SEPARATION CRITERIA OF ‘A NONLINEAR CONTACT
SYSTEMIN A STEADY STATE SINUSOIDAL

VIBRATION ENVIRONMENT

By
MORRIS CHARLES BURKHART .
i

Bachelor of Science
Oklahoma State University .
Stillwater, Oklahoma
1962

Master of Science
Oklahoma State University.
Stillwater, Oklahoma
1963

Submitted to the Faculty of the Graduate School of
the Oklahoma State-University
in partial fulfillment of the requirements
for the degree of
DOCTOR OF PHILOSOPHY
May, 1965



SEPARATION CRITERIA OF A NONLINEAR CONTACT
SYSTEM IN A STEADY STATE SINUSOIDAL

VIBRATION ENVIRONMENT

Thesis Approved:

VL L
/ \7!1 G AL A

Thesis d%lser
v::%fgzlﬁﬁﬂud/cﬁbbba éjl /i:;lg&u

U

/ 7

// ( /4//7!41’77u.(4

581312

MEY 28 1555



ACKNOWLEDGEMENTS

The author wishes to express his thanks and to acknowledge his
indebtedness to several people for their roles in the completion of
this study.

Particular appreciation is expressed to the thesis adviser,
Dr. R. L. Lowery, who gave such patient guidance and encouragement
that'thé author could hardly fail to succeed. Thanks are due
Professor L. J. Fila for his many~helpful suggestions in the editing
of the thesis and to the other committee members, Dr. J. H. Boggs
and Dr. O. H. Hamilton.

The author is also indebted to G. W. Cook and G. G. Luton for
their aid in the design and construction of the experimental model.
Finally, Mrs. Mildred Avery is thanked for the.typing of the final

manuscript.

iii



TABLE OF -CONTENTS

Chapter

L.

II.. .

IIT.

Iv. -

VL.

BIBLIOGRAPHY . . ¢ & ¢ o s ¢ o o o ¢ o6 o o o

INTRODUCTION + & « o 0 ¢ o v o 0 0 o 0 o

Definition of the Problem . . . . .

The ‘Purpose and. Scope of the Study.

Previous Work '« « . + v o ¢ o o o

MATHEMATICAL DERIVATIONS . . . o ¢« o . &

The Equation of Motion of the Contact ‘System. . . -
Mathematical- Model  for Impending: Separation . . . -

THEORETICAL RESULTS. - « o « & o « & o o

Contact Separation Criteria . . . .
Theoretical Frequency Response. . .

° e . o o o o

a o o o ° ° °

Damping Effects on the Separation Criteria. . . .

EXPERIMENTAL MODEL AND INSTRUMENTATION .

Description of the Model. . . . . .
Instrumentation . &« ¢« o« o 6 o o o o

- EXPERIMENTAL PROCEDURE AND RESULTS ., . .

Measurement of Model Parameters and
Measurement of Impending Separation
Experimental Resultb.: . o « o o o

® 3 L} o ° ° o

Prelead . . .

Displacement. .

® o e ® 3 o o

Effect of Nonlinear Jump Response on the

Separation Criteria . « . . . . -

CONCLUSIONS AND RECOMMENDATIONS. . . . -«

Recommendations for Further Study .-

APPENDIX . . ¢ « & ¢ o & o o s o 5 o o s s a

A. List of Symbols . . o « « o o
B. : List of Major Instrumentation .

iv.

Page -

- 13

- 13

26 -
31

41

42
45

48

48

- 50

51

68

69

71 -

73

73

75



Figure-
1. An Idealized, Preloaded Set of Contacts . . .. . « . .
2. Relationship of Separation Displacement to Mass Ratio
in the Linear:Case: « . + v ¢ « s o ¢ o s &« o o o s
3. The Influence of Mass Ratio and Nonlinearity of
on Separation Displacement. . . . +. « ¢« ¢ + ¢ o o o
4. Loci of Points of Vertical Tangency and Correspondlng-
: Negative -Separation Displacement. . , « « « + '« » .
5. The Influence of Preload and Nonlinearity on
Separation Displacement -« v + « ¢ o & + o s 4 o b
6. ' The Influence of Preload and Nonllnearlty on .
Separation Displacement '« '« v v « v ¢« v e 0 4 e
7. The-Influence of Preload and Nenlinearity on.

. Separation Displacement . . o ¢« o o « + 0 o o & o e
8. Phase Plane Curves for -the Free Undamped Response .. .
9. ' Damping Force Distribution With. Respect to
' Response ‘Displacement . - v e '« o v o 5 o o 5 o s o

10, - Effect of Differential Damping Forces on the
Separation Criteria v . o & & v & o6 & s o e 6 o o
ll;' Theoretical Force Between the .Contacts as a-
- Function of Displacement.: . « o v s o & 2 o s « o o
12, F in the Neighborhood of the Point of Vertical:
Tangency Of Fige 3¢ o v o v v v v e o o s e o e 6 s
13. F- in the Neighborhood of the Point of Vertlcal
: Tangency of Fige 7. o ¢ v o ¢« o o o s o 0 4 e e w e
14. Schematic of the Test Model . &« v o o« 4 4 o 4 o & &

LIST OF FIGURES -

Page

15

17

21

23

24

25

28

33

34

36

37

39 .

42



Figure : Page
15, Block Diagram of -Instrumentation. « « o « « o o + ¢ & v o & 46

16. Theoretical and.Experimental Displacement.for
Separation With Varying Frequency . . . « « v o « o & o & 52

17. - Theoretical and Experimental Displacement for
' Separation With Varying Frequency . - « o « & o« o o o 5 53

18. Theoretical and Experimental Displacement for
. Separation With Varying Frequency . '« « « ¢« v ¢« o « % o & 54

19. - Linear Theoretical and Experimental :-Displacement
for Separation as a Function of Prelocad . . + + ¢« o » « & 56

20, Nonlinear Theoretical.and Experimental.Displacement

for Sgparation.as-a FunctionuqflPreIoad o s s e o 4 e o e 57
21. Experimental 61, 62 and o .:. s o o e o 5 s s s s e 58
22, Theoretical Force Between the Contacts . . = s « o« o « o & 59 .
23. Free Response of the Nonlinear Experimental Syétem. o s o 61

24, Frequency Domain Response of the Nonlinear

Experimental System . . o o« o o« o o o o ¢ o o 5 s 0 4 s e 63
25, Down—Jﬁmp Nonlinear Response in the Time Domain . . . . . . 65 -
26. Up-Jump Nonlinear Response in the Time Domain .. . . .- . 66"

LIST OF PLATES

Plate Page
I. Experimental-Model (Side View).o. o o o o o o o o & s o o o o 43
II. Experimental Model (Top VieWw) &+ & v o « o o o o o o & o 's 44 -

vi



CHAPTER - L
INTRODUCTION

The regction of electrical contacts to vibration fields has taken-
on,added;importance'with the use of relays and.other switching devices
in vehicles‘which inherently produce, or operate in, a vibratory environ-.
ment. The missile has generated- the greatest interest in this .area, .not.
only because of the presence of a hostilewvibratoryﬁenvironment;'5ut
also because of the requirement for .a high degreewoﬁ'circuit.reliabili;ya
The proper design of switching devices to be used in~a vibratory
environment requires knowledge of the mechanical reaction of -the cop%
tacts to' the -environment.. This knowledge, coupled with other design
considerations, should enable the designer to avoid or control reactions
which would be detrimentzl. It appears that very little has been done
to analyze the vibration effect from a basic>mechanica1.étandpointo-
Instead, existing configurations have been altered.through>éxperimental‘
trial and error for use in a vibratory environment. This approach has
mét,with.varying degrees of success.  In view of this, 'a -basic study of-

‘the mechanical reaction of contacts to a vibratory environment is needed.
Definition of the Problem

One problem area associated with contact vibration is -that of in-

advertent separation of contacts which are held in the closed position by a



set- force, The vibratory environment  generates forces which overcome"
the -force holding ‘the contacts together. This results in unintentional.
separation which may introduce a spurious signal into the system. .

