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INTRODUCTION

Variations from the mean flow in é piping system lead to pressure
fluctuations. If of sufficient magnitude, these pressure fluetuations can
cause failure or can affect the performance of the system. *Thus, pres-
sure fluctuations of large magnitude have been of interest to the engineer
for many years. |

The mechanisms, or "inputs', causing large pressure variations
are usually mathematically expressible as functions of time, or ''deter-
ministic”. Examples of such inputs are: a positive displacement pump
(periodicv function); an instantaneous valve closure (step function); a
gradual valve cl-osure (‘ramp function); and a power failure in a centri-
fugal pumping system. Because the engineer has been chiefly concerned
with large amplitude pressure fluctuations, most of the previous work
in predicting pressure variations in a piping system has been done with
deterministic inputs.

Recently, the noise associated with pressure fl.uctuations, both
large and small, in piping systems has gained the intefest of engineers
associated with maval defense. This interest has been stimulated by
major improvements in underwater sound detection systems. Thus,
attention must be given to all sources causing pressure variations.
Other than the inputs described in the preceding paragraph, two other
sources of pressure fluctuations might be found. One is the flow noise

generated by pipe discontinuities such as wall roughness, valves, orfices,



and changes in cross section. The other is a rotating pump. Both of
these inputs are "random' processes, that is; processes not mathe-
matically expressible as functions of time.

Previous work in the analysis of systems with random inputs has
been chiefly concentrated in the fields of electronics, vibrations, and
acoustics. Very little, if any, work has been published dealing with the
analysis of complex hydraulic systems with random inputs. This thesis
uses the basic statistical theory of systems analysis and applies it to
piping systems with random inputs. Specifically, it determines the
spectral density of the pressure fluctuations at the source of flow in
terms of the system parameters and the spectral density of the flow rate
fluctuations at the source or the termination. Methods for determining
spectral densities of flow réte variations are presented. The analysis
of an example piping system is demonstrated, and the results are manip-
ulated to allow digital computation. Appedices A and B are to famil-

iarize the reader with the physical system and the statistical theory.



CHAPTER I

REVIEW OF THE LITERATURE

1. 1. Analysis of Piping Systems with Deterministic Inputs.

Pressure fluctuations in closed conduits first came to the atten-
tion of Joukowsky(l)* and Allievi(2) at the turn of the century in their
studies of "water-hammer' caused by instantaneous valve closure in
penstocks of dams. The theory of pipeline pressure surge pred»iction
was advancedv considerably by the introduction of transform calculus to
the problem by Wood(3) (4). Textbooks by Thompson(5),

(6) (7)

Rouse' ’, and Rich

and Rich
illustrate modern methods in predicting pressure
fluctuations in piping systems.

Waller(S)

presented experimental evidence that the - nonlinear
frictional resistance to flow could be approximated resulting in a set
of linear partial differential equations applicable to specified flow

(9)

ranges. Waller ~° also presented a frequency response solution to the

problem of transient flow in pipelines.

(10, 11} 12, 13, 14) in the acoustics field

Many books and papers
deal with the creation and transmission of noise in liquid~filled pipes.
Although not directly connected to this thesis, they do provide an in-

sight into the physical éspects of the problem.

The results of previous investigations applicable to this thesis are

*#*Numbers in parentheses refer to references in Bibliography.



summarized in Appendix A.

1. 2. Analysis of Systems with Random Inputs.

The basic theory of statistical methods used in the analysis of

linear systems can be found in many recent books. Notable examples

(15) (17)

, Harris and Crede(16), Chang , and Newton,

(18)

are by Azeltine
Gould, and Kaiser Appendix B contains a summary of basic statis-

tical theory and its application to linear systems.



CHAPTER II

THE SYSTEM: OUTPUT SPECTRAL

DENSITY DETERMINATION

The spectral density of pressure fluctuations at the source of flow
is called the “output”. The engineer dealing with noise problems in a
piping system will probably be interested in one of two situations. One
- 1s the prediction of pressure fluctuations at any point in a system. The
other is, if a maximum allowable level of pressure variations in the
terminating system is given, what is the allowable level of prAessure
fluctuations at the source. In both cases, the spectral density of pres-
sure fluctuations at the scurce can be considered the desired end result,
or output. In this chapter the method of analysis for both situations is

presented.,

2.1. The General System

In any physical piping system, the receiving end, or termination,
must be either open or closed. One of two boundary conditions is known:
pi{r,t) = 0  (open end); A (1)

or

t

glr,t) 0 (closed end) . ' (2)
Since open end termination is more likely to occur, all terminations in
this thesis are considered open.

There are two possible sources of pressure fluctuations in a piping



system. One is pipe discontinuities such as wall roughness, valves,
orfices, and changes in cross section. The flow néise génerated by
these sources is assummed negligible in this thesis. This assumption
should be valid in a well designed system. The other source is the
prime mover, and it will be considered the only source.

The functions p(x,t) and g(x,t) are random processes in time, or
"stochastic'' processes. They are stationary, ergodic processes. The
funcvtions are correlated with each other, that is, the associated cross-
correlation function is not zero.

The frequency response of the simple system shown in Figure 1

at any point x is as derived in Appendix A:

P(Xl,jw) = Plr,jw) cosh Yy ¥ + ch Q(r, jw) sinh Y{Xq (3)

and
Qlx.,jw) = Q(r,jw) cosh v, x., + Plr, ju) sinh v.x (4)
19 2 Y1¥1 Z_ 1 1%1
where
72 = juw C(R +jwl) ; (5)
ZZ - R -j-ij ; (6)
¢ jwC
C =g o | (7)
. L . :
L X (8)
and _
np ¢ »
R = . (9)



flow

Fig. 1. A simple piping system .

For open termination,

P(xy,jw) = ZC?(r,jw) sinh Yl‘xl ,

and
Q(Xl’ jw) = Q(I‘,Jw) cosh V{¥1-
At Xy = ll , the source end,
P(1,,45) = Qlr,jw) Z_, sinhy £,
= Gl(.]w) Q(r: Jw) 3.
and

Ql2y,jw) = Qlr,jw) cosh v 4,

it

H,(jw) Qlr, jw)

where Gl(jw) and H_l(jw) are system transfer functions. The block

grams

P

q(rpt) Gl(Jw) p(ﬂl, t)

and

receiving

(10)

(11)

(12)

(13)

dia-



Gl(jw)
, H, (jw) -

are evident from Equations (12) and (13). Then (Appendix B, Section

B. 5),
2
@pp(lzl,w) = IGl(Jw)l @qq(r,, w) (14)
or
(1 ,0) 6,921 ) (15)
L,0) = — L ,w) . 15
pp 177 |H1(J'w)lz qq " 1

In the following sections, the preceding theory is extended to more

complex systems.

2.2. Series Piping Systems.

A series piping system is shown in Figure 2.

