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PREFACE 

In the application of mathematical models of optimi­

zation by the industrial practitioner, significant decisions 

involve: 1) the degree of complexity and sophistication of 

complex and sophisticated mathematical models to be utilized 

· for manipulation to obtain optimal relationships of the 

decision variables; 2) ,whether to acquire precise estimates 

of the value of the parameters to be utilized in the compu­

tation of the optimal numerical value of the decision 

variables; and 3) whether to actually use the optimal value 

of the.decision variables if they are known relative to 

other manufacturing considerations. 

The purpose of this research has been to develop some 

quantitative measures of error that might be incurred by: 

1) the utilization of the wrong.mathematical model of the 

inventory system; 2) the utilization of incorrect estimates 

of the parameter values; and 3) the utilization of incorrect 

values of the decision variableso It is this author's 

opinion that, in general, considerations such as scheduling 

problems and the utilization of maximum capacity, etco, far 

outweigh the cost consideration of optimization of inven­

torieso This is a very critical problem area in the 

industrial environment since it is important for the 

production control manager to know the effect of not using 
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the exact model or not acquiring precise estimates of 

parameters or not using the optimal decision values, etc .. , 

because of other manufacturing considerationsc The £indings 

of this research effort indicate that inventory models are 

relatively insensitive to.variations from the "true" models, 

precise estimates of para.meter values and optimal values of 

decision variables .. Hence, the production control manager 

in the industrial environment can make control decisions 

based on other considerations than the minimization of 
,, 

inventory costs .. 

The successful compl·etion of my PhoD .. program was 

accomplished with the generous financial support of a 

twelve-month Predoct9ral National Science Foundation ~aculty 

Fellowship and their cooperation in administration of the 

Fellowship for continuance of my program which allowed· full­

time devotion to graduat~ studies. General Motors Institute 

has ·.been extremely cooperative relative to educational leave 

of absences during which this program has been completed .. 

I am very grateful to both of ·these organizationso 

This author is deeply indebted to many individuals for 

their invaluable assistanceo In particular, sincere thanks 

and appreciation is expressed to Professor Wilson J .. Bentley 

for his administrative and personal support when it was 

needed several times during this academic endeavoro 

Professor Bentley has_ l;>een a constant source of inspiration 

that has compelled and assisted me to succeed far beyond my 

personal expectations and goals of my undergraduate dayso 
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work with an outstanding and cooperative faculty,, Special 

credit is due to each of this group for creating an atmos­

phere of inspiration and encouragement to allow an indi­

vidual to achieve such an outstanding goal,, 

I also want to express personal gratitude to Dro Jim 

Shamblin for the suggestion of this thesis topic and for 

his assistance while serving as research advisoro He has 

been an interested and stimulating consul" Appreci·ation is 

also extended to other members of Graduate Committee: 

Dro Ea Fergerson, Dro Go Te Stevens, Dr. Do E. Bee, and 

Dean Ro EQ Venn and formerly PhoDo Committee Chairman Dr., p., 
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of helpful suggestionso This committee provided a diversity 

of talents and viewpoints that I appreciated~ Their thought­

ful comments and assistance are reflected in many ways 

throughout my program of study and in this treatiseo 

Mrso Margaret Estes deserves special credit and thanks 

for an excellent job of typing the tentative draft and the 

preparation of this treatise in its final form,, 

Finally, I want to express sincere gratefulness and 

appreciation to my wife 9 Tressa, .. and family, Jeffrey· and 

Kimberly, who sacrificed their financial well-being and who 
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effort as early as possibleo 

V 



Complete acknowlegement of all the help I have received 

would be impossible, for countless hundreds have contributed 

indirectlya So in gratitude I·shall shake the ethereal hand 

of those ancient pioneers in the field, and to those living 

contributo'rs whom I have inadvertently overlooked, I can 

only say, ''Take credit where ere di t is due o 11 

vi 



Chapter 

Io 

TABLE OF CONTENTS 

INTRODUCTION 0 0 0 .. .. 0 0 0 • 0 .. . 
Definitions o Q • • • 0 0 0 • • 

O O O 0 

0 • • • 

Page_ 

1 

2 

Inventory Problem a .. a .. o o o o 2 
Inventory System .... o o o o .. • .. 4 
Solution to an Inventory Problem • 7 '· 
Optimal Inventory Policy' .. • .. .. • 7 
Models o .. o o o o •• o o .. o o • 7 
Three·· Phases of Inventory .Analysis 7 

Sensitivity • • • • • • • • 0 e • e O G 10 

II .. LITERATURE SEARCH O G • Q • O • O e • O o O · 13 

23 III. INVENTORY MODEL HIERARCHY 0 0 0 • Q O O O 0 

Methods of .Analysis of Inventory 
Systems ...... o •• o .. • • • • • 23 

Purchase Model • · • • .. • • • • • • • • 26 

Properties of ·system o ...... o .. .. 26 
Formulation of the Purchase Model.. 28 
Manipulation of Model for Optimal 

Value of Decision Variable. • • 29 

Production Model 0 0 0 0 O O O Q O O e 29 

Properties of System o .. .. .. .. • • 29 
Formulation of Production Modelo • 30 
Manipulation of Model for Optimal 

Value of Decision Variable.. • • 30 

Backorder Model .... o • o .. • .. .. .. • .. 31 

Properties of System ........ " .. 31 
Formulation of the Backorder Model 31 
Manipulation of Model for Optimal. 

Value of Decision Variable. o .. 32 

vi;i. 



Chapter Page 

Production With Backorder Model .. o 0 0 32 

Properties of System o o o o o o o 32 
Formulation of Production With 

Backorder Model " o o o o o o • 33 
Manipulation of Model for Optimal 

Value of Decision Variable o .. o 33 

IVo SENSITIVITY ANALYSIS OF DECISION VARIABLES o 36 

Vo . SE.NSITIVITY ANALYSIS OF PARAMETERS o o 0 Q 0 42 

VI .. 

Purchase Model o • ., ., ., o o .. .. .. .. .. 43 
Production Model o o ., o o o .. o .. o .. 44 
Backorder Model- ... " a a o " o o " " o 44 
Production With Backorder Model" o .. o 45 

SENSITIVITY ANALYSIS OF "WRONG" MODELS o O 0 

Measure of Sensitivity Based on the 
"Actual" Model's Total Variable Cost 

48 

Function .... ., • • • • • .. • .. • • • 49 

Purchase Model Versus Production 
Model o .. o ... " " .. a o ... o 50 

Purchase Model Versus Backorder 
Model " a • o ••• o • • • • • 51 

Purchase Model Versus Production 
With. Back.order Model • .. • • • • 53 

Production Model Versus Backorder 
Model ..... o o .. o o ~ o o o o a 55 

Production Model Versus Production 
With Backorder Model ... o ... G 57 

Backorder Model Versus Production 
With Backorder Model • ~ · o • • • 58 

Measure of Sensitivity Based on the 
11 True 11 Model's Total Variable Cost 
Function .. " " .. o .. .. .. .. .. .. • o ., · 60 

Purchase Model Versus Production 
Model ., o ..... o o " .. o ... o 62 

Purchase Model Versus Backorder 
Model • a o .. ··• .. .. o o o .. o a 64 

Purchase Model Versus Production 
With· Backorder Model .. ., .. · · o o o 66 

Product.ion Model Versus Backorder 
Model ...... o o o .. o .. o o o o 68 

Production Model Versus-Production 
With Backorder Model a .. o o o .. 70 

Backorder Model Versus Production 
With Backorder Model a .. " -~ .. · o 71 

.viii 



Chapter Page 

VIIo PROBABILISTIC INVENTORY MODELS WITH POWER 
DEM.AND PATTERNS o o o .. o o o o o o ., o o 75 

Demand Patterns o o o o o • o ,, .. " .. .. 75 
Sensitivity AnaJ.ysis of Probabilistic 

Inventory Models With.Power Demand 
Patterns .. o o· .. .. o o o o .. a o o .. 78 

VIIIo SUlVIMARY, CONCLUSIONS AND RECOlVIlVIENDATIONS o .. 83 

Summary " o o " .. 

Conclusions .. • .. 
Recommendations o 

e O O 8 0 0 0 q O O 0 

e •. • • ·Q • 0 0. 0 0 ·• 

o o o o o e o ~ o ·• o 

SELECTED BIBLIOGRAPHY o o Q O Q 0 0 0 0 G O O 0 0 0 

.APPENDIX A~DERIVATION OF INVENTORY MODELS_ 0 .. 0 Q 

83 
88 
92 

94 

96 

Backorder Model .... o ...... · .. .. .. .. .. .. 97 
.. Production With· Backorder Model o o • • 99 

.APPENDIX B--DERIVATION OF MEASURES OF SENSITIVITY 
OF DECISION VARIABLES o .. o o .. " o " o .. 105 

Sensitivity Analysis of Decision 
Variable ( Q) .. .~ o o ,, " o o .. O O 0 106 

. Purchase Model • • • • . • • • • • • 106 
Production Model •••• o • • • • 107 
Backorder Model o o o .. o . .. .. o o . 108 
Production With Backorder Model. o 109 
Restricted Variable Model o " .. • . 11.0 
General Inventory·Cost Model •• o 113 

Sensitiv~ty Analysis of Decision 
Variable ( t) .. " .. .. .. .. : o o .. 0 41 O 

Purchase Model .. o • ., ... o 0 0 0 

Sensitivity Analysis of Decision 
Variable (N) · .. ,, o .. ... .. .. .. 0 0 0 0 

Purchase Modelo o .. 0 0 ·.O O O 

.APPENDIX C-DERIVATION OF MEASURES OF SENSITIVITY 

114 

114 

. 115 

115 

OF USING "WRONG" MODELS a o. .. .. .. o .. .o o 116 

Measures of Sensitivity Based on the · 
"·Actual n Model Os Total Variable Cost 
Function .. 0 Q O ,o O O O o· 0 0 G O <> 117 

ix 



Chapter Page 

Purchase Model Versus Production 
Model o o o o o o o a o o o o o 117 

Purchase Model Versus Backorder 
Model o .. o o o o o o o o o • • 118 

Purchase Model Versus Production 
· With Backorder Model o o o o . .. .. 119 

Production Model Versus Backorder 
Model o o .. o .. " o o o .. o • • 120 

Backorder Model V~rsus Production 
Mod·el o .. o .. .. o . o .. .. .. .. o • 121 

Production Model Versus Production 
With Backorder Model. .. • • • • 122 

Backorder Model Versus Production 
With Backorder Model o o ... o Q .. 123 

Measure of Sensitivity Based on the 
''True'' Model's Total Variable· Cost 
Function ., o .. o o " " ., o o .. .. .. .. 124 

Purchase Model Versus Production 
Model. o • .. • • · • • • . • · ·• • • • 124 

Purchase Model Versus Backorder 
Model • • • .. • • • .. • .. .. .. • 125 

Purchase Model Versus Production 
With Backorder Model .. · o .. .. · .. .. 126. 

Produc·tion Model Versus Backorder 
Model .. .. o o .. • .. • . • o • • • 127 

Production Mo.del ·versus Pro.duction · 
With B•ckord~r Model. • • • • • ,128 

Backorder Model Versus Pro.duction 
· With Backo'rder Model .. .. .. .. .. • 129 

X 



LIST OF TABLES 

Table Page 

Io Comparison of. Inventory __ System P,rop~r;ties 
· That Defined .the Various Inventory · 

Models. .. • • • • • • • • • • • • • • • • 35 

II.. Measures of S.ensi tivi ty for All Models and 
.All Decision Variables ... ., .. o " " .. " .. 38 

III .. Range·of W for Various Per Cent Changes in 
TVC 1 /TVC0 Ratios" " ..... " " " " " ...... o . 39 

IV .. Summary of Effects of E:rrors in Parameters 
for the Various· Models .. • • • " • • • • • 47 

v .. Summary of Measures of Sensitivity for 
Comparison of Various Models Based on the 
11 Actual 11 Model 0 s Total Variable Cost 
Fune ti on • a ,, ~ " " Q " .. .. " .. .. .. 

VI. Summary of Measures of Sensitivity for 
Comparison of Various Models Based on 
"True" Model's Total Variable. Cost 
Function • .. .. .. " • .. • • .. .. .. • ·" 

.. 0 " 

Q Q Q 

60 

73 

VII .. Comparisons of Measures of Sensitivity for 
Purchase Versus Production Mo.dels .. .. • • 74 

VIII .. Demand Pattern Index Q O • 0 0 0 • 0 0 0. 0 Q 

LIST OF FIGURES 

Figure 

TVC 0/TVC0 Ratios Versus W Values e ..... ., • 

2 .. Demand Patterns" .. " o Q O O 0 e O O • 0 0 0 

Power Demand Pattern Model 0 O O O O O O O O 

xi 

80 

Page 

40 

76 

77 



CHAPTER I 

INTRODUCTION 

During the last 50 years many arti.cles and books .have 
; 

been written about inventory theory. In the last decade 

the f~eld of inventory theory has been a fruitful area of 

research by economists, mathematicians, statisticians, and 

computer manufacturers. By the nature of the background of 

these researchers, there is, of course, a certain ambiguity 

in the choice of topics to be included under the heading of 

inventory theoryo Broadly speaking, virtually any topic in 

operations research can be conceptualized as dealing with 

the economical management of stocks of commodities (inven­

tories). In addition, large areas of economic theory are 

concerned with problems similar to-problems of operations 
.: . '.,'.'.;,···\·.:i•,. '. 

research. Any dynamic problem in economic theory is neces­

sarily concerned with stocks_, whether these be interpreted 

as capital, manufacturers inventories,, bank reserves, or 

the accumulated savings and assets of an individual con7 

suming unit. 

