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CHAPTER I

INTRODUCTION

1-1. General

The "exact' analysis of truss frames has been based largely on
"work'' methods. The application of these work methods is quite awkward
for many cases, especially for truss frames of several spans. An
"approximate' analysis is readily obtained by application of the slope
deflection or moment distribution method utilizing certain assumptions.
The usual assumption consists of assuming an average column length.
Also, for straight trusses, it is common to assume that the horizontal
translations at the tops of the assumed average columns are equal. While,
in many cases, these simplifications yield sufficiently accurate results, |
they cannot be relied upon in every case. This is especially true if the
trusses are of variable depth or if the cross-sectional areas of the truss
members differ sufficiently.

It is obviously desirable therefore, to modify the "approximate'
slope deflection procedure to obtain an ""exact' approach using the method

"exact"

of slope deflection or moment distribution. The derivation of the
slope deflection procedure is shown in this thesis. The application is
illustrated by a numerical example, and the results are compared with
the "approximate" solution.

General slope deflection equations for a truss of general shape

are presented in this thesis. Similar equations were derived earlier by

1



Sm‘ith(2). The real contribution of this thesis is the modification of the
slope deflection equations for prismatic columns to establish compatibility
of deformations at the truss-column connection. These modified equations
combined with the deformation equations for the truss yield an "exact'

analysis using the regular slope deflection or moment distribution method.

1-2. Assumptions

The usual assumptions of truss analysis are assumed valid in
this thesis. These assumptions are:

(1) Connections are frictionless cylindrical hinges

(2) Truss members can resist only axial forces

(3) Truss and loads form a coplanar system

(4) Loads are applied at joints as concentrated forces

(9) Deformations are small and elastic.

1-3. Sign convention

The sign convention of the slope deflection method is adopted for
end reactive elements and deformations. The positive reactive moments
and angular rotations are clockwise. The positive reactive linear forces
and displacements are to the right and upward. Axial forces are con-

sidered as positive if they are subjecting the member to tension.



CHAPTER II

DEFORMATION EQUATIONS

2-1. General

Slope deflection equations for continuous truss frames of any
general shape are desired. These equations are derived using the
method of least work.

A typical continuous truss frame of general shape loaded by a

general system of forces is considered (Fig. 2-1).

7 A

Fig. 2-1

- Continuous ‘Truss Frame

Under the action of this general system of forces, the structure
is subjected to three independent deformations at each joint; thus, at a

typical joint@, these deformations are Gj’ ij and Ajy'

3



A typical truss element Ij of the structure is shown with the

end reactions denoted as M.., V.., H.. at end@and M.., V.., H.. at
ij 1 1] Ji ji ji

J
end@(Fig. 2-2). The defining dimensions of the truss element are

Aiy,

and Gj, ij, Ajy at ends@and@respectlvely. Linear deformations

indicated. The end deformations are shown and denoted Gi, Aix’

are referred to the bottom chord of the truss element, and angular de-

formations are defined as the rotation of the lines connecting the bottom

and top joints, @and@ s @andv® respectively.

*L_L Aix Lj ij*‘;+

Fig. 2-2

Typical Truss Element

Because of the simplifications associated with the application of

- redundants at the ""elastic center'', the elastic center approach is used

in deriving deformation equations for the end moments and thrusts.
These redundants are evaluated at the elastic center and then transferred
to the ends, thus formulating the desired slopé deflection equations.

The end shears can be determined from the end moments and thrusts by

statics, thus eliminating the necessity for having deformation equations



for end shears.

2-2. Derivation

A typical truss element loaded by a general system of forces is
split between two panels and an infinitely rigid arm is extended to the
elastic center (Fig. 2-3). This structure is referred to as the "basic

structure'.

i

5

'Fig. 2-3

Basic Strﬁcture

The redundants at the elastic center are denoted Xl" Xz, X3
and the location of the elastic center is specified by dimentions a, b,
c and d.

The end reactions are:

End Moments:

oy
=
+

Mi' Xl - X g
] t .. (2-1)
1\/Iji = BMji - X1 - X2b - X°d



End Thrusts:

"
o3}
o
>

H..

ij ij 3
(2-2)
H.. = BH., + X
i ji 3
End Shears:
V.. = BV,. + X
ij ij 2
(2-3)
V.. = Bv,., - X
i ji 2
where
BMij = End moment at@on the basic structure ij
due to loads.
BMji = End moment at@ on the basic structure ij
due to loads.
BH.. = End thrust at@ on the basic structure ij
1]
due to loads.
BHji = End thrust at@ on the basic structure ij
due to loads.
BV.. = End shear at@ on the basic structure 1j
1]
due to loads.
BVji = End shear at@on the basic structure ij
due to loads.
The normal force in any member n is
Nn = BNn + Xlozn + Xzﬁn + X3'yn
where
BNrl = Normal force in member n of the basic structure
ij due to loads.
@, = Normal force in member n of the basic structure
ij duetoX; = 1.
Bn = Normal force in member n of the basic structure
ijdue to X, = 1.

2



Yn ©

Normal force in member n of the basic structure

ij due to X = L

The total elastic energy stored in the structure is

U =

where

B> o >
H i it

=
il

™M

n

N2
n n
2t

n

d |
= Axial extensibility of member n.

