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LIST OF PRINCIPAL SYMBOLS 

vector potential function 

B magnetic induction vector 

primary dipole magnetic induction vector 

first-order magnetic induction vectors 

electric displacement vector 

electric field intensity vector 

e electron charge 

magnetic field intensity vector 

total current, primary coil 

cur~ent density vector 

first-order current density vectors 

mass of an electron 

mass of an atom 

electron number density 

ion number density 

number of turns, primary coil 

number of turns, i:: coil 

number of turns, Y coil 

quality factor of an electric circuit 

QeA electron-atom collision cross section 

R radius of a cylindrical region 

Rm magnetic Reynolds number 

'iv 



r 

t 

y 

.uu 
X,Y ,z 

x,y,z 

z 

€ 

® y 

distance in spherical coordinates 

characteristic radius, primary coil 

characteristic radius, E coil 

characteristic radius, Y coil 

temperature 

subscript refers to first-order fields caused by a 

velocity vector 

axial velocity component 

dimensionless Cartesian coordinates 

Cartesian coordinates 

distance from primary coil to either secondary coil 

axial coordinate 

degree of ionization 

magnetic skin depth factor 

dielectric constant 

boundary correction factor for a 

boundary correction factor for au11 

e azimuthal coordinate 

µ magnetic permeability 

Ve average electron collision frequency 

· p radial coordinate 

E conductivity coil 

a electrical conductivity 

y conductivity-velocity coil 

4>E signal induced on E coil 

~ 00 signal induced on E coil in an infinite medium 

tr. signal induced on y coil 
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~y signal induced on Y coil in an infinite medium 

'if stream function for current density 

w frequency of impressed power 

Wp plasma electron frequency 

II subscript refers to first-order fields caused by au11 
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SUMMARY 

A three-coil plasma probe that measures both the conductivity and 

velocity of laboratory plasmas having low magnetic Reynolds numbers has 

been developed and tested by Rossow and Posch, A.s a first approximation, 

it was assumed that the plasma boundary was far from and much larger 

than the probe. At the suggest ion of V. J. Rossow, the present work 

was undertaken to extend the previous theory by deriving factors which 

correct for the presence of cylindrical boundaries, As a check on this 

numerical work, several computed values were compared with experimental 

data. taken in cylinders of acid, Since the agreement was satisfactory, 

the boundary correction factors were used to reduce data taken as the 

probe was swept through an argon plasma generated by a constricted-arc 

wind tunnel. These resultant profiles represent local values of the 

conductivity and velocity in the presence of the boundary of the plasma 

jet that are ih agreement with estimates made by other means. It was 

found that the raw data underestimates conductivity and overestimates 

velocity. 
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CHAPrER I 

INTRODUOI1ION 

A plasma is an ionized, electrically-conducting gas consisting, in 

the general case, of electrons, positive or negative ions, atoms, mole -

cules, and photons; most definitions add the restriction that a plasma 

must be electrically neutral on a macroscopic scale, The non-neutral 

particles may be multiply ionized and the neutrals (atoms or molecules ) 

may be electronically excited, The photons may exhibit a broad spectrum 

of quantized frequencies. 0 
Plasma temperatures can range from 100 K in 

interstellar space to more than 108 °Kin a thermonuclear reaction. 

However, the present work is primarily concerned with laboratory plasmas 

which are generated by electric arcs and have temperatures from 5000° K 

to 40,000° K. Perhaps the most important characteristic of a plasma is 

its ability to conduct an electric current; this fact accounts for the 

existence of the many and diverse phenomena that have been observed in 

ionized gases. 

The transport properties of a plasma differ markedly from those of 

an un-ionized gas because the Coulomb-type interparticle forces existing 

in the former are vastly different from the nonelectrical interparticle 

forces in the latter. The measurement of these properties in high tem-

perature laboratory plasmas has necessitated the modification of tradi -

tional transducers, such as pi tot tubes' and thermocouples, to withstand 

high heat flux rates and function prop.erly in an ionized environment 
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without greatly perturbing the medium. In addition, it has been neces­

sary to develop measurement techniques to determine electron and ion 

temperatures (which are not equal in a nonequilibrium plasma), particle 

number densities, and the total electron collision frequency. Some 

measurements are made externally be means of X-ray, microwave, and 

laser interferometry and absorption or emission spectroscopy. The 

properties may then be used to infer the transport coefficients by 

means of an appropriate formula. 

However, internal measurements are desirable to serve as a check 

on the external data and to obtain, if possible, local values. For 

example, in the design of magnetohydrodynamic power generators and 

accelerators, knowledge of local conductivity and velocity is of 

vital importance in choosing electrode locations and in determining 

efficiency. But the hostile plasma environment poses severe design 

problems ~ Consequently, many conductivity instruments have been 

designed (see, for example, Reference 1-15, 20) but only a few are 

immersible (see References 4, 5, and 20). In Chapter II a represen­

tative sampling of previous conductivity and velocity measurement 

techniques are reviewed. 

The present work is based on a design by Rossow and Posch (20) 

of an immersible three-coil conductivity/velocity probe which repre­

sents a significant improvement upon previous methods because it 

minimizes the heat flux sensitivity (4, 5) and large flow perturbation 

(4) problems of other designs. Briefly, this.instrument consists of a 

primary and two secondary coils. The alternating current in the primary 

coil creates an oscillating magnetic dipole field. The secondary coi l s 

are located in such a manner as to respond to perturbations of the pri-
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m~ry dipole field caused by the electrical conductivity and the motion . 
of the surrounding medium. Further details of this instrument are 

presented in Chapter II. 

In the theoretical analysis of most magnetofluidmechanic problems , 

the magnetic Reynolds number, R = ~Ut, indicates the relative magni­
m 

tudes between the impressed and induced magnetic fields . In this defi-

nition a is the electrical conductivity,µ is the permeability, U is 

the speed, ~nd l is some characteristic length. If R is sma 11 , 
m 

Reference 21 shows that the induced magnetic field is also small com-

pared to the impressed field. Then the analysis can be greatly simpli-

fied by the use of a power series expansion in R since only first­
m 

order terms need be considered. This approach was used in the analysis 

of Rossow and -Posch because R is small for most plasmas generated by 
m 

electric arcs; the probe design of Reference 20 was tested in a con-

stricted-arc wind tunnel where · R -4 -1 ranged from 10 to 10 . 
m 

fore, the neglect of terms of order R 2 was reasonable. 
m 

There-

The theory of Rossow and Posch also assumed an unbounded plasma 

having uniform electrical conductivity and velocity. The principal pur-

pose of the present work is to present theoretical modifications which 

will remove these restrictions for the case of a free plasma jet having 

a cylindrical boundary. 
ls~\ 

Accordingly, Chapter III presents modifications of the unbounded 

field theory which are necessary whenever the three-coil probe nears 

a plasma boundary . Initially, the conductivity a and velocity· '! are 

assumed to be constant inside the jet of radius Rand zero elsewhere 

as illustrated in Figure 1. Using this idealized model, the modifica-

tions are derived and presented graphically ip the form of boundary 



Figure 1. Cross-stream variation of plasma variables 
assumed in theory. 

4 

correction factors. These theoretical correction factori:i are compared 

with experimental results obtained by the probe in a deep plastic 

cylinder filled with an electrolyte, 

In Chapter IV the correction factors are utilized to develop a 

method for computing the local conductivity and velocity of a plasma 

stream from data (similar to that of Figure 2) which varied continously 

u oruU 

Figure 2. Typical profile in plasma jet. 

across the stream as obtained by a probe as it was swept through an 

argon plasma jet generated by a constricted-arc wind tunnel. The method 

is then applied to a typical data record and the resulting conductivity 

and velocity profiles are presented and discussed. 

Chapter V contains concluding remarks, and the Appendix includes a 

discussion of electrical conductivity formulas, computer program de-

tails, and remarks on displacement currents in plasmas and electrolytes. 



CHAPI'ER II 

PREVIOUS INVESTIG.A!I'IONS 

In the first section of this chapter, several representative 

conductivity measurement techniques are reviewed (References 1-15). 

Velocity measurement devices are discussed in the second section 

(References 16-19)~ A third section is devoted to a review of the 

conductivity/velocity probe system designed by Rossow and Posch (20). 

Electrical Conductivity 

5 

Many electrical conductors obey a very simple relationship, known 

as Ohm's law, involving the current density vector ·~, the electrical 

conductivity a, and the applied electric field intensity vector !· 

This familiar equation is 

J = aE ... .... (1) 

where a is a property of the conductor. 

At first glance it is tempting to extend this law to plasmas and 

to measure a by inserting two electrodes into the ionized gas and 

then observe the current which results. from the application of a known 

electric field. However, the introduction of such a device, called a 

Langmuir probe, into a plasma results ,in various boundary layer and 

electrode surface effects which can great]¥ influence the measured 

resistance. Therefore, Langmuir probes are seldom used to determine 
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cr. However, a theory has been developed to utilize theL~ngnmir probe 

for the measurem~nt of ion number density and ion and electron tempera-

tu res. 

The ideal innnersible plasma conductivity probe.has many design 

requirements. If the probe is used in a plasma jet from an arc dis-

charge, then it must withstand high heat flux rates. The probe output 

should riot be significantly affected by the electric charge sheath or 

the thermal and velocity boundary layers which form on it surfaces. 

If the probe is supplied with pulsating power, then the impressed fre-

quency w must be much less than . v , the· avEfrage electron collision 
e 

frequency. This.restriction assures that electrons will suffer ma:oy 

collisions per cycle and, consequently, that the effective de conduc-

tivity will be measured .. Also, the impressed frequency must avoid 

resonance effects with the electron plasma frequency 

wp2 = n e2/m E (2) 
e e o 

where e is the electron charge, ~e is the electron particle density, 

€ is the permittivity of free space, and m is the electron mass. 
o e 

Equation· (2) represents the frequency of electrostatic electron oscil-

lations that may: occur in a plasma as a result of microscopic charge 

separation, w for laboratory plasmas is of the order 1012Hz .. Another 
p 

restriction on the magnitude of w is related to the electromagnetic 

skin depth factor 6 defined by the relationship 

o = (2/ooµ )~ (3) 

where µ. :ls magnetic permeability, 6 is a measure of the depth of 

penetration of an electromagnetic field into a conducting medium. The 

magnitude of w must be chosen so that the probe' s magnetic .field 
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penetrates beyond the adjacent conducting boundary layers into the 

unperturbed free stream, However~ in direct opposition to.these l.imita-

tions on the maximum value of w, the impressed frequency. must be great 

enough to ensure an acceptable signal-to~noise ratio. Calibration 

should be simple, convenient, and accurate. A linear relationship 

between output signal and conductivity is preferred. Finally, the 

device shouldnot be too costly or complicated. 

Many electrical conductivity measurements utilize a solenoid that 

is external to and coaxial with a cylindrical plasma stream or a shock 

tube (see, for example, Reference 1-3, 6-15). If the solenoid is sup-

plied with a small amount of power to generate a "primary" magnetic 

field within the core, then "secondary" search coils maybe used to 

sense the perturbation.of the primary field caused by the presence 

and/or motion.of a conducting core .. The voltages induced on the sec-

ondaries are then used to infer the conductivity or velocity of the 

coaxial medium. When the primary power supply is constant (1), the 

conducting medium must be in motion; this restriction may be removed 

by the use of pulsating power (11-14), subject to the limitations on 

the impressed frequency mentioned above. 