In this vast technical literature relative to the topic 

of inventory theory, attempts have been made to define such 

terms as the "inventory problem", "inventory control", 

"inventory process••, "inventory theory", "inventory 
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management", and "inventory systems"o It can be readily 

concluded that there does not presently exist any comm.only 

accepted ternis or definitions by the researchers in this 

areao Not only do we not have commonly accepted terms, but 

there are numerous views on what the inventory research 

field should encompass.a · Because of the diverse and wide 

range of points of view and use of definitions, it is 

necessary to establish definitions of some general terms to 

be used in this treatiseo This author does not claim any 

originality in these defini,t;i.onso Howeve.r, these defi'.""' 

ni tions have been modified and. rephrased to fit a personal 

conceptual framework of· the interrelat_ion of these inter­

acting concepts and definitionso 

Definitions 

Inventory Problem 

An inventory problem involves decisions relative to 

(1) how much to manufacture (Q, economical lot size), and 

( 2) when to replenish inventory·. {t., time interval between .. 

lot sizes)o These two decisioµ,s answer the question of 

2 

(3) how many economical lot sizes should be manufactured or 

purchased per some time period (N, number of orders placed)o 

These three quantities (Q, t and N) are the decision - . 

variables of the inventory problem since they are subject 

to control of the decision makero 

Inventory situations are fundamentally alike, each 
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involving some aspects .of costs, service. and usageo The 

objective in any given situation is to make a set of 

decisions which will satisfy some "optimizer" such as to 

minimize total costs while providing an acceptable service 

at the usage or demand rate., The problem is formulated and 

solved on an item basis with a given set of information 

a.bout the. environment of the particular i.temo 

The total inventory problem is to ascertain specific 

values of these variables (Q, t and N) which will satisfy an 

optimization criterion such as minimize the total cost of 

3 

the inventory sy~temo Although finding the variables that 

give the mini~um total cost is the main purpose of the 

inve~tory problem, there are other major questions of 

interes.to In the industrial environment of the actual 

production and j,nventory control aspects of the ma.nu~ 

facturing operation, there are several additional and 

pertinent questions that should .be consideredo For.example: 

(a) a production control manager. who can control the proper­

ties of the actual inventory ~ystem may want to know whether 

it is worthwhile to change the pro.parties; (b) the optimal 

decision rules cannot be employed, or their employment may 
. ·.· .. 

be more c9$tly than.some alternative rules; (c) the 

"accuratett estimation or determination of the parameters 
''· 

may be too costlyo 

Hence, the following additional problems are posed: 

(1) What is the effect of an error in the economicaJ. 

lot size ,,( Q) or the number of orders placed {N) or 



the time between orders (t) on the total variable 

costs (TVC)? 

(2) What is the effect of an error in estimating the 

true value of the parameters on the economical 

lot size (Q), the number of orders placed (N), 

or the time between orders (t) on the resulting 

total variable cost (TVC)? 

(3) What is the effect of using the wrong model on 

the total variable cost? 

Inventory System 

An inventory system consists of the properties that 

describe the nature and the characteristics of the environ­

ment with respect to a particular inventory problemo These 

properties are essentially assumptions pertaining to the 

characteristics of the parameters and variables of the 

inventory env.ironmento Naddor [ 1 J, suggests that all the 

properties of an inventory system can be classified into 

four types: (1) demand properties, (2) replenishment 

properties, (3) cost properties, and (4) constraint proper­

tieso Each of these classifications of properties are 

discussed in detailo 

Demand propertieso The demand properties involves 

information relative to the nature and characteristics of 

the demand pattern; for example, does dem~d occur at a 

known and uniform rate (deterministic), does demand occur 

at a known and non-uniform rate, is demand variable 
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(probabilistic), etco 

Replenishment propertieso The replenishment properties 

involve the quantity that is added to inventory or the time 

between when quantities are added to the inventoryo In 

general, the replenishment properties can be controlled and 

hence can. be "manipulated" to achieve minimal total costs 

of acquiring and holding inventorieso The property of lead 

·time which is def.ined as the time between placing. an order 

and receiving the order is in general assumed to be known 

and constant or insignifieant for deterministic inventory 

modelso In probab~listic inventory models this property is 

extremely importanto 

Q.gst propertieso The cost properties involve the 

measures of cost associated with inventory either positive 
' 

or negativeo In the specification of the properties of the 

inventory systems 9onsidered in this t:r-eatise., only t1?,ese 

three kinds of costs are considered as significant and 

subject to controlo Hence, all pertinent costs are defined 

and classified as (1) holding costs, (2) procurement costs, 

and (3) shortage costs., For a detailed discussion of these 

cost components, see Fabrycky .[2]o 

(1) Procurement costs~ alias; acquisition costs· 

= replenishment of inventory costso The pro-

.curement costs are the costs associated with . . . 

replenishing inv_entorieso However, this does 

not include the item or unit cost which -is, in 

general, independent of .the economical,-lot sizeo 



(2) Holding costs~ alias; inventory costs= carrying 

costso The holding costs are the costs of 

carrying inventories which include the cost of 

capital and storage space costso 

(3) Shortage costs~ alias; stock-out costs= back­

order costs= out of stock costso The shortage 

costs involve the costs of incurring an out of 

stock occurrence and not meeting a demand when it 
'" 

occurso 

Note that the cost, J?.:ropertief3 of an i::µventory system 

are defined as being of only three types, namely, . procure­

ment, holding and shortage costs. Hence all the costs that 

are pertinent are defined and categorized into these three 

typeso This limitation of the c-0st properties is necessary 

as a conceptual framework to define the scop.e of the models 

to which these results are valida 

6 

The total variable cost of an inventory system will be 

the sum of these three costso In any particular inventory 

system, any two or all three costs can be presento 

Obviously, these costs are closely relatedo When one cost 

is decreased, one of the other two costs, or sometimes, even 

both, may increa.seo The total variable 9ost is thus 

affected by the optimal inventory policy which affects the 

. decisions relative to the solution of the inventory problemo 

Constraint propertieso The constraint properties 

involve placing limitations u_pon any pertinent factor of the 

system such as .number of units in inventory or the capital 



invested in in~entoryy number of replenishments, etco 

Solution to an Inventory Problem 

The solution to an inventory problem involves a set of 

.. specific values of the decision variables which minimize 

the sum of the cost associated with the properties of a 

specific inventory systemo 

Optimal Inventory Policy 

_'rhe set of decision rules which minimizes these costs 

are referred to as optimal inventory policy., Optimal 

decisions policies are obtained by the use of modelso 

Models 

. A model is a mathematical representation of the in­

ventory system's properties and interrelationshiJ;>so In 

order to construct a model, the associated properties and 

resulting interrelationship must be specified or assumed., 

Three Phases of Inventory Analysis 

7 

(1) The determination of the properties (specification 

of assumptions) of an inventory systemo 

(2) Mathematical model formulation and manipulation 

for an optimal solutiono 

(3) An analysis or evaluation of the solutiono This 

analysis should evaluate what additional costs 

would be incurred if non=optimal inventory 



8 

policies are usedo Also the range of the policies 

should be established,. 

It should be noted that this last phase will be defined 

and referred to as Sensitivity Analysis .2f ~ Inventory 

Model and is the major topic of the research reported in 

this treatiseo Certain key questio~s and issues arise in 

the analysis of inventory problems which are of interest and 

significance both to the analyst and to the management 

consumers of his worko In addition management needs to have 

a general knowledge of the significance of the additional 

mathematical sophistication of the various modelso 

Thus, an essential step in any inventory analysis is 

the determination of how far one needs to go in using the 

refined mathematical methods available and where a more 

modified application will do,. A thorough sensitivity 

analysis of the inventory model and its properties is 

necessary to help resolve this questiono 

An important, yet often overlooked, property of any 

decision model is. the sensi ti vi ty .of changes in parameter 

valueso If one has constructed a model that appears to give 

reasonably reliable results in trial applications and that 

is relatively economical to solve, a whole new dimension 

has been added to the decision-making process if the 

variation to parameter values can be evaluatedo There may 

be, for example, uncertainty about the value of a particular 

parametero With a model one may: explore various possible 

values of this parameter and observe the effect of parameter 
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change on decisions and resulting economic outcome, either 

costs or profitso Thus, one could establish the sensitivity 

(or lack of it) of costs and decisions to error in parameter 

estimates a 

.An elementary inventory system is an inventory system 

of simple propertieso The ascertaining of the.se propertie,s 

of the particular inventory system of interest is the first 

step in the analysis of the inventory systemo After speci­

fying all the properties of the system, a model can be 

formulated which can be manipulated for an optimal solutiono 

There has been considerable research results reported 

in the technical literature.concerning the assumptions of 

properties of various inventory systems and the formulation 

of.the resulting model and its optimal solution phases of 

inventory analysiso It is not the intent of this research 

to review these results since they have been adequately 

developed and presented elsewhere in the technical liter-, 

ature., However, this author has °'developed" a conceptual 

framework of the interrelation of the various models 

relative to their properties and their respective inventory 

systems which is presented in Chapter IIIo In addition, 

a complete derivation of the produ,ction with backorder model · 

is presented in Appendix A,, To this author 0 s knowledge, 

this represents the first complete derivation of this model 

in this manner with the solution of the model reduced to 

recognizable form that can be related to the various 

properties that define the inventory system that this model 
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represents., 

Sensitivity 

Sensitivity analysis evaluates the responsiveness of 

management decisions to various factors associated with such 

decisionso Sensitivity analysis can be used to evaluate the 

responsiveness of a model to changes in various controllable 

factors (parameters), and to evaluate the responsiveness of 

a model to various properties from which the model is 

,derivedo It can be used to measure the responsiveness of a 

model to non-optimal or incorrect values of decision 

variables .. This information can be used to facilitate the 

appraisal of alternative courses of action., These measures 

of responsiveness·can be obtained by a measurement of the 

change of the output of a model of a system based on a 

controlled change to an input to that model of the system .. 

The w;hole concept of inventory analysis is based on a 

conceptualized mathematical model of the inventory system's 

properties., Thus, as in using any mathematical model to 

represent a physical system as an aid in the decision 

process, it is of interest to know: 

(1) .The sensitivity of the model to the use of 

"incorrect" (non-optimal) values of decision 

variable so 

(2) The sensitivity of the model to the.use of 

"incorrect'' estimates of the input parameterso 

(3) The sensitivity of the model to the use of 



"incorrectll9 properties of the system that define 

the modelo 

In regard to the sensitivity analysis of invento.ry 

models, the following questions are posed: 

(1) What is the effect of an error in the decision 

variable on the total variable cost (TVC)? 

(2) What is the effect of an error in estimating the 

true value of the parameters on the decision 

variable and the resulting total variable cost 

(TVC)? 
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(3) What is the effect of using the wrong model of 

the system on the total variable cost (TVC) which 

is in effect the consequences of assumming 

incorrect properties of the systemo 

These questions arise in the industrial environment 

for several real reasons: i.e., (a) a production control 

manager who can control the properties of the actual inven­

tory system may want to know whether it is worthwhile to 

change the properties; (b) t.he .optimal decision rules cannot 

be employed, or their employment may be more costly than 

some alternative rules; {c) the detailed estimation of the 

· parameters may be too costly., 

A measurement of the sensitivity of an inventory system 

can be calculated in terms of the change in the total 

variable cost of an inventory modelo White (3] presents 

two different measures of the sensitivity of the total 

variable costs of an inventory modelo However, he considers 
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one of these, the ratio of the actual total variable costs 

to the optµial total variable costs, as being more important 

and considers only this one in.his reporto Alvarez [4] 

presents three types of sensitivity measures which are 

functi.ons of the parameter values only o He considers that 

his mo.del · is correct and consequently does not pursue his 

definitions of at least three additional measures of 

sensitivity involving the combination of the incorrect 

parameter values and the wrong modelo 

In this treatise, the only measure of sensitivity which 

will be utilized is. the ratio of the actual total variable 

costs to the optimal total variable costs. ~owever, this 

measure will be calculated for three different problems. 

(1) The effect of an error in the deoision variable 

(Q) on the total variable costs. 

( 2) The eff.ect of an error in the parameter values 

on the total variable costs., 

(3) The effect of an error in the use of the wrong 

model (assuming incorrect properties)o 

By evaluation of .the measure of sensitivity of these 

three separate problems, several of the sensitivity measures 

as proposed by White and Alvarez will be consideredo 

However, like Alvarez, the combinatioral problem of two 

of the above three conditions will not be consideredo 



I\ , 

CHAPTER II 

LITERATURE SE.ARCH 

This chapter reviews the development of inventory 

theory and defines the bounds of existing knowledge in 

inventory models relevant to the study of the sensitivity 

of various inventory modelso 

The inventory problem has been a popular and fruitful, 

field for researchers since the 1912-1915 derivation of the 
.•.. 

basic lot size relationship by Babcock (1912) and Harris 

(1915)0 Fairfield E" Raymond [5] summarized the work prior 

to 1931o In this classic treatise, the first attempt to 

deal with a large variety of inventory systems was presented 

along with the attempt to include all factors that might 

conceivable affect the economic lot size., This book is 

probably the most complete treatment of the subject of 

economic lot.sizes, including the recent treatments by 

operations research oriented peopleo Very few of his 

recommended procedures for determining economic lot sizes 

were applied to production problems in the following years 1 

possibly due to the economic conditions of the 1930°s .. Many 

of these topics have appeared recently in technical journals 

with little or no acknowledgement of Raymond's contri-

butionso 
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Interest in the study of inventory systems has in­

creased tremendously since World War IIo Industrial 
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engineers, economists, and mathematicians have all added to 

the basic models and systems with numerous publications 

being devoted to the subject. The.publications have run the 

gamut from the extremely simple to highly developed abstract 

modelsa An excellent review and summary of the models and 

systems which were studied until 1951-1952 is presented by 
. ' 

Whitin [6] in 1953a Whitinvs bibliography contains 180 

entries and .covers the period from 1923 to 1951.. The new 

edition of this book (1957) includes some recent develop­

ments as well, and contains 43 addi ti.onal entries which 

cover publications up tq 19560 However, most of the in­

ventory control research has been conducted and resulting 

reports published in the last few years .. These recent 

developments began with the attempt to provide procedures 

which are applicable in situations that had not been 

studied in previous models and systems .. 

A survey of ~he literature of the theory and concepts 

of economical lot sizes (ELS), alias; economical batch 

quantity (EBQ), economical order quantity (EOQ), run size, 

production order, etc .. ,reveals several models proposed to 

optimize a particular criterion such as minimize variable 

costsa These models not only differ relative to the 

criteria being optimized but also relative to different 

assumptions and definitions used by the various authors. 

