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PREFACE

In the application of mathematical models of optimi-
zation by the industrial practitioner, sighificant decisions
involve: 1) the degree of complexity and sophistication of
complex and sophisticated mathematical models to be utilized
- for manipulation to obtain optimal relationships of the
decision variables; 2) 'whether to acquire precise estimates
of the value of the parameters to be utilized in thé compu-

tation of the optimal numerical value of the deéision
variables; and 3) whether to actually use the optimal value
of the decision variables if they are known relative to
other manufacturing considerations.

The purpose of this research has been to develop some
guantitative mezasures of error that might be incurred by:

1) the utilization of the wrong mathematical model of the
inventory system; 2) the utilization of incorrect estimates
of the parameter values; and 3) the utilization of incorrect
values of the decision variables. It is this author's
opinion that, in general, considerations such as scheduling
problems and the utilization of maximum capacify, etc., far
outweigh the cost consideration of optimization of inven—
tories° This is a very critical problem area in theb
industrial environment since it is important for the

preduction control manager to know the effect of not using
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the exact model or not acquiring precise estimates of
parameters or not using the optimal decision values, etc.,
because of other manufacturing considerations. The findings
of this research effort indicate that inventory models are.
relatively insensitive to variations from the ﬁtrue" models,
precise estimates of parameter values and optimal values of
decision variéble;° Hence, the production control manager
in the industrial environment can make control decisions.‘
based on other considerations than the minimization”of
inventory costs.

The succeésful completion of my PhaDu program was
accomplished with the generous financial support of a
twelve-month Predoctoral National Science Foundation Faculty
Fellowship and their cooperation in administration of the
Fellowship‘for,continuance of my program which alléﬁed‘full-
time devotion to graduate studies. General Motors Institute
has been extremely cooperative relativeﬁto educational leave
of absences during which this program has been completed.

I am very grateful to both of these organizations.

This author is deeply indebted to many individuals for
their invaluable assistance. In.particﬁlar, sincere thaﬁks
and appreciation is expressed to Professor Wilson J. Bentley
for his administrative and personal support when it was
needed several times during this academic endeavor,
Professor Bentley has been a constant source Qf inspiration
that has compelled and assisted me to succeed far beyond my

personal expectations and goals of my undergraduate days.
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preparation of this treatise in its final form.
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CHAPTER I
INTRODUCTION

During the last 50 years many articles>and books have
been written about inventory theory; In the last decade |
the field of inventory theory has been a fruitful area of
research by economists, mathematicians, statisticians, and
computer mainufacturers° By the nature of the baékground of
thése researchers, there'is, of course; a certain ambiguity
in tﬁe choice of topics to be included'uﬁdef the heading of
inventory theory. Broadly speaking, virtually any topic in
operations research can be conceptualiééd as dealing with
the economical management of stocks of'commodities (invenf
tories). In addition, large areas of economic theory are
concerned with problems similar to-preb}egs.of operations
research. Any dynamic problem in economié‘theory is neces-
sarily concerned with stocks, whether these be interpreted
as capital,.manufacturers inventories, bank reserves, or
the accumulated savinés and assets.df an individuwal con-
suming unit. | A

In this vast technical literature relative to the topic
of inventory theory, attempts have been made to define such
terms as the "inventory problem", "“inventory control",

"inventory process", "inventory theory", "inventory



management®, and "inventory systems®. It can be readily
concluded that there does not presently exist any commonly
accepted terms br definitions by the researchers in this
area. Not only do we not have commonly accepted terms, but
there are numerous views on what the inventory research
field should encompass. - Because of the diverse and wide
range of points of view and use of definitions, it is
necessary to establish definitions of some general terms to
be used in this treatise. This author doces not claim any
originality in these definitionso However, these defi~
nitions have been modified and rephrased to fit a personal
conceptual framework of the interrelation of these inter-

acting concepts and definitions.
Definitions

Inventory Problem

An inventory problem involves decisions relative to
(1) how much to manufacture (Q, economical lot size), and
(2) when to replenish inventory‘(t, time interval between
lot sizes). These two decisions answer the question of
(3) how many economical lot sizes should be manufactured or
purchased per some time period (N, number of orders placed).
These three quantities (Q, t and N) are the decision
variables of the inventory problem since they are subject
to control of the decision makef;

Inventory situations are fundamentally alike, each



involving some aspects of costs, service and usage. The
objégtive ip_any given situation is to make a set of
decisions which will satisfy some "optimizer" such as to
minimize total costs while providing an acceptable service
at the usage or demand rate. The problem is formulated and
solved on an item basis with a given set of information
about theﬁénvironment of the particular item.

The total“inventofy problem is tQ ascertain specific
values of these variables Q, t and N) Which‘will satisfy an
optimization criterion such as minimize the.total cost of
the'inveﬁtory system. Although finding the variables that
give the minimum total cost is the main purpose of the
inventory problem, there are other major questiqns'of
interest. In the industrial environment of the actﬁal
production and inventory control aspects of the manu-~
facturing operation, theré are several additional and
pertinent questions that shouid_be considered. For example:
(a) a production control mahagéf.who can éontroi the proper—
ties of the actual inventory system may want to know whether
it is worthwhile to change the properties; (b) the optimal
decision rules cannot be employed, or their employmenf may
be more cqstly.than_some alternative rules;:(c) the
“accuratqﬁveétimation or determination of.tﬂé parameters
may be too costly.

Hence,; the following additional problems are poseds

(1) What is the effect of an error in the economical

lot size (Q) or the number of orders placed (N) or



the time between orders (t) on the total variable
costs (TVC)?

(2) What is the effect of an error in estimating the
true value Qf the parameters on the economical
lot siée (Q), fhe number of orders placed (N),
6r the time between ofders (%) dn the resulting
total variable cost (TV(C)?

(3) What is the effect of using the wrong model on

the total variable cost?

Inventory System

An inventory system consists of the properties that
describé thé nature and the characteristics of the environ-
ment with réspecf to a particular inventory problem. These
properties are essentially assumptions pertaining to the
characteristics of the parameters and variables of the
inventory environment. Naddor [1], suggests that all the
properties of an inﬁentory system can be classified into
four types: (1) demand properties, (2) replenishment
properties, (3) cost properties, and (4) constraint proper-
ties. EXach of these classifications of properties are
discussed in detail.

Demand properties. The demand properties involwves

information relative to the nature and characteristics of
the demand pattern; for example, does démand occur at a
known and uniform rate (deterministic), does demand occur

at a known and non-uniform rate, is demand variable



(probabilistic), etc.

Heplenishment propertieso. The replenishment properties

involve the guantity that is added to inventory or the time
between when guantities are added to the inventory. In
general, the replenishment properties can be controlled and
hence can be "manipulafed" to achieve minimal total costs
of acquiring and holding inventories. The property of lead
time which is defined as the time between placing an order
and receiving the order is in general assumed to be known
and constant or insignificant for deterministic inventory
models. In probabilistic inventory models this properiy is
extremely important.

Cost properties. The cost properties involve the

measures of cost associated with inventory either positive
or negative. In the specification of the ﬁroperties of the
inventory systems considered in this treatise, only these
thrée kinds of costs are considered as significant and
subject to control. Hence, all.pertinent costs are defined
and classified as (1) holding costs, (2) procurement costs,
and (3) shortage costs. For a detailed discussion of these
cost components, see Pabrycky [2]. |

(1) Procurement costs: alias; acquisition costs’

= replenishment of inventory costs. The pro-
.curement costs are the costs,associated with
replenishing inventories. However, this does
not include the item or uni% cost which is, 1in

general, independent of the economical-lot size.



(2) Holding costss alias; inventory costs = carrying

costs. The holding costs are the costs of
carrying inventories which include the cost of

capital and storage space costse.

(3) Shortage costss alias; stock-out costs = Dback-

. order costs = out of_stock costs. The shortage
costs involve the costs of incurring an out of
stock occurrence and not meeting a demand when it
occurs.

Note that the cost properties of an inventory system
are defined as being of only three typés, namely, procure-
ment, holding and shortage .costs. vHence all the éosts that
are pertinent afe defined aﬁd categorized into these three
types. This limitation of the cost properties is necessary
as a conceptual framework to define the scope of the models
to which these results are valid.

The total variable cost of an inventory system will be
the sum of these three costs. In-any particular inventory
system, any two or all three costs can be present.
Obviously, thése costs are closely related. When one cost
is decreased, one of the other two costs, or sometimes, even
both, may increase. The total variable cost is thus
affeéted by the optimal inventory policy which affects the
decisions relative to the solution of the inve.n.tory‘problem°

_Constraint properties. The constraint properties

involve placing limitations upon any pertinent factor of the

system such as number of units in inventory or the capital



invested in inventory, number of replenishments, etc.

Solution to an Inventory Problem

The solution to an inventory problem involves a set of
. specific values of the decision variables which minimize
the sum of the cost associated with the properties of a

specific inventory system.

Optimal Inventory Policy

The set of decision rules which minimizes these costs
are referred to as optimal inventory policy. Optimal

decisions policies are obtained by the use of models.
Models

A model is a mathematical representation of the in-
ventory system's properties and interrelationships. In
order to comstruct a model, the associated properties and

resulting interrelationship must be specified or assumed.

Three Phases of Inventory Analysis

(1) The determination of the properties (specification
of assumptions) of an inventory system.

(2) Mathematical model formulation and manipulation
for an optimal solution.

(3) An analysis or evaluation of the solution. This
analysis should evaluate what additional costs

would be incurred if non-—optimal inventory



policies are used. Also the range of the policies
should be establishedq
It should be noted that this last phase will be defined

and referred to as Sensitivity Analysis of the Inventory

Egggl and is the major topic of the research reported in
this treatise. Certain key questions and issues érise in
the analysis of inventory prdbléms which are of interest and
significancé both to the analyst and to the management
consumers of his work. In addition management needs to have
a general knowledge of the significance of the additional
mathematical sophistication of the various models.

Thus, an essential step in any inventory analysis is
the determination of how far one needs to go in using the
refined mathematicalAmethods available and where a more
modified application will do. A thordugh sensitivity
analysis of the inventory model and its properties is
necesséry to help resolve this question.

An impdrtant, yet often overlboked, property of any
decisioﬁ model is the sensitivity of changes in parameter
values. If one has constructed a model fhat appears to give
reasonably reliable results in trial applications and that
is relatively economical to solve, a whole new dimension'
has been added to the decision-making process if the
variation to parameter values can be evaluated. There may
be, for example, uncertainty about the value of a particular
parameter. With a model one may explore various possible

values of this parameter and observe the effect of parameter



change on decigions and resulting economic outcome, either
costs or profits, Thus, one could establish the sensitivity
(or lack of it) of costs and decisions to error in parameter
estimates.

