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PREFACE

The objective of this research is to investigate the relative
accuracy of different estimating procedures in project management. The
desirability of getting accurate, dependable estimates early in projects
is vitally impoftant to reflect actual, ultimate time and cost of the
program. Since many crucial decisions are made during the initial
phase, it is greatly advantageous to the project manager to know activ-
ity times as accurate as possible in the early planning stages.

It is the thesis of this study that extrandous psychological fac-
tors contaminate an honest estimate of work to be completed at some
future date. Various uncertainties, due to unknowable facfs such as a
change in manufacturing techniques, new materials that might be required
or even unknowns in the labor conditions that might prevail will always
exist and cannot be eliminated. Improvements can be achieved, however,
by circumventing factors involving certain aspects of human nature.

A procedure is developed whereby it is possible to determine if
advantages exist with the three-time estimating procedure bver the
single-time estimate. Comparison of the data is made and an estimate of
the difference in relative accuracy is established.
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CHAPTER 1
PROBLEM DEFINITION
Introduction

The widespread adop%ion of critical path methods (CPM) and the
Program Evaluation and Review Techniques (PERT) during the past decade
stands as proof of the real value of these management tools in indus-
trial and governmental environment. Many variations of the critical
path methods such as line-of-balance (LOB), activity balance line eval-
uation (ABLE), and continuous milestone, are extensively used in man-
agement control today. Conceptually these methods all have a common
goal; that is, to control a specific project so that time and cost
schedules may be met. The theoretical foundation of these methods is
sound and the underlying assumptions and mathematical concepts are well
known and understood. A brief summary of the important features of
CPM and PERT is given in the next chapter of this thesis, but for a
rigorous derivation, Kelley (16) or Moder and Phillips (22) may be
consulted.

The basic features of CPM and PERT have much in common, with the
differences in each system directly related to the fundamental aim or
nature of the project being managed. For those projects which have
relatively well-defined objectives and which use technologies of rela-
tively well-known predictability, it is common practice to use CPM

exclusively. There also exists a reasonably well-established practice



of using PERT for planning and control of projects having a relatively
high degree of uncertainty associated with the activities comprising a
network. Closely related to these techniques are the companion concepts

of CPM/cost and PERT/cost.
Computer Utilization for Network Calculations

When the number of activities is large, the computer is normally
utilized to facilitate routine calculations, and the cost of running the
computer must be added to the total project cost. This factor suggests
that the input data, in the form of activity time estimates, need to be
as accurate as possible in the early stages of the project. Whenever
activity time estimates are modified, a new computer run must be made
at additional expense and in the event of close profit margin, this can
be critical in terms of profitability or even company survival.

In the earliest phase of the program, the manager must decide on
the type of analysis he will make. The computer programs which are
available will have differences in input and output data; each program
may have a different cost to install and debug on the computer and, of
course, computer time for each run may be different. For the network
programs currently available, a general rule is that the CPM (time
only) is the least expensive followed by PERT (time only), CPM/cost and
the most expensive is PERT/cost.

Another factor when choosing between PERT and CPM is the form of
the results. Many people have difficulty interpreting the probability
statements after a PERT analysis has been made and, therefore, proba-
bility calculations are extra cost without adding any value. Tﬁe

decision to use PERT or CPM, therefore, may become one of weighing the



extra cost of running a PERT program against the risk of modifying the

single-time estimate permitted in the CPM analysis.
3

Individual Company Modifications

Many companies were interviewed which have adopted their own vari-
ation of CPM and use it merely as a guide; others have been frustrated
with the results in their model and discontinued its use altogether.
One of the more frequent complaints among users is that the individual
activity estimates are not accurate and must be changed after the proj-
ect is under way. The cost can become prohibitive, and as one manager
pointed out, once changes are permitted, more time is spent controlling
the program than on controlling the project.

When schedules do slip and program milestones are not met, each
company has its own system of "fixes", but most frequently the solution
is to spend more money. Since money can usually "buy" time, many proj-
ects are found to use an excessive amount of overtime or to be burdened
with an excessive number of people. Normal crew sizes grow to ineffi-
cient sizes, and costs often sky rocket. As shown in a report by
Croft (7), most complex, large scale defense and space programs often

have associated costs that were grossly underestimated.
Specific Area of Emphasis

One of the basic ingredients of PERT or CPM is the estimated
activity times. In the PERT analysis, three estimated times are re-
quired while CPM analysis requires only one estimate. This is the most
critical aspect of the entire analysis; yet, in developing this manage-

ment technique, it has not received adequate study. Much of the



discussion on time estimates up to the present has put the emphasis on
who should make the estimates, how they should be made and level of
detail in the estimates (13, 22). Thisthesis discusses some of the
reasons a person might intentionally or unconsciously give inaccurate
estimates. Some estimators may want to make an impression on the boss
by making pessimistic estimates and then finishing the job early; others
may intentionally underestimate so they can later work overtime. A
study is made using both types of estimates which demonstrates that more
reliable results can be obtained by using the three-time estimating

procedure.
Research Hypothesis

It is hypothesized that’an estimate of an activity duration time
made by a single-time estimate procedure is a statistically significant
variation from a mean-time estimate for that s;me activity by the same
person using a three-time estim;te procedure. If this hypothesis is
correct, a practical advantage can be gained by using the three-time
estimate procedure combined with the less costly and more easily under-
stood CPM analysis. The advantages to be gained are more than economic.
The attendant psychological advantage of knowing the system is working
becomes an incentive for the project manager and intangible benefits
are derived from increased morale.

In addition. to a discussion of the general factors that are
involved in making decisions relating to activity estimates, this thesis
will choose a model whereby a manager can determine if a significant
difference exists in the two methods for his particular company or

division. A comprehensive research study was performed during which



many activities from a variety of industries were reviewed. Six were
then selected from a particular industry for the purpose of making a
detail test. Using these selected activities, estimates were obtained
using both the single-time estimate procedure and the three-time esti-
mate procedure and it was established that a significant difference
(in both a practical and a statistical sense) exists between the two
methods. The null hypothesis can be stated as follows: Hy: the mean
of the single-time estimates is equal to the mean of the three-time
estimates. The alternate hypothesis is that the means are not equal.
In Chapter III Mahalanobis' significance test is applied and a
F-statistic is calculated.

The results in Chapter III show that the null hypothesis must be

rejected. This means that the mean of the single-time estimates is not

the same as the mean of the three-time estimates.

