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PREFACE

The Laplace transformation has not enjoyed the same popularity
in some areas of engineering analysis as it has in others. In par-
ticular, it is not commonly known that it affords a simple and efficient
approach to the elementary beam problem. In recent years there has
been an increasing number of engineers who have become adept at using
the Laplace transformation in the fields of automation, process controls,
servomechanisms, etc.

In view of these circumstances, it seems desirable that a pro-
cedure, utilizing the Laplace transformation, should be developed for
the analysis of elementary beam systems. The development of such a
procedure is presented in this study as the major objective.

The writer wishes to express his indebtedness and sincere ap-
preciation to the following individuals:

To Professor J. R. Norton for his initial encouragement which

resulted in the writer's pursuance of graduate study, for his com-

petent guidance and counsel throughout the writer's graduate pro-
gram, and for his proposal of a thesis subject that was commen-

surate with the writer's interests.

To Professor E. J. Waller for his valuable instruct'ion in the

iii



writer's first real introduction to the Laplace transformation

and for his helpful advice and suggestions concerning this study.

Special indebtedness and appreciation are due Mrs. Glenna Banks
and Mrs. Dorothy Messenger for their creditable job in typing
this final copy and for their cheerful and cooperative attitude

which made a tiresome task seem enjoyable.

October 6, 1961

Stillwater, Oklahoma : Kenneth H. Koerner Jr.
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NOTATION

Notations employed only in a single article are not, as a rule, listed
below.
~a,b,e,d . . . . . . . Position coordinates of load system

E. . ... ... . . Young's Modulus of Elasticity

F(x) .. ... .. . Loadfunction

f(s) . . . . . . . . . Laplace transform of the load function, F(x)
i,k . . . . . . . . General subscripts

I ... ... .. . . Momentofinertia of area

L . . . . . . . . . . Over-all length
: Mb (x) . . .. . . . . Bending moment at x

M, ... .. . .. . Applied moment

Ml,r M2 etc. . . . . . Reactive moments

‘P, . ... . . . . . . Concentrated load
q « « « « « « « « .« Arbitrarily distributed load per unit of length
Q e « « + o « « « o« Total distributed load
R,»R_, etc.. . . . . Reactions
Sk(X) e « « « « « « . Unit step function at k
Sl'{(x) &+ + « « +« +« +« . Unit impulse function at k
Si{'(x) < « « « « <« . . Unit doublet function at k

V(). . . . . . . . . Vertical shearing force at x
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y (x).

- Y(s).

o(x) .

Centroidal distance

Transverse deflection of a point on the elastic
curve of a beam at a distance x from one end.

Laplace transform of deflection, Y(x)
Symbol for Z [qi Sai(X) -9 Sbi (X)]
Slope at x

Summation where i=1,2,3,...., m,n,p,....
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CHAPTER I
INTRODUCTION

The Laplace transformation was introduced by P. S. Laplace in
1779 (4). It is a linear integral transformation which enables oné to
solve many ordinary and partial linear differential equaﬁons, The solu-
tion is easily obtained without finding the general solution and then
evaluating the arbitrary constants, as required by the classical method,
This results in a savings of time and labor,

The Laplace transformation is the best known form of operational
mathematics, The form as it is known today is the result of extensive
research and development by Doetsch (3) and others.

Beginning in the late 1930%s, the Laplace transformation has been
a powerful toel in the solution of linear circuit problems in the e1e¢~
trical en.gineering field, Only in the last ten to fifteen years has it
gained usage in the dynamics of mechanical and fluid systems. An area
iﬁ which it has not been exploited to the same degree is the analysis of
staticaily loa'aed structural members, It is this area with which the

major portion of this thesis will be concerned.



CHAPTER I
PREVIOUS APPLICATIONS

The more prominent American textbooks on the Laplace trans=«
fofmation, e.g. Churchill (2) and Thomson (13), apply the transform
method to the static deflection of beams and columns. These applica-
tions are simple and few in number. Their objectives are to aid in
teaching the mechanics of the transform and to illustrate its potential
uses.

Other applications of the Laplace transformation to general static
beam and column theory can be found in the engineering literature.

The foliowing»is a synopsis of these articles. For brevity, only the
structures and load systems will be listed. Unless otherwise noted,
all structures have a constant cross section and are loaded transversely.

Strandhagen (12) applied the transform to the deflection of "beam
columns', i.e. beams subjected to axial loads as well as transverse
loads. The general cases were:

1. Simplé beam with unequal end moments and no transverse

loads

2. Propped cantilever beam with a uniformly distributed load



3. Propped cantilever beam with a triangularly distributed load
4. Fixed beam with a triangularly distributed load
5. Fixed beam with a parabolically distributed load.
Pipes (9) dealt with the deflection of:
1. Fixed beams with
a. A uniformly distributed load
b. A concentrated load
c. An applied mqment
d. A concentrated load and on an elastic foundation.
2. Cantilever beam with
a. A concentrated load and on an elastic foundation.
Gardner and Barnes (4)golved for the deflections of a simple
beam with:
1. Two oxl(erhangs loaded by a uniformly distributed and concen-
trated load
2. A uniformly distributed and concentrated load
3. Two unequal spans loaded by a uniformly distributed load.
Iwinski (5) determined the elastic curves for:
1. Single span beams
a. Simple beam
b. Simple beam with an overhang
c. Simple beam with terminal forces and moments
d. Cantilever beam

e. Propped cantilever beam



f. Propped cantilever beam with an overhang
g. Fixed beam
h. On elastic supports

2. Two span beams

3. Continuous beams

4, Continuous beam on elastic supports

5. Beams with variable flexural rigidity.

In each of the gbove cases the beams are analyzed for a general-
ized system of uniformly distributed loads, concentrated loads, and
applied moments.

Wagner (16) investigated the stability of buckling members. The
types of columns covered were:

1. Hinged on both ends

2, One end fixed, and the other free

3. One end hinged, the other guided and hinged

4. One end fixed, the other guided and hinged

5. One end fixed, the other guided and fixed

6. Multisection.

Thomson (14) solved for the deflections of:

1. Simple beams with

a. A concentrated load
b. An applied moment

c. A partial uniformly distributed load



d. An abrupt cross sectional change loaded by a uniformly
distributed load.
2. Cantilever beams with
a. AA triangularly distributed load
b. A narrow slot loaded by a concentrated load at the end of
the beam.
Blanco (1) used the Laplace transform to determine the deflec-
tions for:
1. Simple beams with
a. A uniformly distributed load
b. A triangularly distributed load.
2. Propped cantilever beam with a partial uniformly distributed

load.



CHAPTER III
OBJECTIVES

It can be ascertained from Chapter II that the Laplace transform
has been employed either as an instruction aid or applied in a random
fashion to the analysis of static structures.

With the notable exception of Iwinski (5), there have been no at-
tempts {particularly in this country) to develop and compile into one
text, the basic elements of static structures as analyzed by the Laplace
transformation, - Therefore, the objectives of this thesis are as follows:

Part I (a) The development of a systematic procedure of analysis

using the Laplace transform as applied tov elementary
beams. (Note: Elementary beams will be taken to
include only single span beams with constant cross
sections.) Symbolism and terminology compatible
with backgrounds in systems engineering, i.e., auto-
mation, process controls, servomechanisms, ad-
vanced dynamics, etc., will be used.

(b) The development of general sclutions to elementary
beams that are subjected to any transverse system

of distributed loads, concentrated loads, and applied



moments, {(The load systems are assumed to have
Laplace iransforms.)

Part {1 The investigation, in a general nature, of other mis-

cellaneous topics in the static structures field for
which the Laplace transform method could be utilized.
Part 111 The use of the Laplace transformm method as a basic

tool of analysis in impact investigations.



CHAPTER IV

PART I - ANALYSIS OF ELEMENTARY BEAMS

BY THE LAPLACE TRANSFORM METHOD

4-1 QGeneral

Strength of materials is that science which establishes the
relationships between the external forces, acting on an elastic body,
and the internal forces and deformations which result from these ex-
ternal forces.

A large portion of any elementary strength text is devoted to the
analysis of beams and columns. The fundamental basis for the analy-
sis of these members is the equation of their elastic curves. When
these equations are known, the other pertinent design data can be
readily obtained, i.e.:

a. The maximum deflection

b. The support reactions

c. The restraining moments (if any)

d. The slopes at the supports

e. The distribution of the bending moment and shearing force

along the member

f. The maximum bending moment.



In normal design practice, the bending moment and shearing. force
distribution are perhaps the most important of the above data.

4-2 Beam Equation

The equation of the elastic curve can be obtained from the basic
‘beam equation

(4)

EIY = F(x) (4-1)
where
E = Young's modulus of elasticity,
I = Moment of inertia of area,
Y'(4) = -Fourth derivative, with respect to x, of the transverse
deflection,
F(x) = Load function.

This equation may be found in any elementary strength text. (18).

4-3 Transformation of the Beam Equation

If y(s) and f(s) denote the Laplace transforms of Y(x) and

F(x) respectively, then the Laplace transformation of Eq. (4-1) gives

EI l:s4y(s) - s2v(0) - s2Y' (0) - Y (0) - Y"'_(O)] = #s) .

This expression is then solved for the subsidiary equation, y(s),

Y(0), Y'(0) L Y''(0) Y''(0) 1 f(s)
. + 5 + 7+ 1 + B 4 ) (4-2a)
S 5] v S 5]

y(s) =

Performing the inverse transformation on the subsidiary equation

results. in

2 3 :
-1 _ _ Y''(0)x Y (0)x 1 -1} f(s)
L E’(SE] =Y(x)=Y(0)+ Y'(0)x+ 31 + 31 +-E—I L [3—4——]

(4-9b)
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where the initial boundary conditions are.

Y(0) = Deflectionat x =0,
Y'(0) = Slope at x =0,
1 ..
Y't(0) = BT times moment at x = 0,
1 .
= —— times shear at x =0,

Y (0) =

The boundary conditions which are unknown at x = 0 can be evaluated
from known conditions of deflection, slope, moment, or shear existing
at other positions along the beam.

The general expression (4-2b) yields the equation of the elastic/
deflection curve for any arbitrary elementary beam subjected to any
system of transverse loads and/or applied moments. The solution to a
particular beam will involve the evaluation of its respective boundary
conditions and load function,

4-4 T.0oad Function

‘The load function F(x) is defined as the system of loads acting
on the beam. Distributed loads will be represented by the unit step
function .Sk(x), concentrated loads by the unit impulse function Si{ (x),
and applied moments by the unit doublet function S‘lé(x) .

The load function i.s formulated by use of the following canonical
set of rules:

a. The load function is formed for the region O0=x=1{ ,

b. Concentrated loads, applied moments, or support reactions

occurring at x = 0 are included in the load function. (Note:
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Those occurring at x =4 could be included in the load func-
tion, however, beyond their use in calculating the support
reactions they do not affect the solution for the region
O=x=1.)

The remaining portion of the load function is comprised of
arbitrarily distributed loads, concentrated loads, applied
moments, and support reactions occurring in the region

O<x<f .

4-5 Sign Convention

In a systematic: analysis, a sign convention is necessary for a

uniform interpretation of data. The following sign convention, which is

compatible with most strength of materials texts, will be used.

a.