Length of member n.
Area of member n.
Modulus of Elasticity.

Summation over the entire structure ij.

The end reactions @and@are subjected to the deformations

6., A.

1 1X

and 6., A.
J x

s Aij’ respectively. The total work done by

the reactions as a result of these deformation is

Ur = Mijei + HiinX + Viiny + Mjiej + Hjiij + VjiAjy'
The total energy stored in the system is
U =u_-1U_,
s r
and from the theorem of least work
oU oU oU
< 0 = = 0 —— =0
8X1 X o 0X g
or
oU oU oU ou . oU oU
S - r 5 . r .___._S = ___.r
0X 4 0X 4 oX, X o oxX 3 oX 3



Performing the indicated operations, and writing the result in matrix

form

11

21

31

819 213
899 293
839 233

210| | %1
290] | %2
a30_ X3

- l_.

where the terms in the coefficient matrix

are defined and illustrated in Section 2-4,

211 219
891 222
#3132

213 219

a a

23 20

a

o

= A

S

- A.

jix jx ix

1A‘.
jiy

?A. -TA.
iy iy

a
33 30 |

and

Transposing the submatrix of load functions

he

210

a

a

20

30

to the right, the final matrix equation becomes

211

%%Xl +1

jix

A..
iy

(2-4)

(2-5)



and since by the definition of the elastic center and Maxwell's recipro-

cal principle

!

819 391

a13 = a31 = 0,

these terms are eliminated.
Also for the special case when the structure is symmetrical,

a23 = a32 = 0,

Premultiplying Equation (2-5) by the inverse of the coefficient
matrix, the redundant matrix is

a — 27T le. T

1 11 tLo-1 - - agg ||
X2 — B a22 agg -a -b - -1 a20 Q.j
_XB_J - a32 a33 -¢c +d +1 - agg Ajix
A..
ity
——_1 -
(2-6)
or
Xy Py Py byg byy big o
Xo| =|P21 Pag Paz Pag Pos || (2-6a)
%3] P31 Ps2 Paz P Pss||Aix
A..
jiy
+1
where
. 1
bll = a



12 all
byjg = byy =0
%10
b15 Y
11
a a
= %33 - %23
b21 = a - + c -
a a
. %33 - %23
byy = - B —22 - d =
a
_ B3
b23 - n
a
B 33
b24 T T Th
a a
_ P23 23
bog = = 890 t
a a
- R
b31 = c———rl + a -
a a
899 _ 23
Do =7d 4 + b4~
a
B 22
b33 =t n
a
B 32
b34 =+ n
a a
_ fa 392
bgg = - 4~ 2839 T
and
n =

899 833 ~ 893839
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Transferring the redundants at the elastic center to the ends

(1)and(j)by Equations (2-1) and (2-2)

p—

M..
1]
M..
Jl
H..
i}
ji
thus,
M.l [ 1
1]
M.. -1
-
H.. -
1]
H.. -
Jl-J .

1

-1

BMij

BM..
ji

BH, .
1)

(2-7)

(2-7a)

Writing the final slope deflection matrix using the general slope

‘deflection notation

] B
M.. K.,
ij ij
M.. C..K..
ji ij ij
1] 1]
H.. B..E..
1 1) 1]

B..E..
i

E

K

ji

ji

) g )
Ji J1

T.
i

T.
J

®) o )
j i]
) o )
1 1

J

ok, s ® g O
S A R - Tij

g, (L)
i

(1)
Jl

. (L)
i]

is obtained, where the submatrix of deformation coefficients

~y

(2-8)
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K c.kK. s.%) s .(Y)H
ij jijl ij ij

c.K.. K. s.% g O
1 1) jp! ji ji

g, B.E., T. % 7. .0)
1] i T ij ij

B E B . &) g )
11214 ji 31 i

-

is denoted as the stiffness matrix, and the elements are defined and

illustrated in Section (2-4).

2-3. Elastic Center

The elastic center is defined as the point at which

= g = 0

219 21

a13 = a31 = 0,

These two relations completely specify the two coordinates necessary
to locate the elastic center.

If the elastic center axes are rotated so that they coincide with
the principal axes of the structure, agg T agg cCan be eliminated. It
is felt that this effort is not too practical for the general case and is
not shown here.

From Fig. 2-3, it is seen that the unit horizontal force X3 =1
can be transferred to the bottom chord of the truss by replacing it by a
unit horizontal force and a moment f at the bottom chord (Fig. 2-4).