Some of these differences vanish when definitions are 
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reduced to a common denominator 1 however, others are some­

times difficult to resolveo A review and compairson of the 

various models presented in the technical literature 

probably would be of interest, however, this is not the 

objective of this treatiseo 

The modern approach to inventory problems nearly 

always involves explicit models at some.stage of the 

analysiso One 0 s first encounter with the elaborate mathe­

matical models presented in the technical literature can be 

a frustrating experience relative to judging the relative 

merit of the additional mathematical sophistication intro­

duced to solve an inventory problemo 

In these rec.ent developments, powerful mathematical and 

statistical techniques are utilized in determining. optimal 

policy decisions under specific conditionso These articles 

are highly theoretical and mathematical and have not been 

translated into any form suitable for application to the 

manufacturing environment .. These articles emphasize the 

analysis of hypothetical inventory systems resulting in 

explicit decision policies valid only for the hypothetical 

system studied .. Unsuccessful attempts have been made to 

apply the results to corresponding inventory systems 

encountered in practice since, in general, the actual and 

hypothetical inventory systems do not correspond and adjust­

ments (which invalidate the mathematical optimality) are 

necessary in order to apply ·the resultso 

Considering the numerous articles on the topic of 



optimality of inventory systems and models, it is quite 

surprising that very few have considered the consequences 

of a non-optimal policyo The limited treatment of this 

topic is referred to as Sensitivity Analysiso There is a 

definite need for an investigation of the sensitivity of 

inventory systems and their models according to Fetter and 

Dalleck [7] 

Probably the most important single value to be 
derived from any model for use in a decision 
problem is 'in the area of sensitivity analysiso 
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It is this writervs opinion that information about the 

sensitivity of the inventory system and its corresponding 

model is as critical as knowing the optimal value o~ the 

inventory system and its model since, in general, the exact 

optimal value can.not be attained for practical consider­

ationso As noted previously, the limited number of articles 

and publications on the topic of sensitivity of the inven­

tory system and models t~ in marked contrast to the treat­

ment afforded the broader subject of inventory control 

theoryo There exists a paucity of information which ex-

tensively treats the topic of sensitivity analysis of 

inventory modelso 

The first two papers discussing the topic of Sensi-

tivity Analysis of Inventory Models were published by Joel 

Levy [8, 9] in 1958 and 19590 In the 1958 paper, Mro Levy 

considers the sensitivity of the purchase modelo The con-

sequences of using incorrect data in computing the decision 

variable Q is presented for the purchase inventory modelo 
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The curve indicating the numerical consequences of the wrong 

decision variable on the total variable cost indicates that 

the error in the decision variable Q can vary from Oo53 to 

1a85 and not increase total variable cost more than five 

per cento This range does not coincide with findings of 

this researcho Mro Levy attempts to evaluate the sensi­

tivity of probabilistic inventory models by con~idering 

Bellman°s Dynamic Programming Recursive Relationship 

formulation of the probabilistic inventory modelo ·Levy 0 s 

major findings were that considering a probabilistic inven­

tory model with demand as a stochastic variable, a con­

venient relationship of sens·i tivi ty of the model could not 

be found as was the case for the deterministic modelso 

In chronological order, the next, article relative to 

sensitivity of inventory models was published in July, 1959, 

by Morris Jo Solomon [10]o His major conclusion was that 

the total cost function is often very flat in the vicinity 

of the optimal value of the decisi.on variable and hence 

relatively insensitive to the economical lot size value 

(decision variable) within a fairly wide rangeo Mro Solomon 

then presented two approaches to defining an economical 

lot size rangeo One approach ~nvolves the purchase model 

inventory 9ost functiono The second approach is derived for 

a quadratic cost function which is more general than the 

purchase model inventory cost functiono 

Samuel Eilon [ 11], the following year, presented a 

general approximation for the sensitivity of the function to 
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be optimized by computing an optimal range for the purchase 

inventory modelo He also presented results extending the 

optimal range to a general cost function consisting of two 

variable terms., 

Ralph Lo Disney [12J presented his results on sensi­

tivity of errors in estimation on the true values of the 

parameters of the purchase inventory modelo It is interest­

ing to note that Disney 0 s results is the same general ex­

pression as Levy .. derived in his deterministic analysis., 

However, Disney 0 s curve of numerical values differs from 

Levyvs curves of numerical values., The results of this 

research corresponds to Disney 0 s resultso Disney also 

presented results of the effect of error in parameters of 

the decision variable for the purchase model which corre­

sponds to findings of this research for the purchase modelo 

Richard Withycombe [13] presented his findings relative 

to how much an arbitrary value of the decision variable 

(Q - order quantity) actually used may differ from a calcu­

lated optimal value of the decision variable., This paper 1 

as previous authors, presented results only for the purchase 

inventory model,, His findings were similar to Solomon's in 

that he concluded and presented numerical results to show 

that considerable latitude can be tolerated in deviating 

from the calculated optimal value of the decision variableo 

Accardo and Kabus [14] presented a procedure to 

establish a flexibility interval for the decision variable 

(Q) based on an allowable percentage deviation from the 
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minimum total variable costo The procedure presented was 

based on the purchase inventory modelo This article con­

sidered the case of a flexibility interval for the decision 

variable with no error in the parameters, and a case 

allowing for error in the parameterso 

In the text by Flagle 1 Huggins and Roy [15], there is 

an extensive treatment of the sensitivity of the inventory 

models in the chapter on Elements of Inventory Systems 

written by Naddor., Although this treatment is rather 

extensive for various models of the sensitivity of the model 

to an error in the decision variable and to errors in the 

parameter values, the results are rather difficult to 

interpret because of the nature of the mathematic relation­

ships that were developedo 

In a text, "Inventory Systems", by Naddor [1], the 

results that were reported in Flagle, Huggins and Roy text 

[15] were expanded and discussed in additional detailo 

However, again the resulting mathematical relationships are 

not simplified and the results are somewhat difficult to 

evaluate relative to all the models considereda 

Yo H., Rutenberg (16] presented a method of deter= 

mining the value of the decision variable (EOQ) of the 

purchase inventory model for allowing a range for the setup 

cost parameter,, In effect, this is an analysis of the 

sensitivity of the decision variable to an error in the 

setup cost parameter for this model,, 

Hadley and Whitin [17] provided a limited treatment of 



sensitivityo However, they present the problem of sensi­

tivity analysis of the purchase model and leave the exam­

ination of this part to the student via problemso 
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Fulton (18], in a MoSo thesis, presents a rather exten­

sive analysis of the sensitivity analysis of the parameters 

of several deterministic modelso The mathematical relation­

ship used in reporting his results are difficult to inter­

pret since he did not attempt to indicate any relationship 

between the various modelso However, Fulton did attempt 

to consider the sensitivity of one probabilistic inventory 

model by considering a power function of demando 

Mro .Alvarez [4] reported results of the sensitivity of 

system parameters of several deterministic and probabilistic 

modelso The complete paper that was presented is unavail­

able and unpublished and hence the nature of the models 

considered is not known.a However, the sensitivity relation­

ships that are developed are quite similar to Fulton's and 

again are quite difficult to evaluate because of the 

complexity of the mathematical relationshipo 

A recent and more complete examination of sensitivity 

of inventory models is reported by White [3]o This treat­

ment follows quite closely that of Naddor [1] and also that 

of Fulton [18] and .Alvarez [4]o This treatise.considers the 

sensitivity of several inventory models but fails to reduce 

the sensitivity relationship to simple relationships common 

to all the modelso In fact, two measures of sensitivity 

are introduced which makes it difficult to evaluate the 



results., 

Whitevs paper did consider a probabilistic inventory 

model via expected values of the various parametersQ How­

ever, his treatment was limited to only one expected value 

probabilistic model which did not greatly differ from the 

deterministic model that was consideredo 

In essence, there are a few isolated papers that have 

been published on the sensitivity of inventory models., In 

general these papers only considered the sensitivity of 

21 

the decision variable (the economical order quantity) on the 

purchase inventory modelo A few of the papers considered 

the establishment of a range for the decision variable for 

the purchase model which is, in effect, an analysis of the 

sensitivity of the decision variableo Several of the papers 

also consider the sensitivity of the parameters of the 

decision variable for the purchase modelo 

In general, there is not any correlation of sensi­

tivity values of the various modelso In fact, those authors 

that did deal with more than the purchase model, presented 

mathematical relationships of the sensitivity of various 

models that was extremely difficult to evaluate and did not 

correlate the findings to other models,,<,,,,. 

Also, most of the authors who consider both the sensi­

tivity of the decision v.ariable and the parameters did not 

recognize the relationship between the sensitivity of these 

two factorso 

None of the references previously cited consider the 



22 

sensitivity analysis of the properties of the model which i~ 

in effect, an analysis of the error in using a wrong model 

or the assumptions that were used in the defining of the 

system that the model representedo It is this author's 

opinion that this is perhaps one of the most significant 

aspects of the sensitivity analysis of inventory modelso 

Only the Levy, Fulton and White papers attempted to 

evaluate sensitivity of probabilistic .modelso Obviously 

the mathematical relationship involving the·probabilistic 

demand functions increase the degree of difficulty in 

sensitivity analysis of this type of modelso 



CHAPTER III 

INVENTORY MODEL HIERARCHY 

Methods of Analysis of Inventory Systems 

Eo Naddor 9 in the text by Flagle, Huggins, and Roy [15], 

indicates that essentially there exists three general 

approaches to the analysis of inventory systemso The first 

approach involves the detailed analysis of a general 

inventory system with hopes to apply the results to any 

specific inventory systemo The second general approach 

inv.olves the analysis of specific hypothetical inventory 

systems in a general mannero The third approach involves 

analyzing simple hypothetical inventory systems, then by 

the "building block" concept, analyze the more complex 

systemso 

This writer, as does Naddor, prefers the latter 

approach since it involves methods of analysis rather than 

obtaining general results or results for specific systems 

encountered in practiceo Hence, this can be conceptualized 

as a methodology for analyzing complex inventory systems as 

extensions of elementary systemso 

-· An elementary system is a system with simple properties 

and an elementary system (model) can be extended to a 

different model by an additional assumption pertaining to 

23 
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. one .. · of the properties of the 1~ elementary 11 system., For 

example, the purchase economical lot size model can be 

extended to the production model by the assv.mption of the 

property that the production. rate is not.infinity greater 

than the usage or demand rateo Thus the production model is 

an.extension of the purchase model and the system it repre­

sents is an extension of the purchase inventory systemo 

.Hence, any model can be extended to another model by the 

nature of the propertie~ that are assumed pertaining to the 

inventory systems that the models represent., Generally, one 

would expect that the solution of an inventory model rµid the 

extended models are closely relatedo These relationships 

form a basis of an inventory model hierarchy that has _been 

observed and formulated and is presented as part of this 

research findings., 

A survey of the literature on the theory:. and concepts 

of economical lot sizes (ELS}; alias; economical batch 

quantity (EBQL economical order quantity (EOQ), run size, 

production order, etco, reveal several models proposed to 

optimize a particular criterion such as minimize the total 

variable costs., These models not only differ relative to 

criteria being optimized but also relative to different 

assumptions of properties of the systems and definitions 

used by the various authors., Some of these differences 

vanish when definitions are reduced to a common denominator, 

however, others are sometimes difficult to resolve., A 

review and comparison of the various models presented in 



the technical literature probably would be of interest, 

however, this is not the objective of this treatise. 

Most of the models can be reduced to the mathematical 

relationship~ 

TOTAL COSTS= TOTAL CONSTANT COSTS+ TOTAL VARIABLE COSTS 

TC - TCC + TVC 
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The .constant costs per unit are those that are virtually 

independent of the economical lot quantity (i~.eo, the manu­

facturing or purchase cost consisting of the unit cost times 

the annual demand requirements)o Obviously if price dis­

counts or the manufacturing learning function is applicable, 

then these "constant" costs are not independent of the 

economical lot quantityo However, it is assumed that if 

totaJ. variable costs are minimiz,ed, total costs are mini­

mizedo It is important to note that the total constant 

costs consisting of the product of the unit value or unit 

cost and the demanQ requirements are normally quite large 

relative to the total varfable costso 

The variable costs are a combination of a hyperbolic 

(procurement costs) and linear (holding costs, including 

inters.st and space. charges) term.so It is. emphasized here 

that, in general., all the models can be reduced to a .com­

bination of these _t,wo linear ·and hyperbolic ter.m,so Now, 

TOTAL VARIABLE COSTS -·PROCUREMENT COSTS+ HOLDING COSTS 

TVC = PC + HC 

In order to derive a particular model, the properties of 

the inventory system must be specifiedo As a building block 



for this inventory model hierarchy, a simple or elementary 

model will be discussed in detailo 
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Generally speaking, an elementary inventory system is 

an inventory system with simple properties which are 

essentially assumptions concerning the parameters of the 

inventory systemo Note that the decision as to what is 

simple or complex properties is an arbitrary oneo An ele­

mentary inventory system is defined as a system involving 

the balancing of two costs ( cost of procurement of·· inventory 

and the c.ost of holding inventory) o The properties of an 

elementary inventory system·are defined in detail in the 

following discussion of the purchase rnodelo 

Purchase Model 

Properties of.System 

The specific properties that define the purchase model 

arei 

Demand Propertiesg 

Demand is deterministic (known with uniform usag~ rat~, 

total annual demand requirements will be denoted by D, 

demand rate will be denoted by do 

Replenishment Propertiesg 

1 o The rate of repl.enishment of inventory is infinite.. 

This means that the rate of production which is 

denoted asp is infinitely greater than the rate 

of' demand so that the replenishment of inventory 

is instantaneouso Symbolic p >> d or the total, 



production capacity denoted as Pis infinitely 

greater than total demand requirements P >> D .. 