Psychological Factors

One reason for the difficulty in obtaining accurate activity esti-
mates is the various motives of the people involved in the subsystems.
In complex systems today, there are many people involved at all levels
of the project. Not only are planners from different departments trying
to make estimates that interact with each other but oftentimes different
and diversified contractors and sub-contractors must provide crucial
inputs that will impact the entire program. At each level, the human
element, both individually and in complex combinations, must be skill-
fully treated if the over-all project is going to be successfully
planned. If it could be determined which human factors cause a bias,

and how much bias each causes, a more accurate estimate could be



determined for each activity and ultimately for the entire program.

A good manager must, therefore, be able to provide for the human (or
psychological) needs of people just as he must provide wages and
acceptable working conditions. Towards this end, it is suggested that
the three-time estimate technique be used in the CPM method of manage-
ment control. This will provide a psychological margin of safety while
maintaining a margin of latitude in either direction.

From the investigation, it became apparent that if the concept of
program control is not accepted at some leYel of management, the proj-
ect will not be done és estimated regardléss of the technique. One
high level manager made the comment, "milegtones exist only in fhe minds
of.the planners." Clearly when this feeling exists in top management,
accurate estimates would not be expected at lower levels. Likewise, if
one contractor does not believe in using modern management techniques,
he may give hastily prepared estimates not realizing that success for
the entire project depends on the accuracy of his portion of the
network.

An interesting observation was made by an executive of a large
construction company. He indicated that his experience in the con-
struction industry revealed that subcontractors who were not familiar
with quantitative manaéement techniques would give ambitious estimates
while those knowledgeable in the area of PERT and CPM tended to give
pessimistic estimates. This study would substantiate that idea. If
estimators are aware that their portion of the project might be on the
critical path, which means that their performance will be closely
monitored, they tend to be conservative. If a penalty charge will be

imposed for late finishing dates, a pessimistic estimate might be given.



Interdependence of Time, Cost and Performance

The concepts of CPM and PERT were primarily developed in the
1950's. These concepts were refined and further developed during the
1960's to include the interdependence of performance, tiﬁe and cost.
These three parameters are the most important from the managers view-—
point, but many other psychological factors become involved when
planners of different organizations must be coordinated to produce a
good CPM chart. Each organization, and each planner in each organiza-
tion has a different set of goals. Factors such as the planners rela-
tionship to the job (does hewggwthe‘wqu or superv?sem?ﬁhgrs doing the

York), how many people can work efficiently on the activity, and is the

(Abf“ o e

activity long or short term all enter, either consciously or uncon-
sciously, into planning a project. These factors should not influence
estimates but since people are involved, they usually do. Some esti-
mates may be intentionally biased for various motives, while others may
not give proper attention to detail which produces inaccurate results.
It is an extremely difficult task to determine which psychological
factors are operating and virtually impossible to measure the thought
process involved when an individual plans a project. His own motives
are complex and these are compounded with the organization which has
its own set of ultimate goals. As one cynic has observed, "Its always

easier to arrive at a firm conviction about a problem after you know

what the boss thinks."
Responsibility for Estimates

In today's complex society, the fear of making mistakes (over

estimating a project, resulting in loss of contract, or underestimating,



resulting in penalty payments) coupled with the problem of responding
appropriately to management, results in one finding himself in an
undesirable situation. Writing on organizational stress, Kahn (15)
states:

We are perhaps more familiar than any other people with

the twin dilemmas of responding appropriately to opposing

and incompatible forces, or to forces for which both

source and target remain obscure. Conflict.and ambiguity

are among the major characteristics of our society, and we

are marked by them,
It is felt, therefore, that the estimates that people must make and
ultimately assume responsibility for, are often biased by factors which
should not be relevant to the analysis. To compensate for this dilemma,
it is suggested that planners be'provided with a "psychological cover!"
via a three-time estimate procedure while retaining all the advantages
of the lower cost and more simply understood CPM network analysis. It
will be argued by some that a planner will merely produce his estimate
with equal bounds on either side. Even if this should occur, a better

estimate should result since he knows a certain latitude is available

and his estimate will still be '"right'".
Expefience and Judgment Needed for Estimates

When a person is asked for an estimate, he is in a sense being
asked to predict an event that will take place at some future time. To
do this he must rely on his past experiences and try to relate what
previously occurred to what he anticipates will happen in the future.

" The current and future environment may be changing and some difficult
Judgments might be necessary to successfully complete a project. Kahn,

Wolfe et al. (15) distinguish between the objective enviromment and the



psychological environment. They state the objective environment of a
person consists of '"real" objects and events, verifiable outside his
consciousness and experience.

In a practical sense, the objective environment here would involve
the physical operations necessary to complete a given task. In the
construction of a missile, for instance, each component would have to
be manufactured entailing a series of drilling, boring, and machining
operations. The objective environment would include the time required
to obtain tools and jigs and to complete the particular part.

The psychological environment of a person would be the conscious
and unconscious representation of the objective environment. The indi-
vidual could view the objective environment of producing a missile part
and intentionally underestimate the time required in the expectation of
working overtime at a later date. Conversely, he could unconsciously
overestimate the time required if he views the situation as being
different from what it really is. The way a person views a situation,
thus, becomes more important than the true situation itself. The
person, in effect, "creates" his own reality.

The objective environment manifests sufficient uncertainties
because of the "level of the problem and the nature of information
a&ailable“ without the imposition of attendant psychological factors.
When projects are well defined and the operator has repeated the task
many times before, the decisions which are necessary in making the CPM
charts are not generally subject to large errors. On the other hand,
the real necessity for CPM and PERT becomes apparent when new projects
are attempted. When one attempts to estimate "how long or '"how much,"

he must rely on intuition and judgment since he often does not have
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detaih%ﬁnformation on the activity. 1In discussing this problem with
managers in various industries, they all contend that each project has
unique features that did not have to be considered in similar projects.

Since it is apparent that one must apply the judgement and exper-
ience factors with their attendant uncertainties to most large projects,
it is most advantageous to minimize all extraneous factors. Régardless
of hoﬁ good the system is or how good the procedure works, people must
invariably be in positions of control, they must rely on past exper-
ience, exercise some judgment, make decisions, and ultimately be
responsible for these decisions.

Quantitative management has been practiced for a long time but
probably has not yet reached its full potential. There are many
refinements to be made but often these refinements are made in the
mathematical model instead of in the application of the model. It
appears that some poor decisions have been made using highly refined
models; whereas, much improvement could be attained by better use of
existing models. It is proposed that this objective be accomplished
by using the three-time estimate technique as a management control

discipline.



