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A BINARY REPRESENTATION FOR FINITE BOOLEAN FUNCTIONS

CHAPTER I 

INTRODUCTION

F in i te  Boolean a lg eb ras  have been s tu d ie d  in te n s iv e ly  s in c e  the 

d iscovery  by Shannon [21] in  1938 th a t  Boolean a lg eb ra  can be ap p lied  

to  th e  a n a ly s is  and sy n th e s is  o f  sw itch ing  c i r c u i t s .  Many d i f f e r e n t  

m athem atical methods have been used f o r  re p re se n tin g  Boolean fu n c tio n s . 

Among th e se  methods a re  a lg e b ra ic  [2 ] , [10], [12 ], [16 ], [1 7 ], and [18]; 

to p o lo g ic a l [19] and [23]; d iag ram atic  [9] and [24]; and r e a l  a n a ly t ic  

[3] and [14]. H arrison  [6] p rov ides an e x c e lle n t ex p o s itio n  on a l l  o f 

the  above methods. D esc rip tio n s  o f a l l  o f th e  methods except th e  l a s t  

are  g iven by Hu [7] and M ille r  [11].

In  C hapter I I  o f  th i s  p ap e r, i t  i s  shown th a t  th e  s e t  o f  a l l  

Boolean fu n c tio n s  o f a f i n i t e  Boolean a lg eb ra  has th e  s t r u c tu r e  o f  a 

v e c to r  space over th e  f i e ld  o f in te g e rs  modulo two, and th a t  by a s u i t 

ab le  change o f b a s is ,  many s t r u c tu r a l  p ro p e r tie s  o f Boolean fu n c tio n s  

may be determ ined e a s i ly  from th e  co o rd in a tes  o f  fu n c tio n s . The s t r u c 

tu r a l  p ro p e r tie s  o f  fu n c tio n s  which a re  s tu d ie d  in c lu d e  symmetry, in 

dependence o f a v a r ia b le ,  s e l f - d u a l i t y ,  a n t i - s e l f - d u a l i t y ,  and l in e a r i ty .

From an en g ineering  view point i t  i s  n a tu ra l  to  c a l l  two Boolean 

fu n c tio n s  "eq u iv a len t"  i f  th e  two fu n c tio n s  can be mechanized w ith  th e  

same sw itch ing  c i r c u i t  o f  a given ty p e . S evera l d i f f e r e n t  d e f in i t io n s
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o f equ ivalence a re  commonly used depending upon th e  type o f  sw itch ing  

c i r c u i t s  being co n sid ered . In  C hapter I I I  i t  i s  shown th a t  a canon ica l 

r e p re s e n ta t iv e  may be assigned  to  each equ ivalence c la s s  o f fu n c tio n s  

based on th e  coo rd in a tes  in tro d u ced  in  C hapter I I .  For each o f  s ix  d e f

in i t io n s  o f  equ iv alen ce , a lgorithm s are  developed fo r  f in d in g  th e  ca

nonical re p re se n ta tiv e s  o f an a r b i t r a r y  Boolean fu n c tio n .

The fo llow ing  d e f in i t io n s  and theorems or t h e i r  e q u iv a len ts  may 

be found in  any o f th e  re fe re n ce s  [4 ] , [6 ] , [7 ] , [1 1 ], [14 ], and [22]. The 

theorems a re  s ta te d  h e re  w ithou t p ro o f. A Boolean a lg eb ra  <B, v , • ,  ' ,

0 , 1> is  a s e t  B w ith  b in a ry  o p e ra tio n s  v ( lo g ic a l sum, d is ju n c t io n ,  

o r ,  jo in )  and • ( lo g ic a l p ro d u c t, co n ju n ctio n , and, m eet), a unary opera

t io n  ' (complement, n e g a tio n , n o t ) , and d is tin g u ish e d  elem ents 0 and 1 

s a t i s f y in g  th e  fo llow ing  p o s tu la te s  e s s e n t ia l ly  due to  H untington [8 ]:

(1) For a l l a ,b  e B, a v b = b V a.

(2) For a l l a ,b  e B, ab = ba.

(3) For a l l a e B , a v 0 = a .

(4) For a l l a e B , a l  — a .

(5) For a l l a ,b ,c e B, a V be = (a  V b ) ( a  V c ) .

(6) For a l l a ,b ,c e B, a(b v c) = ab V a c .

(7) For a l l a e B , a V a ' = 1 and a a ' = 0 .

As u su a l a*b i s  w r i t te n  ab, • tak es  precedence over v i f  p a ren th eses  

a re  o m itted , and ah' = a ( b ') .

Theorem 1 .1 . For a l l  a ,b ,c  e B, (a v b) v c = a v (b v c) and 

(ab)c = a (b e ).

Theorem 1 .2 . For a l l  a e B ,  a v a = a  and aa = a.
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Theorem 1 .3 . For a l l  a e B ,  a v l = l  and aO = 0 .

Theorem 1 .4 . For a l l  a e B ,  ( a ' ) '  = a.

Theorem 1 .5 . For a l l  a ,b  e B, (a  v b ) ' = a 'b '  and ( a b ) ' = a ' v b '

Theorem 1 .6 . O' = 1 and 1 ' = 0 .

Theorem 1 .7 . For a l l  a ,b  e B, ab v ab ' = a .

Let Bj = ^ { 0 , 1}, V, • ,  ' ,  0 , 1^ where th e  o p e ra tio n s  a re  d efined

0 V 0 = 0 1 * 1  = 1

O v l  = l v O  = l v l  = l  0 * 0  = 0 * 1 = 1 * 0  = 0

O' = 1 1 ' = 0.

The symbol B̂  w i l l  be used  to  id e n t i f y  { 0 ,l}  as w ell as th e  s t r u c tu r e

<{0 , 1}, V, - ,  ' ,  0 , 1>.

Theorem 1 .8 . B  ̂ i s  a Boolean a lg e b ra ,
n

Let B = X B̂  be th e  n - fo ld  d i r e c t  product o f B j, i . e . ,  v , *,
* n

' ,  0 , and 1 a re  d e fin ed  by components on th e  s e t  B = X B .:
“ i= l 1

( a ^ , . . . , a j  V ( b j , . . . , b J  = (a^ v b ^ , . . . ,a ^ ^  v b^)

( a j , . . . , a ^ )  • ( b j , . . . , b ^ )  — (a^^bj,. . .  ,a^b^)

( a ^ , . . . ,  a^) ' = ( â î  â  ̂' )

0 — ( 0 , . . . , 0 )

1 = ( 1 , . . . , 1 )  .

Theorem 1 .9 . B^ i s  a Boolean a lg e b ra .

Theorem 1 .1 0 . Every f i n i t e  Boolean a lg eb ra  is  isom orphic to

B f o r  some n a tu ra l  number n . n

Theorem 1 .11 . B_ co n ta in s  2^ e lem en ts. ------- n
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A Boolean fu n c tio n  (sw itch in g  fu n c tio n ) o f  n v a r ia b le s  i s  a 

mapping from in t c  Bj .̂ Let be the  s e t  o f a l l  Boolean fu n c tio n s  

o f n v a r ia b le s  and l e t  x = ( x ^ , . . . , x ^ )  e B^. The o p e ra tio n s  v , », ' 

and d is tin g u ish e d  elem ents 0 and 1 a re  d e fin ed  in  by:

( f  V g )(x ) = f (x )  V g(x)

(fg )(x ) = f ( x ) 'g ( x )  

f ' ( x )  = ( f ( x ) ) '

0(x) = 0  

l(x )  = 1 .

The symbol F^ w i l l  be used to  id e n t i f y  v , *, ' , 0 ,  1^.

A su b se t G o f a Boolean a lg eb ra  B i s  a s e t  o f g en e ra to rs  fo r  

B i f  every elem ent o f  B can be exp ressed  as a lo g ic a l sum o f lo g ic a l 

p roducts o f  elem ents o f  G o r elem ents whose complements are  elem ents 

o f  G. A s e t  G o f g en e ra to rs  f o r  B i s  a s e t  o f  f r e e  g en e ra to rs  fo r  B 

i f  every mapping o f  G in to  an a r b i t r a r y  Boolean a lg eb ra  C can be ex

tended to  a homomorphism o f B in to  C. A Boolean a lg eb ra  i s  f r e e  i f  i t  

co n ta in s  a s e t  o f f re e  g e n e ra to r s .

Theorem 1 .1 2 . F^ i s  a f r e e  Boolean a lg eb ra  w ith  n g en era to rs  

and 2^^ elem ents.

Let i  be an in te g e r  such th a t  0 ^  i  ^  2^ - 1 and l e t  i ^ . . . i j  

be th e  b in a ry  number e q u iv a len t to  i .  The atom (minimal polynom ial, 

minterm) a^ e F^ i s  d e fin ed  by

» fvi -  ^1 = i l '  ' ,Xn = in
I*- " ^0 o th e rw ise .

Theorem 1 .13 . There a re  2^ atom s^in F_.

Theorem 1 .1 4 . I f  i  ^ j , a^a^ = 0.



Theorem 1 .1 5 . Each f  e F^, can be expressed  un iquely  as a lo g i

ca l sum o f atoms.

I f  m i s  an in te g e r  such th a t  1 <. m ^  n , th e  symbol x^ may be in 

te rp re te d  as one o f  th e  components (v a r ia b le s )  o f  x = ( x ^ , . . . , x ^ )  o r as

a fu n c tio n  x e F d efin ed  by x (x) = 1 i f  th e  v a r ia b le  x = 1 and m n m m

X (x) = 0 i f  th e  v a r ia b le  x = 0 .  The symbol x • denotes th e  comple- m m m ^

ment o f  th e  fu n c tio n  x_. The fu n c tio n s  x and x_ ' a re  c a lle d  l i t e r a l s .m m m  -------------

I f  i ^  e { 0 ,l} , th e  l i t e r a l  x^® i s  d e fin ed  by x^ = x^ and x° = I f

{ i ^ , . . . , i ^ } ( C I { l , . . . , n }  and e {0 ,l}  fo r  k = l , . . . , m ,  th e  lo g ic a l

product x ? l '" 'X i^  E P i s  c a l le d  a fundam ental p ro d u c t. The 1-fu n c tio n  i l  im n ------------------ -------------
i s  considered  to  be th e  fundam ental p roduct corresponding to  

{ i l , . . . , i m }  = 0 .

Theorem 1.16. I f  a . = a; ^ . i s  an atom o f F , a; : =-------------------------  1 I n - '"11 n ^n• • ‘ H
in  i iX "• • • x /  .n 1

I f  a^ and a^ are atoms o f F^, i s  ad jacen t to  a j n - ' j l '

p rov ided  th e re  i s  e x a c tly  one in te g e r  m e { l , . . . , n }  such th a t  i ^  ^

I f  a. and a. a re  a d jacen t atoms in  F_, th e  fu n c tio n  a. v a . can be ex- 
1  j  ■’ n ’ 1  j

p re ssed  as a fundam ental p roduct o f  n - 1 l i t e r a l s  u s in g  Theorems 1.16 

and 1 .7 .