An elementary inventory system is an inventory system
of simple properties. The ascertaining of these propertiés
of the particular inventory system of interest is the first
step in the analysis of the inventory system. After speci-
fying all the properties of the system, a model can be
formulated which can be manipulated for an optimal solution.

There has been considerable research results reported
in the technical literature concerning the assumptions of
properties Qf various inventory systems and the formulation
of the resulting model and its optimal solution phases of
inventory analysis. It is not the intent of this research
to review these results since they have been adequately
developed and presentéd elsewhere in the technical liter—
ature. However, this author has "developed" a conceptual
framework. of the interrelation of the various models
relative to their properties and their respective inventory
systems which is presented in Chapter III. In addition,

a complete derivation of the production with backorder model
is presented in Appendix A. To this author's knowledge,
this represents the first complete derivation of this model
in this manner with the. solution of the model reduced to
recogﬁizable form that'can be related to the various

propertieg that define the inventory system that this model
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represents,
Sensitivity

Sensitivity analysis evaluates the responsiveness of
management decisions to variéus factors associated with such
decisions° Sengitivity analysis can be used to evaluate the
responsiveness of a model to chénges in various controllable
factors (parameters), and to evaluate the responsiveness of
a model to various properties frqm which the model is
derived. If can be used tb méasure the responsiveness of a
model to,noh—optimal»or incorrect values of decision
variables. This information can be used to facilitate the
appraisal Qf alternative courses of action. These measures
of responsiveness can be obtained by a meésureﬁent of the
change of the dutput of é model of a system based on a
controlled éhange to an input to that modei of the system.

The ﬁhole concept of inventory'analysis is based on a
conceptualized mathematical model of the inventbry system's
properties. Thus, aé in using any mathematical model to
represent a physical system as an aid in the décision
process, it is of interest to‘knéﬁs |

(1) . The sensitivity of the model to the use of

"incorrect" (non-optimal) values of decision
variables.

- (2) The sensitivity of the model to the use of
"incorrect" estimates of the input paraxﬁeters°

(3) The sensitivity of the model to the use of
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"incorrect” properties of the system that define
the model. .

In fegard to the sensitivity analysis of inventory
models, the following questions are posed:

(1) What is the effect of an error in the decision

variable on the total variable cost (TVC)?

(2) What is the effect of an error in estimating the
true value of the parameters on the decision
variable and the resulting total variable cost
(TVC)?

(3) What is the effect of using the wrong model of
the system on the total variable cost (TVC) which
is in effect the consequences of assumming
incorrect properties of the system.

These questions arise in the industrial environment
for several resl reasons: i.e., (&) a production control
manager who can\control the properties of the actual inven-
tory system may want to know whether it is worthwhilé to
change the properties; (b) the optimal decision rules cannot
be employed, or their employment may be more costly than
some alternative rules; (c) the detailed estimation of the
. parameters may be too costly. |

A measurement of the sensitivity of an inventory system
can be calculated in terms of the change in the total
variable cost of an inventory model. White [3] presents
two different measures of the sensitivity of the total

variable costs of an inventory model. However, he considers



12

one of these, the ratio of the actual total wvariable costs
to the optimél total variable costs, as being more important
and considers only this one in his report. Alvarez [4]
presents three types of sensitivity measures which are
functions of the parameter values only. He considers that
his model is correct and consequently does not pursue his
definitions of at least three additional measures of
sensitivity involving the combination of the incorrect
parameter values and the wrong model.

In this treatise, the‘only measure of sensitivity which
will be utilized is the ratio of the actusl total variable
costs td the optimal total variable costs. However, this
measure will be calculated for three different problems.

(1) The effect of an error in the decision variable

(Q) on the total variable costs.
(2) The effect of an error in the parameter values
on the total variable costsa

(3).'The effect of an error in the use of the wrong

| model (assuming incorrect properties).

By evaluation of the measure of sensitivity of these
three separate problems, several of the sensitivitj measures
as proposed by White.and Alvarez will be consideredo'
However, like Alvarez, the combinatioral problem of two

of the above three conditions will not be considered.



CHAPTER II
LITERATURE SEARCH

| This chapter reviews the development of inventory
theory and defines the bounds of existing knowledge in
inventory models relevant to the study of the sensitivity
of various inventory models.

The inventory problem has been a popular and fruitful
field for researchers since the 1912-1915 derivation of the
basic lot size relationship by Babcock (1912) and Harris
(1915). Pairfield E. Raymond [5] summarized the work prior
to 1931. In this classic treatise, the first atte@pt to
deal with a large variety of inventory systems was presented
along with the attempt to include all factors that might
conceivable affect the econbmic lot size. This book is
probably thé most complete treatment of the subject of
economic lot sizes, including the recent treatments by
operations research oriented people. Very few of his
recommended procedures for determining economic lot sizes
were applied to production problems in the following years,
possibly due to the economic conditions of the 1930's. HNany
of these topics have appeared recently in technical journals
with little or no acknowledgement of Raymond's contri-

butions.

13
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Interest in the study of inventory systems has in-
creased tremendously since World War IT. Industrial
engineers, economists, and mathematicians have all added to
the basic models and systems with numerous publications
being devoted to the subject. The publications have run the
gamut from the extremely simple to highly developed abstract
models. An excellent review and summary of the models and
systems which were studied until 1951-1952 is presepted by
Whitin [6] in 1953. Whitin's bibliography contains 180
entries and covers the period from 1'923_150‘1951° The new
edition of this book (1957) includes some recent develop-
ments as well, and contains 43 additional entries which
cover publica%ions up to 1956,‘ However, most of the in-
ventory control research has been conducted and resulting
reports published in the last few years. These recent
developments began with the attempt to provide procédures
which are applicable in situations that had not been
studied in previous models and systems.

A survey of the literature of the theory and concépts
of economical lot sizes (ELS), alias; economicél batch
gquantity (EBQ), economical order quantity (EO0Q), run size,
production order, etc.,reveals several models proposed to
optimize a particular criterion such as minimize variable
costs. These models not only differ relative to the
criteria being optimized but also relative to different
assumptions and definitions used by the varioﬁs authors.

Some of these differences wvanish when definitions are
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reduced to a common denominator, however, others are some—
times diffigult to resolve, A review and compairson of the
various models presented in the technical literature
probably would be of interest, however, this is not the
objecfive of this treatise.

The medern approach to inventory problems nearly
always involves explicit models at some. stage of the
analysise. Onefs first encounter with the elaborate mathe~
matical models presented in the technical literature can be
a frustrating experience relative to judging the relative
merit of the additional mathematical sophistication intro-
duced to solve an inventory problem.

In these recent developments, powerful mathematical and
statistical techniques are utilized in determining optimal
policy decisions under specific conditions. These articles
are highly theoretical and mathematical and have not been
translated into any form suitable for application to the
manufacturing enviromment. These articles emphasize the
analysis of hypothetical inventory systems resulting in
explicit decision policies valid only for the hypothetical
system studied. Unsuccessful attempts have been made to
apply the results to corresponding inventory systems
- encountered in practice since, in general, the actual and
hypothetical inventory systems do not correspond and adjust-
ments (which invalidate the mathematical optimality) are
necessary in order to apply the results.

Considering the numerous articles on the topic of
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optimality of inventory systems and models, it is quite
surprising that very few have considered the consequences
of a non—-optimal policy. The limited treatment of this

topic is referred to as Sensitivity Analysis. There is a

definite need for an investigation of the sénsitivity of
inventory systems and their models according to Fetter and
Dalleck [7]

Probably the most important single value to Dbe

derived from any model for use in a decision

problem is in the area of sensitivity analysis.

It is this writer's opinion that information about the
sensitivity of the inventory system and its corresponding
model is as critical as knowing the optimal value of the
inventory system and its model since, in general, the exact
optimal vélue cannot be attained for practical consider-
ations. As noted previously, the limited number of articles
and publications on the topic of sensitivity of the inven~
tory system and models is in marked contrast to the treat-
meﬁt afforded the broader subject of inventory control
theory. There exists a paucity of information which ex-
tensively treats the topic of sensitivity analysis of |
inventory models.

The first two papers discussing the topic of Sensi-
tivity Analysis of Inventory Models were published by Joel
Levy [8, 9] in 1958 and 1959. In the 1958 paper, Mr. Levy
considers the sensitivity of the purchasé model. The con-
sequences of using incorrect data in computing the decision

variable Q is presented for the purchase inventory model.
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The curve indicating the numerical consequences of the wrong
decision variable on the total variable cost indicates that
the error in the decision variable Q can vary from 0.53 to
1.85 and not increase total variable cost more than five
per cent. This range deces not coincide with findings of
this researcho Mr., Levy attempts to evaluate the sensi-
tivity of probabilistic inventory models by considering
Bellman's Dynamic Programming Recursive Relationship
formulation of the probabilistic inventory mode1°~’Levy"s
major findings were that considering a probabilistic inven-
tory model with demand as a stochastic variable, a con=-
venient relgtionship of sénsitivity of the model could notb
be found as was the case for the deterministic models.

In chronological order, the next article relative to
sensitivity of inventory models was published in July, 1959,
by Morris J. Solomon [10]. His major conclusion was that
the total cost function is often very flat in the vicinity
of the optimal value of the_decision variable and hence
relatively insensitive to the economical lot size value
(decision variable) within a fairly wide range. Mr. Solomon
then presented two approaches to defining an economical
lot size range. One approach involves the purchase model
inventory. cost function. The second approach is derived for
a quadratic cost function which is more general than the
purchase model inventory cost function.

Samuel Eilon [11], the following year, presented a

general approximation for the sensitivity of the function to
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be optimized by computing an optimal range for the purchase
inventory model. He also presented results extending the
optimal range to a general cost function comsisting of two
variable terms.

Ralph L. Disney [12] presented his results on sensi-
tivity of errors in estimation on the true values of the
parameters of the purchase inventory model. It is interest-
ing to note that Disney's results is the same general ex-—
pression as Levy.derived in his deterministic analysis.
However, Disney's curve of numerical values differs from
Levy's curves.of numerical values. The results of this
research corresponds to Disney's results. Disney also
presented results of the effect of error in parameters of
the decision variable for the purchase model which corre-
sponds to findings of this research for the purchase model.

Richard Withycombe [13] presented his findings relative
to how much an arbitrary value of the decision variable
(Q - order quantity) actually used may differ from a calcu-—
lated optimal value of the decision wvariable. This paper,
as previous authors, presented results only for the purchase
inventor& model. His findings were similar to Solomon's in
that he concluded and presented numerical results to show
that considerable latitude can be tolerated in deviating
from the calculated optimal jalue of the decision variable.

