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PREFACE

This document contains a description of the fluid flow properties
near the leading-edge of a sharp flat plate. The work was undertaken
on the basis of determining the characteristics of the fluid flow pro-
perties by use of a time-dependent, explicit finite-difference approxi-
mation of the momentum, energy, and continuity partial differential
equations. The complete study included a numerical analysis of the
leading-edge shock interaction with the viscous boundary layer and
the interaction associated with an oblique shock wave incident on a
laminar boundary layer a short distance downstream from the plate
leading edge.
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A (x, y, t) Blurring term coefficient
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K, Time -parameter defined on page 32

Ky Time parameter defined on page 32

k ‘Coefficient of thermal conductivity
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A Mesh number in y-direction

M Mach number

m Mesh number -in x-direction
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‘Time plane number
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Time

Wall temperature
Adiabatic temperature
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CHAPTER I
INTRODUCTION

One of the most fundamental problems encountered in the investi-
gation of supersonic flow over a solid boundary is the phenomenon
produced by the interaction of shock waves and boundary layers. This
phenomenon normally results from the interaction of an externally
produced, oblique shock wave and a viscous boundary layer. Of equal
importance is the phenomenon observed in hypersonic fluid flow when
the leading-edge shock wave and the viscous layer interact.

In either case, the distribution of static pressure along the body
surface is not a given datum of the problem but is determined by the
interaction between the externél fluié and the viscous layer. As the
fluid flows through the shock wave, the increase in the static pressure
in the external supersonic flow can be communicated upstream through
the boundary layer, and the translation of this increase in pressure
enhances the possibility of boundary layer separation. Consequently,
there is always a probability fhat such a shock wave will cause boundary
layer separation. Continuing ;nalytiéal and experimental efforts are
being made to provide a better understanding of the mechanisms associ-
ated with shock-induced flow separation and to establish the required
criteria necessary for accurately predicting such a phenomenon.

In spite of the long-time interest in the phenomenon of an inter-

action which is produced by introducing an oblique shock which is



incident on the boundary layer, a satisfactory theoretical analysis

does not yet exist. 1In some theoretical studies, a modified Kdrmdn-
Pohlhausen method is used as the basié of the analysis; in others, the
two-moment method is often used, but difficulty is often encountered in
patching together the preseparation and postseparation regions. Still
other studies are based on the semiempirical approach in which a mixing
or mass entrainment rate is used between the inviscid and viscid regions
[1].1 The use of any of these methods is undesirable when it is
necessary to analyze a complete flow field which contains shock waves
and boundary layers. This undesirability becomes obvious when it is
remembered that use must be made of an iteration process involving the
usual Prandtl boundary layer equations, the inviscid method of charac-
teristics, and the analysis of the interaction which is produced by
introducing an oblique shock which is incident on the boundary layer.
This iteration becomes tedious and often complicated because the process
must be continued until complete compatibility is obtained between the
inviscid fluid properties and the fluid properties at the outer edge

of the boundary layer.

The interaction between the leading-edge shock and the boundary
layer has only recently become relatively important since it is normally
associated with hypersonic flow and low-density gases. However, at high
supersonic Mach numbers and low densities, a weak interaction is present
in the stagnation point region. In this region, it is physically im-

possible to obtain experimental test data. Consequently, analytical

lNumbers in small brackets refer to references in the bibliography.



methods must be devised to anaiyze the flow field of interest, and in
the creation of these methods, major consideration must be given to the
solution of such problems as slip flow, temperature jump, and, at
hypersonic speeds, the possibility of free molecule flow in this region.

The primary objective set for this investigation was the develop-
ment of a method for analyzing the complete flow field by using only
one.set of general equations. The region of primary interest waélneér
the leading edge of a sharp flat plate where a weak interaction can
exist between the bow shock and the laminar boundary layer. The con-
ditions of primary interest were the stated weak interaction between
the leading-edge shock and the boundary layer, the interaction between
an externally produced incident oblique shock and the leading-edge
shock, and the interaction between the externally produced incident
oblique shock and the laminar boundary layer.

The steady-state nature of the fiow field under investigation is
such that the solution seems ﬁossible by use of the governing steady-
state equations. However, as Crocco [2] states, there exists a funda-
mental difference between the usual interpretation of the solution of
such steady-state problems and‘the wa; nature establishes such a sol-
ution. What is generally considered as a steady-state phenomenon exists
only as the asymptotic form of a timé;dependent phenomenon, and the
customary steady-state solution is obtained without consideration of
the transient phenomenon. Therefore, a logical solution of the general
problem would be the determination of the asymptotic form of a time-
dependent initial wvalue prbblem.

This investigation, as well as the recent investigation of other

steady-state problems which have been solved by various scholars, has



‘been based on an examination of the transient problem suggested by
~Crocco.-[27, and a time-dependent solution of a general set of governing
equations has been sought. ThesezeQuafions are -easier to solve than

the steady-~state -equations since the differential equations - applicable
to the time-dependent problem are of é parabolic-hyperbolic nature. ‘A
forward integration in time‘is a1lowed so that the-solution of the
‘initial boundary value problem can be obtained when the initial con-
‘ditibns are known. The method>of;analysis'was formuléted by using the
recent advances~in explicit, t;me~dep;ndent, numerical fechniques where-
‘by the nonlinear equations of motion and the conservation of mass and
energy are ‘solved by thevdpplﬂcation of the»methodlof fiﬁfte differences.
-A basic requirement for the gdverning;equations was ‘that they be valid
in the inviscid flow field and the - laminar boundary-iayer. Of equal
.importance was the method used for solving the governing equations;

this method was particularly important in the region of ‘shock discon-
tinuities where good resolution of the shock was required.

Two cases were considered in'order to evaluate the method Qf attack

-and the feasibility of using -such‘a method in future studies. In the
first case, consideration was given only to the leading-edge -shock

problem. -In this case, the following flow conditions were assumed:

M = 3.0
(o]
h = 100,000 ft
T = 418" R
(o]
= - 2
P, = 23,603 1b /ft
b, = 3.2114 (107) Ib -sec®/ft?
- -7 . 2
b, = 3.1501 (107") 1b.-sec/ft
k= 3.3475 (10'6) Btu/ft-sec- R



Pr = 0.72
Re/L = 3.06 (105) T
Tw = Tad (adiaba?ic wall)

In the second part of the study, consideration was given to the addition
of an incident oblique shock to the flow field used in case 1l. The
combination of the two cases were considered sufficient for attaining
the objective of analyzing the complete flow field by using only one

‘set of equations.



CHAPTER 'II
~PHYSICAL DESCRIPTION OF THE REGIONS OF INTERACTION
‘Interaction -Induced by, the Boundary Layer

The usual analytical approach to.the treatment of transport effects
in fluid flow problems -involves the ‘use of the thin boundary layer and
thin shock approximations. In low-speed aerodynamics invelving flow
of air at normal densitiles aréund a body, the viscous dissipation and
heat conduction are restricted to the thin boundary layer near the
‘surface of the body. This bouhdary i;yer may.be in a laminar, turbu-
lent, or transitional state, and it can be considered separately from
the outer or external inviscid.flow. At hypersonic speeds, the leading-
edge shock wave can be considered infinitesimally thin only as long as
the boundary layer thickness is small in comparison to the 'shock layer
thickness [3].

The deceleration of the fluid by ‘a shock wave ‘or by viscous pro-
cesses in a boundary layer generally produces very high temperatures.
One result of these high temperatures is an increase in-the thickness
of the boundary layer. ~ThisvincréaSed thickness of the boundary. layer
results in an interaction between the boundary layer and the inviscid
flow field which Hayes~and:ProBstein [37] call the "boundary layer in-

duced" interaction or 'pressure' interaction.



A schematic representatioﬁ of the boundary-layer-induced inter-
action phenomenon is shown in %igure i. In this type of flow, the
growth of the boundary layer produces an outward deflection of a stream-
line (Figure 1) which amounts to a sfgnificant change in the "effective"
shape of the body, Large induced pressures are transmitted into the
external inviscid field along Mach lines, and the boundary layer
generates an inviscid shock laker from the leading edge of the flat
plate. The pressures govern the growkh of the boundary layer; thus
another term given for this type of interaction is '"Mach wave' inter-
action. This type of interaction is entirely due to the displacement
effect of the boundary layer. Without the viscous effects, the flow
field would remain undisturbed.

The shock layer must contain an inviscid region of relatively
cool, high-density flow outsidé the bﬁundary layer. If the classical
concept of the displacement thickness is used, the body boundary layer
can be replaced by an equivalent or "effective' body in an inviscid
flow field. This "effective' body is the original body thickened by
the displacement thickness distribution 6*(x). Hayes and Probstein
[3] point out that, in hypers;;ic boundary layers, the density is very
low and the approximation §(x) = 6%(x) can be used.

The "pressure" interaction can be divided into two distinct regions
called the strong and weak interaction zones [3] in those cases where
the flow would be uniform if the boundary layer were absent. The con-
cept of weak and strong interaction régions has become popular in theory
related to hypersonic flow. I; this view, the weak interaction region

is characterized as the region where the effects produced by the self-

induced pressure gradient are perturbations superposed on an already
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existing uniform flow. The strong interaction is characterized by the
streamline inclination induced by the viscous layer., In this type of
flow, the pressure gradient and viscous stress gradient terms are of
the same order of magnitude. In the flat plate case, the strong inter-
action zone is close to the leading edge while the weak interaction

zone is farther downstream.

Interaction Between the Incident Shock

and the Laminar Boundary Layer

Lees and Reeves [1] have presented a typical flow model of
"subcritical" adiabatic flow in which the laminar boundary layer is
separated and reattached. A schematic representation of the inter-
action region is shown in Figure 2. The viscous flow is considered
"subcritical' in the sense that the pressure rise generated by the
incident shock is communicated smoothly all the way upstream to the
"initial" flat plate flow. Lees [4] has shown that the overpressure
existing on the plate surface (Figure 2) decays exponentially as a
function of the distance upstream from the separation point. Therefore,
upstream of the interaction region, initial conditions exist, and the
positive pressure gradieﬁt produces no appreciable effect on the
boundary layer.

When flow is separated, the concept of a 'dividing streamline" is
used. This streamline originates at the point of separation and ends
at the reattachment point (Figure 2). The viscous flow above this

"dividing streamline" includes all the fluid in the boundary layer

just upstream of the separation point. Below this streamline, a steady,
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recirculatory flow.is trapped and forms a "separation bubble' between
the separation and reattachment points (Figure 2).

Chapman, -Kuehn, and Larson [5] and Glick [6] indicate that there
‘exists a. transfer of momentum from .the external inviscid stream to the
viscous flow above the dividing streamline. This increase in the fluid
momentum -allows the velocity of the fluid along the dividing streamline
to increase continuously in the downstream direction. Consequently,
the increase in fluid momentum will result in reattachment since the
flow is sufficient to overcome the additional pressure rise that will
be experienced during the reattachment process. -As the viscous:layer
thickens downstream from the separation point, the positive pressure
gradient steadily decreases until the 'pressure plateau" is reached
just upstream of the shock impingement point (Figure 2). .In many. in-
stances,. this is considered as a separated region in which the pressure
. 1s approximately constant.

The subsonic portion of the viscous boundary layer cannot support
a sudden pressure rise; therefore, the incident shock is reflected .as
an expansion fan that exactly cancels the pressure - jump across the
‘shock. -This reflection causes the flow at the outer edge of the
viscous layer to be suddenly deflected toward the plate surface. The
viscous layer is thereby squeezed against the plate surface and is forced
to turn as it flows downstream. -Thus the thickness of the viscous layer
decreases, a deceleration of the viscous layer is realized, ahd.a
pressure increase is produced.

