as follows (here overbar denotes the

inverse):

¢m,ki Ay — Ay
A2 [ Al (AQ) Al
A3 — A1 Ay (A3) Ezf&

Am — AlAQ c. Am—l (Am) Am—l e A1

B1 — A1A2 ce Am (Bl)

B2 [— A1A2 ce Am (BlBg) Al

B3 — AlAQ ce Am (BlBQBg) Zggl
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Bk | — A1A2 e Am (BlBQ e Bk) Zk_lgk_g e ZQZl.

Furthermore, ¢y, 1 15 the restriction of ¢mm to Frik.

Proof. In the proof of Proposition it was shown that F}, . is freely generated
by all elements A;, B;.

As a generator of the Z factor we are free to choose any element that maps
to a generator of m;(S); without loss of generality, we may take Z = {ay ).

To get the action of the monodromy automorphism ¢ on the generators A;,
Bj of F,4r we need to compute the conjugations alAiafl and alBjafl. That
is, we need to find words in generators A;, B; which are equal to ayA;a7t and

alBjafl in Km,k-

a1 A Qi+1 Q4 A 3]

as/ as ;7\ Qi b as \as

A A, A A Al Ay A

Figure 5.5: The action of the monodromy automorphism on A;.

For a;A;a; ", we start with the triangle having A; on top and 1-cells a;y1,
a; forming two bottom sides. We would like to express aja;; and a;ay’ as
products of free generators A;, B;. Since the descending link of the 0-cell in

K, 1s a tree, there exists a unique path in it connecting ay” to a;, +1 and a unique

path connecting a; to af. These paths correspond to paths A; A, ... A; 1 A; and

37



Ai_1 ... Ay Ay, respectively, see Figure [5.5, Thus,

alAial_l = A1A2 Ce Ai—l (Az) AZi—l . A2A1.

B
a1 A Um+j+1 Qj A a1
(]/_7‘, as Qo
az ~ as A [Am41| A4 20m+5
Al A2 Am B1 Bj Aj—l AQ A1

Figure 5.6: The action of the monodromy automorphism on B;.

Similarly, for alBjafl, we start with the triangle having B; on top and @, +j41,
a; forming two bottom sides. Again, there are unique paths in the descend-

+

ing link from a) to ap,;,, and from a/ to a;. They correspond to words

AyAy .. A,By ... Bj and Ej_l ... Ay Ay, respectively, see Figure . Hence,

alBjal_l = A1A2Am (Bl B]) f_lj_l...ggf_ll. UJ
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Chapter 6

Constructing a Special Cover

for Gpmom

In this chapter we construct a certain permutation representation for a group
G.m and show that it defines a finite cover for its presentation 2-complex K, .,
which can be embedded in an (2m + 1)-dimensional torus. This allows us to

construct a finite special cover for K, ,, for all even values of m.

6.1 The Permutation Representation

We now define a right transitive action of G, ,, on a certain set Hy,,41 of cardi-
nality 22m+1L,

Action set. For any n = 1,...,2m + 1 denote H,, to be the set of all tuples
of length n consisting of 0’s and 1’s, i.e. H, = [];_;{0,1}. There are natural
inclusions

HnHHn-i-h (xlw"axn)H(xla"‘)xn70)7

and we identify H,, with its image in H,.; under these inclusions. Also denote

H* a subset of H, 1 consisting of all tuples with the last coordinate 1:

HY ={(z1,...,20,1)} € Hp11.

n

With the above identifications, we have H, ., = H,, u H} (disjoint union).
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To define a right action of a group G on a set X, it suffices to associate to

each g € G a permutation 7(g) of X such that

7(gh) = w(h)m(g) forall g,h e G.

Equivalently, a right action of G on X is a homomorphism of the opposite group
G° to Sym(X), the group of all permutations of X, where G° equals G as a set,

with the new operation o defined as

aob:= ba.

We adopt the latter approach and construct the homomorphism from Gy, , to

Sym(H2m+1)‘

Recall that we have a natural tower of inclusions
Gm,O = Gm,l (SR - Gm,m-
Since there are also inclusions

HpyyncHypo - C H(m+1)+m = Hopis

this allows us to define the homomorphism 7: G, ,,, — Sym(Ha,, 1) inductively

by repeatedly extending the homomorphisms G}, , | — Sym(H,,41) to Gox —

Sym(H,,yx41) for k=1,... m as follows.
Base of induction. Let the m + 1 generators aj, ..., amy1 of Gy, act on
H,,., as flips in the respective coordinates, i.e. fori =1,...,m + 1, set
(i) | iy = Bi (Ao)
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where (;: Hoyi1 — Hoppq given by

Bi(@1, oy i1, T, Tigr, ... ) = (21, Timy, L — T, T, )

is the operator that changes the i-th coordinate from 0 to 1 and vice versa, fixing

all others.
All the relations in G, (and Gj,,) are commutators [a;, a;41] = 1, i =
1,...,m. Clearly, they are satisfied in Sym(H,,,1) since operators (3; pairwise

commute. Thus we have a well-defined homomorphism 7: G, ; — Sym(H,, 1)

Inductive step. For a fixed k € {1,...,m}, suppose that

T Gy ey = Sym(Hon k)

is already defined. In particular, this implies that H,, is invariant under 7(a;)

forall j =1,...,m + k. Also suppose that the following property holds:

forall j =k,....m, m(a;)|a,,. = BjlHms- (Py)

The base of induction above guarantees that these suppositions are true for k = 1.

Our goal is to extend the homomorphism 7w

o, tom: G — Sym(Hppn).

mks it will suffice to define 7(a;)[g=  for j =

1,...,m+k, and 7T(am+k+1)|Hm+kuH:’;+k'

To this end, we set

= Bkt (A1>

7T(a/m+k+1) |Hm+k|—'H::L+k'
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and for all 1 < j <m+k,

m(ai)lmx = Bmsksr - Phmsk - T(05) | Hyyy * Phiimesk * Bt (A2)

where - denotes the composition and ¢y 4k : Hysk+1 — Hypskg s the involution
that interchanges k-th and (m + k)-th coordinates leaving all other coordinates

fixed:

Ok’ (T1, - Thy oy Tonkes Tkt 1) 7 (T15 o Ttk -+ o5 Ty ikt 1) -

In other words, we transfer the action of G, 1 from H,,,, to H ., while
twisting it with ¢y m4x. Notice that, with the above definitions, both sets H,,
and HY ., are invariant under 7(a;) for j = 1,...,m+k. All the relations involv-
ing generators ay, ..., amyk are satisfied on H,, 1 = Hypop 1 H)Y L, since they
hold true on H,,.; and the conjugation by B, 4+k+1 - Pkm+k 15 @ homomorphism
between permutation groups on H,, . and H} .