One o f th e  most u se fu l methods o f  re p re se n tin g  Boolean fu n c tions 

u t i l i z e s  m odified  Venn diagrams c a lle d  V eitch  diagrams [24] o r  Karnaugh 

maps [9 ] . V eitch  diagrams fo r  re p re se n tin g  fu n c tio n s  in  Fj^, F^, F^, 

and F^ a re  given below:



lEH 0 1 0 1 3 2
2 3 } x_ 4 5 7 6 }x . y 0 1 3 2

4 5 7 6
12 13 15 14
8 9 11 10

The V eitch  diagram fo r  i s  d iv id ed  in to  2^ squares corresponding  to

th e  2^ atoms o f F^. The in te g e r  i  appearing  in  a square  o f  a diagram

id e n t i f i e s  th a t  square  w ith  th e  atom a^ . I f  e F^, o n e -h a lf  o f  th e

atoms o f F a re  dominated by x and th e  o th e r h a l f  o f th e  atoms are n '  X

dominated by x ^ '.  The b races  and symbols x^ appearing  a t  th e  edges o f 

each diagram in d ic a te  th o se  atoms dom inated by x^. In  view o f Theorem 

1 .1 5 , a Boolean fu n c tio n  f  e F^ may be re p re se n te d  by a V eitch diagram 

in  which 1 appears in  th e  square  corresponding  to  a^ i f f  f  dominates 

th e  atom a^ , i . e . ,  fa^ = 1. For example, th e  fu n c tio n  f  c Fg given by

f  = *0 V *2 V *6 V *7 = *000 *010 '' *110 '' *111 re p re se n te d  by th e

V eitch  diagram :

} X,

A m ajor fe a tu re  o f V eitch  diagram s i s  th e  connection between 

p h y s ica l adjacency o f  squares and adjacency  o f atoms d efin ed  on p . 5. 

In  th e  diagram  fo r  F^ co n sid e r th e  l e f t  and r ig h t  edges to  be id e n t i 

f ie d  so th a t  square 0 i s  ad jacen t to  square 2 and square 4 i s  ad jacen t 

to  square 6. In  th e  diagram f o r  F^ co n sid e r th e  l e f t  and r ig h t  edges
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to  be id e n t i f ie d  and th e  top  and bottom to  be id e n t i f ie d  so  th a ,  square 

G i s  ad jacen t to  squares 2 and 8, e tc .  Then i t  i s  easy to  see  th a t  th e  

atoms a^ and a^ are  ad jacen t i f f  squares i  and j a re  a d ja c e n t. V eitch 

diagrams are  p a r t i c a i ’v ly  ^iseful ■ i f in d in g  minimal a lg e b ra ic  expressions 

f o r  fu n c tio n s  as a lo g ic a l sum o f  fundam ental p roducts where minimal i s  

d e fin ed  in  th e  sense o f few est l i t e r a l s .  For example, th e  minimal ex

p re s s io n  fo r  th e  fu n c tio n  given in  the  p reced ing  V eitch  diagram  is

f  -  X g ' X i '  V XgXg.

V eitch diagrams may be extended re a d ily  to  fu n c tio n s  o f more 

than  fo u r v a r ia b le s  by using  th e  a p p ro p ria te  number o f cop ies o f th e  

diagram  fo r  fo u r v a r ia b le s .  For example, th e  diagram fo r  fu n c tio n s  in  

F^ c o n s is ts  o f  one copy o f th e  F^ diagram w ith  squares la b e led  0 through 

15 and a second copy o f the  F^ diagram w ith  squares la b e led  16 through 

31. In the  case o f  Fg, squares in  the  same r e la t iv e  p o s i t io n  o f th e  two 

F^ diagrams are  considered  to  be a d jacen t.

A ll theorem s, c o r o l la r ie s ,  lemmas, and a lgorithm s appearing  in  

C hapters II  and I I I  a re  b e lie v ed  to  be o r ig in a l  w ith  two ex cep tio n s . 

Theorem 2,1 i s  e s s e n t ia l ly  th e  same as problem 6 , p . 61 o f  H a rr iso n 's  

book [6 ] , and C o ro lla ry  2.9 i s  a well-known r e s u l t  (p . 173, [6 ] ) .



CHAPTER II

THE FUNDAMENTAL REPRESENTATION OF BOOLEAN FUNCTIONS'

In = {0 , 1}, th e  b in a ry  o p e ra tio n  0 (modulo two a d d i t io n , 

e x c lu s iv e  o r) i s  d e fin ed  by 0 0 0 = 1 0 1 = 0  and 0 0 1 = 1 0 0 = 1 .  

O bviously 0 , 0^ i s  an a b e lian  group w ith  id e n t i ty  0. I f  0 i s  ex

tended  in  th e  s tan d a rd  manner to  B^ and F^, i t  i s  c le a r  th a t  ^B^,0,O^ 

and ^F^, 0 , 0^ a re  a b e lia n  groups w ith i d e n t i t i e s  0 = ( 0 , . . . , 0 )  and 

th e  0 - fu n c tio n , r e s p e c tiv e ly . Let be th e  f i e ld  o f in te g e rs  modulo 

two and d e fin e  s c a la r  p roduct by Of = 0 and I f  = f  f o r  a l l  f  e F^.

Then c le a r ly  F^ has th e  s t r u c tu r e  o f  a v e c to r  space over Z^. Note th a t  

Of and I f  may be in te rp re te d  as s c a la r  m u ltip le s  o f  f  o r as lo g ic a l  

p roducts  o f th e  0 -fu n c tio n  w ith  f  and th e  1 -fu n c tio n  w ith  f ,  re sp ec 

tively . However, w ith e i th e r  in te r p r e ta t io n  Of = 0 and I f  = f .

Each o f th e  atoms o f  F^ may be re p re se n te d  as a 2 ^ -tu p le  

w ith  a s in g le  1 and the  rem aining p o s it io n s  0. For i  = 0 , . . . , 2 ^  - 1, 

l e t  a^ = a i ^ . . . i 2 be th e  2 ^ -tu p le  w ith  1 in  p o s it io n  i  + 1 from the  

l e f t  so  th a t  a^ = ( 1 , 0 , . . . , 0 ) ,  a^ = ( 0 , 1 , 0 , . . .  ,0 ) ,  . . . ,  a^n  ̂ = (0 ,..,/),l). 

Then th e  o rdered  s e t  A  ̂ = {a^ : i  = 0 , . . . , 2 ^ - l }  i s  th e  s tan d a rd  b a s is  

fo r  F^ as a v e c to r  space over Z^ so F^ has dim ension 2^. I f  g^ ^ , . . . ,g ^

and l e t

m
= g j V g j V . . .  V g

m

.^ j^ i  = 8 i ® «2 ® ••• ®

m

m
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2* -i

i=0
By Theorem 1 .1 5 , each f  e has unique re p re s e n ta t io n  £ = ^ £ \a^

where = fa ^ . By Theorem 1 .14 , a^a^ = 0 i f  i  ^ j . Hence

a. @ a . = a . v a . i f  i  ^ j .
1 ] 1 1

Hence
2 - 1  2 - 1

f  = I f . a .  = § f . a  .
i=0 i=0

The ordered  s e t ,  s e t  w i l l  be c a lle d  th e  atom ic b a s is  fo r  F^,

2 * -l

i l ,

w i l l  be c a l le d  th e  atomic re p re se n ta tio n  o f  f ,  and f \ ,  i  = 0 , . . . , 2 ^ - l  

w i l l  be c a lle d  the  atom ic co o rd in a tes  o f  f . The atom ic re p re se n ta tio n

2 * -l

i=0

o f  f  a lso  may be w r it te n  as the  v e c to r  (f^ ) = ( f ^ , . . .   ̂) .  I f

f  = and g = (g ^ ) , th en  f  ® g = (f^ ® g^) and f  = 1 @ f  =

(1) @ ( f .) = (1 ® f . ) .
i  ^ n '" '^ 1Let a . = a± i , be a fix e d  atom and l e t  c . = c; be the1 ^ n ' ' ' ^ l  J 3n***3l

in  i l
fundam ental p roduct (x . . .  ( x , w h e r en J 1-^1

C V o ‘‘ = C V j  = \  •

Then = {c^ : j = 0 , . . . , 2 " - l ]  i s  th e  s e t  o f  a l l  fundam ental products 

which in c lu d e  the  atom a^. Let a^ = be an atom. Then

= 1
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fo r  th e  atom a, i f f  fo r  each m = e i th e r  = 0 o r  k = i  . LetK m m m

Cj k = c ."

be th e  k 't h  atomic co o rd in a te  o f  c t . Then c t  , = 1 i f f  fo r  each

m = l , . . . , n  e i th e r  j = 0 o r k = i  . For example i s  th e  s e t  of a l l  ’ •'m m m  ^ 3

fundamental p roducts o f th re e  v a r ia b le s  which inc lude  the  atom 

^5 ” *101 ~ ( 0 ,0 ,0 ,0 ,0 ,1 ,0 ,0 ) .  The elem ents o f  c |  a re :

4  = 4 oo '  '

4  = 4 o i  = *1

4  = 4 i o  ° ’' 2 '

5 .  .101 .  ,
3 o i l  2 1

"=4 = =100 = ^3

= (1 , 1 , 1 , 1, 1 , 1 , 1, 1) 

= ( 0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 )  

= ( 1 , 1 , 0 , 0 , 1, 1 , 0 , 0) 

= ( 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0 )  

= ( 0 , 0 , 0 , 0 , 1 , 1 , 1 , 1 )

=5 = =101 = V l  = (0 ,0 , 0 ,0 , 0 ,1 , 0 ,1 )

4  = 4ÎÔ  '  V 2 ' = ( 0 ,0 ,0 ,0 ,1 ,1 ,0 ,0 )

Cy = cJ°J  = XgXg'x^ = ( 0 ,0 ,0 ,0 ,0 ,1 ,0 ,0 )

Theorem 2 .1 . The ordered  s e t  C2 " - l  r 2* -l
n = {Cj : j = 0 , l , . . . , 2 * - l }

is  a b a s is  fo r  F . Let T be th e  m atrix  o f th e  coo rd in a te  t r a n s fo r -  n n
mation from the  b a s is  to  th e  k  b a s is .  Thenn n

T"^ = T n n

where T

^n-1 ^n-1

n-1

, 3
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2^-1Proof. That i s  a bas is  fo r  w il l  follow immediately

i f  can be shown to  have an inverse . Let = [ t^ j ] .  Then t^^ is  the 

j ' t h  c o e f f ic ie n t  in the atomic rep resen ta tion  of cr . The s tru c tu re1

of T^ can be shown by induction. The ordered se t

c \  = {l,X j} = { (1 ,1 ) , (0 ,1 )} .

h = y  
V l  ‘  y  • B  3  =■ [ j ; ]

Hence

and

so

Assume th a t  T, = T, . From the d e f in i t io n  of'k *k'

: j = = 0 ......... 2k+l-l},

If ok+l_i
the f i r s t  2 elements of Cf , do not contain x,  ̂ or x, ' as a fa c to rk+i k-fl k+1

k
since = 0. Hence the f i r s t  2 coordinates in  atomic rep resen ta tion

for each j = 0 , . . . , 2 ^ - l ,  are the same as the coordinates of

The second 2^ coordinates of are ordered duplicates  of

the f i r s t  2^ coordinates. Hence

^k+1
^k ''k  
A B

k
where the second 2 rows of T^^^ (the blocks A and B) have ye t to  be 

determined. For j = 2 ^ , . . . , 2 ^ * ^ - l ,  = 1 so has x̂ ^̂  ̂ as a

fa c to r  and the f i r s t  2^ coordinates of are 0. The second 2^



12
^k+1 1 ok 1

co o rd in a tes  o f  a re  th e  co o rd in a tes  o f  c f Hence th e  b locks

A and B a re  0 and re s p e c tiv e ly . F in a lly ,

^k+l^k+l
r^k ^.1 V k  V k ®  V k

0 T^ 0 _« %

-1By th e  in d u c tio n  hy p o th esis  = I ,  and I S I = 0. Hence

Let a i = a i ^ . , , i ^  be an atom and l e t  be th e  2^ x 2*' perm uta

t io n  m atrix  o b ta in ed  by in te rch an g in g  rows o f  th e  2^ x 2^ id e n t i ty  

m atrix  according to  th e  fo llow ing  r u le :  row k = k ^ . . .k ^  i s  in te rch an g ed

w ith  row h = h . . .h , p rovided  k = h i f  i  = 1  and k = h ' i f  i„  = 0 n 1 ^ m m  m m m  m

fo r  m = 1 , . . . ,n .

