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PART T
LINE WIDTH OF THE ROTATIONAL SPECTRA OF

SYMMETRIC-TOP MOLECULES

CHAPTER I

INTRODUCTION

The pressure broadening of spectral lines has been of interest
for a long time. Michelson's studyl of line broadening is perhaps the
first one in the field. 1In that paper, he introduced for the first time
the concept of interruption broadening due to collisions. The argument
is that a hard-sphere atom (or molecule) will undergo the process of
emitting electromagnetic wave of its natural frequency in between colli-
sions. The collision has the effect of terminating the radiations and
thus a finite wave train is formed which is our interruption broadened
spectral line after a Fourier tramsform is performed on it. This theory
was modified by Lorentz2 classically. With the advent of quantum mechan-
ics, new justifications were added by Weisskopf3 and Jablonski°4 It was
subsequently improved by Foley5 and Lindholm.6

The Fourier transform treatment gives good results in optical
region.7 However, it fails in the microwave and infra-red regions. The
major difficulty arises from the breakdown of the adiabatic hypothesis.
In the optical region, the energy difference is much larger than the
average kinetic energy of the colliding molecules. Therefore, the

1



2
assumption that the probability of the collision induced transition is
small is valid. This assumption is no longer valid in the microwave
region since the energy difference is smaller than the average kinetic
energy. Precisely for the same reason, the pressure-broadened line-
width of the rotational spectra of molecules may provide a powerful tool

=10 Since

to study the general problem of interactions between molecules8
the linewidth will yield information about the cross sections for trans-
fer of rotational energy and consequently the intermolecular forces.

The most successful theory for studying microwave linewidth to
date was due to Anderson11 and improved by Tsao and Curnutte.12 This
theory which is the central theme of the next chapter takes care of the
diabatic effects. A number of other theoretical works on linewidth has
appeared in recent yeal‘:s.13-16 They vary from using different methods
to arrive at the same result (Cooper, Trindle and Illinger) to slightly
modified version (Murphy and Boggs). However, Anderson-Tsao-Curnutte
theory is still the single most powerful tool in the study of microwave
linewidth. In the subsequent chapters, we will use this theory to per-
form a first principle calculation of the linewidth of the rotational

spectra of a number of symmetric-top molecules and compare the results

with the experimental values obtained at this laboratory.



CHAPTER II

ANDERSON-TSAO-CURNUTTE THEORY

THE FORMULATION

In 1949, P. W. Anderson11 proposed a generalized theory of col-~
lision broadening. This theory has the following basic assumptions:

1. Assumption of a classical path. It is assumed that for all
collisions involved, the colliding molecules can be viewed as point di~
poles traveling along a classical straight line path, For very close
collision, this assumption is not valid. However, we can consider the
molecules as wave packets. These wave packets are very small compared
to the effective collision radius. This makes the assumption a very
good one in almost all cases considered.,

2. Zero collision time. The duration of the collision is very
small as compared to the interval between collisions. This assumption
has the effect that either the lines under consideration are degenerate
or they are well-separated.

3. Binary collision. Only the collision involving a pair of
molecules ~- the emitter and the perturber is considered. This is seen
to be valid when the pressure is sufficiently low and the temperature
high, |

Following Foley's approach, Anderson first wrote down the quan-
tum mechanical exp;ession for intensity of the spectral line due to

3



dipole radiation as

+00
I (W) = const x w4 Trace[aj mdtexp(iwt),uz(t)

+00
xS dt'exp(-iwt')/!z(t') ]. (2.1)
-0

This equation has since been proved by Margenau and Bloom,17

where f; is the density matrix and U(t) is the dipole matrix. Using the

time-development operator technique

AL) = UT4U; T=U ~ly; U, = exp(z%ﬂbt) (2.2)

o
where H, is the unperturbed Hamiltonian and
H = Hy + Hy(t) (2.3)
with Hl(t), the time-dependent interaction Hamiltonian., Then through
Correlation Function scheme and a rather formidable mathematical manipu~

lation, this theory gives the cross—-section as
o
o= g 27bS (b)db, (2.4)
0

where the function S{(b) is a weight factor governing the effectiveness
of a particular collision to interrupt a particular radiation and

impact parameter or the distance of closest approach of the molecules,
The function S(b) increases as b decreases until b = b0 and S(bo) = 1

which means the radiation is completely interrupted.

S(b)

Figure 1. Relation betweean b and S(b).



S(b) can be expanded as

S(b) = Sy(b) + Sy (b) +Sa(b) + ........ (2.5)

where

So(b) =0 .
o Gymidamy | B 35mi35mp)
Bis72 (2j; + D @Qjp + 1)

Sl(b)

2 (gmeigmy | P | 5emedomy) 2.6)
Mg, My (2jf + 1) (2_‘]2 + 1)

It is imaginary and contributes only to the line-shift.
S2(®) = Sy(®)gyter,i + Sz(b)outer,f + 83 (PImiddle

with

. . 2, R
1 (iimiiomp [P”] jims jomp)
S (b) . = - . (2'7)
2®)outer,i =27 fiom, (25; + 1) Q2iy + 1)
i

. U 21 . sy
o 1 (Ggmei,m, |22 | Jgmeiomy) '
5 (b) -5 T D05+ D -8
2\PJouter,f ~ 2 oy (2j¢ + 1) (259 + 1)

and

o (Jflme 'J:Lml) (glog'M |jimg'

1’m (2_’[1 <+ 1) (2_’[2 + 1)

mf,mf
m2’m2
M
x(jgmeioma|P | jeme'ip'my')
x(jimi'jz'mz' IP IjimijZmZ)' (2.9)

Where j;m;, jeme, j;'my', jg'me' are the quantum numbers of the imitial

and final states of the emitter, j,m,, j,'m,' that of the perturber and
2%20 2™ P

+0 . : :
p=L1 S Hi (t)dt , (2.10)
T J.wo

where H; is the interaction Hamiitonian with the time-dependence due to



Hy inserted:
m[H]i ) = (@|H; ()| n) exp [ (B, - Ep)t/if]. (2.11)
(jglmg M|jjmy) and (jgelmg' Mljzmz') are the Clebsch-Gordan

coefficients.
So(b) is real and contributes to the linewidth. The halfwidth AV
is related to the cross-section by

Nvo
= — 2.12
Av=— (2.12)

Nv & gives the number of collisions per unit time., N is the number
of molecules per unit volume and v the relative molecular thermal
velocity.

Equation (2.4) gives only the collision cross section of a
emitter at a particular molecular quantum state Jj, Ky and a
perturber at J2, K2. We may call it the partial cross section and

denote it by OBZKZ' The number of molecules in this particular

18
state is proportional to the statistical weight £ ,
e =S, K1 +1) B2ch’
K 412 141 +1 (k1) 3
xexp [BI(@ + 1) + (C - BYRZJn/KT (2.13)

where I is the spin quantum number. B and C are rotational con-
stants; k, the Boltzmann constant; h, Planck constant. T is the
temperature. The factor S(I, K) is such that:

for K a multiple of 3, but not O,

S(I, K) = 2(4I% + 4T + 3)£(1); (2.14a)



for K =0,
S(I, K) = (4I% + 4T + 3)£(I); (2.14b)
for K not a multiple of 3,
S(I,K) = 2(41° + 4T)£(T) 3
with
£(@) = (21 + 1)/3.
The cross section of a given molecule at a state J; and K; then is

given by

% x =L £

T1KT TRy 39k Tasky
Where theor;tically the summation is taken from J5 = 0 to infinity
with Ky- degeneracy. However, the upper limit in practice is dic-
tated by the statistical weight such that we cut off the series
when the upper levels are less populated and give insignificant

contributions to the total cross section Glel.

TSAO-CURNUTTE M.ODIFICATION12

Anderson applied his theory originally to the ammonia
inversion spectral line broadening with success. It was Tsao-
Curnutte modification which completes the theoretical frame work
and takes into consideration the different interactions.

They expand the angular part of the interaction Hamiltonian
in spherical harmonics. The general form of the matrix element P
is then of the form

(igmyiomy [P|31'my " 32" mp")
=2 a'(/\kj)u(:ilmlj By |Yl,:i(1)yl,t§(2)| jp'my'ia'my").
kyky
AMAo (2.14)
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Where Y}\(c#e) are the apherical harmonics. TFor symmetric=-top

molecules the matrix elements are

(25 + D (X + 1)]3“

('K'm' |Y5($0) | jKm) = [

4w(2i' + 1)
x(§kKO |j'K') (jkmA [j'm'). (2.15)
The quantum numbers are related as
j+k=3i",K+0=K', m+A =nm',
The modified expressions of Sp(b) are:
- .. 2
S2(®)outer,i = 2 Z (34k1K3013{K;)
32" 3539
K ko,
. 1 N2 .\ 12
x(JszKZO li,'K,)  Ja(Ak3) | (2.16a)
S2(®)outer, £ = —2' Z——'—' Gk, K0 (5" f)
kl k2
M A
% (3 gkoKo01 35 "Ko)21a (Ak )P (2.16b)
and
a i+ i /(233 + D@23 + 1)
S2®niqare = D7 L
- 167
k1 +A1+ Xy
2 R EDT T RGO 1K)
kikaip'
MAz
% (3 gkgK0 | 3¢Kg) (igkoRp0 |5 'Kp) 2
KW (333edgdgi Tk)alk koM My i)
@.17)

xa' '(klkz A ')‘zj ').

where W is the Racah's coefficient.



DIPOLE-DIPOLE INTERACTION

The classical dipole-dipole interaction between two molecules

is given by the expression

- g —) —_— = = 3

P; + Py = 3(P; - Ry (Py - Ry)/R7,

- —
where Pl’ P2 are the dipole moments of the molecules, R is the dis-
tance between the molecules and Eo) is the unit vector along R. For
linear or symmetric-top molecules, the dipole moment can be specified
by its magnitude and the direction of the symmetry axis.

The interaction Hamiltonian is then
PiP2

(mipin) = —ﬁ—. (GlFl + G2F2 + G3F3)mn, (2.18)
where
F; = sinf;cos sinycosp,- 2sind;sinP;sinfysinPy + cosd;cosd,
Fy = 3sin918.in¢1cosez+ 3coselsinezsin¢2 (2.19)
Fq = 381n9131n¢lsin923in¢2 - 3coselcosez
4+
G = S exp (ivmat) dt
-0 R3
+c0
S exp (#mnt) siny cosy
= dt 2.20
Gy o 3 (2.20)
+co
Gy = S exp(iwmnt)cosz\v at
-® R

where (<P1, 1) and (432,92) are the direction of the dipole P; -and P,

respectively. The quantities R and l!/ depend on time.
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21
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b
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v > Yo
A
Figure 2. Diagram of the coordinates

If v is the velocity of the collision, then

R = /2 + vit?) (2.21)
= ¥t =2,
sin !‘J =R cos q/ R

In Anderson's original application of the theory to ammonia
inversion spectral lines, he ignored the G's entirely as he took
into consideration only the first order Stark effect and rotational,
resonance. These approximations are valid since the ammonia molecule
is a rather unique case in that the rotational energy levels occur in
closely spaced pairs of about 1 cm-1 due to inversion and that levels
of different rotational quamtum numbers J are generally separated by
over 20 cm™l. Because of this pattern of energy levels, one needs to
consider energy transfer only between the two inversion levels of a
given rotational state during the process of collision interruption
of radiation. The collision induced transitions of type J—J'
(J' # J) are expected to have much smaller cross-sections on account
of the large energy differences and are reglected aside from the case
of rotational resonance. Furthermore, for the purpose of computing
collision induced transition probabilities between the two inversion
doublets, the energy spacing between these pairs are set to zero.

