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CHAPTER I

INTRODUCT ION

1.1. Historical Review. The problem of continuous skew plates
hes not received extensive treatment mathematically becaua; of the diffi-
culties in handling the boundary conditions with skew coordinates. A
number of papers utilizing numerical methods have been written, however,
baged on a rinitefdifference approximation of the governing differential
equation. H. Marcus (1)* first applied difference equations to slabs
and presented the }undamental equations for the skew network. Cecilia
Vittorio Brigatti (2) applied Marcus' difference equations to a skew slab
uniformly loaded with all four edges either simply supported or fixed. 1In
19h1, Y. B. Jengen (3) developed a procedure for analysis of a single span
skew slab-briééé with curbsusing a triangular network. T. Y. Chen, c. P.
Siess, and N M. Newmark (4) published a paper based on the theory of con-
tinuous isotropic parallelogfnm plates supported by flexible girders in
1957. Asim‘Yeginohali (5), in 1958, analyzed a three span continuous
skewed slab using V. P. Jengen's difference equations with modification
made for the continuity of adajacent spans. He also 1nclud§d tables
for the deflections and moments for different types of continuous slabs
under various unifarm loading conditions. Masao Naruoke and Hiroshi

Ohmura (6) derived skew network finite difference equations for the

#Numbers in parentheses, after names, refer to numbered references
in Selected Bibliography.



orthotropic parallelogram plate, and published the influence coefficients
for deflection and bending moment for the plate simply supported at two
opposite edges, the other two being supported by flexible girders.

1.2. BScope of Study. A method for analyzing a thin continuous skewed

alab'of constant flexural rigidity is presented. Eagh span is considered
as a basic uﬁig with two parallel edges simply supported and the other-

two edges rreg. Fp&ueach basic span, thé middle suriace-of the slab is
covered bé a skew finite-difference network. A set of simultaneous
equations, each expressing the deflection of a certain poiﬁt of the net-
work in tergq of the surrounding points, is fofméd. The numerical:solution
of these equations gives the d;flections of all points on the network,
which in turn can be used to express the bending moments, twisting

moments and shears at any point on the slab.

v

— s — —

simple
support

Figure 1.1. Basic Structure
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Using the flexibility approach ﬁiscussed by Tuma (7) in & graduate
course in plate structures, the angular functions and the load functions
are defined in terms of the inflﬁence coefficients for deflection of
the simple*basic slab. A table for these influence coefficients for one
particular problem is presented in this paper.

A general moment-reaction equation in matrix form is derived using
the compatibility between adjoinihg panels and between panél and edge
beam.: The application of the theory is illustrated by & numer{cal

example.



CEAPTER II

GENERAL MOMENT-REACTION EQUATIONS

2.1. Derivation of Moment Equation. Consider the continuous
skew plate of constant flexural stiffneds D, subjected to loéds
normal to the plane of the plate (Fiéure 2.1 ). The requirement of
compatibility of deformations of adjacent panels m and n is expressed

as,

Zei = 0, | (2.1)

where:

-1 is a particular point common to both panels.

Expressing the equation (2.1) in terms of rotation of each panel

(Figure 2.1),
(64)y + (8y)p = O - (2.2)

- where:
(84),, and (Si)n are the rotations at point i of panels m and
n respectively.

 The slopes can be expressed algeraically as,
m m n
(e)im"‘ZTik'Pk + (Fydp M; + ZGil'Ml - Zquij (2.3)



Figure 2.1.',Slqpe Comptability of Adjacent Pénels

n n n )
'I.(e}[nészikPk + (Pi)p My +ZG11-M1'- Z_RJQij (2.8

-where:
i 1is a particular point common to both panels;
J 1is a‘particular point on the free edge of é panel. .
k 1is any interior point of panels.
1 is any point, other than i,uon the simple suppdrt.
m is ahy point, other than j,.on the free edge of a panel.
i .

Tyx 1s the angulér load function (the edge slope at point i due to

a unit load at point k of the basic structure.



(Fi)m,n is the angular flexibility (the edge slope at point i,
“ of a bagic plate m or n respectively, due to a unit moment
at 1).
Gij is the aqéular carry-over (the edge slope at point i due
to & unit moment at point J of a simply suppofted plate).
Qij 1s ihe angu}ar;digplagement carry-over (the edge slope a@
| point i, due to a unit shear at point j on free edge).
Pk is any load applied at k.
R'j is any shear at j.
Mi is the bending moment at 1i.
Mj is the bending moment at j.

From expressions (202), (2.3) and (2.4), the general moment equation

follows

m,n m,n m,n m,n

Z'Tik'Pk-pMi' E(Fi) +>_Gi1M1 - }quij = 0 (2.5)
2.2. Derivation of Reaction Equation. Let the shear between the

edge beam and the plate at point J be denoted by Rja The condition

for the .geometric compatibility between the beam and the plate is:

Wl - w? = 0 (2.6)

where:

W? 1s the deflection at point j of the plate due to loads, edge

moments and shears from the beam.

Syt

is the deflection at point j_ of the beam due to shears from

the plate.



§-7—'—*d
.

Figure 2.2.  Deflection Compatibllity of the Beam and the Plate

These deflections can be expressed as,

- P - -
P. .. " : P P |
W, = ZPk b +ZM1Q31 +MiQyy - rZRmHjm - Ry (2)
and,

<7 B B B B B 5

expressioﬁ (2.6), after substitution of (2.7) and (2.8), yields

MQ44 +Z’?1Q31 Malja ™ My Qg * ZPkajk - RyDyy 2.9)
o . =
| B



where:

5

le.

Dy;

g

B

Jk

is the_displacement load function (the deflection at

point j on the frée edge of the plate due to a unit

load k).

is the displacement-angular carry-over of the plate (the
deflectiqn at point J on the free edge of the plate due

to a unit ‘moment applied at 1). |

is the displacement flexibility of the plate (the
deflection at point j on the free edge dﬁe to a unit

load at that point).

is the displacement carry-over of the plate (the deflection
at point m on the free edge due to a unit 1oad at point j).
is the deflection at point j of the beam (due to the

weight of the beam) .

is the displacement-angular carry-over of the peam (the
deflection at point j on the‘beam'due to a uﬁit moment

at a).

is the displacement flexibility of the beam (the deflection
at point j.of the beam due to a unit load at point.j)n

is the displacement carry-over of the beam (the deflection

at point m of .the beam due to a unit load at point j).