2o Lead time is deterministic (known and constant) 

or assumed to be insignificant or zeroo 

Cost Properties: 
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All costs will be defined as being of only three types: 

namely, procurement, holding, or shortageo It is 

implied that all other costs are.not pertinent or are 

defined and categorized into these three typeso 

1o Procurement Cost - Costs associated with re­

pl~nishing inventorieso The cost of procurement 

occurs each time a procurement is made. Procure­

ment costs is a linear function of the number of 

procurements~Denoted as No Note that this is a 

hyperbolic cost function relative to the decision 

variable (Q)o Total cost of procurem~nt = (cost 

of procurement)(number .. of procurements)., 

2o Holding Cost~ Costs associated with holding a 

unit in inventory, inc~uding interest and space 

chargeso Holding costs is a linear function of 

the average number of units in inventoryo Total 

holding costs= (average number of units in 

inventory)(holding cost/unit)o 

3o Shortage Cost - Costs associated __ with incurring 

a shortage of inventory itemso For the purchase 

model, shortages are not allowed which is equiva­

lent to the statement that the cost of a shortage 
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is infiniteo Note that the replenishment proper-

ties of this system allows a shortage to be pre­

ventedo Replenishments are made whenever the 

inventory reaches a prescribed level so that 

shortages do not occuro Note ,that thJ$ could also 

be accomplished with proper adjustment of lead 

time and the known demand propertyo 

Constraint Properties: 

In the purchase model, there does not exist any con-

straining propertieso 

Formulation of Purchase Model 

Schematically this system can be represented as~ 

r 
-.-Iavg 

t = time interval between Q1 begins' with Q units on hand 

and ends with zero unitso 
eriod 1 ·. 1 .,Q 

proc·urements planning period = N = 1)Q = D 

Procurement Costs= (Cost Per Procurement)(Number of 

PC 

Holding Costs 

HC 

Procurements) 

= N 

= (Holding Cost Per Unit Time)(Average Number 
Units Held) 

= Q/2 
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Manipulation of Model for Optimal Value of D~i_§_ion Variable 

TVC = CpN + CHQ/2 = CpD/Q + CHQ/2 

Where N = D/Q 

o TVC CpD CH 
0. 'Q =·0 ":" ~ + 2 = 0 

Q 

Q=/¥ 
The above model is an excellent example of an oper~ 

ations research model insofar as the decision variables 

under control (only one in this model -·Q) can be specified, 

a function to.be optimized can be defined and then the value 

of the controlled decision variable which opt:lrnizes the 

desired function can be determinedo In this model, the 

decision variable (Q = the economical lot quantity) .which 

minimizes the sum of the total variable costs can be found 

by a simple mathematical method such as differentiationo 

Production Model· 

Properties of Slstem 

Specific properties that define the produption model 

. are: 

Demand Properties: 

Same.~s for purchase modelo 

Replenishment Properties: 

1o The rate of replenishment of inventory is not 

infiniteo However, the production rate pis 
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greater than the demand rate, p > dG Note that 

the demand rate is such that during production of 

the lot ·size, consumption of the uni ts occur to 

satisfy demand and the full lot size does not 

enter inventoryo 

2o Lead time is same as for purchase modelo 

Cost Properties: 

Same as for purchase modelo 

Constraint Properties~ 

Sarne as for purchase modelo 

Formulation of the Production Model 

Schematically this system can be represented as: 

TVC = PC+ HC 

= Cp N + CH Q/2 ( 1 = ~) 

D 
CH Q/2 ( 1 - ~ ) = Cp Q + 

D C Q/2 (P~D) = Cp Q + H 
l 

Manipulation of Model for Optimal Value of Decision Variable 

From which 

· -t!i{;CpD -~CpDM1 -~·_2CpD~ 
C 1--- H 1-- H Q - ( D) - C · ·· · D - C P= D 

. H p p 
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Backorder Model 

Properties of System 

The specific properties that define the backorder model 

are~ 

Demand Properties: 

Same as for purchase modelo 

Replenishment Properties: 

Same as for purchase modelo 

Cost Properties~ 

1o Procurement Cost -- Same as for purchase modelo 

2o Holding Cost - Same as for p~chase model .. 

3o Shortage Cost - Costs ·associated with in,~urring 

a shorta.,geo This model.allows a shortage to 

.. occur with the demand remaining captive such that 

it is l:!Upplied from future productiono This cost 

is considered to be a linear f~ction of average 

number units that are short a1+d backorderedo 
., 

Total 'Shortage Cost = J Average,_numbe:r Q;f uni ts 

·backordered)( Q91;3t of _shortage per unit) o 

Constraint Properties~ 

~ame __ a,:J? for purchase model .. , 

Formulation of the Backorder Model. 

Schematic,aJ.ly this Sj'."Stem c~ be :r;-epresented as: 

.........,_~_l 
S ~ Number of units short ---.-
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TVC = Procurement Costs+ Holding Costs+ Shortage, Costs 

= PC + HC + SC 

= ( Cp)(N) + (CH) ~ + Cs (Average number short) 

D ~ S · = Cp Q + CH 2 + CS 2, 
- - --3,. ~/ ' "! • 

Manipulation of Model for Optimal Value. of Decision.Variable 

From which (See Appendix A for complete derivation) 

. Production With Backorder Model 

Properties of System 

Specific p;roperties that define the production with 

backorder are: 

Demand Properties:: 

Same as for the purchase modela 

Replenishment Properties: 

Same as for the production modela 

Cost Properties:: 

Same as for the backorder modelo 

Const.raint Properties:: 

Same as for the purchas,e model a 
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Formulation of the Production With Backorder Model 

Schematically this system can be represented as: 

Manipulation of Model for Optimal Value of Decision Variable 

From which the fo1·1owing is obtained (See_ Appendix A): ·. 

As previously noted, extensi"-e work has beeri. reported 

in vari:ous texts and technical literature relative to,the 

derivation of the optimum inventory policy for various 

~odels ?.ased-on different assumptionso However, as far as 

this writer can ascertain, _this is the first presentation 

showing the interrelations of the various models, their 

respective properties, and resulting formula for the optimum 

value of the decision variableso 

Of course, it should be noted that the value of the 

optimum decision variable can be used to answer the two 

important inventory questions: (1) how much to make or buy 

(Q), and (2) when to order (t)- the time between orderso 
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This hierarchy of inventory models that is related to 
. 0 

the properties of the inventory system being defined is of 

considerable interest and value~ Upon the inspection of 

Table I, which illustrates the relationships of the various 

properties and their effect on the decision variable formul~ 

it appears that each property has the same effect on the 

decision variable regardless of the particular modelo As 

~ ::~::;i:::ea::~~i::f:::t0;~ c:st :: :::r:~:s:::p~rty 
variable in each model that this property is assumedo Like­

wise the assumption that the replenishment rate property is 

not infinite has an effect of~ on the decision variable 

in each model for which this property is assumedo Hence, 

it appears that by knowing the effect of the various proper­

ties on the decision variables of these models, additional 

models v. decision variables could be directly formulatecl 

without the mathematical manipulation of complex total 

variable cost functions that·evolve when the combination,of 

several properties are assum_ed to define a particular model 

of interesto 

This "building block" concept of determining decision 

variable formula could be of considerable aid in the 

analysis of more complicated inventory systems simply by 

knowing the effect of various properties on the decision 

variable formulao 



TABLE I 

COMPARISON OF INVENTORY SYSTEM PROPERTIES THAT DEFIHED THE VARIOUS INVENTORY IIIODELS 

-~ Properties Purchase Production Backorder Production With Backorder 
'' 

Demand Known and Known and Knovm and Known and 
Constant Constant Constant Constant 

Replenishment 
Replenishment Rate Infinite (P>>D) Finite (P >D) Infinite (P>>D) Finite (P > D) 
Lead Time Zero or Knovm Zero or Knovm Zero or Known Zero or Known 

and Constant and Constant dlld Constant and Constant 

Cost 

Procurement Cost Linear Function Linear Function Linear Function Linear Function 
of Number of of Number of of Humber of of Number of 
Procurements ~rocurements Procurements !Procurements 

Holding Cost Linear Function Linear Function Linear Functior: !Linear Function 
of Average of Average of Average of Average 
Inventory Inventory ' Inventory Inventory 

Shortage Cost Infinite Infinite Linear Functior: Linear Function 
of Average of Average Number 
]'lumber Backordered 
Backordered 

Constraint None None None Non~ 

Schematic Repre- ~ G ~ ~ sentation of System , ' 
Decision Variables 
Formula: 

Qo =}2~Dj P:D Optimum Lot Size Q =12CpD -J2CpvCH+Cs -J2Cp1CH+C~ Qo - C. C Qo - CH Cs P-D o CH H S 

Optimum Num.ber so = 0 so= 0 fl~ ff~~ Backorder so = ewes So= S CWC P-D 
l,J 
IJl 



CHAPTER IV 

SENSITIVITY ANALYSIS OF DECISION VARIABLES 

There are .three general decision variables in a 

deterministic inventory model.: ( 1) the economical order 

quantity, (Q);. ( 2) th.e _tiµie between orders, ( t); and 

(3) the number of orders per·year, (N)o In essence, if a 

value for one of the decision variables is specified or 

known, the other two decision variable values can be 

determined from simple identities that exist as corolla.ries 

from the definitions of the model and the properties of the 

system that it represents. 

This chapter deals.primarily with the sensitivity 

analysi_$ of. the decision variablea A measure of the sensi­

tivity of the, economical lot size on the to.tal variable 

cost, function has been evaluated for the purchase, pro­

duction, backorder, production with backorder, and re­

st.ri9ted variables models. A measure of the sensitivity of 

the decision variable ( t }- on the total variable cost 

function has been evaluated for the purchase model from 

which it follows that results will be the same fort;he other 

modelsa Likewise, a measure of the sensitivity of the 

decision variable (N)- on the total variable cost function 

has been evaluated f'or the purchase model from which it can 
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be concluded that similar results exist for the other models .. 

The sensitivity of a general inventory cost. function con-:­

sisting .. of a hyperbolic_ term and a linear term was evaluated 

with the same results as-all the previous models .. Hence, it 

is concluded that if the cost function consists of the sum 

of a hyperbolic and linear terms, its sensitivity to a 
2 

change in the decision variable will be 1 ~WW where Wis 

the ,per cent deviation of the. actual value of the decision 

variable to the optimal value of the. decision variable.. The 

measure of sensitivity that· w~s evaluated was the ratio of 

tot.al variable costs with the nactual" or "wrong" value of 

the decision.variable to the total variable costs with the 

optimal value of the decision variable., The "actual" or 

"wrongttvalue of the decision variab::l..e was expressed as a 

percentage of the optimal value of the decision variableo 

Expressed mathematically 

where 

Q' = w Q 
0 

Q' = 11 actua1 11 or "wrong" valu_E;l of decision variable 

Q0 = o:ptimal value of decision variable 

W = percentage deviation of the .actual.value of 
the decision variablE;l to the optimal value 
of the decision variableo 

Table II summarizes the results of the evaluation of 

the various inventory models and their sensitivity to an 

"error" in use of a "wrong" value for a decision variableo 

The derivations of the measure of sensitivity for the 

various models are presented in Appendix Bo 

- ~. 



Upon examination of Table II it is obvious that the 

sensitivity of any of the decision variables is the same 

for all the model.So Further note that the measure of 

sensitivity is independent of the decision variable itself 

and only a function of W which is the percentage deviation 

of the actual value of the decision variable as related to 

the optimal value of the decision variableo 

Purchase 
Model 

.. 

Production 
Model 

Backorder 
Model 

Production 
.with 
Backorder 

Restricted 
Variable 
Model 

TABLE II 

MEASURES OF SENSITIVITY FOR ALL MODELS 
AND ALL DECISION VARIABLES 

Sensitivity of Sensitivity of Sensitivity 
Decision Decision Decision 
Variable Variable .Variable 

Q t N 

1 + w 2 1 +-W 2 1 + w2 
2W 2W 2W 

1 + w2 1 + w2 1 + w2 
2w, 2W 2W 

1 + w2 1 + 
. 2 

1 w2 w + 
2W 2W 2W 

1 + w2 1 + w2 . 1 + w2 
2W 2W 2W 

1 + w2 1 + w2 . 1. + w2 
2W 2W -2W 

If 073 ~ W ~ 1o37 then the change in the TVcv/TVC0 

ratio will be less than five per cento .Some specific 
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of 
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numerical_values of Wand changes in the TVC 0/TVC0 ratio are 

shoyim in Table III and Figure 1o This indicates that the 

cost consequences of an "error11 in the decision variable 

greater than the "correct" value of decision.variable is of 

less significa;Q._ce. than having an. incorrect value of the 

decision ,rariable less than the "correct" value of the 

decision .variableo 

TABLE·III 

RANGE OF W FOR VARIOUS PER CENT CHANGES 
. IN THE-. T~~ 9 /TVC0 RATIOS 

.. 

·Change in Range of W · 
TVC 1JTVC 

. 0 -

:s: 1 % Oo87 :s: w· :s: 1o15 

s: 2 % ... 0 .. 82 s: w ·s: 1 .. 22 
.. 

:s: 3 % 0.79 s: w s: 1.27 

% 
,: 

:s: 4, Oo76 :s:;. w :s: 1 .. 32 

:s: 5 % .. o .. _73 :s: w :s: 1037 
, ..... 

:s: 6 % 0.71 s: w; :s: 1 .. 41 

:s: 7 % . 0.69 :s: w :s: 1 .,45 

s: 8 % 0.68 :s: w s: 1 .,48 
--

:s;;· 9 % 0066 s: w. s: 10 52 . 

s 10 % Oo65 :s: w :s: 10 55 
.. 

s: 25 . % 0.50 s: w :s: 2 .. 0 

:s: 68 % .' 0.33 :s: w :s: 3 .. 0 

s 112-.5% .. 0 .. 25 $ w :s: 4o0 
.. 

- ' 
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6,0 

0 
0 
:> 
~ - 5.,0 
0 
:> 
E-1 

4 .. 0 

.,, 
~ 

3.,0 

0.,QH-++tt-+-+i'++-+-+++tt-++-,H++-++++-+-+-Hl-+++-++++-+-++-l-++++-+-+-+-l-++-l-++++-+-+-+-l4-l--l-+++.-W..U 

OoO 6.,0 7,.0 
w 

Figure 1 .. TVC'/TVC0 Ratios Versus W Values 
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Note that 

TVC' 1 + ,i' . 1 + r J2 
TVO O = ·· 2W . = . 2, ~ · 

TVC' . which indicates that the same effect·of' W pn the. TVCo ratio 

is aJ.so obtained from the inverse of '!fo 

In the previous chapter:it.was noted that the total 

constant costs are normalljr.quite. dominant relative, to· the 
• , I . , , 

· total V~riable CO$.t&o Hence, a "large 11 .error.could possibly . ' · .. ~. ' ' . 
occur in· the, total variable costs and··yet .. the .effec.t on i;he 

..... t.otal costs could· be quite smallo 

TOT.AL COSTS = TOTAL CONSTANT cos~~ + TOT.AL VARIABLE. ~os~s 
TC = 

TC~ = 

TCC 

TCC 

+ 

+ 

Me:aitir~.·:;.of:,sensi tivi ty of Tota1 Costs (TC)· 

TC' ·Tee + TVC' 
' TOO = TCC + TVCO 

2 
TCC + - 1 + W TVC -2W o =.,,,,....,----------~~~-TCC + TVC0 . 

TVC 

TVC' 

Hence, if .the TCC term is lJ~.rge r-elative to· the TYQ term, .then 

a large error in the TVC term will result in relatively 
i 

small change in the total costso 



CHAPTER V 

SENSITIVITY ANALYSIS OF PAR.AlVIETERS 

An important consideration in the use of any model is 

its sensitivity to changes in the parameters of the model. 