Alternately, the coaxial solenoid may be used as 1;1n active compo-

nent of a tuned, oscillating, L-C network. The introduction of a con-

ducting medium into. the core of the solenoid causes a change, t,.f, in 

the resonant frequency, f, of the circuit and a change, l.lQ,.in the 
.o 

quality factor, Q0 , of the circuit. The quality factor, Q, is defined 

as.the·ratio of the time averaged energy stored.in·the oscillator 
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circuit to the energy loss per cycle. Calibration curves are used to 

predict conductivity as a function of.6f/f (8-10) or as a function 
0 

of 6Q/Q (7). 
0 

Another technique employs two identical single-layer solenoids as 

the active elements of a symmetrical RF bridge. The bridge is balanced 

when air is the core medium in both coils. Introduction of a plasma 

into the core of one solenoid causes the bridge to become unbalanced 

and the magnitude of the unbalance may be related to the average conduc-

tivity of the plasma core .. The bridge power may be sinusoidal (3) or 

pulsed (2). 

The method of Luther (11) employs a long, coaxial solenoid and a 

small one-turn coil that is inserted into the plasma core through a 

hole in the solenoid. . The search coil is used to determine a radial 

profile of the axial magrtetic field Bz. Then ~I is related to Bz 

and its radial gradient, oB /op, by means of a theoretical analysis. 
z 

As previously mentioned, few immersible probes have been reported. 

The device of Olson and.Lary (4) consistQ of a small (8mm o.d.) 

cylindrical single-layer solenoid enclosed in an insulating tube, . The 

sinusoidal power which is supplied to the coil induces plasma currents. 

The power dissipated by these currents may be measured and related to 

the average electrical conductivity. The recent designby Stubbe (5) 

is similar to that of Olson and Lary and uses a much smaller coil 

(1.4 mm o. d.) .. The three-coil conductivity/velocity probe of Rossow 

and ,osch (20) is described below in a separate section of this chapter . 

. Each of the methods discussed above suffers from one or more dis-

advantages .. The technique of Lin et al. (1) employs a coaxial primary 

solenoid supplied with constant power and a single upstream secondary 
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or sensing coil. Although this method is comparatively uncomplicated, 

it is limited to moving gases and cannot be used to obtain local values 

of cr. Fuhs (12) has.improved the L;i.n configuration by adding a down-

stream secondary coil and changing the prit1tary power supply to sinus-

oidal (w= 800rrHz). These revisions remove the restriction on moving 

gases and permit the calculation of a crU profile where U II is the 

axial velocity; however, the method does not yield separate cr andU11 

profiles. 

The two-solenoid,. pulse-operated bridge method of Persson (2) 

relates the bridge 1,mbalance caused by the plasma core to a radial 

average of the ratio n /v . Conductivity is then computed by means of 
e e 

the formula 

- 2 cr = (n /v )(e /m ). e e e 
(4) 

The use of this formula is a disadvantage because this equation 

involves many assumptions, some of which are discussed in Appendix A. 

Koritz and Keck (3) used a bridge supplied with sinusoidalpower 

(W = 3~8MHz) c:1nd related bridge unbalance directly to a rc:1dial average 

value of cr. The principal disadvantage of these two bridge techniques 

is their inability to determine local values. 

The devices reported by Blackman (6), Donskoi et al. (7),.Akimov 

and Konenko (8), Tanaka and Hagi (9), and Savic and Boult (10) are 

based on the Af/f method outlined above. 
0 

Akimov and Konenko (7) have pointed out two potential sources for 

error in the Af/f and 6Q/Q methods. 1. · Because the stray capaci-
o O 

tance of a coil is increased in the vicinity of a conductor, the,L-C 

network must be designed so that the stray capacitance problems encoun-

tered by Tanake and Hagi will be negligible. 2. To obta;i.n acceptable 
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sensitivity, the t::.f/f method must use frequencies of the order 1 MHz 
0 

to 50 MHz, Because all plasma jets are radially nonuniform, the elec-

tromagnetic skin depth factor,, being inversely proportional to cr, 

increases from a minimum at the center of the jet to a maximum at the 

edge of the jet. Therefore, it is possible that the use of a high fre-

quency power supply may prevent adequate penetration of the applied 

field into the highly conductive core of a plasma jet so that the 

change, t::.f, may not be proportional to a radial average of the conduc-

tivity .. Akimov and Konenko suggest that CIR must exceed L 6 at the 

center of the plasma jet and this requirement caused Akimov and Konenko 

to question the results of Blackman 9 s experiments. 

Several investigators have objected to calibration methods which 

employ electrolytes because the displacement current may not be negli-

gible in a polarizable electrolyte at the high frequencies employed for 

the t::.f/f techniques (see Appendix C for a discussion on the displace­
o 

ment current). Therefore, Savic and Boult used mercury, copper, and a 

bizmuth-tin alloy for calibration materials. However, the resulting 

calibration curve was nonlinear and did not extend below 700 mho/meter. 

The method of Tanaka and Hagi is based on the existence of an 

annular gap between the coil and the plasma core and the theory shows 

that this instrument may be calibrated using an air core .. The tech-

niques of Hollister (15) and Donskoi et al (7) are similar to that of 

Tanaka and Hagi. Poberezhskii (13), connnenting on the work of.Donskoi 

et aL, has shown that a small error in the ratio of the· jet radius to 

the coil radius can result in a large conductivity error. This could 

be a serious disadvantage because in many instances it is difficult to 

determine the radius of the jet. 
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The instrument of Poberezhskii (14) is similar to the Fuhs device 

except that this design employs one primary and four secondary coils 

which coaxially surround the plasma jet, The theory indicates that if 

two secondary coils, synnnetrically located with respect to the primary, 

are wound in the same direction, then the potential induced on those 

two coils will be proportional to cr, Similarly, the potential induced 

on the remaining two coils, wound in opposition, will be proportional 

to crU However, the technique employs complicated circuitry, yields 

only average values, and is sensitive to extraneous signals. 

With one exception, none of the external solenoid devices is capa­

ble of obtaining.a local value of a. Poberezhskii (13) explains how 

the measurements of Donskoi may be used to obtain a plasma jet conduc­

tivity profile. However, the method is quite complex and may be subject 

to considerable error, as noted above, unless the radius of the jet is 

known with considerable accuracy. Poberezhskii does not present an 

example of the method. 

Previous innnersible probes have disadvantages, too, The radius 

of the probe of Olson andLary (4) was large (4nnn) compared to the 

radius of the jet (12.5mm) in which it was tested. Therefore, the 

flow perturbation caused by this probe was not negligible, The high 

heat flux rate caused large coil resistance changes which had to be 

eliminated by cooling the probe with dry nitrogen. Because of the use 

of high frequency (13.5 MHz - 23 MHz) power together with the use of 

electrolytes for calibrat:lon, the results of Olson and Lary may be sub­

jet to considerable error. Stubbe (5) has reduced the flow perturba­

tion difficulty of the Olson and Lary design by reducing the diameter 

of the innnersible coil to 1.4 nun, but no provision is made for cooling. 
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Consequently, the application of this device appears to be limited to 

a shock tube because high heat flux rates result in undesirable coil 

resistance changes. 

. Velocity 

As is the case with conductivity, the application of traditional 

velocity probes to highly energetic ionized gases usually requires con­

siderable modifications and a careful analysis of possible error sources 

such as ablation effects, shock waves, and relaxation phenomena. Barkan 

and Whitman (16) have designed and tested a simple expendable plasma 

pi tot te1be which yields a Mach number profile of the· jet. Other methods 

use such techniques as photographing the trajectory of injected 

sparks (17). A theoretical method for computing velocity profiles 

within the constrictor tube of a constricted-arc wind tunnel has been 

reported by Stine et al, (18); the method uses experimental tunnel data 

such as total current, voltage gradient, total heat loss, mass flow, 

and pressure, Gottschlich et al. (19) have developed a theory whereby 

knowledge of temperature and thermal conductivity profiles can be.used 

to obtain a velocity profile from the jet centerline out to one-third 

of the jet radius .. Outside this region the relative error becomes 

large because of possible temperature measurement errors and because 

asynnnetry effects are more pronounced at the boundaries of the jet. 

Poberezhskii's method of measuring average velocity has already been 

discussed in the previous section. 
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A Three-Coil Conductivity/Velocity Probe 

Rossow and Posch (20) have developed and tested an inunersible, 

three-coil plasma probe which represents a significant improvement upon 

previous techniques because it is capable of determining local electri-

cal conductivity and velocity values without greatly perturbing the 

flow and because it can be used in such a manner that heat-flux sensi-

tivity is negligible. Since the present work is based on the probe 

design of Rossow and Posch, selected material from Reference 20 will 

be reviewed in this section, 

The basic concepts of the instrument can be understood by refer-

ring to Figures 3 and 4 which were prepared by superposition of the 

y 

CT ~ Q 
U11 •0 

Figure 3. Perturbation of the lines of force for the primary 
dipole field B caused by the presence of a 
conducting fl~d at rest. 
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probe onto Figures 2 and 3 of Reference 20. Figure 3 illustrates the 

principle by which conductivity is measured. Three small coils labeled 

P for primary,~ for conductivity, and Y for velocity, lie in the 

y 

U11 

O' ,it O 

z Uu 

O' ,it O 

U11 --

Figure 4. Perturbation of the lines of force for theprimary 
dipole field] caused by the presence and 
motion of a coRducting fluid. 

same plane (x = 0) and are mounted on support rods in such a way that 

the axes of the~ and P coils are parallel to the z-axis while the 

axis of the Y coil is parallel to the y-axis. 

In the absence of a conducting or a dielectric medium, the pulsat-

ing current in the primary coil produces a magnetic field which may be 

approximated by an oscillating ideal magnetic dipole field. The solid 



•· 
lines labeled B indicate the shape of the lines of force for the 

-p 
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primary dipole field at an instant in time. Under these circumstances 

it can be seen that the primary field produces no flux linkage at 

either the.~ coil or the Y coil. However, in the presence of a 

conducting, quiescent medium, the primary magnetic field induces cur-

rents which, in turn, create a perturbation magnetic field designated 

as b . The dotted lines indicate an instantaneous position of the 
-t 

lines of force for the resultant magnetic field (primary plus perturba-

tion) which does produce flux linkage at the~ coil while the 

coil is still free of flux linkage due to its orientation. 

Similarly, in Figure 4, the dotted lines indicate a particular 

instantaneous position of the lines of force for the resultant magnetic 

field which is the sum of the primary field B and a perturbation 
-p 

field .12.11 caused by the motion of a conducting fluid across the primary 

lines of force. As the sketch shows, the resultant field produces flux 

linkage at the Y coil while the ~ coil flux linkage is zero for such 

a disturbance. 

Since the perturbation fluxes at the two secondary coils are time 

dependent,. Faraday 1 s law of induction implies that the potential output 

of the~ coil will be proportional to the magnitude of the 9-component 

of the field perturbation caused by the conductivity a and the poten-

tial output of the Y coil will be proportional to the magnitude of the 

y-component of the field perturbation caused by the product of the 

conductivity a and velocity Ult or au11 . 

. The theoretical analysis of Rossow and Posch begins with Maxwell;s 

equations 



the simplified Ohm's law 

B = O, 
r-

v E = 0, 

J .., 

r- ,.... 

