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CHAPTER I
HISTORY OF ALGEBRAIC NUMBER THEORY

Number theory and in particular algebraic number theory has
traditionally been a reservoir of ideas in the development of algebra.
| An excellent example of this can be seen in the work of the German
mathematician, E. Kummer (1810, 1893). In his unsuccessful attempt
to prove Fermat's last theorem he extended the domain of number
theory to include not only the rational but also the algebraic numbers
and eventually to ideals of algebraic integers, It was Dedekind who
first introduced the notions of algebraic integer and ideal {4] but it was
Kummer who did most of the original work with these ideas in relation
to Fermat's last theorem.
Fermat's last theorem states that the equation ="+ yn: z"
has no solution in positive integers if n > 2, In 1843 Kummer thought
he had a proof of this theorem, however Lejeunne-Dirichlet picked out
the error in his reasoning, namely that unique factorization may no
longer hold in algebraic number fields [5]. This failure caused
Kummer to attack the problem with redoubled vigor. A few years later
he found a substitute for the fundamental theorem of arithmetic which
was unique factorization of ideals, the theory of which later gained
importance in many parts of mathematics. It is this theory with which

this dissertation is essentially concerned.



The algebraic number fields in which Kummer was interested
were the minimal field extensions of the rationals to include a primi-
tive pth root of unity, ®, where p was a prime. It so happens that if
p <23 the field extension does have the unique factorization property
[6]. Therefore the proof of Fermat's theorem which Kummer submitted
to Dirichlet would have been valid in the case where the exponent is a
prime less than 23.

Since Kummer there have been numerous criteria developed by
which Fermat's theorem has been proven for exponents at least up to
600 [5].

Borevich and Shafarevich [7] give a '"proof' of part of Fermat's
theorem using the false assumption of unique factorization. The part
they prove is that if p is a prime, the equation xP + ypz zP has no
solution in rational integers not divisible by p. LeVeque [8] proves

Fermat's last theorem for the special case of n=3 using algebraic

number theory,



CHAPTER 11

AN INVESTIGATION OF THE FUNDAMENTAL
THEOREM OF ARITHMETIC IN RELATION
TO AN EXPANDED DEFINITION

OF AN INTEGER

Some basic definitions and results are needed,

Definition 2. 1. A nonempty set of elements F forms a field F

if there are two binary operations + and . defined in F such that:

(1) F is an abelian group with respect to +.
(2) F with the additive identity omitted forms an
abelian group with respect to -

(3) a(b+c) =ab+ac for all a,b,ce F.

Definition 2, 2. A polynomial is monic if the coefficient of the

highest powered term is 1.

Definition 2.3. A polynomial p(x) with coefficients in a field

F is irreducible over F if when p(x) = a(x)b(x), where a(x) and
b(x) are polynomials with coefficients in ¥, then one of a(x) or b(x)

is a constant,

Definition 2.4. The polynomial p(x) is a minimal polynomial

for the number 0 if:



(1) 6 is a zero of p(x).
(2) p(x) is monic.

(3) p(x) is irreducible.

As examples, x-1/2 and x2+ 1 are minimal polynomials
for 1/2 and i respectively.

Throughout this chapter the primary concern will be with the
field of rational numbers which will be denoted by R. If the reader
finds it more readable to think of the arbitrary field F as the field of
rational numbers R in the above definitions and in future work in this
chapter, then nothing will be lost in so doing.

It should be noted that a set of numbers K is a field if when «
and B belong to K then sodo a+f, a-B, af, and «/p, if B #0.

Let the set of all polynomials with coefficients in a field F be

denoted by F(x].

Definition 2.5, 0 is algebraic over the field F if 6 is a zero

of a polynomial of F[x]

Definition 2.6. 0 is an algebraic number if 8 is algebraic over

the field R.

Definition 2.7. 0 is an algebraic integer if it is an algebraic

number over R and its minimal polynomial has only rational integers

as coefficients.

As an illustration of the preceding definitions, it is seen that
xz— 5 is a member of R[x] and since A5 ‘is a zero of xz- 5, it is

: . 2 . L .
an algebraic number. Further, since x -5 is monic, irreducible

and has rational integer coefficients /5 1is an algebraic integer.



Every rational integer (...,-1,0,1,2,...) is an algebraic
integer and hence the rational integers are a subset of the algebraic
integers. Rational numbers of the form a/b with b>1 and
(a,b)=1 are algebraic numbers but not algebraic integers since
x -a/b is the minimal polynomial for a/b but does not have rational
integer coefficients. Since it can be shown (see Herstein, [10]) that
x2+ x + 1 is irreducible, —1——:*:21—\/—3- are both algebraic integers.

As can be seen, there could be confusion between the terms
rational integer and algebraic integer. The convention of the literature
will he adopted where the term integer will be used in its broad sense
of algebraic integer and the term rational integer is used for members
of the set {...,-2,-1,0,1,2,...}.

Pollard [9] proves that there exists numbers which are not

algebraic numbers and in particular proves that the number represented

‘@ !
by the series z (-l)m e

: m=1
which are not algebraic numbers are called transcendental. An inter-

2 . is not an algebraic number. Numbers
esting occurence is that the algebraic numbers are countable whereas
the transcendental numbers are not. An easy proof of this occurs if
one notes that the set of all complex and real numbers are uncountable
whereas the set of polynomials in R[x] and hence the set of algebraic
numbers are countable, since R is countable.

In the material which follows, the following theorems are

needed.

Definition 2.8. A polynomial in R[x] is primitive if it has

rational integer coefficients and the greatest common divisor of the set

of coefficients is 1,



Theorem 2,9, The product of primitive polynomials is primi-

tive.
Proof: See Herstein [10].

Theorem 2.10. If a polynomial with rational integral coeffi-

cients can be factored over R, it can be factored into polynomials with

rational integral coefficients.

Proof: See Herstein [10].

Theorem 2.11, If B is a root of a monic polynomial equation

with rational integer coefficients then § is an algebraic integer,

Proof: Let p(x) be the above described polynomial, then if p(x) is
irreducible we are done. If p(x) is reducible, then by Theorem 2,10

one can write p(x) = (a.rxr + ...+ ao) (quq +...+hb where r+q

0
is the degree of p(x), p> 0, 9 >0 with ags e, bO""’b all

r q
r+q

rational integers, Since arqu is the highest powered term of

p(x) it must occur that arbq is 1 and since a. and b_ are rational
integers, without loss of generality, they are both 1. arxr + ...+ a;
and quq + ...t bo are therefore both monic. Since P is a zero of
p(x) it must be a zero of one of the above monic factors of p(x).
Repeating the preceding argument it is seen that in a finite number of
steps one must arrive at a monic polynomial with rational integral

coefficients which is irreducible and has B as a zero. Hence B is an

algebraic integer,



The Basic Problem of Algebraic Number Theory

The basic problem of algebraic number theory is to extend the
meaning of integer and to determine if there is a valid analog to the
fundamental theorem of arithmetic, It has been defined what is meant
by an algebraic integer so next is the investigation of the fundamental
theorem of arithmetic with respect to algebraic integers.

First, two definitions are needed.

Definition 2, 12, Let e be an integer (algebraic) then ¢ is a

unit if there is an integer P such that ep =1. « and P are associates

if and only if a=¢B for some unit e.

Theorem 2. 13, A finite product of units is again a unit.

Proof: It will be shown in Theorem 3. 10 using only preceding work
that the finite product of integers is again an integer. Assuming this

for now, let e ces € be units. There are then integers [31, .o esP

1’
such that eiﬁi=1 for i=1,...,n. Now by the assumption the

n

product [31[32 ce ﬁn is an integer and
(el...en)(ﬁl.. .ﬁn) = elﬁl. . .enﬁn=1 .

Therefore the product e c€ is a unit.

1"

Definition 2, 14, Let p be an integer then p is a prime if p is

not zero or a unit and p=ab with a and b integers implies that

either a or b is a unit.

Fundamental Theorem of Arithmetic. Each integer not zero or

a unit can be factored into the product of primes which are uniquely



determined to within order and multiplication by units,

With the new broader definition of integer as an algebraic
integer it can be seen that the Fundamental Theorem of Arithmetic
does not hold if one considers the set of all algebraic integers, simply
because there are no primes in the set of all algebraic integers. To
verify that there are no primes let @ be an algebraic integer different
from zero or a unit with minimal polynomial p(x), Now p(xz) is a
monic polynomial with rational integér coefficients and +a 1is a zero
of p(xz) , hence by Theorem 2,11, nf@a is an algebraic integer. Note
that Na 1is not a unit. For, if it were there would be a product of
units being a nonunit, since a =& xfa , which is not possible by
Theorem 2. 13. Hence a can be written as the product of two nonunit
algebraic integers and is therefore not prime.

As an example to the above one usually thinks of 3 as a prime
however in the set of all algebraic integers it is not. Since /3 is
a zero of x2—3 one sees that 3 is an integer. Further 3 is not
zero or a unit since if 3 .4=1 then o is 1/3 but as noted earlier,
1/3 1is not an algebraic integer. Theorem 2,13 may be used to argue
that A/3 1is not a unit or it can be assumed that there is an « such
that o -3 =1 and then show that 3x2—1 is the irreducible poly-
nomial over R for « and hence « is not an algebraic integer since its
minimal polynomial is not monic,

A much more interesting situation occurs when one restricts

their attention to a simple algebraic extension of R.

Definition 2, 15, If 0 is algebraic over a field F then K=F(9)

is the smallest field containing both F and 6 . K is called either a



simple algebraic extension of F or an algebraic extension of degree

1.

Even though it is not important to this discussion, if it is of
concern to the reader, it will be proven in Theorem 3. 20 that any finite
al gebraic extension of the field of rational numbers is a simple alge-

braic extension.

Definition 2. 16. An algebraic number field is any simple alge-

braic extension of the field of rational numbers.

I should be useful to now consider in some detail R(\/<5 ) in
relation to the fundamental theorem of arithmetic.

Consider {a+bs~5|a,be R}. Since there is closure of addi-
tion, subtraction, multiplication and nonzero division this set is a
field. It contains R and +/-5 and since any field which does so must
contain all sums and products of such elements, it follows that
{a+bA-5 |a,be R} is the simple algebraic extension of R to include

\/~5 and therefore
R(\-5) = {a+bn~5 |a,be R} .

It will next be shown that 3,7,1+2+-5 and 1-2./-5 are

all prime integers in R(\/-5 ) but notice
21 =3:-7=(1+2+-5)(1-2+/-5)

and hence the fundamental theorem of arithmetic does not hold in
R(W=5) .
To confirm that 3,7,1+2+-5 and 1-2+-5 are all prime

notice first that they are respectively zeros of the monic primitive
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polynomials x-3, x-7, xZ— 2x+21 and xz— 2x+21 and hence are
algebraic integers by Theorem 2, 11,

Next it will be shown that the only algebraic integers in R(/~5)
are of the form a+bs/-5 with a and b rational integers. Suppose
that a+ba/~5 1is an algebraic integer with a and b rational numbers,
one can then write a+ba-5 = &rfr—l—-\/;:’— with £,m and n rational
integers, n>0 and (({,m),n)=1. Now since a+bx~5 1is a zero

£j—r%l_ /-5 must be a zero of x2+ fx+c

of a quadratic polynomial,
for some choice of rational integers f and c if it is to be an algebraic

integer., Therefore one must have
2 2
(L +maA~5)" 4+ fn(f +m~A/-5) +cn" =0 or

>'<£2 - 5m2+ fn£+cn2= 0 and m(2f+fn) =0

Now if m=0 then a+b\/_—? = f/n which is not an algebraic integer
unless n divides £, but since by hypothesis ((£,m),n) = ((£,0),n)=1,
one sees that n is 1 and hence both a and b are rational integers.

Next if m#0 by the second equation of *, fn=-24 so that the first

equation of * becomes:

—5m2~ £2+ cn2= 0.

Now let (f,n)=d, then d2 divides —5m2. Therefore d divides m
but by hypothesis ((£,m),n)=1 hence d=1. Therefore £ and n
have no common factors larger than 1 but since fn=-2{ this implies
that £ divides f which in turn implies n=1 or 2 since n>0. If
n=1 then a and b are integers. If n=2 then mz—-ﬁ—-—- satisfies

the quadratic equation
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2 2
X2 gx 4 L t5m
. . A 2 _
and consequently is an algebraic integer only if £7+ 5m”~ = 0mod4
which implies EZ + m2 =0mod4. Now since (f,n)=1=(4,2) this

implies £ is odd. Let £ =2t+1, the congruence then becomes:
2 2 _
4t +4t+1+m- = Omod4 .

This in turn becomes:

1+m2 = 0mod4 .

Now if m is even the above is impossible. If m is odd, m = 2p+1

and the congruence then becomes
2 —
l1+4p " +4p + 1 = Omod4

which says 2 = 0Omod4 an impossibility, It now follows that n=1
and hence a+b+-5 1is suchthat a and b are rational integers if
a+ba~5 1is an balgebrvaic integer.

It is next shown that 3,7,1+2+~5 , 1-24/-5 are not units,
in fact it is shown that x1 are the only units in R{(/-5).