The only relation in G, involving the last generator a,, 511 is

—1
Atk +1 U Am+k+1 = Amtk;
which translates to
-1 .
Am+k+1 C A O Qi1 = Omtk

1 o
in G} 4.

*

i the left-hand side of this relation acts on

Since B, k41 sends H,, x to

H,, .. as follows:

7T((lerkH) : 71'(ak) : W(a;@ik+1)|Hm+k
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= 7T(6Lm+k+1) : W(ak) ) 5m+k+1|Hm+k

= T(Amiks1) - 7T(%)|H;;+k : 5m+k+1|Hm+k

= T(@mrk+1) * Brakr1 - Promer - T( @),y Plomtk - Bmrk1) - Btk lm,,
= T(Qmtk+1) * Bmtht1 - Pk,m+k ﬂ-(a’k’)|Hm+k : 901<:,7n+k|Hm+;c

= (W(am+k+1) : 5m+k+1) * Pkm+k 7T(CL/<:)|H,,L+,c : Spk,m+k|Hm+k

= id - Otk - (k)| Hypy s - Pmrkl Hye = (DY (Pr)]

= Pkm+k * 5k|Hm+k. : Spk,m+k|Hm+k = 5m+k|Hm+k = W(@m+k)|Hm+k>

where the last equality holds due to the inductive definition of 7. Thus, the both
sides of the above relation act the same on H,, .

Analogously, on H .., the left-hand side acts as:

+k

-1

T(amske1) - 7(ag) - W(am+k+1)|H; . = Ptk - (@) Hyp - ﬁm+k+1|H;‘;L+k

+

= [by (P)] = Bttt Bl '6m+k+1|H:‘:L+k = 5k|H;’;+k>

and the right-hand side:

W(am+k)|H7’fL e Bmtk+1 * Crmsk - W(am+k)|Hm+k " Pkm+k 'ﬁm+k+1|H:L+k

+

= [by the inductive definition] = Byik+1 * Chmsk - Btk * Chmtk * Bm+k+1|HT’fL+k

= Bmtk+1 - O - 6m+k+1|H:‘;l+k = Bk|H;’l+k

Since the two sides act the same on H,,. 1 HY ., = Hy 4141, the above relation

is satisfied in Sym(H,, 1), which proves that m is well-defined on Gy, ;.
It remains to be proved that the auxiliary condition (Py) is preserved under
the inductive step, i.e. that (P;) implies (Pyi1).

Indeed, (P;) means that 7(a;)|g

un = Bila,., for j = k,...,m. Thus, for
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j >k,

m(a;)

o= Bkt Pk T H i - Pl Bkt %,

= Bmtkt1 - DPkm+k '5j|Hm+k *Pkm+k 5m+lc+1|H;*;L+,c

= [since j # k, m + k] = Bj[p= .

This proves that 7(a;)|u = BilH,, ., for j=Fk+1,...,m, ie. that (Py1)

m+k+1

holds.

This finishes the inductive construction of the homomorphism
T Gy = Sym(Hapi1)

and the proof that it is well-defined. Thus one gets a right action of G,,,, on
H,,, 11 which will also be denoted .

Figure shows the permutation representation for G .

Proposition 6.1. The right action m of Gy, on Hapy1, defined above, has the

following properties:
1. G acts transitively on Hy, 111 for allk =0,...,m.
2. Fach generator a;, 1 =1,...,2m + 1, acts as an involution on Hoy,, 1.

3. For any v € Hypy1, and any a;, i = 1,...,2m+ 1, w(a;)v differs from v in

exactly one coordinate. In particular, w(a;) has no fixpoints.
4. For any i # j, m(a;a;) has no fizpoints.

Proof. (1) An easy induction. The case k = 1 is obvious since G, o acts on H,,1
by coordinate flips. So one can start with any (m + 1)-tuple of 0,1’s and obtain

any other (m+ 1)—tuple by changing one coordinate at a time. Suppose now that
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10110

01101

00101

10111

00111 1

Figure 6.1: The case of m = 2, k = 2: the action of G2 = {ay, as,as,ay, a5 |
[a1,a0] = 1,[az,a3] = 1,a; a1a4 = a3, a5'asas = as) on Hs. Elements of Hj
are arranged at vertices of the hypercube graph marked with the corresponding
tuples of 0,1’s. (Thus, each edge of this graph corresponds to a pair of opposite
edges in the 1-skeleton of the 5—dimensional torus 75 defined below.) The subset
Hj is represented by the upper left-hand corner subgraph, and H, by the upper
half of the picture. If 7(a;) interchanges vertices v and v we mark the edge uv
with the italicized digit i.
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G k-1 acts transitively on H,,,. Then by (As), H ., comprises another orbit
for G 1 and ki1 glues Hy,op and HY o into one orbit for Gy, x by (A1)
thus proving that G, is transitive on H,,pp1 = Hypqp 1 HY,

(2),(3) Follow by induction from formulas (Ay)—(Asz).

(4) Again, this is obvious for a;, a; with 1 < 4,7 < m + 1 acting on H,, 1

since they act as different coordinate flips ;, 8;. Suppose that the statement is

proven for some k € {1,...,m+1}, for all a;, a;, 1 <i,j < m+k acting on H,,+.
Then m(a;a;) has no fixpoints on HY ., either, since otherwise if v € H} _, is such

a fixpoint, then by (As), @rm+k * Bmtr+1(v) would be a fixpoint for m(a;a;) in
H,, k. Finally, if, say, i = m + k + 1 then m(a;) changes the last, (m + k + 1)-st,

coordinate on H,, k11, whereas for j < i, m(a;) preserves both subsets H,,; and

HY .., soit doesn’t change the (m+ k+1)-st coordinate. Hence, the composition
of m(a;) and 7(a;) has no fixpoints. O

6.2 A (2m + 1)-Torus Cover

Let Cy = R/2Z be a 1-dimensional CW complex with the following CW structure:
its O—cells are 0 + 27Z and 1 + 27Z, which we denote by 0 and 1 respectively. The

1—cells are [0, 1] + 2Z and [1, 2] + 2Z, which we denote by ey and e; respectively,

Cy: 0@1

€1

see Figure |6.2

Figure 6.2: The CW complex Cs.

We denote by 7, the CW complex R"/(2Z)" = (R/2Z)"™ with the product CW

structure. Notice that the natural action of (2Z)™ on R™ preserves the standard
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unit cubulation of R™, hence induces the structure of a cubical complex on 7,.
Observe that 7, is homeomorphic to an n—dimensional torus.

In what follows, it will be convenient to parametrize points of 7,, by n—tuples
(x1,...,x,) of numbers from [0, 2] viewed up to the identification 0 ~ 2.

The 0O-skeleton of 7, is naturally identified with the set H,, of all n-tuples of
{0, 1} introduced before.

