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CHAPT!R I 

INmJWCTIO N 

In all the mass-transfer operations, molecular diffusion occurs 

in at least one phase and often in more than one phase. A knowledge 

of liquid diffusion coefficients is required for the calculation of 

mass-transfer rates across the liquid films in distillation, extraction, 

chemical reaction, and mixing. The available diffusivity correlations 

for dilute solutions of nondissociating solutes are satisfactory when 

accuracy is not too important (15, 16, 171 58). However, the existing 

methods for the correlation of diffusivities in concentrated electro

lyte solutions have not been verified experimental~ (22). 

The science of solutions is very complex. It has evolved its 

own numerous experimental methods and has required for its clarifica

tion many branches of mathematical physics, such as thermodynamics, 

statistical mechanics, electrostatics, and hydrodynamics. A great 

deal has been achieved by theory, but this achievement has been by no 

means enough to warrant the neglect of further experimental investi

gation. In particular, a complete understanding of the diffusion 

phenomena occuring with electro~ic solutions has been impeded by the 

lack of sufficient experimental data with which to test and study the 

variously proposed correlations. 

This thesis presents the results of an experimental investiga-

1 
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tion that was initiated to measm-e and study the molecular diffusion 

coefficients of a concentrated ionic electrolyte by the capillary 

cell technique. Robinson and .S.tokes (47) have reviewed briefly the 

most widely accepted methods £or determining molecular diffusion coef

ficients in ionic systems. Diaphragm cells, capillary cells, conducti

metric diffusion cells, and optical free di,££usion cells seem to pre

dominate. 

The capillary cell method employs extremely small volumes 

(i,e. £ram 4 to 50 lambda) which complicates ordinary chemical analyses 

of the samples. In recent years, the capillary cell technique has 

received increasing use as a result of the availability of radio

isotopes and of sufficiently accm-ate apparatus for radiometric assays. 

The method was introduced by Anderson and Saddington (2), and improved 

by Wang (54, 55, 56, 57) and by Mills and Kennedy C34}. It has been 

used extensive~ £or determining self-and tracer diffusion coefficients 

of electrolytes. The simplicity of the capillary cell technique coupled 

with the shorter diffusion times inherent with the method recommended 

its use in this study. 

The decision to use liquid scintillation counting was made 

after a thorough study of the literature concening uranium analyses. 

The internal-sample liquid scintillation would eliminate the self

absorption corrections necessary in alpha-proportional counting. The 

method would require less sample handling in preparation £or counting 

and the samples could be readied for counting much more rapidly. A 

routine method of analysis by internal-sample liquid scintillation 

employing 4 to 10 lambda samples was developed as pert of the 

investigation. 
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The mutual diffusion coefficients of 0.05 to 2.0 molar uranyl 

nitrate solutes diffusing into water solvents were obtained and the 

values reported. A numerical methods solution of Fick•s Second Law, 

allowing the diffusion coefficient to be concentration -·dependent, 

was also applied to the experimental results. These calculated dif-

fusion coefficients and the dependence of Don concentration were 

studied in the light of the Nernst-Hartley expression as corrected by 

Onsager and Fuosso 

J A brief study was made of the effect of the nitrate ion on the 

diffusion of the uranyl ion. In these experiments, uranyl nitrate 

solutions as solutes were allowed to diffuse into nitric acid solutions 

as the solvents. The effect of the nitrate ion in the solvent was to 

reduce the diffusion rate of the uranyl ion as the nitrate ion conoen-

tration of the solvent was increased. 

A study was made of two solutes consisting of a mixture of 
• 

uranyl nitrate in 30% TBP-Amsco diffusing into a solvent of 30% TBP-

.Amsco solution with 2.0 M uranyl nitrate. The ure.Izy"l ion concentra-

tion of the resulting solute was found to be 0.454 Mwith respect to 

uranium. A second solute was prepared by dilution of the 0.454 M 

solute to obtain an uranium ion concentration of 0.10 M • .Although 

aslight difference in the diffusion rates was noted, a statistical 

analysis of the data revealed that the measured difference was within 

the error of the experimental procedure and could not be considered 

significant. 



CHAPTER II 

TH!DRY 

If a binary system of two miscible liquids contains local dif

ferences in concentration, a driving force is present which tends to 

eliminate these differences. Although the exact nature of the driving 

force is unknown, many theories have been developed to explain the 

phenomenon mathematically. This mass transport process which is 

called diffusion was compared to conductive heat transfer in 1855 by 

Fick who introduced the equation 

J = -D{dG/dx) {1) 

for one dimensional diffusion0 J, a vector quantity, is the flux or 

amount of one component crossing a plane of unit cross sectional area 

in unit time; dC/dx is the concentration gradient of the same compon

ent in the direction of the flux; and D is the proportionality constant 

called the diffusion coefficient. A negative sign is applied to 

indicate that the direction of diffusion is always opposite to an 

increasing (designated positive) concentration gradient. 

Although, in practice, experimental conditions are often chosen 

so that Dis nearly constant, it is not defined as a constant. The 

variation of D with concentration is frequently the effect of most 

interest. In fact the main importance of diffusion studies for electro-

4 
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lyte theory lies in the variation of the quantity Dwith concentration. 

Fquation 1 is of importance in the study of diffusion by steady

state methods in which the concentration-gradient de/dx does not 

change with time. In most experimental methods currently in use., how-

ever., the variation of C with both time and distance is studied. For 

these cases., l!quation 1 can be converted into a second-order partial 

differential equation connecting C., x., and the time., t., by the 

application of the equations of continuity to a differential volume

element normal to the x-axis (16)o Consider the element of volume to 

be differentially small with sides 1:sK.j 4., and J::q, units in length. 

According to Fick's First Law., Fquation 1., the flux per unit area 

through the left face in the x direction can be expressed as 

or for the area whose dimensioms are 4., J::q, 

The value of the flux flowing out of the volume through the opposite 

face can be obtained by expanding Jx in a Taylor series and retaining 

only the first two terms as a resonable approximation. 

The net flow by diffusion in the x direction is the difference of 
' 

these two expressions 

(2) 

The net quantity flowing repr esents the concentration that must be 

stored in the elemental volumeo This time rate of change in the 

concentration in the differential volume element can be expressed as 
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Fquating the two quantities and dividing both aides by 1Jsx4rh,. 

results in 

CC = d (D_Q_Q_) 
dt Tx dX 

(3) 

for one-dimensional diffusion, where D may be a function of x and c. 
Fquation 3 is known as Fick I s Second Law of diffusion. 

In those instances where the diffusion coefficient, D, is a 

constant, Equation 3 becomes 

(4) 

Fick'a relations are valid for a two-component system provided 

that there is no volume change on mixing {36, 47). In the deri~ation 

outlined above, the elemental volume was considered to be constant, and 

therefore, the dimensions of the volume could be referred to those of 

the apparatus. If a volume change occurs during the mixing of the 

solute and solvent, the elemental volume changes with respect to ooncen-

tration and thus the dimensions of the volume are concentration 

dependent. In order to allow the dimension.Ax:, in the case of one 

dimensional diffusion, to remain constant, the reference frame for 

the dimensions must be changed. The choice of a reference frame is 

arbitrary and a matter of convenience in most oases. There are. 

several possibilities discussed by Hartley and Crank (Z3). Bird, 

Stewart, and Lightfoot (7) show. the derivations of the alternate refer-

ence frames for diffusion when there is a change in partial volumes 
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on mixing. Olander(36) presents an additional method to be applied 

in such cases. He concludes that for most binary liquids the effect 

of volume changes on mixing are too small to alter appreciably the 

diffusion coefficients measured in diaphragm cells or by the capil-

lary cell technique. However, there are exceptions and each system 

should be~examined for possible volume changes on mixing before 

the diffusion study is undertaken. 

A standard method of obtaining a solution of the partial 

differential Pl::J.uation 4 is to assume that the variables are separable 

(10, 48). We may assume that C can be expressed as a product of 

separate functions of x and t only, 

C = X (x) T (t). 

Substitution in Pl::J.uation 4 yields 

X dT = DT d2X 
cit ~ 

which may be rewritten 

! gI = 12 d2x 
T dt X cix2 

We have on the left-hand side an expression depending on t only, 

while the right-hand side depends on x only. Both sides must therefore 

be equal to the same constant which, for convenience in the subsequent 

algebra, is taken as -k2D. Two ordinary differential equations 

result : 
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and 

of which solutions are 

X = A sin kx + B cos kx, 

leading to a solution of ~uation 4 of the form 

C = {A sin kx + B cos kx) exp (-k2Dt) (5) 

where A and B are constants of integration. Since iquation 4 is a 

linear equation, the most general solution is obtained by summing 

solutions of type 5, so that 
QQ 

C = DAm si~ k-m x + :&n cos k;mX)exp. {-km2Dt) 

hi -a I 

where Ant, Bin, and km are determined. by the initial and boundary 

conditions for any particular problem. 

In the capillary method, the boundary conditions for a tube 

closed at x = 0 and open at x =.Rare: 

At t = O, 0 = 00 for O < x < ~ , 0 = 0 for x ) £... 

D ~0 At t > o, C = 0 at x = ~ and Tx = 0 at x = o. 

2n + J:ir These conditions can be satisfied only if k = 2 , where 2n + 1 

has been substituted for M for convenience so that n takes on values 

O, 1, 2 - - - - and Bn, = O. By Fourier analysis it is found that the 



coeffiaientt:1 A.n are given by: 

So that 
00 

400 
A.n = 1T(2n + 1) 

9 

0 c= 
0 

\ 4 Lrrc2n + 1> 
h:O 

exp. l-n2(2n + 1)2Dr/(4R_2) I Sin rr(2n ~tix 

The average concentration in a uniform capillary at time tis: 

So that 

00 

L .:i,2n ! 1,2 
l") = 0 

exp. Q. (~n + 1)2 Dt. 9: I C 4 2 (6) 

Equation 6 does not include the volume of the capillary. Instead, 

its length Jt may be used, provided the cross-section of the tube is 

uniform. 

A graph or table of the right-hand side of E::J.uation 6 can be 

prepared. Interpolatiop. at the experimentally determined value 

Oav, gives Dt/Sl 2 and h~nce D.. In computing tb.e funQtion very few 
Co 

terms need be taken as the series converges very rapidly for reasonably 

large times. The ratio of the first term (n = 0) to the second (n = 1) 

is 9 exp (2n2Dt/St.?). 'l'his ratio is greater t~an 1000 at the time the 

exponent Dt/l,2,exceeds 0.24, and.higher terms fall off even more 

rapidly. To illustrate the rate of change, when Dt/ ,i 2 = 0. 24 the 

average concentration in the capillary has fallen to 45 per cent of 
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its initial value (47). In th:il study, a table of solutions to 

Fquation 6 was composed employing a digital computer. Eiaht terms were 

included to insure a high accuracy for shorter diffusion periods. The 

computer program used is reproduced in Appendix c. The complete outpu.t 

table is so extensive that the space limitations prohibit its inclu-

sion; however, a portion of the results, in the range generally- em-

ployed in this study, is presented in Appendix O. 

In the more important absolute methods of measuring diffusion 

coefficients, the experimental methods are such as to require solution 

of the partial differential Jquation 3 for the appropriate boundary 

conditions. A discussion of the more significant solutions with a 

concentration dependent d;Lffusion coefficient is presented by Crank 

(10). 

In binary systems, the diffusion coefficient depends on the 

mobility of both molecules and is usually referred to as the mutual 

diffusion coefficient. Since the mobilities of two unlike molecules 

are likely- to be different,·. one would expect the diffusivity of such 

a system. to be concentration dependent. 

Under these circumstances Equation 3 becomes 

(7) 

The dependence of D may then be selected and the resulti:ng equation 

subjected to solution. by analytical or numerical methods. The use of 

a digital computer makes the latter method most useful, since the 

machines will do large numbers of iterative calculations in a reasol'l.-

able short ti.met. In this study the diffusion dependence was assumed 
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to be 

D = D + Ac! + BOQ + .S:,. + FOS 0 . 

where D0 is the Nernst limiting value of the diffusion coefficient. 

A, B, E, and Fare constants and C is the mola.J" concentration 0£ the 

diffusing substance. The quantities _P, Q, R, and Sare powers to wllich 

the concentration is raised. Substituting this model for D into 

Equation 7 and performing the indicated partial differentiations: 

This result may be solved by the applica~ion of standard numerical 

methods (;2). The refinements and suggestions of Richtm.yer (46) for 

numerical methods were responsible for much of the success of the 

machine calculations. The programs developed for the IBM 1620 and 

7090 digital computers are presented in Appendix C. 

In reality, the exact nature of the driving fox-ce in diffu

sion is not known. The use of the concentration gradient as the 

driving force is erroneous, since experimental evidence to date has 

£ailed to confirm a relationship (20). aowever, Fick's equation 

(generally called Fick•s First Law) is used universally today to 

represent the dif'fusioii process because of its simplicity and because 

of the experimental fact that a gradient is necessary to observe 

diffusion. 

The early work of Fick suggested that the concentration gradient 

was the driving force for the diffusion process. This conclusion 

was reached by intuition and by analogy with heat transfer equations. 
I 

It is now accepted that the concentrat;i.on is not tb.e true driving' 
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force since this notion can not be verified experimentally or theoreti

cally. The osmotic pressure gradient was often thought o.f as the 

driving force but this too was largely the result of intuitive argument., 

and it can be sh.own that this argument leads to the same result as 

the chemical potential gradient (30). 

If two phases are in equilibrium., the cb!emical potential o.f 

any component in these phases must be the same throughout. It is 

reasonable to assume that the degree of deviation from. equilibrium 

is determined by the difference in chemical potential between phases. 

This argument applies equally well to various regions of a Jingle 

phase. At equilib:rium..,both concentration and chemical potential 

are constant throughout a single phase. When a concentration 

gradient exists., a chemical potential gradient also exists; however., 

the numerical values are not the same and they need not be proportional. 

It is generally accepted today that the chemical potential gradient J 

is the driving force .for the diffusion process. 

The modern quantitative theory of electrolyte solutions is 

based on the concept of the interaction between the thermal mot~ons 

of the ions and their electrical attractions and repulsions. Tb,e 

theory also involves., in its higher refinements., considerations of 

the physical d:im.ensions of the ions and of their interactions with 

solvent molecules. By defining and considering an intrinsic dif

fusion coefficient for each component of a binary mixture of 

concentrated electrolytes., Hartley and Crank (2.3) have derived an 

expression capable of indicating the more important effects which 

have to be considered in diffusion. The Hartley tllld Crank expression 

for the mutual diffusion coefficient at any concep.tration is:: 



(S} 

where NA and NB are the mole fractions of component A and B, D~ is 

the diffusion coefficient of A at infinite dilution in B, D~ is 

the self-diffusion coefficient of A and pure A, 11 i/11 is the ratio 

of the viscosity of pure liquid A to the bulk viscosity of the solu

tion, and the term dln NA f .Jdln N• is the logaritlmdc differentiation 

of the activity. The details of the derivation as well as examples 

and a discussion of its application are given by Robinson and Stokes 

(47). 

The Nernst-Hartley relation (47) considers the forces on single 

ions due to the gradient of chemical potential and the unequal 

mobilities of the ions.. The simple Nernst-Hartley treatment leads 

to the f ormula,I) 

D = D0 (1 + 0 4ao y) {~) 

where D0 is the limiting value o:f D at infinite dilution obt,ained by 

an expression due to Nernst and y is the molar activity coefficient 

at concentration c. 
In the ordinary diffusion of a salt resulting frOlll a concen

tration gradient, both ions must move in the same direction at th~ 

same speed to maintain electrical neutrality-. In very dilute solu

tions the ions are far enough apart to be without influence on one, 

another. As the density of the ions increases, there are two .. .main 

ef'f ects of the interaction between the electric charges of the 

ions: these are the electrophoretic effect and the relaxation 

effect. 



The electrophoretic effect arises in the following way. When 

an ion moves through a viscous medium, it tends to drag along with 

it the solution in its vicinity. Neighboring ions therefore have to 

move not in a stationary medium but with or against the stream depend

ing on the relative direction of the two. The effect will clearly be 

concentration-dependent. 

In general, the motion of ions under the influence of external 

forces will disturb the symmetrical distribution of the ions, and this 

disturbance would tend to decrease the velocity of the ions. In the 

solution in equilibrium., the "ionic atmosphere'' ( a convenient 

description of the ions outside the considered~ion) is on a time

average, distributed with spherical symmetry, and exerts no resultant 

force on·the central ion. The central ion may be pictured as moving 

to an off-center position and experiencing a restoring force, which 

rapidly dies away as the 11atmosphere 11 is rearranged by the thermal 

motions of its constituent ions. The average restoring force 

experienced by the ion is called the relaxation effect. 

In the case of diffusion of a simple electrolyte, Onsager and 

Fuoss (37, 38., 39., 40) evaluated the electrophoretic contribution to 

the motion of ions in terms of velocity of the ions and their absolute 

mobilities. The corrections are applied to the Nernst-Hartley 

expression and result in, 

D = (DO + .Ai_ + ~)(l + C ~ Y) (10) 

The electrophoretic terms» ,8.J. and 4., are complex functions of the 

dielectric constant and viscosity of the solvent, the temperature and 

chemical potential gradient, and an electrical force due to the 



"diffusion potential.ti The "diffusion potential" reslilts from the 

electrical attraction· o:f' the· £aster moving :f'or the slower moving 

ionic species. Although the authors, Onsager and Filosa, proposed 

that Fquation 10 be used in the study o:f' both symmetrical and un

symmetrical electrolytes, Robinson and Stokes (47) pointed out that 

application has shown that unsymmetrical electrolytes generally should 

be studied by the expression: 

D = (D° + AiJ.Hl + C ~ :Y). {11) 

The treatment o:f' diffusion in coDCentrated l.;l. electrolyte solutions, 

while serving to indicate the more important e:f'f'ects whict\h have to be 

considered, is in no sense final or completely satisfactory. 

For concentrated electrolyte solutions a number of e:f':f'eots, 

negligible for the dilute solution, become of' great impo:ttance • 

. These are: 

1. That solvent molecules will in general move 

in the opposite direction to the solute. 

2. That some of the ions may carry with them a 

permanently attached ~er o:f' solvent molecules, 

which acts as a part of the diffusing solute 

entity. 

3. That the viscous forces may be considerably 

modii'ied by the presence of large numbers of · 

ions. 

The theory of ·diffusion for ·higher valency types in concentrated 

solution is even more tentative. One reason for this is that the 

theory o:f' electrophoretic corrections is less satisfactory, even for 



dilute solutions. In addition, experimental data of sufficient 

accuracy to test the theories are very sparse (22). 
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Uranium ions in solution form one of the most intricate and 

interesting domains in the chemistry of this element. In common 

with all other ions in aqueous solution, the various uranium ions 

interact with the solvent water to a greater or less extent, depend

ing to a considerab1e extent on the charge of the ion. Aqueous 

solutions ot uranium .salts always have an acid reaction indicative of 

hydrolysis. .Although the uranyl ion only carries a charge of +2, it 

nevertheless behaves more like an ion of charge -M, than a simple 

doubly-charged cation. The hydrolytic reactions of uo2 ++ have been 

exhaustively studied in recent years by a number of investigators. 