CHAPTER TII

HISTORICAL REVIEW OF SOME MANAGEMENT

CONTROL TECHNIQUES

Critical Path Method

The beginning of a new era in management control resulted from the
work of Morgan R. Walker and James E. Kelley in 1959. The work on this
new concept began in 1956 and culminated with the publishing of their
work in a paper entitled "Critical Path Planning and Scheduling." In
this paper, they developed the essentials of a technique that is
presently known as critical path methods or more commonly CPM (3).
Until the development of CPM, Gantt;charts were probably the most uni-
versally used management tools. Gantt charts which were invented by
Henry Gantt around 1900 were used extensively by contemporary managers
with modifications and variations to suit their individual problems.
Even today, Gantt charts are used by managers with their own innovations.

The construction and use of CPM charts are relatively straight
forward and easy to master. Both CPM and PERT (discussed in the next
section) are based on higher mathematics, but only simple arithmetic
is needed to construct and understand the charts. To fully understand
the charts, one must work through the entire system, and experience is
essential to gain facility in the the technique.

The CPM network is activity oriented (job oriented) and network

diagramming is necessary before one can proceed with the project. When
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the user begins the project, he needs to show the dependency of one‘job
on another and in effect plan the entire project. The emphasis in this
paper is given to the next phase of the project which some writers feel
is the most critical. Many feel that knowledge gained in the netwofk
phase alone is worth the effort, time, and money expended in planning
the project (3). They feel that this phase causes detail@planning

which helps identify bottlenecks and visually present the "big picture."
Level of Detail

Another feature that should be kept in mind is that there are
different levels of networks depending on the level of management. Top
management's concerns are different from that of foremen.v Top manage-
ment is mainly interested in major milestones while a foreman needs to
know all the operations that might make up one milestone. The networks,
therefore, might look different but they may be for the same project.

A series of related activities can become a single activity for a
network at a higher level of management. Regardless of the appearance
of the network, once the network is sketched, the next step is esti-
mating the activity times. It is primarily at this stage that subjec-
tivity becomes a factor in the analysis. :El:ffif&jffiﬂghgﬁiffl-gifgﬁg

in logic can be detected but estimating cost and time requires experi-
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ence and Judgment Any errors introduced durlng th1s phase may not be
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detected untll late in the program.
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In a CPM network each.act1v1ty duration is given a single-time
estimate using convenient work units for each activity. The normal
unit is the work day or week. Any unit is permissible but it is man-

datory that the unit be consistent for the whole project. A normal
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be assumed when making the act1v1ty estlmates, The estimate of an
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</ level of manpower, equ1pment and any other standard conditions should
N

% act1v1ty time should be an 1ndependent ent1ty and should not antlclpate
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' activities that precede or follow it.

-,

By whatever means used, the project manager is expected to f1nally

. " T et

determine a single time, which is the mean activity duration time.
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These times are then combined and later monitored so that the manager

can actively control the whole program. The importance of good time
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est1mates cannot be overemphaslzed. In additionrto the normal benefits
that are derived from good project management there is a valuable in-
tangible. If the project proceeds on schedule a psychological advan-
tage is obtained because the different organizations retain faith in

the program. A frequent lament from managers indicate that confldence

,,,,,,,,,, e a1 R e e i A ———

significantly behind. In fact, one manager flatly stated that these

R o e S— Bttt

management systems '"won't work' for his type of industry. 'More time
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was spent trying to modify, correct, or otherwise update the estimates
than was spent doing the work."

Most planners agreed that if CPM or PERT could be prepared accu-

o rop

rately it would be used more frequently than it is now. It might be

AN

mentioned here that many contracts requ1re a PERT or COM chart and
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often times a consultant is needed to prepare a final analysis. Unex-

pected contingencies which are beyond the control of the managers are
[ an e v S s .

not normally included but some managers include normal weather cond1—
tions in their estimate. Most, however, prefer to simply increase the

total project by a safety factor after the total project has been
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planned. This avoids any duplication of '"padding!" and the planner can

assume more control of his project.

Program and Evaluation Review Technique

Program and evaluation review technique, more commonly called PERT,
was developed in 1958. 1In its search for a modern management technique
the Navy and a team from industry combined to develop a system that
would meet their needs for the Polaris Missile System. They originally
described PERT as "a fast, flexible management control tool for coordi-
nating complex research and development programs.! PERT was success-
fully applied to the Polaris Missile Project and was credited with
trimming two years off the time originally thought required to design
and implement a project of this size and complexity (11).

Some of the early applications of PERT include the C-141 Jet
Transport at the Lockheed Georgia Company, the B-70 at North American
Aviation and the Communication Satellite at the Defense Communications
Agency.

The basic theoretical concepts of PERT are well known and under-
stood by individuals who use the technique. It is not necessary to
develop these concepts in this thesis but the fundamental aspects of

the time estimates and what the estimates represent will be given here.

PERT Time Estimates

Under the PERT system, three possible activity duration times are
estimated:
a = optimistic time - an unlikely but possible activity time

duration if all goes well.
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m = most likely time - a modal value of the time distribution
or the activity time which would likely occur more often
than another value.
b = pessimistic time - unlikely but possible activity time
duration if all goes badly.
From these data it is possible to calculate the weighted average of the
three-time estimates to estimate the expected time for the activity.

Then the expected time, te, is found:

a+ 4m + b
te = 3 -

The developmental logic underlying this weighted average formula
need not be discussed here since many references to it are available in
the relevant literature (21, 22).

From the three-time estimates, PERT systems use commonly known
statistical procedures to calculate standard deviation, variance, and
subsequently, probabilities of completion of activities to predetermined
completion dates. Theoretically this calculated time should represent
the mean of the beta distribution. This time represents the time which
allows a 50 per cent chance of finishing the activity as scheduled.
Figure 1 demonstrates the relationship of the estimated times.

In theory, it should make no difference which estimates are ob-
tained first; in practice the extremes should be obtained so the situ-
ation can be bracketed (29). It might be noted here that many distri-
butions can give the same mean. For instance, the following
distributions 13 - 15 - 17; 3 - 16 - 23; 5 - 17 - 17 all have a mean
of 15 but each is a different representation of the anticipated activity

time. One should get single-time estimate of 15 for all three cases,
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but in actual practice one would probably get something entirely
different. G. N. Stilian (29), in discussing the guidelines for PERT
applications, states,
«ee. an estimate is the means by which subordinates inform us
of their best technical judgment of a situation. It is
interesting to note in this connection that once people have
become convinced that we are actually living by this rule,

we can get three time estimates much more rapidly and
accurately than we could previously get one commitment.