V X B 
"' r-

o.Ji 
J. x ! = - ot' 

o (E +. U X B) , ,., ...., ,.., 

the conservation of charge equation for a neutral plasma 

v o, 

and the Coulomb or transverse~gage condition 

In these equations~ is the electric field intensity vector,! is 

16 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

the magnetic induction vector, l is the current density vector,~ is 

the plasma velocity vector, a is the electrical conductivity,µ is 

the permeability, and A is a vector potential function such that ,...., 

B = V X A • .,..... ,...., ,...., (11) 

To obtain a solution for these equations, Rossow and Posch have 

imposed the following restrictions 

1. The flow field is unbounded. 

2. The electrical conductivity and velocity are taken to be 

constant over the entire flow field. 



3 .. The only applied field is B which is that magnetic field 
,-JP 

created by. the oscillating current in the primary coil. 

4, Since the magnitude of~ is less than 10-8 gauss, the 
p 

17 

representation of conductivity as a scalar quantity is justi-

fiable. (In the presence of large applied fields, the conduc-

tivity of a plasma assumes a tensorial form .. ) 

5 •. The small magnitude of B also justifies the representation 
-p 

of the resultant magnetic field, I, as a power series expan-

sion in the magnetic Reynolds number, R. As mentioned in 
m 

Chapter I, typical values of R for constricted-arc wind 
m 

tunnelsrange from 10-4 to 10-1 so that neglect of terms of 

order R 2 is reasonable. 
m 

6. Radiation effects are neglected. 

7. In Equation (6) the displacement current termis neglected. 

Omission of this term is justified below in Appendix C . 

. As a zeroth-order approximation for )3, Rossow and·Posch used the 

primary dipole field B which would be produced by an idealized pri­
""'p 

mary coil in free space .. The vector potential A for such a field is 
""'P 

well known and appears on page 237 of Stratton (22) as 

(12) 

where .,m is the magnetic dipole moment of the idealized primary coil 

l 
1 d ( ) (000) d (.x2+y2+z2)'2. ocate at x,y,z = , , , an r = Thus, 

.Equation (11) yields the solution 
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"R- = V x Ap· •. ::;p ~. ...., . . (13) .. 

Since ~ is time dependent, Equation (7) requires the existence 
.\ 

of an associated electric field, denoted by subscript t, such that 

v... x ... Ti!· = - o;ijp 
~ ot (14) 

and this equation may be solved f'or ~-

Equation (8) suggests that the total current may be considered as 

the sum of' two components, the f'irst of' which is 

~t = O'~ , (15) 

and the second is 
(16) . 

where U = U k as in Figure 4 and the unit vectors ... 11 ... :!, J, ~ are 

directed in the positive x,y,z directions, respectively~· The f'lrst 

component, i!t1 is caused by the application of an electricf'ield, Et, 

to a stationary conducting f'luid. The second component, ~H' arises 

f'roni the motion u11~ of a conducting fluid across lines of f'orce, ~p· 

The analysis of Ref'erence 20 continues by using Equation (6) to 

solve for the first-order perturbation fields Rt and bu which accom­

pany c!t and ,r11 . Thus, the resultant magnetic field, including first­

order terms only, is 

~ = ~ + Et + !?11 • (17). 

· Th_1.s equation, together with Equations (6), (7), and (8), could be used 

to solve for currents and perturbation fields of higher order in Rm, 

However, a.s previously mentioned, the terms of higher order may be 

neglected in the present ease because Rm is small. 
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For future reference, the following solutions are listed from 

·Reference 20: 

!!- = -m cos wt [1 3X~ + j. 3YZ + ls (3z2 .;. 1)]· 
..-.p . ... rs ... rs . ? \: r2 (18) 

!t = -wm sin wty x ~) . (19). 

~t ·= -awm sin wt[!~)+ ~G;)J (20} 

~II 3Ullm cos [ yz xzJ = wti--j-
... rs .... rs 

(21) 

Bt 
aµwm . [ xz . yz r2 + z2 J = - ~ sin wt i ~ + j 3 + k .· .· .... r .... r ·... rs 

(22} 

Ell 
aµU 11 m 

wt[1 . ~][ x j L + ~ i] = 2 cos -·2 i-g+ r ... r ... rs rs (23} 

(24} 

where Ip is the peak current supplied at frequency w to the np-

turn primary coil whose characteristic radius is rp· 

Equations (18} through (24}, plus Faraday's law of induction, die.: 

tate the locations of the secondary coils E and Y, Faraday's law 

states that the potential ~s induced on a secondary anywhere in the 

flow field may be approximated by 

(25) 

· where rs is the characteristic radius of the n6 -turn secondary, !} 

is the resUltant field evaluated at the center of the coil, and !s is 

a unit vector parallel to the axis. of the coil. Thus, if the center of 
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the ~ coil is located at (x,y,z) = (O,y~,y~/J2) and is oriented such 

that N~ = t, then Equations (22) and (25) may'be combined to obtain 

(26) 

where oo refers to an unbounded medium. Similarly, if the center of 

the Y coil is located at (x,y,z) = (O,-y~,o) such that ~y = ~, then 

the potential induced on the Y coil in an unbounded medium will be 

(27) 

Equation (27) represents the potential that would be induced on 

the ~ secondary if the probe of Figure 3 were immersed in an infinite 

conducting medium. However, currents cannot flow through the regions 

occupied by the probe itself. Equation (20) indicates that the strength 

of the induced currents decreases as r-2 so that only the region 

occupied by the primary coil support rod and coil shield contributes to 

a significant loss of signal at the secondary coil. This loss had been 

calculated by Rossow and Posch for both secondaries and the corrections 

are reproduced in Figure 5. The abscissa is 2p0 /y~ where p0 is the 

support rod radius and y~ is the coil spacing defined above. The 

ordinates ~ and Ky represent factors by which the oscilloscope read-

ings <l>~ and <Dy must be multiplied to account for the loss of signal. 

Figure 6 is a sketch of the electrical circuit which was used for 

the probes tested by Rossow and Posch. The primary coil is supplied 

with power (0.1 amp, 15 volts) from a 100-kHz crystal-controlled oscil-

lator by means of shielded litz wires. The signal induced on the ~ 
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coil is first amplified by a factor of 5 in a solid-state differential 

amplifier, then conditioned by a magnetostrictive filter with a ±15 Hz 
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Figure 5. Factors used to correct secondary voltages 
for loss of signal caused by the presence 
of the primary-coil support rod, 
(Reference 20) 

bandpass to reduce amplifier and plasma stream noise, and, finally, 

displayed on a dual-beam cathode ray oscilloscope. The signal from 

the Y coil receives identical treatment. Like the primary circuit, 

the secondary circuits make use of shielded litz wires. The shields 

of all three circuits a:re connected to a common ground. 

As shown in Figure 6, each of the tickler coils is a transformer 

consisting of one turn of secondary circuit wire, two turns of primary 



22 

circuit wire, and a brass or a ferrite core. The directions of the 

windings a.re also indicated in the figure. The function of the tickler 

:E coil 

Brasscore Fe~ore 
tickler tickler 
coils coils 

(phase) (amplitude) 

Figure 6. Electrical circuit used in tests of probes by 
Rossow and Posch. (Reference 20) 

coils is to induce in the secondary circuits signals which null out 

unwanted signals picked up by the coils when the probe is held in room 

air. The spurious signals may be caused by slight misalinement of the 

coils, stray noise and capacitance, or by the fact that the actual 

field of the primary coil of finite size deviates slightly from the 

field produced by the ideal magnetic dipole upon which the theory is 

based. The axial position of the brass core determines the phase of 

the null signal while the axial position of the ferrite core deter-

mines. the amplitude of the null signal, 

The probe may be calibrated by one of two methods. The first 

method is based on the theoretical analysis and involves displacements 

of the coils in the z-direction relative to the primary coil, If, for 
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example, the t coil ;is moved from its design location at 

(x,y,z) = (O,yt,Yt/~) to a calibration position at (x,y,z) = (0,Yt,O) 

with no change in orientation, then the output of the t coil in free 

space may be computec,l from Equations (18) and (25) and the peak-to-peak 

signal at the oscilloscope will be 

(28) 

· where Ke represents the total amplification factor for the electrical 

circuit and the coil parameter factor .Kg is defined as 

so that 

(29) 

Now, if the probe with its coils located in the design positions were 

immersed in an infinite medium of constant conductivity, then the sig-

nal 4>I; di.splayed .at the oscilloscope would be 

and, by introducing Eq1,.1ations (28) and (29) and rearranging, Equa­

tion (30) becomes 

(30) 

(31) 



24 

where the numerical value of the factor in·brackets is called the con­

ductivity calibration constant. It should be emphasized that Equa-

tion (31) is restricted to ari unbounded medium .of constant conductivity. 

In a similar manner the method may be extended to the Y coil by 

recording its free-space output 4>Ycal when t.he y coil has been moved 

from (x,y~z) = (0 ,-Yt,o) to (x,y ,z) = (0 ,-Yt,-Yt/2). Proceeding as 

above and utilizing Equation (31), the following equations may be 

derived: . 

U = ~ [~teal Ky 128wytJ 
II 4>t !by cal Kt 25J36, ( 33) 

The second calibration method is based on experiment. The preced-

ing discussion implies that the oscilloscope signal 4)E for an 

unbounded medium of constant conductivity a is a function of four· 

parameters such that 

(34) 

where Ke and Kt are defined above and Kc is a coil parameter factor 

which includes such quantities as· nprp~, nr.rt2 , Ip, µ, and w; note 

that Kc of Equation (34) is similar but not equal to the Kg defined 

in Equation (28). Equation (34) may be niOdified to ·account for the 

e~istence of a cylindrical boundary by introducing a correction factor 

®t. which, if the probe is at the center of the cylinder, is a function 

of coil spacing Yt divided by the cylinder radius R. Therefore, 

Equation (34) becomes 

(35) 

and as R increases without bound, ®t must approach unity. Thus, if 
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the probe is immersed in the center of several deep cylindrical con-

tainers of varying radii filled with an electrolyte of known cr, then 

the corresponding scope readings, corrected for loss of signal, may be 

plotted vs. R-1 • If the containers are large enough, the plotted 

points are linear and may be extrapolated to R-1 = 0. If [ K"t<I>I: ]R -i=0 

represent the extrapolated intercept, then Equation (35) yields 

= [~~-1,o 
cr (36) 

because ®I:(O) = 1. Therefore, Equation (34) may be rearranged to 

read 

cr = <I>.~[~] "KT{"~ . e~'"C . 
-(37) 

and the factor in brackets, the conductivity calibration constant, is 

determined by Equation (36) and Figure 5. 

· Rossow and Posch constructed and calibrated three probes. Table I 

is a summary of the theoretic.al and exp.erimental values for the cali-

bra.tion constants for the three probes. 

Coil 
Probe Spacing, 

Number YI:, mm 

I 22 

II 22 

III 8 

TABLE I 

.CHARADrERISTICS OF PROBES TESTED, 

. Coil and a /(l)r.' mho/mv -m. U11<I>1;/<I>y' 
Rod Diameter, - m;sec 

2 Po, mm Experimental Theoretical Theoretical 

6,4 

2,0 

209 

3000 

613 

221 

610 

6,100 

14,600 

3,300 



The theoretical constant for Probe II was not determined. The agreement 

between the experimental and theoretical conductivity constants serves 

to confirm the theoretical analysis of Rossow and Posch. As shown in 

Chapter IV, Equations (31) and (32) may be applied to probe data taken 

along a diameter of a cylindrical jet to obtain conservative estimates 

for the actual r:1 and r:1u 11 profiles. 