From.a purely mechanical standpoint, the problem is one of con-
trolling the vibration response:of the contacts so that.they will not
separate when subjected to a vibratory excitation. The allowable
response for nonseparation may be.expected to vary from one contact .
configuration to another, but-limited for .all configurations.  However,
every mechanical system possesses at--least one  inherent- frequency such-
that, in the absence of damping, excitation at that frequency will
theoretically result in unbounded amplitude.  Control of the contact:
amplitude»canvbe»accomplishéd,only»through~energyvdissipation with some ..
type.of damping.

Since mechanical damping is-dependenteupon~eitherwdisp1acement or
velocity, there must be an allowable response amplitude of the contacts .
without separation if separation is to be prevented in a vibration
environment of -unlimited frequency range., The problem then becomes
one’' of determining the nonseparation amplitude for a given configuration
so that the contact response can.be held to a lower amplitude through

energy dissipation.
The Purpose and Scope of the Study

This study was undertaken to determine the separation criteria-
for a preloaded, idealized set of contacts when they are subjected to.

a steady state sinusoidal excitation and when the elasticity of one



contact -is nonlinear. - The- study- consists of: twe- phasesy theoretical and
experimental.

The set of. contacts was- taken as-a two-mass, two-spring- system with
one nonlinear spring of the Duffing hardening type (l)l. With- arbitrary
system parameters, such a system represents-a variety of contact con-
figurations. A linear system is represented by: the-special éése-where_
the nonlinear .coefficient becomes zero. -

- Separation criteria were determined: for the contact set  under the
assumption of negligible damping. The manner in which damping would
affect the results was then presented from. a qualitative standpoint.

The contact ‘set was- idealized by assuming- lumped parameters; that.
is,’massless~springS'and-springiess masses; The contact preload was
assumed without regard to its origin.

The point of impending contact separation is a point of transition
from a . single degree-of-freedom system to'a two degree-of-freedom system.
Consequently, it was only necessary - to.consider the single degree-of-
freedom system in determiningvthe separation criteria.

The scope of the theoretical study included the development of the
equations of moftion of the system; the development of the mathematical
model for impending separation of-the contacts; a qualitative analysis .
of system response; the solution of the mathematical model for impending
separation in terms of system parameters and preload; and a.qualitative

analysis of how system damping would aifect . .the results.

Numbers in parentheses refer to references of the selected
bibliography.



The: scope of the experimental study included- the - design and.con-
struction of a large scale model of the contactor systemy- instrumentation
of the model; testing of selected ‘theoretical separation: criteria; and
investigation of system response within the unstable-response-regions.

One consequence of the investigation of the unstable-system response
was the recording of the jump phenomenon in the time domain. A survey
of the nonlinear literature indicates that very little- is-known about
the mechanism of  jump response. Although it is beyond the- scoper of this
study, an analysis of the jump mechanism made- in conjunction with such
recordings-would be wvery enlightening and- a signifiecant contributdon to

the nonlinear field.
Previous Work

There is no known previous work in the area of contact separation -
where one contact has a nonlinear elasticity. Separation criteria for
linear contacts have been studied and reported (2). However, the
approach here is altogether different from that taken in (2) so that-

a direct comparison of the linear results is not possible.

There have been several notable dynamical studies of specific.
relays such as (3) and (4) in which contact rebound chatter was considered.
However, a vibratory excitation was not considered so the results have-
little bearing on this study. .

Previous work has been accomplished in the area of frequency response
for a single degree-of-freedom system with nonsymmetrical restoring

force which, as is shown in Chapter III, is the situation for a set of



preloaded contacts with one-nonlinear- spring.  Duffing (5), in his
notable work published in 1918, considered such a-system, but his work
was restricted to the derivation of equations.which must be- satisfied
if the response is to be a biased sinusoid. Rauscher (6) and Den
Hartog (7) later devised separate approximate solution techniques- based
on boundary energy conditiofis. Ludeke {8) later compared the two solu-
tion methods through experiméntal work and found the:method of Rauscher
to be the more accurate of the two. Although no general solution re-
sulted from this work, the form of the response was establdished: and is
applicable in determining the {ype=of'response-of the set: of contacts

under study.



CHAPTER 11
MATHEMATICAL DERIVATIONS

In this chapter two méthematical models are derived for gﬁe pre—
loaded set of contacts when they are subjected to a steady state sinu-
soidal displacemént. They are the équation ofvmotion‘of the set and
the equation of relative displacement for impending‘separation of the
contadts; In both cases, the system is taken as single degree-of-freedom;
that is, the contacts do not‘seﬁarate fér the defined motion. The
limiting case of zero force between the contacts defines the point of
impending separation.

Bf assuming negligible damping, the set of contacts is represented
by a two-spring, two-mass system éxcited by a displacement s =180 sin @t
as illustrated in Fig. 1. Thé parametefs .K and m, are associated
with the nonlinear contact and k and m, with the linear contact. The

2

displacement x is taken as positive upward and denctes the displacement

of the masses from their static equilibrium position with respect to the

enclosing case.

v

For an initial preload of FO between the masses, the two springs
must exert equal and opposite forces for static equilibrium. The weight

of m, and m, is assumed small in comparison to the preload and is

neglected. Therefore, each spring must be in static compression. Let

the static compression'be 63 ~in K and 62 in k .



zS=So Sinwt

Fig. 1. An Idealized, Preloaded Set of Contacts

Before deriving the desired equationms, it is necessary to define
the restoring forces of the springs on the masses as a function of the
displacement x and the preload FO .

The force exerted by the Duffing hardening type-spring K  on m;
is

3
Fp = aly + by™) ,

where a and b are both positive and y 1is measured positive-upward

from the position where K 1is unstretched. It follows from the defini-

tion of 61 that y = x + Glre Therefore, the. force exerted by K on
my for a displacement x 1is
Fo=a {(x+ 6)+bx+ 5)°F . (1)
4 -1 1

Similarly, the restoring force on m, from k with a displacement x is

2

Fk = k(x - 62) . (2)



The relationship of .FO to 61 and 62 is given by Equations (1)

and (2) when x = 0. For static equilibrium

FK/x20+ Fk/x=o =0 ’

which gives

bxf
i

a(s, + b8, ) (3)

Fo=ké, . (4)

For the sequel it would be advantageous to have Equations (1) and
(2) expressed in terms of the preload instead of 61 and - 62 . However,

this is very difficult .in the case of dl because of the form of -

Equation (3). There is a one-to-one relationship between -Fb and 61

for all 61 so the inverse function 61(F6> does exist. Applying

Cardan's formula, the single real value of 61 is given by the follow-

ing equation: (9}
2 172 _1/3

o
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i
1
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Substitution of this value for 61 in Equation (1) would unduly

complicate the equation. Therefore, Equations (1) and (2) will be left

in terms of él and 62 with Equations (3) and (4) defining their re-

lationship te the prelcad.
2

It is worth noting, however, that .for bé’1 << 1, 61 is approxi-
Fo
mately Pk This is in effect linearizing the static compression in K
and would result in little error for small F and/or small b. This



epproximation will not be used here because of the desire to allow Fd

and b a wide range of wvalues.
The Equation of Motion of the Contact System

With the restoring forces of the springs defined in terms of x and
the prelocad, it is now possible to write the equation of motion of the
system. Equating forces for the single degree-of-freedom system gives

(m1 + mz)(x + 8) = - FK— Fk .

Expansion of the restoring force terms and rearrangement gives

- a
X+ —— k 2 c .2, .3
m, +m, (L + S + 3bs, ) x + 3b61x + bx~]

s - § = Ssz sin wt . (5)
The equation of motion may be written in the more familiar form
wo 2 , . 2
x +p (x + cxz + dx3) = Som sin wt R (6)

where, in terms. of system . parameters and preload,

2 a k 2
p = = (1 + S + 3b61 ) s
172
.. 3b6l
- ’
1+ E-+ 3b§8 .
a 1
and
d = b .