Accardo and Kabus [14] presented a procedure to
establish a flexibility interval for the decision variable

(Q) based on an allowable percentage deviation from the
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minimum total variable cost. The procedure presented was
based on the purchase inventory model. This article con-
sidered the case of a flexibility interval for the decision
variable with no error in the parameters, and a case
allowing for error in the parameters.

In the text by Flagle, Huggins and Roy [15], there is
an extensive treatment of the sensitivity of the inventory
models in the chapter on Elements of Inventofy Systems
written by Naddor. Although this treatment is rather
extensive for various models of the sensitivity of the model
to an error in the decision variable and to errors in the
parameter values, the results are rather difficult to
interpret because of the nature of the mathematic relation-
ships that were developed.

In a text, "Inventory Systems", by Naddor [1], the

results that were reported in Flagle, Huggins and Roy text
[15] were expanded and discuséed in additional detail.
However, again the resulting mathematical relationships are
not simplified and the results are somewhat difficult tb
evaluate relative to all the models considered.

Y. H, Rutenberg [16] presented a method of deter-
mining the value of the decision variable (EOQ) of the
purchasg inventory model for allowing a range for the setup
cost parameter. In effect, this is an analysis of the
sensitivity of the decision variable toran error in the
setup cost parameter for this model.

Hadley and Waitin [17] provided a limited treatment of
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sensitivity. However, they present the problem of sensi-
tivity analysis of the purchase model and leave the exam-—
ination of this part to the student via problems.

Fulton [18], in a M.S. thesis, presents a rather exten-
sive analysis of the sensgitivity analysis of. the parameters
of several deterministic models. The mathematical relation-
ship used in reporting his results are difficult to inter-
pret since he did not attempt to indicate any relationship
between the various models. However, Fulton did attempt
to consider the sensitivity of one probabilistiq inventory
model by considering a power function of demand.

Mr. Alvarez [4] reported results of the sensitivity of
system parameters of several deterministic and probabilistic
models. The complete paper that was presented is unavail-
able and unpublished and hence the nature of the modéls
considered is not known. However, the sensitivity relation-
‘ships that are developed are quite similar to Fulton's and
again are quite difficult to evaluate because of the
complexity of the mathematical relationship.

A recent and more complete eiamination of sensitivity
of inventory models is reported by White [3]. This treat-
ment follows quite closely that of Naddor [1] and also that
 of Fulton [18] and Alvarez [4]. This treatise considers the
| sensitivity of several inventory models but fails to reduce
the sensitivity relationship to simple relationships common
to all the models. In fact, two measures of sensitivity‘

are introduced which makes it difficult to evaluate the
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results.

White's paper did consider a probabilistic inventory
model via expected vélues of the various parameters. How=-
ever, his treatment was limited to only one expecfed value
- probabilistic model which did not greatly differ from the
deterministic model that was considered.

In essenée, there are a few isolated papers that have
been published on the sensifivity of inventory models. 1In
~general these papers only considered the sensitivity of
the decision variable (the economical order quantity) on the
purchase inventory model. A few of the papers considered
the establishment of a range for the decision variable for
the purchase model which is, in effect, an analysis of the
sensitivity of the decision variable. Several of the papers
also consider the sensitivity of the parameters of the
decision variable for the purchase model.

In general, there is not any correlation of sensi-
tivity values of the various models, In fact, those authors
that did deal with more than the purchase model, presented
mathematical relationships of the sensitivity of wvarious
models that was extremely difficult to evaluate and did not
correlate the findings to other modelsaﬁﬁ

Also, most of the authors who consider both the sensi-
tivity of the decision variable and the parameters did not
recognize the relationship between the sensitivity of these
two factors.

None of the references previqusly cited consider the
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sensitivity analysis of the properties of the model which is,
in effect, an analysis of the error in using a wrong model
or the assumptions that were used in the defining of the
system that the model represented. It is this author's
opinion that this is perhaps one of the most significant
aspects of the sensitivity analysis of inventory models.
Only the Levy, Fulton and White papers attempted to
evaluate sensitivity of prqbabilistic models° Obviously
the mathematical relationship involving the;probabilistic
demand functions increase the degree of difficulty in

sensitivity analysis of this type of models.



CHAPTER III
INVENTORY MODEL HIERARCHY
Methods of Analysis of Inventory Systems

E. Naddor» in the text by Flagle, Huggins, and Roy [1%],
indicates that essentially there exists three general
approaches to the analysis of inventory systems. The first
approach involves the detailed analysis of a general
inventory system with hopes to apply the results to any
specific inventory system. The second general approach
involves the analysis of specific hypothetical inventory
systems in a general manner. The third approach involves
analyzing simple hypothetical inventory systems, then by
the "building block" concept, analyze the more complex
systems,

This writer, as does Naddor, prefers the latter
approach since it involves methods of analysis rathér than
obtaining generai results or results for specific systems
encountered in practice. Hence, this can be conceptualized
as a methodology for analyzing complex inventory syétems as

extensions of elementary systems.

An elementary system is a system with simple properties
and an elementary system {(model) can be extended to a

different model by an additional assumption pertaining to

23
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one.of the properties of the "elementary” system. For
example, the purchase econqmicai lot»sizevmodel‘can be
extended to the production model by the assumption of the
property that the production. rate is not infinity greater
than the usage or demand rate. Thus the-production model is
an extension of the’purchase medel and the system—it repre-
sents is an extension of the purchase inveﬁtory system.
"Hence, any model can be extended to another model by the
nature .of the propertieé,that are assumed pértaining to the
inventorywsystems that the models represent. Generally, one
would expect that the solution of an inventory model and the
extended models are closely related. These relationships
form a basis of an inventory model hierarchy that has been
observed and formulated and is presented as part of this
research findingso |

A survey“df the literature on the theory and concepts
of economical lot sizes (ELS): alias; economical batch
quantity (EBQ), economical order quantity (EOQ), run size,
production order, etc., reveal several models proposed to
cptimize a particularlcriterion such as minimize the total
variable costs; These models not only differ relative to
criteria being optimized but also relativemto different
assumptions of properties of the systems and definitions
~used by the variohs authors. Some of these differences
vanish when definitions are reduced to & common denominator,
however, others ére sometimes difficult to reéolveo A

review and comparison of the various models presented in
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the technical literature probably would be of interest,
however, this is not the objective of this treatise.

Most of the models can be reduced to the mathematical

relationship:
TOTAL COSTS = TOTAL CONSTANT COSTS + TOTAL VARIABLE COSTS
TC = TCC + TVC

The constant costs per unit are those that are virtually
independenf of the economical lot quantity (iieo, the manu-
facturing or purchase coét consisting of the unit cost times
the annual demand requirements). Obviously if price dis-
counts or the manufacturing 1earniﬁg function is applicable,
then these "constant" costs are not independent of fhe
economical lot quantifyo However, it is'assumed that if
total variable costs are minimized, total costs are mini-
mized. It is important to note.that the total constant
costs consisting of the product of the unit value or unit'
cost and the demand requirements are normally quite large
relative to the fotél variable costs.

The variable costs are a combination of a hyperbolic
(procurement costs) and linear (holding costs, including
vinteresf and space.charges) terms. It is emphasized here
that, in general, all the models can be reduceq to a comé
bination of these two linear and hyperbolic terms. Now,

TOTAL‘VARIABLE»COSTS = PROCUREMENT COSTS + HOLDING COSTS
TVC = PC + HC
In order to derive a particular model, the properties 6f

the inventory system must be specified. As a building block
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for this inventory model hierarchy, a simple or elementary
model will Dbe disbussed in detailo

Generally speaking, an elementary inventory system is
an inventory system with simple properties which are
essentially assumptions concerning the pérameters of the
inventory system. Note that the decision as to what is
simple or coﬁplex properties is an arbitrary one. An élem
mentary inventory'system is defined as a system involving
the balancing of two costs (coéf of procuremeﬁt of“inventéfy
and the cost of holding inventory). The properties of an
elementary inventory system are defined in detail in the

following discussion of the purchase model.

Purchase Model

Properties of System

The specific properties that define the purchase model
ares |
Demand Propertiess

Deménd is deterministic (known with uniform usage rate),

total annual demand requirements will be denoted by D,

demand rafe will‘be denoted by d.

Replenishment Propertiess | |
1. ~ The rate of replenishment of inventory is infinife.
This means that the rate of production which is
denoted as pyis'infinitely greater than the rate
of demsnd so that the replenishﬁent 6f'inventory-

- is instantaneous. Symbolic p >> d or the total.



Cost

2'7

production capacity denoted as P is infinitely

greater than total demand reguirements P >> D.

2, Lead time is deterministic (known and constant)
or assumed to be insignificant or zero.
Properties: '

All costs will be defined as being of only three types:

namely, prccurement, holding, or shortage. It is

implied that all other costs are not pertinent or are

defined and categorized into these three types.

1o

Procurement Cost — Costs associated with re-
plenishing inventoriesaz The cost of proéurement
occurs each time a procurement is made. Procure-
ment costs is a»linear function of the number of
procufements=mDenoted as N. Note that this is a
hyperbolic cost function relative to the decisioﬁ
variable (Q). Total cost of procurement = (coéf
of procurement){number.of procurements). .-
ﬁgidiﬁg Cost — Costs associated with holaing a
unit in inventory, including interest and space
charges. Holding costs is & linear function of
the average number of units in inventory. 'Total
holding costs = (average number of units in
inventofy)(holding cost/unit). i
Shortage Cost — Costs associated with incurring
2 éhortage of inventory items. For the purchase
model, shortages are not allowed which is equiva-

lent to the statement that the cost of a shortage
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ig infinite. Note that the replenishment proper-
ties of this system allows a shortage to be pre-
vented. Repienishments are made whenever the
inventory reaches a prescribed level so that
shortages do not occur. Note that this could also
be accomplished with proper adjustment of lead
time and the known demand property. |
Constraint Properties:
In the purchase model, there does not exist any con-

straining properties.