A new influence value v' is introduced such that
Yn ° Yn' * Tf_Qn

where

'yn' = Normal force in member n due to a unit horizontal

applied at the bottom chord.



i3

Since ajg = Z a_ Y hn = 0, the vertical distance from

F=-2 . (2-9)

Fig. 2-4

Transfer of Horizontal Force

Also, the unit vertical force at the elastic center is transferred
to the split in the structure by replacing it by a unit vertical force and
a moment e at the origin of the rigid arm (Fig. 2-5). Another influence
value B' is introduced such that

= 4+ e
Bn Bn © an
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where

B' = Normal force in member n due to a unit vertical

force applied at the split in the structure.
Since

a12=z a/anhn =0

n

the horizontal distance from the split in the structure to the elastic

center is

T = - (2-10)
2&2 A
n n
n
™~ 5 7
(
17 i1
L |
X2=}}— X,
—t- 1@

Fig. 2-5

Transfer of Vertical Force

Knowing the values of e and f, the dimensions a, b, ¢, d can

be determined immediately.
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2-4. Physical Interpretations and Definitions

The necessary constants for evaluating the stiffness matrix for
a truss element of general shape are defined and illustrated in part A
of this section. Also, the elements of the stiffness matrix are defined
and illustrated in part B of this section. It is believed that an under-
standing of the physical significance of these constants will greatly

enhance their evaluation and application.

A. Elastic Constants and Load Functions

231
Fig. 2-6
Deformations Due to X, =1

1

(1) The angular flexibility (a is the relative angle change

11)¢

of the basic structure at the elastic center due to a unit moment applied

at the elastic center (Fig. 2-6)

_ 2
ay, - 2 aln . (2-11)

(2) The carry-over value (a is the relative vertical dis-

21)

placement of the basgic structure at the elastic center due to a unit

moment applied at the elastic center (Fig. 2-6)

8g; = 2 Byag X, _ (2-12)
n
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By the definition of the elastic center

a21=0

(3) The carry-over value (a31) : 1is the relative horizontal

displacement of the basic structure at the elastic center due to a unit

moment applied at the elastic center (Fig. 2-6)

agy © Z Yh % An . (2-13)
n

Also, by the definition of the elastic center

Fig. 2-7

Deformations Due to X2 =1

(4) The vertical linear flexibility (a,;5) : is the relative ver-

tical displacement of the basic structure at the elastic center due to

a unit vertical shearing force applied at the elastic center (Fig. 2-7)

8y = 2 an A, (2-14)
n

(9) The carry-over value (alz) : is the relative angle change

of the basic structure at the elastic center due to a unit vertical shear-

ing force applied at the elastic center (Fig. 2-T7)
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a, = z @ B . (2-15)

n
By the definition of the elastic center and Maxwell's reciprocal

theorem
219

(6) The carry-over value (a32) : is the relative horizontal

displacement of the basic structure at the elastic center due to a unit

vertical shearing force applied at the elastic center (Fig. 2-7)

agy = 2 Y B N, (2-16)
n

Fig. 2-8

Deformations Due to X3~= 1

(7) The horizontal linear flexibility (a33) : 1is the relative

horizontal displacement of the basic structure at the elastic center due

to a unit horizontal thrust applied at the elastic center (Fig. 2-8)

_ 2 -
ag3 = D V- E (2-17)
n .
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(8) The carry-over value (a13) : is the relative angle change
of the basic structure at the elastic center due to a unit horizontal

thrust applied at the elastic center (Fig. 2-8)

T XA -
n

By the definition of the elastic center and Maxwell's reciprocal theorem

a13 = a31 = 0.

(9) The carry-over value (a23) : 1is the relative vertical

displacement of the basic structure at the elastic center due to a unit

horizontal thrust applied at the elastic center

a5y = Z Ty B, A, - (2-19)
n

By Maxwell's reciprocal theorem

823 T %32
and if the structure is symmetrical

a23 = a32 = 0,

]
TH 0t
Fig. 2-90

Deformations Due to Loads
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(10) The angular load function (alo) : 1is the relative angle

change of the basic structure at the elastic center due to loads (Fig. 2-9)

ajg © z BN a, Kn . (2-20)
‘ n

(11) The vertical linear load function (a20) : 1is the relative

vertical displacement of the basic structure at the elastic center due

to loads (Fig. 2-9)

ay = z BN B A, - (2-21)
n

(12) The horizontal linear load function (a30) : 1is the relative
horizontal displacement of the basic structure at the elastic center due

to loads (Fig. 2-9)
agg z BN Yq Kn_ . (2-22)
n

B. Stiffness Constants and Fixed End Reactions

Fig. 2-10

Angular Stiffness Constants
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(1) The angular stiffness factor (Kij) : is the moment required

to produce a unit rotation at the pinned end@, end@being fixed

(Fig. 2-10)
a a a
L=+ L 4 g2 38 | ggT 23 4 g% 22
ij aiq n n n
(2-23)
a a a
K, = + -+ + B2 33 _ 9pg 23 4 g2 22
i a1 n n n
Since for a symmetrical truss
3 =5 = %?
c =4d
8y3 = 83y = 0
D T 859833
then
1 52 c?
= K., = + + + (2-23a)
1 It 211 292 433

(2) The angular-angular carry-over stiffness factor (Cijgij):

is the moment produced at the fixed end@due to a unit rotation at the

pinned end@ (Fig. 2-10)

a a a a
C. K. = - _1__ +ab 3 - Be 23 +3d 32 - =d 2
R 8.11 n n n n
| | | (2-24)
a a a a
R 211 n n o -
For a symmetrical truss
1 a2 T2
= Cyfy 7o + - (2-24a)

C..K.. C..K..
1j771j jiii ajq 499 agg
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(3) The angular-horizontal linear carry-over stiffness factor