A right-handed system of rectangular co-ordinates X,Y,Z
will be used. The origin will be taken at the left end of the
beam with the X~-axis coinciding with the neutral surféce and
the Y- and Z- axes taken along the centroidal prinéipal axes
of the cross section. (Note: The origin could be taken at

any cross section of the beam but it is usually most convenient

. to take it at the left end.)

The positive directionh of the
Y -axis (deflection) will be

taken vertically upward. >
+ X
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- The slope ¢ (x) of the elastic
curve at a given point will be
+Y
taken as positive if the rota-

tion of a tangent at that point

is measured in a CCW direc- +¢(x) E.C.

tion with respect to the origin

| 4

+
™

and X-axis.

The bending ﬁoment Mb(x) at
a section will be taken positive -I-
if the center of curvature of the
elastic curve in that region lies
above the curve. (The moments
of upward directed loads will re-

sult in positive bending moments. ) |

The vertical shear V(x) at a

section will be taken positive if' T

the resultant of the vertical loads

‘acting on the portion of the beam + Vv ‘ -V

to the left of the section is upward.

+Y
- The loads F(x) directed upward

will be taken as positive. ¥ AN -
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g. Reactive moments M,, M2 etc. and

applied moments Mi’ will be taken Ml

M.
1
as positive when acting in a CW C 3 :)

direction. -

4-6 Analytical Procedure

As the result of the previous sections of this chapter, a simple
yet powerful tool has been developed for use in analyzing elementary
static structures.

Before continuing further with the formulation of a step by step
procedure of analysis, a few of the possible pitfallé and misinterpreta-
tions of sections 4-3, 4-4, and 4-5 will be considered.

The region 0=x={ will always be defined as the over-all length
of the beam. This will be true even in the case of a multi~-span beam.

In formulating the load function it cannot be emphasized too
strongly the importance of placing the origin at the left end of the beam;
that of including all concentrated loads, applied moments, and support
reactions occurring at x = 0; and the omission of all concentrated
loads, applied moments, and support reactions occurring at x =4 .

By complying with these rules a.considerable amount of time, labor,
and confusion can be saved.

An area in which possible uncertainty may arise is that of deter-
mining boundary conditions. - Since the reactions Telt the left support
(x = 0) have been included in the load function, the initial moment Y'' (0)

~and shear Y!'' (0) will always be equal to zerg

cin Eq. (4-2b), " The value
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of the initial deflection Y(0) and slope Y'(0) will depend on the physical
situation at x = 0, i.e.,, whether it has a support or is an overhang.
If supported, the values of Y(0) and Y'(0) may be known depending
upon the type of support. If they are not known, as in the case of an
overhang, then they must be evaluated from other known conditions of
deflection, slope, moment, or shear existing along the beam.

Recognizing the correct moment and shear conditions at x ={
can sometimes be difficult, especially if the person isn't as familiar
with strength of materials as he once was due to the lack of usage. It
has been found during the development of this thesis that a simple béam
with one overhang, a cantilever beam, and a propped cantilever beam
with or without an overhang are the types with which one might experi-
ence difficulty in determining the conditions at x =£. As a solution to
this problem, the procedure which has been used in the development
of general solutions to elementary beams (section 4-7) is recommended.
It consists of always placing the overhang of the si.mple beam at x =0
and the fixed ends of the cantilever and propped cantrilever beams at
x ={. By doing this, the moment and shear at x =1 is eliminated by
the rule of neglecting concentrated loads, applied moments, and sup-
port reactions occurring at x =4, The values of the deflection and
slope can then be easily determined by inspection.

’Continuing with the development of a systematic procedure of
analysis, it is suggested that the following list of steps be used in ar-

riving at a solution of an elementary beam problem.
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A. List known boundary conditions
B. TFormulate the load function

C. Transform the load function

-D. Inverse transform _}E—lll_ f:;) :l

‘E. Substitute (A) and (D) into Eq. (4-2b)

F. Evaluate unknown initial boundary conditions and reactions
appearing in (E) from known conditions at other positions
along the beam

G. Solve for the final expression of thé elastic/deflection curve,
Y(x)

H. Differentiate (G) successively with respect to x to obtain
other desired data, i.e., slope, ¢ (x) = Y'(x); bending mo-
ment, Mb(x) = BIY'" (x); and shearing force, V(x) = EIY"! (x).

In the next section the above steps and rules will be used to de-

velop a set of general solutions to elementary beams that are subjected
to any transverse system of distributed loads, concentrated loads, and
applied moments. The only restriction imposed is that the load sys-
tems be Laplace transformable.

4-7 General Solutions to Elementary Beams

4-7-1 General Solution of a Simple Beam

A. Boundary Conditions

Y (0)

1]

Y'"'(0) = Y''"'(0) = O

Y(ﬂb )

0
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B. Load Function
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C. Laplace Transforra of Load Fuaetion
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D. Inverse Transform of — ii (*)
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The reaction R.,1 can be determined by statics.
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G. General Elastic/Deflection Curve Equation

El 4
s x=

P -c)’ M. - d)> 1
i i i i .
g S S g SR W
31y 214 j
3 , 3
R.x ) . TP.(x - c.)
___E}‘i‘_ 1 + L 1 __I:iz + 1 1 S (X) +
31 5 ;31 “i
Mi(x - di)2
E At s (x)
91 d;

H. Slope, Bending Moment, and Shearing Force Equations

R ¢~
Y(X) = u.-.._l_'_._ ,__,1.._._ + ..%L Lml [_IJ_B_ +

a. Slope

EI 31 S4

3
P -c) TOMYU -d)>
0 A U s e U .
312 214

«

2 2
R.x E :P'.(X—C.)
1 - 1 d -1 LB i i
El + dx L [—""4’] + "____‘_SCW(X) +
2 S 2 1
% M. (x - d.)S, (x)
i i di

R_?
PYCIE I g S R N
x={




19

b. Bending Moment

2
- 4da -1 _]:‘.‘_[3_ -
M (x) = R x+ —5 L 4:, + E P.(x-c)S (x) +
dx s i

ZMiS di(x)

c. Shearing Force

3
o d -1 LB E :
V(x) = R, + —dx3 L l:——s 4] + PiSci(x)

4-7-2 General Solution of a Simple Beam with Two Overhangs

A
Y
| AP M,
i
q.
i .
01 ‘ - : ‘ /\n-.——- X
_.a.,l R, - "I R \/
i 1 ‘ 2
c1 :
b. >
» i
c. . »
i
cz -
d. .
i
1 —

Fig. 4-7-2. Simple Beam with Two Overhangs
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Boundary Conditions

Y”(O) = YIH(O) 0

[

H

0

Y(cl) Y(CZ)

Load Function

F(x) = Rls(': (x) + RZS(': (x) + z El'iSa.(x) - qiSb'(xa +
1 2 i i
Zpis'ci(x) t Z Misa'i(x)
Letting B = E;.S (x) - q.S (x{l ,
Z ia, i bi

RO) = RyS, (0 + RS, () 4 B 4 > S, (0 + ZMisgioc) .

Laplace Transform of LLoad Function

—cls -—czs _Cis ds
f(s) = R._e + R_e +LB+Zp_e +ZM.sel
1 2 i ;
Inverse Transform of l:f(s)]
(x - ¢ )3 (x -c )
1 -1 | £(s) 1 e 9
EI L 2| ED R1 SC (x) + R2 —_—t Sc (x) +
° 3! 1 31 9

l: ] S (x) +
C.
1
G - d)?
M, — S, (»x)
1 21 d;
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E. - Substituting (A) and (D) into Eq. (4-2b)
. (x - e )’
Y(x) = Y(0O) + Y'(0O)x + — R, ———— S (x) +

EI 1 31 4

(x-c )3 (x-c )3
~R2-————3——S x) + L1 [—If%—:l + E P s (x)+
31 €9 s b3 G
(x - d)°
M, —— S, (x)
1 g d;

- F. Evaluation of Unknown Boundary Conditions and Reactions

= = 1 1 -1 i
Y(Cl) =0 =Y(0) + Y (O)c:1 + o {L [ 4] +
. 5] XEC1

(c,- )’ (c,- d)”
y P, —— S (c,) + M, ——— S, (c )
o3 i RY gl

’ 1
= = 1 —_— P
Y-(Cz) 0 Y(0) + Y (O)c2 + B R1 +

| (co-c.)°
ﬁl[égj +E p—2 1 5 (c) +
. 1 c, 2
s X=C 3! |
2 .
Z (02- Ci)z
Mi "—;——— Sd1(02)
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Solving simultaneously, the boundary conditions are:

(c,-c,)

1 2 1 -1] L8
Y0 = —————{c, R, ——— + ¢, L _ -
(c2 cl)EI 171 31 1 |:s4]x=02

The reactions R, and R2 can be determined by statics.

1
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General Elastic/Deflection Curve Equation
The same as (E) where Rl" Rz, Y(0), and Y'(0) are the

values found in (F).

Slope, Bending Moment, and Shearing Force Equations

a, Slope
3
(c,-c.) ;
(%) = R__._‘_(l:__.)_ﬁ R1 —-3—-——1———-— + L 1 —I—_J—g- -
1 2 3! 8 X=C
2
3
_ (c - c)
—L1 LB + P 2 1 S (c.) -
4 c 2
s x=c1 3! i

2
(x - ci)
Pi ———2—— Sci,(x) + Mi(x - di)Sdi(x)

b. Bending Moment

Mb(x) = Rl(x - cl)Scl_(x) + RZ(X - CZ)SCZ(X) +
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2
% L~1 l_‘%-:l + E P.(x - ci)S (x) +
dx s ! ¢4

E MiSdi_(x)

c. Shearing Force

3
V(x) = R.,S (x) + R_S (X)+_d_L'1[L_B:l +
‘ lc 27¢

1 2 dx

PiSc,(x)
: : i

4-7-3 General Solution of a Simple Beam with One Overhang

| v
T ‘ P_ M
1 i
q ‘
1
0 = . /->-  (P———
__al.l R1 ~-R2
¢y :
b.. -
i
C, g
1
d. P
i
£ »-

Fig. 4-7-3. Simple Beam with One Overhang

a



Boundary Conditions

il
H

Y"_(O) Y''(0) 0

0

i

Y(£)

!

Y.(cl)

Load Function

+

F(x) = Rls‘C (x)

ZMiséf.(X)
i
Letting B = E.S (x) - q.8 (XE] )
Z i ai i bi

Flx) = Rlséi(x) LB+ ZPiSéi(x) + Z Misa’i(x)

Laplace Transform of Load Function

25

, Z [qiSai(x) - qiSbi(x):‘ +ZPiSéi(X) +

—cls ‘ . ~-C.s -d. s
f(s) =-R1e + LB +ZPie ! +ZMise !
1 f(s)
Inverse Transform of L [—8—4
(x -c.)°
1 -1 f(s) | _ 1 1 -1} LB
=L L il R1 SC (x) + L — +
s 3! 1 L s
(x - Ci)3 . (x - di)2
P. — S (x) + M, —— S, (%)
S S | b e d
Substituting. (A) and (D) into Eq. (4-2b)
1 (x - 01)3
= t{ — - -
Y(x) = Y(0) + Y'(0)x + B R, S, (x) +

3! 1



= LB (x -c ) | (x - di)2
P —————S (x) + — S (%)
1 1 21 di

Evaluation of Unknown Boundary Conditions and Reactions

Y(cl) 0 =Y(0) + Y (O)c { '1[”1

(c, -c)®
c1 Cl 1
P, Sc (c1)+ Ml Sd (c,)
3! i 21 i
3
(£ -c,) _
Y(0) =0 =Y(0) + Y'(0) £ +—<R 1 +L1E:_B_]
EI )1 ol
3! s x=

@ -c) « -d,)>
E P —2 + > M —2
! 31 Y

Solving simultaneously, the boundary conditions are:

3
(t -c)
1 1 -1{ LB
Y(0) = ——————= R, — -1 L —_—
© (£ -CI)EI 1 31 [54]x=

26
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..'The reaction R, can be determined by statics.