The 1-—cells of 7, are formed by fixing an edge ey or e; in some factor of
T, = Cy x Uy x -+ x (9, say, in position 7, and taking product with vertices 0
or 1 in all other positions. (So if two O—cells of 7y differ in only one coordinate,
then there is a unique directed edge in 7Y from the first 0—cell to the second
one and a unique directed edge from the second one to the first one.) Thus, a

typical 1—cell in 7, can be identified with a product of the form
V1 XVUg X >+ X Vi1 X €y X Vjg1 X =+ X Up,

where each v; € {0,1} and o = 0 or 1.

Similarly, an arbitrary 2—cell of 7, is a product
Vg X o X Uj1 X €q X Vjqp1 X o XVj1 X€g XVjq1 X+ XUy

for some choice of 1 <i,j < n (i # j), with each vy € {0,1}, and «, 5 € {0, 1}.
Let K, be the presentation 2-complex for G, .,. Recall that it consists of
one 0—cell, (2m+1) 1-cells corresponding to the generators ay, . .., agm+1 of G
and 2m 2-cells corresponding to the relations of Gy, ..
Consider the right action 7: G, ,, — Sym(Hzy,11) constructed in the previous

section and denote

S={9€Gmnm|m(g)0,0,...,0)=(0,0,...,0)}
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the stabilizer of the point (0,0,...,0) in G,.m. Subgroup S defines a finite

covering K,, — K, ,, whose properties we now describe.

Proposition 6.2. The covering space [A(m cellularly embeds into the 2—skeleton

Of 7§m+1 .

Proof. The O—cells of K,, are in one-to-one correspondence with the right cosets
S\G.m- Since the action of G, is transitive on Hay,+1 by Proposition (1),
K consists of |Gy : S| = 221 vertices which we can identify with 757, ,,
the O—skeleton of 75,,,1, which was earlier identified with the set Hs,,,1 of all
(2m + 1)-tuples consisting of {0, 1}.

The 1-—cells of [A(m are in one-to-one correspondence with pairs of right cosets
(Sg, Sga;) where a;, i = 1,...,2m + 1 runs through all the generators of G, p,.
Proposition (3) guarantees that each such 1—cell is not a loop, and it actually
belongs to the 1-skeleton of the (2m + 1)-torus Tz, 1.

The 2—cells of IA(m are lifts of the 2—cells in K, ,,,. Each such 2—cell is uniquely
determined by the base vertex (a lift of the base vertex of K, ,,) and by the fixed
cyclic order of the relator word of G, ,,, which defines the attaching map of a
2-cell in Ky, .. Indeed, since 7: Gy, | — Sym(Hyp,41) is @ homomorphism, every
relator word w of G, ,, acts as the identical permutation. There are two types

of relators in the presentation for G,

aaia; ta;y =1 fori=1,...,m, and

1 1 o .
U 410§ Am+ji1Gy; = 1 for j=1,...,m,

each of which has length 4. Thus they define length 4 loops in IA(m, based at
every vertex, each of such loops has to be filled with a 2—cell because these loops
must be nullhomotopic when projected to K, . Thus, each 2—cell of [A(m can be

given by a word aiajafla;1 for some values @ # j, j # [, see Figure .
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Sga; a Sgaja; = Sga;a;

as A A @i

8

Sg Sga;

Figure 6.3: A typical 2—cell in [A(m

If we identify cosets S\Gy,m with 7’2(”(?“ = Hyi1, Proposition (3) shows
that for any i = 1,...,2m+1, every edge (Sg, Sga;) changes only one coordinate
of the (2m + 1)-tuple of {0,1} representing vertex Sg, therefore it maps to a
suitable 1—cell of T3,,41.

Let’s show that each 2—cell of the above form at a vertex Sg € KO naturally
embeds into 7;(7%1 under the embedding induced by the embeddings of K% and
[A(,(nl) to ’7;(,3“ introduced above. Denote p, ¢, 7, s the positions in {1,...,2m + 1}
in which the endpoints of the following edges differ: (Sg, Sga;), (Sga;, Sga;a;),
(Sg,Sga;), (Sga;, Sga;a;), respectively. By Proposition[6.1[4), a;a; and a;a; have
no fixpoints on Hs,, 1, hence p # ¢ and r # s. And since the square above is
commutative, we conclude that 2—element sets {p, ¢} and {r, s} are equal. Again,
by Proposition (2), a; and a; act as involutions, hence p # r, since otherwise
-1

a; “a; = a;a; would have a fixpoint Sga;. Therefore, p = s, ¢ = r, and the 2—cell

under consideration actually belongs to 7;(”22 .1 since each pair of its parallel edges

changes coordinates of vertices in the same position, one in position p = s and

another in ¢ = r. O

6.3 Exploring Hyperplane Pathologies

We will need the following description of hyperplanes and walls in the n—torus 7,.
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Lemma 6.3. The hyperplanes and oriented walls in 7T, are in 1-1 correspondence

with pairs (i,e,), where 1 <i < n and a € {0,1}. More explicitly:

(1) the hyperplane corresponding to the pair (i,e,) is a subset of T, of one of

the following two types:

{(xl,...xi,l,%,xiﬂ,...,xn) | z; € [0,2] }
if e = €g, and

{(:L'l,...:ci,l,%,xiﬂ, o Ty) | @ €]0,2] }

if e = €1 (with the identification 0 ~ 2).

(2) the oriented wall through a 1-cell
VL X o X Vi1 X €4 X Vjgq X o+ X Up
consists of all 1—cells
Uy X o X Ui X €q X Ujp1 X o+ X Uy

with i, e, fized, and uy,’s taking all possible values of {0,1}.
The oriented wall in (2) is dual to the corresponding hyperplane in (1).

Proof. (1) Recall that the structure of a cube complex on 7, = R"/(2Z)" is
induced by the standard cubulation of R™. Hyperplanes in R™ are subsets of the
form

Hlyk:{(ml,,$Z,1,k+%,$z+1,,$n)|l’jER}, 1<z<n, keZ.

50



Modding out by the action of (2Z)" yields the result.

(2) Recall that the oriented wall containing a 1-cell a of a cube complex X is
the class of all oriented 1—cells of X which are connected to a through a sequence
of elementary parallelisms via the 2—cells of X. Notice that an arbitrary 1—cell
of 7, is a product of the form: v; X -+ X v;_1 X €4 X Vj41 X -+ X U, Where each

vertex vy € {0,1} and a = 0 or 1, and an arbitrary 2—cell of 7, is a product

vl><---><UZ-_1XeaxviHx---xvj_lxeﬁxvjﬂx---xvn

for some choice of 1 < 4,7 < n (i # j) and «, 3 € {0,1}. Thus, the elementary

parallelism via the above 2—cell establishes equivalence of the 1—cells

Up X o+ X Uj—1 X €y X Vg1 X -+ XVU; X - X Uy
and
V1 X oo XU X €y X Vjgpp X+ X (1_7]]) X oo X Up.
Since index j varies independently of ¢, we conclude that any 1-cell uy x --- x
Ui 1 X €q X Uiy X =+ X Up, ug € {0,1}, is contained in the parallelism class of
V1 X oo X Vi1 X €y X Vjg1 X o X Up. OJ

Now we show that the complex K m does not have three of the four pathologies

in the definition of a special cube complex.
Proposition 6.4.
(a) Hyperplanes of IA(m do not self-intersect.
(b) Hyperplanes of K., do not self-osculate.