Other Techniques

Other management techniques in use today include various modifi-
cations to network scheduling but none have been as universally favored
as PERT and CPM. Similarities exist between all the network theories
and techniques such as line of balance (LOB) have been in use since the
1940's. The LOB technique is useful when the project manager is not in
close contact with the project. It operates on the principle of
exception or deviations from planned performance and not on a continuous
examination of the plan as a whole. Even though this technique may be
applied to a variety of programs, it finds its most frequent application

in manufacturing and production operations.
Continuous Milestone

Another associated technique is called continuous milestone. The
project planner does not monitor activities but instead looks at a
group of activities which culminate in an easily identifiable milestone.
The project manager then tries to keep all milestones on schedule and
again operates on the management by exception principle. The inherent

disadvantage is that as portions of the project fall behind, it is
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nearly impossible to find the exact cause of the delay. Often times
money is inefficiently spent trying to catch up.

Many other types of control are used for special purposes and in
special situations but PERT and CPM continue to gain acceptance because

of their flexibility.



CHAPTER 111
RESEARCH PROCEDURE
Review of Historical Data

Has PERT been more successful than CPM? Or asked another way,
can it be said that PERT has been more accurate in past programs than
other methods of management control techniques? An attempt was made to
resolve this question, but the results are inconclusive if taken from
historical data alone. The managers who use PERT exclusively are
convinced that it is the best method, while those who use another
method can show that their methods are more accurate.

In a recent study conducted at MIT, an investigation was made to
determine the effects of PERT on R + D organizations. Based on a study
of 31 projects, it was concluded that PERT leads to improvement of
schedule performance without any noticeable effect on technical per-
formance. The test was made between what was termed PERT versus
NON-PERT, but the most interesting observation was the speculation on
how the improvement was achieved. Seelig and Rubin (27) attribute the
improvement to a large degree, to "improvement in communication.!" This
kind of communication is not that received'through the formal authority
structure, but rather the informal kind that is so essential to the
successful implementation of any program. This indicates that model

refinement may not add any improvement, but use of a particular model
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may affect other factors which become the vehicle of improvement.

An independent study conducted for this paper reviews the results
of 100 activities that were taken from successful application of the
CPM and PERT techniques. Data was obtained from companies which have
used both techniques and they were asked only for projects where they
felt the technique had been used properly and successfully. The results
of the study are shown graphically in the histograms of Figures 2 and 3.
The sample means and variances were calculated from the relationship on

page 121 of Miller and Freund (20).

k
- 1
X = - z‘ x. f
n ; i1
i=1
k f k \
v 2. Ej ¢ 2
no- ZJ xl i~ : xi i
2 i=1 =1
S =
n(n - 1)

Using the tabulated data in Table I, the sample means were calculated

to be
X = 35.2 2 = 701
PERT ~ °°° SPERT ~
- 2
Xopy = 3049 scpy = 738-7 -

To make a significance test, the t statistic was calculated by

I
n

t = X - %
2 2 {"CPM ~ "PERT
s + S
cpM * SPERT
t = L4L8

when this is compared to a table value of ta it is seen that the sample

means are the same. This would seem to indicate that no difference
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TABLE I

FREQUENCY DISTRIBUTION

Class Mark (xi) fi(PERT) fi(CPM)

5 17 22
15 15 11
25 16 8
35 19 14
45 14 18
55 5 12
65 3 2
75 0 6
85 L 0
95 3 4
105 4 3

22
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exists between the two techniques. A closer look at the histograms,
however, indicates that the CPM projects exhibit a bimodal frequency
distribution with one mode in the 0-10 per cent deviation range. This
would substantiate the supposition that some pressure might be exerted
to finish these projects on time. Some authors (3, 22) feel the ad-
vantage of a single-time estimate sets a firm date and extra effort is
made to meet the schedule. However, the next mode occurs at LO-50 per
cent which, in general, is greater than PERT errors. The PERT histo-
gram does not indicate a well defined mode but shows a fairly constant
frequency at the lower range of deviations.

The results presented here are based on historical data without
regard to overtime, cost, or efficiency. The following study provides
a better measure of accuracy between the two methods in that estimates
are made for !"future" projects as far as the estimators are concerned.
The results are obtained using the same estimators for the same

projects while using both types of techniques.

Model for Comparison

In 1936, R. A. Fisher introduced the concept of discriminant
function analysis. This new line of research led to a new method of
deriving test criteria suitable for multiple variates. The concept can
be used here to reduce the several estimates by different people to a
single variate which can then be used to determine if there is a dif-
ference between the two classes of estimates. The procedure described
would try to find a critical value of an index such that any number
below the index would belong to one class of estimates and values above

the index would belong to the other. If overlap does occur, it is
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possible to test for significance to determine if there is a real
difference. The discriminant function analysis finds its primary
utility in classifying different species of plants or animals. If one
were trying to determine which class or group a sample belonged to, he
could make use of several measurements and combine them in the manner
described below to obtain a single variate. This index number would
serve to classify the particular sample as belonging to one or the
other species.

The primary need for this study was to find a model which would
test the stated hypothesis; that is, determine if there is a signifi-
cant difference between the two methods of estimating. Because of its
special characteristic of separating two groups of data, the discrimi-
nant function analysis is very amenable to this study. This model
permits all the estimates of one type to be combined to provide a
single variate for each project. Using the appropriate statistic the
hypothesis is tested to determine if there is a significant (statisti-
cal) difference between the two methods.

As noted in the literature (3, 23, 25) the principal difference
between a linear discrimination function and an ordinary linear re-
gression function arises from the nature of the dependent variable.
While a linear regression function uses values of the dependent variable
to determine a linear function that will estimate the values of the
dependent variable, the discriminant function possesses no such values
or variable,but uses instead a two-way classification of the data to
determine the linear function. Before determining the function which
represents the single estimate for a given project the following nota-

tion is defined:
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To = scaled value of actual activity time.
Ti = scaled value of estimated time by estimator.
Ti B To
x; = T x 100 .
o
Z = transformed x variable.
i =1, 2, ..., k, where k is the number of available estimator.
k
v\"
z = ) xiki where Xi are coefficients to be determined.
i=1

The first step in the solution will be to determine the A's by some
criteria that will allow Z to serve as an index for differentiating
between members of the two groups of data. In other words, all the CPM
estimates are combined in a linear combination to give a single variable
for each project. Likewise, all estimates for the PERT members are
combined to give a single value of Z. The development of the discrimi-
nant function analysis can be found in Hoel (12) and is summarized in
Appendix A. Finally a test of significance is made using Mahalanobis'

generalized distance between two samples.