All three probes were tested by Rossow and Posch in an argon plasma 

jet generated by a 1,27-cm constricted-arc wind tunnel; the findings of 

those tests are briefly reviewed in the following paragraphs. Fig-

ure 7(a) shows Probe I mounted on the air-driven dolly which swept the 

device along a horizontal diameter of the free supersonic jet. The 

circular exit plane of the converging-diverging nozzle is shown to the 

right of the probe, The vertical main support cylinder was made of 

brass and was covered with Teflon, Initially, the horizontal coil 

support rods were made of Teflon and this construction proved to be 

unsatisfactory because the high heat flux caused the rods to droop, 

This difficulty was overcome by using ceramic support rods. Figure 7(b) 

shows Probes I and II equipped with ceramic rods and Teflon heat shields. 

Silicone rubber was also tried as a heat shield material but was not as 

suitable as Teflon because the silicone rubber shields had a tendency 

to form a conducting char layer that probably caused inconsistent data 

and short-circuiting of several coils. To assure fore-and-aft symmetry 

of the induced currents it and ~II' it was found that the heat shields 

should extend from two to .four coil diameters ahead of the coils in the 

upstream direction. 



The arc current, I arc , was varied from 100 to 400 amps a nd the 

other tunnel variables were such that t he j et was s uper s onic throughout 

Figure 7( a) . Probe I mounted on a traversing carriage near the 
nozzle exit . (Courtesy of Rossow and Posch) 

thi s range . Conductivity data were obtained with Probe I over the 

range 100 ~ I arc ~ 400 amp a nd with Probes II a nd III over the r ange 
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150 ~ Iarc ~ 400 amp . It was est imated that the lowest measurable 

value of conductivity for Probe I was 1.0 mho/meter and 10 mho/meter 

for Probes II and III. 

Figure 7(b) . Probe II is on the left and Probe I i s on the right . 
(Courtesy of Rossow and Posch) 

All three probes yielded well -defined conductivity recordings · 
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When Rossow and Posch applied Equation (37) to centerline values of ~~ 

taken by the three probes under the same tunnel operating conditions, 

the computed values of cr agreed within about 10 percent . The velocity 

recordings obtained with Probes I and II were also well defined . A 
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. . . . .. . 

few. reasonable velocity records were obtained with Probe .. III before 

the Y coil developed a. short circuit. 

Probe II was tested with a series of Teflon cone-cylinder heat . 

shields., each having di:f'f'erent cone half-angles., in an effort to a.seer-·· 

,ta.in the effects of shock-wave and boundary-layer interactions on the 

recorded data, The outside diameter of each shield was 3 .16 mm and the 

·inside diameter was 2.0 mm, Half-angles tested were 5°., 10°., 20°., 30°., 

and 40° and each shield extended at least 4·0 mm beyond the coil in the 

upstream z direction to assure the necessary fore and aft symmetry. 

The probe was swept through the stream in less than O. 3 second because 

it had been experimentally determin'ed that the Teflon cones would begin 

· to ablate appreciably if exposed to the jet for more than o. 5 second. 

Ablat.ion shol,l.ld be avoided because the ablation products may· cause a 
. . 

large change in the electrical conductivity of the adjacent boundary 

layer. The data obtained with the different cone-cylinder heat shields 

did not differ in any important details. This result indicated that 

neither the conductivity nor the velocity data of Probe II was signifi-

cantly affected by the.shock-wave sweepback or boundary-layer 

interaction over the range of flows .tested. 

Additional coil design information for Probe II is as follows: 

p y I: - -
Minimum Diameter., mm 2.0 2.0 2.0 

Maximum Diameter, mm 4,0 4.0 4.0 

Number of Turns 122 175 700 

Wire Size (Copper, Enameled), mm #38 AWG .038 .038 
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The coil forms on which the wires are wound should be nonconducting and 

should have a low coefficient of thermal expansion.· Shielded litz 

should be used to connect the coils· to the external circuitry. To pre­

vent the possible existence of electrostatic coupling with the primary 

coil or plasma stream, the secondary coils and all metal components 

should be independently shielded and, to prevent electrical 1ea.k.age, 

all hollow spaces. should be filled with a suitable potting material 

such as silicone rubber. It wa.s found that the shields should not be·· 

allowed to contact each other except at some convenient ground in.the 

external circuitry. 

Concerning heat flux sensitivity, the oscilloscope tracings 

obtained by Rossow and Posch did exhibit some asymmetry with respect to 

the centerline of the jet (see Figure 16). However, this asymmetry wa.s 

caused by the response time of the probe system. A two-wa.y sweep of the 

instrument produced, by superposition of recordings, a symmetric signal 

tracing. 

By wa.y of summary, the probe design of Rossow and Posch offers the 

following advantages: 

1. The instrument can be used to obtain local values of conductiv­

ity and velocity by a method to be outlined in Chapter IV. 

2. The design of Probe II has virtually eliminated the heat flux 

sensitivity and flow perturbat:ion problems of previous 

immersible instruments. 

3. Although the impressed frequency is comparatively low, the 

sensitivity of the probe is as, great as or greater than that 

of previous immersible instPup1ents. The use of low-frequency 



impressed power decreases the complications caused by stray 

capacitance and allows omission of the displacement current 

term. 
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4. Because of the simplicity of the probe and its components, the 

fabrication, construction, and assembly of the instrument 

system are within the capability of any research laboratory 

having a modest machine shop and an oscilloscope. 



CHAPI'ER III 

FIELD EQUATIONS FOR A CYLINDRICAL CONDUDrING FLUID 

As mentioned in Chapter II, the theory of Rossow and Posch (20) 

decoupled the perturbation magnetic fields by neglecting terms of order 

Rm2 , assumed a and u11 to be constant and uniform, and considered only 

an unbounded medium, This chapter presents modifications of the previ­

ous theory by recognizing the presence of-a cylindrical boundary of 

radius R such that the plasma occupies the region 

-oo< Z <oo, 

Also,. the position of the probe will.not be restricted to the center of 

the cylindrical region. Furthermore, for this part of the analysis it 

is assumed that a and UII are constant and uniform in the region occu­

pied by the plasma and that these quantities vanish elsewhere. The 

present analysis will als.o ignore terms of order Rm2 , the displacement 

current, and relativistic effects. The only applied field is :§p, which 

is caused by the oscillating current in the primaTy coil and this field, 

being of the order 10-8 gauss, is so small that the assumption of scalar 

conductivity is. well justified~ 

Electrical Conductivity 

The analysis begins with a considera.ti.on of the basic equations 

which are identical, except f.or the boundary conditions, to those of 

Chapter II (see Equations (5) through (11)). 
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Because a and U11 vanish outside the cylinder, the two boundary 

conditions on the current density vector are 

J = 0 - - whenever x2 + y2 > R2 (38) 

J · N = 0 ... _l for x2- + y2 = R2 (39) 

where ~l is a unit vector which is perpendicular to the cylindrical 

boundary. 

If Equation (11) is substituted into Equation (6), the result _will 

be 

(40) 

and if this expression is expanded so that Equation (10) may be applied, 

then the final result will be 

v2A = 1-1J "' ... (41) 

where it is understood that the La.placian operates on each rectangular 

component of !· Equation (41) represents a condensation of the three. 

Maxwell equations. Therefore, the problem reduces to the solution of 

Equations (8) and (41) subject to the boundary conditions of Equa-

tions. (38) and (39). 

The solution to Equation (41) is unique and it may be solved by 

finding a Green's function or by an equivalent technique, the method of 

images (see, for example, Chapter 2 of Reference 23). The latter method 

was chosen because it appears to be a simpler approach and it makes use 

of Equations (18) through (24) from Chapter II. 

It is also convenient to use an an.a.logy based on the steady, two-

dimensional flow of an incompressible ~luid for which there exists a 

potential function w, called the stream function, such that the 

velocity field y is given by 
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u = v x k'\Jr ... ... ... (42) 

An important property of the stream function is the fact that lines of 

constant '1r are streamlines, 

This analogy may be used to. represent the two-dimensiona.l .current· 

density vector field as 

( 43) 

so that current paths or loops will coincide with lines of constant f. 

Returning to the method of images, consider the geometry of 

Figure 8 where the medium is assumed to be unbounded, at rest, and of 

uniform and constant rs. If the real coil is located at 

{x,y,z) ::. (a,o,o), then an image system of strength A\ located at 

(x,y,z) ::. (-a,o,o), must be found such that one of the induced current 

loops will coincide with the dashed cylinder and thereby satisfy one of 

the boundary conditions, 

The current, ~tr, induced by the real coil is gtven by Equation (20) 

which, for the present case, becomes 

( 44) 

where 
Gt =- rswm sin wt 

and 

r2 =- ( x - a) 2 + r + z2 • 

Therefore, a real stream function for ~tr is 

( 45) 
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Figure 8. Relation between real and image dipole 
locations, 

Figure 9, Probe location inside the cylindrical 
boundary. 
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By trial and error, a stream function 

(46). 

was found for the image system so that the resultant stream function 

is 
. . . 

. · -'l./2 · . . A2 -1/2 
Wt= -Gt([(x - a)2 + y2 + z2] ·. -AI(x + a)2 + y2 + .arz2] .J 

(47) 

and the total induced current becomes it = J x .!Plit. This expression 

for Wt is particularly useful because the surface defined by the con­

dition Wt= 0 happens to be the cylindrical surface 

{48) 

so that the current loops corresponding to Wt = 0 meet the requirement 

specified by Equation (39). 

· Referring to Figure 9, it is desirable to translate the y-axis 

to the center of the jet of radius R, · Figure 9 illustrates the loca-

tions of the real primary and secondary E coils after the y-axis has 

been translated a distance L = a(A2 + 1)/ (A2 - 1), that is, to the. 

center of the jet. Since L - a. = p and R = 2aA/{A2 - 1), a and A 

may be solved as functions of R and p with the result that 

a= (R2 - p2)/2p 

A= R/p . 