The collection and_analysis of information and data leading 

to the estimation of the.following parameters; demand, 

procurement costs, holding costs and shortage costs are 

. proce.sses subject to error. Thus it is quite important to 

know the effect of erroneous values of parameters on the 

total variable cost since the refinement of the estimating 

procedure incurs additional time,-effort and money. _This 

chapter considers .the problem of the effect of an "error" 

in the true value of the p~re;meters on the economical lot 

quantity and the re·sul ting total variable costso 

The sensitivity of the inventory systems to the use of 

"incorrect" estimates of the input parameters has been 

evaluated for the purchru:ie, production, backorder and · 

production with backorder modelso The use of "incorrect" 

values of the parameters of the various models will effect 

and possibly result in an "incorrecttt value of the decision 

variableso The results of Chapter IV indicated that the 

sensitivity of the various models to the effect of an 

"incorrect" value of a decision variable on the total 

42 
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variable cost was a function of only W - the per cent 

deviation of the actual value of the decision variable rela-

tive to the optimum value of the decision variableo Mathe­

matically this was defined as Q' = WQ0 o In turn, W ~ QQ' · 
' 0 

which allows W to be interpreted as the ratio of the "actual" 

decision variable to the optimum value of the decision 

variableo This can be further defined as the ratio of the 

para.meters of the actual value of the decision'variable to 

the parameters of the optimum value of the decision variable 

for any model of interesto 

Denote errors in the· estimates of para.meters by primes 

·· C ' C ' D' 1oeo, H, p, o 

Purchase Model 

fl-Q -o - H 

D' 
n 



Production Model 

pc;n-,;­
Qo =J~,/.,.-:::--n;p 

, ~J2Cp 'D' j 1 Q-c• ...-----.--H 1-D'/P' 

. J , .. 2C 'D' · ,; .. n , · P P' :, "'P · D' 
·. ' I I ~· - I• -

W = .2.'._ = CH '.j;ij;.. -' Gp D 

Qo j2CpD Jp - en' 
CH "P-? CH 

Backorder Model 

C '+C ' H S 
C I s 
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Production With Backorder Model 

Change in . 
TVCt7TVC 0 

:s; 1% 

:s; 2%. 
:s; 3% 

:s; 4% 

:Ii: 5% 

:s; . 6% 

:Ii: 7% 

s 8% 

s 9% 

:s; ·. 10% 

D 
1 - p 
1 D' -pi' 

Range of W 

Oa87 :s; w :s; 1o 15 

Oa82 :s; w :s: 1o22 

Oo79 :s; w :Ii: 1o27 

Oa76 :s: w :s; 1o32 

Oo73 :s; w :s; 1037 

Oo71 :s; w :s; 1.,41 

Oo69 :s; w :Ii: 1.,45 

0068 :s; w :s; 1o48 
~ ' 

0066 :s: w s 1.,52 
' 0.,65 :s; w :s; 1o55 

45 
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For example, note that for any combination of values of 

ratios of the estimated to the true.values of the parameters 

that are in the range of the W, from Oo73 to 1.37, then the 
2 

change in the TVC'/TVC0 ratio= 1 tww $ 5 per cent.· Hence, 

if Wis in this range then the change in total variable 

costs will be less than five per cent regardless of the 

model being consideredo As an example, for the purchase 

model:. 

Change in Tvcv :=- 5?& 
TVC0 

if 

for the production model: 

Change in i~g' $ 5% if 
0 

Oo73 $ W $ 1o37 

0.,73 ~·~ ~ 1o37 
. Qo 

0 .. 73 $ 

0 .. 73 

Oo73 

and so forth for the other modelso The more complex the 

model, additional ratios_of the estimated to true values of 

the parameters are involved in the W relationshipo As a 

general observation, the errors in over and under-estimation 

of several parameters could well cancel the effect of each 

othero Also, the effect of estimating error is greater for 
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unde::r-estimation than for over-estimationo However, it 

seems logical that the likelihood of severe under-estimation 

is much less than of severe over-estimationo 

This lack of ~ensitivity to errors in estimating 

parameters values isa saving grace since, if this was not 

true as discussed in this chapter, large periods of time 

and large quantities of money would have to be· spent in 

gathering and refining estimates .. Fortunately this.is not 

necessary and 11 quick-and-dirty 11 estimates are generally 

sufficient to guide action and control decisions .. 

TABLE IV 

SUMMARY OF EFFECT OF ERRORS IN PARAMETERS 
FOR THE VARIOUS MODELS 

Model 

Purchase 
Model 

};reduction 
Model 

Backorder 
Model 

Production 
With 
Backorder 
Model 

W= 

W= 

Value of W 

Cp I CH nv - n cT Cp H 

Cp • CH D' 
Cp F ~v 

Cp I CH no 
Cp ncT H 

in Terms of Parametets 

J1 1 
- D'ZP' 

l1 1 
- D/P 

(C u 
CH'+ 
s ~(~! + 1) 



CHAPTER VI 

SENSITIVITY ANALYSIS OF 90 WRONG" MODELS 

The most significant problem in the consideration. of 
.~ 

inventory models is the selection of the appropriate model 

which is defined by ·the properties of the system being 

describedo If the total variable costs of the various 

models are c9mpared, then a measure of the sensitivity of 

using the models can be obtainedo However, the difference 

between the models is, in essence, the difference of the 

properties that define the modelso Hence, a measure of the 

sensitivity of the properties can be evaluated which is a 

measure of the assumptions concerning the properties of the 

system that the various models represento In the industrial 

environment this problem is important to the production 

oontrol manager who may be able to control the properties of 

the. actual inventory s;y-stem and wants to kno\11/ __ if it is 

wofthwhile to make a change in the properties ... The quanti­

tation of the significance of-the difference of the various 

models is one of the more significant findings of this 

research activityo 

48 
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Measure of Sensitivity Based on The "Actual" 

Model's Total Variable Cost Function 

There are two measures of sensitivity. that can be used 

in evaluation of the properties of an inventory system that 

define a particular inventory model .. The first and simplest 

measure of sensitivity involves using the ratio of the total 

variable cost of the "actual" model with the ttactual" model''s 

decision variableo This measure of sensitivity assumes that 

the "true" model and its resulting decision variable is un-

known while computing the total variable c_ost of the "actual'' 

modelo Hence, the total variable cost relationship and the 

decision variable associated with the 11 actua1u model is 

utilized in the determination of the total variable cost of 

the ttactualff modelo Thus the measure of sensitivity is~ 

where 

TVC 1/TVC0 

TVC' - total variable cost of "actual" model with the 
11 actual 11 model vs decision variable ~- Q' 

Q' - decision variable of "actual" model 

TVC0 

Q 
0 

total variable cost of "true" model with "true" 
model's decision variable -- Q0 

decision variable of "true 01 model· .. 

Using this measure of sensit~vity, various combinations 

of the purchase, production, backorder, and production with 

backorder models are evaluated .. It .is noted that if a 

p:\ll'chase model is the "actual" model and the production 

model is the "true" model a measure of the sensitivity of the 

purchase _model versus the production model- __ can be o.bt~ined .. 
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Purchase Model Versus Production Model 

The difference between the purcl},,ase model and the pro­

duction model is the replenishment property concE)rning the 

rate of replenishment of the inventory, hence a measure of 

the sensitivity of this prop.e.rty or assumption is obtained 

when the ratio of these two models' tot.al variable costs are 

comparedo Further, note that the reciprocal of .. these two 

models is a measure of the sensitivity of the production 

model as the 11 actua1n model as compared to the purchase 

model as the ntrue" modelo 

Actual Model 

Q' =l~D 
TVC' 

CD C Q' p H 
= Q'+-r 

True Model· 

Meas-q,re of Sensitivity is (See Appendix C, page 117): 

TVC 0 ~ '1 
TVCO = 'V P=15 = ,/T7D/P 



D/P Change in 
· TYO 8 /TVC 0 

$ 0093 Oo 10 

$ 10% 

The interpretation of this measure of sensitivity of 

the purchase model versus the production model is that if 

the purchase model is the 11 actual" model u.sed and the pro­

duction model is the 11 true 11 model, then the total variable 

costs are over-estimated by the factor~P:D o This over­

estimation of the holding costs is caused by the fact that 

ave.rage inventory of the purchase mode'J,.. is Q/2 whereas the 

average 1nven ory o e pro uc ion mo e is 
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. t f th d t . d 1 . Q/2 ( Pp- D )o 
The~P:D factor relates to the quantity of production (Q) 

which is used to satisfy the demand during manufacturing 

time and did not go into inventoryo 

If the D/P ratio is less than 00093 ~ Oo 10 then the 

change in TVC'/TVC0 will be less than five per cento Hence, 

any combination of values·of D (Demand) and P (Production) 

that result in a ratio less than approximately Oa10, the 

resulting increase in cost due to using the "actual" model 

will be less than five per cento 

Purchase Model Versus Backorder Model 

If the ratio of the total variable cost of the purchase 

model and the backorder model &re compared a measure of the 

sensitivity of. the cost property as§.u.ming infinite shortage 



costs is obtained since this ·is the only difference of the 

properties of the systems which the two models represento 

Actual Model 

Q' =J~~ 

True Model 

Measure of Sensitivity is (See Appendix C, page 118): 

Change in 
Tvcn7TVC 

0 

52 

The interpretation of this measure of sensitivity of the 

purchase model versus the backorder model is that if the 

purchase model is the "actual u .. model used and the backorder 
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model is· the •true• model, then the to·ta1 v7iabl'r; costs 

will be incorrectly estimated by the factor .·. or N . This over-estimate.s the total variable costs by 

this factor which is the difference of the respective 

decision variables of·the two modelsa 

If.the CH/cs is less than approximately ten per cent, 

then·the change in total variable costs will be less.than 

five per cent., This means that if the cost of sho_rtages is 

less than ten times the cost of holding a unit in inventory, 

then using an 11 actual" mod~l ignor:Lng. the cost of shortage 
I 

will increase the total variable costs less than five per 

cento 

Purchase Model Versus Production With Backorder Model 

If the ratio of the.total variable cost of the purchase 

model and the production with backorder model are compared, 

a measure of sensi ti:vi ty of the combination of the cost· 

property assuming infinite shortage cost and the.replenish­

ment property assuming that instantaneous replenishment of 

inventory is obtained,, 

Actual Model 

TVC' 



True Model 

Measure of Sensitivity is (See Appendix C, page 119): 

CH D 
-+-c p s 

S: 1o20 

Change in 
TVC 1JTVC0 

s 10% 

The interpretation of this measure of sensitivity is 
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that any combination of 
CH 

the two terms 1 .+ ~ 
s 

then the change in the 

the square root of the product of 

1 and 1 = D/P that are less than 1010, 

total variable costs will be less 



than five per cent.. It has aJ.so been observed from numerical 

data that if the sum of the two ratios ( Cr!Cs + D/P.) is less 

than ten p'er,cent, then. the change in the total variable 

cost will be equal to.or less than five per cent .. 

Production Model Versus Backorder Model. 

If the ratio of the totaJ. variable costs of,. the pro-

duction model and the backorder model are compared, a measure 

of sensitivity of the two properties that distinguish the 

two models is obtained .. The properties involved are: 

(1) cost property, that cost of shortage is assumed infinite 

in the production model; (2) replenishment property, that 

the backorder model assumes instantaneous replenishment of 

inventoryo 

Actual Model 

QO -lCpDJP-D 
. - CH p 

TVC' 
CpD CHQO p -D 

=°QT+-r~ 

True Model 

Qo 
=PCpD J°'1 + CS 

CH GS 

so .flM = S CH+ CS 
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Measure of Sensitiv:i,.ty is (See Appendix C, page 120)g 

... .,, 

lPD s Change in 
TVC 1]TVC 

. . 0 

=' 1a10 =' 5% 

~ . 1 a 20 ~-10% 

In the comparison of these two models, the measure of 

sensitivity is quite .. large before a .. significant change of 

five per c-ent in total variable costs occursa Note that the 

TVC'/TVC0 =JCHC+SOsjPpD =J ~ + ~ j 1 - .~ upon inspection 

of this rat~o, it becomes obvious that as CH/c8 and D/P both 

beqome large, that the effect of the error is relatively 

small since they have opposite effect on, the TVC 0/TVC0 ratio.. 

Note that the two distinguishing properties which are 

associated with the two model.II being evaluated, also differ­

entiate,~ the p~chase. mo.del and the procluction with back-
• 

order modela However, in the pre.Jious evaluation, both 
.:.'-• •, 

. ti. 

properties th~t .. distinguished the two model~--~~re associated 

with only .,_one, model, namely, the production with backorder 

model.. It is of'"interest: to_ note, the similarity: .. of the 

TVC 0/TVCO ratios which satisfy the intuition of the nature 

of the two comparisonso· 



Production Model Versus Production With Backorder Model 

A measure of the sensitivity of the cost s}:l.ortage 

property which assumes cost of shortage is infinite can be 
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obtained by comparing the ratio of the total variable costs 

of the production model to the production. with backord;$r 

modelo. Notice that this result is the same as comparing the 

purchase model to the backorder model since both comparisons 

involve models that are distinguished only by the assumption 

concerning the cost property o; 

Actual Model 

Q' -J2CpD J p 
- CH . P-D 

- CpD ,CHQ' (p - D) 
TVC V - Q O + 2 ~ p 

True Model 

Measure of Sensitivity is (See Appendix C, page 122h 

R = 
s 



C H 
Cs 

s 020 

Change in 
TVC'/TVC0 

s: 10% 
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The interpretation of the table values a:r::-.$. the same as 

for the .. purchase motel versus the backorder model measure of 

sensitivityo 

Backorder Model Versus Production With Backorder Model 

If the ratio of the total variable costs of the back-

order model and the production with backorder model are 

com.ptared, a mea-sure of sensitivity is obtained of the re-

plenishment property relative to the assumptions of instan­

taneous replenishment of inventoryo It is noted that the 

comparison of these two models result in measuring the 

sensitivity of the replenishment property that is measured 

in the comparison of the purchase model to the production 

modelo Ag~in, it is. reassuring to obtain the same results 

in both comparisonso 

Actual Model 



T.rue lVIode.l 

Measure of Sensitivity is (See Appendix c, page 123): 

D 
p 

s: 0 093 

Change in 
TVC'7TVC0 

s: 5% 

s: 10% 

This interpretation of this measure of sensitivity of 

these two mod~ls is the same as for the comparison of the 

purchase model and the production modelso 

Note that with the measure of sensitivity in Table V, 

the error of using the ttactual" model, is the ratio of the 

11 true" model 8 s decision variable to the "actual" model's 

decision variableo 

59 



TABLE V 

SUMMARY OF MEASURES OF SENSITIVITY FOR COMPARISON 
OF VARIOUS MODELS BASED ON "ACTUAL" MODEL'S 

,TOTAL VARIABLE COST FUNCTION 

60 

~ 
Production 

- With 
Purchase Production Backorder Backorder 

Model Model Model ModeL, 
., ' 

Purchase 1 JP:_D ~ fPJ°w-cs 
Model P-D C . s 

Production f;;D 1 J¥t~cs ~ Model 

Backorder ~ ~C;Cs 1 jP:D Model 

Production Mc;cs ~ JPpD With 1 
Backorder 
Model 

Measure of Sensitivity Based on The °'True" Model's 

Total. Variable Cost Function 

The second and more difficult to analyze measure of 

sensi ti vi ty is defined as the. rati_o of the total variable 

cost of the •1true 8' model wi.th the non-optimal value of 

decision variable based on the "actual" model to the tota;t, 

variable cost of the ottruen model using the optimal v·alue .of 

the decision variableo This measure of sensitivity assumes 
·, 

that.the "true" model is known but that a decision variable 

of an erroneous model is used in ascertaining the total 
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variable costo Hence, the 11error11 in the total variable 

cost is only a function of the.decision variable from the 

uactual II model and not a functio.n of the total variable cost 

function of the Hactual 11 modelo 

where 

Thus the measure of sensitivity is: 

TVC 1/TVCO 

TVC 0 = total variable cost of 11 true 11 model with 
11 actual 11 lll,Odel 0s decision Variable - QD 

Q0 = decision variable of "actual" model 

= total variable cost of 11 true 11 model with 
"true" model's decision variable 

Q0 = decision variable of "true" model .. 