Source of Data

Ideally one would want to test unbiased time estimates using both
estimating methods for the same activity; that is, estimate the same
activities using each of the two methods, neither of which would in-
fluence either of the two estimates. A direct experimental approach to
the testing of the hypothesis does not appear feasible. It would be
desirable to have one estimator make a CPM estimate and then make a
PERT estimate for a series of projects. Since it would be impossible
for the estimator to completely ignore one estimate while making the

other, the procedure developed here avoids having the same person make
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both types of estimates on the same activity. Although one person will
be performing both types of estimates, he will, in all cases, use only
one method per activity.

A number of projects were examined from different types of in-
dustries ranging from small subcontractors to million dollar construc-
tion industries to billion dollar government projects. After talking
with many of the different ménagers, it was concluded that the most
uniform, consistent set of data could be obtained from the manufacturing
industr, where machined parts were the end product. Another desirable
aspect of the chosen activities was the availability of historical work
records. It was necessary to find projects that had enough detail in
the work statement to present a uniform package to planners to make
reasonable estimates and at the same time historical records had to be
available so the actual time could be determined. Through the cooper-
ation and assistance from a firm in the aerospace industry, enough
background data was obtained to make a successful study. The activi-
ties used in this study were typical airplane and missile components
and involved making estimates for the manufacturing time required to
make a part. The time of interest was determined by the interval from
the time engineering drawings were available, to the time the component
was manufactured and ready for subsequent use.

Even though the data used was not classified confidential, the
information was proprietory and all time estimates are coded. The
actual time of the longest project was assigned the value of 100 and
all other times are normalized on this actual time. Some estimates
have values over 100 but this simply means the estimated time was

higher than the longest actual time.
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Data Reduction

After the data was obtained and coded it was tabulated for the CPM
estimate and the expected time was calculated for the PERT estimate

according to the accepted formula:

These data are shown in Table II. Since the estimates are to be
combined to yield a single estimate for each activity, the ordering of
the events is not pertinent and for clarity of presentation, the
shortest in terms of actual activity time is labeled No. I up to the
longest which is labeled No. VI. It would be convenient to recall the
hypothesis to be tested is whether the three-~-time estimate varies sig-
nificantly from the single-time estimate. From the data shown in
Figure 4, no clear pattern can be determined and it is doubtful that
inferences could be made from this figure. From the cursory examination
of Figures 5 and 6 it can be seen that the widest range of estimates

is found in Figure 5. This is to be expected since the PERT estimates
gives estimates for least likely times in both directions; that is,
pessimistic and optimistic times. The points on Figure 6 cannot be
directly compared to Figure 5 because they are the values of the
pessimistic, most likely, and optimistic times. As pointed out before,
the expected time must be calculated before a comparison can be made.
Archibald (3) warns of the balanced estimate approach when obtaining
three-time esfimates. This means making the estimate with an equal
spread for the optimistic and pessimistic times. Experience shows that
actual times, when reported against a balanced time estimate, are

frequently closer to the pessimistic time than to the most-likely time;



TABLE TII

CODED DATA
Job No. To CPM Estimates PERT Estimates (Te)

I 47,32 141,46 128,46
94,63 83.34

110,24 57.73

73.17 66.66

II 77.07 141,46 143,10
128.78 74 .80

96.58 76.02

I1I 79.51 171.71 142,68
134.63 110,56

141.95 76.83

104.88 84.95

v 91,71 175.61 155.29
148,78 129,26

158.54 82.51

82.93 106. 10

v 92,68 166.58 162.61
109.75 138,22

130.73 92.68

95.12 111,39

VI 100,00 165.12 162.61
80.49 109.76

152.19 104,07

95.12 92.68
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this indicates that the estimator did not allow for possible delays
that should have been considered. Therefore, although estimates may
not necessarily be skewed toward the pessimistic, the planner should
review the estimating rationale if he receives too many balanced esti-
mates, to be sure that the pessimistic time has accounted for every-
thing. This problem did not appear in this study; however, this would
certainly be a contender for a problem area and alert managers should
guard against this type of impulsive estimate. Even when this does
happen a better estimate is probably obtained since it still provides
the estimator with a "psychological cover" in that he can give what he
feels is an accurate estimate and then, by providing a and b estimates,
feel confident that the actual time will be somewhere in his bounds.
Figure 7 presents the expected value of the PERT estimates. The actual
completion times are shown on this chart to demonstrate the relation-
ship between actual and estimated times. The highest upper bound
(which corresponds to the most pessimistic time) and the least lower
bound (the most optimistic time) are also shown. These do not reflect
one individual estimator, but may be from different estimators on any
given project. Even though the expected times do not always accurately
estimate the activities, the two bounds usually include the actual time.
Also of interest is that the actual time normally lies on the optimistic
side of the estimates. This would tend to substantiate the contention
that those familiar with the technique tend to be conservative. This
point will be explored further in the next chapter.

Comparing Figure 6 with Figure 7, a noticeable difference between
the two types of estimates begins to emerge. However, only preliminary

inferences can be made from examining the data and charts. The data
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must be reduced to fit the model described in the appendix to determine
if a significant difference exists between the two types of estimates.
Since it was necessary to calculate many terms for the R matrix and
then compute the matrix inverse, a small computer program was written
for this portion and the results are shown in tabulated form. Sample

calculations are given at each step and the results are shown.
Discriminant Function Determination

The first step in determining an index is to arrange the data in

standard form. Recalling the form of each independent variate:

Table III is determined. The following parameters are defined for

subsequent use in the analysis.

.t . .t .
average of 1 h estimator for the j h type of estimate

X.,., =
1]
i=1,2,3, 4
j=1, 2
xpij = individual estimates where p refers to the estimator,
i to the type of project, and j to the project.
dp =F —_ °

%pl xp2
Next, values for Rij must be calculated and use is made of the computer

for the calculations.

2 6
R TLCATEE W

i=1 j=1
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TABLE III
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Project
I II 111 v v VI iij

X4 198.95 83.55 115.96 91.48 79.7h  65.12 105. 80

- X5 4 99.98 52.52 69.32 62.22 18.42  19.50 53.66
S X34 132.97 67.09 78.53 72.87 41,06 52.19 74411
X 54,63  25.31 31.91 3.03 2.63 4,88 20.40
X5 171,47  85.68 79.45  69.33  75.45 62.61 90.67

& %50 76.12 28,17 39.05 40.94  49.14 9.76 40.53
a X35 22.00 2.95 3.37 10.03 0.00 4,07 7.07
42,87 1.36 6.84 15,69 20.19 7.32 15.37
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TABLE IV

TABLE OF iij VALUES AND dp VALUES

x,, = 105.80 ilz = 90.67 d, = 15.13
i21 = 53.66 Ezz = 40.53 d, = 13.13
231 = 7h.11 isz = 7.07 dy = 67.0k
i41 = 20.40 242 = 15.37 d, = 5.03

To calculate the values of R2 the X values are obtained from

3,

Table III and the x values are obtained from Table IV and the calcu-

lations would be as follows.