If' these expressions are substituted int:a Equation { 47) and if' the 
.. 

y-axis is translated a distance L, then. it follows that 

(49) 

(50) 

(51) 

Theref'ore, the final expression f'or 'the resultant current density vector 

is 



37 

[ . Rp(px + R2 )° . . x + p ']} 
- j . 2 3/ 2 - . . 31 2 • 

- (px + R2 + p2y-2 + R2z2) (x-F'p'2 + y2. + z2) , ( 52) 

Equation (6) may now be. used to obtain Et from the relation 

! >< !?t = µ,Zt ; (53) 

· by use of Equation (11), page 231 of Reference 22. That is·, the per­

turbation field, Et, at any field point (x' ,y' ,z') in the cylindrtcal 

plasma is given as 

--2 2 21/2 
where r = (x-x' + y-y' .+ z--z' ) • Note that the current density 

vector ~t does not vanish outside of the cylindrical region as 

required by Equation (38). However, this requirement is satisfied by 

Equation (54) because the limits of integration do not extend beyond 

the cylindrical boundary so that the mathematical current loop~ outside 

of the cylinder cannot contribute to !?t. Since the axis of the I: 

coil is parallel to k, only the z component of bt will be used in 
~ -

Faraday's law, Equation (25). Noting that (x' ,y' ,'l.;1 ) = (-P,Y1::,Y1::/J2), .. 

the z component of' !?t must be 
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'. . . , } 
. · ... YCY-Yt>+Cx+p)2 .· ... · . 

dx ay dz 
-y- s/2 s/2 t .... Fl't .. -i) (xr,2+>2+ ,2) ~ . . (55) 

If the variables x,y, z and parameters p, y in the last equation 

are nondirnensionalized with respect t.o the jet radius R, then it 

follows that 

where X = x/R, Y =- y/R, Z =· z/R, P ::. pjR, and S ::. Yr./R· Substitution 

of this expression into Faraday's law yields 

. . 2 I a cos wt loo f 1J.J1-Y2.· 
ll>r. = -(nr.rr.2 ) ( nprp2) (µw) P l6R . Fr. ax dY dZ 

o()() "".i . -.Ji -Y2 ( 57 ) 

where Fr. is used to denote the complicated integrand of the preceding 

expression. In order to eliminate the probe and coil characteristics, 

Equation (57) is made dimensionless by dividing it by Equation (26) to 

obtain 

(58) 

Note that if P = o, then 9E as defined by Equation (58) is the same 
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as the function ®r:(yrJR) of Equation (35). For a given probe, the 

conductivity correction factor St represents theratio of the signal 

which would be. induced in a f'inite cylindrical region having a. constant 

conductivity to the signal which would be induced in an infinite region 

having the same.constant conductivity. 

As might be anticipated, the integrals of Equation ( 58) cannot be 

evaluated readily in closed form, Although one integration could be 

accomplished, it was m:ore convenient to evaluate the integrals numeri-

cally rather than deal with the.elliptic integrals which would result 

from the analytical integration. Therefore, Equation (58) was evaluated 

using a numerical 10-point Gaussian-quadrature computer program which is 

described in Appendix B. The results of the computation are presented 

in Figures 10 and 11. Figure 10 is a plot of · ~ vs. P = p/R for four 

to 
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Figure 10. Conductivity correction factor as a function of 
radial position of the probe for several 
values of the coil spacing parameter S. 
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· values of the parameter. S = .Yr./R; the dashed portions of the curves 

r.epresent extrapolations which will be discussed in Chapter. rv. 

Similarly, Figure 11 is a plot of Sr. vs. S = Yr./R for five values 

8 
; .6 

; .5 
" w 

cs, .4 

.3 

.2 

.I 

0 .I .2 .3 .4 .5 .6 .7 .8. .9 1.0 
S=YI/R 

Figure 11. Conductivity ·correction factor .as a function of 
the coil spacing parameter S for several 
radial positions of the probe. 

of the parameter P = pjR and extrapo:la.tions are represented by 

dashes. Additional points were not coto,puted because each calculation 

of ®t consumed about one-half hour of the computer time. However, 

the data reduction method presented in;Chapter rv shows that satisfac-

tory results can be achieved with the ciurves .of Figures 10 and 11. 



Tabular values, correct to three significant figures, are listed for 

convenience in Table II. 

TABLE II 

CONDUCTIVITY CORRECTION FACTORS 

S = Yr,/R 
p = p/R 

0.20 0.30 0.80 0.93 1.00 0.05 0.10 

o.oo 0.948 0,892 0.783 0.675 0.140 0.012 -0. 050 

o.40 0.937 0.871 0.742 0,615 

0.60 0,916 0.830 0,662 0.506 

0.80 o.847 0.691 o.439 0,248 

0.90 0.713 0.471 0.176 0,044 

The conductivity formulas of Chapter II may now be modified to 

account for the presence of'a cylindrical boundary. Specifically, 

Equation (31) now becomes 

cr = 4>r, . [calibration] 
~(S ,P) constant 

The last expression is still limited to the case of constant 

conductivity. 
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( 59) 
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Product of Conductivity and Velocity or · crUII 

Another application of the method. of images yields a aUII stream 

, function w11 .such that 

'11' 11 = -Guz{[ x + p2 + y2 + z2 ]-e12 
- ~[px+ R2 ~ + p2y2 + R~z2 J-312} (60) 

·, 

where GU = cru11m _ cos wt, and the y-axis has been translated to the 

center of the stream as in Figure 9. Using the stream .function analogy 

explained above,·the current density vector can be derived and the 

result is 

(61) 

As was the case with B.t, g11 · j,s related to ~II by the triple integral.· 

Jau(x' ,y' ,z' ,t) = y;- J J Jir 11 (x,y,z,t) x 21'-1 dx 0¥ _dz (62) 

where 
. C . 2 ~ l/2 

r = {x .,. x' _ + y - y' + z - z' ) • Because the axis of t_he 

Y coil is parallel to the y-axis, only the ~ component of :g 11 ' will 

contribute to the induced electromotive force. That component, eval­

uated at (x' ,y' ,z') = (;.P,"'Yt,O) and. nondimensionalize~ with respect to 

R, is 

. where FY. . represents . the integrand. 
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Therefore, Faraday's law predicts that the potential tr induced 

at the Y coil will be 

and, if this expression is divided by Equation (27) to eliminate probe 

and coil characteristics, then the result is 

~y 2100 Jl. JJ;:li2 
;r-=9y(S,P) =~ . . Fy dXdY dZ. 

Yoo -oo -1. _J1 _ya 
(65) 

The correction factor ®y defined by Equation (65) is similar to the 

conductivity correction factor ®E because, for a given probe, ®y 

represents the ratio of the signal which would be induced in a finite 

cylindrical region having uniform values of a and u11 to the signal 

which would be induced in an infinite region having the same uniform 

values of a and UII. For convenience, this parameter will hereafter be 

referred to as the velocity.correction factor even though it applies to 

the product au 11 • 

As was the case with ®E, the integrations required by Equation (65) 

were performed numerically on a digital computer using a program similar 

to that used to accomplish the integrations in Equation (58). The 

results are presented in Figures 12 and 13. Tabular values, correct 

to three signii'icant figures, are also listed in Table III. The curves 

of' Figure 12 indicate that ii' S :::_ 0.10, then the d~viation of' ®y from 

unity is negligible except at the very edge of the cylindrical stream. 

As anticipated, the conductivity correction !'actors are larger than the 

velocity correction !'actors •. 
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and 

TABLE III 

.· VELOCJl'Y CORRECTION FAOI'ORS 

p = p/R 
S = Yr,/R 

0,05 · 0,10 0.20 0.30 0.80 

o.oo 0.994 0.880 

0.60 -·--- 0.986 0.966 -----
0.70 0.978 0.934 

0.80 0.997 0~988 0.937 0.839 

0.90 0.990 0.942 0.780 . 0.551 

0.95 0.925 0.754 o. 443 0.291 

Equations (32) and (33) may now be modified to become 

= ~ [calibration] 
O'U11 ~ constant · 

U = ~y ~ [calibration] 
II ~E Sy constant 

1,00 

0.731 

------

Equations (66) and (67) are limited to a conducting fluid having a 
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(66) 

(67) 

cylindrical boundary, uniform a, and uniform u11 ; · it should be noted 

that· the calibr.ation constants in these two equat.ions are not equal, 

The conductivity correction factors presented in Figures 10 and 11 · 

were verified experimentally using Probe II, (This experiment was per-

formed with the aid of Mr. R, E. Posch.) Each of two plexiglas cylin-

ders having different diameters was filled with an electrolyte having a 

conductivity of 74.8 mho/meter. Then the radial variation of the E 

coil output was recorded for each cylinder, The results were normalized 
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with respect to an experimentally determined value of t:r00 to obtain 

®E· Figure 14 compares the experimental values of ®E with theoretical 

values computed from the curves of Figure 11, and it can be seen that 

the differences are less than 10 percent except near the edge where the 

output of the E coil was very small and was extremely sensitive to the 

alinement of the probe' s axis parallel to the z-axis of the cylinder. 
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Comparison of numerical values of ®E (solid 
curves) with experimental values (points) 
computed from data taken with Probe II in 
cylinders of acid. 

The probe was also placed immediately adjacent to and outside of 

each cylinder wall (in room air) to record the magnitude of the signal 

produced by the currents that were induced in the electrolyte by the 

primary dipole field, ]p• As indicated by the data points at P = 1.025 

and P = 1.10, the result was that the signals were too small to be 
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observed on the oscilloscope at its maximum sensitivity setting, that 

is, the induced signals were at least ten times smaller than any signals 

obtained inside the cylinders. Now, in a free plasma jet it is reason­

able to assume that the conductivity increases from zero at the edge to 

a maximum at the centerline. The result of the experiment indicat~s 

that, when the probe is swept through the jet, the signal induced on the 

~ coil at a given radial position, say p0 , is not significantly 

· influenced by the increased conductivity in the region O :S p :S p0 so 

that ~~ is primarily a function of the variable conductivity in the 

region p0 :Sp :SR. 



CHAPI1ER IV 

A ME:I'HOD FOR COMPUI'ING CONDUCTIVITY AND VELOC 1TY 

PROFILES OF AXISYMMEll'RIC PLASMA JE!'S 

In this chapter a method for computing conductivity and velocity 

profiles is presented and applied to data taken by Probe II in a 

constricted-arc wind tunnel. The method is based on the premise that 

the continuously varying profile can be approximated by a number of 

ste;ps as suggested in Figure 15. It is then assumed that eacn level 

can be treated as a cylinder of constant conductivity ( or cru11 ) by the 

theory developed in Chapter III. As noted at. the end of that chapter, 

the probe receiv.es a negligible signal if it is outside a cylinder of 

conducting fluid. Hence, if the analysis of a given profil.e is started 

at the outside boundary ofa jet, the calculations can proceed to the 

center in an explicit fashion so that all parameters are known as each 

step is made inward. As illustrated in Figure 15, the cylindrical 

plasma jet is, as a first approximat~on, subdivided into a finite 

number, n, of concentric cylindrical regions each having a different, 

but constant conductiv:J,ty. The upper part of the sketch shows a cross 

section of the jet and the lower part 4isplays a typical ~t trace 

together with the n-step approximatiQn of the actual continuously-

varying conductivity profile. 
.. 

When the probe is located at the radial position Pi shpwn in 

Figure 15, the second part of the preyiously mentioned experiment 
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indicates that the influence of the increased conductivity in the inner 

regions has a negligible effect on the value of ~r:• Therefore, ~r:, 1 

may be interpreted as the signal which results from placing the probe 

at a radius p1 in a cylindrical region of radius p0 containing a 

fluid of conductivity cr1 • The signal ~r:, 2 results from placing the 

probe simultaneously at a radius p2 in two cylindrical regions of 

radii p0 and p1 containing, respectively, fluids of conductivity cr1 

and cr2 - cr1 • Similarly, ~I: 3 is caused by immersing the probe 
. , 



50 

simultaneously in the center of three cylindrical regions of radii p0 , 

Pl, and P2 containing, respectively, fluids of conductivity a1, 
\ 

a2 .. a1 , and a3 .. a2 • The extension of this reasoning to '1>"' is 
""'n . 

straightforward and the results may be put into mathematical form by 

. the following set of n linear equations in n unknowns: 

(fl 

¢E,1 
a1 (YE 

= CI: SE Po , Pi) 
Po 

a1 (YE P2) a2 - a1. 
il>I:,2 =~SE Po ' - + Po . CE 

a (YE Ps) <12 - 0'1. 
il>t,s = ~ 8E Po ' - + Ct Po 

. 
n-2 

l [ai+i. - al. J ~Yr, = ·. . ct 9t Pi E, n-1. ' 
i=-o 

n-1. 