General Elastic/Deflection Curve Equation

.The same as (E) where Rl’ Y(0), and Y'(0) are.the values

found in (F).

-Slope, Bending Moment and Shearing Force Equations

a) Slope

27

) = Y0 + 2 R —2-§ (0+ — L7 E@-:]Jr

b) Bending Moment

o _-1[L8
M, (x) = R, (x-¢,)S (X)+d L [4]*
b 1 1" "¢

. 1 dx
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ZP. (x-c.)S (X)+ZM.S (x)
i 1 ci A 1di

c) Shearing Force

3
V(x) =R, S (x) + d_ th L8 + P.S (x)
1 ¢ 3 4 . ie,
1 dx s v 1 -1

4-7-4, General Solution of a Cantilever Beam

Y

[ " M, L
q. /

1 .

ot A N C
\'/ -
_.al L~
b. . ,
1
C, )
1
d. P
1
) —

Fig. 4-7-4. Cantilever Beam

A. Boundary Conditions

Y!''(0) = Y'' (0)
Y(£) =Y'()

H U
o

B. Load Function

F(x) = Z [qiSai(X)_ - qiSbi.(x)] + Z PiSéi(x) + Z MiS:i'i(x)



29

Letting B = Z [qisa (x) - qis]O (x):]
i i

F(x) = B + Z P.S! (x) + Z MS! (x)
i i

Laplace Transform of Load Function

-cC.s ~-d,s
fs) =L+ » Pe ' > Mse !

1 f(s)
Inverse Transform of EI |:S4

3
(x -c,)
1 -1 [f(s)]. 1 -1{ LB 1
& L [‘Zilﬁ% |:_4:|+§Pi S, ) #
s s 3! i
_ (X_di)z ,
M, ———— S, (x)»
Y d;

Substituting (A) and (D) into Eq. (4-2b)

'. , _ (X_c)3 '

&t L—B—-]+g p—L1 s (x)+
4 R | c,

o s : 3! i

Y(x) = Y(0) + Y'(0) x + 'El_I

. Evaluation of Unknown Boundary Conditions and Reactions
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Y = 0 = 1 _}_ -1 _I:‘_'B_
Y()=0=Y(0)+ Y'(OM + EI{" [ 4:|‘ +
s
x={
£ - c.)3 @ - d_)2
’ p —1 & M, ——
Y3l Yoog

! = =Y! —<{ |— —
Y'(£) 0Y(0)+EIdXL l4| +
S x={

(2 -c.)2 o PR
E- p, — >+ E M. (£ -d.)
1 2 1 1

Solving simultaneously, the boundary conditions are:

1 {fa -1L8 € - °i>2 '
Y(0)=—ET — L, [—:I +ZP.———+ZM.(£—d.) 4 -
X 4 i i i
s ={ 2
3 2
£ --c,) (¢ -d)
L %B— + ) P, ———— + M, ———
E s |x=t Y3 Lo
2
' _ (£ -c,)
Y'(0) = - Elf ‘ad; Lt l:%:l +ZP1—1 +ZM1(£ - d)
s p 2

G. General Elastic/Deflection Curve Equation

i

i

The same as (E) where Y(0) and Y' (0) are the values found in

(F).
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H. - Slope, Bending Moment and Shearing Force Equations

a) : Slope

. . (x - c, )
¢ (x) = Y'(0) + Bl d :l Z — 8, (X)+
ZMI(X - Fii) Sdi(X)

~b) Bending Moment

2
M (x) = 2 7t [—I:B-:l+ Zp_ (x-c)S (x)+
b 2 4 i i’ "¢,
dx s , i
ZMi Sq,
1

c) - Shearing Force

Vix) = —d—3 [LB] Zp S (%)

4-7-5. General Solution of a Propped Cantilever Beam

P, Mi
.
0 ¢ _/\-;rx
N
R1

Fig. 4-7-5. Propped Cantilever Beam
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Boundary Conditions
Y(0) =YY" (0) =Y'"'"(0) =0
Y£)=Y'(2) =0

Load Function .

Lettmg B = Z Ei Sa (x) - q; Sb. (x:)]
i i

F() =R, S! () + B+ Z P, S! (x) + Z M, S} (x)
: 1

1

Laplace Transform of Load Function

' -C,S , -d.s
i(s) =R, + LB+ Zpie oo Z M,se !

1 ] f(s)
. - Inverse Transform of El S4 ]

3 3
R, x , (x-c)
1 -1[%(s) 1 )™ -1 Lg i
Bl " I:T] EI L [4]’“ Zpi“—”—sc.‘X)+
s 31 s 31 _
- M,———— S, (x)
Y d;

Substituting (A) and (D) into Eq. (4-2b)
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R.x C(x-c)®
Y(x) = Y (0) x + —md—— + L'l[—LB:'+ g P —5 (0+
El 4 i c.
| 3 s o i

3 3
R 1 _ @ -c,)
Y(;g)=o=Y'(0)Je+i 1 +L1 -E§+ P, ———— +
EI ‘ 4 i
31 S 31

x=4

- Solving simultaneously, R1 and Y' (0) are:

o3 ), [a e Cot[Le

Ry=- w59t |x L [4] L I:-z:l +
_ 4 s x={ s X=

3

(1-c £ -c,)
P, - P, —2 4+ 2 M. (¢ -d) -
1 3‘ | 1 1
Z (I—d

1

M,
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General Elastic/Deflection Curve Equation

The same as (E) where R1 and Y' (0) are the values found in

(E).

Slope, Bending Moment and Shearing Force Equations

a), Slope

R._x
1 d -1
600 = Y1 (0 + g+ g L l:%{l*

2
(x - c.)
P, —=— 8 (x)+ M, (x-4d,)S, (x)
! 9 ci i i di

~b)  Bending Moment

2
M, (x) = R,x+ i’z‘ ! l:%:l+ E P (x-c)S, (x) +
dx S i
-;- .Mi-Sd. (x)
1
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c) Shearing Force

3
V(X)=R1..+ d3 L'1 l:-l—‘%:]+ E P.S  (x)
1 C.
dx S i

4-7-6. General Solution of a Propped Cantilever Beam with an Overhang

\
Y
| e }p M
q i i v
‘ e
i /—\ %
0L ; 1 /'—.—-—.X
| *‘ NS
. a. R ; L~
1 1
“1
b. -
i ‘
) Cl ‘ 41\
d, o
i
Y .

Fig. 4-7-6, Propped Cantilever Beam with an Overhang

A. Boundary Conditions
Y'"(0) =Y'"""(0) =0
Y(Cl) =Y()=Y'(4) =0

B. Load Function
= St - ' ! ’
CRUEACE Z Ei 5, 0 - Sbi(xﬂ - ZPi s, @+

2 Mi S‘li'i (%)
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Letting B = Z Eli Sai(X) - q, Sbi (xﬂ

F(x) =~Rls;:1 (x) + B + Z PS8! (x)+ Z Mi,szi'i (%)
1 .

Laplace Transform of Load Function

c,S

- 1 —cls - . =d,s
f(s) ='R1e' + LB+ z Pie + Z M.ise~1

1 [ £(s)
Inverse Transform of Bl [34 ]

: 3
(x -c,) -
1 -1 [fe)]. 1 1 -1 L8
3 [ & {n 0 s et [H]
s 31 1 \ Ls

x - ¢ (x - a)”
P —1 S (x)+ M, ——— S ()
Z o3l | Z g 9

. . Substituting (A) and (D) into Eq. (4-2b)

1 (x - 01)3
Y(x) =Y(0)+ Y'(0) x+ =— (R, ——— S8 (x)+ L
EI 1 3] ¢y s

(x - C.)3 ' (x - d.)2
Zpi——-—‘l——. S (x)+ Z M, ——— 5y &
31 Cj AR Y i
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F. Evaluation of Unknown Boundary Conditions and Reactions

Y(e,) =0 =Y(0) + Y'(0) o, + ELI{L“l[L_f .
. S X=¢1

: : (c, -c,) - (c -d.)2
1 i 1 i

Pi _ SC '(cl)+ E Mi____—‘sd (Cl)
3! i 21 i

3 |
(£ -c;)
Y() =0 =Y(0)+ Y'(0) £ + — {R _.___L_+L'1E:§_] +
EI ) 1 Z
31 s’ Ix=

U -c) s @ - d)
P, ——— + M, ——
o3y L9
2 .
@ -c,)
1 1 d _-1[LB
! = = Y! —_ —_—— —_— —_ ;
Y'(L) =0 =Y'"(0) + Bl R1 tlgx L [:4] +
: 2. s X=f
o - c.)z .
P L 4 M. (£ -d.)
1 i i
2 J
Letting
3
(c, -c.)
1 -1{ L8 E 1 i
Kl * 5 L 5 + Pi S .'(Cl)+
S X=Cl 3‘ i
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- Then
! = -
Y(0) + Y'{(0) c1 K1
(£ - 01)3
Y(0) +Y'(0) £ + Rl _— = - K2
31 EL
w-cp)’
Y({0) + R1 —_— =-==K3
2EI

‘Solving by Determinates; Y{(0), Y'(0), and R1 are:



-K1 c1 0
« - cl)3
—K2 . _—
3! EI
(L - cl)2
2EI
Y(0) =
1 c1 0
e - cl)3
1 2 ———
3! BI
(£ - 01)2
0 1 —_—
2EI
1

= —_— e | + - -
5 "01) _3 chl K301 (c1 1) K1 (24 + cl)]

3
{2 -c)) ‘
1 -1 LB \ i
= . 3 L —_— + P —— +
2 - 4 i
( cl)EI c, [s :| = E ‘ i 31

@ -d)?
‘ M____l_ +
]
2
: Z (L -c,)
_ d -1 | LB i
c, (c1 2) = L [T:l | + Pi‘———-———-—
s X= 2




Y' (0)
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1 ~K1 0
« - °1)3
1 -K2 —_——
3! BI
(£ - 01)2
0 -‘K3 —_——
2EI1
3
(L - cl)
3EI

1

T e .[:3 K -3K,+K, —cl):l

| (c, - 0)3

1 -1 LB 1T
- 3L | = | + E P, ——— S (c,) +

2(4 gl)EI { s4:| i 31 ci 1
' X=C
9 1
; : (ey - d)
M, —— 8, (e,) -
i 21 ‘ di 1
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3 9
_ £ -c.)) (£ -4d.)
Lt —Lf + P, — 4+ M, - +
s x=l z : Loog Z : Lo

| | 2
® -c,)
- d -1 { LB |} : -1
‘“%’{(’& L [T:D ¥ E .
S x=l ) 2
E M, (£ -d.)}
i i

1 c1 -K1
1 i K,
0 1 Kyl mK ARy +Kgley - L)
fLoT -c) IR
Al | 1
3EI 3EI
3
- (c, -c,)
= 3 1 4+ P. 1 = S (c.)+
(£ -c ! 31! i
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General Elastic/Deflection Curve Equation

The same as (E) where Y(0), Y'(0), and R1 are the values

found in (F).