. —
flow #n ' ' : receiving

#n-1 g\ = | #2 #1 ond

Fig. 2. A series piping system.



The following notation is employed:

Bi((jw) = cosh yili ; (16)

Ti(jw) = ZCi sinh yili ; (17)
and

. 1 ,
Mi(Jw) = o sinh 745 (18)
ci

where i refers to the pipe number, i=1, 2, 3, -+, n. Then

P, jw) = B(w) Pl,_;,jw) + T.(w) QL 15 Jw), (19)
and

Qg J0) = Biu) QU;_p,je) + MyGu) PU; o). (20)

For open end termination, substitution for P(liwl’ jw) and Q(zi-—l’ iw)

in the above equations will yield P(£ ;0 jw) and Q4 i,jw) in the form

P{L,ju) = GGw) Qlr,jw) , (21)
and

Q((li,jw) = Hi(jw)Q(r,jw) " (22)
where

Gi = Gi=1Bi + Hinl_Ti s (23)
and

H, = H,_ B, + G_| M . i (24)

For i = n, Egquations (21) and (22) give the block diagrams
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Q(r,t) Gn(,]w) p(ln,t) .
and
qlt_, t) Gpliw) p(4,1) .
> W - >

The desired results are:.

Qppun,g) = |Gn(jw)|2(])qq(r‘,w) ; (25)
or
' Gn(JUJ) 2
@pp(fn,w) = 'WI q)qq(fn,w) . : (26)

The transfer functions Gn(j.w) and Hn(jw) are combinations of the
system functions Bi(jw), Ti(jw ), and Mi(jw ), i=1,2, 3, ---, n.
Gl(jw) and Hl(jw) are givén in the preceding section! The transfer func-

tions for n = 2, 3, and 4 follow.

n=2

Gz((jw)‘ = B2 T1 + T2 B1 ; 27
and

Hz(jw) B2 B1 + M2 Tl‘ . (28)

n=3

G3(jw) = B3 G2 + T3 H2 : (29)
and

Ha(jw) = By H, + Mg G, . | | (30)
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n=4
and
H,(jw) = B, Hy + M, Gg (32)

This theory can be extended to any number of series components, but it
is noted that the transfer functions become increasingly complicated as

the number of components increases.

2.3. Parallel Piping Components
In Figure 3.a piping sys:c'em is shown containing pipes in parallel.

"i‘he parallel components are not necessarily dimensionally or materially

identical. - The system to the right and left of the parallel pipes consists

of either a single pipe or a series of pipes.

. ' -2 | #n-1 2 receiving
}—“ v ‘ end

Fig. 3. Piping system with parallel components.



From the preceding section,

P(lnml’jw) = Gn_l(jw)Q(r,jw), (33)
and

Q(Znal,jw) = Hn_l(jw)Q(r,jw) . (34)

To analyze the complete system, P(ln, jw) and Q(ln,jw) must be found in
terms of a transfer function and Q(r, jw)

The following notation is employed:

. Bk(jw) = cosh v, £ ; (35)
Tk(jw) = Z sinh v, £, ; (36)
and
. 1 .

where k refers to the parallel pipe number, k=1, 2, .-+, m . The

relationships
P{__ ;. iw) = P(Ljw) = P(2,ju) = -+ = P(m,jw), (38)
Qe _;.dw) = QL jw) + Q2,jw) + +-- + Qm,jw), (39)
P ,jw) = P{1'jw) = P@2"jw) = = P(m'jo), (40)
and |
Qe ,jw) = QL jw) + Q2%Jw) +' -+ + Qm',jw) (41)

-

are valid., Using Equations (38) and (40),
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P(e_,iw) = B (w) PU__j,jw) + T,Gw) QLjw) ; |

P(ln:jw> = Bz(Jw)P<£n_1:Jw) + TZ(JU)Q(z,Jw) 3

(42)
Pl ,jw) = B (w) Pl _p.jw) + T () Qlm,jw) .
Also,
QM1 jw) = By(w) Q1 jw) + M,(w) P(L__;,jw) ;
Q2% jw) = By(jw) Q2,jw) + My(w) P(L__1,jw) 43)

Qm',jv) = B_(0) Qm,ju) + M_(u) P(£__ )

Equations (39), @1), (42), and (43) can be manipulated as follows to form
m+ 1 independent equations. Substitute Equations (38) and (34) for all
-P“n.,l:jw) s and Q(Znh 12Jw) s . In Equations (42) subtract each equa-

tion from the first equation. Add Equations (43) and substitute Equation

(41). The results are:
T,Q(Ljw) - T,Q(2,jw) = Grn_l(B2 - B Qlr,jw)
n-1

T, QL jw) - T,Q(B,jw) = G (B, - B) Qr,jw) ;

TlQ(L‘jw) - T Qk, jw) = G, (B, - B Qlr,jw) ;

b (4a)

T,Q(Ljw) - T,Qm,ju) = G _(B_ - B)Qlr,jw) ;



r
1\

j
[

Q4 ju) - BQUL jw)

B, Qk,jw) - - Bm Q(m, jw)
M, + My + + M, +
QL jw) + Q2,jw) + QB,jw) + + Qlk, jw) +
Q(m, jw) = H o1 Q(r, jw).
In matrix form,
— - -
0 T, -T, O 0 0 ||Qle,,jw)
0 T, 0 -T, 0 a 0 |{Q(1,jw)
Q(2, jw)
o T, 0 0 Ty 0 Q(3,jw)
| =Q(r, jw)
0 T, 0 0 0 ~T_, Q(k, jw)
1 -B; -By -Bg B, -B_ |
0 1 1 1 1 1] _Q(m,jw)J

ByQ(2,ju) - ByQ(3,5w) - oo -
G,_,(M; +

+ M) Q(r, ju)

14

+

Gp.1(By-By)

Gp-1(B3-B)

Gp-1(By-By)

(45)

Equation (45) is solved for 'Q(ln,jw) and any one of the Q(k, jw)s.

Substitution of Q(k, jw) and Equation (33) into the kth equation of Equa-

“tions (42) will give P(ln,jw, ). The results in the desired form are:

P(,j0) = G Gw) Qr, jw) ;

(46)
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and

Q(zn,jw) = Hn(jw)Q(r,jw). (47)

For m = 2,

2 2 ’
H (o) = (T1 2+TB)+G 1[Bl-B2+(M1+M2)(T1+T2)]
e _—
T1+T2
(48)
and -
G _, (B, -B,)) - T ,H _
GGuw) = B,G. ., + T, |21 1 2 2 n-1 . (49)
n 1 "n-1 1
T1+T2

if the parallel components are dimensionally and fnaterially identical,

G, (w) (50)

0
vy}

and

(51)

H
vy
s

Hn(jw)

for any number of pipes.