As the flow proceeds downstream, more and more fluid is turned

back until the velocity along the dividing streamline is brought to rest
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at the reattachment point (Figure 2). Downstream from the reattachment
point, the fluid above the dividing streamline forms a new boundary
‘layer. Once the new boundary layer is formed, the boundary layer
growth produces an interaction between the supersonic inviscid flow and
the viscous boundary layer.

Two facts have provea useful in analyzing the interaction region:

1. Both upstream and downstream from the shock impingement
point, there 'is a constant-pressure, undisturbed region
‘which can be used to make a '"localized' study of the inter-
action region.

2. The ultimate pressure rise on the plate resulting from an
incident oblique shock-boundary ‘layer interaction is
approximately the same as that obtained in the inviscid
case.

The above description of the two phenomena of interest is considered
sufficient for clarifying the following mathematical description of

these phenomena. °



CHAPTER III
' LITERATURE REVIEW

In deriving analytical methods for predicting the flow phenomenon
associated with the incident shock~laminar boundary layer. interaction,
previous investigators have ‘relied heavily on boundary.layer theories
‘developed in the past. -Lees and Reeves [1] and: Mitwally [7] have
‘presented a thorough review of these analytical. methods and of the
‘ways 1n which the-variou; boundéry'layer theories ‘are used in obtaining
.the final result. It is therefore not necessary to review the material
presented in references [1] and:[7] since these publications are
‘readily available. .The Qarious boundary-layer theories are presented
in textbooks written by Schlichting [8] and Meksyn [9].

-The ‘method of finite-differences has received wide-spread attention
in recent years and has Secome-a major tool in solving complicated in-
viscid fluid flow problems that involved shock dynamics which have
‘previously remained unsolved. Tyler [10], Walker [11]}, and Walker and
Tyler [12] have presented good reviews of the available literature on
this subject.

Investigators have only recently shown interest'in the application
of the finite-difference numerical techniques to the viscous flow
problem. One of the earliest pioneers in this particular phase of
boundary. layer analysis was Fliigge-Lotz who,.incidently, is still

actively engaged in these studies.

13
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Unfortunately, the various numerical techniques now used in solving
the boundary layer equations are not applicable when shock waves are
present in the flow field. Therefore, numerical techniques used in the
study of shock dynamics ﬁﬁst also be considered when the incident shock-
boundary layer interaction problem is to be analyzed by means of the
finite-difference method. For this reason the remaining portion of
this chapter will be devoted to a discussion of the numerical techniques
used in boundary layer analysis and the shock-dynamic studies not dis-
cussed in references [10], [11], and [12].

The boundary layer equations (conservation of mass, momentum, and
energy) are normally expressed so that the dependent variables are the
physical space coordinates and the independent variables are the
velocity components, enthalpy, density, and viscosity. Fliigge-Lotz
and Baxter [13] present an explicit finite-difference technique based
on an earlier work by Fliigge-Lotz [14]. The two-dimensional boundary
layer equations were reduced by using Crocco's transformation so that
the shear stress (g) and'enthalpy (h) become the dependent variables
while the coordinate x and the tangential velocity (u) form the inde-
pendent variables. 1In reference [14], the numerical solutions of the
cases studied were obtaiéed by using the desk calculator. The apparent
incentive for the work presented in reference [13] was the new popularity
of the digital computer and the numerical stability difficulties ob-
served near the wall of the flat plate. Thus reference [13] was devoted
to the development of the finite-difference technique, a stability

analysis of the finite-difference solution of parabolic equations in

general, and an analysis of the imposed restrictions. Some aspects of
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the programming for the IBM 650 digital computer were also discussed.
It should be noted that this type of finite-difference technique is not
time dependent. Application of the method involves the use of initial
boundary layer profiles as initial and boundary conditions. Finite-
difference methods are then used to establish boundary layer profiles
at succeeding x locations downstream from the initial boundary. This
method is commonly known as a marching technique.

In the follow-on work of reference [13], Baxter and Fliigge-Lotz
[15] present the results obtained from some sixty examples which were
computed by using the finite difference method of reference [13].
Numerous problems, involQing variable pressure gradients and wall
temperatures, were investigated. The wall conditions could not be de-
fined in a direct manner. A method of extrapolation from the computed
interior points (above the wall) had to be used to obtain the wall
conditions. Under certain conditions of favorable pressure gradient
and heated walls, velocity overshoots occurred in the boundary layer.
When a velocity overshoot was evident, a solution could not be obtained.
In view of this difficulty of velocity overshoot and the resultant in-
stability in the numerical solution, the authors suggested that the
difficulty could be overﬁome by solving the equations in their original
form, i.e., in the physical plane. However, the profiles required for
establishing starting conditions had to be initiated at some distance
downstream from the leading edge.

The influence of suction or blowing on a laminar boundary layer
has been of interest to aerodynamicists for more than half a century.

Fliigge-Lotz and Howe [16] have used the finite-difference technique
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described in references [14] and [15] to study the case of a transverse
velocity at the wall. Emphasis was placed on the formulation and
application of the new boundary conditions at the wall. The results
obtained from a number of computed examples are presented in this
study. These results include those obtained from examples of subsonic
and supersonic flow over both hot and cold walls with and without
pressure gradients.

Flligge-Lotz and Yu [17] first attempted the use of the finite-
difference method presented in reference [15] to study the problem of
the interaction which occurs between the exterior inviscid flow and the
laminar boundary layer. They found that the boundary layer equations
written in Crocco's form are unusable for the interaction problem be-
cause of the velocity overshoot problem. The equations were used in
their original form in the analysis of two-dimensional boundary layer
flow over a flat plate subjected to a constant wall temperature with
and without pressure variations. -An explicit finite-difference scheme
was used, and in one case, which involved a high Mach number and a
heated wall, instabilities occurred in the region from the wall to a
height (normal to the wall) of approximately one-fourth of the boundary
layer thickness. In a majority of the cases studied in reference [17],
use of the difference scheme resulted in encountering instability in a
narrow region next to the wall. The authors used simple approximation
formulas to evaluate the properties in this region of instability.

Kramer and Lieberstein [18] have solve essentially the same
equations as Baxter and Fliigge-Lotz [15] by using an implicit finite-

difference 'scheme. By using the implicit method, the stability problem
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was eliminated; however, the step-size had to be sufficiently small to
ensure convergence of the numerical solution to the exact solution. No
comparison with known results is presented.

Fliigge-Lotz and Blottner [19) present the development of two im-
plicit finite-difference schemes and the results obtained from use of
these schemes in the analysis of compressible laminar boundary layer
flow, including displacement thickness interactions. Results of their
study indicated that perhaps the best finite-difference scheme to use
is the Crank-Nicolson method [20]. The authors found it necessary to
"stretch" the coordinate normal to the wall to obtain smooth profiles
across the boundary layer. The Howarth-Dorodnitsyn transformation was
used to stretch this coordinate. Again, as in the case of all the pre-
viously discussed methods, the stagnation region could not be considered.
Instead, starting profiles were used. In the case of supersonic flow,
starting profiles were developed by using Low's method [21] while the
method of Li and Nagamatsu [22] was used to obtain starting profiles in
the analysis of hypersonic flow.

Wu [23] used an explicit finite-difference scheme to solve the
boundary layer equations in the physical plane. Wu [23] used the
Howarth-Dorodnitsyn transformation to stretch the normal coordinate
in order to improve the stability of the equations. Fliigge-Lotz and
Blottner [19] state that Wu's transformed equations cannot be used to
calculate the boundary layer in the presence.of pressure gradients.

FannelUp and Fliigge-Lotz [24] use the finite-difference technique
of reference [19] to predict the laminar boundary layer growth along a

flat plate near the leading edge followed by a semi-infinite wavy wall.
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An initial profile was given near the leading edge of the flat plate,
and the step-wise finite-difference method was used to determine the
behavior of the boundary layer. The method could not be used to obtain
data at the separation point, and no attempt was made to analyze the
separated region.

Clutter and Smith [257] present an accurate and rapid method for
the solution of the general compressible, steady, laminar boundary layer
equations for plane or axisymmetric flow, including transverse curvature
effects. The method of solution consists of replacing the partial
derivatives, with respect to the flow direction, by finite differences
while retaining the derivatives in a direction normal to the boundary
so that the partial differential equations can be approximated by the
use of ordinary differential equations. Calculated results obtained
from a number of specific problems are presented and these results are
compared to the results obtained by using other analytical methods.

Smith and Clutter [26] extended the method described in reference
[25] to iﬁélude a compressible real gas subject to equilibrium dissoci-
ation. Smith and Jaffe [27] extended the method of references [25]
and [26] for solving the non-equilibrium laminar boundary layer equations
of a binary dissociating gas for two-dimensional or axisymmetric flow.

Thommen [28] considered the time-dependent solution of the full
Navier -Stokes equations for the particular case of low Reynolds number
(250 per foot) flow to demonstrate the applicability of a two-step
technique for solution of the leading-edge shock-viscous interaction
problem. For simplicity, he assumed a constant viscosity () so that

the numerical calculations were somewhat simplified. Use of the



19

numerical technique involved the calculation of the fluid properties at
the half-step, i.e., the properties had to be evaluated at (x +-%5 L

y + %f o +‘%§). These half-step properties were then used in the
original equations to evaluate the fluid properties (x + Ax, y + Ay,

t + At).

A time-dependent, explicit finite-difference technique was recently
reported by Kurzrock and Mates t29]. The complete Navier-Stokes
equations were considered in the physical plane, and solutions were
sought for viscous shock tube flow and the interaction phenomenon
occurring in hypersonic low-density flow over a flat plate. In the
latter study, free-stream Mach numbers of 6, 8 and 20 were considered.
A cooled plate surface was enforced and the origin of the coordinate
system was located at tﬂe leading edge of the plate. Free-stream
conditions were specified as initial and boundary conditions along the
column passing through the leading edge. No slip conditions were con-
sidered, and continuum flow conditions near the leading edge were
assumed.

Cole [30] used the time-dependent, explicit finite-difference
method developed by Rusanov [31] to solve the problem of the incident
shock-laminar boundary layer interaction on an adiabatic flat plate.
He was interested in working in the region far downstream from the
leading-edge of the flatqflate. His analysis was dependent on knowing
boundary layer initial profiles at the starting point. Since the
initial profiles are usually determined by use of approximate methods,
they cannot be expected to satisfy the Navier-Stokes equations used.

Consequently, in order to obtain suitable initial profiles, Cole was
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forced to make repeated computer runs and constantly refine the initial
profiles (while he retained the same boundary layer thickness) until the
proper boundary layer growth rate was obtained. It is to be expected
that no true similarity can be found between the assumed initial profile
and the final profile obtained. The subsequent introduction of an ex-
ternal oblique shock incident on the boundary layer clearly produced
flow separation, as was éxpected. It is not known if a comparison was
made with experimental test data.

Filler and Ludloff [32] developed techniques for the numerical
solution of the time-dependent,-one-dimensional equations of motion of
a viscous, heat conducting fluid. Both explicit and implicit finite-
difference schemes were studied. The von Neumann stability analysis
was used to predict the stability requirements. The formation of shock
waves (by use of the explicit technique) was the same as that used by
Lax [33]. 1In the case of the implicit method, an isentropic initial
field was prescribed; this fiela consisted of two homogeneous states of
different velocity, pressure, and density connected by a simple com-
pression wave. The development of the flow field in time was then
governed by the equations of motion. The authors were interested in
the time required for the shock to form, the shock's final shape, and
the entropy profiles developed. Results were presented for the case of
both viscous and nonviscous flows.