For the symmetric-top molecules, the rotational constants
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which govern the frequencies of the J transition are less than 14

kMc/sec, hence the approximations are no longer valid. The integrals

12
of G's must be evaluated. It was showm that:
1
61 =557 2K ([4)
1/, 2 k 2
Gy = —= i = == kK1 (|Kk]) (2.22)
2 =521 3 Tk 1
G3 -_l_z.észz(lkl)
vb
where
=k
k = v%m ° (2.23)

and K, the Bessel function of the second kind.
We can also write F's in terms of the spherical harmonics:

21z[szl1 (1)Y11(2) + Y_11(1)Y_11(2)]

F1 =
+ Zyhny,t@ + vt oyt o)
+ Bt ,

Fp =1 * 2 /28y, )yl (@ + Yot (Yl@ + vty )
+volwyit@1,

F o= -2[y; L)y L@ + vt t@ + v ooyt

+Y4ly_1@)] - @y l()y,l). (2.24)

Substituting the expressions of F's and G's into (2.16a),

(2.16b), and (2.17), we obtain

?_l N

P1P
s2(b)o,i = % ('=!1iv_2) b4 3y (jilKiolji.'Ki)z

x (3o1K50 [io"Kp) £ (1) (2.25)
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where
1,2 2
£100 =+ K[Ry () + 482 () + 3Ko2 ()] (2.26)
with similar expression for Sz(b)o,f‘ The function S,(b), is

is expressed as

j +j +1
S2(b)y = (-1)°1 °f

P1po, 2
. -g-(-_-ﬁsz-) ;—4 [+ D Qs + D
X (ji_lKiO lji.ki) X (jfleO |ijf)

x W(iglelgde 1D £ (121K0 132K 2+ £1.0) . (2.27)
iz

Once the S2(b) is known, we adopt the "approximation #2" of the

interpolation process of Anderson. Let by be the value of b at

which
So(bo) = 1 (2.28)
then
2 o0
a—jzkz =ch0 + -‘; (27fb)db[82(b)o,i + SZ(b)o,f
o
+ S (b)) (2.29)

The integrand is evaluated to yield

Loo2lkgRy + 4KgR, - Kp? - ®? - ¥o2), e (2.30)
[¢]

COMPUTABLE_FORM

As previously pointed out, in evaluating the line width of
the symmetric-top molecules, the Andersqn's approximations applied
to ammonia inversion are no longer valid. We must now include all
the interaction between the emitter and the perturber during the
collision. There are the following transitions which occur in the

collision process:



J=a
W

NIy =0 (2.31)

AJdy=

ANJ =%, a1,=0 (2.32)
AJ1 =3,0T,=71 (2.33)
A3y =0, 1, A Ty = #1. (2.34)

For the J; = Q—>1 transition, Birnbaum found that processes (2.31)

and (2.32) occur with much higher probability than the others.19

By neglecting the transitions (2.33) and (2.34) and setting
E(J1 = 1) -E(q = 0) ~ 0, Birnbaum obtained a rather simple ex-

pression for the linewidth:

2
ANP, P K g K
8.1 |1 - L | & 2 . (2.35)
My, = 9T [ | (J1+1)2J x[Jz'(32+1)]’f>

Where the expression £ > is the Boltzmann average of the quantity.

Howevér, our calculations in the next chapter will show that for the

higher tramsitions (J; = 1,2 or above) this approximation is invalid.
Including all the processes cited above, and the proper

values for both Clebsch-Gordan coefficientszo and Racah's coefficients?

we obtain the following equation, the detailed evaluation will be given

in Appendix A.

2 2 2
_ 4 PPy 2 Ky o R L K
S2(0) = (53" {32(32+1)\J (J1+1)+ 631+1)6J1+2)

af ), sfod op? xf

T @ ¥ 3,21 41) \(2141) (34D

2
(J1 2) Ky
fI(X(Jl-JZ'l'l)) + - (23 B0 +2) fl(x(J1'32+2)))
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,-1f 2 3,2
¥ T, (Jz+1) 31(2J1+1) £ &x@pmI )
@2k,

(J1+1) (23,+3) £, (x(32-31)))

2 : 2 2
Ky (31+1)“K; - ..
+ Jo(Jo+1) ((231+1) G+D f1 (x(31+1))
R

@ G £1(x(T1+2))

2...2.
J17Kq

* Ean )

(Jl"'l) "K12
*G D 23,43) £ (X(J +1)))

2 2. P
@ix? ok, K,

@3 D) (32+1) TLGED | G G

ZK2

— £ (x(Io+1))
1xW3
@412
3,22 K 2 K, 2 2, 2 L
22 ] 1. A SR
32(2J2+1) JI(J1+1) (J1+1) @) " gpan? 12

| .(32+1):?-K22 e “(‘]1'*'1)_._2'1{12 R iy
(2341 @) " (231+D) @+D) £1 (x(@1+I9+2))
~(Jl+z)'_2'.1<12

£ (x(3;H5+3)))

(23,+3) (3,+2)
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2.2
CJZ'K2)6J2+K2) J17-K1
T (235+1) J1231+1) £1 (01 42))
2 2
Uit &) gy w4 4)) )}

+ @ 1+1) 23 1+3)
(2.36)

where x = 4T bB/v.



CHAPTER TIIIX

COMPARISON BETWEEN THEORY AND EXPERIMENT
NUMERICAL CALCULATION

Once the analytical form of Sy(b) is known, we proceed to
find b, such that Sp(b,) = 1. The method used in this study is the
standard Newton's method.22 In the present work, self-broadening of
seven different symmetric-top molecules are studied. "They are:
cigBr’®, cusBrdl, cHy1, CHy0133, cugc137, CHyCN and CH3CH. Only
dipole-dipole interaction is considered since this is the dominating
term for collision.

The calculation was carried out 6n a CDC3400 computer. Ex=~
cept some physical constants such as mass number, Planck's constant,
etc., the only input are two rotational constants B and C and the
dipole moment. A list of these values and their sources are given
in Table I.

The choice of the velocity, which is very crucial to the
linewidth, is that of the relative velocity average over the
Boltzmann distribution. This choice is justified since at suffi-
cient low pressure and room temperature the gases under consideration

do obey the Maxwell-Boltzmann distribution. Thus the wvelocity of the

gas is:
v = -/$ . (3.1)
m
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For the relative velocity of two colliding molecules, the m is re-

placed by the reduced mass,a?3 and

Vee = ,/_%% (3.2)

The calculated values are listed in Table II. They are
compared with the experimental values obtained at this laboratory.25
In the calculation of the linewidths, we have neglected the hyper-
fine splitting, namely, the width of the J=» J+l rather than
J, F=>J+1, F' transitions were calculated.

For CH3CI, and CH3Br the broadening effect of different
isotopic species, e.g., CH30135 -CH3CI35and CH3c135 - CH3CI37,
etc., must be computed separately. Since the energy differences in
(2.31) - (2.34) cannot be neglected in computing S, (b), one can no
longer expect the relative linewidths of a given molecule to be
independent of the method of interpolation. For this reason the
experimental date will be compared with the theoretical values of
the absolute linewidths rather than the relative widths.

Except for the case of the CH3CCH molecule, the theoretical
widths are generally larger than the experimental ones. This is
most noticeable in both isotopes of CH3Cl where one observes a dif-
ference of about 30%. Equally larger percentage differences are
found for the low-J lines of CH3Br79 and CH3Br81, but the agreement
becomes better at higher J. The CH3I lines show variations from 27%
to 30% between theory and experiment. The same is true also for

CH3CCH except that the measured widths are consistently larger than

the theoretical values in this case, because this molecule has a
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TABLE I
THE CONSTANTS FOR THE GASES

e ——— - — ]
Gas B in Mc/s C in Mc/s Dipole-moment

in Debye
i
CH4Br/? 9568, 19% 148x103 1.797%
81 st
CH4Br | 9531.84% 148x10 1.797%
35 * 3t
CH3CL 13292.84 150x10 1.869%
37 3*
CH3C1 13088.137* 150x10 1.869%
3+
CH3CH 8545.85% 150x10 0.75%
+
cn,1t27 7501.31% 150x103 1.65%
3+
CHON 9198, 83% 150x10 3.92%

e — — —  ———— —— ———— _ _ — — —— ——— —————————  —_—— —____——_—_§

* reference 14.
+ reference 24.

# calculated by the author by standard method.



LINEWIDTH PARAMETERS (Mc/s = torr)

TABLE I1

OF SYMMETRIC-TOP MOLECULES.

19

Ga \
s Ay K JAN F ( AVP)Obs ¢ Avp) cale
35 3.5
CH4C1 0 -1 0 S5 19.5 25.30
5 7 - '_
1 =2 0 3-3 17.6 23.72
1 2-1 15.6 21.00
2 2
37 3 5
CH4CL 0 -1 0 5-3 20.2 25.22
5 7
1 -2 0 S -5 17.9 23. 60
2 -3 0 1.7 12.8 21.81
2 2
79 3 5
CH,Br 0 -1 0 22 15.7 19.87
1 =2 o 1.3 13.6 18.37
55 i :
5. 7
1 2.1 12.3 16.22
2 2
7.1
2 -3 0 = 12.8 16.72
1 1.2 11.8 16.02
2 2
1.3
2 5-3 11.9 13.46
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TABLE II (Continued)

Gas AJ K AF W) obs <Avl’)Calc
CHyBr’° 3-4 0 2 -1 12.8 15.50
1 % -% 13.8 15.20
2 _g. -Lzl. 12.6 14.11
3 -3 12,08 11.85
cnsnral 0-1 0 2-2 15.2 19.84
1-2 0 1-3 13.3 18.32
1 2 -2 12.9 16.17
2-3 0 % -% 12.9 16.66
2 ;-3 12.92 13.41
3-4 1 7-3 13.2 15.12
2 2 -121—- 12.9 14.08
3 3 -2 12.7% 11.81
CH,I 0-1 0 21 13.3 15.00
3 2 72 '
1-2 0 1-3 10.8 13.97
1 1-2 9.6 12.33




TABLE II (Continued)

Gas AJ K AF W)y Wp)ca1c
CH3I 2-3 0 %--151— 9.52 12.79
2 2.9 9.5 10.26
2 2
3 5
3—4 0 5 =3 9.5 11.87
11 i1
1 5~ 9.5 11.62
11 13
2 5 - 5 9.6 10.81
11 13
3 > = 8.8 9 03
11 13
4= 5 0 5 =~ 98 11.37
13 15
1 = - 9.7 11.23
13 15
2 =~ 9.9 10.79
3 13 15 9.7 9.9
2 2
CHSCN 0 - 1 0 1l - 2 94.2 91.67
1—12 o0 8.0° 7.10
1 g.2b 6.45
1 8.5 6.90

2 8.4 5.88
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TABLE II (Continued)

Gas aAd K AF ( D) gpe (M)Calc
C3Hs 3£ 4 0 8.5 7.26
1 8.6 7.11
2 7.9 6.58
3 7.9 5.46

2 poor accuracy because of standing waves.

b The XK =0 and K = 1 components of the J =1 2 transition of
CqH, are separated by only 0.7 Mc/sec. The linewidth data
for these two lines are less accurate because of the neighbor-

line interference.
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rather small dipole moment (0.75D) and because the theoretical widths
were calculated using only dipole-dipole force. 1Inclusion of the
quadrupole interaction has been attempted but the result is not
impressive. In view of the disagreement of the same magnitude
existing in other molecules, the quadrupole contribution to line-
widths of CH3CCH is very difficult to pinpoint. The theoretical
width comes very close to experimental value for the 0 -1 line of
CH3CN. The unusually larger linewidth is due to the large dipole
moment (3.,92D).