(c) Hyperplanes of K., are two-sided.
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Proof. 1t is convenient to work with the oriented walls dual to hyperplanes. Since,
by Proposition , [?m is a square subcomplex of 75,1, every wall of IA(m is a
subset of some wall of 75,,.1. By Lemma the walls in 75,,,1 consist of all
1—cells of the form wy x -+ X w;_1 X €4 X Ujpq X -+ X Uy for a fixed i, e,, and
arbitrary wuy € {0, 1}.

If a hyperplane of IA(m were self-intersecting, the corresponding wall would
contain edges with e, in two different coordinate positions ¢ and j, which is
impossible. This proves (a).

If a hyperplane of f(m were self-osculating, the corresponding wall would
contain a pair of edges w1 X ug X -+ X Uj_1 X €4 X Ujy1 X * =+ X U1 and vy X vy X
Ce e X U1 X €q X Vjg1 X v+ X Uy With common extremities: either their origins
or their termini coincide (for direct self-osculation), or the origin of one edge
coincides with the terminus of the other (for indirect self-osculation). In either
case the tuples (ug,..., Ui 1,Uit1,. .-, Usme1) and (Vg ..., Vi1, Vis1s .-, Vome1)
are equal, which means that the original 1-cells are equal and there is actually
no self-osculation happening. This proves (b).

To prove (c) we observe that a hyperplane H of K m lies in a unique hyperplane
in 72,,.1. In particular, by the above lemma, in the coordinate system on 7,1,

the hyperplane H has the following description:

H={(21,...%i—1,t,Tiz1, ..., Tams1) }

N

for some 1 < i <2m+1,¢ =1 or 3, and some values from [0, 2] for the rest
of the variables. Since f(m is a square complex, H is the union of mid-cubes of

some set of square 2—cells. Hence each point z of H belongs to a square 2—cell C'
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of K,, of the form
szlx---xvi_lxeaval><---><vj_1xeﬁxvj+1><---><vgm+1

for some 1 < j < 2m + 1, where all v;’s are 0 or 1. (The index j may be less
than or bigger than i.)

Suppose that e, = ¢y so that t = % Then z actually has coordinates:

1
= (Ula cee Vi1, 55 Vig1s -+ - 5 V5158, Vg, - - 7U2m+1)

where s is some value from [0,2]. We see that the set
z % [0,1] = { (U1, Vi1, 6, Vi 1y - o, U1, S, Ujgdy - -, Vo) | T € [0, 1] }
also belongs to the same square C' above. We conclude that the product
H % [0,1] = {(xl,...xi,l,t,a:iﬂ, coTy) | tEe[0,1] }

is a union of 2-cells of K,,. This defines a combinatorial map H x [0,1] — K,
(actually, an embedding) such that H x {%} is identified with H itself.

A similar reasoning applies if e, = e, t = % (we parametrize H x [0,1] by
te[1,2]).

This proves that every hyperplane of IA(m is two-sided. O

Unfortunately, cube subcomplexes of a Cartesian product of three or more
graphs can have inter-osculating hyperplanes, as the example in the Figure [6.4
shows. The 2-complex in Figure is a subcomplex of the product of two
segments of length one and a segment of length two.

However, Haglund and Wise have proved in [23, Th. 5.7] that in the case
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v

Figure 6.4: A subcomplex in a product of three graphs with inter-osculating
hyperplanes.

when the square complex is a so-called VH-complex, the absence of the first

three hyperplane pathologies guarantees the existence of a finite special cover.

Definition 6.5. (VH-complex) A simple square complex is called a VH-complex
if its edges are divided into two disjoint classes: wvertical and horizontal, such that
the attaching map of each square is of the form vhv'h’ where v,v" are vertical

and h, h' are horizontal edges.

Proposition 6.6. For all even integers m, the complexes K,,,, and [A(m are

VH-complexes. Hence there exist a finite special cover K,, — [A(m

Proof. From the LOG definition (see section of groups G, ., we observe that,
for the even integers m, the odd-indexed and the even-indexed generators form
two classes V and H (‘vertical’ and ‘horizontal’) such that all relators of Gy, .,
have the form: v? = vy or hy = hy for some v,vy,v5 € V., h,hy,hy € H. This
implies that the complex K, ,, is a VH-complex.

The complex IA(m, being a finite cover of K,,,,, inherits the structure of a
VH-complex from K,,,,. Indeed, the preimages of the vertical and horizontal
edges in K, ,, under the covering map p: IA(m — K, form two disjoint classes
V = p (V) and H = p~*(H), and all edges of K,, are contained in V L H.

The link of every vertex of K,,,, is a bipartite graph corresponding to parts V'
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and H, and links of vertices are mapped isomorphically under covering maps.
Thus all links of vertices in IA(m are bipartite with respect to parts V and H.
Therefore all 2—cells of IA(m have boundaries of the form vihjvehs with vy, vy € ‘A/,
hi, ho € . By Proposition , hyperplanes of f(m have no self-intersections and
no self-osculations. Hence, by Theorem 5.7 in [23], there exist a special cube

complex K, and a finite cover K,, — IA(m. O
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Chapter 7

Proof of the Main Theorems

Now we are ready to prove our main results.

Theorem A. For each positive even integer m there exist virtually special free-by-
cyclic groups G m = Foy, Xy Z with the monodromy growth function gry(n) ~ n™

and Gpm—1 = Fom—1 X Z with the monodromy growth function gry(n) ~ n™ 1

Proof. We have seen in Proposition that for each even integer m > 0, there
exist a special cover K, — K, for the presentation complex K, ,,, of the group
Grmm = Foy x4 Z. In Propositions and [8.12] of chapter |8 we show that the
growth function for ¢ = ¢y, ,, is ~ n™. This proves the first part of Theorem A.

For the second part, recall that Gy, -1 = Fam—1 Xy Z, where ¢ = ¢y m—1
is the restriction of ¢ on the free subgroup on the first 2m — 1 generators. By
construction, the presentation complex K,,,,—1 for Gy, ,,—1 is a subcomplex of
K, m, and is actually obtained from K, ,,, by deleting the loop corresponding to
the last generator as,,.1 and also the single open 2—cell adjacent to ag;,11 (i.e.
which have ag,, 11 as one of their sides).