Eij) : is the horizontal thrust required at end@to maintain zero rela-
-tive horizontal displacement of ends@and@due to a unit rotation at

end@, end@being fixed against rotation (Fig. 2-10)

— %22 — %3
.. = + ¢ T - a —?1—
1 (2-25)
a , a

E, = +d 22 +p 32

J1 - n n
For a symmetrical truss

E,, = E, = + aﬁ_ . (2-25a)

J J 33

It is evident from Fig. 2-10 that the thrust carry-over factor

B.. = B.., = -1,

Fig. 2-11

Horizontal Linear Stiffness Constants

(4) The horizontal linear stiffness factor (TS.()): is the horizontal

thrust at @required to produce a unit relative horizontal displacement

of the ends @and@,both ends being fixed against rotation (Fig. 2-11)

T®) o o o) o _ 22 2-26
ij S ' n ( )
For a symmetrical truss
Tg‘) = - Tg‘) = - 5-1— (2-262)
J 33
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(5) The horizontal linear-angular carry-over stiffness factor

@S{_)) is the moment required to maintain zero rotation at end@due

to a unit relative horizontal displacement of the ends @and @,‘ end@

being fixed against rotation (Fig. 2-11)

a a
s¥) = g 22 4,528
ij n n
s®) - . g 22,228
ji on n

For a symmetrical truss
s = - g oo
ij Ji dgqg

From Maxwell's reciprocal theorem

s)

= - E..
ij ij
s&) = 4 E
ji ji

Fig. 2-12

®

§
Vertical Linear Stiffness Constants

(2-27)

(2-27a)

A.. =1
— Y

(6) The vertical linear-horizontal linear carry-over stiffness

factor g»Tij—)' is the horizontal thrust at end@requlred to maintain

zero relative horizontal displacement of ends @and@ due to a unit



relative vertical displacement of ends»@‘and'@(Fig. 2-12)

T = - o) - -
ij i n

For a symmetrical truss

) - - o)
1] J1

I
o

23

(2-28) -

(2-28a)

(7) The vertical linear-angular carry-over stiffness factor (S(:J?r_)) :

i

is the moment at end @required to maintain zero rotation at end@

due to a unit relative vertical displacement of ends @and @, end@

being fixed against rotation (Fig. 2-12)

s = 4 g 33 . 532
ij n n
a a
S - 4 p o33, g 82
ji n n
For a symmetrical truss
s = g - 4 2
1] ji 899

Fig. 2-13

Fixed End Reactions

(2-29)

(2-29a)
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is the moment
at@required to maintain zero rotation at end@ due to loads, both ends
being fixed (Fig. 2-13)

(8) The fixed end moment due to loads (FM§.L_2) :

a a a
Ly _ %10 , —%33 —%32 422 423
FMij = q (-a — tc )a20 (- c—— + a———)a30 +BMij
(2-30)
ML) = 4 _19 + (1533 4 d—§3)a -(+d_33.+ b-§3)a +BM., .
ji aqq n ji
For a symmetrical truss
a —_— .
i) = o 10 S—a,y + —— a5, + BM,,
1 11 %22 433 J
(2-30a)
a = e -
FM(?) = + -é-l—g + ala20 - —a,, + BM,
J 11 22 33 ]

(9) The fixed end thrust due to loads (FHi(jL_)) :

is the horizontal

thrust at end@required to maintain zero relative horizontal displace-

ment of ends @and@due to loads, both ends being fixed (Fig. 2-13)

L)y _ _ (L) _ 222 _ %32 )

For a symmetrical truss

a
rEM) = - M) = 4 30 4 . (2-31a)
ij ji agg ij



CHAPTER III

MODIFIED DEFORMATION EQUATIONS FOR

PRISMATIC COLUMNS

3-1, General

It is necessary to modify the deformation equations for the
columns in order to have compatibility at the connection of the truss to
the column. In the deformation equations for the truss, the deforma-
tions were taken as the linear displacements of the bottom chord and
the rotation of the line through the top and bottom joints at the end of
the truss. In order to have compatibility of deformations at the truss-
column connection, the deformation of the column must be defined in
terms of the same displacements and rotation.

Two typical cases exist: A. column fixed at the base, B. column
pinned at the base. These two cases are considered in the following

section.

3-2. Derivation

A typical intermediate column jo of the structure, with reactive
forces from the adjoining trusses acting on it is shown (Fig. 3-1a).
Due to these forces, joint@will deflect horizontally a distance ij’
while the top joint@ will displace an additional amount AJ'.X (Fig. 3-1b).
Consequently the column jo has displacements ij and ij + AJ!X at
joints@and@ , respectively. The column is continuous through

joint@with a slope ¢j’ hence, it is necessary to formulate the column

25



(a2) State of Equilibrium

(b) State of Deformation

Fig. 3-1

Typical Intermediate Column
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deformations AJ!X, ¢j in terms of the defining deformations for the truss

A, ej. One deformation relation is written from the geometry

Jx
(Fig. 3-1b)

6, = == (3-1)