Gary [34] considered two finite-difference schemes for the solution
of the inviscid Navier-Stokes equation in one space dimension. The
first method was that used by Lax and Wendroff [35]. The second method

was based on an approximate solution of the centered, implicit difference
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equations; this is an iterative method in which successive substitutions
are used. The'stabilitywwhich»resulted from the use of the implicit
method . depended on.the number of iterations per time-step, i.e.,
stability is obtained if 3, 4, 7, 8, .... iterations are used per time-
‘step, and instability ' is obtained if 1,-2, 5, 6, ..., iterations are
used per time-step. . Unfortunately, the computation of flow fields
containing shock discontinuities could not be achieved by using the
implicit method, even for the case of the weak shock.

Thommen and D'Attores [36] considered the application of the Lax-
Wendroff conservation difference-scheme [35] to steady, two- and
three-dimensional supersonic flgw fields. They found that use of the
La%-Wendroff scheme resulted in obtaining large oscillations near the
tail end of shock waves so that.it was impossible to interpret the re-
sults with any degree of accuracy. The authors modified the scheme
'slightly and obtained excellent damping throughout the shock region.
Use of the modified scheme produced larger truncation errors than those
produced through use of the oriéinal‘Lax~Wendroff scheme, and the mesh
.size had to be made slightly smaller to obtain numerical stability.

An interesting report has recently been published by Welch, et al;
.[37]. This study contains a detailed description of a finite-difference
technique called the Marker-and-Cell (MAC) technique. The complete
incompressible Navier-Stokes equations are solved for the case of low-
velocity, viscous flow-involviné free surfaces and with large-amplitude
contortions .in the field. The major features of the technique are the
method by which the free-surface boundary conditions are-satisfied and

the fact that viscosity is not required as a stabilizer. This method
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appears promising for studying the fluid behavior in fluid amplifiers
‘and .possibly as a new method in the study of supersonic viscous flow
problems. |

The above review of the literature indicates that no -known investi-
gation has previously used the approach adopted in the present study
for problems involving iarge Reynolds numbers. Kurzrock and. Mates [29]
used a time-dependent,vfiﬁite-difference~method in an analysis in which
the boundary conditions were enforced at the plate leading edge. They
did not approach the problem from the standpoint of allowing the con-

ditions and the equations to converge to a solution at the leading edge.



CHAPTER IV
"MATHEMATICAL ANALYSIS
Governing Equations

The partial differential equations which describe the flow of a
viscous, compressible fluid inéiude the basic laws of conservation of
mass, momentum, and energy. These conservation equations can be written
‘in various forms, and numerous approximations are often applied so that
simplified conservation equations usually result. When a direct solu-
tion.is sought by use of these equations, the particular form of the
‘equations .is relatively unimportant since, in the case of a particular
flow and given boundary conditions, the solution is usually unique.
However, when the conservation equations are to be solved by using
a finite-difference technique, the numerical solution will depend on
the particular form of the conservation equations and the finite-
difference approximations which are used.

The choice of the best form of the differential equations :is
-usually determined by knowing the physical behavior of the system under
study. As an example, when a normal shock discontinuity is present in
the flow field, it is known that the product of density and velocity
remains constant throughvthe‘shock while the gradients of density and
velocity are very large. If the product of density:and velocity, pu,

is considered as a dependent variable, then the derivative'§; (pu)

23
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obtained by. using the method of finite differences will, in general, be
"-smaller than the derivatives of the individual fluid properties obtained
by use of the same method. »Large gradients are eliminated by using the
equations in a 'conservative' form, such as
gt—,f+§+§—§ = o. (1)

This equation contains coefficients of unity; consequently, the space
derivatives (in finite-difference form) prodﬁce‘only moderate gradients.
‘Tt can usually be expected that the finite-difference -approximations
‘can -be used to obtain more accurate results (and reduces the stability
difficulties) when the equations are solved in the conservative form |
of Equation (1).

The development of the general two-dimensional ideal gas equations
for the conservation of mass, momentum, and energy is well documented.
These equations can be written in the aforementioned conservative form

‘in terms -of continuity,
_a_:g F G + & 5V = 0 @
at 3% (pU) : ay (pV) ) ( )

x-momentum,

.%Y(EG) +v;_g;{__.(“;552 +p+on ) -% (puv + ';xy) = 0; (3)
y-momentum,
A G+ (v 4D ) A (R 4Dy = 0
a () + g (v +om ) +og (vt +p 1) = 0 (4)
energy,
ﬁ:, -1 = LINT L = ol - - ]
i (e *pu Froaw T ot t Vxy (5)
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where -the sum of the internal and kinetic energy per unit volume is

: = 'p[avi+-2l(52+;a>].

-The shear stresses are defined as

= _ s(bu_ 2w
Txx 3 ax 3'3§> ’ (6
- - &A\Z-é_a.tl)
Tyy 335 33/’
and - .
- = -, (OU AV
Txy b \ay +'aﬁ>°

-Equations (2), . (3), (4), and (5) have to'be supplemented by use of the

usual ideal gas equation of state

p = .RT .

The.mefhod of nondimensionalizing the conservation equations differs
somewhat from the method normally used in boundary layer theory. The
nondimensionalizing techniquevis desctibed in Appendix B. Use of this
technique produces the equations for continuity,

L+l = o M

x~momentum,

%; (pu) +f§;:(pua tp AT ) +5§; (puv +:A Txy) = 0; (8)
y-momentum,

- - . . 2 4 Y = 0-

s (pv) + - (puv +.A 'rxy) +.ay (pv® +p + A Tyy) = 0; (9



energy,

Bt

2e .3 -1 ,
+-ax [(e +plu -0 - + A (uTXX + VTxy)]
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-(10)

A . PN/ S . -
+_ay-[(e HR2A At e SC VTyy)] 0.

ay

The equation of state and the equation of shear stress become

w (32132,
)

- . <:& v _2:3u
Tyy M3 %y " 3./
Q. | S 4
Txy Ay +'ax )

(11)

If a central finite-difference technique is:applied to the spatial

~derivatives of Equations (8), (9), and (10), a 13-point network is re-

‘quired because of the presence of the second-order terms. -It is in-

teresting to note that Kurzrock and Mates [29] report that the most

accurate numerical results are always obtained by differencing the

equations in the completely conservative form. If the second-order

terms are isolated, Equations  (7) through (10) become

- continuity,
_a_p. -a— +;a—. = 0 :
st (o0 + (v ;
X-momentum,
2w R () R () = A 4
at pu ax pu P : ay puv = ax

3
. sz)

(12)

5y ) (13)
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y-momentum,

o . ar oT
L+ ) + L (e = MG (8

energy,

Fegle s Fle o] 450 5]

(15)

- 3. -1 : N .
A [‘ax (“Txx + VTxy) + 3y (u'rxy + vay)] ;

where
My
k=._.9.k_-=-_. and 'Q=—-'—¥L-——-——-°
‘Re Pr (y - 1)

-1t is observed that only a nine-point network is required in the use of
the central finite-difference technique if;the»required.differentiation
-i8s carried out on the molecular transport terms. The use of thié
simplification reduces the numerical accuracy somewhat; however,. as
‘reported by Kufzrockuand:Mates-[ZQJ, the computation time can be reduced
by as much as 45 percent.

Equations (12) through (15) can be represented as avsingie.equation

of the form
‘ X

A L AF A |
T Ty ’ (16)

where £, Fx, Fy, and S are considered to be four component vectors,

These can be represented as

o o
£ o=| o , e g
ov puv

e (é'+~p)u
L.
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pv -0 i
Fr e |PRV , T

pvs +p Sy

(e +p)v Ss

The vector 8 will be referred to as the source vector which is used to
describe the decrease in momentum caused by the viscous shear forces
and the change in energy caused by heat conduction and dissipation.

The components of the source vector, S, are

s, = x[u(%$+g—,+%%)+§(%§-%%)
EAEA -
s, = x[u(%§%§+a:’+%§‘§;)+§(§§+§)
+§;‘%§§'%‘§§>] ;
Sg = Q[§+§]+K{u[%(¥+¥)+%(0% V'g:—:';)

Equation (16) constitutes a system of four partial differential
equations whose solutions are to be represented in two-dimensional
space and in time. Sufficient information must be given both initially

and during the course of the solution to ensure that the mathematical
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model always approximates the physical model. These bits of information
are respectively known as the initial conditions and the boundary con-
ditions.

The initial conditions are usually well established and are unique
to each particular problem. However, the boundary conditions can vary
considerably from one problem to another and must be chosen for each
particular problem so as to provide an adequate description of the type
of flow under investigation. Because of the boundary conditions, the
form of the difference equations will vary as a function of the place-
ment of the net point in the flow field. Thus, the difference equations
used in describing points lying entirely within the field of flow, i.e.,
field points, will not be the same as the difference equations used in
describing points lying either on walls or on planes of symmetry, i.e.,
boundary points. Therefore, the required number of finite-difference
approximations of Equation (16) depends upon the flow-field configuration

of each particular problem.
Finite-Difference Technique

Since Equation (16) is reduced to the inviscid flow equations when
large Reynold numbers (Re — =) are used, the differencing method employed
is that developed by V. V. Rusanov [31] for the general, first-order,

nonlinear, partial differential equation

Al .4
at ¥ ox ¥ ay 83

In this method, "artificial viscosity" terms are used to '"smear' the

properties in regions of shock discontinuities so that they take on
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characteristics similar to those produced by the regular fluid viscosity.
In other words, this "artificial viscosity" is used to force the fluid
properties to be continuous in the shock region although they may be
rapidly changing. Consequently, the shock region can be treated as a
general field region in solving the equatioms.

The addition of the artificial viscdéity terms .to Equation. (16)
results in modifying the equation as follows:

X y
S A af, 2 S |
“adt +;ax +,ay = 3x [A(X,y,t) ax]""‘ay [B(X’y:t) 3y +-s. . (17)

EN

The coefficients A(x,y,t) and.B(x,y,t) represent the artificial wvis-
cosity terms whose functional values are obtained from a stability
analysis. The requirements necessary for the proper selection of these
coefficients are those given by J. von Neumann [38]:

1. The conservation equations, with the dissipation terms

added, must be such that solutions without discontinuities

i

can be obtained.
2. The thickness of the shock must be of the same order as
the mesh spacing (Ax,Ay) used in the numerical caleculations.
3. The effect of the artificial dissipation terms must be
negligible outside the shock regions.
4, Thé Rankine-Hugoniot equations must be applicable across
shock layers,
In the difference scheme applied to Equation (17), use is made of
a forward difference in time and a central difference in space. The
difference net is shown in Figure 3 where the increments of the in-
dependent variables:(Ax,.Ay,.At) are denoted in the difference scheme

as (hl’ hgli’ 'T)-
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{m—1, £+1) (m, +1) (m+1, 1+1)

O

(m-1,1)

O O O
(m—1, £—1) (m,2—1) (m+1,£-1)

= X

Figure 3. Finite-Difference Net Notation



32

.The subscript (m,{) denotes the 'node'" or pivotal point at which
the derivatives are to be evaiuated, i.e., (x =-mh1, y = ghy). The
subscripts (m+l, %), (m-1,4), (m,4+l), and (m,4-1) denote the location
of the neighboring 'modes' relative to the pivotal node (m,4). The
superscript n represents the nth time plane for which the fluid pro-

perties are to be evaluated. From Figure:3, it is seen that

h

N h cos y ,

and

' %
h = (1'1.12 +h22)2 .