Let p: K,, — K, m be the special cover of K, ,,, from Proposition . Con-

sider a square subcomplex K’ < K,, which is obtained by:

1. deleting all 1-cells of K,, which map under p onto the loop labeled g, 1

in Ky, m;

2. deleting all open 2—cells of K, which have 1-cells from (1) as one of their

sides;

56



3. taking a connected component of the resulting complex.

We claim that p: [_(;n — K, m—1 is a finite special cover of K, p—1.

Indeed, by construction, p(K’,) lies in K, ,,_1. The hyperplanes of K’ are
two-sided, do not self-intersect and do not self-osculate, since they are subcom-
plexes of the corresponding hyperplanes in the special complex K,,.

To see that the complex K’ has no inter-osculating hyperplanes, observe
that in steps (1), (2) above we deleted only the hyperplanes which are dual to
the 1—cells corresponding to the last generator as,,,;. This doesn’t change the
absence of inter-osculation of the remaining hyperplanes of K,,. Therefore, the
hyperplanes in K’ do not inter-osculate either, and K’ is special.

Again, that the growth of ¢' is ~ n™~! is shown in Propositions and

in chapter |8 since ¢’ = ¢y m—1. ]

Corollary A. For each positive integer k there exist a right-angled Artin group
containing a free-by-cyclic subgroup whose monodromy automorphism has growth

function ~ n*.

Proof. In Theorem A we have proved that for any positive integer k (where k = m
or m — 1 for arbitrary even m) there exists a free-by-cyclic group G = F x, Z
with gr,(n) ~ n*, such that some finite index subgroup H < G is isomorphic to a
fundamental group of a special cube complex. By Haglund and Wise’s celebrated
result (see Corollary [4.16), there exists a right-angled Artin group A(A) with H
isomorphic to a subgroup of A(A).

Let’s prove that H is free-by-cyclic itself. Indeed, we have a commutative

diagram:
1 > F > FxyZ —— Z > 1
1 > N >y H y (7, > 1
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Here N = H n F' and (Z is the image of H under 7. Since H has finite index in
G, ¢ # 0. Hence the subgroup N is invariant under v* and is a free group. Since

F'< G, FH is a subgroup of GG, and
|F:N|=|F:HnF|=|FH:H|<|G: H| <.

Therefore, N is a finitely generated free group, and H = N x . Z, a free-by-cyclic

group.
Parts (ii) and (iii) of Proposition [2.4] tell us now that

gl (n) ~ gry(n) ~ nk. O

Theorem B. For each positive integer k there exists a 3—dimensional right-angled
Artin group A which contains a finitely presented subgroup I' with Dehn function

>~ nk.

Proof. In Theorem A we proved that, for all even integers m, the free-by-cyclic
group Gy m = Fom Xy Z (vesp. Gpm—1 = Fom—1 Xy Z) has the following proper-
ties: gr,(n) ~ n™ (resp. gry(n) ~ n™ '), and it contains a finite index subgroup
H which embeds into a right-angled Artin group. In Corollary A we showed that
H is itself free-by-cyclic: H = N x4 Z (resp. H = N x 4. Z) for some finite index
subgroup N < Fy,, (resp. N < Fy,,—1) with the monodromy automorphism being
@" (resp. (¢)%) for some £ > 0.

We claim that the double of H, I'(H) = H s%p H, has Dehn function or(n) ~
equivalent to gry(n) - n® (resp. gry(n)-n?), and itself embeds into a RAAG.

We now prove this claim for the case of subgroup H < G, ,, the monodromy
automorphism ¢, and k = m, and notice that the case of H < G, -1, the

monodromy automorphism ¢,57 and k = m — 1, is proved in a similar fashion.
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The upper bound: 6p(n) = n¥*? is established as follows. By Propositions ,
and , gry(n) ~ nF and gry,1(n) ~ n*. Proposition (ii) implies that
grye(n) ~ n* and gre-1(n) = gr-1ye(n) ~ n*, and so the upper bound fol-
lows from Proposition [3.4]

The lower bound: n - maxjpj<n, ey [¢(0)]| = dr(n) was given in Proposi-
tion If we show that maxyyj<n, pen |0 (b)| Z n**?, it will follow, in view of
the above, that dp(n) ~ n*+2.

We prove in chapter [§that in the group G, ., = Fa, x4 Z, containing H, the
maximum in the definition of the growth functions gr,(n) and gr 4. (n) is achieved
at the generator B,, (see Corollary : |0™(Bm)| ~ [(¢% )" (Bg)|, ~ n™ = n*.
(Here the bar over an element of Fy,, denotes its image in the abelianization of
Fon.)

Since the subgroup N is of finite index in Fy,,, there exists an integer p > 0

such that B? € N. Then we have:

s 6] > 16 (BI] = pn- ()" (B, = pr(en)™ ~
beN

Since k = m, this proves that dp(n) =~ nf*2.

To prove that I' embeds into a RAAG, consider a homomorphism p: I' —
H x F(u,v), where F(u,v) is a free group of rank 2 on free generators u, v (a
modification of the Bieri embedding), which is described as follows. Recall that
H = N x4 Z, where N is a free group of finite rank. Denote for brevity ¢ = @
and take three copies of Z with generators s, ¢t and 7. Then I' = (N Xy <s>) * N
(N %y () and H x F(u,v) = (N x4{7)) x F(u,v). Define s on T" as follows:

ply = idy, s Tu !, t— 7o (1)
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We check at once that p is a homomorphism, and it is easily proved using the
normal forms of elements in free amalgamated products, that u is injective.

Thus, if we denote the right-angled Artin group containing H as A(A), for
some graph A, then I' ¢ H x Fy is a subgroup of A(A) x Fy, which is itself
a RAAG (corresponding to the graph join of A and the empty graph on two
vertices).

To prove that A(A) x F, has 3—-dimensional Salvetti complex, notice that the
graph A is the intersection graph of hyperplanes of K,,. The latter being a V H-
complex implies that A is bipartite, hence triangle-free. This makes the Salvetti
complex for A(A) 2-dimensional, and the one for A(A) x F, 3—-dimensional.

O

Corollary 7.1. The group I' from the above proof lies in the Bestvina—Brady

kernel of the natural map e: A(A) x Fy — Z that sends each generator to 1.