A second condition is obtained from the equilibrium of column moments

at joint@.
A. Fixed End Base

The slope deflection equations for a prismatic column fixed at

oS

. 2EL 6EL,
oj = Td %5 T 77 O
j
M, = 2 6. - 2 A (3-2)
jo dj J dj2 jx
SEI 3EI,
S e R e
]
M = 0

from the equilibrium of moments at joint@

ZM. =0, M, + M., =0
v J Jo JJ
thus,

4EL  3EL 6L, 3EL
(dj ) #y 3t Ay - Tt Al =0

or solving for ¢j
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6 3
LA+ S A
dj2 ix hj2 jx
S I S (5=9)
T h,
j ]

3

h.
Substituting the r'elation expressed by Eq. (3-1), and denoting [.Lj = al—
_ 1 : i

: 2,
_ 1. - 1 : ] . -
b5 =) 6 g () Ay (3-32)
1+§[,Lj i 1+-§[,L_

Substituting Eq. (3-3a) into Eq's. (3-3), the modified slope deflection

equations are

2EI, 6EI. 1+ 2y
M, = — (—p—) 0, - — (— ) A
0l i1+ J d.° 1+=zp, %
J 3H; ; 3Hy
(3-4)
4ET, 6EI
My, = g 4 )0 - = 2 ) Bix
1+ 5 u. d. 1+ 5u.
J 3/«‘J y 31"3
M.., = - M,
J Jo
M.. =0
N A
B. Pinned End Base:
The slope deflection equations for a pinned-end prismatic
column are
. =0
0]
BEIJ. 3EIJ.
M, = d—j¢3 T 7 A
: (3-5)
3EL,
EEL" - 1
Ve T @0 T 7 B
s
M.,. = 0
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From the equilibrilim of joint@

thus,
3EIJ. 3EIj 3EIj 3EIj
- - 1 -
(= + +) ¢ =7 Ax T 7 A 7O
j j . .
J J
or solving for ¢j
1 1
12 4 T O
= _J -
?; T 1 . (3-6)
d; h.
J J

Substituting Eq. (3-1) and denoting ”j = al , Eg. (3-6) becomes
J

_ 1 L1
¢j = '('l+u-j)¢j * a?(l +Iv‘j)AjX (3-6a)

Substituting Eq. (3-6a) into Eq's. (3-5), the modified slope deflection

equations are

M = 0
3EL, 3EL,
Mjo = —a (Tw) 9y - 2 (t9) A (3-7)
j j ;
L= - M,
i jo
iy 7O

These modified slope deflection equations for prismatic columns
combined with the slope deflection equations for the truss elements
enables the analyst to obtain a direct solution for continuous truss frames

of general shape by the method of slope deflection.



CHAPTER IV

MOMENT DISTRIBUTION

4-1., General

The analysis of continuous truss frames by the method of slope
deflection might lead to the necessity of solving a large number of simul-
taneous equations. The solution of these equations is quite laborious and
tedious if the number is sufficiently large. Thus, unless a computer is
available, it is desirable to have a numerical solution which at least will
reduce the number of simultaneous equations to solve. The method of
moment distribution is one that can be applied to truss frames in the
same manner as for frames composed of solid members.

It is necessary to redefine the linear displacement terms in the
general slope deflection equations (Eq's. 2- 8 ). These terms are denoted
as fixed end reactions due to displacement, thus:

(a) Fixed End Moments:

(i) Due to AX

v = g A

ij ij “jix ' -
(4-1)
FM(Y) = S(X) A
ji ji jix
(ii) Due to A
b
Fvl) = s A
1] 1) J1y
(4-2)

) = g0 A
ji i Tily

30
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(b) Fixed End Thrusts:

(i) Due to AX

x) - pE)
FH:, T35 Dy

ij
(4-3)
- mix)
Pl - 1) 4y,
(ii) Due to Ay
(y) - ()
B e
(4-4)

raY) = () A
ji i Tily

Since the moment distribution procedure eliminates the rotations

(6's), it is necessary to modify the thrusts due to rotation.

4-2, Modification

Denoting the end reactions due to rotation as rotational moments
and thrusts, respectively, and introducing the following notation:

(a) Rotational Moments:

RM,.. = K.. 0. + C..K.. 6.
1] ij i S
(4-5)
RM.,. = K..6. + C..K..80.
J1 ] o131
(b) Rotational Thrusts:
RH,. = E.. 6, + B..E.. 6.
ij ij i N E S A
(4-6)
RH.. = E.. 6. + B.,.E.. 6, ,
ji il 7] ij 7ij i

the slope deflection equations (Eq's 2-8) become
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- 1 T ar
em,. M) M) v |4

ij ij ij] ij ij
M.. rM.. FM®E MO e [+

A 1 AR 1 1 (4-17)
H.. ry.. rE®) ) e |4 :

1] 1] 1] 1] 13
H.. ry.. rE®) ) ppM| |4
B ']]‘.- | Jl Jl Jl Jl J |

Since the rotational thrusts (Eq's 4-6) are expressed in terms of
rotations (0's), it is necessary to eliminate these 0's utilizing Eq's (4-5).