-By the designation of
K = I
By

and
K = T
2 hz
one obtains the expressions
‘ 1
2 2
(h,® + hp"%)*

X
K o= (K*® +K*)? = By T,
1 b
Kyr = K siny , - (18)
Kz = Kcosy,

where 7 is the time increment At.
By ‘the use of the‘notation previously described, the derivatives in

"Equation (17) will be approximated as

n+1 n
of _ fmop” fng

3t T ?
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X X
o Fangm ey
y _.wX
# Faan " Faan
EL.(A ofy _ !;.[ (ﬁ_) - A ﬁi) ]n
% dx hy Lo, £ ox mbs, 4 m-%, 4 3x " m-%, 4

1
" h aj[Am+%,£(fm+1,£ -‘fm,ﬂ) B Am-%,ﬂ(fm,ﬂ h fm-l,z]

and
3R o L - - :
9y (B'ay) - hy*? [Bm,£+%(fm,£+l fm,l) Bm,ﬂ'%(fm,ﬂ fmaz‘l)] .

The difference approximation of Equation (17) .is then written as

T S T Q. Sy S -FF Y. (F

m, 4 n, 4 2h, m+l, 4 m-1,4% m, 4+1

_Fy )n +J—

‘m, 4-1 h12 [Am+%,z(fm+l,£ - f

m, 4@) ) Am—lf:j/ ‘(fm,'@

- —1— -
m-l 2)] + [ m, £+1(fm 4+1 fm,ﬂ)

, _ N
—‘Bm,ﬂt% (fm,z fm,L-l)]

From the definitions

2
DI S
m, 4 2 %m0
2
gl _ -EE__ Bn
‘m, 4 2 "m,4°
X n n
ey, 8 :°‘m+%,z’(fm+1,z ) fm,,%) ’ (20)
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x " n

n
®m-%,4 = “Ym-3, g (fm,£ B fm-l,ﬁ) ’
y ~_ .n ) n
Sty = Pogen g~ ) o
y = n _ n
o -5 'Bm,z-% (fm,z fm,z-l) ’

thé4fina1 difference approximation of Equation (19) then becomes

K
n+l n n K _x P n 2 _y
fm,z - fm,z o8 2 (Fm+1,z - Fm-l,z) ) (Fm,z+1
(21)
oy n , .1 X X Ly Ly n
Fo, 01 7 G,y 7 Bk Tt Tty

Rusanov [31] obtained the expressions for a; and 53 P by using the
b

>4

‘linear stability analysis, i.e.,

ag,ﬂ = yKw + C);,L sin® X
and _ (22)
B;,L = gK(w + c);,£ cos® y
where
w o= (u®+ vz)ll/2

and w is a damping parameter determined from the stability analysis,

The parameter ( is related to K and (w + d); by the inequality
b

Y
2 n 1 . n
K [(w.+ C)m,z] < oK (w +-c)m’z <1 23)
which must be satisfied for all (m,4). The quantity c; 2 = K(w + c); 2

is the Courant number at the nodal point (m,¢) in the nth time plane.
The maximum Courant number present in the field at time n can be

designated as
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n
g. = max o
o m, 4

so that the stability condition <?quation (235) is satisfied for all n
Cif
g <1 (24a)

and

1
o, S Wws . . - (24b)

The numerical value of a, and .y may be established prior to any
.calculations, Once the calculations have commenced, the value of K

for each time plane can be determined from the relation

%

K = - . (25)
max(w + C)m,z

The value of 1 for each time plane can then be determined by use of
Equation (18). This operation and holding the parameters o, and @ con-
-stant throughout the calculations are sufficient to satisfy the stability
criteria.

Tyler [10] has shown the linear stability analysis used by Rusanov
[31] in defining an acceptable set of inviscid conservation equations.
Walker [11] attempted to extend the stability analysis for the more com-
plicated equations describing the turbulent jet mixing region where the
turbulent shear stresses are much greater than those .that occur in
‘laminar flow. The results obtained by Walker [11] for the'limiting case
of negligible turbulent étresses were identical to those presented by
Rusanov [31]. However, in applying the method to a numerical analysis,

Walker [11] found that the inequality (ﬁquation (24bi> could be greatly
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relaxed, i.e., much smaller @ values could be used because of the sta-
bilizing effect of the turbulent shear stresses.

The basic stability requirement used in this analysis is that
developed by Rusanov [31] since Equation (16), as mentioned previously,
can only be used to define phenomena related to an inviscid condition
as the Reynolds number becomes very large. However, the stability
analysis presented by Rusanov [31] is very brief and several major
steps and basic assumptions have been omitted. The interested reader
should refer to the works of Tyler [10] and Walker [11] for the com-
plete stability analysis.

The final finite-difference approximation (?quation (ZIi) is a
general equation which, in its present form, is not applicable through-
out the field of study. As mentioned previously, the required number
of finite-difference approximations of Equation (16), and consequently
Equation (21), depends upon the flow-field configuration of each parti-
cular problem.

In order to obtain the variations of Equation (21) necessary for
the present investigation, a basic lattice was constructed to describe
the flow-field configuration (Figure 4). The field contained a total of
1,920 nodal points in 40 rows and 48 columns. The sharp leading edge
of the flat plate was chosen one-half mesh spacing from its nearest
neighbor, as indicated in the figure. It will also be noted that the
first row of nodal points (£=1).does not lie on the line y = 0. The
open circles denote the regular mesh points while the full circles
represent auxiliary points which are normally considered as part of

the boundary conditions.
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Figure 4. The Basic Lattice for the Calculation of Viscous Flow Near the

Sharp Leading Edge of a Flat Plate
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‘The extreme left boundary (m=1l) represents the free-stream conr
ditions. -All fluid properties-along this column remain constant
throughout the calculating process and are therefore considered as
initial and boundary conditions. -Although the physical locatien of
the left boundary.is arbitrary, it is-.advisable to place the boundary
a considerable distance upstream from the leading edge because a
finite-difference technique cannot be used to define a discrete
attached shock. However, the difference technique can be used to
establish gradients over several mesh widths and thus provide a repre-
-sentation of a detached shock. Therefore, the left boundary should be
located a sufficient disfance upstream from the plate leading edge so
that the fluid properties reméin unaltered by the phenomenon occurring
near ‘the ‘leading edge.

The upper boundary (£=40)‘presents no difficulty because the field
is ‘large enough so that the leading-edge shock is completely contained
within the flow .field. On the basis of this condition, it can be
implied that the fluid properties along the upper boundary remain un-
altered and therefore represent the free-stream:initial and boundary
conditions.

The extreme right qolumn (m=48) is considered a "floating' boundary
where the fluid properties are allowed to change with time. Xurzrock
and Matesf[29] and Thommen [28] evaluated the fluid properties along
this boundary (column) for each time plane by extrapolating from the
calculated upstream properties. When an - oblique shock crosses this
boundary, certain difficulties can be encountered in using an extra-

‘polation technique since the resulting gradients can be quite large
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and erroneous and therefore produce undesired perturbations upstream.
Such undesirable results have been obtained by Eaton [39]. To allevi-
ate these problems,. in this investigation all x-direction gradients
along this boundary (coiumn) were assigned a value of zero. This is
the method successfully used by Jackomis [40], Tyler [10] and Walker
‘[11]. In order to meet this requirement, the properties were -redefined

at the end of each time :plane by the use of Equation (26):

n+l n+l
=

Pa8, 4 Pa7,4

. §

n+1 _ n+1l

Pag. g = Puz, g

- (26)

n+l _  ntl

7 0 R

n+1 - n+l

Vu8, 4 V47,48

The actual numerical calculations are now limited to those nodal
points lying completely within the flow field, i.e., the field points,
and those points along the row 4 =1, for 1 < m < 48. Additional
comments on the field poiﬁt calculations are not required since it is
obvious that Equation (21) is applicable for such points. Along the
‘row. 4 =1 three different types of boundary conditions are imposed
which require three additional modifications to the field point
difference Equation (21).. A discussion of each flow region, designated
regions 1, 2, and 3, along the row { =1 follows, and a brief description
of the application of the boundary conditions is presented. For brevity,
Tables I and IIL contain a list of all the finite-difference approxi-

mations necessary for the field point calculations. Tables IIL through
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TABLE I

FINITE-DIFFERENCE APPROXIMATIONS OF FIELD POINT
PARTIAL DIFFERENTIAL TERMS

i

Term Difference Approximation
du/3x (W41, g = Ype1, /20X
o/ (U, g1 = Y, g-1)/209
av/ax | Va1, g = Vo1, /205
ov/ay Vo, 441 = Vm, 2107287
u®/ax (i1, g = Ya-1, /20
u®/2y “:,1-1-1 ~ P a, 4-1)/28Y
av?/ax Va1, g~ Va-1, /2%
ov?/2y (Va, 141~ Va,p-1/20
?%u/ax? (y g Rio b ‘)/(nx)’
d%u/dy? (u“’“_l e un"_l)!(w)‘
3%v/x? Outl, g~ 2 Va4 + Va1, 2/ (807
%v/ay® L FOIE B TP vu"'_l)/(w)”
°T/x? T, g = 2 T, g * T, 2/ (0007
/3y a1 = 2 Ta, g + T, g1/ (97
%u®/x® (u:+1.£ -2 u: gt 5, PUCOHN
3%u?/2y? ' ug, g T 2 uR R )/ (a)?
*v?/ax? (\r:ﬂ" -2V St i, P (x)*?
/oy a1 " 2 Ve, t Ve, g1/ (O°
3%u/ a3y (g T Vael, 241 T Swe,ge1 Yt Ype1, pe1) /40 X8y

2 A o
3%v/ a3y Vo1, 441 " Va-1,041 ~ Vadl, 2-1 ¥ Vae1, .10 /48 xby




TABLE- II

FINITE-DIFFERENCE:APPROXIMATIONS OF FIELD POINT CONSERVATIVE TERMS

Conservation .. Conservative s , .
o . “Difference Approximation
Equation Term
Continuit 53 Fr u -
Lontinuity o+l 4 Tm-1, 4 Pmt1, 4 "mtl, 4 Pm-1,4 "m-1,4
Continuity FY Fl v - v
- w, 4+l T, 41 Om, g+1 Ym, 441~ Pm, -1 Vm, 2-1
X-Momentum mtl, 4 F'm-l,l, Postl, 4 um+1,£, + Pm+1,,@, Pm-l,zu m-1, 4 pm-l,,?,
X-Momentum Fy Fy P u Y - u v
m, 4+1 m, 4-1 m, 441 w, g+l m, 4+l Pm, -1 m,4-1 ‘m,4-1
¥ -Moment um Far1, 4~ Fm-1,4 Pntl, 4 “mtl, 4 “mtl, 4 Pm-1,4 "m-1,4 Vm-1,2
_ y y 2 _ 2
¥ -Momentum T Pm, g+1 Vm, g+1 " P, g-1 Vi, g-1
Ener X Fr ( o+ ) -( +- )
erey m+l, 4 m-1,4% em+1,,?, Pm*l,,?, um+1,,0, em-l,,?, pm-l,z um-l,z
Energy 124 FY (e +p v - (e +p v
m, 4+l m, -1 m,z+1 m, 4+17 m, 4-1 m, 4-1 m, 4~-1° m, 4-1

%



42

"VIII contain a list of the finite-difference approximations necessary
for the three different types of boundary conditions imposed along the
row. 4 =1 in the case of a flow configuration:similar to-the one. used

in this investigation.
Difference ‘Equations Used in the Analysis of Region 1

If the nodal points along the row { =1 had been placed along the
line y =0, the problem:in region 1 could have been reduced to the
problem related to the centerline (streamline) ahead of an infinitely
thin flat plate. In such a flow (Figure 5), all éurvature‘terms.in
the y direction are forced to ééro. -An additional boundary condition
of zero mass flow across the cénterline allows the four relationships

of interest to be defined as follows:

Pa, g4l T Pyl
Pm, 441~ Pm, g-1°
' (27)
um,ﬂ,+l = um,ﬂ,-—l ?
vm,,(7,+1 '-vm,L-l :

When these relationships (#ﬁuation (272) are applied to region 1

(Figure 5), it is obvious that

Pm,ﬂ;-i = p,m,jZ, ’
, pm}z'l ' - ‘pm,j?, ?
- (28)
um,,(’,—l N um,L ?
and
v = -y

m, &-1 m, 4
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Figure 5. Comparison Between Region 1 Flow and Centerline Flow
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‘Since all nodal points (m,4-1) iﬁ>this region are out of the region of
calculation, it is convenient to rewrite the field-point difference
‘equation <#quation (21{) by using the relationships <?quation (28):).
Thus all properties at (m, 4-1) can be written in terms of their equiva-
lent values at (m,4). The new difference equation developed in this
fashion is straightforward. Tables III and IV contain a list of all
the finite~difference approximations neceésary to calculate the fluid

properties in this region.
Difference 'Equations Used in the Analysis of Region 2

Region 2 is a most critical region since it 1s impossible to know
exactiy the behavior of thé flow properties in this region. The un-
certainty encountered in this region and the questionable validity of
the continuum equations for the sélution of problems encountered near
the stagnation point were the main-reasons the leading edge was chosen
one-half mesh width from its neagést neighbor. -The selection of this
‘position eliminated the»stagnatién point problem since all velocities
along the row 4 = 1 are finite and nonzero. .To represent the flow
more accurately in this region, slip flow was used in a very simple
and somewhat crude manner, iﬁe,,‘a simple schedule was used (Figure 6)
to provide‘maximuﬁ~slip at m= 11, A decreasing amount of slip was
applied at each downstream nodal point until the no-slip condition was
reached at m = 15. The use of this approach prevented the occurrence
of any large decrease.in velocity at the first nodal point (m = 11) and

subsequent abrupt decreases downstream. From Figure 6 it can be seen

that the velocity profile near the plate surface is assumed to be linear.



TABLE III

FINITE-DIFFERENCE APPROXIMATIONS OF REGION 1
PARTIAL DIFFERENTIAL TERMS

Term Difference Approximation
T e T T T D T T — o — i
du/3x Same as Field Point (Table I)
du/3y (um,£+l 0 um,L)XZAy
ov/dx Same as Field Point (Table I)
avf‘a}' (Vm’z_l_l + Vm,z)fZAy
du® /3x Same as Field Point (Table I)
2 2 3
du” /9y (um’£+1 - um,t)fZAy
v?/ax Same as Field Point (Table I)
2 2 3
sl (V241 = Vm, /289
d%u/ x> Same as Field Point (Table I)
2 2 i 2
3%u/dy (um.“_l um'z)I(Ay)
v /x> Same as Field Point (Table I)
2 2 A 2
9"v/oy Vg, g4 = Vg, /(B9
32T /3% Same as Field Point (Table I)
2 2 - 2
iy o, 1 ™ T, /89
3%u®/ox? Same as Field Point (Table I)
d%u®/3y? (u:’£+1 5 u:,L)f(ﬁy)a
3*v? /ox® Same as Field Point (Table I)
3. .28;~.3 a 1 yg 2
d°v®/dy (vm,£+1 vm,l)f(éy)
2
0" u/axdy (a1, 441~ m, 041 " Ymil, gt Up, g0/ 0%y

aavfaxay (vm-l-l,ffl-l - v + vm,L),Axny

vm,£+l T Vatl, L




TABLE IV

. FINITE-DLFFERENCE APPROXIMATIONS OF REGION 1 CONSERVATIVE TERMS

~Conservation Conservative Ty . .
. Difference- Approximation
- Equation Term
c . X X . .
£ : - : :
_Continuity Fm+1,z Em-l,z Same as Field Point (Table II)
Continuity 124 F v + v
: m, {+1 m, -1 o pm,,@+l m, 4+1 pm,z m, 4

X

F  .Same as Field Point- (Table IT)

X-Mementum Fm+1’£ m-1, 4
X -Moment um 124 124 i 'vp u v + u v
. m, 441~ m, -1 m, 4+1 m, 4+l m, 4+ Pm, g Ym, g Vo, 4
X X * _ . N
Y -Moment um Fm+l,£ Fm-l,z Same as.Fleld Point (Table: 1I)
y y 2 2
(= t - -
Y-Momentum Fm,f,+l Fm,z-l pm,£+l Vm,,€,+l + pm,,e,+l pm,z Vm,L pm,z
Ener X Fr Sa s Field Point (Table II)
gy o+l 4 -1, 4 me a ie able
Energy F’ 1224 (e +p v + (e + p v
: m, 4+1 m, 4-1 m, 4+1 m, 4+1° "m, 4+1 m, 4 m, 4L m, 4

9%
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Once the x-component of velocity at £ =2 has been calculated, then the
x~-component of velocity at £ = lsis known:in terms of the assumed slip
flow condition. Consequéntly, there.is no necessity of solving the
x-momentum equation. :

Although the slip flow condition is allowed, the zero mass transfer
condition through the surface is enforced. It is assumed that the nodal
spacing in the y-direction (Ay) is small enough so that the velocity

-profiles in this region can be represented in'linear form. The

y~component of velocity v.can be approximated as
(29)
which, by linear extrapolation, enforces the boundary. condition

v y=0 = 0.

Consequently, the y-momentum equation is unnecessary since v.is approxi-
mated.

No easy method of approximating the density and pressure is known;
therefore, these values must be determined by using a modified version
of Equation (21). Here again, approximations must be made since no
information is available on the gradients in this region. The method
used in obtaining these approxiﬁations.iS‘such that all curvature terms
are forced to zero; consequently, the gradients are linear and are
functions of the properties at (m,4) and :(m, 4+1). Since the slip con~
dition is-allowed, the properties at {(m, 4-1) are defined by use of the

following relationships:
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Poa-1 = %P,y " Pl
P, g1 = 2Pm,p T Pmy gl
(30)
um,,e,-l = 'zum,z —'um,£+l ?
Vo, g1 = Vg

‘After Equation (21) has been modified by insertion of the above relation-
ships, it can be used to determine the new values of density and
pressure-in this region. Tables V. and VI contain lists of all the re-

quired finite-difference approximations necessary for these calculations.
"Difference Equations Used in the Analysis of Region 3

Region 3 represents the usual boundary layer region where .the no-
slip condition is applied. As mentioned previously, . it:is assumed that
- Ay is sufficiently small so that the velocity profiles in the region
near the plate-surface can be considered as being linear. Thus the
condition represented by Equation (29) .is assumed in this region as

well as the conditions represented by Equation (31); i.e.,

u

o
it

m,2

(31)

=1
r-l
Wi Wi

v
m, 2

As in the solution presented in Region 2, only the continuity and energy
equations must be solved since.thé velocity components are assumed.

- The x-component of velocity gradient in the y-direction is not
known, but it must be determined for each time plane. To preserve

this gradient at y =0 and apply the gradients in the finite difference



TABLE V

FINITE-DIFFERENCE APPROXIMATIONS OF REGION 2

PARTIAL DIFFERENTIAL TERMS

Term Difference Approximation
du/dx Same as Field Point (Table I)
du -

/3y _ (um.!.-i-l. un,l)lw
dv/ox Same as Field Point (Table I)
ov/2y (vm, il * \rn")ﬂﬂy
u?/3x Same as Field Point (Table I)

2 2 :
Su”/oy z(um,.tum,.ﬁl i m,z”‘"
av? /ax Same as Field Point (Table I)

2 2 2
ov™ /3y “Va, 441 = Vm, 0120y
%u/x? Same as Field Point (Table I)
d%u/oy? 0.0
v/ x? Same as Field Point (Table I)
d%v/oy? 0.0
31 /3x? Same as Field Point (Table I)
d*r/3y® 0.0
*u? /o Same as Field Point (Table I)
2858 2 3 2
%u ;’By' “"u,m - ‘mm" U, g4 + 2“:1,1.),('”) -
*v?/ax® Same as Field Point (Table I)

3.3 /5.2 3 P 3

°v*/dy ("m,M-l vm.‘)l(ay)

2

9" u/exdy (Sab1, 241 ° Ym, a4l = Vb1, g * Y, /000y
3%v/axdy

CVotl, 441 = Vo, g1 " Vw1, 8t Vg, 0 /06Dy
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TABLE VI

FINITE-DIFFERENCE APPROXIMATIONS OF REGION 2 CONSERVATIVE TERMS

Conservation Conservative Difference Approximation
Equation Term
Continuity LTS S Same as Field Point (Table II)
2 b
L. y y : -
- Continuity Fo o1~ T, g1 P, 441 Vi, 41 T PP, g T P, 410V, g
X X
X-Momentum Fm+l 2 Fm-l 2 Not Needed
) >
- X-Momentum Fz 4+l Fz -1 Not Needed
3 3
< X b4
Y~Moment um Fm+l P Fm_1 4 Not Needed
3 >
Y-Momentum Fi 41 Fz -1 Not Needed
3 b
Energy $+l P F§~l 2 Same as Field Point (Table IT)
3 b
+ + %(2 -
Energy F RIS A (e, g1 T P, 4417V, 41 T 2P 0g, g 7 O, g1
> 3
2 - 2 =
L( um,£ um,£+l) + Vm,z]vm,z

1¢
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calculations, it is necessary to require the condition

um,z-l = = um,,?, . (32)

Again, to obtain the zero mass flux through the plate surface, the

following identity is required:

Vo, p-1 = Vm,z . -(33)

The adiabatic wall conditien is dpplied in this region in order to

satisfy the boundary condition:

oL

oy ly=0 ~ 0.

-In the nondimensional form, the temperature is determined by the equation
of stat
state, . 3 P 2
m, 4
3 pm’ z
The image technique used by Burstein [41] is applied to the properties
p and p so that

(34a)

Pu,4-1 7 P,y

and

m, 4-1 P, 4 (34b)

After Equation (21) has been modified by inserting the conditions repre-
‘sented by Equations (32),;(33), (34a), and (34b), it can be used for

the analysis of region 3. All the necessary finite-difference approxi-
mations necessary for solving the continuity and energy equations in
this region are presented in Tables VII and VIIL. The assumptions,

the technique, gnd the equations described in this chapter are‘those

used to obtain a solution of the problem considered in this study.