Proof. Indeed, denote t: H —> A(A) the embedding of fundamental groups of

special square complexes, existing due to Corollary We have:
T = H sy H "> H x Fy(u,v) <% AA) x Fy(u,v) <> 7Z

and we need to show that € o (v x id) o u(I') = 0. Recall that H = N x Z is the
fundamental group of a square complex K, which covers Ky, m, see the proof of
theorem A. (For simplicity, we consider the cover of K, ,,, only. The situation with
K,m—1 is completely analogous.) The Morse function on K, ,, lifts to that of
K, denote it f. Arguing exactly as in the proof of Proposition , we conclude
that the preimage f~!(0) is the union of the diagonals of some square 2—cells of
K,,. Now recall the Haglund-Wise’s construction of the RAAG A(A) into which
the fundamental group of the special cube complex K,, embeds [23, Th. 4.2]:

generators {a;} of A(A) correspond to hyperplanes of K ,,, with any two of them
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commuting if and only if the respective hyperplanes intersect. Taking inverses of
generators if necessary, we may assume that each generator of A(A) corresponds
to an oriented wall consisting of 1-cells oriented positively with respect to the
Morse function f. It follows that (up to taking inverse) each loop in f~*(0)
embeds (via ) into A(A) as a product of words of the form a;cr; ' (corresponding
to diagonals of certain 2-cells). Thus if N = m;(f!(0)) then e(«(N)) = 0.
Also, each 1-cell dual to a hyperplane of K,, maps via f to S' as a degree 1
map. However, the generator 7 of the Z factor of H corresponds to the ¢-th
power of automorphism ¢, hence we may assume that 7 maps (via ¢) to some
of in A(A). Hence, £(u(7)) = ¢. Now looking at formulas [{| for 1, we see that
(eo (v xid) o u)(s) = (o (¢ xid) o u)(t) = 0, which finishes the proof.

O

Remark 7.2. Following the proof of Proposition given in [13, Lemma 1.5]
(see also 11 Proposition 7.2.2]), we can exhibit an explicit sequence of words
wy, = [(st 1"t Bt "] (where k = m or m — 1, as above) which realize the
lower bound for the Dehn function ér(n). To understand what van Kampen
diagrams for these words look like, the reader is referred to the proof of [I3]

Lemma 1.5]. In the notation of [13], = B, t; = t, t2 = s.
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Chapter 8

Growth of ¢ and ¢!

In Proposition we have shown that, for all 1 <k <m, Giup = Fnyr ¥4, Z,
where F), ; is a free group with generators Aq,..., A,,, By,..., By. For conve-

nience, in what follows we adopt the notation:

¢ = gbm,m

and use the fact that ¢, is the restriction of ¢ on the first m + k generators.
The goal of this chapter is to prove that ¢, and (¢, )" have growth ~ n*. In
particular, gry(n) ~ gry-i(n) ~ n™.

Throughout this chapter, |.| will denote the word length in F,, with respect
to the system of free generators {4;, B;}.

Recall (see Proposition that the automorphism ¢ is given by the formulas

(where the overbar denotes the inverse):

¢ = ¢m,m: Al = Al (1)

AQ [— A1 (AQ) A1

A3 — A1A2 (A3) ZQZI
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B2 — A1A2 e Am (BlBg) A1

Bg — AlAQ e Am (BlBQBg) Zggl

Bm [ — AlAQ e Am (BlBQ e Bm) m—lgm—Q N

8.1 Upper Bounds for the Growth of ¢, ¢!

Proposition 8.1. For the automorphism ¢, we have:
gry, . (n) < n*  and 8L(g,, )1 (1) < nk.

We will need few basic lemmas.

Lemma 8.2. fori=1,...,m,
PU(A;) = ATAD AT A AT L ATAY

Proof. We prove the statement by induction on n, observing that it is true for

n=20,1:

¢ (Ai) = 90" (A) = d(ATA; .. ALLY) - 9(A) - (AL, .. AR AT)

= p(AT)G(AD)D(AF) .. H(AL) - (A) - S(A]4) ... S(AF)(AT) (A7)
= (AN (AVATA ) (A A AT AL ALY o (Ar . Ay AT Ay )
X (Al e AiflAiZifl . /4_11) X (Al e Aifgg?_lgifg e El) N (AlAQZ’gZQKl)

X (AL ADAN)(AT) = AP ADTL ATl A AL AT AR O
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Corollary 8.3. Fori=1,...,m,
l¢"(As)] = 2(2 = 1)n + 1.
Lemma 8.4. ¢"(By) = ATAY ... A" - By.

Proof. The statement is true for n = 0, 1. By induction,

¢n+1(Bl) = (15((/5”(31)) = ¢(A?A3 .- AZL) '¢(Bl)
— (A" (A AZA) (A A AR ALAY) (A Ay AN Ay AY)

x (A1Ay. . A, - By) = APTL AR AML. By

Corollary 8.5. ||¢"(B;)| = mn + 1.
Lemma 8.6. ¢"(A1Ay... A,) = ATTLARTE AL LA AR ADAT

Proof. We do induction on n, the case n = 0 being evident:

¢n+1(A1A2 .- -Am) = ¢(¢H(A1A2 .- Am)) = Qb(A?H)Qb(ASH) s ¢(A:Lnt11)

X O(Am) - d(Ap, 1) ... O(A5)P(A]) = (ATH) (A AZ T AL (A AR AR AR AY) .

X (Al e Am_QA:Lntllgm_Q e Al) . (A1 e Am—lAmEm—l Ce Kl)
X (Al e Am—Q"ZZL_l"Zm—Q . gl) Ce (AlAQAggggl) . (Algggl)(ﬂ’f)

_ n+2 An+2 n+2 aAn+1 an+1 gn+1
—Al A2 "'Am—l'Am'Am—l"’A2 Al .

Lemma 8.7. |[¢"(Bs)| = Zn* + (& +2)n + 1.

Proof. One observes that

¢(Bz) = ¢(B1) - By - Ay
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This gives by induction in view of Lemma [8.4}

¢"(Bs) = ¢"(B1)¢" ' (B1) ... ¢(B1) - By - A}

— (ATAY . AT By - (ATTTAYTY L AYIBY) L (AAs. . AnBy) - By - AT

Hence,

10™(Bs)| = [mn+ 1] +[mn—1)+ 1]+ ...+ [m+1]+1+n

n(n+1)

=mAl 4 2n 41 =20+ (2 4+2)n+ 1.

Claim 8.8. Fork=1,...,m,

[6" (Bu)ll < n*.

Proof. From the formulas we get for all k£ > 2,

$(Byi1) = (Bi) - (Av... Ax 1) - By - $(Ay .. Ay).

Therefore,

¢"(Bry1) = ¢"(Br) - ¢" (A1 Ap 1) - 0" (Bria) - 9" H(Ar L AR) T

Lemma [8.6] gives:

lo" H(Ar.. Ap)| =2k —2)(n— 1) + (k= 1),

[o" (AL Ap) = 2(k = 1)(n — 1) + £,
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so that the total length of ¢"(By,1) is bounded above by
[6™(Be) | + |¢" " (Brsa)| + [(4k — 6)n — (2k — 5)].
Now if we denote
f(k,n) = [¢"(B)ll;

we will have

o f(k,0)=1;

e f(1,n) = mn+ 1, by Corollary 8.5

o f(2,n)="2n*+ (2 +2)+1, by Lemma;

and for k = 2,
flk+1,n) < f(k,n)+ f(k+1,n—1)+ [(4k — 6)n — (2k — 5)].

