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CHAPTER I
INTRODUCTION

There are a number of practical problems where a sequence of deci-
sions are to be made as to which action is to be taken on some known
system and where the outcomes of previous actions on that system are
uncertain, In many such problems it is possible, between decisions, to
obtain, in one of several alternative ways, some information which re-
duces the uncertainty as to the outcomes of previous actions. In prob-
lems of this type, it is usually desired to make the decisions and ob-
tain information in some optimal way.

Stochastic control problems provide an abundance of examples of
the type indicated briefly above. For instance, suppose there is a
control system whose dynamics are specified by the first order linear

difference equation,
X, = X + dj j=1,2,...,n .

Xj represents the unobservable state of the system at time j and dj
represents the control, or decision, at time j. X0 is not known, but
is a random variable with known distribution. For each j, the control
is to be some real number. Between the time j and the time j+1, infor-
mation as to the value of the state Xj may be obtained in one of two

ways which are denoted uj and Bj. The choice aj has associated with it

o,
a cost C(aj) and results in an observation of a random variable I J.



Similarly, the choice Bj has associated with it a cost C(Bj) and results

B.

in an observation of a random variable I . The sequence of events, as

they occur, is indicated by the tree diagram shown in Figure 1. Notice
that x's represent places where the decision maker makes a choice and

o's represent places where chance determines an outcome,

First Chance First Choice Chance
Decision  Determines of Way to Determines
Made Xl Obtain Information Xn
Jg> EL
% ces
Chance’ Determines
Information
Obtained
Figure 1. Tree Diagram of the Stochastic Control Example
The desired state of the system is specified for each time,
j=1,2,...,n, and the problem is to choose the decisions and ways of

obtaining information so as to minimize the expectation of the sum of
the mean square errors and costs of obtaining information. This prob-
lem will be solved in a later chapter.

This investigation is centered around the class, or type, of
sequential decision theory problem which was roughly described in the
first paragraph of this chapter. In the next chapter a precise formu-
lation of the class of problems investigated is given. The formulation
is followed by a discussion of a general method of solution. Also

given in Chapter 11 are some theorems which may be used in some cases



to greatly reduce the computational effort required in obtaining a
solution to a particular problem. In generalized form, the class of
problems considered contain, as special cases, a number of practical
applications. Applications to control, weapon analysis, and systems
engineering problems are used, in Chapters III, IV, and V to illustrate
the results obtained in Chapter II.

There are a number of statistical decision theory problems solved
in the literature which are similar, in one respect or another, to the
class of problems considered here. See for example DeGroot (1970),
Blackwell and Girshick (1954), and Raiffa and Schlaifer (1961). The
distinguishing characteristic of the class of problems being considered
here is the sequence of decisions resulting in at least partially unob-
servable outcomes combined with a choice of ways to obtain information

between decisions.



CHAPTER II
FORMULATION, SOLUTION, AND SOME SIMPLIFYING THEOREMS
Formulation

The class of problems to be investigated are finite stage, discrete
time, sequential decision theory problems. For each integer
ji=1,2,...,n a decision, dj’ will be made and these decisions will be
made in order of increasing subscript. For each j, the decision dj
must be selected from a given set, Xj. Once dj is chosen and some cor-
responding action is taken, a randomized outcome, xj, occurs. The
values which x.j may take will be denoted by the set QX.' For j = 1,2,
«+.,n, the ordered collections of the first j decisioni and the first
j outcomes are denoted by gj and Ej respectively. That is,
gﬁ = (dl’d2""’dj) and Ej = (xl,xz,,..,xj). At the time for the
(j+l)th decision, gj is known, but even though the collection of out-
comes, §j, has occurred, it is in general not known except possibly in
an approximate sense.

Between the time of the outcome, xj, j=1,2,...,n-1 and the time
for the decision, dj+l’ information may be sought as to the true value
of gj by selecting an experiment, kj. For each j, the experiment kj
must be selected from a given set wj. The cost associated with this

experimentation is C(kj) where C is a given nonnegative cost function.

As a result of the particular choice kjewj, a sample of the random

k k.

J

variable(s), I J, is obtained. The particular sample outcome, i “, is



contained in a set denoted Q For each j = 1,2,...,n-1, *j, the null

kj'

experiment or the experiment resulting in an observation of a degenerate
*

random variable, I J, is an element of wj. Further, for each

j=1,2,...,n-1, C(*j) = 0.

The following two probability density functions are given or

derivable from information given in the particular problem:

£« D (§nlgn) ¥ gn A XA, X oo XA = AL
“n'-n
and
k1
£y (i lgn,zn) VEk (€W XWX .o X0 =W o
r "1 ,x
~n’n d e A and
-
En £ QX X QX X 00 X QX = QX
1 2 n -
where

ky = (kppkyyesk), 3= 1,250,001

K k. k K,
T9-atht?,...,1h, $=1,2,...,0-1, and

X has been used to indicate the cartesian product.
The symbol Qk. will be used to indicate Qk X Qk X .00 X Qk.’
—j 1 2
j=1,2,...,n~-1.
At this point a comment should be made in regard to notation. For
the sake of efficiency, when there appears to be no sacrifice of clarity

and when arguments are to be taken as lower case versions of the indi-

cated variables, all or part of the arguments of probability density

functions will be omitted. For example, fX ‘D (]) might be written for
“n'-n
fx Ip (x,1d)
“n'-n k.
Marginal conditional density functions for gj and T J may be



derived from the given density functions. As a characteristic of the
general class of problems being considered it is assumed that the con-
ditional density of outcomes, Zﬁ’ is independent of decisions which

have not occurred at the time X.j occurs. Also, the conditional density
k,
of observations, I J, is independent of decisions and outcomes which

have not occurred at the time of the observation. Stated in equation

form,

and

£ Kk = f K s l1<j<p<n

= = - B
DU Xy TURg, l1<j<qsn

There is given a set of utility functions, Vl(zl,gl), VZ(EZ’QQ)’
«e.sV (x ,d ), which represent the decision makers preferences in the
n —n’-n
sense that he would like to choose d_ and k in such a way as to max-
-1 —n-~-1

imize the expectation of

n-1
V- o’do -
5(xy04y) Z

C(k.) .
1 3 J

2

J

E

1
When it proves expedient, the following notation is used:

n
) to indicate ) Vj(zf,gﬁ)

v(
j=1 )

X ,d
—n’-n

and
n-1
o c(k,) .
Cck —l) to indicate .Z N

j=1



The problem is to determine the sequential rules for the decisions and

experiment choices so as to maximize the expectation of V - C.
General Solution

The solution to the problem which has been formulated may be ob-
tained by the method of backward induction (DeGroot, 1970). This method
consists of working backward from the nth decision, establishing optimal
rules for each decision and experiment choice in terms of what is known
at the time that decision or experiment choice is to be made.

Accordingly, the conditional expectation of V - C is computed for

k
each condition d eA , k Ew and 1—n_leQ . The required expecta-
-—n -——n’ —n-1-n-1 -lgn—l
tion is given by:
Jo, VY, dEh a0l )
X -1
“n X |p,T "
'~
n
= jzl IQx v, (xy.d )f(l) k dx; - Clk ;)
=5 X, |p ,T "
241=n
where by Bayes' formula,
£ £ ,.(D
%I, I—n'llgn,pn
£gh o, =
x |p 7™t fo f(h ¢ (D dx
B % Xl r*1x ,p
~n’-n

The next step is to determine, by differentiation or other means,

the optimal rule, gn(gn—l’kh—l’i—n—l)’ for the nth decision, which as
th

indicated, is a function of the state of knowledge at the time the n



decision must be made. This optimal rule must maximize the conditional

k k
expectation of V- C given d , k , and I-—-'n—l =410 1 as computed
-’ —n-1

above. Notice it has been assumed that such a rule exists. Actually,

k
there 1s no guarantee at this point that for some d sy K and i_n-l
—n-1° -—n-1

there are not two or more values of dn which yield the same maximum;
however, in such cases an arbitrary choice would be made among the
alterﬁate decisions. Further, it is possible that for some gn—l’ En—l’
and i_n-l there is no dnekn which maximizes the conditional expectation
of V- C. 1In other words, it may be that for any dnekn there exists a
déekn such that the expectation with dn is less than the expectation
with d;. In such a situation, En would be chosen such that the expec-—
tation with En is sufficiently close to the supremum of the expectation
over all dnekn. Since such difficulties seem to be of little practical
difficulty, we will henceforth tacitly assume that they do not exist

and that optimal rules do exist and can be found.

Next, substitution of the optimal rule, Hn’ into the conditional

k k
expectation of V- C given d_, k and I_n—l = i_n_l yields the maxi-
-’ —n-1 K K
mum expectation of V - C given d , k , and f—n_l = i_n—l. This
-—n-1’ -1
maximum expectation can be written
max t
i | g VG&LADECD . dx Clk ;)
n X —n-1
“n X |D,I
“n'‘-n _
n—‘l
= 7 fo  Vi(x.,d)ED dx
=1 " x 3 pm1 9
3 = X.|p ,,T "
J ~=j'-n~1"
max _1
ta | Jo, TmEed)fh ) - o ) .
n X —n-1 ]
-n X ID
'



The next step is to determine the optimum rule for the (n—-l)th
v L
experiment choice, k (d 2,1 ), which maximizes the condi-

tional expectation of the maximum expectation of V - C given d s Kk s
K Kk K Kk -17 -l
and I—‘n_l = i—n_l given d s, kK , and I_'n_2 = i—n—2. The required
—-n-1’ -n~2

expectation is given by:

k
max , n-1
ka :El)l k2 4 IQX V(l{n’gn)f(l) En—ldl{n ® " et
n-11 [D__;»I “n X |p,I
- —n'-n

where
fI r("")llb T2 ] IQX -1f1k1("|i]D Il_(n 2 x f)il) |D 11—(“—2 ot

“n-1’ “n-1’ -1 =n-1'-n-1°

Substitution of the rule, &n~l’ into the above expectation yields the

k k
: , . ~n-2 _ .,-n-2 .
maximum expectation of V C given gn—l’ En-Z’ and I =1 . This
maximum expectation can be written
Eax IQ (I) k
n-1 kn—l I n liD _1’I—n-2
max k -1 a2
1 fQX V(l{n’-qn)f(l) k dx_|di -Cck. D - § ck,)
P&y X |p ,T " J
“n'-mn
n-l max
= Z f v, (Xj,d )f(l) k d}_j +k IQ fk(i) k
j=1 —n-2 n-1| 'k n-1 -n-2
S X, ID__;»I n-1 17 °|D .,I
max - kn—l ns?
y f"x Vn(l:n,gn)f(]) k dx_|di - C(k__) bock) .
Zn X |p .1 J
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Continuing in this fashion, the complete set of optimal decision
and experiment rules can be obtained. The listing given below indicates

the variables or the state of knowledge the successive rules are depen-

dent upon.

k
( K .—n—2)

Y]
kn-1Wno10ky o0t

Y En—l
n(én—l’l-c-n—l’l )

It should be emphasized that the decision rules must be retained
to be used in any realization of the random decision process.
As a side product of the solution procedure, the maximum expecta-

tion of V - C is obtained. This expectation can be written
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—

max maer f (|) max . max max Jr f (I)
1ok "% kll d, d-1Kp-1|® k)

max
-C(k__,) oo = Clky) = [q vl(§1,91>f(|> dx,

1% X |p,

+ o g £ (D T g Volmyad ey dxy + L

X
11 |21 =2 252'22’1
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Both of the above forms for the maximum expectation of V - C will
be used in the remainder of this investigation. The first form is re-
ferred to as the condensed form. The second form is more natural to
use in some applications and will be called the expanded form.

The sequence of events, as they occur, is indicated by the tree

diagram shown in Figure 2.

klewl dzex2

dlexl xlEQX ;? _2
1 X X e
igiz////// ;;Z///////////V ;S X ;ix
‘\\\\\\\ ‘J‘\\\\\\\\\\\\ iklegkl n X

Figure 2. Tree Diagram of the General Formulation

It is not difficult to see that the solution of some seemingly
simple problems fitting the formulation at the beginning of this chapter
can be very complicated. For this reason, much of the work which fol-

lows is directed toward reducing solution computational effort.
Experiments Without Cost

In many problems the cost associated with experimentation is zero.
Stated more precisely, for every j = 1,2,...,n-1, C(kj) = 0 for every

kjewjn In this case, the following two questions are important in that
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they may lead to considerable simplification of the solution process.

(1) For each j = 1,2,...,n~1 such that wj contains at least two
elements, is it possible to eliminate from consideration the null ex-
periment, *j?