Using this measure of sensitivity, various combinations 

of the purchase, production, backo;r:der, and production with 

backorder models are evaluatedo As with the first measure 

of sensitivity, if the production model is the 11 true 11 model 

and the decision variaI-be is based on the purchase as the 

"actual" model·, a measure of sensitivity of the purchase 

model versus the production model can .be obtainedo This is 

in ,effect a measure of the s.ensi tivi ty of the· assumption 

concerning the instantaneous .. replenishment. property of the 

purchase modelo A$ will f?imilarly be the case for all the 

comparisons, the reciprocal .of these two JP.Odels is a measure 

of the sensitivity of the production model as the "actual" 

model for the decision variable and the purchase model as 

the "trUe 81 modelo 
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Purchase Model Versus Production Model 

If the ratio of the totaJ. variable cost of the purchase 

model and the production model are compared a measure of the 

sensitivity· of the replenish~ent property which assumes 

instantaneous replenishment of inventory is obtainedo This 

measure.of sensitivity evaJ.uates only the effect of using 

a "wrong" vaJ.ue of a decision variable which may be based 

on a 11wrong11 modelo This sensitivity value will be less 

than the previous computed measure since in both terms of 

the ratio, the "true" model is assumed to be know.no Note 

again that the reciprocaJ. of these two,models is a measure 

of the sensitivity of the production model and its decision 

variable as the ttactual. 11 model as compared to the purcnase 

model as the II true 11 .model o 

ActuaJ. Model 

True Model 

TVC 1 

TVC 
0 



Measur.e. of Sensi ti vi ty is .( See Appendix C 11 page _124 ) : 

TVC' = 1{ 2 P - D) 
TVCo 2\ 4P - D 

-1[ ,--y-.. . w-::--n] 
- 2 "[r=-15 +1--r 

= ~[/1 _ 1D/P + J1 - D/P J 

.. 

D/P Change in 
TVC 0]TVC 

0 

:s: 0 .. 24 :s; 1% 
:s; 0 .. 32 s: 2% 

:s; 0 .. 38 :s; 3%. 

.:s: 0 .. 43 s: 4% 

:s; 0 .. 46 :s; 5% 

:s: 0 .. 49 :s; 6% 

s 0 .. 52 :s; 7% 

:s; 0 .. 54 :iii:· 8% 

:s; Oo5o :s; 9% 

:s; ·0058 s: 10% 
.. 

The interpretation of the table can be illustrated by 

considering the_D/P ratio of Oo46 which has a change in the 

_ TVC 1/TVC0 ratio of five per cent .. This means that the·D/P 

{demand requirements to production capacity) ratio can be 

as high as Oo46, and the total variable costs of using the 

decision variable based on the "actuaJ. 11 model will be less 
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than five per cento As previously discussed, this measure 

of sensitivity quantifies the effect of using the replenish­

ment property which assumes instantaneous replenishment of 

inventoryo The sensitivity of this propert~ relative to 

the total variable costs is not critical since the D/P 

ratio can approach one-half and not exceed the total variable 

costs by six per cent o Hence, the ''error'' of using the 

purchase model's decision variable rather than the "true" 

production model's decision variable is less than six per 

cent if the demand. requirements to production capacity ratio 

is less than 0 .. 50 .. 

Purchase Model Versus Backorder Model 

A measure of sensitivity of the cost property that 

assumes that cost of sll.ortage is infinite in the purchase 

model can be obtained by comparing the ratio of the total 

variable costs of the purchase model and the backorde:r_ model, 

since this is the only prope.rty that distinguishes the~se two 

models., 

Actual Model 

S' = 0 

cPn cHQ, .. cs•f <ewes, 
TVC 1 = ~+~ - CH(S') + 2 Q, -, 

CpD CHQ' 

=~+z-TVC 1 



True Model 

) 

Measure of S.e:risi tivi ty is ( See Appendix C, page 125): 
,. 

Tvc 0 ~H + 0s MH TV'o:°= · C = 1 +c 
0 S S 

CEfCs. Chan's in 
TVC 0 TVC0 

' 

IC Oo02 IC 1% 
·, ' ... 

s: Oo04 J,;. 2% 
': .. , .. , ... 

:s: Oa06 :s: ·3%·· 
) 

Oa08 4% $ :s: 

:s: Oa 10 
' :s: 5% C-

; 

:s: 0~12 s: 6% .... 

:s: Oa 14 s: 7% 

s: Oa 16 :s: 8% 
... 

s: Oa 18 :s: 9% 
.. 

,;. Oo20 s: 10% ; 

.. 

This measure of sensitivity of this cost property can 

be interpreted by an exampleo If the CEfCs ratio is less 
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than Oo 10, 'then the change in the totaJ. variable .costs will 

be less than five per _cent .. This says th.at -if the unit cost 

of shortage is less than ten times the cost of holding an 

unit in inventory, then the increase in the total variable 

cost will be less than five per cent, which indicates.that 

this cost property can be ·ignored in practical consider­

ationso 

Purchase ,Model Versus Production With Backorder lVI.odel 

A measure of sensitivity of the shortage cost property 

in combination with the replenishment property can be 

obtained by comparing the ratio of the totaJ. variable costs 

of the purchase model I s decision variable based .. on the 

production model as the ''true" to the production model· with 

its. de_cision variab.le as the "true" model .. 

Actual Model 

Q'ff 

True Model 



Measure of Se~sitiyity is (See. Appendix c,.page 126): 

.CJ/Cs D/P Change in 
TVC_']TV00 

'. ·; ., 

.$ Oo10 :!ii 0410 .. s 5% 
. . 

·c Oo.09 :s: .. o.~:20 ' 5%' ,, 

' O_o08 s 0 .. 25 ' 5% 
.. . . .. , 

s Oo.07 :s: Oo30 :S· 5% 
:s: 0 .. 06 :s: 0 .. 33 :s 5% 

:i;; 0 .. 05 s 0 .. 36 :s: 5% 
:i;; 0 .. 04 :s: 0 .. 38 :i;; 5% 

This measure of sensitivity.can be interpreted as 

having several combinations of values of CH/Cs and D/P 

ratios which increase the total variable costs less than 

five per cent .. Specifically if the values of the CH/Cs 

ratio are less than 0 .. 10 and the D/P ratio is less than 

0 .. 10, then the change in the total variable costs will be 

less than five per.cent .. Note that other combinations of 

67 
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ewes and D/P ratios will result in .che.nge in total Vari.able 

costs less than five per cento However, the largest the 

C~CS ratio can be even for D/P ratio of Oo01, is Oo10o 

This is logical since if D/P approaches zero the/P:D JPPD 

term approaches the value of two which cancels the one-half 

.factor. • Hence, t.he large st the j 1 + 6: can be is 1 • 10, 

resulting in the largest possible value of the CH/c8 ratio 

of Oo 10 without exceeding the five per cent change .. in the 

total variable costso 

Production Model Versus Backorder Model 

A measure of the sensitivity of the two properties that 

distinguish the prod.uction model and the backorder model, 

namelyg 1) cost property which assumes that the cost of 

shortage is infinite for the production model, and 2) re­

plenishment property which assumes instantaneous replenish­

ment of inventory for the backorder model can be obtained 

if the ratio of the total variable costs of the two models 

are compared,, 

Actual Model 

S 0 = 0 
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True Model 

Measure of Sensitivity is (See Appendix C, page 127): 

1 re;[~ ~] = 2 ~1 + a; 4-,---=---nJp + J1 - p 

CifCs. D/P Change in 
TVC'7TVC ' 0 

s: Oo10 :s: Oo 10 :s; 5% 

:s; Oo09 :s: Oo20 :s; 5% 

s; Oo08 s:; Oo25 :S:~5% 

s:; Oo07 :s; Oo30 .:s: 5% 
, .. 

:s: Oo06 :s; Oo33 :s; 5% 

s:; Oo05 :s; Oo36 s: 5% 

:s; Oo04 ... s:; Oa38 :s; 5% 
I 

Since the measure.of sensitivity of thes~ two models 

are the same . as for the purchase model versus the product.ion · 

with backorder model, ,.the same interpretation and comments 

are appropriateo 
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l?.roduction Model Versus Production With Backorder Model 

A comparison of the ratio of the total variable costs 

of these two models will result in a measure of sensitivity. 

of the cost property which assumes the cost of shortage 'is 

infini teo This c:o.mparison evaluates the- same property. as 

in the purchase model versus the backorder mod.el comparison. 

It is reassuring to o.btain the same meas~e of se:nsi_tivi ty 

for both comparisonso 

. Actual Model .. 

True-Model 

TVC.1 

TVC 
0 

Measure of Sensitivity is (See Appendix C, page 128): 
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Ci/Cs Change in 
TVC'/TVC0 

s 0.,02 s 1% 
s 0 .. 04 s 2% 

s 0.,06' s . 3% 

s 0.,08 s 4% 

s 0 .. 10 :s: 5% 

s 0., 12 s 6% 

s 0., 14 :S 7% 
:s; Oo16 :S 8% 

s 0., 18 s 9% 

s Oo20 s 10% 

Since the measure o,f sensitivity of these two models 

is the same as the purchase model versus the production 

model, the same interpretation and comments are appropriate., 

Backorder Model Versus Production With Backorder Model 

The comparison of the ratio of these two models' total 

variable cost should result in a measure of sensitivity of 

the combination of the properties that distinguish the two 

models, namely~ 1)·replenishment property assuming that 

instantaneous replenishment of inventory is possible., 
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Actual Model 

TVC 0 

True Model 

Measure of Sensitivity is (See _Appendix C, page 129): 

.so far this measure of sensitivity has resisted 

simplification that was possible with the. other comparisonso 

The second measure of sensitivity is less .sensitive to 

the use of "actual" value of the decision variable.o In 

other words, if the 11 true" model is known, the evaluation 

of the total variable costs using the "true" model and the 

"actual" value of the decision variable will result in less 

error than the evaluation of the total variable costs using 

the "actual" model and the "actual" value of the decision 

variableo 

Table VII illustrates the numerical difference in the 



11Tru.e" 
odel 

"Actual" 
Model 

Purchase 
Model 

Production 
Model 

Backorder 
Model 

Production 
Model 
Backorder 
Model 

~LE VI , 

SUMMARY OF MEASURE OF SENSITIVITY FOR COMPARISON OP' VARIOUS MODELS 
BASED ON "TRUE" MODEL'S TOTAL VARIABLE COST FUNCTION 

Purchase Production Backorder Production With 
Model Model Model Backorder Model 

1 1{~ N} M:J_+C5 1 /¥Cs 'Jl; n 2 P-D + P I cs ~ Cs P-D +. ""p· ~ 

• 

~£} 1 1~#} fefo + P-D ~ c5 P- P s 

~ c 1/Cs ti¥~} ~ C;i+Cs ~ -Y- + P-D 
1 

~ ~~ 1 
-~ s 

-.::J 
w 



two measures of sensitivity for the purchase versus pro-

duction model comparisono 

D/P 

... 
. 005 

.... 10 

'120 

o30 

.. 40 

0 50 

TABLE VII 

COMPARISON OF MEASURES OF. SENSITIVITY FOR PURCHASE 
VERSUS PRODUCTION MODELS 

Purchase Versus Producti·on Models 

11£ ~ J! 11£~ 1[,~ PJ ' TVC,0 - P-D TVC - ~ P - D + P .. 
o. ·.• ·,_,.: .; 

2 .. 59% .. 0 .. 03% 

5 .. 40% Oo14% 
.,-:: ... 

11080% Oo62% 

19 .. 52% 
.·, 

1o69% 

29 .. 09% 3 .. 28% 
.. 

41042% .. 6007% 

In the ,evaluation o_f the combinations of the various 
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models, some of the combinations resulted in measuring the 

effect of an "error'' relative to the .. ..same assumption con­

cerning a particular property that distinguished the models 
,. 

which resulted in the same measure of sensitivity .. 



.CHAPTER VII 

PROBABILISTIC INVENTORY MODELS WITH POWER 

DEMAND PATTERNS 

In the consideration and evaluation of deterministic 

inventory models, the demand properties were specified such 

that demand was known and at a uniform usage ratea This 

property defined the demaXJ.tL. pattern to be uniform throughout 

the period involvedo Often, possibly most of the time in 

actual practice~ the demand pattern will not be uniform, 

then thi~ type of inventory models are classified as 

probabilistic inventory systemso It should be pointed out 

that,in general, the; characteris.tic of the deman¢l. pattern 

is the property of the inventory system not subject to 

control of the decision makero 

Demand Patter-.ns* 

It is possible to have numerous ways in which inventory 

is depleted resulting in various demand patternso The units 

may be withdrawn uniformly throughout the period as con-

sidered in deterministic models or, at one extreme, aJ..l the 

units may be withdrawn at. the beginning of aperiod called a 

* These concepts of demand patterns are "para-phrased" 
from Naddor 0 s concept in his text [1]a 
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instantaneous demand patterna The other extreme would 

result if all the units are withdrawn at the end of the 

period a Ol:.viously there exist many other withdrawal ra-1:;es 

between the two. extremes just ci teda The different rates 

at which demand bbcurs during a period will be referred to 

as demand patternsa The following definitions will be used 

to define a class of general demand patterns .. 

then· 

Q = the amount in inventory at beginning of period 
.... ,( t = 0) 

Q(t 0 ) the amount in inventory at time t 1 
'· 

x = total demand during period t 

n - de~and pattern index 

t O - •. length of time from. beginning of per;iod 
(t = 0) 

Q(t 1 ) -· Q - X (t 0/t) 1/n = Q - x ~. 