Pormulation of Purchase Model

Schematically this system can be represented ass

T

t - time interval @etween Q, begins with @ units on hand

and ends w1th zero unitse.

t 1 plannlng pericd _ 1.1
= humber of procurements/planning period N DQ D

Procurement Costs = (Cost Per Procurement)(Number of
Procurements)

PC = Cp N

(Holdlng Cost Per Unit Time)(Average Number
Units Held)

Holding Costs

HC = Cy Q/2

IVC = PC + HC = CPN + CHQ/2
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Manipulation ¢f Model for Optimal Value of Decigion Variable

TVC = CpN + CHQ/2 = CPD/Q + CxQ/2
Where N = D/Q

CoD C
3._TVC _ 4 _ P CH
BQ f-~0,“-'Q-z+2—O

- 2CPD
Cy

The aboVe model 1is an‘excellent example of an oper—
ations research model insofar as the decision variables
under control (only one in this model - Q) can be epecified,
a function to.be optimized can be defined and then the value
of the controlled decision variable which optimizes the
desired function can be determined. In this model, the
decision variable (Q - the economical lot guantity) which
minimizes the sum of the total variable costs can be found‘

by a simple mathematical method such as differentiation.
Production Model

Properties of System

Specific properties that define the produetion model
ares
Demand Propertiess

Same.as for purchase model.
Replenishment Propertiess

1o The rate of replenishment of inventory is not

infinite. However, the production rate P is
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greater than the demand rate, p > d. Note that
the demand rate is such that during production of
the lot size, consumption of the units occur to
satisfy demand and the full lot size does not
enter inventory.

2 Lead time i1s same as for purchase model.

Cost Properties:
- Same as for purchase model.
Constraint Properties;.

Same as for purchase model.

Formulation of the Producition Model

Schematically this system can be represented as:

I
_ _max _ _D
- Iavg - 2 Imax Q(1 )
TVC = PC + HC
D

= Cp N+ Cy /2 (1=§)

D : D
:CP“Q=+ CH'Q/Q(”I““?)

D : » (P=D
=Cp g+ CH Q/2 (——=—P )

~Manipulation of Model for Optimal Value of Decision Variable

FProm which

2CPD

Q= D
'CH( =T

P
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Backorder Model

Properties of System

The specific properties that define the backorder model
ares
Demand Properties:
Same as for purchase model.
Replenishment.Prpperties:
Same as for purchase model.
Cost Properties:
Te Procurement Cost -~ Same as for purchase model.
2 Holding Cost — Same as for purchase model.
3o Sshortage Cost - Costs associdted with incurring
a shoftageo This model allows a shortage to
. occur with the demand remaining captive such that
it is supplied from future productionox This cost
is considered to be a linear function of average
number units that are éhort and backordered.,
Total Shofﬁage Cost = (Average number of units"
ibackordered)(CQst of_shOrtage_per unit)° |
Constraint Properties: | B

Same as for purchase model. .

Formulation of the Backorder Model

Schematically this system can be represented as:

NN

S = Number of units short

—~%
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TVC = Procurement Costs + Holding Costs + Shortage Costs

= PC + HC + 5C

!

(CP)(N) + (QH) % + Cg (Average number short)

_ . D Q. o 5

Manipulation ¢f Model for Optimal Value of Decision Variable

Prom which (See Appendix A for complete derivation)
) /§CPD JCH+CS
Cu Cg
V/ZCPDJ/
CH+C

Production With Backorder Model

Properties of éystem

Specific properties that define the production with
backorder ares |
Demand Probertiesg
Same as for the purchase model.
Replenishment Propertiesz
Seame as for the production model.
Cost Propertiess
Same as for the backorder model.
Constraint Propertiess

Same as for the purchase model,
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Pormulation of the Production With Backorder Model

Schematically this system can be represented as:

t

Imax

/ \;

Manipulation of Model for Optimal Value of Decision Variable

From which the following is obtaihed (See Appendix A):

V/ZCPDV/ V/CH+CS
ZCPD CH+C
PnD
. jchD / P / Cy
C,S P-D CH+CS

As previously noted, extensive work has been reported

in various texts and technical literature relative to. the
derivation of the optimum inventory policy for various
models based -on different assumptions. However, as far as
this writer can ascertain, ﬁhis is the first presentation
- showing the interrelations of the various models, their
respecfive properties, and resulting formula for the optimum
value of the decision variables.

Of course, it should be noted that the value of the
optimum decision variable can be uséd to answer the two
important inventory questionss (1) ﬁow much to make or buy

(Q), and (2) when to order (t)- the time between orders.
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This hierarchy of inventory models that is related to
the properties of thevinventory system bein; defined is éf
considerable interest and value. Upon the inspection of
Table I,thich illustrates the relationships of the various
properties and their effeét on the decision variable formula,
it appears that each property has the’éame effect on the
decision variable regardless of fhe particular model. As
an example the assumption that the cost of shortage property
is not ;nfln;te-has”an effect of g;CH

variable in each model thaﬁ this property is assumed. Like-

on the de01s1on ,

wise the assumption that the replenishment rate property is
not infinite has an effect ofM[;;% on the decision variable
in each model for which this property is assumed. Hence,

it appears that by knowing the effect‘of the various proper-
ties on the decision variables of these models, additional
models® decision variables could be directly formulated
w1thout the mathematical manipulation of complex total
varlable cost functlons thdt evolve when the comblnatlon of
several properties are assumed to deflne a particular model
of interest.

This "building block" concept of determining decision
variable formula could be of considerable aid in the
analysis of more complicated inventory systems simply by
knowing the effect of various properties on the decision

variable formula.



TABLE I

COMPARISON OF INVENTORY SYSTEM PROPERTIES THAT DEFINED THE VARTIOUS INVENTORY MODELS

PrOperti;§‘-EEE§i§( Purchase Production Backorder Production With Backorder
Demand Known and Known and Known and Known and
Constant Constant Constant Constant
Replenishment
Replenishment Rate §} Infinite(P>>D) fJFinite (P >D) Infinite(P>>D) jFinite (P >D)

Lead Time

Zero or Known
and Constant

Zero or Known
fand Constant

Zero or Known
and Constant

Zero or Known
and Constant

Cost

Procurement Cost

Holding Cost

Linear Punctionfliinear Function

of Number of
Procurements

of Number of
Procurements

Linear FunctionjLinear Function

of Average

of Average

Linear Function
of Number of
Procurements

Linear Function
of Average

Linear Function
of Number of
Procurements

[Linear FPunction
of Average

Inventory Tnventory Inventory Inventory
Shortage Cost Infinite Infinite Linear FunctionfLinear Function
of Average of Average Number
Number . Backordered
Backordered
Constraint None Jione None J¥one

Schematic Repre-—
sentation of System

/AN

I~

Decision Variables
Formula:

Optimum Lot Size

Optimum Number
Backorder

o 2CpD
Go = -EE-
0

2CpD | p
o =~/T yo=

jchDICH+CS ;

%o T G

g e
o] CS CH+CS

gt



CHAPTER IV
SENSITIVITY ANALYSIS OF DECISION VARIABLES

There are three general decision variables in a
deterministic inventory model: (1) the economical order
quantity, (Q); (2) the time between orders, (t); and |
(3) the number of orders per year, (N). In essence, if a
value for one of the decision vériables ig specified or
known, the other two decision variablé Values aan be
determined from simple identities that exist as corollaries
from the definitions of the model and the propertieé of the
system that it repreéen'tso

This chapter deals primarily with the sensitivity
analysis of the decision variable. A measure of the sensi-
tivity of the economical lot size on the total variablé
cost function has been evaluated for the puréhase, pro-
duction, backorder, production with backorder, and re~
stricted variables models. A measure of the sensitivity of
the decision variable (t)-on the total variable cost
function has been evaluéted for the purchase model from
which if follows that results will be the same for the other
models. Likewise, a meééure.of the sensitivity of the
decision variable (N)- on the total variable cost function

has been evaluated for the purchase model from which it can

36
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be concluded that similar results exist for the other models.
The senéitivity of a general inventory cost function con-
sisting.of a hyperbolic term and a linear term was evaluated
with the same results as all the previous modelse. Heﬁce, it
is concluded thaf if the cost function csnsists of the sum |
of a hyperbolic and linear terms, its sensitivity to a
change in the decisién variable will be l-gwﬂz where W is
the per cent deviation'of the actual value of the decision
variablé to the optimal value of the decision variable. The
measure of sensitivity that was evaluated was the ratio of
. total variable costs with the "actual"® or‘“wrong" value of
the decision variab1e to the total variable costs with the
optimal value of the decision yariableo Tﬁé "actual" or
"wrong" value of the decision variable was expressed as a
percenfage of the optimal value of the decisibn variable.
Expressed mathematically
Q=W
where
Q' = M"actual" or "wrong" value of decision variable
Q = cptimal value of decision variable
W = percehtage deviation of the actual value of
the decision variable to the optlmal value
of the decision varlableo
Table II summarizes the results of the evaluatlon of
the various inventory models and their sensitivity to an
"error" in use of a "wrong" value for a decision variable.

The derivations of the measure of sensitivity for the

various models are presented in Appendix B.
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Upon examination of Table II it is obvious that the

sensitivity of any of the decision variables is the same

for all the models.

Further note that the measure of

sensitivity is independent of the decision variable itself

and only a function of W which is the percentage deviation

of the actual value of the decision variable as related to

the optimal value of the decision variable.

TABLE II

MEASURES OF SENSITIVITY FOR ALL MODELS

AND ALIL DECISION VARIABLES

Sensitivity of

Sensitivity of

Sensitivity of

Decision Decision Decision
Variable Variable Variable
Q- t N
o e e e ]
Purchase |1 + W2 14 W2 1+ W |
Model 2W 2W 2w
Production | 1 + w2 1 4 W 1 4+ W
Model - oW oW W
Backorder | 1.+ W2 1+ W2 14 W
Modek 2W' ' 2W 2W
Ppoduction 14 W2 1+ W2 1+ W2
With oW oW oW
Backorder B
Respric?ed 1+ W2' 1 4 W2 L 14 W2
Variable — S ST
Model
If .73 £ W = 1.37 then the change in the TVC'/TVC,

ratio will be

less than five per cent. . Some specific
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numerical values of W and changes in the TVC'/TVC, ratio are
shown in Table III and Figure 1. This indicates that the
cost conséquences.of an "error" in the decision variable'

- greater than the "correct® value df decision .variable is of
less significance. than having an incorrect value of the
decision variable less than the "correct® value of the

decision variable.

TABLE III

RANGE OF W FOR VARIOUS PER CENT CHANGES
IN THE.TVC'/TVC, RATIOS

Range of W -

Change in

Ve/TVe, |
» }
< : 1 % 0087‘5.W‘s 1.15
< 2 % L 0.82 £ W 1.22
s 3 % . 0.79 £ W s 1.27
s 4 % 1 0,76 = W s 1,32
s 5 % - 0,73 = W s 1,37
< 6 % 0.71 < W s 1.41
s 7 % 0,69 = W 1045
< 8 % 0.68 < W < 1,48
< 9 % 0.66 < W s 1.52
< 10 % 0.65 s W s 1,55
s 25 % 0.50 = W = 2.0
< 68 %_' 0.33 = W s 3.0
:; 112, 5% ©0.25 5 W s 4.0
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Note that

TVC! 1+ W

- IVC, T 2W

TVC!