'1>E,n = l 
i=-o 

(YE 8E Pi ' 
P2) 
Pi 

(YE eE - , Pi 
~) + 0'3 - a2 st(YE Ps) 
Pi Ct P2' P2 

Pn-1.) 
Pi 

, n > 2 

(68) 

In these equations Ct represents the probe calibration constant and 

a0 is identically z~ro. After inserting values for 9E from Fig­

ures 10 and 11, these simultaneous equations may be solved for 

The same technique may be applied to obtain a au11 profile and 

the equations which must be solved for an n-step approximation are: 



<l>y,1. 

<I>y,2 

<Dy, n-l. 

<I> Y,n 

[au11 ]1 J;r. 
= ® -Cy Po 

= 
[<1U11l1 y\pr, 

® -
Cy Po 

n-2 

= l 
i=o 

' 
Pi) 
Po 

P2) 'Po + 
[aU 11 ] 2 - [aU11 ] 1 ~E p2 ) 

Cy P1 ' P1 

Pn-i\ 
Pi j n > 2 
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(69) 

where Cy is the probe calibration constant, [aUII ] 0 is identically 

zero, and the values for ®y are given in Figures 12 and 13. The solu­

tions of Equations (68) and (69) may then be combined to obtain an 

n-step approximation of the UII profile. As the number of subdivisions 

is increased, subject to the limitations to be discussed below, the 

discontinuous step profiles should approach the actual continuously 

varying profiles. 

The data reduction technique may be divided into three parts as 

follows. 

1. The edge of the jet may be determined from the r. coil out-

put provided that the response time of the probe is known. 

The response time of Probe II, based on a consideration of 



data t aken as the insttument was swept both ways through the 

stream, was estimated to be 0 . 03 second (20) . Figure 16 is a 

--Sweep direction 

Scope sensitivity 
settings: 

T ( .02 mv/cm) 

L (.05 mv /cm) 

Figure 16 . Data record obtained with Probe II in a 
constricted-arc wind tunnel having an 
arc current I arc ~ 200 amp . (Courtesy 
of Rossow and Posch) 
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typical data record obtained by Rossow and Posch with Probe II 

and the conduct i vity data (lower trace) indicates that the 

extreme radius of the jet was about 9 . 5 cm. To assess the 

sensitivity of the data reduction method to the magnitude of 

the j et radius, profiles were computed for three radii: 

9 . 0 cm, 9 . 5 cm, and 10 .0 cm; the corrected centerline values 

of cr and UII for the three cases did not differ by more than 

10 percent . Therefore, the method is not highly dependent on 

an accurat e determination of the j et radius . 

2 . The null s i gnal should be added to the ¢~ trace and s ub-

tracted from the <Iy trace; r easons f or this procedure are 

discussed below. Then, peak -to -peak values of ¢~ and ¢y may 
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be plotted vs. radial position of the instrument; the radial 

position should be adjusted to compensate for the response 

time of the system. A mean value for the <I>y curve is used, 

thereby eliminating the local signal excursions caused by 

random stream noise. 

3, The next step is to subdivide the cylindrical jet into sub­

regions as suggested by Figure 15 and to apply Equations (68) 

and ( 69) to the <I>:E and <I>y data. It is suggested that this 

step be repeated several times in order to see the effect on 

accuracy; that is, as a first approximation, use three sub-

regions to obtain three-step cr and u11 profiles. Then, as 

a second approximation, use four subregions for the computa-

· tion. Additional approximations obtained by increasing the 

number of subdivisions can be carried out to increase the 

accuracy and definition of the curves, A limitation on the 

maximum number of0 subdivisions is discussed below. 

The velocity trace of Figure 16 indicates a minimum signal at 

about 2.8 cm from the center of the oscilloscope screen. This phenom­

enon is due to the fact that Eii and ~p are 180° out of phase as 

indicated by Equations (19) and (21). Outside the stream <Dy is 

nonzero due to the fact that the actual ~p differs slightly from 

the theoretical ~p, As the probe nears the edge of the stream, the 

magnitude of ~I\ inc.reases and. causes <I>y, which is proportional to 

~p + £ii' to decrease because of the 180° phase difference, Shortly 

thereafter, the magnitude of :e 11 dominates and \Dy begins to 

increase. Therefore, when the data is reduced, the ordinates 



should be increased by the value of the null signal while the 4lt 

ordinates· should be decreased by· the value of the null signal. 
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Using the data of Figure 16, the profiles of Figure 17 were com­

puted for two different sets of four subregions. The correspon(}ing 

profiles did not differ significantly and agreed to within 5 percent 

at the centerline. The dashed curves in the figure represent profiles 

which were not corrected for the presence of a cylindrical boundary and 

are based on the application of equations of the form 

~::. -[c_ al1brationl -
<llE constant ~ 

and 
oUII _ [cali-brat ion] 
<I> - constant 

y . y 

to centerline values of «l>E and. <lly. The uncorrected u 11 profile was 

obtained by dividing the dashed ordinates. of the O'UII profile by the 

dashed ordinates of the a profile. It was found that the corrected 

UII profile is in agreement with the calculations of Stine et al. (18), 

As anticipated, the conductivity correction factor ®E had greater 

influence on the reduction of data than did the velocity correction 

factor Sy, In fact I the example presented in Figure 17 indicates that 

the corrections of the cJUII _ profile are almost negligible. However, 

due to the conductivity corrections, the corrected u11 profile may 

differ considerably from the uncorrect~d UII pro:file. 

As mentioned above., the choice of .subregions is not completely 

arbitrary and it was found that the values o:f Yt and R impose two 

important restrictions which must be observed during the reduction of 

the data. The :first restriction may be understood by considering the 

curves of Figure 18. Consider a fluidhaving a cylindrical boundary 

- and, for example; a constant conductivity of 888 mho/meter. Suppose 
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that an oscilloscope recording is made of ~X: vs. radial position, p, 

for this fluid. Then, if the correct fE values are substituted into 

the formula 
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[ calibration] 
constant 

~ (yE/R, p/R) 
(70) 

for different values of p, the horizontal curve marked <:J will be true 

. the result. However, the smallest screen division for many oscillo-

scope is 0.2 cm and with the presence of a slight amount of noise, it is 

possible to err by as much as 0.1 cm when reading the oscilloscope data 
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record. Therefore, using a scope sensitivity setting of 0.05 mV/cm 
~ . . ·.· .. 

. the calibration constant for Probe II, and the aboce equation,. the error· 

curves of Figure 18 were computed for two different values of the para-

meter yE/R. · The figure shows that a reading error of 0.1 cm can result 

> in a large error in a when yE/R = 0.3 and p/R = 0.80 •. The error is 

not as large whe11 Yr,lR = 0.10. 

Thus if Yr,/Ris small, the stream can be subdivided into several 

subregions without risking the introduction of a large oscilloscope 

reading error. The cr profile of Figure 19 furnishes an illustration of 
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Figure 19. Conductivity profile based on data.taken 
with Probe·III by Rossow and Posch in 
an argon plasma jet. 
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this principle. The corrected . a profile, using data taken with 
. ,. . 

. Probe III (yrJR ·:::; 0.084); was computed on the basis of nine subregions. 

However, the corrected a profile of Figure 17, using data from ;Probe II 
' ,' 

(yr/R =- 0.234),. is based on four subregions because it was f~und that.· 

further subdivision introduced large errors. It is also interesting, 

but· not surprising, to note that the Sff!B.ller the value of Yr,fR,.the 

smaller the resulting corrections. 

The. other restriction concerns the choice of the radius, Pn, of the · 

innermost subregion. It is obvious that Pn .must be chosen so that 
' ' 

Pn ~ YE· However; referring to the curve for P = O in Figure l.l, it 

is r.ecom.m.ended that Pn be chosen so that Pn ~· l, l.4yI:• · This restric-
' ' 

tion on the choice of . Pn places a lower .limit of approximately 0,10 

on the correction factor ~· Smaller values of this factor would mag­

nify oscilloscope reading errors by an intol~rable amount. 

It is difficult to estimate the overall accuracy of the preceding 

data-reduction technique., · The uncertainty resUlting from ,the presence 

of random electromagnetic noise arid/or oscilloscope reading error has 

already been discussed. Another possible error source i.s the neglect of 

axial variations in a and u11 • J{owevet'; the magnitude of such an error 

is probably small because the magnitudes .of the induced current vectors, . 

it and .Ju, decrease rapidly iii: the' axial direction and because the 
.. . . . 

effects of the higher upstream values of a and u11 may be canceled by 

· the lower downstream values. If the p,lasma stream is steady and fairly 

free from random electromagnet 1c nois~·, the data reduction technique 

presented ln this chapter probably yields . centerline values which differ . 

from the true values by no more than i:o percent. 
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An experiment was carried out _with HaBO" actd sol.u:tioris in plexi-
. .· 

glas cylinders to find out how accurately·the theory could_predict the. 
. . . . . . . . 

conductivi.ty potential, The test was performed. :ln the three concentric 

plexiglas cylinders which are sketched in the_plan·View of' Figure 20; 

the centerline position of the instrument is also sh,own such .that the 
. . .· . . 

a.xis of the· probe is parallel to the z -a.xis of the . cylinders. The depth 

.of each cylinder was at least 18 · cm because tests indicated that this 

· value simulated a cylinder of infinite extent. All plexiglas walls were. 

4.7 mm thick and the inside radii of the cy~inders were 5.95 cm, 9, 77 cm, 

and 12,J cm as indicated in Figure 20, The center cylinder was filied 

with a sulphlll'ic acid solution having a qonductivity of 74,8 mho/meter 

as determined by a conductivity. cell mea.1::1urement. Simil:a.rly, the two 

annular spaces were filled with acid_ solutions having conductivities· of · 

49 and 29 mho/meter. 

It was found that the probe reading at the center of the three 

containers could be predicted from the theory of Cl:l.apter III by consider­

ing the probe to be immersed simultaneously at the center of three cyl- . 

inders of radii 12,3 cni, 9,77 cm, anq. 5.95 cm containing electrolytes.of 

conductivity 29, 20,; and 25,8 mho/m.eter, respectively, Then Equa.- · 

tion {59), 

a_·_ _ :i..585 _ I 
- ------ mho m--m.V , 

4>t ·_. ®t(S ,P) 
(71) 

,may be used to compute the contribution of the currents induced in each 

cylinder to the. total probe output. The calibration constant of 1585 
. . 

· given above differs from the value of 3000 given in Reference 20 because 

of a subsequent change in the. electrical circuit. Using the .correction 
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factors of Chapter III and setting YI: = 2·.22 cm,. the predicted prob~ 

output.becomes 

1 = 1585 (29 x 0.805 + 20 x 0.753 + 25.8 x o.6o2J 

= 0.0338 mv. (72) 

This theoretical value agrees quite well with the experimental value of 

0.034 mV. The off-axis experimental values of ~E for the case p I- 0 

could not be predicted by the theory because the two inner plexiglas 

walls created rather complicated boundary conditions. 

