
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 
the text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in typewriter face, while others may be from any type of 
computer printer.

The quality of th is  reproduction is dependen t upon th e  quality of the 
copy  subm itted. Broken or indistinct print, colored or poor quality illustrations 
and photographs, print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a  note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand comer and continuing 
from left to right in equal sections with small overlaps.

Photographs included in the original manuscript have treen reproduced 
xerographically in this copy. Higher quality 6” x 9” black and white 
photographic prints are available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly to order.

Bell & Howell Information and Leaming 
300 North Zeeb Road, Ann Arbor. Ml 48106-1346 USA 

800-521-0600

UMI'





NOTE TO USERS

This reproduction is the best copy available.

UMI’





UNIVERSITY O F OKLAHOM A 

GRADUATE CO LLEG E

FORM ULATION O F STATIC AND DYNAMIC LAYERED BEAM  SYSTEMS

W IT H  AN INVERSE PR O B LEM

A D issertation 

SU BM ITTED  TO TH E GRADUATE FACULTY 

in partia l fulfillment of the requirem ents for the  

degree of 

Doctor of Philosophy

By

LESLIE KAY DAVIDSON-ROSSIER 

Norman, O klahom a 

2001



UMI Number: 3004881

UMI
UMI Microform 3004881 

Copyright 2001 by Bell & Howell Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United S ta tes  Code.

Bell & Howell Information and Leaming Com pany 
300 North Z eeb Road 

P.O. Box 1346 
Ann Arbor. Ml 48106-1346



© C opyrigh t by LESLIE KAY D AV ID SO N -RO SSIER 2001 
An Rights Reserved.



FO R M U L A TIO N  O F STATIC AND DYNAM IC LA YERED BEAM  SYSTEM S
W ITH  AN IN V ERSE PR O B LE M

A D issertation A PPR O V ED  F O R  T H E  
D EPA RTM EN T O F M ATHEM ATICS

BY

£ ■  /1 . 2



A C K N O  W L E D  C E M E N T S

I would like to  express my deepest g ratitude and appreciation to m y research 

advisor D r. L uther W hite for his kindness, patience and guidance th roughou t my 

graduate  studies. D r. WLite is the reason I decided to pursue th is degree and I 

would not be here were it not for his constant encouragem ent.

I would like to  thank  Dr. Kevin Grasse, D r. Semion G utm an, Dr. M arilyn 

Breen, and Dr. M usharraf Zaman for serving on my committee.

I would Hke to th an k  the members of F irst B aptist Church for all of the prayers 

and  support. I especially want to  thank  the members of my M asterlife group: 

Denise, John , Lori, and Elaine—T hank you for your constant encouragem ent and 

prayers. You all m ean so much to me.

I want to  thank  m y parents and my sisters. Mom, Dad, Lisa, K aren I love 

you all and  tru ly  appreciate your continued prayers and encouragem ent.

Finally, I want to  thank my wonderful husband Ted who has m ade m any 

sacrifices while I pursued  my education. I love you so much and  look forw ard to 

ending m y career as a  professional student and becoming the m o ther of our son.

IV



ABSTRACT

M athem atical models are developed to  examine the  interfaces o f horizontally- 

layered beam  system s. T he apphcation  exam ined is th a t o f concrete road  overlays. 

We are particularly in terested  in  how th e  norm al displacem ent of th e  beam s is 

affected by the shearing in terface coefficient, K s -  We ignore any effect due to 

friction.

T he static tw o-beam  m odel gives results which were validated  by laboratory  

da ta . We show th a t a  unique solution exists and  th a t th is solution continuously 

depends on the p aram eter K s -  We also form ulate the  p rob lem  for m ultilayered 

system s. For the dynam ic m odel, we show th e  existence of a  unique soution to the 

weak form  of the  problem . We then  consider a  num erical exam ple of an inverse 

problem  in which we a tte m p t to  recover K s  using d a ta  generated  from  th e  forward 

problem .

B oth  the s ta tic  and  dynam ic models developed in th is p ap e r allow for cavi

ta tio n  between th e  two beam s. This in effect corrects th e  problem  of one beam  

p enetra ting  the o ther and allows us to  try  to  predict w here the  two beam s m ay 

acutally separate. Also, w ith th e  addition of the tim e-dependent m odel, we can 

add  a  moving m ass o r rolling load.
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0. In tro d u ctio n

There are m any practical applications th a t involve horizontally layered media. 

This paper develops a m athem atical m odel which can be used to  evaluate w hat 

happens a t th e  interfaces of such layers. In  particular, we will focus our discussion 

to  th a t o f concrete road overlays as we have d a ta  w ith which to com pare our 

results. [5]

The stability  and  m aintenance of concrete road surfaces is an  im portan t topic 

in our m odern-day infrastructure. A current m ethod of extending the life of a  road 

is to  pour a new concrete block on top of the  original concrete surface. Thus, it 

makes sense to  examine w hat happens a t the  interface of these two surfaces. In 

this paper, we wül develop sim ple m athem atical models based on a hnear theory 

and  the Tim oshenko beam  which are an extension of a previous model. [14]

The Tim oshenko beam  models developed here are based on energy consider

ations assum ing interfacial conditions and an elastic foundation. In  addition, the 

models wül incorporate the idea th a t the two surfaces m ay separate. This could 

be due to  clim ate conditions o r poor bonding. It is also im p o rtan t to note th a t 

whüe concrete is a  very com phcated nonlinear materiad, we are  assuming hnear 

elasticity conditions hold. This assum ption is based on a labo ra to ry  experim ent 

which showed a hnear stress-strain  relationship for the cases of in terest.[5 ] (see fig. 

1 )

We are particu larly  in terested  in  the relation between the  interfacial stiffness 

coefficient, K s ,  and norm al displacement. In chapter 1 , we develop the sta tic  

2-beam  m odel and  give a vahdation of the results based on laboratory  data. We 

show th a t a  unique solution exists and this solution continuously depends on the 

param eter K s -  For K s  =  [7,2], we get a  relative error of .1059 and for the
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optim al K s  we get a  relative e rro r o f .0253. In  addition, we look a t w here the 

m odel predicts th a t  separation o f th e  beam s m ay occur. We then  give an  extension 

to m ultilayered system s.

C hap ter 2 discusses the tim e-dependent 2 -beam  model. T he m ain  theorem  

here is th e  existence of a  unique solution to the weak form  of the  problem . We 

th en  form ulate a simplified inverse problem  where we generate d a ta  using the 

forw ard problem . In  a num erical experim ent, we generate a surface describing 

the  residuals betw een the  predicted deform ations an d  a given d a ta  set w here the 

predicted deform ations are a  function of the interfacial stiffness and  we assum e 

K s  =  [iiT5 ( l) ,  K s { ‘2.) ]. This surface represents th e  error between m odel predic

tions and  experim ental data. T he tim e-dependent case is significant for developing 

m odels to  predict fatigue and degeneration properties under transien t loads.
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1. static C ase

1.1 Basic Model

T he m athem atical model we will use for analysis is the Tim oshenko beam  

model. [13] A beam  model is chosen in o rd er to  b e tte r approxim ate actual exper

im ental d a ta  and  results. In  particular, the  Tim oshenko beam  m odel is chosen 

because it is the simplest beam  m odel which couples norm al displacem ents w ith 

shearing displacements.

Suppose the beam  is represented by a  domain

1 2  - {(z, y, z) : 0  <  z  <  L, —k  <  y <  A:, —h <  z <  h}.

w here h  is sm all enough so th a t we m ay assum e th e  stress < 7 3 3  is incorporated  in 

th e  body force. Then, under the small deform ation gradient assum ption[H unter], 

we can w rite the  stress-strain relationships as

E
< ^ 1 1  — 1 d- ^€ 2 2 ]

< ^ 2 2  -  +  £ 2 2 1  ( 1 , 1 )

0 - 3 3  =  0

£T1 2  =  C ei 2 , O’lS =  Gei3, CT23 =  Ge23

where E  is Young’s modulus, ^  is Poisson’s ratio , and G =  is the  shear

m odulus. We denote the displacements in  the  z  —, y —, and z — directions by the 

functions U =  U{x,y ,  z), V  =  Y (z ,y ,z ) , and  W  =  W (z ,y ,z ) , respectively. The 

strain-displacem ent relations are

dU l . d u  d V .  l , d u  d w ,
-  0 ^ '  -  2  ̂ 5 7  +  ■&>’ -  2 ' 5 7  +  5T>

d V  l . d V  d W .  d W
£ 2 2  -  £23 -  j C g J  +  -g j- ) .  £33 ~

( 1.2 )



T he displacement assum ptions associated with a Tim oshenko beam  are

U ( x , y , z )  = z<t>[x)

V { x , y , z ) = Q  (1.3)

W { x , y , z )  =  w (r).

We define the strain  energy as 

V{U^V,W) = — I [  I {c iiE ii +  1T12E12 +  iTi3 6 i 3 4- cooEss +  (T-gggsg } dzdydz
^ Jo J —kJ — h

(1.4)

an d  the  Lagrangian by

C[U, V, W )  =  V{U, V , W ) ~  f  f { x ) W { x )  dx  (1.4)
Jo

where the  last integral represents the work done by body forces and  appHed forces.

Substitu ting the stress-strain  relations ( 1 .1 ), the strain-displacem ent relations 

(1.2), and  the displacement assum ptions (1.3), the Lagrangian can be expressed 

as

C{U,V,W) = \ j ^  { 3^ + “ - ) '}  I  (1-S)

1.2 Two-Beam System

Suppose now, th a t there are two bodies th a t we view as beam  1 an d  beam  

2. Beam  1 occupies the set f2i =  [0, L] x [—A:, fc] x [0,2/ii] and  beam  2 occupies 

the  set Q2 =  [0,L] x [—A:,fc] x [—2 /i2 , 0 ]. We assign local coordinate system s 1 

and  2  such th a t the relationships of the  local coordinate system s to the  global 

coordinate system are x i  = x,  yi  = y,  and  z\ = z  — h\  for coordinate system  1  

and  X2 =  a:, 2 / 2  =  y, zmd zg =  z 4- / 1 2  for coordinate system  2 .(see fig. 2) The
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displacem ent functions for th e  ith  beam  are

Ui {x , y , z i )  — Zi<f)i{x)

=  0

W i { x , y , z i )  =  uüi{x).

As  in  (1.6), the  strain  energy for th e  ith  beam  is given by

=  ^  { 3 ( 1

T h e  to ta l po tential energy of the  system  is the  sum  of the  individued s tra in  energies,

V =  Vi +  V2

an d  th e  Lagrangian for the system  is

«Z, r L

Lo =  y  — /  fu>i d x  — I f u )2 d x  
J o  Jo

w here we have assum ed here th a t  the  displacem ents of the  two beam s are  inde

penden t.

N ext, we im pose interface conditions to  relate the displacem ents o f th e  two 

beam s. If  we assum e th a t the displacem ents a t th e  interface of the two beam s are 

equal, we get

hi4>i{x) -I- /i2 0 2 (a:) =  0

and

u i { x )  — W2 (z) =  0 .

For linear theory, we use the integrals

>0

6
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an d
1

> 3  =  - /  K n { x ) ( w i { x ) - W 2 {x))^ dx  
^ Jo

w here K s  and  Ki^ axe L°°  functions in troduced  as elastic coefficients a t the in

terface. T he elastic interface between the beam s is then m odeled by

Vj =  V 'l-f  Vz =  -  [  [Ks{x){hi4>i +  h2<i>2)̂  + Ki^{x){uji  — uj2)^]dx.
^ Jo

We also assum e th a t the  beam s axe sitting  on an elastic foundation . This is 

m odeled by
1V f  = -  J  { K f s { x ) 4>2 +  K f n { x ) u j 2 ) dx.