- P B
Dyy * (Byy + Dyy)



2.3. _Mat?ix_Formulaﬁion. In the case when it is necessary to use a

relat%vg;y_fipg_ngtwork and the number of panels ié 1arge, solution by
elect%éniq"qqmppfgr'becomes eéSential. In such a case, it is Qonveqiept to
hévéla géne;a}'matriﬁ formulation of the moment and reaction equations. The
genergl maﬁrixhequétions>for a’continuous plate problem having totéluof L+m

unknown moments and reactions is given by Equation (2.10)

EFL G Gt G Qg T T ¥ 1"

Gp,g £Fp  Gp;3 - - Ggy G2,y - - G Mp ToxPx| -
63,1 63,2:TF3 - . - G3L Q3,5 - - Q3m | | M T3k

- - - - - - - - - - - + - = 0

L L . p

G Suz %3 TFL L ,m M Lk k

P P P ,
. %2 9,3 - - S Dyt He R 89k
PP P P . ..o " 5

Qm,l Qm,a Qm_,3 - - Qm,L mJ mm "fm mk

(2.10)

The General Moment-Reaction Matrix Equation



CHAPTER III

ANGULAR AND LOAD FUNCTIONS FOR PLATE

3.1. Angular Load Function. Consider a skew plate simply

supported on two parallel edges, the other two edges free, to be
acfed_upon by a load P = 1 at poiﬁt k (Pigure 3.1). The slope at
i dué to a unit load at k is the angular load function, Ty . It
cén be expressed matheﬁatically as,

T = i1 (3.1)
Au

where: .
Wi4+1 1s the deflection of the point i+1.
A ~is the small distance in u direction.

This deflection due to a unit load at k is

1 .
Witk = = BwdvesineTi4,,k _ (3.2)
D By
vhere:
ﬂi+ .. x 18 the influence coefficient for deflection at i+1
)

due a unit load at k.
Using expressions (3.1) and (3.2), the final equation for the angular

load function becomes
Ty = Svsin® q (3.3)
ik & D i+ 1,k .

10
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Figure 3.1. Angular and Displacement Load Functions in a Basic Plate

3.2. Angular Flexibility. Consider the basic skew panel to

be acted upon by a moment My = 1 at point i in the u direction
(Figure 3.2).. The slope at i due fo a unit moment‘aﬁ i is defined
as the angular flexibility, Fi4. |

| Using the momeht equivﬁlence shown in (Figure 3.3), the angular

flexibility can be approximated as,

; Wit 1, i+ :
Fiqy = o (3.4)

where:

Wi 1, i+1 is the deflection at point i+ 1 due to a load

intensity of -1 at point i+1.
» Au
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Figure 3.3. Moment Equivalence in a Basic Plate
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1
O .
Wi+1 141 =—L « Au.A v Sl @° M i+1,i+1 (3'5)
’ .

o

substitution of equation (3.5) into (3.k4) gives

(3.6)

.. sin& o
Fi1 = S35 Vin, 10
Equation (3.6) is the final expression for angular flexibility
in terms of deflection influence coefficient.

3.3. Angular Carry-Over. The angular carry-over, G;;, can
J Jji

be stated as the slope at j due to unit moment Mi =1 applied at i

(Figure 3.2).
W
Gy = Ny-r (3.7)
Au
where:
Wj-1 1s the deflection at j-1 due to a unit moment M; = 1

at point 1.

Again using the moment equivalence of Figure 3.3,

1
S

Wy =T BueAvesingsT 5oy 4, (3.8)

J=-1
Combining (3.7) with (3.8), the final expression for angular carry-

over is

in &
Gyi= o i (3.9)

3.4. Displacement Load Function. The displacement load function,

Bjk,is defined as the deflection of any point j on free edge due to
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a unit load at point k (Figure 3.1).

AA '
_sjk =—5 - Tbk (3.10)

Equation (3.10) is the final expression for displacement load function.

- 3.5. Displacement Flexibility. Considering the skew plate of

Figure (3.4) the displacement flexibility, -Dyj» is defined as the
deflection of point j of a basic panel due to a unit vertical shear

Rj = 1 from the edge beam, j being a point on the free edge.

Figure 3.4. Displacement Flexibility and Carry-Over in a Basic Plate
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The final‘form of displacement'flexibility is

AA
DJJ = Tnjj (3.11)

3.6. Displacement Carry-Over. The displacement carry-over,
-Hmj; is defined as the deflection of point m on the free edge due to
& unit vertical shear Ry = 1 (Figure 3.4). It can be expressed mathe-

matically as,

. . J
‘Hmj‘=A_D‘ M (3.12)

3.7. Displacement-Angular Carry-Over. The displacement-angular
carry-over, jS, is defined as the deflection of any point j on free !
edge due to & tnit moment M; = 1 applied at i (Figure 3.2). The final

form of displacément-angular carry-over -1s

jS = ________AV']E;ina’ Tl;]l . (3.13)



CHAPTER IV

- ANGULAR AND LOAD FUNCTIONS FOR BEAM

h.l, Angular Flexibility end Carry-Over. Consider the beam

of Figure (L.2), simply supported at both ends and acted upon by a

\

unit moment My = 1 at end a.

Figure 4.1: Angular Flexibility and qury-over for a Basic Beam

o

16
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| By definition the angular flexibility FEa of the beam is the

slope‘at_a'dueFtOLa'unit moment at a. Using the moment equivalence

- of Figure (4.2), the angular flexibility can be expressed as,

B . D2+1 a+1, 1
aa ¥  —— = —
Au Au
where: -
: .
B (&) B
a+1,a8¢1 B ‘a+l, 8+

The final form of the angular flexibility is

B Au T]B
aa = R a+ls e+l -

.Figurevh.2. The Moment Equivalence for the Edge Beam

(4.1)
(4.2)

(h.3)-
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Gé:,thgﬁaggular carry-over of the basic beam, is the slope gt‘b due

to & unit moment applied at a. From Figures (4.1) and (4.2)

N

B |
62 = Homaann 1 (b.4)
o Au Au

vhere:

;vB : (8u)®

B
b-1,a+1 = B nb—:,aﬁz (4.5)
Combining eQuations (4.4) and (4.5)

B M B , : ,
Cpa = B M b-1 ,a8+1 (4.6)

4.2. Displacement Angular Function. By definition the displacement
angular function, Q}L, is the deflection of point j due to a upit mbment

applied at end a (Figure 4.1),

) R .‘B} (8u)® B 4
Qja = B ljja+1 (4.7)

Equatioﬁ (4.7) 1s the final expression for the displacement angular
function.