6
AN - - - -
R23 = ) [(lej - x21)(x31j - x31)-+(x22j - xzz)(xszj - x32)]
j=1
R23 = (99.98 - 53.66)(132.97 - 74.11) + (76,12 - 40.53)(22.00 - 7.07)
+ (52.54 - 53.66)(67.09 - 7h.11) + (28.17 - 40.53)(2.95 - 7.07)
+ (69.32 - 53.66)(78.53 - 74.11) + (39.05 - 40.53)(3.37 - 7.07)
+ (62.22 - 53,66)(72.87 - 74.11) + (40.94 - 40.53)(10.03 - 7.07)
+ (18.42 - 53.66)(41.06 - 74.11) + (49.14 - 40.53)(0.00 - 7.07)
+ (19.50 - 53.66)(52.19 - 74.11) + (9.76 - 40.53)(4.07 - 7.07)
R23 = 5326.,74 .

These values are shown in the R matrix below.

19968. 10 10361.70 8851, 69 6911.11
10361.70 7316.77 5326. 754 4150.63
R = 8851.69 5326. 7k 5498.96 3441, 0L

6911.11 4150.63 34b1.24 3194.07
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As mentioned in the appendix and noted here, the R matrix is symmetric;
that is

R.. =R.. .
1] J1

To determine values for A, the following set of equations must be

solved.
L
Ei MR o= 9 r=1,2, 3 4%
i=1

Individual values are obtained from the R matrix above and dr values
are from Table 1IV.
X1(19968.1o) + k2(10361.7o) + k3(8851.69) + X4(6911.11) = 15,13
k1(1o361.7o) + k2(7316.77) + k3(53z6.74) + k4(4150.63) = 13.13

A,(8851.69) + 1,(5326.74) + A,(5428.96) + x4(3441.24) - 67.0k

5.03

k1(6911.11) + x2(4150.63) + k3(3441.24) + k4(3194.o7)

Computer solutions to above set of equations yield:

kl = - .0098831
xz = - .01151939
kj = .0495881
A, = - 0154969

Finally the Z transformation may be made for each activity.

b
Z:z )\.X.
11

i=1
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For activity number III of the single-time estimate

Zopm(T1T) = " .0098831(115.96) - .01151939(69.32) + .0495881(78.53)
- .0154969(31.91)
pp— 2.48135 .

All the Z transforms are calculated in a similar manner and are shown

in Table V.
TABLE V
INDEX VALUES
(Table of Z Transforms)
I II III IV ' VI
CPM 4.3988 2.2468 2.48135 2.7954 1.7043 2.22339

PERT - .58874 - .28397 - JA46724 - ,2859 - .95351 - ,08592

Figure 8 depicts the Z transformation for the two different types
of activities. It is noted that the transform separates the two
estimates and a clear picture can now be observed. To show there is
a significant difference in the two methods, a significance test is

made in the next section.
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Test of Significance

The procedure used here is described in the appendix and the

theoreti

Beg

the foll
P

Ny

Na

R. . inve
1]

2 .
d 1s C
b

2
dy,

dy

where X. .
1]

cal basis can be found in Rao (25).

inning with

p p o
a,° - E zfﬂf%in"%zﬂﬁ1‘iﬁ)

i=1 j=1
owing notations are made.
refers to the number of significant variates and is four for
this study,
is the number of activities in the CPM population, and
refers to the number in the PERT population.

rse is obtained from the computer print out and

wid (R.J'l(N1+N -2)

ij 2
alculated from the relation
éﬂ L
\ < -1, - - = ol
=/, L(N1+N2—2)(Rij) (xil—xiz)(le—sz)
i=1 j=1
L L
N -1
= E? /) (N +N, -2)(R ) " d.d.
1 2 1] 1]
i=1 j=1

are previously calculated constants tabulated in Table IV,

2
d = 9
] = 29, 4868 .

4o
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The statistic

NlNz(Nl + N2 -p - 1)

2
d
p(N1-+N2)(N1-+N -2) %

2

should have the known F distribution with degree of freedom p and

(N, + N, - 1-p)

FCAL = 15.48 .

Using the table from Miller and Freund (20), the tabulated values for

four and seven degrees of freedom for the F distribution are:

F o5l 7 F o1l 7) FeaL
k.12 7.85 15.48

The calculated value of F is greater than the tabular value of F.01
and significance is established at the .01 level. Since the null
hypothesis says the two methods of estimating are equivalent, the null
hypothesis must be rejected and it is concluded that the two methods

are significantly different in the statistical sense. The relative

accuracy of the two methods is discussed in Chapter IV,



CHAPTER 1V
CONCLUSIONS
General Comments

It is an accepted fact that the management technique of CPM and
PERT have proven their worth in many projects in various types of in-
dustries over the past twenty years. The complexity and magnitude of
multi-million projects makes it mandatory to use some type of manage-
ment control if the objectives are to be achieved and kept within
acceptable financial limits. One manager pointed out that in the
construction industry, final payment may be withheld until the comple=-
tion of the job. Since this may involve millions of dollars, the
interest alone for a single day may be appreciable. If the CPM analysis
saves only one day it can make the entire study a profitable one.

In recent years, the feeling that PERT was too costly to operate
has led to its diminished use. Some have questioned the theoretical
assumptions behind the PERT formulation and others have objected to the
fact that it provides a ''rubber yardstick!" when controlling the
project (13). It can hardly be denied, however, that many useful
benefits have resulted from its implementation. There are some who
complain that three properly prepared estimates are not feasible; the
tendency would be to make one estimate and improvise the other two.

Waldron (30) states: "The use of PERT has diminished to minor

)
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importance since more valuable information concerning the establishing
of activities has been realized with use."
It is a guide that is sometimes used as an indicator of uncertainty.

One school of thought states that if the Probability for the Final or
Objective Event is between 0.25 and 0.65, this is an acceptable status
for a Cost-Plux-Fixed-Fee contract. If the Probability is more than
0.65 on a CPFF contract, then the agency has a right to suspect that

too many resources are being applied to that contract (overloading).