If a=a+bs-5 1is an algebraic integer in R(J/-5 ), define
N{a) = a2+ 5b2 . With o and p both algebraic integers in R(/=5 ), it
is easily seen that N(af) = N(e)N(B). An algebraic integer o is a unit
in R(W/<5) ifand only if N(a)=1. The proof is as follows. Let a be
a unit in R(x/<5 ), there is then an integer P in R(x/-5 ) such that
ap=1, Now N(a)N(B) = N(ap) = N(1) =1 and since N(z) and N{(p)
are positive rational integers, by definition of N{a) and N(B), it is

seen that N(a)=1. Now if N(a)=1 then a2+ 5b2= i1, but a and b
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rational integers implies b must be zero for the equation to be satis-
fied, hence a=z+l1 and therefore a=1 or -1, both of which are
units. Now N(3)=9, N(7)=21, N(1++-5)=21 N(1-24/-5)=21 and
hence none of 3,7,1+2s=5 or 1-2/-5 are units.

There is now only to show that 3,7,1+2+-5 and 1-2+-5
are all prime in the field R(/~5) .

Suppose 3=a.p where «,B are integers in R(\-5) which
are not units. Then 9=N(3) = N(ep) = N(a) N(B), and hence N(a)=3
and N(B)=3 since N(z) and N(B) are positive rational integers
not equal to 1. If a=a+bi-5 , it follows that a’+ 5b2 = 3 which is
impossible since if b#0 then a’+ 5b° >3 and if b=0 then
a.2 = 3, Which is not possible since a is a rational integer. Similarly,
7,1+2-5, 1-24-5 are also prime.

The original goal has been reached and is now restated for
emphasis,

In the algebraic number field R(\-5) the fundamental theorem

of arithmetic does not hold since 3,7, 1+2x/-5 and 1-2./-5 are

all prime integers in R(\/-5 ) and yet,
21 =3.7 = (1+2-5)(1-2A-5).

It is therefore seen that there is no possibility for the funda-
mental theorem of arithmetic to hold in all simple algebraic extensions
of R, However, according to Shanks [6], if 6 is a primitive pth root
of unity where p is a prime, then the fundamental theorem of arith-

metic does hold in R(B) for p < 23.
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It will also be shown that the fundamental theorem of arithmetic
will hold when certain collections of algebraic integers called ideals

are considered. This will require further development.



CHAPTER III
PRELIMINARY CONCEPTS TO IDEAL THEORY
Symmetric Polynomials

In Theorem 2, 13 it was needed that the finite product of integers
is an integer. In what follows it shall be proven that the sum, differ-

ence and product of algebraic integers are again algebraic integers.

Definition 3, 1. A polynomial P(xl, ‘e ,xn) is symmetric in

its n variables if it is unchanged by any of the n! permutations of the

variables x cer X

1

Definition 3.2. Given a set x Ca X then the set of ol

10
i=1,,..n given below are called the elementary symmetric functions,
0‘1 = x1+x2+. .. +xr1
= . e <i<j<
o, x1x2+x1x3+...+xixj+ +xn__1xn where 1<i<j<n

q
n

sum of all products of i different xj , j=1,2,..,,n

q
n
ol
o
o]

n 172" " *n

Theorem 3.3. If fn(z) = (z -xl)(z -xz) o (z -xn) then

-1 -2
fn(z) = zn—crlzn -i-O‘Zzrl - e (-l)n(rn

14
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Proof: Induct on n. For n=1 the result is obvious therefore assume

true for all k< n then

£.(z) =1 (z)(z-x )

_{.n-1 |, n-2 r , n-r-1 n-1 _,

—(z -0z + ...+ (-1) oLz +...+(-1) o1 (z—xn)
where cr; = sum of all products of r different xj , j=1,2,...,n-1.
Now look at the term involving z' % in fn(z) and confirm that its
coefficient is indeed (~l)r0'r . That term is given by:

r-1, n-r r , n-r-1 _ r n-r, , '
(-1)" el 12" T (ex )+ (<170l 2" TN @) = (1) T (el et x )
r n-r
= (-1) vz
Theorem 3.4. Any polynomial P(xl, cens xn) which is
symmetric in Xisere X is equal to a polynomial with rational

integral coefficients in the coefficients of P and the elementary sym-

metric functions T o000 enss 0 o Examples:

- 2(x.x  +x.x +xx)=o-'2—20'2

2 2 2 _
x, +tx,+x, = (x, +tx,+x 1%2 1X3 TX,%5 1

1 72 73 1 72 3)

3 3
\/—lex2+ \/Exlxz

N2 (xl+x2)2 (xlxz) - 2\2 (XIXZ)Z

IWZ 0% 0y) - 2WZ o5)

Proof: A polynomial P(xl, oo ,xn) is homogeneous if for every

k1 k2 k
X .x Y in P, k=k.+k, +...+k is the same
2 n n

1 1 2
. . : . _ 3,.4, .4
fixed rational integer. An example is: P(xl,xz) —xlx2+xlx2 +xl +x2 .

summand c¢x
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The proof shall be restricted to proving the theorem for a homo-
geneous polynomial P, since if P is not homogeneous it is a sum of
homogeneous functions. If each of these homogeneous polynomials is
equal to a polynomial with rational integral coefficients in the coeffi~
cients of P and the elementary symmetric functions then their sum is

such a polynomial.

k1 kZ kn
1 x x and

Further, it is assumed that if both h=ax 5 e X

£, 1 yi

L= b»xllxzz .o xnn are summands of P then the permutations

(kl’k . ,kn) and (£,,4,,..., ln) are different for if not h and L

23" 1) 2’

can be combined into a single term of P. Now h is called a higher
term than L if the first nonzero number in the sequence

ko -2.,k, -1

1’72
If h is the highest term of P then k, >k, >...>k . For if

| k, K, k kK °

k’l < k2 then since P is symmetric ax; X, X7 ...x = is also a

summand of P and hence h would not be the highest term in P.

1 - IERRE kn - ln is positive,

Similarly, if ki < ki+1 , i<n then since P is symmetric

k1 ki—l ki+1 ki ki+2 kn

i-1 *i Fir1¥i+2 %
is a summand of P which is higher than h, a contradiction to the
choice of h,

If the highest term in another homogeneous symmetric poly-

k! k!
nomial P' is h'=a'x 1 ... x_" then the highest term in the product
ket 4kl
PP' is hh'= aa'xl ce xnrl . Hence, the highest term in a

product of homogeneous symmetric polynomials is the product of their

highest terms. Now the highest terms in 015055.0.,0 are

KK Xy, X XoXgy oo s X Xy 0o X respectively. Hence the highest term
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q, 9 q q,t...+tq qg,+...+q q
. 2 .
in 01102 ...(rnn is xl1 anZ n---xnn. Thus the
highest term in
s - agkl-kzgkz-k3 . (Tk -1"k (Tk
0 1 2 n-1 n
k1 k2 k
is ax, x.°...x " whichis h. Hence P.=P-3X is either
1 72 n 1 0

identically zero or a homogeneous symmetric polynomial of the same
degree k as P and having a highest term h1 not as high as h. If

Py £ 0 repeat the argument to get P, = P1 -z, where

P P P;-P, P,-P P
s -1 1 n 1"P2 Pa7P3.

- * & 0 - . o n
1773 * T | T2 T

and PZ is a symmetric polynomial of the same degree k as P1 whose

highest term h2 is not as high as h1 or P 0. Since all terms of

2

P were of degree k and there are only a finite number of such terms

there must finally be a z, such that P, - Zt = 0. Hence

t

+PZ)=....—.Z‘, + +.,.+Zt. Each of the

P=% +P, =3 + (= ot Iy

0 1 0

Zi’ i=0,...,t are polynomials in ¢

1
1Oy and the coefficients of
P and therefore P is a polynomial in elementary symmetric functions
and the coefficients of P with rational integer coefficients.

It should be noted that if P has rational integer coefficients

then the above theorem tells us that P is equal to a polynomial in the

elementary symmetric functions with rational integer coefficients.

Theorem 3.5, Let f(x) be a polynomial of degree n over a

field F of complex numbers with roots of T, T T and let

IR

P(xl, ey xn) be a symmetric polynomial with coefficients in F. Then

P(rl, oo rn) is an element of F.
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Proof: Since the coefficients are in a field, it may be assumed that

f(x) has a leading coefficient of one, hence

_.n n-1
flx) = x +an_1x + ... +a0
= (x—rl)(x-rz) (x-1 )
n n-1 n
=X -o0;x + .+ (-1) o

Now since a;, i=0,1,...,n~1 are elements of F and by the
above equalities it is seen that a 1% 0pse-.,85F (—1)r10‘rl and hence
the o., i=1,...,n are all elements of the field . Theorem 3.4
implies that P(rl, ooy rn) is a polynomial with rational integer
coefficients in the symmetric functions and the coefficients of P which

are also in F and hence P(r , rn) is in F.

1
As an example of Theorem 3.5 let F=R, f(x):x2+ x+ 1 and
2 2
P(xl,xz) = 2x1 + 2x2 . Now
-1+i3 -1 -3
71 2 and Ty T ——p—

with

. 2 . 2
P(rl’rZ) = 2(i+21—\/§) + 2<i_:23_\/1) = 2

an element of R as predicted.

If @ is an algebraic number and p(x) is the minimal polyno-
mial of ¢ (monic, irreducible, p(a) = 0) then p(x) is referred to as
the defining polynomial of @. If o is an algebraic integer then its

defining polynomial will have rational integer coefficients.
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Theorem 3.6. The sum of two algebraic integers is an alge-

braic integer.

Proof: Let a= @, and B = [31 be algebraic integers and have as

their defining polynomials

f(x):xn+a x +...+a :(x_al)(x_az)...(x_a,n)

and
g(x) = x+ b m-1

respectively, Since

n
fc-p) = (x-B)" +a : otag

it is seen that

m

P(x;f’l; ¢ . :Bm) = H
]j=

f(x -B.)

1 J

is symmetric in [31, ce ,ﬁm . Therefore every coefficient must be
symmetric in ﬁl, .. ,Bm . Suppose not, then for some i such that

0 <i <mn the coefficient h(ﬁl, ce ,Bm) of x' is not symmetric in
[31, ce ,Bm . Therefore h(ﬁl, ce ,ﬁm) # h(ﬁq, . e ,ﬁr) for some per-
mutation ﬁq, ces ,Br of [31, oo ’Bm . Polynomials are equal if and

only if corresponding coefficients are equal and hence the above implies

p(x,ﬁl, .o ,ﬁm) # p(x,PB ,B..) . A contradiction to the fact that

q ' Pr
m
p(x!ﬁly voee ,ﬁm) = H f(x“ﬁl)
j=1
is symmetric in ﬁl,. "’Bm“
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Since each coefficient is a symmetric function in ﬁl, ces ,ﬁm
and Bl, v ’ﬁm are roots of a polynomial of degree m, Theorem 3.5
gives that each coefficient is an element of R.

Except for sign, the coefficients of g(x) are the elementary
symmgtric functions of ﬁl, .o ’Bm according to Theorem 3.3 and
since by hypothesis the coefficients of g(x) are rational integers, the
elementary symmetric functions in ﬁl, .o ’ﬁm are rational integers.
Since each coefficient of p(x,ﬁl, ce ,ﬁm) is symmetric in
[51, .o ,Bm , Theorem 3.4 implies that each coefficient is a polynomial
with rational integer coefficients of the elementary symmetric functions
in Bl, oo ,Bm . Now, since each elementary symmetric function is a
rational integer it follows that each coefficient of p(x,ﬁl, e e ,Bm) is
a rational integer,

Hence a + P is a zero of a monic polynomial with rational
integer coefficients, namely p(x,ﬁl, . ,Bm) and therefore By

Theorem 2.11 is an algebraic integer.

Corollary 3.7. The sum of two algebraic numbers is an alge-

braic number.

Proof: In the proof of Theorem 3, 6 let the coefficients of f(x) and

g(x) be rational numbers,

Theorem 3.8. The difference of two algebraic integers are

algebraic integers.

Proof: Let a and  be algebraic integers with g(x) the defining poly-
nomial of B then -P is a zero of the polynomial g(-x) and therefore

after multiplication of g(-x) by either +l1 or -1 itis seen that
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-B is an algebraic integer by Theorem 2.11. Theorem 3.6 implies

that o+ (-p) = o -p is an algebraic integer.

quollary 3,9. The difference of two algebraic numbers is an

algebraic number,

Theorem 3. 10. The product of two algebraic integers is an

algebraic integer.

Proof: Let «= @y

defining polynomials

and B = [31 be algebraic integers and have as their

f(X) = xn+ an_lxn-1+ R a,o = (x-al)(x_az) . .. (x_an)
and
m -1
gx) =x +b X 4. 4bg= (x=By)(x-B,) e (x-B_)
respectively, Let
m n
P(x!al’azic--:an:pliv--yﬁm) = JI:Il 1].:-.[1 (x-alﬁj)

By Theorem 3.3 the coefficients of the polynomial P are the elemen-

tary symmetric functions except for sign in the quantities

alﬁl,alﬁz,.,.,alﬁm,azﬁl,...,anﬁm, Let Bq""’ﬁr be a permuta-
tion of Bl,...,ﬁm then the set alﬁq,...,alﬁr,azﬁq,...,anﬁr is a
permutation of alﬁl,...,anﬁm and hence

P(x’al""’an’ﬁl""’ﬁm) = P(x)a1!-°-:antﬁq,°-°xﬁr) .
Likewise for any permutation Aps ooy @ of Qyyeee, @
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P(x,al, ...,an,ﬁl, . ,Bm) = P(x,at,.. . ’aw’ﬁl’ ...,ﬁm) .