Theorem 2 .2 . Let a i  = & i ^ . . . i 2 be an atom. The o rdered  s e t

= {cj : j  = 0 , . . . , 2 ^ - l }  i s  a b a s is  f o r  F^ and th e  m atrix  T^ o f  th e

co o rd in a te  tra n s fo rm a tio n  from th e  b a s is  to  th e  A b a s is  i s  T P. .n n n 1

P roof. Let T^ = [ t t , 1. Then t t .  i s  th e  k ’th  co o rd in a te  o f  c^ n Jk^ jk  . 3
Xn• • • X1

expressed  r e l a t iv e  to  th e  A b a s i s .  R eca ll th a t  c- . = 1 fo r  th en J n*• • J1
atom air V- i f f  fo r  each m = l , . . . , n  j = 0 o r k = i  . Hence th e  K.^., .R-i ^m m m

Xn• • , X 2
atom ic co o rd in a tes  o f c^ j a re  a perm uta tion  o f th e  atomic co o rd i-

J n - ' - J l
1 . . . 1n a tes  o f  according  to  th e  fo llo w in g  r u le :  th e  co o rd in a te  in

ij^. ». • i  i
p o s i t io n  k ^ . , . k j  of  C j ^ , i s  in te rch an g ed  w ith  th e  co o rd in a te  in

p o s i t io n  h . . .h_ provided  k = h i f  i  = 1  and k = h ’ i f  i  = 0  fo r  ^ n 1 ^ m m  m m m  m
m = l , . , . , n .  By th e  d e f in i t io n  o f P^, m u lt ip l ic a t io n  o f T^ on the

pTÏ 1
r ig h t  by P̂  ̂ e f f e c t s  an in te rch an g e  o f columns of T^ = T^ accord ing  

to  th e  p reced ing  r u le .  S ince |T^j = 1 and | P \ |  = 1, i t  fo llow s th a t

|T^| = |T I ' I P .I = 1 so i s  a b a s is  fo r  F . ' n ' ' n ' ' i '  n n
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Each f  B may be re p re se n te d  as

2 * -l . ,
f  = g c l  

j=0  ̂ J

o r  as a v e c to r  ( f j )  o f len g th  2" r e l a t i v e  to  th e  o rd ered  b a s is  c \

The o rdered  b a s is  w i l l  be  c a lle d  th e  fundam ental b a s is  fo r  F r e la -n ------------------------------------- n

t iv e  to  a^ and th e  f^ w i l l  be c a lle d  th e  fundam ental co o rd in a tes  (co

e f f i c i e n t s )  o f f  r e l a t i v e  to  a^.

Theorem 2 , 3 .  Let f  = ( f \ )  and l e t  g = ( g t ) .  Then 
    ̂ J

f  @ g = ( f i  @ g^) and f  = (1 0 f i , f ^ , . . . , f i _  ) .
J J u 1 2 - 1

P roof.

2 " - l  . . 2^-1 . . 2 * - l . . .
f  0 g = § f .  c . © § g j c . = § ( f .  0 g .)  c.

j=0 J J j=0 J J j=0 •'

Note th a t  f  = 1 © f  and Cq = 1. Hence

2 * -l . . . . 2^-1 . .
f  ' = 1 0 f  = 1 9 S f \  c t  = 1 0 fn  On @ § f \  =

j : 0  ] J 0 0 j : l  ] :

2 " - l

9 4 '  'S 9 4  •■3=1

Suppose f  i s  g iven in  atom ic co o rd in a te s  by f  = (f^) and in  

fundam ental c o o rd in a te s  r e l a t i v e  to  au by f  = ( f u ) .  Then (fu) = (fu)T^ 

and

i f p  = ( f j ) [ T î ] - i  = = ( f j )  p :^  T^-

The group of a l l  p erm uta tion  m atrices  o f  dim ension 2^ under m u l t ip l i 

c a tio n  i s  isom ophic to  th e  symmetric group S _ [1 ] . S ince i s  ob ta in ed
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from I by sim ple in te rchanges o f rows, th e  image o f  in  i s  a

product o f  d i s jo in t  cycles o f leng th  two. Hence PL  ̂ = P^ and

( f \ )  = ( f . )  P.T . Hence [T^]"^ may be ob ta ined  from T by in t e r -  j ] 1 n n^ n
changing row w ith row h ^ . . . h j  prov ided  k^ = h^  i f  i ^  = 1 and

k = h ' i f  i  = 0  fo r  m = l , . . . , n .  I t  i s  im portan t to  n o te  th a t  m m  m ^
and th a t  has a very  convenien t b lock  form only i f

i  = 2 ^ -1 .  In p a r t i c u la r ,  (fL) = ( f? ” “^)T^ and (f? ” “^) = (fL)T^.

Let T = [ t . Then

'  V  ■
2^-1which i s  th e  k ' t h  atom ic co o rd in a te  o f c . . Hence t . ,  = 1 i f f
] 1*̂

j = 0 o r  k = 1 .  Hence m m

jTi , 2* -i

L  L k  =

where

= {j = i n ' - ' i i  : im = ° ^m = ™ = 1 , •

For example in  case n = 3:

^000 = {000} < - ^000

^001 {000,001} ^000 @ ^001

^010 = {000,010} 4  = ^000 e ^010

^011 = {000,001,010,011} 4 - ^000 0 ^001 0 ^010 ® f o i l

^100 ^ {000,100} ^000 0 ^100

^101 = {000,001,100,101} ^000 0 ^001 0 ^100 * f i o i

^110 = {000,010,100,110} ^000 0 ^010 0 ^100 * <110

^111 = {000,001,010,011,
100,101,110,111} 4  =

7
§  ̂i=n

f.
1
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n i l - lLet [T^]- = [ui%] = Then u" = 1 i f f  = i ^ ’ o r = 1 fo r

2*-i

k = i „  “jk  = i . i  ^j
j=0 ■’ jcJ&

where

4  = I j  = i*  - ' i l  • im '  k^ = 1. m = 1.......... n ) .

Note th a t

Let

'  j l i i  “i

■i ' iThen = 0(1) i f f  f  = 1 fo r  an even (odd) number o f  atoms in  Mĵ .

From the s t ru c tu re  o f i t  can be seen  th a t  may be w r it te n  as the

fundam ental product

I ••• (*l)% I »
*̂ n *1

where

i  ’ i  ’

and

( V o !  '  ( V °  = ' .......... "•

Note th a t  : k = 0 , . . .  ,2 ” - l}  i s  th e  s e t  o f a l l  fundamental products 

which in c lude  th e  atom i l ' '  terms o f  V eitch diagram s, each

can be drawn as a mask w ith  shading in  those  a reas  fo r  whicb Mĵ  = 1,

I f  f  i s  given by a V eitch diagram , fj^ = 1 i f f  f  has an odd number o f
1."ones" in  th e  shaded reg io n  of
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For example l e t  n = 3 and i  = 5. The masks a re :

“o = * 3 ' V l ’ 
*1

>*3
*2

«4 = *2*1

1i

Mj = Xg'Xg

m; X‘5 2

= x , ' x i '

n m

= :^l'

i

“ 3 = *3 '

Let fCXg.Xg.x^) = x^'CXg V Xj ' )  V XgXgX^. As a sum o f  minimal p o ly 

nom ials fCXgfXgfX^) = Xg' Xg' x^'  V Xg'XgX^' V XgXgX^' V XgXgX  ̂ and in  

atom ic form f  = a^^Q @ a^^g ® a^^g @ a^^^ so ( f j )  = (1,0->1,0,0,0,1,1) . 

The V eitch diagram  f o r  f  i s  :

Comparing th e  V eitch  diagram f o r  f  to  th e  masks Mg through My y ie ld s

(f^ ) = ( 1 ,1 ,0 ,0 ,0 ,1 ,1 ,0 ) .  The fundam ental co o rd in a tes  o f f  r e la t iv e

to  ar a lso  could be ob ta ined  by m u ltip ly in g  ( f .) on th e  r ig h t  by 
5 J

= P5T3 :
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0 0 1 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 1 1 0 0 1 1
0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 1 1 1 1 1 1 1 1
0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0 1 0 1 0 1
0 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 1 1 1

_0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1_ 0 0 0 0 0 1 0 1

) = (1 .0 ,1 ,0 ,0 ,0 ,1.1) 0 0 1 1 0 0 1 1 = (1 ,1, 0 ,0 .0 ,1 .1 .
0 0 0 1 0 0 0 1
1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 1

Tîie rows o f  a re  th e  fundam ental co o rd in a tes  o f  th e  atoms r e l a 

t iv e  to  ag. S ince f  i s  th e  modulo two sum o f  th e  atoms dominated by f ,  

Theorem 2 .3  may be used to  compute (f^ ) as fo llo w s:

Cf^) = ( 0 ,0 ,1 ,1 ,0 ,0 ,1 ,1 )

@ (1 ,1 ,1,1 ,1 ,1 ,1 ,1) 
@ (0 , 0 , 0 ,0 , 1 , 1 , 1, 1) 

e ( 0 , 0 , 0 , 0 , 0 , 1 ,0 ,1 )  

= (1 , 1 , 0 ,0 , 0 , 1 , 1 , 0) .

Also by Theorem 2 .3 , th e  fundam ental co o rd in a tes  o f  f  r e la t iv e  to  a^ 

a re  given by ( f ^ ) ' = ( 0 ,1 ,0 ,0 ,0 ,1 ,1 ,0 ) .

Theorem 2 . 4 .  Let t_  : F_ -»• F_ be d e fin ed  by '   m n n ,

T ^ ( f  ( X ^  ,  . . . , X ^ ,  . . . , X j )  )  = f  ( x ^ ,  . . . , X ^ ' ,  . . . ,Xj^)  ,

i . e . ,  T complements v a r ia b le  x o f  f .  Then m m

. . . k  ' . . . kn m 1
\
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P roo f. Complementing has th e  e f f e c t  o f  changing th e  funda

m ental b a s is  from

Hence

i  • • • i  • • • Î  « X • • • X  • • • X «n m 1 - n m ]= f.

R ecall th a t  f, = 1 i f f  f  = 1 fo r  an odd number o f  atoms o f

where

and

m

iHence (T^Cf)),, = 1 i f f  f  = 1 f o r  an odd number o f atoms o f M,

I f  km

m' 

= 1>
X • • • X  # # # X - X • • * X • • • X ■wTi m 1 w ^ m 1

"k '  “k

so

I f km = O' i  . . . i _ ' . . . i ,  i '
«k . . . k  . . . k ,  = t V k " '  n m 1 n

i
•••  fx 1 ^  •••

m O' (* i)k

■ » . > ï

i  '
•••  fx 1 ^  •••

 ̂ m-'o* '■*i’ k

'^n

i '
• • •  f x l  • • •

1 mri ,
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X • • • X • • • X • X • • • X • • • X «

= «k" .k . . . kn m 1 n m 1

( V « > k  = ^k ® *k . . . k ' . . . k , -n m 1

As an example o f  th e  a p p lic a tio n  o f  Theorem 2 . 4 ,  co n sid er th e

fu n c tio n  o f  th e  p rev ious example:

,.101 .101 .101 -101 -101 .101 -101 .101.
'■ V  ■ 1=000' =001’ =010’ =011’ =100’ = 101’ =110’ =111”'

= ( 1 , 1 , 0 , 0 , 0 , 1 , 1 , 0 ) .