If the Probability falls below 0.25, then they may feel that the
contract is understaffed, or insufficient resources are being applied.
The results of this study demonstrate that an advantage can be
obtained by using three estimates,.especially if many different people’
are depended on for inputs. Some consultants demonstrate an acceptable
degree of accuracy for single time estimates where they depend only on

themselves for the entire project, but a manager might have a more
flexible control over individual activities if he had three estimates

to work with.
Accuracy Improvement

Today's complex business makes it mandatory for managers to take
full advantage of the available knowledge to properly assess the en-
vironment and act accordingly. Taking the action and making decisions
based on considered judgment is so vital to the success of modern

i
business that he should always be searching for ways to improve. Most
managers are aware of the diversity of people that must be considered
when planning a project and they are aware of various outlooks, work

habits and various needs. This diversity demands a similar diversity
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in manager ingenuity. A successful manager must provide a means
whereby he may adequately control a project while simultaneously
satisfying the physical and psychological needs of the people relating
to the project. Thig is a difficult and delicate task.

Those who have worked extensively with PERT or CPM know the diffi-
culty of preparing adequate estimates for the analysis. The technique
may be superior to any other, the underlying mathematical assumptions
may be completely fulfilled, but project managers are cognizant of the
large deviations in estimates. This study substantiates the large
variations possible in this difficult aspect of estimating. In no way
should this study imply that the estimators do not adequately prepare
their figures. Network techniques are extremely beneficial when
charting new and heretofore unfamiliar projects and this by its nature
means uncertainty. In light of this, some of the estimates were
remarkably accurate. The efforts of this study have been directed
towards diminishing the effect of extraneous psychological factors
that a person consciously or unconsciously injects in the analysis.
The analysis demonstrates a wide margin for improvemenf is available,
but unfortunately not all of it is attainable. There is a degree of

uncertainty that will remain because of the changing environment.
Improvement From Psychological Factors

To assess the improvement available from psychological factors,
two parameters were examined. Firgst, the mean estimate for each
category was determined and the deviation from actual was calculated.
Since all variables are the same for both types of estimates the

difference between the two was used as a measure of the improvement
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possible. The results are shown in Table VI and also depicted graphi-

cally in Figure 9.

TABLE VI

PER CENT DEVIATIONS OF AVERAGE ESTIMATES

Project CPM PERT CPM-PERT
I 122.0 7757 Lk 43
IT 57.0 27.38 29.62
III 7h.1 30.1 Ll ,0
Iv 54,1 29.0 25.1
Vv 35.1 36.18 - 1.08
VI 22.5 17.5 5.0

A second aspect of useful information is the dispersion or vari-
ation in the data. This factor shows consistency of estimates and,
therefore, the coefficient of variation was calculated according to
the formula

o]

The results are shown in Figure 10 and tabulated in Table VII. This
measure gives the standard deviation as a percentage of the mean and is

independent of the scale of measurement.
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TABLE VII

COEFFICIENT OF VARIATION

Project CPM PERT
I 60.70 66.49

11 24,71 43,76
111 25.72 36.74
1v 31.09 25.80

v 33.47 26,42

VI 41,68 31.00

Application to Future Networks

For management control, it is desirable to have the mean estimate
as close to nominal as possible and also desirable to have small vari-
ations about the nominal. For instance, a typical critical path might

have the actual times which should be as shown on the diagram below.

E

O

D
20 weeks 10 weeks 5 weeks : 30 weeks

The total time from A to E should take 65 weeks. If estimates of 10 -

20 ~-15 - 20 were received from four different estimators the total

48
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estimated time of the project would also be 65 weeks, but from a
manager's point of view the project would be difficult to control
because the underestimated times would be impossible to meet without
overtime or other complicating factors. For this situation, the
average deviation for the entire critical path would be zero, but the
coefficient of variation would be high.

For the other case, if estimates of 22 - 15 - 7 - 35 are received,
the coefficient variation is small but the total estimated time becomes
79 weeks, Even though the coefficient of variation is smaller, the
average deviation is higher and either situation complicates a manager's
job.

The desirable situation would be to have a small mean deviation
and also have a small coefficient of variation. The results of this
study and the data presented here would indicate the three-time esti-
mate produces more accurate results than the single-time estimate based
on these factors.

From the data presented, it can be concluded that improvements up
to 50 per cent can be attained if the psychological contributors to
inaccuracies can be eliminated.

Just as there is no sure fire method of finding the '"best!" way to
complete a given project, there is no guaranteed formula for producing
an exact estimate. One must study the available alternatives, and in
light of the current environment choose the appropriate technique for
controlling the project. The technique suggested here provides a

manager with a useful concept that enables him to take advantage of two

techniques by extracting the favorable aspects of each and dovetailing

them into a workable scheme,



CHAPTER V

FUTURE APPLICATION

The model proposed in Chapter III can be used to determine if an
advantage can be obtained by making three estimates for a planners CPM
analysis. Careful records would have to be maintained in the initial
stage, but it is hard to imagine a situation where an inferior analysis
would result from using the three-time estimate technique. The tech-
nique would have its primary use where a planner must depend on other
departments, other companies, or simply other people. 1In large, complex
projects, it is generally the case that inputs will be made from various
departments and from more than one contractor or sub-contractor. Since
the greatest deterrent from using PERT is the cost factor, many managers
have simply overlooked the possibility of using three-time estimates.
Many existing CPM computer programs can be modified to accept three~-
time estimates however, and the analysis can be completed in a deter-
ministic fashion.

If it can be assumed, as suggested by some managers that estimates
of sub-contractors with no knowledge of CPM tend to be optimistic, and
pessimistic when obtained from planners who know of the technique, it
would be very easy to compensate for this when using the three-~time
estimate technique. It would become much more flexible if the manager
had enough control over the computer program so he could actually

select which of the three times to use. An experienced manager could
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profit censiderably if he diminished the psychological factors involved
in the input data he receives. It appears to be true that one is
strongly influenced if he knows how the data is to be used: A manager
can circumvent this aspect if he obtains three estimates without
revealing how they are to be used.

Many managers feel that a company must own its computer programs
if it is to have adequate flexibility. This is to give more control
over the way the data is treated. In addition, it gives more familiar-
ity and more accessability to modify the program from time to time. If
one wanted a degree of sophistication, he could keep records on various
departments or sub-contractors and by use of charts on page 215 in Moder
and Phillips (22) he should get excellent results. By using the tech-
nique described herein, the rising costs of PERT analysis per se could
be avoided, but the many advantages of PERT analysis, both psychological
and real could be realized, perhaps the familiar lament "It won!’t work"
will not be expressed so frequently if one can depend on the accuracy

of estimates he receives.
Extension of Study

The model used in this study and the subsequent experimental appli-
cation demonstrates that it could be made to be a useful applied tool.
The degree of improvement would vary between industries and ingenuity of
managers, but it is felt that measurable improvement is available in all
cases; the degree of improvement depending on many factors. The adage
that '"the work expands to fill the available time!" is very relevant in
many projects, especially where proposals are to be made, or surveys are

to be conducted. A frequent question is "How much time do I have?" It
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is quite common that the time is completely used and the quality suffers
if inadequate time is allowed. On the other hand, if excess time is
available, the quality may not increase but the time is usually
consumed.