CHAPTER III

THE SYSTEM:E PARAMETERS AND INPUT
SPECTRAL DENSITY DETERMINATION

Chapter II demonstrated the spectral density determination of the
pressure fluctuations at the source. It was shown to be the product of a
transfer function and the spectral density of the flow variations at either
end. In this chapter, the system parameters are divided into three
dependent groups for discussion. They are: physical parameters;
frequency parameters; and system functions. In the introduction to Chap-~
ter II, two applications of the theory are stated; one of prediction, the
other of specificaticn. For the former, an analysis of the prime mover,
or source, yields a flow rate spectral density. In the latter, a specified
level of pressure fluctvuations‘at some point in the system is converted
into a spectral denéity. This chapter discusses the determination of

both spectrums and their use.

3.1. Physical Parameters

The thfée parameters, C, L, and R, defined by Equations (7),
(8), and (9) are called the physical parameters. Each has a definite
physical significance as discussed in the following paragraphs. -

C, the coefficient of capacity, is a measure of the elasticity of
the fluid and pipe.

1, the coefficient of inertia, is indicative of the inertial effect

of the fluid mass.
16



17

R, the coefficient of resistance, determines the friction encoun-
tered by the fluid at the pipe walls and in the fluid itself. This friction

is the mechanism of energy dissipation in the system.

3.2. Frequency Parameters.

. The péra‘me:.ters v and ZC are functions of the physical parameters
and the frequency. They are called the "frequency'' parameters, and
both are complex quantities.

v, the propagation coefficient, shows the effects of the system on

. a propagated wave. It is given by Equation (5) as

»y(jw) = N jwC(R+ jwl). (52)

The above equation can be put in the form

YGw) = a + jB (53)

where o + jB is one of the two roots of Equation (52). The real part of
fhe cther root is negative and, as pointed out in the following discussion,
is physically unrealizable.

@, the attenuation constant, is given by

—

o =L@—‘9— WRZ+uw212 - wL):l 3 (54)

2
It determines th;e damping in the vibrating system. It is evident o can-
not be negative in a passive system. As would be expected, the amount
of damping is dependent on the frequency w and the physical parameters.

- B, the phase constant, is given by

M 5
8 =L9~2§9 WRZ+wlLZ+oL)| . (55)
It affects the periocd of oscillation of a propagated wave. B is also depen-

dent on the frequency and physical parameters.
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Zc’ the characteristic impedance, is given by Equation (6) as

. N / R+ jwL
ZC(JU) = ——-“—j'a“é——- . | (56)

By determining the two roots of Equation.(56), it ¢ an be put in the

form

z (jw) = X, + jY, (57)

where Xc + jYC is one of the roots. The real part of the other root is
negative and, as will be pointed out, is physically unrealizable.

Then,

. — -,
X, o= [2——1(—:( /L‘2+-ZLZ+L)]2 , : (58)
c = ( [L + - L):l ‘ (59)

For discussion purposes, let ——2 -0. Then
w

| _ L ) | Y
ZC = /E . (60)

Introducing the velocity of wave propagation in the fluid as

o = \/T_E_._ - (61)

Equation (60) becomes

and

;.4
!

z = K/A) ' (62)
C S a

It is concluded that ZC is not especially dependent on the frequency,
but it is heavily dependent on the physical characteristics of the system.

Algo, Z(C is in the form of an impedance, that is, the complex ratio of
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pressure to fléw rate. Thus, Zc is called the characteristic impedance.

Speaking in terms of impedances, X is the "resistance', and Y,
is the 'reactance'. In a passive system, the resistance cannot be nega-
tive; therefore, the qualification of the roots of ZC is valid.

To simplify comptité.tions, ZC can be written in terms of « and 3
Z (jw) = —= (8 -jo) (63)
c wC :

3. 3. System Functions.

The system functions B, T, and'M are defined by either Equations
(16), (17), and (18) or Equations (35), (36), and (37). They are fﬁnctions‘
of the frequency parameters and take their physical siénificance from
these parameters. They are called system fun'ctions, because they
determine the responge of the ssfstem. o -

In Chapter II the output was expressed in terms of the input and a
transfer function. The transfer function was determined from combina-
tions‘o'f the system functions. Thus, it is desirable to have B, T, and
M in easily computed forms.

Using hyperbolic identities and G’omp.lex algebra,

B(jw) = cosh vi
= cosh af cos B¢ n J sinh ¢ sin B¢ ; (64)
T{w) = Z, sinh y4
= Tfl'C [@ cosh oi"f.sin B4 + B sinh af cos B1] " (65)
+ 3 01;_(: [B cosh o f sin 312 - « sinh af cos Bf]”;h

4,

and
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M@jw) = 21- sinh 7 £
c
= ;Cz [B sinh af cos B2 -
B+
@ cosh af sin B2] + j—g('& (66)
2 ‘
B +a

[B cosh af sin B{ + o sinh af cos B4 ]

3.4. Input Spectral Densities.

From Chapter II, the spectral density of the pressure or the flow
rate fluctuations at any point in a piping system can be obtained from

one of the following equations:

Bopltpw) = 16 G0)]% Poyriw) (67)

@Qqun,w = ]Hn<jw)[2 @qq<r,w) ; (68)
or 2

Q) = M_(P (L, w). | | (69)

. 2
HoGoy|® 88

The transfer functions Gn and Hrl for éOfnplex piping systems are
given in Chapter II. The preceding sections dealt with the system param-
eters that are included in the transfer functions. It remains now to de-
termine an "input'' spectral density. Just what is to be termed input
depends on what is known.

If a pressure-frequency plot for some point in the system is avail-
able, the spectral density of the pressure can be obtained using the theory
in Appendix B, Section B. 6. If the pressure is an actual measurement,
the spectral density of the pressure or flow rate can be predicted at any

point in the system. If it is a specification, a limiting spectral density
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of the pressure or flow rate at any point can be obtained.

In the case where the problem is to predict the pressure fluctua-
tions before the system is built, complications arise. It is apparent
that the spectral density of pressure or flow rate at some point must be
known. An analysis of thé prime mover to ébtain_ a flow rate spectrum
is the most logical approach. An example of this type of analysis is in
the following section. |

In all cases, once any one of the spectral quantities in Equations
(67), (68), or (69) is known, simple manipulations of the equations will
give expressions for both spectral densities at any point in the system.
With the theory in Appendix B, Section B. 6, these can be changed to

amplitude-frequency plots.

3.5. Centrifugal Pump Analysis.

In systems with random inputs, the prime mover, or source, is
usually a rotating pump. The most common of these is a centrifugal
pump. .This section is devoted to the determination of flow rate spectral
density of a centrifugal pump.

Due to the lack of published material dealing with the minute de-
tails of centrifugal pump operation, most of the theory in this section is
based on assumptions. It is felt that none of the conditions imposed are
without basgis, but they do come mostly from intuition. In any event, the
methods proposed seem useful in the analysis of centrifugal pumps with
adaptations to other pumps possible.