The theoretical linewidths decrease with increasing J for
each J, K =J+1, K series (fixed X), and decrease with increasing K
in the sequence J, K +J+1, K for a given J. This trend is not
always clear in the experimental data; when it is evident, the rate
of decrease of linewidths with respect to the quantum numbers is
smaller than predicted by theory. 1f we normalize one theoretical
width to its corresponding experimental value for each molecule,
the relative theoretical linewidths so obtained naturally show better
agreement with experiment. This is especially true of CH3Cl, but the
degree of improvement for the other molecules is not particularly

impressive.

AMMONTA SELF-BROADENING

In order to find out the extent of the validity of the approx-
imations employed in the calculation of the linewidth of ammonia
inversion spectral lines, we also calculated the line width for

ammonia self-broadening using the exact expression of (2.36). The
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results are tabulated in Table III where (A\))obs and -(Av)l are
taken from reference 26. (AQ)Z is the exact calculation of the
absolute linewidth. It is obvious that if (én))z is normalized, a
fairly good agreement between (éh})l and (éh))z is yield which indi-

cates that the approximation is a good one.
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TABLE IIX
LINEWIDTH PARAMETERS (Mc/s-torr)

OF SELF-BROADENING OF NH3

—_— ————— e S———————— e —————
————

—
—— e —— —c— voa—— e —————

Lines @) obs @) 1 @), Lines (AVobs A @),

(2,2) 22.3 22.6 29.7 4,3) 22.1 20.1 26.1
(3,3) 24.0 23.9 31.4 4,2) 16.1 14.5 19.7
4,4) 24.4 (24.4) 32.2 (4,1) 13.4 10.3 13.4
(5,5) 24.6 24.7 32.6 (6,5) 22.0 22.0 28.5
(6,6) 24.0 24.9 32.8 (6,4) 19.6 18.4 24.0
a,7n 24.6 25.0 33.0 (6,3) 16.6 14.9 19.5
(8,8) - 24.7 25.1 33.2 (6,2) 13.8 11.5 14.9
(9,9) 24.6 25.2 33.4 (8,7) 21.9 22.5 29.5
(10,10) 23.8 25.3 33.6 (8,6) 19.8 19.5 25.7
(3,2) 17.6 17.6 23.0 (8,5) 17.5 16.7 21.9
3,1 12.8 11.0 14.4 (10,9) 21.2 23.0 30.2



PART II
APPLICATION OF THE GAUSSIAN=-TYPE ORBITALS FOR
CALCULATING ENERGY BAND STRUCTURES OF

SOLIDS BY THE METHOD OF TIGHT BINDING

CHAPTER IV

INTRODUCTION

The electronic energy band structure of crystalline materials
has been of great scientific interest for many years and has been
stud;ed very extensively both experimentally and theoretically.

There are a number of diversive methods employed by various authors27
in solving this problem. They range from such ab initio calculation
of self-consistant-field method of Herman28 to empirically adjusted
pseudo-potential approach of Cohen.29 Among them one of the oldest
and perhaps the more physical ones is the tight-binding method of
Bloch.30

Bloch's method is basically an one-electron model. It con-
sists of making the linear combination of atomic orbitals located at
various atomic sites to form the so-called "Bloch sum" and use the
Bloch sum as basis functions to solve the eigenvalue problem. Before
the advent of high speed computers, the main difficulty of applying
this method lay in the fact that, in order to evaluafe the necessary
matrix elements, a large number of multi-center integrals had to be

evaluated, which was an almost impossible task as late as 1954.31

26



27
The first breakthrough in this respect is due to Lafon and Lin.32
In their calculation of the band structure of lithum, they success-
fully evaluated all the necessary integrals involved without
resorting to any adjustable parameter scheme for tight-binding
calculation for the first time.

Atomic orbitals generally assume the form of the linear
combinations of exponential functions known as Slater orbitals. The
Slater orbitals are the well-known exponential functions of the form
exp(-Ar) for s-state, xexp(-Ar) for p-state, etc. For Gaussians, we
shall use exp(edrz) or GSG*;?') to represent an g-state and
xexpéaxz) or GPXGX;? ) for a p-state Gaussian; and Geﬁ;z ) for
either an g~ or a p-state Gaussian. To evaluate the integrals aris-
ing from two Slater orbitals situated at two different sites is the
major difficulty encountered in the molecular calculations. On the
other hand, it is known that the Gaussian function has a certain
property which is very desirable in evaluating multi-center integrals,
namely, the product of the two Gaussians having different centers A
and B is itself a Gaussian with a center C somewhere on the line set-

ment joining the two centers, i.e.,

e > . > )
6, €700, (%7, ) = KG 4,70, .1)
where K is a constant such that
X = ( ;'L_ii(..]_ ﬁz) (4.2)

and C(k = O& + o(j : (4.3)
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o(iAz + o(sz
Co = —dF Crmal %.4)

Therefore, a Slater orbital of the form exp(-¢lr) can be transformed

through an integral transformation of the form

(7 3 2
exp(-&r) = (—:.S 2 exp(~- ?z:—) exp(srz)ds. (4.5)
2/7C “o s

A multi-center integral can thus be reduced to a single-center
integral. The integration over the parameter s is us?ally handled
by numerical integration. In their calculations of lithum and
diamond34 band structure, a Gaussian quadrature was employed. They
proved that the tight-binding method is not only good for the co-
valent crystal such as diamond but is also very effective for metal
like lithum where the valence electron is mot tightly bound.
The success of Lafon and Lin points out the attractive features of
the tight-binding method applied to solids. In these authors'
opinion, it should be properly called LCAO (linear combination of

atomic orbitals) method.

As early as 1950, Boys35 proposed that the atomic orbitals be
expressed as the linear combination of Gaussian functions, Subse-
quently a number of investigations were carried out to apply the
Gaussian orbitals to the molecular calculations.36 The differences
between using Gaussian-type-orbitals (GTO) and Slater-type-orbitals

(STO) as atomic functions are:



29

1. Since the Gaussians fall off'more rapidly than the Slater
orbitals, it requires more Gaussians with a large range of magnitude
of Gaussian exponential parameters to represent a wave function which
could be represénted by a smaller number of moderate size Slater
orbitals. Besides, even with a large number of Gaussians, the GTO
still fail to represent the tail part of the wave functions satis-
factorily due to the sharp-decay nature of the Gaussian functions.

2. 1In carrying out the multi-center integrals, the integral
transformation (4.5) is no longer necessary. The computational labor
involved is greatly reduced.

The present work applies the Gaussian orbitals to the ernergy
band calculation. The purpose is two-fold:

1. To investigate the effect which the longer range wave
functions have on the energy band structure, Lafon and Lin have shown
that the major cause contributed to the failure of the previous
tight-binding calculation was the so-called "nearest neighbor approxi-
mation' which only takes care of the interaction between the nearest
neighboring atoms or the next-nearest neighboring atoms in the crystal
and ignores the ones which were separated at larger distance in order
to reduce the number of the troublesome multicenter integrals. On the
other hand, it will give us additional insight into the problem if we
could find out how important the tail part of the wave function is as
far as energy band calculation is concerned. A replacement of STO by
GTO amounts to a "cut-off" procedure for the wave functions.

2. A reduction of computer time will make the tight-binding
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method a practical and feasible one. It is estimated that for the

band structure of 1i.thum,37

the GTO approach requires two minutes on
the Univac 1108 at the University of Wisconsin Computer Center. The
amount required for diamond is about five minutes. The STO requires
hours on the CDC 3400. The results of these two different basis
functions give excellent agreement to each other. Hence we speed up
the computational time by a fairly large factor without any signifi-
cant loss of accuracy.

It is believed that the Gaussian-type-orbitals will be a
feasible tool to study the one-electron model of the solids. It is

likely that electronic energy band structure will be but one of the

many calculations GTO is capable of yielding useful information.



CHAPTER V

CRYSTAL LATTICE AND CRYSTAL POTENTIAL

CRYSTAL LATTICE

The space lattice of diamond is face=-centered cubic with a
basis of two atoms at (0, 0, 0) and (%, %, %) associated with each
lattice point. The crystal can be considered as com?osed of two
interpenetrating face-centered cubic lattices displaced by a
quarter of a lattice congtant along the body diagonal.

For the face-centered cubic lattice, the periodicity of the
crystal lattice can be represented by a set of vector ﬁ; defined
such that a tramslation by any ﬂ; will produce the potential at the
starting point. 3; is represented by the expression
ﬁ; = nlgi + nzgé + n3;3 , (5.1)
where the n's are the shortest possible independent periodic trans-

lationgs in the lattice. For fcc lattice:

29
a]_ = 7(1’190) ;

- a

a9 = "%(1:031);

- a :

33 = 20,1,1), (5.2)

where a, is the lattice constant.

31
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Fig. 3 Crystal Structure of Diamond

Fig. 4 The Reciprocal Lattice of the
fce Lattice
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Now we define another set of vectors which spans the space of

the "reciprocal lattice." The significance of this space will be

evident in the next chapter. We define another set of vector i; such
that

=> =

Ky Ry = 2%l , (.3)
Y

where 1, are the integers. The set of vector K, form the reciprocal

lattice. In terms of the shortest possible independent periodic

translations in the reciprocal lattice,

K—,; - mlb_]_) + mzb_z, + m3b_3) . (5.4)

The reciprocal lattice for fcc lattice is itself a body-centered
cubic and

—’
b = 2% @, 1, -1);
89

= _ 2K
bz ";; a, -1, 1 ;

Ba=2F (-1, 1, 1.