(2) 1Is it possible to find a reasonably simple experiment charac-
terization so that if for some j = 1,2,...,n-1, there exists an experi-
ment, k'ew, with this characterization, then the optimal jth experiment
rule is ké?

Under a restriction on the demnsity function,

f
k ?
I—n—ll

D ,X
N

the answer to both questions is yes. In regard to the second question,
there is a characterization which is, in some ways, analogous to the
statistic characterization known as a sufficient statistic (Hogg and
Craig, 1966). The "yes'" answers to the above questions are formalized
with two corresponding theorems which provide in many problems, a great
amount of computational simplification. The theorems are stated below
and established in the Appendix. For examples of their application,

the reader should refer to Chapter III and IV.
Theorem 1
Suppose that

£ . = f k, £ X, oo f k .
I "D ,X Ilx, 19X I |x
—n’-n —1 —2 —n-1

Then for each j = 1,2,...,n-1 such that wj v {#j} is not empty, denote



14

wé = wy ~ {*j}, TFor each j = 1,2,...,n-1 such that wj = {*#j}, denote
w! = w,.
h| J
The maximum expectation of V using wi,wé,...,wé_l as the sets of

experiments is the same as the maximum expectation of V using
Wy sy yeeeyld .
1’72 >“n-1

Theorem 2
Suppose that

£ SEy fa e fy
Loy 1705 S S

and that for some j = 1,2,...,n-1, there exists a k&ewj such that for
k. k!

every kjew , kj # k!, there exists a function, z, (i J,i J) with the

N

following properties:

k.
J

k, k!
1 z @ iy >o
3
kj k) k!
(2) f k;l) = ij' zkj(i i d)f kj(]) di J
1ox, i 1%,
k, k! Kk,
@ fo oz alidal-n
k,
J
k, k! k!
) 0<f oz (17,4 Iyda: 3 < _
k)

The optimal jth experiment rule is ﬁ, = k!.
J J k, k'

Notice that if the conditional density function of I J given I J
and §j can be obtained and that density function does not depend on §j

and satisfies property 4 of Theorem 2 then that density function may be
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used as the function z, required in Theorem 2. The fact that the

3
density must not depend on X

3

Theorem 2 is analogous to the concept of a sufficient statistic. 1In

suggests that the concept involved in

fact, the concept involved in Theorem 2 has been referred to as a suf-

ficient experiment (Blackwell, 1953; DeGroot, 1970).

Information Measure

A measure of the conditional information in an experiment,
kj—lewj—l’ will now be defined. Theorems 1 and 2 are then interpreted

relative to the measure.

Let Uj(f(‘) K ) denote the maximum expectation of V given
x |p,r3t
—n'-n
ki 1 k‘—l
gj-l’ Ej-l’ and T 97 =1 3 ©, A suitable definition of the conditional
information, I, in an experiment kj-lewj—l given Qj—l’ Ej—Z’ and

kﬁ-z k._2
I =4 is given by the following equation,

LI
I(kj_llgﬁ_l,l )
A / £ ,kj—l
kia1 1 j'lID, ;T 372 X |D ,T 97t
—j-1 —n'-n
*
-fo £ 4D e GED o a3
*, j-1 =3-2 =§-2 _3-1
j=1 1 |£%_1,1 galgn,l LI
k,
=/ £,.(D U, (£(]) yai 37 - u ce()) )
o kol ki, ko, k.,
j=1 137%|p, [, T X |p ,T X |p 13
=j-1 —n'-n —n'-n
k
o ' | _ S5-1
“Jo, filD g, Ty DUyl
jo1 1 37p, T X |p ,T9 X |p ,T 3
—j=-1 —n'-n —n'-n
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From the definition it is seen that the conditional information in
the null experiment, *j-l’ is zero. The conclusion of Theorem 1 is ob-
tained because, under the hypothesis, the conditional information in an
experiment, as defined above, is never negative. Reference to the proof
of Theorem 1 will reveal that this is so. Thus, Theorem 1 may be inter-
preted as a statement that, under the hypothesis, the conditional infor-
mation in an experiment is never negative.

which satisfies Theorem 2, then
k.
regardless of what the state of knowledge éj—l’ Ej—Z’ and 1 9 ?

v ° L]

If there is an experiment kj—lewj—l
may be,
the conclusion of Theorem 2 may be interpreted as saying that k&—l has

at least as much information as any other experiment in wj-l' It could

be said that k&_ is a uniformly most informative experiment in wj—l'

1
Suppose in a particular problem that the hypothesis of Theorem 2
is satisfied and that for some j = 1,2,...,n~1 the set of experiments

w, is the set {a,,R,,*.}
k| i e

3
Bl
2 02
£ ,Mlxp) = L. !
I J]_)_(_j /2mi
_ l-(V~'x,)2
2 02
f (v[x ) = 1 e 2

, 2 2
Then if 02 > O1s
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(vyw) = —E——-e

g
3 / 2_ 2
21r(c2 cl)
serves as the function called for in Theorem 2 that establishes that aj

is a uniformly most informative or sufficient experiment in wj.
Experiments With Cost

In the more general case when experiments are not without cost,
methods which, in some cases, simplify the solution procedure can again
be found although the simplifications are not usually as thorough as in
the cost free case. 1In the work to follow, use will be made of a pos-

k

sibly hypothetical experiment, kj, which results in a sample of I J

where

A

In other words, kj is an experiment which may or may not actually be an

element of w, and which results in exact knowledge as to the outcome

|
of zﬂ' Also, the notation
kp n n-1 Bp—l
E-C L Vixo,d) - ] c(kj)]gp,l )

j=p+1 1 171 5epn1

will be used to indicate the maximum expectation of

n n-1
y V(x4 - l c(k,)
j=p+l 3 3 yeprr

k
using the experiment kp and given ép’ Ep—l’ and T PF = 1 .
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By reference to the expanded form of solution, it is easily seen
that for an experiment, kpawp, to be a candidate for the optimal pth
experiment, the cost C(kp) must satisfy the inequality,

k n n-1

K
P - —p-1
Cc) < Emax(j=§+1 V,(xy,d,) j=§+1 Ck,) |gp,1 )

vl T ety la T
-E"° ( V,(x,,d,) - C(k,)|d ,i ) .
max'y 4 33 jep#l1 3 TP

The right side of this inequality is a bound on the amount that
could be spent for an experiment, kpawp, when the experiment yields
information about 5? but the information has errors. Unfortunately,
this bound provides little help in applications since obtaining the
bound amounts to solving the problem by conventional means.

Two more theorems are now stated which give, in some cases, useful
bounds on the maximum amount which can be spent on experimentation.

The second theorem, Theorem 4, is a generalization of the concept dis-
cussed by Howard (1965) in relation to a particular systems engineering
problem and reverifies the intuitive idea that the maximum amount which
can be spent on experimentation can be no greater than the difference
between the maximum expectation when an exact observation of gj is
available as a cost free experiment and the maximum expectation when
the null experiment is used. It is shown in an example in Chapter V

that the specific result obtained by Howard (1965) is a special case

of the general idea expressed in Theorem 4.
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Theorem 3

Suppose that

f = f f Kk ... £

k k
“n-1 1 2 n-1
I " |D,X 1y 1%, 1S b S

and that for some p = 1,2,...,n-1, there exists a k;, which may or may

not be contained in w_, such that for every k ew_, k_ # k' and k_ # *_,
P k k' P P P P P P

there exists a function, z, (i p,i p), with the following properties:

K
P
k_ k'
W 2z @PiP) >0
P
k k' k'
@ £, =/, =z @PaPe (])a?
P k' p P
1 Px p 1Plx
-P =P
k k' k
3 [y z @Pi1PaiP=1
k P
P
k ! k!
(4) 0 < f z, (i p,i p)di P (o
Qo Tk
P P

Then the following inequality holds

o ké n n-1 Ep-l
Ck ) <E® () V,(x,d,) - ) Ck)ld,i" )
P max jep+l 1 33 jop+l i '-p
*p n n-1 Ep—l
-EP (] V.(x,,d4) - ] ck)ld,iP)
max J=p+l J=3 jo=p+l j7-p

k k
v th p . —p-1 _ ,—p-1
where kp is the optimal p experiment given gp’ Ep—l’ and T =1i .

If in a particular example each experiment kpewp, kp # *p, is of
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the form

—+*

where W and yﬂp are random vectors, then the experiment kI') defined by
P

k‘
1P=x +v
= -p

could be used in Theorem 3. In this example, Xp might represent an un-

avoidable measurement error associated with each experiment in wp.
Theorem 4

Suppose that

f En-l = f kl f kz «oo £ -
S A T - A
and for some p = 1,2,...,n-1, the inequality
o<jQ fk(|) dl{p<o°
Sl
Zp
holds for every k ew_, k_# * .
P P P P
Then the following inequality holds
€ <52} T el
Ck ) <E* ( V.(x,,d,) - C(k,)id ,i )
P max o+l ] jep+l 7 '-p

* n n-1 k

oG A€ Y- DI

-1
) [d

A P

k k
0N th . . —p-1 .
where k is the optimal experiment given d , k , and I =1
P P P Xp g S0 Ep-1
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Theorem 4 gives a bound on the maximum allowable expenditure for
k k

the pth experiment given gp’ k 1° and I_P-l = i_P_l. The bound is ob-

~p-
tained by computing the difference between the maximum expectation when
an exact observation of zp is obtained, free of cost, as a result of
the pth experiment and the maximum expectation when the null experiment
is used as the pth experiment. Since this bound represents the value
of complete elimination of uncertainty as to the value of §p, it will
be referred to as the conditional cost of uncertainty given gp’ k

K -l
and I_P-l.



CHAPTER TII
APPLICATTION TO CONTROL

The purpose of this and the next two chapters is three fold.
First, to emphasize the application of the problem formulation to prac-
tical problems. Second, to illustrate the general method of solution
in some specific problems. Finally to demonstrate how Theorems 1
through 4 can be used to ease the computational burden in obtaining the
solution to some specific problems. In this chapter the same basic
control problem will be used in several examples to illustrate differ-

ent points.
Example 1

Suppose there is a control system whose dynamics are specified by

the first order linear difference equation

Xj represents the state of the system at time j and dj represents the
decision at time j. The initial state of the system, XO’ is a normal
random variable with zero mean and unit variance. For each j, Aj = R,
the set of real numbers.
For each j, the set of experiments, wj, consists of two elements,
*j and o,. Choice of the experiment aj results in a sample of the ran-
o,

dom variable, I J, where

22
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Wj is a normal, zero mean, unit variance measurement noise. Also,

Wj and Wk are independent if j # k and XO and Wj are independent,

j=1,2,...,n-1. Choice of the null experiment, *j’ results in a
*

sample of the degenerate random variable, I J, where

It should be pointed out that in the problem formulation, the null

experiment, could equivalently have been described as an experiment

%*
j’

where nothing is observed. The general method of solution was, however,

more easily formulated with the null experiment described as the obser-
*

vation of a degenerate random variable. In the present example, i J,

is the number that will be observed if the null experiment is chosen.

1

The experiment o, has a cost of C(aj) =7 j=1,2,...,n-1. The

3

utility functions are given to be Vj(gj,gﬁ) = -(x -yj)z, i =1,2,...,n,

3

where yj is the desired state of the system at time j.
The decision and experiment rules and the maximum expectation of

V - C will be found for n = 3.
ky K
The conditional expectation of V3 given QB’ 52, and 1 =1 can

be written,

fszx V3(xs,d £CD k, 3
=3 2(_3 |_123’I

— - —-— 2 - - - 2
- IQX (x4y ) “£C]) K, fﬂx (x,+d 4=y ) “£(]) K, & -
=3 Xy|Dy, 1 2 X,|Dy,1
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The required density is found by Bayes' rule to be

( % %1 ’
. (dl+d2)+1 +(i +d2)
_ =2 3
1 . 2(1/3) ,
VZN%
k) = (@0
2
%1
. (d1+d2)+(1 +d2)
_ =2 2
1. 2(1/2) ,
/1
.lf.z Zﬂf
. - i = *
Ez(legz,l ) =< if k, = (a],%,)
X2 D ,I
2
%2
. (dl+d2)+1
_ =2 2
1 o 2(1/2) ,
ZH%
i = *
[x, - (d,+d,)]°
_ 2 1 72
_1_.e 2 s if Ez = (*l’*z)'
vam
The decision rule for d3 is next obtained by computing the condi-
k k
d k,, and I_-2 = i—'2 and then differ-

tional expectation of vy given 435 k,

entiating and setting equal to zero. The result is:
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%2 %1
(d.+d.) +1 © + (1 "+d,)
1 72 2 . _
y3 - 3 ’ lf 1_<_2 = (al’az)
%1
(d.+d.) + (1 +d.)
12 2 K %
k, Y3 = 2 ’ if ky = (a),%)
dy(dyaky st ) =4
%
(dl+d2) + i
- 3 = *
y3 2 b} lf _122 ( l’az)
- 1 = * *
Y3 (dl+d2), if EQ ( 10 2).