Consider two types of forces acting on  th e  beam  system : th e  body  forces and 

th e  apphed forces. The work due to  gravity for the  ith  beam  is given by

pL, y/c î rii
W i =  /  /  PigoJi dzidydx

0  V —fcJ — h.i

an d  the  work done by the body forces for the  system  is

W’s  =  W’l -r W 2  - Agk /  {pih\u>x +  P2^2<^2) dx.
Jo

T h e work due to  a static applied load, /a ,  is

W’a =  [  fa{x)uJi{x)dx.
Jo

Thus, the  Lagrangian of the  2 -beam  system  with an in terface on an  elastic 

foundation  is given by

■ (̂<^1)^17 <̂ 2 7 ^ 2 ) =  Vi -|- V2  +  V/ -J- Vp — W s — W’a. (1.8)

7



To simplify notation, we make the following assignm ents:

4.h\kEi

and

ai =

A  =

3 ( 1 - /^ ! ) '

2hikE{

*0 0 0 0-
c 1 0 0 0o - 0 0 0 0 ’

.0 0 1 0 .

' o c i 0 0 0 -

A  =
0 A 0 0
0 0 02 0

. 0 0 0 A-J

- h f 0 h \ h 2 0-
0 0 0 0

A s  =
h , i h ,2 0 h \ 0

0 0 0 0.

0 0 
0 1 
0 0

0
0
0

Lo - 1  0

0
- 1
0
1  J

A f m  -

0 0 0 Ol
0 0 0 0 
0 0 1 0  
0  0  0  OJ

0 0 0 Ol
0 0 0 0 
0 0 0 0 

LO 0 0  I J

In addition, the displacement vector is defined by

'4> i

( ^ 2

. W2 .

8



and  th e  forcing vectors are defined by

F B =

0
4^gkpihx

0
Agkp2fi2

and

F a  =

r 0 -i
f a  
0 

L 0

Using the  above notation , the Lagrangian (1.8) m ay be w ritten as 

1
C{u)  =  — / {(wx +  Su)"^ A.{u a: +  £u)  +  [ K s ^ s  -r K m A m 4- K p s A p s

^ Jo

+ K p m A p m )'<J-} d x  — j  { F a  F s Ÿ ' u d x .
Jo

(1.9)

R em ark: We w ant to develop a m odel which agrees with the  experim ental 

results. In  this paper, we ignore nonlinearities associated with contact forces and  

friction.

1.3 Minimization Problem

H am ilton’s Principle says th a t  the  displacem ent assum ed by the beam  system  

is th e  m inim izer of the Lagrangian. [Meirovitch] T he previous model[14] enforces 

the  in terface condition by penahzing the relative displacements a t the  interface. 

W hile this m odel seems to give good results, it is physically unreahstic  in  the  

sense th a t  the  two beam s m ay actually p en e tra te  each other. In  this section, we 

avoid th is penetra tion  by restricting the relative norm al displacements to  allow for 

separation  of th e  two beam s. We will form ulate th is m inim ization problem  and  

prove th e  existence of a  unique solution.

9



We define the  following H ilbert spaces w ith  th e ir usual norm s and  inner p ro d 

ucts:

Vq = { V  : uJi(O) =  u^i(L) =  0},

and  the  bilinear form  on V x V 

1a{u,v)  = -  / {{uj;+£u)'^A{vx + Sv)
^ Jo

+  u ' ^ { K s A s  4- Kisr-^N  +  K f n - ^ f n  +  K f S ' ^ f s )'^ d r .  

Using th is no tation  and  denoting the  inner p roduct on by < , > , the  L agrangian  

can be  w ritten  as

C{u) = a { u , u ) — < F , u  > (1.10)

w here F  = Fa. + F b -

Lemma 1.1 Let K s ,  K^f ,  K f n ,  and  K p s  ^  0. The büinear form  a{u ,v )  is 

an  inner product on Vq.

Proof:  We only need to  show th a t a{u,  n ) =  0 implies th a t u  =  0. This follows 

from  [14] th a t there  exists a  positive constan t kq such th a t

a(u,-a) > /co ||u ||^ . ( 1 . 1 1 )

To enforce th a t the  relative displacem ent is positive, we define th e  set

P  =  {u Ç:Vq : — W2 (z) >  0 for any  x G [0,L]}.

Lemma 1.2: P is a  closed convex cone in  V q .

10



Proof: Let u  G P.  T hen =  [4>i wi <f>2 wg ] such th a t w i(z )—W2  ( r )  >  0.

Let CK >  0. T hen orii^ =  [ct(f>x auj\ cx(f>2 ocuj2 ] and  occoi —olu>2 =  a(w i — w?) >  0. 

T hus OLU G P  and  P  is a  cone.

Suppose V is ano ther element of P  and  =  [^i Vi ^ 2  ^ 2  ]- Let 0 <  a  <  1.

T hen

OLU +  ( 1  — a )v  =

oc4>i +  ( 1  — o:)(fi 
au>i +  ( 1  — ol)t]i 
OL(f>2 4- (1 — o: ) < ^ 2  

. olu)2 4- ( 1  — oc)t]2 .

e P

since

{oLU>i 4- (1 — ol)tji ) — (0CUJ2 4 - (1 — oc)r]2) — ol{uji — wg) -f* (1 — ^ ) i v i  ~  V2 ) ^  0.

Hence, P  is convex.

Let be a  sequence in P  th a t converges to  an  element in V.  We

need to  show th a t is in P.  Since G P  for ah k,  we have

—cü2 ' ’̂ (x) >  0 for any x G [0,L].

Since Vq imbeds in the  space of continuous functions [4], we have point wise con

vergence or

— y u^^^{x) for each x  G [0,L].

This imphes th a t a;p^(z) —y and  —?■ W2 °^(z). Since

— W2 ^^)(z) >  0  for ah fc >  0 ,

th e  limit

hm  -ù;^^^)(z) =  -  w^°^)(z) >  0 .
« — ► 0 0

Thus, G P  and  P  is closed proving the lem m a.

11
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We pose the m inim ization problem : Find uq E P  such th a t

C{uq) =  m inim um  C{v) for any v E P. { M P)

T h e o re m  1.1: There exists a  unique solution to the above m im ization problem .

Proof-  First, we show th a t C{v) is bounded below for any v E P.  Recall

(1.11) a{v,v)  >  K:o||t;|[|r for some « 0  >  0 and the Lagrangian (1.10)

Also,

Thus,

C[v) =  a{ y , v )— < F , v  > .

C{v) > «o lk lly  -  M\\v\\v.

T he right hand  side is a parabola  in ||u ||y  which has a m in im u m  when ||u||;/- =  

Hence, {C{v)  : v E P }  is bounded below and d = inf {/%(f ) : v E P }  exists.

Also, note the parallelogram  identity

c  4 - a  2 " " '’ (1-12)

holds for all til and tio in V.

Let {tin} Ç P  be a  minimizing sequence, (i.e. £(tin) —> d.) We show th a t 

{tin} is Cauchy. From  (1.12)

"^n 4- tin i \  f  '̂ TTi '^n  \  ^ r r  \ ^ r  t \
+  O'  Ô >  n  =

or

-  = l£(u„) + i£ („„) -  £

12



Since P  is convex, (u-n 4 - G P  and  ) >  d. T hus,

1
2 '

Urt —Um Uti “ USince the righ t h an d  side converges to  zero, we have o (-  ̂ ^

to  zero. Now,

converges

0 <  «0
*̂TL <  a

V

7̂7% 7̂7%

Hence, ||nn, —•Umilv converges to  0 and  {un} is Cauchy in  V q . {n„} Cauchy imphes 

th a t  { u n }  converges to  some n  G P q .  In  fact u Ç. P  since P  is closed. Also, C is 

continuous and  C{un)  converges to  C{u).  Since the limit  is unique, C{u) = d and 

we have existence.

For uniqueness, suppose uq, v G P  are bo th  solutions to  the m inim ization 

problem . T hen  C{uq) =  C{y)  =  d. (1.12) imphes

z: +  a  r  =  ^ /:(^ o )  +  =  d.

0 < k q
Uq — V

< a {  = d _ z : ( 2 2̂ ^ )  < d - d  =  o.

Hence, Uno — -üH =  0 o r u =  uo and  uq is unique.

T he associated variational problem  can be s ta ted  as fohows: F ind uq E P  

such th a t

a(uQ,t; — Uq)— < F , v  — Uq >  >  0 for any  v E P- ( V f  )

I t is easy to  show th a t  th e  m inim ization and  variational problem s are equiva

lent, [see Luenberger, p. 178]

13



Suppose now th a t the displacement uq is a  function of K s ,  the  elastic coef

ficient a t th e  interface. Since K s  E L °° , we can approxim ate K s  in the  L~ sense 

by step  functions. Thus, it suffices to  look a t K s  as a  vector in  R “ such th a t  K s  

hes in  a  bounded  set.

T h e o r e m  1 .2 : T he m apping K s  -4 - •uo(i^s) is continuous from  R “ into P .  (T h a t 

is we assum e K s  are bounded and  piecewise constant.)

F irs t, we need to prove some claim s.

C la im  1 : F ix  v E P-  Then K s  -> C {v ; K s )  is continuous. We assum e K s  is 

piecewise constant.

Proof: T he proof of claim 1  is straight-forw ard and  is om itted.

C la im  2 : {uo(jTg) : K s  bounded in R “ } is bounded in Vq. T h a t is, we assum e 

K s  are  bounded  and  piecewise constant.

Proof: F rom  Claim  1 , for a  fixed v G P,  K s  —̂ C[v] K s )  is continuous. Also, 

C is linear in  K s -  Thus, assum ing K s  are bounded, the m ap K s  — C { y \ K s )  is 

bounded. Recall th a t uq[ K s ) satisfies the m inim ization problem

C { u q { K s )', K s ) =  min£(-u; K s )  <  >C(0 ; K s )  =  0vSP

since 0 E P .  T his implies th a t

a{uo{Ks),UQ{Ks); K s ) — <  F , u q { K s ) > <  0 .

From  th e  coercivity condition ( 1 .1 1 ) we get 

«o||iio(-^s)||v- — -^ ll’“o(-K’s)||v^ <  a(uo(ATs),'“o(-K’s ); K s ) — < F , uq{ K s ) > <  0.

In  o rder for ||-uo(Ars)||(«o|No(-K's)|| — M )  < 0, we need

^ o (iT s)ll <  — .
KQ
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Hence, {•uo(ÜT5 ) : K s  bounded in R “ } is bounded in Vq.

C la im  3: If K s  —̂ K i a  R “ w ith K s  bounded then

u o { K s ) ^ u o { K )  in Ko.

Proof: From claim 2, {uo(i^s) • bounded in R “ } is a  bounded set in 

Vq. Since Vq is a H ilbert space and  reflexive, {uq{Ks ) : K s  bounded in R “ } is 

relatively weakly com pact. Thus, there is a subsequence Ks^ such th a t

uo{Ksi )  u

for some u i u V q .  In  fact, u E P  since P  is closed, convex and  hence weakly closed. 

Let V  E P  he arb itrary . Then C{v , Ks i )  >  C[uo{Ksi)' ,  K s i )  or

a ( v , v ; K s i ) ~  < > >  {KSi),  uq{KSi ) -, K S i ) -  < F , uo{ Ks i )  > .