Solving for the rotations from Eq's (4-5)

RM.. - C.. RM,,
1] J

0. = i ji
i K..(1 - C..C..)
1] 1] )N
(4-8)
RM.. - C.. RM..
6. = 2 1] 1]
j K..(1 - C,.C..)
J1 1] 1N
denoting
! = -
Kij Kij (1 CijCji)
o= K., (1-C.,.C..)
ji ji ij il
and since
B.. = B., = -1,
ij ji

then by substituting Eq's (4-8) into Eq's. (4-6), the rotational thrusts

become

j=s)
=
i

i T e
i T P BMy; -opyy RM,

(4-9)

=)
asf
0
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- where
Ey; . CyBy
Py = e o
1] J1
(4-10)
CiPi o, Dy
i T TR Y RT,

1] J1

pij is known as the thrust induction factor and is defined as the

thrust developed at end@ due to a unit rotational moment applied at @
with the other end @free to rotate (RMji = 0). pji is similarly defined.
For a symmetrical structure, Eq's. (4-10) become

pii = Py = gE (1+C) = ] (4-10a)

] -
ij i KiJ b Kij (1 Cij)

4-3. Procedure

Using the method of moment distribution, the following procedure
is applied
1. Determine stiffness constants and thrust induction factors
(Eq's. 2;253,.t0 29; 3-4, or 3-7; 4-10). From these the
carry-over factors
_ Ci' Ki'

Cij K. °
i]

and the distribution factors

K..
D = _l]L
"
J
can be obtained.
2. Compute fixed end reactions
(2) Due to loads (Eq's. 2-30,31)
(b) Due to A (Eqg's. 4-1, 3)

(c) Dueto A  (Eq's. 4-2, 4)
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Using moment distribution procedure, calculate

(a) Final moments due to each unbalanced fixed end

moment.

(b) Rotational moments RM's which are the difference
between the corresponding fixed end moments and

final moments.
Compute the rotational thrusts in terms of rotational
moments (Eq's. 4-9).
Formulate shear equilibrium equations and solve simul-
taneously for the unknown displacements or their equiva-
lents.
Substitute the computed deformation equivalents into the
moment distribution tables and compute the final end
moments, thrusts, and shears.
Check for equilibrium of moments and forces at the

joints.



CHAPTER V

APPLICATION

5-1, General

The method of slope deflection is used as the tool of analysis for
the numerical example included in Sec. 5-3. A two-span truss frame
is analyzed by the "exact' slope deflection method presented in this thesis
and compared with the "approximate' method commonly used, where an

average column length is assumed.

5-2. Procedure

The following procedure is used in the slope deflection analysis.

1. Determine the elastic constants and load functions
(Eq's. 2-11, 14, 16, 17, 19 to 22)

2. From these constants (step 1), calculate the stiffness
constants and fixed end reactions (Eqg's. 2-23 to 31).

3. Formulate the slope deflection rnatrix.(Eq's. 2-8) for the
truss and (Eq's. 3-4 or 3-5) for columns depending on the
fixing condition of the column base. Also include the

column shear

M, + M.

- - J]O 0]
Vi — + BV,

4. Write a joint moment equilibrium equation.for each inde-

pendently rotating joint.

35
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5. Write a joint shear equilibrium equation for each inde-
pendently translating joint.

6. Formulate the equilibrium matrix from steps 4 and 5.

7. Solve for the unknown deformations, 6's and A's,

8. Substitute these deformations into the slope deflection
matrix (step 3) and compute the final value of the moments,
thrusts, and shears.

9. Check for equilibrium.

5-3. Numerical Example

A two-span truss frame with prismatic columns and dimensions
as shown in Fig. 5-1 is analyzed by the slope deflection method. The
modulus of elasticity, E, is assumed to be the same for the entire struc-

ture, and the moment of inertia for all the columns, I is considered

col.’

to be constant. The analysis is made for a lateral concentrated load of

10_1.{,. applied at the top chord.

10t

@)/

/A,

X

@% 4@ 15' = 60!

Ag

X

4 @ 15' = 60!

Fig. 5-1

Two-Span Truss Frame
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The properties of the structure are:

A = 14.41in.2 = 0.1, 2
I - 500in.% = 0.0241 1.2
col.
d d 10d
)_ = n — n = n
n "EE T O IE E
A = Ex

= 10d
n

Due to the fact that the structure is symmetrical and has equal
number of top and bottom members having the same area and placed at
constant depth apart, it consequently becomes evident that the elastic

center will fall at mid-span and mid-depth of the truss element.

A. "Exact'" Analysis
1. Elastic Constants and Load Functions

The elastic properties of the truss are computed using the
basic structure (Fig. 5-2). TUnit redundanté are applied at the elastic
center, and the results obtained are recorded as shown in Table 5-1.
Since the structure is symmetrical, only the left half is included in
Table 5-1. The total elastic constants are obtained by doubling the re-
sults in this table. Also, since there are no intermediate loads on the

truss, all load functions are zero.