(5.5)
a9

CRYSTAL POTENTIAL

The Schroedinger equation for an electron moving in a per-

fectly periodic crystal lattice is
> -,
L +v@IY ® = @,

(5.6)
where atomic units are used.38

unit of mass = the rest-mass of the electron

unit of charge = |e|, the magnitude of the charge
on the electron

unit of length = the radius of the first Bohr orbit

of the hydrogen atom



34
unit of energy = twice the ionization energy of the
normal state of hydrogen atom,
V(:B is the crystal potential and according to Bloch's

theorem, the solution must have the form

Vp@ = expik + D 1@, .7)
where ﬁ is the crystal momentum. The choice of crystal potential
is such that it will represent a first approximation of the true
crystal potential of the crystal under consideration. Here, in
order to compare the result with that of Lafon and Lin using STO,
atomic-Hartres-Fock-Slater potential (AHFS) according to the scheme
of Woodruff39 is used for diamond. The crystal potential is con-
sidered as the superposition of each individual free-atom potential:

VD = P Vatonte @ - B, (5.8)
where ﬁ; is the primitive tramnslation vector for the atomic sites.
The atomic potential is in turn expressed as the sum of the Coulomb

and exchange contributions:

4r, (* 2
gzzxtic(;) = '%'*' ) Sop(r')r' dr' + 4T rp(r')r'dr', (5.9
1
h 3 3
Vorer: (@) = -5[300) /m 17 . (5.10)

Where Z is the atomic number, P(r) is the atomic charge demsity.

In equation (5.10), Slater exchange term has been used. This term
has been subjected to various alternations in recent years.

However, no attempt was made here to adopt any of those alternations
of numerical factor. It should be noted, however, the exchange
crystal potential should be the cubic root of the sum of the atomic

exchange potentials. An approximation is made here to represent the
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exchange crystal potential as the sum of the cubic root of each indi-
vidual free atomic potential. This procedure simplifies the calcula-
tion. In his subsequent study of diamond charge density,41 Lafon
made a comparison of these two approaches and found that the simpli-
fication is indeed justified.

For diamond, the free atomic charge demnsity O(r) is obtained
from the Hartree-Fock self-consistent-field calculations of Jucys'.42
The expression is

4TA(r) = 2[R ()17 + 2[Rpg ()17 + 2[Ry, ()17, (5.11)
where Ryg, Rpg, and R2P are the radial part of the ls, 2s, and 2p
wave functions respectively. The origin of the potential is located
at the mid-point connecting the two face-centered cubic lattice. The
Wigner-Seitz cell about the origin has a volume of (1= %aéaand con-

tains two atoms at the locations given by

- -
7;1 = % ag(l, 1, 1) and ty = -t ,
for the two face=centered cubic lattices one and two.

Then the potential can be expressed as
2

V@ = ;12::1 Vatomic [Z = Gy + )1 (5.1
which is then expanded in the reciprocal lattice

V(@) =§va'<’,)exp(i¥<’,, e D . (5.13)

Due to the choice of the origin, the potential is invariant

under the inversion operation. Equation (5.13) can be written as

V() =§vd<’,,)cos§p T (5.14)
The Fourier coefficients are given by

V&) = %—,,S V(@)cosky * T dT (5.15)
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where N is the number of unit cells in the crystal and & is the
volume of the unit cell. The Fourier coefficients can also be
divided into two parts: Coulomb and exchange parts. The detailed
derivation of this Fourier transformation is given in appendix B.

The result is:

V(i\?v) = -;g—:f:cosfy . ?{z -f]; .‘:a (r) sinKyrdr
+ K,ﬁ(r) sin Kyrdr}' s (5.16)
[

where Q(r) = 4WrpP(r) 1
E() = 3r[3p(x) ] .
Using a, = 6.728 a.u., Lafon and Lin generated 4409 Fourier

coefficients. The V(0, 0, 0) was set at ~1.435a.u. in order to

compare with the OPW calculation of Bassani and Yoshimineaa using

the same potential. The first fifteen coefficients are listed in

Table IV.
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TABLE IV

FOURIER COEFFICIENTS FOR V(r)

a K

3 7C =7 Fourier Coefficients
1, 1, 1, Yk

0 0O -1.435
11 1‘ -0.4550
2 20 -0.2080
311 -0.1586
4 0 0 -0.1148
3 31 ~0.0990
4 2 2 -0.08094
3 3 3 -0.07312
5 11 -0.07312
4 4 0 -0.06312
5 31 -0.05838
6 2 0 -0.05192
5 3 3 -0.04870
4 4 4 -0.04414
5 51 ~0.04179



CHAPTER VI

CRYSTAL, SYMMETRY AND GROUP THEORY

The full symmetry group of a crystalline solid is the space
group which consists of translational-symmetry operators and
rotational-symmetry operators. The former form the pure transla-
tional subgroup and the latter fomm the point group. A well-known
group-theoretical principle in quantum mechanics states that the wave
functions of a quantum system must form bases for irreducible repre-
sentations of the group of operators which commute with the
Hamiltonian of the system.

A general space-group element may be written as ii’l?} where
R is the rotational operator of the point group and'? is the trans-~
lational operator of the translation group,

(YR =+ 7. (6.1)

When'g = 0, the aggregate of the operators form the point=-group.

¥

When R is the identity operator E, the aggregate of the pure trans-
lational operators form the invariant and Abelian subgroup. This
tranglational subgroup contains all the tramnslations which can be
written as

- -> - - (6.2)

£ty = njay + nodsy + ni3aj

Bloch Theorem states that if we have an operator i} such

38
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that
T U
() =r +o
then for a wave function LP-I:

Ty (b = exp GF I3 -

The Hamiltonian H belongs to the translational group with

(6.3)

-
element TE;. Since for any arbitration translatiom group (6.3) holds,

> = . =
we can consider exp (ik - tp) as the representation of TE;, then

Te¥@ = exp(ik - TV @.
We now label \‘/(;:)) as \Pfg(-r’) , then write
Yp@ = exp(i¥ - Dp,

i‘;::l‘/ 2@ = exp(ik(T + TIPE + T)

Therefore,

RPE + 5 = @,

(6.4)

(6.5)

(6.6)

(6.7)

and U)Y is periodic. This satisfies the periodic property of the

crystal.

In chapter V, we have seen that a typical vector in the

reciprocal space is defined as
_K)m = ZW(mlgl + ngz + m3.b43) s

and

5 S - ->
W(mlnl myn, + m3n3)

G &

27w xinteger.
Then

exp(L(® + ¥n) - T) = exp(ik - Ty) .

-
If we apply the translational operator Tz on the wave
n

(6.8)
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function ‘\’i’ + im’

exp(i('l': + zm) . ?n)\v Tc'+?m

?E;l‘l’ TRy,

exp (iR + TV Hz® (6.9)

This shows that\l’-l-" and ‘-\’]{_Ffm have the same symmetry property.

Thus ‘ic' and ¥ are equivalent vectors in the sense as far as the
relation (6.4) is concerned, f and -1: + i’m are not distinguishable,.
Therefore we can consider them to have essentially the same .1: value.
It is justified now that we confine all our attention to l%vectors
lying inside a finite zone of the k- gpace. This zone is known as
the first Brillouin zone which is constructed by setting up perpen-
dicular bisecting planes on lines connecting the origin to all
reciprocal=lattice points and then taking the volume about the
origin enclosed by these planes. The set of points Tg + T()m all desig-
nates the same irreducible representations of the translation group.
All of k-gpace can be filled by fitting together a multitude of such
zones, each centered on a lattice point, in which case the energy is
a periodic function k throughout the k~space. Conventionally, one
chooses the wave vector X so that it always lies within the first
Brillouin zone. This procedure is known as reduced zone scheme.

A 1f K is the operator of the point group, then when we apply

this operator to a wave function of Bloch form

f{)\h‘{ f{)exp(i.ft) . ?)U‘f{’(-;)

BE Dexp(ik - 1D (6.10)
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It is seen that
-
g . -lf' = K .

k - R
.-

and the result of operation is

R
-»>
r

- T, (6.11)

= =¥

BV = exp(iiR - DRE-1D. . (6.12)
U'f{.(?']'!’). is periodic if Ul?(?) is since if -r) is a primitive transla-
tion, R 12 must also be a primitive translation. Periodicity is all
that is required for U{c’.(?)-. Hence we may write U‘l:.(l’{-]'-r')' as
UK"I-("(?).' U‘l'g(?) and UK,T:'(?). only differ by a phase factor. The result
is that by applying an operator to the wave function, we are only
rotating the i’-vector. . The eigenfunction is still in Bloch form.
This conclusion enables us to inspect the R-vector and find out all
the symmetry-related 4 vectors, all of them must have associated
eigenfunction of the same energy. In- other words, if VY is an
acceptable wave function with eigenvalue E , -1{‘«,/ is also an accept-
able wave function with the same energy.

If we start with an~ arbitrary -lz-vector and apply all the
rotational operations and generate all the orientations of the
ic’-vector, such aggregate of orientations is called a "star",
and all the 'l-c)'s are different. However, if we place the .lz-vector
along a pre-chosen symmetry position, then some of the ‘H{'s are
the same. The subgroup of f{"s which leave -1: unchanged is called
the group of the wave vector. The irreducible representations of the
group are called small representations. The small group is the

subgroup of the point group.
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To summarize: the translational symmetry properties of the
crystal makes it possible for us to confine our discussion of the
energy band structure within the first Brillouin zone. The rota=-
tional symmetry properties give us the information about the energy

levels and degeneracies in the crystal.



CHAPTER VII

BASIS FUNCTIONS

The atomic wave functions have the usual form

q’= Eiciq)g;i > (7.1)

where
$.,1 = RA@YREPH . (7.2)
The radial-part of the wave functions is taken from Huzinaga's
self-consistent-Hartree-Fock calculation of carbon,
Ry () = Nyr™lexp(-dyr?) -, (7.3)
where N;, the normaligation constant is given by
m+d B (o)
2 2 d |
Nj_ = ['——-——"——'—_— ( i) 4
Cn-1)1!/7
The coefficients C; and the Gaussian exponential parameterO(i
for 1s, 2s,.and 2p orbitals of carbon are listed in Table V.

Equation (7.1) could be written more explicitly. as the

following expressions ,

q)ls, 25 = £3(1%)%J % {ZjCjO(J.Z exp(-o(jrz)} Y9,0(6:9), (7.4a)

a3 | | | | |
32(% .
q’zp =[ 3(,1:) } r {Z‘,dej%exP('O(er)} Y n®P). (7.4b)

43
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TABLE V

c; ANDOl; OF CARBON

¢4 (1s) ¢ (26) ¢; (2p) o
0.43809 -0.17699 5.14773
0.15459 =0.03606 42,4974
0.04534 -0.00974 146.097
0.00934 =0.00202 634.882
0.14581 -0.05267 1.96655
0.00199 0.57408 0.49624
0.35867 -0.08938 14.1892
0.00122 -0.00026 4232.61
0.00041 0.54768 0.15331
0.50734 0.35945
0.30611 1.14293
0.09150 3.98640
0.01469 18.1557
0.31735 0.11460

P e ]

We thus have all the free atomic wave functions at our dis-
posal to construct the basis functions for the crystal Hamiltonian,
the Bloch sum,

The Bloch sum is formed from these atomic functions for each
of the two sub-lattices,

b @ D =%, exp ¥ - B (7- &+ . (7.5)
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where o= 1s, 2s, 2px, Z'py, 2p, and the index j indicates the sub

lattice, thus b{'s(ﬁ, ‘1?) designates a ls-Bloch sum associated with
the first subelattice, etc. In order to avoid the complex factor in
the energy matrix, it is a common practice to choose a phase factor
for the Bloch sum so that the matrix elements are all real. In the
cage of diamond, at (0, 0, 0) in k-space which in BSW notationlm
is known as r'-point, the calculation will be further simplified by
forming "bonding"+and anti-bonding" combinations,
bg(l-:, ?) = I'(d)[Né(k)]';E?exp(ﬁ: . Ky)
(T - & + DIY[T- Ko+ )} . @0
+

the phase factor I (@) are defined as

- d=ns
Q) = -11"@) = 1 for -
ii for d= g oz,

+
and (L~ (k) are the normalization constants. At f'-point, the [ group
of diamond lattice divides into the irreducible representations:
! '
P+ Mg+ s’ + 1
where r'l and r‘2' are both singlet and P15 and r'25' are both

triplet. From the transformation properties of various wave func-
tions, it is obvious that the bonding of the s-functions forms the
representation of P15 anti-bonding I"2'. The bonding of the

p-functions forms the representation of r‘15 and anti-bonding ‘_.'25-4'6



CHAPTER VIII

MULTICENTER INTEGRALS

In order to find the energy band, the ten Bloch functions are
uged as basis for the secular equation,
'Hnlm, n'l'm'd:)" ESnlm, n'l'm'(‘f")‘ =0, (8.1
where H represents the one-electron Hamiltonian
H=-3" +V@® . (s.2)
The matrix elements consist of the overlap, kinetic, and potential
integrals.