1+ —+ 3bé
a
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The walue of p represents Zan , Where fn is the natural frequency
of the system with infinitesimal amplitude.
When b is set equal to zero (the linear case), Equation (5) re-

duces to

X +~E—t—§ x.= S w2 sin wt : N

which is - the equation of motion of a linear, undamped: single: degree-of-

freedom, forced system.
Mathematical Model for Impending Separation

For separation of the contacts during vibration, the' force between
thgm must chaoge from F0 at the static equilibrium position (x = 0)
to zero at the point of impending separation. The varying force between
the contacts will be defined as -FX and each spring-mass considered as
a free body:; Then, a summation of forces on each mass provides an equation

of motion for each spring-mass. The:equations are

e N |
ml(x + S; F, + Ex s and

mz(x + S8y =-F - F o

These equaticns are valid as long as the system remains single degree-

of-freedom or as long as {F | » 0 . With this restriction, the accelera-

i
!

tions may be eliminated between .the two equations provided the masses are

finite and other than zeroc. This gives
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Solving for FX gives

m, F_ - m.  F
r -2 K +;k . ®)
X my 5
The use of Equations (1) and (2) and rearrangement gives.
m m
bx> +.3b6 x> + (1 + 3b8,2 = £y x + (5, +bs,> + s, £
1 1 am 1 1 2 am
F = 2 2 €))
p:< m1 + m2
amé
Fo Fo
For the linear case where b =0 , 61 =7 and 62 =% > Equation (9)
" reduces to-
am, - km
Fo=—2—Loyvr (10)
X m, + m, o

Equation (8) indicates that ‘E‘-.X can be zero only if the numerator is
ZEro oOr

=0 . - (11)

m, F, - m K

2 'k 1

The solution of Equation (1l1) for x  then gives a particular value of
x at which Fx- becomes zerc and separation of the contacts is impending,
Define this value of =x as X. Substitution from Equations-(l) and (2)

and rearrangement gives Equation {11) in terms of the impending separa-

tion displacement.'i . It is
=3 .. =2 2 0k Moo 3, . kM.
bX +'3b61X + (1 + 3bé-1 -2 m2) X + (01 + b61 + 62 : E;Q—O (12)

For the linear case, Equation (12) reduces to

- F (m, +m,)
e e al (13)
1 2
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In summary, the response of the.set of contacts is given by the
solution of Equation (6) for the condition where separation does not
occur; that is, the equation is only wvalid for a response amplitude f_il .
The value of i{ is represented by the zeros of Equatioﬁ'(9). Where
Equation (9) has more than one ;eal zero,‘it is the real zero with the
smallest absolute value that determines the point of impending'separation.

It is noteworthy that all of the equétions pertaining to.the force
between the contacts are independent of the contact masses. Each equa-

tion may be expressed in terms of the dimensionless mass ratio. .



CHAPTER III
THEORETICAL RESULTS

In this chapter the theoretical separation criteria for the undamped
set of contacts are determined, the effect of contact damping on the
criteria is investigated, and the general type of frequency response-
of the set of contacts to the steady state sinusoidal excitation is

presented.
Contact Separation Criteria

The contact separation criteria are obtained from the solution of -
Equation (12) for the displacemént X in terms of the system parameters
and preload. It is evident that the complexity of Equation (12) prevents
a general solution. Therefore, it is necessary to select a given param-
eter as an independent variable and hold the others constant while solv-
ing for the dependent variable X .

Before attacking Equation (12), it is convenient to‘determine the
separation criteria for the linear case represented by Equation (13).

Since the equation was developed under the restriction that neither mass

could be zero or infinite, it may be rewritten in the form
m
o
o _2
T .
@ o
a
2

m

13
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For the condition ﬁ—- = ﬁ%- s X is unbounded and there is no displace-
2 1

ment for impending separation of the contacts. For this condition the

' a
natural frequencies of the two contacts must be equal because . and
1
k- . . .
o are the squares of the respective natural circular frequencies.
2
Consequently, the mathematical model implies that the contacts will not-

separate if they have the same natural frequency. As the stiffness of
either spring tends to infinity, X  tends to zero. Infinite stiffness
corresponds to the condition of a rigid contact. Therefore, the con-
figuration of a flexible contact against a rigid contact permits no
motion without separation and there can be no energy dissipation  through
mechanical damping without separation.

Since all parameters are independent orf Fo, X is directly pro-

portional to the preload. The effect of varying mass is not so apparent.

m
If the effect of varying mass ratio, pop is considered,  the equation

2
plots as rectangular hyperbolas which are asymptotic to the lines
- Fo ™ a
X =— and — = — as shown in Fig. 2. As the mass ratio becomes
k m, k F
very small,»il approaches -~ Zg which is the unstretched position of
F

the upper spring. As the ratio becomes large, X approaches EQ- which

is the unstretched position of the lower spring. These conditions imply
that the top spring must be in tension for separation in the negative
direction and that the bottom spring must be in - tension for separation
in the positive direction. 1In general, the absolute displacement for

m m
; . . a-
separation for o 1s not equal to that for — . However, if =+

2 ™ k
is unity, the absolute separation displacements are the same.

Returning to the nonlinear case represented by Equation (12), it

is seen that here too the system parameters and preload are independent
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x|g
————y—————

m
0] -
ma
-~
<]
a

:rk:.____

Fig. 2. Relationship of Separation Displacement to Mass Ratio
: - in the Linear Case-

m
of the mass ratio, EL . Furthermore, the equation is also linear in
m , 2 m _
El- so that it is possible to express —— as an explicit function of X ,
2 2
whereas, it is not possible to express X as an explicit function of
m m
— , The solution of Equation (12) for L gives
m m
2 2
T3 =2 2.z , 3.
m. a 1bX™ + 3b8.X" + (1 + 3b&, )X + (8, + bS. 7)1}
1 1 1 1 1
— 22 . ° (14)
2 k(X - 62)

The fact that X has become the independent variable presents no
: . m ‘
problem in showing the dependence of X on EL . The role of the two
2
is merely reversed in plotting their relationship.

Little can be done in plotting Equation (14) without resorting to

numerical values for the remaining parameters and preload. Even this
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is not entirely satisfactory because 84 is related-to 'Fb* through
the cubic of Equation (3). However, by assigning numerical values to
F , a, b, and k it is possible to obtain the relationship of X
to the mass ratio by use of the digital computer. The values so ob-
tained are plotted in Fig. 3 for five values of b where the solid lines -
represent the smallest absolute value of X and dashed lines represent .
the values which could not: be physically attained before separation.

Figure 3 shows that X is bounded for b # 0 and that the: greatest
absolute bound becomes progressively smaller as the nonlinearity . in-
creases. It also shows that the points of vertical tangency to the upper
curves represent an important demarcation in the allowable displacement
for nonseparation, As an example, at point 1 on the b = 100 curve,
separation will occur when the displacement is about ~0.45 inches: How-
ever, for a slightly larger value of ;i , point 2, the point of vertical"
tangency to the b = 100 curve, shows separation at about 0.09 inches
displacement. This represents an abrupt decrease in the allowable non~-
separation displacement and illustrates the importance of the point of
vertical tangency to the upper .curve.

The points of vertical tangency to the upper curve are given by.
the condition whefe df/d (E?O-+ o a‘.If Equation (12) is set equal to

m_ _ my 2

f(az ,X), dX/d (E;?' is given by

m

, 1
. 3f/ 3 (=) =

& mT ok X -9 | (159
y = - - = . T T — . T ° A
N /8K - 2 3,X% + 6b6.X + (1 + 3bs. 2 ~ S.-Ly

d(m—') 1~ ’ 1  a m,
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The value of the derivative will approach infinity only when the
denominator approaches zero. If the denominator is set equal to zero,

the value of X is

m
T-_s /L k L_ ‘ 6)
X = 61 V/Bb( 2 =, 1) . (16)
Equation (16) is :double wvalued, but the positive sign in front of the.

radical must hold in determining the desired points of vertical tan-

gency to.the upper branch of each curve of Fig. 3 because each point of
vertical tangency has a positive X coordinate. If the negative sign
held, X would be négative. The curves of Fig. 3 are based on numerical.
examples and do not represent the general case. However, it is'easily-
shown by Descartes' Rule of Signs that-the doﬁble valued branch of.

- Equation (12) must be associated with a positive value of X in.general.
Since all of the parameters of Equation (12) are positive, the coefficients
must be positive with the possible exception of the coefficient of the

X terms Therefore, there will be either zero eor two sign changes for

m .
all positive values of . = The Rule then states that there will be
2
either two or no real positive zeros of Equation (12).  This then implies

that ‘the point of vertical tangency is associated with a positive value
of X and that the negative sign in front of the radical has no mean--
ing in determining the points of vertical tangency.