4.3, Displacement Flexibility and Carry-Over for Beam. Consider

the edge beam of Figure (4.3), simply supported at both ends and sub-

Jected to a unit vertical load Rj = 1 at point j. The flexural stiff-
ness EI of the beam is denoted by B and is assumed to be constant. The

displacemeht flexibility of the beam is denoted by D?J and is defined

as the deflection of point j due to a unit vertical load RJ = 1 at’

point Je
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- Figure L.3. Displacement Flexiblllty and Displacement Carry-
Over for a Beam :

The displacement flexibility in terms of the deflection influence

coefficients can be mathematically expressed as,

B (fu) (4.8)

Dss "B 1]JJ

B
The displacement carry-over of the beam, Hmj’ is defined &s the

deflection of point m due to a unit vertical load Rj = 1 at point Jj.

. 3
By - {80 4P (4.9)



CHAPTER V
GENERAL DEFLECTION EQUATIONS

5.1.  Derivation of General Deflection Equation. A skev plate

panel, subjected to loads normal to the plane of the platévés shown in
Figure 5.1; is isolated from a series of skew plates continuous in one
direction. The flexural rigidity, D, of the plate is assumed to Be

constant.

edge beam

y A
. ———— s —— — T

Figure 5.1. General Isolated Panel

20



21

From the ordinary theory of thin plates the deflected surface of

the plate must satisfy the differential equation
Dphw =D (5.1)

where:
w is the deflection of the plate.
? 1s the intensity of the load.

For a plate of thickness h, the flexural rigidity D can be expressed

as

Eh3 W
D - —————la———— .2*
T2(1-8)° (52
\'2
1-2, 342 i-1,542 1,j+2 1+1, j+2 j+2, 542
i 2, j+1 1- 1,4{; iqé{l j;lféfl 1+2,é{;
K ‘. P’ + s *4
i2ﬂ J,bj i,d j.bJ , J.%J "
Av // _ ‘ i //
‘ 1-2,3-1  1-1,3-1 j-1 i+1,3-1 i+2,3-1 = : -
[ VAl

/i}

,§-2 i+l,j-2  i+2,5-2
J

1,
/
{ 1-2,5-2 1-1,53-2
S W /

/—%Au 7/— - Au / Au " /- Au——7/

Figure 5.2. Skew Network

l\i—h
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Expression (5.1) can be resolved into two parts as
.M ,
2y = - o (5.3)
4 D
and

(5.4)

L]
|
.

v M

In equation (5.3) ®, the Laplacian operator (8) in skew co-
ordinates, is expressed by

pre—2t & .1 & 2cose & (5.5)
gin®e  w® sinRe R sinfo du-dv

Equation (5.4) can therefore be written as

= 1 *M 1 FM 20080 M (5.6)
- ° e ° had i B °
sinfa  B® sinfa O ginfa  duedv

Expressing the partial derivatives in Equation (5.6) by finite
differences, the: resulting equation for any interior point iJj as

defined by the skew network of Figure 5.2, is given by an equation

(5.7).

pyyfama) = @ —— L ——-a (M) (5.72)
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(5.70)

~~
P
E
th
]
Y]
l-l
1
m
~~
=
N

where;
Au
Av

2(1+ t?)

t
2(1 +t?

t-cos ¢«

U1+ 't’z)
AA = AurAvesing

By'a simple interchange of subscripts the expressions for

M X M . M, . : . : :
ifle i-1,j i+, a2 M111,3~1 M1r1,g—1

M M and Mi

in :J'fl » i, Jn1 sd™?

may be written corresponding to Equation (5.7b):



LAbA

1,300 = Vg, 0 - a(Wioy 01t Wie1, 501 ) - 00V gep* Wy 5) - elWe gip* Wiay g - Wiag ge2- Wi, g)
M, AR W . Wi e )  b(w: W ) ' (W " W ain - Wea W j.2)
RETR s s 1,9-1 7 BE-1, 5.1 T Fael, 3-1 07 PR g T, 520 T ORRLAL, 5T e, -2 T ied, g T T15 -2

AAA

Misd, g1 T Wied, 501 - B0E 501 + Wiep 5a1) - Dy gep + Wien ) = o0y jup * Wiap 5 - Wi o2 - Wy, g)

VY | \ _ " _ o o T :
Mpay, g " Miaa,5 - a0y 5% Wyp 5) = 0(Fpay ge1 * Wieg 5oa) - ey 50 * Waep 501 - Weo, ge1 = Wy 501)
D AT O . c ' 5 .
MDAz ' : W : '
Mia1,5-00F Wied, 51 - alWy, 51 * Viez,5-1) - 5y 2, 5% Wied,g-2) - ey 5 * Wi joo = Viep,y - ¥y 5.2)
ADA o 5 . ,
M1-1,3+1—D.— S Wi, - a(Ws p 541 * Wy 5e1) - b(W1-1,5+2 * Wi, g) melWip st Wy g - Wy sp - ¥i-2,3)

A S W. o . - . ) oW 4 .1 W o - - ’ '
Mioa,g == FWia,5 - 80ip 5% Wy g) =05y g0y * Wiy 50) - eMip 5e1 + Wy 500 = Wi 501 - Wiip,5o1)

. ey - . . - b L+ ' -
Ma-l,;—l D o Wi-1,5-1 malyp gy * Wy gg) - By 5 Y Wy ) - e(Wy g Wi 32" Y5 Yo 50)

(5-8)

©e
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Substitution of Equations (5.7b) and (5.8) into Equation (SQTa}L;

" ylelds after simplication,

[o] — [&=5] — [e] — [ 5]

/ /[ /
- /(m-ae) / / -2b /—L(a-h. 2e) / _— &e_/
- . '

/ (Ma’oab ) )
%3(Lahfé oy / / o)
. -z.:; / / (2ab.2c)/ —_— / -2b / —— / (2ab-2eV

/ L,
L_/ /-2bc / /(b'-z -_....