Let h(a IRRE ,afn,ﬁl, “en ,Bm) be a coefficient of P, since polynomials
are equal if and only if corresponding coefficients are equal and P is
symmetric in the a, and BJ. , one must have h symmetric in the a.
and ﬁj . Theorem 3.4 gives that h can be written as a polynomial in
the elementary symmetric functions of Bl, .o ,ﬁm with coefficients of
rational integers and functions of Apgenesr@ Since h is also sym-

metric in Apyoens@ each of the coefficients of the polynomial in the

elementary symmetric functions of Bl, .o ,Bm can be written as poly-

nomials of the symmetric functions of « a with rational integer

170

coefficients according to Theorem 3.4. Now every symmetric function

of « @ is an a., except for sign, by Theorem 3.3 and hence

17

is a rational integer. Likewise each symmetric function of

[31, .o ,ﬁm is a bi’ except for sign, by Theorem 3.3 and hence is a

rational integer. Now since h(ozl, cees @ sPys .. ,ﬁm) is a polynomial
in the symmetric functions of Bl, e ,ﬁm with coefficients which are
polynomials with rational integer coefficients in the elementary sym-
metric functions of Apseeor@ and h(ozl, ce ,an,ﬁl, . ,ﬁm) is a

rational integer. Therefore, P(x,« ,an,ﬁl, .o ,Bm) is a monic

1’ LA
polynomial with rational integer coefficients which has aof as a zero.

Hence afp 1is an algebraic integer.

Corollary 3.11, The product of two algebraic numbers is an

algebraic number,

The objective of proving that the sum, difference and product

of algebraic integers are again algebraic integers has now been
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accomplished, If in addition to Corollaries 3.7, 3.9 and 3. 11 it was
also known that the nonzero quotient of two algebraic numbers is an
algebraic number it would then follow that the set of all algebraic

numbers is a field.

Theorem 3, 12. The set of all algebraic numbers is a field.

Proof: Let @ and P be algebraic numbers with B # 0. Let g(x) be

the defining polynomial of B, then 1 is a zero of xmg(}{) , Where

P
m is the degree of g{x), and hence % is an algebraic number,
Corollary 3.11 implies « - % is an algebraic number and hence %

is an algebraic number. Corollary's 3.7, 3.9 and 3.11 complete the

proof.
Field Extensions

In Definition 2. 15, a simple algebraic field extension was
defined. A characterization of the set of elements in the extension will

now be given.

Theorem 3.13. If @ is algebraic over a field F then the

algebraic extension of F to include 6, F{0) is
_ J 1)
K = {g(e) | £x), glx) e Flx], glo) # o} :

Proof: The sum, difference, product and nonzero quotient of rational
functions (quotient of two polynomials) is a rational function of the
required form. Both F and 6 belong to K and hence K is a field
which contains F and 6. The fact that it is the smallest such field

follows from the requirement of closure of addition, subtraction,
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multiplication and non-zero division and hence, the necessity of con-

taining all numbers of the form -gfg—g; where f(x) and g(x) are
polynomials over the field F.

With the use of the above theorem, it will be shown that a better
characterization of F(8) can be obtained; namely, that every element

of F(8) can be written as a polynomial in 6.

Definition 3. 14, If 6 is an algebraic number with minimal

polynomial p(x) of degree n, then 6 is said to be of degree n over

F,

Theorem 3,15. If 0 is of degree n over F and « is any

element of F(6) then « can be written uniquely in the form

a = a0+a16+...+an_16

where a;, i=0,...,n-1 are elements of F.

Proof: By Theorem 3.13, o = 20 for some polynomials f(x) and
g{x) in F[x] with g@®) # 0. Let p(x) be the defining polynomial of
0, then since p(x) is irreducible g{x) {p(x) unless g(x)=p(x).
This cannot happen since g(0) # 0 and p(®) =0. If p(x) lg(x) this
implies g(08) = 0 which cannot happen, hence p(x) and g(x) are
relatively prime. Hence, there are polynomials h(x) and t(x) in
F[x] such that h(x)p(x) + t(x)g(x) = 1. Since p(®) =0, g—(1§)~ = t(0).
Therefore o = £(6)t(6). Now by the division algorithm for polynomials
over F[x], f(x) t(x) = q(x) p(x) + r(x) where qg(x) and r{x) are in

F[x] and the degree of r(x) is n-1 or less. Hence

a = £(0)t(6) = q(@) p(®) + r(®) = r(0) and since r(x)e Flx] is of degree
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n-1 or less, it follows that « = r(0) =a,+a.0+ ...t a 0
where the a; are in F,

To show uniqueness suppose h(x) is in F[x] with h(6) = «
and degree of h(x) less than n, then © is a zero of the polynomial
h(x) - r(x), a contradiction since the minimal polynomial of 6 is of

degree n and h(x)-r(x) is of degree less than n.

After two definitions and two more lemmas it will be possible
to prove a comment made in Chapter II concerning the fact that every

multiple algebraic extension is a simple algebraic extension.

Definition 3. 16, Let P ERERRL- be numbers algebraic over a

field F, then the smallest field K = F(a ,an) containing F and

17

Apseeer is called a multiple or finite algebraic extension of F.

Definition 3.17. Let a= ay be an algebraic number and
p(x) = (x —al)(x —az) - (x -an) its minimal polynomial, then
al,az, e ,an are called the conjugates of «.

Lemma 3,18, If 6 is algebraic over F, 0 has a unique mini~ -

mal polynomial p(x) and if g(x) is a polynomial such that g(6)=0

then p(x) 1is a factor of g(x).

Proof: By the division algorithm for polynomials, g(x)=q(x)p(x) + h(x)
where the degree of h(x) is less than p(x). Since p(®)=0 and

g®) =0, it follows that h(6)=0 and hence h(x) =0, since p(x) is
the minimal polynomial for 8. So p(x) 1is a factor of g(x), To show
the uniqueness of p(x), assume that g(x) is also a minimal polyno-

mial for 8 and considering p(x) = k(x)g(x) + r(x) it will follow that
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g(x) is a factor of p(x) and therefore p(x) = eg(x) where ¢ is a unit
in F[x]. Since the units in F[x] are the units in F and both p(x)

and g(x) are monic by definition of a minimal polynomial, then

Lemma 3.19. If f(x) is irreducible in F[x] and of degree n

then f(x) has n distinct zeros.

Proof: Suppose f(x) = (x- r)2 g{x) and is monic then

f'ix) = 2(x -r) g(x) + {x~ r)zg'(x) . Notice that r is an algebraic number
and that f(x) is its minimal polynomial, also since the coefficients of
f(x) are in F so are the coefficients of f'(x). Hence {'(x) is a
polynomial of degree n-1 in F[x] with r as a zero, a.vcontrav.dict’ion

to the uniqueness of a minimal polynomial for an algebraic number.

Theorem 3.20. A multiple algebraic exténsion of a number

field F is a simple algebraic extension.

Proof: It need only be shown that if ¢« and B are algebraic over F
there is some 6 which is algebraic over F for which F(6) = F(,B).
Once this is done, mathematical induction will extend the result to any
finite algebraic extension of F,

Let a=a; and B=p, with « # B be algebraic over F with

1
conjugates over F of Ao and ﬁl""’ﬁm respectively. By
Lemma 3.19, B # B, for k=2,...,m and a.1¢ aj for i#j and
a.-a.
therefore the set of X.. = 1 1 , i#j, j#1, i=1,...,n and
1] ﬁ_] —'ﬁl
j=2,,..,m is a finite set. This means there is a value b in F such
a.-a,
that b # ﬁl_ﬁl for any i or j#1. Rearranging this gives
i "1
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o, + bﬁj # a+bB forall iand j#1. Let 6=a+bp and it shall be
shown that F(6) = F(a,p).
F(6) is a subset of F(a,B) since by Theorem 3.13 every o in

F(6) can be written as

which is clearly in F(a,B).

To show the set inclusion the other direction, first show that
isin F(6), Let f(x) and g(x) be the minimal polynomials for «
and B respectively then f(0-bp) = f(a) =0 and g(f) =0 and there-
fore f(6-bx) and g(x) have a zero in common. Further, since the
only zeros of f(x) are Xpseees the only zeros of f(0-bx) are
when 0-bx = a; i=1,..,.,n which by the choice of b only occurs
"-when x=8, h‘ehée the only zero common'to f(6-bx) and g(x) is B.
Let the minimal polynomial of 8§ in. F(0) be h(x). Notice that h(x)
has coefficients in F(0) not just F, If h(x) has degree higher than
one then h(x) is a factor of both f(6-bx) and g(x) over F(8) by
Lemma 3. 19 and hence £(0-bx) and g(x) would have more than one
root in common, a contradiction. Therefore, h(x) = dx+e with d
and e in F(0), further h(B) = 0 which gives B = -—d(?- an element of
F(0).

Now since f,b and 6 are all in F(0) it follows that 6-bf=«
ig in F(B). Therefore since both ¢ and f are in F(0) it follows that
F(®) is a subset of F(a,B). With set inclusion in both directions,

then F(8) = F{«,pB).
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Theorem 3.21. If 6 is an algebraic number, there is a non-

zero rational integer b such that b6 is an algebraic integer.

xn”1 + ...+ a, be the defining polynomial

of 6. All the coefficients are rational numbers and hence there is an

Proof: Let f{(x) = <™+ a1

integer b such that ba.i , i=0,...,n-1, is a rational integer, Con-

sidering the monic polynomial g(x) = x"+ b a.n_lxn-1 + ...+ bna.O
which has rational integer goefficients then b6 is a zero of g(x),

since g(b8) =b (@™ + a e“'1+...+a n

o1 .0 =0. Hence b8 1is

an algebraic integer.

Theorem 3.22. For every algebraic number field R(8) there

is a rational integer b such that R(8) = R(b6) with b6 an algebraic

integer.

Proof: Let 0 be of degrée n over R ar-ld’a be in ‘R(B) with b the

rational integer of Theorem 3.21 such that b6 is an algebraic integer.

Theorem 3.15 implies that o =a,+a, 6+ ...+ an_len_l but
a a
n-1_ 1 n-1 n-l
a0+a16+.,.+an_16 —a0+ 5 (be)+...+bn__1 (b 9)

which is in R(b08). Therefore R(0) 1is a subset of R(bB8) and since

R(b8) is a subset of R(0) then R(8) = R(b9).

The preceding theorems now enable one to consider only simple
algebraic extensions of R to include an algebraic integer as opposed to
having to work with multiple extensions to include algebraic numbers.
That is, if Ayseee,@ are algebraic numbers then there is an alge-

braic integer 6 such that R(al, cees @
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Properties of the Norm

Several characteristics of algebraic integers can be developed
through the definition of a norm. For convient reference the following

definition is repeated.

be an algebraic number with

Definition 3.23. Let «a-= a,
f(x) = (x -al)(x -az) cee (x —an) its defining polynomial. The set of

numbers @p,Qy,-..,0 are the conjugates of the algebraic number «.

Definition 3.24. Let o be an element of R(8) where 6 1is of

degree n over R. With r(x) = a0+ a;x +...ta xn”1 , the poly-

nomial of Theorem 3.15, such that o= r(0) and Oi, i=1l,...,n being

n-1

the conjugates of 8, The field conjugates of o are defined as the set
of numbers o'/ = r(0.) i=1,...,n,
A relationship between the conjugates of o and the field conju-

gates of @ is seen in the following theorem.

Theorem 3.25. Let o be an algebraic number in R(6), then

the set of field conjugates is either identical with the set of conjugates
of @ or is % repetitions of the set of conjugates of « where n is the
degree of 6 and m is the degree of «. Also if f(x) is a monic poly-

nomial with the field conjugates of @ as its roots and g(x) 1is the

]n/m

defining polynomial of a then [g(x) = f(x) .

(1) @)y ...

Proof: Consider f(x) = (x-«a X - with the notation

as in Definition 3.24, By Theorem 3.4, the coefficients of f(x) are,
except possibly for sign, the elementary symmetric functions in

(1)

'/, i=1,.,.,n and hence are symmetric polynomials in the
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6.1, i=1,...,n and hence are rational numbers. Let g(x) be the

minimal polynomial for a, then since a=7r(®) = r(6,) =« it follows

by Lemma 3, 18 that g(x) is a factor of f(x). Therefore, write
f(x) = [g(x)]sh(x) where g(x) and h(x) are relatively prime.

Notice that every field conjugate of @ is a conjugate of ¢ since
if g(x) 1is the minimal polynomial for o then g(r(x)) has 0 as a
zero., Lemma 3. 18 then gives that the minimal polynomial for 0, p(x),

is a factor of g(r(x)) and hence every ei ,i=1,...,n 1is a zero of

g(r(x)). Equivalently every a(i) = r(Gi) ,i=1,...,n 1is a zero of g(x),

Now to prove that h(x) =1, suppose it is not. First, if

h(x) =c¢ then ¢ must be 1 since f£(x) is monic and so is g(x), next

suppose h(x) Zc then for some fixed j, a(J) mﬁst'be a zero of h(x)

but since p(x) is a minimal polynomial for « it is also a minimal

G) ; By Lemma 3.18

polynomial for TP YRRREL and hencé of «
g(x) 1is a factor of h(x), a contradiction to our way of writing £(x).
Hence h(x) =1 and therefore f{(x) = [g(x)]s .
It is then seen that since f(x) is of degree n and if the mini-
n

mal polynomial for o, that is g(x) is of degree m then s = et

That is, s is the degree of 6 divided by the degree of «.