Complementing x^ produces

Hence th e  fundam ental coo rd in a tes  o f  T^(f)  r e l a t iv e  to  a^ are

C(Ti ( f ) ) ^  = ( 0 ,1 ,0 ,0 ,1 ,1 ,1 ,0 ) .  Note th a t  (XjCf) )^ = f J .

A fu n c tio n  f  e i s  s a id  to  be independent o f  x^ i f  th e re  i s

an a lg e b ra ic  ex p ress io n  f o r  f  as lo g ic a l  sum o f  fundam ental p roducts

which in c lu d e  n e i th e r  x nor x ' as a f a c to r .m m
Theorem 2 . 5 . The fu n c tio n  f  i s  independent o f  x^ i f f  f^  = 0

fo r  a l l  k = k . . .k . . . k ,  w ith  k_ = 1.n m 1 m
P roo f. C lea rly  f  i s  independent o f  x^ i f f  r^ ^ f)  = f . Hence f  

i s  independent o f  x^ i f f  (r^ C f))^  = f^  fo r  k = 0 , . . . , 2 ^ - l .  Hence by 

Theorem 2 .4  f  i s  independent o f x^ i f f  f^  = 0 fo r  a l l  k such th a t  k ^ = l .

The dual f^  o f  a fu n c tio n  f  i s  d e fin e d  by f ^ ( x ^ , . . . ,x^) = 

f  ' (Xj ' ,  • • • ' ) • A fu n c tio n  f  i s  s a id  to  be s e lf -d u a l  i f  f^  = f  and

a n t i - s e l f - d u a l  i f  f^  = f ' .
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0 2^-1Theorem 2 . 6 . The fu n c tio n  f  i s  a n t i - s e l f - d u a l  i f f  f^  = f^

f o r  k = 0 , . . . , 2 ^ - l ;  f  i s  s e lf -d u a l  i f f  f^  = 1 9 f^   ̂ and

f^  = f^  fo r  k = 1 , . . . , 2 ^ - 1 .

P roof. Complementing a l l  v a r ia b le s  has th e  e f f e c t  o f  changing

the  fundam ental b a s is  to  Hence f  i s  a n t i - s e l f - d u a l  i f fn n

f^  = f^ " -^  f o r  a l l  k. By Theorem 2 .3 , complementing f  changes th e  

fundam ental co o rd in a tes  o f  f  r e l a t iv e  to  â  ̂ only by changing f^  to  

1 0 fg . Hence f  is  s e lf -d u a l  i f f  f^ = 1 0 f^^"^ and f^  = f^  fo r  

k = 1 , . .  . ,2 ^ -1 .

Let a be a perm utation on { l , . . . , n } .  Then a may a lso  be con

s id e re d  to  be a perm utation  o f th e  d ig i t s  k ^ . . . k ^ ,  o r as a mapping of

F in to  F which permutes the  v a r ia b le s  o f a fu n c tio n  f .  As in d ic a ted  n n
by th e  fo llow ing  theorem , the  fundamental bases r e la t iv e  to  slq and 

a^n  ̂ a re  e sp e c ia lly  convenient fo r  co n sid erin g  th e  e f fe c ts  o f perm uting 

th e  v a r ia b le s  o f  a fu n c tio n .

Theorem 2 . 7 . I f  a i s  a perm utation  on { l , . . . , n }  then

. . . k j  '  % . . . k , )  ■n x  i i JL n x  n x

P roof. The elem ents o f th e  fundam ental b a s is  a re  given by 

= C^)kn* • • ^^l^ki where (x^)§ = 1 and (x^)J = x ^ ' . Hence each v a r i 

ab le  which appears in  th e  fundamental product i s  complemented.

Hence perm uting th e  v a ria b le s  o f f  by o sim ply reo rd e rs  th e  elem ents o f

_0 .by mapping
0 0 

^k^ . . . k^  ‘̂ a ( k ^ . . .k p -
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Hence
.0  

■ o ( k ^ . . . k p -

2 * -lS im ila r ly , eacli v a r ia b le  which appears in  th e  fundam ental p roduct c^ 

i s  uncomplemented so

,^ f .2 * - l  _ _2*-l
'■^^Jkj^...kj ■ ^ a ( k ^ . . . k p  •

The b in a ry  number k^^ . . k^  i s  s a id  to  be o f  len g th  m i f  e x ac tly

m o f th e  b in a ry  d ig i t s  kj j , . . . , kj ^ a re  1. The fundam ental p roduct cĵ  or

th e  co o rd in a te  fj  ̂ i s  o f leng th  m p rov ided  k = k^^ . . k^  i s  o f len g th  m. 

E v iden tly  th e re  a re  fundam ental p roducts o r  co o rd in a tes  o f len g th  m 

fo r  m = 0 , . . . , n .  In in v e s t ig a tin g  th e  s t r u c tu r e  o f fu n c tio n s  i t  i s  

convenient to  arrange th e  cĵ  and th e  f^  in  descending o rd er o f le n g th , 

and w ith in  groups o f fundam ental p roducts  o r co o rd in a tes  o f  th e  same 

le n g th , in  d ecreasin g  values o f  k . For example th e  elem ents o f c |  are  

ordered  as fo llow s :

1 0 1  1 0 1  1 0 1  1 0 1  1 0 1  1 0 1  1 0 1  1 0 1  
^ 1 1 1  ^ 1 1 0  < 1 0 1  < 1 0 0  ^ 0 1 0  < 0 0 1  CgoQ

A fu n c tio n  f  e i s  s a id  to  be symmetric i f  f  i s  in v a r ia n t

under a l l  perm uta tions o f  v a r ia b le s .

Theorem 2 . 8 . The fu n c tio n  f  i s  symmetric i f f  a l l  co o rd in a tes

f^  o f  th e  same len g th  have th e  same v a lu e ; f  i s  symmetric i f f  a l l

f ^ " - l  o f th e  same leng th  have th e  same v a lu e .

P roof. Each perm utation  a on { l , . . . , n }  when ap p lied  to  k^^. . .k^

does n o t change th e  leng th  o f k^^ . . k^ .  Hence by Theorem 2 . 7 ,  f  i s  sym- 
0 1m etric  i f f  a l l  f^  (o r  f^  “ ) o f  th e  same len g th  have th e  same v a lu e .
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Theorem 2 .8  p rov ides a sim ple p ro o f o f  a well-known r e s u l t  [6] 

on th e  number symmetric fu n c tio n s  :

C o ro lla ry  2 .9 . There are  2^*^ symmetric fu n c tio n s  o f  n v a r i 

ab les  .

P roof. For n v a r ia b le s  th e re  a re  n + 1 p o ss ib le  leng ths f o r

k ( 0 , 1 , . . . , n) and a l l  co o rd in a tes  o f  each leng th  may be e i th e r  0 o r  1

fo r  a symmetric fu n c tio n .

A fu n c tio n  f  e F i s  s a id  to  be l in e a r  i f  i t  i s  o f  th e  form n ----------
n

f = eo ® 91*1 ® • • • ® Vn = 5 Vmm=u

where e^ = 0 o r 1 fo r  m = 0 , 1 , . . . , n and = 1. A l in e a r  fu n c tio n  f  i s

s a id  to  be even (odd) i f  e^ = 0 (1 ) .

Theorem 2 .1 0 . A fu n c tio n  i s  l in e a r  i f f  f^  = 0 (f^  ” ^= 0) fo r

a l l  k o f len g th  g re a te r  than  one. A l in e a r  fu n c tio n  i s  even i f f

f f - l  . 0.
P roof. The fundam ental coo rd in a tes  o f the  0 fu n c tio n  a re  a l l

0 r e l a t iv e  to  any atom, i . e . ,  0^ = 0 fo r  k = 0 , . . . , 2 " - l .  Hence by

Theorem 2 .3  th e  fundamental coo rd in a tes  o f th e  1 fu n c tio n  a re  1^ = 1

and 1^ = 0 fo r  k = 1 , . . . ,2 -^ - 1 .  Hence (Cq)^  = 0 fo r  k = 1 , . . . , 2 ^ - 1 .

Note th a t  c^_ i = x* ' and c^ ""! = x_ fo r  m = l , . . . , n .  Hence th e  funda-2m-j. Ill 2^-1 m

m ental coo rd in a tes  o f th e  fu n c tio n  e x a rem m

0 .eni i f  k = 0 o r 2”'“ ^
^®m^m^k 0 i f  k^O and k^2M-l

and

2" 1 i f  k=2®"^
' C V m \  = (o if k,2»-l
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By Theorem 2 .3 , th e  fundam ental co o rd in a tes  o f  th e  l in e a r  fu n c tio n

a re  g iven  by

m=0 m=0

m** 1I f  k = 0 , k has leng th  0, and k = 2 has leng th  1. Hence

,0 , ^ 2 " - l

p rov ided  k has len g th  g r e a te r  than  one. Hence th e  co n d itio n s  f^  = 0 

and = 0 f o r  a l l  k o f  len g th  g re a te r  th an  one a re

n ecessa ry  fo r  l i n e a r i t y .  From th e  d e f in i t io n  o f a l in e a r  fu n c tio n  

i t  i s  c le a r  th a t  th e re  a re  2^^^ l in e a r  fu n c tio n s  o f n v a r ia b le s .  Since 

th e re  a re  n + 1 c o o rd in a te  p o s it io n s  o f  len g th  0 o r  1, a l l  l in e a r  

fu n c tio n s  a re  accounted f o r  under th e  d esc rib ed  co n d itio n s  so th e se  con

d i t io n s  a re  a lso  s u f f i c i e n t  fo r  l i n e a r i t y .  F in a l ly , = 1 i f f

m = 0 and e^ = 1. Hence a l in e a r  fu n c tio n  f  is  even i f f  = 0.



CHAPTER III

EQUIVALENCE CLASSES OF FUNCTIONS 

AND CANONICAL REPRESENTATIVES

There a re  2^^ Boolean fu n c tio n s  o f  n v a r ia b le s  which may be 

p a r t i t io n e d  in to  equ ivalence c la s se s  w ith  re s p e c t to  s e v e ra l im portan t 

equ ivalence r e la t io n s  on F^. The fo llow ing  equ ivalence  r e la t io n s  a re  

d iscu ssed  by H arrison  [6] : Assume f ,g  e F^, th en

(1) f  i s  P -eq u iv a len t to  g i f  th e re  i s  a perm utation  a on

such th a t  f ( x ^ , . . . , x ^ )  = g (o (X j ,. . . , x ^ ) ) ;

(2) f  i s  N -equ iva len t to  g i f  th e re  i s  a complementation

o p e ra to r  t on { x ^ , . . . ,x ^ }  (x complements each v a r ia b le  

in  some su b se t o f { x ^ , . . . ,x ^ } )  such th a t  f ( X j , . . . , x ^ )  = 

g ( T ( x ^ , . . . ,x ^ ) ) ;

(3) f  i s  PN -equivalent to  g i f  f  i s  P -eq u iv a len t to  some

h E F^ such th a t  h i s  N -equ iva len t to  g;

(4) f  i s  N P-equivalent to  g i f  f  i s  P -eq u iv a len t to  g o r g ' ;

(5) f  i s  Ü N -equivalent to  g i f  f  i s  N -equ iva len t to  g o r g ' ;

(6) f  i s  N PN -equivalent to  g i f  f  i s  PN -equivalent to  g o r g ' .