(5.9)

An expression similar to Equation (5.9) may be written for any
interior peint of the network if it is éurréunded by a sufficient number
of points on all the sides. For points on or adjacent to the boundary
Equation (5.9) can be modified by using appropriate boundaryrconditionsa

Boundary conditions at the simple support can be expressed mathe-
matically as,

(W)edge =0

(Vw)edge = (M)edge = 0 (5.10)

which can be derived from the conditions that there shall be no deflection
-on the line of simple support and there shall be no moment normal to the

simple support; on the line of the simple support.
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v
simple support A
- i-2,3+2 ._-‘23*7/ i,j+2 ivl, 2 v i+2, j+2
- ) ;
/
/
i-2,j+41 i, g+l i+l, j+1 i+2{j+1
/’, _ / / /
/ /
/
i-2,3 i,J i+1,J i+2,
f;,. X I / —
/
! . o, .
i-2,j-1 i,j-1 i+l,j-1 i*245-1
e ——— / / /
/ 7
/- . . /
i-2,§-2 i,j-2 i+l,j-2 1+2,3-2
/ / /

Figure 5.3. Point ij on the First Interior Line Parallel to Simple
Support

Forbpoint ij on the first interior line parallel to a simply

Supported edge as shown in Figure (5.3), the boundary conditions given

by Equation (5.10) may be written as

Wia,j-1 = Wi, j-2

=0 (5.11)




27

The remaining values of M from Equations (5.7b) and (5.8), when

substituted in Equation (5.3), yield, after proper modifications ob-

tained by Equation (5.11),

(0? - c2)/———/-2be/—/&/

/ / /
——— 2(ab+c )/—/-2ac/
/ e /
2N AA)Q /(1+ &2 +2b/2 +2c)/ Z—/Ea? /(a/ 228 )/
D ) /-Bo/—— [2(ab-c)/—/2ac]
: [

(5.12)

In similar manner, an equation for any point ij on the first
iﬁtgrior line parallel to the opposite simply subported edge may be
obtained.

Consider now a point ij on the first interior line parallel to

the free edge as shown in Figure 5.4. Boundary conditions on the free

edge are
(My)edge = -D [S;Z e axz} =0 (5.13)
and
< (R,) = -D 2 (pfw) + (lﬂb)jz Eiy =0 (5.14)
yedge - ay » ay°au?.

Rewriting Equation (5.13), utilizing skew coordinates,

(5.15)

Pw ) ) (M)edge
edge

(Vé Wedge ~ (l-u)(aua D



1-2,002 | _ 1=l,d*2 _ _i.pt2 541 g 132,542
/ / / / -/
/ / / / /
/ / / /

/ VaNAS _______,_
/ /./ / /T

1 -1 %ia,a -1

Figure 5.4. Point ij on Line Adjacent to Free edge

82
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Boundary condition (5.15), when applied to points (i, j+ 1),(i-1,

J+1),and (i+ 1, j+ 1) gives

A1 o (1)

Mi, o1 mmoe (F1-14 1 - 01,941 4 Wi41,500)
1 . o (1-w)
o Meae1 % g M1 - Fie g 5e1e Viag,541) (506
1 ‘ (1-u) -
7 Mi-l,3+1 % - o (Wy o 541" Wiy ga1+ Wi 301 )
Denoting,
a= OBy an = OW g (5.17)
Au® t

Equation (5.16) becomes

A-AA
Miij"' 1 D = -d (wi‘l,j*‘ 1 -2Wi,j+l + Wi+..l,j+l)
A-BA
Miv 1,941 p 0 "8 (W 5a1 5,0 501 % Wis2,50) (5.18)
A. A

Mii1,5+1 D =8 (Wip 54 2-3W5 g 5417 Wi 541)

These values of M from Equations (5.18) together with remaining
values of M from (5.7b) and (5.8), when substituted in Equation (5.7a),

finally yield.
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1+2d c(l+2d A

auir | (22 >7/2a,L/<1+2ae/+be+2ce//2a/ =

[2&0/ /2 ab+c)/ /__557 /2{ab-c )/
[/ / / /
ﬂ:g/ L[-2bc/ ﬂba -2¢° )/ 2be

u‘ij

(5.19)

When point ij is an interior point near a gharp corner as shown

in Figure 5.5, the boundary conditions are,

v
1-2,3#2  i-1,3+2 1,342 1+1 je2 12, 342
2R A A S 7
/ / / / ,
/ / / /
i“e;‘ +l / ’ /
/ / Iree/ edge
/L — e o &
/
-/
i-2,4 ' ‘i/"j i+l’ 1+2 5
/
/
12,51 +1,§-1 142, 5-1

;/
/ .
‘ y -2 1+l 1+2

imple support

'—l
i
o
o
[N
§
ro
o
\o

Figure 5.5. Point 1j Near Corner
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Wicl,5e1 " ¥5o1,5 S Wio,501 “ Wi, 70 . (5.20)
Mi1,500 " Miog, 3 " Mg 500 7O
CRAA
M ge1 D = 8Wiag ge1 - Ay gep) (5.21)
AAA

Mig1, ge175— = -O(Wg 300 = BWia) 541 Wiep, ge1)
. D

Substitution of values for M and W from Equations (5.7b), (5.8), (5.20)
and (5.21) into Equation (5.7a) results in the following equation for
point ij of Figure {(5.5):

c(a-4) b(asd)
-b(1+243) +c(1+24d)

| -

/(l+a9 + b2 c? )/

@AA)? -

p = / / / (w)
t D -2b [ o [2(ab-¢ ) [ ————— '

(5.22)

In the same manner an equation for point ij of Figure (5.6) can

be written as,
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-c(a-d)
[ -b(1+24d)

=7

/(]+a2+“b‘2._.-o-‘ ca)/

/' (W)

(0°-c?) |
(5.23)
v
i-2, j+2 i-1,Jj+2 i,j+2 ivl, 2 iv2, j+2
o "‘/’"”"_'7—__7_—_7
p—— - / / /
free edge
ee .‘ ,?// / / / 1+2’ +1

; 7 )
i-1,3-1 iy 5-1 1+2,é-1

/ / ]
| /
i- i-1,5-2 i,/j-2 12 /§-2

Figure 5.6. Point ij Near Acute Corner

. Tinally, the deflection equation applicable for any point ij on

the free edge of Figure {(5.7) must be determined.