The points of vertical tangency are determined by a simultaneous
solution of Equations (12) and (16). The complexity of the two equa-—-
tions is such that a general solution cannot be -obtained. However,
the pointS'may be obtained for numerical examples such as those from

which the curves .of Fig. 3 were obtained. An iterative digital computer
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solution based on arbitrary values of ;ﬁ appears: to bevthe=si¢p;est
- method for finding the points. . Such a solution method  requires a.
starting point for gi so-th;t‘convergence will be rapid and-certain.
A logical sta?ting‘value of E; is that value where Equation (16) gives
a zero value of 'i . The starting value is then
m
-I;i--:-z—'(l + 3b512)'- .

If Equation (12) is set equal to F , the point-of vertical tangency
q gency

is defined when F 1is equal to zero for values of gi and" X which
satisfy Equation (16). If the starting value of gi and X =0 are.
substituted into Equation (12), F is positive. As larger values of gi
are substituted intovKuationz(l6),‘§ will increase., As the larger
values of | gi and X which satisfy Equation (16) are‘substiﬁuted'into
Equation (12);, F will approach zero. However, if the values of g%“

and X which satisfy Equation (16) are larger than 'those which-define
the point. of vertical tangemcy, ¥ will be negative. This is the basis
for the computer solutidn,

In the computer solution, Equation (16) is solved for X for the
m m, '

: - e T 1 ;L
starting value of oo These values of X and o are substituted
2 2 :

into Equation (12) which is solved for F . The absolute value of F

is then‘compared to an allowable tolerance from zero, say 10—69 If'§ F E

is greater than 10h6,

m
E—“ is increased by a small increment and the prdcess
2
. T : -6
is repeated until ] F | becomes equal to or less than 10 ~, or F
. . . -6 . . '
becomes negative and- l F | » 10 . 1If the latter occurs, further in-
m, 1 m,
creases in- o would cause divergence of l F i; therefore, oy is
2 | : 2
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decreased by the last increment and then increased by smaller increments.,
Through repetition, l F l converges to lO-6 and the point' of vertical
tangency is approximately defined.

The above -solution gives only the point of vertical tangency to the
upper branch of the solution of Equation (12). The effect of X be-
coming triple wvalued at this point is not presented unless the'corres-.
ponding negative value of X is known.. Therefore, it is mnecessary to
substitute the gl value of the point of vertical tangency into Equa-

2
tion (12) and solve the resulting cubic in X for the negative value

of X .

The loci of the vertical tangents for three values- of preload are
plotted in Figﬂ 4 along with the loci of values of negative X corres-— -
ponding to the points. The curves give a general idea of how the points
of vertical tangency shift with preload and nonlinearity.

Probably the most importantrparameter affecting the- separation dis-
placement is the preload. - It was- shown inbthe linear case that the
separatien displacement was lineafiy dependent on preloada The effect
in the nonlinear case is less evideﬁt because the preloed is buried in-
61_ and 62 of Equation (12). However, it‘is possible- to" determine

the relation of separation displacement to preload with numerical examples

by allowing 3§ to be the independent variable. With fixed a, b, k.

1
m
and El » Equation (12) is solved for X , Equation (3) for Fo , and
) ) ,
Equation (4) for &, for each value of &, . Then a plot of X wversus

2 1

FO . presents the desired relationship.

The ‘solution of Equation . (12) for X in terms of 61 is not as
simple as it was for X 1in terms of _ because the equation is not
‘ 2
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linear in 61 . 1t must be solved by computing the coefficients of
the equation for each value of le and then solving the resulting
cubic for X . Figures 5, 6, and 7 show such solutions  where a, b
and 'k have the wvalues used in the solution of Equation (14) and ;;
has .values of particular interest. The value of ;i used in Fig. 5

is the value where 'ir is theoretically unbounded and independent of

Fb for the linear case. The curves illustrate that preload has less
m
. - . . . 1.
effect on X as the nonlinearity increases. The values of ‘Er* used
‘ 2
in Figs. 6 and 7 illustrate the theoretical triple values of X ' assoc-

iated with the nonlinearity.

If Equation (12) is thought of as a relationship of,'g ’“Fo and
m
El , the equation defines a set of surfaces for each value of the re-
2
maining parameters. Then, if Fig. 3 is considered to have the third

dimension Fo éoing into the paper, the curves for each value of b
represent a cut across the (2, Fo”gé-> surface at Fb =10 1b: Simi-
larly, Figs. 5, 6 and 7 represent surface cuts by the planes ;i?ﬁ 0.5,
1.0 and 5.0 respectivelyo; donsequently, the four figures provide a
representation of the (i, FD, gﬁ) surface defined by Equation (12},
This representation plus the effect depic;ed by Fig. 4, present the

separation criteria in terms of preload and all system parameters
except a. and k .

The ratio of a and k has little meaning as a separate- parameter
because 61 is dependent upon a. The effect of vérying k Dby itself
can be determined easily from Equation (14) wﬂefe the numerator,is inde~

pendent of k.- The denominator,

k(x - 6,) =kx - F_
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m
. , 1 , .
has the effect  of expanding or contracting the — axis for varying
’ 2
k . The effect from varying a is less apparent. ' An exact determina-

tion of the effect could be determined by much the same procedure as
that used in determining the éffect of Foe By allowing 61 to be
independent, a value of a would be obtained from Equation' (3) for .
fixed Fo and b . This value of a. and 61. along with the' fixed
parameters would determine the coefficients of Equation (12) which
could then be solved for X . The plot of X versus a would then
determine the effect of varying a on the separation displacement for

one set of conditions. However, a sufficient understanding of the effect

can be obtained from inspection .of the linear case as shown in Fig. 2.
Theoretical Frequency Response

Before investigating the effect of damping onvthe~$eparationﬂcriteria
determined for the undamped system,it is necessary:to find the nature‘of
time response which the set of contacts ﬁill have to ‘the steady state
sinusoidal excitation.

Inspection of the equation of motion of the set of:contacts, Equa-
tion (5), reveals the nonsymmetry of the elastic restoring forces about
the static equilibrium position of the .-preloaded contacts. The non~-
symmetry stems from the xz term which exerts a restoring force: which is
independent of the direction of displacement from the static equilibrium
positions, With .the orientation shown in Fig. 1 this force is always
directed downwards This implies that for a given positive displacement
from the static equilibrium position the restoring force on the masses

will be greater in magnitude than for the same negative displacement.
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One "important consequence -of the nonsymmetry of the*restoring
forces is that a combination of hardening 'and softening—is present in
the preloaded -set of contacts. Hardening is defined as an-increase of
stiffness with displacement and softening a decrease. Stiffness is
the change of force magnitude with respect to displacement.. The restoring
forces are symmetrical and hardening when measured from the unstretched:
position of the nonlinear spring at x = - 61 . Therefore, the restoring

forces measured from x = 0 must be softening for - x < Gi < 0 and
hardening for all other x . As a result, the response must have  a com-
bination of softening and hardening characteristics.

Some knowledge of the response can be. gained from- a- phase plane
plot of the undamped free oscillations of the contacts. After assigning
numerical -values to the system parameters and preload and setting the
- forcing funetion equal to zero, . the approximate phase plane curves can
be -obtained from Equation (5} by a digital computer solution based on-
the phase plane delta method (10). The resulting curves are the loci.
of constant energy .and are approximately ellipses similar to those
shown in Fig. 8.