\

Substitution of the rule 3 into the conditional expectation of V

K K 3 3
given 93’ 52, and I < = i - yields the maximum expectation of V3 given
k k
dys Kyy and T 0 = 1 2,
1 .
- 3 3 lf Ez = (al’az )
‘%— » 1 ky = (ag,%)
max _ -
d, IQX V3 (xg,d9) £ (D k, 3| 7
=3 X, |D,,I
=3'=3 1
- = i = (%
2 3 lf .1_<.2 ( l’az)
- 1 = * *
l b lf l{_z ( l, 2)

-

Notice that in this special case the maximum expectation of V

LS
29 and I =i depends only upon the choice of 52.

3

given 92’ k
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Next, by simple comparison, the experiment rule for k2 is found.

The result is

/

fi
*

a, , if k

n —_
K, (d, ok »1 ) =9

%, , if k

|
Q

1 1

N

AU
Substitution of the rule k2 into the conditional expectation of

k k
the maximum expectation of V_ (x,,d,) - C(k,) given d,, k., Im2 =i 2
K K 3°=3°-3 2 =2 =2
given 22, El’ and f_l = i_i yields the maximum expectation of
k k
. SRS |
VB(EB,QB) - C(kz) given QQ’ 51, and I “ =1 7,
max max .k2
e, Pa TrlD wq o, V3GgdE() dxgldi T - Clky)
2 k 2 173 X ~2
_ 2 I [22’1 __3 &3‘23’1 _
fl o
-5 if kl =0y
= <
3
-2 { = %
y oo itk =

\

The next step is to obtain the decision rule for dz, Since the

k k

. . S -1 _ -1
maximum expectation of V3(§3,g3) C(kz) given QQ’ 31, and 1 =i

does not depend on d2, the decision rule for d2 can be found by maxi-

k k
mizing the conditional expectation of V2 given QQ’ 51, and 1 L. i l.

After using Bayes' rule to find the needed density function, the rule
can be found by differentiating and setting equal to zero. The result

is
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L3}
32(51_1,5_1,1 ) =9

Substitution of the rule 32 yields the maximum expectation of

k k

. ~1 _ .—l
Vz(iz’il.z) + V3(§_3s_<13) - C(kz) given 51_1, 51, and I ~ =1 7,
max |max max k2
d, |k, ka £ kél) k) d, fgx RACHEREI AR RN i |82

21 - X5(Dy,1
-1 s if B—l = al
+ C(k,) -

Again, by simple comparison, the experiment rule for kl is found.

The result is

n,
ki(dy) = oy

The maximum expectation of V2(§2,QQ)+V3(§3,gs)—C(kz)-C(k3) given éi is
found by substitution of the rule ﬁl to be -1, Since this maximum ex-

pectation does not involve dl’ the decision rule for dl can be found by

maximizing the expectation of V1(§1’91) given 91' The decision rule is

The maximum expectation of V - C is finally found to be -2.
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A summary of the decision and experiment rules is given below:

21/1=y1
ny
kp = oy
(o}
yl + i 1
d =y, -
2 2 2
ny
= %
k, 2
33 =Yy T Y .

The fact that d3 is determined before the decision process starts is

due to the fact that no new information is obtained after the experi-
ment kl is performed, no new uncertainty is introduced after the experi-

ment kl is performed, and d2 is chosen so as to use the information

from experiment kl.
Example 2

In this example, the decision and experiment rules and the maximum
expectation of V - C will be found for the control problem of Example 1
with the change, C(aj) =0, j=1,2,...,n-1. The solution will be ob-
tained for arbitrary n.

By Theorem 1, the optimal experiment rules are ﬁl=al,t2=a2,...,

n

kn—l=an-l°

LN

The expectation of V. given d , k , and I =1 can be
n -—n’ -—n-1

written
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2
fgx Vo LdDED _ldx - IQX Gy TED _ldx
Zh X |p ,T " Zn X _[D,I
-Tn -1 1n—m
- (x4 -y )£ dx
Q n-1 n “n k n-1
Xn-1 X .o ., 0%
n-1'-n-1°

. — ’\J - 3 3 . .
With En—l = En—l I the required density function is found

using Bayes' rule.

£(])
—n-1
Xn-1|—n--1’I
2
n-1 o o o, n-1
JodqH PR MR @ ) d)
oy n-1 P
x _j=1 j=2
- n-1 n _J
| o 2(1/n)

The decision rule for dn is found by computing the conditional ex-

*n-1 _ Zn-1
=40 , differentiating with

. . —n-
pectation of Vn given gn’ a1 and I

respect to dn and setting equal to zero. The result is

o o n-1

. D= , n-2 .1
dy + 1 + (1 +d )t @4 jZ ds)

2

Substitution of the rule gn into the expectation of Vn given gn’

o a
a1 and I_'n-l = i_'n_l yields the maximum expectation of Vn given

%-1 _ . Zn-1
gn—l’ @10 and T O =i )
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max 2 _ 1
- IQ (Xn-l + dn - yn) f(l) gn_ldxn—l T T n '
S

The conditional expectation of the maximum expectation of Vn given

*n-1 _ %n-1 =

Zn- 2 -2
,» and I =i given d i
-n

d 9 and T V% =14 is

Sn-1° Zp-1 -1° &y

also - 1/n. This result is not a function of dn—l and the decision

rule for dn— is determined by maximizing the expectation of Vn-l given

1

o o
-—n-2 _ -2 . , .
d _10 &9 and I =1 with respect to dn—l' Continuing this

line of reasoning, it is easy to conclude that for any p = 1,2,...,n,

the decision rule for dp will depend only upon maximizing the expecta-
a a

tion of V. given d , a_ ., and R R N respect to d_.

P -’ —p-l P

Using Bayes' rule to find the pertinent density function, the

1,2,...,n, can be found.

general expression for gp’ P

3{=yl,ifp=1

p
a
.~ p-1
g{p Go1o2p1t 7 )

p-1 _ a__ o p-1

U od, +1 P14 @P244d 4+ @i+ T d)
j=1 J p-1 i=2 J

=y, - ’
p p

ifp=2,3,...,n.

The maximum expectation of V using the optimum decision and exper-

iment rules is - R S cee ™ L 1. 1If the null experiment,
n n-1 n-2 2
*j, were used for each j = 1,2,...,n-1, the maximum expectation of V
would be -n, The improvement in expectation of V is %-+ %-+ %—+ vou
+ ol
n

, the maximum

]
B~

Recall from Example 1 that when n = 3 and C(aj)



31

expectation of V - C was -2. 1In the present example, when n = 3 the

maximum expectation of V=V - C is - ll-which is greater than -2.

6
However, were the two experiments al and az to cost %-each, the expec-
tation of V - %-would be -2 %-which is less than -2.
Example 3

In this example, the following changes are to be made in the prob-
lem formulation of Example 1.

The initial state of the system, XO’ has the density function,

—

0
e s X, >0
f(x) =
XO 0
0 , otherwise .
kY
-
For each j = 1,2,...,n-1, the set of experiments, wj, contains
three elements, *,, k', and k.
J J J
kl
J o s
1 mln(Ojl,sz)
kg
IY = max(Ojl,sz)
where
0,, =X, +W
il ] jl
0,, =X, +W .
j2 J j2
W,., and W,, are independent and have the density function

jl j2
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f(w) =f£f (w) =
le sz

0 , otherwise

C(kj) =0 ¥ kjewj and ¥ j = 1,2,...,n~1 .

Since W,

31 and W,

32 are independent, the joint density function of

0., and O, iven X, = x, is
jl j2 B h| h|

a ,

-(w—x,) -(v-x,)

e I e J y W,V > X
f (w,le,) = <
110052 1%y
0 , otherwise .

N

Using the theory of order statistics, it is possible to find the
k" k! k!

conditional density of I J given I 32313 and Xj = xj. The result is

(‘ k‘.‘ k V. k l. k‘.'

G Jiidy , 13 <13 <o
" k'

f k',' k’,(i Jli J’Xj) =

J J
I ‘I ’Xj 0 , otherwise 5

By Theorem 1, *j may be discarded from consideration for each j.
k" k! k!
The conditional density of I J given I 3 =419 and Xj = xj may be used

N
as the function z,, in Theorem 2 to establish that k =%k' ..
kj —n-1 -—n-1

Given a numerical value for n, the optimal decision rules for this

example can be found using the same procedure as in Examples 1 and 2.

For n = 2, the pertinent details of the solution are given below:
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k'
. 1
. (dl ) ikl)2 e(1 + dl)
a. Jao. Vaxpedp) £ adx) = KT d -1
2 X = 1 1.2
= §2|22,I @l e )
k! kg d
k! Al-net -@-1el
Y I 1
2(_4_ ’hl,l ) = Y2 - k'
.1 d
i 1
e - e
v — \j
ko(d)) = kg
max'r
V.o(x,,4)) £ (hax, = -1
d; 92(_1 1=1°317 7% |y 1
31 =¥y - 1
Example 4

In this example, the control problem of Example 1 is again con-
sidered, but with the following changes.

The initial state of the system, X , has the density function,

0’

f (x) = «
XO 0

0 , otherwise

For each j = 1,2,...,n-1, there are three observations available:

0., =X. +W,
jl h| j1
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where W, W,,, and W,

31 32 i3 are independent random variables having the

density function

f ) = £ (w) = £ (W) = .
Jl 32 J3

0 , otherwise .

.

Existing hardware dictates that for each j, the set of experiments,

wj, contains the three elements, *j, kj’ and k;, where

k! k! k!

17 = (1 j I J) = (min(0,

) )s max(0J19 0,,))

517952795 32°°33

and

kY 0., +0,, +0,
14 -4 j2 33
3 .

The cost associated with k3 and k; is zero for every j = 1,2,...,n~1.

Let
k'
iz
13 median (0, 1,032,033) .
k! k!
Using the theory of order statistics, the joint density of I J, IZJ’
k!
and I3J given X.j = xj can be found. The result is

k' k' kl(w x’le ) 9

iqd
1,7,1,7,1 J|x

\9 , otherwise o



k! k! k!
From this result, the density of I3J given IlJ =y, I

X, = Xj is found to be

3

fk'. k! kv.(ylw,x,xj)=J

11313
I, |1,”,1, X,

0 , otherwise .

o

k! k! k!
The next goal is to find the density of I ] given I J =317 and
X, = x,.
3 J
k"
G L 1 e
Prob(I * <1 |17 = w, L = x, X = x,) = g; = dy )
k"

By differentiating with respect to i J, the desired density func-

tion is obtained.

k" k' kl
FURTEIICEIER RS

11,7 IJ,XJ.

1°72
kl kl k" kl kl
3 PIPRE I AL B NS T O
3 kJ'.’311+312 =i 2317 +t3 4
i - i
- 2 1
0 , otherwise .

By Theorem 1, *, may be discarded from consideration for each j.
J k" k' k'
The conditional density of I J given T J =217 and Xj = xj may be used

as the function z ,, in Theorem 2 to establish that K =k' ..
kj —n-1 -—n~1
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Example 5

The control problem first introduced in Example 1 will be used one
last time to illustrate the application of Theorem 3. Consider the
same problem stated in Example 1 except as noted below.

For each j = 1,2,...,n~1, the set of experiments, wj, will consist

of the elements *j,c . As usual, *j denotes the null

1,3°72,5°93,5°" "
experiment. The random variable observed as a result of performing the
experiment ¢. ., p = 1,2,3,..., j =1,2,...,n-1, can be described by

b

the equation

(o .
1P =x +w. +2z
j j

where Wj is a normal, zero mean, unit variance random variable for each

. . . . , 2
j and Zp i is a normal, zero mean, random variable with variance Op e
b ’

XO’ Wj, and Z . are independent for each j and p. Also, Wj and wk are

»J

independent for j # k and Zp 3 and Zq L, are independent for j # k and
b >

each p and q. Thus, for a given j, the experiments © 't p=1,2,...,
. H

have two sources of error, Wj and Z .. There is no control over the
?

source of error, Wj, but by the choice of experiment the source of
error, Zp 't can be controlled. A physical interpretation of the situ-
>

ation might be that wj represents an inherent measurement error and

Zp i represents a controllable experimental error.
’
In the discussion which follows, it will be assumed that if p > q,
2 2 , 2 2 .