We have an inequality here (instead of an equality) because in the formula (2)
there can be some cancellations. Let’s define another function g(k,n) as follows:
e g(k,0) =1,
e g(1,n) = f(1,n) = mn+ 1,
® g(2,n) = f(2,n) = Zn*+ (B +2) + 1,
e glk+1,n)=glk,n)+g(k+1,n—1)+ [(4k —6)n — (2k — 5)], for k = 2.

Obviously, g is well-defined in a recurrent fashion. An easy induction shows
that

f(k,n) < g(k,n) forallk>=1n=>0,
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so that g(k,n) gives an upper bound for the growth of |¢™(By)|-

To estimate the order of growth of g(k,n), let’s look at finite differences in n:

glk+1,n)—g(k+1,n—1)=g(k,n)+ [(4k —6)n — (2k — 5)]

so if we assume by induction that g(k,n) is a polynomial in n of degree k, then
we conclude that g(k + 1,n) is a polynomial of degree k + 1 in n.

Since this assumption is true for £ = 1 and 2, this proves Claim 8.8 O

Now we establish a similar bound for ¢=!. One could use the train-track
machinery (along the lines of [27, Th. 0.4]) to prove that the growth of ¢! is the
same as the growth of ¢, when it is polynomial, but we give here a simple direct
proof.

One easily checks that the inverse automorphism ¢! acts as follows:

ot A— Ay (3)
AQ [a— El (AQ) Al

A3 — /_11112 (Az) A2A1

Bl — leg e Emflgm . Bl
BQ — (ElBQ)Al

B3 — Zl (EZBB) A2A1

Bm | — A1A2 Ce Am,Q (Bmlem) Amfl e AQAl.
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Lemma 8.9. Fori=1,...,m,

[o7"(A)| = [6"(A)] = 2(i = Dn + 1.

Proof. Define an automorphism ¢: H — H of the subgroup H = (A, ...

given by t: A; — A;, j =1,...,m. One easily checks that

¢ g =10 (Plw)or™,

therefore |¢"(4;)| = ||¢"(A;)| and the result follows from Corollary [3.3|

Claim 8.10. Fork=1,...,m,

[6™"(Bw)| < n".

Proof. Denote for any ¢ = 0, k > 2:

T,; = By,
Tk’,l = Bk . AZ‘—IA,;Q‘—Q N AZQAi,

Spi= ALAL. A A

In this notation, the action of ¢! can be written as follows:

¢71(Tk,i) =Th11 - Thito,

¢ (S Tia) = Siy1-Tha.

The first relation is obvious, and the second one follows by easy induction.

Lemma 8.11. |[¢ "(By)| = mn + 1.
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Proof. Indeed,

¢ "(B1) =¢ "(So-Ti1) = Qr(nfl)(sl -Thq) = ¢7(n72)(52 Tiq) =...

= ¢ *(Sn2T11) =0 "(Su1-Ti1) = Sn-Ti1. [
Define for any k > 1,4 > 0, n = 0 a function f(k,i,n) as follows:
e f(1,i,n) =mn+ 1;
o f(kyi,n)=|¢ "(Tks)|, for k = 2.

Then relations imply
fkyiin+1) < f(k—1,1n)+ f(k,i+1,n),

where we have an inequality (but not an equality) because of possible cancella-
tions in the reduced expression for ¢="(T}.;).
To obtain an upper bound on f(k,7,n) we introduce a function g¢(k,i,n)

defined recurrently as follows:
o g(k,1,0) = |T)s| = (k—=1)i+ 1, forall k > 1, i > 0;
e g(l,i,n) = ¢ "(B1)| =mn+1, foralli>0,n=0;
o g(kyiin+1)=gk—1,1,n)+g(k,i+1,n), forall k>2,i>0,n>=>0.

These formulas define g(k,7,n) recurrently for all values of £ > 1, i > 0, n > 0.
Indeed, one proceeds by layers numbered by n, with the case n = 0 given by the
first formula, and the case of arbitrary n given by the third one, which is valid

for k = 2. The remaining case k = 1 is given by the second formula.

69



Clearly, f(k,i,n) < g(k,i,n) for all k = 1,7 >0, n = 0, so that the function

g can be used to establish the upper bound for ||¢="(By)|:

”(bin(Bk)H = ||¢7H(Tk,O)H = f(kvoan) < g(kvoan)'

To estimate the growth of g(k,i,n), consider the finite difference g(k,i,n +

1) — g(k,i,n). Applying the recurrent relation several times, we get:

g(k,i,n+1) = g(k = 1,1,n) + g(k,i + 1,n)

=g(k—1,1,n)+gk—1,1,n—1)+g(k,i+2,n—1)

=|g(k—1,1,n)+gk—1,1,n—1)+---+g(k—1,1,0)] + g(k,i + n+ 1,0).

Similarly,

g(k,i,n) =[gk—1,1,n—1)+g(k—1,1,n—2)+---+g(k—1,1,0)] + g(k,i+n,0).

Since by definition

glkyi+n+1,00=(k—1)(G+n+1)+1,

glk,i+n,0)=(k—1)(i+n)+1,

we have for all k> 2,7 >0, n = 0:

g(k,i,n+1) —g(k,i,n) = g(k—1,1,n) + (k — 1). (5)
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In particular,

If we assume by induction on k that g(k—1,1,n) is a polynomial function in n of
degree k — 1 (which is true for k = 2 since ¢g(1,i,n) = mn + 1), then we conclude
at once that g(k,1,n) is a polynomial function in n of degree k.
Now the formula similarly implies that g(k,7,n) is a polynomial in n of
degree k.
Therefore, |¢~"(By)| < g(k,0,n) ~ n*, which finishes the proof of Claim [8.10]
O

Proof of Proposition[8.d. According to Corollary[8.3land Lemma8.9] | ¢*"(A4;)| <
n for i = 1,...,m, and according to Claims and [8.10, [¢*"(Bg)| < n*, for

k=1,..., m. Therefore gry  (n)<n"and gry  -1(n) <n* O

8.2 Lower Bounds for the Growth of ¢, ¢!

Proposition 8.12. For the automorphism ¢, and gzﬁ;:k, we have:

8y (n) = n* and gr(d)myk)_l(n) > nk.