As a result, there is general agreement that polymeric ions are 

formed in the eydrolysis of urarql ions (32)o A study of the self

diffusion coefficients of uranyl ion in uranyl nitrate by Hahn (21) 

indicated that the formation of associated species as a result of 

increasing the acidity of uranyl nitrate at'fects the diffusion rates .. 

The extent to which polynuclear formation occurs with uranium ions 

is still a subject for debate. The details of the current theories 

and results of experimental investigations with this group of extra

ordinary salts are presented by Katz and Seaborg (20). 



CHAPTP.R III 

EXPEMl!m'AL APPARATUS 

In principle, the capillary cell technique involves the free 

diffusion of ions from a column of solution confined in a small 

diameter capillary, usually less than l mm. in diameter, into an 

infinite reservoir of solution at a different concentration. The 

equipment employed for this study can be discussed und$r four major 

phases.: the dii'f'usion cell, the capillaries, the ana.47tical necessi

ties, and the constant temperature equipmento 

The first and fourth phases resulted in an application or im

provement of previous4 established techniques. The anaJ.Ttical pro

blem resulted in the development of an internal liquid scintilla

tion anazysis. The method eyolved was established on a routine 

basis and provided a sensitive and'"suf'ficient]¥ reliable ana4sis 

for micro quantities of uranium iono 

Diffusion Cells 

The diffusion cell» shown in Plate I, was patterned after the 

design of Mills and Godbole (35). The cell consisted of a rectangu

lar pozyethylene freezer carton appro:x:imately 5 inches by 7 inches 

by 9 inches deep. The reservoir volume was .3.4 liters with the 

baffles in place. The flow baffles were constructed of one-quarter 
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PIATE I 

Capillary Diffusion Cell 
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inch thick Lucite. The baffles were assembled in a manner that 

~ivided the cell into £our equal compartments. The upper two com

partments were opened to each other by a rectangular section 

approximately 3 inches wide and 4 inches deep~ The compartment 

containing the stirrer impeller was opened at the top by equally 

spaced 1/4 inch holeso The impeller drew solvent down through these 

holes and forced it out of the compartment through a series of eq~ 

spaced 1/ 4 inch slots in the vertical wall of the cell. A 1/2 inch 

Lucite tube encased the impeller shaft in the top compartment to 

prevent the rotating shaft from setting up eddy currents that might 

disturb the laminar flow across the capillaries. Nylon screws in 

combination with epoxy resin glue were used to fasten the.sections 

of the baffles togethero . The Go~eted baffle assembly is shown in 

Plate I., The solvent volume was stirred by a variable speed»· pro

peller type stirrer, Cole-Palmer M:>del 46508 Dua.1-Slaft Electronic 

Stirrero The stirrer speed was calibrated to provide a liquid flow 

rate of l - 3 mm.. per second across the capillary mouth as :r-ecom

mended by Mills (.33 ) , 

The original capillary holders are visible in Plate I~ 

They were made of Teflon and were designed to seal the bottoms of 

the capillarieso EKperiencs showed ths.t it was impossible £or the 

holders to maintain a liquid=tight seal after being used several 

times, The design shown in Plate II was adopted and the capillaries 

were sealed by gluing a micros~ops cover glass to each capillary 

with epo:xy resin cement. Th~ excess glass and cement were then 

ground down to the outside dimension of the capillary, The holder 

was machined from polyethylene and weighted with stainless steel 
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PI.ATE II 

Diffusion Capillaries in Holder 



rods to reduce its bo~ancy., The capillary cell holder containing 

the capillaries was attached to a fine-thread screw lowering and rais

ing device just prior to the stal'!ct:, of an experiment.. The raising and 

lowering device can be seen in Plate III. 

Capillaries 

In this study the capillary cells were constructed from 0.,0202 

± 0000.3 inch O.D .. (0,.5 mm .. ) and 0.0.30.3 ± 0.,00.3 inch I.,D., (o. 75 mm.,) 

precision bore capillary tubing obtained from Fischer and1 Porter Co. 

Each piece of tubing was checked £or uniformity of its inside 

diameter. The tubing was :placed in a Bausch and Ianb comparator 

under a X20 magnification ,and the length of a mercury thread was 

measured with the aid or a micrometer attachment .. Sections that 

showed a 0.5 per cent or greater change in length of the mercury 

thread were discarded., 

The capillaries were ~ut into ss~tions two centimeters in 

length .. The length of each section was measured several times with 

a micrometer and the average value reported., After sealing the 

bottoms» tapering and fire-polishing the tops» the volume-of each 

capillary cell was measured by multiple weighings of mercµry and 

the average value reportedQ All measurements were ~de in an air

conditioned laboratory maintained within 2 OF of' 75 oF~ The results 

. of the length measurements and volume calibrations· for both sizes 

of capillaries are reported in Tables .I.XI and XW.I) Appendix B. 

InitiallJ"» the ~apillaries were used with a square cut across 

the open end. An investigation of the possible causes of inconsis

tent resul.ts revealed that as the capillaries were being immersed, 



PIATE III 

Diffusion Cells Installed in 
Constant Temperature Bath 
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the solvent did not readily wet the tops ot the capillaries. The 

capillaries could be immersed as much as 1/4 inch below the liquid 

surface without wetting. As the surface tension of the solvent was 

overcome, the liquid rushed across the capillary tops. Under this 

circumstance, one of two unfavorable reactions were possible. T~e 

sudden co.llapse of the wall of solvent around the top of the capillary 

could result in an air bubble being entrapped across the mouth of the 

capillary. The presence of the air bubble greatly reduced the dif-

fusion rate of that particular sample. A portion of the initial 

solute could be pumped out and thus the final concentration in the 

capillary would be lower than that of a norm.al diffusion experiment. 

In an effort to improve the wetting of the capillaries during 

the immersion» the open ends were ground to a taper of approximately 

f:IJ degrees. Although an improvement was noted, the wetting of the 

tapered portion was still not completely satisfactory. Next, the 

ground taper portion was carefully fire-polished, care being exercised 

not to warp the internal surface of the tubes. The combination of the 

taper followed by fire-polishing allowed the solvents to properly wet 

the capillaries during the insertion into the solvents and the pro-

blem of air entrapnent and solute pumping previously encountered was 

greatly reduced. 

Scintillation J!quipment 

Investigation of the use of liquid scintillation counting of 

alpha. particles has been reported by a nu.mbei- of authors (3, 4, 5, 

24s 28 9 50). The method appeared to have the advantage of high 

sensitivity and to minimize the problem of error due to sample 
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handling during the preparation of planchets for alpha proportional 

counting. 

The radioactive decay scheme for natural uranium is shown i n 

Figure 1. Alpha radioactivity in natural uranium is due to the 4.21 

Mev. and 4.76 Mev. alpha particles from uranium-238 and uranium-234., 

and from the 4.52 Mev. alpha from l.U'anium-235 (45 ). Equilibrium 

activity from other members of the decay families is effectively 

removed by chemical processing during purification of the ore and 

preparation of the uranyl salt. 

Reynolds (45) reports the disintegration r atio of U-235: 

U-~4: U-238 in natural uranium as o. 046: 1 :1., with a specific 

alpha activity of 1.503 x 106 dpm/g. Based on these ratios» integral 

counting rates of greater than 95% of the sample specific activity 

were obtained using a discriminator l evel of 9 volts. 

The scintillation analyses were made using a single channel 

scintillation spectrometer manufactured by the Radiation Instrument 

Developnent Laboratories Co. The instrument consisted of their 

Model 30-1 amplifier and power supply, Model 33-2 single channel 

pulse height analyzer, and Model 49-10 one microseco:rxi scaler. The 

spectrometer was coupled to a RIDL M>del 10-2 scintillation head, 

housed in a RIDL M:>del 60-2 shieldo The assembly is shown in Plate 

IV. 

The original scintillation equipnent was later modified in 

order to r educe the photomultiplier thermal-m.oise background count. 

This was accomplished by repla~in.g the DuMont 6292 photomultiplier 
'' 

with a :DuM:>nt KLZ34 tube. The effect was equivalent to increasing 

the amplifier gain by a factor of about two. Separate D.C. filament 
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supply and B+ voltage supply for :the cathode follower circuit in the 

detection_ head were installed to minimi.ze spurious counts being 

introduced into the counting circuit. 

A RIDL M>del .31-1 preamplii'ier and RIDL -Abdel .31-6 preuiplifier 

power supply were inserted immediately following the detectionh•ad. 

The M>del .31-1 preamplifier was capable of increasing the photomulti

plier signai by a factor of abo11t 28, thus enabling the overall 

amplification gain of the unit to range as high as 44,800., 

Satisfactory counting results were obtained with a phototube 

voltage 9£ 860 volts and an overall amplifier gain of approximately 

11,000. All sample counting was per;1'ormed with an integral mode at 

a discriminator level of l3oS voltso This energy level corresponded 

to the 9.0 volt level established with the equipnent before the 

modifications were made. 

Constant Temperature Bath 

The diffusion runs were 0&1Tied out at 25 CO, ± 0.1 CO., The ·· 

bath was a Freas, M>del 161, equipped with a Precision Electronic 

Control relay. The relay was actuated by a mercury differential-
·. .. 

type Precision.micro-set thermoregulator and was.capable of-control-

ling the main bath temperature to within± .01 oe:. The temperature 

of the diffusion cells was measured prior to each run by a Brooklyn 

Thermometer Co. precision thermometer., No. 22214, calibrated and 

certified by the manufacturer by comparison with a primary standard. 

After the diffusion run beganp the bath temperature was cons~antly 
. . 

monitored with a Beckman differential thermometer provided with 0.01 

oc scale divisions .. 



PIATE IV 

Internal Sample Liquid Scintillation Counting Equipment ~ 



28 

In order to minimize vibrations of the bath» stirrer, and 

relay being transmitted to the diffusion cells, these pieces of 

auxiliary equipnent were remounted with sponge-rubber pads. In ad

dition9 the bath shelf was suspended from the bath rim with two

inch thick polyurethane foam. pads at all metal-to-metal contact 

points. 

Constant temperature baths operating at temperatures near 

room temperature require.I) for close control,!) a temperature sink 

approximately 15 oc below the control pointo The temperature sink 

consisted of a cold water supply chilled by a Blue M.11 Model POC-lA. 

portable refrigerator. The thermostat was capable of maintaining a 

preset temperature to within± 1.0 oc. Jin aw-xj_liary centrifugal 

pump continuously circulated the cool water through a copper coil 

located in the main bath~ 



OHJPTJ!R IV 

EXPmIMENTAL PROCEDURE 

In preparation for a diffusion run, the constant temperature 

bath was operated. at the control point ( 25 oO) for at least four 

hours. The temperature of the diffusion cells was observed with the 

calibrated Bro~ Thermometer previously described.. During the 

four hour period, if the temperature of the cell did not change more 

than± 0.01 oO, the bath was considered stable and the run was 

initiated. 

The capillaries were prepared for use 'by careful cleaning 14 tb.. 

chromic acid solution, followed by thorough rinsing with demineral

ized water. The capillaries were finally cleaned inside and out 

with C. P. grade acetone and thoroughly" dried. Care was exercised to 

insure that no oil film remained on the outer fir~polished tapered 

surface of the capillaries. Any' oil film present· on these surfaces 

adversely affected the wetting of the glass capillary during immer

sion in the diffusion cell. 

The solute to be studied was charged into each capillary usi:qg 

a Hamilton 10 lambda microsyringe. The microsyringe was inserted in 

a simple holding device to assist in the operation. Fach capilla;ry 

was flushed tbree times with fresh. solute. The fourth filling was 

considered the diffusion sample., In order to compensate tor possible 

evaporation of the solute prior to its immersion in the solvent and 
29 
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to minimize bubble formation at the mouth of the capillary during the 

immersion, each capillary contained an excess of solute (approximately 

0.01 lambda). The capillaries and solutes were stored and charged in 

an air-conditioned laboratory maintained at 75 OF± 20 0 OF0 Immediately 

after the capillaries were filled, they were placed in the . lowering 

device of the diffusion cells and immersed to initiate the diffusion 

run. 

The capillary holders were lowered slowly; and with as uniform 

a rate as•possible. The retention time above the bath was short to 

prevent excessive evaporation of the solutions in the capillarieso 

During the immersion the capillaries were observed with the aid of 

a three power reading glass. This was done to observe that each 

capillary was properly wetted and to detect any occlusion of a:2.r 

over the mouth of the capillary. If an air bubble was observed, the 

particular capillary was noted and the results gene.rally were found 

to reflect the condition by yielding a.diffusion coefficient consider

able lower than the average value., Th~ total,diff'usion time -was 

estimated by imposing the conditions Dt/12 = Oo24 as suggested by: 

Crank (10). During the diffusion runs» the capillary holder was 

suspended in the solvent and was not allowed to touch any portion of 

the diffusion cello This precaution was taken· as an addit;Lonal 

measure to insure that the capillaries were not vihratad while the 

diffusion was in progresso At the end of the. diffusing period the 

run was terminated by carefully raising the capillary cell holdero 

The total diffusing time was ~ontrolled to within .± ten seconds 0£ a 

40 to 48 hour diffusion time~ 

The samples were immediately removed to the counting laboratory 
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and prepared for scintillation counting~ The contents of the capil

laries were removed by using a jewelervs loupe and a Hamilton 10 

lambda microsyringe. Care was exercised during the removal to 

prevent spillage or overflowing 0£ the capillary contents by displace

ment with the syringe needlaq Each capillary was rinsed with three 

volumes of demineralized water to assure a reasonably complete trans

fer 0£ the sample 0 The solute sample and the rinse volumes were 

transferred to a 5 dram low-potassium. scintillation vial procurred 

from the Wheaten Glass Co. 9 Millstown, Virginiao Next,one milliliter 

of absolute ethyl alcohol was added to insure miscibility of the 

sample with the scintillation solvent as suggested by Seliger {50). 

Five milliliters of the s~intillation solution was then added to each 

sample completing its preparation for oountingo 

At the time the diffusion samples were transferred and prepared 

£or counting, a four lambda sample of each initial solute was prepared 

in an identical manner" The sample was measured with a calibrated 

Hamilton 10 lambo.a-microsyringe as recorded in Table XXIII, Appendix 

B. Both the standard samples and the diffusion samples were then 

stored in a light tight container for 24 hours before being placed in 

the scintillation counter 0 Th.is was done to allow the decay of any 

light that may have been absorbed by the solution during sample 

preparation. 

The viscosities of the various solutes and solvents used in 

this study are reported in Table IIIIII and Figure 19, Appendix Bo 

The viscosities were obtainsd using standard five milliliter Ostwald 

viscosimeters at 25 oO ± o .. o; oc .. The densities were determined by 

multiple weighings 0£ the contents of a calibrated 10 ml .. pipette~ 



CHAPTER V 

RESULT AND DISCUSSION 

Internal Liquid Scintillation: 

A report by Hayes (24) revealed that the most promising 

wave-length shifter to incorporate in a liquid scintillator was 0.1 

g/L of POPOP 1, 4 - Di - 2 - (5 - phenyloxazolyl) - benzene 

He suggested for water-soluable samples that 4 g/L of PPO (2, 4 -

diphenyloxazole) and 50 g/L of Naphthalene in 1» 4 dioxane be used 

as the primary scintillator and solvent., Farmer and Berstein (18) 

reported high counting efficiencies in samples up to 20% water by 

making use of p - dioxane solution containing 0.5 per cent p -

terphenyl. Seliger (:50) reported excellent energy resolution and 

high counting effeciency for alpha parti~les when using a scintil

lator containing PBD (phenyl-biphecyl-oxadiazolol - l» 3» 4) and POPOP 

in toluene. Samples containing water were dissolved in the scintil

lator by the addition of absolute ethyl alcoholo The colume ratio of 

water to ethyl alcohol to toluene was l:50ilOOO. 

Preliminary experiments with 2.0 molar uranyl nitrate samples 

showed that the best counting efficiency wouJ.d be obtained using 

xylene or toluene as the scintillation solvent with 00 1 g/L of 

POPOP as a wave-length shifter and 0.5 weight per cent p ~ terphenyl 

as the primary scintillator. The differential spectra for this phase 

of the study were obtained by employi'ng a 5 volt discriminator windowo 

.32 
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Figure 2 shows the differential scintillation count rate as a func

tion of uranium concentration with the toluene as the solvent. A 

shift in the peak-counts as the concentration was decreased is evi

denced9 Figure 3 shows the differential count rate of the sam,e 

concentrations with ~lene as the solvent. Although there is a 

slight shift in the peak with decreasing concentration, the shift is 

not as severe as was the case with toluene. J;ylene did not yield as 

high a counting efficiency as toluene .. This was evidenced by a 

lower peak count for each concentration reportedo 

In order to achieve as high a counting efficiency as possible 

and at the same time minimize the shift in peak heights, a 50:SO 

mixture of toluene and xylene was used as the scintillation solvent. 

Figure 4 shows a typical differential count rate as a function of 

uranium concentration when employing the toluene-xylene mixture as 

a solvent. The counting efficiency was somewhat less than pure 

toluene and greater than. xylene. The shift in the peak counts as the 

concentration or uranyl ions was changed was not as severe as with 

toluene .. For these reasons 9 the decision was made to use the 50:50 

mixture as the scintillation solvent in the analyses for this study. 

The ratio of sample volume to etlzy"l alcohol to scintillator was main

tained at 121002500 tmroughout the study. The increase in ethyl 

alcohol was necessitated by the water rinses used in transferring 

from the capillaries to the scintillation vials. Count rates made on 

samples with various scintillator volumes indicated that satisfactory 

efficiencies could be obtained with the lower sample-to-scintillator 

volume ratio., 

The effect of the thorium 234 beta was checked by separating 
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the thorium isotope using Dowex 50...W: cation exchange resin. Spectrum 

of the separated solution showed no change with time as the thorium 

grew back. This effect was anticipated since the energy levels of 

the alpha particles allowed the spectrometer to be operated at energy 

levels generally much too high to detect beta or gamma scintillation. 

In order to ascertain that the diffusion of a natural uranium 

salt was not a selective molecular phenomenon, a differential scintil

lation spectrum was obtained on capillary samples after 50 hours of 

diffusion. The differential spectrum of the solutes before and 

after diffusion were found to be identical in respect to energy levels. 

As a result, there was no selective molecular diffusion occuring that 

could be detected by the analytical methods of this study. 