Taking the limit inferior of bo th  sides, we get from weak lower sem icontinuity of 

C

a { v , v , K ) -  < F , v  > > h m ia f[a (u o (ü rs J ,u o ( i^ s J ;i^ 5 - ) -  <  F, uo{Ks i )  >]

>  a{u,u; K ) — < F, u  >

Thus, £(u ; K )  >  C{u] K )  for any u in P  and

C{ u; K)  = m i n £ ( 7;;ür).
v £ P  '

B ut we’ve shown the  solution to  this minimization problem  is unique. Hence, 

u  =  uq{K)  and UQ{Ksi) '^o(K).  It is easy to show th a t in  fact,

uo{Ks)  ^ u o { K ) .

15



Claim 4: If  K s  —> üf in  R“ where K s  is bounded and  piecewise constant then  

a{uQ{Ks),nQ{K)- ,Ks)  — )- a{uo{K) ,uo{K);  K ) .

Proof. Consider 

\ a{uQ{Ks ) , uo{Ky , Ks )  -  a{uo{K) ,uo{Ky,  K) \

< \a{uQ{Ks),uo{K);  K s )  — a{uo{Ks) , uo{K) ;  K) \

+  |a(-uo(i^‘s),uo(-K');-K') — a{uo{K) ,uo{K);  K) \ .

Since a ( u , v ; K )  is an  inner product on V q and  by claim 3 uo(A 's) ^  uo(AT) in  V q , 

we have th a t

a{uQ{Ks),v] K )  — r a(uQ{K),v,  K )  for any v  G Vq .

Since uq{K)  G Vq , a{uQ{Ks)-,UQ(K); K )  —>■ a{uQ{K),UQ{K)-, K ) .  Hence, 

\ a { u Q { K s ) , U Q { K y K ) - a { u Q { K ) , U Q { K y K ) \  0.

Now,

'0

Taking th e  Umit as K s  goes to K, we get

•I- r L

r  U Q { K s ) ' ^ { K f  - K ^ ^ ^ ) A s u Q { K ) d x
j=i

<  -  ^  \Kg^ — K^^^\ f  \uq{ K s )'^ A s u Q{ K) \ dx
j=l  -/a:.--!

<  ^ \ \ K s  -  K\\oo f  \ uQ{Ks)^AsuQ{K) \dx .

[  \u q { K s ) ' ^ A s v . Q { K ) \ d x  — > f  \u q { K ) ' ^ A s u Q { K ) \ d x
JQ Jo
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and  \ \Ks  — K\\oo 0 . Hence,

\ a{ uo[K s) ,u o{ K) ;Ks )  — a {u o{ Ks ) -, uo{K)', K) \  — )■ 0.

and  claim 4 is proved.

Proof o f Theorem 1.2'. Suppose K s  —> ÜC in R “. We need to  show th a t 

^o(-K’s) —̂ ‘̂ q{K)  strongly in Vq. C onsider

a{uQ{Ks) ,UQ{K)]Ks)  =  a{uQ{Ks) ,UQ{K)—uo{Ks)\Ks)+a[uQ{Ks) ' . ,UQ{Ksy,  K s )

and  recall the  variational condition

a { u Q , v  —  u q ) —  <  F , v  —  u q  >  >  0 for any u G P.

By claim  3, u q { K s ) u q [ K )  in V q . Since P  is closed and convex, P  is weakly 

closed and  u q { K )  G P.  Thus,

a{uQ{Ks)-,UQ[K) - U Q { K s y , K s ) — < F , u q { K )  — u q { K s ) >>  0 

and  we have

o-[uq{ K s ) , uq[ K s ) \ K s) < [a{uQ{Ks),UQ{K) — uq( K s ); K s )

— <  F , u q { K )  — u q { K s )  > ]  +  a { u Q { K s ) ,  u q { K s ) ,  K s )  

— a { uQ{ Ks ) ' , UQ{ K) ]  K s ) — <  F , u q { K )  — u q { K s )  >  -

Taking lim its, we get 

a(uo(iC), tio(Pr); K ]  <  hm  a(uo(iC s), uo (i^ s); K s )

<  lim  a { u Q { K s ) ,  ^o(-ffs); K s )

-  j ^ ^ ^ j ^ i ° ' i ' ^ o { K s ) , U Q { K ) ] K s ) -  <  F , u q { K )  - u q { K s ) > )  

=  a { u o { K ) , U Q { K ) ;  K )  — 0 

17



by claim 4. Therefore, a{uo{Ks)-,UQ{Ks)] K s )  a{uQ{K),UQ{K)\ K ) .  B ut

a{uo{K),UQ{K)\  K )  =  \\uq{K)\\%^^.

Thus, we have

||îio (-K 's)||V o ---  ̂ ll'“ o (-^ )! |v o -

This im phes since Vq is a  H ilbert Space th a t ||-uo(-K’5 ) — uq{K)\ \v  ̂ 0 or th a t

■üoCÜTs) —¥ uq{K)  in Vq. Thus, the  m apping K s  — uq( K s ) is continuous.

1.4 Numerical Model and Validation

We w ant to test the above m odel against experim ental d a ta  obtained in  the  

laboratory. In  particular, we want to  com pare norm al displacements of beam  1 

w ith the  displacement observed on a  concrete sam ple in  the laboratory. For this 

purpose we ignore any foundation term s and  assum e the  ends of the beam  are 

fixed.

We need to write the discrete version of the Lagrangian (1.9) and the  m ini

m ization problem  (M P). We approxim ate uq by piecewise linear elements as fol

lows: We partition  [0, L] into iV subintervals of w idth  L / N .  Let

=  [ Cl C2  . . .  c^{N+i) ] and

B{x)  =

6(x) 0 0 0 1
0  6 (x) 0  0

0  0  b{x) 0

0  0  0  b{x)

where B{x]  is a 4 x 4(A/' -f 1) m atrix  w ith 6 (x) =  [ 6 i (x)  6 2 (2 ) . . .  6 yv^+i(x) ]

and  bi[x) is the  piecewise hnear elem ent which is 1  a t =  -^i  and 0  a t all o ther 

partition  points. Then

zi^'^^(x) =  B{x)c  

18



is an  approxim ation of uq. Define th e  m atrices

G a = f  { B ^ + £ B f A { B : ,  + £ B ) d x ,  
Jo

G s  =  /  K s { ^ )B { x ) ' ^  A s  B { x )d x ,
Jo

and

G m =  [  K m B { x ) '^A i^B{x) dx.
Jo

Also, define the vectors

Ĵ a. = f  F a B {x )d x  
Jo

and

J-B = f  F b B { x ) dx.
Jo

O ur goal is to examine w hat is happening a t the  interface betw een th e  two beam s. 

Thus, we assum e th a t the shear interface coefficient, Ks-, is a  function  of r ,  the  

location along the length of the  beam . For this analysis we assum e th a t  K s { x )  is 

piecewise constant with p pieces w here p is a factor of N . Let G =  G  a  + G s  +  G n  

and  T  =  Fa. +  F b - Then the Lagrangian becomes

= - ^ ^ G c  — Fc.

From  H am ilton’s principle, the  displacem ent of the beam  system  occurs at 

th e  m inim um  of the Lagrangian. For the  discrete case, the m inim ization problem  

(M P) becomes: F ind Cq E such th a t  B { x )cq E P  and

C{cq) =  m in{£(c) : B{x)c  E P }  { M P N )
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w here we are now m inim izing th e  Lagréingian over a  finite d im ensional subset of 

P . T he following theorem  shows th a t  in fact the  solutions to  th e  d iscrete problem  

converge to the solution of (M P).

Theorem 1.3 Let Uq = B { x )cq be the unique solution to  (M PN ). Then as 

N  — oo,
.ZV , * T /■

U q ----> U q m  Vq

w here no E P  is the solution to th e  original m inim ization problem  (M P ).

Proof: Define the  set

( iV+l N+l 'j
B {x )c  : ^  6i(a;)civ+i+i -  ^  èi(æ)c3 (^ + i)+ i >  0 > .

i= l J

T h en  P ^  C P  for all N .  Since is the solution to  (M PN) and  0 E P ^  for all N

^ { ‘̂ 0  ) =  niin{£(n) : v  G P ^  } <  0.

Also, from  (1.11), we have

" o l K l I ^  -  MWugWv < £ « )  =  a « , 0 -  <  > <  0.

For th is to  hold, we need l|n^ ||;^  <  M /kq for all N  which says th a t  {n^}  are 

bounded  in Vq. B u t th is im phes th a t {n^} is weak com pact. T hus, there  exists a 

subsequence such th a t  Uq u E P .

Let V  E P  an d  let be its piecewise hnear approxim ation . T hen V

and  C { v ^ )  -> £ (n ) as AT -> oo. Since E P ^ ,  we have th a t  £ ( n ^ )  >  L {u q ) .  

F rom  weak lower sem icontinuity of £ , we get

£ (n ) =  hm  £ ( n ^ )  > hm  C,{uq ) >  £ (n )
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and u  solves (M P). B u t the solution to (M P) is unique, hence u  =  u q  an d  th e  

theorem  is proved.

If we were to  ignore the cone condition, the m inim um of £(c) is achieved 

when DC{c) =  0 which happens when Gc — . Suppose =  B e  is not in P .

Then we change the coefficients Ci to get a new point Bc_ which is in P  w here c 

is determ ined by com paring the discrete coefficients corresponding to uji(x) and  

UJ2 (z) and  ad justing  them  so th a t we are stfil in  the cone. In  o ther words, ifw i(z )  =  

CN-hi+i^i a-nd ^ 2 (2 ) =  <^z(N+i)+ih, and  cjv+i+t — <  0, we

let =  Civ’+i+i- Thus Ç is ju s t m odified from  c so th a t we rem ain in  the

cone. We th en  use N ew ton’s m ethod to find the  m inim um , Cq .

For the num erical model, we use d a ta  from  the labo ra to ry  experim ent for th e  

3 inch overlay. T he length  of the beam  is

L ~  37

and the  loads were apphed along the length of the beam  a t

X =  L /3  and x  =  2Lf3 .

The observed displacem ents were

Wd =

0 
- .0 0 1 4  

- .0 0 2 4 5  
- .0 0 1 7  

0

at locations

zd =  [0, 9.25, 18.5, 27.75, 37]
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We w ant to see how well our model fits with th e  experim ental da ta . For the 

graph in fig. 3, we assum e N  = 10 subintervals of length  L / 1 0  and  we choose the 

shear interface coefficient to consist of p =  2 pieces

K s  =
1 ] £ 0 < x < L / 2
2 if  Z)/2 <  r  <  Z .

Consider the fit-to -da ta  functional

i—1

where Nd are the num ber of d a ta  points. In  order to  w rite this in  m atrix  form , let

Cc =  :

_uJi{xd{Nd))

where C : R,^(N+i) is defined by

c =

Then the fit-to -data  functional can be w ritten  as

JiK,) = \ \Cc{Ks)-W d\

T he relative error of our model is calculated by

R E  = % / J W s )

and  for the above d a ta

RE  =  .1059.
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These are  as good as the original m odel w ith two pieces. C onsider the  relative 

displacem ents o f the two beam s.(see figs. 4 and  5) In  fig. 4 for th e  previous model, 

beam  1 actually  penetrates beam  2 which is not physically possible. In  fig. 5, for 

the  present case where the two beam s can separate, there is no such difficulty.

We can im prove on these results as we let K s  consist of m ore th a n  two pieces. 

For the  g rap h  in  figure 6, we assum e iV =  10 and

i f s  =  [13.3 9.5 .85 0 3.2 0.66 0 0 0.3 6.9]

which was the optim al vector for th e  previous case. [14] In  th is case, we get a

relative erro r of

R E  =  .0253.

If we look a t the relative displacem ents of the two beam s(see fig. 7), the m odel 

predicts th a t  the beam s separate  betw een x  = 11 and  r  =  26. N ote we axe not as 

concerned abou t the endpoints as they  are assum ed to be fixed.