¢ ., <ag_ .. Also, if ¢~ , > ¢” ,, then C(o_ .) < C(c_ .). Thus, if
P,J — 4,] PyJ — 4q,] P, — q,]

P > q, then C(cp j) 3_C(oq j). C is unbounded for every j. That is,

b b

for any given j and any real number M, there exists an interger p such

that C(o_ .,) > M. Also, for any positive number N and any j = 1,2,...,

?

. . 2
n-1 there esists an integer q such that o~ , < N. These statements
3
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imply that by choice of experiment the variance of Z_, can be made as
s

small as desired, but in doing so the price will become arbitrarily

large.

Since there are an infinite number of experiments in each wj, di-
rect solution of the problem by backward induction would be very diffi-
cult. Theorem 3 can be used, however, to eliminate from consideration
all but a finite number of experiments from each wj. The point of de-~
parture for solving the problem will then be an equivalent problem with
only a finite number of experiments to consider for each j = 1,2,...,
n-1.

From Theorem 3 a bound for the maximum amount which could be spent
st 1—(-51—2 En—2
on the n-1" " experiment given d , k , and I = 1i can be
—n-1’ -n-2
written

A

k
v n-1 .
C(kn—l) = “nax (Vn(zn’gn)lgn—l’l

k * k

-n-2 n-1 ,~n-2
) - Emax (Vn(zn )lgn-l’l )

4,

, _ 2 _ 2 .
Since Vn(zn’én) = (xn yn) = (xn_l+dn yn) , an exact observation

st . . . . .
for the n-1 experiment will yield, with the correct decision, zero

error between x and y_ or V_ (x ,d ) = 0. Therefore,
n n n -n’-n

kn—l 1—c-n—2
Emax (Vn(zn’én)lgn—l’l ) 0
k -2
for any gn-l’ En—Z’ and 1 7.

Since the initial state and experiment errors are independent and

normal, the probability density function for Xn—l given gn—l’ En—Z’ and
k2 Koo
I =1 will be normal with variance less than or equal to one.

* k

-

n-1 -2, . . .
—Emax (Vn(zn,gn)[gn_l,l ) is equal to the variance of Xn—l given
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k k
én—l’ kn—z’ and I_‘n_2 = i—n—Z. Thus, the following inequality is ob-
tained,

c¥ HY<0+1=1
n-1’ — B *

Since for some P, p > P implies that C(op n—l) > 1, the set of ex-
b

periments, w _qs can be replaced by the set of experiments,

1

= *
e = 01090 0m109 ne10 0 2% 1

Using Theorem 3 once again, a bound for the maximum amount which

k
could be spent on the n—2nd experiment given d s k , and I_‘n_3 =
—n-2’ —n-3

k
,—1n—3 .
i can be written

2

~

k k

4y n-2 .—n-3
C(kn-Z) :-Emax (Vn(zn’én) + Vn—l(zn—l’gn—l) - C(kn—l)lén—Z’l )

*

n-2 .
" Bax U ped) + V1 G ged 1) = Cl_pd 08

oes,
max

nd .
An exact observation for the n-2 experiment will yield, with the

correct decisions, zero error between X and v, and between X 1 and

Yo-1 with zero expenditure for the k—lst experiment. Therefore,

A

k k

n-2
Eax Vp&d) +V . (x .4 ) -Ck _)d i7" ") =0 .

Since the initial state and experiment errors are independent and

normal,kthe proEablllty deE31ty quctlon for Xn_l given gn—l’ kn—B’
~n-3 .—n-3 -n-1 _ .,—n-1

k I =i , and I =i will be normal with variance

n-1’°
less than or equal to one. Similarly, the probability density function
k k

3 ,—n=3

for X given d k , and I V77 =4 will be normal with vari-
n-2 - —n-3

=2

ance less than or equal to one., Since C(&n_l) < 1, the following in~

equality is obtained,
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"
C(kn_2

) <3 .

Since for some Q, p > Q implies that C(op > 3, the set of ex-
1

n—2)
periments, W, _os can be replaced by the set of experiments,
1

= {* ’.

W

n-2 n—Z’Ol,n-Z’OZ,n—Z""’OQ,n-Z

Continuing in the above fashion, the following bounds can be ob-

tained,

n-p-1
C(K) < n-p + E j = n-p + <2zp=D) (n=p)
L j=1 2

n-2
c(ﬁl) <n-l+ J §=n-1+2222@D .
— 551 2

These bounds on the maximum amount which could be spent on experi-

mentation determine the corresponding finite sets of experiments,

] 1 1

wn—B’wn—4’°"’wl' Solution of this equivalent problem may still be

formidable, but the procedure is now clear.
2 1

., ==and C(c_ ,) = p. Suppose
P,J P ( P,J P PP
also that n = 3. Using the results obtained above, C(QZ) <1,

Suppose now that for each j, ¢

1 1

ck) <3, v, = { }, w, = {

* *
2 2091,270 ¥1 1°91,1°%2,1°%,1°"

Using Bayes' rule and the usual procedure of differentiating and

setting equal to zero, the decision rule for d3 is obtained.
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- i = * *
(e}
(d,+d,) + (i Ll )
-1z 2 2 1f k= (0, %)
73 T+ 1/2 ’ = 1,172
(e}
(d+d) + 2 @ 2ol
g, - —= 23 Z if k., = (0, .*.)
3 1+ 2/3 ’ LY 2,12
(e}
(d,+d,) +3 (i 311 )
g, - 12 "% 2 LE R = (0. %)
3 T+ 3/4 ’ L) 3,17 2
(e}
d, =< (d.+d.) + =4 22
3|y, 22 if k, = (% L0, )
3 1+ 1/2 ’ LS 1°%1,2
(e} (e}
(dl+d2) + % i 1,2 +%— i l’l+d2)
Y3 T T+ 1/2 + 1/2 ’ if ky = (95 1597 9)
(e} (e}
(dl+d2) + % i 1,2 +% (i 2’l+d2)
Y3~ T+ 1/2 + 2/3 ’ 1f ky = (95 129,9)
(e} (e}
(4 +d,) + %— 3 12 +-Z’: (1 3,1+d2)
- T+ 1/2 + 3/4 , if ky = (95 1,97 ,)-

k k
Next, the maximum expectation of V3 given QQ’ EQ, and I 2 . i 2 is
found by substitution of the rule 83 into the expectation of V3 given
k k
QB’ 52, and I 2 i 2. The result is



-1 , if
- % , if
- %— , if
- %- , if
@ Ha, Va&pdf)  dxgl =9,
3 §3 53[23:1—2 -3 if
- % s if
b
- é— , if

.

By simple comparison, the experiment rule for
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(Gl’l’*z)

= ( )

*
92,1772

*
(03,13 2)

= ( )

*
1°%1,2
(01,1’01,2)

= ( )

92,1°%1,2

(05.1291,2)

is found.

The maximum expectation of V3(§3,§3)—C(k2) is found by the usual pro-

cedure.



max max
D,,I =3 X.|D.,I
231232

-1, if k, = *
- %—, if k, =0
- %-, if k, =0

- %—, if k, =¢

\_

The decision rule for d, is also found by the usual procedure.

2
Yo T dl , if kl = *l
[0}
g 410
12 ifk, =0
Y2 1+ 1/2 : 1 1,1
2{2 = 1 2 2,1
d, + -1
1 3 if k, = ¢
) 1+ 2/3 ’ 1 2,1
g
4, +21 3t
1 4 if k, =0
) 1+ 3/4 ’ 1° 93,1

Use of the rule 82 yields the maximum expectation of V2(§2,22)+
k k
. =1 _ .1
V3(§3,Q3)-C(k2) given éi’ Ei’ and I ~ =1 .

42
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max {max
d2 k2 fﬂk : kéi) ki
2 I IQZ,I
mERN [ IV (x,,d )+, (x,,d.)=C(k ) TE() dx dikz
d Q 2°=2°=27 "3'=3°=3 2 k, =3
< X,|D,,T 2
—3!1=3?
- i = %
2 , if kl 1
4 . _
—'3—, lfkl—Cfl’l
= <
6 . _
5 ik =0y
8 . _
\‘7 » 1f kg =05 4
Thus, the experiment rule for k1 is ﬁl = *1. The maximum expec-
tation of V, + V, - C given d, is =-2. The decision rule for d, is
2 3 -1 1
easily found to be
2{1 -1

The maximum expectation of V - C is -3,



CHAPTER IV

APPLICATION TO WEAPON ANALYSIS

With the exception of occasional reference to the theorems of
Chapter II, this chapter is written so as to be self contained. This
is done so that a reader who is interested only in the weapon analysis
application of the general ideas which have been developed can read the
present chapter independently of others. For the most part, the mater-
ial in this chapter is a direct application of the ideas developed in
Chapter II; however, there is a small amount of new material which is
encountered for the first time in this chapter and has application only
to the particular problem being considered. Since part of the work in
this chapter is based on the theoretical approach to target coverage
problems developed by Snow (1966), an attempt has been made to use, in
as much of the work as possible, notation identical with that used by
Snow. The set of notation used in this chapter is therefore inconsis-
tent with the set of notation used in previous chapters; however, an
attempt will be made to correlate the two sets at suitable spots within

the text.

44
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Introduction

A method of analysis which maximizes the expected cumulative mili-
tary gainl due to a sequence of a predetermined number of bombing
strikes has been obtained. The analytical method is a result of formu-
lating the sequential bombing problem as a problem in sequential deci-
sion theory where the target damage function plays the role of the de-
cision theory utility function. The significance of the sequential
analysis is that each strike decision is based on maximizing the ex-
pected military gain due to all the strikes and takes into account all
previous decisions and all available information about previous and
present target states. Since it is possible that there is more than
one way of obtaining information between strikes and there are different
military costs associated with these different ways, the analysis in-
cludes the optimal sequential selection of the way in which information
is acquired. The analysis uses Bayesian decision theory and assumes
known weapon delivery and information error statistics.

The proposed method of analysis encompasses all three situations
as described on page 1 of the proposal, "The Sequential Analysis of
Cumulative Damage', No. ER70-R-2, July 1, 1969, i.e. the situations
where there is

(1) complete knowledge of the state of the target;

(2) no knowledge of the state of the target other than what

strikes have been ordered; and

lThe military gain is defined to be the target damage minus the
military cost of obtaining information between bombing strikes. When
there is no military cost associated with obtaining information, the
military gain is just the target damage.
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(3) information as to the state of the target but the information
contains errors.,

In the special case where no information about the state of the
target will be available during the sequence of strikes (Situation 2),
the sequential analysis degenerates into a nonsequential analysis. The
decisions are made so as to maximize the expected military gain due to
all the strikes, but since no new information will be available during
the sequence of strikes, all the strike decisions can be made before
the sequence starts.

Theorems 1 and 2 of Chapter II can be used to show, under reason-
ably general consitions, that when there is no military cost associated
with obtaining information, the expected military gain in Situation 1
is at least as large as that in Situations 2 and 3. Also, the expected
military gain in Situation 3 is at least as large as that in Situation

2, These conclusions agree with what we would expect intuitively.
Formulation and Solution

Suppose there is a military target with known reference 1ocation2.
In accordance with Snow's (1966) development, the target immediate mili-
tary value is denoted by W and is a function of the possible states of
the target, 0,1,2,... . 1 is the initial state of the target and
W(1l) = 1. 0 is the useless state and W(0) = 0. The states m = 2,3,...
are partial damage states and 0 < W(m) < 1 if m = 2,3,... . It is

assumed here that the state of the target can be changed only by use of

2Only the certain location problem is considered here. Extension
of the analysis to the more general case where the target is uncertain
can be easily accomplished if the required error probability distribu-
tion is known.
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a weapon against the target, i.e. the enemy will not change the state of
the target between strikes. The case when this is not a valid assump-
tion is considered later. Under this assumption it makes sense to sup-
pose that a finite number, M, of bombing strikes will be made on the
target.