The resolution of the instrument was tested by running a 

mixture of uranyl nitrate (4.18 Mev. alpha) and Ra D-E-F (5.3 Mev. 

alpha). This was done to establish the possibility of a simultaneous 

quantitative analysis of two or more alpha emitting salts in a misturee 

Figure 5 presents the differential spectrum of 2.0 molar uranyl 

nitrate and 2.0 molar Ra D-E-F. Figure 6 gives the differential spec

trum of a 50.:50 mixture of the two salts. In determining the spectrum 

of the mixture the window voltage was reduced from 5.0 to 1.0 volt. 

The results indicated that the instrument was incapable of a quantita

tive discrimination between these two alpha activities in a mixture. 

A typical differential and integral spectrum of 2.0 molar 

uranyl nitrate is presented in Figure 7 e In this study all of the 

counting rates were obtained by an integral count at an energy level 

located at the minimum point on the differential spectrUJ.ll. This 

energy level was at 9.0 volts in the case illustrated. 
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TABLE I 

Integral and Differential Scintillation Spectrmn Data 
for 2 Molar Uranyl Nitrate 

(Primary Solvent = 50i50 J;ylene-Toluene) 

Photomultiplier voltage= 1220 
Window width voltage = 5.0 
.Amplifier gain: 

Energy 
Level.fl 
Volts 

.:31.5 
27.0 
22.5 
21.6 
20.7 
19.8 
18.9 
17.0 
16.l 
14.3 
12.5 
11.25 
9.0 
6.75 
4.5 

Total, 

Coarse = l.O 
Fine = 100 

Differential Count 
Background., 

10 minutes 10 minutes 

997 86 
28.34 178 
7216 321 
7890 333 
8700 372 
9160 351 
9177 327 
91.36 326 
848.3 301 
6.398 219 
419.3 201 
2290 l45 
1878 224 
2564 398 
405.3 1261 

Integral Count 
Net per Total Background.$ 
Minute 10 minutes 10 minutes 

91.0 5716 10 
266.0 8302 19 
670.0 1418',. 48 
756.0 16042 92 
833.0 17408 125 
881.0 18932 215 
885.0 20266 376 
881.0 21436 519 
818.0 2251.3 669 
61S.o 23150 889 
399.0 24480 1064, 
216.0 25026 1245 
165.0 25745 ]389 
217.0 27237 1615 
379.0 29209 2541 

Net per 
minute 

570.6 
828.3 

141.3.7 
1595.0 
1728.3 
1871.7 
1989.0 
2091.7 
2184.4 
2226.1 
2341.6 
2378.l 
2435.6 
2562.2 
2666.8 

~ 
0 



CD 

~ 
~ 
k 
ID 

i 
0 
C) 

r;;j 

f 
~ 
H 

2800 

2400 

2000 

1600 

1200 

800 

400 

Figure 7 

Integral and Differential Scintillation 
Spectrum or 2.0 M Uranyl Nitrate 
as a Function of Energy Level · 

(Primary Solvent = 50 :50 ~lane-toluene) 

o...,.,-.....,r.--..-,....,.-t-.,--r-,,-,--.---.-,r--r--.-4-.........--.---.-~~~,-;.~..J 
0 10 20 

Energy Level1 volts 

41 

900 

eoo 

700 

600 ~ 
~ 
(I) 

~ .... 
500 ID .... 

() 
0 

! 
400 m 

'tj 

~ 

l JOO • 

200 

100 

0 



The uranyl nitrate solutions employed in the st.udy were pre

pared from A. c. s. reagent grade uranyl nitrate purchased from the 

General Chemical Division of Allied Chemical. The uranyl nitrate 

was a cxystallin.e hexahydrate salt of natural. uranium. One liter of 

2 molar uranyl nitrate solution was prepared by weighing the salt 

on a large pan balance and diluting to the proper volume with 

demineralized water. All other standard solute concentrations were 

prepared by careful dilution of the 2 molar stock solution. The 

balance was sensitive to a 0.1 gram. change in weight. Thus, the 

accuracy of the weighing was 1 part in 10,000 and the resulting 

uranyl nitrate solution was considered to be 2.0 Mwithin the error 

of the experimental measurements used. 

A spectrophotometeric determination for uranium presented by 

Dizdar and Obrenovic (12) was used to establish the uranium concen

tration of the solutes used in calibrating the liquid scintillation 

counting technique. The authors have stated that the results were 

reproducible within± 1.0 per cent. EK:perience in our laboratory 

with the method» using a Beckman M>del DlJ Spectrophotometer, showed 

that the results were reproducible to within± 0.5 per cent. In 

view of the precision of the m.sthod9 it was accepted as the standard 

for calibrations. 

A tabulation of random samples of the standard solutes used 

in the course of the study is · in Table m:xo The concentrations 

used as the abscissa are th,e e.verage values obtained from. tb.e 

spectrophotometric analyses of the soluteso Figures 8 and 9 show the 

resulting plot of these data. For ease of study, the concentration 

range was divided into two parts o The two curves represent the 
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results of a least-mean-square fit over the data presented. The equa~ 

tion of the dashed line is 

y = 40.4 + 1266.2X 

while the equation of the solid line is 

y = l29.3.6X 

The points represent the average values of the ]4.quid scintillation 

counting rate at the solute concentration shown. 

(2.3) 

(24) 

Figure 8 contains tae results of the counting with lower concen

trations and shows that the linear relationship with zero intercept 

more nearly fits the experimental points. The second curve extrapolates 

through a zero point of 40.4 counts per minute. 

The data used in the regression calculations for this curve in

cluded the count rates obtained for samples of liquid scintillator 

without uranyl salts. Although the scintillator consistently showed a 

background count of approximately 44 cpm., the actual count rates for 

samples containing uranul nitrate in concentrations of less than o.; 
molar apparently behaved in a fashion most acc'Ul"ately described by a 

linear relationship with a zero intercept. In the concentrations 

ranging above o.; molar, that portion of the background count attributed 

to the liquid scintillator represented a negligible part of the total 

count rate. This effect can be seen in Figure 9 which indicates that 

both types of the regression curves tend to merge into a single straight

line relationship as the concentration increases. 

Table m.x is a tabulation of the average values of the count 

rate for the several standard solute solutions. The averages were 
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obtained by considering a·mini.mum or ten determinations made at various 

times during the course or the study. The standard sample deviation 

or the average values ranged f'rom ± o. 90 to ± 2. 98 per cent. The 

magnitude of the deviation was random, indicating that the deviation 

was probably due to a random sample-volume error coupled with the 

statistical error of radioactive co'Wl.ting. In all scintillation count

ing analyses the sample total-count was above 25,000. Based on the 

established statistics of radioactive counting, the total count 

coupled with the background count of the equipnent permitted the re

producibility or the sample count rates to be± 1.0% or less (44). 

A brief st'Ud1' of scintillation characteristics of the uranyl 

nitrate solutions revealed that the integral rates decreased with 

time. A decrease in the counting rate of 5 per cent was noted after 

a sample had been stored in a light-tight container £or 24 hours 

after preparation. The rate of decrease was then noted to be about 

1.0 per cent after each additional 24 hours of storage in the dark. 

Generally, the sample counting rate would stabilize after six days of 

storage in the light-tight container. Samples that had been allowed 

to become stable were exposed for one hour to the flourescent lights 

of the laboratory. An increase in the count rates occurred, but the 

original higher rates were never attained. Thus, approximately 50 

per cent of the measured drift was attributed to scintillation of 

the samples due to light absorption during sample preparation. The 

unaccounted drift was assumed to be due to the combined quenching 

effects of the water» ethyl alcohol» and dissolved air in the samples. 

The reproducibility of the counting rates after the samples had been 

stored for 24 hours was found to be within the experimental error of 
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the diffusion runs .. The procedure 0£ analyzing the uranyl nitrate 

samples after 24 hours of storage in a light-tight container was· 

adopted since it provided an optimum combination of the elapsed time · 

for analyses and the accuracy of the analyses. 

The linear relationship expressed by Equation 24 was considered 

to express the relationship between the scintillation counting rate 

and the uranyl ion. concentration within the error of the experimental 

procedure. On the basis of the linear expression., the ratio of the 

final concentration in the capillary to the initial concentration was 

taken to be the ratio of the respective liquid scintillation counting 

rates. In order to assure that the ratio obtained was as equitable 

as possible., a standard sample of the initial concentration was 

prepared and anal:yzed simultaneously with each diffusion run sample. 

In addition, thermal-noise background counts were made before and 

af'ter each sample. This procedure was a precaution against the pos

sibility of spurious counts being unknowingly included in the various 

counting rates. 

Diffusion of Uranyl ion into iia.ter 

The study of the diffusion of uranyl nitrate into water was made 

em.ploying a randomized complete-block experimental design. An illustra

tion of the calculations involved in the capillary :method is included 

in Appendix a. The design. and analysis of tb.e data was in accord with 

generally accepted statistical methods and may be found in any 

standard text on statistics Lf, .. e .. , steel and Torrie (s2J] The F tests 

to determine that the treatment differences were or were not signifi

cant were made at a 0.05 probability level. The analysis of variance 

. data are presented in Tables n: through 'DV, Appendix A. Two analyses 



TABLE II 

SUmmary of Uranyl Nitrate Diffusing into Water 

Final Average 
Initial Average Oonc. Average 

$ Solute Final Standard 
$ Cone., Qonc., Error, Standard 

M:>lar Jblar Per Cent M:>lar Error 

0.05 0.022 0.190 

0.25 0.114 4.38 0.426 .001 

0.50 0.228 0.96 0.603 .004 

0.60 0.260 1.02 o.656 .001 

0.71 0.292 0.97 0.708 .001 

0.75 0.307 0.65 0.7Z7 .002 

o.86 0.346 1.12 0.777 .001 

1.00 0.409 3.75 o.s2; .004 

1.50 0.620 2.67 1.030 · .004 

2.00 o.SJJ 2.36 1.186 .004 

Average 

DX 106 
cm2 sec-1 

7.10 

6.84 

6.90 

7.37 

7.90 

8.04 

8.05 

8.19 

8.03 

•8.21 

Averagg 
D x 10 
Standard 
Error, 
Per Cent 

6.5 

4.5 

1.6 

1.5 

1.1 

1.6 .· 

5.4 

4.0 

3.0 · 

~ 
00. 
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are presented. One presents a series of runs employing uranyl ion 

concentrations between 0.05 and 0.75 molar, while the second table 

gives the results of all of the diffusion runs involving water as the 

solvent. This was done to study the lower concentration runs separate

ly. The sample 1:standard deviations of the lower concentrations were 

lower than those experienced in the analyses of the total diffusion 

runs. This was due, probably, to the limited number of runs at the 

lower concentrations and some good fortune during these few runs. 

Figure 10 presents the integral diffusion coefficient as a 

function of the aqua.re root of the average concentration. The results 

were obtained by assuming that D was constant and employing Equation 6. 

The sample standard deviations of the calculated Dare indicated for 

each point. The concentrations and respective diffusion coefficients 

are tabulated in Table XII, Appendix A. The sample standard deviations 

were obtained from the analysis of variance for the random complete

block experimental design. 

The experimental work for the diffusion of uranyl nitrate into 

water was performed in three distinct sets of runs. The largest 

number of runs was with the initial uranium concentrations of 0.5, 

l.O, 1.5 and 2.0 IDOlar. This group comprised the initial experiments. 

Later in the study, the decision was made to extend the concentration 

to lower values. The counting periods for the sample from two lower 

concentrations ~05 and 0.25 molar 002 (N0.3 >J were found to be much 

too long for reliable counting rates. The counting rates required 

8 to 10 hours of counting time in order to obtain total counts that 

would insure the desirable± 1.0 per cent reproducibility. Experi

ence with the scintillation equipnent had shown that despite the 
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elaborate precautions taken to stabilize the various electronic com

ponents, random transients occurred during long coUnting periods. For 

this reason only two runs were made at these lower concentrations. 

The last group to be studied was in the concentration range of 

0.5 to o. 96 molar uranium. This group was included 1n an effort to 

establish· the c:liffusion coefficient between 0.5 and l~.O molar uranium. 

A total of five determinations was made. The precision of ·the results 

reflects the experience gained during the many diffusion experiments 

performed prior to this particular set. 

The standard errors of the experimental points, as reflected 

in Figure 10, are sufficiently broad enough to allow a rather arbi-

trary curve to be drawn through the data. The narrow deviation experienced 

in the cases of the mid-range concentrations I however, suggest that the 

type of curve shown will best satisfy the reported results. The dotted 

portion of the curve in Figure 10 represents an extrapolation to the 

Nernst limiting value of D. The solid., short line to the left repre

sents the limiting slope value of dilute solutions. The limiting value 

expression is discussed by Harned and ,Owen (22) and the values and 

calculations used for this study are presented in Appendix a. 
The resulting curve., representing the integral diffusion coef

ficient of uranyl nitrate diffusion into water, although peculiar in 

shape, is not an uncommon occurrence in the study of the ditfusion 

behavior of electrolytes. The sharp decline in Das the concentration 

is initially increased is predicted by the accepted theory of dilute 

electrolytes. The abrupt increase above an initial solute concentration 

of 0.5 M, followed by a leveling off or slight decline in D, has been 

reported for other electrolytes. Evidence of this beba.:vior was reported. 
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and discussed by Harned and Owen (22) and Robinson and Stokes (47) for 

other electrolytes. 

Intuitively one would not expect the diffusion coefficient to be 

constant over all ranges of concentration. Many forms for the depend

ency of D have been proposed /:.see Crank (lOJ:j ]quation 7, 

which accounts for a changing D, was used to study the uranyl nitrate-

water data. A polynomi.nal approximation to D was written for use on a 

digital computer. The input and output format, as well as the source 

program for the solution, are presented in Appendix C. In practice, 

a polynomial model was assumed to describe the dependence of D on 

concentration. The itodel was regressed with assumed values of D to 

obtain the regression coefficients. The regression was made by digital 

computer employing a least-mean--square curve fit. 

The coefficients obtained as a result of the regression were 

used as input data in the numerical solution. A one-dimensional un

steady state solution was obtained using the capillary length as one 

independent variable and the diffusion time as the other. The solution 

was obtained using central difference methods in the case of distance 

and forward difference in the case of time. Two different parameter 

grids were employed in the study. The coarse grid solution consisted 

of 10 increments in the capillary length and 100 incrE111ents in the 

diffusion time. 1he fine grid solution was 25 increments in distance 

with 625 increments in time. 'Machine time dictated. the use of the 

two solutions. The coarse grid, being relatively fast, was used on 
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an IBM 1620 to obtain approximate results. For the final computation, 

the finer grid solution was used on an IBM 7090 to assure a more pre

cise numerical solution. The solution was made assuming reflection 

and superposition at the closed end of the capillary. The procedure 

of reflection and superposition is mathematically sound as pointed 

out by Crank (10). For a detailed outline of the transformations and 

digital computer program developed for the solution, the reader is 

referred to Appendix C. 

The final result was a concentration profile over the length of 

the capillary at the end of the diffusion time. The average value of 

this profile was obtained by numerical integration and represented 

the concentration that would have been obtained by chani.cal analysis. 

This average concentration was compared with the experimentally 

measured value. Any necessary adjustments were then ·made in the model 

for D to correct the calculated results and the procedure repeated. 

By trial and error the following model was obtained which best fitted 

the experimental data from this study for uraeyl nitrate diffusing into 

water .: 

D = s. 7379 x 10-6 - 24.463 x 10-6 a· 5 + 39.566 .ic.10-6 c1•0 

- 17.857 x 10-6 c2•0 + 3.355 x 10-6 o3.o (25) 

In all cases, the constant term was taken to be the limiting value for 

Das expressed by Nernst. The exponent of the first concentration 

term was set as 0.5. The choice of these two particular values was 

made on the basis of the limiting value equation for diffusion. The 

equation is the result of an application of the Onsager-Fuoss theory 

for dilute solutions (22). Figure 11 presents Equation 25. 



TABLE III 

Final Least Means Square Regression Fit 
of 

Diffusion Coefficient as a Function of Concentration 

(D =A+ BC•5 + l!nl.O + uo2.0 + vo3•0) 

Uranyl Nitrate 
Molar 

Concentration 

0.000 
0.050 
0.100 
0.200 
0.250 
0.300 
0.400 
0.500 
0.600 
0.700 
0.800 
0.900 
1.000 
1.100 

·l.200 
l.300 
1.400 
1.500 
l.600 
l.700 
l.800 
1.900 
2.000 

Calculated 
Diffusion 
Coefficient 1 x 106 cm.2 sec-

8.7379 
5.2016 
4.7828 
5.0222 
5.3327 
5.6903 
6.4475 
7 .1748 
7 .8208 
8.3631 
8.7943 
9.ll53 
9.3322 
9.4546 
9.4944 
9.4653 

, 9.3821 
9.2605 
9.1171 
8.9688 
B.8333 
8.7283 
8.6720 

Standard Estimate of Error= 0.14.94 

Coefficients 

A= 8.738 x 106 

B = -24.463 X 10-6 

E = 39.566 x 10-6 

U = lT.857 X 10-6 

V = 3 .. 55 
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The Onsager and Fuoss relationship, Equation 11, is generally 

used to study unsymmetrical electrolytes. The relationship is 

D = (D0 + .~) (l + C dln Y ) 
de 

where~ is a complex function of the dielectric constant and viscos

ity of the solvent, the temperature and chemical potential gradient 

and the "diffusion potential." The Onsager-Fuoss expression may be 

modified to express~ as a function of concentration. 

D =(DO + f (c))(l + C dln Y) 
de 

(26) 

The· expression of Das a function of concentration for uranyl nitrate 

diffusing into water was presented in !quation 25. Thus this study 

shows that 

f(c) = -24.463 x 106 c0·5 + 39.566 x 10-.6 c1•0 

-17.85 x 10-6 c2•0 + 3.355 x 10-6 c3.o 

The error in the formal solution and the nu;merical solution in-

eludes the error of analysis. The formal solution depends on the ratio 

of the final average concentration to the initial concentration. This 

ratio includes an analysis error of the same magnitude in both elements 

and the combined error must be greater than either portion. The 

numerical solution relies on the final concentration o~ and thus 

would embrace a smaller error due to analytical procedures. The foruial 

solution is an exponential series. An error analysis of the formal 

solution in the C/00 ratio of 0.40 revealed that a change of 1.0 per 

cent in the C/00 ratio was reflected by a 2.5 per cent change in the 

calculated value of D. This may be confirmed by examining Table mvIII. 



57 

The numerical method solution involves two errors: t .he error in 

the forward difference method for concentration as a function of time 

and the error in the central difference method for the concentration 

as a function of distance. The forward difference calculations con

tain an error of the order of 1:1! (which is O.Ol for the coarse grid 

and 0.0016 for the fine grid solution). The central difference calcu

lations contain an error of the order of (61)2 (which is 0.01 in the 

case of the coarse grid and 0.0016 in the case of the fine grid). In 

either case, the sum of these two errors is of the order of twice the 

time increment. Thus, it is possible to obtain accuracies as high 

as needed by increasing the time and distance increments (49). In 

general, then, the numerical solution allows a smaller calculational 

error than does the formal solution. For diffusion times short enough 

to allow from 15 to 25 per cent of the initial contents to diffuse out 

of the capillary, the numerical solution has an even greater accuracy. 