Slope, Bending Moment and Shearing Force Equation

a) = Slope

2
(x - c,)
= Y! L v 4 -1 LE
¢ (x) = Y'(0) + N R1 ; Scl,(x) + e L 84]+

2 .
(x -c,) '
E P, —>— S (x) + E M, (x -d,)S. (x)
i C. i 1" d.
2 1 1

b) Bending Moment

1 dx2

ZPi_(x - ci) Sci (x) + Z Mi Sdi,(x)

c) . Shearing Force

3 1L E
V(x) =R, S_ (x)+ ‘dT L l:ﬁBL—:lJf P, S, (x)
1 dx S 1

, |
M, (x) = R, (x-c))8_ (x)+ 4! [_L_f_] +
s
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4-7-7, General Solution of a Fixed Beam

‘Y
N ™ P, M -
N , q. e
0\ . ‘ . /—\ - y
~N / .~
N . \l_/ -
N e ; L~
A—__ b., ————— A
i
; c >
R]. 1 R2
d, —
1.
Y -

Fig. 4-7-7. Fixed Beam

A. Boundary Conditions

Y(0) =Y'(0) =Y'(0) =Y""(0) =0
Y)=Y'(£)=0

B. Load Function

F(x) = Ri Sg (x) + M1 S“O“(x) + Z Ell Sai {x) - qi Sb, (xﬂ +

1
ZPiSé, (x) + Z M, ST ()
1 v 1
: Letting B = Z [qi Sai_(x) - q Sbi -_(X)]
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FG) =Ry S0+ MY ()4 Br Pfqﬁ‘”*'ZZ:MiS%(”

Laplace Transform of Load Function

-c.S v ~-d.s
f(s) =R, + M;s + LB+ Z P.e S ZMise !

1 [f(s)
Inverse Transform of —E—ﬁ :4—

2

f(s -1 LB
+ L = |+
(x - c,)° (x - d,)>2
P. i i
{ — 2 — 8 (x)+ M, ——— S ()
z : 31 3 , g i

Substituting (A) and (D) into Eq. (4-2b)

1 Rlx M x -1 (x - c. )
Y(x) = EI -+ + L [ ]+z :Sc (x) +
31 .
(x - di)2
M, —— S (x)
Z : Y9 d;

Evaluation of Unknown Boundary Conditions and Reactions
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1- R1£3
Y{) =0 = EI +
: 31
“ -c,)
P,
L g
1 Rlzz
1 - =
Y'(£) =0 B,

£ - ce)
g p, — > + E M, (¢ -d,)
1 2 1 1

. Solving simultaneously, R1 and M1 are:
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< < e - d.)2
Z,M. “-d,) - 2.- M, —
1 1 1 2‘

.- General Elastic/Deflection Curve Equation

The same as (E) where R, .and M, are the values found in (F),

1 1

Slope, Bending Moment and Shearing Force Equations

a) Slope 9
R x

1 1 d -1 LB
¢ (x) = oh 5 + M1x+ = L I:T:l+
s
' (x - ¢)° :
E Pi ——— Sc. (x) + E Mi_ (x - di‘) Sd‘,(X)
2 i , 1 ,

b) Bending Moment

2
_ d 118
IV[] ~R1X+ M1+ -3 L [—‘Z—]-i-
dx S

ZPi (x - Ci') Sci(x) + z Mi Sdi(X)

c¢) . Shearing Force

V(x) = R +——-L—1‘: ]+ZPS (x)
d .
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- For convenience in solving elementary beam problems, the
generalized equations of deflection, slope, moment, and shear for the
preceding seven elefnentary cases have been summarized into handbook
form and placed in Appendix A,

As a companion aid, Appendix B contains the Léplace transforms
and inverse transforms for several of thé more common distributed
load systems. - When the B factors are more complex than those con-
sidered, the principle of convolution can.be used to obfain the inverse
transformation of [%] . This .method will hold even when the func-
tions are so ’complexsthat no formula is available for the analytical in-
tegration of the convolution integral, since the convolution. of tWo func-
‘tions can be evaluated graphically or numerically. In this form, the
electronic computer can be used to facilitate the soiution..

In addition, a numerical example has been worked out for a
‘simple overhanging beam and is found in Appendix C. This example
has been solved by three methods. A classical method (such as area-
moment), théiprocedure of section 4-7-2, and ‘the. summarized results
of Appendices A and B. The object was. to illustrate the use of the for-
mulated procedures and to determine the time advantage, if any, over
classical rﬁethods.

The times involved to compute the deflection at x = 11 ft. were:
35 minutes by area-moment;. 29 nﬁnutes by section 4-7-2; and 25
minutés by Appendices A‘ and B. . The additibnal time required to find

the deflection at another point was found to be an average of 5 minutes



48

by either section 4-7-2 or Appendices A and B, whereas the area-
moment method required approximately the same amount of time (35
minutes) as the first point. From these results, the .t-ime advantage
over classical methods is apparent, especially when additional values
are required,

Using the procedures of section 4-7-2 and Appendices A and B,

the times required for a complete general analysis (i.e., deflection,
. slope, moment, and shear equations) were also determined for the
example problem.. The times were 28 and 23 minutes, respectively.
In addition, an average of five minutes each was required to evaluate
the deflection, slope, moment, and shear at a point on the beam.

In surﬁmary, the specific advantages of the Laplace transform

method over classical methods in the solution of elementary beams are:

a. The ease with which complex load systems may be dealt with.

- The more complex the function is, the\ greater the advantage
becomes.

b. - The capability of being able to write the solution as one equa-
tion for the entire span, thereby redlucing,the number of ar-
bitrary constants to be determined.

c. The reduced solution.times involved for specific values of
deflection, slope,,’ moment, and shear at a particular point.
As the number of points increases, the time saved increases

considerably over classical methods.



CHAPTER V

PART II - ANALYSIS OF CONTINUOUS BEAMS

BY THE LAPLACE TRANSFORM METHOD

5-1 General

The general procedures for the analysis of elementary beams
were developed in Chapter IV. It will now be shown that these same
|
rules and procedures apply directly to the analysis of continuous

(multiple span) beams.

5-2 General Solution of a Two Span.Simple Beam

“Y

el

Rl bl - R2 'R3
Cz ;:l
C, S
1
d. -
1
/] .

Fig. 5-2. Two Span Simple Beam
49
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Boundary Conditions

Y(0) = Y'*(0) = Y'''(0) = 0
Y(e,) = Y() =0

Load Function

F(x) =R S () + R, Séz(x) + Z [qi Sai(X) - q, Sbi(X)] +

Z P, Séi(X)+ Z M, S:j'i(x)
Letting B = [q.-S (x) - q.S (X):l
Z L ai i bi

F(x) .=R18(') (x) + RZ--S'Cz_(x) + B+ Z Pi S(‘:i (x) +

Z Mi.Sé‘i (%)

Laplace Transform of Load Function

—CZS -C.s ; "’d,S
f(s) =R, + R_e + LB+ P.el + Mdsel
1 2 i ;
Inverse Transform of E_ll _f(:)
s
3 3
)

EI 4 -EI ‘ 2

: be (x -c
R [E-] e S
s 31 31 )



[: :‘ '¢S (x) +
C
-y
M, —— . S (x)
Z g 4

- E. Substituting (A) and (D) Into Eq.. (4-2b)

1 rRlx3 (x - c2)3
Y(x) = Y'(0)x + = + Rz—————. S (x) +
31 31 9

(x - c,)°
71 |:L—BJ+ E P, ——15 (x)+
4 i c,
| ) 31 R |
E; - a)’
M, ——— .S . (%)
Y d

¢ F.. Evaluation of Unknown Boundary Conditions and Reactions

R
= 1 —
Y(c_z) 0 =Y'(0) ¢, + B —_—t 1 l :l e,

o1

(c_-c,) : ~-d )
ZP. —2 1y (e Q)+ M. ——2————.sd. (c,)
P ) i _ Yoo i

.

EI | 5 2 g

w-c)l - a)>
p._____l_;+ M,——L—
b gy SR Y

| R4 u -c )
Y() =0=Y'(0)M¢ 4 1 + R '1 [LB]
=f
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Z M, =0 =R+ R, (L -cy)t Z Q; (- %) +

ZP..(z-c;H Z M,

i i’ - i

- T (c, -c,)

Letting K = L1 ] _114@ . E P, ——2————1——8 (x) +
' , 1 s ,x-,=c2 . ‘ _1 3! (.:i

2

(c ‘-d.')" o :
E M 2L s ()
oo S
| | 5
. _ N “-c)
K2'~.=L1 —Iif- i E P,
\ s |x=t L ' 3
w-a)?)
Yoot

X, = {ZQi .(I—?i) + Z .Pi (@ -c)+ Z Mi}

And s.olving these. equatioﬁs by .dét»erihiﬁat\es; Rl’ Rz, and Y' (0)

are:
K ! 3 =)
3 L K +K, —2—

1 1_((;2).(1 -02) 024 |  2  3: _ 6

w
1

"R =__~3___ .._,J_.+K +:'—?-§- Ec )2-12
2 c 2 6 2"
CZ'(I‘-Cz) 2 T , :
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Y'(0) = Kt |¢-c) -2 +
2E1 (c2)2£ @ -c,) 1 [ 2 J

s (ep’u-c)’
K, (e - K, =

. General Elastic/Deflection.Curve Equation

R_, and Y'(0) are the values

The same as (E) where Rl’ 9

found in (F).

. - Slope, Bending  Moment, and Shearing Force Equations

a)  Slope

¢ (x) = Y'(0) + —

2

_ (%7 0:)°
%Ll% +ZP1—-————-—S (x) +
s 2 Ci
ZMi (x - di) Sdi (x)

b) = Bending Moment

M (x) = R x+ Ry (x=c)S_ (x) + — L'l[—%ﬁ—] +



o4

Zpi (x-eps, 09+ Z M, Sy (9

¢) : Shearing Force

' 3
Vix) =R, + RS (x) + _91___ L 1 |:£'E:|+ E P.S (x)
' 1 2 ¢ 3 4 | i ¢,
2 dx s i

5-3 General Solution of a Two Span Beam Fixed at One End

b ¢

AVAVANANANAN

Fig. 5-3. Two Span Beam Fixed at One End

A. Boundary Conditions

Y(0) =Y'(0) = Y''(0) = Y''(0) = 0
Y_(cz) =Y({) =0
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B. Load Function

1 = ! 1 1
F(x) =R SO_(x) + R, S (x) + M, 80 (x) +

! 2

Z Ei sai<x), -q, Sbi (x)] + z P, s;:i (x) +
ZMi S'éi (x)

Letting B = Z [:qi« S{=1i (%) - q Sb. ‘(X):|
‘ 1

F(x) =R, S, (x) + M, vs"(; (x) + R, s'cz(x) + B+

Z P S, () + Z M, S, (0
1 1

C. Laplace Transform of Load Function

-C_.S

-C.S
f(s) =R +Ms+Re2 + LB + Pel + M.se '
1 1 2 i i

.D. Inverse Transform of 1 &S’—)
: EI S4
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(x-c)® |

! [Pﬁ—:]Jr g P — 1§ (x) +
4 i c.
s 31! i

- E. Substituting (A) and (D) into Eq. (4-2b)

3
{ Rlx3 Mlx (x - 02)
+ R, —m——— Sc (x) +

31 21 3! 2

3 2
_ Z (x -c,) Z (x -d,)
L L ————L;B:l + P, ——— 8 (x) + M, — 5 (x)
i c, i d,
s 31 i 21 i

F..  Evaluation of Unknown Boundary Conditions and Reactions

3 2
R.,c M.c
2 EI 4
31 21 s X=C
2
2
(c2 - C.)3 , (02 -d,)
E P1 L S (02)+ Mi Sd (c?)
31 i 21 i
. R1£3 Mlz2 T, -02)3
Y) =0 = 1 : + + R2 +
31! 21 31
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DM, O =R F M +R, U -+ > u-w)

Z P Ut -c)+ Z M,

Rl’ R2 and M1 can now be solved from these equations by
determinates similar to section 5-2 (F). Likewise, the gene‘ral
elastic/deflection curve slope, bending moment, and shearing
_force equations can be obtained and, thérefore,» will not be

carried out in detail in this section.