,whlch 1ndlcates that the same effect of W on the. Foe— TVC

ratio
is also obtained from the inverse of Wo

In the previous chapter it was noted that the total
4constant costé are:normélly,quite.dominant‘relativg’tovthe
total variable costs. Hence, a "}érge",errof‘could possibly
occur in the. total variable costs andmyet¢fhe,efféct on fhe
 total costsvcould~be quite small. | -
TOTAL CONSTANT COSTS + TOTAL VARIABﬁE ¢0STS

TOTAL COSTS =
¢ = TCC ' + TVC
T L= TCC + VY

- Measiire “of sensitivity of Total Costs (TC)

mgr  TEC 4+ TVC!
TC, = TCC + O,

(¢}
TCC l~i~ﬂi Ve,
= TGC % TVC,

Hence, if the TCC term is large relative to ' the TVC term, then

a large error in the TVC term will result in relatively
. . i ; .
small change in the total costs.



CHAPTER V
SENSITIVITY ANALYSIS OF PARAMETERS

An important consideration in the use of any model is
its sensitivity to changes in the parameters Qf thelmodel.
The collection and analysis of information and.data leading
to the estimation of the. following parameters; demand,
procurement costs, holding costs and shortage costs are
processes subject to error. Thus it is quite important to
know the effect of erroneous velues of parameters on the
total variable cost since the refinement of the estimating
procedure incurs additional time, effort and money. This
chapter considersnthé problem of the effect of an "error"
in the true value of the parameters on the economical lot
guantity and the resulting tdtalsvariable costs.

The sensitivity of the inventory systems to the use of
"incofrect“ estimates of the input parameters has been
evaluated for the purchase, production, backorder and
production with backorder models. The use of "incorrect"
values of the parameters of the various models will effect
and possibly result in an "incorrect" value of the decision
variables. The results of Chapter IV indicated that the
sensitivity of the various models to the effect of an

Uincorrect" value of a decision variable on the total
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variable cost was a function of only W -~ the per cent
deviation of the actual value of the decision variable rela-

tive to the optimum value of the decision variable. Mathe-

1
Qo
which allows W to be interpreted as the ratio of the "actual"

matically this was defined as Q' = WQ,e In turn, W =

decision variable to the optimum value'of the decision
variable. This can be further defined as the ratio of the
parameters of the actual value of the decision variable to
the paraméters of the optimum value of the decision variable
for any model of interest.

Denote errors in the‘estimates of parameters by primes

Purchase Model




Production Model

Backorder Model

. _,ZCPD ’CH+CS
o CH CS

) 1 ]
o ;/2cPtD'M/cH +Cg"
- 1 []
\\\\ ,‘_,CH ‘Cs
M/2 "D°N/0H0+csv Op' pt
Cy' Cs'  [Cp D [[Cq' Cg
]

V/ CpD y/cH+cS cy' [\7s J\ B
% 4 G5 °n
° o % o S - R
=/ D T ol | el
“P H S H




Production With Backorder Model

C

% F“"

20 'Df CH +C 1
1 - D /P'

s" pr
P-D
P
=D
e Cy
oL +”1 ;EE +
Change in Range of
TVC“/TVC
< é% . 0.82 < W = 1.22
< 3% 0.79 W 1.27
s 4% 0.76 < W s 1.32
s 5% 0.73 = W s 1.37
< :f6% 0.71 s W = 1.41
s 1% 0.69 = W s 1.45
< 8% 0.68 < W 1ﬁ48
< 9% 0.66 = W = 1.52
< . 10% 0.65 s W : 1.55
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| For example, note that for any combination of values_of
ratios of the estimated to the true values of the parameters
that are in the range of the W, from 0.73 to 1.37, then the
change in the TVC“/TVCO ratio ='i—§WﬂE < 5 per éént.' Hence,
if W is in this range then the change in total wvariable
costs will be less than five per cent regardless of the
model being considered. As an example, for the purchase
models. | |
Change in T = 5%  if 0,73 s W s 1.37
A 0.73 = L < 1.37

0.73

for the production model:
TYC! '

Change in -TTI'T»S 5% if 0.73 £ W < 1.37
0 ) v ,
0,73 s &= s 1,37

Qo

0.73

and so forth for the other models. The more complex the
model, additional ratios of the eétimated to trué values of
the parameters are involved in fhe W relationéhip° VAsva
genéral obsefvation; the errors in over and'undermestimation )
of several parameters could well cancel.thé-efféét of each

other. Also, the effect of estimating error is:greater for
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under-estimation than for over@eétimationo  However, it
seems.iogical fhat the likelihood of severe uhdermestimation
is much less than of severe over—estimation.

This lack of sensitivity to errors in estimating
parameters values is a saving grace since, if this was not
true as‘discussed in this chapter, larée periods of fime
and large gquantities of money would have to‘bé spent in
gathering and refining estimates; Fortunately this is nof
necessary and "“guick-and-dirty" esfimates are generally

sufficient to guide action and control decisions.

TABLE IV

SUMMARY OF EFFECT OF ERRORS IN PARANMETERS
FOR THE VARIOUS NMODELS

Model l Value of W in Terms of Parameters

Purchase ‘W _ CP° D' CH
- 7

Model Cﬁ- D ﬁg“

C ] . C 1q -
Production W= 32' ‘%_ CH" V1= D /P

1 - D/P
b (C'-"’Hﬂ + ‘l)(f--§ + 1)
CP D CHU CSV CH

Production

Backorder Fi W o=
Model S

. Co' . C Gl C S —
With wo -BD CH [(H_ (s, \VWIZDZEL
Backorder Cp D CH Cat C

Model




CHAPTER VI
SENSITIVITY ANATLYSIS OF "WRONG" MODELS

The most significant problem in the consideration of
inventory modeléﬁis the selection of the appropriate model
which is defined by the properties of the system being
déscfibedo If the total variable costs of the various
models are compared, then a measure of the sensitivity of
using the modelé can be obtained. However, the différence
between the medels is, in essence, the difference of the
properties that define the models. Hence, a measure of the
sensitivity of the properties can be evalﬁated which 1is ad
measure of the assumptidns concerning the properties of the
system tﬁat the various models represer;t° In . the industrial
environment this problem is important to the producfion
control manager who may be able to contrql the properties of
the actual inventory system and wants to know if it is
7w¢ffhWhile to make a change in the propertiésa The quanti-
- tation oflﬁhe significance of the difference of the various
models is one of the more significant findingsvof this

research activity.
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Measure of Sensitivity Based on The "Actual"

Model's Total Variable,Cosﬁ'Function

There are two measures of sensitivity that can be used
in“evaluation of the properties of an inventory system that
define a particular inventory model. The first and simplest
. measufe of sensitivity involves using the ratio of the total
variable cost of the "actual" model with the "actual" model's
decision variable. This measure of sensitivity assumes_thsf
the "trge" model and its resulting decision variable is un-
known whils‘computiﬁg the total variable cost of the "actual"
model. Hence, the total variable cost relationship and the
decision variable associated with the "actual" model is
utilized in the determination of the total variable cost of
the "actual" model. Thus the measure of sensitivity is:

TVC'/TVC, -
whsre |

TVC' - total variable cost of “actual® model with the
_Mactual® model"s decision variable — QF :

Q' -~ decision variable of *"actual" model

TVC. = total variable cost of "true" model with "true"
model's decision variable -—— Q5

Qo - decision varisble,of "true" model.

Using this measure of sensitivity, various combipations
of the pufchase, productisn,_backorder, and productibn with
backorder models are evaluated. It is notsd thst if a
purchase model,is the "actﬁal" model and the produstion
model is the “true" ﬁodel a measure of the sensitivity of the

purchase mcdel versus the production model .can be obtained.
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Eurchase Model Versus Production Model

The difference between the purchase model and the pro-
‘duction model is the replenishment property cpncgrning the
rate of replenishment of the inventory, hence a measure of
the sensitivity of this property or assumption is obtained
when the ratio of these two models' total variable costé are
compared. Further, note that the reciprocal of these two
models is a measure of the sensitivity of the production
model as the "actual" model as compared to the purchase

model as the "true" model.

Actual Model

bC.D
Q' = [

Ch

CoD  CynQ'
TVC!' = g, + IE

True Model

[2ceD [
Q = Cqn F-D

CpD  CpQ, (P-D>

TVCo = Qo + 5 T

Measure of Sensitivity is (See Appendix C, page 117):

mvgr [ P 1
T™C, A F=D “4T=D/F
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D/P Change in
'Tvcv/Tvco

s .093 0.10 | = 5%

= 17 £ 10%

The interpretation of this measgure of sensitivity of
the purchase model versus the production model is that if
the purchase model isAthe "actual" model used and the proé
duction model is the "“true" model, then the total variable
costs are over—estimated by the factorﬂ/f%éﬁ « This over—
estimation of the holding costs is caused by the fact that

average inventory of the purchase model is Q/2 whereas the

average inventory of the production model is Q/2( P;D)o

The factor relates to the quantity of production (Q)

P-D
which is used to satisfy the demand during manufacturing
time and did not go into invemtory.

If the D/P ratio is less than 0.093 = 0.10 then the
change in TVC"/TVCo will be less than five per cent. Hence,
any combination of values of D (Demand) and P (Production)
that result in a ratio less than approximately 0.10, the

resulting increase in cost due to using the "actual" model

will be less than five per cent.

Purchase Model Versus Backorder Model

If the ratio of the total variable cost of the purchase
model and the backorder model are compared a measure of the

~sensitivity of the cost property assuming infinite shortage
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costs is obtained since this is the only difference of the

properties of the systems which the two models represent.

Actual Model

VO = 57 + —5—

True Model

ZCPDJCH + Cg

. j/ZCPD,/ C‘s
o 35 4 O + Cg

2
\ o = 22, %1% oo, So (Onr0s)
o Q9 H"o 2Qo

Measure of Sensitivity is (See Appendix C, page 118):

o g
Ve, Ty Cq

Cy/C Change in
s Ve /TVC,

£ .10 < 5%
£ .20 s 10% ‘

The interpretation of this measure of sensitivity of the
purchase model versus the backorder model is that if the

purchase model is the "actual" model used and the backorder
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model is:the "true® model, then the total variable costs

) '@TC S
will be incorrectly estimated by the factor/[wm5-a or
. 5{, S ' L
1+ . This over-estimates the total variable costs by
S .

this factor which is the difference of the respective
decision variables of the two models. |

If . the CH/CS is less than approximately ten per cent,
then the change in total variable costs will be less than
five per cent. This means that if the cost of shortages is
less thaﬁ ten times the cost of holding a wnit in inven£ory,
then using an "actual" model ignoring the cost of shortage
will increase thé total vafiable costs less than five per

cente

Purchase Model Versus Production With Backorder Model

If the ratio of the total variable cost of the purchase
model ahd the production Qith backorder model are compared, |
a measure of sensitivity of the combination of the cost |
propert& assuming infinité shortage cost and thevrepleﬁishf .
ment property assuming that instantaneous replenishment of

inventory is obtained.