The volute-type centrifugal pump shown in Figure 4 consists of
an impelle‘r rotating within a case. Fluid enters the impeller in the eye,
flows radially outward, and is.discharged around the circumference into

the casing.
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Fig. 4. A volute-type centrifugal pump.

The average rotational speed of the impeller is Q2 revolutions per second.
The number of impeller blades is 1.
The total flow Q from the pump is the sum of the total flow from

each blade R Then,

M

q,t(t)> = Z qtk(t) : (70)

Graphically, . the flow from one blade through one revolution start-

ing at point A in Figure 4 should approximate Figure 5.

qtk«t):o |
I 1/Q sec.
=

o\

Fig. 5. Flow from one impeller blade

through one revolution.
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By further approximation of the flow rate pulse shown in Figure 5, the

flow rate from one impeller is assumed to be as shown in Figure 6.

/ (i ./"/ | p
e m-1 /’/ ®m e
q 4 (t)=0 i l ] .t
tm tm+1

Fig. 6. Approximated flow from

one impeller blade.

The total flow is the sum of n series of pulses which will be
superimposed on one another but started at different instants of time,

The flow is given by the mathematical expression

o0

q, (t) -= z éif(t—ti) , (71)

i==00

where the pulse amplitudes a; and times of occurrence ti are random
values. f(t-ti) is ’the. general waveform of unit amplitude displaced ti
seconds,

| The‘wave form f(t) is a saw‘éooth pulse. To express f(t) mathe-
" matically the duration of the pulse must be assumed. It is known to be
less than X seconds, Denoting the pulse duration by é— where € is

Q

some number between 0 and 1,
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Q

) = 2100 - L-5HUE-F - VE-S). (72)

Q ‘

2l

All that is known about a; and ts is that the average number of
cccurrences per second is nQ2. From this an average a; can be obtained.
The area under n of the impulses must equal the mean flow q.

Therefore,

@) = 29 (13)

As would be expected, the choice of € plays an important role in
detérmining (ai)av . € 1is probably best determined by a close study of
the geometry of the pump.

It is reasonable to assume that the fiow rate 9% is a stationary,
ergodic process. " Usihg the prévious results and discuésions, the deri-
vation for the spectral density of the flow rate follbws.

The statistical theory i.s from Appendix B with one eXception. In‘
Section B.4 an éxpression is derived for spectral densities using
Fourier tran's.forms‘.. This can be done using Laplace transforms with
the end result’being.

'
[)
e

1 T |
$ () = lim z Xp(e)Xpl-s) , (74)
. T—00
where the function x(t) is truncated at 0 and T. The specfral density
is then found by letting s = jo. Equation (74) avoids difficulties with
functions not having Fourier transforms.
If the Laplace transform of the wave form given by Equation (72)

is considered a transfer function, Equation (71) can be represented by

the block diagram



DN
o

q, (t)
where V(t) is a step series defined by
0
vit) = z a; Ult - t,) . (75)
i= w00
Then,
: 2 , ,
(qutth = " Fjo) F(-jw) Py ) (76)
where
QZ 22 2w €
F(jo) F(-jo) = S (2 + 25 - 2 cos 9)@5 - MQE— sin Bﬁ-) .1
Wwe Q

The step function series given by Equation (75) is shown in

Figure 7.
P
' Zm+2
R 4
al
m+1
!
! .......... V...
a
F“m
i
Fm-1
[
e -4 v
V’(t):O ] ( : - = I
! i ’
‘m-1 'm b1 b2

Fig. 7. A step function series.
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The expected value of V(t)2 is the mean-square value of the ampli~
tude times the number of inputs. Therefore, the correlation functions
;stV(O) and ¢VV (7) are infinite. However, the spectral density must
be finite due to physical limitations of the pump. Thus, the spectral
density is calculated in a somewhat different manner.

The function V(t) is truncated at 0 and T. Then the number of

input amplitudes is n{¥I'. The contribution of one step a; at t = ti is

N . 1 TN
(PV‘V.(S) = lim 5 Vg (s) Vo (-9) (78)
i1 T —o0 i i
where
VTi(ti) = a, U(ti) , (79)
and
4
VTi(S) = _é"' . (80)
Then,
1 ... 12
P, v W) = = lim = a.“° . (81)
Vivi _ w2 Toew 1T 1

At this point it would be desirable to know more about the ampli~
tudes a;. A decision is required as to whether each amplitude is inde-
pendent of or dependent upon any amplitude occurring at a previous or
later time. It appears that the value of one amplitude should have little
affect on the value of the next amplitude and less affect on succée-ding
amplitudes. Therefore, the amplitudes are considered completely in-
dependent of one another.

The spectral density of the step series is then the sum of spectrums

of each step, or



§ ) = &5 lim -% nQT a

i

- (82)

Determining the ensemble averaged value of the input amplitude
squared is a difficult problem. Nothing is known,nor is there likely tc
be any thing known, about either itvs probability distribution or its |
variance with respect to time., All things taken into consideration, it

A,

appears logical that the square of the average value of'ai given by Equa-

tion (73) will approximate ai2 . Then,
_2
- 4049
Pyylo) = —=5 (83)
neE" W

Substituting Equations (77) and (83) into Equation (76),

@ (w) = 89362 (1+w262 - cos & - ¥E gin¥E) (84)
9% w4€4n 292 Q 2
By definition,
qlt) = qlt+7) = q;- (85)
i = 1m o | e @8
_Lw -

and
g Lo (87)
qlt) = lim o § q,(t+ T) dt. 87

T—o0 LT
Then,
1 T _ 2 )

- = 1 = At alt+7)dt = q° ; 88
@Olqt('r) Tlf?o 57 S';T qf )qt( T) q (
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T
o 1 — =2

qta(’T) = Tlf?o 5T S:T qt(t) qlt+7)dt = q° ; (89)
and

g——(1) = lim igT q(t) q(t) dat = 62 (90)

99" " i 2T Jop
From the definition of spectral density,

O~ W) = § ) = Po=(w) = FLT2] = T2 6(w) (91)

q9, 9,9 aq

where the Dirac delta function 6 (w ) is undefined at w = 0 and zero else-
where.

Since q(t) = qt) - G)

= - - P + Po=(w) . 92
(I)qq(w) thqt(w) @qtq(w) qqt(w) q)qq(w) (92)
Substituting Equations (84) and (91) into the above equation,
893 2 w262 Wwe We
@qq(w) = w4€4n(1 + —2—5—2- - cos—m - o sn——)-q s(w).

(93)

Equation (93) is shown graphically in the next chapter.