12,342 1-1, 542 1,542 i+1,j+2 i+2, j+2
/= /”“__/—”‘"_/--*7
/ / / /- /
1-2,3k1 1-1/j+1 1,1 w1,41 #2,4+1
_— . - ) S Y |
/ / / /
S / / /
free edge-é v/ 1 /, / /
/// /// //; J / / -
i-2,5-1 -1,5-1 i,5-1 i+l/é{l 1+2,4-1
i ] / |
i-2/5-2 19,52 1,§-2 i+1,5-2 #2 Z{;
A [ Y & 7

Figure 5.7. Point 1j on Free Edge

’_ From Equations (5.1%) and (5.15) the boundary conditions can be

written as

o .
(M)edge = -D(1-B) Sag
(5-24)
2
R A A

dy | edge

Utilizing Jensen's approximation (3) for the normal derivative,
and replacing Equations (5.24) by their correspondihg finite-difference
equations,vthé‘deflection equaﬁion applicable for a general point ij on

the free edge is obtained (Eq. 5.25)
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12,2 1=1,142 1, J+2 1+1,J+2 1+2,142

|y Vet |
p // // / / /
i=2,f_d+-_‘_i;%sd_+1___ig Sk I+l :1__2*2,_»’;1*’__ _/
/ / / y ;
/ / / / , /
J / /[ _ /

1,d-1 #7,3+1 1+14§-1

T LT
-/
1-2&3_-_-_2__/ i,/aj=-2. 1+1 J-2 “J’ J-2

Figure 5.8. Point ij on Free Edge Near Obtuse Corner

2
gw %’ acP2c) [ ucw | Jec

+ AC ~4AC =30+6Ac =-1+Ac

B”
‘E’

o / o / /
D [ [p+B+C+D s2-2A -B4C~= |
e

(5.25)
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A deflection equation applicable for point ij on the beam, near
the obtuse or -acute corner is obtained by modifying Equation (5.25).
Equation (5.26) is the final deflection equation for point iJ of

 Figure (5.8).

-?- .
N+40+ = = 2 L2
¢ / 2C+2c‘°‘-uAc/ —_ [-B_Clac
L 2
+ 5AC-BC
ry 2" / /
AB

2 -
-2(1+A+C)

. /

’
!

The symbols introduced in Equations  (5.25) and (5.26) are defined

as:

R

Avsing

by
Au

=
1

(5.26)
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(A+C)B
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CHAPTER VI
APPLICATION

The application of the theqry developed in the previous chapters
is now illustrated by a numerical example. A two-span continuous skew
plate-beam system on simple supports is analyzed for uniformly distribu-

ted load.

6.1. Procedurelgf Analysis. The general procedure of analysis

is as follows:

1. Evaluate all necessary constants for a single span basic skew
panel (carry-over factors 2, b, c, etc., of Chapter V).

2. Write deflection egquations for each of the points on fhe network.

3. Solve the set of deflection equations for deflection influence
cqefficientsa |

4, Evaluate deflection influence coefficients for beam by statics.

0. Evaluate angular and displacement functions for plate (F, G,
T, 8, Q).

6. Evaluate displacement functions for beam (D? H).

7. Formulate moment-reaction matrix in terms of these functions
and redundants. -

8. Solve for redundants.

37
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6.2. Deflection Influence Coefficients. Once the genmeral set of

deflection equations is formulated for a basic skew panel the deflection
influence;coefficienta are directly obtained by invegtins the coefficients
mntrik of these equations, T have the capability of solviné a wide range
of problems it would be necessary to have tables corresponding to a
number of length-width ratios and angles of skew. Only one such table
is evaluated in this thesis, due to the magnitude af the numerical work
1nvol§ed and the limited computer availability.

A basic 30° skew panel is considered (Figure 6.1),.and is covered
by a thirty unit finite difference network. The length-width ratio

_iﬂu is taken equal to one. Poisson's ratio p is assumed to be zero.
\'g .

v

i,
& 7 e ST,
VA P i
3 A e
' / 21/ 22/ 23/ 2*4/ 25/ /
/ / / 26/ 2—,/ g/ 29/ 30/ /\600 Y

9 -7L- 9' tfree edge /
¥

/ 30 (] Il

Figure 6.1. Basic Skew Panel.
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1. Carrv-0ver Factors,

£ = 8% . 1. 00000
Av

a = W = ,25000

+

b = W = .25000

tecos

¢ * E7i+ 18]

.06250

) = Lo8in® = 21651

271+ t2)

d = ii%ﬁl sgin &= .18750

1

AA = Au-Avesine = 21.6505

2. Deflection Equation inMatrix Form,. Expressions (5.9), (5.12),
(5.19), (5.22), (5.23), (5.27) and (5.28) are used tc write deflection

equations for points on the network.
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The

inverse of the coefficients matrix on the left side gives the deflection

influence coefficients for the plate, which are presented in Table 6.1.



TABLE 6.1

']i 3 Deflection Influence Coefficients for Plate

: g 1 2 3 b 5 6 T 8 9 10
: 20033 .18k4L46 .14633 10477 | .02937 13342 .14 894 .12578 | 09347 | -.02iT2
2 -168491 .21660 .16920 15582 | .0B571 .15375 -19063 .18045 | .12534 | .061LB~
3 | .14730 | .18676 .23607 . .| .1781k -1L007 .09707 .16178 .21263 16779 .10‘0583,__1
4 | .10631 | .14649 | .17951 | .20495 | .18129 | .05803 | .12121 | .17398 | .18582 | __«.“_]?g;z_ ‘
5 | .02889 | .0867h | .1%175 | .1802k | .19005 | .02302 | .O7479 | .10816 | .1ho72 | .14389
6 .13861 .15515 .09758 .05778 | .02311 .26963 .25865 .18573 . 15006 .06055
% § .14997 .19143 .16435 .12018 | .07544 .26116 .29583 .28247 .17502 LALLTL |
8 | .1263% | .18162 | .21k11 | .17h56 | .108k2 | .1B767 27743 .36516 | .26808 | .19829 |
9 .09105 12475 .16999 | .18715 14175 .14190 .17405 .26893 .30969 | .26809
10 .02h1k .06179 .10734 .13711 .15583 .06111 -1L282 .19L66 265481 27734
11 .11648 18173 | .OT437 .04%53 .023k2 .23418 22572 14574 .09338 .04108 |
12 -12069 | .15436 -13333 .09199 | .06625 .19516 .22141 .181413 .10272 .09804
13 .10308 .12295 | .16943 [ .11k99 | .10117 .14161 .16L92 .2315 17462 14941
14 .07236 .08963 | .11553 | .13821 | .12172 .08931 .09872 .18209 22504 | 21477 |
15 .01900 .| .OhO12 - 06677 L1482 .12578 .03846 .0L669 .15306 .22178 24106