Sij S

[oux@Db; @ Hae

Q@B @1 3 exp 2R, ALes XS HLL

Tij () = S bi_*d‘)’?) (-3V Z)bj (Tc','r’)d't:
= [Q-i(k)Qj (k) ]-% ; exp(iﬁ'fy)
xS‘Vi* @ <-%v2)in (E-Ry)dT ,

S bi*(l_c’,?:')v("x")bj d:,'ﬁd‘c

[0y @@ 1S exp (iB-R)
¥

vij(ﬁ')

AV Dvd Y @) at . (8.3)

> e~
The expressions j\vi*(r)\Pj(r-Rj)dr, etc., are known as the
multicenter integrals. Since the atomic orbitals \p's are expressed
as linear combinations of Gaussians, provided that the individual

integrals involving Gaussians are evaluated, we have all the
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integrals at our disposal.
Let a 1ls Gaussian be placed at point A, and another 1s
Gaussian at B, then the overlap integral for these two Gaussians is
_S exp (-dlr.Az) exp (-o(erz)-d‘L'

% d1%z

G172 =2
exp (- & 92 AB®) , (8.4)

I __
dsl"'dz
where?A =?-Xand ?B =;:)-g.

Integrals involving higher orbitals can be obtained by

successive differentiations of the ls-1ls integral, i.e.,
5 exp (“Lerz) Xpexp (- Jver 2) aT

2 2
=\.§:_2' o exp(-der )exp(-erB )ydavr
o

3 &
_ 7, & — _ %2 =2
TR (e g B 6

Various integrals are listed in the appendix D.

The Hamiltonian for the potential integral has a general

form of

V@g)cos(-krg . -r'c) . ‘ (8.6)

The potential integral then assumes the form
exp(‘-é(erz)cos('l?y . ?c) exp(-dzrsz)dc , 8.7
from chapter IV, we know that |
exp (-a(erz) exp(-ﬂda t‘Bz)
dg‘ 2 :-—2

= exp(- W ) exp (- ’(0(1"'9(2) rD2)

Di = (%.Ai %Bi)/(ﬁ"'JZ); i=x, Y, 2.
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Thus the Hamiltonian cosf(’,, . ;’C can be written

as

-
cosf,,' ?c = cos[Ky- (?CD + ?D)

- -p -»> - - )
cosKy+rgp cosKy-rp = sin Ky rop

x sinfy T, . (8.8)

The integral becomes _
5exp(- o-(—i—j‘—z KB?) exp(- @ #,) ")
[ - = ] . :
X ccosK),-rC cosKy D - gin K, CD sinKy r dv. (8.9)

Let 11 be the integral
Sexp(- (°‘1+0(2)rD2) cosi(:, ?D dT ,

then Il can be evaluated as

I; = rerZ exp.(-'(o(l-i-“z).rDZ)'er
) ) )
X Scos(Kyr cos®) sin6déde
e K, r
= 2% rD exp( (o(1+0(2)r )dr S & cosudu
Ky KyrD
-—1—/£ rDexp( ( +°(2)r )511:1 Kyr
3 P ) .
= =T y2 ayn(- K (8.10)
=5
(d—:.y-l 2) exp ( = +"‘2))

and
= ‘ -' . 2 ' 7 o_’ =
I, -Sexp( (dl-ldz)rD ) sin K, de'L‘ 0.
Therefore:

{ exvt-dizy® v® exp'<-alzr32>’ v
’ 3
2 -_2 _

) (—-—-——)

ZV(Kv) exp(
1*"‘2 R AR

g . _
) cosKy -1? . (8.11)

— Ky
exp( 7 Gy telp)
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At this point, one major difficulty arises.
This is the convergence of Ky which is dictated primarily by the

factor
2

V(Ky)exp(-ﬁi-(‘l'f-.@) ;
for cases where (d1+0(2) is large, convergence is reached only after
a large number of K,, is employed which makes it almost impossible to
carry out. This slow convergence arises mainly from the singularity
of the crystal potential which varies like -Z l? - -li’yl about each
nucleus. 1In order to remove this difficulty we divide the crystal
potential into two parts,

VD =@ +v,@ (8.12)
where V1 (¥) and V2(¥) have the following properties.

(1) Vl(?:)) has the full symmetry of the crystal and con-
structed as a superposition of "localized" contributions from each
atom., 1Its Fourier expansion is identical to that qf V(;) for large
K, and each atomic contribution is readily integrated with the
Gaussian at the same center.

(2) VZ(?) also has the full symmetry of the crystal but
represents a relatively smooth function which converges rapidly in
Ky. Once Vl(?) is known, V, (?) could be gotten by

V@ =@ - 14D
With the properties of Vy (;:)) and Vz(?) in mind, we can see

that Vl(?) behaves like -Z/l? - 'I_{’,,l about each nucleus. Vz(?) s

which is a relatively smooth function of r, can be expanded in a

rapidly convergent series,
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-> G -2
6@ ,T) [V, @) 6,70 )
-> - = -
= Z a;£G (dl,rA)lcosK,, r|G (O(z,rB)> . (8.13)
The details about the convergence will be given in appendix C.

On the other hand, V; (;:?) is now expanded in the direct space

as a superposition of function?U centered at each site,

(e T, v, D) cE,, 7)) - (8.14)
= 24601, UGB 66,7 > (8.14)

The only restriction upon’U(-r’) is that it reproduces -Z/I}’ -E/;,l
near the origin. We are free to choose the form of A/ for the
region away from the origin in such a way to facilitate the calcula-
tion. By making’U(r) negligibly small before it reaches the next
neighbor, one can improve the summation. The particular form of
’U(?) employed is

V) = -@f) QA +ErD) exp(- 1)), (8.15)
with 4 = 2.5. For the case where both Gaussians centered at the

same center and 0(-1442 7 40,
{ Gy ’?A) A (;.")]G(O(Z,?A)> may be approximated by

-> —
a{CM, T (rp) 6@y, 7)) . (8.16)
where A and B refer to two different sites, the only non-negligible

integrals of V; for 0(1+°( 2 240 occur wheno(l >4 5 OF 0(2 >>0/1. The

approximation used are
<@ ,2) [V, @ 66y, 70D
e W BV G ey B> for o el (8.17)
e @, 2D IU @) 66,7 > 4 for o, >y
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In actual calculation, for the casedl»"(z we expand G@(z,;:’B)

about point A in Taylor series and equation (8.17) can be readily
integrated out. The validity of this approximation is bornme out

by the fact that for the single-center integral, 0(1 = 4232.61

and 0(2 = 4232.61, this cut-off procedure gives the (1siV{ls)

2

integral as ~0.4392x10"“ while a rigorous summation of 1000 K,'s

gives -0.4391x10"2 and a summation of 3000 K, ’s gives
-0.4386x10—2. For the high-low combinations, we tested the pair

withol; = 42.4974 and, = 0.15331, a rigorous summation of K,'s

takes 944 Ky's before it reaches convergence and gives the
-1
(1siv]|1ls) integral value as -0.22862507x10 and the cut-off

procedures gives -0.22869800x10" L, From these figures, it is

established that the approximation used here is indeced justified.

The detail of the expansion scheme is also given in apperdix C.



CHAPTER IX

RESULT AND DISCUSSION

In this calculation, all the necessary integrals are
evaluated by the method described in the previous chapter. It is
found that a big reduction of time is obtained by going from STO to
GTO even though the latter has a much larger number of basis func-
tions, i.e., in the STO calculation of diamond band structure, six
STO exponmential parameters are uéed which results in a total of
21 integrals. In the GTO calculation, 14 GTO Gaussian parameters
are used and 105 integrals are evaluated. Even though the number
of integrals to be evaluated in the GTO formulation is five times
tue number of integrals required in the STO, the total computa-
tional time of the GTO approach is still far less than the STO
method. The results and their comparison with the STO calculation
are listed in tables VI - VIII. 1t is seen that they agree with

each other very well.
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TABLE VI

COMPARISON OF GTO AND STO AT SYMMETRY POINTS

(ENERGY 1IN a.u.)

STO GTO
M -0.743 -0.734
25’ 0.0 0.0
rs' +0.230 +0.232
My +0.49% +0.494
Xy <0.446 -0.437
Xy, -0.217 -0.205
Xy 40,296 40,321
X3 +0.597 40.593
Ly’ «0.553 0,553
1 -0.452 -0.419
L3 =0.100 -0.096
1y 40,368 40.371
Ls +0.369 40.371
Lo'. +0.653 +0.657
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TABLE VII
COMPARISON OF OPTICAL TRANSITIONS OF DIAMOND

(ENERGY IN eV)

Transition Exper}- sTo34 GTO
ment”% '
'-
[';'5 [‘1‘5 7.3 6.3 6.3
ZZ-ZS 12.2 13.9 14.1
le.-Xl . . °
X%, 16 20.1 20.6
'-
PRI 23 20.2 20.2