Definition 3.26. The norm of the algebraic number «, written

N(a), is the product of its field conjugates.

In Theorem 3.25 the function f(x) defined such that
f(x) = (x -a(l)) e (x —a(n)) is called the field polynomial for a where

a'’’, i=1,...,n are the field conjugates of @ . Notice that the con-

n

stant term of the field polynomial is (-1) N(a). Also recall that

]n/m

f(x) = [g(x)

where g(x) is the minimal polynomial for « and %
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m-1
m-lx +...+a0

then the norm of « is just a rational integral power of the constant

is a rational integer and hence if g(x) = x+a

term aq of the defining polynomial for @«. Further, if @ is an alge-

braic integer then a_, is a rational integer and hence N{a) is a

0

rational integer. This gives the following theorem.

Theorem 3.27. If o is an algebraic integer then N(a) is a

rational integer.

Theorem 3.28. N(of) = N(a) N(B)

Proof: Let o and P be in R(®) where 6 is of degree n over R,

Theorem 3. 15 implies that one can write @ and B uniquely as follows:

_ ‘ n-1
a—a0+a.16+...+a_19
=b.+b,0+...+b 0%}
B=bytb 0+... 1
Let the minimal polynomial for 6 be x™ + cn_lxn-l-i- e t L then
n n-1 . .
ei = -(cn__lei +...+ co) for i=1,...,n and Gi the conjugates

of ©, Taking the product «ff and repeatedly using

n n-1
-.(cn_le +...+c0)

nomial in 8 of degree less than n is obtained, but the coefficients of

6 the unique representation of aff as a poly-

1

this polynomial are the same as the coefficients of the polynomial

representing a(i)ﬁ(i) i=1,...,n. For clarification,
(1) L(1) _ n-1 n-1
a g = (agta 0t ta, 6 Jbg+ b0, +...+b ,0.7")
and through repeated use of 6? = —(cn_le?"1+ se. co) the unique

representation of a(l)ﬁ(l) is obtained and the coefficients of this
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polynomial in ei is the same as the coefficients of the unique repre-
sentation of af as a polynomial in 6. That is, if af = r(6) then

a(i)ﬁ(i)z r(6,) and hence since (aﬁ)(i)z r(6,) then (aﬁ)(i): a(i)ﬁ(i) ’

Now if Apreeer@ and [31, . ’Bn are the field conjugates of
a and B respectively in R(0) then the field conjugates of ap are
a(l)ﬁ(l),a(z)ﬁ(z),...,a(n)ﬁ(n). Therefore

N@p) = @) V@)@ .o . @p)™ = oMp L o™y N(p).

Theorem 3.29. An algebraic integer « is a unit if and only if

N(a) = £1.

Proof: o a unit implies there is an algebraic integer B in R(B) such
that apPp =1. Therefore N(a)N(f) = N(ep) = N(1) =1 but since N{(a)
and N(B) must be rational integers by Theorem 3. 27 this implies
they must be +1. Hence N{o) = 1.

If N(a) = £1 then a(l)- oz(z) e a(n) = +1 where 'a(i)

(1)

i=1,...,n are the field conjugates of «. Let «  '=a andthen «

(2) (n)

is a unit since « ce - is an algebraic integer (every field con-

jugate of « is a conjuate of «).

Theorem 3.30. An algebraic integer o« is a prime in R(8) if

N(e) is a rational prime,

Proof: Let N(z) be a rational prime and «o= pé with B and &
algebraic integers, then N(a) = N(B)N(8). The norm of « a rational
prime implies that one of N(B) or N(&) is xl1 and hence a unit.

Therefore « is a prime,
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Definition 3.31. The set of all algebraic integers in R(0) will

be denoted by R[8].

Theorem 3.32. If ¢ is in R[0] and is not zero or a unit then

a can be factored into a product of primes in R[B].

Proof: If a is not prime write o= .06 where neither § nor & is a
unit., Repeat this for B and 6 and continue in this way. The process
must stop since otherwise «a = R L S ' where n is arbitrarily
large and the by are nonunits . Hence lN(pi)} >1 for i=1,...,n
and therefore N(|_;,1 cee ) = N(p,l) ce N(p.n) would become arbitrarily

n

large, a contradiction to the fact that N(a) is finite.

Theorem 3.33. There are infinitely many primes in R[6].

Proof: The Iﬁroof is analogous to Euclid's proof of the similar theorem
for rational primes.

First, there is at least one prime in R[6], since 3 is in R[6],
Theorem 3,32 implies 3 is a product of primes in R[0]. Notice that
it is not claimed that 3 itself is a prime but that there is a prime
factor of 3 in R[0].

Suppose there is a finite number of primes in R[6], say
PysPps--sPp - Now consider the number r = Py Py pn+1 , this
number is an algebraic integer in R[8] since we have closure of mul-
tiplication and addition of algebraic integers. Now r is nonzero and
nonunit- and in R[6] therefore r has a prime factor q. Now
q# P; i=1l,...,n since it would be necessary for q to divide 1l which

it does not since q is a prime and 1 is a unit. Therefore there is a
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prime in R[B] different from Pps---»P, 2 contradiction to the

assumption of only a finite number of primes in R[8].
Bases

Definition 3.34. Let F be a field of numbers and K an exten-

sion of F, then a set of numbers x,,x » X, in K is linearly

1! 2’ r e .
dependent over F if there exists C1rCpse-esCy in F, not all zero
such that ¢, x, t¢c,x, +...+¢ x = 0. If no such set exists the set

171 272 n n
XI’XZ’ cees X is called a linearly independent set.

Definition 3.35. Let F be a field of numbers and K an exten-

sion of F, then a set of numbers AT ZYEERES is a basis for K
over F if for every z in K there exists a unique set of numbers

dl’dZ""’dm in F such that g=d1y1+d2y2+...+dmym.

Notice that a basis is a linearly independent set, for if not,

0

¢1Yi + ¢, ¥y +...F ¢ VY where not all the c, are zero but also

0- Yy + 0. Vo +...+0- Y @ contradiction to the unique represen-

it

0

tation requirement of the definition of a basis.

Lemma 3.36. If m <n and if the a.ij are in a number field

n
F, then the system of equations X a.. x 0, i=1,2,...,m hasa

j=1 1 i
solution x, = aj, j=zl,...,n in F, where not all the aj are zero.

Proof: Refer to Hahn [11].

Theorem 3.37. If the extension K of the field of numbers F

has a basis of m elements over F, then any n numbers in K where

n > m, are linearly dependent over F.
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Proof: Let ATR ZLEREES A be a basis and oKy eeos X be any set

m
of elements in K. Then X, = _Z)l aij yj ,i=1,2,,..,n. By Lemma 3.36
J:

n
the system _Z)l aij z; = 0, j=1,...,m has a nontrivial solution
1=

z,=c,, i=1,...,n hence

n n m m n
2c¢c,x,= Xc. Ta,.y.= Zy., Za,c. =0,

Therefore, there is a set of c; i=1,...,n not all zero, such that

c1x1+c2x2+...+cnxn=0 and hence X Koy oee s X is a linearly

dependent set,

Theorem 3.38. If AR ZIREEND A and zl,...,zp are both

bases for K over F then m=p.

Proof: If m#p then without loss of generality let m > p. Theorem
3.37 then implies that AT ZIRERE: Y, 2are linearly dependent and

hence not a basis, a contradiction to the hypothesis. Hence m=p.

Definition 3.39. If K is an extension of the field of numbers F

and K has a basis consisting of n elements then K is called a finite

extension of F which has degree n over F .

Theorem 3,40, If K is a finite extension of F then every « in

K is algebraic over F'.

Proof: Let K have degree n over F then by Theorem 3.37 the set of
2

numbers l,a,0 ,... ,an are linearly dependent over F. Therefore
there are numbers a;, i=0,...,n in F, not all zero, such that
a0+ aa +...+ anan = 0. Hence a is a root of a polynomial in F[x]

and is therefore algebraic over I'.
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Theorem 3.41. An extension K of a number field F is of finite

degree if and only if K is a simple algebraic extension of F,

Proof: First let K be a finite extension of F, then K has a basis

X{sXy,.0.,X ~OvVer F and therefore K = F(x s xn) . Further

12 Xps oo
by Theorem 3,40 every X, i=1l,...,n 1is algebraic over F and hence
by Theorem 3,20, K is a simple algebraic extension of F. That is,
K = F(0) for some 6 which is algebraic over F,

Next let K be a simple algebraic extension of F, say F(0)
where 6 is of degree n over F. By Theorem 3.15 every element of
n-1

K = F(0) can be written uniquely in the form a0+ ale + ...+ an_le

where ai, i=0,...,n-1 are elements of F, hence 1,6,...,61’1"1 is

a basis for K. Therefore K is a finite extension of F of degree n

over F,

Nofice that it has been shown that if the field of rational num-
bers R is considered, then every finite field extension K of R is a
simple algebraic extension of R. That is there is a number 6 which
is algebraic over R such that K = R(6). Further by Theorem 3.22
there is an algebraic integer @ such that K = R(a). Comparing the
definition of the degree of an algebraic number 6 and the degree of K
over R it is seen that they are the same. That is, if 0 is of degree n

over R then R{0) 1is of degree n over R.

Definition 3.42, Let R{6) be of degree n and TP YRR

n

be elements of R(8). Let ag‘]) , j=1,...,n be the field conjugates

of a, i=1,2,...,n. The discriminant of the set Ays@zyeens @

denoted by A[ozl, v ,an] is defined by the square of the determinant
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e aél) agl)
@
a(ln) P a;n)

, 2
That is A[al,...,a ] = la..(‘])l .
n i

Theorem 3.43. Ale.,... ,an] is a rational integer if

19

o ,a o are all in Rle].

17

Proof: From linear algebra it is known that the determinant of a
product of square matrices is the product of the determinant of the

transpose of the first and the determinant of the second. Hence

Nl I P I
A[czl,...,an]= .. .
afll) ailn) a(ln) a;n)
2 2
a(ll) + + a(ln) a(ll) 1511) + ... +a(1r1)a£ln)
a(l)a(1)+...+a(n)a,(n) o ag e a(n)2+... + a(n)z .
n 1 n 1 1 n

As in the proof of Theorem 3. 28, the conjugate of the product is the

product of the conjugates, hence:

1)

of

sl 4@ @y o) My )@t e
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xm-l-i- .+ a be

This sum is a rational integer for let Nt a 1 - 0

the defining polynomial for the algebraic integer «f then the sum of

the conjugates of of is -a a rational integer by Theorem 3.3,

m-17
The field conjugates of af are just % (a rational integer) repetitions
of the conjugates of a by Theorem 3.25 and hence their sum is also
a rational integer.

Since every entry in the above determinant for the discriminant

is a rational integer then its value is a rational integer.

Definition 3,44. An integral basis for R(0) is a set

a v of algebraic integers in R[6] such that if « e R[6],.a can

170

be written uniquely as

Where bi , i=1,...,n are rational integers.

Theorem 3.45. An integral basis for R(8) is a basis for R(0).

Proof: Let x be in R(08) then by Theorem 3.21 there is a nonzerc

rational integer b such that bx 1is an algebraic integer. Hence

bx =b,a,+ ...+ b « for some choice of rational integers
171 n n b b
b., i=1,...,n. Therefore x = —-l—a/ +...+ —= & . Now the set
i b 1 b "n
Qyseens @ is an independent set over R for if not, there are rational
numbers c,,C,;...,C not all zero such that c,a,+ ... +c a_ =0.
17 72 n 171 n n
Let d be the least common denominator of the ci's then
dci, i=1l,...,n is a rational integer. Therefore
d S +..04+ dc:na/rl = 0 but by definition of an integral basis this
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implies dci= 0, i=1,...,n and therefore since d#0 this implies

Basis of an Ideal

The following definition of an ideal in R(6) is the same as the
usual algebra definition of an ideal if you consider as your ring the

ring of algebraic integers in R(B), that is, R[6].

Definition 3.46. A ncnempty set of algebraic integers A in

R[6] is an ideal of R(B) if for every pair of algebraic integers «,p

in A then ax + By is alsoin A for all x,y in R[6].

Recalling R(\f-5 ) of Chapter II consider the subset
A={z Iz =3x,Xx¢ R[5 ]} A is an ideal and contains such elements
as 3(7) =21, 3(1+2+/-5) =3+6+/-5 , in fact 3 times any algebraic

integer in R(\~5). Another example would be

{z|z =3x+(1-2<5)y,x and v in R[5 ]}.

Notice that in Chapter 1I it was shown that 3,7,1+24/-5 , 1-24/-5

were all algebraic integers in R(\/-5 ).