1.5 Existence of Lagrange Multipliers 

Recall the m inim ization problem :

Find Uq E P  such th a t C{uq) =  min£(-u).
vEP

Let r  =  [0 1 0 —1]- Then the  above m inim ization problem  can be rew ritten

as

F ind  Uq E P  such th a t C{uq) =  m in{£(i;) : —Ft; <  0, v G Vq}.

In  o ther words, we want to find the  m inim um  of th e  Lagrangian (1.10) subject to  

the  inequality constraint W2 (z) — w i(z) <  0. N ote th a t II : Pq — R is G ateaux  

differentiable and —F : Pq —>• is also G ateaux differentiable w here

Vq — {u  E Jï^([0, L]; R) : w(0) — w(L) =  0}.
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Cleajly  the  G ateaux  differentials of C, and  —F  are Hnear in  their increm ents. Define

P  = {ui Çl Vq uj{x) >  0 a.e.}

Lemma 1.3: P  is a  positive cone w ith  nonem pty  interior.

Proof: If a»! >  wg th en  — wg G P  and  P  is a  positive cone.

Since P ^ ([0 ,P ] ;R )  im beds in G ([0 ,L j;R .), it suffices to show th a t

P o =  { / g C (0 ,P )  : / ( r )  > 0 }

has nonem pty interior. Let ^ G Pq such th a t  g{x)  >  0 on [0,L] an d  let 5 = 

™io.a:6[o,i] i^(^)l >  0. We show th a t  the ball centered a t g of radius f , deno ted  by 

B{g-, | ) ,  is contained in Pq-

Let /  G P(£r; I )- T hen  | | /  -  g\\ =  max^ç^o,!,] l / ( ® )  ~  g { ^ ) \  <  f -  B u t this 

im phes th a t \ f { x )  — p ( x ) l  <  |  for any x  G [0,L]. Thus,

s s
/(® ) G ig{x) -  - ,  g{x)  +  - )  for any x  G [0, L]

!

an d  f { x )  >  0 for any x  G [0,L]. B ut this says th a t /  G Pq- Hence, the  in te rio r of 

Pq is nonem pty and  the  lem m a is proved.

Let U q be th e  unique solution to  the  m inim ization problem .

Lemma 1.4: u q  is a  regular point o f the  inequahty —Fu <  0.

Proof: We need to  show th a t 

(z) — T u q  < 0  and

(zz) T here exists h  E  V q such th a t  — Fuq +  5[—F(zzq; h)] < 0 .
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By definition, if no €  P ,  th en  —Fno <  0. For (ii)

J[—r(no ; h)] =  lim — F(no +  ah)  — (—r(no))]
01—*-0 a.

■ <f>i +  a(fi ■ ■ 0 r

Hm —a—yO a [0 - 1  0 1] wi -r arji
(i>2 +  a^2

- [ 0  - 1  0 1] uq
(f>2

_ .(JÜ2 +  0 : 7 7 2  - -Wo _ _

=  lim —[—(ct>i arji) -h (wg -f* arj2 ) +  uJi — UJ2 ]
a-i-O  a

=  lim " '1
oc—>-0 <X

= t]2 — Tji =  —Th.

Choose h E Vq such th a t —F-uq + ( —Fh) <  0 or 7 7 2  — T7 1  > u>2 —<̂ i and  (ii) is proved. 

T hus, Uq is a regular point of th e  inequality —Fn <  0.

T h e o re m  1.4: T here is a  Lagrange multiplier, A G where A >  0 such

th a t L{v] X) = C{u) -r A(—Fn) is stationary  at uq i.e.

5L{uq] h) =  Q for aH h G Vq.

Also, A(—F-uq) =  0.

Proof. This follows from  Lem m a 1.3, 1.4 and th e  K uhn-Tucker Theorem .

1,6 M-Beam System

M any apphcations m ay involve m ore th an  two layers. For exam ple, we could 

apply  the techniques used in th is paper to extend th e  current seismic models to 

include shearing. Thus, it m akes sense to look at a m odel for such m ulti-layered 

m edia.

Suppose th a t we have M Tim oshenko beam s lying on top of one another. If 

we let

P  =  { (z , 2/) :0  < x  < L, - k  < y  < k}
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and  let beam  1 occupy th e  set T> x [0, 2/ii], beam  2 occupy th e  set T> x [2hi, 2hi 

2 /1 2 ], etc. then  the ith  beam  occupies the set T> x 2hy, 2/iy].(see fig.

9) We define the local coordinates for beam  1 as

xi  = X ,  yi =  y,  and zi  =  z  — h\

and  for the ith  beam , we have

i - l
X i  =  X ,  yi =  y, and Zi = z  — 2hj  +  hi\ when 2 <  z <  M.

y=i

For each beam , we assum e the following displacem ents:

Ui[x ,y ,z i )  =  zi<f)i{x)

Vi{x,y,Zi)  =  0 

Wi{x ,y ,Z i)  =uji{x).

As in the tw o-beam  case, we can write the  s train energy for the  ith  beam  as

Vi =  — /  I f {cTiieii +  cri2ei2 +  <ri3ei3-f-o'22Ê22 +  o'23^23} dzidz/dx
* Jo  J - k J - h i

and simplifying w ith and (Si defined as in the 2 beam  system  we get

Vi =  ^ ^  +  A(<^i +  U J i a : Ÿ } d x .

The stra in  energy for the  M -beam system  is then  given by

M
V  =  Y , ^ i i U i i V u W i ) .

i= l

We need to relate the  displacements between adjacent beam s. For M beam s we 

have 2(M-1) interface conditions and  coefficients. We m odel th e  elastic properties
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of th e  interfaces by

1 fL  1
V i  =  -  J  I  ^  K s i { x ) { h i 4 > i { x )  +  h i + i ( f ) i + x { ^ ) Ÿ

M - X  X

+  ^  \  d x .
i=x ^

As before, we assum e th a t  th e  beam s are  sitting on an elastic foundation. T his is

m odeled by

V > =  -  J  { K f s {^)(I>i  +  K f n {^)<^x ) d x .

We still assum e th a t  there  are b o th  body forces an d  applied forces acting on 

the b eam  system . The work due to  body  forces is given by

.L M
W’b  =  I  4:gk pihiUj[x) dx  

“̂ 0 i= l

and  th e  work due to apphed  static forces is given by

.5
W’a =  /  dx.

Jo

Thus, th e  Lagrangian for th e  M -beam  system  with iaterface an d  foundation  term s 

is

c  =  v  + Vi -{-v f  -  v j b  -  yva.

For sim plification, define th e  m atrices

A m  =

a i  0
0 A

0 ...
L 0

E q =

0
0

0
0

0 OCM 0 
0 Pm

0 0 
1 0
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c

A p N  =

E q 0 

0 E q

0 . . .  
0 0 
0 1

0 
E q \

0

and

A p s  =

0
0

0

0

0

.0 ... 0 .
For the  interface conditions, let .4.5̂  be the  2 M  x 2 M  m atrix  such th a t for 1 <

i < M  - I
Asi{2i  — 1 ,2î — 1) = h\

4.S;(2z — 1 ,2i -f 1) =  hihi+i  

Asi["2‘i + 1 , 2i — 1 ) =  hihi+i 

Asi{2i  +  1,2% +  1) =

M - i
and  let

Gs = Y I  ^ S i { ^ ) A s i .
1 = 1

Similarly, let ApTi be the 2 M  x 2 M  m atrix  such th a t for 1 <  i <  Af — 1

4 . i v . ( 2 i ,  2 i )  =  1

Apf^{2i,2i +  2) =  —1

4-iv,. (2z +  2, 2i) = —1

J\.p-.[2i +  2, 2i +  2) =  1

and
M - l

GiV =  Y 2  E N { [ x ) A N i -
1 = 1
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We define th e  displacement vector by

u =

4>x

4>2

(jj2

(f>M
LWM

T he vectors associated with the body forces and apphed forces for M beam s are 

defined by
0 

Agkpihi  
0

F b = ^gkp2h.2 

0
A g k p u h u  - 

0
and

-Pa =
0

L / a

Using this notation, the Lagrangian for the M beam s on a foundation  w ith elastic 

interfaces and a static  apphed force becomes

^Af (u) =  ^  y  -f Sm u ) '^Am {ux +  Sm u ) +  n 'a i e s  +  G m

+  K f n A p m  4- K f s A p s )u ^ dx — j  (Fb  4- Fa)u dx.

We form ulate the minirnization problem  for the M -beam  system . Define the 

following H ilbert spaces with their usual norm s and inner p roducts

n  =  L " ( [0 ,L ] ,R .^ ) ,
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V o = ^ { V :  a/i(0) =  U i { L )  = 0  l < i <  M },

and  the  bilinear form  on y  x y  by 

1
a { u , v )  =  2 y  +  S m ^ - Ÿ ^ A M i y I  +  S m v )

4- u ^ { G s  +  G n  +  K p n A f n  +  K e s A f s )"̂  dz.

Define the  sets for 1 < i < M

P i  =  { u  e V o  : u i i + i { x )  — u j i { x )  >  0}

where each set P {  is a  closed convex cone in V q . T hen

M

i= l

is also a  closed convex cone in V q .

T he m inim ization problem  for the M -beam  system  is :

F ind  U q  £ P  such th a t C m { u q ) =  min{Z%M(i;) : v  G P ] .

T he following theorem  follows from the two b eam  case.

T h e o r e m  1 .5: T here exists a  unique solution to  th e  above m inim ization 

problem .
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Figure 2: Orientation of the Two-Beam System
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x10 model dispiacement(w1} vs. data
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Figure 3: Model Displacement vs. Given Data 
for the case K s  =  [7 2]
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x10 Do the 2 beams separate?
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Fleure 4: Relative displacement without cone condition
for K s  =  [7 2]
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Fieure 5: Relative displacement with cone condition
for K s  = [7 2]
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xIO" model displacement(w1 ) vs. data

-0.5

-2 r

-2.5
15 20 25 30 35 40
distance along x-axis
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for the optimal K s

34



x10 Do the 2 beams separate?
1.6

1.2 h

8 0.8

0.6

0.4

0.2

25 30 4020

Figure 7: Relative displacement with cone condition 
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2. D y n a m ic  M o d el

2.1 Two-Beam System

In  th is section we develop m odels o f tim e-dependent 2 -beam  system s. The 

m odels will include s tru c tu ra l d am ping and  elastic in terface conditions. As in the 

s ta tic  case, we model the  road  and  its  overlay as two T im oshenko beam s w ith the 

displacem ent for the ith  beam  in th e  x-, y-  and z-directions defined by

Ui{x, y,  Zi, t) =  Zi(f>i{x, t)

V i { x , y , z i , t )  (2.1)

W i{ x , y , z i , t )  = U i{x , t ) .

For th e  dynam ic model, we in troduce a kinetic energy term . T he kinetic 

energy for the ith  beam  is

w here pi is th e  density of the ith  beam . S ubstitu ting  for U , V ,  and  W  and 

perform ing th e  integrations, we ob ta in

2— V i t  - r■4>n -h Ahikoüi^ dx (2 .2 )

as an  expression of the kinetic energy for the ith  beam . T he  to ta l kinetic energy 

of th e  system  is then  given by 7~ =  71 -h 7 2  - In order to  sim plify the no tation , let

^^h\kpi
ai =  — ^----  and  bi = ^h ikp i

and  define

M  =

'0.1 0 0 0  ■
0 bi 0 0

0 0 0.2 0

. 0 0 0 6 2 -
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T hen  th e  to ta l kinetic energy can be w ritten  as

1 r
'T = — u ^ M u t d x  (2-3)

2 Jo

w here u = u{x , t )  is the displacement vector as defined in  C hapter 1.