COMPARISON OF

TABLE VIII

THE BAND STRUCTURE OF STO AND GTO

(ENERGY IN a.u,)
Ky Basis 0.0 0.1 0.2 0.4 0.5 0.6 0.75 0.9 1.0
zsl<1> STO -1,243 -1.240 -1.230 -1,189 -1.160 -1.124 =-1.062 =0.990 =-0.938
GTO -1,238 -1.235 -1,225 -1,185 -1.156 -1,122 =-1.061 -0.991 =0.941
‘35(1) STO -0,503 -0,514 =~0.542 =0,608 -0.637 =-0.662 =0.690 =-0.704 -0.707
GTO -0,504 -0.516 -0.543 -0,609 -0.639 -0.664 =-0.691 =-0.707 -0.709
A, @ STO -0.503 -0,511 ~0.534 =0.612 -0.661 =-0.714 -0.799 -0.883 =-0.938
GTO -0,504 -0,513 -0,536 =0,615 -0.665 =-0.719 -0.804 -0.887 -0,941
Ai(z) STO -0,273 -0.272 -0.271 -0,278 -0.281 -0.279 -0.261 =-0.225 =-0,192
GTO -0,272 -0.272 -0,274 -0.280 -0.280 =-0.275 -0.256 =0.219 =-0,189
155(2) STO -0,273 -0.257 -0.219 -0.115 -0.062 -0.012 +0.049 +0.085 +0.092
GTO -0,272 =0.257 =0.220 =0.119 =0.066 =0.017 +0.045 +0.082 +0.089
‘32'(2) STO -0,009 -0.005 +0,003 +0,009 -0,002 -0.026 =-0,084 -0,151 -0.192
GTO -0.010 -0.007 +0.001 +0.009 -0.001 =0.022 -0.076 =-0.142 -0.183
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TABLE VIII (Continued)
K, Basis 0.0 0.1 0.2 04 05 0.6 075 05 1o
2 STO ~ -1,243 -1.237 =-1,216 =1,138 -1,084 -1.026 =0,955
¢r0  -1.238 -1,231 -~1,211 -1.136 ~-1,085 -1,029 -0.9%1
Za) ST0  -0.503 -0.535 =-0.601 -0,739 -0,798 =0,847 =0.902
GI0  -0,504 -0,536 =0.603 =-0.742 =-0.802 =-0.851 =0,906
21, (2) STO  -0.503 =-0.525 =0.575 =-0.691 =0,741 =-0,780 =0,791
GI0  -0,504 =0,527 =0,577 -0.694 ~0.743 =0.780 =0.791
2 ST0O  -0.503 -0,507 =0,521 ~0,571 -0,604 =-0,637 =0.678
G0  -0.504 -0.509 =0.522 -0,572 -0,605 -0,639 =0,680
S, STO  ~-0.273 -0.265 =-0.242 =-0,163 =-0,114 =-0,052 +0.029
GTO  -0.272 -0,265 =0.244 =-0.166 =-0,113 -0.056 +0,024
251(3) ST0  -0.273 =-0.249 =-0.200 =-0,076 =-0,014 +0.023 =0.023
GI0  -0.272 -0.251 =0,204 =-0,077 =-0,014 +0,022 =0.022
252 STO  =0.273 =0.245 =-0.196 =0,139 =0,136 =0,144 =-0.168
GI0  -0.272 -0.247 =0.199 =-0.142 -0,136 =-0,142 =0,163

9¢s



TABLE VIIT (Continued)
Ky Basis 0.0 0.1 0.2 0.4 0.5 0.6 0.75 0.9 1.0
225(3) STO -0.009 -0,001 +0,017 +0.,057 +0.068 +0.076 +0.086
GTO -0.010 -0.003 +0.014 +0.054 +0.065 +0.072 +0,081
A @ STO -1.243 -1,233 -1,203 -1.093 -1.052
GTO -1,238 -1.228 -1.200 -1.095 =-1.057
A2 ST0  -0.503 -0,557 -0.661 -0.872 =-0,927
GTO -0.504 -0.558 -0.664 =-0.872 =-0.923
A STO -0.503 =-0.518 =0.547 =0.592 -0.598
GTO -0.504 -0,519 -0.549 =0.594 -0.600
-/\3(2) STO -0,273 =-0,251 -0.206 =-0.139 =0.132
GTO -0.272 =0.251 =0,209 -0.141 -0.133
-/\1(3) STO -0.273 -0.234 -0.183 -0.137 -0,132
GTO0 ~0.272 -0.237 -0.186 -0.142 -0,133
'/\1(4) STO  -0.009 +0.003 +0.028 +0.125 +0.148
GTO -0,01 +0.0001 +0.032 +0.132 +0.153

Ty e =
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CHAPTER X

THE ENERGY BAND GAP OF MAGNESIUM OXIDE

CRYSTAL STRUCTURE

The crystal structure of magnesium oxide (Mg0) is same as
that of rock-salt. It is composed of two interpenetrating face-
centered cubic lattices. One fcc lattice consists of oxygen atoms
while the other consists of magnesium atoms. These two fcc
" lattices are displaced by half lattice constant a, along the body

diagonal. The a, for Mg0 is 4.21A.

CRYSTAL, POTENTIAL

The crystal potential adopted for this calculation is again
the AHFS potential. The MgO lattice belongs to the point group Oéi
The positions of Mg and O atoms in the unit all are given by

-> a
£ =2,00,0,0 , f=-(,1,1 .

The crystal potential V(?3 again can be expanded‘in the reciprocal
lattice with reciprocal lattice vector'E;,

V@ = V&) exp(-1K, D)
Now we center the potential at either one of the atoms. The choice
of the origin gives us a real energy matrix since the inversion

symmetry is preserved. V(E;) can be evaluated as,
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- 1 > > -> - -
V&) = Eni‘:’; Svi(r--(Rﬂ, + T))exp(-i%y DT
L By @ - Texp -ty D
"3 &a)%C j)exp(~iKy'r
2 .
- -> g
-1 Z § s G-T)) exp (-1 - B-T))) exp(-iK, - Ty ac

Z Svi(?) exp ("ﬂ?# ;T’) dtexp (-il?y '?i)

] [

D

2
i=1
iSVl-(;’)'cosl-(’,-?df%osf();-?2 V2’(?)Vcosf()v-?d'r} . '(10.1)‘
The potential now is divided into two kinds: the symmetric
and anti-symmetx:j.c parts. The Fourier coefficients are:
v® (Kv) = .(']i[ $V1 (;) cosk.y -?d’(+SV2 (;) cosf(’,o -?dt] 3

for Ky, K, and K, all even (10.2)

y
VA(i*y) =-5];.[ SVl (?) cosl?v-?d‘t-jvz(?) cosl?yo;:'d'c] 3
for K, Ky, and K, all odd. (10.3)
In the calculation, we take Mg as 1 and 0 as 2,
therefore
@) = TER) + V&)
&) = &) - V&,

where
- -> >
VMg(I_(:;) = é5V1 (r)cosKy rdT (10.4)
> >
V&) = 1§v,@ cosky-Tav. (10.5)

The evaluation of these coefficients are the same as the case of

diamond we tabulate the first fifteen VMg(-K’y) and V0 (f(’p) in table IX.

The atomic wave functions used are given by Clementi.47
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WAVE FUNCTIONS

For the free oxygen atomic wave function, Stewart's small
Gaussian expansion48 is much preferable since it contains less number
of Gaussians and each Gaussian is of moderate size as compared to the
ones in Huzinaga's paper. The Cj's andC(i's are listed in Table X.
For 3s and 3p states, we use Hosoya'549 HF calculation of STO and

fit them with the least square fitting.so The results are,

Yy, = L% Z; Brexp(dyr®) (10.6)
\pr = f%rr)%zl(giexp(-dirz) . (10.7)

The various Pi's and c(:l.'s are tabulated in Table XI.

For magnesium, the ls, 2s, 3s, 2p wave functions are taken
from Veillard's calculations.36 The Ci's andC(i's are tabulated in
Table XII. The 3p state are taken from the tabulated values by
Trefftz and Bi.erman51 who used the HFSCF scheme to calculate the wave
functions. The@iﬂs andoki's are tabulated in Table XIII.

We therefore have all the free atomic wave functions at our
disposal to comstruct the basis functions for the crystal
Hamiltonian — the Bloch sum.

The Bloch functions are constructed in the usual manner as

b1a D= (8@ 1 Fexp (-1
xW 1, @R . (10.8)
The energy matrix is set up by ls, 2s, 3s, 2p, 3p functions of both
magnesium and oxygen and all the multicenter intégrals are evaluated

in the same manner as before. The same "cut-off" procedure with a
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little revision is employed. The details are given in Appendix C.

The 18x18 energy matrix is diagonalized at the‘ﬁ;point.

RESULT AND DISCUSSION

At the'"-point, the energy levels splits into ten levels
four of them are triplets. They are tabulated in Table XIV. We
can identify r'A’ r'B’ FC and F,', as the Mg ls, oxygen ls, Mg 2s,

Mg 2p core states respectively. y1F corresponds to experimental
value?? at 15 and is the top of the valence band. T1G corresponds to
their F1 which is the bottom of conduction band. The band gap is
10.7 eV vs. the experimental value of 7.8 eV. The existence ofij
and Fh at their respective positions have not been confirmed by
experimental data. Since there are no other first principle calcu-
lations that we know of at present time, no conclusion can be drawn
about this point. It is suggested that a SCF approach be applied
to this problem and further ascertain the exact positions of these
levels. In view of the computer time involved, a complete band
analysis should be followed only after the problem atfq-point is
resolved. Despite the difficulty cited here, the LCAO method does
give fairly good agreement between the theoretical arnd experimental
band gap values. This points out the fact that with an improved

crystal potential, the LCAO method is able to yield better result.
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TABLE IX

FOURIER COEFFICLENTS FOR V?ig (-rs AND VO (-1!)

I, 1, 1,
o 0 o -1.0000 -1.0000

1 1 1 -0.22965 -0.19667
2 0 0 -0.19500 -0.16307
2 2 0 -0.12893 -0.10146
301 1 -0.10421 -0.080168
2 2 2 -0.97981 -0.074982
4 0 0 -0.079098 -0.059642
3 3 1 -0.069162 -0.051742
4 2 0 -0.066400 -0.049559
4 2 2 -0.057348 -0.042417
3 3 3 -0.052114 -0.038295
5 1 1 -0.052114 -0.038295
4 4 0 -0.045385 -0.032988
5 3 1 -0.042205 -0.030473
4 4 2 -0.041252 -0.029720

f e ————————— S ————————————— ]
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TABLE X

c; s, OF OXYGEN

c; (1s) C4 (29) c; (2p) o ;
0.137884 -0.0297337 149. 926
0.481402 -0.145386 27.1311
0.502395 -0.194778 7.18802
0.0351062 0.618588 0.91247

-0.00978845 0.499792 0.272406
0.0138204 41.6051
0.122175 7.40821
0.382355 1.87952
0.487390 0.56275
0.253299 0.177164

P ————— ——————— o ——
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TABLE XI

{3 . AwD °(i OF OXYGEN

1(35) @1(31)) O(i
-0.395933 -0.0044859 0.177164
-0.234483 1.87952
-0.686843 0.121193 0.56275

0.42302 0.272406
0.386842 7.18802
0.728111 27.1311
0.051912 -0.00706031 0.01506
0.295691 0.91247
0.723929 149,926
0.169199 -0.00322285 0.004045
0.401516 1.87952
0.432280 7.40821
0.295612 41.16051