Actual Model




54

True Model

. ?/bcpnﬁ/cH4-cs P
o g 4 G 4P-D
. 2CpD / Cxr P-»D
o] CS CH*'CS

2
o - 2, Sl P_D)_ os .20 (CatCd
o=tz \ 7/ %% ";5‘(?255

0

T

Measure of Sensitivity is (See Appendix C, page 119):

over _{%atCs Y - I - O
VG, “"'“'?:ﬁ Cqyf T=-D/F 4 "Tgy T-D/P
Eﬁ D Change in
C, * F TVC"/TVC

P [%u* Y| change in
JF=T5,) T o5 | et /e,

The interpretation of this measure of sensitivity is

that any combination of the square‘rootﬁof'thé product of
C -

h H 1
the two terms 1.+ E; and um:—§7~ that are less than 1.10,
then the change in the total Varlable costs w1ll be less
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than five per cent. It has also been observed fromnumerical
data that if the sum of the two ratios (CH/Csﬁ-D/P) is less
than ten per cent, then the change in the total variable

cost will be equal to or less than five per cent.

Production Model Versus Backorder Model

If the ratio of the total variable costs of“the'pro—
duction model and the backorder model are compéred,zameasqre
of sensitivity of the two properties that distinguish fhe‘
two models is obtained. The properties involved ares
(1) cost property, that cost of shortage is assumed infinite
in the production model; (2) replenishment property, that
the backorder model assumes instantaneous replenishment of

inventory.,

Actual Model

o [26pD [p g
ATy =

CpD CyQ' p_p

WC' = ~57 +—3 5
True Model
. “jZCPDjCH+CS
¢} CH C,s
< ZJZCPDJ Cq
2
‘ C,D Cn.0Q S “(Cy + Ca)
: _op HY% o \vpgtblg
\ TVC,, -—====-O+ 5= = CS, + 2o
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Measure of Sensitivity is (See Appendix C, page 120):

TVC? _ CH+CS P=D =j1 + EE J1 - D

Ve, «J o 4f i3 Cg P
P-D |H*Ys | cChange in

2 Oy TVC! /TVC,

£ 1,10 < 5%
s 1.20 < 10%

In the comparison of these two models, the measure of
r‘sensitivity is quite large before a significant change of

five per cent in total variable costs occurs. Note that the

C -+C T
TVC“/TVC N/ H v/P =D V/? + mﬁ 1 - % upon inspection
S

of this ratlo, 1t becomes obvious that as CH/C and D/P both

become large, that the effect of the error is relatively
~small since they have opposite effect on the TVC'/TIVC, ratio
Note that the two distinguishingbproperties which are
associated with the two models being evaluated elso differ~
entlates the purchase model and the production W1th back=
order model. However, 1n the prev1ous evaluatlon, both
properties thatzdlstlngulshed the two modelemwere assoclated
with only_dne‘model, namely, the production with backerdef
model. It is ef“interestfto;note.the siﬁilarityupf,the
TVC“/TVC0 ratioe which satisfy the intuition of the nature

¢f the two comparisons.-
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Production Model Versus Production With Backorder Model

A measure of the sensitivity of the cost shortage
property which assumes cost of shortage isrinfinite.can be
obtained by comparing the ratic of the total variable costs
of the production model t¢ the production with backorder
model., Notice that this result is the same as comparing the
purchase model to the backorder model since both comparisons
involve models that are distinguishéd only by the assumption

concerning the cost property..

chn
Q! \/P 5

CpD  CyQ' (P - D)
=

Actual Model

True Model
2CPD CH-+C
% = Cq IL=
] 2CpD b _D

o] CH-+C P
oD CuQ S, 20,40
e = B JH*[P-D) o o VH''S

_ o Q, 2 \ P HY0 *

20 (PmD |

Measure of Sensitivity is (See Appendix C, page 122):

z\_f,g,_/fiijg i} /1+Sf;
TVCo CS CS
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CH Change in
TVC! /TVC o

s .20 < 10%

The interpretation of the table values are the same as
for the purchase motel versus the backorder model measure of

sensitivity.-

Backorder Model Versus Production With Backorder Model

If the ratio of the total variable costs of the back-
order model and the production with backorder model are
COmpared,-a méasure of sensitivity is obtained of the re-
plenishment property relative to the assumptions of instan-
tanecus replenishment of_ihventoryo It is noted that the
comparison of these two médels result in measuring the
sensitivity of the replenishment‘?roperfy that i1s measured
in fhevcomparison of the purchasé model to the production
model. Again, it is reassuring to obtaiﬁ the same results

in both comparisons,

Actual Model




CpD  CyQ"© (s**z(oH + C )
. - 0
Qr vt Tz Cgs' + EOE

ZCPD CH-+CS
QO CS P~ D

0 CS CH*'CS P

True Model
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S, (C +C
(0] (P;D‘)_’ CHS + S
2Q ‘

Measure of Sensitivity is (See Appendix C, page 123):

ver
Ve, P =5 ./ T= D/P

TvC, =

D Change in
P TVC“/TVC
< ,093 s 5%
< .17 < 10%

This interpretation of this measure of sensitivity of
-these two models is the same as for the comparison of the
purchase model and the production models.

Note that with the measure of sensitivity in Table V,
the error of using the "actual® model, is the ratio of the

"true® model's decision variable to the %Yactual" model's

decision variable.



60

TABLE V

SUMMARY OF MEASURES OF SENSITIVITY FOR COMPARISON
OF VARIOUS MODELS BASED ON "ACTUAL" MODEL'S
TOTAL, VARIABLE COST FUNCTION

Production
. With
Production Backorder | Backorder
_ Model Model Model
- C+C Ci+C
Purchase 1 ?gf ’ g S) PPD’ g ~S
Model S ' - S
: | CotCw | [CotC
Production || /2= 1 /2_%% Ig* 5 J Ié S
C l Cn | ‘
S , P S P
Backorder UL S R 1 :
P?oduction PD CS CS 0 |
s T Tty | TeC T L
Backorder H'™S H™™S
Model

Measure of Sensitivity Based on The "True" Model's

Total Variable Ceost Punction

The second and more difficult to analyze measure of
sensitivity is defined as the ratio of the total variable
cost of the "true® moael with the non-optimal value of
decision ﬁariable based on‘the "actual" model to the totai
variable cost Qf the "true™ model ﬁsing the optimal value‘of
the decision variébleo This measure of sensitivity assumes
that the "true" model is known but that a decision Variablé

of an erroneous model is used in ascertaining the total
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variable qost° Hence, the "error" in the total variable
cost 1s only a function of the decision variable from the
¥actual' model and not a function of the total variable cost
function of the "actual" model.

Thus the measure of sensitivity is:

TVC'/TVC,

where

IVC' = total variable cost of "true" model with
"actual" model's decision variable - Q°

Q' = decision variable of "“actual" model

ve

i

total wvariable cost of "true" model with
"true" model's decision variable

Q, = decision variable of "true" model.

Using this measure of sensitivity, various combinations
of the purchase, production, backorder, and production With
backorder models are evaluated. As with the first measure
of sensitivity, if the production model is the "true" model
and the decision vérialbe is based on the purchase as the
"actualﬁ model, a measure of seﬁsitivity of the purchase
model versus the production medel can be obtainedov This is.
in .effect a measure of the éensifivity of the'éésumption |
concerning the instantaneousureplenishment,property of the
purchase ﬁodelo As will similarly be-the case for all thg
comparisons, the reciprocél of thése two quels is a meésure
of the sensitivity Qf‘fhe pfoduction mcdel as the "actual® R
model for the decision variable and fhe purchase model aé

the "ftrue” model.
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Purchase Model Versus Production Model

If the ratio of the total variable cost of the purchase
model ard the prqduction model are compared a measure of the
sensitivitonf the replenishment property‘which éssumes
instantaneous replenishment of inventory is obtained. This
measure of sensitivity evaluates only the effect of using
a‘"wfoﬁg" value of a decision variable which may be based
on a "wrong" model. This sensitivity value will be less
than the previous computéd megsure since in bofh terms of
the ratio, the "true" model is assumed,to be known. Note
again that the reciprocal of these two modéls is a measure
of thé sensitivity of the production model and its decision
varigble as fhe "actﬁal" model asg compared to the_purchase

model as the "true! model.
Actual Model

QY = Jome

TVC' =

True Model

TVC | =
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Measure of Sensitivity is (See Appendix C, page 124 ):

TVC“=12P-=D)
Ve, Vi

_‘1iJ P atJP )
=TT =D W T

= %U]’l e +4/1 = D/P]

.b/P Change in
e /TVC,
$0.24 | s 1%
< 0.32 s 2%
s 0,38 £ 3%
£ 0.43 s 4%
< 0.46 < 5%
< 0.49 s 6%
< 0,52 s 7%
s 0,54 . s 8%
< 0.56 s 9%
s 0,58 s 10%

The interpretation of the table can be illustrated by
considéring the_D/P ratio of 0046.which Has a change inlthe
(TVC'/TVC, ratio of five pef cent. This means that the' D/P
(demand requirements to production capaéity) ratio can be
as high as 0046, and the total variable costs of using the

decision variable based on the ¥Yactual® model will be less
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than five per cent. As previously discussed, this measure
of sensitivity quantifieé the effect of‘using thé replenish~
ment property which assumes instantaneous replenishment of
inventory. The sensitivity of this propérty”relative to

the total variablé costs is not critical since the D/P

ratio can approach one-half and not exceed the total variable
costs by six per cent. Hence, the "error" o% using the
purchase model's decision variable rather than the "true*
production model's decision variable is less than six per

cent if the demand requirements to production capacity ratio

is less than 0.50.