As mentioned in Chapter II, data in the constricted arc were 

obtained with three probes. The uncorrected data for the three probes 

did not agree as well as desired, and it was found that when the bound-

ary corrections were made, the disagreement was increased. No difficulty 

was encountered with reducing the data but it was not possible to detel'-

mine why the corrected probe data disagreed by as much as 40 percent on 

certain runs. Some of the disagreement between the probes is felt to 

be due to the large diameter of the coil in the case of Probe I and by· 
-" 

the close coil spacing in the case of Probe III. Apparently, the 

design parameter, 2p0/yr,, is also a measure of the magnitude of mutual 

flow disturbance effects between support rods and coils. The values of 

this parameter for Probes I, II, and III were O. 291, 0 .091, and O. 250, 

respectively. Unfortunately; both Probes I and III developed shorts in 

the coils during the tests so that a series of tests aimed at resolving 

these discrepancies could not be made. (Suggestions as to further 



studies in regard to these problems are discussed in Chapter V,) Probe 

II survived many tests without any apparent deterioration of its per­

formance. It is believed that this instrument was the most accurate of 

the three probes because it had the most favorable value of coil diam­

eter/coil spacing (0.091) and because the velocity profile of Figure 17 

compared favorably with estimates made by other means (18). 



CHAPrER V 

CONCLUDING REMARKS 

Tests in concentric cylinders filled with acid solutions furnished 

reasonable confirmation of the conductivity correction factors which 

were used to correct the raw conductivity data for the existence of a 

boundary and for cross-stream a variations. Using au 11 correction 

factors, the method was extended to raw au 11 data and the corrected a 

and aUII . profiles were· used to compute a velocity profile which agreed 

with other estimates. 

Although these results indicate that the present design has the 

advantages of practicalitlf e,nd theoretical justification, some additional 

. development. is needed. Specifically, the following items should be 

investigated. 

l. A suitable experimental method should be found for· determining · 

the au11 calibration constant. 

2. In an effort to a1:rnertain the effect of the parameter 2p0 /yr. 

on probe performance, a smaller device which permits variation 

of the coil spacing should be constructed and tested for several 

values of 2p0 /yr. under identical conditions and the corrected 

data.from these tests should be analyzed for the possible 

existence of mutual flow dist:urbance effects between support 

rods and coils. 
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3. Another parameter which should receive attention is the fre­

quency, w, of the impressed power. An oscillator having 

several output frequencies could be used with the probe to 

evaluate the importance of w. 

4. Improvement of the response time of the instrument system 

should be attempted. 
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5. Although ceramic tubing was found to be satisfactory for coil 

support rods, other materials, such as precision quartz tubing, 

should be tested. 
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APPENDIX.A 

ELECTRICAL CONDUCTIVITY FORMULAS 

This section is devoted to a discussion of formulas which express 

electrical conductivity cr as a function of other plasma properties 

such as electron number density,.n, temperature T, and average elec­
e 

tron collision frequency V .. Thus, by means of these formulas, knowl­
e 

edge of certa·in plasma properties may be used to check experimental 

conductivity values, Conversely, experimental conductivity values may 

be used in conjunction with the formulas to predict certain plasma 

properties. 

A plasma was descr;i.bed,in·chapter I as an extremely complex mixture 

of charged particles,.neutrals, and photons. This complexity necessi-

tates the adoption of several restrictions, approximations, and assump-

tions before it is possible to derive a mathematical expression for 

electrical conductivity. Hence, this discussion will be restricted to 

. ternary, neutral plasmas consisting of electrons, singly ionized posi-

tive ions,. and neutral atoms; the subscripts for these three components 

wj.11 bee, I, and A, respectively. Furthermore, it is assumed that 

applied magnetic and electric fields are small so that the distribution 

function for each of the components deviates only slightly from a 

Maxwellian distribution. 

It is convenient to classify plasmas on.the basis of the degree 

of ionization.a, which is defined as 
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(73) 

where ne and llA are the electron and neutral particle densities in 
. . . . . 

geometry space. A gas is said to be slight:cy ionized if a. < 10-4 ; . ·. 

part ia~:1.¥ ionized·. if 10-4 . < a. < 10-2 , and fully ionized whenever 

a. > 10"'2 • These somewhat arbitrary regimes have been suggested by. 

Delcroix (24) and others. 

Most rigorous de~ivations of·electrical conductivity expressions 

depend on the solut.ions of two integro-differential equations known as 

the Boltzmann ··equation and the Fokker-Planck equation. The. dependent 

variable in these equations is a distribution function for each of the 

gas components. Hence, for a ternary plasma it is necessary_to seek 

simultaneous solutions to three nonlinear. coupled integro-differential 

equations. 

Both the Boltzmann and the Fokker-Planck equations contain terms 

which express the influence of-diffusion phenomenon, externally applied 

forces, and interparticle collisions ort the distribution function. The 

principal difference between the two approaches lies in the collision 

terms: the Boltzmann equation .is based on binary elastic collisions 

while the Fokker-Planck equation considers many long range simultaneous 

Coulombic interactions. Chapman and Co.wling (25) present a derivation 

of and several solutions to the Boltzmann equation for un-ionized gases. 

The paper by Ahtye (26) contains a rigorous, second-order Chapman-. . 

Enskog formulation for argon ar...d the results. are valid for any value of 

a.. However, the complexity of' the rigorous solution methods necessitates 

the use of approximate conductivity forl:nU].as for engineering_applica­

tions. Several of these formulas are J;>resented.below. 
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Based on a first-order solution of the Boltzmann equation .and 

assuming that electrons are the principal charge carriers, Cha.pman and 

{fowling derived the following expression for a sli~htly ionized gai:;: 

(74) 

In this equation the elementary charge _is e = 1.602x10-1 e coulomb, 

· Boltzmann'.s constant is k = 1.3805x10-23 joule/°¥:.·, QeA is the total 

· electron-atom ·collision cross section in meter2 , T is the temperature 

0 in K, and me, mA are, respectively, the. electron and atomic masses in 

kilograms. Because 'ffle/m.A << 1, Equation (74) may be simplified to 

_ - -12 a. - I 
~ - 1.09><10 · 1 ., mho meter 

. QeATi 2 
(75) 

Equation (75) is restricted to a singly ionized ternary plasma such that 

a.< 1074. Tne quantity ~ is ·a function of temperature and the polariz­

ability of' tlle particular atomic species (24) .. Chapter 4 of .McDaniel 

(27) contains experimental QeA_ values for several gases. 

When .a.= l, the gas is fully ionized and, for this case, Spitzer 

(28) has derived a formula for a based ori a solution of' the Fokker-

Planck equation. Thie result, which considers electron and ion currents, 

is 

(76). 

where 

(77) 

d th. itti it f' f'r i · (3c. __ ?<109 )-1 ,· rar· ad/met. er •. an e perm v y o ee space ._ s e0 = u.n: 
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Equation (76) assumes elastic collisions, consi4ers only e-e and e-I 

collisions, and neglects close encounters which result.in a particle 

0 deflection angle greater than 90 ~ In !3pite of these restrictions, 

this formula deviates no more than 7 percent from the more exact anal-, 
ysis of Ahtye. Furthermore, the experimental data of Lin et al. (1) 

suggests that Equation (76) is valid for 10-2 < Q. < 1.0. · In the deri­

vation of Equation (76), certain nondominant terms were neglected by 

-l. 
Spitzer so that the result is correct to terms of order (7.n A) • 

In Chapter 5 of Sutton and Sherman (29), the Boltzmann equation 

is solved for a Lorentzian gas which is defined as a binary gas such 

that the ma.ss of one type of particle (electron) is very small compared 

with the mass of the other type (say, an atom), and where the inter­

action between like particles is negligible compared with the inter-

action between unlike particles. An approximate formula which results 

from this solution is 

(78) 

where iie is the total average electron collision frequency defined 

by the sum 

(79) 

and Ce is the mean thermal electron speed which is given by 

( 80) 'i 

Values for QeA and ~I vs • Ce , may be found in Chapter . 4 of McDaniel. 

Equation (78) neglects v ee and assumes that electrons are the prin­

cipal charge carriers. If there are several species present in the 

ionized gas, Equation (78) may still be used by .substituting for "e 
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the expression . 

·. (81) 

where s refers to a particular gas component •. ·. 

For a ternary mixture, Lin et al. (1) proposed an approximation 

for ii eI of the form 

(82) 

so that Equation (78) will reduce to Equation (76) in the fully ionized 

limit. Thus; Equations (78), (79), arid (82) combine to yield 

a = --a.-i n-A-. ---(--l---a. ... )_Q_eA_~...,1....,./""'"2 

------+ 
(83) 

1. 53x10-'\i s/ 2 1. 09XlO -1.2 

where the coe:t'fic1ent of QeA has been adjusted to yield Equatio~ (75) 

for small a.. As befo:re, QeA. may b.e read from the data of McDaniel. 

,P,.htye has examined the accuracy of Equation (83) for argon and 

found that the rigorous second-order Chapmann-Enskog formulation pre­

dicted values which were almost two orders of magnitude lower whenever 

10 - 4 < a. < 10-s. Several factors may account for this discrepancy: 

l. Equation (83) does not consider ion currents which may not 

be negligible as a.-+ 10-3 • 

2. Second-order collision couplill8 effects and I-I collisions 

are also ignored. 

3. In Equation (83) the cross secftion ~ must, for simplicity, 

be evaluated at some mean vaiue whereas, in Ahtye's analysis, 

.QeA is an ~mp1r1cally deter~ned function of' the relatiye 
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thermal speed between electrons and atoms as well as .. the 
. . . . . . . . 

.. interparticle potential function •. The empirical expression 

for QeA. appears under·an integral which must be evaluated 

to obtain · :ii eA.. · 

Frost (30) .Proposed a mixing rule for a partially ionized 
' . : . 

• Lorentzian gas containing several atomic. spec.ies and the rule was · based 

on the use of a nonconstant empirical :function for QeA while I-! 

colli.siohs and the ion· current contributions were ignored. Schweitzer 

and Mitchner (31) solved the Boltzmann equation by ma.king use of the 
. . 

fact that me/lllA. -; me/mr << 1 to simplify a third-order Chapma.n-Enskog 

formulation. Thermal diffusion and ion currents. were not considered in 
. . 

this paper.. Schweitzer and Mitchner also .compared their results with 

Frost's mixing rule and found that the two agreed to better than 

15 percent for all a. < 1 •. 

Thus, it appea.rE? that the simple formulas of Equations· (75), (76), .· 

and (83) a.re ad~quate for pr~liminary engineering desigQ calculations. 

If greater. precision is desired for a. in the range 10 _., < a. < 10-2 

Frost's mixing rule should be applied. 

Assuming that QeA is a function of temperature only, the above 

conductivity formulas indicate that · a is a function of a., ne,. and 

I 

T. But a., for a given gas, is a fun¢tion of p and T by virtue of 

the Sa.ha equation 
5/4 · (. )' GT · . -qi 

a. = pl./ 2 exp 2ia . (84) 

where G ts a constant which depends.on the statistical weights of 

the positive ion and the atom and qi is the first ionization potential 

of the gas atom. The static pressure, p, may be ~etermined by means of 



an appropriate pressure transducer, the temperature, T, may be measured 

by spectroscopy, and ne may be inferred from the data of a Langmuir 

probe. Haworth (32) gives a detailed account of spectroscopic tempera­

ture diagnostics and Sutton and Sherman present an analysis of the 

Langmuir probe. 