5-4 General Solution of a Three Span Simple Beam

"Y

Fig. 5-4, Three Span Simple Beam
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A. Boundary Conditions

Y() =Y""(0) =YY" (0) =0
Y(c2) = Y(CS) =Y (£) =0

B. Load Function

F(x) =R S (x) +R, 5'02 (x) + R, s'03 (x) + z Eisai<x) -

o5, (x)] £ P, G Z My sy 00
Letting 8 = 2 [qi Sai (x) - 9, Sbi (X):I

F(x) =R, S. (x) + R, s‘02 (%) + R, s'03 (x) + B + Z P, s'ci (x) +

Z M, S'éi (x)

C. Laplace Transform of Load Function

“CZS _C3S -CiS
f(s)=R1+R2e | +R3e + LB+ Z Pie +

~-d.s
Z M. se !
i



D.

. E.

F.
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Inverse Transform of 1 [1ls)

EI 4 :
. S

1 -1

Bl T [

3 3
‘R,x (x ~c.)
f(:) =]_£:}f L +R2—————2——S (x) +
s 31 31 €9

(x - c,)

R 3 S  (x)+ L—1 ”“—Lf +
31 €3 s

Substituting (A) and (D) into Eq (4-2b)

1 R1x3 (x—c-2)3
,Y(x):Y'(O)x+E—I- +R2—————-S (x) +
31 31 )
3
(x - c,)
R3 —-—-3—» S (x) + L 1 L—f— +
31 €3 s

(x - ci)3 (x - di)2
ZP.—-—'———S (X)+Z M'——_Sd (x)
13y i o9 i

Evaluation of Unknown Boundary Conditions and Reactions

R.c
1 12 -1{ LB
=0 =Y —_— —_— —_— :
Y(cz) 0 ‘Y (0)cz+ Er + L i +
; 3! s x=c2



1 1
= = ! —_
YU)=0=Y'(0) £ + =1 . 9

3 3
(€ -c,) - (€ -c)
Ry R LN e DT
31 s | x=t gy

@ -dy®
M, —
g

ZM_ =0=R4 |
"x= 1 +R2(£ 02)+R3(£ 03)+

ZQi(ﬂ-ii)-i- Z P (L -c)+ Z M,

60
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From these equations, R,, R_, R, and Y'(0) can now be

17 72 3
solved by determinates similar to section 5-2 (F). Likewise,
the general elastic/deflection curve, slope, bending moment,
and shearing force equations can be obtained and, therefore,
will not be carried out in detail in this sectioﬁ.

These solutions for two and three span beams prove the applica~-
bility of the method. They also indicate a practical limitation concern-
ing continuous beams. That is, for every n spans there are n + 1
simultaneous linear equations with numerical coefficients to be solved.
- When the number of spans are few this is a reasonable task, When the
number increases, the method ceases to be an.efficient method of ana-~
lysis for continuous beams.  Further treatment of continuous beams

will not be considered here.



CHAPTER VI

PART II - BUCKLING OF STRIPS BY END MOMENTS

When a strip of constant rectangular cross section is subjected
to end moments about the short principal axis of the cross section,
lateral buckling may occur. The value of this moment may be much
lower than that found by ordinary flexure theory,

The differential equation expressing this type of failure (8) is

s . Mg (6-1)
dx2 EIuJeG
where

[) = Angle of rotation of cross section from initial position

x = ILongitudinal axis of strip

M = End moment

Iu =  Moment of inertia about the long principal axis

e - 1/3 Z c’3d, equivalent polar moment of inertia
G = Modulus of rigidity,

The solution of Eq. (6-1) for the critical moment, Mcr’ is ob-

tained by the Laplace transform method as follows,
Letting k™ = TG and taking the Laplace transform of
u e
Eq. (6-1) the following expressions are obtained.
62



526 (s) - s8(0) - 8 (0) - k2é(s) = 0

s®(0) + ®'(0)

¢(s) =
s2 +k2
Since @(0) = 0, (6-2b) becomes
81(0)
¢(s) —_—
s2 + l«:2

Taking the inverse transform of (6-2c)

o(x) = @'(0) -11; sin kx

63

(6-2a)

(6-2b)

(6-2c)

(6-3)

From the initial boundary condition &(¢) = 0 the solution to (6-3) is

found.
1,
o) =0 =3810)  sin kg

®1(0) = 0 is discarded as a trivial solution, therefore

k{f = nm,(n=0,1, 2, ...) (6-4)
is the solution,
1\/[2
Substituting k = FLJ C into (6-4) the least or critical
ue
value M _ is found to be
cr
[E1J G
M . T u e (6-5)

cr Ji



CHAPTER VII

PART II - MISCELLANEOUS INVESTIGATIONS USING

THE LAPLACE TRANSFORM METHOD

7-1 General

In addition to the types of structures considered in the previous
chapters, the following items have been investigated in a general man-
ner to determine the applicability of the Laplace transform method to
their solutions. The findings have been briefly summarized, expressing
the relative merits of a‘dditional detailed study and development.

7-2 Columns

Thomson (13) and Wagner (16) have made extensive use of the
Laplace transform in the analysis of columns. They have considered
the centrally loaded, constant and multiple cross section column with
the usual types of end conditions.

. The investigation proved the Laplace transform could be extended
to.eccentrically loaded, constant cross section columns, the results of
which yielded the well-known. '"secant formula'. With the exception of
multiple cross section columns, it was concluded that the Laplace
transform method has no outstanding advantage over other methods of

analysis.
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However, in the related area of "beam column'' analysis, the
Laplace transform can be used to develop an efficient and powerful
procedure of analysis. Strandhagen (12) has laid the basis for this
method. He applied the transform in determining the deflections of
single span, constant cross section members that were subjected to
various kinds of distributed transverse loads and to axial loads. The
development of a method similar to that for elementary beams should
be possible, i.e., a set of generalized solutions for the various types
of beam columns loaded by any system of distributed loads, concen-
trated loads, and applied moments over any portion of the span.

It was concluded from the investigation that an extension might
also include continuous beam columns, singlle and multiple span beam
columns on elastic foundations, and beam columns with multiple cross
sections.

7-3 Dead Load Deflections

Bridge beams and similar structures are usually cambered to
compensate for dead load deflections. To determine the amount of
camber, it is necessary to know the deflection values at many points
along the span or spans.

- In the case of a constant cross section beam, regardless of the
number of spans, it was found that the method developed for elementary
beams is ideally suited, for fhis task, over the classical methods. Be-
‘sides knowing the kind and amount of dead load, the only additional in-

formation required is either the moment or reaction values at one
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support as determined by other methods, Knowing either of these
values, the deflection can be easily computed at any point in any span
of the beam.

7-4 Frames, Grid Structures, and End Fixity

The general nature of the investigation revealed little of im-
portance in the application of the Laplace transform to the analysis of
these items. However, the existence of important applications should
not be excluded on the basis of this preliminary study.

In general, these fopics are quite similar to section 7-3; that is,
once an end condition (reaction or moment) is determined by other
methods, the procedures in Chapter IV can be used to determine the
values of deflection, slope, moment, or shear.

7-5 Flat Plates

The literature survey indicated the feasibility of using the Laplace
transform method in the analysis of flat plates. References (6), (10},
(11), and (17) were the only ones found pertaining to the solution of
plates by the Laplace transform. Since three of these have been written
in approximately the last year, it is reasonable to assume that this is
an active area of development for the transformation.

An extension that is readily apparent would be the development of
an analogy or direct relationship between the analysis of a flat plate,

. by the Laplace transform, and that of a grid structure. Additional ex-
tensions may be possible to slightly curved plates, thereby allowing

the analysis of shell structures.



CHAPTER VIII

PART III - IMPACT ANALYSIS USING THE

LAPLACE TRANSFORM METHOD

8-1 General

When an item, be it a machine, household applicance, or guided
missile is to be shipped via a commercial or military mode of trans-
portation, one of the primary factors in its design criteria is the "G"
factor.

This ""G" factor is the maximum or peak acceleration to which
the item may be subjected to while in transit or during handling and
loading operations. It is used in the design procedure either as a
"factor of safety" or as a "'limiting factor''. As a factor of safety it is
used to determine the design load or working stress for the structural
elements of the item. In those cases where the strength of the ele-
ments is limited by space, size, materials, and other criteria, the
"G'" factor is used in the design of a shock mitigating system which will
limit the maximum acceleration to the required safe level.

Although easy to define and use, the ""G'" factor is difficult to com-
pute due to the many variables and parameters on which it depends. In

- some designs the "G'' factor can be assumed. The assumption is
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based on past experience resulting from trial and error methods.
Otherwise, it must be determined analytically and verified by a mini~-
‘mum number of sifnulated tests. The two most common methods of
simulating the impacts and shocks which an item is likely to encounter
are the drop and inclined-plane tests. The size and weight of the item
usually dictates which method will be used. - the smaller and lighter
items being dropped while the larger and heavier ones are tested on
the inclined-plane. The drop test is the more common of the two du;e
to its simplicity and lack of requirements for special equipment and
facilites as in the inclined-plane tests.

It will now be shown how the Laplace transform method can be
used in analytically determining a "G'" factor which can be verified by
instrumented drop tests.

When an item is to be shipped it is usually packed in a shock
mitigating system and placed inside of a shipping container. For the
purpose of analysis this mechanical system .can be idealized by a sys~

tem of spring-mass components as follows:

m, l <
% ]:«:1 | 1
m2 <
3k ?
2
where m
m1 = the mass of a structural element of the item
kl- =  the inherent elastic property of m,
m = the total mass of the item
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kg

1

the spring rate of the mitigating system

m the mass of the shipping container.

3

The mass m, is usually very small in comparison to m,, therefore it
will be neglected in the analysis. The shipping container will be as-
sumed rigid and to have little or no deférmation between it and the
floor upon impact. Also, no rebound is assumed for the container,.
The static deﬂection ng/kz is usually very small with respect to the
dynamic deflection and therefore it will be neglected.

The restoring force k can be either linear or nonlirear..

2*2
- However, nonlinear is by far the most common in actual design practice.
For the analysis of a linear system with and without viscous damping,

the reader is referred to Thomson. (13).