~ Definition 3,46. A basis for an ideal A in R(8) is any set

b ces brn of algebraic integers in A such that every o in A can be

1’

uniquely represented in the form o« = <y b1 +... 7+ S, bm where the

c, are rational integers,

The goal of this section is to prove that every ideal in a simple

algebraic extension has a basis.
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Theorem 3.47. The discriminent of any basis of R(0) 1is non-

zero,
Proof: Let Qprenesl and bl, e bn both be bases for R(0), then
n
bkz j§1 Cjka_] , k=1, ,n
for some choice of the Cjk in R. It shall now be shown that
alby,.ooib 1= ey |® alay,...a ).

By the comment following 3.41 and since there are n elements

in a basis , 0 is of degree n over R. Hence Theorem 3.15 implies

ozj = a/j(e) = aj0+ ajle + ...+ aj nmle“"l and the definition of a field

conjugate gives ozj(l): oz'j(e.l) where Gi is the ith conjugate of 6. But,

which is a function of 6 of degree at most n-1. Hence by the unique-

ness of representation from Theorem 3. 15 of bj it is seen that

i) _ 7 _
bj = bjkei) = °j10‘1(9i) + ...+ Cjnan 6.1
_ (1) (i)
= choz1 + . +cjnan
Hence,
(1) (n) (1) (1)
by by “11 “ln 1 1
b(l)a . . b(n) c . .. C oz(l) e oz(n)
n n nl nn n n
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. 2
which implies A[bl,...,bn]z ]cjkl A[al,..,,an].

The next part of the proof is to show that lcjkl # 0. Suppoge
lcjk’ = 0 then by linear algebra, see Hahn [11], considering the ozj
as variables the system of equations jzrill -cjkaj =
a nontrivial solution and hence Ayseeer is a linearly dependent set

0, k=1,...,n has

and therefore not a basis,

It now only remains to show that the discriminant of a particular
base is nonzero since the discriminant of any other base will just be a
nonzero constant times the nonzero discriminant of this particular
base.

n-1

Theorem 3.15 implies that 1,6,...,0 is a basis for R(0).
Let 1= 6,62,. .. ,en be the conjugates of 0 then since ei: i-ei: r(0),
(the r(0) of Definition 3.24), i=0,...,n-1 itis seen that
(Gi)(j)= 1. (Gj)i . That is (Gi)(j) = (G(j))lﬂL or the jth field conjugate of

6" is the ith power of the jth conjugate of 6. Hence

2
. n-1
oM (o)

L .(e(“))nul

Hence A[l ,0,... ,Gn—l] is the square of the Vandermonde determin-

. 2
ant and hence its value is VI (9(1)~9(J)) , [11].
I<i<j<n

Lemma 3.19 implies p(i) # 0() for i#j since 6 is a root of
an irreducible polynomial over R of degree n. Hence
2

I<i<j<n
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It has therefore been shown that A[l1,9,.. .‘,Gn—l] # 0 which proves

the theorem.

Corollary 3.48. If R TREREI N is a basis of R(8) and
n
b.,...,b_ arein R(0) suchthat b, = = ¢.. ., k=1,...,n then
1 n ko y=1 k]
_ 2
A[bl,...,bn]— chk, A[al,...,an].

Proof: The proof is as in Theorem 3.47 since that proof did not depend

on bl’ ey brl being a basis.

Theorem 3.49. R(6) has an integral basis

Proof: Without loss of generality it may be assumed by Theorem 3.22
that 6 is an algebraic integer of degree n over R. Consider the set
of bases consisting of algebraic integers of R(0) and choose one
whose discriminant in absolute value is a minimum. This can be done

since there is at least one basis of algebraic integers; namely,

1,06,... ,Gn_l and Theorem 3.43 implies that the discriminant of

algebraic integers is a rational integer. Let bl, bZ’ R bn be a

basis of algebraic integers whose discriminant in absolute value is a

minimum. Note that Alb v bn] # 0 by Theorem 3.47.

P
It shall now be shown that bl’ cees brl is an integral basis.
Suppose it is not an integral basis then there is an algebraic integer t

in R(®) such that t = ¢y b1 + ...+ Cnbn for some unique choice of

¢, in R but not all the c, are rational integers. Without loss of

be a nonrational integer then c¢,=d+r where d

generality, let c 1

1
is a rational integer and r is a rational number such that 0 <r <1,

It is now asserted that t -dbl, bZ’ v e s brl is a basis of algebraic

integers., First t,d,b1 are all algebraic integers hence t—db1 is
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an algebraic integer and the bi’ i=2,...,n were given to be alge-
braic integers, Suppose t- dbl’ bZ’ .o br1 is not a basis, then there

are r.1 not all zero in R such that
rl(t—dbl) + erZ + ...+ rnbn =0
and therefore

rl(clb1 + ...+ cnbn- dbl) + erZ + ...+ rnbn: 0
which in turn gives

r.(c -d)b1+(rc +r )b, +...+ (r

ey 1627 T2) P, cytrb,=0.

1

But b "”bn a basis implies r,(c,~d)=0 and r.c.l+r,l=0,

1(1 1

i=2,...,n. By the choice of d,c, -d#0 hence r1=0 but this-in

1
turn implies r. = 0, i=2,...,n, which contradicts the assumption

that t—dbl, bZ’ ey bn is not a basis. Hence it is a basis.

Now by Corollary 3. 48, since t-db1= (c —d)b1+czb2+,..+cb

1 nn
and b.=1'b., i=2,...,n:
1 1
2
cl—d CZ 03. Cn
0 1 0 0
: ]

A[t—dbl,bz,...,bn]z A[bl,bz, b
0
0 0 1

= (c - a)% alb b ]
1 1° » Pn

1}
x]
3]
>
—
on
—
on
[
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But 0 < r <1 which implies A[t-dbl,bz,. .,bn]<A[b1,...,bn] a
contradiction to the choice of the basis bl’ ches bn . Hence the assump-
tion that bl’ t e bn is not an integral basis is false, and it is an

integral basis. Therefore R(6) has an integral basis,

The necessary theorems have been shown so that it is now
possible to accomplish the stated objective of this section by proving
that every ideal has a basis. As a convenience in notation let the zero

ideal, (0), represent the ideal of R(8) consisting only of zero.

Theorem 3.50. Every nonzero ideal A in R(8) has a basis of

n elements, where n is the degree of 8 over R.

Proof: First it will be shown that if A has a basis then that basis has

n elements. Suppose A has a basis bl’ v bm' This is an indepen-

dent set in R(8) for suppose not, then there exist ¢y in R, not all
zero, such that Clbl + ...+ Cnbn: 0. Multiply by the greatest
common denominator, d, of the <. this gives dclbl + ...+ dcnbn: 0

with the dc.1 all rational integers not all of which are zero. This is

a contradiction to bl’ e, brn being a basis for A. Since
bl’ caey brn is an independent set in R(6) Theorem 3.37 implies
m < n,

Now show m=n, Assume m <n. By Theorem 3.49 R(6)

has an integral basis t ot Choose a#0 from A.

1
a tl, e, tn is then in A by the definition of an ideal. Further,
o tl’ e, Q tn is easily seen to be a basis for R(B) and hence
Ala tl’ Y tn] # 0 by Theorem 3.47. Also, since bl’ cees brn is a
n
basis for A there are rational integers eij such that ati: 'Zl eij bj ,
J:
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i=1,...,n where bj=0 for j=m+1l,...,n. Corollary 3.48 then
gives
Alat at ] = |e IZA[b b_,0 0]
l,‘ H n l’ H m’ . 3
= Je..|% 0
1]
=0

This is a contradiction to Alat.,... ,atn] # 0. Hence m=n,

l’
The proof that A has a basis is similar to the proof that R(8)

has an integral basis.
Consider the set of all bases for R{8) such that every element

in each basis is in A. «at . ,atn from above is such a base.

1’
Theorem 3.43 and Theorem 3.47 imply that the absolute value of the

discriminant of any such basis is a positive rational integer. Let

bl""’bn be a basis in this set where ]A[bl,...,bn]] is a mini-

mum. It shall now be shown that bl’ e bn is a basis for A.

First, each bi is an element of A by the choice of the set of
bases considered. Now assume it is not a basis for A. There is

then a t in A such that t = Clbl + ...t Cnbn for some unique choice

of c; in R but not all the ¢, are rational integers. Without loss of

be a nonrational integer then c¢,=d+r where d is

generality let ¢ 1

1

a rational integer and r is a rational number such that 0 <r < 1.
Secondly, it is asserted that ¢t~ dbl’ bZ’ ey bn is a basis of

algebraic integers in A. Now, t,b. in A and d a rational integer

1
implies t-db is in A by definition of an ideal. Further, bzy e, bn
were originally chosen in A, Suppose t- dbl’ bZ’ vees bn is not a

basis for R(B) then there are r, in R, not all zero, such that
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rl(t -dbl) + r2b2 +..0 0+ rnbn: 0. Substituting for t and rearranging

it follows that rl(cl-d)b1+ (r1c2+ r2)b2 +... 1 (rlcn+ rn)bn= 0. But

bl" . "bn a basis for R(0) implies rl(cl-d) = 0 hence T = 0
which in turn implies r.= 0, 1i=2,...,n. A contradiction to the
assumption that t- dbl’ b2, c e bn is not a basis, hence it is a basis.
Now by Corollary 3. 48, since t —dblz (cl—d)b1+c2b2 +... +Cnbn
and bi= l'bi, i=2,...,n it is seen that
cl-d c, C, c,
0 1 0
. 1
A[t-dbl,bz,...,bn]= . : : A[bl,bz,...,bn]
0
0 0
= (C]._d) A[blx-v ,bn]
_ .2
= r A[bl,. ,bn].
But 0 <r <1 which implies A[t-db.,b,,...,b J<Alb,,...,b ] a
. 1’72 n 1 n
contradiction to the choice of the basis bl’ cees bn' Hence the assump-
tion that bl’ c e, bn is not a basis for A is false. Therefore A has

a basis.



CHAPTER IV

FUNDAMENTAL THEOREM OF IDEALS

The major goal of this chapter is to prove a theorem relating to
ideals which is analogous to the fundamental theorem of arithmetic.
In order that the material be somewhat self contained in this

chapter a previous definition and theorem are restated.

Definition 4,1. A nonempty subset A of R[e] is an ideal of
R(0) if for every pair of algebraic integers «,p in A then ax+py

is also in A for all x,y in RI[6].

The reader should notice that this is equivalent to saying that
A is an additive subgroup of R[8] such that ra isin A for every r
in R[O] and a in A, Also one should recall that R represents the
rational numbers, R{B) represents the field extension of R to include
the algebraic number 6 and R[6] represents the algebraic integers in
R(0),

The following theorem was proven as Theorem 3. 50.

Theorem 4.2. Every nonzero ideal A in R(8) has a basis of

n elements, where n is the degree of 6 over R.

One should also recall that according to the definition of a basis

for an ideal this basis is actually an integral basis.

a7
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Given a set of algebraic integers ﬁl, cea ’ﬁn in R[6] then the
set of all numbers of the form dlﬁl o0t dnﬁn where the d.1 are
algebraic integers is easily seen to form an ideal of R(0). The set
Bl, . ,ﬁn is said to form a generating set for an ideal B which is

written B = (ﬁl,ﬁz, cee ,ﬁn) .
Let A be an ideal of R(6) then since it has an integral basis

a e with the a; in A, one can consider « , & as a

17" 1702,

generating set for A and write A = (@ . ,an) . That is, every

17"

element a in A can be written as a = b1c>z1 +.,.+ bnan where the

b.l are rational integers. Further, for every choice of algebraic

integers <c A it is seen that <c @y + ...+ c o is in A since

1’ 1
A is an ideal. Hence every ideal A of R(6) can be written as
A= (alynqtsan)'

Notice that if B = (ﬁl,...,ﬁn) then ﬁl,,..,ﬁn is not neces-

sarily a basis for the ideal B.

Theorem 4.3. ¥ A = (o .,an) and Bz(ﬁl,...,ﬁp) are

1
ideals of R(6) then A=B if and only if for every a,
a, = bilﬂl R bippp and for every ﬁj, ﬁj = ajlal .00t ajnan
for some choice of algebraic integers b, ,...,b. , a.,,...,a. .

il ip’ 7j1 jn
Proof: If A=B, it is then obvious that the condition must hold. If
the condition holds pick an arbitrary element a in A, then for some
choice of algebraic integers Cpr+e-sC

n

n n P
a= Zca.= Zc, Zb.p=Z = cibijﬁ.
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which is an element of B, Therefore A is a subset of B. Similarly

B is a subset of A, hence A=B,

Definition 4,4. An ideal A is a principal ideal if it is generated

by a single algebraic integer.

Theprem 4.5. (o) = (B) 1if and only if ¢ and P are associates.

Proof: If (2) = (B) then there are algebraic integers a and b such
that o= bp and P =aa. Therefore a=b(aa)=(ba)a and hence
ba =1, Hence by definition of a unit both a and b are units. There-
fore o and P are associates.

If « and B are associates then a=bpf and B =aa where b
and a are units and hence algebraic integers. Theorem 4, 3. then gives

that (@) = (P).