Claim 8.13. The size of the largest Jordan block of the Jordan normal form for

both ¢

m,k’

(61 )% ds k + 1.

m,k

Proof. Tt is sufficient to prove the claim just for ¢?, as (¢ ' )% = (¢20, )7L

m,k> m,k m,k

By direct inspection of formulas (]), we see that ‘}Ti’k is represented by the

71



following (m + k) x (m + k) matrix:

where [,,, is the identity m x m matrix, Oy, is the zero k x m matrix, and D,

and Cy, are m x k and k x k matrices, respectively, given by the formulas:

1 1 1 1 1 1

1 1 1 01 1
Dy = , Cri, =

1 1 1 0 0 1

It is known that the number of Jordan blocks of a matrix A € GL(m + k,C)

with all eigenvalues 1 is given by the number

dimker(A — I,,1) = m + k — rank(A — L, 1),

and the number of Jordan blocks of A with all eigenvalues 1 and size at least 2

is given by

dimker[(A — I,,.1)*] — dimker(A — I,,,11.) = rank(A — I, 1) — rank[(A — L,4x)?].
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An easy computation shows that

_0 1 1 1_
0 0 1 1
?rl;,k_]m-i-k: ) where Cllck: ............... )
0 0 O 1
_0 0 0 O_
and
(¢g£,k_ 3
where
0012 ... k=2
012 ... k-1 0001 ... k=3
, 012 ... k=1 N
Dmk: ) Ckk:
................... 00 0O 1
01 2 k—1 00 0O 0
00 00 0

Note that rank C,, = k — 1, rank O}, = k — 2, hence rank(¢, — Inii) = k

and rank[(¢?°, — I,,.1)?] = k — 1. Therefore,

mk

the number of Jordan blocks for ¢% = (m + k) — k = m,

the number of Jordan blocks of size > 2 for ¢, =k — (k—1) = 1.

This means that there is only one block of size bigger than 1, let’s denote this

size ¢, and there are m — 1 blocks of size 1. Hence, m + k =c+ (m —1) -1 so
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that c =k + 1. O]

Proof of Proposition[8.13. The Proposition follows now from Corollary and
Claim R.13l O

8.3 Lower Bounds for the Growth of ¢

In the proof of Theorem B in chapter [7| we needed a certificate for the growth of
the abelianization of ¢, 1, i.e. an element of the basis that realizes the maximum

in the definition of the growth functions. Now we can provide it:

Corollary 8.14. With the above notation, let By, be the image of the generator

By in the abelianization of F'. Then

|(Gmi)" (B)| ~ | (62 )™(Bi)|, ~ (622 ,)"(By)|, ~ n*.

Proof. An elementary computation with the matrix from the proof of Claim

shows that (¢$7k)” is represented by the matrix with the following structure:

(fmp)" =

where I, is the identity m x m matrix, Oy, is the zero k x m matrix, and P,
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and Qgr are m x k and k x k matrices, respectively, given by the formulas:

[ T 1 Cin ++- Ck—2n Ck-1n
Cin Copp ... Ckgn
0 1 cvo Ck—3n Ck—2n
Clpn Copp ... Cgp
Py = ; Qee = | ..o
0 0 1 Cin
Cin Con Ckn
- - 0 0 0 1

Here P, has all rows equal to each other and @y is upper triangular with the
same number on each diagonal sequence of entries parallel to the main diagonal.
The numbers ¢y, Cop, - .., Crp satisfy the following identity, which follows from

the matrix multiplication rule:

¢
Con+1 = Z Cin,
i=0

with the convention that ¢y, = 1. We now show by double induction on pairs
(i,n) that ¢;, = ("*7"). Indeed, this equality is true for pairs (i,n) = (0,n) with
arbitrary n, since cp, = 1 by our convention, and for (i,n) = (i,1) with arbitrary
i, since ¢;; = 1 in the matrix representation for ¢, (see the proof of Claim.
Now suppose that the equality ¢;, = (’Hj*l) is already proved for all pairs (i,n)
with n fixed and i arbitrary, and for all pairs (i,n + 1) with 0 < ¢ < ¢—1. Then

for the pair (¢,n + 1) we get:

= n+f—1 n+t—1 n+{
Con+1 = Z Cin + Con = Cr—1n+1 + Con = /-1 + / = / )

i=0
as needed.

In particular, the coefficients of the vector ( frljk)”(Bk) are: 1, Cin, ..., Cins
with ¢, = ("7F7") being a polynomial ~ n*.
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Since, by Claim , |7 1 (Be)| < n*, we have:

n® > on, 1 (Be)| = [(8m)" (Be)l, = [(87)" (B, = 0",

and we conclude that

|or (BR)| ~ (62 )" (B, ~ (62 )™ (Br) oo ~ n*. 0

Remark 8.15. It can be proved in a similar manner that the same elements
By, and By, also serve as certificates for the growth of automorphisms Qb;le and
(¢2 )7L, respectively. However the formulas involved are more complicated, and

m,k

we don’t need this result for our construction.
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Chapter 9

Open Questions

We list here some open questions related to the topics of this work.

Question 1. Do there exist finitely presented subgroups of right-angled Artin
groups whose Dehn functions are either super-exponential or sub-exponential but

not polynomial?

Question 2. Does every CAT(0) free-by-cyclic group virtually embed into a

right-angled Artin group?
The next question the author learned from Martin Bridson.

Question 3. Does any free-by-cyclic group Fj x4 Z with ¢ of maximal possible

polynomial growth (~ n*~!) virtually embed into a right-angled Artin group?

A good test case for the last two questions are the Hydra groups Gy studied

in [19]:
Question 4. Do Hydra groups G, virtually embed into right-angled Artin groups?

The author has been able to prove that for k£ < 4 Hydra groups G do embed
into suitable RAAGs.

Question 5. For an arbitrary group G, an arbitrary automorphism a € Aut(G)
and an a—invariant subgroup H < G of finite index, what is the range for possible
gaps between the growth rate of an automorphism «, gr,(n), and the growth of
n)?

its restriction to H, a|m, gy, (

7



See chapter 2 for the proof that these growth functions are the same if G
is free, and an example due to Yves Cornullier when the gap is one polynomial
degree for a dihedral group G (linear—constant). In an ongoing project, the author
and Noel Brady have produced other examples of this sort, in particular, the ones

realizing cubic-linear gap.

Question 6. In Corollary we proved that the groups I' having polynomial
Dehn functions of arbitrary degree lie in the Bestvina-Brady kernel (call it BBK)
of the corresponding RAAG A(A) x Fy. Dison proved in [I8] that Bestvina—
Brady kernels have Dehn functions bounded by n*. Also, the RAAG itself (being
a CAT(0) group) has at most quadratic Dehn function. This tells us that in the
series of inclusions:

I' < BBK < RAAG

we observe a “distortion of areas” phenomenon. On the other hand, it can be
proven using technique from [I] that the subgroup distortion (i.e. the “distortion
of lengths”) of BBK in RAAG is at most quadratic. What is the subgroup
distortion of I' in BBK?

Question 7. Our construction of groups I' with polynomial Dehn functions
places them inside RAAGs with 3—dimensional Salvetti complex. Do there ex-
ist subgroups with polynomial Dehn functions of arbitrary degrees inside 2—

dimensional RAAGs?
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