CHAPTER IV
ILLUSTRATIVE EXAMPLE

The purpose of this chapter is to demonstrate by calculation the
use of the theory developed in previous chapters as applied to a typical
piping system. Two different types of problems are solved using one
discrete frequency. A complete solution would involve computations
for all frequencies of interest. It appears that the only practical meth-

od of numerical solution is by digital computation.

4.1. The Piping System.

The piping system shown in Figure 8 is used for illustration.
Tables I and Il summarize the necessary calculations. The functions
dependent on the frequency are computed for w = 12 radians per
second; however, any convenient value of w could have been used.

From Equation (61),

C = —. (94)

Nomographs are available that give the velocity of propagation, a, for
most sizes and kiﬁds of pipes. Using Equation (94), C can be calculat~
ed without computing K'. Co&umn 2 of Table I contains the velocity of
propagation for the different pipes,(lg) .

Columnge 3 and 4 were computed from basic fluid mechanics

theory. The Darcy-Weisbach formula was used to compute head losses.
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Pump

Type: Centrifugal
Speed: 3600 rpm
No. of Blades: 8
Head: 1600 psi
Flow Rate: 4 cfs

100°-47 1. D, |
3 |

/—\ e - ¢

~ A e A
1 200-6"1.D. | s,

System Data

Pipe Fluid
Type: Commercial Steel Water @ 70° F
Thickness: 0.25 in. p = 1.936 slugs/ft3

n: 1.75 -5 9
v = 1. 059 (107 2ift%/sec

500 - 4" 1. D,
#24

i
1
i

‘ ) 20007-4" 1. D.
) receiving
#3 #1 end {openj

! _.,_W.
{

Fig., 8. The piping system.

0¢



TABLE 1
EXAMPLE PIPING SYSTEM DATA, PHYSICAL PARAMETERS,

AND FREQUENCY PARAMETERS

w = 12 rad/sec
1 2 3 4 5 6 7 8 9
. — — -4 9 4 3
Pipe a q pex 10 Cx 10 L R ax 10 Bx 10
Number = ft/sec cfs psf ft4 /1b  1b-sec2/ft6 1b-sec/ftb 1/ft rad/ft
(94) (8) (9) (54) (55)
1 4350 4.0 20, 2 2.23 22,19 44. 24 2. 17 2.67
21 4350 1.91 1.42 2.23 22.19 21.80 1,16 2.67
22 4350 2.09 1.42 2.23 22,19 23. 86 - 1.16 2.67
3 4350 4.0 1.01 2.23 ' 22.19 44,24 2.17 2.67
4 4200 4,0 0. 249 5.75 9. 86 5.45 1.18 2.85

1€



Pipe
Number

2
B(jw)
(16)

0.65
+0. 36j

-0. 003
+0. 07j

0.24
+0. 056j

0.97
+0. 006

0.84
+0. 013

TABLE II

SYSTEM FUNCTIONS AND TRANSFER FUNCTIONS

FOR EXAMPLE PIPING SYSTEM

w = 12 rad/sec
3 4 5 6 T
. . . . 2
T(jw) - M(jw) G(jw) H(jw) [G(jw)|
x 10-4 x 106 < 10~4 x 10-8
(17) (18) (23)* (24)%*
3. 36 1.92 3. 36 0. 65 85.7
+8. 62j +9. 0j +8. 62] +0. 36j
0. 44 . ‘ =0, 44 2.30 -0.23 1,776
+10. 01j +10, 05j +3.53j +0. 64j
0.28 -0,55 2.30 -0,23 1,776
+8. T4j +9. 75j +3. 53j +0. 64j
0. 42 -0. 006 0,42 -0. 32 9.674
+2. 62] +2. 64] +3. 08] +0. 67j
0.17 -0, 06 -1.23 -0.68 5.62
+2, 23j +13. 1j +2. 02j +0. 61j

#*For parallel pipes use Equations (48} and (49).

8

| Hijw) |2

0.549
0.463
0.463
0.545

0.835

9

2

[G(w)]

| Hjw )| 2

x 1079
15. 65
0. 384
0. 384

1.757

0.674

ce
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The physical and frequency parameters are in columns 5 through 9
of Table I. Numbers in parentheses refer to the equation in the thesis
used to obtain the parameter,

Table II contains the system and transfer functions. Numbers in
parentheses refer to the equation used for calculation. Columns 7, 8,

and 9 are the transfer functions needed to predict pressure fluctuations,.

4,2, Illustrative Problem 1.

An amplitude~frequency plot of pressure pulsations at the pump
shows a value of 5 pounds per square inch at center frequency w = 12
radians per second. The associated bandwidth is 8 radians per second.
The pressure pulsations at the pipe junctions are to be found.

The following equations are used in the solution:

m|lp{f_,t) ;2
w12
@ppun) 12) = % ; (95)
1 ,
(r, 12) = ¢ (2, 12) ; (96)
@qq !G4(jw) ] ‘2 pp 4
w=12
and
; _ . 2
Dyl 12) - ’Gn(,]w)w=12‘ Poqlr 12) (97)
From Equation (95),
Bty 12) = 172 (10%) . (98)

Then,

® (r, 12) = 3.08 (107%

- ) . (99)

v.
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Using Equation (99) in Equation (97),

pltys 12) = 264 (10%) ; (100)
B, Uy 12) = 5.46 (10%) ; (101)
Q15 12) = 29.8 (10%) . (102)

The desired results are obtained using Equation (95). They are:

p(L ,t) = 18.6 psi ; (103)
I p=12

p(Ly, 1) = 2.6 psi ; (104)
w=12

p(Lg,1) =  6.05psi . (105)
w=12

The values of the pressure pulsations at the various points are
average values over the bandwidth Aw = 8. The magnitudes are not
unreasonable with the possibility of even larger ones occurring at other

points in the system.

4, 3. Illustrative Problem 2.

The flow rate spectral density of the pump is given by Equation
(93) and shown graphically in Figure 9. The pulse duration factor € is
assumed to be 0.75. At w = 12 the flow rate spectral density has a value
of 0.0523. The pressure pulsations at the source and the pipe junctions
' areb to be found.

Equations (95) and (97) are used in the solution. Also,

@qq(r, 12) = —— — q>qq (£,,12) . (106)
! W

w=12



(@qq(£4, w)
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0.3 - :
|
! Calculated Points
Rest of Plot Approximated.
0.2 i
|
|
0.1+
{
\
\\ '!'\} /\ ,Ax”\" ; ~
\KT, / 7 //’/\ / ' \ ,l'//\ // \1\ e /-\\ ,'\‘
A ; \/ / \’: s Vo N
| 1
0 10 20 40 80 160
w - rad/sec
Fig. 9. Flow rate spectrum for the centrifugal pump.
From Equation (106),
r, 12) = 0.0633. 107
(ﬁqq( ) (107)
Then, from Equation (97),
6
1 12) = 543 (10 ; 108
ey, 12) (10°) (108)
6
£,, 12) = 1,123 (10 ; 109
Bopltyr 12) (10°) (109)
‘ 6
L,, 12) = 61,2 (10 R : 110
O, (15 12) (10°) (110)
' 6
£, 12) = 35.6 (10 . 111
O,y 12) (10°) (111)
The average values for Aw = 1 are found from Equation (95). They
are:

p(Ly,-t) = 91.5 psi ; (112)
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p(lz, t) = 4,2 psi; (113)
w=12

p(Lg, t) = 30.7 psi; ’ (114)
w=12

p(£4, t) = 23.4 psi . (115)
w=12

4,4, Digital Computer Solution.