Definition 4.6, The product of two ideals A = (al, .o an) and

B = (ﬁliﬁz,ouo,ﬁt) iS glvel‘l bY

AB = (alﬁl,alﬁz, ,..,alﬁt, 012[31,. ..,azﬁt,...,anﬁl,...,anﬁt)
or alternately
AB = {x|x is a finite sum of the form Zaibi, a, in A’bi in B}.
The two forms are equivalent for consider
h = Cllalﬁl + clzalﬁz +...+ Cijaiﬁj +...+c

By -

a
nt n

It is known that A is an ideal and hence Cijai = ozi is in A and there-
p
fore h = a'1[31 + ...+ a B which is of the form ii?la.b



50

Verification the other direction follows but is more difficult nota-
tionally,

The product is well defined as can be verified by the use of
Theorem 4. 3.

Two other consequences which follow immediately from the
definition are the associative property, namely A(BC) = (AB)C and

the commutative property, AB = BA,

Definition 4.7. A is a divisor or factor of B, written A|B ,

if and only if there is an ideal C such that B=AC, A,B ,C ideals

in R(9).

Theorem 4.8. IF A|B then B is a subset of A.

Proof: IF A|B then there is an ideal C such that B=AC. Let

A=(ay,....a.), B=(B,....B), C=(cp,...,¢) then

(Bl"‘ ',Bt) = (alel’al€2’ ¢ o . ’aiej! —~-:anep) .

Therefore every Bk is of the form

Yo

cllalel+...+ (cllel)a1+...+(cnpep n

Cc a € =
np np
and hence an element of A. Hence B({ A.

The converse of this theorem is also true, however its formal
statement as a theorem and its proof will be delayed until Theorem

4,28,

Theorem 4. 9. A nonzero rational integer t belongs to at most

a finite number of ideals in R(9).
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If t does not belong to any ideals then the theorem is true,

Suppose t is in at least one ideal, then every such ideal A can be

expressed in the form A = (a

the degree of R(6). Let b

Then «.=c¢..b, +..,+c. b
1 i171 in n

1

e

e ,an) by Theorem 4. 2.where n is

oy bn be an integral basis for R[6].

with the Cij being rational integers.

Now there exists rational integers q.lj and rij such that

c.. =tq,.+r.. with 0< r..<t. Note that it can be assumed that
1 1 1] = 1
t >0 since if t is in A then so is -t. Hence
a; = (tq.l1+ ril)b1+"'+(tqin+ rin)bn
= t(qilbl + ...+ qinbn) + rilbl +...+ rinbn

it

txi+ﬁi .

Since the bi"s are fixed and 0 < rij <t there are only a finite

number of choices for ﬁi no matter how many sets of «

chosen. It shall now be shown that A = (al, . ,an) = ([31, ..

:an

-’ﬁn:t)

17°° are

and hence there will be only a finite number of ideals containing t since

there are only a finite number of choices for ﬁl, e ,ﬁn,t for a fixed
t. Now
A=(@),...,a)

= (al,...,an,t) since t is in A

= (tx 4By, ..., tx TP ,t)

= (Bys--esB_,t)
by Theorem 4.3 since

ﬁi: (tx.l+[3i) —x.lt, t=t, and tx.l+[3i= x.l(t)+ l(ﬁi)
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Theorem 4, 10. An ideal A # (0) has only a finite number of

factors,

Proof: This will be proven if it can be shown that A is a subset of
only a finite number of ideals and then invoking Theorem 4, 8. Since if
A has infinitely many factors then each of these factors are ideals
which contain A and hence there would be infinitely many ideals which

would contain A,

Let «#0 bein A and x"+ an_lxn—1+ R ag be the mini-
mal polynomial for a then o™+ an_lan—1+ ..t aj@= -a, # 0. Now
a/n+ a la/n—l + ...+ a o is in A since A is an ideal and each of the

coefficients a.i are rational integers and hence in R[6]. Therefore
the rational integer -a, is in A, By Theorem 4.9 there can only be

a finite number of ideals which contain 24 therefore only a finite

number of ideals which contain A.

Definition 4. 11. An ideal A # (0) or (1) is called a prime

or maximal ideal if and only if for every ideal B such that A( B,

then B=A or B=(1).

Theorem 4. 12. A is a prime ideal if and only if abeg A

implies either a or b is in A, where a and b are algebraic integers,

A #(0),

1,...,ozn). Let

abeg A, if be A then the theorem is true. I b is not in A then

Proof: Suppose A is prime (maximal) and A = (o

consider B=(a1,...,an,b), it follows that A( B. A maximal
implies B=A or B=(l). B#A since beB but bf A therefore

B=(1). Now 1e¢ B therefore



53

l=c, +.,.+ca +db
171 n n
which implies that
a.=(a.c1)a1 + +(acn)an+d(ab).
Since ATERE ,an,ab are in A so is a, Hence the conclusion follows.

Suppose abe¢ A implies a or b is in A. Let B be an ideal
such that A(C B and A # B then show B =(l). If A+ B there is
an ag¢ B suchthat o ¢ A and there is a nonzero rational integer t in
both A and B. As in the proof of Theorem 4,9,
a= tx1 + rlb1 +...+ rnbn where there are only a finite number of
choices for the r, and bl’ e bn is an integral basis for R[6].
Therefore, considering powers of o there are exponents p and q with
p > q such that PL t#p - txq. That is, the set of coefficients
of the b.1 are the same for distinct powers of «. Now te A implies

tx, - txq ¢ A which in turn implies that ¢3@P ™ @-1)e A. 294 A

1
since if it were then one of its factors a  would be in A by the
hypothesis and hence one could arrive at the coﬁclusion inductively that
aeA., Therefore by the hypothesis P _1eA. AC B implies
aP™9_1 isin B. Letting «P 9 -1=8 itis seenthat -1=p-aP ¢

is in B and hence 1le¢ B, Therefore B = (1).

Theorem 4. 13. If P is a prime ideal and AB(C P then

ACP or BCP, A,B ideals.

Proof: If A (C P then the theorem is true. Suppose A Qf P then

there is an @ in A which is not in P. Let P be an arbitrary element



54

in B then afe AB and hence af is in P. P a prime ideal implies

B is in P by Theorem 4. 12. Therefore B ( P.

Theorem 4. 14. If A is an ideal different from (0) or (1) then

AD P1P . Pr for some finite collection of prime ideals Pi and

.
further ACPi, i=1,...,r.

Proof: If A is prime then the theorem is true. If A is not prime then
Theorem 4, 12 implies there is a product bé in A such that neither b

nor ¢ is in A, If A.:(al,...,an) then consider B = {a ..,an,b)

I
and C = (011, ce ,an,c) Now A is a proper subset of both B and C.

Also if xe¢ BC then

n n n
X= X a..a.a.t+ Z b.ba.+ Z c.ca., +d(bc).
1,4=1 VS P T T

Since either an a, or. bc 1is in each summand and A is an ideal,
then each summand is an element of A and hence x is in A. There-
fore A D BC. Repeat the procedure for B and C. This process will
stop after a finite number of times since there are only a finite number
of fagtors by Theorem 4. 10 and hence only a finite number of ideals
which contain A by Theorem 4, 8. Hence A will contain a finite prod-

uct of prime ideals with A contained in each.

Definition 4. 15. If P is a prime ideal then

pi- {xe R(6)|xpe R[B] forall pe P} .

Theorem 4. 16. If P is a prime ideal then P"1 contains an

element which is not an algebraic integer.
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Proof: Let a# 0 be in P and consider the ideal (¢). Theorem 4.14
implies (a) ) P1 o Pr where the Pi are prime. If there are

several choices for the product P1 s Pr choose one where r is a

minimum. P D) (@) therefore by Theorem 4. 13 some PiC P. With-

out loss of generality let it be P1 . Since P1 is maximal and

P # (1) this implies P1 = P. Now since r was chosen to be a mini-

mum, (a)zPZ"'Pr, where P2=(1) if r=1. Hence there is a

nonzero element B in P2 o Pr which is not in (a¢). Therefore %
is not an algebraic integer since for every algebraic integer a,

aa#p which implies there is no integer a such that % = a, However
since B¢ P,--- P it follows that (a) D Pi»*P =PP,:- - P_ DPE).
Therefore if ¢ is in P, ¢@ = ba for some algebraic integer b which

implies eE is in R[G] for all ¢ in P. Hence 8 is in P_1 and B
a _ a a

is the nonalgebraic integer in P—1 as asserted,

Theorem 4.17. If P is a prime ideal with x and y in P_1

then x+ye P—1 and exeg P—l for every algebraic integer e.

Proof: Let e P then (x+y)a =xa+tya. Each of the summands on

-1

the right side of the equation is in R[8] by definition of P and

hence their sum is in R[6]. Hence xtye P-1 .
Now (ex)a = e(xa) and since xa is in R[0] and € is in R[6]

it is seen that (ex)a 1is in R[G], Hence ex 1is in Pnl.

Definition 4,18. Let H be a nonempty set in R(B) then H is

a fractional ideal if there is an ideal K in R[8] and an element b in:

R(@) such that H=bK where bK = {bk|ke K} .
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Note that if « and P are arbitrary algebraic integers and

h1 . h2 are in H then

ah +ph, = a(bk ) +B(bk,) = blak, + ak,) e bK = H.

Theorem 4.19. If P is a prime ideal then P! isa fractional

ideal. In fact P_l:blK where b#0 is in P and Kz{bxlstnl}.

Proof: Since P is prime P # (0) and therefore there is an element b
in P such that b#0., Let K= {bx|xs P'l} . The definition of P~
implies bxe R[e] and therefore K is a set of algebraic integers. Now

to show K is an ideal

a(bxl) + ﬁ(bxz) b(axl) + b(ﬁxz)

teP ' by Thm.4.17

1 1 ]
bxl + bx ) XX

b‘(X'l + x'z)

b x" x'¢g P_l by Thm.4. 17,

Therefore K is an ideal., Hence since

lg - (Loxlxe P = (xlxe P} = B!

it is seen that P“1 is a fractional ideal.

Definition 4.20. If A is an ideal and B a fractional ideal with

B =dL where de¢ R(0) and L is an ideal then define AB = d(AL)

Notice that if P is a prime ideal this implies that if P_l = %K

then
k.

= {x|x is a finite sum of the form = a, _bi ya e A, k.la K}

ap-!
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Theorem 4.21. If A and B are ideals with A(CB then

AC(C BC for every fractional ideal C.

Proof: Let C =cL. where cg¢ R(0) and L is an ideal then xe¢ AC

c
implies x= Z a.l(c Zi) where a;e A and Zie L but a; e A implies
i=1
n
a;e B therefore x is a finite sum of the form X bi(cﬂi) with
i=1

b, e B. Hence x is in BC. Therefore AC CBC.
Note that an ideal is also a fractional ideal and hence if C is an

ideal in the above theorem then the theorem is still true.

Theorem 4.22. If P is a prime ideal then PP-l = (1).
Proof: Since P-1 is a fractional ideal P_1 = %K for b and K as

in Theorem 4.19. It will first be shown that PP™! is an ideal. If

a € PPwl then

ki r . r
Piy = % =z

R
"
n M-

i

which is in R[8] where the [Si are in P, the ki= bxi are in K, and

the x, are in P-l. Therefore PP-IC R[6], Now consider

k!
(¢B)) -

k, ¢
P e
J_

t
+ =
1 j=

Q
H M H

i 1

where a,¢ are arbitrary algebraic integers, the [3.1 and the ﬁj' are
in P and the ki and kj' are in K. The aﬁi and 6[35 are elements
of P since P is an ideal. Therefore, since each of the sums are
finite and of the required form their sum is still finite and is of the

1 1

same form and hence is an element of PP ™" . Therefore PP~ is

an ideal.
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Next it shall be shown that P (C PP .. 1e¢ P ' by definition
of P-1 . Therefore let @ be an arbitrary element in P then
r k.
a = o- E—b—l— which is a finite sum of the form Z [31 —B-l- and hence
i=1

Qe PP-l. Hence PCPP~1,

Now with P maximal, P PP ' and PP | an ideal it is
seen that PP 'z (1)= R[] or PP '=P. Suppose PP !=P, as
will be shown this cannot happen.

By Theorem 4.2 P has an integral basis Wisean, @ and by

Theorem 4. 16 there is an element r in P—1 which is not an algebraic

integer. The products ro,, i=l,,..,n are in P since it is assumed

n
that PP—1= P, Therefore rw, = £ a.,.w. for i=1,2,...,n where

i=1 1)
j=1
the a.ij are rational integers. Replacing w; by the variable X, it

is seen that the following system has a solution X, =, i=1,...,n

which is nontrivial since P # (0) and hence wy £0,.

(all—r)x1+a12x2+ .+a.1nxn =0
a.21x1+ (a.ZZ— r)x2 + . + a) X, = 0
an1x1+ a'nZXZ +.,.., (a.nn-r)xn =0

Therefore by linear algebra the determinant of coefficients is 0., That

is
117F %12 %1n
421 4227 "¢ a2n
= 0,
a.n_l anZ . e e a.nn—r
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Replacing r by the variable x and expanding one obtains an nth degree
polynomial with rational integer coefficients such that the coefficient of
x" is either 1 or -1, Hence r is a solution to a monic polynomial

with integer coefficients and is therefore an algebraic integer. A con-

tradiction to the choice of r and hence PP'I# P. Therefore

Theorem 4,.23. If A and P are ideals with P prime and

A (C P then Ap! is an ideal.