8-2 Impact Analysis for Cushioning with Cubic Elasticity

Cushioning which has a small amount of nonlinearity can easily
.be represented by a load-displacement function of the type F(xz) =

3
+
_I‘Xz

koX2 where ko is the spring rate that would exist if the elas-
-ticity was linear and r is a parameter associated with the degree of
nonlinearity. Although the Laplace transform method is not applicable
to the solution of nonlinear differential equations, it can be used to good
advantage with the perturbation method to obtain an approximate solu-
tion when the value ofv r is small., This procedure will now be shown.
The equation of motion for this type of cushioning system with r

positive and damping neglected is
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. .3
sz2 + k0X2+ rX2 =0 (8-1)

with the initial conditions

= ! = =
X20 (0) = 0 and X20 (0) AO 2gh .

- Equation (8-1) can be rewritten as

}-. 2 3 -
?X2+on2+aX2 =0 {(8-2)

/k
where wo = }—ng , the natural angular frequency if nonlinear terms
2

are missing and o = o isa positive constant. A solution for Egq.

2 2

(8-2) is of the form X2(t) = X20 (t) + o X21 t) + o” X__ (1) - (8-3)

22
- where the subscript 20 is the generating solution and 21 is the first-
order correction term énd 22 is the second-order correction term.

- No powers of a greater than 2 will be retained. Also, since the
solution will be oscillatory it will be necessary to assume

w2 = wz + ab, (A) + afzb (A) (8-4)
o} 1 2

~ where A 1is the amplitude and w is the actual fundamental frequency
of oscillation, and bl (A) and b2 (A) are functions of the amplitude A.
This assumption is necessary in order to be able to remove secular
terms (oscillatory terms having an amplitude increasing indefinitely

with time) as they arise. Equation (8-4) can be rewritten as
2 2 2
w, =W —abl(A)-abz(A)

Equations (8-3) and (8-4) are then substituted into Eq. (8-2) resulting

in
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X +ooX +a/2§i +w2X +a/w2X +a/2w2X -

20 21 22 20 21 22
2 2 3 2.2 _
a/b1X20- o b1X21 o b2X20 + a/X20 + 3¢ X20 X21 =0

where no powers of o greater than 2 have been retained.

Equating like powers of o the fo.llowing equations are obtained:

0 - 2

@ Koyt w Xyg=0

1 . 2 3

a Xy +tw Xy =biXon - Xo

X X o+ 0K =b.X.. +b.X -3% X
22 22 = 2121 T Pofap 20 21

Using the Laplace transformation these equations can be solved in the
following manner to obtain the approximate solution to Eq. (8-2),

- The generating solution is found from

o 2
X2O+ w X20 =0

Taking the Laplace transform

52X20_(s) - 8, (0) - X} (0) + w2X20 (s) = 0

20
By substituting in the boundary conditions

= ' = =
X2O'(O) 0 and XZO (0) AO 2gh

the subsidiary equation becomes

Ao /\/2gh
X0 =53 = T3 3
’ s + w s + W

Performing the inverse transformation the generating solution is found

to be
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A
Xy, () = —E‘-’- sin wt ='\’igh sin wt . (8-5)

The first order correction terms can be found from

.e 2 3
+ = -
gy tw Xy =0y X0 - Xy

Substituting in the value for X and using the identity sin3 X = % sin x -

20

1 sin 3x, the following form is obtained

4
o . bA_ 3A° Ai
X21+_wX21=( - - 3)sm wt + 3 sin 3 wt
4w 4

‘Taking the Laplace transform and using the initial conditions X21(0) =

-X'21 (0) = 0, the subsidiary equation becomes

a7 a7
4w 4w
X, (8) = +
21 9 22 (SZ+ 2)(sz+9 2
(s“ + w%) w w

Performing the inverse transformation the solution is

blA 3 A3
X, )= (—2 - O ) sin wt -
21 3 5]
2w 8w
biAo 3 A3
wt ( 3" ;) ) cos wt +
2w 8w
A3
o) . .
5 (3 sin wt - sin 3 wt)
32 w
The second term .is the secular term. For it to vanish, its coeszicient
3A
must be equal to zero., Therefore the value of b1 must be ;
4w

- The first order correction terms are then
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A3

X, () = —2 (3 sin wt - sin 3 wt) . (8-6)
21 5
32 w

- The second order correction terms can.be found from

.. ) 2
Kogg T w0 Xog by Xo) + D9Xop = 3%90 Xgg
Substituting in the values for bl’ X20’ X21 and the identities for
3 1 . : 1
sin x =§ sin x - = sin 3x and Sinzx sin 3x =.lsin 3x - — sin 5x =-lsin_x

4 4 2 4 4

the following form is obtained

. 9 bon 21 Ai 12 Ai
X22+wX22=( > - 7)sinwt+—————7— sin 3 wt
128 w 128 w
3A5
_+9_7_ sin 5 wt
128 w

Taking the Laplace transform and using the initial conditions X22 (0)=

X! (0)22 = 0 the subsidiary equation becomes

b_A 21 A 12 A°
2o 0, 0
( " - 7) W ‘ (———-—-7-) 3w
128 w 128 w .
Xyo(8) = 3 e 3 5 "
- + +
| (s2+ w2) (s w ) (s 9w )
3A‘2
(-_———7) 5w
128 w

2
(s + w2) (s% + 25 w2)

Performing the inverse transformation the solution. is
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b2A0 21 A5 b2Ao 21 Ai
Xzz_(t) =( 3 " ——-—99) sin wt - ( - 3 }t cos wt +
2w 256 w 2w 256 w
36,A5 12 A5
0] . o] .
5 sin wt - ——————— sin 3wt -
1024 w 1024 w
5 Ai Ai
sin wt + ————— gin 5 wt
1024 w 1024 w
21 Ai
The second term is the secular term. Therefore b2 must be -
128w
- The second order correction terms are then
5
31 Ai 12.A° A
Xzz(‘c)=—-—--——9 sin wt - ————3 sin3wt+————§— sin 5 wt
1024 w 1024 w 1024 w
(8-17)

- The solution to Eq. {8-2) to the second-order correction is therefore

Ao afAi
X {t) = — sinwt + (3 sin wt - sin 3 wt) +
2 w 5
32 w
2
o A5
3 (31 sin wt - 12 sin 3 wt + sin 5 wt)
1024 w
(8-8)
2
9 a3 A a 21 A
w =w_ + 20 + 0
4w 128 w
- where AO = 2gh

. Differentiating X2 (t) twice with respect to time, the acceleration is
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. afA3
X () =-A wsinuwt+ O (-3 sinwt+ 9sin 3 wt)

2 O 3
32 w

R

+ —2— (-31sinwt+ 108 sin 3 wt - 25 sin 5 wt). (8-9)
7
1024 w

The "G'" factor or maximum acceleration occurs when wt = 7/2,

therefore
.. 12aA§ 164 az Ag
1" 1t
G’ = X_ () = - A w - - " (8-10)
2" 'max © 32 1024 &

In his treatment on impact analysis, Mindlin (7) has solved this
same type of cushioning problem using the elliptical integral, the use
of which results in an exact solution.

The purpose in using the Laplace transform to obtain an ap-
proximate general solution is to illustrate how it may be used to develop
a method of impact analysis when the system is nonlinear. Additional
extensions can be made that include other types of cushioning for which
the Laplace transforms exist, systems in which damping is present,

etc.



CHAPTER IX
SUMMARY AND CONCLUSIONS

Utilizing the Laplace transform method, the formulation of a
_generalizedv procedure of analysis for elementary static beam systems
has been the primary objective of this thesis.

This objective has been achieved. The procedure developed is
- applicable to any single span, constant cross section beam that may be
subjected to a static transverse system of distributed loads, concen-
trated loads, and/or applied moments. The only restriction imposed
is that the Laplace transform of the load function must exist, Since
most practical load systems do have Laplace transforms, this re-
striction detracts little from the generality of the procedure.

The principal advantages of the transform method are found in
the ease with which complex load functions can be dispatched, the
capability of being able to write the solution as one equation for the
entire span, and the reduction in solution time over classical methods.

One's attention is called to the important fact that the seven
generalized solutions which are summarized in Appendix A constitute
virtually an. unlimited number of elementary beam systems. To as-
semble an equivalent number of systems from existing handbooks would
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be very difficult, if not impossible, and certainly would require a mul-
titude of handbooks.

An additional extension of the Laplace transform method is
possible in the development of a similar procedure for single span
.beams with variable or multiple cross sections,

- The procedures for the elementary beams were extended directly
to the analysis of continuous beams with constant cross sections. It
was found that as the number of spans increased, the amount of com-
putation required to obtain the solution increased. That is, for every
n spans there were n + 1 simultaneous equations to solve. When the
analysis is being performed by hand, this task becomes unreasonable
when n exceeds three. .

This suggests an extension.could be made of the Laplace trans-
form method, in conjunction with computer techniques, in the develop-
‘ment of a procedure for continuous beams. A further extension might
also be made to continuous beams with variable or multiple cross
sections,

A general investigation was conducted to determine additional
areas, in the static structures field, for which fhe Laplace transforma-
tion would have important applications.

The areas investigated were columns, frames, grid structures,
flat plates, and beams with varying degrees of end fixity. - From this
investigation, it was concluded that beam columns and plates have the

best potential for further development. The formulation of a procedure
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for beam column analysis, similar to elementary beams, is ‘possible
and would be both important and desirable,

A similar procedure developed for flat plates can perhaps be ex~-
tended to slightly curved plates, thereby including the analysis of shell
structures. It is also possible that an analogy could be developed to
extend the analysis of flat plates to grid structures. - In general, the
remaining topics were found to have no apparent characteristics which
would enable the Laplace transform method to have an advantage over
established methods of analysis.

In the field of impact analysis the Laplace transformation is an
important tool. - In this thesis it was used to determine the maximum
acceleration for a slightly nonlinear system. Although not applicable
to nonlinear analysis, the Laplace transform can be used in conjunction
with the perturbation method when the degree of nonlinearity is small.

- The system represented an item that was cushioned in a material which
had the characteristics of an undamped, massless, hard spring. The
solution was o’btained for a drop of any height, h.