| 16 .089L2 -08597 - 06061 .03066 | .01617 .18541 .1751% .14078 .0T704 .02929
17 || 09239 .0BBT75 . 06480 s08777 | .05131 .15265 | .18432 16248 | .09187 .06630 |
18 || .07564 .07627 .08551 | .07332 | .08782 | .11309 .| .12383 .20030 : .12171 | .10683
19 04724 .05238 | .06986 | .08729 | .09845 .06929 .09059 .15873 | .17616 | .14909 |
20 .01485 .02h55 | .06564 | .08T79 .09455 .02767 | .07501 .13562 .16855 | .19260
21 | .05706 | .05162 | .04298 ' .01808 | .00619 .13355 | .10329 | .09130 | .05679 | .0195L4
22 || 05803 | .05546 4__.__011761__ | L0228 | .02572 | .10272 .12301 .11500 | .06061 | .0L206
23 | .oi576 | .oh622 | .05837 | .0k931 | .Oh775 | .O7647 | .0B927 | .13587 | .OBTIT | 07194
2h | .o2k15 | .02820 .0hB32 T .05540 | .05670 | .0B6TL .06153 .08838 | .12208 | .10221
25 | .ook62 | .01643 | .0uBBO | .05054 | .05976 01746 | 04131 | .07709 | .10334 _1%
26 | 01708 | -01817 | .01279 | .00618 | .00123 | .06023 f .057h3 | .OkB53 | .00359 | 0060
27 | 02737 | .02B05 | .01BMG | .0169% [ .00628 | .05131 | .05598 | .OLE .03004 01910
28 | .01946 | .02032 ___.01951 | .01835 | .01232 | .ou75 | .O4T38 | .05731 | .04622 | .04160
29 .00523 .| .00868 | .0203% .02690 | .01828 .01620 | .02769 .| .0W679 | .05556 .05238
30 .00176 | .00608 | .01398 | .017k7T ' .01306 .00479 .01467 .02622 .04879 | .05602

€




TABLE 6.1. (Continued)

qi.j Deflection Influence Coefficients for Plate

e

11 12 13 © 1k 15 16 17 18 19 20
| .11742 .12126 .10225 .07257 .01952 .08839 .09300 .07542 .04786 01477
2 .14620 .15315 .12172 |. .0BE3k .03901 .08579 .08835 .07706 .05276 .07107
3 .0T497 .13173 .16E45 .11553 .067T7 .06166 .06563 .0B679 .07086 .06L8€E
L .0L5L46 .09106 .11452 .13728 .14381 .03052 .0Lg950 .07165 .08786 .08837 |
5 .02311 .06517 .10015 .12275 .095E6 .01551 .05077 .0BBLT .09755 .095L0
6 .23250 .19413 .14007 .08837 .03806 .19000 .15L07 .11240 .06827 .02772
7 22495 | .22099 .16584 .09967 .04765 .17373 .18LE9 .12323 .07807 .03659
8--1 -.14343 .18396 .23252 .18302 .«15397 .13668 .16178 .19410 .15713 - | .13509
9 .09655 .10365 .17359 .22508 .2200%4 .07536 .09012 .12013 .17702 |...16643
10 .04160 .09898 .14B875 .21337 .23998 .03059 .06T749 . 10817 .15789 . 100546
11 . 36666 . 37606 .31683 .17667 .08258 .26812 .2431% .18029 .07623 .04355
12 .32356 .46850 .411601 .28565 .16139 .25496 . 36055 .32175 .18509 .11557
13 .26959 .37235 . 53927 . 36978 27272 .18955 .19785 . 41603 .28333 .18LG1
1l .15921 .28361 4062k .46931 .33280 .12015 .18254 .31889 .36976 .2L033
15 .08964 .17970 . 30655 .37352 . 37720 .OL5TT .07810 . 17564 .24653 27136
16 27734 24652 .17564 .07812 .04576 .37722 .37349 .30655 17973 | .0B966
17 .2L036 .36978 .31889 .18258 .12018 .33281 .46933 | ‘.Lob2k .28363 .15922
18 .18489 .28335 .41601 .19783 .18951 .27270 .36979 .53926 | .37238 .26957
19 .11555 .18507 .32171 .3605L " | .2LLGB .16138 .2B8567 .51603 LB6BLT .32357
20 .04391 .07626 . 18027 .24313 .26809 .08259 .17669 . 31682 . 37609 . 36660
21 .19044 .14791 .10816 .06748 .03051 .23996 .2133% .14876 | .09896 .04162
22 | .166L0 .17703 .12018 .09013 .0753h .2209] .22596 .17359 .10367 .09657
23 .1340k .15716 .10L413 .16178 .13667 .15396 .18298 .23535 .18399 14341
2L | .03655 .07805 .12327 .18489 171315 .OLT76L .09963 .16588 .22095 22493
25 .02773 .06825 .11242 .15407 .19003 .03809 .08836 .14010 .19510 23452
26 .09549 .09757 .08643 .05079 .01539 .09590 .12277 [ .10017 .06519 .02313 |
27 .08833 .087E6 .0T7164 .OLOLB .03050 .14380 .13729 .11453 .09102 .OL5k45
28 .06L B9 .07086 .08676 .06561 .06167 .06775 '| .11455 .16846 .13176 .0TL9T
29 .07100 .0527k% .07704 .08837 .08578 .03903 .08636 .12174 .15319 .14023
30 .01479 .04782 .075L% .09301 .01950 .07259 .10226 .12121 .11740

08839

hh




TABLE 6.1. (Continued)