Digital computation is apparently the only practical method of
calculating the necessary values to analyze a complex piping system.
Except for the complex variable aspect, a computer program to accom-~-

(20)

plish this is easily formulated. Work has been done and is presently

in progress at this University toward this type of solution,



SUMMARY AND CONCLUSIONS

This thesis presents a method for determining the response of
complex piping systems to random inputs. The partial differential
equations which describe the pressure and flow in a cylinder are de-
rived in Appendix A, The frequency response solutions of the describ-
ing equations are given by Equation (A-34) and (A-35) in Appendix A.
These equations are used in developing thek theory in the thesis. Appen-
dix B contains the necessary basic statistical concepts.

Pressure fluctuations in piping systems have been of interest to
the engineer for many years, but the methods of prediction have been
confined to déterministic inputs. In many piping systems the input flow
rate is a random process, for example, a system containing a rotating
pump. Thus, the pressure variation is a random process. Generally,
the fluctuations are small in magnitude, but from an acoustic stand-
point they are important.

In this thesis, linear system statistical theory is applied to the
analysis of piping systems. The spectral density of the pressure
fluctuations at so‘me point in the system is found to be the product of a
transfer function and the spectral density of the flow rate at some point.
This is first shown by Equations (14) and (15).

The transfer functions for series and parallel pipes are given by
Equations (23), (24), and (45) . They are complicated functions of the
frequency, and manual numerical calculations for all frequencies of

interest is not practical.

37
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The parameters that comprise the transfer functions are discussed
in Sections 3.1, 3.2, and 3. 3 of Chapter III.

The spectral density of either pressure or flow at some point in
the system must be known before prediction of pressure fluctuations at
other points is possible. In Chapter IIl, pressure measurements are
shown to give the necessary information., Also, a method is proposed
for obtaihing the flow rate spectral density of a centrifugal pump. This
is given by Equation (93).

The methods of analysis developed in the thesis are demonstrated
by an illustrative example in Chapter IV. The numerical calculations
are made for only one frequency. It is evident that the only practical
means of complete solution to such a problem is a digital computer. A
research group at this University is presently engaged in this type of
solution.

It is concluded that the theory in this thesis, with the possible
éxception of the centrifugal pump analysis, provides a reasonable meth-

od for determining the response of piping systems to random inputs.
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APPENDIX A

DERIVATION AND SOLUTION OF-THE
SYSTEM DESCRIBING EQUATIONS

The derivation and solution of the differential equations describing
one-dimensional, compressible, turbulent flow in a non-rigid cylinder
including the effects of friction follows. Selected reading references

are References 3, 5, 8, 9, and 21 of the Bibliography.

A.1l, Equation of Motion.

Figure A-1 shows the system to be studied.

a4 : receiving
S end

jov——

Fig. A-1., The System

The equation of motion of a fluid element for one-dimensional

flow in the x! direction is

41
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1
il.l_t. + u ._a_LEC. = - .;I'_ apt + l (8°-X' + aTyx + —a—T-Z—}E- ) (A'l)
ot ox' p ox' p X' 9y 9z °°

The terms (r;{, , T and T represent normal and shearing

yx’
stresses on the element of fluid. They are functions of the dynamic and
eddy viscosities of the fluid, the roughness and size of the pipe, and the
velocity of the fluid. In general, the last term of Equation (A-1) is a

function of system parameters and some nonlinear operation on the

fluid velocity. Equation (A-~1) is rewritten in terms of x as

!
o
i

au 3p ‘ T Tad .
to_ t .1 7t L N, iy (A-2)
P ox t

The last term on the left side of Equation (A-2) will be neglected,
because the change in velocity with respect to x can be considered
negligible as compared to its change with respect to time. Integrating

Equation (A-2) over a control volume Aé x,

9 6x 0
ax—S u, dA = 22 .2 gpdA+6x§ N(u,) dA , (A-3)
Bt ), ot b Jy Tt y ot

or

ap aq
-ty e _t

When the volume flow rate is constant at a cross section, q; = q,

Equation (A—4) reduces to the slope of the pressure grade line, or

= N@ = £
2DA

(A-5)

21



A.2. Linearized Equation of Motion.

Equation (A-4) is one of the two describing differential equations
needed, but the nonlinear term N(qt) makes it unsuitable for an exact
solution. = This difficulty can be circumvented by "linearizing" N(q,) by
a perturbation process first proposed and subsequently verified experi-
mentally by Waller(g).

The nonlinear term is expressed as
N{q,) = B@ + @ , (A-6)

where B and n are system parameters independent of the volume flow

rate. Equation (A-6) is rewritten as

Nlg)) = BT  (1+2)", | (A-17)

and a binomial expansion yields

N{q,) = Ban[1+n(%—) + n(zrl!’l) (%)2 o 4
e @7 (A-8)

q
The series of Equation (A-8) is convergent for (q/q) < 1 and is

sufficiently approximated by its first two terms. Substituting Equation

(A-8) into Equation (A-4),

?)p,C 2q -1

S T g i - -
5= T & 3 + B4 + nBQ q 0. (A-9)

For q=0 and p = 0, Equation (A-9) reduces to



44

_ 9 —n _
B + Bgq~ = 0. (A-10)

Comparison of Equation (A-10) and Equation (A-5) shows that

—2-n p.
B = ___f p___q__z..__ = ..___..——fn . (A"" 1 1)
2 DA Lq

Equation (A-9) then becomes in terms of the variations

9q - -
- + q=0 |, (A-12)

Q
¥
Plo

nﬁf
£q

where the pressure needed to overcome the frictional resistance of the
pipe ﬁf and the mean volume flow rate q are determined by elementary
fluid mechanics. The value of n is estimated from experience or ex-

periment and should range from 1. 65 to 2, 05,

A. 3. Continuity Equation .

The equation of continuity for one-dimensional flow in the x'
direcfion is
a{pu,)
t° _ _ 9p -
%' - ot - (A-13)
Considering the change in mass density with respect to x' negligible

as compared to its change with respect to time, Equation (A-13) be-

comes in terms of x

ou

- t . _ 2p ' -
s S (A-14)