A~ these ranges, the analyses are less accurate for both methods of 

solution, but the transcendental solution error would be considerably 

larger in this range because of the exponential form of the solution 

equation. 

The 0.05 Mand. 0.25 M points are probably the least accurate of 

the data. These experiments were not performed a sufficient number of 

times to allow claims of accuracy. E>tperience with the curve-fitting 

and numerical solution showed that the lower concentrations affected 

all of the concentrations above them to a considerable extent. Since 

the replicated experimental data were not evenly distributed among 

the various concentrations, a more equitable regression would be 

obtained by weighing the experimental data according to the number 
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of replicates used at each concentration. The weighing procedure was 

adopted for the regression calculations. The curve, as presented, re-

presents the best fit to the weighted experimental data. The shape of 

the higher concentration portion could have been changed somewhat, up

ward about 2.0%,by ignoring the two lowest concentration average values 

in assaying the calculated results. Certainly more precise data at 

the lower concentrations are needed. 

The similarity between the curves presented in Figure 10 and 

Figure 11 should be noted. The deviations between the integral and 

differential diffusion coefficients for various uranyl nitrate concen-

trations are summarized in Table IV. Table IV also tabulates the 

deviations of the experimentally determined final concentrations from 

the final concentrations calculated by the numerical method solution. 

Wd.th one exception the deviations between the two values are within 

~.O per cent. This could have been improved by additional small 

changes in th~ model for D, but little advantage would have accrued 

over the results as reported. The results of the formal solution and 

the numerical solution are presented in Figure 10 and Figure 11. The 

dotted portion of the curves represent an extrapolation to Nernst•s 

limiting value for D, while the solid lines drawn from D downward are 

the limiting slope values for dilute solutions of uranyl nitrate as 

shown in the calculations in Appendix C. In both cases, the lower con-

centration point shows that the curve is approaching the limiting 

slope value from above, which would indicate that the slope of the 

curve at very low concentration does agree with the theory for 

dilute solutions. 

The activity factor, (1 + C dln Y), of the Nernst-Hartley expres
dc 



Initial 
Oonco' 
1t>lar 

o.o; 

0.25 

o.;o 

0.60 

0.71 

0.75 

o.86 

1.00 

1.50 

2.00 

TABLE IV 

Comparison of Experimental.and Calculated Results 
Uranyl Nitrate Diffusing into Water 

Average Percent Diffusion Coefficient Deviation of 
Fi!31l.M:>lar C2ncentiation Calculated x 106 cm sec-1 

EJ.tperimenta.l Calculated Value Integral Differential 

0.022 0.021 -4.55 7.10 ;.20 

0.114 0.116 +l.75 6.84 5.33 

0.228 0.231 +l.32 6.90 7.17 

0.260 -- - 1.:n 7.82 

0.292 - - 7.90 8.37 

0.307 - - S.04 8.60 

0.346 - - s.o; 9.05 

0.409 0.431 +5.38 S.19 9.33 

0.620 o.609 -1.77 S.OJ 9.26 

o.Sl.3 0.782 -3.81 8.21 8.67 

Percent 
Deviation of 
Di££ erential 
Value 

-26.76 ·. 

-22.08 

+3.91 

+ 6.11 

+ 5.95 

+ 6.97 

+12.42 

+l.3.92 

+15.32 

+ 5.60 

'Vt 

'° 



sion for D., 

D = n°(1 + C dln Y) 
dC 
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is a separately available experimental quantity. Robinson and Stokes 

(47) show that the variation in the diffusion coefficient, D, with 

concentration is in most cases many times greater the,n that of the 

quantity D/(1 + C dcio 1). As a result., the greater part of the change 

in D may be attributed to the non-ideality in thermodynamic behavior 

which is allowed for by the factor (l+cdln Y). Thus a thermodynamic 
de 

corrected diffusion coefficient is defined as being 

£) = D 
(1 + C dln I) 

dC 
Figure 12 and Figure 13 present the differential and integral dif-

fusion coefficients of this study co?Tected by the thermodynamic 

factor as a function of uranyl nitrate concentration. The thermo-

dynamic correction factors were obtained by making use of the data 

from Robinson and Stokes (47). .Figure 20» Appendix C» presents the 

activity and activity coefficient data for uranyl nitrate as derived 

from the tables in Robinson and stokes (47 ). Figure 211 Appendix C, 

presents the computer results of the calculation for (1 + C dln ¥). 
dC 

Two increment sizes were used and the final results ware obtained 

from the smoothed. curve drawn through the two machine calculations. 

This was done to minimize the. oscillations in the solution that re-

sulted when the concentration increment was reduced. 

The shape of the two curves is a reflection of the reported 

values of· the measured integral coefficients and the calculated dif

ferential coefficients. The variation of the quantity f) is indeed 
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much less than that of D, as reported by Robinson and Stokes (47). 

The rather abrupt change in the behavior of:£) with increasing uranyl 

ion concentration indicates that a species other than the simple uranyl 

ion must be present in the solutions. The formation of ion pairs, the 

hydration or polymerization of the uranyl nitrate might explain the 

observed phenomenon. The extrapolation of the two curves to the Nernst 

limiting diffusion coefficient value at zero concentration showed, in 

the case of the integral coefficient calculations, an unexpected de-

viation. In the case of the differential diffusion coefficients, 

the extrapolation to the limiting value was a smooth continuation of the 

curve at the lowest concentration point considered. The fact that the 

slope of the extrapolated portion of the curve did ru;,t change suggested 

that the solution of Fick Vs Second Law, assuming a concentration-

dependent D, provided a diffusion coeff icient that was more amenable 

to the observed diffusion behavior of dilute electro~es. 

Figure 14 and Figure 15 are two of the results of the coarse 

grid numerical solution and present the concentration profile in the 

capillary as a function of time. Figure 16 presents the final con-

centration profile in a capillary calculated by the numerical solution 

employing the fine grid. A comparison of Figure 15 with Figure 16 

shows that the final distribution is, for practical purposes, identi-

cal in both cases. Thus the coarse grid solution was as accurate as 

the fine grid solution for establishing the concentration distribution 

in the capillaries. The integrated aver age values fI'Oill both cases, 

as reported in Tables XVIII » IX9 and X» differ by approximately 1.6 

per cent. The finer grid would result in a more accurate integrated 

average value, since the increment size was much smaller. The finer 



Molar 
Concentration 

o.o 
0.05 
0.10 
0.15 
0.20 
0.25 
0 • .30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
o.so 
o.s; 
0.,90 
0.95 
1.00 
1.05 
1.10 
1.15 

TABLE V 

Thermodynamic Correction.· Factor 
as a 

Function of Urarzy-1 Nitrate Concentration 
(Snoothed values) 

Corrected Molar Corrected 
Factor Concentration Factor 

1.000 1.20 1.958 
o.soo 1.25 2.01; 
o.860 1.30 2.065 
0.925 1.35 2.llO 
0.970 1.40 2.160 
1.024 1.4; 2.215 
1.062 1.50 2.265 
1.095 1.55 2.315 
1.145 1,60 2.370 
1.188 1.65 2.420 
1.245 1.70 2,480 
1.297 1.75 2.530 
1 • .345 1.80 2.555 
1 • .395 1.85 2.580 
1.445 1.90 2.595 
1.;00 1.95 2.610 
1.550 2.00 2.620 
1.605 2.05 2.628 
1.660 2.10 2.630 
1.705 2.15 2.635 
1.760 2.20 2.635 
1.810 2.25 2.632 
1.850 2 • .30 2.630 
1.910 2.35 2.625 
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TABLE VI 

Thermodynamic-Corrected Integral Diffusion 
Coefficient as a Function of 
Uranyl Nitrate Concentration 

Thermodynamic 
Uranyl Correction 

D x 106 J:) X 106 Nitrate, Factor 
M::>lar 

dln ;t) cm.2 sec-1 cm2 sec-1 Cone. (1 + C dC 
0.000 1.000 8.72 8.72 

0.036 o.soo 7ol0 8.86 

0.182 0.960 6.84 7.13 

0.364 1.110 6.90 6.22 

0.430 1.175 7.37 6.27 

0.501 1.245 7.90 6 • .35 

0.528 1.277 8.04 6.30 

0.603 lo.350 8005 5.96 

00704 l.450 8.19 5.65 

1.060 1.825 8. 0.3 4.40 

1.406 2.175 8.21 3.77 
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Uranyl 
Nitrate1 

M:>lar 
Cone. 

o.oo 
o.os 
0.10 
0.20 
0 • .30 
0.40 
o.;o 
0.60 
0.70 
o.80 
0.90 
1.00 
1.10 
1 .• 20 
1 • .30 
1.40 
1.50 

. 1.60 
1.70 
1.80 
1.90 
2.00 

TABLE VII 

Thermodynamic-Corrected Differential Diffusion 
Coefficient as a Function of 
Uranyl Nitrate Concentration 

Thermodynamic 
Correction 

D x 106 ~ Factor 
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X 106 

(1 + C cD.n l) om2 sec-1 cm.2 seo-1 
dC 

1.00 8.7.3 8.7.3 
.791 5.20 6.57 
.850 4.78 5.62 
.970 5.02 5.18 

l.060 5.69 5 • .37 
l.U5 6.45 5.6.3 
1.245 7.17 5.76 
1 • .345 7.82 5.81 
1.445 8 • .36 5.79 
1.550 8.79 5.67 
l.660 9.12 5.49 
1.757 9 • .3.3 5 • .31 
1.860 9.45 5.08 
1.960 9.49 4.84 
2.065 9.47 4.59 
2.165 9 .. .38 4 • .3.3 
2.270 9.26 4.08 
2 • .370 9.12 .3.85 
2.485 s.r:n .3.61 
2.555 8.83 3.46 
2.595 8.7.3 .3 • .36 
2.620 8.67 .3 .31 
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Capillary 

TABLE VIII 

Uranyl Nitrate Concentration Distribution in Capillary 
as a 

Function of Time 
{Coarse Grid Numerical Solution) 

00 = 2.0 M 

Length Time Increment 
Increment 0,01 0,1 0,2 0,4 0,6 0.8 1.0 

0.1 1. • .366 0.707 0.575 0.461 0 • .398 0 • .351 0 • .309 
0.2 2.000 1.158 0.940 0.757 0.658 0.584 0.520 
0.3 2.000 1.509 1.236 0.007 o.868 0.771 o.687 
0.4 2.000 1.756 1.480 1.206 1.049 0.929 0.827 
b.5 2.000 1.899 1.672 1 • .386 1.206 1.065 0.946 
o.6 2.000 1.965 1.809 1.5.38 ~ • .341 1.180 1.045 
0.7 2.000 1.991 1.898 1.660 1.451 1.274 1.125 
o.s 2.000 1.998 1.949 1.748 1.5.34 1..345 1.184 
0.9 2.000 1.999 1.975 1.803 1.587 1..390 1.222 
1.0 2.000 2.000 1.984 1.825 1.609 1.408 1.236 

Final average concentration= 0.79.36M 

$ 
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Capillary 
Length 
Increment 0.01 

0.1 0.040 
0.2 0.050 
0 • .3 0.050 
0.4 0.050 
0.5 0.050 
0.6 0.050 
0.7 0.050 
o.s 0.050 
0.9 0.050 
1.0 0.050 

TABLE IX 

Uranyl Nitrate Concentration in Capillary 
as a 

Function of Time 
(Coarse Grid Numerical Solution) 

. C0 = 0.05 M 

__lime Increment 
0.1 0.2 0.4 0,6 

0.017 0.012 o.oos 0.006 
0.0.32 0.024 0.017 0.013 
0.043 o.0.34 0.025 0.020 
0.048 0.041 0.0.32 0.027 
0.049 0.046 0.038 0.03.3 
0.049 0.048 0.043 0.038 
0.049 0.049 o.046 0.041 
0.050 0.049 0.048 0.044 
0.050 0.050 0.049 0.045 
0.050 0.050 0.050 0.046 

Final average concentration= 0.02166 M 

0.8 1,0 

0.005 0.005 
0.012 0.010 
0.018 0.015 
0.023 0.021 
0.029 0.025 
0.033 0.030 
0.037 0.033 
0.0.39 0.036 
0.041 0.037 
0.042 0 • .038 

$ 
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Figure 15 
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TABLE X 

Final Uranyl Nitrate Concentration Distribution in Capillary 
(.Numerical Solution) 

Capillary 
Length 
Increment Jblar Concentration 

Initial Cone. 0.050000 0.25000 o.soooo 1.00000 1.50000 2.00000 
25 0.00186 0.00945 0.02062 0.04.882 0.08359 0.1Z306 
24 o.oo.3s2 0.02018 0.04504 0.10687 0.17545 0.24363 
2.3 o.005s5 o.0.3178 0.07160 0.16522 0.25907 0 • .34680 
22 0.00194 0.04400 0.09900 0.21990 0 • .3.3.310 0.4.3649 
21 0.01006 0.05656 0.12621 0.26999 0 • .39917 0.51640 
20 0.01219 0.06926 0.15254 0 • .31567 0.45884 0.58895 
19 0.01432 0.08187 o.17757 0 • .35737 0.51325 0.65565 
18 0.01643 0.0942.3 0.20109 0 • .39554 0.5632.3 0.71748 
17 0.01851 0.10617 0.22.302 0.43055 0.6093.3 0.77.510 
16 0.02054 0.11760 0.243.35 0.46269 o.65196 o.s2s92 
15 0.02252 0.12842 0.26209 0.49220 0.69140 o.8792.3 
14 0.02441 0.13856 0.279.30 0.51926 0.7Z786 0.92620 
13 0.2662 0.14798 0.2950,3 0.54401 0.76148 0.97995 
12 0.02793 0.15666 0130932 O.S6656 o. 792.35 1.01050 
11 0.02952 0.16458 0 • .32222 0.58700 0.8205.3 1.04787 
10 0.0.3100 o.1817.3 0 • .3.3.378 0.605.38 0.84608 l.0820,3 
9 0.0.32.34 0.17812 0 • .34404 0.62177 0.86900 1.11292 
8 0.0.3.:355 0.18.374 0 • .35.30.3 0.63619 0.889.30 1.14050 
7- o.0.3461 o.1Ss;9 0 • .36078 -0.64868 0.90699 1.16468 
6 0.0.3;52 0.19270 0 • .367.31 0.65926 0.92205 1.185.39 
5 o.o.3628 0.19605 0.37266 0.66795 0.9.3448 1.20256 
4 o.0.3687 0.19867 0 • .3768.3 o.67476 0.9~6 l.21614 
.3 0.0.37.30 0.20056 0 • .3798.3 0.67970 0.95]38 1.22606 
2 0.03757 0.20171 0 • .38169 0.68277 0.9558.3 1.2.3228 
1 0.0.3767 0.20214 0 • .382.39 0.68.398 0.95762 1.2.3478 

Average Cone. 0.021001 0.116301 0.2.30871 0.430801 0.609221 0.782101 -.,J .... 
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grid problem required extremely long solution times when using an IBM 

1620. The machine size and time available for calculations might 

dictate the selection of a coarse grid; if so, the results of this 

study indicate that the increased accuracy of the finer grid is within 

the experimental error of the methods employed. In addition, the 

coarse grid solution was reprogrammed to allow the use of 12 decimal 

places in all calculations instead of the customary 8 places. The 

final results were unchanged, indicating that truncation error in the 

numerical methods was not an appreciable factor. 

An attempt was made to measure the diffusion coefficients with 

smaller concentration differences. Al.OM uranyl nitrate solvent 

was carefully prepared and analyzed for uranium content. Solutes 

were prepared' with uranium concentrations of 1.05, 1.10, 1.15, 1.20, 

1.30, 1.50, and 1.75 M. The measurement of the final capillary con

centration involved the difference between the sample count and the 

count of the solvent. The error of the experimental procedure in

volved in the difference introduced as much as a 50 per cent fluctua

tion in the calculated diffusion coefficients. Considerable time and 

effort was expended to improve the results, but with little success. 

The most promising technique would appear to be the use of either 

U-2.35 or U-2.33 isotopes to enhance the counting statistics of low 

concentration solutes. 

An effort was made to determine a relationship between the 

measured and calculated diffusion coefficients and the viscosities 

of the solutes and water solvent. The brief study was unable to 

establish any consistent relationship between the diffusion coeffi

cients of uranyl nitrate and the measured viscosities of the solutes 
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and water solvent. 

Uranyl Nitrate Diffusing into Nitric .Acid 

A series of diffusion experiments was undertaken to study quali

tatively the diffusion of uranyl nitrate into nitric acid. The 

pertinent data collected are listed in Table DVI., of Appendix A. 

Figures 17 and 18 present the results of the study. The diffusion 

coefficients were the averaged results of four replicates in each case. 

Inmost instances the standard error in the diffusion coefficient was 

± 5.0 per cent or less. The scale chosen for the presentation was too 

small to aocurateq reflect the standard errors of this magnitude. The 

circles around each data point are an approximation of this magnitude. 

In those cases where the diffusion standard error exceeds± S.O per 

cent., the deviation about the mean value was shown as a vertical line 

at the point in question. 

An increase in nitric acid concentration in the solvent lowered 

the measured diffusion rate of the uranyl ion. A study of the family 

of curves reveals an "undulation" of the diffusion curve which pro

gresses from the higher concentrations toward the lower concentrations 

as the acid content of the solvent is increased. One possible explana

tion is that the diffusion rates are affected by the ~olysis of the 

ur~l nitrate and the hydrolysis is affected by the counter-diffusion 

of the nitrate ion. The diffusion rate of the nitrate ion is dependent 

on the nitrate ion concentration. At some concentration of nitric acid 

cone u X"ren t diffusion of the nitrate ion :may occur, while counter

current diffusion may take place at a different concentration., and a 
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condition of no net difference in nitrate ion diffusion may occur at 

still another nitric acid concentration. In addition» polymer formation 

by the uranyl nitrate may cause such behavior. This polymerization is 

also affected by the pH of the solute. The observed phenomenon neces

sitates much more careful and detailed study» in an effort to fully 

explain and quantitatively· .ass~ the ~vior •. 

Uranium Diffusion into 30% TBP-Amsco 

A brief study was made of the dif~usion rates of uranyl nitrate 

into a mixture of .30% tributyl phosphate and .Am:,co. The solute was 

obtained by saturating a .30% TBP-Amsco solution with uranyl nitrate. 

The analyses by spectrophotometer of the resulting solute showed that 

the uranyl ion concentration was 0.454 molar. A second solute was 

prepared by volumetric dilution with .30% TBP-Amsco of the saturated 

solute. Analyses of the more: dilute solute showed the uranyl ion 

concentration to be 0.100 molal;'. The experimental data was presented 

in 'l'able IXVII:» Appendix A.11 while Table · XII» page 80» is a summary 

of the results. ·. ·-

The . summary of the TBP-Amsco d.ata points out the e£f ect of 

shorter diffusion times on the error in the diffusion coefficient. 