In a general sense, the decisions as to how the M bombing strikes
will be made involve a number of parameters. Examples are aircraft to
be used, weapon, aircraft height, aircraft velocity, and desired ground
zero (DGZ) for the weapon detonation. The point of view is taken here
that all the pertinent parameters, with the exception of the desired
ground zeros and weapons, are dictated by some conditions beyond the
decision makers' control. Thus, each strike decision involves only the
choice of DGZ and weapon for that strike. Denote the decision as to
the DGZ for the jth strike by (§3,§3). Also denote the decision as to
the weapon for the jth strike by Bge It is assumed that there is a
well defined set of choices for (§3,§5) and 33 for each j = 1,2,...,M.
For j < M, the collection of decisions, ((§i,§i),Bi;(?é,;é),gé;,e@;
(?3,;3),53) will be denoted by (x,,y.),b..

wm’n((xj,yj),gg) denotes the probability that the jth bomb will
transfer the target to state n given that the target was in state m
just before the jth bomb was dropped, the bomb detonates at (Xj,yj),
and the bomb used was B&. For j < M, the collection of detonation
points ((xl,yl);(xz,yz);...;(xj,yj)) will be denoted by (x.,y.). The
weapon delivery error statistics are assumed known in the form of the

conditional probability density function,

£ = o= ey [ Gy by :
Xy N0 | (s Y 5By el T
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Let E%’n((§3,§3),53) denote the probability that the jth bomb will
transfer the target to state n given that the target was in state m
just before the jth bomb was dropped, the DGZ is (E&,;&), and the bomb
used was B}. This probability is given by the equation

= I wm’n((xj,yj),bj) f(X. v )I(i ?) _ ((xj’yj)l(xj,yj)’bj)d(x:]’yj)
3’73 3’7377

where it is assumed that

£ (%57 | sy Py
¥ vy ® J773 MM
X, Yy | (K> Yy 5By

= f ((x,,y.) | x,,5.),b,) .
> v by J°71] J°71] J
(Xj,Yj)l(Xj,Yj), ;

This assumption makes sense from a physical point of view since it
seems unlikely that DGZs and weapon choices on strikes other than the
jth could effect the statistics of the outcome of where the jth bomb

. .th N
falls given the j DGZ and bj.

It is assumed that the state of the target is Markov. Let Zj be

th

the random variable which is the state of the target just after the j

strike. For j < M, let Zj denote (Zl,Zz,...,Zj). Let

f
Zyl Ky Ty 2By

S . . . n
target state after the 1 t strike is i, the target state after the 2

(i,j,...,q[(gﬁ,§ﬁ),gﬁ) denote the probability that the
d

strike is j,..., the target state after the Mth strike is q given

(Eﬁ,;ﬁ),gﬁ. Using the Markov assumption, this probability is given by
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£ _ _ ,e50,q] (8,0 by
ZMI(XM’YM)’BM -

= wli((xl ’yl) )bl) wij ( (xz ’yz) ’bz) 0 wpq((xM’yM) ’bM) .

Notice that this probability mass function should be identified

with the probability density function, fX D ? which was introduced in
“n'-n
the general formulation of Chapter II.

Between the j—lth and jth strikes, information may be obtained as
to the past and present states of the target. The set of ways in which
information can be obtained is assumed to be well defined for each
j=1,2,...,M-1. The specific choice as to the way information will be

1 must belong to

obtained in denoted by the variable kj_ -1

Thus, k,
J
the set of ways in which information can be obtained. As a result of

this choice, information will be obtained in the form of an observation

k,
I 3-1 The

on the random variable(s), , at a military cost of C(kj_

l)'

collection of ways in which information can be obtained might represent
the ways in which an observation of the target area can be obtained.
From an observation of the target area, an estimate of the state of the
target could be obtained. The military cost associated with a particu-
lar way of observing the target area might represent an expected loss

of aircraft, personnel, etc.
k,
For j < M-1, the notation I J will be used to indicate the collec-

k, k k,
tion (I 7,I 2,...,I J) and Ej will be used to indicate the collection

(kl’k2’°"’kj)’ The information error statistics are assumed known in

the form of the probability mass function,

k
ML = == L
£ k (1 l(xM’yM) ’bM’ I,J"°°’q)

T (K%, 5By Zyg
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k k
which is the probability that I_M_l = i_MFl given (Eﬁ’yM)’bM’ the tar-

st . . nd
get state after the 1 strike is i, the target state after the 2

strike is j,..., the target state after the Mth strike is q. Notice
that this probability mass function should be identified with the prob-

ability density function, f Kk , which was introduced in the
r > Lp x
-’

general formulation of Chapter II. Usually this probability mass func-

tion would not be expected to depend on the condition (Eﬁ,;ﬁ),gﬁ.
k,
For j < M-1, marginal mass functions for I J may be obtained from

the known mass function. Physical reasoning leads to the assumption
k.
that the conditional density of observations I is independent of tar-

get states which have not occurred at the time of the observation of
k,
1,

The problem is to determine the sequential rules, (E.,§i),5i,ﬁ

~— . . > !
(x2,y2),b2,k2,...,kM_l,(xM,yM),bM for the strike decisions and informa-

l’

tion choices so as to maximize the expectation of the military gain,

M-1
1-W(zZy) - .Z

Ck,) .
i ]

1

Note that the damage, l—W(ZM), should be identified with the util-
ity functionm, V(En,gn), which was introduced in the general formulation
of bhapter IT,

The solution to the sequential bombing problem can be obtained
using the method of backward induction. The procedure is to work back-
ward from the Mth strike decision, establishing optimal rules for each
strike decision and information choice in terms of what is known at the

time that decision or information choice is to be made,
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Accordingly, the conditional expectation of the military gain

k k
. —M-1 M=-1 .
given (xM,yM),bM, kikl’ and I =1 is computed and then maximized

with respect to the decision, (Eﬁ,;ﬁ),gﬁ. The required expectation may

be written

M-1 o EM—l
Z [l—W(CI)" Z C(k.)]f (i,j,...,ql(x sy )’b o1 )
. . . 3 k M> M "M
1y]seee,sq j=1 7 I(" ¥) g I—M—l ——
Zy ! ZyoYy) 5By
where
k
. . - -, - M1
£ adaeal Gy sbysd )

- =T, = 1
Zyl (Y 5By T

. s 1 s . . .
is the probability that the target state after the 1 t strike is i, the

target state after the 2nd strike is j,..., the target state after the
k k

th . . . - =y —M~1 —M-1 .

M™ strike is q given (xM,yM),bM, k _1° and I =1i . This prob-

ability can be found, using Bayes' rule, from the known probability

mass functioms.
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k
f k( ,J,---,CI|(XM,YM) szl—M_l)
Zyl KoY 5By I
ko1
= |f k (i I(XM’YM) szl,Js°--,q)f (l,J,---,QI(XM,YM) b )
T Ee T Bty P —
; (1
£ (x,,y sisdseeesq)
g e o9 Py
I |(xM ), B, v Ly
£ (L,35000,9q] (EM,§M) ,EM) .

EMt (XM’YM) ’BM

The choice for the Mth strike decision, (;ﬁ,;ﬁ),gﬁ, which maximizes

the conditional expectation of the military gain given (xM,yM) Bﬁ,

k k
EM—l’ and I-_M_l = i—MFl defines the optimal Mth strike decision rule,
/'\_/
(xM,yM),bM.k This rule is of course a function of (XM—l’yM—l)’bMél’
kM—l’ and i_M_l. Substitution of the rule into the expectation yields
the max1mumkexpecta£10n of the military gain given (XM—l’yM—l)’bM—l’
k. ., and T 01 o 471

M-1

The next step is to compute the conditional expectation of the

maximum expectation of the military gain given (xM l,yM 1) b _1° EM—l’
and IleM_l = 'EM—I i (x. 5. ), b. and Il(-M 2 . :i.l(-M_2 and
n + grven WXy y12Yy-1’2 M—l’ -2°

then maximize with respect to the information choice, kM—l' The re-

quired expectation may be written
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.kM—l - -~ = .EM-Z
z f k. k(l l(}%{_l’yM_l) ,bM_l,l )
k1 1 L 5. 0. T 12
1 Xy-10Ym-1) 2 By-a
max Mol
Fo3E I W@ - ] Ck)]
Y 2Pu|1,9,... .9 j=1 3
k
. . - =, = .,M1
f k(1,3,...,q|(xM,yM),bM,1
—_ - =  _=M-1 —_—
Zy| (XY, 5By T
where
.kM—l — - - .EM-Z
£ k k(l |(XM_1,YM_1) st_l:l )
I M'll("' Y )BT T2
X121 2Py
kyer  Fmel e —
1; the prﬁbablllty that I =1 given (xM—l’yM—l)’bM—l’ EM—Z’ and
I-—M—2 = i_M-Z. This probability can be found from the equation,
£ (ikM"1|<‘ T Byt 2D )
K k M-1°YM-172"M-1° ..
i—M—1|(—- ¥ .5 I—M—Z 1,5,0404D
K12 y-17 2 Pye1
k k
. M-1; — = = —M-2
£ k(l ] (XM—]. ,YM_l) ’bM—l’l 51535440 5P)

K
M-l = = .= M2
L Ry Yy Bye T oy g

y - = = M
t ) (Lodseeeop| Gy gy ) oBy 151 770
a2

Zyq | By oYy By

The choice for the M—lth way of obtaining information, kM—l’ which

maximizes the conditional expectation of the maximum expectation of the
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k k
military gain given (x y.. ),b. k and I-—M“1 = i—M-l given
M-1°TM=17 M1 M1
k k.
— - — =M-2 _ =M-2 , . _,th
(XM—l’yM—l)’bM—l’ EM—Z’ and I =1 defines the optimal M-1

information choice rule, ﬁM-l' This rule is of course a function of
k

- - g —M-2 . . .

(XM—l’yM-l)’bM—l’ kapz’ and i . Substitution of the rule into the

expectation yields the maximum expectation of the military gain given

k k
- - = -M-2 _ M-2
(1 9Yp-17 P10 Kag» 304 T -r
The next step is to maximize the maximum expectation of the mili-
k k
. . - - = —M-2 _ . M-2 .
tary gain given (XM—l’yM—l)’bM—l’ EM—Z’ and I =1 with respect

This maximization determines the

T ~—,—

optimal M—lth strike decision rule, (;ﬁ—l’§h?l)’BM—l.

to the decisi X, 5. b, 4.
cision, (xy ;s¥ye1) Py-1
Continuing to work backward in this fashion, the complete set of
optimal strike decision and information choice rules may be obtained.
As a side product of the solution procedure, the value for the maximum
expected cumulative military gain is also obtained. The solution pro-

cedure is illustrated in the following example.
Example

Suppose there is a military target which has the possible states,

0, 1, and 2. 1If the target is in state 2, its military value is %u

There will be two bombing strikes made on the target. The same two
choices of weapon will be available for both strikes. The two choices
will be denoted by A and D. The transition probability mass function,

w n((xj,yj),BS), and the weapon delivery error statistics are such
>

that the transition probability mass function, Bﬁ n((;5’§5)’53)’ is the
3

function expressed by the listing below:



up oGy )b ) =0
wy 1(Gry,y)B)) =0
w2 ((xj5y)5b) = 0
wy 1 (G55y)5b) = 0

=1

W, —. ’—. ’go =
wo,o((x:| yJ) J)

wl,l((xj ’y:]) ’bj) = {

=

~lw

N

i

~lw

if

if

if

if

if

if

if

if

-2 —2
D, 1 <x, +vy, <2
> g }’J_
-2 -2
D X, +y. <1
> i }’J_
2 -2

55
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, if b, = A
3
3 LT =2, =2
40 if bj =D, 1< xj + yj <2
1 = _ =2 =2
70 if bj = D, xj + yj <1
1 ce T — =2
\j:, if bj =D, 2 <x, + yj
0, if b. =D
J
3 ce T _ =2, =2
4 if bj = A, xj + yj <1
99,0 (Xg2¥5)5P5) = 3
1 e T =2, 2
7 ,1fbj—A,1<xj+yj_<_2
se T =2 |, =2
0, if b, = A, 2 < xj + yj .

\\‘ J

The strike decision and information choice rules and the maximum

expected military gain will be obtained in the following 4 situations.

(1

The set of ways to obtain information contains

o, B, and vy and C(a) = C(R) = C(y) = 0.

(2) The set of ways to obtain information contains
and C(a) = 0.
(3) The set of ways to obtain information contains

and B and C(a) = C(R) = 0.

(4)

The set of ways to obtain information contains

the three ways

the one way a

the two ways o

the three ways
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»-‘4
o, B, and vy and C(a) = 0, C(B) = .04, C(y) = .09, where:

/’

.0
l,x=1

f Y ) E (>Z{| (Xl,}’l) ,blsp) =<
1°717°71°"1

0 , otherwise

o

.0
and i~ is a known constant

-~

.8 , if p=g¢q
f S —_— — — (pl(xl’yl) ’bl’q) =<
I"|(X,,Y,),B.,Z
1°71 1’71 .

, if p#q

N
/

(Pl(; ’--};)sg ’Q) = 4
YI = =\ = 1°717°"1
I I(Xl,Yl),Bl,Zl

0 ,if p#gq .

_

1% with a probability of one regardless of

Notice that since I”
the target state Zl, o is a way of obtaining information which yields
no information about Zl. o is equivalent to obtaining no information
at all., B is a way of obtaining information which does yield informa-
tion about the state of the target, but the information may be in error.