The type -of time response ‘represented by the phase plane curves can
be determined from the fact that simple harmonic motipmn is represented
in the phase plane as an exact ellipse (1). Assuming the curves to be
‘exact ellipses, the response is simple harmonic motion about the minor-

- axis-of each ellipse. The time response.is then given by
x =0+ 0 sin 0 t (17)

where o is the x coordinate of the minor axis of the elliptic cutrve.’
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Fig. 8. Phase Plane Curves for the Free Undamped Response-

The relationship between o and B may be found through energy con-
siderations. At the points (0, a-+ B ) and (0, o« - B ) the energy is
entirely potential -and equal. For the free system the following equality
must hold,

potB ¢=(a=8)

(FK + Fk)dx = | (FK + Fk)dx ;

4o )

where the integrands are the sum of Equations (1) and (2). The relation-

ship between o and B is then:

bos + 3b61a2 + (1 + % + 3b612 + b8 + balsz =0



29

. . . . 2, .
Since the equafion is . linear in 87, it may be written as

b + 3b61u2 (1 + §,+ 3b612)'a

. . (18)
b(a + 61)

In this form it may be seen that 62 is negative for-all positive o
so that - 8 1is imaginary. This implies that o must always be negative
which agrees with the results shown in Fig. 8. Letting y = -a , the
equation becomes

3 .2 k 2
9 by~ - 3b61y + (l»+;a + 3b61 )y

B = .
b(8;, - v)

2
The limits of B are zero for vy.= 0 and infinite for vy ='61 .

2, e s . S ,
B” is monotonic increasing for 0 < y <§; as may be:verified from the
c oy . ; 2 R
positive sign of dR"/dy . From this it may be concluded that the
biasing will increase with free vibration amplitude and that its wvalue

will lie between zero and ~§ Referring back to Fig. 1, it is im-

1
plied from the latter conclusion that the nonlinear spring - K- will be
in compression for the point about which the oscillation»is taking place.
The foregoing was based on.the assumption that the phase plane
curves were perfect ellipses. The fact that they are not indicates
that higher ‘harmonics must be added to Equation (17) to account for the
distortion of the curves. Since.it is the velocity distribution with
respect to displacement which will be used in the qualitative investi~
gation ‘of damping effects on the separation criteria, it will be suffi-
ciently accurate fo neglect the slight harmonic distortion. Therefo:e,

it will be assumed that Equation (17) defines the contact response,
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In the case of the forced vibration of the system, the form of
the ‘response is egsentially the same as that of the free vibration,
However, the relationship between o and B  is-slightly ‘different..
Duffing (5) shows that in the case of fofced vibration of a monsymmetri--

-cal . system _62: is two-thirds of that shown in Equation (18): This:inﬁv‘
~dicates that -for a-given response amplitude. the biasing will be about

- 22 per cent greater., The difference in biasing between the free -and
forced cases stems from the contition that, although there - can be no
net-energy transfer during a cycle without damping, there can-bevenergy-
- ‘added during'a~parf’o£ a cycle and rémovedvduring the remainder -of -the
 cycle,y

The - conclusions reached regafdingvthe;biasingvin~the:free-case are
aisovvalid for the forced‘case»because Equation (18) has been changed

" only by. a constant multiplying féctor,

The type of time‘response=;o,be expected for the»npniineér«contacts~
has. been estabiishedeith ohe.possible’exception, It is well1kn0wn that -
there is-a jump phenomenon associated with the responsé-of:a;nonlinear

5system.iuStokér‘(1) and many others have'explored the jump phenomenon .
in'ﬁuch detail for the frequency domain but .it appears that. little is
‘knnﬁﬁ about it in the time domain.. This raises the qﬁestion~ofithe
possibility of . the separation criteria being -altered by‘inertia f@f;es,
'associated-with the jumps: This poessibility is exﬁloredzduringathe
experimental phase. |

From the foregoing it can be predicted that, with thé~§ossible\ex—

- ception -of ~the  jump region;‘the response . of the nonlinear centacts will -

“be essentially a-biased sinusoid as givéﬁ by Equation (17).
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Damping Effects on the Separation Criteria

‘It is necessary to-determine the effect of ‘damping on the separa-
tion criteria which have been established for the undamped contacts.
If separation is to be prevented over an unlimited frequency range of -
excitation, ‘it is necessary that-the response-of the -contacts be less
than that :which will cause separation. - However, the contacf'response'
can-be limited only if there is damping to dissipate energy. - If the
application of damping were to decrease the allowable nonseparation
~displacement, the benefits from limiting the reSpqnse.would:bévnullifiedm

The-effects from viscous, structural and friction damping will be -
considered. Viscous damping is proportional to velecitys structural:
dampiﬁgwiSVtaken as :proportional:to displacement; and friction damping

- is constant “(11l) .,  The:force generated by each type is 180 degrees out

7 of phases with -thevelocity.

Itis -clear that equal damping forces on the two contacts will not
affect the :force between the contactS'becéuse-they-bothvhaVEwthe same .
'velocityyfbr-nenseparation, .The:efore, it is only the difference. be="
< tween damping forces that will -alter the separation criteria established:
- for the undamped case.

With :damping present, the point of impending separation betomes .
- that.point: at which the sum of the undamped force.between the contacts,

‘ Fi.,-and:the'difference~between_the damping forces, F. , becomes zero..

d
Since--Fx‘,~as-given.by Equations (9) and (10), is with respect to. the
“displacement .'x , it is convenient to look at the difference of damping

forces,: F,

d ,as-a function .of displacement,
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Figure 9 (a) shows the damping force -distribution for unequal
structufal damping for a negative velocity. For positive velocity, the
distribution is the image :of the lines in the x axis. - Figure'9 (b). is
the -difference of the two force distributions. The subscripts 1l and. 2.
refer to:the upper and lower contacts respectively. Figures;9 (c). and
(d) show the distribution for -the difference of damping forces for vis- -
cous ‘and ‘friction -damping respectively. ~ In egch case the response is.
assumed. to be that of Equation (17).

All-of ‘the damping force distributions of Fig. 9 are- double valued
with ‘respect ‘to- displacement because the velocity changes-signs at-

~

o —B and B — o . Therefore, if -F. is-adding to Fk for-positive

d
velocity, it is :subtracting for' negative velocity and vice versa, .

- Consequently, F. must be considered as always subtracting from the Fx

d
distribution in-determining the :.point-where the- force between:the con-
tacts becomes zero with'differentiél~damping,forces~present@.‘NOW“define
this point as X'  so that-it can be. compared with the=undamﬁed'separa—-
tion displacemént’.f-. In order to determine '§{ it is necessary to-

- compare-the Fx and F distributions. It is convenient:to assume

d
subsequent: plots of - Fx and Fd té bg.of opposite~signsjso-that'thé
~intersection of ‘the. two curves defines X' .

In the linear case, ‘the an distribution is given by the linear
Equation*CIO).~ For- mlk.> m2a,.'§ is positive. .as. shown:in .Fig. -10,
Figure 10 (a) shows how  the differential damping force-distributdon ‘dssoc~.
- iated with unequal.étructural-damping'has.decreased the -allowabile" response
1for“nonsepafation,"Figures«lO (b) and (e) show the effects for differen-

tial viscous and friction damping forces.



33

N s
' N ] 7
I P N
B
{a) o
n - : B |
| 'l/(%’ﬁ‘Fg X
: -Sl} 82‘:
} ] |
| o
(b)
|
| Ve
T R— "
——
| |
1.
(c)
|
' 1Waill
l L
m | ] X
o i ]
- {a-p) | (p-a)
| o ,
(d)

Fig. 9. - Damping Force Distribution With: Respect. to: Respense Displacement



34

- l!
| XX
(a)
x.
(b)
e
° R
~Fp
» i | X
,l
XX

S (c)

Fig. 10. Effect of Differential Damping FofcesﬁonwthenSeparation_
: - Criteria. ' ' “



35

Figure 10 (b) illustrates the single case where the exciting
frequency may influence X' because the velocity is a function of

frequency: With a constant difference-between the viscous damping .

coefficients, the eccentricity of the.elliptic Fd distribution de-

creases -as ‘the response frequency increases. This decreases X"

as shown by ‘the exaggerated -dashed F, curve of Fig, 10 (b).

d .

1In the nonlinear case, the FX distribution is given by Equa-
tion (9). The complexity of the equaﬁion prevents- the-simple repre-
sentation used in .the linear case. However, numerical examples may
be plotted so that an idea may be.obtained of how the difference in
damping will afféétAthe separation criteria, Such a numerical case is

shown in Fig. 11 for the parameters and prelead shown.: - If the»Fd

‘distribution were as shown, separation would occur at X' instead of

at X .
Figure 3 shows on the b= 10 curve that X has the value of

point 3, the point of vertical tangency and point 4 respectively for.
m , .
El = 1.5, 1.805 and 2. Figure 12 shows the values of FX for positive
2 _ .
x 1in the neighborhood of the point of the vertical tangency for these
m

© values of- Ei . If the Fd distribution were as shown in Fig. 12,
Xt would ‘be as shown\for_the‘;i = %.O-curye. The iqtersection of the
Fd_ line with the»;;”= 1.805 line would determine X' for that’co;figu—
ration. The Fdj distribution would not cause separation of the ;i =-1.5

configuration for a positive displacement. However, it would cause:
separation at a smaller absolute value of negative displacement than that

predicted for the undamped case. Any value of F, would have the effect

d.
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of'placingr'§'> to the left of X for .the two bottom curves. Conse--
m.