In general the magnitude of the error in D was much larger for an 

equivalent q: when the C/00 ratio was above O .45.. The condition is 

borne out by the stand,ai'd errors shown in the summary Table XII. 

An average value of the diffusion coefficients obtained in runs T-2 

and T-3 was 1.88 x 10-6 cm.2 sec=l and for runs T-6 and T~7 the average 

D was l. 78 x 10-6 cm2 sec-1 While this was a difference: of approxi~ .. 
mately 5 .3 per cent» tb.e number of runs made was not sufficiently 
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TABLE XI 

Summary of Diffusion Data 
on Uranyl Nitrate Diffusing into Nitric Acid 

Average Average 

Solvent Initial 0 Average DX 106 
Nitric Acid» Solute Average standard 

D x 106 
standard 

Cone. s, Com~. s, - &Tor Errors, 
M:>lar Molar C Per Cent cm2 sec-1 Per Cent 

4.0 0.5 0.615 0.98 3.90 .3.62 
loO o.884 1.,02 3 .39 10.04 
1.5 1.048 0 • .30 4.73 4.84 
2 .. 0 1.219 0.67 5.33 6.02 

2.0 0.5 o. 637 0 • .31 .3.29 6.08 
1.0 o.891 0.53 .3. 95 7 .39 
1.5 1.069 0.20 5.23 2.s; 
2.0 1.223 0 .. 32 5e78 4.29 

1.5 0.5 0.6.31 1.1.3 3.87 18.24 
1.0 o.88.3 0.12 4 • .38 5.71 
1.5 1.070 0.43 5.47 3.g; 
2.0 1.229 o.68 5.54 2 • .38 

1.0 0 .. 5 0.622 0.56 4.72 7.96 
1.0 o.866 2 .. 94 5.71 11.54 
1.5 1.067 0.33 5.19 4.14 
2.0 1.204 0.96 7.01 .3,40 

0.5 0.5 0.,622 0.56 4.62 8.70 
1.0 o.855 0 .. .36 6.60 2.02 
1.5 1.047 0.68 6.62 7 .. 10 
2.0 1.165 2.85 7.42 3 .. 18 

0.1 0.5 0.600 0 .. 48 7.10 5.30 
1.0 o .. 839 0.41 8.01 4 .. .34 
1.5 1.028 1.41 8.04 4.37 
2.0 1.157 2.07 8.71 4.28 
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Integral Diffusion -Coefficient of Uranyl Nitrate 
·into Nitric Acid as a Function of Concentr,ition 

(Continued) , · 

1.0 M Nitric Acid 

0.4 0.6 o.s 1.0 

0.5 M Nitric Acid 

0.2 0.4 0.6 o.s 1.0 1.2 

8~0 O.l Nitric Acid 

6.0 

0 0.4 o.6 o.s 1.0 1.2 

~ c, Molar 

78 

1.4 

1.4 

1.4 



79 

large to assure that this difference was significant. 



Timeg 
Run Noo Hours 

T-1 60 

T-2 120 

T-.3 J!+4.' ,· 
T-6 144 

T-7 144 

TABLE llI 

Summary of Experimental Data 
Urarzy-1 Nitrat-e Difi,'.u-~ng 'into Tributyl fhoEJphate-.Amsoo 

Average 

Solute C Average 
Initial Average standard 

D x 106 . Cone., - Error 
M>lar C Per cent cm2 seo-1 

0,,454 .610 OoS2 2.00 

0.454 ... 585 0 • .31 1.85 

0.454' .,1,. 0.2s 1.91 

OolOO .272 0 • .30 1.77 

0.100 .2:72 o.as 1.79 

Average 

DX 10 6 

standard 
El-ror, 
Per cent 

14.25 

4.S6 .. 

2.93 

4.12 

8.88 

0) 
0 



CHAPTER VI 

CONCLUSIONS AND RJOOOMMENDATIONS 

The diffusion of uranyl nitrate has been studied employing the 

capillary cell method. 

The integral diffusion coefficients of the system uranyl 

ni ti-ate diffusing into water have· been calculated. A formal solution 

of Fick• s Second Law was employed with the assumption that the. diffusion 

coefficient was not concentration dependent. 

The differential diffusion coefficient of uran;yl nitrate dif

fusing into water has been determined by assuming a polynomial rela

tionship between the diffusion coefficient and the concentration. 

The relationship between the diffusion coefficient and the uranyl 

nitrate concentrations studied was determined as 

D = 8. 7379 .x 10-6 + 24.46.3 .x 10-6 o•5 

+ 39.566 .x 10-6 o1•0 - 11.s;7 .x 10-6 c2•0 

+ 3.355 .x 10-6 c3·0• 

The numerical method solution of Fickas Second Law was capable of 

calculating final average concentrations in the capillaries within 

5.0 per cent of the experimentally determined values., 

The diffusion coefficient as a function of concentration for 

the system uranyl nitrate diffusing into water exhibited two deflec

tion points. A minimum occurred between the concentrations of 0.10 

81 
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and 0.20 M uranyl ion. A maximum detlectipn point occurred at a 

uranyl concentration between 0.70 and 1.0 M. Between the concentra

tions of 1.0 and 2.0 M uranyl ion, the diffusion coefficient again 

decreased with increasing concentration of the uranium. 

The concentration profiles calculated by the numerical method 

indicate that the concentration of the solute near the closed end of 

the capillaries changes with time. 

The experimental determination of the effect of nitric acid 

concentration in the solvent on the diffusion coefficient of uranyl 

nitrate showed that as the nitrate concentration increased the diffu

sion coefficient of the uranyl nitrate decreased •. The decrease in 

the diffusion coefficient with increasing nitric acid was greater 

for the higher concentrations of uranyl nitrate. 

The experimental determination of the diffusion coefficient of 

a uranyl nitrate-tributyl phosphate complex diffusing into a .30% 

TBp-Amsco solvent was reported. The ~xperimental methods used in 

this study were unable to determine a significant difference in the 

diffusion coefficients reported for a solute containing 0.4S4 M 

uranyl ion and for 1 a 0.10 M uranyl ion solute. 

An internal sample liquid scintillation technique was developed 

for the determination of the alpha activity of small-volume samples. 

The method reqtp.res rather ordinary radioactive counting equipment 

and has the advantage of a minimum of sample handling prep~ratory 

to analysis. The accuracy of the determinations was within 2.0 · 

per cent of the values reported by spectrophotometric methods .. and 

well within the experimental error of the capillary technique em

ployed in the study. 
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Recommendations 

The uranyl nitrate solutes be enriched with U-235 or U-23:3 salts 

to enhance the accuracy of the radioactive counting and a similar 

study be undertaken to obtain more accurate diffusion coefficients. 

The capillary technique be employed in a study of the diffusion 

of uranyl nitrate diluted with an aqueous solution traced with tri

tium. This study should be made in an effort to determine the 

effect of hydrolysis on the diffusion coefficients. 

The effect of ion size on diffusion should be studied by employ

ing the nitrate salts of other radioactive heavy metals on the solute 

in the capillary method. 

The mmierical solution method should be applied to other experi

mental systems in which there is reason to believe that the diffusion 

coefficient is concentration dependent. 

The effect of the anion gradient on the uranyl ion diffusion be 

studied by employing the diaphragm cell technique. 
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TABLE XIII 

Differential Scintillation Spectrum Data 
for Uranyl Nitrate 

(Primary Solvent-Toluene) 

Photomultiplier voltage= 1185 
Window width". voltage = 5.0 
Anplifier gaing 

Cone. 
Uranyl 
Nitrate 

2.0 

1.5 

1.0 

0.5 

0 .. 1 

Coarse= 1.0 
Fine = 100 

Energy Total 
Level, Count, 
Volts 10 Min. 

.31.5 1248 
27.0 .30.39 
22.5 6947 
18.0 12441 
1.3.5 7293 

.31.5 11.34 
27.0 2700 
22.5 6022 
18.0 4020 

31.5 991 
27.0 . 2.300 
22.5 4252 
18.0 3201 

.31.5 484 
27.0 1189 
22 .. 5 2034 
18.0 164.3 

.31.5 143 
27.0 .304 
22.; 409 
18.0 .334 

Background 
Count per 
minute 

o.o 
0.6 
1.s 
4.8 

.35.8 

o.o 
0.6 
l.8 
4.8 

o.o 
0.6 
1.8 
4.8 

o.o 
0.6 
l.8 
4.8 

o.o 
0.6 
1.8 
4.8 

Net Count 
per 
minute 

124.8 
.303 • .3 
692.9 

1239 • .3 
69.3 .; 

ll.3 .4 
269.4 
600.4 
397.2 

99.l 
229.4 
42.3 .4 
.315.3 

48.4 
118.3 
201.6 
159.5 

14 • .3 
:,29.8 
.39.1 
28.6 
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TABLE XIV 

Differential Scintillation Spectrum Data 
for Uranyl Ni tr ate 

(Primary Solvent-~lene) 

Photomultiplier voltage= 1185 
Window width voltage = 5.0 
Amplifier ga,in: 

Cone. 
Uranyl 
Nitrate 

2.0 

1.5 

1.0 

0.5 

0.1 

Coarse= 1.0 
Fine = 100 

!hergy Total 
Level., Count., 
Volts 10 min. 

31.5 960 
Z'l.O 3010 
22.5 7604 
18.o 10616 
JJ.5 5250 
9.0 2990 

.:31.; S35 
Z'l.O 2.368 
22.; 5404 
18.0 7496 
9.0 2260 

.31.5 4.34 
v.o 20]3 
22.5 4.314 
18.0 4872 
9.0 2258 

31.5 2.37 
Z'l.O 1194 
22.5 2542 
18.0 27.34 
9.0 1811 

:u.s ,::i$2 
z,.o 219 
22.; 40.3 
18.0 678 
9.0 l.487 

Background 
Count per 
min1,1te 

o.o 
7.9 

25.5 
52.8 
81.7 

124.0 

o.o 
7.9 

25.5 
52.8 

124.0 

o.o 
7.9 

25.5 
52.8 

124.0 

o.o 
7.9 

25.5 
52.8 · 

124.0 

o.o 
7.9 

25.5 
52.8 

124.0 

Net Count 
per 
minute 

96.0 
293.l 
734.9 

1008.8 
443.3 
175.0 

53.5 
228.9 
514.9 
696.8 
102.0 

4.3.4 
19.3.4 
405.9 
4.34.4 
101.8 

:::2:J'J7 
111.5 
228.7 
220.6 
. 57.l 

.. ;6~2 
;_l4QO 
-·-14.8 
.1;.o 
24.7 
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TABLE X!l 

Differential Scintillation Spectrum Data 
£or Uranyl Nitrate 

(Primary Solvent 50 :50-Xylene-Toluene) 

Photomultiplier voltage= 1185 
Window width voltage = 5.0 
.Amplifier gain 

Coa;-se = l.O 
.Fine = 100 

Cone. l!hergy Total Background Net Count 
Uranyl Level, Count, Count per per minute 
Nitrate Volts 10 min. minute 

2.0 .31.5 1198 6.8 l]J.O 
'Zl .o 2844 19.0 265.4 
22.5 7078 .38 • .3 669.5 
18.0 10910 76 .. 8 1014.2 
JJ.5 7274 118.6 608.8 
9.0 36:30 205.4 157.6 

l.5 31.5 843 0.9 83.4 
27.0 2178 7.9 209.9 
22.5 5168 25.5 491 • .3 
18.0 7628 52.8 710.0 
JJ.5 4687 81.7 .387 .o · 
.9.0 29.35 us •. 1 175.4 

1.0 31.5 860 2.9 83.1 
27.0 2019 5.9 196.0 
22.5 4211 14.0 407.l 
18.0 4405 38.5 402.0 
JJ.5 2148 6:3 .6 151.2 
9.0 1762 97.l 79.l 

o.5 .31.5 488 0 • .3 48.5 
27.0 1172 4.5 112.7 
22.5 2089 15.2 19.3. 7 
18.0 2018 38.5 16.3 • .3 
JJ.5 1165 67.0 49.5 
9.0 1361 94.0 42.1 

01 .31.5 97 2.0 7.7 
27.0 2.39 5.9 18.0 
22.5 405 14.0 26.5 
18.0 636 38.5 25.1 
JJ.5 820 8.3.6 18.4 
9.0 1097 97.l 12.6 



9.2 

TABLE XVI. 

Differential Scintillation Spectrum Data 
£or Ra n~E-F .(P_o-210), 

Photomultiplier tube voltage= 1170 
Wdndow width voltage = 1.0 
.Amplifier gain 

Coarse = 1.0 
Fine = 75 

Energy Total Background Net Count 
Level, Oount, Count per per 
Volta, 10 min. minute minute 

90.0 0 o.o o.o 
85.5 .3 o.o 0.3 
81.0 4 o.o 0.4 
76.5 7 o.o 0.7 
72.0 lJ o.o 1.3 
67.5 18 o.o 1.8 
63.0 29 o.o 2.9 
58.5 46 o.o 4.6 
54.0 61 o.o 6.1 
49.5 86 o.o 8.6 
45.0 123 o.o 12 • .3 
40.5 .353 o.o .35.3 
36.0 702 o.o 70.2 
.35.1 772 o.o 77.2 
34.2. 860 o.o 86.0 
.332~ 8.36 o.o 83.6 
32.4 882' 0 0 . ,. 88.2 
.31.5 881 o.o 88.1 
30.6 794 o.o 79.4 
29.7 776 o.·o 77.6 
28.8 730 o.o 73.0 
27.9 606 o.o 60.6 
27.0 ;os, 0.·4 50.4 
22.5 268 o.8 26~0 
21.6 243 0.9 23.4 
20.7 272 1.0 26.2 
19.8 282 1.0 27.2 
18.9 270 1.0 26.0 
18.0 264 1.1 25.3 
17.l 2S1 1.1 27.0 
15 • .3 325 1.2 .31.3 
13.S 332 1.2 32.0 
9.0 350 4.0 31.0 
4.5 718 32.0 39.8 



TABLE XVII 

Differential Scintillation Spectrum Data 
for Po-210 - U-238 Mixture 

Photomultiplier tube voltage= 1170 
Window width voltage = 0.5 
.Amplifier gain 

Energy 
Level 
Volts, 

90.00 
81.00 
72.00 
6.3 .o 
54.00 
45.00 
.36.00 
32.40 
31.95 
31.50 
31.05 
.30.15 
29.70 
29.25 
2880 
28 • .35 
27.90 
27.45 
27.00 
26.55 
26.10 
25.65 
25.20 
25.75 
25 • .30 
24.8; 
24.40 
22.95 
22.50 
22.05 
21.60 
21.15 
20.70 
20 .. 25 
19 .. 80 
19.35 

Total 
Count, 
10 min. 

0 
0 
0 
0 
0 
0 
0 

317 
326 
.34.3 
364 
4l3 
4140 
4.37 
473 
47.3 
479 
482 
474 
478 
468 
480 
477 
474 
482 
476 
47.3 
508 
502 
512 
514 
533 
532 
5.34 
533 
529 

Coarse= 1.0 
Fine = 75 

Background 
Count per 
minute 

o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
0.5 
o.s 
1.0 
1.0 
0.6 
0.6 
o.6 
o.5 
0.5 
0.5 
o.5 
o.; 
0.7 
o.; 
o.s 
0.6 
1.0 
0.9 
1.0 
1.0 
1.0 
0.8 
o.8 
0.9 
1.0 
1.0 
1.2 
1.2 
1.0 

9.3 

Net Count 
per 
minute 

o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 

31.2 
31.8 
33 .3 
.35.4 
40.7 
40.8 
4.3 .1 
46.8 
46.8 
47.4 
47.7 
46.9 
46.l 
46.3 
47.2 
46 • .3 
46.4 
47 • .3 
46.9 
46.4 
49.8 
49.4 
50.4 
50.5 
52.4 
52.2 
52.2 
52.l 
51.9 
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TABLE XVII (Continued) 

Energy Total Background Net Count 
Level., Count, count per per 
volt, 10 min. minute minute 

18.90 531 1.0 52.l 
18.45 532 1.0 52.2 
18.00 496 1.0 48.6 
17.55 483 1.0 47.3 
17.10 460 2.0 44.9 
16.65 4;8 1.1 42.7 
16.20 399 1.1 .38.8 
15.75 373 1.1 36.2 
15.30 347 1 .. 2 33.5 
14.85 312 l.l 30.l 
14.40 277 1.2 26.5 
1.3. 95 248 1.2 23.6 
1.3 .. 50 234 1.2 22.2 
ll,25 194 1.4 17.8 
9.00 209 4.0 16.9 
6.75 268 9.0 17.8 
4.50 . .360 17.0 19.0 



TABLE XVIII 

Differential Scintillation Spectrum Data 
for loO M:>lar Uranyl Nitrate 

Photomultiplier voltage= 1170 
Wi.ndow width voltage = 1.0 
.Amplifier gain 

Energy 
Level, 
volts, 

90 
81 
72 
63 
54 
45 
.36 
27 
26.l 
25.2 
24 • .3 
2.3.4 
22.; 
21 .• 6 
20.7 
19.8 
18.9 
18.0 
17.l 
16.2 
15 • .3 
1.3.5 
9.0 
4.5 

Coarse= l.O 
Fine = 75 

Total 
Count per 
minute 

16 
19 
25 
.34 
4l 
44 
7.3 

270 
332 
43.3 
514 
612 
757 
824 
9.32 

1024 
1024 

924 
793 
670 
483 
274 
2.30 
601 

Background 
Count per 
.minute 

o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
0.4 
0.5 
0.5 
o.6 
0.7 
o.8 
0.9 
1.0 
2.0 
2.0 
1.2 
1.2 
1.2 
1.2 
1.2 
4.0 

31. 9 

95 

Net Count 
per 
minute 

l.6 
1.9 
2.5 
.3 .4 
4.l 
4.4 
7.3 

26.6 
32.7 
42.8 
50.8 
60.5 
74.9 
Sl • .5 
91.2 

100.4 
100.4 

91.2 
78.l 
65.S 
47.l 
26.2 
19.0 
28.2 



TABLE XIX 

EXPPRIMENTAL DATA 

Uranyl Nitrate Diffusing into W-ater 

Temp. = 25 oC ± .Ol oc Diffusion Time= 40 hours 

Solute Solute 
DX 106 Initial Final 

Capillary Gono., 
c/c0 

Cone., c-» 
~ om2 seo-1 No. Molar Molar Molar Run No. 