Y is a way of obtaining information about the state of the target which

is complete or exact.
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Situation 3

Since neither o or B have a cost associated with them, it may be
argued heuristically that B is the optimal information choice, i.e.
ﬁl = B, Theorem 1 of Chapter II can be used to establish that this is
the case. The present situation is the same as Situation 3 mentioned
in the introduction of this chapter.

The first step in obtaining the solution is to use Bayes' rule to

obtain the probability mass function,

f (i,jl(§',§-),5-,i8), compute the conditional expecta-
z |(X,,Y,),8,,1° 2772702
=2 227272722
L iB, and by direct compari-~

tion of 1-W(Z,) given (§2,§2),§ , B, and I

son determine the an strike decision rule, (Eé,;é),gé. Substitution

of the rule into the expectation then yields the maximum expectation of

the damage given (Ei,;i),gi, B, and IB = iB. The arithmetic has been

carried out and the results are given in Table I.

Next, the probability mass function, £ _jiB|(§i,§i),Bi),

B - —
"] (X,,Y)) .3,
is obtained and used to compute the conditional expectation of the max-

B _ .8

imum expectation of the damage given (§i,§i),gi, B, and I i, given

(§i,§i),gi. Since Ql = B, this result is the maximum expectation of
the damage given (Ei,;i),gi. The results are given in Table II.

By comparison of the results in Table II, the first strike deci-

sion rule and the maximum expected damage can be obtained.

N

N -2 =2
(Xl,}’l),bl =1c< Xl + Yl _<_.2’ D

Max. Expected Damage = ——

. st . s s . .
Knowing what the 1 strike decision is provides some



SITUATION 3:

TABLE I

SECOND STRIKE DECISION RULE AND MAXIMUM EXPECTED DAMAGE GIVEN (

X

1

’;l) ’—b—l’ B, and T

N ~———

= = = =3 . il TaT 4B
b (X75¥7) (x,,5,) »b — T — T [-WDIE o3&, ,y,)5b,,10)
1 1°71 2272 2 (xz,yz),b2 i1 7 I(X Y.),B ,IB 2272 2
-2 2°72 2

A 1<§i+§i_<_2 1<§§+§§_<_2,D 3/8
1" 13} 1! 1 1"t
1) 1" 13} 1" 1t
" =2 =2 " " "

1 + y1 i_l
113 1" 1" 1 1
" 1t 113 1 1"
n -2 —2 " " "

2 < xl + y1
1] 13} 1" 1" 1"
1" 11 1 1 1"
D §i+§i<2 ” +§§<1 A 21/32
" " %+ 35 <2, D [(3/8) (.8)+(3/2) (.1)]/[.3+.8]
" " 4 ;g <1 ,A [(21/8)(.8)]/[2.4+.1]

6¢



TABLE I (Continued)

- - = — = == LB

b (x;,¥,) (x,,7,) b — = 1 [1-W)If _ 3l G&,,5,).b,,10)
1271 23Y2) 5Py (5y03) 5y 5% Zz|(X2’Y2)’Bz’IB 2°Y2) Py

" o +y <l 1<% +75y5<2,D 13/32

" " " L [(9.8) (.8)+(1/2) (.1)]/[.142.4]

" " G+ya <l LA [(7/8)(.8)]1/[.8+.3]

" 2<§i+§i 1<§§+§§12,D 13/32

" " " " [€9.8) (.8)+(1/2) (.1)]/[.142.4]

L " §§ + ;g <1 ,A [(7/8)(.8)]1/[.8+.3]

09



TABLE II

SITUATION 3: MAXIMUM EXPECTED DAMAGE GIVEN (2151) ,’1?1

k
by - = L= =\ 1 max = T 4 1
b, Gy L« | Gepoy7)0B)) (x,17,) 1B, iZj Gwade kl(i,Jl(xz,yz),bz,i )
’
1 I 7|(X,)),8 2,1(%,,Y,),3,,1
-2 =2
All<x +y, 22 3/8
" =2 -2 "
x + ¥ 2 1
" =2 "
2 < x + yl
D |1 < ;i +§i <2 22.5/32
wi =2 .22
x; + yl <1 14.5/32
" =2, =2
2 <% +7; 14.5/32

19
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simplification for the 2 d strike decision rule. The strike decision
and information choice rules are summarized below.

{-_\{ R
(xl,yl),bl =1 < Xy + Y1 <2, D

— >

§§+§§_<_1 ,Aif 18 =0
N )
(2&,;&),5; =<1 < ;é_+ §§ <2, Dif 18 - 1
§§+§§<1,A1f18-2 .

Situation 1

In this situation, heuristic reasoning indicates that y is the

optimal choice for k., and Theorem 2 of Chapter II can be used to estab-

1
1lish that this is the case. The present situation is the same as Situ-
ation 1 mentioned in the introduction of this chapter.

The procedure for solution is the same as in Situation 3. The
results for the present situation which correspond to the results given
in Tables I and II for Situation 3 are given in Tables III and IV.

By comparison of the results in Table IV, the first strike deci-

sion rule and the maximum expected damage is obtained.

Max. Expected Damage = 24 .750 .



SITUATION 1:

TABLE III

SECOND STRIKE DECISION RULE AND MAXIMUM EXPECTED DAMAGE GIVEN (§1,§1) ,El, Y, and I' = 17

- - - Y = max - — =
b (x,,,) I (x,,5,) b = o vy L [1-WDIf (1,3](x,,7,)sb,,1")
1’71 22727272 (x,,¥,),b, .=, S o\ Yy 227272722
22727272 1,5 gzl(xz,Yz),Bz,I
-2 -2 -2 -2
A L<x]+y] = 0 1 <x,+y, <2,D 3/8
1 1t l 1 11 1t
13} 11 2 1] 1" "
" ;i + ;]2- .f. 1 0 n " "
" " l 11} 1 "
1" 1] 2 1"t " "
" -2 -2 n n "
2 < X + Y] 0
13} 1 l 1" 1! "
1" 111 2 1" " "
D |1<x +3 <20 By <l A 21/32
L " 1 1<§§_+§§<2,D 3/8
" " =2 =2
2 %, + Yy <1 , A 21/24
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TABLE III (Continued)

b x,,y,) 1Y <m = 2= ] [1-W(DIf (1,j](x,,y,),b,,i")
1 171 2°7272% x,,v,),b, L. = o w v 3 HgeYe)ehys
22Y272°2 13 2, X,,,) ,B,,1 £ e 2
" G+y <1 o 1<z +3 <2, 13/32
" 1" l 1y 1" 9/24
" L 2 §§ + ;g <1 , A 7/8
L 2<§i+§i 0 1<§§+§§52,D 13/32
1" 1 l 1" 1" 9/24
" " 2 My <l LA 7/8
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SITUATION 1: MAXIMUM EXPECTED DAMAGE GIVEN (;1 ,;1) ’Fl

TABLE IV

k k
— - - max 1y~ =\ T max — TN T 1
1k 1 4& .3 27727772 1, z|(X,,¥),8,,1*
i 1°%1 ] xzs 27222
-2 =2
All<x +y; 22 3/8
" =2 -2 "
x + ¥y 2 1
" -2 L, =2 "
2<x+y]
Dl1<F+32 <2 24/32
. 1 1
" =2 =2
x + y; < 1 16/32
s
" 2 < x + v 16/32
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The strike decision and information choice rules are summarized below.

_/_\‘{ B, B
(xlsyl)sbl= 1< Xl+Yl_<_2’ D
K =
l-Y
-2 =2 . Y _
X, + Yy 2 1 ,AifI =0
i
(§§)B’=Jl<§2+§2<2 Dif I' =1
2%727°72 2 2 -
= =2 . Y
X, + Y, <1 ,A1if I =2 .

Situation 2

In this situation, since the only way of obtaining information is

O, ﬁl = o, Formally, the solution proceeds in exactly the same way as

. . . . o ., .
in Situations 1 and 3; however, since I is a degenerate random variable,

£ (i, &x,,y.),b,,x) = £ (i3] (x,,¥,),b,) .
- - - o 2°72 2 - - 2 2°72 2
Z,1(X,,Y,),B,,I = z,|(%,,Y,),B, ———=

Thus, to obtain the solution all that is necessary is to obtain
the expectation of the damage given (§é,§é),gé and then maximize with
to (§é,§é),gé and (;i,;i),gi to obtain the strike decisions. Because
the results will be needed in the solution of Situation 4, the maximi-
zation with respect to (Eé,;é),gé was carried out first and the an
strike decisions and the maximum expected damage given (Ei,;i),gi are

tabulated in Table V.

By comparison of the results in Table V, the first strike decision



SITUATION 2:

TABLE V

SECOND STRIKE DECISION RULE AND MAXIMUM EXPECTED DAMAGE GIVEN (x. ,}'1) ,El

1

_ - - " max ; G55
b (x,,54) (x,,¥,) b - T\ T [1-w(i)1f (1,31 (x,,y,)5b,)
1 1°71 23727272 (x ),b, &, - = 22727272
22727272 4,3 2, X,,Y,) B, ————
A 1<§1+§i12 1<§§+§§iz,n 3/8
" ;{'i +'§iil 1" " "
1" 2 <§i +y]2- 1" " 1"
= -2 | =2
D l<xl+yl<2 x, ty, <1 , A 21/32
" ;{-i+-y-i<l 1<§§+“y"§iz,n 13/32
-2 =2
" 2 <x. +vy " " "
1 1

L9
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rule and the maximum expected damage is obtained.

N/ X )
(Xl,}'l),bl =1c< Xl + yl iz’ D

[\
=
e

Max. Expected Damage = =

The second strike decision rule is of course

Vg
(Ry7,) by = %o +¥2 < 1, A
Notice that since there is no new information obtained between strikes,
both strike decisions can be made before the sequence starts.
The maximum expected damage in Situation 1 1s greater than in
Situation 2 and 3. Also, the maximum expected damage in Situation 3 is
greater than in Situation 2. These results agree with what would be

expected intuitively.
Situation 4

The solution to Situation 4 may be obtained by using the results
. . . . d \
obtained in Situations 1, 2, and 3. First observe that the 2% strike

decision rules tabulated in Tables I, III, and V define the 2nd strike

k k
decision rule given (Xl’;i)’bl’ kl and I . i 1, The information

choice rule, &1, may be obtained by comparing the right most column of
Tables II, IV, and V, taking into account the cost, C(kl), of the in-
formation in each table. The rule, the cost function C, and the re-
sults of Tables II, IV, and V can be used to obtain the maximum expec-
tation of the military gain given (§i,§i),g-. The results are given in

1
Table VI.



TABLE VI

SITUATION 4: INFORMATION CHOICE RULE AND MAXIMUM EXPECTED MILITARY GAIN GIVEN (;i,;i),ﬁi

o'

k k
1Ly = =+ max il g 1
£ @ Tl Gepypaby) 3 5, 1%3 E-w)-ck, )£ , 13]Geyy5) 0by01 )

max
kl y) = T\ = 1
2,1 (%15 ,B,,1

K, *l;= 5,=
TR (RO Y

3/8

.663

.413
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By simple comparison of the results in Table VI, the first strike

decision rule and the maximum expected military gain can be obtained.

Knowledge of the first strike decision provides some simplification for

the information choice and second strike decision rules.

The strike

decision and information choice rules and the maximum expected military

gain are summarized below.

T ~— —

(xl,yl),bl =1 < Xy +

y] <2

=2 , =2

X, + Yo <1 ,A
iTN:T——if -2 —2
(xz,y2)9b2=<l<}{2+y2_<_2, D

-2 , =2

X, + Yy <1 , A

-

Max. Expected Military Gain

When there was no military cost associated

tion, exact information (Situation 1) proved to be better than

tion with possible error (Situation 3).

sents a case where the military cost associated

— >

D

if I8 =0
if 1P =1
if 18 = 2
.663 :

with obtaining

The present situation

with obtaining

informa-

informa-

repre-

exact

information makes obtaining information with possible error the better

strategy.
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Determination of M, the Number of Strikes

In the preceding work it was assumed that the number of bombing
strikes, M, was specified as part of the sequential bombing problem.
Since there has been no cost associated with making a bombing strike,
the strategist could merely choose M large enough so as to insure that
the maximum expected military gain would be large enough. This is ob-
viously an impractical solution which ignores many limiting factors and
defeats the idea of obtaining a satisfactory military gain with as few
strikes as possible. Thus, a subjective decision as to the number of
strikes may not be adequate and some systematic analytical means of
choosing M is needed.

There are at least two approaches to the problem.

(1) The sequential bombing problem can be solved for each M = 1,
2,... until the resulting maximum expected military gain is sufficiently
close to 1.