T he potential energy, V, of the 2 beam  system  is obtained by

V =  Vi +  V2 + Vj  +  Vf  +  Ç -  W’s  -  W’a (2.4)

where Vi, V2 , VV, and  W'b are defined as for th e  sta tic  case.

W’a =  fa.{x,t)uJi{x,t) dx is the work due to  apphed forces where th e  apphed

forces are  now assum ed to be functions of tim e as weh as location. For th e  in ter

facial conditions

V / =  -  f  Ks{x){hi<f>i +  h 2 (f>2 Ÿ  dx 
4 Jo' 0

is the shear com ponent at the interface and

Ç =z -  j  Kn-{x)[{ui — Uj2 ) - f  dx
>0

is a  modeling te rm  th a t reflects the elastic properties a t the  interface an d  ensures 

we stay  in  the cone P  as defined for the sta tic  case. If we set F =  [0 I  0 — 1 ],

then

G = G {u )  =  -  f  K n [{Pu ) - Ÿ  dx.  (2.5)
4 Jo

From  (1.9) we can express the potential energy by

^  \  J  {(■“ ! +  Su) ‘̂ A(uj:  -h Su) + u ^ { K s { x ) A s  +  K f s ^ f s  

+ K f n A f n ) u ' ^  dx — J  {Fb + F a ) '^ u d x + Q .

T he Lagrangian is defined by £  =  (T  — V) dt or

^  ~  ( ^ 1  +  F 2  + Vi +  Vf  +  G ~  VVs — Wa)] dt.
Jo
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S ubstitu ting  (2.3), (2.6), and (2.5), we can w rite the Lagrangian as

C { u )  =  J  J  ^ ^ u [ M u t  — { u x + £ u ) ' ^ A { u x  +  £ u ) — u ‘̂ { K s { x ) A s

+  K p s ^ P S  +  d- { F b  +  F a ) ^ u  d x  d t .

Let H ,  V, and Vq denote the Hilbert spaces defined in C h ap te r 1. We define a 

b ilin e a r  form  on V  X V  b y

1
a { u , v )  =  — / {{U:c +  ^'^)'^-A.{Vj: - \ -S v ) - \ - U ^ { K s A s  + K f S-^FS +  K f N-^F n )v }  dx .

2 j Q

(2 .8 )

As in the sta tic  case, if K s ,  K p s ,  Kppr > 0, we can find kq >  0 such th a t

a { u , u )  > kq\\u\\y. (2.9)

According to  Ham ilton’s Principle, the  displacement occurs a t a  critical point 

of the Lagrangian. Thus, calculating the  variation of the Lagrangian, we ob tain

S £ =  { 5 T - 5 V ) d t
Jo

=  J  J  (ui<^i«<F(^i +  biUJitt^UJi +  d 24>2tt^(f 2̂ 4- b20ü2t t5(jJ2 )

+ {oLlCpixxSipi Pl{4>l +0^2021x^^2 + /^ 2(02  +  ̂ ^2x)x<^U'2)

“  ^ /? l(01  +  ^ lx )^ 0 1  + /?2 (02  +U '2x )^02 + - ^ s ( h i0 i  +  ^202)^16^01 

+ Ks{hi(f)\ + ^2 0 2 )^2^02 +  Kps4>2^4>2 + KpFr(jj2Scü2

+ ( j ^  - 0  - 1)
+  { A g k p i h - i S u j i  4 g k p 2 h . 2 S u ) 2  +  f a { x , t ) S u ; i ) d x  d t .

The m inim um  occurs when S C  =  0 or when each of the coefficients of the variations 

^01, Su>i, S4>2, Suj2 are equal to zero. This gives the following system  of differential
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equations:

— OLl<j>lx3: +  +  ^ Ix ) +  ”t- Kshih2<i>2 =  0

+  ^ l r ) x  +  2 ^  j p ^ i  "  — ^ g k p \ h x  - r  / a ( x ,  t )

0-2<f>2tt ~  OC2<f>2xx + /?2(^ 2  +  t^2x) +  Ksh2<f>2 +  Kshxh24>\ +  ^ F S ^ 2  =  0

i>2^2tt — (̂ 2{4>2 +  ( ^ 2 x ) x  +  Kpi^U}2 — —^ N [ ( r u ) _ ]  ^  [ p ^ |  ~  ~  ^ ^ ^ P 2 ^ 2

Lemma 2.1:

(ĵ  - 0 =

Proof: This follows from

Tu , f - 2  if Tu <  0
| r u |  1 0 if Tu >  0.

Using m atrix  no ta tion  an d  Lem m a 2.1, we can rew rite th e  in itial value p rob

lem  as

j\Autt — A (ur -f- Su)x  +  A S {u  4- £^Ux)  4- (iiTs^/ls 4- K f s A f s  4- K p i^ A f n )'̂ ^̂

— iiT iv r^(ru )_  =  F  (2-10)

u ( x ,  0 )  =  0  

u t(x , 0) =  0

w here F  = + Fp-

R em ark  1: These equations m ay also be obtained using conservation of energy. If 

we express the to ta l energy a t  tim e t  as the sum  of the kinetic and  th e  potential 

energy, then  conservation o f energy sta tes th a t the to ta l energy is a  constant 

function of time.
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Rem axk 2: To incorporate th e  strong  dam ping properties of th e  concrete structures 

o f in terest we include a s tru c tu ra l dam ping te rm  to  o b ta in  the  weak form  of the 

in itia l value problem: F ind  u  E Vq) such th a t for any E Vq

/•L çL
/  M - U t t d x a { ( p , u t )  +  a{(f ,u) — /  i^ iv ¥ ?^ r^ [(ru )_ ] dx = <  ^ ,  F  >  (2.11)

J o  Jo

for alm ost all t E [0, t / j  w ith  in itial conditions

u(x , 0) =  0 and  u t ( x ,0 ) = 0

where we have added a  term , a{^p,Ut)^ for s tru c tu ra l dam ping of th e  concrete 

beam s.

T h e o r e m  2.1: There exists a  unique solution to  the  weak form ulation of the 

initial value problem.

Proof: We use the Galerkin Technique. Suppose u  =  =  B{x)c{t)  where

B  -

^ 0 0 0  
0 3̂  0 0 
0 0 0 

LO 0  0

=  [■01 02 ••• 0jv^], and  0 j  are independent functions in fT ^(0 ,Ir;R ). In

(2.11), set (f =  B  and u  =  to  get

\ B ^ M B d x ctt  +  l̂ y* B ^ { K s A s  4- K p s A p s  +  K f n A p n ) B  d.

+  ^  (B:, + S B ) ^ A { B ^  + S B ) d x  iB ^  + S B f A ( B ^  + S B ) d x

+  l̂ y* {B '^ K s A s  + K p s A p s  + K pi^ A p n )P  dx  c — K i ^ B ^ r ' ^ [ ( T B c ) - ] d x

= f  B ^ F d x .  (2.12)
Jo
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Let
rL

Gq = I  B ^ j W B  dx,  
Jo

rL
G a =  {B^ + £ B f A { B ^  +  £ B ) d x ,  

Jo
r L

G s  = I  B ^ K s A s B d x ,  
Jo

G p  = [  B"^{Kf s -^f s K f n ^ f n )B  dx,
Jo

rL
H i c ] =  K N B ‘̂ r ^ [ iT B c ) - . ]d x ,

Jo 

F =  B ^ i F , + F s ) d x ,  
Jo

and

G — G A "t" G s  +  G p.

T hen  (2.12) can be rew ritten  as

GoCtt +  Gct +  Gc — H[c) — F  = 0 

and  as a  first-order system  as

' I 0 ■ c 0 - / ■ c 0 0 O'
0 G q _Ct +

t G G Ct + - H { c ) F 0

Since (i^)_ =  ^(1^1 — it is clear th a t the  negative part of a  Lipschitz 

continuous function is Lipschitz. Also note th a t H{c)  is Lipschitz since it is a 

com position of Lipschitz functions. T hus from the theory of differential equations, 

there exists a unique solution to the  initial value problem

GoCtt +  Gct -h Gc — H{c)  — £  =  0 c(0) =  0, C((0) =  0.
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Using a  Gronwall argum ent, we develop a priori estim ates for the system . 

From  equation (2.10), m ultiply by u f  and in teg ra te  over [0, X] to  get

J  ^ u ' [ M u t t  — u '^ A {u x  4- S u )j: +  u [ £ ' ^ A £ { u  +  £'^Ux)  +  u f  (jiTgv^g +  K p s A p s

+  KptiApN') '^  — -K 'iv 'îi^r^[(ru)_] — u f  (Fb  +  dx =  0.

W ith  u = , rewrite th is as

_d I 1
dt

( u ^ M u t  A  K n [ { T u ) - Ÿ )  dx + a { u , u ^  =  J  {Fb + Fa)^ut dx

and

M u t K t T [ { T u ) - ] ^  d x - \ -2 a { u ,u ) ^  = 2 J  {Fb +  Fa.)'^ut dx

<  f  {Fb  + F a ) ^ M ~ ^ ( F B  + Fa) dx + f  u j M u t d x .
Jo Jo

Set
1

E{u) = — I ( u ^ + Kpf[{Tu)—Ÿ') dx +  a{u^u)
2 Jo

which is positive provided K s ,  i^iv, Kps-, and  K p ^  are positive. Then we get

— E{u) ^  2 J  + F a ) ^ M ~ ^  {Fb  + Fa) dx  4- -  u f M u t d x  

1
— 2  J  +  F a ) ' ^ { F b  +  Fa) dx  4- E{u) .

-L

>0

We can rew rite this as

- f  r L

^ ( e - 'E ( u ) )  <  V  /  ( -^ a +  F a ) '^ M -^ {F B  +  Fa) dx.  

In tegrating  from  0 to t, we get

e - ^ E { u ) { t ) < E { u ) { Q ) +  ^  /  { F B + F a ) ' ^ M - \ F B + F a ) d x d s
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or

E{u){t)  < e ^ E ( u ) i O ) f  {Fb  +  M ~ \ F b  +  F^) dx ds.
Jo ^ Jo

We notice th a t th e  right h an d  side o f this inequality  is independent o f AT. 

T hus, for a  fixed t  and  every iV

E { u ^ )  < K

where k is independen t of N .  From  the definition of E{u)  and the  above inequality 

it is easy to  see th a t

is bounded in L^{0, t f ;Vo)

and

and  are bounded in L^(0, t / ;  AT).

Thus, there are  subsequences such th a t

—> tit wealdy in T^(0, t /;  Ff) (2.13)

and

t i ^ t i x  weakly in T ^ (0 ,i/ ;  i?)- (2.14)

Define th e  set

y  =  { v G  L \ o , t f , V o ) , v t  e

Since Vq a  H  <Z H  and  Vq im beds com pactly in  H , we know th a t the  m ap
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is com pact. [Temam] Since G i^ (0 ,t / ;V o )  and  G L^{0 , t f ;  H) ,  th en  G 3"' 

and  th ere  exists a  subsequence th a t converges strongly in L ^{0 , t f ;  H) ,  i.e. u.

In  fact, since ^  in. H) ,

— ¥ u  weakly in L^(0, £/; V q).

Let be a basis in  Vq and  let a  G C ~ (0 ,£ /) .  Then from  (2.11) we have

. t f ç  .L
L  \ L  -  ^ 7 v 6 r r ^ [ ( r u ^ ) _ ] }  dz

+  a (6 i ,u ^ )  + a { b i , u ^ ) — < hi ,F  >  j -o d t  =  0
(2.15)

Suppose A  u in I-"(0,£/; Pb). From  (2.13) and  (2.14), we know th a t Ux

in L~{0 , t f ;  H)  and Ut in  L ‘̂ {0 , t f ,  H) .  Thus, as iV —> oc, a {h i ,u ^ )  —

a[hi,ut)  and  a{h i ,u^ )  —¥ a[bi,u).  Also, 

J  1 ŷ* bj . , \4u^  d x ^  a  dt =  — J  J  b f  d x ^  a t  d t .