=== ——
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TABLE XII

C; AND%; OF Mg

C; (1s) C; (28) C4 (38) C; (2p) L
0.00038 -0.00009 0.00001 | . 43643.6
0.00293 -0.00073 0.00014 6585.89
0.01496 -0.00384 0.00074 1510.32
0.05863 -0.01514 0.00291 431.833
0.17661 -0.04979 0.00971 142.071
0.37113 -0.11832 0.002298 51.4089
0.40079 -0.20111 0.04123 19.9361
0.12384 -0.02310 0.00306 : 8.04158
0.00375 0.57420 -0.13501 2.50948
0.00052 0.53517 -0.25490 0.871939
-0.00003 0.02118 0.59531 0.108819
0.00001 0.00801 0.52058 0.040455
0.00475 192,644
0.03462 45.7493
0.14372 14.2558
0.34665 4.99324
0.46489 1.78234
0.24109 0.61510
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TABLE XIII

gy anol; oF g

AES o,
-0.0039006 0.01506
-0.0361927 0.040455
-0.146854 0.177164

0.233841 0.272406
-0.642646 0.6151

0.931061 ‘ 0.871939
-1.11535 | 1.78234

1.44632 2.50948
-0.0480317 © 4.99324

1.67100 1.42558
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TABLE XIV

{"-POINT ENERGY LEVELS OF MgO

r E in a.u.
[ (singlet) -48.758
g (singlet) -20.865
Mo (singlet) - 4.20029
[p(triplet) - 2.97507
I (singlet) - 2.12606
[F(triplet) - 2.05207
g (singlet) - 1.64585
Mg(triplet) - 1.54222
[7(triplet) - 5.37088
(5 (singlet) 2.67848




APPENDIX A

DERIVATION OF S5 (b) FOR DIFOLE-DIPOLE INTERACTION

For dipole~dipole interaction, the SZ(b)o,i term is given by

4  P1Py (2 4

S20)0,1 =5 ( 2) b 2 GilKi015 KD

J]_’jz
% (121K90 | §2.K) 2£1 (1) | @.1)

according to the selection rule

iy +1 3, + 1
jil = ji and j2 = j2
j; - 1 jp = 1. (A.2)

Therefore we have nine different matrix elements; namely,

. 2 . ) 2
(3,18,0 3.+ 1K) (3,1K,0 ip+ 1K)
2 2
(3;1K,0 i, K,) (3,1K,0 §,K,)
(j.1K,0 j.-1 K,)> (3.1K0 j.-1 K.)2
11K;0 3;-1 Ky 1K0 35-1 K,

using the table for C - G coefficients,zo these nine different

coefficients can be evaluated. £;(k) is defined in (2.26) with

= 2;2 B[ji(ji'+ 1) - ;G + 1) + 3" + 1) - jp@g + 1)1].

4rbB

Define x = v

and k = xD,

the transitions are classified as:
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for A3} =0, Ajp =0, D=0,

2, 2
sz(b)o.g = (341K,00134K,) (J21K,01)K5)

2 2
Ky Ky
G0 R0
K2 .2

Sa®)y ¢ = 1 2
% G 017 T5@H)

JyHighl PP, 2.
S20)p = (DT Syl

xJ (2j 1+1) (2] f"‘l) (j ilK’_O 13 11(1)
x (JelKeOlJeKIW(Ig3edgigr 10)

2 2
& gt 013pK) £4K)

where W(jijfjtjf. 11) 18 the Racah coefficients the value of it can
be found in reference 21. In our case

W(abed; if) with £f =1 and a=b e« 1, c=d -~ 1:

W(abcd; 11) = (=1)P¥d~f

" gf+b+d+1) (£+b+d) (= f+b+d) (= f4b+d-1) ]”
(ab+1)b(2b-1) (24+1) d (ad=1) .

We see that Sp(b), exists only whenAaj; =0, i.,e., only diagonal
matrix elements exist. The S:;_(l:v)m in this case is given by:
p,P, 2 K,K
Sa(b)y = ~2(1H 1 _LEL,
m 9 fiv blb (Jf"l)

Therefore for 43y = 0, 47, = 0,

’ 2
s o -4 Fifzy2y X2 K1
hv 2 b“ Jzaz:‘n 231(314'1)

Ky 1
rEaE Gzl
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AJi.:l’AJz:"l, D=J1-J2+1’

Sinel,_ (b)o,i

4 (P1P242
Sinellcb)o,f ) ( ) _i

4 P1P2. 2 1 . 2

4 = (j11Ki01j{+IK{

5 (TW_) " (3i1K;0131+1Ki)

X (j21K20|j2-11(2)2 fg{x(Ji'Jz'H.)}
2 2

4 P1Pa2 1_{ I Ky

9 “iv ' 4 L35(2354)

(J1+1)2~K-2

1 T 3
PR IRTE) £1{x(31-I+D1}
2

2
K, K,
J 2 (2J2+1)

15'_
v bl|.
2 _ 2

(23,+D) @D fl{x(Jl'JZJ’Z)}}

AJg =-1, AJp =1, D =7Jp-J3#l,

Sinela(b)o,i =

Sine1, ®o,f =

P1P2 (21 . . 2
—_— s 1K:0}j:=-1K;
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APPENDIX B

THE FORMULATION OF AHFS CRYSTAL POTENTIAL

The crystal potential can be considered as a superposition of
atomic potentials. It can be divided into two parts: the Coulomb

part and the exchange part. For the Coulomb part

2

Coul -* Z Coul -> ->

cry RV izl Vatom]‘_c [r - (K» + tl)]’ (3.1
where

Coul = _ 2z, 4% (" 51y, 124, f"

Vatomic® = =5+ % SOP(r Ye'“dr' + 41rr (r')r'dr'. (8.2)
yCoul (?) can be expanded in a Fourier series
cry

veul 3 2 vC°“‘1 ®y) exp (i%y-7) (2.3)

cry

and yCoul (R:;) is defined as
cry

vgg;l &) = ng°“1 @) exp (K, - D dr. (8.4)

Upon substituting (B.3) into (B.4)

2
Coul(‘i\?‘, - l—Nﬁg 2 S-Vco‘-‘l [r-(Ry+?i)]exp(-il_{)u-?)d't
R, i=1

cry atomic
2cosK t Coul X ot
- . .
== Vato :.c( r) exp( 1K,; r)dT (8.5)

-3
where -t-) = ?2 = =t].

Since the choice of the origin of the crystal potential is

such that it is invariant under inversion equation (B.5) can be
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written as

-+ -
veoul® )y = MSVCWP (@) cosk; Far, (B.6)
cry <L atomic

[« o]
Coul = > > Coul 2
.Sva tomic (r)cosky rdt = Sovatomic (r)rfdr

T m
x _{ cos (K, rcos) sined @ dsb
o

©
= &n rvgggmlc (r) sin (Kv r) dr .

Ky Jo
Therefore
oskK .t Coul *
Vgg;]' ®) = S‘EC_K;___ S ™V, romic (r)sin(X, r)dr . (B.7)

Substituting (B.2) into (B.7) and effecting the integration

yields
iy - oo (oo [ R o ®9
Ky Q
Tor the exchange part, we use the standard Slater exchange
approximation
1
VR @y =l 213 . ®.9)

Vexch + _% f, exch [ _ (Kg+;:’i)]

cry -.-lvatomlc
h -
viﬁ‘:h (f).) = .1_. fvﬁﬁg (r) exli (-:fy«r) dt

1
-——-—”“;K*’ E oy § b
o

xsin(Ryr)dr (R.10)

The crystal potential is a sum of the Coulomb and exchange terms,
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Py exch Coul /2
Very (¥) = Very @ + Very £)

- > >
= I%;Vcry(Ky)cosl(,, T .

and we obtain

~» Coul 2> exch »
Very ®) = Very Ky) + Very (Ky)

- __2_813' cosl-{ Tz - 1 Ja()Q (r) sinK, rdr

+ K, _So E(r)sinkyrdr ,
o

where

Q(x)
E(x)

aref(ry, 4

2 3P 1’

(8.11)

(B.12)



APPENDIX C

THE EWALD-TYPE POTENTIAL EXPANSION

In chapter IX, we divide the crystal potential into two

parts,

v = v D + VD - DI,

V1 @ =§'U(?- B)
where the requirement for A (r) is such that it behaves like Z/r
near the origin. The part V2(-r’) = V(?S -V (?) is in effect a
"eut-of f" potential with the singularity cut off. Therefore VZ(-I?)
is a relatively smooth function of r and consequently requires less
number of Fourier coefficients to represent it. As shown in the
calculation of lithum band structure by Gaussian basis functions

we can approximate

2

<c(@,? - DW;DleEy,? - DH>

W @y,7 - DIVE -Dleey,? - D>,

-
In the process of subtracting V, (r) and form V-2(r), we have

v (i(',,)

+

1 . .
o vy (1) exp(-,-ﬂ(u'r)dt

> -
= §.E'I‘(’°_3Kﬂ ﬁQf(r) sinKyrdr , (c.1)
P o

assuming that?/(r) can be written as
1 2 2
Jl/(r) = ;(Z + aqr + aor” + ........ )exp (~br™)

_1 R i 2
=<=(2 + 2, a. r Yexp(-br")
r 1
i=1
79
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where b is chosen with an appropriate magnitude such that for)

remains well localized.

v, (f(’y) _811'21‘2_:.12__5{2 rexp (-brz) sinK, rdr

2 g“’ 2
+ 5 a;y T Lexp (=br )sinK rdr . (C.2)
i=1 2v-2 -d 2
The integral of the type g sin(yx)dx is evaluated by

using Hypergeometric funct:.on and Gamma functJ.on52 such that

SQ xzv-zexp (~d x2) sin(yx)dx

[o]

- 34Ty 7 043-B20 @.3)

In the case of diamond, we use

U = -G a -+ r2) exp (#52)

with ¥= 2.5.
In the case Qf MgO, we obtain the "cut-off" potentials for both
magnesium and oxygen and then form the symmetric and antisymmetric
parts of the crystal potential. 1In MgO, instead of fixing the
values of b and aj's, we let the high Fourier coefficients te the
V1 (?9) and using

V() = gdexp(-plrz) - @ M)exp(-ﬁzrz)} . (C.4%)
The & and€ 's are not pre-determined but were fitted by a least=-
square curve-fitting such that V; (i(::) will be the same as the tail

part of V(-KL). The values of 0‘,#1, and]ﬁz for magnesium are

oA = -14.7853, (41

and for oxygen are

19.3866, /6’2 = 60.3715,

A= -9.94075, f, = 16.8809, 8, = 66.8269 .

—
We list in table XV and table XVI the comparison of Vj (Ky)

9 -
and V(Ky) which we call VKV and VZKV'
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To evaluate the integral
<ES el EOIV @les ey, B> ford; > o,
we use the scheme of expanding exp(- G(_,ré' ) about the point A in
Taylor series and then integrate the series until it reaches con=-

vergence. For the -Z/rp term, the integral has the form

I= -Jexp (-¢(er2) (Z/rA) exp (-a(erz) daT.