(2) Using an educated guess as to the optimal strike decision and
experiment choice rules, obtain an approximate answer for the maximum
expected military gain for each M = 1,2,... . The process would be
stopped and an exact solution obtained when a value of M was found such
that the approximate maximum expected military gain was sufficiently
close to 1,

Both approaches depend on a subjective judgement as to how large
"sufficiently close to 1" is, but an expected military gain between .9
and 1.0 would seem reasonable. Obtaining a fairly accurate approximate
answer for the maximum expected military gain as suggested under (2)
above is, in many cases, not as difficult as the reader might expect.

A little thought about Situations 1, 2, and 3 of the previous example
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and the optimal strike decision and information choice rules can be
written down. Obtaining the approximate maximum expected military gain
for a given M with the approximate rules specified is much less work
than obtaining the maximum expected military gain by the optimal solu-
tion procedure, Thus, approach (1) would probably require much more
computation time than approach (2), while approach (2) might result in
a larger strike number than necessary if bad guesses were made as to

the approximate strike decision and information choice rules.
Target Modification Between Strikes

In the preceding work it was assumed that the only way the state
of the target could be changed was by using a weapon against the target.
Under this assumption it was appropriate to suppose a finite number of
strikes, M, would be made on the target and to use as the criteria for

M-1
success of the M strikes the military gain, l—W(ZM) - .21 C(kj).

Suppose now that the state of the target may be ci;nged between
strikes and that wA,n is a probability mass function which is the prob-
ability that the target will be transferred to state n given that the
last strike left the target in state m. Under such conditions it may
be appropriate to suppose that a very large number of strikes will be
made on the target and to use as the criteria for success, the military
gain per strike. The concept of an infinite sequence of strikes will
be used to approximate the idea of a very large number of strikes.

Under the assumptions which will be made, it can be assumed that
the states of the target just before and just after a strike have a

time stationary probability distribution. Let Z' denote the random

variable which is the state of the target just before a strike and Z
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denote the random variable which is the state of the target just after
the strike. Suppose there is a well defined set of ways to obtain in-
formation, about the state Z', between strikes. The choice of way is
denoted by k and results in the observation of a sample of the same
random variable, Ik, between each strike at a military cost of C(k) per
strike. The information error statistics are assumed known in the form

of the probability mass function, £ k(ik|p), which is assumed to be in-

I VA
dependent of strike decisions and tariet states other than the state of
the target, Z', which exists at the time the sample of 1k is obtained.

Each strike decision is to be chosen from the same well defined
set of choices. Ea,n((§;§),53 denotes the probability mass function
which is the probability that the state of the target will be trans-
ferred to state n given that the target was in state m just before the
strike and the strike decision (x,y),b was made.

Suppose now that an information choice, k, has been made. It
would be feasible to continually retain any fixed finite number of past
strike decisions and samples of Ik and to make the strike decision rule
a function of the stored data. There are at least two good arguments
for restricting the strike decision rule to be a function only of the
most current sample of Ik. First of all, except in special cases the
information content in other data tends to be small because of the ran-
dom changes in target state that occur after that data is obtained.
Second, it is easy to solve for the time stationary state probability
distributions which result from this restriction. For these reasons,
the strike decision rule is restricted to be a function only of the

most current sample of Ik. It is assumed that a sample of Ik is avail-

. st s .
able at the time the 1 strike decision must be made and that this is
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all that is known about the state of the target at that time.

Let [(§;§3,B](ik) be a strike decision rule for the information
choice, k. B;’n([(§;§3,gj(ik)) is the probability mass function which
is the probability that the state of the target will be transferred to
state n given that the target was in state m just before the strike and

. ; Jk . (s
the information i~ was obtained. Let w; n be the probability mass func-
’

tion which is the probability that the state of the target will be
transferred to state n given that the target was in state m just before

the strike. w; n is given by the equation,

o =1 W (G ,IED) k‘ﬁklm) :
s Iiz'

, . .th ,
Let Q" be the matrix whose l,Jt element is wz Also, let Q' be

’

the matrix whose i,jth element is wi i Then, the matrix V = [yi j] =
b b

n n
1 = Ive L. If
1’31 [Yl’J]

. . n . ; . .
for each 1 and j, Yy i > 0 for some n, Z' has a stationary distribution,
b

Q"Q' is the transition matrix for z'. Let T = [y

fz,(p), which is independent of the starting state (Prabhu, 1965). 1In
the work to follow, this is assumed to be the case.
The stationary distribution, fz,(p), can be found by solving the

system of equations,

£,1(0)

£,0 (1)

£,1(0)

£, (1)
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and

Zfzv(P) =1 .
p

Although this stationary distribution may not exist initially, it
will be approached as the number of completed strikes increases.
The expected military gain per strike can be found from the equa-

tion,
Expected Military Gain Per Strike

=1 £, [ ] [Wp) -Wda - cla ] :
Z P,q
p q
Within the imposed constraint on the strike decision rule, the
optimal strike decision and information choice rules and the maximum
expected military galn per strike are found by maximizing the expected
military gain per strike first with respect to the strike decision rule

and then with respect to the information choice. Thus,

Max. Expected Military Gain Per Strike

= IllclaX max z fZ'(p)l’E [W(p) - W(q) - C(k)]w"p q

strike rule s

The rules thus obtained may not be optimal initially, but as the
number of completed strikes becomes large, they will obtain at least as

large a military gain per strike as any of the possible rules.

Example

Suppose there is a target with three possible states, 0, 1, and 2.

The value of the target in state 2 is The matrix Q' is

L
5
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Wi
Wl
Wl

Q' =

Wik
(e
Wi

Wl
Wl
Wl

There is only one way of obtaining information. The one way is
denoted a., The cost per strike, C(a), is zero. The information error

statistics are expressed by the probability mass function,

//’

.8 ,if p=g¢

1 ,1if p#gq .

o

There is only one choice of weapon for each strike and the DGZ

must be chosen in regions A or A'. w is the function
m,n ?
H

|
o

w () =
wy 1 ((x,9)) =0

wy ,(G,¥)) =0

|
o

w1 (GLY)) =

\
—

wy o(GLY)) =



if (x,y)eA

RN

w (G =3

, if (x,y)eA’

, if (x,y)eA

o\

w1 (G =1

, if (;sy) eA’

A

, if (x,y)eA
wy (G5Y)) = 4

, if (x,y)eA’

Bl \\ KNII—‘

, if (x,y)eA
wy o (GLY)) =<

if (x,y)eA’

N[

/

!

The 8 possible strike decision rules are listed below:

.
(
A ,ifp=1
[9)]1,(®) = YA , if p =2
A ,ifp=20

‘\
\,
\.

S~



[P,

[Gsy)145()

(G,

(X315 (p)

(G691 )

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if
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[(x,3)],(0) = 1

[ 1g@) =

A'

if

if

if

if

The matrix Q" is first found for each possible strike decision

rule and then used to compute the matrix V.

below.

1

"
Ql = 0
3
4

(-

1

| § -
93 0
2.2
4

(N

N

=

The results are given

Q" =

Q" =

N
e
'_l

=
|-
=t

79




1 0

. . 12
QS 0 A
249 0
1 0

‘. 11
Q7 = 0 i
Zal 0

Tl = Tz

Qll P

Qll =

(I Wl

Wl

W W

Wik

N

Wi Wi

W=

=

B~

N |
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The stationary distribution, fz,(p), is the same for each possible

strike decision rule.

1
fz,(p) =3 for p =0, 1, or 2

Next, the expected military gain per strike or, in this example,

the expected damage per strike is computed for each possible strike

decision rule.



Rule

Rule

Rule

Rule

Rule

Rule

Rule

Rule

1:

2:

4

6:

Expected

Expected

Expected

Expected

Expected

Expected

Expected

Expected

Thus, for the information

Damage

Damage

Damage

Damage

Damage

Damage

Damage

Damage

Per

Per

Per

Per

Per

Per

Per

Per

Strike

Strike

Strike

Strike

Strike

Strike

Strike

Strike
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e

3 &h

: D

14

;& .

choice, a, the decision rule should be 5

or 6 and the expected damager per strike is %—(éé—o

7

n,
= ,237. Since a is

the only way of obtaining information, the problem is completed.



CHAPTER V

APPLICATION TO SYSTEMS ENGINEERING

This chapter consists of a consideration of a systems engineering
problem which has been discussed by Howard (1965).

A manufacturer is offered a fixed price contract to build and
maintain a system of N devices for a period of T years. Every failure
in the system during the T years must be replaced by the manufacturer

at a cost of Z dollars. The system will cost J, dollars to establish,

0

and the price of the contract is o. The manufacturer believes that the

failures will be Poisson distributed with some rate X but he is un-

l’
sure about the value of Xl' The manufacturer does, however, obtain the
probability density function for Xl’ fX . The problem the manufacturer
1

is faced with is that of making the decision to accept or reject the
contract and he would like to make that decision in such a way as to
maximize his expected profit.

By proper interpretation of this problem, it can be made to fit
the general problem formulation of Chapter II. Results identical with
those obtained by Howard will then be obtained using the techniques
developed in Chapter II.

Let X, represent the manufacturer's profit. Also, let £ = f
2 xllDl X,
and A, = {31}, a singleton set. In other words, f depends on the

1 X, |D;

but there is only one choice for that decision. A, is a

decision, d 9

l’
set containing two elements, a

and Tys where a, is the decision to

2 2
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accept the contract and r, is the decision to reject the contract. As

2

usual, wy represents the collection of experiments which may be used to

gain knowledge about Xl before making the decision, d The cost as-

¢

sociated with the particular experiment choice, k,, is as usual denoted

1

by C(kl). The process of transforming the problem into familiar nota-

tion is completed by letting Vl(gi,gi) = 0 and VZ(EQ,QQ) = x

9
The first step in obtaining the solution is to express the expecta-
L]
tion of V2 given 92’ kl, and I " =1 in a form which is easier to

work with. The expectation can be written,

lo, VGHdEh) o dxy =[x £(D 0 dx

2
X 1 X 1
2 X,[D,,1 =2 %[D,.I
kl
= IQX E(Xlel’QQ’l ) f({) kldxl
1 xl[_gz,l
kl
= IQX E(Xz‘xl,dz,l ) f(l) kldxl
1 X, [T
kl
where E(X2|xl,d2,i ) denotes the expectation of the profit, XZ’ given
k k
the failure rate Xl = X, d2, kl, and I L. i l. dl has been dropped

from the expressions since in this example, the first decision is in-
effective and has no physical significance.
Using the fact that the failures are Poisson distributed with

rate Xl’ it is easy to obtain the result,

|
[

. o - JO - ZNT xl , 1f d2 =
, 1 i
E(lexl’dZ’l ) =

i
R

0 , 1f d2
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Thus, it is easy to rewrite the expectation of V2
kl k
and T ~ = 1 in the form,

e K

. 1 .
o - J, - INT E(xlll ), if d,

given d2, kl’

]
[

kq
E(Vzldz,i ) = <

I
H

0 , if d2

e

In the speical case where kl = *l’ this result is the same as

Howard's Equations 2 and 3. The decision rule for d, is obtained by

El K

maximizing the expectation of V, given d2, kl’ and I ~ =1 1 with

2

respect to d2. The result is

a K

) o1
a,, if a - Jj - ZNT E(Xlll ) >0

k

r., if o = J. — ZNT E(Xlli l)_i 0

\
kl
where the choice 32 = r2 if a - JO - ZNT E(Xl]i ) = 0 was made arbi-

0

trarily.
Y
The experiment rule, kl’ is found by maximizing the expression,

Jo £, () "™ g, |d °kl)c1-kl - C(k,)
Q.  k d 2169071 * 1

1 1t 2

with respect to kl.

Assuming the hypothesis of Theorem 4 is satisfied, the following

upper bound on C(&l) is obtained,
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A~ ~

k * k *

n _ o1 1
C(kl) = max(VZId ) - max ld ) Emax(VZ) Emax(VZ)
max max
= Jo, £x0) 4 Eyldyxpax) - ™ E(V,[d,)
X 1 2 2
1
= [ £, O T B, ld, %)) - T RV, |4 ax
0 Xl d2 2 l d2 2'72 1
© a-JO
f [ZNT X, + JO - o] fX( )dxl , 1f E(Xl) < TRT
a-J 1
0
ZNT
= <
a-JO
ZNT a—JO
é [a = J, - 2NT x;] £ ( Ydx, , if E(X)) > 5= .

o

o-J

—_——— ' -
7NT 1S the same as Howard's Equa

The bound obtained for E(Xl) <
tion 4 which he calls the value of clairvoyance.