Also, pV = constant; therefore,



45

op
ap _ _ 9V _ i A
o - V. K!' ’ (A-15)

where the bulk modulus K' of the fluid and the pipe wall is

Kb E

i —
K = rpo+oE (A-16)
Substituting Equation (A-15) into Equation (A-14),
ou ap
t 1 t _
S | (A-17)
Integrating Equation (A-17) over the control volume Aéx ,
6x 0 =
- 6x—— L dA + P p, dA = 0, (A-18)
ot N t
or
E)q‘t ap '
A t _ -
"wmtrwm "0 (A-19)
Equation (A-19) becomes in terms of the variations
_ 9q A op _ _
= troe -0 (A-20)

A. 4., Solution of the Differential Equations.

The describing differential Equations (A-12) and (A-20) for the

variations in pressure and volume flow rate are:

?.P&i_{l) + L ?q—(gt’—tl + Rqlx,t) = 0 ; (A-21)

and

8qlx,t) , ~oplxt) _

- = p (A-22)
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where
= P -
L x (A-23)
nﬁf :
R - TCT'- 3 : (A"24)
and
A
C = & (A-25)

Equations (A-21) and (A-22) can be solved by Laplace transform methods

for solutions in the frequency domain.
Transforming Equations (A-21) and (A-22) with the Laplace

integral

F(s) = S‘ ft) e St at |
O

Eﬂ%i?+(R+ﬂ)Q&ﬁ)=O, | (A-26)
)
and
- ?—Ql%-;_—S)J+ sCP{x,s) = 0, (A-2T7)

where p (x,0) and q(x, 0) are zero. Transforming the above equations

with the Laplace integral

ﬁ‘(?t) = S f{x) e-AX dx ,
(o)

- APy, s) + (R+sLYQM,s) = -P(r,s) , (A-28)

and

- AQ0,s) + sCPOLs) = -Qlr,s) . (A-29)
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Solving Equations (A-28) and (A-29) simultaneously for i (A, s)

and Q, s),

BOLs) = 2, Qlrs) (T —y) + Pl e) (2y) (A-30)
- AT -y

and

Qo s) = BLsl Yy 4 Qi) (2 (A-31)

C AT -y AT -y

where

¥ = sC (R +sL) , (A-32)
and

2 R+ sL '

ZC = '—S—CT—-‘ . (A'SS)

Evaluating Equations (A-30) and (A-31) with the inversion integral

€t+jo

f) = o Boy M ar
7TJ _:
€-]® -
P{x,s) = P(r,s) cosh yx + ZC Q(r, s) sinh vyx , (A-34)
and
- P(r, s) _.
Q(x,s) = Q(r,s) cosh yx + > sinh yx . (A-35)
C N

The frequency response of the system is obtained by replacing s

by jw in Equations (A-32) through (A-35).



APPENDIX B

BASIC STATISTICAL THEORY

The following material is the basic statistical theory used in this
thesis. Suggested reading references are References 15, 16, 17, and

18 of the Bibliography.

B. 1. Probability and Probability Density.

The chance that an event in a random process will occur can be
expressed by a number between 0 and 1., If the event is certain, the
number is 1, and if impossible, the number is 0. This number is called
the 'probability' of occurence. The calculation of the probabilities of
one event or any number of events is a logical and elementary process.

Probability density has more physical significance than proba-
bility. Since there are infinitely many values that a random function can
have, the probability of finding the function at a particular value at a
given time is zero. The probability of finding the function at a particu-
lar value in an interval of the function is not necessarily zero and is the
"probability denéity". If the random function is x(t), the probability
density p(x) for x equal to some value Xy in an interval dx is defined

mathematically as
p(XO) dx = Pr(xo < x <x ot dx), dx =0 (B-1)

where Pr( ) denotes the probability of the event in parentheses.

Since probability and probability density are not instrumental in

48
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the frequency description of a system, the preceding discussion is con-
sidered sufficient to allow continuation into more appropriate statistical

theory.

B.2. Averages.
The "time'" average of a function x(t), whether it is random or not,

is given by

x(t) =

LT(: x(t) dt . (B-2)

T—soo

This can be extended to a function of x(t) as

~

ITXOT = lim % S‘T fx(t)] dt . | (B-3)
T— -T
Another type of average is the "ensemble' average. Whereas the
time average denotes an average value of a random function over a
period of time, the ensemble average denotes an average value of a
random function at a particular time for any number of generations.
The mathematical statement for the ensemble average is easily obtained

and is stated as

o]
x(t) = S‘ x p(x) dx . " (B-4)

O
o0

This can be generalized to a function of x by

f[x{ )] = y f{x) p{x) dx . (B-5)

(e o]
Two terms which are useful in describing a random process are:
1. A '"'stationary' process is one having statistical properties that

do not change with time,



50

2. An "ergodic'' process is one having equal time and ensemble

averages.

B.3. Correlation Functions.

The ensemble averaged product of two functions of time, one dis-
placed T seconds, is defined as a '"'correlation' function ¢. If the two
functions are the same, the correlation function is called the "auto-
correlation' function and is given by

6 (kT 2 Xt ) x(E_+ 7). | (B-6)

If the functions are different, the correlation function is designated the

"eross-correlation' function and is expressed as

¢xy(to’ ) 2 x(t )y, + 7). (B-17)

For ergodic processes, the correlation functions can also be found
by

. (T) = x(t)x(t+T) ( (B-8)
and

¢Xy('r) = x(t) y(t + 7). (B-9)

Correlation functions can be used to describe certain systems, but
the concept of spectral densities discussed in the following section is

usually better.

B. 4. Spectral Densities.

The "'spectral density" @Xx(w) of an ergodic random process x(t)
is defined as the Fourier transform of the autocorrelation function

¢ (7). In symbols

* ~jw T
@Xx(w) & y_w B (T) e WT g7, (B-10)

It follows that
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0 .
Q. (w) =§ 6. (r)e YT dr (B-11)

Xy e XY

where @Xy {(w)* is the "cross-spectral density'' of the ergodic random
processes x(t) and y(t) .

Several properties of '(Ijxx(w) can be deduced from its definition\_;_(15).
Without proof, they are:

1. @ . () is an even function of w.

2. (I)Xxm) is real.

3. @Xx(w) is positive.

A rigorous mathematical investigation of the operations on a raln=
dom variable leading to the expression for its spectral density will show
that very badly behaved functions are created. Any seemingly obvious
operation should be approached with caution and a thorough understanding
of the mathematics involved. The remainder of this section will be de-
voted to the derivation of an expression for the spectral density useful
in system analysis. The mathematics involved can be shown to be cor-
rect‘(15).,

Let the truncated function xT(t) be defined as the same random
function x(t) in the interval - T < t < T but zero outside the interval.
Then the equality

Te-T 1

1 o0
t) x {t + dt = (t t + dt (B-12
x(t) x (t + 7) S:oo X ) xT( T) )

2T 2T

can be written. Introducing the Fourier inversion integral

* A more correct notation would be @xy(jw ), because the cross-

spectral density is complex.
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N

(ve]
S : jwlt+ 7).
xp(t+7) = ‘27‘7?5‘_300 XTQw)eJ“’( " dw | (B-13)
Eguation (B-12) becomes

T-7 o0 o0 .