Proof: AC P implies AP ' C PP !=(1). Hence AP ! (C R[0].
By the note following Definition 4. 20 AP - —i— (AK) where K is an

ideal, hence AP"1 is a fractional ideal containing only algebraic

integers and is therefore an ideal.

Theorem 4. 24, Every ideal A not (0) or (1) is a product of

prime ideals.

Proof: By Theorem 4. 14, A contains a product of prime ideals,
Choose a product so that the number of factors is a minimum. That is,

A D P1P Prl with n a minimum., Proof of the theorem will be by

R

induction on n.
If n=1 and B is any ideal such that B # (1) and B D) P,

then B=P1 since P, is maximaland B # (1) and hence B is a

1

product of maximal ideals. Letting B=A the theorem is true for
n=1,

Suppose that for r < n, any ideal B # (1) with B 7) P P

with r the minimum such r then B= P1 cos Pr .
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Now let A ) Pl- e P then

-1
AP  DP; -+ P

by Theorem 4.21 together with PnPr—l1 = (1) by Theorem 4.22. Now

AP;I1 is an ideal by Theorem 4.23 since A (C P_ by Theorem 4. 14.
Also n-1 1is the minimum number of factors such that

AP DP - P If not, APT' D P - P implies

n-1° n-1

A P1 v Pn and hence n would not be the minimum number of

factors as was assumed at the beginning of the proof. Therefore by

the induction hypothesis AP"1 =P ... P and hence A=P. --- P
n 1 n-1 1 n

Theorem 4.25, If A and B are ideals with A ( B,

A=P -+ P , B=Q.---Q
1 n 1

ideals then each Qj occurs among the P.,P . Pn at least as

¢ Pi#(l), Qj#(l) and Pi’Qj prime

1’ 2!'! )

many times as it does as a factor of B,

Proof: Since Q, is a factor of B then B ( Ql by Theorem 4. 14.

1

Hence Ql OB OA D P1 v Pn and by Theorem 4,13 some
P, C Q). Without loss of generality let P1C Q,. P, maximal and
Ql# (1) implies P1=Q;. Therefore Q- 'Qt D) P, .-+ P implies

Q- Q DP,- P

2
Note that t <n for if not, after the above procedure is applied

n times, it can be concluded that Q ., ** Q, ) (1). Therefore

Qt DQnH Qt (1) but Qt# (1).

Therefore, inductively it is seen that P.1 = Qi’ i=1,...,¢t.

Theorem 4.26. The Fundamental Theorem of Ideals. An ideal

not (0) or (1) in R(B) can be represented uniquely except for order
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as a product of prime ideals.

Proof: Let A be an ideal not (0) or (l) and suppose

A=P ++-P =Q.-- Q. Let A=P ---P_ and B=Q,...Q in
Theorem 4,25 then A(C B and B A hence n=t and

P1= Q'l, ey Pn= Qi‘: for some arrangement Q', ... ,Qé of QI’ .. "Qt’

It shall now be shown that the above theorem is indeed a valid
analog to the Fundamental Theorem of Arithmetic. .

Replace the word integer by ideal in Definition 2. 12 and
Definition 2. 14 to get the analogous definitions for a unit and a '"‘prime"
ideal respectively, Note that if A is an ideal then A(l) = (1)A = A
and that (0)A = A(0) = (0) and hence the ideals (1) and (0) actas
mulitplicative identity and zero respectively.

Substitution into the definition gives the following. Let A be an
ideal then A is a unit if there is an ideal B such that AB = (1). Let
A be an ideal then A is a "prime' if A # (0) or a unitand if A=BC
with B and C ideals implies that either B or C is a unit,

The idea of a unit has not been used in this chapter, however
the concept of a prime ideal has been used but with a different defini-
tion than that above. It is now necessary to show that the definition of
a prime ideal that has been used in this chapter implies the character-
ization of a '"'prime' ideal given in the preceding paragraph,

Now, (1) is a unit in the set of ideals of R(®) and in fact it is
the only unit. Notice that (1) = (a) if a is an associate of 1, that is
a is a unit, Suppose A # (1) 1is a unit, then there is a B such that

AB = (1). However, AB ( A therefore (1) C A which implies

A = (1) , a contradiction.
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Next it shall be shown that each definition of a prime ideal
implies the other and hence an equivalent.

Assume that if P is a prime ideal and P (C A with A an ideal
then A=P or A=(l), Now suppose P=AB and neither A nor B
is (1), then P=AB implies that either A or B is a subset of P by
1

Theorem 4, 13 and that (1)=ABP~ Without loss of generality let

B (C P then BP_1 is an ideal by Theorem 4.23. Now BP-lsé (0)

or (l) since ABP—1 = (1). Therefore by the same argument as given

two paragraphs before it is a contradiction that A(B P-l) = (1) with
neither of the factors being tl) . Therefore the supposition that neither
A nor B is (1) is false and hence either A or B is (1). Hence the
definition of a prime ideal which was used earlier in this chapter
implies that if P is '”pvrime” and P=AB then A or B is a unit, The
converse is also true. For assume that if P is a '"prime' ideal and
P=AB then A or B is (1), Let P (C A then by Theorem 4.28
which will be proven shortly A|P and hence P=AB for some ideal
B. Now by the definition being assumed A or B must be (1). If

A =(1) then the characterization follows. If A # (1) then B=(1)

and hence P=A(l)=A,

Therefore the two concepts of a prime ideal are equivalent,

One of the main benefits of the Fundamental Theorem of Ideals
is that it enables one to give a characterization of when unique factori-
zation occurs in R[] in terms of the types of ideals which occur in
R[e].

Suppose the principal ideal (o) is a prime ideal, then a must
be a prime algebraic integer in R[B] for if not, a= B6 where neither

of B and & are units. Therefore (a) = (B)(6) where (B) # (1) and
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(8) # (1) hence (a) is not a prime ideal. A contradiction, hence a
must be prime in R[6]. Now if every ideal A in R[6] is a principal
ideal one can write A=(x) and further A has a unique representation
except for order as a product of prime ideals. That is,

(@) = (Bl)(ﬁz) ce (Bn) . As shown above, [51, .o ,ﬁn are each prime
algebraic integers in R[B8]. Also ([3.1) = (y) 1if and only if [3.1 and vy
are associates by Theorem 4.5. Hence one can write the algebraic
integer a uniquely as a product of primes in R[0] except for order
and multiplication by units as a= [31[52 S ﬁn . This proves the suffi-
ciency of Theorem 4.29. In order to prove the necessity several more

theorems are needed.,

Theorem 4. 27. If A is an ideal then there is an ideal B such

that AB = (¢) where a is a rational intéger.

Proof: If A=(0) or (l) then the theorem is true. Suppose A # (0)
or (1) then let A= P1 ce Pn be the unique factorization of A into
prime ideals, Now choose bi £ Pi , i=1,...,n such that bi is a

rational integer. This can be done since if e P.1 with B #0, then

N(pB) is in Pi and N(P) is a rational integer, Then, as in Theorem
-1 1

4,19, one can represent Pi as - Ki’ i=1,...,n where K.1 is
i
an ideal. Therefore APr-11 ce PIl = (1) which implies
1 1 _ 1 _
A<—b-;- Kn) (b—l'" K].) = (1) and hence bn"'bl AKn Kl— (1)
which gives A(Kn- ) Kl) = (bn- .. bl) . Hence Kn-' . K1 is the
required ideal and bn v b1 is the rational integer «.

Theorem 4.28. If A and B are ideals and B (C A then A|B.
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Proof: B(C A implies BD (C AD for every ideal D, Choose D such
that AD = (@) for some rational integer ¢. Let BD = (Bl, . o ,Bn)
then since BD( AD Bi = ¢ for some algebraic integer €

i=1,...,n. Hence BD = (a)(e ,en)=AD(el,...,en). Therefore

17

le--Qt B=Ql'--Qt A(el,..,,en) where D:Ql---Q is the unique

t

factorization of D into prime ideals. Hence

and therefore B =A(el, cens en) . That is, A is a factor of B.

Theorem 4.29. Let unique factorization (The Fundamental

Theorem of Arithmetic) hold in R[] and let & be a prime in R[6]

then (8) is a prime ideal in R[6].

Proof: Suppose (6) = AB with neither A nor B being (1). Then
there exists o e A, pe B such that 6{0: and 6{(3 but ad =apf for
some algebraic integer a. To verify that there exist such « and
suppose without loss of generality that & Ia for every a in A then

A = (cbd). Now (8) = (cd)B implies (l) = (c)B which in turn implies
there is a y in B sﬁch that cy=1. Hence y is a unit which implies
B=(1), a contradiction. Further, a is not a unit in R[6] for if so
ea=1 for some algebraic integer ¢ and hence 1leg¢ A and the:efore
A = (1), a contradiction., Likewise for B. Since ad =af this
implies 6'0:(3. Now «af has a unique factorization into primes and
since & is a prime & must be one of the prime factors. But a and B
each have a unique factorization and therefore the product of these two

factorizations must be the same as the factorization for aff except

for the order and multiplication by units. Therefore & must be a
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factor of either @ or B. Hence one of A or B must be (1) and there-

fore (&) is a prime ideal.

Theorem 4.30. Unique factorization holds for the algebraic

integers R[] if and only if every ideal in R[] is a principal ideal.

Proof: Assume unique factorization holds in R[6]. One now needs

only to show that every prime ideal is a principal ideal since every

ideal is a product of prime ideals and the product of principal ideals
is a principal ideal,

Let P be a prime ideal and a ¢ P. Since unique factorization
holds, a= ﬁl ﬁz res ﬁn where the ﬁi are prime algebraic integers.
Now (a) ='(ﬁl)(ﬁ2) ce (pn) and P ) (@) which implies by Theorem
4. 28 that ‘Pf(ﬁl)(ﬁz) -+« (B.). Therefore AP = ([31)- . (ﬁn) for some

n

A. Now A has a unique factorization of prime ideals, A=Q1 v Qt

and each of (Bl), ceas (‘ﬁn) on prime ideals by Theorem 4.28. Hence

2

Uniqueness of factorization gives Pz(ﬁk) for some k. Therefore P

oo QtP and ([31) < (Bn) are two prime factorizations of AP.

is a principal ideal.

If every ideal is a principal ideal then unique “.factorizatv:ion
holds as was shown in the paragraph preceding Theorem 4.27,

It was shown in Chapter II that R[J-5 ] does not enjoy unique
factorization. One can now show this by considering the ideal
(3,1+24/-5) and invoking Theorem 4.30 as follows.

As was shown in Chapter II both 3 and 1+24+/-5 are prime
algebraic integers in R(\ 5 ). Suppose that (3,1+2+-5) isa
principal ideal then there exists an algebraic integer P such that

(B) = (3,1+2+~5). Then B|3 and B|1+2+<5 but since both 3 and



1+2+/-5 are prime this implies  is a unit. f a unit implies (f)=(1).
Also, as shown in Chapter II every element of R[NF5 ] is of the form
3x+yx/-5 where x and y are rational integers. Therefore if

(1) = (3,1+24/-5) there must be rational integers a,b,c,d such

that
3(a+ba-5) + (1+2A-5)(c+dr-5) =1
and hence

3a +c - 10d + <5 (3b+d+2c) = 1.

Therefore one must have 3a +c¢c - 10d =1 and 3b +d +2c=0. Add
these two equations to get 3(a+b-3d+c) = 1. This cannot happen
since 3 times a rational integer cannot be 1. Hence (3,1+24/-5)
is not a principle ideal and therefore by Theorem 4.30 unique factori-

zation does not hold in R[\/-S ] .



CHAPTER V
FACTORIZATION IN QUADRATIC FIELDS

In the preceding chapters R(\/-5 ) has been used as an example,
It was determined that R[\=5] does not enjoy unique factorization,
This chapter is concerned with when R[NVD ], D a rational integer,

does or does not enjoy unique factorization.

Definition 5. 1. If D is a rational integer other than 0 or 1

which has no square rational integer factors then D is called square

)

free,

Through a nurﬁber of publishe.d mathematical papers (see
Chatland and Davenport [20] and Hardy and Wright [15]) it has been
shown that the only square free rational integers, D, such that R[\f'f)']
is a Euclidean domain and hence enjoys unique factorization (as will be
shown) are the values D = -11, -7,-3,-2,-1,2,3,5,6,7,11,13,17,19,
21,29,33,37,41,57,73,

To prove that d = -11, -7, -3, -2, -1 are the only square free
negative rational integers such that R[VD ] is a Euclidean domain is
within the intended scope of this dissertation and will be done. How-
ever, to prove that the only positive square free D are the ones listed
above such that R[\D ] is a Euclidean domain is a very long task,

requiring the publishings of several mathematicians.

67
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Using the definition that the norm of @, N(«), is the product of
the field conjugates of o the following theorem gives a criteria as to
when all ideals are principal in R[6]. Hence, a criteria as to when

unique factorization holds in R[8] by Theorem 4. 30.

Theorem 5,2. Every ideal in R[8] is principal if and only if

for all algebraic integers a,b in R[6], neither of which are zero and
b{a, then there exists algebraic integers a and P such that

0 < |N(aa-pb)| < [N(b)].