- quently, ‘a plot -of X' against- El similar to Fig. 3 would show a.con-.
2 m

tractiongof-the.curves'toward the E;' axis and. a shift of the vertiecal.
tangencies to the left.

Figure 13 shows FXv versus displacement curves for the neighbor-
hood of the point of vertical tangency of the b = 10 curve of Fig. 7.
For the preload of the number 2 curve of Fig. 13, Fig. 7 shows that
geparation would occur:at about =0,4 inches displacement, - However,
Fig. 13 shows that the presence of a 0.2 1b Fd value at x.= 0.15
inches ‘would result'in 'Ei occurring at that point;_,This happens to
be an example of an extreme ‘condition for the effect of .differential

damping -on: the-separation criteria. . The intersection-of an ' F - curve-

$
with'curyes.3 or 4 would altervthe:undampednseparation=criteria much  less,
‘Before ‘summarizing the effects from damping, it should-be noted

that -the form:of ‘the damping force -distribution shown in Fig. 9 -is only
approximately"correct. - However, it is the approximation which is usually
“accepted (11). - In the case of structural damping, it is well established
that above :certain-stress. levels the damping is not linear with displace-
ment as used: here (12}. With reference to Fig. 9 (a), it is .seen that
the deflection -in each contact from the unstressed positipns of - _61u and-
62: is not-symmetric so that the nonlinear contact is stressed-higher at
x =8 — o than at- x = o - B8 and the linear contact is streséed higher
at x.=-a'—-f, than ?t, x =8 - o ., This situation indicates that the-

- difference -in-the two damping‘forces may be expected to be greater than

that shown. Also, in some cases it may be expected that there will be
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a difference-in structural damping forces when the two damping coeffi-
cients:are identical.

The qualitative effect of damping on the undamped separation criteria-
may be summarized as follows. -Damping which generates-equal forces on
the two contacts will not affect .the criteria. The presence of  different
damping forces will ‘always cause the separation displacement: to be less
than that predicted by the—undamﬁedvcriteria. The amount~ofrdifference-
will depend -on the particular -contact configuration and preloadi  The-
introduction of equal damping to limit.the contact-response will not-
materially -affect the predicted separation criteria.. However, it may be
’expected~thatsphysica1.limitations-would prevent -exactly equal damping.
There also might be contact applications where damping would: be: detri-

- mental from-thegstandpointbof.1engthening:closing and opening times. .

Consequently, optimum,damping may not be realizable in practice.



CHAPTER IV
EXPERIMENTAL MODEL AND INSTRUMENTATION

A large scale model of a set of contacts Was‘constructed-andfinstruj:
mented so that some of the theoretical results -could be tested with an
electro~mechanical;shakerfsystemQ The size of the model-was dictated
by instrumentation requirements. :-By making ‘the model- large, it was
possible to use instrumentation which provided precise measurements with-
out' altering -the characteristics of the contacts. -

Several model: configurations were tried but it was found that the
one described herein provided: the -greatest accuracy and reliability be-
cause extraneous influencesrand‘effects:were:minimizeda“flnfparticular,
damping was low and constant; and spurious resonances and harmonics were
not  present within the frequency range of the tests. Consequently, all

" reported tests were made with ‘the described configuration. :

Briefly,»withnreference to Fig. 14, the model and instrumentation

~may be.described -as follows. A linear cantilever beam contacted' a non-
linear cantilever beam through a contacting button. vThe preload on the
contact  surfaces ‘was -set by raising or loweriﬁg the linear beam. The
entire system was. subjected to a known sinusoidal displacement; the

- relative ‘displacement of the upper contact surface with respect-to the
case ‘was: measured:; -and -impending separation of the contacting_surfacés

was detected. - A detailed description of the model and instrumentation

41
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Fig., l14. Schematic of the Test Model

follows.,
Description of the Model

Photographs of the model are shown in Plates I and II. Cantilever
k duplicated the theoretical linear restoring element while cantilever
K and‘the biasing cable duplicated the theoretical nonlinear: restoring
element, ' As given by Timoshenko (13), the restoring force -on' cantilever

"K from the biasing cable is approximately

28 AE 3
Fx—y+=y ;
% %

where
S is the initial tension on the cable;
% 1is the semi-length of the cable;

y - is the displacement from the zero preload positionj
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PLATE II. EXPERIT'ENTAL "IODEL (Top View)
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A is the cross secticnal -area of the cable.material; and

E  is the modulus of elasticity of the cable material.
Without ‘the biasing cable, the system duplicated the theoretical 'linear
‘case of b=20.

The cantilever beams were made -of 1/8-inch. thick oil quenched 1095
steel -and the biasing cable Was-1/l6—inch diameter 9-23-aircraft-cable..-
Various sizes of-mﬁsiCzWire>Were tried as a biasing cable but were ‘found.
to be so stiff in bending that failure soon occurred from excessive bend-
ing stresses. The many . fine  strands of the aircraft cable provided
greater flexibility soe that bending stresses were no problem. -

The vertically adjustable chuck provided means for varying  the pre-.

m
a- . . .
load between the contactss;. The - and — ratios were varied by in-

k 2
serting different length cantilever beams in the chucks.
The contact surfaces were the flat bottom of cantilever:. K’&and‘a

hemispherical steel button attached. to, but.eleectrically insulated from,

cantilever . k.
Instrumentation

A bleck diagram of the instrumentation is shown in Fig. 15. The:
‘impending separation of the centacts was detected by the circuitry labeled
Contact Separation Detection.  With a thin film of instrument oil between
the contacting surfaces, a slight drep in potential across the 100,000 ohm
resistor occurred as the force between the contacts approached zerc., This
: potential~drop-pfoved to be:an accurate and repeatable indication ef im-~
pending contaet_sepérationa Display of the potential drop on the oscillo-

scope provided a visual indication of impending separation. -
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A statically and -dynamically calibrated differential transformer was
used to determine the relative displacement of the contact surfaces. The
entire differential transformer output was -displayed on an oscilloscope.
The static deflection of the contacts was measured with -the D, C. Volt~
meter and-the sinusoidal part of the response with the RMS Voltmeter.

The wave  analyzer -was used to measure the harmonics present in  the
response, and the counter measured the response frequency. The fre- -
guency ‘modulated tape reéorderrprovided a means of slowing down the con—
tact response -and impending separation-signals by a factor of 8 so that .

they :could -be recorded on paper for further study.



CHAPTER V
EXPERIMENTAL PROCEDURE AND RESULTS

The model-andEinstrumentation described in Chapter IV were used to
test ‘the theoretical separation criteria and system response -for certain
contact 'configurations and to investigate the effect on separation of the
time response.associated with the jump phenomenon.

The testing was first accomplished with a linear model- where dinstru-
mentation reliability and data repeatability were established. This was.
followed with testing with the nonlinear model and investigation of the
jump response. ‘In each case the theeretical results weré“computed from
the measured model -parameters and preload’ for comparison -with the measured -

values.
Measurement: of Model Parameters: and-Preload

Computation -of the theoretical impending.separation displacement of
the model required -the measurement of - a,: b, k, m s mé,iand“the~preloadu.
The -value of - 'k was easily measured through use of a balance beam and
- dead weights for force -and the differential transformer for displacement.
The ratio of the measured force to the measured displacement then gave
‘the ‘value-of - k . In the linear .case, where b = 0, -the same procedure-

provided :the measured value of a .
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- In-the nonlinear case the force versus displacement relationship
was determined ‘in the same manner..  However, a 'and .b were related
through -the cubic curve :defined by a flot of force versus displacement
points. This relationship was determined by fitting the data points
to the curve ay + aby3 with the digital computefiusing~themleast
squares method. ‘The force equation resulting from.this procedure for.

the nonlinear spring -of .the model with 42 .data points was
Fp = 235(y + 74,54 v>) 1bs (19)

where: y 'is measured-in dinches from the unstressed-position-.of the beam
and -biasing ‘cable. -The values of: a, b  and  k were measured with the
cantilevers mounted in the model so that they reflected the -elasticity of.
the-modeliasﬂwell as that -of the cantilever beams. This provided greater
adcgracyjﬁéeausenthe<model, although quite stiff, possessed some flexi--
bility. The~méasurementcof the effective masses was somewhat more compli--
ST o , o .