Equivalence in  F^ was f i r s t  s tu d ied  s y s te m a tic a lly  by Pdlya

[15]. Using the  th eo ry  o f group c h a ra c te rs ,  P61ya was ab le  to  determ ine 

the  number o f PN -equivalence c la s se s  fo r  1, 2, 3 , and 4 v a r ia b le s  ( th e re  

are  402 c la s se s  fo r  4 v a r ia b le s ) .  P d ly a 's  method was re f in e d  by S lep ian

24
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[10] who determ ined the  number o f PN-equivalence c la sses  fo r  5 and 6 

v a r ia b le s .  The problem o f counting th e  number o f c la sse s  fo r  equiva

lence r e la t io n s  o th e r than  PN has been s tu d ie d  by Ninomiya [13],

H arrison  [5 ] , and o th e rs . H arrison  [6] l i s t s  the  number o f  equivalence 

c la s se s  f o r  th e  s ix  types o f equ ivalence defined  above fo r  n ^  6 v a r i-  

abl e s .

Colomb [3] and Ninomiya [14] independently  developed methods 

fo r  a ss ig n in g  a canonical re p re se n ta tiv e  fu n c tio n  to  each NPN-equivalence 

c la ss  and procedures fo r  determ ining  the  canon ical re p re se n ta tiv e  c o rre 

sponding to  an a r b i t r a r y  fu n c tio n . Using e i th e r  method re q u ire s  the  as

signment o f  an ordered s e t  o f  2^ in te g e rs  to  each fu n c tio n  o r equivalence 

c la s s  o f  fu n c tio n s  o f  n v a r ia b le s .  These in te g e rs  a re  c a lle d  " in v a r ia n ts "  

by Colomb and "co o rd in a tes"  by Ninomiya. Ninomiya [14] l i s t s  ta b le s  o f 

co o rd in a tes  f o r  th e  canonical re p re se n ta tiv e s  o f  the  14 NPN-equivalence 

c la s se s  o f  fu n c tio n s  o f 3 v a r ia b le s  and th e  222 NPN-equivalence c la sses  

o f fu n c tio n s  o f  4 v a r ia b le s . Ninomiya [14] has a lso  developed ta b le s  o f  

minimal sw itch ing  networks in c lu d in g  minimal re la y  netw orks, diode c i r 

c u i t s ,  vacuum tube c i r c u i t s ,  and t r a n s i s t o r  c i r c u i t s  fo r  th e  402 PN-equiv- 

a lance  c la s s e s  o f fu n c tio n s  o f 4 v a r ia b le s .  The minimal diode c i r c u i t s  

a re  given a lg e b ra ic a l ly  as minimal lo g ic a l sums of fundamental p ro d u c ts . 

H arrison  [6] uses ta b le s  o f  the  " in v a r ia n ts "  o f  Golomb w ith Ninomiya's 

ta b le s  o f minimal sw itch ing  networks to  reduce the  problem o f optimum 

design  to  a ta b le  look-up procedure fo r  fu n c tio n s  o f  up to  4 v a r ia b le s .

I t  i s  th e  purpose o f th is  ch ap te r to  show th a t the  fundamental 

co o rd in a tes  fo r  fu n c tio n s  developed in  Chapter I I  may be used in  p lace  

o f  Golomb's " in v a r ia n ts "  and Ninomiya's "co o rd in a tes"  fo r  the  purposes
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d escrib ed  above. The use o f fundam ental co o rd in a tes  has th e  fo llow ing  

advantages over th e  o th e r  methods :

(1) The fundamental coo rd in a tes  o f a fu n c tio n  o f n v a r ia b le s

a re  2^ b in a ry  d ig i t s  in s te a d  of 2^ in te g e r s .  (Each " in 

v a r ia n t"  i s  a non-negative  in te g e r  ±  2^, and each "co o rd i

n a te "  i s  an in te g e r  w ith ab so lu te  value <. 2^ ^ .)  Hence 

fundam ental coo rd in a tes  p rov ide  a more compact n o ta tio n  

b e t t e r  s u ite d  fo r  autom atic  com putation.

(2) Every ordered  s e t  o f 2^ b in a ry  d ig i t s  form th e  fundam ental 

coo rd in a tes  o f  some fu n c tio n  o f  n v a r ia b le s .  Golomb [3] 

was n o t ab le  to  determ ine s u f f i c i e n t  co n d itio n s  fo r  an 

ordered  s e t  o f  2*̂  in te g e rs  to  be th e  " in v a r ia n ts "  o f  a 

fu n c tio n . Ninomiya [14] g ives a t e s t  re q u ir in g  2" s te p s  

which w i l l  determ ine w hether o r  n o t a given ordered  s e t  o f 

2^ in te g e rs  form th e  "co o rd in a te s"  o f a fu n c tio n .

(3) The a lgorithm s fo r  determ ining  th e  canonical re p re se n ta 

t iv e  corresponding to  an a r b i t r a r y  given fu n c tio n  a re ,  in

g e n e ra l, e a s ie r  to  apply using  fundam ental coo rd in a tes  

than e i th e r  o f th e  o th e r m ethods.

2^-1 1 1The fundam ental co o rd in a tes  (f^  ) = "  o f a fu n c tio n

f  e w i l l  be o rdered  as in d ic a te d  in  th e  d iscu ss io n  fo llow ing  Theorem 

2 .7 , i . e . ,  precedes fh li^ h  leng th  k > leng th  h o r  i f  len g th

k = leng th  h , f^  precedes f^  i f  k >' h . Note th a t  fundam ental co

o rd in a te s  r e l a t iv e  to  th e  atom a , a re  to  be used. For convenience, /
2H-1

fZ ^ 'l  w i l l  be re la b e le d  f^ and i f  k # 2^ ~i ,  , w i l l  be re la b e le d
2 " -l 0 k n - '- k l
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£.  .
■̂ 1 2 ' ” /m

where i s  th e  le a s t  in te g e r  m such th a t  = 0 , ig  is" th e  second 

le a s t  in te g e r  m such th a t  k = 0 , e tc .  For example th e  co o rd in a tes

a re  o rdered  and re la b e le d  as fo llo w s:

.111 111 f i l l f i l l f i l l f i l l f i l l f i l l
111 ^110 101 ^011 ^100 ^010 ^001 =000

£ £ £ f , -0 1 2 3 12 13 23 123

Note th a t  th e  leng th  o f f .  . • i s  n - m. From th e  d e f in i t io n  o f
i ] i 2 ' '" i m

in  C hapter I I ,

where ( x ^ ') ^ ,= 1 and = x ^ ' . Hence

i f f  f  = 1 fo r  an odd ' amber o f atoms in  th e  fundam ental product

(x^ ,* ) (x^_ ') • • •  (Xi ')  and f^ = 1 i f f  f  = 1 fo r  an odd number o f  atoms.■‘•1 ■‘■2 ^m u
. %

One sim ple method o f o b ta in in g  th e  fundam ental co o rd in a tes  o f  a func- 

t io n  f  i s  to  form th e  modulo two sum o f  th e  fundam ental c o o rd in a te s “o f v 

the  atoms dominated by f  (see Theorem 2 .3 ) .  The fundam ental coord ir 

nates o f th e  atoms fo r  n = 1 ,2 ,3 , and 4 a re  g iv e n 'in  Table 3 .1 .
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Table 3 .1 . Fundamental C oordinates o f  Atoms,

n = 1 £q
aQ 1 1

a  ̂ 1 0

n = 2 f^2

ao 1 1 1  1

a  ̂ 1 0 1 0

a^ 1 1 0  0

a^ 1 0 0 0

"  " ^ ^0 ^1^2^3 ^12^13^23 ^123

^0 1 1 1 1 1 1 1 1

^1 1 0 1 1 0 0 1 0

®2 1 1 0 1 0 1 0 0

^3 1 0 0 1 0 0 0 0

1 1 1 0 1 0 0 0

^5 1 0 1 0 0 0 0 0

^6 1 1 0 0 0 0 0 0

^7 1 0 0 0 0 0 0 0
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n = 4

1
1 1 1 2 2

1 1 1 2 2 3 2 2 3 3 3
0 1 2 3 4 2 3 4 3 4 4 3 4 4 4 4

^0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

^1 1 0 1 1 1 0 0 0 1 1 1 0 0 0 1 0

^2 1 1 0 1 1 0 1 1 0 0 1 0 0 1 0 0

^3 1 0 0 1 1 0 0 0 0 0 1 0 0 0 0 0

^4 1 1 1 0 1 1 0 1 0 1 0 0 1 0 0 0

^5 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0

^6 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0

^7 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

^8 1 1 1 1 0 1 1 0 1 0 0 1 0 0 0 0

^9 1 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0

®10 1 1 0 1 0 0 1 0 0 0 0 0 0 0 0 0

^11 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

^12 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0

^13 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

®14 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

^15 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Let R be one o f th e  s ix  equ ivalence r e la t io n s  de fin ed  above.

I f  f  e F^, l e t  [f]j^ be th e  R -equivalence c la s s  co n ta in in g  f .  The 

canon ical re p re s e n ta t iv e  f^  o f  [ f ]^  i s  defined  to  be th a t  fu n c tio n  

f^  E [ f in  whose o rdered  fundam ental co o rd in a tes  ( f j i  ) a re  miminum 

as a b in a ry  number.

The fundam ental coo rd in a tes  o f  a l l  fu n c tio n s  o f 1 ,2 , and 3 

v a r ia b le s  are  l i s t e d  in  Tables 3 .2 , 3 .3 , and 3 .4 , re s p e c tiv e ly . A 

V eitch diagram is  g iven fo r  each fu n c tio n  and each fu n c tio n  i s  p a ire d  

w ith  i t s  complement. The fu n c tio n s  are  grouped in  PN -equivalence c la sse s  

w ith  a space between PN c la s s e s .  W ithin each PN c la s s ,  th e  fu n c tio n s  

are  grouped in  P -equivalence c la s s e s . I f  f  dom inates r  atoms, then  f  

dominates 2 ^ -r  atoms. Each equivalence c la ss  [ f ]^  o f  fu n c tio n s  whose 

members dominate <2^"^ atoms i s  assigned  an in te g e r  m and th e  symbol m' 

i s  assigned  to  th e  c la s s  [ f ] ^ .  I f  n ^  3 and f  dominates e x ac tly  2^ '^  

atoms, f  e [ f ]^  and f  e [ f ]p ^ , b u t f  i  [ f ]p  (see Ninomiya [1 4 ]).

Hence i f  f  dominates 2^  ̂ atoms, an in te g e r  i s  assigned  to  [ f ]^  = [ f '] ^  

and an in te g e r  i s  assigned  to  [f]pj^ = [f 'Jp j^ . I f  f  dominates 2^”  ̂ atoms 

and f j  ^ = 0 , an in te g e r  m i s  assigned  to  [ f ]p  and m' i s  assigned  to  

[ f ' l p .  The equ ivalence  c la s s  number o f th e  canonical re p re se n ta tiv e  o f 

each c la s s  i s  u n d e rlin ed  and a double u n d e rlin e  denotes th e  re p re se n ta 

t iv e  o f an NP, NN', o r NPN c la s s .

A lgorithm s now may be developed fo r  determ ining  th e  canonical 

re p re s e n ta t iv e  fo r  an a r b i t r a r y  fu n c tio n . Let S be th e  s e t  o f a lL p e r 

m utations a on j l , . . . , n } .  The ordered fundam ental coo rd ina tes

^ 1 2 .. .m ^13.._ . (m+1)' ' ' ' ^(n-m+1) (n-m+2) . .  .n
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Table 3.2.  Functions o f One V ariab le .

V eitch
Diagram

Fundamental
C oordinates

Equivalence
C lass

0 1 ^0 ^1 N PN £q P N PN

m

1 1 i  [ n g  0 1 1 ' r  r

2 2 2 o n  1 1 2 - 2  2
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Table 3 .3 . Functions o f  Two V a ria b le s .