Further applications in this field were not attempted at this time.
- However, there are many types of impact systems which deserve de-
tailed study and development through the use of the Laplace transforma-
tion. . For instance, systems in which damping is present, systems
where the load-displacement characteristics can be represented by
transformable functions, systems where the mass of cushioning is

accounted for in the analysis, etc.
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In conclusion, the Laplace transformation is considéfed to be an
efficient and powerful method of analysis in the static and dynamic
structures field where its: development and applications are far from

having been exhausted.
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APPENDIX A

ELEMENTARY BEAM FORMULAS
FOR

ARBITRARY STATIC LLOADING CONDITIONS
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SIMPLE BEAM

END REACTIONS

R, --!‘-[Z Qi - %) + pr“‘;%) + ZMJ ‘
® '%[Z 9 Z Ptéx - Ml:l

DEFLECTION AT ANY POINT

‘ - 3 9 -e)? w-a)?
1 -1
Y(x) = Y'(O)x + B {Rl%T + L ,:%i_] + E p‘.._a.;_i_ Sc‘(x) ¥ E Mi_._._z_‘.l__ Sd,(x)}
‘ } P ] i

" SLOPE AT ANY POINT

2 _ {x - c
¢<x) S Yo F g R A+ e L‘B s ey M- a8, ()
: ° v
BENDING MOMENT AT ANY SECTION B \

M(x)=ax+',"2 '1[1‘3] Zpi(x-ci)s (x)iz MS, (x)

" SHEARING FORCE AT ANY SECTION o

- £ 4] Z o

WHERE |

o ‘ 3 . T
. . 2 . - ¢ -~c) t-d4)")
LX) e e - les—l- +‘lL1[—Lf~ + E P‘—‘—-— + E M“—“
‘ ‘ Y NP P s 214
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SIMPLE OVERHANGING BEAM

v- “a

1l
-

END REACTIONS
R, - @ﬁ ZQi?X+ZPiciszi-cz(ZQi+ZPi’)
Ry = ﬁ z Mi - ziQizi 'zpici toe (zQi *Zpi)

DEFLECTION AT ANY POINT

3 3 3
1 (x-cp) (x - °2) afw- (x - e
Y{x) = ¥(0) + Y' (0 + £~ (Ry——— 5 () + R, ——— §_ (0 + L [T:‘ + > P ———8_(x) +
3t v 31 2 s 3. %
- a)?
ZMi— Sd {x}
21 i

SLOPE AT ANY POINT .
: 2 2
4 { d -] LB bx-cp
{x) = Y‘(0)+—— R,——— S (x)+ R, ———— 8§ (x}) + =— L |:— + )P, ——=— 5 (x) +
ET 1 2 ¢, 2 2 Cy dx 54 . i 2 ¢
E Mi(x - di)A Sdi(x)}
BENDING MOMENT AT ANY SECTION

2
M () = R (x - c,)s, (x) + Rylxeg) S, (x) + ;-(5 L [ZB:I .+Zpi(x - ci)sci(x) +ZMiSdi(x) _

SHEARING FORCE AT ANY SECTION
F— LB . v '
Vix} = RS (x}+ RS (x) + — L =+ PS (x)
17e 2%¢ 3 4 . i“c
1 2 dx s 1 .

WHERE

tey-e)® ' ’ . fe - ey’
1 2% -1 [ LB oot g 2" %
Y(U) (c — )I‘X CIRI + c, L [—4:] c2L [ 4:| ) + Clzpi— Sc;(cz)
31 s x=c, s x=e, 31 i
ey - ci)a ey di)z : e Ul di)z (c,))
c P~ 85 (c,) + ¢ M, ———— §_f{c,) - ¢ M. S, (e :
22 1T e, 12 i 4 4,2 22 (O
3 ' '
{c,~c.) _ c -e, )
YO = g (R ¢ LT L -t p,——1—5 fc,) -
€17 % 3. s° lxec, {
(cl-CA)3 (e, -d)
Zp.m—‘— CCH] +§'M, 8, (c o My ——— 8, (c))
ooy et ST i
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SIMPLE BEAM WITH ONE OVERHANG

B

Y

END REACTIONS . o 4
1 -
Ryt I:ZQi(l -%) +Zpi“ e+ ZMJ
. U QG - cely -
Ry -0 Er) I:ZQl(xi e+ pr("‘i ey ZMi]

DEFLECTION AT ANY POINT

) . 3 . I 2
L (x-cl) afus ] {x -ci) < (x -d)
Y(x) = Y(0) + YO+ 5 (R S M+ L= FY p—1—5 (x)+ > M 1os (%
LY ° st Loy ° LY 4
1

SLOPE AT ANY POINT
. 2 2 .

L (x-c) (x-¢)" - :

. L 1 4 ifLe i .
é(x) Y'(0) + Bl {Rl 7 Scl(x) t g L [ 4:| +2:P1 Sc (x) +ZM1(X dl)sd.(x)}

s 2 i i

. . d2 -1{ L8 N
Mb(x) = Rl(x - cl)Scl(x) + ~5 L [——Z] +ZPi(x - ci)Sc.(x) +Z Misd (x)_
dx s . i 1

BENDING MOMENT. AT ANY SECTION
SHEARING FORCE AT ANY SECTION

) .
= d “Hy LB §
Vi(x) RISCI(X) + N L [ 44] + > PS8, (x)
X B 4 i

WHERE

: ' e ‘ | te,-c)®
B 1. 1 -1 L8 -1{7 LB } 175
¥{0) = - ¢.R R I + o L | =& S8y P e 8 (c,) +
[} v-cl)EX { ‘11 3 [ 54:|x=cl 1 [_ s4]x= : z i 3y °; 1
w-c)t T gegmap? «-a)?
clz:l?l - ‘ny——‘_Sd {e)) + QIZM.
: LTI /. 21 1 toay
: ) o ‘ 3 3
. (£ -c) _ . ] fe,-c) : {-c)
T RE N Y o Ll[L_ﬁ L ofaa _Zpi__l_i 5, (6) +ZP__ U
e : a 8" Jxse, e _x=t 3 i R}

S 2 a2
L M, —-———-ml- & Sq () +ZM1 ——————(l &
o 21 1 24
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_ CANTILEVER BEAM

"
. M, / M
1 ; 2
. N =)

.——-al——l B. ;

i L~

Kl - |~

' ! I» Ry

END REACTIONS
Ry = - I:ZQI * Z‘ﬂ
Mz - - [:ZQi(l‘-il) + Z Pt ~c) + ZMJ
DEFLECTION AT ANY POINT ) : - » o
R X '_1 s (x~ °x)3 . e = di)z
Y(x) = Y(0)+ Y'(O)x + T {L [-5—4] +ZP1 p scl(x? +ZMi " Sdtm}
SLOPE AT ANY POINT . )
2 .
$00 = YHO) + {% L'l'['l;%] +Zpl z 2 ¥ Sci"" *ZMJ" - dl)sdi(.x)}
BEN‘DING MOMENT AT ANY SECTION ) ‘ =

2
d® -1 Lg E ;:
M (x} = — L e Pi{x-¢,)S (x) + M.S_ (x)
b dxz [94] i i e i d1

SHEARING FORCE AT ANY SECTION
o ‘
vio = L0t +Epls (x
dx a e
WHERE

' 1 @ -c)? : @-ey?
= A UL 1 . T i
v.l : ) N 'V 2
@ -q)
MI_.__.—i.——
1 2]

‘ L 4 -1 fLp oy v |
Y'(o) = “EC (-—d—;— L‘ [?])x=‘ v+ZPi———;—— +ZM1(1 1“- dl)



PROPPED CANTILEVER BEAM

TR

END REACTIONS

N

—L
]

@ -’

[

’ 2
;\ (£ -c) ?“
R = - 3 {1 (_d_ L__l [ﬁ]) ! [:Eg..] + P. o P
1 3 dx 4 4 i
4 s x=2 s X=£ 4 2

‘ . .
. < (¢ -4)
!ZMi(l -d) - Mi—‘—
. : £

2]
it

2._v_|:Rl+ZQ1+‘ZP‘i:|
M, - _[nlf DI L REARI N XA ZMi:I

DEFLECTION AT ANY POINT

. 3 .
3 {x -c)
_ 1 R X -1 LB B i

Y(x) = YO0 + o {Rl_ﬁl + L [—54:! +2Pi ~——3‘ sci(x) *rZMi

SLOPE AT ANY POINT

BENDING MOMENT AT ANY SECTION

2 ' <
M ¢ Rrx + S I, Px-c)8 (x)+ M;S . (x)
b 1 ax’ 4 i ie / id,
% 8 R i i

SHEARING FORCE AT ANY SECTION

3
_ TS N ¥ I E
Vix) = “1 o L [—4] + PiS‘L(x)
dx s i

(x - a)?
RN 1 Sd (x)
21 i

2 :
2 = (x -¢,)”
. L e e Ny D )
$(x) = Y'(0) + B {Rl 3 + oo L [54] + P, ; SCi(X) +ZMi(x di)sa;x)}

2!

)

WHERE

. . 2

. . - @ -c)

@ . B0 )1 [ -i[Ls o1 LB i
YU = g {a (dx L [54])x=1 A [54]x= * E i

: ?"M 0] —dl)

3

. @ -c)
-ZP' . i
boan .

2
£ - di)

- M,
E i

)
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PRbPPED CANTILEVER BEAM WITH OVERHANG

. END REACTIONS

. . . c.-¢c
R B L—l[gg_] +Zpi1_
Yol - s Jdx=¢ - ] 31
@ -
+ZM.
1

2.

P,
i

3
& -e)

3t

T IR DAY

IS

DEFLECTION AT ANY POINT

Y(x) = Y(0) + Y (Ox + 5

SLOPE AT ANY POINT

El

{m

2

: (x-ec)”

sy = w0y b L {R o)
1o,

1

M, & - [Rl « KCI“) + Z QU - %) +

(x - cl)a

3!

S
v

3
- (x-c) .
S (x) + L 1| L8 + P——2 5 (x) + M,
°y st Yoa & t

-~

ay?
L + {c,~2)
21 !

Pi(l —ci) + Z Mi:l

d -1jiL
{(EL Ls

3=y

l

s

B
lx=l :

2

.Qi ‘
% P ?
G~
A /
— ai _-| R . /
. <, 1 . / M2
LI . 1%
c, F |
‘l
q ! Ry
. v
3 : 2 ' -
) e, -d) :
s, ) +Z Mi—c—l—l— sy (cl)} + {L“[
i -2 g

2!

L_B] .
s4 x=f
@ -c)?
X +Zm.u -d.)
1. 1

{x - di)2 .
e Sd;(x)
i

2
(x-c)
d -1| L8 i ; ,
Sc (x) + o L [—4—] + Z Pi—————— Sc‘(x) + Mi(x - di) Sd.(x)}
1 . s 2 i . |

BENDING MOMENT AT ANY. SECTION

Mb(x) = Rl(x - cl) Scl(x)

+

d 2

d).'2

SHEARING FORCE AT ANY SECTION

3
d -
-3 L

Vix} = RS (x) +
! o dx

1]

S (%)
c,

+Z F
1

1

-1lLe .
L [ 54 ] + Z Pi(x ci) Sci(X) + Z Misdi(x)

WHERE

)

.8
4

 -c)®

3!

. . 1 if N e
R {L [T:I e 20
!