)

0 . o0 .
(§}T_)(§17) S‘-;OXT(jw )edWT de xT(t)elc‘)JC dt

- 00

o0 .
GG | Xplo)Xptjo)el T @ . (@-10

Performing the ensemble average over the above equation,

—L:YTWTXﬁ%dt+Tkﬁ -(QLN-L)yw XG0 )0%m(-50)ed®7 du
7T ) ¢ ey ) Erlie Xy ;

(B-15)

or
1. T-7 1., 1, (® =~——— jur |
o ¢XX(7) §_.T dt = ('Q"T*)(ﬂ) ‘Y-OO XT(Jw )XT(«Jw)e dw . (B-16)

Integrating the left side and taking the limit as T— of both sides of
Equation {(B-16),
2T~7 1

[= o}
. . 1 /M‘\T\N\/\i\ﬁ jw,r
lim 5%~ ¢__{7) = lim (——)(-——)S‘ X m(jw )X (=jw e dw ,
T 2T Pxx g 2T W ) o STIEIA

(B-17)

or
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brul?) = Tim D | Ko Cio)e " do (B-18)
or
GJ[QSXX(T)] = r%ir?o E;T—XT(jw)XT(-jw) . (B-19)

From the definition of spectral density, Equation (B-19) can be written
as
R 1 77
@Xx(w) = %ir?o o Xp(jw) X pl-jw) . (B-20)

By a similiar derivation it can also be shown that the cross-spectral

density @Xy(w) is given as

e e,

Py l0) = Lim g Xp(=j0) Yoo (Go). (B-21)

Equations (B-20) and (B-21) are useful tools in the analysis of a

system with random inputs as will be shown in the next section.

B.5. System Application

A system with multiple random inputs is shown in Figure B-1.
The inputs are denoted by xi(t’) and the respective system transfer
functions by Hi(t) ,i=1,2, 3, +es, n. After truncating the inputs as

in the previous section, the following equations can be written:

n
Xplw) = Zl H; (w) XTi(jw ); (B-22)
1:
and
n
Xpl-jw) = z H &) X d-je) o (B-23)

k=1
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b Hl(jw )
Ko (t)
- 2 ‘ Hz(jw)
x3(t) :
> H(jw) (t)
x (t) : ,
: > H_ (jw)

Fig. B-1, System with multiple random inputs

Multiplying Equations (B-22) and (B-23) and dividing the results by

27T,
n n
1 . . 1 . . . .
5T XT(Jw)XT(—Jw) = 3T 1 klei(Jw)Hk(-Jw)XTi(Jw )XTk(-Jw)
igl =

(B-24)
if the ensemble average is taken over the above equation and T is

allowed to approach infinity,
n

n
®xx w) = Z Hi(Jw)Hk(—Jw) @ka.(w) . (B-25)
i=1 k=1 .
Equation (B-25) can be used to obtain the spectral density of the
output in terms of the spectral and cross-spectral densities of the in-
puts and the system functions. As illustrative examples, single input

and double input systems are analyzed.
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Single input:

1
GI)XX(w) = z

i=1

1
D H G0 () 9, ()
k=1 '

. .
z H, (jw)H, (-jw) @X 1Xi(w )
i=1

H, (jw) Hy(-jw) <I)X1X1(w)

|H, Gw)] 2 @Xlxl(w) . . (B-26)

Double input:
2 2

2 2 H, (jw) H, (- Jw)Q 1

i=1 k=1

3,,)

2
= E Hyljo) Hy(-ju) Pty () + H,Gu)Hy ) P, @)

X
i=1 2

HyGo) Hy(30) B,y () + Hl(jw)H'z‘(-jw)iI)xle(w) +

H,y(w) Hy(-jw )'Qxlxz(w) + Hy(jw) Hy(-jw) szxz(w)

(B-27)

Thus, the spectral density of a system output is determined once
the spectral densities of the input(s) are found. The determination of
the speciral density of a random variable is discussed in the next sec~-

tion,
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B. 6. Determination of Spectral Densities .

In Section B. 4 an expression was derived for the spectral den-
sity of a function in terms of the function's Fourier transform. The rela-
tionship so derived is useful in mathematical manipulations as shown in
Section B. 5, but it is of little use in the actual calculation of the spectral
density. Because a random variable cannot usually be expressed as a
function of time, its Fourier transform cannot be found.

There are methods for determining spectral densities analytically,
but all involve prior knowledge of the variable such as its amplitude dis-
tribution, frequency of occurrence, etc. Perhaps the simplest way of
determining the spectral density of a random variable is a mechanical
one. A short derivation follows to fully explain this method,

From the definition of spectral density, if x(t) is ergodic and

7 = 0, then
NS 1 ®© : |
6 (o) = x®)2 = oL Lo D, ) do , (B-28)

Replacing x(t) in Equation (B-28) by the real part of its Fourier series

representation
00 ) 0
jw t
x(t) = R Z c €& = Z ]cn]cos (wnt - Gn) (B-29)
n==00 . N==00
where
T -jw_t
c, = —2-% g x(t)e T dt ' (B-30)

T

N
and considering only the frequency interval Aw with center frequency:

wn,
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1 ("T 2 2 1 “’h*%‘cﬁ
Tlir?o T J«T’ Cn’ cos (wnt - Qn)dt = 5= S;oh Aw (Dxx(wn) dw .
B (B-31)
Rewriting the above equation,
2 -
] 1 1§wnT9n 2 (0. t-0 )d(w_t-6_)
im g J_ _ cos” (w_t- w_t- =
P00 27 wnT Gn n n n n
AW
1 N2
57 (@XX (wn)S‘ Aw dw , (B-32)
w L —
n 2
and integrating gives
ERE (o T-6_ - T-0_  sin 2(w T-0)
' qim 1 |™n n _ n n o, n n’
o IT T2 2 4
sin 2(-_T-0 )] .
i _{ T o7 @xx(w ) Ao,
(B-33)
or
2
‘ mle,l
Pexlon) = —me (B-34)
An alternate expression is
2
eyl
O < T - (B-35)

Equations (B-34) or (B-35) provide an easy method for determin-
ing the spectral density of a random variable if its amplitude-frequency

plot made by a wave analyzer is available. The wave analyzer gives the
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absolute value of the Fourier coefficient c, for some frequency band
width Aw. Thus, the spectral density may be computed either by hand

or electronic computer using Equation (B-34) or Equation (B-35).
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