No Uniform Instantaneous 
Demand n = ! Demand n = 2 De.mand' 

D~~L L 
t t t t t 

n = 0 0 < n < 1 n = 1 1 < n < co n = co 

Figu:r~ 2a Demand Patterns 

The demand patterns belonging to t:his class is referred 

to as_ power dema.Yld patterns a Their nature is .entirely 

determined by n, the demand pattern indexa When n = O, one 

of the extreme values of n 1 there is no demand until.the end 

of the period 1 when n - w, the other extreme value of n, the 



demand is instantaneous at; beginning of the period., When 

the demand pattern index n = 1, the demand is unifo:rm 

throughout the period resulting in the general class of 

. deterministic inventory m.odelso 

T 
Q 

L tv 

where 

+ J d 
t 

V 

t_J t ~ t 
Figure 3~ Power Demand Pattern Model* 

V defined period of time during which there is 
a power demand pattern with index n 

d - known demand during V 

m - be an integer number such that Q = md 

Q - d 1 2d, 3d p ,, o " 9 md 

t = mV 

1avg = 
1avg = 

avera.ge number of uni ts in inventory 
. . . V 
~ + ~ m J: ( Q11 = Q1) d tu 

Q = d tt - d -n V 

1avg ~~+ 
(aL'.2H 1-n2 where Q = md ·1 + n 

(\ Q{ 1=n) = .Q -~+ d - 2 2m( 1+n) m 
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* The derivation of this model and its results is taken 
from Naddor [1]j pp., 53, 55c 
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where 

Q = d, 2d, 3d, ..... o , md 

TVC(Q0 - d) $ TVC(Q0 ) ~ TVC(Q0 + d) 

. Hence~ -the optimal lot size is independent of the demand 

inde.x n, thus for even extreme values of n the same optimal 

lot size is obtained-a'. However, the minimum cost will .depend 

on the demand index n which appears in the tei;m 

[ _Q Qf 1-n~ J . CHQ CH~ ( 1-n ) 
Iavg = CH ~ + 2m1+n = ~ ~ m(1+n) , 0 

CHQ(1-n) 
This term 2m( 1+n) can be interpreted as representing the 

resulting additional cost in a system with a power demand· 

pattern .as compared to uniform demand patterno Note that 

the factor ~ ( ~(i+n)) is the inventory factor which indicates 

that the inve:q.tory is less or greater than the average 

inventory of the uniform demand pattern of~ o 

Sensitivity Analysis of Probabilistic Inventory Models 

With Power Demand Patterns 

This section presents.the results of the evaluation of 

the sen.si tivi ty of a deterministic inv:entory model with a 

uniform power-_demand pattern index (n = 1) relative to a · 

probabilistic inventory model with non-uniform power demand 

,patterns (n ;i 1)o . 

TVC' ·- - total variable cost of system with a uniform . 
demand pattern (n = 1) 

TVC - total variable cost of system with a non-uniform 
demand pattern (n # 1) 



Then 

n - power demand index 

m = is an integer number representing the number 
of times that power index pattern occurs in 
cycle-ta .. 

~[2] 

J°Pn2 cl:l [ 1. + 1 + ~6+!:i] 

2 = -----=-~-1 - n 2 + ~, ::,-m1, 1 + n 1 

2 
= ~( 1+n) + ( 1-41 

· m( 1+n) 

/2c;;n 
where Q = tJ--t;-

The sensitivity of continuous as compared to discrete 

demand patterns can be considered and quantified since as 

m increases and n increases the demand pattern approaches 

the discrete stair-case pattern" 
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m 

.. 

1 

2 
.. 

3 

4 

5 

0 
0 
0 

m 
' ' 

TABLE VIII 

DEMAND PATTERN INDEX 

n Change 

Oo8 _s; n s; 10 2 

006' :S n :S 1 o4 

0,,5 :S n :S 10 8 

Oo4 :S n :S 2oJ 

OoJ :;;; n :S 2.,8 

0 s:; n s:; 0::, 

. TVC' 
in TVC -.. 

5% 

5% 

5% 

5% 

5% 

0 
0 0 

5% 

When m = 1 9 the Tvcv/TVC ratio of costs is less than 

five per cent when the demand pattern index n is between 

Oo 8 and ·1 "2 o This can be interpreted as saying that the 
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assumed total variable costs based on a uniform demand 

pattern (n = 1) results in a 20 per cent overo:..estimation 

of.the actual total variable costs based on a demand pattern 

index (n > 1) and results in a 20 per cent und_er=estimation 

of the actual total variable costs based on a demand pattern 

index (n < 1)o This satisfies the intuition of the model 

since a demand. pattern index of n > 1 will result in the 

average inventory less than a model with a uniform demand 

pattern (n = 1)o Hence, the assumed total variable costs 

will be greater than the actual total variable costs. con-

sidering a smaller average inventory resulting in lower 
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inven:t;ory holding costsa If the .demand pattern index is 

such that n < 1,· this will result in the average inventory 

greater than· a model with a uniform demand pattern when n = 1., 

Thus the assumed total variable costs will be less than the 

actual total variable costs considering a larger average 

inventory resulting in higher inventory holding costso 

The difference between the actual and assumed inventory 

models is the inventory factor of ~ ~( 1 -+ ~J] which can be 

posi":tive or negative depending on the value of n,, If n > 1, 

inventory holding costs are over-estimated, if n < 1 ' then 

inventory holding costs are under-estimated., 

Hence, in general, the statement can be made that if 

the demand pattern index is greater than one, which is the 

unifo:rm demru'ld pattern, then the total variable cost· 

function assuming a uniform demand pattern will result in an 

over-estimation of the actual total variable costs since the 

actual amount in inventory will be less than anticipatedo 

Likewise, if the demand pattern index is less than one, the 

1.U1iform demand pattern index, the total variable cost 

function assuming a uniform demand pattern will result in an 

under-estimation of the actual total variable costs since 

the actual amount in inventory will be greater than antici-

patedo 

Further, it can be noted that the larger the value that 

m assumes, the less the error of using a total variable cost 

function with a uniform demand patterno This seems obvious 

as the larger mis, the closer the uniform demand pattern 
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becomes as an appro:x:i:rna,tion to the actual demand pattern., 



CHAPTER VIII 

SU1VIMAR.Y, CONCLUSIONS AND RECOlVIMENDATIONS 

The purpose of this concluding chapter is to summarize 

the .research effort, draw conclusions based on results, and 

make.recommendations for future actiono Hence,· this chapter 

is concerned with three topics; the first will summarize the 

information presented by reviewing the contributions of each 

chapter, the second will draw conclusions relative to the 

results, and the third topic will present recommendations 

and proposals for further action and studyo 

Summary 

Chapter I served to in.tl'.'oduce the inventory problem.a 

Due ·to the lack of commonly accepted definitions of terms in 

the area of inventory control, specific definitions were 

presented which allowed a conceptual framework to be 

·developed an.d utilized to illustrate the interrelations of 

the various modelso The classi.fication of the inventory 

system properties into four categories of properties was 

utilized quite effectively in developing the various models 

and to emphasize the similarities of the decision variables 

formulaso 

The three phases of i~ventory analysis were presented 
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which ~mphasized the importance of the analysis and evalu­

ation of a solution to an inventory problemo This last 

phase is the basis for this treatise, the Sensitivity 

Analysis of Inventory Modelso 
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Chapter II reported on the bounds_<:>f knowledge of the 

topic of sensitivity analysis relt:ltive --to inventory theo·ry o 

.The treatment of this topic in the technical literature has 

been ex.t_remely limited as contrasted to the treatment of the 

broader subject of optimization of inventory modelso Also, 

those articles which considered the topic of sensitivity of 

inventory models were quite l±mi ted in model_s evaluated and, 

in general, considered only the sensitivity of the simple 

purchase model -and its parBl'D.eters in their analysis o In ·( 

this author 0 s opinion, this treatise is the most extensive 

treatment of the topic of s.ensi tivi ty analysis e.f inventory 

models relative to ;si.ddi tional models consid·ered, numerical 

quantification of the measures o.f sens.i tivi ties obtained. and 

the: evaluation of "wrong" models, etc., 

Chapter III presented an i;n.yentory model hierarchy 

based on the four classifications of properties which are 
... 

assumed relative to .. the definition of a particular inventory 

sys_tem., The hierarchy i_llus.tr1:1..tes the simple purchase model 

and its extensions to the other.models by the assumptions 

concerning the properties.that define each system...that is 

described by the various modelso_ The recognition of the 

inventory hierarchy and the relationships that existed 

between the decision variable formulas for the various 



models was one of the important concepts that enabled the 

sensitivity analysis to be extended -beyond the simple 

purchase model to the extended models ha.,ving additional 

propertieso Knowledge of the interrelationship of the 

models greatly facilitated the extensive analysis of the 

effect of the use of "wrong" modelso 

Chapter IV involved the evaluation of a measure of 
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sensitivity of the decision variables, Q - the economical 

lot size, t - the time interval between orders, and n - the 

number of orders, for the purchaset productic,n, .backorder, 

production with backorder, and the restricted variables 

·modelso The measure of sensitivity for all the models for 

. all the decision variables was ascertained to be 1 ~WW 
2 

where if o .. 73 ~ W =' 10·37, then the change in the total 

variable costs will be less than five per cent.. Also., it 

was further ascertained that the measure of sensitivi-ty is 

independent of the decision variabl.e itself and only a 

function of Wo 

Chapter V evaluated the sensitivity of the inventory 

system to the use o,f "incorrect 0 values of the input 

para.meters for the purchase, production, backorder and 

production with backorder models_11 The results of the 

previous chapter indicated that the effect of an incorrect 

value of the decision variable on the total variable cost 

was only a function of Wo By definition, W = Qgw which can 
. 0 

be interpreted as the ratio of the parameters of the 

"actual" decision variable to the parameters of the optimal 



value of the decision variable for any model of interest .. 

Again the range of W could be from Oo73 to 1.,37 and the 

resulting change in the total variable cost would be less 

than five per cento This can be interpreted to mean that 

as long as the estimates are not too far (the value of W 

specifies what 11 too fa.r 11 means) from the true values of 
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the parameters, then the model is not influenced much by the 

value of the parameterso This relative insensitivity of the 

parameters to errors is a saving grace and fortunately is 

true for all deterministic inventory modelso If the models 

were extremely sensitive to changes in parameters, then 

large periods of time and large quantities of money would 

have to be spent merely in gathering data and refining 

estimateso Fortunately, sensitivity measures indicate that 

this is not necessary and ''quick-and-dirty" estimates are 

generally sufficient to guide action without greatly in­

fluencing the total variable costo 

It was observed than an error in estimating the pro= 

curement cost parameter has the identical effect as errors 

in estimating the demand parametero Also, errors of the 

same type in estimating the holding and procurement cost 

parameters will cancel each other due to their inverse 

relationship,, Upon analysis of the 
2 TVCV 1 + W 

TVC0 = 2W 

relationship, it can be observed that the sensitivity is 

greater for under=estimation than over-estimationo However, 

in the practical situation it should be recognized that the 



likelihood of severe under-estimation is much less than 

severe over-estimationo 
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Cha~ter VI involved the sensitivity analysis of the use 

of "wrong" models under two different assumptions .. These 

measures were quantified and tabulated relative to their 

effect on. the change in the total variable costs .. 

If the measure of sensitivity is based on the "actual" 

model Os total, variable cost function, it can be concluded .. 

that the error of using the "wrongu model is·a func.tion of 

tht? difference of the "true" model's decision variable and 

the 11 actual 11 model's decision variable ... In other words, the 

ratio of the "true" model I s decision variable to the ttactual.'1 

model 0 s decision variable will be the effect on the total 

variable cost of using the "wrong" modelo 

If the 1itrue 11 model is assumed to be known, the measure 

of sensitivity based on the ntrue" model's total variable 

cost function, will result in considerable less error for 

using the "wrong" modelo This measure of sensitivity would 

appear to be the logical one to use even though it is 

computationally more involved since the actual total 

variable costs should be computed using the "true" model's 

to.tal variable cost functiono 

Chapter VII considered the sensitivity analysis of a 

type of probabilistic inventory model.so The effect of using 

the uniform demand function was evaluated and tabulated 

relative to a power demand function that would be the "true" 

demand pattern.a In the class of probabilistic inventory 
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models with power demand patterns, it has been ascertained 

that i.f the power index is in the range Oo8 s: n :s: 1,,2, and 

m = 11 which is the extreme case, then the effect on the 

total variable costs will be less than five per centa As 

the vaJ..ue of m increases, the range of n increaseso In fact 

as m increases rapidly and n also increases, the sensitivity 

of the assumption relative to co:ntinuous versus the discrete 

withdrawal of demand is evaluatedo If m ~ 5, and Oa03 ~ n 

!i: 2.08, the change in total variable costs will be less than 

five per cento In general, this indicates that the-use of 

de~erministic inventory models which assume a uniform demand 

pattern that has a power index of n = 1 does not signifi­

cantly effect the total variable cost relative to probabil­

istic models which assumes no:n-uniform demand patterns .. 

Appendix A presents a complete derivation of the back­

order model and the production with backorder model., As 

far as this author can ascertain, this is the first and 

complete derivation that has been published of the pro= 

duction with backorder model resulting in relationships for 

the decision: variables which could be related to the other 

models and the properties that defined this modelo 

Conclusions 

The first specific conclusion is that the development 

of the conceptual model hierarchy based on the framework of 

the four classifications of the properties was a valuable 

aid in illustrating the interrelations between the models 
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and their respective decision variable formulas., This con-

ceptual framework made it possible to obtain measures of 

sensitivities of models that previously had not been evalu­

atedo This framework also greatly facilitated the evalu­

ation of the "wrong11 models since it was possible to 
. ' . 

anticipate the possible consequences of the .use of "wrong" 

models from an examination of their respective decision 

variable O s formulas a 

The second Specific conclusion is the measure of sensi­

tivity for all the. decision variables (Q, t, or N) is the 

same· for the purchase, production, backorde.r, production 
' . 

with backorder and restricted variables models. Further it 
' 

can be concluded that any model with a cost function·con­

sisting of the sum of a hyperbolic.and Iinear terms will 

result in a measure of sensitivity of a change in the 
2 

decision variable equal to 1 + W where Wis the per cent 2W 
deviation of the value of the actual variable to the optimal 

value of that decision variableo 

As a corollary to above conclusion, it can be stated 

that the sensitivity measure is independent of the decision 

variable itself and only a function of W., A second 

corollary of this conclusion involves the quantification of 

the sensitivity measures such that if the value of Wis in 

the range, Oo73 ~ W s: 1.,37, then the change in the ·total 

variable costs will be less th.an five,,per cento This is 

true regardless of the model involved and the parameters of 

the models., 
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The next conclusion is that any error in the estimation 

bf the parameters directly influence the value of W which 

in turn influences a change in the total variable cost since 

it is a function of Wo Note that there exists several 

parameters in each decision variable, and that any error 

in estimation of any parameter has equal influence on the 

value of Wo However, these errors would, in general, tend 

to counterbalance each other since errors of the same type 

in the estimation of the holding cost parameters and pro­

curement cost parameter or the demand parameter influence 

the value of Win opposite directions or possibly errors of 

different types could be made in the estimation of the 

holding cost or demand parameter which would influence the 

value of Win opposite directiono As a corollary to this 

conclusion, the sensitivity is greater for under-estimation 

than for over-estimation of the parameterso 

A general conclusion is that if .the D/P and CH/c8 

ratios are less than Oa10 in the extreme comparison of 

models, which involves two properties, then the use of the 

simple purchase model will result in an increase of total 

variable costs of less than five per cento 

A specific conclusion is that if the cost of shortage 

property is involved in models- being compared and if the 

CH/c3 ratio is less .. than Oo10 , then the increase in total 

·variable cost will be less than five per cent if the model 

without the cost of shortage property is usedo 

A specific conclusion is that if only the replenishment 
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property is involved between models being compared~ and if 

the D/P ratio is less than Oo43, then the increase in the 

total variable cost wi.11 be less than five per cent if the 

model without the replenishment property assumption is used .. 