0 1 2

X =1 ‘
™ =1.*__C
R e

| T2

Fig. 5-2

Basic Structure



Elastic Constants and Load Functions

ajy 299 ags %50 a50 a3
Al i v | BN |z | zpin | mvZalsBN o at|EBN B A |ZBN v A
n n n n n o 0 i i | n nj i 6 N o S ¢ nnan n'nn
T 1150 [-0.100]{+1.500[+0.500 - +1.500(+ 337.50|+ 37.5 - ¥ .
912 |10 [-0.100 +0.500 - |+1.5000 - [+ 37.5 - - -
Bl 1150 |+0.100{-3.000/+0.500 - +1.500/+1350. 00 [+ 37.5 - : r
ga 2 | 150 |+0.100|-1.500/+0.500 - +1.500+ 337.50 |+ 37.5 - - -
Dl 1| 180.5 - |+1.805| - - = + BEs. 071 - - - -
E 2 | 180.5 -~ |+1.805]" - 5 - + 583.07| - % & "
}; 1] 100 - H=T poel T 2 « % 1p0 00l - . h L,
Tz | 100 " g - - - - - - 3
z +6. 000 +3291. 14 [+150. 0 c " A
Table 5-1

8¢
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For the entire span

a'll = + 12,000

ahy = + 6582.280

agg = * 300. 000

a'23 = a:'32 = 0 (symmetry)

810 = 330 © “";‘éo =0
where

a' = aE

2. Stiffness Constants and Fixed End Reactions

Stiffness Constants: from Eq's. 2-23a, 24a

2 —2
- _ 1 a C _
Ky = Ky = (+a,11 + 2 + a{33)13 = + 0.3033E
-2 -2
C.K. = Co Ko, = (ro—+2_ - S )E = - 0.0299E
127712 217721 a'l1 a'22 aé?’ '
from Eq's. 2-25a
- - c -
Ejy =+ Egy = (+5—)E = +0.0167E
33
from Eq's. 2-26a
=) o - px) o o1 = -
Ty = Tgy = (-g7)E = - 0.0033E
33
from Eq's. 2-27a
x) o _ g® - _._c = -
Siy = S51 = aé3)E = - 0.0167E.

Since there is no vertical displacement, the vertical linear stiffness

constants are not needed.
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Fixed End Reactions:
Since all load functions are zero, the fixed end reactions

are zero.

3. Slope Deflection Matrix
Writing Eq. 2-8 for all elements in the structure the following
matrices are obtained:

For truss 12

M,,] [+0.3033 -0.0299 -o. 0167 'Eel
M, -0.0299 +0.3033 +0.0167| [E6,
H,, +0.0167 -0.0167 -0.0033 E:A2b5
H, -0.0167 +0.0167 +0.0033
Similarly for truss 23
M, +0.3033 -0.0299 -0.0167| [E6,
Mg, -0.0299 +0.3033 +0.0167| [E6,
Hys +0.0167 -0.0167 -0.0033| |BAz,
Ha, -0.0167 +0.0167 -+0.0033

For columns 10, 20, and 30
Moment Equations:

from Eq's. 3-4

M, = +0.0029 E6; - 0.000217 EA _
My, = +0.0029 Ef, - 0.000217E (A, + Ay, )
Mgy = +0.0029 Ef65 - 0.000217 E (A, + Ay + Agy )



Shear Equations:

from step 3
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V10 = -,000217 EGl + .000025 EAlX
V20 = -,000217 E62 + .000025 E (Alx + A21x)
V30 = -.00021%7 EGS + .000025 E (Alx + A21x + A32X)

108 My, My, My
h
-t Hyg H21‘%%—H23
M M
10 20
+ e U

A
.
|~

Fig. 5-3

Free Body Diagram

From the free body diagrams (Fig. 5-3), joint moment and shear

equilibrium equations are written.

4. Joint Moment Equilibrium Equations

(i) TM; =0; M

12
(i) EM, = 0 ; My,
(iii) TMy = 0 ; M,

+ M

+ M

+ M

10

23

30

10h
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5. Joint Shear Equilibrium Equations

(1) ZF, =0; Hy, + V=10
(i) TF,, = 0; Hy + Hyg + Voo =0
(i) ZF 4 = 0 ; Hgy + Vgy = 0

6. Equilibrium Matrix
Writing the previous equilibrium equations in matrix form,

the following equilibrium matrix is obtained

+. 306200 -. 029700 - -.000217-.016700 - -EOI 100
-, 029700+.609500-.029900-, 000217+, 016483 -.016700 E02 -
- -.029900+, 306200-, 000217 -, 000217+, 016483 E03 |-
+.016483-.016700 - +.000025 -, 003300 - EAlX | 10
-.016700+.033180~-.016700+, 000025 +. 003325 -. 003300 EA21X -
- -.016700+.016483+. 000025 +. 000025 +. 003325 ,EA32X -
(5-1)

7. The unknown deformations 0's and A's are obtained by means
of the IBM 650 computer, and the results tabulated in Table 5-2.

8. The deformations solved for in step 7 are substituted into the
slope deflection matrix (step 1.3)‘and the final value of moments and thrust

are again tabulated in Table 5-2.

B. "Approximate' Analysis

The same problem is solved by the usual "approximate' method
in which the horizontal thrust is neglected thus eliminating the elastic
shortening of the truss while the average length of the column is taken

as davg~ = 25 ft. The following procedure is followed
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1. Elastic Constants and Load Functions
These expressions are the same as in Part A, except that

the influence values for X, = 1 are not needed,

3

2, Stiffness Constants

For truss:
—2
=K. = (+—— + 2 )E = +.2200E
1 Ji 411 %22
=2
K., = C.K.. = (-=— + =—)E = +.0534E
ij77ij jiii alq a59

The remaining stiffness factors are not required for the approximate

solution and are thus eliminated.