-’caﬁéang;DgﬁQHartog (14) gives ﬁhe approximaﬁe_equiyalegt-méss of a canti-
levéfgbéém“Vibfating-in,its:fuﬁdamenﬁal mode -as about 23 per cent of the
-toﬁél méésdof~the~beamm“vHOWever, use-of;this value plus point maéses fo
~'coﬁgéﬁséte“for’the-attachments.to the beam gave poor results. Tﬁis was.
pfiﬁé%iiy-becausertherevis np»such_thing as a perfectly built-in beam as.
=‘refiegté&nin‘the~cantileverrth¢ory.

ﬁecéusewof-thesegdifficulties the effective mass was. determined by.
an'indiréct’method; The~natural'frequencies.of'ﬁhe beamS’Were*measurea
-and-the effective masses 'determined from the relation -

m = __._k__
(2n£)?
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 wpére ‘k 'iSﬁthe spring constant and - f: is the natural frequency.' For
't§e nonlinear beam the mnatural frequency was measured at very low ampli-
tﬁde~$§ that!:it woufd*apprbximate'the natural:frequéncj with b = 0.,
The preload waSudeterminéd‘in-each case by measﬁring"the~deflectign‘
51; ip the .cantilever ‘K -and computing the force which gave the deflec~
tion. With'the-differential transfprmerinulled“at-the~zér0“preload
qusiﬁion,'the!D;-Cf-Voltmeterwqf-Figf 15 indicatedwthewpréloéd“defiectibn

in the heam.
-+ . 'Measurement -of- Impending Separation Displacement

‘~Théuresponse:of.the éontacts.relativevto>the model was: measured with -
the ‘differential transformer. With reference to Equation (17), the a
value'was‘indicated-by the D. C. Voltmeter énd the RMS value of B by
the RMSLVOltmeter, In the -linear case there was no biasingvofﬁthe response
80 tﬁe'DC'componént’was zeropi In the monlinear case thé bigsingﬂwas
'negative-and;incrgased-in abs6lute magnitude with response amplitude. as
predicted‘theoretigaliye

’Theﬂdifferential-trénsformer.was rated as flat within 3 db for an
aamplitude-of O;OSLincheszfor 0-350 cps with a 6 vdc excitation. To-
provide greater.accuracy of -measurement, the transformer wag calibréted
[statiéally and‘over<the'fréquency range of use. This calibr#tion.was
then, used in -converting the~ele¢trical‘readings,to-displacémént values.
The -readings were also corrected for any change of exciting.bc voltage.

‘Tbé differential trénsformer readings were taken by holding e%citing
fre@ueqcy'constant-and'slowly;increasing exciting amplitude until. impend-

=ingfseparation1was«detected.
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Since "all measured -impending separation occurred at a positive
displacement ‘value, the amount of nonlinear biasing in the response was
subtracted from the response amplitude.. In other words, the measured.

impendingzseparation»displacementwwas‘equal to B — o of Equation (17).

1

- Experimental Results

Tests were made-to check the-theoretical'predictioﬁ that'the'dis-
placemeht~for~impending seﬁarafion‘was independent. ofthe" frequency at-
which the contacts were ‘excited. The results of three -suchtests are:
showﬁ in ‘Figs. 16, 17,:and 18. . The first two show the results for the
same linear configuration but with.different preloads- »Figure'QO’shows
thewreéu1£s~for the nonlinear -configuration with- one preload. -Similar
results were observed -for other preloads. and configurations.

Thernaturaihfrequency;ofwtheppmeloadedwcontactSWWaszZGnﬁ cps
» for“thev-ﬂ.ingareconfigurationvof.Figso 16 and 17. The lowest and highest
frequéncyfofnrecorded‘datafindicates-the‘ﬂinimum and'maximum'frequencies
for Whieh‘impendingvsepération could bé obtained with a 20 g excitation
of-the model. The natural frequency fdr very small amplitude of the.
nonlinear configuration was '104.6 cps.

Thé data point scatter fo: the three figures is not excessive when
instrument :readability is conéidered° The results substantiate the
theoretical .prediction that the separation displacement is a funétion of .
system -parameters and: prelead, and is independent of the-excitinngrequencyo

- Tests were also conducted to determine the effect of varying“preload.

on -the separation displacement. The results of two linear tests are:
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shown in Fig. 19. The data:points of the upper curve come closer to
coinéiding with the theoretical values than those of the.lower curve.
This may -have -been due to less accurate measurement of the lower: curve
system pérameters.‘ In any case; both sets of data support the linear
relationship between preload:and the separation displacement.,

The results of varyingbppeloadeith the nonlinear:.configuration
are shown in Fig. 20. Attempts were made to obtain data with higher
preloads than:.those shown. However, yielding of the biasing cable anchors
was associated with these attempts so that no reliable data could be
obtained. Resetting the biasing cable tension after yielding approxi-
‘mately restored the - -force~displacement relationship of Equation (19) so
thét theldata-points-shown were repeatable.

Figure 21 shows';he measured .values of 61, 62, and o corresponding
to the experimental preloads of Fig. 20. The scatter of the o points is
attributed mainly to the readability of the D. C. Voltmeter. Even with
the scatter, the trend of g with increasing response amplitude of the
contacts 'is established: The trend of 61 with increasing preload in-
‘dicates the stiffening of the nonlinear contact with deflection. However,
the stiffening is not as pronounced as might be expected from a cursory
examination of Equation  (19). The small magnitude of the deflections
results in-a-small effect from the.y3 term.

Figure 22 shows theoretical Fx versus displacement curves fbr the
preloads: corresponding to data points 1, 2 and 3 of Fig. 20. The experi-

- mental points of zero force-between the contacts are.indicated on the

curves. - ‘These points indicate the size of differential damping forces
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which would have had to be .present to account for the difference between
the theoreticallyvpredictedwseparation'displacement-and'that“actually
measured provided -differential damping were the sole cause of the
difference. - In each case, a differential damping force of less than one"
pound would -account :for the experimental .separation. Although the com—-
plexity of the biasing cable system might be expected to dincrease ‘friction
damping considerably with increasing preload and response amplitude, it
would be presumptuous to:conclude that -the differences between theoretical-
and experimental values were solely from differential damping. Figure 23
shows a free response -of -the system in the time domain.. From the rate of .
decay of the response ‘it is evident that only small damping was associated
with the contacts for the preload and response -amplitude:shown.

Some experimental error may be associated with' Equation (19) since.
the measured force:versus displacement was forced to fit .the form of the
equation. ~The other measurements must also have a certain amount of error
agssociated with them, so it is remarkable, in the nonlinear case, that the
theory and experimént agree as closely as they do. The theoretically
predicted large jump of nonseparation displacement at the point of verti-
cal ‘tangency of :the theoretical curve .of Fig. 20 could not be tested
‘because ‘the yield point of the biasing cable anchors of the model would

- have been exceeded. .
Effect of Nonlinear Jump Response.on the Separation Criteria.