We need to  show th a t [(Fu-^)-] —¥ [(F u )-]. Recall th a t the negative p a rt of a 

function can be written as (^)_ =  |( |^1  — C) and

[ '  [  (IFu^l - |F u |)^ d z d £  <  r  [ ^ { T u ^ - r u ) ^ d x d t - ¥ 0 .
JO  Jo Jo Jo

Taking th e  hm it of (2.15) as iV ^  oo we get

Jo { b f M u t t  -  iF iv6 fF ^[(F u)_ ]}  dx 

+ a{bi,ut) + a { b i , u ) — < b i ,F  > |o :d £  =  0

for any a  G (7 ^ (0 , £/).

Since {6i}“ x spans Vq and  a  G ^ “ (O, £ /), we have for any (p E Vq

f  — K n p ^T'^[{Tu ) - . \ \  dx -\-a{(p,ut) + a { p , u ) — < p , F  >=  0.
Jo
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T hus, u  is a  so lu tion  o f th e  weak version o f th e  in itia l value p ro b lem  a n d  we have 

existence.

F or uniqueness, suppose  u  a n d  û  are  weak solutions o f th e  p ro b lem  (2.11). 

T h e n  for any (p E Vq, u  satisfies 

. L
/ — KN(p'^T'^[iXu)-W dx +  +  a{(p,u)— < (p,F > =  0

Jo

an d  Ü satisfies

rL
/ — i^ iv ^ ^ F ^ [( rû )_ ]}  dx  +  u(y?, üt)  +  <z(y, ü ) — < v , F  > =  0.

Jo

S u b trac tin g  we get

-  ü)tt  -  ^ N Y )^ r^ ([(ru )_ ]  -  [ ( r û ) _ ] ) | dx

+  [u — ü)t )  +  a { p , u  — ü) =  0 

for any  p  E Vq. Let w  =  u — ü  an d  choose p  =  Wt E L^{0,  t f ,  Vq) to  get

rL
/ jV.wtt — K u w ' ^ T ^ {[{Tu)-] — [(F û )-])}  dx +  a{wt,wt)  +  a{wt ,w)  =  0.

Jo

We can  rew rite th is as

J ^ ' ^ t d x a { w , w ' ^  +  a{wt ,wt )

= iF ^ u ;f r^ ( [ ( ru )_ ]  -  [(Ffi)_]) dx
Jo

or
>L

— l^y vj^ jViwtdx +  a{vj ,w)'^+2a{wtTWt)

r L
= 2 / Ffiv(ru;t)^([(ru)_] — [(r-ü)-]) dz

Jo
<  2||iF^||||r|||K||Hi|((ru)_) -  ((rû)_)||

< i ir f  ||((ru)_) -  ((Fû)-)!!'
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which holds for any J  >  0. Also, from  (2.9) th ere  is « 0  >  0 such th a t

2a{wt,wt)  >  2Ko\\wt\\Y-

T hus, we get

^  y* w f  M w t  dx  + a(tü ,ti7 )I  +  (2 /Î0  — (5’) ||u ;t||^

< | l | i r w f l i r | | = | | ( ( r u ) - ) - ( ( r a ) _ i

(2.16)

w here we choose 5 such th a t 2ko — >  0.

For the righ t-hand  side, recall th a t the negative p a rt of a function can be 

w ritten  as (if)— =  ^(|if| — f)  and  consider

IKCru)-) -  ((r5 )-)|| =  |^ ' '( [ (r« )_ | -  [{rc)_i)=dx^

=  \  -  ir« i)  -  ( r t i  -  rû ))^  dx

< 5 { | | | r » | - | r s | | |  +  | | r u - r s | | } .

Also,

0 <  (IFul -  |rü |)2  < \ V u - T û \ \

Hence

l l | r u | - | r ü | | |  =  <( I ( | r u | - | r ü | ) ^ d x
L  1 2

- , \ 2

'0

• L 1 2

i - \ 2I  { T u -  T ü y  dx   ̂ =  lIFu -  Full

and  we have th a t

ll((r« )_ )  -  ( (M )_ ) ||:  <  iiru  -  r f i f  =  n r » |p .  (2 . 1 8 )
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I t follows from  (2.16) and (2.17) th a t

^  i ^ J ^ T M w t d x + a i w . w ) ^  + { 2 K 0 - 5 ) \ \ w t \ \ l r  <  ||r% u |

Since 2kq — S > 0, vre get

Recall th a t a{u ,u )  > Koll'z l̂ly >  '^o||'“ llir and  let AC(i) =  Jq w j" M w td x  -ra [w ,w ) .  

Thus, we have

A.
dt

K. <  k a (w ,w )  <  k  ^a(îü ,t£ ;) +  J  w ^ j \A w td x ^  =  A AC

where rê >  0 is a  constan t. The solution to  <  kfC is

0 <  AC <  AC(0)e"* =  0.

Hence, ^  =  0 which imphes th a t a{w,w) =  0. B u t this im phes th a t w =  0 o r 

u = Ü and  we have uniqueness.

2 .2  E s t im a t io n  P r o b le m

To form ulate th e  inverse problem, it is convenient to m ake additional sim ph- 

fying assum ptions. In  particular, let

C{u) = f f \ ^ { u ^  M u t  — [u^ + Su)'^A[Ua: + £u) — K s { x ) u ^ A s U
Jo Jo L (2.18)

— KfJ-U AtJ-u} — [Fb  +  Fa.)u dx dt

where we have ignored any foundation term s and  replaced th e  cone condition by 

a  term  th a t forces th e  two beam s together w ith A n  defined as in C hapter 1.
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T he weak form ulation of the  rninim ization problem  can be w ritten as: F ind 

V. G L ^ (0 ,t/ ,P o )  such th a t

r L
/ A{U:^-{- Zu) { K s A s  +  K u A j^ ) u

Jo (2-19)
— (p“̂{F b +  -Fa)} dx =  0 

for any cp E: V q . N ote th a t we are ignoring dam ping here.

Let u (x , t]  =  B{x)c{t)  where

B  =

w ith i  =  [ ^ 1  £ 2  . . .  and  i j  are ha t functions. In  (2.19), set (p = B  to

get

- i 0 0 O'
0 I 0 0
0 0 I 0

.0 0 0 £]

' j :
B '^ M B  dx Ctt +

■ r L
/  { B ^ + S B f  A {B ^  + S B ) d x  

Jo

Let

and

+  B '^ { K s A s - ^ K N A N ) B d x  c -  B'^{Fb + F ,

G o =  f  B ^ M B d x ,
Jo

G a =  f  {B^ + £ B f A { B ^  + S B )d x ,
Jo

r L
G s =  B " ^ K s A s B  dx,

Jo
rL

G m =  I  B ^ K js jA i^ B  dx,
Jo

r L
E i t ) =  /  B ^ ( F B + F a ) d x .

Jo

J  dx =  0 .
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We need to  solve

where

We approxim ate

and

a o ^  +  G c =  m

G  =  G {K s]  =  G A +  G s  +  G m -

(2 .20 )

d?c 1
(A t) 2

Ci.^1 2 c i  d" —1
C =

where Ci =  c(ti) the value of c a t tim e ti. S ubstitu ting  these into (2.20) and  le tting  

F_i =  F{ti)  we get

G q
L(At)'

■ ( c i - 1  — 2 c i  +  C j . f l ) + G — (cj+ i +  2c j +  Cj_i) F ,

or

Go +  ^ ^ G ) c j _ i + 2 -Go + cj + Tgo + ^ ^ G  I c,+i =

which holds for 1 <  z <  iV̂i — 1. Define

A i  =  f G o  +  ^ ^ ^ g )  a n d  Az =  2 ( - G q +  ^ ^ ^ G

We get the  following system  of equations:

Co =  Co 

Cl — Co =  ( A t ) c j ( O )  

Aico 4- AzCl +  A icz =  (A t)^ £ j (2 .21)

AiCiv, 4- A zC iv .-i +  A iC iv,_z =  { A t Ÿ F_^^_^.
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Define

c =

Co
C l

C2

a n d

G =

\-C-Nt -I

I
- I  I  
A \  A 2 A \

A i  A 2 Ai

Ai A 2 A i

F  =

cq
( A t ) c f ( O )

Using th is notation, th e  system  of equations (2.21) can be w ritten

G {K s)c {K s )  =  F . ( 2 .22 )

We define the fit-to -d a ta  functional by

.tf
J { K s )  = f ' y :  dt

-/O :=1 ^

where are the observation points; Nd is the  num ber of observation points; II, 

is the  projection of u  onto wi; 5^*^ =  and  =  u>i(x^^^) is the observed

d a ta . Define C : R.^“ — y R^'^by

C =
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and  the observation vector

'.{t) =

Thus the fit-to -da ta  functional m ay be w ritten as

rtf
J { K s )  =  [  [Cc{t) -  z{t)\'^[Cc{t) — z{t)] dt. 

Jo
(2.23)

We use the trapezoidal m ethod to write the discrete version of the  fit-to -da ta  

functional.

J { K s )  =  ^ { [C c (0 )  -  z(0)]^[Cc(0) -  z(0)j -t- 2[Cc(ti) -  z(ti)]^ [C c(ti) -  z(ti)]

- r  . . .  +  2 [ C c ( t i V t - i )  — z ( t i V t - i ) ] ^ [ C c ( t A r , _ i )  — z ( t j v - ; - i ) ]

-f [Cc(ti^J — z { t N ^ ) ] ^ [ C c ( t i f J  — z { t ^ ^ ) ] }  

or rew riting we get

J { K s )  =  — (Mc(jirg) — z]'^ M [M c {K s )  — z\

where

M  =

I
21

M  =
21

and

z  =

• z ( 0 )

4^1 ) 
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T he fit-to  d a ta  functional was plotted  in  M atlab assum ing K s  to  be piecewise 

constant w ith  two pieces using a tim e increm ent A t =  .2 and  20 tim e steps. It 

was assum ed th a t the K s  values fell between .01 and  6.76. In addition, we assum e 

th a t the  apphed force depends on both  tim e and  the  location along the  leng th  of 

the beam . In  particular, we assume th a t fa  =  /sin(Trt) occuring at x  =  T /3  and  

X  =  2Z,/3. Since there is no actual d a ta  for this case, d a ta  was generated  using 

the forw ard m odel to see if  we could retrieve a  given K s  =  [ i^ s ( l)  Æg(2) ].

For this purpose, the  values were chosen to  be ÜTs(l) =  1 and K s{2)  = 5. Fig. 

9 shows the contour plot of J (F f 5 (l) ,  iiT5(2)). Notice the m inim um  falls w ithin a 

trough. We can look a t the  individual m atrix  entries to see th a t the  minimum is 

1.985 X 10“  ̂ which occurs at

FCs(l) =  .76 and K s(2 )  =  5.26 

which are close to the desired values.
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Contour Plot of Fit-to-data Functional

6

3

4

CM

1
3

2

1

21 3 5 64
Ks(1)

Figure 9: Contour Plot of Fit-to-Data Functional
Note: T h e  mi-ni-minn occurs a t K s=[.76  5.26]
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C o n clu sio n

In  th is paper, we have developed m athem aticcd models to  exam ine th e  in ter

faces o f layered beam  system s. T he p articu la r application exam ined was th a t of 

concrete road  overlays. We were particu larly  in terested in how no rm al displace

m ent o f th e  beam s was affected by th e  shearing interface coefScient, K s -  We 

ignored any effect due to  friction.