A specific conclusion relative to probabilistic in­

ventory models is. t,hat unless the power demand index is 

extreme, Oo8 s; n ~ 1.,2, the deterministic model with a 

uniform demand index is a good approximation to the probabil­

istic model since the increase in the total variable costs 

will be less than five per cento 

A general conclusion is that there exist many factors 

which contribute to the possible sources of error such as 

"wrong'' model, errors in estimation of parameters, wrong 

values of decision variables and they tend to counter­

balance each other relative to changes in the 11 truell, total 

variable costsa 

A second general conclusion is that if total constant 

costs are considered, the percentage error of total in= 

ventory costs would be less significant since the total 

constant costs are independent of the variable costso Also, 

in many cases, the total constan.t costs would be· signifi­

cantly dominant relative to the variable costs· which would 

allow a large error in the total variable costs and result 

in small percentage error in the total costo 
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Recommendations 

A general recommendation is that those in control of 

inventory management decisions use the findings of this 

research in their decision making process since many inven­

tory control decisions could, in m.any cases, be made to 

facilitate scheduling problems and other considerations· and 

not significantly influence the cost of inventory managemen~ 

The second recommendation involves the areas of further 

researcho It is recommended that further research be 

devoted to the Sensitivity Analysis of Probabilistic Inven­

tory Modelso Specific topics that could be investigated ar~ 

1o Specific measures of sensitivity could be 

possibly developed and evaluated for the effect 

of "wrong" values of decision variableso 

2o Specific measures of sensitivity could be 

possibly developed and evaluated for the effect 

of "wrong" values of parameterso 

3o Investigation could be pursued in developing 

a measure of sensitivity of the effect of 

"wrong" probabilistic demand distributiono 

4o A measure of sensitivity of the "wrong" model 

could be investigatedo 

5o Also, · it is conceivable that a measure of 

sensitivity of control inventory policies such 

as the fixed-order or fixed cycle systems could 

be formulated by extending the model formulation 

of additional properties to include variable 



lead timeo 

60 In essence, measure of sensitivities could be 

formulated for the effect of the various 

combinations mentioned above.; 
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DERIVATION OF INVENTORY MODELS 
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Backorder Model 

S - Number of units backordered 

C - Unit cost of being short 
S per some time periodo 

($/unit-time) 

TVC - Total Variable Cost 

Identities from geometrical relationshipsi 

t.) Q - s 
T = - Q 

Q - s t t1 = Q 
Q-S.Q_Q-S 

= Q D - D 

Iavg ( avgo number of uni ts in inventory during t 1) = Q2S 

savg (avgo number of units short during t2) = ~ 

TVC = Procurement Costs + Holding Costs+ Shortage Costs 

= [ Cp + C~ t1 (Q2S} + C' s t2 ~ J N 

::::: CpN + CH t1 N(¥) + CS t 2 N ~~) 
D (¥)(~) (¥) + CS ~)(~)(~) = CPQ+CH 

D. CH 2 Cs 2 
= Cp Q + 2Q (Q-S) + 2Q s 
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( 1) 

oTVC O O C 2S [C C] 
~ = + - H + 2Q H + S (2) 

Solve Equation (2) for S 

! [CH+ Cs]= CH 

s = (cH c! cs) Q (3) 

Solve Equation (1) for Q using value of S from Equation (3) 

2CpD- 2 [.1 --a-=Q -
H 



/ 

2 2CpP 1 

Q = -a;- [1 - CHC! Cs J 
2CpD 1 

= -a;- CH+ CS - CH 

CH+ CS 

Production With Backorder Model 

Tf',, 
I T 

Q 

s 

.~ t31T 
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I - maximum inventory max. 
s - maximum shortage 

D - demand (units/year) 

Cp - cost of each .. procu~(:3JPe,nt 
•;/ ' 

CH ·- cost of holding/unit-year 

Cs - cost of shortage/unit-ye~r 

C1 - cost of unit 

p - production rate/year 

Some Identities 

Imax = t 1P-t1D = t 1(P-D) 

1max = t2D 

Hence, 
t 2D = t 1 (P-D) 

S = t 4P-t4D = t 4(P-D) 

S = t 3D 

Hence, 

Add these two equations 
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TVC = [HC + 
L-y--J 
Holding 
Costs 

PC + SC] 
~ -----.,,,_...J 

Procurement Shortage 
Costs Costs 

101 

N 
~ 

Number of 
Orders/Yro 

PC= Cp 

HC = (Avgo Number on 
~ 

= $/pro-curement 

Hand)(Time on HandXCostof Holding Uni~ 
' " ,,,,, ' ...,. .,, 

1avg 

Iayg = ~ (1 - ~) - ! (from above identities) 

Time on Hand = t 1 + t 2 Note: Imax = t 1 (P - D) 

1max 1max 
= P-15 + -r Hence 

--
= Imax [P2D + i] Note Imax = t2D 

= Imax [ ~ 1 ~ ~ ] p 

HC = CH (Avgo Number on Hand)(Time on Hand) 

( Imax) = CH -y- (t1 + t2) 

= Cf [ Q (1 -~) - SJ [ Imax ( i 1 ~ ~ ) ] 

= C: [ Q (: - ~) - SJ { ~ ~ -~) - S ] [ (i ~)]} 

SC= (Cost of ShortageXAv~ Number of Units Shor~~ime Short) 

= CS (Avgo Number of Units Short)(Time Short) 

Avgo Number of Units Short=! 



Time Short = t 3 + t 4 

TVC = 

= 

= 

TVC = 

oTVC 
~= 

Note: S = t')D 
.) 

S = t 4 (P-D) 
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oTVC 
"a'Q = 

Q (1 -j) 

(1 -~) 

C s2 
H 
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c s2 c s2 
H S 

- 0 - -2Q_2_r __ -~-) - -2Q_2_(_1 __ ..... ~--) 
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.APPENDIX B 

DERIVATION OF MEASURES OF SENSITIVITY 

OF DECISION VARIABLES 
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Sensitivity Ana;tysis of Decision Variable (Q) 

Purchase Model 

Q 
0 fi[ 

Measure of Sensitivity: 

TVC' 
TVC = 

0 

= 

= J¥;5 [~ + w] = W + w 
jC~ CH [ 1 + 1] 2 

= 1 + w2 
2W 

Q' = WQ 0 
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Production Model 

( D) (p - n·) 1max = . Qo 1 -. P = Qo P · 

QD = WQ 
0 

Measure of Sensitivity: 

TVC' 
TVc:" = 

0 

1 + w2 
2W 
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·Measure of Sensitivity: 

1: 
v,+,W 1 W 1+W2 

--z-·=rw+2.., ~ 



Production With Backorder Model 

Measure of Sensitivity: 

(So) (Cl-f'"Csl 

2Qo P? 
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Restricted Variables Model 

Two Types: 

1) Restrictions on available 

Space, 
Money 

2) Restrictions on available 

Procure Time 
. Procurement Cost 
Manufaci.iuring Capacity 

1st Case - Restriction on Space 

S maximum space available 

110 

Modifies CH 

Modifies Cp 

u8 unit space requirement (ioe.-space req 1 d/unitj 

S - USQ ~ 0 ~ However for simplicity will use 

S - US~ ~ 0 

If: S - u3Q ~ 0 is used, then 

Need Q ~where CR is function of Q instead of~ 

TVC = PC + HC + Restricted space costs 

Where restriction space costs is a restriction onspace 

embedded in the TVC function.with a LaGrange multiplier. 

Tvc = cP ~ + cH ~ + )\ ( s - u8 ~ ) 
:~vc = Cp ~ + cO-H ~ + )\s - A.Us ~ 

cpD cH Aus 
= - Q2, + 2' + 0 - ~ 



1 1 1 



Squa,re both sidesg 

Hence: 

~ J CH - \Us + w ~/ CH - >:.us 
= JcH - \Us + /CH - Xus 

jcH ~ \us [i + w] 
= / CH = :X:Us [ 1 + 1 ] 

1 
W + W 1 W 

- 2. = 2W + ~ 

2 1 + W 
= 2W 
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General Inventory Cost Mod~ 

TVC = Cp ~+CH~ = t + BO 
Hy~ic Linea: 

Term Term 

A = Cp. D} parameters 
· B = Cn/2 

Q = Decision Variable 

Wherei 

Q0 =~~Optimum value of decision variable (Q) 

Measure of Sensitivity: 

= A 
- + BQ Qo o 

::1h-+ Bw{f 
W>.J] 

.J; [AB + w JAB 
- ~AB + ~AB 

JAB[.J; + wJ 
-JAB [1 + 1] 

1 + w2 
2W 
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Q' =WQ 
0 



Sensitivity .Analysis of Decision Variable (t) 

Purchase Model 
[2c;£" 

1 1 ~l~ 
to= N == D = ·D 

Q 

Measure.of' Sensitivity: 

= 1 + w2 
2W 

t• t' = Wt0 , W = t 
·o 
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Sensitivity Analysis of Decision Variable (N) 

Purchase Model 

Measure of Sensitivity: 

TVCV 
TVCf"' = 

0 

= 
2 1 + W 

2W 

~ 
~~ 

N' = WNO 

~JC DC 
:e 2 li . c2 J 

. Ni 
W = -N 

0 
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APPENDIX C 

DERIVATION OF MEASURES OF SENSITIVITY 

OF USING "WRONG" MODELS 
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Measures of Sensitivity Based on the "Actual" 

Model O s Total Variabl·e Cost Function 

Purchase Model Versus Production Model 

Actual Model 

True Model 

Measure o.f Sensitivi t;y:,.: 

2C DC 2 
p H 

JCp~ CH [ 1 + 1 ] 
-=""""""="""~~~~--~---- - 2 

= J CpD CH r;;-::-;;p - D . - ~p D 
. 2 v~ [ , + 1]- ~~· [2] 
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.Purchase Model Versus Backorder Model 

True Model·· 

Measure of Sensitivity: 

~ [1 + 1] 

2 ........ -2---~-

= Ja~cs (1 + 1] /:;:.as [2J 



I 
I 
I 

Purchase Model Versus Production With Backorder llodei 

& 
!rrwi llodel 

A 
Measure of sensitivity, 

. Q' .J2r 
. H 

CpD flii 
!rVC' • Q1' + '.T Q' 

f 2 H [2] . 

" Cpl). ciif°Cs",;::; f D Ct!.f ff+Os /;:; ·-r:/7!?sfT, -r. c;-:1=:r-

/CpD2 CH [2] 

/$-9+2

~
0

~
05 1c~c5 ~:} /b~c5/¥ +/¥/:Jes . 

2 . 
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Production Model .Versus Backorder Model · 

Actual. Model 

True Model 

Me.asure.of Sensitivity: 

lc:JiCu r;-:; 
J~J 9-p- [1 + 1] /y.[2] 

=M [1 
s 
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/iii" 
+ 1) = r+:-

..J~· 



Backorder Model Versus Production Model 

Actual Model 

~ True Model 

L 
Measure of Sensitivity: 

ra;-c;::­
;/~J~. 
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Production Modei Versus Production With Backo~er·Model· 

Actual Model 

A.. .... 
~ . . 

True·Model 

I\.··. 
~ 

.Measure of Seneitivitys 

.. . 2 . 

Jb,ds [1 ... 1] 

r;;:;;-;;: 
"';/~ 
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. ·~Cpl>~· . /4.P-D s - -- . o- CH.~,-. 



Backorder Model Versus Production With Backorder Model 

Actual Model 

·~ 

True Model · 

A 
Measure of Sensitivity: 

~+h;c5 _};;, <2 > 

/.,.¥{/ .. r-""".-i:c:::;~;=s=c'=s "'"+-/j:c:::;~;:s=cs=i}r fo j c;cs ( 2) 

P-D 
T 
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(P-~)2 
p 

2 Cp D CH CH CS (P-D) P 

2CpD Cs 2 (CH+Cs) P2 (P-D) 



Measure of Sensitivity Based on the "True 11 Modelgs 

Total Variable ClOEit Functi@n 

Purchase Model Versus Production Model 

Actual Model 

True Model 

Measure of Sensitivity: 

~,.­
Qo =J --efa J 'A 

C'-D C · 
-.I:' H P-D 

TVCO a;: Qo + ~ Qo ,-
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Pilrcluuie Model v~~ Backorder Model 

A~ctual J4ode,1 .. 

. • i ?<.·.· 
frue Model · · .. · 

Measure of Sensitivitys 

·~2 ... [5;2 Cs 
. ~ (1 + 1] ~. [2] 
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Purchase Model'Versus Production With Backorder Model 

& 
'?:rue Model 

A 
l,leaaure of SeneitivitY1 
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Production Model Versus Backorder Model 

Actual Model 

~ 
True Model 

Measure of Sensitivity: 
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Production lliodel·VersueProduction With Backorder Model 

Ac7'el . 

~ 
Tru.e Model . A . . 

·. . 

Meaaure of Senaitivit.Y1 

Cs .,~2. 

cH*ds [1 + tl 

. = s . 



Backorder Model Versus Production With Backorder Model 

.. ~,.., I 
~ 

True Model 

(\ .. - .. ···. ·. 

~ 
Measure of Sensitivity: 
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