3. Slope Deflection Matrix

For truss 12 and 23

~ -

M,| [+.2200 + 0534 - [Eey]
M21 +.0534 +,2200 - E92
M23 = - +.2200 +.0534 _E93_
_M32_J ] - +,.0534 +, 220(_1
For columns 10, 20 and 30
Moment Equations:

MlO = +,00386 E91 - .00023 EA].X
M20 = +.00386 E92 - .00023 EA].X

v M30 = 4.00386 E93 - .00023 EAlX



Shear Equations:

Vip ©
V,, = -.00023 E6,
Vg, = -.00023 E6,

-.00023 EGl + .00002 EA'].’X
+ .00002 EAlX

+ .00002 EAlX

4. Joint Moment Equilibrium Equations

EMl = 0 ; M12+M10 = 50
EMZ = 0 ; M21+M23+M20 = (0
EM3 = 0 ; M32+M30 = 0
5, Shear Equilibrium Equations
EFX = 0 ; V10 + V20 + V30 =10
6. Equilibrium Matrix
. 22386 +. 05340 - -.00023] 'Eel
+.05340 +.44386 +.05340 -,00023 E92
- +, 05340 +.22386 -.00023 E63
-.00023 ~-,.00023 -,00023 +.00006 LEAIX

10

o -
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(5-2)

7. The unknown deformations 6's and A are obtained by means

of the IBM 650 computer and the results tabulated in Table 5-2.

8. The deformations solved for in step 7 are substituted into the

slope deflection matrix (step 3) and the final value of moments and thrusts

are again tabulated in Table 5-2.

The final solution of problem by both methods is obtained by in-

verting the equilibrium matrices (Eq's, 5-1, 2) by the IBM 650 computer,

yielding the final answers as tabulated in Table 5-2.



"Exact"

"Approx:. "

Analysis Analysis
E6, + 424,205 |+  392.098
E9, +  28.523|+  20.043
Efg + 199.574 |+ 168.745
EA . +135861. 986 | +168893, 401
EAzlx . 26.554 -
EAggoy |- 1867.405 -
My - 28.252|-  37.332
Myo +  128.252 |+  87.332
Moy - 4.476 |+  25.347
Mo - 20.393|-  38.768
Mog +  33.869|+  13.420
Mg, +  28.492 [+ 38. 194
Mzg - 28.492|-  38.194
My, - 38.649|-  38.089
Mo - 39.215|-  38.807
| Mos - 38.42171 - 38.520
Hip=-Hyy |+ 6.696 | + 6.983
Hy=-Hgy |4 3.306 | + 3. 069
Table 5-2

Comparison of Results
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CHAPTER VI
SUMMARY AND CONCLUSION

6-1. Summary

The "exact! application of the slope deflection method of analysis
of truss fram!es is outlined in the previous chapters. Linear deformations
are referred to the bottom chord of the truss.element, and the angular
deformation is defined as the rotation of the line connecting the bottom
and top joints of the truss ends. Because of the simplifications associated
with the application of redundants at the "elastic center', the elastic
center approach is taken in deriving deformation equations for the end
moments and thrusts. The redundants are evaluated at the elastic cénter
and then transferred to the ends, thus formulating the desired slope de-
flection equations. All elastic constants and load functions, and stiffness
constants and fixed end reactions are defined and illustrated.

In order to achieve compatibility at the connection of the truss to
the column, it was necessary to modify the deformation equations for the
column, defining the deformations of the column in the same terms as
those for the truss. The application of the mofnent distribution method
of solution and the respective steps to be followed was theri outlined and
explained.

The theory presented in this thesis is illustrated by a numerical
example solved by the slope deflection equations presented in this thesis

and by the approximate method of analysis in which the elastic shortening

46
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and the corresponding thrust acting on the bottom chord of the truss are
both neglected, while the effective length of the column is taken as the

length to the mid-depth of the truss for each column.

6-2. Conclusions

The application of the "exact' slope deflection method presented
in this thesis yields the same number of deformation equations for a truss
of bent or curved shape as the "approximate' method. For the special
case of a straight truss, the exact method yields one additional simul-
taneous equation for each span (Sec. 5-3). The formulation of the exact
deformation equations is not more difficult than the approximate equa-
tions, and if computing facilities are available the additional equations
for the case of straight trusses is of no consequence.

It is observed in the comparison of results in the numerical
example (Table 5-2), that for this special case a significant difference
exists between the exact and the approximate results. From this, itis
concluded that the approximate method should be applied with caution,
and only when the analyst has evidence as to the expected accuracy.
Further study is needed to determine the limitations within which the
approximate method might give good results. In the meantime it is sug-

gested that the exact method presented in this thesis be used.

6~3. Extension

Having obtained an exact solution by the method of slope deflec-
tion or moment distribution for continuous truss frames of one story,
the next logical step seems to be to extend the material presented in this
thesis to continuous truss frames of more than one story.

The problem would consist primarily of modifying the deformation
equations for the columns to obtain compatibility at the truss-column con-

nections at each story.
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