For th e  static  two-beam  case, we observed th a t for K s  =  [7 2], we got

reasonably  good correspondence to  lab o ra to ry  d a ta  w ith a relative e rro r of .1059. 

We are  able to  improve on these results as we refine the vector K s  an d  for the 

o p tim al case we got a relative error of .0253. For the tim e-dependent case, we 

inco rpo rated  a s tructu ral dam ping te rm  in  the  model. We then  considered the 

inverse problem  to  verify th a t we could recover a  given K s  using d a ta  generated 

from  the  forw ard problem.

B o th  the  static  and dynam ic m odels developed in this p aper allowed for sep

a ra tio n  of the  two beam s. This in effect corrected the problem  o f one beam  

p en e tra tin g  the  other and  allows us to  try  to  predict where the two beam s m ay 

acutally  separate. Also, w ith the addition of the tim e-dependent m odel, we can 

now ad d  a moving mass or roUing load which m ore closely approxim ate real world 

apphcations.
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Appendix

This appendix  contains th e  M atlab program s an d  functions used  to generate 

th e  g raphs in this paper. 0vrlay2  is the num erical m odel for th e  s ta tic  tw o-beam  

problem . OvrlyteO is th e  estim ation problem  for th e  dynam ic case, z d a ta  is the 

forw ard problem  for th e  dynam ic case which generates th e  d a ta  used  in OvrlyteO.

58



%ovrlay2; timoshenko beam with two layers.
•The purpose of this program is to minimize the Lagrangian 
•for 2 Timoshenko beams. In order to minimize when the 2 
•beams can separate, put cone=l.

clear 
cone=I; 
pen=l. Oe-t-03;
Kn=I.0e+03; 
force=1400; 
fl=l ; 
f2=l;

•beam and material parameters
grav=32;
hl=9/2;
h2=3/2;
k=b;
1=37;
EI=3-63;
£2=2.9; 
mul=0.14; 
mu2=0.12; 
rho1=141/(12"3); 
rho2=150/(12"3];
•Displacement data 
Nd=5; 
w d (1)=0; 
wd(2)=-0.0014; 
w d (3)=-0.G0245; 
wd(4)=-.0017; 
w d (5)=0 ; 
wd=wd;
xd(l
xd(2
xd(3
xd (4 
xd ( 5
N=10

= 0 ;
=9.25; 
=18.5; 
=27.75; 
=37;

•The Ks vector is of dimension M. It 
•condition on each of the N subintervals in

the interface 
;he beam.

Ks (1)=7;
K s (2)=2;

n=N+l; 
m=4*n; 
hs=L/N;

% set basic matrices for piecewise linear basis functions

gO=eye(n); 
gl=zeros(n); 
g2=eye(n); 
gO (1,1) =2;

59



gO (n, n) =2; 
g l (1,1)=-0.5; 
gl(n,n)=0.5; 
for i=2:n-l 

gO (i,. i) =4; 
g 2 (i,i )=2;

end
for i=i:n-l

gO(i,1^1)=i; 
gO ( i-1,i)=1; 
gl ( i, ±4-1 ) =-0 . 5 ;  
g l {i-1,i)=0.5 ;  
g2 ( i, i-i-1) =-1; 
g2 (i+1, i)=-l;

end
gQ=hs/6*gO;
g2=l/hs*g2;

iStrain Energy

alph.al=(4^:<’'hl''3*El) / (3^ (l-raul''2) ) ; 
alpha2=(4*k*h2''3*E2) / (3- (l-mu2"2) ) ; 
becal=2*k'hl*El/ (l-nnul) ; 
beta2=2’k*h2*E2/ {l+rau2) ;

GA= [alphal’'g2-^betal'g0 betal^gl' zeros (n) zeros (n;
betal'gl betai*g2 zeros(n) zeros(n)
zeros (n) zeros (n) alpha2*g2+beta2*g0 betaZ’̂ gl'
zeros (n) zeros (n) beta2*gl beta2''g2] ;

^penalizes displacement at x=0 and x=L to zero

for 1=1:4 
for j=I:m

bL(i,i)=0; 
bO(i,j)=0;

end
end
e0=[0 0 0 0 

0 1 0  0 
0 0 0 0 
0 0 0 1 ] ;

bL (If n) =1; 
bL(2,2*n)=I; 
bL(3,3*n)=l 
bL(4,4*n)=l; 
bO(l,l)=l; 
bO (2f n+l)=1; 
bO (3,2*n+l)=1; 
bO (4,3*n+l)=1;
BL=bL'*eO"bL;
BO=bO'*eO*bO;

% The is the stiffness matrix and the boundary condition.
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Bd.ry=BO+BL;
G=GA+pen*Bdry;
%
% Interface conditions

BS=zeros(4);
BN=zeros (4);
B S (1,1)=hi-2; 
a s (1,3)=hl*h2;
B S (3,l)=h2*hl;
B S (3,3)=h2"2;
B N (2,2)=1;
B N (2,4)=-1;
BN(4,2)=-1;
B N (4,4)=1 ;

%matrix that describes the penalization over the interface 
%between the beams

Gs=ela(Ks,n,N,M) ;
GI=kron (Kn*BN, gO)-i-kron (BS, Gs) ;

G=G+GI;

%Work Terms

fb=[0 4*k*grav*rhol*hl 0 4'k*grav*rho2*h2];

for i=l: 4 
for j=l:m

fbodyO(i,j)=0;
end
end

for j=l:n
fbodyO(2, n+j)=1; 
fbodyO (4, 3■'n+j ) =i;

end

fbodyO(2,n+1)=0.5 ; 
fbodyO(2,2'n)=0.5; 
fbodyO (4, S'^n+l) =0 .5; 
fbodyO(4,4*n)=0.5; 
fbodyO=hs ■' fbodyO ; 
fbody=fb'*‘ fbodyO ;

for i=l: 4 
for j=l:m

fapldO(i,j)=0 ;
end
end
for j=l:n

fapldO (2, j+n)=fl*b(L/3, j-l,N+l,L) +f2*b (2-^L/3, j-1, N+1, L) ;
end

fa=[0 2*k*force 0 0]; 
f apld=fa'^ fapldO;
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f=fbody+fapld; 
f=l.0e-06*f; 
c=-G\f';
%
sign=0; 
if cone==l

%Tesr to see if solution is in the cone,

for i=l:n
if c (n-ri)-c ( I’T.-iXC 

c(3*n+i)=c(n^i); 
sign=sign+l; 
end

end
sign
end

for i=l:n
cw(i)=c(i+n);
X(i)= (i-1)'hs;

end

%Compute wl(x) and compare with data.

for j=l:Nd
w l (j 1=sovrly(cw,xd(j ),n,L);

end
plot (xd, wl, xd, wd, ' )
title('wl,wd, in cone before minimizing') 
pause

%Use Newton's Method to minimize Lagrangian. 
if sign>0

for j=l:20

gradL=G'* c-f'; 
grad2L=G';
lagr(j )=.5'c"*G*c-f"c; 

c=c-inv (grad2L) ’"gradL;
c=-c;
if cone==l

iTest to see if solution is in the cone.

for i=l:n
if c (n+i)-c (3*n-ri) <0 

c(3*n+i)=c(n+i); 
end

end
end

end
end

for i=l:n
cw(i)= c (i+n) ;

62



c w 2 (i)=c(3*n+i) ; 
x(i)=(i-l)*hs;

end
% Compute wl (x) and w2 (x) and compare with. data. 
%
for j=l:n

wl (j)=sovrly{cw, x(j) ,n, L) ; 
w2 ( j ) =sovrly (cw2, X ( j ) ,n, L) ; 
deltaw(j )= w l (j )-w2(j ) ;

end
plot(x,wl,xd,wd,'*')
ylabel('displacement w l ')
xiahel('distance along x-axis')
title('model displacement(wl) vs. data')
pause
«plot(X,w l ,'+',x,w2) 
dwn=deltaw/norm(wl); 
plot(x,dwn)
ylabel('deltaw/norm(wl)') 
title('Do the 2 beams separate?')

îFind the relative error 
cwd=0; 
reler=0; 
for i=l:Nd

w e v (i )=sovrly(cw,xd(i),n, L) ; 
reler=reler+ (wev(i) -wd (i) ) ''2; 
c w d = c w d - r w d  ( i ) ' ^ 2 ;  

end
reler=sqrt(reler/cwd)
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%ovrlyte0.m: timoshen.k.0 beam wirh rwo layers.
%The purpose of rhis program is ro plot; che discrere 
%version of the fit-to-data functional (jfnl) as a 
%function of Ks.

clear
former long e 
cone=0; 
pen=l.Oe+03;
BCn=l. Oe+03 ; 
force=1400; 
fi=l; 
f2=I;

%beam and material parameters
grav=32;
hl=9/2;
h2=3/2;
k = 6 ;
L=37;
£1=3.63;
£2=2.9; 
mul=C.14 ; 
mu2=0.12; 
rhol=141/ (12"3); 
rho2=150/ (12"3);

N=4 ;
M = 2 ;
IThe Ks vector is of dimension M. It penalizes the 
«interface condition on each of the N subinrervais in 
«the beam interface.

Ks(1)=1;
K s (2Î =5;

n = N - r  1 ; 
m=4*n; 
hs=L/N’;
Nt=20;
mfactor=10'' (-6) ;

zl=zdata (NjM., Ks,Nt,mfactor) ; 
for j=l:Nt+l

zhat((j-l)'n+l;j«n)=zl! ;,j ) ;
end%
%set basic matrices for piecewise linear basis functions

gO=eye(n); 
gl=zeros(n); 
g2=eye(n); 
gO (1,1) =2; 
gO(n,n)=2; 
gl (1,l)=-0.5; 
gl(n,n)=0.5; 
for i =2:n-1
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gO (i, i) =4; 
g2 (i, i)=2;

end
for i=l:n-l

gO (i, i-rl) =1; 
gO (i+1,i)=1; 
gl (i,i+1)=-0.5; 
gl(i+l,i)=0.5; 
g2(i, i+L)=-1; 
g2 (i-i-1, i) =-1;

end
g0=hs/6'g0;
g2=l/hs'g2;

for ix=l:10
for iy=i:10

Ks (I) = .01-!-0.75* (ix-L) ; 
K s (2)=.01+0.75^(iy-i); 
Klv(ix)=Ks(l);
K 2 v (iy)=Ks(2);

al=4*hl''3*k*rhol/3;
a2=4*h2''3*k*rho2/3;
bl=4*h.l*k''rhol;
b2=4-'h2*k'' rho2 ;

Graass=[ al*gO zeros (n) 
zeros(n) bl*gO 
zeros(n) zeros(n) 
zeros(n) zeros(n) 

Giaass=mfacror’̂ Gmass;

zeros(n) zeros(ni 
zeros (n) zeros(n) 
a2*g0 zeros(n) 

zeros(n) b2*g0];

alphal=(4*k*hl''3*El)/(3+ (l-mul-'2) 
aipha2=(4-k*h2''3*E2) / (3* (l-mu2"2) 
betal=2*k*hl*El/ ( 1+iaul ) ; 
beta2=2*k*h2*E2/ (l+inu2) ;

GA= [alphal*g2-i-beral’g0 beral'gl ' zeros (n) 
becal’̂ gl . , - , -
zeros(n) 
zeros(n)

zeros(n)
betal*g2 zeros(n) zeros(n)
zeros (n! alpha2*g2+ber.a2*gO beza2*gl' 
zeros (n) beta2*gl beta2’'g2] ;

for i=l:4 
for j=l:m

b L (i,i)=0; 
bO(i,j)=0;

end
end

eO= [0 
0 
0 
0

0 
0 
0 
1 ] ;

bL(l,n)=l;
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b L (2 ,2 * n )= l
bL(3,3*n)=l 
b L (4,4*n)=1; 
bO(l,l)=l; 
bO(2,n+l)=l; 
b0(3,2*n+l)=l; 
b O (4,3*n+l)=l;
3L=bL’-eO*bL;
BO=bO'*eO*bO;

îThe is the stiffness matrix and the boundary condition.