TABLE VIL

FINITE-DIFFERENCE APPROXIMATIONS OF REGION 3
PARTIAL DIFFERENTIAL TERMS

Term . Difference Approximation
du/dx Same as Field Point (Table I)
du/dy (um,H-l + um.j);'?.ﬁy
v/ox Same as Field Point (Table I)
av/ay (\a'm"‘,’_’_1 + vm"')/Z:&y
3u®/3x Same as Field Point (Table I)

2 2 2
ou™/2y (um,.%l um,.&)!uy
av® /ax Same as Field Point (Table I)

2 2 2
/% _ o, 441 ™ Vm, /20
?%u/ox? Same as Field Point (Table I)
d%u/ay® 0.0
®v/x? Same as Field Point (Table I)
d%v/ay? 0.0
%1 /ax? ; Same as Field Point (Table I)

3 2 ) 2
3°T /2y , T, 141 = T, /€O
3%u®/ax® Same as Field Point (Table I)

8 Rgn. 8 2 2
9%u”/dy (um,£+1 - um'z)/(Ay)a
3%v? /x® - Same as Field Point (Table I)
3®v?/3y? (v2 - v2 )/ (ay)?

°y m, 241 " Vm, 277V

a -

9" u/exdy (Bapr, 241 ° Ym0 St g U, o) /B00Y

4 y
3°v/ axdy o, 41 Vm, 41 7 Vi, 0t Vi, )/ Bxby




. TABLE VIII

FINLTE-DIFFERENCE APPROXIMATIONS OF REGION 3 CONSERVATLIVE TERMS

Conservation Conservative . . .
. . Difference Approximation
- Equation Term
Continuity foR X ' Same as Field Point (Table II)

o y - _
Continuity Fm,z+l Fm,z-l pm,£+1 vm,z+1 + pm,z vm’z
X-Moment um Fx - ¢ Not Needed
: mtl, 4 m-1,4 )

X-Moment um FY - FY Not Needed
m, 4+1 m, 4-1
Y-Moment um 12 - Not Needed
o mtl, 4 m-1,4 eede
Y-Moment um FY -7 Not Needed
m, 4+1 m, £-1
Energy Fr - Same as Field Point (Table II)

v (e )

y -y
Energy F F (e w, 441 + o, 4 + L

m, g+1 T Pl

v
m, £

)



CHAPTER V
. PRESENTATION: OF RESULTS

Equation (17) fepresents the system of nonlinear, partial differ-
ential equations which were &sed to determine the characteristics of
the general flow field near the sharp leading-edge of a flat plate.
The finite-difference approximations and assumptions used in this
effort are described in Chapter IV.

The complete study included two cases of interest. Case I in-
-yolved the developmént of ;he leading-edge shock wave and the laminar:
boundary layer. Case 2 was an extension of Case 1, achieved by intro-
ducing an externally produced oblique shock which was: incident just

aft of the leading-edge of the flat plate.
Results Obtained in Case 1.Study

The basic lattice used is that shown in Figure 4.. The field con-
tains 1600 nodal points of interest in 40 rows and 40 columns. - The
‘plate was accelerated instantaneously-to a constaﬁt velocity of Mach
3.0. The free-stream fluid properties were the atmoépheriC‘propertieé
existing at a flight altitude of 100,000 feet. This particular flight
condition was chosen for thfee-reasons:

1. A laminar boundary layer can be expected even. during. the

process of separation and reattachment.
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2, .The boundary'layer'cén be ‘expected -to grow rapidlyvneaf the
leading edge and introduce the possibility of an interaction
between the leading-edge shock wave ‘and the laminar boundary
layer.

3. The stability of éhe numerical technique is'strongly dépendeﬁt
on the Reynolds number (observe Equations (13), (14), and
(15)). Thus numerical stability and the requirement for
less artificial dissipation can be more easily obtained by
use of a low Reynolds number.

The nondimensional properties used as initial input and fixed boundary

conditions were

u, = '3.5496 -ax = 0.001666
v, 0.0 Ay = 0.000833
p, = 1.0 R, = 3.06(107)
o = 1.0 P = 0.72
(o] r
.76

o, = 0.5 " = (T)

Q= 0.3 L .= 1 ft

The small size of the mésh was necessary to obtain a good repre-
sentation of the boundary layer. ' In other words, if the boundary layer
growth on a given ai;foil is to be determined, the boundary ‘layer can
be expected to be thin compared to the physical dimensions of the air-
foil, 1In the analysis of a thin boundary layer, several nodes must be
used; consequently, the Ay must also be physically small. To obtain a
good resolution of the shock and to satisfy the von Neumann requirement,
the magnitude of Ax has to be of the same order as:Ay. The requirement

for a small Ax and. Ay and the limited storage capacity of the digital



computer resulted in a restriction of the size of the flow field that
could be used. Consequently, only a small region near the leading edge
could be analyzed.

The constant static pressure ratio lines which occur in the flow
field are shown in Figure 7. The leading-edge shock wave is completely
contained within two mesh widths, and the shock appears to be attached
at the leading edge. The shock angle in this region is approximately
42 degrees. The constant pressure ratio lines indicate that the shock
is highly curved in this region, and such a curvature of the shock in
this region indicates a viscous interaction which is normally neglected
in thin boundary layer analysis. Such observations are not abnormal,
however, in wind tunnel tests conducted in the past. Reference 5 con-
tains a shadowgraph taken during wind tunnel tests where the test con-
ditions were similar to those used in this investigation. Examination
of this shadowgraph clearly indicates a curved shock near the leading
edge.

As the fluid particles pass through the highly curved shock near
the leading edge, an unusual pressure distribution just downstream can
be expected. The numerical calculations in this investigation bear out
this anticipation. This local high-pressure region is shown in Figure
7. Downstream from the high pressure region, the pressure is observed
to decay rapidly. Following along with this reduction in pressure, a
favorable pressure gradient is introduced in conjunction with the dimi-
nution in the strength of the shock. A shock wave angle of 24 degrees
was measured near the downstream vertical boundary (m = 40). The

curvature of the shock near this boundary indicates that the shock
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strength would continue to decrease gradually if the field of calcu-
lation could be extended. The calculated shock angle of 24 degrees
which occurs in the free stream is in good agreement with the measured
23 degrees observed in Reference 5. It is worth noting that, if the
concept of thin boundary layer theory had been used, a leading-edge
Mach wave of 19.6 degrees would be predicted. It should also be noted
that (1) such theory does not include a consideration of the pressure
variations downstream from the leading edge and (2) these variations
could significantly alter the boundary layer growth characteristics in
this region. 1In other words, the possibility of similarity is question-
able.

The point of maximum pressure ratio was 4.45, calculated at the
coordinate (0.03, 0.005), The physical location of this high pressure
region is not conducive to testing; therefore, the accuracy of the cal-
culated maximum pressure is unknown. However, the accuracy of the
numerical technique can be fairly easily checked in terms of satisfying
the Rankine-Hugoniot relations. As an example, use of the numerical
technique results in prediction of a.shock angle of 42 degrees and a
pressure ratio across the shock of 4.45. For the same Mach number and
shock angle, use of the Rankine-Hugoniot relations results in a pre<
diction of a pressure ratio of 4.52. Therefore, the pressure ratios
are in agreement within 2 percent.

The calculated pressure ratio variation along the row immediately
above the plate surface (y = 0.005 inch) is shown in Figure 8. -A
pressure increase through the shock wave is‘clearly indicated. The

decrease in pressure in the direction downstream of the shock wave
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follows the pattern obtained by Kurzrock and: Mates {297 in hypersonic
flow. This trend is also observed in Thommen's [28] results for the
case of low Reynolds number flow. An undershoot in pressure occurs
just upstream of the shock wave and is preceded by rapidly damped
oscillations. This phenomenon has been observed by Thommen [28] and
Eaton [39]. Kurzrock and Mates observed no such phenomenon since
their calculations were initiated at the plate leading edge where the
properties are»specifieﬂ as boundary conditions and remain constant
throughout the calcuiations, The magnitude of the pressure undershoot
appears to depend on the viscosity (artificial, real, or a combination
of both) and the mesh dimension ratio g% . Eaton [39] had to use a
large value of g to prevent the pressure from becoming negative.
Thommen [28] reduced the mesh dimension ratio to unity and completely
eliminated the undershoot problem, but the flow problem considered by
Thommen-[ 28] involved the consideration of a very low Reynolds number;
consequently, the presence of a good real-viscosity influence was
assured in this region.

" The calculated skin-friction coefficient,-Cfdrﬁg;?; , is also
shown in Figure ‘8 for the no-slip flow region downstream from the
leading-edge of the plate. Analysis of the phenomenon indicates that
the boundary layer has not feached its normal growth pattern, i.e., the
skin-friction coefficient is rapidly growing as a function of downstream
distance rather than reaching a maximum value and remaining constant
regardless of downstream distance thereafter. Further discussion of
the boundary layer growth pattern will be subsequently presented in

this section.
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The trend toward increase in the skin-friction coefficient as a
function of distance indicates that, .if the field of calculation wére
extended an additional one-~half inch, the coefficient would. approach
the value of 0,61 given by Shapiro [42] for the case of similar flow
conditions. However, the limited storage capacity of the computer did
not permit such extended calculations. The behavior of the calculated
skin-friction coefficient follows the trend shown by Kurzrock and Mates
-[29] for the case hypersonic flow, i.e., an initial rapid increase as
a function of downstream distance.

The calculated pressure ratio distributions are shown in Figure 9
at various downstream locations. The peak pressure ratio obtained in
each curve provides an indication of the presence of the shock wave.

At x = 0.09 inch, the shock is still strong and therefore introduces

dp

dy in the boundary layer. Farther down=-

a large pressure gradient,

stream, at x =-0.390 inch, the shock was weakened considerably; conse-

dp.

dy ° is greatly reduced, but

quently, the resulting preséure gradient,
it has not reached the zero value normally expected in boundary layer
theory. The surface‘pressﬁres are shown to decrease as a function of
distance, and a continuing reduction is indicated as a function of down-
stream distance (Figure 9).

The nondimensional tangential velocity profiles near the leading
edge are shown in Figure 10. The initial velocity profiles (Curves A
and B) indicate thatithe leading-edge shock does not interact with the
boundary layer within the first two calculation points (x & 0.03 inch)a

This lack of interaction.is perhaps due to the initially large shock

angle in this region.  Velocity overshoots are also observed near the



61

leading edge. The viscous interaction is more pronounced in curves C,
D, and E, as indicated by the location of the point of inflection in
the velocity profiles. The edge of the boundary layer cannot be defined
in this region since the inflection points are associated with the re-
duction in velocity of the fluid particles as they pass through the
established shock wave. The only conclusion that can be stated about
the boundary layer in this region is that it has not developed suf-
ficiently to be adequately defined.

Additional nondimensional velocity profiles and corresponding non-
dimensional temperature profiles at various x locations are shown in
Figures 11 through 15. The velocity and temperature profiles at
x = 0.09 inch again indicate that the boundary layer has not yet fully
developed. The surface temperature is high as a result of the rapid
decrease in velocity observed in the region x < 0.09 inch. For example,
the maximum temperature ratio was observed to be 4.27 at x = 0.07 inch.
At x = 0.09 inch, the temperature ratio has decreased to 3.35, but it
has not yet reached the expected constant adiabatic wall temperature.

The data in Figures 12 through 15 indicate that the boundary layer
is completely developed, i.e., a velocity at the edge of the boundary
layer can be defined for each curve. It is also observed that the
boundary layer edge velocity increases with downstream distance. This
trend indicates a weakening shock wave and the corollary fact that the
velocity of the inviscid flow field between the shock wave and the
boundary layer is gradually approaching the free-stream velocity. At
the same time, the thickness of the inviscid flow field is growing aé
a function of distance from the leading edge, and the boundary layer

growth rate is decreasing.
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The velocity distribution-plotted in terms of the similarity para-
meter, T, is shown in Figure 16 for the station location x = 0.490 inch.
The velocity at the outer edge of the boundary layer is again seen to
be ‘less than that of ghe free-stream velocity. A preliminary check at
the station location x = 0.390 inch indicated that similarity had not
yet been obtained.

There is a strong similarity in the behavior of the boundary layer
thickness distributidn calculated as a function of the downstream dis-
tance from the leading edge and that observed in the shadowgraph shown
in Reference 5. During the later stages of this investigation, it be-
came evident that an exact agreement with other theoretical methods
would be very unlikely because of four factors:

1. The use of the artificial dissipation term (w) would make

the viscous effect;‘become-more’influential and thus make
the boundary layer grow at a. faster rate than that predicted
by the use of other theoretical methods.