E M,
i

P, —

(11
S T S LB
= (- Ci)2
Zpi__ ; +ZMi(£ - di) - (22 + Cl) L

¢ -a)’
( R

21

1

s

3

ci)
— 8 (c)+§M
31 cil i

4
dx

[T

1 Le (°1"°‘)3
[—‘;—] +ZP. —I- 5, ()4 ) M
s* | x=c tog 4 !
(e, - d)?
c. - .
~LLs e -t [Lf
2! i . B

2

(c1

s

2l

3 2
-c.) (€ -d)
i i d -1] LB
31 +Z s 2) } Tefnn {(dx v [ 4]))::1 *

a)?
s, {c)
al4

_] .
x={

@ -c)?
1

+ZMi(l - di)}

i

88



FIXED BEAM

——
-

X, P, v
M § ' l M, 2 M,
§ l /—\ ‘ / X
o § ’—, l ?
N '
S Z
Ry k . ! ?Rz
‘ ]

END REACTIONS

Ea
n
.
..m|;
"
00|~
——
gl
rl
i~
w [
we [T
L]
—_—
*
L3
.4
r(
iR
I
o 15
[
Ed
il
.
o=
%
o
.
=

M, = - [th +ZQi(! %)+ Zpiu o)+ ZMi + M1]

DEFLECTION AT ANY POINT

) 3
3 2 {(x-c)
1 x x -1 us] z i N
Y{x) = == (R — + M - + L | ==+ P, ——= 'S {x) +
El { 1 31 b 2t [ s4 i a s :

2
2 {x -c)
g = b X 4 -1 LB § PO s E
d{x) = B {Rl 57t Mlx + & L ,[54]+ Pi ; Sci(X) +

BENDING MOMENT AT ANY SECTION

tx - ay?
M, s (%
U 4
Mi({c - di>sdi(x)}

) .
- " g LB —e )
M (x) = Ryx + M, + 5 L [ 4] +ZP1(X Li)Scl(x) +ZMiSd4(X)
ax s - i i

SHEARING FORCE AT ANY ‘SECT[ON

3
Vi = R+ »“’—3 L,'l[—"—‘-’j-] +Z‘Pisc x)
dx s i
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APPENDIX B

THE LAPLACE TRANSFORMS OF USEFUL

= S -
B Z [qi ai_(x)_ qisbi(x):l FACTORS
AND THEIR INVERSE TRANSFORMS

Uniformly Distributed Load

LB

-11 LB
L [—-Z
‘S

"

|b.

1
Z l:qi Sa. ) = q; Sy (Xz]
1 1
—

s -b.s
1

j : i
e _ e
qi s qi S

\ .
(x - ai) ;
E q; T Sai(X) -

- Triangularly Distributed Load

Case I




LB

Case 11

LB

q.

1

b, -

a.

(x - a))5, (x) - qS, () -

91

]

9
b, - a. (x - bi) Sb. (x)
i i
-ai q —ais
e i e
qi s T b, - a, 2 *
i i S



92




APPENDIX C

A NUMERICAL EXAMPLE

] —me—cliine.

Y

Find the deflection at x = 11 ft. by the method of
I. Area Moment
II. Section 4-7-2

III. Appendices A and B.

93
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-a; = 2! c, = 51
= 1 - L 1
bi 10 c, 20
c, = 25! P, = -2, 000 lbs.
i i
d = 15' M, = -50 lb. -ft.
i i
£ = 30 ' q = -100 1b./ ft.
- I . Solution by Area Moment
From statics, R1 and R2 are found to be:
R - _ [ (5) (2000) - 50 - (100) (8) (14) = 83-1/3 Ibs.
1 15
: R2 = 2800 - 83-1/3 = 2716-2/3 1lbs.
' —tzc
| bt 2000 Ibs.
' tAC 50 1b. -ft.
- D‘lo, 000 1b. -ft,
51 51 i 51
15!
83-1/3 lbs. 2716-2/3 1bs.

Using the tangential deviations and geometrical relationships
from the above sketch, the deflection at x = 11 ft. is found as follows.

The bending moment by parts, as drawn from C to A is



40,750 1b. -ft, |[a———— ()

10,000 1b. ~ft.|lew— 1.9' (-)

‘ 50 1b. -ft. 5 (+)

30, 000 1b. -ft. 5! (-)

1,250 1b. -ft.]
1.25¢!

with the moment arms as shown.
The area moments are computed and algebraically summed to
give the tangential deviation, t, .,
AC
+ (40, 750) (7.5) (5)

H

+ 1,528,125,00/E1

- (10, 000) (15) (7.5) 1,125, 000.00/EI

n
+

+ (50) (10) (5) 2,.500. 00/EI

- (30, 000) (7.5) (5) 1,125,000.00/EI

H
|

- (. 1250) (1.667) (1.25) =

m, i
t = ——— =
AC B 721,979.17/E1

The bending moment by parts, as drawn from C to B is,

gt o 3"

ft. |, 4.5' -

2, 604. 17/EI

i

24, 450 1b.
. 10,000 1b.

!

1

50 1b. -ft. |el_ +

3! -
ft. ja——

18,000 1b.

i

with the moment arms as shown.
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The area moments are computed and algebraically summed to give

the t tial deviation, t_ .,
e tangential deviation, i

330, 075. 00/EI

|
+

+ (24, 450) (4.5) (3)

- (10, 000) (9) (4.5)

H]
]

405, 000, 00 /EI
+ (50) (4) (2) = + 400.00/EI

--(18, 000) (4.5) (3) 243, 000. 00/EI

A X,
z : ml 1

The deflection Y(11) is found by the following geometrical re-

-lationships,
- 721,979, 17 - 433,187. 50
' = = 2 . Y = 2 bt
bb O.StAC (0.6) «( EI ) El
-433,187.50 + 317,525.00 -115,662,50
- 1 - = L] 3 = >
Y (11) =Dbb 1:BC . EI EI

II. . Solution by Section 4-7-2
A, Boundary Conditions

Y0 =Y""(0) =Y (B') =Y (20') =0
B. Load Function

= 1 1 - -
F(x) R4 85 (x) + R2 820 (x) - 100 82 (x) + 100 Slo_(x)

1 - 1.
2000 825 (x) - 50 S1,5 (x)
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- Laplace Transform of I.oad Function

' -2s -10s
-5 - -
i(s) = Rye S 4 R,e 208 _ 140 —eg— + 100 2 - 2000 & 28 -

50s 6 128

Inverse Transform of —1— I:f(s):l

EI 4
s

3
-1] £(s) (X - 5) (x - 20)
L [54 :l { S5 () + Ry —7—— 594 (%) -

TE 4
E.E_E_)___ 32 (x) + 100 (_X_—_l_o_)._

100 S, (x) -

4! 10

(x - 15)2

20
00 21 - 15

3
(){_—_2_?_)_ S (x) - 50
3

25

. Substituting (A) and (D) into Eq. (4-2b)

1 | (x - 5)3
Y (x) =Y(0) + Y'(0) x + B R1 TR 85 (x) +

=20 ¢ (4) - 100 (ii—‘ﬂ—.

s a1 Ss 82 (x) +

4 3
(..X_:_.lﬂ)__s 0 (x) - 2000 E(._'_Z_S_)_S (x) -

100 = 31 P95

(x - 15)2 S (x)

50 21 715
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Evaluation of Unknown Boundary Conditions and Reactions

- By .statics,

+ -
'Rl . 11,200 15: 10, 000 - 83-1/3 Ibs.

R2

0
'Y - N - 1 + 1 (5 5)3
Y(5') =0 =Y(0) + 5Y'(0) El {R1 - 5 S (x) +
0 1

3 4
(5 - 20) (5 -2)

2,800 - 83-1/3 = 2,716-2/3 lbs.

0 ' 0
4 3
(5 - 10) (5 - 25)
100 2 s}[w) - 2000 57!(5) -
0 R
2
(5 - 15)
50 > S L (5)
1
1 (20 - 5)°
Y(20') =0 =Y(0) + 20 Y' (0) + = { Ry~ S, (70) +
1 N
(20 - 2)%
S, (20) - 100 2= s//(/zm +

0

1
4 3
(20 - 10) (20 - 25)
100 B Y E— 8%20) - 2000 —-——3—‘——— S/!(20)
1
(20 - 15)2



Substituting in the values for R1 9

- tions reduce to

337.5

Y(0) + 5Y'(0) = Bl

349, 483. 34

¥{(0): EI

Solving simultaneously,

116, 044. 45
YO = -
23, 276. 39
1 = £9s219-9Y
Y'(0) EI

General Elastic/Deflection Curve Equation

| 116, 044. 45 23, 276. 39 1
Y(x) = El + El * *OE

3 3

Qi:ja—‘s5(x)4- 9716-2/3 X2 20) o

83-1/3 31 31 20

4 4
{x -2) (x - 10) -
100 =77™— 8, (x) + 100 == S, ()

3
(=28 5. (% - 50

2
(x - 15)
3] -8, — S _ (x)

2000 31 Sy5

and R,, these equa-

99
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116, 044. 45 23, 276.39 1
Y(11) Bl + Bl (11) + El
3 4 4
(11 - 5) (11 - 2) (11 - 10)
83-1/3 37 100 T + 100 I
115,662.50

o (+ sign indicates deflection is upward.)

Slope, Bending Moment and Shearing Force Equation

a. Slope
2
_ 23,276.39 1 _ (x - 5)
¢ (x) = _——__EI + B 83-1/3 5 85 (x) +
v 2 3
(x - 20) (x - 2)
2716-2/3 ——2————820 (x) - 100 5 82 (x) +
3 2
(x -10) (x - 25) _
100 —5 SlO (x) - 2000 5 825 (x)

50 (x - 15) 815 (x)

~b. Bending Moment
Mb (x) =83-1/3 (x - 5) 85 (x) + 2716~-2/3 (x - 20) S20 (x) -

2 2
(x - 2) S, (x) + 100 & -10)

10075 2

S10 (%) -

2000 (x - 25) 825 (x) - 50 S 5 (%)

1
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c. Shearing Force

V(x) = 83-1/3 S_ (x) + 2716-2/3S_. (x) - 100 (x - 2)S_ (x) +

5 20 2

100 (x - 10) S (x) - 2000 S25 (%)

10

III. = Solution by Appendices A and B

R, = 113 [- 4800 - 50, 000 + 50 + 56,000] = 83-1/3 Ibs.
R, = —1—15 [— 50 + 4,800 + 50, 000 - 14,000] = 2716-2/3 Ibs.
3 4 4
1 250 . (15) (18) (10)
= + + A=A
Y(0) = 75 95 (5) 2 5 [ 100 57— + 100 “
4 2
) (5) - . 116,044.45
20 [ 100 =55 + 5 50 = i
| 3 4 4
1 250, (15 (18) (10)
Y'(0) = 75w {5 = [‘ 100 57— + 10057
‘ (5) 23, 276. 39
[100 ] [ 50 ~2L = =
116, 044. 45 23, 276. 39 1 (x - 5)°
= - 2 : 2 : — - QL +
Y (x) i + bl x + o 83-1/3 3T 85 (x)
3 4 .
(x - 20) i (x - 2)
2716-2/3 T8, (%) - 100 Sm=— S, (x) +
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4 3
(x-10) ¢ (x) - 2000 (X—'?’T2§)—— Sy5 (%) -

100 2 10

——————(ans)z S, . (x)

>0 21 715

3
__116,044.45 23, 276. 39 1 (1
Y = - ==+ Ep o A0 gp 8918 T

4 4
(11 - 2) + 100 (11 - 10) - 4 115, 662. 50

100 41 41 - EI

(+ sign indicates deflection is upward.)

2
_ 23,276, 39 1 . (x-5)
¢ (x) = — = + Bl 83-1/3 —y S5 {x) +
2 3
e (X - 20) i x=2)
3 2
(x - 10) _ (x - 23) _
100 6 S].O (x) 2000 ——— 5 825 {x)

50 (x - 15) 815 (x)

: Mb (x) = 83-1/3 (x - 5) 85 (x) + 2716-2/3 (x - 20) 820_(x) -

(x - 2)2 (x - 10)2

100 5 82’(X) + 100 5 ‘SIO (x) -

2000 (x - 25)1825 (x) - 50 815 (x)

a1 -5)
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Vix) = 83-1/3 85 (x) + 2716-2/3 SZO'(X) - 100 {x - 2) S2 (x) +

100 (x - 10) SlO (x) - 2000 825 (x)
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