27 1 0.05 O.M.5 0.022 0.36 0.190 7.10 
4 0.2; 0.439 0.110 0.180 0.424 7.28 
5 0.,50 0.428 0.214 0.307 0.597 7.53 
7 0.75 0.412 0.309 0.530 0.6U 7.95 

28 1 0.25 0.474 0.119 0.179 0.544 6.39 
4 o.so 0.425 0.213 0.,356 0.597 7.60 
7 0.75 0.406 0.305 0.527 0.596 8.12 

202 1 o.;o 0.445 0.22.3 0 • .362 0.602 7.16 
5 0.60 0.425 0.255 0.428 0.654 7.59 
3 0.71 0.424 0 • .301 0.506 0.711 7.60 
9 0.86 0.386 0.332 0.,596 0 .. 772 8.42 

203 10 o.,o 0.429 0.215 0.358 0.598 7.26 
7. 0.60 0.443 0.266 0.433 0.658 7.11 

11 0.71 0.415. 0.295 0.503 0.709 7.65 
8 o.86 0.400 0.344 0.602 0.776 8.29 

'° er-



TABLE XIX (Continued) 

Solute Solute 
DX 10~ Initial Final --Qono •• 

, o-/oo 
Qonc •• c. 

~ cm.2 sec-1 Run No. lfo. ]blar "Jtblar Jblar 

204 1 o.,o 0.467 0.234 0.367 0.606 6.58 
5 0.60 o.~ b.253 o.w 0.653 7.69 
3 6.71 o.Ma 6.286 0.498 0.706 8.19 
9 o.86 o.4QJ 0.351 0.606 0.778 7.~ ... - - .. , -- .- " . " . - . ·-

205 1 0.56 6.469 0.235 o.3"68 0.6'17 6.53 
5 o.~ o.w 6.266 0.433 o .. &ss 7.ll 
j 0.7i 6.404 0.287 0.499 0.706 8.17 
9 o.s6 o.4QJ 0.351 o.606 0.778 7.78 

206 10 a.so 0.447 0.224 0.362 0.602 6.80 
7 0.60 O.l.34 0.260 0.430 o.6S6 7.35 

11 0.71 o.4rh 0.289 o.,oo 0.7W 7.89 
8 o.s, 0.410 0.352 o.6rn 0.779 s.oo 

16 III-1 o.so 0.578 0.289 0.395 0~628 4.01 
III-2 1.00 0.374 0.374 0.6frl 0.829 9.21 
iii-3 1.50 0.438 o.657 1.fT/9 1.()39 7 .'J9 
~i-4 2.00 0.402 o.804 1.402 1.184 8 • .36 

17 1-1 o.so O.i+Zl 0.213 0.357 0.597 7.56 
I-2 1.00 0.420 0.428 0.714 0.845 7.60 -· I-4 ?-9'? 0.475 0.950 1.47.S 1.214 6.45 

18 i-1 o.so O.i.39 0.219 0.360 0.599 7.22 
I-2 1.00 0.445 0.445 0.723 o.sso 7.1.3 
i-4 2.00 0.393 0.786 1.393 1.180 8.66 

~ 



Run No. 

20 

21 

22 

,: 23 

24 

25 

Capillary 
No. 

lll-1 
n1...:2 
iii-j 
m:-4 

~ .. ... .; . 

... 7 

' 4 
1 

4 
:i. 

1 
4 
5 

-· -~-,-----7· -- . 

l 
7 

l 
4 
5 
7 

So±ltte 
l~t,ial 
Cone.fl 
:~1ar 

0.50 
1.00 
1.50 
2.00 

Q.~9 
1.00 
1.$6 
2.99 
1.so 
~-~ 
o.sb 
1.00 
1.50 
2.00 

o.so 
2.00 

o.so 
1.00 
1.50 
2.00 

TABLE nx (Continued) 

Solltte 

C/Oo 

0.578 
0.376 
o.'J'fJ 
0 • .3~ 

6.)19 
o.476 
0.439 
9.~91 

6.424 
9.43(> 

6.)90 
o.;s1 
o.416 
0.379 

0.428 
0.401 

0.460 
0.384 
0 • .389 
o.J96 

Finai 
Cone.fl 
1-blar 

0.289 
0.376 
b.S59 
~-7~6 

0.209 
0.476 
b.659 
9.7_82 

0.637 
o.855 
~ .. , 

o.195 
o.js1 
0.02, 
0.759 

0.214 
o.so2 

0.230 
0 • .384 
o.sss 
o. 793 

a I 
1.foJ.a~ 
Q • .394 
0.688 
:}..029 
-;.,~3 
o.:3',s 
0.738 
1.-&79 
l.~91 

1.068 
1.426 ..... · 

6.347 
o.690 
l."062 
1.379 

0 • .3S7 
1.401 

0 • .365 
0.692 
1.045 
1 • .396 

$ 
0.628 
0.829 
1.015 
l 180 
" .. ' '. 
6.596 
o.1s9-
1.o.,9 
1.179 

1.034 
1.195 . ; 

6.s·s9 
o.S)i 
1.0.,l. 
1.175 

0.598 
1.184 

0.604 
0.832 
1.021 
1.182 

~ x_lcft· 
2 -1 cm: -- sec 

4.47 
9.23 
9.24 
8.42 
~ , ·,, 

7.7'J 
6.29 
7.28 
8.68 

7.69 
7.62 

8.73 
8 98 
7:84 
s. 9.3 

7.67 
8 • .35 

6.67 
8.87 
8.71 
8.42 

'cl. 



Source df 

Blocks 9 

Treatments 3 

Error 21 

Total .33 

## F is sigrdficant 

Initial. 
Cone., 
&lar 

0.50 

1.00 

1.50 

2.00 

TABLE XX 

Analysis of V arianoe ·· 
Randomized Complete - Block Design 

Uranyl Nitrate into lrlater 

BS MS F 

10.18 l.1.3 

15.0.3 5.01 .3.620/I# 

28. 9.3 1 • .38 

54.14 1.64 

Average Values 

DX 106 
Sample 
Standard 

cm.2 sec-1 
Error, 
Per cent 

6 .. 81 a.o 
s.20 1.5 

8 .. 18 3o.3 

8.29 2.65 
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Source d£ 

Blocks l 

Treatments .3 

Error 2 

Total 6 

Initial 
Cone., 
Molar 

0.05 

0.2; 

0.50 

0.75 

TABLE In 

Analysis of Variance 
Randomized Complete - Block Design 

Ura:rzy'l Nitrate into Water 
(Low concentrations) 

ss MS 

0.09 0.09 

l.82 0.606 

0 • .35 0.115 

2.26 0.377 

Average Values 

DX 106 
cm2 sec-l 

7.10 

6.84 

7.61 

s.0.3 

lOO 

F 

.3.46 

Sample 
Standard 
Error, 
Par cent 

2.0 

0.5 

l.25 



TABLE InI 

Analysis of Variance 
Randomized Complete - Block Design 

Urarzy-1 Nitrate Diffusing into 2.0 M Nitric Acid 

Source df ss MS F 

Blocks 3 2.72 0.906 

Treatments 3 7o39 2.46.3 5.26211# 

Error 8 .3.75 00468 

Total l4 1.3 086 0.,985 

## Fis ·significant 

Average Values 

D :x 106 
Sample 

Ini.tial Standard 
Cone., 

cm2 sec-l 
Error, 

lt>lar Per cent 

o.,o .3o25 4o.36 

1 .. 00 3 .. 95 7.40 

1.,50 5o2J 2.,80 

2.00 5.78 4.20 
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## 

Source 

Blocks 

Treatments 

Error 

Total 

TABLE mrr 

.Analysis of Variance 
Randomized Complete - Block Design 

Ura:rzy-1 Nitrate Diffusing into 10 0 M Nitric Acid 

df ss MS F 

2 1 • .30 0.650 

.3 10.00 .3 • .3.33 15.72/1# 

4 o.ss Oo2l2 

9 12.15 1 • .350 

Fis significant 
Average Values 

DX 106 
Sample 

Initial Standard 
Cone • ., 

cm2 sec-1 
Error., 

Molar Per cent 

0.,50 4.51 8.,1 

1.,00 5.50 11.2 

1.50 5.19 17.9 

2.00 7.01 3 .. 1 
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Source 

Blocks 

Treatments 

Error 

Total 

TABLE mv 

Analysis of Variance 
Randomized Complete - Block Design 

Uranyl Nitrate Diffusing into 0.5 M Nitric Acid 

df ss MS F 

2 0.50 0.25 

3 ]J .. 08 4 • .36 11.2711# 

6 2 .. .32 0 .. .387 

11 15.90 1.45 
. . .. 

## F is significant 

Average Values 

DX 106 
Sample 

Initial standard 
Con.Co» 

om2 sec-1 
Error. 

M>lar Per cent 

o.so 4 .. 62 2 .. 75 

1.00 6 .. 60 .3.50 

1 .. 50 6 .. 28 7.40 

2.00 7 .. 42 .3.80 

103 

... ~ 



Source 

Blocks 

Treatments 

Error 

Total 

TABLE XIV 

Analysis of "Variance 
Randomized Complete - Block Design 

Uranyl Nitrate Diffusing into O.l M Nitric Acid 

di' ss MS F 

.3 1.90 0.6.3.3 

3 4.90 1. 6.3.3 3.099 

9 4.74 0.527 

15 11.54 0.769 

Average Values 

D x 106 
Sample 

Initial Standard 
Cone., 

cm2 sec-1 
Error, 

Molar Per cent 

0.50 7.,10 5.25 

1.00 s.oo 4.40 

1.50 8.04 4.40 

2.00 8.71 4.25 
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TABLE nvr 
- . 

Eltperimental Data 

Uranyl Nitrate Diffusing into Nitric Acid 

Temp. :: 25 oC, ± .01 oC Diffusion Time= 48 hours 

Concentration of Acid Solvent= 4.0 M HN0.3 

Solute Solute 
DX 106 Initial Final -Capillary Qonc., 

C/Oc, 
Qonc., c, 

$ cm.2 sec-1 Run No. No. lt>lar Molar M:>lar 

47 7 1.00 0.571 0.571 0.785 0.884 .3.50 
11 1.50 0.4'1J 0.729 1.120 1.058 4.76 
8 2.00 O,M,5 o.891 1.445 1.202 5.87 

48 10 0.50 0.549 0.275 0 • .387 0.622 .3.74 
7 1.00 0.645 0.645 o.s22 o.m 2.40 

11 1.50 o.i..a, 0.785 1.012 1.006 4.21 
8 2.00 0.519 1.0.37 1.519 1.~2 4.40 

49 10 0.50 0.530 0.268 0.384 0.620 3.91 
7 1.00 0.540 0.540 0.770 o.887 3. 94 

11 1.50 0.459 0.689 1.094 1.046 5.32 
8 2.00 0.456 0.912 1.456 1.207 5.53 

;o 10 0.50 0.461 o.~1 0.365 0.604 3.45 
7 1.00 0.499 0.499 0.750 0.866 3.70 

11 1.50 0.559 o.8.38 1.169 1.081 4.64 
8 2.00 o.;20 1.040 1.520 l.~3 5.53 

' I 
I 

r' 
~ 



TABLE XXVI (Continued) 
-

Concentration of Aoid Solvent - 2.0 M HN0.3 

Solute Solute 
D x 106 Initial Final 

Capillary Cone., Cone., c, 
~ 2 -1 Run No. No. .M:>lar a/c0 J.blar Molar cm sec 

19 III-.3 1.00 0.619 0.619 0.810 0.900 .3 • .37 
III-2 1.50 0.514 0.771 l.l.36 1.066 5.46 
Iii-1 2.00 0.516 1.0.32 1.516 1.2.31 5.29 

29 l 0.50 0.611 0 • .306 0.403 0.6.35 3.49 
4 1.00 0.574 0.574 0.787 o.887 4.18 
; 1.50 0.5.34 0.801 1.151 1.07.3 4.95 
7 2.00 0.484 0.968 1.484 1.218 6.09 

.30 7 0.50 0.632 0 • .316 0.408 0 • .369 .3.09 
5 1.00 0.566 0.566 o. 78.3 o.885 4 • .30 
4 1.50 0.521 0.782 1.141 1.068 5.28 
1 2.00 0.492 0.984 1.492 1.221 5.96 

Concentration of Acid Solvent= 1.5 M HN0.3 

.31 5 1.00 0.5.3.3 0.5.3.3 0.767 0.876 4.97 
4 1.50 0.521 0.782 1.141 1.068 5.28 
1 2.00 0.490 0.981 1.490 1.221 6.00 

.32 l 0.50 0.617 0 • .309 0.404 0.6.36 .3 • .38 
2 1.00 0.562 0.562 0.781 0.884 4 • .31 
.3 1.50 0.49.3 0.8.39 1.170 1.081 5.86 
5 2.00 0.482 0.969 1.482 1.219 6.07 

.... 
0 
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TABLE XXV1 (Continued) 

Solute Solute 
D x 106 Initial Final 

Capillary ~one., Cone., c, 
~ cm2 sec-1 Run No. No. J.blar C/Co J.blar 1-k>lar 

33 1 0.50 0.522 0.261 0 • .381 0.617 5.27 
2 1.00 0.591 0.591 0.796 o.892 .3.76 
.3 1.50 0.5.32 0.798 1.149 1.072 4.98 
5 2.00 0.566 1.131 1.566 1.251 4 • .30 

' ' 

' .34 1 
., 

0.50 O 641 0 • .320 0.410 0.640 2.98 
2 1.00 0.554 0.554 0.777 0.881 4.48 
.3 1.50 0.496 0.745 1.122 1.059 5.77 
5 2.00 0.4W 0.995 1.4W 1.224 5.77 

Concentration of Acid Solvent= 1.0 M HRJ3 

35 5 o.,o 0.,28· 0.264 0 • .382 0.618 5.09 
.3 -. 1.00 0.473 0.473 0.737 o.858 6 • .32 
2 1.50 0.517 0.776 1.138 1.067 5.14 
1 2.00 0."41 0.88.3 1.442 1.200 7.24 

36 5 0.50 0.564 0.282 0.391 0.625 4 • .34 
.3 1.00 0.527 0.527 0.764 0.874 5.09 
2 1.50 0.502 0.753 1.126 1.061 5.59 
1 2.00 0."41 0.882 1.441 1.200 7.25 

37 6 1.50 0.536 o.ao4 1.152 1.073 4.85 
8 2.00 0.465 0.931 1.465 1.2u 6.53 

- --.. 

µ s 



TABLE XXVI (Continued) 

Concentration of Acid Solvent= 0.50 M H.N03 

Solute Solute 
D x 1cfa Initial Final 

Capillary Cone., Cone., c, 
~ 2 -1 Run No. No. .M:>lar 0/00 M:>lar M.>lar cm - sec 

38 2 0.50 0.570 0.285 0.392 0.626 4.16 
3 1.00 0.447 0.447 0.724 o.851 6.99 
6 1.50 0.447 0.670 1.085 1.042 6.94 
8 2.00 0.428 0.857 1.428 1.195 7.49 

39 2 0.50 0.563 0.282 0.391 0.625 4.28 
111T 3 1.00 0.456 0.456 0.728 o.853 6.77 

6 1.50 0./.36 0.655 1.077 1.038 6.22 
8 2.00 0.418 o.8.35 1.418 1.099 7.79 

40 8 0.50 0.512 0.256 0.378 o.615 5.42 
6 1.00 0.483 0.482 0.742 o.861 6.04 
3 1.50 0.50 0.750 1.125 1.061 5.69 
2 2.00 0.445 o.889 1.445 1.202 6.98 

Concentration of Acid Solvent = 0.-10 M HN03 

41 s 0.50 0.425 0.212 0.356 0.597 7.60 
6 1.00 0.435 0.435 0.718 G.847 7.25 
.3 1.50 0.442 0.663 1.081 1.040 7.12 
2 2.00 0.416 o.s.32 1.416 1.199 7.74 

42 2 o.so 0.484 0.242 0 • .371 0 • .609 5.99 .3 1.00 0 • .384 0 • .384 0.692 o.832 8.76 6 1.50 0.401 0.601 1.051 1.025 8.20 8 2.00 - 0 • .388 0.776 1 • .388 1.178 8.66 ..... 
~ 



TABLE XXVI (Continued) 

Soll,lte Sol~te 16 Init~al Final -· ~ X _Q ·· 
Capillary ~no.!J Qono.!J c!J ff om.2 seo-1 Run No. No. ~M:>~ 0/C ~~r Molar ' ... 0 

43 2 Q.so 0.432 0.2:(6 Q.358 Q.598 7.27 
3 1.00 0.396 0.396 o.698 Q.8;3!> 8.40 
6 1.so b.4<:i't 6.611 1.-0;6 1.oz, s.01 
8 2.00 

' ." I 
0.360 0.720 1.360 1.086 9.54 

44 8 Q.50 0.4Zl 0.214 0.357 0.597 7.53 
6 1.00 0.422 0.422 0.7ll o.843 7.61 
3 1.so 0.382 b.513 1.037 1.018 s.s2 
2 2.00 0.376 0.7S3 1.376 1.173 8.90 

.... 
2 



TABLE llVII 

Experimental Data 

Data from Diffusion of Uranyl Nitrate Complex 
_ into .30% Tributyl Phosphate-Amsco Mi.stm-e 

Temp.= 25 oe, ± .01 oe 

Solute Solute 
D x 106 Initial Final 

Capillary Time, 9onc., Cone., c, 
~ cm2 sec-1 Run No. No. Hours J.blar 0/00 M:>lar M:>lar 

T-1 1 f:I) 0.454 0.599 o.v2 0 • .36.3 0.602 2.46 
.3 0.454 0.6.31 0.286 0 • .370 0.608 2.06 
4 0.454 0.689 0 • .313 0 • .384 0.619 1.48 

T-2 1 120 0.454 0.496 0.225 0 • .340 0.58.3 1.96 
2 0.454 0.519 0.236 0 • .345 0.587 1.74 
.3 0.454 0.529 0.240 0 • .347 0.589 1.68 
4 0.454 0.48'6 0.221 .0 • .3.38 0.581 2.0.3 

T-.3 1 1.44 0.454 0.464 0.211 0 • .3.3.3 0.577 1.85 
2 0.454 0.464 0.211 0 • .3.3.3 0.577 1.80 
.3 0.454 0.452 0.205 0 • .3.30 0.574 1.91 
4 0.454 0.4.34 0.197 0 • .326 0.571 2.06 

T-6 1 1.44 0.100 0.476 0.048 O.CJ74 o.v2 1.76 
2 0.100 0.499 0.050 O.CJ75 0.274 1.57 
.3 0.100 0.451 0.045 O.CJ7.3 0.270 1.91 
4 0.100 0.465 0.047 O.CJ74 0.272 1.84 

'J:" ..., 
'O 



TABLE llVII (Continued) 

Solute Solute 
D x 106 Initial Final -Capillary Time. Oona., 

a/o 
Cone., o, 

~ cm.2 sec-1 Run No. No. Hours Molar M:>lar M:>lar 0 

1'-7 6 144 0.100 0.428 0.043 0.072 0.268 2.fl7 
7 0.100 0.472 0.047 O.CJ'/4 0.212 1.77 
8 0.100 o.s10 0.0,1 O.C176 O.'Z76 1 • .52 

:1::: .,,.. 