2. The decision to allow slip flow near the plate leading -edge
automatically resulted in the introduction of a high temper-
ature-region (temperature jump) downstream from the leading-
edge -shock. The aséociated fluid viscosity would also be
very influential in this region (i.e.,.it would result in
a rapid rate of initial boundary layer growth).

3. The proper convergénce of the finite-difference technique in
the region very near the plate leading edge is strongly
dependent on the incremental distance-pAy (i.e., Ay should

be sufficiently small in order to establish the boundary



63

layer thickness one node downstream from the leading edge).
The computer storage capacity limits theisize.of Ay if the
region of study.is to be of any significant size and the vou
Neumann requirement is to be satisfied. Thus if. Ay is not
sufficiently small, as was the case in this study, proper
convergence cannot be expected near the plate leading edge.
A rapid initial boundary layer growth rate can be expected
near the leading edge-and this, unfortunately, will in-
fluence the boundary layer thickness distribution at all
streamwise locations downstream.

-4, The locally high pressure region immediately downstream from
the leading-edge shock should have some influence on the
initial growth rate of the boundary layer.

Use of the above factors resulted in a wedge type of boundary layer
growth near -the plate leading edge similar -to that proposed by Oguchi
[43] for hypersonic flow. This type of boundary layer behavior near
the leading edge 1is also .indicated in the -shadowgraphs in Reference 5.
This rapid rate of -initial boundary layer growth (8= x) must produce a
thick boundary layer far downstream from the plate leading edge. The
calculated boundary layer thickness at x = 0.490 inch is two times the
thickness predicted by use of the method of Van Driest [44]. However,
a comparison of the growth réte downstream from x = 0.090 inch (the
downstream limit of the wedge type of boundary layer) indicates that
the rate of the boundéry layer growth is approximately the same- as
that predicted by use of the Van Driest method [44].

As shown in Figures 12 through-15, the surface temperature ratio

has stabilized to a.value of 2.90. Therefore, the wall temperature is
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greater than the-adiabatic wall temperature. -In this investigation, the
recovery factor -is found to be 1.055 rather than the usual.square root
of the'Prandtl number assumed in adiabatic laminar flat plate flow,
A marked similarity does exist between the temperature profile and velo-
‘city profile at each x location, i.e., the thermal boundary layer and
the viscous boundary layer are colncident.

In order to test ‘the conservation of mass, the mass flux was in-
tegrated from the plate surface to the upper boundary at the position
x = 0.490 inch. The results of this calculation are shown in Figure 17
and the -error observed in the mass flux was found to be 0.08 percent.

The loss in total pressure will normally be iarge in-the viscous
boundary layer. Calculations based on local fluid properties at the
station x = 0.490 inch indicate a minimum total pressure recovery ratio
of 0.0357 at the plate surface (Figure 18). From the figure, the total
pressure recovery is observed to take place .in a normal manner. In the
inviscid region between the edge of the boundary layer and the weakened
shock wave, the total pressure is changing slightly as a result of the
-smearing process used:in the numerical solution. The incident angle
‘of the shock at this location .is estimated to be 24 degrees. Inviscid
theory and thin-shock approximations can be used to predict a total
pressure ratio across the shock as being 0.995. 'Lf the calculated total
pressure ratios in the»inviscid flow region are averaged, a value of
0.9458 is obtained. 1If this value is compared with the inviscid total
pressure recovery, then the method of calculations is in error by
approximately -5 percent. -The error can most probably be attributed to

the smearing of the-shock in this regipn.
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Results Obtained in the Case 2 Study

The basic lattice used in this portion of the investigation is
that shown in Figure 4. The free-stream properties were the same as
those used in Case 1. A strong external incident shock wave was in-
troduced on the upper boundary (£ = 40) at x = 0.010 inch (m = 11).
The shock strength was equivalent to the turning of the inviscid
freestream (MD = 3.0) through a 25-degree turning angle. The static
pressure ratio across the incident shock was 4.925. The nondimension-

alized fluid properties downstream of the incident shock were

p = 4.925
p=2.795
u = 2.4347
v = 1,1354

The incident shock wave was assumed to be formed within one mesh
width (Ax) on the upper surface between m = 10 and m = 11. The fluid
properties upstream of m = 11 on the upper boundary were those of the
freestream while those properties from the nodal points (11, 40) to
(27, 40) were those given above. Points (28, 40) to (48, 40) were ex-
trapolated from below to permit reflected influences to penetrate the
upper boundary.

The calculated pressure field is shown in Figure 19 as a series of
constant pressure ratio lines. Figure 19 contains several interesting
features which should be discussed and analyzed in some detail. These
include

1. The leading-edge shock wave

2., The incident shock wave
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3. The incident shock‘;s it transforms into a bifurcated shock

with the two branches extending into the viscous layer

4. A local high-pressure region immediately downstream from the

bifurcated shock

5. Expansion waves in the flow field downstream from the-shock-

-impingement point

6. The formation of a compression shock downstream from the

shock~-impingement point.

In Chapter II it was mentioned that the interaction phenomenon is
only a local phenomenon and has no influence on the fluid flow upstream
of the interaction region. A comparison of Figures 19 and 7 revealed
that the leading-edge shock waves are identical. All fluid properties
near the leading edge are identical, and a check of the nondimensional
velocity at m = 15 (x = 0.09 inch) indicates that the profiles are
-identical.

On the basis of inviscid theory, the calculated angle of the in-
cident shock wave was found to be 44.15 degrees. -Measurements based
on the fihitemdifference method of analysis indicate that the incident
shock angle is 43.5 degrees. The data in Figure 19 also show fair
resolution of the incident shock in the inviscid flow region. These
data also provide a good representation of the shock-shock interaction
region. In this region, analysis of the constant pressure ratio lines
‘indicates that the incident shock continues downward toward the plate
surface. -However, the shock strength increases (note the closeness of
the isobars), and the shock is approaching a normal position with re-

spect to the plate surface. As the incident shock approaches the normal
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position, the constant pressure ratio lines form two distinct legs which
clearly indicate that the incident shock has become a bifurcated shock.
The front leg extends forward and downward until it approaches the
plate surface. Because of the subsonic portion of the flow in the
boundary layer, the leg cannot penetrate down to the surface. The
constant pressure lines in the subsonic portion then become approxi-
mately normal to the plate surface. The rear leg extends downstream
and downward a much shorter distance than the forward leg. This
difference is attributed to the existence of the flow separation region
and its low-velocity recirculatory motion which cannot support the
pressure gradients. Thus the pressure lines are approximately normal
in this low-velocity region and the rear leg loses its identity.

The existence of the bifurcated shock is not unexpected. Fage
and Sargent [45] have reported on this phenomenon. They have defined
the branches of the bifurcated shock as continuous compression regions,
This definition constitutes an adequate description of the phenomenon
defined by using the numerical technique.

As the stem of the bifurcated shock approaches a normal position,
a high-pressure bubble is formed immediately downstream of the stem.
This is a local region, and the pressure of such a region can only be
assessed in a speculative fashion since the flow pattern is quite com-
plicated. However, the data in Figure 19 clearly indicate a curvature
of the shock stem. The strength of the shock is changing, and at one
point, the shock strength approaches that of a normal shock. This
local effect produces the high-pressure bubble, but there is a following
gradual collapse because of the expansion waves existing on the under

side of the high-pressure bubble.
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The maximum calculated pressure ratio in the bubble was 12.7. 1In
terms of inviscid flow theory and normal shock relations, a pressure
ratio of 10.33 would be predicted on the basis of the free-stream Mach
number of 3.0. Results of this comparison indicate that the calculated
pressure ratio is apparently high by 22.9 percent. However, a leading-
edge shock has to exist upstream so that the pressure ahead of the stem
is not that of the free stream. The pressure ratio has to be larger
than the free-stream pressure ratio of unity and the local Mach number
smaller than that of the free-stream Mach number. To demonstrate the
need for this requirement, properties were selected at a point immedi-
ately upstream of the stem. At this point, the pressure ratio was 2.031,
and the local Mach number was 2.39. From the normal shock relations,
the static pressure ratio across the shock was found to be 6.497. Thus
the maximum pressure ratio in the bubble would be 2.031 x 6.497 = 13.2,

' On the basis of this reasoning, the calculated pressure ratio is low
by 3.8 percent.

The constant pressure ratio lines also indicate the presence of a
compression shock downstream of the shock-impingement point. This shock
is produced by the compression waves first formed in the boundary layer.
Within the boundary layer, these waves are almost normal (Figure 19)
and then bend quite rapidly and become close together; this latter
action is an indication of an increasing pressure gradient. At the
end of the field of calculation, the compression shock has almost
coalesced with the weakened leading-edge shock to form a single shock

wave.
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The computed results shown in Figure 19 are beneficial in deter-
mining a flow model which describes the shock phenomena associated with
this investigation. The model is shown in Figure 20. Unlike the flow
model shown  in Figure 2, the boundary layer is not shown since . it is
“difficult to estimate, with any. degree of confidence, the exact loca-
_tion of the outer edge. Instead, tangential velocity profiles:in the
separation flow region are shown in Figure 21.

It is also of interest to observe the fluid particle flow di-
rections in therseparafed flow:region. The velocity vectors are plotted
for a portion of the field which includes the separated flow.region.
This plot is shown in Figure 22. The recirculatory region is clearly
obéerved and is seen to contain very low velocity fluid. The separa-
tion point is at m = 20 (x.= 0.190) and the reattachment point is at
m =34 -(x = 0.470). The velocity vectors indicate a large amount of
mass entrainment abo&e the separated region (note the rapid turning of
the velocity vectors in the upper left-hand corner).  Farther down-
-stream, the velocity wvectors -indicate that the flow has smoothed out
and reattachment has occurred. At this point, the velocity vectors:inm
dicate that a small amount of mass flux is still being fed into the
boundary layer; thus the downstream boundary layer is still being com-
pressed and has not attained its ultimate form.

The static pressure ratio distribution along the row y = 0.005
inch is shown in Figure‘23. The initial increase in the pressure ratio
near the leading edge is followed by a decrease identical to that shown
in Figure %; However, the influence of the adverse pressure gradient

is felt at‘x = 0.11 inch from the leading edge; consequently, the
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pressure ratio reaches a minimum and then begins to rise once more. ‘A
plateau pressure is approached downstream of separation and is followed
by another rapid increase in pressure in the reattachment region. The
pressure ratio is seen to level out only at the far downstream boundary
at a value of 13.16. This pressure is close to that obtained in the
local high-pressure region discussed previously.

The incident shock streﬁgth is such that .a Mach reflection must
occur. This reflection eliminates the possibility of comparing the
downstream surface static pressure with the inviscid case of an inci-
dent and reflection shock. -If the free-stream flow is allowed to pass
through a normal shock, then, on the basis of inviscid flow theory,
the downstream pressure ratio will be 10.33. Such a comparison would
indicate a 22.9 percent difference. However, the flow field at the ex-
treme right boundary has not completely reached.steady equilibrium. It
is expected that, if the field of calculation had been extended, a peak
maximum pressure ratio would have been reached and a subsequent re-
duction in pressure would follow -the peak. This phenomenon is normally
observed in testing which involves regions far removed from the stagna-
tion fegion.

-The density distribution is shown in Figure 24 in the form of
constant-density ratio lines. The trends are observed to parallel the
constant-pressure ratio lines in Figure 18, except in the region near
the plate surface. 1In the separated flow region? the density. ratio and
the pressure ratio are seen to vary in a similar fashion. This simi-
larity is to be expected since the separated region contains low-energy

air at an almost constant temperature. Upstream of separation and
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downstream of reattachment, thg density ratio tends to flatten out and
appear parallel to thé wall.:. Results of interferometric studies in-
volving weak shocks:[42] show the identical behavior when flow. separa-
tion is not present.