APPENDIX B 

DIGITAL COMPTJI'ER INrIDRATION USING GAUSSIAN QUA.mATURE 

The triple integrations required by Equations (58) and (65) of 

Chapter III were performed on an IBM 70~/7094 Computer System using 

a Fortran DI Gaussian-quadrature program. The Gaussian-quadrature 

method, as presented by Hildebrand (33) for the case of one independent 

variable, is based on the.formula 

m 

f(x) dx = l Hkf(xk) + E (85) 

k=l. 

where xi is the ith zero of the Legendre polynomial Pm(x) and 

where 

(86) 

The error E ma.y be written as 

22mt1.(m!)4 ( ) 
E = -----------3 f 2m ( 0 

(2m + l)[ (2m) t] 
(87) · 

in which s. is some point in the interval ( -1, 1). If the interval 

of integration is not (-1, 1), then a suitable transformation may be 

applied to the independent variable so that the above formulas may be 

applied. It is assumed that the function f{x) is analytically defined 

and it can be shown that if f(x) is a polynomial of degree 2m-l, then 

E = O. The method may be extended to any finite number of independent 
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variables by the use of a nested integration procedure. Gaussian 

quadrature yields approximately the same degree of accuracy as 

Lagrangian quadrature but the former is "faster" because it does not 

require the evaluation of as many ordinates as the latter(see page 

312 of Reference 33). 
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Figure 21 is a·copy of atypical program which was used to eval-

uate the triple integrals of Chapter III. This particular program 

was written in cylindrical coordinates for the case P = p/R = O. The 

TCllOl 
EXTERNAL FDRNULA NUMBER SOURCE ST A TEMENT 

C . CONDUCTIVITY CORRECTIONS INTEGRATE FCS,P,R,T,ll 
DISHR,ll• CSQIITlll•R+l•ZIIH) 
DENDNIR, T, Z I• CSQRHR•R+S•S-Z,O•R•S•SINC T l+I z-. 707•$1 HZ 11 H! 
UPI Rt TI •R•RolR-S•SINC Tl I 
FIR, T, Z l•UPCR, T 111 DIST IR,Z I •DENDNIR, T, Z 11 
DIMENSION 811151,BTUl ,BLI 51 
NAMEL I STIINPUT/S,111,RZ, H, T2t U ,ZZ,NR,NT ,NZ 

U RUD15,INPUTI 
WRITEC•,INPUTI 
ll•O 

14 tc.•K+l 
is 8lllll•GAUSSIU,ZZ,Nl•ZI 

8TC lll•GAUSZC Tl, TZ,NT, TI 
8Rllll•GAUS31111,RZ,NR,R I 
IIRCKl•FCR,T,U 
ITlltl•IRIKI 
llllll•HIKI 
WRITEC•,981HCKI 

91 FDRNATC 1HD,.H8lllll,l•,El5ell 
NR•NR+l 
NT•Nl+l 
Nl•Nl+l 
If I Z-1<120, Z0, 14 

ZO EPS•BZCKI-IIUK-11 
WRITEC•,191.EPS 

99 FDRMATC 1H0,4HE,$•,El5ell 
GD TD 13 
ENO 

Figure 21. · Typical computer program used to accomplish the 
triple integrations of Equation (58). 

first four statements are used to define the integrand F(R,T,Z) where 

R is the radial coordinate, T is the azimuthal angle, and Z is the 

axial coordinate. The next item is an input statement using a NAMELIST 

subroutine to input the parameter S(=yE/R); the limits of integration: 

Rl S R :S R2, Tl S T S T2, Zl < Z S Z2; and the mesh-width parameters: 
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NR, NT, and NZ. An example may clarify the use of the parameters NR, 

NT, and NZ. If the radial limits of integration are input .as Rl = 0.1 

and R2 = 0.3, then an input of NR = 4 would cause the division of the 

interval 0.1 ~R ~ 0.3 into four equal subintervals over each of which 

the Gaussian quadrature formulas of Equations (85), (86), and (87) 

would be applied using a value of m = 10. 

The calling statement for the 10-point Gaussian quadrature sub-

routine is BZ(K) = GAUSS(Zl, Z2, NZ, Z). The next two statements 

call subroutines for nested integration. The statement 

BR(K) = F(R,T,Z) causes the execution of the integration 

JR2 
BR(K) = Rl F(R,T,Z)dR. 

Then, BT(K) = BR(K) causes the computation 

and the final integration, 

BT(K) = J.T2 BR(K) dT , 
Tl 

BZ(K) = fz~ BT(K) dZ , 

is instigated by the statement BZ(K) = BT(K). 

To check convergence of the numerical method, the integrations 

were repeated a second time after each of the parameters NR, NT, and 

NZ had been increased by unity. Convergence was considered adequate 

if the difference (called EPS in the p~ogram) between successive inte-

grations was less than ±0.0005. 

For the case Pf o, it was more Qbnvenient to use rectangular 

coordinates and the region of integration was subdivided into twenty 

subregions. The subdivisions were chosen so as to exclude the two 
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singularities and to permit the use of larger values of NR, NT, and NZ 

in the subregions close to the singularities. Each of the twenty sub-

.regions was further subdivided in the axial direction .. Computer ti.me 

reguired t~ evaluate.the triple integral for one set of values for S 

and P was approximately 30 mi:p.utes. Figure 22 is a copy of a typical 

output for. the program of Figure 21 . 

.. 

SINPUT 

s • 0.93000000E 00, 

Rl • o.aoooooooe oo. 
R2 • 0.09999999E 01, 

Tl • Oe20943999E 01, 

T2 •, Oe4l123999E 01, 

Zl • 0.91999999E 00, 

12 • 0.52000000E 01, 

NR • 1, 

NT "" 2, 

NZ • 2, 

SEND 

BUKI• Oe3l221495E•Ol 

BZtKI• 0.3U21494E•Ol 

EPS•-0.69849l93E-09 

Figure 22. Typical computer program output for the program of 
Figure 21. 
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In the programs which were written in rectangular coordinates, 

the total region of integration was subdivided in such a way that 

each singularity was at the center of a cubical subregion whose volume 

was approximately 10·24 • The computer was not allowed to integrate in 

these small subregions. 

Therefore, it was necessary to perform an analytical estimate of 

the value of the integrations taken over a typical excluded cubical 

subregion •. Consider the first term in the integrand of Equation (71). 

· If the origin of the X,Y,Z system is translated to the location of the 

Y coil at (X,Y ,Z) = ( -P, -S ,O), then the absolute value of the result 

will be 

F2z:2(V- s)ax dY az 

s le (PX+ i. -P"l~I~-(;~ s)2 + z21•12}~. 
· value 

on cube 

110-8 I 10-e 1 .. 10-8 z2 ax a:i a.z 
(-:2 -2. --_2)~7 2 

o o. o X-·+Y+Z. 

where X =- X - P, Y =-Y - S, Z =- Z and'the singularity is now located 

at (,r,?,'z) = (o,o,o). 
::_ 

Since· X, f, and Z are very small compared. with 

S and P, the maximum value of the factor within the braces in the cubi -

cal region of integration is approximately 

F2s 
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Next, it is convenient to transform to spherical coordinates by setting 

X = r sin cp cos e, Y = r sin cp sin e, Z = r cos cp so that 

-B -B -8 

l l.O ll.O ll.O Z2 dX dY dZ < 11( 12TCfl. r 4 cos2 cp sin ipdr de dcp 

(~ -2 -2 s/2 - . rs o o o x +Y +z ) o o . o 

= 

where ri is the radius of any sphere which contains the cubical sub-

region.. Therefore, it is now possible to write 

P Z (Y - S)dX dY dZ 1, 10 -81 l. 0 -81. l. 0-8. 2-2 - - - -

The right-hand side of this expression is a maximum when the value of 

P is close to one and when the value of S is small. A sphere of 

radius ri = 10-5 would certainly contain the cubical region in 

question and the value S = 0 ,05 probably represents the smallest 

practical limit of the ratio yrJR, Therefore, substituting these 

values and setting P = 0,95, the right-hand side of Equation (88) is 

found to be of the order 10-5 , which is a negligible quantity compared 

with the smallest value for the triple integral obtained by computer 

integration over all regions'except those containing singularities. 

Therefore, Equation (88) justifies the neglect of the cubic region 

containing the singularity (X,Y ,Z) = (-P, -S,O). The other three sin­

gularities contained in Equations (56) and (63) were checked in the 

same manner with similar results. 
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Although the analytical interval of integration along the .. Z-a.xis 

was ..oo ~ Z ~ oo, tt was found that the regions such that lzl > 6.o con"'.' 

tributeda negligible amount to the value o~ the triple integrals. 



APPENDIXC 

DISPIACE:MEJNr CURRENTS !N PIASMAS AND ELEaJ.1ROLYTES · 

Neglect of the displacement current term, common to almost all 

previous conductivity probe theories, should be justified for both 

plasma and electrolyte. The complete form. for Equation ( 6) is 

oD 
'v'XH=J+...::. 
- ... ... ot 

(89) 

where !! is the magnetic field intensity vector, ;z is the current 

density vector, J2 is the electric displacement vector, and o;Q/ot 

is called the displacement current. Assuming that plasmas and elec-

trolytes are linear, isotropic media, the constitutive equations a.re 

l H=-B ... µ .. 

(90) 

(91) 

where € is the dielectric constant and µ, the magnetic permeability, 

may be taken to be µ = µ 0 = 4rrx10-7 henry/m for plasmas and 

electrolytes. 

By virtue of Ohm's law, J = aE, and setting E=E0 cos wt, 
... ... . - -

Equations (89), (90), and (91) may be combined to yield 

B 
v x ::. = aE0 cos wt - W€,,.E0 sin wt ... µ ... ' 

or 
B . \2]1.12 . 

2 x ~ = ;§0 a[ l + (:€) cos(wt + a.) (92) 
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where a. = cos -1. [ 1 + ( W€ /er) 2 ] 1. /:2. Thus, the displacement current is 

negligible if W€ /cr << 1. 

Ca!llbel (34) has derived a formula to evaluate the ratio w€/cr 

for a plasma. It is given as 
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(93) 

where w is the impressed frequency, Ve is the total electron colli­

sion frequency, and wp is the plasma electron frequency defined in 

Equation (2). Substitution of typical gas discharge values of 

Ve= 1.2x1oe sec-1. and ~ = 5.6x101.1. sec-1 from page 11 of Thompson 

(35) reduces Equation ( 92) to the approximate formula 

W€ ·"' w 
-·-. = a 1.2x1os 

The design of Rossow and Posch uses a 100-kHz power supply so 

that we/cr ~ 1/1910. However, w for the probes inspired by Blackman's 

instrument is approximately F3 MHz for which w€/cr ~ 1/8.3. Therefore, 

neglect of dQ/dt in a plasma seems justifiable for the former but 

may be questionable for the latter. 

For electrolytes, the ratio wE/cr can be evaluated from handbook 

(36) values for cr and e. Assuming a standard solution of sulphuric 

acid and water having a conductivity of 77.7 mho/meter at 21° C and a 

dielectric constant equal to that of pure water, the ratio becomes 

W€ -l.l. - = 0.9lX10 = w CJ" 

Therefore, for w = 2irX105 as used by Rossow and Posch, 

~ = 5. 7ix10-a 
(1 

(94)_ 



and for w = 4&tx106 as used by Blackman,· 

we · -3 · 
0 = 1.32x10 .• 

Hence,' it appears that o~/ot is negligible at both frequencies in 

the H2 S04 electrolyte. 
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