V eitch ' Fundamental Equivalence
Diagram C oordinates Class

0 1
2 3

1

fo f , f 2  £12 P N PN

0 0 0 0 I I I

1 0-D-" 0 I I I

1 0  1 0  1 2  2 

1 1 0 0 3 2 2

1 1 1 1  4 2 2

1 1
1 1

1 1

1 1
1

1
1 1

^0 ^1^2 ^12 P N PN

0 1 1 0 6 5 4

0 0 0 1 1 * 1 '  1 '

1 0 0 1 2 '  2 '  2 '

1 1 0  1 1 3 ' 2 ' 2
1 1

1 1 0  1 3 ' 2* 2 '

1 1 1  0 £ '  2 ' 2 '

1 0 0 1 0 5 3 3 1 0 0 1 1 S' 3 3
1 1

0 1 0  0 5 4 3 1 1 0 1 0  1 S ' 4 3
1 1

0 1 1 1  6 ' 5 4

C
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TABLE 3.4. FUNCTIONS OF THREE VARIABLES

.V e itch . 
Diagram 

XI
ÏÏ

. Fundamental . E qu ivalence ' 
C oordinates C lass

}X3 1
112 2

0 123 233 3 P N PN

0 000 000 0 i  i  i

1
1

I

1
1

T

1
1

1
1

1 1

1 1
1
1

1
I

1 1

I 1
1 1

1 1
1
1

1 000 000 0 I 1 2.

1 001 000 0 2 2

1 010 000 0 3 2 2

1 100 000 0 3 2 2

1 o i l 001 0 1 2 2

1 101 010 0 4 2 2

1 110 100 0 4 2 2

1 111 111 1 5 2 2

0 001 000 0 â

0 010 000 0 6 1 3

0 100 000 0 6 5 3

0 001 001 0 I 3 3

0 001 010 0 7 3 3

0 010 001 0 7 4 3

0 010 100 0 7 4 3

0 100 010 0 7 5 3

0 100 100 0 7 5 3

0 001 o i l 1 1 3 3

1 1 1
1 I
1 1
I 1 ?.
1 1 1

I 1
1 1 1
1 1

1 1
1 1 1
I 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1
1 X
1 1 1

1
1 1 1
1

1 1
1 1

1 1
1 1

1
1 1 a
1 'L: 1
1 1
1
I V- 1
1 1 1

1 1
■j 1 1 1

I I X

0 123
112
233

2
3 p N PN

0 000 000 1 i* i ' V

1 000 000 1 2 ' 2» 1 '

1 001 000 1 1 ’ 2 ' 2 '

1 010 000 1 3 ' 2 ' 2 '

1 100 000 1 3 ' 2 ' 2 '

1 o i l 001 1 4 ' 2 ' 2*

1 101 010 1 4 ' 2» 2*

1 110 100 1 4* 2 ' 2 '

1 111 111 0 2 ' 2 '

0 001 000 1 6 ' 3 ' 3 '

0 010 000 1 6 ' 4 ' 3 '

0 100 000 1 6 ’ 5 ’ 3 ’

0 001 001 1 r 3 ' 3 '

0 001 010 1 7* 3 ' 3 '

0 010 001 1 7» 4 ’ 3 '

0 010 100 1 7' 4 ' 3 ’

0 100 010 1 7' 5 ' 3 '

0 100 100 1 •7' 5.' 3 '

0 001 o i l 0 3 ' 3»
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1

112 2
1

112 2

* a
0 123 233 3 P N PN 0 123 233 3 P N PN

1 1 0'010.-101-1 8 4 3 1 1 0 010 101 0 8' 4"* 3'
- 1 1 1 1

1 1 0 100 110 1 8 5 3 1 1 0 100 110 0 8' 5 ' 3'
1 1 1 1

1
1

1
1

LI
1

1
1

1

1 1
1

1
1

1
1 1

1
1

1
1

1 1

1
1
1

1
1

1
1

1

1 1
1

1 1
1

■ ,
*1 1 1

1
1 1

1
1 1

1 1
1

0 Oil 000 0 i  4  i

0 101 000 0 9 2  4

0 110 000 0 9 5, 4

0 O il 001 0 i2. 6 4

0 101 010 0 10 7 4

0 110 100 0 10 8 4

0 O il 110 0 ü  6 4

0 101 101 0 11 7 4

0 110 O il 0 11 8 4

0 O il 111 1 12 6 4

0 101 111 1 12 7 4

0 110 111 1 12 8 4

0 111 001 0 12 g  g

0 111 010 0 13 9 5

0 111 100 0 13 9 5

0 111 111 1 14 9 5

1 000 001 0 2 1  JUl â

1 000 010 0 15 21  6

1 000 100 0 15 &2 6

1 001 001 0 2 2  10 6

1 001 010 0 16 11 6

1 010 001 0 16 10 6

1 1 1
1 1 1
1 1 1
1 1 1
1 1 .1 1
1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1 1

1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 I
1 1 1 1

i 1 1
1 I 1

1 1 1
1 1 1

1 1
1 1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1

1 1 1
1 1

I 1 1

1 .1
1 1. i
1 1
I 1 1
1 1 1
4, 1
1 1 1
1 1
1 1 1 tV-'i

1 1
1 1
I 1 1

0 Oil 000 1 9

0 101 000 1 9

0 110 000 1 9

0 Oil 001 1 ifl. 

0 101 010 1 10 

0 110 100 1 10 

0 o i l  110 1 11 

0 101 101 1 11 

0 110 o i l  1 11 

0 o i l  111 0 2 1  

0 101 111 0 12 

0 110 111 0 12

0 111 001 1 13 

0 111 010 1 13

0 111 100 1 13 

0 111 111 0 2 2

1 000 001 1 15 

1 000 010 1 15 

1 000 100 1 15 

1 001 001 1 16 

1 001 010 1 16 

1 010 001 1 16'

6 ' 4

r  4

8 ' 4 

6 ' 4 

7 ' 4 

8 ' 4 

6 ' 4 

7 ' 4 

8 ' 4 

6 ' 4 

7 ' 4 

8 ' 4

9 • 5 

9 ' 5 

9 ' 5 

9 ' 5

10 ' 6 ' 

11'  6 '  

12'  6 '  

10 '  6 '  

11 '  6 '  

10 '  6 '
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J 1 1
1 1
I

1 1 1
1 1 1

1 1
I
1 1
1

1
1 1

1
1 1

1 1 1
1
1 I
1 1 1

1
1 1
1 1 1

1 1
1

1 1
1
1 1 1

1
1 1

1
1 1

1 1
1
1 1

1
1 1

1
1
1 1
1 1

1
1 1

1

1
112 2

0 123--233 3"

1 010  100 0 1(

1 100 010 0 1 

1 100 100 0 1 

1 001 100 1 1 

1 010 010 1 1 

1 100 001 1 1 

1 o i l  000 0 1 

1 101 000 0 1 

1 110 000 0 1 

1 o i l  o i l  1 1 

1 o i l  101 1 1 

1 101 o i l  1 1 

1 101 110 1 1 

1 110 101 1 1 

1 110 110 1 1 

1 111 o i l  0 2 

1 111 101 0 2 

1 111 110 0 2

1 ood o i l  1 21 13

1 000 101 1 21 14

1 000 110 1 21 15

1 001 o i l  1 22. 13

1 010 101 1 22 14

1 100 110 1 22 15

N PN

12 6

11 6

12 6

12 6

11 6

10 6

10 6

11 6

12 6

11 6

12 6

10 6

12 6

10 6

11 6

12 6

11 6

10 6

1 1 1 1
1

1 1
1 1 1
1 1 1 1

1
1

1 1 1 1
1 1 -

1 1 1
1 1

- 1 1 1
1 1 1 "

1 1
1 1 1
1 1
1 1 .1 1
1

1 1 1 "

1 I
1

1 1 I 1
1 1 1
1 1

1
1 1 1 1

1 1
I I I

1 1
1 1 1
1
1 1 1 1
1 1 1

k— 1 1
1 1 1

1 1

1
1 1
1 1

1 1
1

1 1 1
1 1
1
1 1

1 1
1

1 1

112 2 
0 123 233 3 p N PN

1 010 100 1 16' 12' 6'

\  100 010 1 16' 11 6'

1 100 100 1 16' 12 6'

1 001 100 0 u : 12 6'

1 010 010 0 17' 11 6'

i 100 001 0 17' 10 6'

1 o i l 000 1 18' 10 6'

1 101 000 1 18' 11 6'

1 110 000 1 18' 12 6'

1 o i l o i l  0 11 6'

1 o i l 101 0 19' 12 6'

1 101 o i l  0 19' 10 6'

1 101 110 0 19' 12 6'

1 110 101 0 19' 10 6'

1 110 110 0 19' 11 6'

1 111 o i l  1 20' 12 6'

1 111 101 1 20' 11 6'

1 111 110 1 20' 10 6'

1 000 o i l  b l i ' JL2 r

1 000 101 b 21' 7'

1 000 110 0 21' 7'

1 001 o i l  0 22.' 13 7'

1 010 101 0 22' 14 7'

1 100 110 0 22' 15' 7'
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1
1 1

1
1 1

1 1
1

1 1
1

1 1
1
1 1
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o f len g th  n - m may be considered  as a b in a ry  number m^. Each a e S 

may be considered  as a perm utation  o f th e  d ig i t s  o f  m  ̂ which maps th e  

d ig i t  in  p o s i t io n  to  p o s i t io n  f o ( i i ) o ( i 2) . . . o ( i m ) '  ^  sequence

o f su b se ts  o f S may be d efined  re c u rs iv e ly  as fo llow s:

(1) S ^ = { o E S  : a ( l ^ )  = o ( f ^ . . . f ^ )  i s  minimum}.
#

r 1 I(2) = {a e : ofm^) i s  minimum}.

•p
“A lgorithm  3 .1 . Let f  be th e  canonical re p re se n ta tiv e  o f th e  

P -equ ivalence  c la s s  co n ta in in g  "the fu n c tio n  f .  The fundam ental c o o rd i

n a te s  o f  f^ . a re  g iven  by fg , a ( f ^ . .  . f ^ ) , "oCf^^.".- f ' ' " " ' ^ 1 .  . .n  

where o i s  any perm utation  in  "

P roof. By Theorem 2 .7  and th e  d e f in i t io n  o f  len g th  fo llow ing  

th e  p ro o f o f  t h i s  theorem , i t  i s  ev id en t th a t  each a e S perm utes only 

c o o rd in a tes  o f th e  same len g th . The choice o f th e  sequence S ^ , . . . , S ^  

in su re s  th a t  th e  co o rd in a tes  o f f^  w il l  be minimum as req u ired  fo r  th e  

canon ical r e p re s e n ta t iv e . A symmetry o f f  (and °[f]p ) i s  in d ic a te d  by

th e  p resence  o f  more than one elem ent in  S , .  „ ©^ n-1 ®

As an example o f  th e  a p p lic a tio n  o f A lgorithm  3 .1 , consider th e
O yO Z C'

fu n c tio n  given in  Chapter I I :  f  = ag @ ag @ a^ @ a^. The fundamental

c o o rd in a tes  o f f  may be c a lc u la te d  from Table 3 .1  using  Theorem 2.3:

• e f  = (1 ,111 ,111 ,1) •

^ e ( 1, 101, 010, 0) 

e (1 , 100, 000, 0)

© (1 , 000, 000,0) 

= (0 , 110, 101, 1) .
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The fundam ental co o rd in a tes  o f  leng th  two form th e  b in a ry  number 

f ^ f g fg  = 110. Hence = { (1 3 ), (12 )(13 )} . In ta b u la r  form:

1
1 1 2  2 

1 2 3 2 3 3 3

1 U A V J. J. - j

1 1 1 0  1 1 J0 0

0 O i l  O i l  1
Og = (12) (13)

From th e  above ta b le ,  = {(12)(13)} so  th e  fundam ental co o rd in a tes  

o f f^  a re  (0 , Oi l ,  Oi l ,  1).  Note th a t  f^  = 02(f )  so in  atom ic form

^̂ 2^^000 ® *010  ® *110  ® * 111)  " *000 ® *100 ® *101 ® *111

(*k = % 3k2ki) •

I f  { i j , . . .  ,ijjj} C  { l , . . . , n } ,  th e  complementation o p e ra to r 

[ i j ^ , . . . , i ^ ]  i s  d e fin ed  to  be a mapping from F^ in to  F^ which comple

ments v a r ia b le s  i ^ , . . . , i j j ^  and leaves th e  o th e r v a r ia b le s  f ix e d .