The results demonstrate the ultimate potential of the finite-
difference technique used in this investigation. Convergence of the
governing equations to the proper solution requires a larger number of
nodal points than used in this-investigation. However, the new gener-
ation digital computer with its increased storage capacity will allevi-~
ate such a problem.

It .is hoped that the results presented in this section will lead
to a re-examination of past assumptions related to the efficiency and
accuracy of thin boundary layer theory in applications near the plate

leading edge.



CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS
Conclusions

The primary objective of this investigation was to develop a method
whereby the shock-laminar boundary layer interaction phenomenon could
be described by using one set of general finite difference equations.
The laminar viscous effects were well represented, even though "artifi-

cial viscosity"

terms, required for numerical stability, were present.
The analysis included three interaction phenomena: the leading-edge
shock with the boundary layer; the leading-edge shock with the incident
shock; and the incident shock with the laminar boundary layer. The pre-
cise accuracy of the method of analysis cannot be determined because
test data are not available in the region of interest. However, the nu-
merical results appear reasonable, and they represent an acceptable
prediction of the behavior of the fluid flow and shock forms as they
are normally observed in regions other than that near the leading edge.
A principal difficulty which was overcome was the treatment of the
leading edge problem. The stagnation region has long been a difficult
region to analyze, particularly when the method of finite differences

is used. The selection of a slip-flow schedule near the leading edge

and the location of the first row of nodal points C%? above the plate

72
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-gsurface) completely eliminated the'stagnation point and the related
problems in this region.

Results of the numerical computations‘indicate>an'intefaction phe-
nomenon between the- leading-edge shock and the viscous layer. This
phenomenon is normally associated with hypersonic flow. Indications
are that the interaction does not occur at the leading edge but rather
a short. distance downstream. On the basis of hypersonic theory, this
shift downstream indicates a weak interaction phenomenon. Another
important conclusion is that the method can be used to predict the
behavior of the strong incident shock .as it intersects the leading-edge
shock and proceeds down toward the plate .surface. As the incident
shock penetrates the boundary layer, it approaches a normal position
and then branches to form two distinct shock legs. The appearance of
the shock is identical to that of the bifurcated shock often observed
in experimental testing. The author knows of no other analytical method
which can be used to predict such behavior.

Flow separation and regttachment were also observed in the numeri-
cal computations. The fluid circulation is clearly observed since
this method of analysis can be used to predict all the fluid properties,
including the velocity components. A local high-pressure region
occurred behind the stem of the bifurcated shock. Such a region can be
expected since the incident shock approaches a normal position locally.

The computations were also valuable -in.describing the shock phe-
nomenon by means of a flow model for a strong shock. The resulting
flow model agrees quite well with the often-used models for weak in-
cident shock-boundary layer interaction with flow separation and re-

‘attachment.
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Recommendations

The results of this investigation indicate that the method holds

great promise for analyzing many complicated viscid-inviscid flow field

problems.

On the basis of the findings in this investigation, the

following recommendations are made:

i I

An extensive investigation should be initiated in order to
obtain quantitative experimental data near the leading edge
of a sharp flat plate. The physical dimensidns are such that
only analytical methods are available for describing the flow
field at the present time. The validity of the thin shock,
thin boundary layer approximation are questionable at high
supersonic and moderate density conditions where the hyper-
sonic approximations are invalid.

The use of the artificial viscosity enhances numerical sta-
bility and allows calculations through shock waves. It

also influences the convergence to a final solution which

may or may not represent the physical phenomenon. A thorough
study should be initiatéd in an effort to determine more con-
cretely the required relationship between the mesh size
spacing, the artificial viscosity, and the physical vis-
cosity required for assurance of the proper convergence.

The results of this analysis indicate the great potential

of the method. It is therefore recommended that the method
be applied to problems of a similar nature where experimental
data are available. The method should also be extended to
other flow configurations, such as wedges, plate-wedge combin-

ations, and axisymmetric bodies.
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APPENDIX A
. PLOITED - COMPUTER RESULTS

The results ‘of the numerical computation required in this study
are presented in graphical form in this appendix. All computations
were performed on the Oklahoma State University computing center -IBM
7040 digital computer. The estimated time required to calculate the
new fluid properties at one node (per time plane) was 0.032 seconds.
The Case 1 study required 400 time planes (5.7 hours computing time)
‘to approach the steady-state solution. Case 2 required 700 time planes
(12 hours of computing time) for the steady-state solution to be

reached.
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APPENDIX B
"NONDIMENSIONALIZING THE CONSERVATION 'EQUATIONS

The method used for nondimensionalizing,the conservation equations
-represents somewhat of a deviation from the -standard nondimensionalizing
‘technique used in boundary layer theory. The reference conditions used
are those conditions which exist. in the free-stream, and théy are de-
noted by the subscript 'o". The bar (-) is used to indicate the dimen-
-sional quantity, and L is used to refer to a characteristic length.

-The nondimensionalized thermodynamic properties,.distances, and time

are given in Equations B-1:

3 i k
p = -g“ x = 1 k = T
Py )
T 3 i [Po
T = = y = t = = [=—" -(B-1)
T, L L o
_ £ T
P P M 'ao

The velocities are nondimensionalized by assigning the Mach numbers
the same values in terms of the dimensional quantities as the Mach

numbers in terms of nondimensional values; for example,

o=

Oalea

and ‘M = 2
c

Since ¢ is the local speed of sound and is defined by
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c = /’%R and c

the equality (Equation B-2) can be written:as

o _ &
EN
p P
By the use of the thermodynamic ‘relations (Equations B-1),

[ _ (% [w .
0 P, e’

Consequently, Equation B-2 can be rewritten as

U - U
X Po [
R

or

Therefore, the nondimensionalized x-component and y-component of velo=-
city are written as

Other useful relationships in the nondimensionalizing of the space and
time derivatives are

8. . a.3x _ 13,
% 3 - d% L ax °
. . 2.3y _ la.
dy Jy - 0¥ L gy’

(B-4)

(B-3)

(B-2)
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8. . 28t _ 1 /B_.§~
of dt dE Ly p, ot

Continuity Equation

The application of the relations represented by Equations B-1, B-3,

and B~4 to Equation 2 results in

[ /2o 20 E’e./_e.a_ .._/
L o, 2t T NG, ox w + (W = 0

The above equation can be simplified to give the desired nondimension«-

alized continuity equation:

Momentum Equations

The shear stresses which occur in the momentum and energy equations
are first nondiménsionalized‘ by using Equations B~l, B«3, and B-4.

The shear stress Equations 6 become

Lo [Po [ G227,

At
ft
t“

XX

.(B-~5)

The nondimensional shear stresses can be represented as

= -y ltou_239v
Txx Mi3ax "33y !
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- [& o _ 2 bg]
Tyy g EREE R
and
- . du , v
xy M [ay +'ax} ’

.so that Equation B-5 can be written as

) i, [P,
Txx ~ L ;: Txx
] (8-6)

- Yo [Bo

vy T L N, vy

and
- bo [Po
Txy =T ,E_ Txy )

X-Momentum ‘Equat ion

When relations represented by Equations B-1, B-3, B-4, and B-6

are applied to Equation 3,

2 13 r- - B [Bo |
ot (pu)'+ L dx [Pop u+ P,P + L B ‘Txx]

L35 Bo [Bo 7 .
Ty Lpop WL S, Txy] =0

When each term in Equation B-71s divided by {%2), the coefficient of

E‘Io i

(B-7)

the shear stresses appears as

o 43, .
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When the Reynolds number (Re) is defined as

The following identity is used for simplification:

Mo v

Re

Consequently, Equation B-7 becomes

o 2 [ 2
3 (pu) + - [pu +p +.A Txx]

+‘§; [puv + A Txy] = 0, ®

Y-Momentum Equation

Equation 4 is nondimensionalized in a fashion similar to that used
in simplifying Equation 3 so that the final nondimensionalized y-momentum

equation is

o o el 2 ‘ -
3t (pV) +>aX \:puv + A Txy:\ + >y [pv +p.+A Tyy] = 0, (9)

Energy Equation

"The energy (e) has been previously defined as the sum of the in-

ternal and kinetic energy per unit volume. In equation form,
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e = 5[Evi+2l(ﬁa+x72)].

.In the case of ideal gas, the above equation can be rewritten as

= _ —p P 2 2 -
e 'Y'l+2(u +V) (BS)
or
e = p e |
where

P, B, 2
S + > (u® + v®).

Similarly, the nondimensional expression for (e +-§) can be written as

(e +p) = p, (e +p)

The energy equation (Equation 5) can now be nondimensionalized by using
the same procedure used in the case of the momentum equations. .If

the procedure -is followed through, each term in the energy equation
Po /P L
can be divided by EQ _Eg . Once this division is accomplished, the
H fo) B

energy equation appears as

k kT
EL-+-~— [(e +plu - =

o 9
. [p,
L P, -E;

or
= + A (uq- + VTxyﬂ

kK kT
- 0 0 oL
o+ . - -
= [ (e +p)v — < (8-9)
- [Py
Lp [=—
(o] po

LR yy>]
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The coefficient of the temperature gradient terms can be simplified by

. G.c
introducing the Prandtl number (Pr) which is Pr ='—§~E and by assuming

o
a constant thermal conductivity throughout the field so that k = 1.

In the final form, the coefficient can be represented as () where

N = ko TO = MOY 4l (B-10)
@ = =— ~ PrRe (y-1)°
- /Po
Lp —
oy By
When Equation B-10 is-substituted into Equation B-9, the final non-
dimensionalized energy equation becomes
e .3 a3 ]
b +‘5x [(e + plu. Q}ax +: A (uTxx + VTxy)
(10)

9. P-4 -
+ Y [(e +pv -0 Sy + A\ (uTxy,+ VTyy)] = 0,



VITA
Kenneth Ray Royer
Candidate for the Degree of

Doctor of Philosophy

Thesis: A NUMERICAL SOLUTION OF THE SHOCK-LAMINAR BOUNDARY LAYER
INTERACTION PHENOMENON NEAR THE SHARP LEADING-EDGE OF A
FLAT PLATE

Major Field: Mechanical and Aerospace Engineering
Biographical:

Personal Data: Born in De Quincy, Louisiana, August 19, 1927,
the son of Philip and Ruth Adele Royer.

Education: Graduated from De Quincy High School, De Quincy,
Louisiana in May, 1944; received the Bachelor of Science
degree in Mathematics and Science from Southwestern
Louisiana Institute, Lafayette, Louisiana in May, 1951;
received the Bachelor of Science degree in Mechanical
Engineering from Louisiana Polytechnic Institute, Ruston,
Louisiana in January, 1957; received the Master of Science
degree from Louisiana Polytechnic Institute, Ruston,
Louisiana in June, 1961; completed the requirements for
the Doctor of Philosophy degree in May, 1967.

Professional Experience: Design Engineer for the Fort Worth
Division of General Dynamics Corporation, February 1957 to
February, 1959; Senior Aerothermodynamics Engineer for the
Fort Worth Division of General Dynamics Corporation, June,
1960 to September, 1961; Senior Aerodynamics Engineer for
the Fort. Worth Division of General Dynamics Corporation,
June, 1963, to October, 1965; Project Propulsion Engineer
for the Fort Worth Division of General Dynamics Corporation,
June, 1966 to the present time.

Professional Organizations: The author is a member of the American
Institute of Aeronautics and Astronautics,