TABLE DVIII 

Eicperimental Data 

Eff'ect of strontium on Diffusion of Uranium 

Temp. = 25 oC., ± 0.01 oC 

Solute= 1.5 M Uranyl., 0.2 g/L strontium Nitrate., 1.0 M Nitric Acid 

Solute Solute 
Initial Final D x lo6 

Capillary Time., Cone • ., Cone • ., -c., 
{c cm2 sec-1 Run No. No. Hours Molar c/o M:>lar M:>lar 

0 

Sr 1 5 40 1.5 0.415 o.~ 1.062 1.031 7.88 
6 1.5 0.468 0.702 1.101 1.049 6.41 
7 1.5 0.387 0.581 1.041 1.021 8.70 
8 1.5 0.380 0.570 1.035 1.017 8.90 

Sr 4 5 40 1.5 0.410 0.615 1.058 1.029 8.01 
6 1.5 0.482 0.723 1.112 1.055 6.W 
7 1.5 0.420 0.630 1.065 1.032 7.73 
8 1.5 0.399 0.599 l.050 1.025 8.31 

Solute= 1.5 M Ur~l Nitrate., 0.2 g/L Strontiun Nitrate., 1.0 M Nitric Acid 
Solvent= 1.0 Nitric Acid 

Sr 3 1 48 1.5 0.388 0.582 1.041 1.020 7.32 
2 1.5 0.507 7.61 1.1.31 1.063 4.57 
3 1.5 o.~ 0.635 1.068 l.033 6.35 
4 1.5 0.405 0.6a3 1.054 1.027 6.86 E 



TABLE XXVIII (Continued) 

Solute= 1.5 M Urar,wl Nitrate, 0.2 g/L Strontium Nitrate, 1.0 M Nitric Acid 
Solvent= 1.0 M HN03, 0.2 g/L Strontium. Nitrate 

Solute Solute 
Initial Final 

Capillary Time, Cone., 
C/C0 

Cone., c, 
Run No. No. Hours Molar Molar M:>lar 

bx 2 1 48 1.5 0 • .392 0.588 1.044 
2 1.5 0.471 0.707 1.104 
.3 1.5 0 • .388 0.582 1.041 
4 1.5 0.400 0.600 1.050 

D x 106 

C em2 sec-1 

1.022 7.12 
1.0;1 5.25 
1.020 7.20 
1.02; 6.91 

..... 
~ 



Spectrophotometric 
Concentration, 
M>lar 

o.o, 

0.104 

o.;o; 
1.006 

1.042 

1.091 

l.133 

1.243 

1.41; 

1.55.3 

1.88.3 

2.087 

TABLE mx 

Average Liquid Scintillation Counting 
Rate as a Function of Ura:niura 

Concentration 

Average Estimate of 

114 

Scintillation Sample standard 
Count .. Rate Deviation, 

OPM Per cent 

·.71~6 2.8.3 

148.3 0.90 

670.0 o.so 

lJ45.5 1.11 

1367.3 2.61 

1432.l 2.98 

1Sl4.l 0.72 

1'40.9 0.87 

1808.6 0.99 

20'76.8 1.74 

2329.4 0.60 

2732.2 1.02 
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Table XXX 

Calibration of 0.5 mm Bore Capillary 
Measurements made at 25 oC 

Tubing Section Mercury Thread Standard 
Number Length, inches Deviation 

1 0.20509 ± 0.00001 
2 0.20519 ± 0.00002 
.3 0.20518 ± 0.00001 
4 0.20513 ± 0.00001 
5 0.20518 ± 0.00002 
6 0.20504 ± 0.00001 
7 0.205.31 ± 0.00002 
8 0.20513 ± 0.00002 
9 0.20513 ± 0~00002 

Average 0.20516 ± 0.00013 

Ratio rnsx1DJID diameter to average diameter =-.l. 0011 

Ratio minimum diameter to average diameter= 1.0002 

Diameter of capillary sections varied± 0.056% 

Capillary Length, Standard Volume, standard 

116 

Number cm. Deviation, % lambda Deviation, % 

I - l 2.04.50 0.020 4.2600 0,50 
I - 2 2.0540 0.050 4.1170 0.40 
I - .3 2.0590 0.020 4.4Z70 0.60 
I - 4 2.0610 0.050 4.4640 0 • .30 

II - 1 2.04.50 0.0.30 4.1910 0.50 
II - 2 2.0'.310 0.040 .3. 9.3.30 0.40 
II - 3 2.0550 0.020 4.4120 0 • .3.3 

III - 1 2.2160 0.020 4 • .3510 0.90 
III - 2 2.0570 0.025 4.4270 0.50 
III - .3 2.1740 0.030 4.2690 1.80 
III O 4 2.1890 0.050 4.2990 1.00 

Specific volume Hg at 25 oO = 0.07.38888 ml/g. 



TABLE XXXI 

Calibration of o. 75 mm Bore Capillary 
Measurements made at 25 oO 

Tubing Section Mercury Thread standard 
Number Length., inches Deviation 

l 0.76095 ± 0.0000.3 
2 0.76400 ± 0.00002 
3 0.76030 ± 0.00001 
4 0.76290 ± 0.00002 
5 0.76100 ± 0.00002 
6 0.75903 ± 0.00001 
7 0.76240 ± 0.00002 

Average 0.76151 ± 0.00204 

Ratio max1mnm diameter to average diameter= l.0013.3 

Ratio minimum diameter to average diameter = 0.99866 

Diameter of capillary sections varied ± 0.133% 

Capillary Length, Standard Volume, standard 
Number cm. Deviation.,% lambda Deviation 

l 2.0559 0.037 9.0514 o.oo 
2 2.lJ'J.97 o.o,o 9.2546 o.,o 
3 2.Cl4ll 0.024 8.6413 0.50 
4 2.05.38 0.049 9.0809 0.20 
5 2.0444 0.024 9.2065 o.oo 
6 2.Cl3.35 0.024 0.0883 0.60 
7 2.04.39 0.024 9.2065 0.10 
8 2.04Z'/ 0.024 8.63.32 0.05 
9 2.0066 0.010 8.8954 0.10 

10 2.0137 0.010 8.867.3 0.05 
11 2.0159 0.012 8.6900 0.15 
l2 2.0185 0.010 8.6686 0.10 
13 1.m9 0.008 8.9456 0.05 
l4 2.0251 0.010 9. 0.3.35 0.10 

Specific volume of Hg at 25 oC = 0.07.38888 ml/g. 
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Trial 
Number 

l 

2 

.3 

4 

5 

6 

11$ 

TABLE Im! 

Calibration of Hamilton 10 il .MLoro-Syringe 
Measurements at 25 oc 

Weight 4ll Average weigb.t 
Hg, p.s. 4 7l Hg. 

0.0525 

0.05.30 

0.0522 

0.0;20 

0.0;17 

0.0526 

o.0;2.3.3 ± .0004 

Specific volume of Hg at 25 oO = 0.07.38888 ml/g. 

4 i\ volume of micro-syringe = .3. 866 ± • 03 



TABLE Imll 

Viscosities of Solutions 

Temp.= 25 CC 

Number Average 
Ostwald of Flow Time~ Deviation., Viscosity, 

Solution Tube No. Deteminations Sec. % Centi poise 

Distilled water l 4 en.a 0.15 o.89.37 
Distilled water 2 4 104.0 0.06 o.89.37 

0.1 .M U02(:t{).3)2 1 5 101.3 0.7.3 0.955 

0.5 .M U02\ID.3J2 2 5 119.9 0.11 i.197 

1.0 M uo2{w3J2 1 5 132 • .3 0.09 1.602 

1.5 M U02{ID.3}2 2 5 172.4 o.w 2.205 

2.0 .M uo2{ID.3)2 1 5 205.2 0.09 .3 .090 

0.1 .M HN0.3 
~ 

1 5 '11.8 0.12 o.899 

0.5 M IiN0.3 2 5 104.5 o.18 0.919 

1.0.M HN0.3 l 5 '17.4 0.02 0.927 

l. 5 .M HN0.3 2 5 104.3 0.05 0.947 

2.0.M HN03 2 5 98.6 0.17 0.968 

4.0 :M HN0.3 l 5 96.9 0.10 0.996 ~ 
H 

"° 



Solution 

30% TBP-.Amsco 
(w-ater Saturated) 

0.454 M uo2 (N0.3 ); 
.30% TBP-Amsco _ 

Ostwald 
Tube No. 

2 

1 

TABLE XXXIII (Oontinued) 

Number 
of 

Determinations 

5 

3 

Average 
Flow Time, 

Sec. 

261.8 

395.4 

Deviation, 
% 

0.28 

0.26 

Viscosity-, 
Centipc>tile .. 

1.8.35 

3 .48'.3 

:~ 
·O 



3.0 

.2 •. 0: 

1. 

. i'igure .19 

Viscosity as a Function ot · 
. · Concentration 

·~4Ur&ny"l Nitrate') 

0 --~~-+~~~-+-~~~-1-~~--1~~~..:..1 

0 0.4 o.a 1.2 1.6 2.0 

li>J.ar ConoentratiOD 
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TABLE IIXIV 

Data for Least .Mean &iuare Regression of Li.quid Scintillation 
~ntegral gounting Rate as a Function of Uranium Concentration 

Regression M>del 
Y=A+BX I Y = BX 

Liquid S:in- Average 
Spectrophoto- ' tillation Average Sein- Count Rate Cal cu .... 
meter Determina- Integral tillation Standard lated I Deviation Cale. I Deviation 
tion of Uranium Count Rate Count Rate Error, Count from Count from. 
Cone. , Jt>lar CP_M CPM Per cent Rate Average Rate Average 

o.oo 44.0 4.3 .5 2.8.3 20.4.3 I - 7.14 
o.oo 43.0 
o.oo 42.6 
o.oo 44.0 
0.05 75.4 77.6 2.8.3 10.3. 74 I +.3.3 .69 I 64.68 I -16.65 
0.05 79.8 
0.1042 147.9 148 • .3 0.90 112 • .31 I +16.23 I l34.79 I - 9.ll 
0.1042 146.9 
0.1042 145.1 
0.1042 145.5 
0.1042 150.9 
0.1042 15.3 .5 
0.2500 .325.0 .325.0 o.o .356. 99 I I .323.40 I - 0.49 
0.2500 .325.0 
0.5056 68.3 .2 670.0 1.12 680.64 I + 1.59 I 654.05 I - 238 
0.5056 648.6 
0.5056 644.9 
0.5056 644.2 
0.5056 679.6 

~ 



TABLE IIXIV (Continued) 

Regression .M:>del 
Y=A+BX I Y = BX 

Liquid Sein- Average 
Speetrophoto- tillation Average Sein- Count Rate Cal.cu,- I Dsviation Cale. Deviation 
meter Determina- integral tillition . Standard lated from Count from 
tion of Uranium Count Rate Count Rate l!rror, Oo'1114 Average Raj.e Average 
Cone. , ·lt:>lar CP.M _:. CP.M Per cent Rate ' 

0.5056 692.8 
0.5056 671.8 
0.5056 694.7 
1.006 1342.4 1345.5 l.ll 1314.21 -2 • .3.3 I 1301 • .3 I - .3.29 
1.006 lJ.31.1 
1.006 129.2 
1.006 lJ.39.0 
1.006 1397 .1 
1.006 137.3 • .3 
1.042 1421 • .3 1367 • .3 2.61 1359.81 -0.55 I 1367 • .3 I - 1.42 
1.042 1380. 7 
1.042 1299.8 
1.091 1507.8 1432.l 2.98 1421. 91 -0.71 I l4ll • .3 I - 1.45 
1.091 150.3 .1 
1.091 1371.1 
1.091 1346.4 
l.lJ.3 1525.0 1514.1 0.72 1475.q -2.58 I 1465.6 I - .3.20 
1.13.3 15().3.1 

.l.24.3 1666.9 164.0.9 0.87 1614 • .31 -1.62 I U:Ul.9 I - 2.01 
1.243 1587.6 
1.24.3 1636.0 I I I r' 

l\) 

1.243 1707 .5 ~ 

1.24.3- 1638.8 



TABLE IIIIV (Continued) 

Regression M:>del 
Y=A+BX[ Y = BX 

Li.quid Sein- Average 
Spectrophoto- tillation Avf;lrage Sein- Count Rate Oalcu-
meter Dete:nnina- Integral tillation standard lated Deviation Cale. Deviation tion of Uranium Count Count Rate &Tor, Count from Count from Cone., ·"Molar OP.M CPM Per cent Rate Average Rate Average 

1.243 1621.7 
1.243 1627.5 
1.415 1794.1 1808.6 0.99 18.32.1 I + 1 • .36 I 18.3.4 I + 1.21 
1.415 1792.5 
1.415 1788.6 
1.415 1855.5 
l.415 1788. 7 
1.415 1870.9 
1.415 1770.2 
1.55.3 1955 • .3 2076.8 1.74 2006.9 I - 3.37 I 2000.9 I - 3.27 1.55.3 2.311.7 
l.553 2269.1 
l.55.3 2055.1 
1.55.3 1958.7 
1.55.3 2219.7 
l.55.3 1979 • .3 
1.55.3 2049.0 
1.55.3 1976.4 
1.55.3 2107.0 
1.553 1987.2 
1.553 20;2.8 

2424.7 I I 2435.8 I ~ 1.88.3 2.34.3. 7 2.329.4 0.60 + 4.09 + 4.57 VI 

1.88.3 2296.o 
1.88.3 2295.1 



TABLE XXXIV (Continued) 

Regression Model 
Y=A+BXt Y = BX 

Liquid Sein- Average 
Spectrophoto- ~illation Average Sein- Count Rate Calcu-meter Determina- Integral tillation Standard lated Deviation Cale. Deviation tion of Uranium Count Rate Count Rate Error, Count from Count from Cone., ·Molar CPM CPM Per cent Rate Average Rate Average 

1.883 2.352.l 
1.88.3 2281.7 
1.883 2.337 • .3 
1.883 2.30.3. 7 
1.883 2288.2 
1.88.3 2.359.4 
1.88.3 2323.4 
1.88.3 2442.4 

- 1.80 I 2699. 7 I 2.087 274.3.7 27.32.2 1.02 268.3.1 I - 1.19 2.087 2801.5 
2.087 2714.8 
2.087 2668.8 

pl 

~ 



TABLE ll:l.V 

Uranyl Nitrate Activity Ck>efficients Conversions 

Density Gamma Gamma 
(On/CC) M.'.>lar (M.'.>lar) M.'.>lal {M>lal) Activity 

i.03152 0.09923 0.54715 0.10000 0.54300 0.05429 
1.06258 o.19699 0.51981 0.20000 0.51200 0.102.39 
1.09317 0.29328 0.52168 0 • .30000 0.51000 0.15299 
1.123.31 0 • .3881.3 0.5.3.382 0.40000 0.51800 0.20719 
1.15.300 0.48159 0.55440 0.50000 0.5.3400 0.26699 
1.18225 0.57368 0.58046 0.60000 0.55500 0 • .3.3299 
1.21110 0.66449 0.60888 0.70000 0.57800 0.40459 
l.~953 o. 75.395 0.6451.3 o.soooo 0.60800 0.48639 
1.29516 0.92905 o. 7.3084 1.00000 o.67900 0.67899 
1 • .34224 1.09929 o.8.3071· 1.20000 0.76100 o. 91.319 
1.40182 1.264.79 . 0.94640 1.40000 o.85500 1.19699 
1.45.300 1.42587 1. 05815 1.60000 0.94.300 1.50879 
1.502"78 1.58256 1.2.3179 1.80000 1.os.300 l. 949.39 
1.55124 1. 73509 1.40395 2.00000 1.21800 2.4.3599 
1.66698 2.09942 . 1.90766 2.50000 1.60200 .. 4.00499 
1.71550 2.,44100 2.45799 3.00000 2.00000 5.99999 
1.87753 2.76216 .3. 00303 .3.50000 2 • .37000 8.29499 
1.97.356 .3.06440 .3.44601 4.00000 2.64000 10.55999 
2.06418 .3 • .34963 3.82fffl 4.5000 2.85000 12.82499 
2.l4974 3.61897 4.15863 5.0000 3.01000 15~04999 
2.2.3071 .3.87382 4.543.31 5.5000 .3.20000 17.59999 

~ 
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TABLE XXXVI 

Thermodynamic Correction Factor 
as a 

Fu.notion of Urarzy-1 Nitrate Concentration 
. (Coarse Grid) 

M:>lar 
Concentration 

0.20000. · 
0 • .3000Q_ . 
0.40000 
o.;oooo 
0 .• 60000 
0 .. 70000 
o.soqoo 
0.90000 
1.oogpo. 
1.10000 
1020000 
1 .. 30000 
1~40000 
1 .. ;0000 
1.60000 
1.70000 
1 .. 80000 
1.90000 
2.00000 
2.10000 
2.20000 
2 .. .30000 

Thermodynamic 
Correction 
Factor 

0096418 
1.05105 
1.14437 
1.22217 
1.34,81 
1.44646 
1.53571 
1.6685-Q, 
1.77274 
1.85289 
1.96974 
2.08861.. 
2.1447.3 

·2.225s9 
2.37770 
2.48200 
2.56656 
2.61522 
2.57628 
2.6.3712 
2.64644 
2.60870 

l29 



Concentra-
tion, Molar 

0.00000 
0.05000 
0.10000 
0.15000 
0.20000 
0.25000 
0.30000 
0.35000 
0.40000 
0.45000 
0.50000 
0.55000 
0.60000 
0.65000 
0.70000 
0.75000 
o.80000 
0.85000 
0.90000 
0.95000 
1.00000 
1.05000 
1.10000 
1.15000 
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TABLE XXXVII 

Thermodynamic Correction Factor 
as a 

Function of Uranyl Nitrate Concentration 
(Fine Grid) 

Thermodynamic -Thermodynamic 
Correction Concentra- Correction 
Factor tion, M:>lar Factor 

1.00000 1.20000 1.95414 
0.79191 1.25000 2.0312.3 
o.8702:/ 1.30000 2.09775 
0.94338 1.35000 2.11742 
0.96554 1.40000 2.15534 
1.02:392 1.45000 2.17103 
1.05736 1.50000 2.29390 
l.CY7909 1.50000 2.28172 
1.14871 1.60000 2.35577 
1.18872 1.65000 2.47710 
1.21431 1. 70000 2.45874 
1.26834 1.75000 2.48455 
1.33653 1.80000 2.56097 
1.41742 1.85000 2.62820 
1.42641 1.90000 2.62:190 
1.49748 1.95000 2.56632 
1.58752 2.00000 2.63241 
1.57628 2.05000 2.60975 
1.62:186 2.10000 2.63719 
1. 73897 2.15000 2. 7002,'.3 
1.83974 2.20000 2.59105 
1.80809 2.25000 2.63879 
1.82686 2.30000 2.60109 
1.92:366 2.35000 2.57572 
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Calculation of Nernst Limiting Values 

Harned and Owen (22) discuss the method of obtaining a limiting 

equation for the diffusion coefficients of a single salt. From the 

Onsager-Fuoss theory for dilute solution it is shown that the limit

ing equati on is 

where 

<f = 1.3273 x 10-3 ( L vL zt yl2 

(D) n3 2 ~ 2 V 11 Z1 I 

and 

+ 2,29/t l' 108 7 r Vi, z21,, 'f/2 

no nl/2T-l 2 IZ1 Z2 I 

-10 
DO = 8. 93 6 x 10 T 

{Vl + V2) 

vl I z1 I 

The quantities in the equation are : 

Vt ; number of cati ons, anions produced by disassociation of 

one molecule of electro~e. 