C le a rly
' -J

* . ■ * * ' ‘ 
[ i . , y ( f )  = ( [ i . ] [ i ^ ] ) ( f )  = [ i . ] ( [ i j ^ ] ( f ) )  = [ y ( [ i j ] ( f ) )  .

■ ' ■ '  ̂ * c * aI f  f  e F^, th e  problem  o f  f in d in g  th e"can o n ica l re p re s e n ta t iv e  t  o f

[f]jj c o n s is ts  Æ  f in d in g  a com plem entation o p e ra to r [ i ^ , . . . , i ^ ]  such 

th a t  th e  b in a ry  number formed from the fundamental coo rd in a tes  o f g. 

[ i j ^ , . . .  , i^ ]  ( f )  i s  minimum. I f  i ^ . . . i ^  i s  th e  su b sc r ip t  o f  a funda

m ental co o rd in a te  and i^  e { i ^ , . . . , i ^ } ,  l e t  ( i j . . . i ^ ) * i p  be th e  sub

s c r ip t  o b ta ined  by d e le t in g  i^  from i ^ . . . i ^  w ith the  convention th a t

( i  )* i  = 0 .  Then Theorem 2 .4  may be s ta te d  in  term s o f th e  re la b e le dm m
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fundam ental coord inates by the  fo llow ing  equation :

1 ' "  m

(3 .1 )

I f  fg = 1, th e  fundamental co o rd ina tes  o f f^  are  very  easy to

determ ine. C l e a r l y _ ( [ i ^ , ^ . . , i ^ ^ ( f ) ) Q  = 1 fo r  every^ complementation 
- - * 

o p e ra to r [ i ^ , . . . , i ^ ^ .  By Eq.. (3 .1 ) ,  th e  fundam ental co o rd in a tes  of
: *

[ i  ] ( f ) o f  leng th  n-1 a re  given by 
P

Let ] be th e  complementation o p e ra to r ob ta ined  by in c lu d in g

j  G } i f f  f i  = 1. Then a l l  coord ina tes  o f  leng th  n - 1 o f
P q •'p •

[ j l > . .  . J q ] ( f )  are  zerg and i f " [ i ^ , . . . , i ^ ]  ^ a t  le a s t  one

co o rd in a te  o f lengthen - 1 o f [ i ^ , . . . , i ^ J ( f )  i s  one. Hence

^  fg ^ ^1 ^ ^2 ^ = fn  ^ ° '
V» ^  #

and th e  rem aining coo rd in a tes  o f  f^  may be found by a p p lic a tio n  o f
® ♦ «

Eq. (3 . 1 ) .  #

I f  fg = 0, fin d in g  th e  co o rd in a tes  o f f^  i s  u su a lly  more d i f -

• f i c u l t .  I f  f  i s  th e  0 -fu n c tio n  o r the  1 -fu n c tio n , f^  = f .  I f  f  i s  n o t

th e  0 -fu n c tio n  o r the  1 -fu n c tio n , l e t  p be the  l e a s t  in te g e r  m such

th a t  th e  coord ina tes  f j  : o f len g th  n-m a re  n o t a l l  zero . Then
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1 ±  p ^  n - 1. Let be any complementation o p e ra to r . By

Eq. (3 .1 ) ,  a l l  co o rd in a tes  o f  len g th s  n , . . . ,n-p o f  [ i ^ , . . . , i ^ ] ( f )  a re  

th e  same as th e  corresponding  co o rd ina tes  o f f .  Hence th e  coo rd in a tes  

o f f^  o f  leng th  n - p a re  th e  same as th e  corresponding co o rd in a tes  o f

f . Let T be th e  s e t  o f a l l  i . . . . i  such th a t  f j ,  ; = 1. By th ep 1 p i l ' " ' i p
d e f in i t io n  o f  p , T 5̂ 0. Each co o rd in a te  o f f  o f len g th  n - p - 1 may 

P
» n ‘

be la b e led  f ;  ; . There a re  t  = ( , )  such co o rd in a tes^ 1* • "ip+i " " ^n - p - 1'
la b e led  in  o rd e r:

Let

^12. . . (p+1) ’ ^ 1 3 . . . ( p+2) ’ V ‘ . . . n

^i  i

be, th e  co o rd in a te  in  p o s i t io n  r  from th e  l e f t  so r  = l , . . . , t .  The co- 

o rd in a te s  o f r  = [ i  , . . . , i  ] ( f )  may be determ ined using  an i te n a t iv e
o , i  m 0 o

. O
e “ p rocedure: A s e t  o f fu n c tio n s  B'" i s  a sso c ia te d  w ith  “each# r  = l , . . . , t ,

"  ° . . .  . , : ' :  :
and to  each g  e B^ i s  a ss igned  a s e t^ o f  p o ss ib le  complementation opera-

o ,  ̂ ■ c „ f  - O ° * *
to r s  S®. Let = {f} and l e t  S_ = { l , . . . , n } . „  For each g c B_ , th e re  ® r  0 1 J  ̂ - 0 0 ‘ ’ » J o r -1

g - " " " u ' O Q
a re  th re e  p o s s i b i l i t i e s :

C ase 'l .  = 0. Let B&̂  = {g} (J  {[ j i ’ *•* » : q i s

even and ( i , . . . i  ^ , ) * j  e T^ f o r  s = l , . . . , q } .  Let 1 p+1 •' s p.“
«

e [ j l> • • • r e  1
Sf = S = {m E sS_i : ( i ^ . . .ip^^)*m é  T^} .r

Case 22. g f  1 = 1  and fo r  a t  l%ast one m e S® ,— i i ' ' " i p + i  r -1

( ^ l ' ' ' i p + l ) * ^   ̂ ^p- BgZ = { [ j ^ , . . . , j q ] g  : q i s  odd and ( i j . . . i p ^ p * j  

e Tp f o r  s = i , . . . , q } .  Let
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S
[ j • • • > j q ] g

^ = {m e i  T }.r   ̂ r -1  • p

Case 3. g f  ̂ = 1  and fo r  a i l  m e S® , ,  ( i , . . . i  ,)*m ^1 * • -ip + i r- i. 1 p+i
i s  n o t defined  o r (i^^. . *m ;é T^. Let = {g} and l e t  S® =

Let

» r = U s  :  B ,_ , (B?

and l e t

Let

B* i f  B» f  0
B =( b :

b“ i f  B® = 0

In case 1, h f  \ = 0  f o r  each h e and co n ta in s  onlyi l ' - ' i p + l  r  r
complementation o p e ra to rs  m such th a t  = 0 f o r  s ±  r  im p lies

[m]h! . = 0 .
^ l " ' '  p+1

2 1 
S im ila r ly , each h e B8 has th e  p ro p e r t ie s  a t t r ib u te d  to  each h e B8 .

I f  h e B |^ , th e re  i s  no complementation o p e ra to r  m such th a t

[m]hf . = 0 .

Hence i f  th e re  a re  fu n c tio n s  g e B^  ̂ s a t i s f y in g  th e  co n d itio n s  o f  cases 

1 o r 2, fu n c tio n s  s a t i s f y in g  the  co n d itio n s  o f case 3 need n o t be con

s id e re d . I f  S® = 0 fo r  each g e B^, f^  i s  th a t  g e B^ whose fundam ental 

co o rd in a tes  a re  minimum. I f  B^ co n ta in s  a fu n c tio n  g such th a t  S® 0 ,
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then  i s  th e  fu n c tio n  in  U  {[i^^,. . .  .i^^jg : g e ig e S® fo r  

s = whose co o rd in a tes  a re  minimum. The procedure f o r  fin d in g

f^  i s  summarized below.

A lgorithm  3 . 2 . I f  f  e F^, th e  fundam ental coo rd in a tes  o f  f^  

a re  o b ta in ed  as fo llo w s:

(1) I f  fg  = 1, f^  = where e i f f

f j  = 1 .  Then f ^ = l ,  f!? = f ! ? = . . . = f ^  = 0 , and th e  rem aining co-jp  u i  z n

o rd in a te s  o f  f^  a re  found by applying Eq. (3 .1 ) to  ( [ j  j ] . . .  [ jj jj])f  •

(2) I f  a l l  coo rd in a tes  o f f  a re  0 , f  = 0 = f^ .

(3) I f  only  th e  l a s t  co o rd in a te  o f  f  i s  1, f  = 1 = f^ .

(4) I f  fg  = 0 , f  ^ 0 , and f  ^ 1, form th e  s e ts  T^, B^, and

f o r  r  = l , . . . , t  = ( n
n ^ ) . The co o rd in a tes  o f each g e B^ a re com

pu ted  u s in g  Eq. ( 3 . 1 ) .  Then f^  i s  th e  fu n c tio n  in  B^U { [ i j ,• • • »ij„]g : 

g E B^, ig  E fo r  s = l , . . . , m }  whose co o rd in a tes  a re  minimum.

As an example o f th e  a p p lic a tio n  o f  A lgorithm  3 . 2 ,  l e t  f  be the  

fu n c tio n  o f fo u r  v a r ia b le s  g iven in  atomic form by f  = a^ @ a^ @ a^Q 

0 a ^2 ® ® *15" From Table 3 .1  and Theorem 2 .3  th e  fundam ental co

o rd in a te s  o f  f  a re : •=:

f  = ( 1 , n i l . 111111, n i l . 1)

0 (1 , 0101, 000010, 0000, 0)

0 (1, 1010, 010000, 0000, 0)

0 (1 , 0100, 000000, 0000, 0)

0 (1, 1000, 000000, 0000, 0)

0 (1 , 0000, 000000, 0000, 0)

= (0 , 1100, 101101, 1111, 1) .



45

Hence f  f a l l s  under p a r t  4 o f A lgorithm  3 .2  and th e  fundam ental coor- 

Nd in a te s  o f  f  may be c a lc u la te d  w ith  a ta b le .

1
1112 2

111223 2233 3 T = {l,2}
0 1234 234344 3444 4 ^
0 1100 101101 nil 1 Bq = {f} = {1,2,3,4}

[1 ] f  0 1100 001101 0101 0

[ 2 ] f  0 1100 001101 1010 0

Bj = { [ l ] f , [ 2 ] f }  {3,4}

B; = { [ l ] f , [ 2 ] f }  s [2 ]f=  {4}

= { [ 4 , l ] f , [ 4 , 2 ] f }  0

[4 .1 ] f  0 1100 000111 0100 0

[ 4 . 2 ] f  0 1100 000111 1011 1

S ince = 0 and [ 4 , l ] f  has minimum coo rd in a tes

= [ 4 , l ] f .

The fo llow ing  Lemma i s  o f  some a s s is ta n c e  in  c a lc u la t in g  the  

PNco o rd in a tes  o f  f

Lemma 3 .3 . Let f  e F^. I f  fg  = 1 o r n ^ 3 ,  then  f^^  = ( f ^ )^ .