Suppose now that w, = {1.,2,,3

1 = 1124, l,...,pl,...} where p,, p = 1,2,...,

represents placing p devices in operation, noting their times of fail-
ure, and averaging those times to obtain an estimate of Xl. The cost,
C(pl), would depend on the particular problem, but usually would be a
monotone, increasing, unbounded function of p. In this case, the bound

for C(tl) would make it possible to eliminate from consideration all

but a finite number of the experiments in Wy .



CHAPTER VI

SUMMARY AND CONCLUSIONS

Based on a desire to study a number of practical problems with the
same basic characteristics, a generalized, finite stage, discrete time,
sequential decision theory problem has been defined. The problem is
characterized by a sequence of decisions resulting in unobservable out-
comes combined with a choice, between decisions, of experiments which
may produce information about previous outcomes. The problem is be-
lieved by the author to be original.

A general solution to the problem was given, but unfortunately the
procedure involved is frequently formidable., This fact was the moti-
vating force behind efforts to find methods which would reduce the
computational effort in a problem solution. Theorems 1 through 4 repre-
sent the results obtained in this direction. The examples in Chapters
ITI, IV, and V illustrate applications of the general problem formula-
tion, the general solution procedure, and Theorems 1 through 4.

Originally, the author thought that there might exist a reasonably
simple measure of the information in an experiment which could be used
as a shortcut to determine the optimal experiment rules and thus reduce
the work involved in the solution procedure. Unfortunately, the only
measure of information discovered which determines, in a general way
whether one experiment is better than another is one like that defined

in Chapter II. Evaluating that measure amounts to solving the problem

86
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directly and, therefore, affords no reduction in the work required.
Theorems 1 and 2 are, in the case of cost free experiments, characteri-
zations of experiments with the least and most information of any of
the available experiments respectively. The bounds in Theorems 3 and 4
can be interpreted as the most information which can be contained in
any of the available experiments. Although it has not been established
rigorously, the implication is that any meaningful measure of informa-
tion must be defined relative to the particular problem at hand and is
not absolute.

In practice, the number of decisions in a problem may be quite
large. The solution of such problems can be expected to require the
aid of machine computation. Investigation of conditions under which a
stationary solution is approached seems to be a reasonable avenue of
approach to reduce computational effort when n is large and is a sug-

gestion for future investigation.
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APPENDIX

The purpose of this appendix is to establish Theorems 1 through 4

of Chapter II. The following two Lemmas are developed for that purpose.

Lemma 1

Let Uj(f(\) Kk ) denote the maximum expectation of V - C given
x |p 73t
'
&j_l kj_l ~ ~ ~ ~ o
gj—l’ Ej—l’ and I = i . Let dj’ kj, dj+l’ e kn—l’ dn be the
decision and experiment choice rules for Uj(f(l) Kk ) with kj—l =
x |p ,r 9t
'
* ; .
j-1° Define Lj(f(l) Ej_l) to be Uj(f(]) E:_l) but with the
X |p,I X |p ,1
—n'—n '
rules d., kj, dj+l’ cees kn—l’ dn' Then the following two properties
hold:
(1) Lj(f(l) k, ) *“—l) = Uj(f(l) k,_z *'-l)
X |p , 137,17 X |p ,T 37,17
“n'sn “n'-=n

(2) L,
3 L]

X |p ,I
-n'-n

) < UL (£(]) ) .
-3 k.
X |p,I 3-1

The first property is true because of the way Lj is defined. The
second property is true because no set of rules can be better than the

optimum set.
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Lemma 2

Suppose that

£ = f £ oo £
k k k k
—n-1 1 2

I |D_,X H b SR S b & I |X

k k,

. —-2 _ .=
Then, given gj—l’ Ej—l’ and I = i

—2, define

Yy G (D ) = £, K GED )

j-1 j-1 j=2 —j-1
e O S TS X |p .1

=l £D £ dx

. j-1
_J_l I lzj_l _)Sj_ll.]zj_lsl

£, £()

) Kk
I J'll

X, . X |p,r972
~j-1 —J'-m

oD k
3-1 552
ER AU

where Uj is as defined in Lemma 1.

k,
Also, if k, and k! are elements of w, and i J 1 is a sample
Kk j-1 j=1 1

3=
j-1 ” p .
value of I , let dj’ kj, dj+l’ ey kn—l’ dn denote the decision and

k.
experiment choice rules for U_(f(l) ) evaluated at i j=1

k'—l

ki K
I

X |p ,T 972
'
and define L K. (f k!(l) ) to be Yj_l(f k,(l) ) but with the
1371 13k
_j_l

A~ A~ ~ ~ A

rules dj’ kj, dj+l’ ceny kn—l’ dn. Then the following two properties

hold:



1 L kJ_l(f kgli ) = vy kjli )
1 1 |-§j—l I |§'j-l
(2) L kJ_l(f kjfl) ) vy 3fl) )
1 I |§j—l I !.)_(J_]_
The first property is true because of the way L K is defined.
J

The second property is true because no set of rules ¢an be better than

the optimum set.

9

Theorems 1 through 4 can now be established using Lemmas 1 and 2.

Theorem 1

* \
Suppose W _q v n—l} is not empty and let kn-lewn-l’ kn—l

The functional Ln of Lemma 1 can be written

A

L e Vs i) ipe
X |p ,i ™ Zn X |[p ,T "
n'-m n'——m

~

4 %

n-1

where dn is the decision rule of Lemma 1. Using properties 1 and 2 of

Lemma 1,
kn—l
fgk £,.(D e LED . Hat
n-1 1~ Yp T2 x |p,T !
—n-1 —n'-n
=L (£ L, -1) =u () L, -1)
X |p,r *74,1 " X |p, T 4,1 "
n —mm -—n ——m
kn—l
< f“k £ k(li - Un(f([) K _l)dl
n-1 1" |p _,T" X |p ,I
—n-1 —n'-mn

1



where a change in order of integration was made. Thus, for any

kn—l€wn—l’

fo £ Coouady L, et
*n—l I n—llgn_l’l—n—Z angn’l -2,1 n-1
R N
angn’l—n—Z’I n-1
kn-l
< fgk £ (11 k Un(f(l) K —l)dl
n-1 1% p _,T " X |p,T "
-n-1 -n'-n
or,
max kn—i_
K ew! fﬂk £ k(li - u () R
nmson n-1 I "D 1,1_n X |p,1
max kn—l
T k__jew fnk £ k(li k U D _l)dl
n=Lon n-1 1% 7[p .,I" X |p,I
-n-1 -n’'-n

. . 1
verifying that w _q may be replaced by @ _qe

) % 2
Next suppose Wo_o v n—2} is not empty and let kn—Zewn—Z’ kn__2

* . The functional L of Lemma 1 can be written
n~-2 n-1

PN

L&D )= fQ12 fo Vx4 _o.d _1.d) £ (D)

X |p,T %72 n-1 2o 1 " Hx
—n'-n —n-1
A Kn-1
£ 1_{ﬂledn_l,dn)d:indl
X |D,I
n'-n
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A~ A~

where dn—l’ kn-l’ and dn are the decision and experiment choice rules
of Lemma 1., Using properties 1 and 2 of Lemma 1 it can be concluded

that w may be replaced by w;_

-2 This line of reasoning may be re-

9
peated a finite number of times to obtain the desired conclusion of the

theorem.
Theorem 2

Suppose that for some j there is an experiment kjewj which satis-
fies the conditions of the theorem. Given an experiment, kjewj,

k., # k!, define
h| * j’

f“k' z, (13,1 OLEE £,.(h
) P 1y, g,
Tl j,x ) = ’ = J
- f kJ' f kJ’
z. (1 -,+)d- z. (1 -,)d-
Qk' kj ka kj

Let Yj(f k(‘) ) be the functional defined in Lemma 2. Notice from
k|
I X
I__j
k, k!

the definition of Yj that since z, (i J,i J) does not depend on X

k.
J

£ (D
I7x,
E 1
Y = v (€ () :
] N ik, N
fo oz @ d,0a g . @l ae
fr ks % ks
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Now,
k, k.,
P . 3
ka £ kfl) ko U, ECD RA s j'gk vy k§|) )di
i 13|p,,17 X |p 17 i 1%,
-n " =j
k k. k
=fo v.cG@ dx ) [, 2z GI,Hd a1’
] v K,
ij ij i

k.

Notice that V(i J’Ej) is the expectation of f

density function,

The functional L k

k! under the
1 J)x,
-3

defined in Lemma 2, can be written

;3
Ly, e ()
id 1dx,
—J
= Jq. ar Jo Vst Ejfldj+1 ced)
j+1 n-1 “n X |p,I
n -
K :
£ () £ 2D £ o) ax_ai "h ... e I
3 j+1 n-1
LR A

Using properties 1 and 2 of Lemma 2,
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kj k!
z, (19,i7)
k. 1
. j
fgk L, (£ ()dt
: k j jIX
3 f g @3, e TTOTTY
Q ., ‘k,
k! |
J
k k.,

- . ] _ .
=L kj(V(l ,35].)) = Yj(V(l ,§j))

i

k. ‘ '
< ! X
='a, v (o (dd

] .
k, j
T - [X,
3,04 %

h|
f z, (i
“kJ: ky

where a change in order of integration was made. Thus,

k.
fo £, v, (E(D ydi 3
. k j+1 k,
ij 1 3|p,, 7971 X |p ,1 -
-] -1 -1
k., k! k! .
i_fgk fﬂk' 7 (4,01 v 8 ()dr Y an ]
I 13z,
=5
k!
3
j 19|p,,173 X |p ,r 37,1
-1

Since this result holds for any kjewj, kj # k&, the desired conclusion

is obtained.
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Theorem 3

Suppose there is an experiment k; which satisfies the conditions
of the theorem. Given an experiment, k ew_, k_ # k' and k_ # *_, it
P P P P P P
can be established, by the same procedure used to argue Theorem 2, that
the following inequality holds.

Kk
. P
£ 4 . U ED oy dad
p I1Plp,IP X |p,I P
-p “n'-n

Ja,

kl
. P '
a, T GuGD e P ol
p IPp,i?P X |p,rP",1 P

<J

Using the expanded form, this inequality may be rewritten,

E V,(x,,d4,) f dx
4 Jo, Vizpap £ Ky %
=3 X, |D ,I
=5 '-p
kp E nil | Ep-l pil
+ B ok V. (x,,d.) - Ck,)|d ,i® ) -Ck)| - ] Ck)
max'y o4 3973 yepm 3P P =1 3
P
= I fo vindp £ dx
j=1 Xj J %, |p ,I P 1
=j'=p’
k' n n-1 k -1 p-1
) Vix,d) - L Clkp)d i) I clep
j=p+l J j=p+l ~P j=1

or,



kp E nil | Ep-l
E ( vV,(x,,d,) - Ck,|d ,i )y - C(k)
max j=p+1 et M| j=p+1 J P P

k' n n-1

k
SELC L viad) - [ ck)ld P

Also, the same procedure used to argue Theorem 1 can be used to

establish the following inequalities.

: P
Jo, £+D N U D LR
p T7[p,T7 X|p,rP 1 ?

1fﬂk' £,.0(D 1Up+l(f(|) g pndi P ek

and,

Using the expanded form, these inequalities may be rewritten,

E*P ( E V,(x,,d.) - nfl c(k,)|d ikp'l)
LT A e e R A
e (F vimaay - T canlaLi®h
- max’,_ o =33 j=p+l iv’=p’

and,
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* n n-1 -1
o L Voxd) - ] Ck)[d LT
j=p+l 4 j=p+1
k n n-1 ko1
SEPC] Vixad) - I c&)d AT :
j=p+l 3737 j=pt+1
Thus,
max kp g nil l 1—(p---l
E = ( V.(x,,d.) - C(k,)id ,i ) = C(k)
kpewp max j=p+l i j=p+l j - P
ﬁp E nil ] Ep—l "
= ( V.(x,,d.) - C(k.,)|d ,1i ) = Cck)
max j=p+1 =1 j=p+1 M P
kl; Izl nil | 1_(p_l
<E T ( V,(x,,d.) - C(k,)jd ,i )
max j=p+1 J 1] j=p+1 J 7P
and,
rd T etpla, i
( V.(x,,d.) - Ck.)|d ,i )
max j=p+1 J=1=] j=p+1 M
&P E nil | kp-l
< E ( V.(_}E. ’i“) - C(k.) d ,i )
max j=p+1 1] j=p+1 J 7P

The last two inequalities combined establish the desired result.
Theorem 4

Theorem 4 is a corollary to Theorem 3. Let kP serve as the exper-
k. k

iment k; in Theorem 3 and let f k(i Pli P) serve as the function

Iplgp
k k

k (i P,i P)‘

P

Z
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