Purchase Model Versus Backorder Model

A measure of sensitivity of the cost property that
assumes. that cost of shortage is infinite in the purchase
model can be obtained by comparing the ratio of the total
variable gosts of“the purchase model and the‘backorde:_model,

since this is the only property that distinguishes these two

models,
Actual Model
PCPD
\ QI R S .
: C
\, H
S'" =0
Cd ot (SP(0p0g)

TVC! = T tTE T CH(S' )+ 5q

C.D  CuQ!
P H
TVC‘= Qg + 2




True Model

/ 205 /CH+C
D
4/ V/CH+C
?(CyrCg)

S
_ P H 0 0
Nl ™=tz oty

Measure of Sensitivity is (See Appendix C, page 125):

= 1+ Eg
W |
£0.02 | s 1%
5 0.04 | = o
.»s 0.06 Aﬁ < .3%i
< 0.08 s 4%
50,10 < 5%
£ 0,12 p 6%
< 0.14 s %
- < 0.16 < 8%
< 0.18 < 9%
 £0.20 < 10%

This measure of sensitivity of this cost property can

be intefpreted by an example. If the CH/Cs ratio is less
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than 0.10, then the change in the total varisble costs will

be less than five per cent. This says that if the unit cost

of shortage is less than ten times the cost of holding an

unit in inventory, then the increase in the total variable

cost will be less than five per cent, which indicafes.that

this cost property can be ignored in practical cohsider~

ations.

Purchase Model Versus Production With Backorder Model

- A measure of sensitivity of the shortage cost preperty

in combination with the replenishment propefty‘can.be

obtained by comparing the ratio of the total variable costs

of the purchase model's decision variable based. on the

production model as the "true" to the produétion model with

its decision variable as the "true® model,

Actual MNodel

. True Mcdel

20pD
Q! =
CH
S! = 0
TVC? :-_—CP:?.;,.CHQU (P”P)w Q.S +‘_(Sf)—_(CH+CS)
Q" 2 P H ) QQQ(PQD),,
| 20pD [CytCsf p
% 3 Cqd Cg 4 P-D
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~ 2
_— _,CPD_FCHQOIPwD oS _FSOr©H+QS)
0 T TR TZ P ) G oI
. ' o\" P

Measure of Sensitivity is (See Appendix C, page 126):

mver _ 1 [SEC[ P | [e=D
TVC,. 24 Cg JP-D P
= = |1 +vEE ] 1-3
=73 Cs | T - D78 7 P
c/C D/P | Change in
CHS TVC*'/TVC,
£0.10 £ 0.10 < 5%
'£0.09 | =020 s 5%
< 0.08 s 0.25 ,"5%
s 0.07 £ 0.30 s 5%
< 0.06 s 0.33 | S5%
< 0.05 .S 0,36 < 5%
< 0.04 | = 0.38 s 5%

This measure of sensitivity .can be interpreted as

having several combinations of values of CH/CS and D/P

ratios which increase the ftotal variable costs less than

five per cent. Specifically if the values of the CH/CS

ratio are less than 0.10 and the D/P ratio is less than

0.10, then the change in the total variable costs will be

less than five per cent. Note that other combinations of
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CH/CS and D/P ratios will result in change in total variable
costs less than five per cent., However, the largest the
CH/CS ratio can be even for D/P ratio of 0.01, is 0.10,

This is logical since if D/P approaches zero t_he,/% J»E:T—Q
term approaches the_value of two which cancels the one-=half
vfactoro - Hence, ﬁhe largest the /1 + éﬂ can be is 1.10,
resulting in the largest possible valuz of the CH/CS ratio
of 0.10 without exceeding the-five per cent change. K in the

total variable costs,.

Productioh Model Versus Backorder Model

A measure of the sensitivity of the two properties that
distinguish the production model and the backorder model,
namely: 1) cost property which assumes that the cost of
shortage ig infinite for the production model, and 2) re-
plenishment property which assumes instantaneous repleniéh—
ment of inventory for the backorder model can be obtained
if the ratio of the total variable costs of the two models

are compared.

Actual Model

2
CoD  CuQ® (89)°(Cy+Cq)
P H 4 Hts
TVC? =-m3T+-7?=-=cHs"+- 5GT
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True Model

_ 2CPD CH+CS
Qo N CH C

s
< ?/20PDN/ Cy
0 ,CS CH+CS
| 2
—— CPD_+0HQ0¢°C < 5,°(Cy+Cq)
\\\ | o T TQ,TTZ TrH ot

.3

Measure of Sensitivity is (See Appendix C, page 127):

TYQr 1 CH+CS[ P [p-D|
e, ~ 24 Cg P-D WP
=7 Cq T - D/ 7 T

RS
£ 0,10 £ 0.10 < 5%
s 0.09 < 0.20 s 5%
< 0.08 S 0425 5%
s 0.07 s 0.30 = 5%
s 0.06 s 0.33 = 5%
£ 0,05 < 0.36 < 5%
< 0,04 £ 0,38 1 | s 5%

Since the measure of sensitivity of these two models
are the same as for the purchase model versus the productiqn
with backorder model, the same interpretation and comments

are appropriate.
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Production Model Versus Production With Backorder HNodel

A comparison of the ratio of the total wvariable costs
of these two models will result in a measure of senSitiV1ty
of the cost property which assumes the cost of shoruage is

infiniteo This comparison evaluates the same property as
in the purchase model versus the backorder model comparison;
It is reassuring to obtain the same measure of sen81t1V1ty

for both comparisons.

Actual Model

St = .0
CoD C Q' (89 (C Cg .
. _.CP° CH® [p-D gty
: TYC~ = Qu-F—jy-( )CHSLk-—:i;r(§:ﬁj .
,2CPD’CH+C ,
CH P ’.
= . PmD
? ]’ Cs CH+CS/ P ,

CpD CHQ( -D S%CH+C)_

/ \ Ve, = _’Q—;"-—_‘—t‘ 5 _P“—)- CySs ”+———————-52Q (P—D !

Measure of Sensitivity is (See Appendix C, page 128):

ver  [Ca* Cs
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°w/Cs S?i?ﬁﬁvéﬁ
£ 0,02 s 1%
s 0,04 | s 2%
s 0,06 #. 3%
< 0.08 s 4%
< 0410 s 5%
< 0,12 ‘= 6%
< 0014 ' A
£ 0.16 ' s 8%
$0.18 s 9%
€ 0.20 < 10%

‘mSince the measure of sensitivity of these two models
is the same as the purchase model versus the production

model, the same interpretation and comments are appropriate.

Backorder Model Versus Production With Backorder Model

The comparison of the ratic of these two models® total
variable cost.should result in a measure of sensitivity ofb
the combination of the properties that distinguish the two
models, namelys 1)'replehishment propefty assumihguthat

instantaneous replenishment of inventory is possible.
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Actual Model

o = ZQPD/CH+CS
v Cgv Cg
.. =:chD G
s
\ S e (P D) 6'F ey

— 4 C S'+
Q 2 \P "2 Q‘ "'(" '—D'j'.

True Model

S0 CirtCs)
20,52

CpD  CyQy (P-»D

/ : \\ TVCO = QO+ ‘2

Measure of Sensitivity is (See Appendix C, page 129);

S0 far this measure of‘sen81t1v1ty hag resisted
81mp11flcatlon that Was possible with- the other compdrlsons°

The second measure of sensitivity is less sensitive to
the use of "actual® Value of the decision variable. In |
other wordé, if the "true" model is known,-the evalua%iop
of the total variable costs using the ﬁtrﬁe“ model and the
"actual" value of the decision variable will result in less
error than the evaluatioﬁ of the total variagle costs using
the "actual" model and the "actual" value of the decision
variable. |

Table VII illustrates the numerical difference in the



TABLE VI

SUMMARY OF MEASURE OF SENSITIVITY FOR COMPARISON OF VARIOUS MODELS
BASED ON "TRUE" MODEL'S TOTAL VARIABLE COST FUNCTION

Purchase Production Backorder l Production With
Model Model Model Backorder Model
] 1) [ ,[e=2 Cs 1 [Ce*tCs) [P +,§-D
24 4P-D =3 Cy 2 Cs PP TP
Production P ] 1 (Gt [ =) C+Cs
Model P-D 247Cg WP-DYP (|4 C5
—— - .
Backorder Csq 1 [ s - , [F ]
‘Model Cy+Cq z Cir+Cs P YP-D
R B RN
Production G
Model S 1
Backorder C
Model "+
S—— I

€L
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two measures of sensitivity for the purchase versus pro-

duction model comparison.

TABLE VII

COMPARISON OF MEASURES OF SENSITIVITY FOR PURCHASE
VERSUS PRODUCTION MODELS

Purchase Versus Production Models

20 | 11.80% , 0.62%

.30 19.52% . \ 1.69%
40 29.09% 3.28%

.50 41.42%  6.0T%

In the .evaluation of the combinations oflthe various
models, some of the combinations resulted in measuring thé
effect of én "error" relative to the.same assumption con%
Qerning a particuiar‘property-that diétinguisﬁed the mddels

which resulted in the same measure of sensitivityo



CHAPTER VII

PROBABILISTIC INVENTORY MODELS WITH POWER
DEMAND PATTERNS

In the consideration and evaluation of deterministic
inventory models, the demand properties were specified_such
that demand was known and at a uniform usage rate° ?This
property defined the demand. pattern to be uniforn throughout
the period involved. Often, possibly most of the time in
actual practice; the demand pattern will not be uniform,
then this type of inventory models are olassified as
probabilistic inventory systems.b It should be pointed out
that, in general the: characteristic of the demand pattern
is the property of the 1nventory system not subgect to

control of the decision maker.
Demand Patterns*

It is possible to have nnmerous ways in'whioh inventory
is depleted resulting in various demand patterns° The units
may be withdrawn uniformiy throughout the period as con-
sidered in deterministic medels or, at one extreme, all the

units may be withdrawn at the beginning of a periocd called a

These concepts of demand patterns are "paramphrased"
from Naddor s concept in his text [1]. -
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instantaneous demand pattern. The other extreme would
result if all the units are withdrawn at the end of the
period. Otviocusly there exist many other wrfhdrawal rates
between the two extremes just cited. The dlfferent rates
at which demand occurs durlnn a perlod w1ll be referred to
v as demand patterns° The follow1ng deflnltlons W111 be- used
to define a class of generdl demand patterns0

Q = fhe amgunt in inventory at beglnnlng of period
At =0

Q(t*) — the amount in inventory at time t°

% = total demand during period t

=)
!

demand pattern index

t! —.length of time from beginning of period

(t = 0)
then
. (a1 o
Q') = Q= x (£/5) 77 = Q =~ x o[t /%
No Uniform ’ Instantaneous
Demand n Demand n o= 2 " Demand-
- t

n=0 0 <.n < 1n =1 1 < n < ® n = o

Figure 2. Demand Patterné

The demand patternslbeldnging td this class is referred
tc as power demand patterns. Their nature is_entirély | |
determinedrby n, the demand péttern indexo When n = 0, one
of the entreme values of n, there in.no demand untii'the‘end

of the period, when n = «, the other extreme value of n, the



demand is instantanecus at beginning of the periocd.