P ro o f. Suppose f  e F^ and f^  = 1. As in d ic a te d  in  th e  d iscu s 

s io n  p reced ing  A lgorithm  3 .2 ,  th e re  i s  a unique complementation opera

t o r  [ i j , . . . , i ^ ]  such th a t  a l l  co o rd in a tes  o f  [ i ^ , . . . , i ^ ] f  o f  leng th  n - 1 

a re  zero . By Theorem 2 .7 ,  any perm uta tion  o f th e  v a r ia b le s  o f f  does no t 

change th e  number o f  coo rd ina tes  o f len g th  n - 1 which a re  one. Hence 

f^^ may be o b ta ined  by f in d in g  f^  (A lgorithm  3.2) and then  fin d in g  th e  

perm uta tion  a such th a t  th e  co o rd in a tes  o f  o (f^ )  a re  minimum (Algorithm
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3 .1 ) .  Tables 3 .2 ,  3 .3 , and 3 .4  l i s t  a l l  th e  fu n c tio n s  o f  n ^  3 v a r i 

a b le s . I t  may be seen from th e  ta b le s  th a t  whenever f  and g belong to  

the  same PNrequivalence c la s s ,  f^  and g^ belong to  th e  same P-equiva- 

lence c la s s .  Hence i f  n ^  3, f^^ = ( f^ )^ .

U n fo rtu n a te ly , th e re  a re  fu n c tio n s  f  o f fo u r o r  more v a ria b le s  

w ith fQ = 0 such th a t  f^^ ^ ( f ^ )^ . For example consider th e  fu n c tio n  

o f  fo u r v a r ia b le s  whose co o rd ina tes  a re  given in  th e  ta b le  below:

1
1112 2 

111223 2233 3 
0 1234 234344 3444 4

f  = f^  0 0111 011000 0000 0

(2 4 )f 0 0111 110000 0000 0

C(24)f)^ 0 0111 001000 0000 0

A pp lica tion  o f Algorithm 3 .2  shows th a t  f  = f^  and th a t  C(24)f)^ =

[ l ] ( ( 2 4 ) f ) .  C learly  f^^  = ( ( 24) f )^  ( f^ )^  = f .  From Table 3 .4  i t
? N PNis  easy to  f in d  examples o f fu n c tio n s  f  e F^ such th a t  ( f  ) ^ f  .

PNAlgorithm  3 . 4 . I f  f  e F^, th e  fundamental coo rd in a tes  o f f  

a re  ob ta ined  as fo llow s:

(1) I f  fp  = 1 o r n ^  3, apply Algorithms 3.2 and 3 .1  to  ob

ta in  (f^ )^  = f^^ .
PN(2) I f  a l l  coo rd in a tes  o f f  are  0 , f  = 0 = f  .

(3) I f  only the  l a s t  co o rd in a te  o f f  i s  1, f  = 1 = f^^ .

(4) I f  fg = 0, n Z 4 ,  f  ^ 0 , and f  ^ 1, l e t  p be th e  le a s t

in te g e r  m such th a t  the  coo rd ina tes  o f leng th  n - m are  no t

a l l  0. Then 1 .< p £  n - 1. The ordered  fundam ental coo rd ina tes  of
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leng th  n - p form a b in a ry  number

P f ^ ^ 1 2 . . . p ^1 3 ...C p + l) ■■■ ^ (n - p+1) ( n - p ) . . .n '

Let S be th e  s e t  o f  a l l  perm uta tions a on { l , . . . , n }  such th a t  o(p^)
Nis  minimum. For each a e S, f in d  ( a ( f ) )  u s in g  A lgorithm  3 .2 .  Then 

f^^ i s  th e  fu n c tio n  in  { ( a ( f ) ) ^  : o e S} whose co o rd in a tes  a re  minimum.

P roof. Case (1) i s  an immediate consequence o f  Lemma 3 .3 .

Cases (2) and (3) are  obvious. In case (4) no complementation o p e ra to r 

can a l t e r  the  coo rd in a tes  o f len g th  n - p according to  Theorem 2 .4 .

Hence {off)  : a e S} co n ta in s  a l l  p o s s ib le  cand ida tes  fo r  f^^  w ith  r e 

sp ec t to  perm utation  o f v a r ia b le s .  Hence f^^  i s  the  fu n c tio n  in  

r N 1{(0 ( f ) )  : 0 e S} whose co o rd in a tes  a re  minimum.

Algorithm  3 . 5 . The fundam ental co o rd in a tes  o f  f ^ ,  and

f^^^ may be ob ta ined  from th e  coo rd ina tes  o f  f ^ ,  f ^ ,  and f^^ re sp ec 

tively , by making th e  l a s t  co o rd in a te  0.

P roof. By Theorem 2 . 3 ,  a l l  coo rd in a tes  o f  f  are  th e  same as 

th e  corresponding co o rd in a tes  o f  f  except th a t  the  l a s t  coo rd in a tes

s a t i s f y  th e  co n d itio n  f ’ = 1 © f ,  . S ince th e  canonical re p re - ̂ l . . . n  l . . . n  ^

s e n ta t iv e  o f  an equ ivalence c la s s  i s  d e fin ed  to  be th e  c la s s  member 

whose co o rd in a tes  form th e  minimum b in a ry  number, the  a lgorithm  i s  

obv ious.

Ninomiya [14] and H arrison  [6] p rov ide  ta b le s  l i s t i n g  th e  atomic 

co o rd in a tes  o f one re p re s e n ta t iv e  fu n c tio n  f o r  each o f th e  222 NPN 

equ ivalence c la s se s  in  F^. A computer program could be w r i t te n  based on 

A lgorithm  3 .5  and th e  above ta b le s  to  determ ine canonical re p re se n ta tiv e s  

fo r  th e  NPN c la s se s  in  F^.
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F uture  re sea rc h  may extend th e  r e s u l t s  o f  t h i s  paper to  in c lu d e  

in v e s t ig a t io n s  o f  n ecessa ry  and s u f f i c i e n t  co n d itio n s  fo r  a Boolean 

fu n c tio n  to  be u n a te , k-m onotonic, k -assum able , o r  to  po ssess  o th e r  

p ro p e r t ie s  a s so c ia te d  w ith  th e  study  o f  th re sh o ld  lo g ic . Winder [25] 

g ives a re c e n t a n a ly s is  o f  th e  l i t e r a t u r e  on th re sh o ld  lo g ic .



REFERENCES

1. G. B irk h o ff and S . MacLane, A Survey o f  Modern A lgebra , 
th e  Macmillan Company, New York, 1953.

2 . M. J .  G azale, Irredundan t d is ju n c t iv e  and co n ju n c tiv e  forms 
o f a  Boolean fu n c tio n , IBM J .  Res. and D ev., v o l. 1 (1957), pp. 171-176.

3. S. W. Golomb, On th e  c l a s s i f i c a t io n  o f  Boolean fu n c tio n s ,
IRE T rans. Inform . Theory, v o l .  IT-5 (1959), pp. 176-186.

4. P. R. Halmos, L ectures on Boolean A lgebras, D. Van 
N ostrand Company, P rin ce to n , 1963.

5. M. A. H arriso n , C om binatorial problems in  Boolean a lg eb ras  
and a p p lic a tio n s  to  th e  th eo ry  o f sw itc h in g , d o c to ra l t h e s i s .  U niver
s i t y  o f  M ichigan, 1963.

6 . M. A. H a rriso n , In tro d u c tio n  to  Sw itching and Automata 
Theory, McGraw-Hill Book Company, New York 1965.

7. S. -T . Hu, M athem atical Theory o f Sw itching C irc u its  and 
Automata, U n iv e rs ity  o f C a l ifo rn ia  P re s s , B erkeley , 1968.

8. E. V. H untington , Sets o f independent p o s tu la te s  fo r  th e  
a lg eb ra  o f lo g ic , T rans. Amer. Math. Soc . ,  v o l. 5 (1904), pp . 288-309.

9 . M. Karnaugh, The map method fo r  sy n th e s is  o f com binational 
lo g ic  c i r c u i t s , T rans. AIEE, P a r t  I ,  v o l .  72, no.  9 (1953), pp. 593-599.

10. E. J .  McCluskey, J r . ,  M inim ization o f  Boolean fu n c tio n s .
Be l l  Sys. Tech. J . ,  v o l .  35 (1956), pp . 1417-1444.

11. R. E. M ille r ,  Sw itching Theory, Volume I :  Com binational 
C irc u its , John Wiley and Sons, New York, 1965.

12. T. H. M ott, J r . ,  D eterm ination  o f th e  irred u n d an t normal 
forms o f £  t r u th  fu n c tio n  by i t e r a t e d  consensus o f  th e  prim e im p lic a n ts , 
IRE T rans. E le c t r .  Comput. ,  v o l .  EC-9 (1960), 245-252.

13. I .  Ninomiya, On th e  number o f  genera o f  Boolean fu n c tio n s  
o f  n v a r ia b le s , Mem. Fac. Eng. Nagoya Univ . ,  vo l .  11, no. 1 (1959), 
pp . 54-58.

14. I .  Ninomiya, A s tu d y  o f th e  s t ru c tu re s  o f  Boolean fu n c tio n s  
and i t s  a p p lic a tio n s  to  the  sy n th e s is  o f  sw itch in g  c i r c u i t s , Mem. Fac. 
Eng. Nagoya U n iv ., v o l . 13, no . 2 (1961), pp. 149-363.

49



50

15. 6 . Pô lya , Sur le s s  types des p ro p o s itio n s  composées, J .
Symbolic Logic, v o l .  5 , no. 3 (1940), pp. 98-103.

16. W. V. Quine, The problem  o f  sym plify ing  t r u th  fu n c tio n s .
Amer. Math. M onthly, v o l. 59 (1952), pp. 521-531.

17. W. V. Quine, A way to  s im p lify  t r u th  fu n c tio n s . Amer. Math. 
M onthly, v o l. 62 (1955), pp. 627-631.

18. W. V. Quine, On cores and prim e im p lican ts  o f  t r u th  fu n c tio n s . 
Amer. Math. Monthly, v o l. 66 (1959), pp . 7 5 5 ^ ^ 0 .

19. J .  P. Roth, A lgebra ic  to p o lo g ic a l methods in  s y n th e s is . Pro
ceedings o f  an In te rn a t io n a l  Symposium on th e  Theory o f Sw itch ing , Harvard 
U n iv e rs ity  P re s s , Cambridge, 1959.

20. D. S le p ia n , On th e  number o f symmetry types o f  Boolean 
fu n c tio n s  o f  n v a r ia b le s . Can. J . M ath. ,  v o l .  5 , no. 2 (1953), pp. 185-193.

21. C. E. Shannon, A sym bolic a n a ly s is  o f  re la y  and sw itch ing  
c i r c u i t s , T rans. AIEE, v o l. 57 (1938), pp . 713-723.

22. R. S ik o rsk i, Boolean A lg eb ras , S p rin g er-V erlag , New York,
1969.

23. R. H, Urbano and R. K. M u elle r, A to p o lo g ic a l method f o r  the  
d e te rm in a tio n  o f th e  minimal forms o f  a Boolean fu n c tio n T  IRE T rans.
E le c t r .  Comput. ,  v o l. EC-5 (1956), pp. 126-132.

24. E. W. V e itch , A c h a r t method fo r  s im p lify in g  t r u th  fu n c tio n s . 
P roceedings o f  th e  Assoc, fo r  Comput. M ach., pp. 127-133, p ub lished  by
R. Rimbach A sso c ia te s , P it ts b u rg h , 1952.

25. R. 0 . W inder, The s ta tu s  o f th re sh o ld  lo g ic , RCA Review, v o l. 
30, no. 1 (1969), pp. 62-84.