']13 Deflection Influence Coefficients for Plate

14893

N =22 22 23 24 25 26 27 28 29 30 T
1 | -0560h | .ou877 -| .02623 | .01466 | .OOMTT7 | .01309 | .01747 | .01399 | .00609 | .001T7 | 2.14722 |
2 .05239 .05555 | . .OLBTY .02T70 .01622 .01829 .02692 .02033 00869 .0052h4 | 2.72838
3.1 .olié2 -04626 | .05733 | -OLTLO ONTTT .01230 .01837 .0195L .0203h .01959 | 2.87190 |
4 | ~01910 .0300 .04829 | .055%96 .05133 .00626 .01699 | .01852 .02809 .02735 | 2.65550
5 | .00607 | .0035 .04855 .05740 | .06022 .00122 .00617 .01281 .01819 .01707 | 2.1023%
6 .13296 .10331 .07713 -| .0k129 .01748 .05977 .05055 .0LB882 .01645 .00L60 3.04393
T .10223 | .12296 | .0BB39 | -06151 - | .OB676 .05673 05542 .0LE29 .02817 .02511 | 3.72h450
8 .07196 .08775 .13586 .08926 .07649 .O47T3 .04933 .05833 .0L62Y .0k579 | L.26970
9 .0k207 | 06066 | .11396 | .12393 .10276 | .02574 .02929 .04766 | .055L5 .05800 | 3.98654
10 .01956 .056T7 .09132 .10326 | .13359 . 00621 .01806 .04299 .05166 | .05709 | 3.28353
11 .19263 .16853 .13563 .07506 | .02769 | .09453 .08781 .06563 .02L57 .01LE2 5.15%2
12 .1%913 .17619 .158T7 .09058 .06927 098414 .08732 .06987 .05241 .04726 | 5.25087
_13 | .10686 | .12173 | .20033 | .12386 | .11312 | .08780 | .07335 | .08552 | .07629 | .07566 | 5.63338
1% .0663h | .09189 .16259 | .1BL33 15267 .05133 | .O4T79 .06LE2 .0B8BTT .09242 | 5.23208 |
15 | .02925 | .OT706 | .1%077 | .17516 | .18543 | .01616 | .03063 | .06063 08595 | .08943 | 4.13802
16 .25110 .2217h .15309 04669 | .03847 .12578 L1448k .06673 -0LO14 .01906 4.13801
A7 LUUTh | . 62 .18213 .09873 .08934 .12174 .13823 .11555 .08966 .07238 5.23293
18 .1k9k3 .17 .23162 216693 | .1k163 | .10119 | .11502 .16946 | .12297 | .10309 | 5.63326
19 | .09807 .10276 .18550 | ..2214k .19513 | .06623 | .09196 .13330 .15438 .12072 5. 25096
20 .04109 .09343 .14h71 .22573 .23420 .02345 .0hlLsT .07439 14170 .11649 L.15681
21 27730 .26LB6 .19460 .1428k .06116 | .1LL86 .13710 .10736 L0617 .02h16 | 3.2 37 ;
22 .26810 .30963 | .26896 .17506 .14192 .14179 | .18712 . 17004 125473 .09106 | 3.98650
23 .19826 .26811 .36519 L2TThh .18769 .10844 .17459 21514 .18160 .12631 4 ,26983
24 L8477 17504 28241 .29588 .26118 .07542 .12019 .16432 19141 .14959 3.72464
25 .06051 | .14009 | .1Bh76 | .25881 | .26066 | .02316 | .05775 | .09762 | .15515 | .13863 | 3.04399
26 | .14387 .14075 .10811 LOTUTY .02304 | .19003 .18025 L4177 .08673 .02892 | 2.10243
27 .13616 .18588 | .1 .12121 .05806 .18132 .20495 | .17953 .14649 .1063% 2.65555 -
28 | .1068% .16776 | .212 .16178 | .09709 | .1k009 | .17815 | .23606 | .18676 | .14732 | 2.871
29 | .o61k9 .12535 L1807 | .19062 15377 .08573 .14480 0 .21670 .18493 | 2.72863 |
30 02474 09348 .12580 .13346 .02939 .10479 .1&630 .18Lkg .20031 2.147L6

2



TABLE 6.2

Wij Deflection Influence Coefficients for Beam
\ 1 2 3 E ’
1 - 1.388888 2.11111 2.16667 1.72222 Ol
2 2.11111 3.55555 3.83333 3.11111 | 1.72222
j 2.16667 3eé3333 | L. 50000 3.83333 2.16667
| 172002 3.1111 3.83333 3.55555 2.11111
5 .9kl 1.72222 | 2.16667 éq;llll 1.38888

4. -Deflection Influence Coefficients For Beam.

Teble 6.2 represents deflection

influence coefficients for a basic beam calculated by statics.

of
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6.3. ‘yumerical Example. A two=span'cqntinuous‘skew‘plate—beamv
structure is an&lyzed.fOr unifdrmiy'distributed loa& (Figure»6n2)rmaking
use of the deflectioﬁ influehce coefficiénts for baéiciplaterand basi¢
beam obtained in article 6.2. Each span is covered by 8 sksw networki
The relativg stiffnees of edge beam to the plate %%"ié assum@d'to be
equal to  two. In the solution of the problem all values unless

otherwise stated, are in kips, feet and kip»feeto' References to the

equations and tables used are givén in the exampls.

7.8 9 10 11 12 13
%

S A Julolz
1//;2//;3//24//;5/{;5//;~/// Z/ /

Figurs 6.2. Two-8pan Continuous Skew Plates -

1. Angular and Displacemsnt Functionsa Angular flexibilities and

angular carry-over values (F,G) are obtained by susbtituting the values of

niJ from Table 6.1. in the expressions (2.5), (3.6) and (3.9).

ad -~ ‘ 1 ‘
)P 23729722 = .33808°%
. , >
EFEOJEQ = ZF599 s9 = 47369 L
o0 L
??33y33 = [Fugue = -64hRO 2



TABLE 6.3

48

Gij - Angular Carry-Over

5 J 7 . 20 33 L6 59 T2
7 - .2L016 -18470 15924 .10068 .02612
20 .24019 - .40918 .32949 .23084 .10068
33 . 18470 .41160 - 41163 .32946 .15926
L6 .15520 .32948 41166 - 41157 18473
59 .10067 | .23085 32950 | 40921 - .24020

72 .02612 °10069 .15922 .18470 .24018 -

Angular load functions (T) are calculated using expressions (2,5)

and (3.3) and Table 6.1.

357 = 2&72
5;20 = 2}59
5333 ziTu6

Displacement-angular carry-overs

pressions (2.5) and (3.13). They are presented in Table 6.4.