There is a wide latitude for possible improvement in the area of
estimates, but this thesis has been confined to the psychological fac-
tors which may result in a degradated analysis. It would be of great
interest if these factors could be individually isolated and properly
assessed. During the early stages of any program, human nature
restrains an honest appraisal of the physical environment and it would
be advantageous to measure this effect.

Another interesting possibility would be to use three estimates ina
different combination. For instance, a small construction project could
be simulated and estimates made by people familiar with CPM and also by
those with no knowledge of it. If optimistic times of the former are
used in conjunction with the pessimistic times of the latter and this
produces an accurate chart, this would substantiate the experiences of

the construction industry.
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APPENDIX
LINEAR DISCRIMINANT FUNCTION

The model for the discriﬁinant function analysis is taken from
Hoel (12) and the development of the test of significance is taken from
Rao (25). Let xpij-represent the value of xp for the jth project in the
‘ith group; i=1 refers to CPM estimates, i=2 refers to PERT estimates
in this study. p refers to the number of estimators (p=1, 2, 3, &) and
j refers to the project j= (1, 2, 3, 4, 5, 6). §pi represents the mean
value of ip for all of the projects in one class. Recalling that z is =
to serve as the index for clasifying the two groups, it is evident that
it is desirable to sepafate the two groups as far as possible. Unfor-
tunately, as the two groups are separated farther apart, the variation
of the values within a group becomes increasingly large for both groups.
The increase in the separation of“the index values is obtained, then, at
the expense of an increase in the separation of the values of z within
each group.

The objective is to choose a plane that separates the index values
of the two groups as far as possible relative to the variation within

the groups. Using

(A.1)

as a measure of separation between the groups and
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2 6
v ) ) (2, - 2,0 (A.2)

i=1 j=1

as a measure of the variation of the z values within the groups, it
becomes necessary to determine the plane (defined by A's, which

. . S
maximizes ;u From

it follows that

and
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To obtain an expression for s, call d = x -
P ! p pl p2

Kk
S T z A4y
i=1

. (A.3)

A similar expression is obtained for v. Let

2 6
R = }Z jz (x ..-x )(x ..-x.).
jole] p1J pl qiJ qi
i=1 j=1

From Equation (A.2),
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These expressions can be combined to yield:

L 4
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(A L)

(A.5)

It is desired to obtain values for the )\'s which make ‘_s’_ a maximum.

This requires

for r = 1, 2, 3, 4. This can be expressed in the form

s _SBV
)‘r a)\r_o
S =
v

v 2
9
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v v 9s
= — r=1, 2, 3, & (A.6)
3 kr s 9 Xr
. . ov 9s .
to obtain expressions for 3o and Sa 0V and s are expressed in
r

matrix form, and the symmetry of the matrix is observed. xr occurs in

every term in the r row and r column. Also, R,. = R,
L ji

6

ov

3 h, 2 Z Ay Reg
i=1

s
) Xr

6
=2dr2)\idi r=1,2, 3, & .
i=1

When these expressions are inserted in Equation (A.6), it will reduce to
TN R, =cad r=1, 2, 3, & (4.7)

where

c = E'Z Xi di and is independent of r. The values of R and d are
determined by the problem and become constants for any given problem.
The equations must be solved to determine the )\'s (which are not unique).
Since c is a function of the )'s, it is usually chosen to be unity, and
Equation (A.7) is solved for ). Another common practice is to choose c
such that ki is unity and the rest of the )'s are calculated accord~
ingly. Since either procedure (or any other) for assigning a value to c
would be equivalent as far as discriminating between the two groups is
concerned, ¢ will be chosen to be unity for this analysis.

The procedure then is to obtain estimates from various planners for
a series of projects; calculate the required parameters to obtain a set

of linear equations in ), by some means calculate all the )A's; using the
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values of the previously determined )'s, calculate a set of z's to
represent a single value for each project; and finally determine if

there is a significant difference between the two methods.
Test of Significance
To test the hypothesis that there is no difference in mean values

of the two groups, the test statistic

N1 N2 (N1 + N, - p - 1)

p(N1 + N2)(N1 + N2 - 2)

2

is calculated. This statistic should follow the well-known F distribu-
tion with (p) and (N1 + N2 ~ 1 - p) degrees of freedom.
The test statistic for significance is taken from Rao (25) and is

the results of work by Mahalanobis in 1936. Let N1 and N2 be the sample

sizes from two populations, 11, and 1,, characterized by (p + q)

1 2

variates. The sample means for the ith character are represented by
iil and iiZ for ﬂl and ﬂé, respectively. The estimated value of the

covariance is given by

N N

1 2
(N + N, - Z)Wij = z (344 = %34) (let - le) * Z (x;0¢ = %35) (szt - sz) .
t=1 t=1

Mahalanobis' distance between the two populations as estimated from the

sample on the basis of the first p characters is

SR

_1 J

C\/jﬁ
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n

-

G-, Gy -



61

where (wle) is reciprocal to (wij)’ i, j=1, 24 «e.y p. To test the
hypothesis specifying no difference in mean values of the p characters

for 1, and nz, the statistic

1

N, N(N, +N_-p-~-1)

71 271772 4
p(N1+N2)(N1+N -2) p

2

F
2

can be used as the variance ratio with (p) and (N1-+N2-1-p) degrees of
freedom. To use the statistic for this analysis, the covariance matrix

must be modified by the constant (N1-+N ~ 2) before taking the inverse.

2

Using the notation given earlier,

R,, = (N1+N

-2)w, . .
1] 1]

2

Since Rij must be calculated to obtain the )'s, it can also be used to

calculate the generalized distance:

w., =—21 _p
1§ =N +N,-2 i
Wi o (N eN, - 2) Rij-i )

Then,

1Y 1Y
2 -1 - -
d “ = (N, +N_,-2)R, . ~ (x., ~-x, J)(x, -x..) .
P 1 2 1j i 1 J
i=1 j=1
When this calculated F-statistic is compared with the known F distribu-
tion, it must be smaller than the tabular value if the two groups come

from the same population. If the calculated value is larger than the

tabular value, then a significant difference does exist.
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