Zt = val ences of ions i ndicated (carry sign of charge) 

Jl.0• = limiting equivalent conductances of ions illdioated at 
(.. 

infinite dilution. 

1\0 = limit ing equivalent conductance of electro~e at infinite 

dilution 

l\ 0 = vi scosi ty of solvent 

D = dielectric constant of solution 



lJ.3 

Designating the nitrate ion as 1 and the uranyl ion as . 2, . the 

values for uranyl nitrate are found to be: 

v1 = 1.0 

v2 = 2.0 

z1 = 2.0 

~ ~ = 30•9 ; 32•0 = .31.45 (15,19) 

i\ 0 = 71.44 
2 

/\ 0 = 7l ~ + A~ = .,1.45 + 71.44 = 102.89 

T = 25 oC = 298 OK 

D = 80 - 0.4(t - 200) = 80 - 0.4(25-20) = 80 - 2.0 = 78.0 (48) 

11 = • 008903 poise 
0 

thus: 

D - 8 9.36 x 10-lO (298) 3 (3l,45) (71,44) 
o - • 2.0 102.89 

= 8 0 9.36 X 10-lO (9. 761 X lcf) = 8. 722 X 10-6 

D0 = 8.722 x 10-6 cm2 seo-1 

ef' _ 1,32'73 x 10-3 [l1.0)(4.o) + (2.0)(1.oj] 312 E-45}(7L;t,(JI 
(D) - (78).3/2(298)1/ 2 (1.0)(2.0) 102.89 =::J 

+ 2ep04 X 10-8 (6.0)l/2 
(.890.3)(78)1/2(298)-l/2 2.0 

= 8.2024 X 107 (21.815) + 7.002 X 10-8 

~0)"31,45) - ,?,0)(71,,~ 2 
102.89 

(1.082) 

and finally the limiting expression for a dilute solution of uranyl nitrate 
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is 

These calculated values may vary» somewhat» depending on the data 

sou:rce of the limiting condtrotance values chosen for the ions. 



Computer Program for Formal Solution to 
Fick•s Second Law 

135 

F.qua.tion 6» the formal solution of Fick 1s Second Law with the 

boundary conditions for the capillary met hod may be simplified to 

~= 
C 

0 

where Q = 

rt e - (2n+l )~ 

~ (2n+l)2 J 

Expanding this expression to eight terms gives 

The program. was designed to calculate CAv./00 as a function of Q, 

employing up to eight terms or until the difference between two succes-

sive terms was OoOOOl or less. The argument, Q, was incremented by 

0.0001 units and a table was made of C/00 for each value of 9. The 

symbols used in the programming were as follows: 

.ARG :;;: argument» G 

KK = total number of arguments desired 

DA= argument incrementation 

TERM= exponential function conmon to each series term 

CONV = convergence of series 



IBM 650 Source Program of a 
Formal Solution of Fick•s Second law 

OOOOOOREAD,ARG,KK,DA 
OOOOOODIMENS10NR(2,3) 
000020D044J=1,KK 
000460D043K=1,3 
000030ARG~ARG+DA 
000040TERMO=EXPEF(-ARG ) 
000050TERM1=(TERM0**9)/9.0 
000060CONV1=TERMO+TERM1 
0000701F(ABSF(TERMO-CONV1)-.0001)8, 
00007 18,10 . 
000080CONVT=CONV1 
000090GOT047 
000100TERM2=(TERM0**25)/25.0 
0001 10CON V2=CONV1+T ERM2 
000 1201F(ABSF(CONV2-CONV 1)- .0001)13 
000 12 1 , 13, 15 
000130CONVT=CONV2 
000 140GOT047 
000 150TERM3=(TERM0**49)/49.0 
000160CONV3=CONV2+TERM3 
0001701F(ABSF(CONV3-CONV2)-.0001)18 
000171, 18,20 
000 180CONVT=CONV3 
000 190GOT047 
000200TERM4=(TERM0**81)/81.0 
000210CONV4=CONV3+TERM4 
0002201F(ABSF(CONV4-CONV3)-.0001)23 
000221,23,25 
000230CONVT=CONV4 
000240GOT047 
000250TERM5=(TERM0**121)/121.0 
000260CONV5=CONV4+TERM5 
0002701F(ABSF(CONV5-CON V4 )- .0001)28 
000271,28,30 
000280CON VT=CONV5 
000290GOT047 
000300TERM6=(TERM0**169)/169.0 
000310CONV6=CONV5+TERM6 
0003201F(ABSF(CONV6-CONV-S)-.0001)33 
000321,33,35 · 
000330CONVT=CON V6 
000340GOT047 
000350TERM7=(TERM0**225)/225.0 
000360CONV7=CONV6+TERM7 
0003701F(ABSF(CONV7-CONV6 )- .0001)38 
000371,38,40 
000380CONVT=CONV7 
000390GOT047 
000400TERM8~(TERM0**289 )/289.0 
0004 10CONV8=CONV7+TERM8 
000420CONVT=CONV8 

ll6 
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IBM 650 Source Program (Continued) 
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TABLE XXXVIII 

Sample of Form.al Solution Output Table 

C/00 Q C/00 Q c/c2 Q 

.410020.3.3 .68200000 .40997919 .68210000 .4099380.3 .68220000 

.40989688 .682.30000 .40985574 .68240000 .40981460 .68250000 

.40977.347 .68260000 .4097.3234 .68270000 .40969121 . 68280000 

.40965009 .68290000 .40960898 .68.300000 .40956786 .68.310000 

.40952675 .68.320000 .40948564 .68.3.30000 .40944454 .68.340000 

.40940.345 .68.350000 .409.362.'36 .68.360000 .409.32l27 .68.370000 

.40928018 .68.380000 .40923912 .68.390000 .40919804 .68400000 

.40915697 .68410000 .40911589 .68420000 .409W484 .684.30000 

.4090.3.378 .68.440000 .4089927.3 .68450000 .40895167 .68460000 

.40891064 .68470000 .40886959 .68480000 .40882855 . 68490000 

.40878752 .68500000 .40874649 .68510000 .40870546 .68520000 

.40866444 .68530000 .40862344 .68540000 .40858242 .68550000 

.40854141 .68560000 .40850042 .68570000 .40845942 .68580000 

.40841842 .68590000 .40837743 .68600000 .408.33645 .68610000 

.40829546 .68620000 .40825449 .686.30000 .40821352 .68640000 

.40817254 .68650000 .40813158 .68660000 .40809062 .68670000 

.40804966 .68680000 .40800870 .68690000 .4(1'/96776 .68700000 

.4W92682 .68710000 .40788588 .68720000 .40784494 .68730000 

.40780401 .68740000 .4Cfl76.308 .68750000 .40772217 .68760000 

.40768125 .68770000 .4076403.3 .68780000 .40759943 .68790000 

.40755852 .68800000 .40751762 .68810000 .4W47672 .68820000 

.4074358.3 .688.30000 .40739494 .68840000 .40735405 .68850000 

.40731317 .68860000 .40727230 .68870000 . 4072.3143 .68880000 

.40719056 .68890000 .40714970 .68900000 .4071088.3 .69810000 

.40706798 .68920000· .40702713 .689.30000 .406986.30 .68940000 

.40694545 .68950000 .40690461 .68960000 .40686.378 .68970000 

.40782294 .68980000 .40678212 .68990000 ,40674)30 .69000000 

.40670048 .69010000 .40665967 .69020000 .40661887 .690.30000 

.40657806 .69040000 .40653726 .69050000 .40649646 .69060000 

.40645567 .69070000 .40641488 .69080000 .406.37410 .69090000 

.406.3.3332 .69100000 .40629254 .69110000 .40625178 .69120000 

.40621101 .69130000 .40617025 .69140000 .40612950 .69150000 

.40608874 .69160000 .40604798 .69170000 .4060C!l24 .69180000 

.40596650 .69190000 .40592577 .69200000 .4058850.3 .69210000 

.40584430 .69220000 .40580.357 .69230000 .40576286 · .692.30000 

.40572214 .69250000 .40568143 .69260000 .40564072 .69270000 

.40560001 .69280000 .405559.32 .69290000 .40551863 .69.300000 

.40547794 .69.310000 .40543725 .69320000 .405.39657 .69.330000 

.405.35589 .69.340000 .405.31522 .69350000 .405Z7454 .69360000 

.4052.3.388 .69.370000 .40519.321 .69380000 .4051,5256 .69390000 

.40511190 .69400000 .40507125 .69410000 .405Q3061 .69420000 

.40498997 .69430000 .40494934 .69440000 .40490870 .69450000 

.40486807 .69460000 .40482744 .69470000 .40478684 .69480000 

.40474622 .69490000 .40470561 .69500000 .40466500 .69510000 

.40462440 .69520000 .40458380 .695.30000 .40454321 .69540000 



Sample Calculation of Diffusion Coefficient 
Enploying Formal Solution 

lJ9 

As an example of the method employed, consider the data obtained 

from a typical experimental run. 

Run No. 26 
Temp. = 25 oC, ± .01 CC 5 
Diffusion time= 40 hrs= 1.44 x 10 sec 
Solute = Uranyl Nitrate 
Solvent = \.&.ter 

standard 
Capillary Initial 

Capillary Capillary Length.I' Solute, 
No. Volume. cm. CPM 

l B 9.0514 2.0559 617.8 

4B 9.0809 2.0538 1329.2 

5B 9.2065 2.0444 1888.8 

7B 9.2065 2.0439 2562.8 

Volume of stamard sample= 3.866 lambda 

RlB = (61187)(3,886) = 0.42289 . 
(617 .8) (9.0514) 

(1241,4)(38866) :;: 0.39760 
(1329.2) (9.0809) 

(19§5,6)(38866) = 0.37474 
(1888.8)(9.2065) 

R7B = (g300.0)(3,866) = 0.37685 
(2562.8)(9.2065) 

Final Nominal 
Capillary Initial 
Solute Cone., 

CPM Molar 

611.7 0.5 

1241.4 1.0 

1685.6 1.5 

2300.0 2.0 

Consult the table of Ras a function of Q for each calculated value 

ratio. 

then 



thus i'or 

and 

R , g = 0.6512 
lB lB 

R , Q = 0.7126 
4B ·4B 

(0,65J.2)(0,40529){A.,2267): 7.747 X 10-6 
DlB = 1.44 x 105 

D = (0,?126) (0,40529) {4,2181) = 8.460 x 10-6 
4B 1.44 X 105 

(0. 7717 )(0,6,0529) {4,1796) = 0.078 X 10-6 D~B = ~ 
~ 1044 X 10~ 

(0,766l.H0,40529) {4.1775) = 9.00'/ x 10-6 
n.,B = 1.44 X 105 
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Numerical Method Solution of 
Fick's Second Law 

141 

In binary systems, under circumstances that would lead to the 

conclusion that the diffusivity of the system would be concentration 

dependent., Fick •a Second Law {:Equation 4) is 

In order to adequately express the dependence of Don concentration, 

the following general expression for D was assumed, 

D = A + BCP + EXJQ + uaR + vc5 

The quantity A was taken as the Nernat limiting diffusion coefficient 

for dilute solutions» while the exponent P was to be taken as 0.5. 

The other coefficients and exponent s to be determined by the results 

of the numerical solution agreeing with the experimentally measured 

final concentration in the capillaries. 

The following substitutions were made: 

B 
b = A 

E 
e = A 

C 
C! = C 

0 

u u=x 
V V=A 

X1 = f., whiaJre L = capillary length., cm. 
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D0 t . 
T = ~ , where t = diffusion time, sec. 

L 

Making these substitutions in the above equation yields the result 

Simplifying and, since the transformation is complete, dropping the 

prime not ation, t hen 

c) C 2_ P P Q Q _R. R S S dC 
c) T = dX' (1 - bC C0 + eC C0 - uu-- C0 + vC C0 )(cJX) 

Performing the indicated partial differential yields 

In order to make the equation a little more amenable to programming 

for a di gital computer, the following substitutions were made 

p B p 
F = bCo = A Co 

S V S W=vC =-0 
o A o 

and the equation becomes 

~ i = (1 - FOP + ·acQ + HOR 1+ WC 8) ($)) 
- (PFCP-l + QGCQ-l - HRaR-1 + woos-1 ) (~)2 

Finite difference methods were applied to this equation by employing 



forward differences for the derivatives with respect to T and central 

differences for the derivatives with respect to distance. 

Denoting the increment in distance as i and the increment in 

time as j, the following difference expressions were used .: 

(de )2 = ci~ lj)J - 20i+l1J 0i-J + ci~l.,J 
dX 4 (tix)2 

d 2c = 0i+1 •• 1 - 20i.J + 0i-l,J 
c>X2 (tix)2 

SUbstituting these expressions into and solving for the concentration of 

the ij) j+l increment results in 

r;; p Q _R s I! - FC + GC - Hu-- :+ WC ) (Ci+l.,j - 2Ci.,j + Ci-1.,j) 

P-1 Q-L R-1 S-1 
- (PFCi + QGC · - HRC + WSO ) 

C 2 -20 C +C 2 ~ 
( i+l 9 j i+l9 J i-1,J i-1,J~ + Ci.,j 

4 

This is the equation that was programmed to obtain the final concen-

tration distribution across the length of the capillary. 



Read 
CL= O.O 
CR(I,l) = initial cone. 
Distance increment, I= N 
Time increment= J = M 

Set 

I = 0 
J:l 

Calculate 

By" central difference formula 
CI(I,J) 

By forward difference formula 

CR(I,J+l) 

Figure 22 

Flow Diagram 
Numerical Solution of 

Fick ta Second Lav 
(Concentration Dependent) 

Set 

I= I + l 

Set 

J=J+l 

No 

Calculate 

By numerical integration 

Final CAY. 

Print 
CI(I,J) 
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Computer Program for the Numerical 
Solution of Fick's Second Law 
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In progrernrn1ng the numerical solution of Fick•s Second Law, the 

following symbols were used : 

CL = preceding concentration increment 

CI = central concentration increment 

CR= proceeding concentration increment 

N = number of distance increments 

M = number of time increments 

L = length of capillary, cm. 

CO= initial capillary concentration 

DELI = l ength increment 

P = first concentration term exponent 

Q = second concentration term exponent 

R = third concentration term exponent 

S = fourth concentration term exponent 

. DELT = time increment = D0 t/L 2 

A = first term coefficient in D 

B = second term coefficient in D 

E = third term coefficient in D 

U = fourth term coefficient in D 

V = fifth term coefficient in D 

The numerical solution calculated a concentration profile across 

the capillary by central differences for an increment of time, set 

these values as preceding values and obtained the next time increment 

values by forward difference. Thus, the program was wo dimensional -



one in distance, the other dimension was time. The final calculated 

concentration distribution was used to obtain an average value by 

numerical integration. The mathematical model for D was varied until 

the calculated average concentrations over the range of concentrations 

studied agreed with the experimentally measured concentrations. 
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IBM 7090 Source Program .for Numerical Solution o.f Fick •s Second 
Lav With a Concentration Dependent Diffusion Coefficient 

~·: XEQ 
·k LI ST 8 
-1, LABEL 
CFIX NUMERICAL SOLUTION OF FICKS 2ND LAW 

DIMENSION CL(52), Cl (52), CR(52) 
READ INPUT TAPE 5, 77, NCASE 

77 FORMAT ( 14) 
DO 100 IXX=l, NCASE 
READ INPUT TAPE 5, 1, N, M, L 
FORMAT ( I 3, I 4, I 3 J 
RE AD I NP UT TAPE 5 , 2 5 , CO , DE L X , P , Q , R , S 

25 FORMAT(Fl0.5, Fl0.5, Fl0.5, Fl0.5, Fl0.5, Fl0.5) 
READ INPUT TAPE 5, 26, DELT, A, B 

26 FORMAT(E15,5, E15.5, E15.5) 
READ INPUT TAPE 5, 26, E, U, V 
WRITE OUTPUT TAPE 6, 102, N, M, L 

102 FORMAT ( 1 H , I 3, I 4, I 3) 
WRITE OUTPUT TAPE 6, 103, CO, DELX, P, Q, R, S 

103 FORMAT(lH, Fl0.5, Fl0.5, Fl0.5, Fl0.5, Fl0.5, Fi 0.5) 
WRITE OUTPUT TAPE 6, 106, DELT, A, B 

106 FORMAT(lH, E15.5, E15.5, E15.5) 
WRITE OUTPUT TAPE 6, 107, E, U, V 

107 FORMAT(lH, ElS.S, E15.5, ElS.5///) 
Cl(l) = 0.0 
NM .= N+ l 
NN = N+2 
DO 2 I= 2,NN 

2Cl(l)=1.0 
F=B,tcCO**P I A 
G=E*CO**Q/A 
H=U*CO**R/A 
W=V,tcCO**S/ A 
CONST= DELT/(DELX**2) 
DO 9 J = 1,M 
DO 3 I= 2,NM 
X=(l.+F*Cl(l)**P+G*Cl(I )**Q+H*Cl(I )**R+W*Cl(I )**S) 
X=X*(CI (1+1)-2.0*CI (I )+Cl (1-1)) 
Y=(P*F*CI ( I )**(P-1. )+Q*G*CI ( I )**(Q-1.)) 
Y= Y+(H*R*Cl(l)~*(R-1.)+W*S*CI (I )**(S-1.)) 
Y=Y*(CI (1+1)**2-2.*CI (l+l)*CI (1-l)+CI (l-1)**2)/4. 

3 CR(l)=CONST*(X+Y)+CI (I) 
Cl (NN)=CI (N) . 
DO 9 I= 2,NM 

9 C I ( I ) = CR ( I ) 
DO . 1 1 I = 2 , NM 
K = 1-1 
CL (I) = CR( I )*CO 

11 WRITE OUTPUT TAPE 6 104, K, CL(I) 
104 FORMAT(lH ,2HC(,13,4H) = ,Fl0.5) 

A=O.O . 
J=NM-2 



IBM 7090 Source Program (Continued) 

DO 15 1=3 J,2 
15 A=4.*CL(t}+2.*CL(l+1)+A 

A=(A+CL(2)+CL(NM))*DELX/3. 
WRITE OUTPUT TAPE 6, 105, A 

105 FORMAT(//, 1H ,16HAVERAGE CONC. = 
100 CONTINUE 
2 1 CALL EXIT 

END 
,o,: DATA 
@) 

,F8.5,1H1) 
i; 
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