Since
-> ——
?B = rA - AB 3
2 _ 2 |, a2 7
8o g = 1y + ABC = ZrA-E

rAZ + EZ - 2ry ABcosO ,

where © is the angle between ?A and -1?3 We can therefore write
exp(-derz) = exp(--ﬂ(z(rA2 +K§2)) exp(2 erEcosO)

and expand the second exponent as
(29 9rpABcos )™

.

exp (ZderA—.BCOSO),’Y 1 +§

The integral now becomes
—2 2
I = -Zexp(-‘(zAB )SrAexp(- (°(1 +°(2)rA )
5 ey n
20, r,ABcos@
< 2 ( °(2 A ' )
n=0 n.

sinddededr

—

® iB
= -2MZexp(-dyAB) 2 (“?é?—-)n
n=0 ’
©
#[ § 12 lexp (- (1 #2)ryHdr ]
(o]

x[ﬁcosnb singde]

— 2n
—_ 2%,AB 2n+l 2
= -4-Igexp (-dZAB 2) n-_:o.%EITZT-)f)_! I(;‘;‘A v exp (- (JIMZ) rA ) drA .
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The radial part of the integral is of the form

g'ernJ-lexp (-Ar2)dr = i HI
o gpn+l

If the purpose is to evaluate (=Z/p){- r2 then the only modification

will be
2
frz(nﬂ)ﬂexp(-hr )dr = o+l |
o 2xn+£

Therefore, the result for -Z/r can also be used for (-Z/r)""r2
provided that we multiply the result of the former by a factor of
' (n+1) /A. The integral I is evaluated as

The integral I is evaluated-as

) 2 % (2425)&1’ n!
I = -2 Zexp(dyAB") & (2no41) (o +of Hynt

The convergence of the summation is dictated by the ratio of the nth
term with respect to the sum of the (n-1) terms. 1If the ratio is
less than 10-6, we stop the summation.

The s-p, and p-p integral again could be obtained by partial

differentiation with respect to B,, B

v or Bz:

P
6%y ’?A) [ - f._A'JG x(°(2’?}3)>

1 2 2 Z
= ﬂ;gﬁ;(Gs (°(1arA) ‘ - }XIGS("(Z,-I‘,B)>

§ (2"(25) Zn n!

n=0 [ZnFly! (’dl _'dz)n+l
b( 5: n(p‘zA—B) 2n=-2 a!

- 20 T (ntD T ol 2)n+1] .

2
2¥Zexp (:-o(zAB )XB> [
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P 2> Z
< PR | E6 (K E >

. exp('&TA'ﬁz)A—B S a@ oy
a2 Xn=1 (2n+1) ! (K4K9) P n(@s )

-.p - - i - .
< eP* kL3 |- %IGP%,?B»

” g )
T oS,
2 2=l (on+1) ! @paely) P

X { a@-1) @BH*2 - zdzn(ﬁz)“d}.s ’
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TABLE XV

COMPARISON OF Vg u AND Voy Y FOR DIAMOND

Kx Ky Kz VK V2K,

0 0 0 -1.435 -0.64276

2 2 0 ~0.20803 0.19417

4 0 0 -0.11484 0.10115

& 2 2 ~0.080940 0.045115

5 1 1 -0.073118 0.032615

5 3 1 ~0.58377 0.012904

5 3 3 ~0.048701 0.0019987
5 5 1 ~0.041788 0.0011086

6 4 2 -0.038372 0.00023358

7 3 1 -0.036572 -0.000049802
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TABLE XVI

COMPARISON OF Vi AND V FOR Mg and O
K, AND Vzg, FOR Mg

Ky Ky Ky Vg (@ Vog, ;O Vg, t8) Vg, (18)

9 5 1 -0.1115x10"! 0.2426x10"2 -0.1607x10"l 0.5833x10"2

23 11 7 -0.1817x10"2  0.1999x107>  =0.2717x10"2  0.2440x10™>
30 8 2 -0.1319¢10"2 0.5143x10"% -0.1968x10"2  0.5562x10~%
31 11 1 -0.1182x10"2  0.2940x10™%  -0.1761x10"2  0.2923x107%
30 16 14 -0.9487<10™>  0.8585x10™°  -0.1412x10"2 0.5213x10"°
39 7 7 -0.7753x107>  0.3368x10™°  -0.1181x10"2  0.4302x10™’




APPENDIX D

KINETIC AND POTENTIAL INTEGRALS

The integrals of kinetic and potential energies are as
follows:
L6 6y 7D | - 1 les ey 2 B-M30 - BB,
<cP*@y 75 | - %vﬂcs(o(z,‘;-’s’)) = N2A¥ABy (5-2ABB) M1 »
<Rl 2D | - L7|oPH (b E B = NASG- R, 2 ARE -+ 4B
LGP* @y 7By |- LefiaPy oy 7By y=NoaxaE Ay (B -7) il
<68 (X, Z-R) [ cos B NGE (&, 2-B)y =ABK cos (iE'y-EED ,
{ GPE (&, 2K)) cos &, T) 1G5 (o ,2-B)) =
=A$S [ MEB, /d 1) cos (& - Tap)
@), sin@-Thp) /2 +4p) 1,
<GPE @ TR | cos B T GP¥ (4 F By = ASK(Nalel,) (5 -MEE,
= Madydy) @) P 1cos @, +Fap)
+ (24, 4y) BB, (@) y (2u-1) sin @ Fop)} »
CePE el R [cos @, 2l 6P (o E B>
= MRS e @) BB,
- (1-v) @) yABysin (&) -Fop)

M, FBy+ () () /10y Teos (- Fop)} »
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where

N =dy o/ (o, A =T/ g, Smexp (NEED)

coxnlter. 2 /0 ) =d /td '
§expl-Ry2 /6@ +) ], u =d /@y,
and Kﬁ; refers to the x component of the line joining the points A and

B.



10.
11,

12.

13.

14.

15.
16.
17.
18.

19.

LIST OF REFERENCES

A. A. Michelson, Astro. Phys. J. 2, 251 (1895).

H. A. Lorentz, Proc. Acad. Sci. Amst. 8, 591 (1906).
V. Weisskopf, Z. Physik 75, 287 (1932).

A. Jablonski, Phys. Rev. 68, 78 (1945).

H. M. Foley, Phys. Rev. 69, 616 (1946).

E. Lindholm, Ark. Mat. Astron. Fys. A32, 17 (1945).
H. Margenau and W. S. Watson, Rev. Mod. Phys. 8, 22 (1936).
W. V. Smith, Ann. N. Y. Acad. Sci. 55, 891 (1952).
W. V. Smith, J. Chem. Phys. 25, 510 (1955).

G. Birnbaum, Advan. Chem. Phys. 12, 487 (1967).

P. W. Anderson, Phys. Rev. 76, 647 (1949).

C. J. Tsao and B. Curnutte, J. Quant. Spectry. Radiative
Transfer 2, 41 (1962).

J. Cooper, Rev. Mod. Phys. 39, 167 (1967).

C. 0. Trindale and K. H. Illinger, J. Chem. Phys. 46, 3429
(1967).

J. S. Murphy and J. E. Boggs, J. Chem. Phys. 47, 691 (1967).
J. S. Murphy and J. E. Boggs, J. Chem. Phys. 47, 4152 (1967).
H. Margenau and S. Bloom, Phys. Rev. 90, 791 (1953).

C. H Townes and A. 1. Schawlow, Microwave Spectroscopy
(McGraw-Hill Book Co., Inc., New York, 1955).

G. Birnbaum, J. Chem. Phys. 46, 2455 (1967).

88



20,
21.

22,

23.
24,
25.
26.

27.

28.
29.

30.
31.
32.

33.

34.

35.

89

E. U. Condon and G. H. Shortly, The Theory of Atomic Spectra
(Cambridge Univ. Press, London, 1963).

M. E. Rose, Elementary Theory of Angular Momentum (J. Wiley and
Sons, Inc., New York, 1957).

I. S. Sokolnikoff and E. S. Sokolnikoff, Higher Mathematics for
Engineers and Physicists (McGraw-Hill Book Co., Inc., New York,
1941).

L. D Landau and E. M. Lifshitz, Statlstlcal Physics (Pergamon
Press, London, 1958).

P. Kisliuk and C. H. Townes, Molecular Microwave Spectra Tables,
Natl. Bur. Std. (U.S.) Cire. No. 518 (1952).

J. A. Roberts, T. K. Tung, and C. C. Lin, J. Chem. Phys. 48
4046 (1968).

R. L. Legan, J. A. Roberts, E. A. Rinehart, and C. C. Lin,
J. Chem. Phys. 43, 4337 (1965).

See, for example, Methods in Computational Physics, edited by
B. Alder, S. Fernbach, and M. Rotenberg, vol. 8 (Academic Press
Inc., New York, 1968; J. Callaway, Energy Band Theory (Academic
Press Inc., New York, 1964); J. C. Slater, Quantum Theory of
Molecules and Solids Vol. 2 (McGraw-Hill Inc., New York, 1965).

F. Herman, R. L. Kortum, C. D. Kuglin, and R. A. Short, J. Phys.
Soc. (Japan) 21, Supplement 7 (1966).

See, for example, C. Y. Fong, W. Saslow, and M. L. Cohen, Phys.
Rev. 168, 992 (1968).

F. Bloch, Z. Physik 52, 555 (1928).

J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954).
E. E. Lafon and C. C. Lin, Phys. Rev. 152, 529 (1966).

I. Shavitt in Methods in Computational Physics, edited by B.

Alder, S. Fernbach, and M. Rotenberg (Academic Press Inc., New
York, 1963).

E. E Lafon and C. C. Lin, Private communication.

S. F. Boys, Proc. Roy. Soc. A200, 452 (1950).



36.

37.
38.

39.

40.

41.
42.
3.
44,

45,
46.

47.

48.
49.
50.
51.

52.

53.

54.

90

See, for example, E. Clementi, J. Chem. Phys. 46, 3851 (1967);
Chem. Rev. 68, 341 (1968); S. Huzinaga, J. Chem. Phys. 42, 1293
(1965) ; S. Huzinaga and Y. Sakai, J. Chem. Phys. 50, 1371 (1969);
S. Salezard and A. Velliard Theoret. Chim. Acta. (Berl.) 11, 441
(1968) ; A. Velliard, Theoret. Chim. Act. (Berl.) 12, 405 (1968).

R. C. Chaney, T. K. Tung, C. C. Lin and E. E. Lafon, J. Chem.
Phys., 52, 361 (1970).

D. R. Hartree, The Calculation of Atomic Structures (John Wiley
and Son, Inc., New York 1957).

T. 0. Woodruff, Solid State Phys. 4, 367 (1957).

W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965), I. Goroff
and L. Kleinman, Phys. Rev. 164, 1100 (1967).

E. E. Lafon, Private communication.
A. Jucys, Proc. Roy. Soc. (London) Al75, 59 (1939).
F. Bassani and M. Yoshimini, Phys. Rev. 130, 20 (1963).

L. P. Bouckart, R. Smoluchowski, and E. P. Wigner, Phys. Rev. 50,
58 (1936).

S Huzinaga, J. Chem. Phys. 42, 1293 (1965).

C. Kittel, Quantum Theory of Solids (John Wiley and Son, Inc.,
New York, 1963).

E. Clementi, Tables of Atomic Functions, Supplement to IBM J. of
Res. Develop. 9, 1 (1965).

R. F. Stewart, J. Chem. Phys. 50, 2485 (1969).

H. Hosoya, J. Chem. Phys. 48, 1380 (1968).

The program was written by E. E. Lafon.

A. Trefftz and L. Bierman, Z. Astrophys. 26, 213 (1949).

Tables of Integral Transformations, edited by A. Erdelyi

(McGraw-Hill Book Co., Inc., New York 1954).
The program was written by R. C Chaney.

R. A. Roberts, D. M. Roessler, and W. C. Walker, Phys. Rev.
Letters 17, 302 (1966).