99.66754
148.63634

19k .54632

i~

i

(Q) are obtained by using ex-



TABLE 6.4

jS - Displacement-Angular Carry-Over
T 20 33
2 .12510 .10453 .08227 11
3 -37559 .26756 17372 76
L .61379 RIYE .28912 15
5 . 78046 .59370 .62709 T4
6 .8229L 62717 . 5416k 73
8 .86745 .60020 . 50437 71
9 -79873 .67182 .61371 70
10 .63362 .42253 .32203 69
11 .15366 .25019 .10283 68
12 .12717 . 10007 .10141 67
67 .00528 .02689 .06997 12
68 .02672 .07820 .13263 11
69 .05547 .18615 .26253 10
70 .07876 .22369 37217 9
T1 .07399 24720 . 3672k 8
73 .05668 .25881 .40932 6
Th .07565 .21889 .38023 5
75 .06056 .21139 .28418 L
76 .02637 .07123 .10639 3
i .00766 .01992 .06L17 2
T2 59 46

49
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Displacement load functicns (8) are obtained from expression (3.10)

Yoo = )by = 2516879 z
Yo = )8y = 319.,.‘72801; =
E?h = }}10 - 336.54658 %
) 5}11 - 3118752
Yo = e, = 2463689 3

Displacement flexibilities (D) are calculated using expressions

(2.9), (3.11) and (%.8).

1

D2,2 = D8,8 = T.23076 5
D - D - 12.09886 <
3,3 - 9,9 - D
D - D - 14.48603 =
h,h = 10,10 * : D
suhes =

Dg 5 = Dy 37 = 11.8 D
80 *

D6,6 - D12’12 = 7=OO 20 D

Displacement carry-overs(H) are obtained using expressions
(2.9), (3.12) and (4.9). They are presented in Table 6.5.
The general matrix is formed using equation (2.10) in terms of

angular, displacement and load functions. This is presented on Page 52.



TABLE 6.5

Hij Displacement Carry-Overs

2 3 3 5 6 67 68 69 70 71
|-

- 8.39180 7.68201| 5.85628 | 2.60346 | .28340 | .37823 | .30289 | .13185 | .03832
8. 40154 - 12.08238 | 9.61690 | 5.44362 | .39599 | .58283 | .44015 | .18814 | .11345
7.70301 12.07156 - 11.82493 | 7.5464T f2663o .39772 | 42305 | 44037 | .42197
5.88962 | 9.62306 (11.84259 - 8.11867 | .13553 | .36784 | .40097 | .60816 | .59217
2.59307| 5.46592 7.56285 8.20044 - .02641 | .13358 | .27734 | .39382 | .36957

1¢4
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87992

.961L4

LBTThY

.86909

-48038

13245

68168

1.3k906

1.48212

.24€90
.6?758
1.35236
1.62518
1.77195
1.69480
1.79102
1.21736
65678

-253%2

.68784
L7734
-11166
25288
.56052
.14660
L0146k
.90792
.78322
97168
.16912
.65090

.34276

.26532

24890 .67758 1.35236

.29288
1446152
16.£0368
15.40602
1#.779%

5.1861k

L0766k

.22690

.84394

1.18254

73914

.80392 1.

56022 1.
16.80368 15.

2L.19772,24.
24.14312 28.
19.24612 é3.
10.9318L 15.
.26370 |
.37628
.88074
1.21632

L7876l

.60578_

.68030

L8019k .

.55468

34870 i.71222
1.&2518
14660 2.01%64
Lo6o2 11.7792k
14312 19.2#612
97206 23.68513

68518 23.68930
12570 16.4%0088
.T5646

1.16566

84610  .7955k

-73568

26722

1.75942 1.92288
1.77196 1.69%80 -
1.90792 1.78322
5.1eé1u L0766k
10.93184  .26370
15.12570  .60578
16.40088 .756&6
1h.01§ho . 56680

.56680 1L.L6152

1.75498 1.37818

1.21736

1.79102

1.97168 1.16912
.22690  .8L4394
.37626  .8BoTk
.88030 .8ﬁ610

1.16566  .79554
.79198  .53260

.96076

.65678"

.65050
1.18254

1.21632
80194
73568

27106

16.80388 15.40602 11.77924

.79198 16.80388 24.14772 24.14312 19.24612

.53260 15.40602

24.14312 28.97206 23.68518

.27106 11.7792k 19.24612 23.68518 é3.6893o

.05282

5.18614 10.93184 15.12570 16.L40088

26490

.34276
.7391L
‘.7876ﬂ
.55468
—.26716 :
.05282

5.18614

10.93184

15.12570
16.40088

14.01640

.25392‘5

-Rh
-R5

.—R6

39.86705_
59.4545k

T7.81853

100.67312

134.61863
124 .47310
98.54596
100.6%312
127.89122
134.61863

léh.h7310

127.89122 |

98.54596

26
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The solution of this matrix yields to the final redundants,

which are,

M7 =  =21,09870
MZO = =18,21344
MSB =  =185,16309
RZ = 0.75500
RB = 1.,02690
R4 = 1.30069
R5 = 0.96060
RG = 0,72632
RB = 0,74075
Rg == 0.98600
Rl@ = 1.25333
Rll = 0.93005
Rlz e 0.70638



CHAPTER VII

SUMMARY AND CONCLUSIONS

T.1. Summary. The application of the flexibility @ethodé to the
analysis of continuous skew plafe"-beam systems is presented. The con-
tinuous structure is isolated into &pﬁrspriéte basic structures, and the
support moments and edge shears are'eeleégéﬁfas the reduﬁdanta. Angular,
displacement and load functions of thg basic structure are introduced
and expressed in terms of the deflection influence coefficients for a
basic skew panel and basic beam. Deformation equations in terms of the
redundants and theaehfunctiona are obtained utilizing ‘the conditions of
éqﬁpatibility of deformatioﬂs over a copéinuous support and between the
plate and the beam. The procedure for the analysis of the problem is out-
lined and a numerical example is included. e '

T.2l Conclgaions. The uaq\of flexibility methods to formulate the
problems of one-way continuous skew plate beam systems permits fhe selection
of moments over supports and edge shears as redundants and affords a sig-
nificant reduction in the number of unknowns in a given problem. The
general technique requires the availibility of tables of influence co-
efficients for basic skew panels. One such table, based on a ﬁhirty-
unit finite difference netwofk, is applied  in this thesis to a numerical
exnmple.‘ Similar tables can be rehdily evaluated by ﬁatrix 1nw;rsign
for other length-width rgtios and angles of skew. If higher accuracy is

required, a finer difference network can be used.
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