Proof: Suppose every ideal of R[6] is principal. Let a,b satisfy
the conditions listed in the theorem. The ideal A= (a,b) is principal
and hence (a,b) = (r) for some algebraic integer r. Now b=06r for
some & in R[B] hence N(b) = N(§)N(r). Further b and r are not
associates since if so b]|r, but r|a and therefore bla, a contradic-
tion to the asslumption-. Hence |N(&8)| > 1, therefore IN(b)| > |N(r)] .
Now r is in (a,b) therefore r=aa + (-B)b for some algebraic
integers a and B. Hence |N(aa-ﬁb)[ = [N(r)l < N(b). Also N(r)#0
since N(b)# 0 (b#0). Therefore 0 < IN(aa -Bb)] < lN(b)l .

Now let the criteria be satisfied and A be a nonzero ideal of
R[6]. For every 6 in A, N(6) is a rational integer, therefore one
may choose b in A such that lN(b)l is the minimum positive rational

integer of {|N(x)||xe A}. Assertthat A=(b). For suppose that a

is in A and a #6b, that is b{a, then by the criteria there exist
algebraic integers @ and P such that 0 < |N(aa —Bb)’ < N(b). A
contradiction since aa-fb is in A and has norm less than |N(b)]|

which is a contradiction to the choice of b.
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When the special case of a=1 occurs in the preceding
theorem, R[0] is referred to as a Euclidean domain. However, the

usual way of defining R[8] as a Euclidean domain is as follows.

Definition 5.3. R[0] is a Euclidean domain if there is a function

E (referred to as a.Euclidean norm) from R[6] - {0} to the positive

rational integers such that:

(1) E(ab) = E(a)E(b), a,be R[8] - {0}

(2) Given b#0 and a in R[8] there exist q,r in
R[6] such that a=bqg+r and either r=0 or

E(r) < E(b).

Theorem 5.4. The absolute value of the norm, IN[ , is a

.Euclidean norm for R[6] if and only if for every b#0 and a in R[G]

there exists an algebraic integer q such that’ [N(a -bq)| < ]N(b)] .

Proof: Suppose le is a Euclidean norm for R[6]. (Note that since
N(ap) = N(a) N(B), it is a reasonable candidate.) Let b#0 and a be
arbitrary in R[8]. |N| a Euclidean norm implies there exist q and
r in R[6] such that a=bgq+r with r=0 or ]N(r)[ < ]N(b)! .
Therefore in either case IN(a -bq)| = [N(r)] < [N(b)].

Now assume the criteria, lN(aﬁ)l = [N(a)l [N(B)] , and part (1)
of the definition of a Euclidean norm is satisfied. Let 1 = a -bq, that
is a=bgq+r. Hence r=0 or by éssurnption,
lN(a —bq)l = !N(r)] < ]N(b)] . Hence ]N[ is a Euclidean norm.

The following theorem is a result of combining Theorems 5. 2,

5.4 and 4.30 after noting that if b{a in Theorem 5.4, then



70
0 < |N(a-bq)| < |N(b)]|.

Theorem 5.5, If [N[ is a Euclidean norm for R[08] then

unique factorization holds in R[6].

Proof: Follows directly from Theorem 5.2, 5.4 and 4.30 with a=1,

B=q in Theorem 5. 4.

Notice that this theorem is not an if and only if theorem, that is,
it may be possible (in fact it does happen) that R[8] may enjoy unique
factorization even though IN[ is not a Euclidean norm for R[6].

The remainder of the chapter will be devoted to qué,dratic field

extensions of the rational numbers.

Definition 5.6. If D is a nonsquare rational integer then

R(\D') is called a quadratic field extension of the rational numbers.
Since R(JD ) is the smallest field containing both R and D

it follows that R(D ) = {x+yyD |x,yeR}.

In the study of quadratic field extensions one restricts oneself
to those values of D which are square free. For suppose that

D = rnZD', then

RWD) = {x+yWD |x,ye R} = {x+ymD" |x,ye R} = R(WD")

since every rational number can be written in the form ym where y
is a rational number and m is a fixed integer., Also notice that if D
is the square of a rational integer then R(ND ) = R since D isa
rational integer and hence the smallest field which contains R and the

rational integer /D is R itself.
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Hence it shall be assumed throughout the rest of this chapter
that when considering R(WD ), D is a square free rational integer.

In a quadratic field, R(ND ), the norm of a+byD 1is such that
N(a+byD) = a.2 -D b2 . Since D square free implies that x2 -D=20
is the minimal polynomial for «D then, the conjugates of ND are
ND and -D . This gives, by Definition 3. 24, that the field conju-

gates of a+by\/D are a+byD and a+b(-\/D ). The product

(a+byD )(a+b(-\D)) = a.2 - Dbz by definition is the norm of a+baD .
An algebra calculation will verify that N(%) = -lltII_EaB—; for any «,B in

R(®) such that B4 0.
Theorem 5.4 can now be worded in the following way.

Theorem 5.7. The absolute value of the norm, ]Nl , is a

Euclidean norm for R[e] if and only if for every b#0 and a which
are in R[e], there ekists an algebraic integer q such that

IN(Z -q)| <1.

Theorem 5. 8 Let D # 1mod4 then a+by D 'is an algebraic

integer if and only if a and b are rational integers. If D = l1mod4
then a+by/D is an algebraic integer if and only if a+byD = L£+myD +I§VD

where f and m are rational integers and £ and m have the same

parity.
Proof: Since L-I-—I:——— VD , with £ ,m,n rational integers satisfies
2 2 —
x2 - %’f—x + L—IPZ—I—)— = 0 and hence L%Q is an algebraic integer
: n

if and only if an!Z and nzllz-mZD . Without loss of generality, let

(L, m,n) =1,
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Let p be an odd prime such that p|n where n|24 and
nzllz—sz . Then p]i and hence implies pzliz . Since
pzllz-sz and D is square free this implies p'm, Hence

(£, m,n) >p, acontradiction. Hence no odd prime can be a factor of

n if !—-I—-—r;i—-—— D is an algebraic integer, Suppose 4[n then 2[1 and

as above, this leads to the contradiction that (£, m,n) > 2. Therefore,
since neither 4 nor an odd prime can be a factor of n, n must be 1 or
2.

If n=1 there are no restrictions on D,

If n=2 then 4]122—sz which implies JZZ—mZDEOmod4.

Now D square free implies 4{D and therefore 12 and rn2 must

be of the same parity if JZZ-mZD Z0mod4. If £ and m are even then

(£,m,n)>2, acontradiction tothe assumption. If £ and m are odd,

EZEmZE lmod 4, therefore 2% m®D=1-D=0mod4 or

D =Z1mod4. The contrapositive gives that if D Z 1mod4 then n=1

when -g—i-r—;l—-——-“ is an algebraic integer.

If D=1mod4 then 3i_f2__ VD s an algebraic integer if both

e and f are rational integers of the same parity. For if they are of

the same parity and D = 1mod4 then ez- f2 D =Z=0mod4 and hence,

22 'ez—sz and 2|2e which by the first part of the proof assures that

g—-i-fz—@ is an algebraic integer.

Theorem 5.9, If D is a square free negative rational integer

then D = -1, -2, -3, -7, -11 are the only values of D for which

R[r\/ D | is a Euclidean domain.

Proof: Suppose D % lmod4 and consider ILZ— D with D a square

free negative rational integer. Then with a = 1++4/D and b=2
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Theorem 5.7 implies that if R[\D ] is a Euclidean domain there
exists an algebraic integer x+ynD (x,y are rational integers by

Theorem 5. 8) such that |N(1L2\/—Q_- - (x+ y«\/_ﬁ))l < 1. Now

(6 o)
- o)

- IN(%@—- - (x+Y\/’5))| -

D

W
A

1
1

1 1 .
Z—ZD<1 which

implies D >-3., Hence D =-2 or -1 are the only possible cases

Therefore if ,N(liz—@— - (x+yND )>| < 1 then

for which R[ND ] can be a Euclidean domain if D % lmod4 and D
is a square free negative rational infeger.
Now it .shall be shown that D =-1 or -2 does give a Euclidean

domain by the use of Theorem 5.7. Choose arbitrary a and b from

RIND] suchthat b#0. Then % = u+va/D. Choose rational integers
x and y such that |u-x| _<_-;— and |v-vy] 5%— then x+y«D isan

algebraic integer. Also,

IN(@+vWD - (x+yvD )| = [(w-%7%- (v-y)?D]

(u-x)% - D(v-y)

IA
] —

D

B

<1 for D=-1 or -2.

Hence R[VD ] is a Euclidean domain for D =-1 and -2 by

Theorem 5.7,
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Suppose D = 1mod4 and consider l—t—‘r—— D with D a square
free negative rational integer, then by Theorem 5.7 with a = 1+\D
and b=4, there must exist an algebraic integer x_—l—_%__ VD , with x

and y rational integers of the same parity, such that

IN(HP)-(XJ’YZW)) | <1. Now

2 2
11 1 x 1y
16“'1ZD-<—(4'2> ’D<4'2)
_ 1+ND X +yND
= |N - | .
4 2
. 1+\/D x +yAD 11
Therefore, if IN( ! - ( > )) | <1 then 6 - 1602 < 1,
which implies D >-15, But D = 1mod4 therefore D =-3,-7 or

-11, Hence D =-3,-7 or -11 are the only possible cases for which
R[\D] can be a Euclidean domain if D = 1mod4 and D is a square
free negative rational integer,

Now it shall be shown that D =-3,-7 or -11 does give a
~Euclidean domain by the use of Theorem 5.7, Choose arbitrary a and

b from R[ND] suchthat b#0. Then =u+vaD , Choose a

lopt R

rational integer y such that IZv—y[ < %, then choose a rational
integer x of the same parity such that |2u-x| < 1. Then 2{—4-—%—— D

is an algebraic integer in R[\/']'D.] by Theorem 5. 8. Now

INfatvvD - (EH) | - (a- 5)2 -ofv-§J]

|A
D]~
N’
[3¥]
1
@]
T
| ]
—
[\8]
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1 1
- 1670

<1 for D=-3% or -7 or -11.

Hence R[VD ] is a Euclidean domain for D =-3,-7 and -11 by
Theorem 5.7.

As was mentioned at the first of this chapterb, it has been shown
through a sequence of papers that the only square free positive rational
integers D such that R[ND ] is a Euclidean domain are the values,
D=2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73. Hardy and Wright
[15] prove that R[\D] is a Euclidean domain for D=2,3,5,6,7, 13,
17,21 and 29 using a method similar to the proof that R[\/——'Z'] and
R[N-T ] are Euclidean domains in Theorem 5.9. For the other values
of D, H, Chatland [16] gives a bibliography of where the proofs might
be found, Chatland's article mistakenly lists R[NG7] as a Euclidean
domain, however in a later paper Barnes and Swinnerton-Dyer [18]
proved that this is not the case.

As was proven earlier, if R[\/‘ﬁ] is a Euclidean domain then
unique factorization holds in R[\fﬁ-] Now if R[\/’]—D_] is not a
Euclidean domain then one can make no assertion as to whether or not
unique factorization holds in R[\f]-)-] simply on the basis that R[\/']—D_]
is not a Euclidean domain., Bolker [13] asserts that the following set
of numbers is a complete listing of those square free rational integers
D < 100 for which unique factorization holds in R[ND ]: {-163, -67,
-43, -19, ~11, -7, -3, -2, -1,2,3,5,6,7,11, 13,17, 19, 21, 22, 23, 29, 33, 37,
38,41,43, 46,47, 53, 57,59, 61,62, 67,69, 71,73, 77, 83, 86, 89, 93, 94, 97} .

In the above set, there are nine negative values., Stark [17]

proved in 1967 that there are no other negative values of D for which
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unique factorization holds, Bolker claims that it is not yet known

whether or not unique factorization holds for infinitely many positive D,



CHAPTER VI
SUMMARY AND CONCLUSION

This dissertation was written so that it is within the grasp of
the good undergraduate student which has had first courses in number
theory, modern algebra and linear algebra. If the need should arise it
could, with addition of problems and motivational paragraphs, be
material for a seminar on the advanced undergraduate level. Used as
such, it should strengthen the student’s perception of both number
theory and algebra. The basic work of the dissertation deals with the
set of rational numbers, a concrete concept of the undergraduate
student at this level. The student should learn that there is an extended
concept of an integer and that with this extended concept one sometimes,
but not always, has unique factorization.

Chapter I gives a brief history of the inception of algebraic
number theory. Chapter II gives an introduction of what is involved
when speaking of algebraic integers and unique factorization. Chapter
III is a necessary background chapter on such topics as field extensions,
symmetric polynomials and bases. Unfortunately it is not unified nor
does it give the student an intuitive feel for the subject of factorization
of algebraic integers, Chapter IV returns to the heart of the matter by
characterizing those algebraic number fields in which unique factoriza-
tion holds through the use of ideals. Chapter V uses the theory of

Chapter IV on the specific case of quadratic field extensions. There

77



78

is a complete characterization of all those square free negative rational
integral values of D for which unique factorization occurs in R[\/’ﬁ]
Chapter V will give the advanced reader who wishes to do
further research on the subjec.t a direction to proceed., Namely, to
complete the characterization of all those square free rational integral
values of D for which unique factorization holds in R[\/_IT] This has
been done through a series of papers, a beginning list of which can be
found in Chapter V. The compilation of these into a comprehensive

work could possibly be a worthwhile paper.
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