Bdry=BO-rBL;
G=GA-i-pen'Bdry;

ÏInterface conditions

BS=zeros(4) ;
BN=zeros(4) ;
BS (1, l)=hl''2;
BS(l,3)=hl*h2;
BS(3,l)=h2*hl;
BS (3,3)=h2''2;
3N(2,2)=I;
BN(2,4)=-1;
BN(4,2)=-1;
B N (4,4)=1;

«matrix that describes the penalization over the interface 
«between the beams

Gs=ela(Ks,n, N, M ) ;
GI=icron (Kn*BN, gO) -t-kron (BS, Gs) ;

G—G"t"GX r

fb=[0 4*k*grav'«rhol'^hl 0 4*k*grav«rho2*h2] ;

for i=l:4 
for j=l:m

fbodyO(i, j )=0;
end
end

for j=l:n
fbodyO(2, n+j)=1; 
fbodyO(4, 3*n+j)=1;

end
%
fbodyO(2,n+I)=0.5; 
fbodyO(2,2*n)=0.5; 
fbodyO(4,3*n+l)=0.5; 
fbodyO(4,4*n)=0.5; 
fbodyO=hs* fbodyO; 
fbody=fb* fbodyO;
%
for i=I:4
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for j=l:m
fapldO(i, j )=0;

end
end
for j=l:n

fapldO(2, j-i-n)=fl*b(L/3, j-i,N+i,L)+f2*b(2*L/3, j-l,N-rl,Ll ;
end

fa=[0 2*k*force 0 0]; 
fapld=fa*fapldO; 
f=fbody+fapld; 
f=l.0e-06*f;

%We need co solve Gmass*c" (t.) + G*c(t) = f.
%Note that f is adjusted below to depend on time.

d t=.2 ;
Gîi=(l/ (dt) "2) -Gmass-r (1/4) *G; 
alpha^Il=-. 5'G4- (2/ (dr) "2) *Gmass; 
alphaM2=-{.25*G-(1/(dt)"2)"Gmass); 
ci=zeros(4*n,1); 
cimi=zeros(4*n, 1) ;
i
omega=pi; 
for ic=0;l

t (ic-^i; =ir*dt; 
c=ci;
chat ( :, ir4-l) =c; 
for i=I:n

cw(i)=c(i+n);
X (i) = (i-1)"hs;

end
for j=l:n

w l (j)=sovrly(cw,x(j ),n,L);
end
w l h a c  (if'n-rl : ( ir-i-l ) *n) =wl ;

end

for ir=l:Nt-l
t (it-l) = (ic4-l) *dt;

fa=fa*sin(omega*t(it)); 
fapld=fa* fapldO; 
f=fbody^fapld; 
f=l.0e-06*f;

cipl=GM\(f '+alphaMl*ci+alphaK2*ciml);
ciml=ci;
ci=cipl;
c=-cipl;
chat(:,it+2)=c;
for i=l:n

cw(i)=c(i+n);
X (i) = (i-1)*hs;

end 

%Comoute wl.
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for j=l:n
w l (j )=sovrly(cw,x(j ),n,L);

end
wlhat ( (it-i-I) *n+l: (it+2) *n) =wl;

end
%
j fnl(ix,iy)=jovrlyt(dt, wlhat, zhat,n, Nt) ;
end iiy loop
end %ix loop
m e s h (jfnl)
pause
contour(Klv, K2v,j fnl,20) 
xlabel ( ' rl- • : ' ) 
ylabel ( ■' i ' )
title('Contour Plot of Fit-to-data Functional')
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devaluates the i-th piecewise linear basis function at the 
dpoint X along a beam of length L

function y=b(x,i,m,L) 
y=0 ;
hO=L/ (m-1) ; 
xi=i*hO; 
xipl=(i+I)*hO; 
ximl=(i-1)*hC; 
if x>=ximl

y=(x-ximl)/hO;
end
if x>=xi

y= - (x-xipi)/hO;
end
if x>=xipl 

y=0 ;
end
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function Gs=ela(K,n,N,M)
% ela provides the interface stiffness in ovrlay2,m
%
r=N/M;
Gs=zeros(n); 
for i=l:M

for j= (i-1)’̂r-rl : i-'r
Gsi=elai(j,n,N,M);
G s=Gs -tK ( i) 'Gsi ;

end
end
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function. Gsi=elai(i,n,N,M)
ielai provides the component interface stiffness in ovrlay2.m
%
Gsi=zeros(n);
Gsi(i,i)=2;
Gsi(i,i+l)=1;
Gsi(i+l,i)=l;
Gsi(i^l,i^l)=2;
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%evaluates the displacement for the overlay problem
function w=sovrly(c,x,n,L)
w=0;
for i=l:n

w=w+c(i)*b(X,i-1,n,L);
end
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«overlay: timoshenko beam with two layers.
«This function generates data for use in time dependent 
«case. The data is put in a matrix (N+l)x Nt. N is the 
«number of sub intervals and M is the dimension of Ks.

function z=zdata(N,M,Ks,Nt,mfactor)
cone=0;
pen=l. Oe-^03;
Kn=l.Oe+03 ; 
force=2000; 
fl=l; 
f2=l;

«beam and material parameters
grav=32;
hI=9/2;
h2=3/2;
k=6;
L=37;
£1=3.63;
£2=2.9; 
mul=0.14 ; 
mu2=0.12; 
rhol=141/(12^3); 
rho2=150/(12"3);

n=N-ri;
m=4«n;
hs=L/N;

« set basic matrices for piecewise linear basis functions

gO=eye(n); 
gl=zeros(n); 
g2=eye(n) 
g0(l,l)=2 
gO(n,n)=2; 
g l (1,1)=-0.5; 
gl(n, n)=0.5; 
for 1=2 :n-1 

gO(if i)=4; 
g2(i,i)=2;

end
for 1=1 :n-1

gO (i, i-i-1) =1; 
gO(i+1, i)=1; 
gl(i,i+1)=-0.5; 
glCi+1,i)=0.5; 
g2 (i, i+1)=-1; 
g2(i+l,i)=-l;

end
gO=hs/6«gO; 
g2=l/hs*g2;

al=4*hl^3*k«rhol/3 ;
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a2=4*h2''3*k*rho2/3; 
bl=4*hl*k''rhol; 
b2=4*h2*k*rho2;

Gmass=[ al*gO zeros(n) zeros(n) zeros(n)
zeros(n) bl*gO zeros(n) zeros(n)
zeros (a) zeros (n) a2*g0 zeros (n.)
zeros(n) zeros(n) zeros(n) b2*g0];

Giaass=iafacror''Gmass ;

alpbal= (4-k*hl''3-'El) / (3* (l-mul"2) ) ; 
alpha2=(4*k*h2''3*E2) /(3* (l-mu2"2) ) ; 
bet:al=2*k*hl'^El/ (1-rmul) ; 
beta2=2*k*h2'^E2/ (l+mu2) ;

GA= [alphal*g2+berai*gO betal'^g
bec.al'^gl 
zeros(n) 
zeros(n)

1' zeros(n) zeros (n)
benal*g2 zeros(n) zeros(n)
zeros (n) alpha2*g2+beca2*g0 bet;a2''gl'
zeros (n.) bepa2*gl beta2’'g2!

for i=i : 4 
for j=l:ni

bL(i,i)=0; 
bO li,j)=0;

end
end

e0=[0 0 
0 1
0 0 0 0 
0 0 0 1 ]

b L (1,n)=1; 
bL(2,2-n)=l 
bL(3,3-n)=l 
b L (4,4*n ) - 1  

bO (1,l)=i; 
bO(2,n+l)=l; 
bO(3,2*n+l)=l; 
b O (4,3*n+l)=1; 
BL=bL'*eO*bL; 
BO=bO ' ■*'eO*bO;

% The is che stiffness marrix and the boundary condition.

Bdry=BO+BL;
G=GA-t-pen* Bdry ;

% Interface conditions

BS=zeros(4);
BN=zeros(4);
B S (1,1)=hl"2;
BS(l,3)=hl*h2;
BS(3,l)=h2*hl;
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B S (3,3)=h2"2;
B N (2,2)=1;
BN(2,4)=-1;
BN(4,2)=-1;
BN(4,4)=1;

«matrix that describes the penalization over the interface 
between 
% the beams

Gs=ela(Ks,n,N,M);
GI=kron(Kn*BN,gO)+kron(BS,Gs);

G=G+GI f

fb=[0 4'k’̂ grav«rhol*hl 0 4*k*grav*rho2''h2j ;
%
for i=I:4 
for j=I;m

fbodyO(i, j )=0;
end
end

for j=l:n
fbodyO(2,n+j ) =1; 
fbodyO (4, 3*n-^ j ) =i ;

end

fbodyO(2,n+1) =0.5 ; 
fbodyO (2, 2’"n) =0.5; 
fbodyO(4,3*n+I)=0.5; 
fbodyO(4,4*n)=0.5; 
fbodyO=hs * fbodyO ; 
fbody=fb* fbodyO;

for i=l; 4 
for j=l:m

fapldC(i,j)=0;
end
end
for j=I:n

fapldO(2,j+n)=fl*b(L/3, j-l,N+l,L)+f2*b(2*L/3, j-1,N+1,L);
end

f a=[0 2*k*force 0 0]; 
fapld=fa*fapldO; 
f=fbody+fapld; 
f=l.0e-06*f;
%
%We need to solve Gmass*c"(t) + G*c(t) = f. 

d t = .2;
G M = (1/ (dt)"2)*Gmass+(1/4)*G; 
alphaMl=-. 5*G-i- (2/ (dt) ''2) *Gmass; 
alphaM2=- ( .25*Gt (1/ (dt) ''2) *Gmass) ; 
ci=zeros(4*n,1); 
ciml=zeros(4*n,1);
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om.ega=pi; 
for i=l:n

X (i) = (i-1 ) *h.s;
end
for it=0:l

r {it+D =it*dt;
c=ci;
for 1=1 :n

cw(i)=c(i+n);
end

%
«Compute wl (x) . This will be the data used in the 
«inverse problem.
%
for j=l:n

2 ( j , it^-1) =sovrly (cw,x( j ) ,n, L) ;
end
end
for it=l:Nt-l

t(it+l)= (it+1)*dt;
«change applied force to depend on time 

fa=fa’̂ sin (omega*t (it) ) ; 
fapld=fa* fapldO; 
f=fbody+fapld; 
f=l.0e-06*f;

cipl=GM\ (f'+alphaMl*ci+alphaM2*ciml,' ;
ciml=ci;
ci=cipl;
c=-cipl;
for i=l:n

cw(i)=c(i+n);
end

Î
«Compute wl(x). This will be the data used in the 
«inverse problem.
%
for j=l:n

z (j ,it+2)=sovrly(cw,x(j ),n,L);
end
end
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%fit~to-data functional for che overlay problem time dependent 
function valj=jovrlyt(dt,wl, z,n,Nt)
M=eye((Nt+1)*n) ; 
for i=n+l:Nt*n 

M(i , i )=2 ; 
end
valj=(dt/2)* ( w l - z ) ( w l - z ) ';
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