The question:was raised in -Chapter III about the possibility that

the jump ‘response of the nonlinear configuration might cause separation
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of the contacts at some displacement less than that predicted. This
possibility was investigated by varying exciting frequency, while main-
taining constant :exciting amplitude, until the jumps occurred. The
. jump response was recorded in both the frequency and time -domain,

Sample jumps.in the frequency-domain are shown in Fig. 24. The-
top response is for:.increasing frequency and the bottom for decreasing
frequency. In each case the model was excited by the displacement
S =-0.002 sin wt inches. The responses are outlines of oscilloscope
photographs where the vertical trace was dri&en by the differential
transformer output 'and -the horizontal trace was driven by the' frequency
drive of the MB shaker system. The preload was set at about 9 1bs so
that separation would not oecur..during the. photegraphy- -The*biasing of
the response is evident from. the figure. - Comparison- of ‘the measured
response with that given by -Stoker (1) for a symmetric hardening system
shows~ that -the main difference.is .the biasing from- the static equilibrium
position. The up-jumps:occur at a lower frequency than the do&nejumps
and the amplitude of jump  is much greater for a down-jump than for an
up-jump. - It was also observed that with steady state response in the
vicinity -of :the jump region, a small disturbance would cause the jump to.
take :place. In all, the frequency response was precisely that given by
the nonlinear -theory with the single exception of the biasing. The biasing
was similar to that predicted in the theory ovaauscher (6).

The response in the frequency domain provided no information about
the effect ‘of the jumps on the contact separation. However, it did tend:

to verify that the predicted response was obtained. It was necessary to’



Static‘a:

63

Fig. 24.

-Equilibrium, =
Positive
Displacement
Increasing
Frequency {
1 Y 144 cps-
|
Static
Equilibrium. -
Positive
Decreasing Displacement
Frequency o i36 cps-
Response of the Nonlinear Experimental. System-in the

- -Frequeney -Domain



64

examine the response in the time domain to determine the jump effect
on separation,

As-mentioned‘previously, there appears to be-little known about
the ﬁechanism of the jump in the time domain so it was. necessary to.
devise a means of recording the response:versus time along with the
detection of ‘impending separation. This was accomplished by-simultaneous
recording of the differential -transformer response and the separation
detection gsignals on tape with the FM tape recorder. The frequency of.
response ‘was: too fast for direct recording on paper -so the taped-signals
were slowed down by -a factor of -8 and transmitted to the paper recorder.
The FM-circuitry permitted the time reduction without introduction of
distortioﬁ. A sample recording of down-jump is shown:in Fig. 25 and an
up—jump in Fig. 26. Here the preload is less than that—of Fig;“24 so -
that.separation7could be obtained.

Examination of Fig. 25 shows that:immediately before -the -down-jump
the -contacts were -separating ‘as indicated by the signal -on the:top' trace.
During and subsequent to the jump there was no separation. - After:the up-
jump of Fig. 26?-it'is seen that there is once again separation but that
it .ceases after six cycles. Otherwise, there is no separation. The
separation from the up-jump is the result of an overshoot of the allow-
able displacement for nonseparation. In about thirty tests, it was found
that -there ‘is no -separation directly attributable to the jumps except the
case .of the up-jump where the overshoot goes beyond the allowable non-
separation amplitude.

In Chapter IIT it was.predicted that the time response would be-

essentially ‘a biased ‘sinusoid with little harmonic distortion.  The
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observed response, other than that associated with the jumps, did not-
indicate the presence of harmonics which were visually recognizable.
Measurements were :‘performed with the wave -analyzer to determine the.
exact harmonics contained in the response. It was -found that four had

a measurable amplitude; -the second through fifth. The- largest harmonic
amplitudes measured were  ~28db (4.0 percent), ~23db (7.1 percent),

-38db (1.25 percent) and -40db (1.0 percent) respectively: for -the second,
third, fourth and fifth harmonics. - The measurements were with respect

to the fundamental. Subharmonics were not present. in the -analyzed
response, The -presence -of :-the even*harmonics comes from the nonsymmetry

of the restoring forces (5).



CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

The following conclusions have been reached from the results of
this study.

1. The separation criteria for a set of contacts which are sub-
jected to a steady state sinusoidal excitation are determined: solely by
the contéct configuration and preload. .

2. The response amplitude of the éontacts for nonseparation will
vary from zero to large values, depending on the configuration.

3. The commonly used configuration of one rigid and.oﬁe'flexible
contact permits no allowable nonseparation,reSponse»amplitudeq= conse-
quently, there is no way of preventing. separation over an unlimited
frequency range of excitation.

4. A linear set of contacts where each contact has the same natural .
frequency theoretically permits an unlimited nonseparation amplitude. .

5. 1In many configurations, the presence of nénlinear hardening
elasticity may be expected to decrease the allowable nonseparation
response amplitude.

6. The separation criteria for the undamped case will hold for the
damped case provided the damping generates equal damping forces on the

two contacts.
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7. Damping which results in unequal damping forces on the contacts
will have the effect of ‘reducing the allowable nonseparation amplitude
predicfed'for the undamped case.

8. The only effect on the separation criteria from the nonlinear
jump phenomenon is the possibility of the overshoot associated with an
‘up-jump causing a larger response amplitude than that allowed for non-
separation.

9. The recorded jump phenomenon in.the time. domain could be -a valuable

tool in constructing an analytical solution of the jump: response.
Recommendations for Future Study

It is recommended that further study be conducted in the area of
contactbreSponse to a vibration environment. If appears that the most.
fruitful results will come from linear configurations. However, there
may bé,particular situations where linear conditions will not fulfill
the requirements and it would be advantageous to explore the nonlinear
possibilities.

In particular, the following recommendations are made for further
study with linear contact cbnfigurations.

1. That experimental work be accomplished to develop damping which
will not alter the undamped separation criteria.

2. That the damping be applied to various configurations to pre-
vent'separation'over‘an unlimited frequency range of excitation. -

3; That a study be made to determine any detrimental effects from

damping in the practical use of contacts-in switching devices.



70

4, That the separation criteria be determined for shock and ran-
dom excitation of the contacts.
5. That.démping effects be determined for the‘shock‘andfrandom

excitation.
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APPENDIX A
LIST OF SYMBOLS
Coefficient of the linear term of the nonlinear force versug

displacement equation.:

Ratio of the cubic coefficient to the linear coefficient: of the
nonlinear force versus displacement equation,

Restoring force exerted by the linear spring with a displace-
ment x. :

Restoring force exerted by the nonlinear spring with a dis-
placement x.

Static preload on the contacts,

Force between the contacts as a function of the displacement
measured from the static equilibrium position..

Differential damping force acting on the contacts.
Linear spring constant.
Designator of the nonlinear spring.

Equivalent mass of the nonlinear contact.

" Equivalent mass of the linear contact

Amplitude of the sinusoidal excitation of the contacts.
Time.

Relative displacement of the contacts from the static equilibrium
position. '

Relative displacement of the contacts from the static equilibrium

position at.which separation impends (undamped case}.

Same as X but for the damped case,
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Relative displacement from the unstretched position of the
nonlinear spring.

Biasing term of the contact response.

Response amplitude.of the contacts.

Static deflection of the nonlinear spring from the preload.
Static deflection of the linear spring from the preload.
Circular frequency of the sinusoidal excitation of the contacts.

Circular frequency of the contact response.



APPENDIX B
LIST OF MAJOR INSTRUMENTATION
Wave Analyzer—-Model 302A; Manufacturer, Hewlett-Packard; Serial

No. 018-01522.

Universal EPUT and Timer--Model 7360; Manufacturer, Beckman-Berkley;
Serial No. 1918.

Audio Oscillator--Model 200 AB; Manufacturer, Hewlett-Packard; Serial -
No. 130-13888.

FM Tape Recorder—--Model 2007; Manufacturer, Sanborn-Ampex; Serial No.
244,

Linear Differential Transformer--Model 7DCDT-050; Manufacturer,
Sanborn; Serial No. FG.

Dual Beam Oscilloscope~-Model 502; Manufacturer, Tektronix; Serial
No. 006852,

Veloecity Pickup--Model 4-102A; Manufacturer, CFC; Serial No. 25719.

DC Nullvoltmeter—-Model 413A; Manufacturer, Hewlett-Packard; Serial
No. 139-00188.

Vibration Test Equlpment——Model T112031; Manufacturer, MB Electronics;
: Serial No. 121.
Model Cll; Serial No. 670.

Vibration Meter: Model N550; Manufacturer, MB Electronics.

Sine Random Generator: Model N670; Manufacturer, MB
Electronics.

Control Equipment: Model T251; Manufacturer, MB
Electronics.

Shaker: Model C-10; Manufacturer, MB Electronics.

Shaker System-~Model B44; Manufacturer, Calidyne.
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