the demand pattern index n = 1, the demand is uniform

throughout the period resulting in the general class of

.deterministic inventory models.

d

R N

¥

where

I:\r4+

. e SRR

Pigure 3s DPower Demand Pattern Model*

V - defined period of time during which there is

a power demand pattern with index n

4 - known demand during V

m - be

= d,

ke ol

an integer number such that Q@ = md

2d, 3d; oo , md

averege number of units in 1nventory

V
(Q = Q1)dt“

% + ? m 50

E

where Q = md

(4/2)(1-n)
1+ n

+ 1=n
. 2m( 1+n

7

The derlvatlon of this model and its resuLts is taken
from Naddor {1], pp. 53, 55.
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Q(1-n) D
TVC(Q,) = Cy [%f 2m 1+n} *Oq

Q = d’ 2d, 3d’ @ F.C ] md

where

TVC(QO - 4d) s TVC(QO) s TVC(Qo % a)

nHence,Athe optimal lot size is independent of the demand
index n, thus for even extreme values of n the same optimal
lot size is obtained. However, the minimum coet will depend
on the demand index n which appears in the term

' - ,CQ CyQ
- o 3+ ) - B ()

CyQ(1-n)
This term H can be interpreted as representing the
, 2m{ 1+1)

resulting additional cost in a system with a power demand -
pattern as compared to uniform demand pattern. Note that

the factor % ( ) is the inventory factor which indicates

m(1+n5
that the inventory is less or greater than the average

inventory of the uniform demand pattern of % o

Sensitivity Andly31s of Probabilistic Inventory Models

With Power Demdnd Patterns

Thls section presents the results of the evaluation of
the sensitivity of a determlnlstlc 1nventory model with a
uniform power demand pattern index (n = 1) relative to a
probabilistic inventory model with non-uniform power demand
patterns (n £ 1),

TVC'-- total variable cost of system with a unlform
demend pattern (n=1)

™TWC =~ total variable cost of system with a non-uniform
demand pattern (n # 1)
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n = power demand index
m - 1s an integer number representing the number
of times that power index pattern occurs in
cycle=t,
Then
: D
mor Cp 3+ CH% 205D
= e where Q = ,/—=—
e = o 0t oy 9+ 2] Cr
P Q H1 m{ 1+n

ﬁ D CH /CPD C
C‘PD C CHQ 1 -
nggifm“ + 0y % + mg1 + Eg

CpD C
_2_12__,,]7_1.[1 + 1]

JCPDCH [ J s | o
5 + 7t 2 ‘m{ 1+n)

CD C
mELEmJi [2]

P H 1 1 1 - n
2 + + m(1+n$

=2m{i+n) + (i-n)
‘m{ T+n)

2m{ 1+n)
2m{ 14+n) + (1-n)

The sen51t1v1ty of continuous as compared to discrete
demand patterns can be considered and quantlfled since as
m increases and n increases the demand pattern approaches

the discrete stair-case pattern.
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TABLE VIII
DEMAND PATTERN INDEX

m = .n | Change in %%%i ~
1 0.8 sns 1.2 | 5%

2 0.6 sn < 1.4 | 5%

3 0.5 sn g 1.8 5%

4 0.4 €1 < 2.3 5%”,.

5 0.3 51 s 2.8 5%

m . 0 sSsns o 5%

When m = 1, the TVC'/TIVC ratio of costs is less than
five per cent when the demand pattern index n is between
0,8 and 1.2. This can be interpreted as séying that the
assumed total variable costs based on a ﬁniform-demand
pattern (n = 1) resuits in a 20 per cent over@estimation
of . the actual total variable costs based on a demand pat%érn
indéx (n > 1) and results in a 20 per cent under-estimation
of the actual total variable costs based on a demand péttern
index (n.< 1). This satisfies the intuition of the model
sincéla demand pattern iﬁdex of n > 1 will result iﬁ the
average inventory less than a model with a uniform demand
pattern (n = 1), ﬁence, the assumed tofal variaﬁle costs
will be greatef than fhe actuél'total variable costs. con-

sidering a smaller average inventory resulting in lower .
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inventory holding costs. If the demand pattern index is
such that n < 1, this will result ih the avérage inventory
greater than a model with a uniform demand pattern when n=§1g
Thus the assumed total variablé coéts will be less than the
actual total variable costs considering a larger average
inveﬁtory resulting in higher inventory holding costs.

The difference between the actual and aséumed.inventory
models is the inventory factor Of‘%EH%%%%S] whic£ can be
»p@sitivg_or negative depending on the Value of ne If n>1,
inventory holding costs are over-estimated, if n < 1, then
inventory holding costs are undermestimateda _. |

Hence, in general, the statement can bé made that if
the demand pattern index is greater than one,»which is the
uniform demand pattern, then the total variable cost
function assuming a'uniform demand pattern will result in an
over-estimation of the actual total variable césts since the
actual amount in inveptory will be less than anticipated.
Likewise, if the demaﬁd pattern index is less than one, the
wniform demand pattern index, the total variable cost
function assuming a uniform demand pattern will result in an
‘under-estimation of the actual total variable costs since
the ‘actual amount in inventory will be greater than antici-
pated. |

Further, it can be noted that the larger the value that
m assumes, the less the error of using a tqtal variable cost
funcfion with a uniform demand pattern. This seems obvious

as the larger m is, the closer the uniform demand pattern



becomes as an approximation to the actual demand pattern.
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CHAPTER VIII

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

The purpose of this concluding chapter is to summarize
the research effort, draw conclusions based on results, and
_ make_recommehdations for fufﬁre acfiono Hence, this chapter
is concerned with three to@ics; thelfirsf will suwmmarize the
information presented by reviewing the contributions of each
chapter, fhe second Wili'draw conclusions relative to the
rééults, and the third topic will present recommendations

and proposals for further action and study.
Summary

Chapter I served to introduce the inventory problem.
Due to the lack of commonly accepted definitionsg of terms in
the area of inventory control, specific‘définiti6ns were
. presented which gllowed a conceptual framework to be
“developed and utilized to illustrate the interrelations of
the various models. The classification of the inventory
system properties into four categories of properties was
utilized guite éffectively in developing the various models
and to emphasize the similaritieé of the decision wvariables
formulaéo

The three phases of inventory analysis were presented
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which emphasized the importance of the analysis and evalu~-
ation of a solution to an inventory problem. This last
phase is the basis for this treatise, the Sensitivity
Analysis of Inventory Models. |

Chapter II reported on the bounds of knowledge of the
toplc of sensitivity analysis relative- to inventory theory°
The treatment of this toplc in the technlcal literature has
been extremely limited as contrasted to the treatment of the
broader subject of optimization of inventory modelso Also,
those articles which considered the topic of sensitivity of
inventory models were quite limited in models evaluated and,
in general, considered only the sensitivity of the simple
purchase model ‘and its parameters in their analysis. In |
this author's opinion, this treatise is the most extensive
treatmentwof the‘topic of sensitivity analysis eof inventory
models relétive to additional models considered, numerical
quanfification of the measures of sensitivities ebtained,and
the‘evalﬁatioh of "wrong" models, etc. |

Chapter III presented an inventory model hierarchy
- based on fhe four clasSi}ications of properties which are
assumed relative toﬂthe definition of a particﬁlarfinveptorj
systemo The hierarchy illustrates the simple purchese‘model
and its extensions to the other models by the assumpfions
concerning,theVproperties.that define each system»that is
described by the various models. The recognition of the
inventory hierarchy and the relationships that existed

between the decision variable formulas for the various
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models was one of the importént concepts that enabled the
sensitivity analysis to be extended beyond the simple
purchase model to the extended models having additional
properties. Knowledge of the interrelationship of the
models greatly facilitated the extensive analysis of the
effect of the use of "wrong" models.

Chapter IV involved the evaiuation of a measure of
~sensitivity of the decision variables, Q - the economical
lot size, t - the time interval between ordefs, and n”— the
number of orders, for the purchase, production, backorder,
production with backorder, and the restricted variables |

models. The measure of sensitivity for all the models for

2
811 the decision variables was ascertained to be ] EWW

whereif 0.73 s W £ 1.37, then the change in the total
variable costs will be less than five per cent. Also, it
was further ascertained that the measure of sensitivity is
independent of the decision variable itself and only a |
function of W.

Chapter V evalﬁated the sensgitivity of the inventory
system to the use of "incorrect" values of the input
rarameters for theAﬁurchase, production, béckorder and
production with backorder models. The results of the
previous Chapter indicated that the effect of an incorrect
value of the decision variable on the total variable cost‘
was oniy a function of W. By definition, W = %i which can
be interpreted as the ratio of the parameters o; the

"gctual® decision variable to the parameters of the optimal
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value of the decision variable for any model of interest.
Again the range of W could be from 0.73 to 1.37 and the
resulting change'in the total variable cost would be less
than five per cent. This can be interpreted to mean that

as long as the estimates are not too far (the value of W |
specifies what "too far" means) from the true values of

the parameters, then the model is not influenced much by the
value of the parameters. This relative insensitivity of the
parameters to errors is a saving grace and fortunately is
frue for all deterministic iﬁventory modeiso If the models
were extremely sensitive to changes in parameters, then
large periods of time and largé guantities of money would
have to be spent merely in gathering data aﬁd refining
estimates. PFortunately, sensitivity measures‘indicate that
this is not necessary and "quick~and~diffy" estimates are
generaily sﬁfficient to guide action without greatly in-
fiuencing the fotal variable cost. ”

It was observed fhan an error in estimating the pro-
curement cost parametér has the identical effect as errors
in estimating the demand parameter. Also, errors of the
same typé in estimating the holding and procureﬁent cost
parameters will cancel each other due to their inverse
reiationship° Upoﬁ analysis of the |

YO 1 4 W

TVC, ~ 2W
relationship, it can be observed that the sensitivity is
greater for under-estimation than over-estimation. However,

in the practicél situation it should be recognized that the
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likelihood of severe under-estimation is much less than
severe overmeétimationo

Chapter VI involved the sensitivity analysis of the use
of "wrong" models under tWo different assumptions. These
measures were quantified and tabulated relative to their
effect oﬁ thé change in the total variable costse.

If the.measure‘of sensitivity is based on the "actual"
model's tofal variable cost functidn, it can be‘oonciuded«
that the error of using the "“wrong mbdel is-a function of
the difference of the "true" model's decision variable and
the ﬁaétual“ model's decision variable. In other words, the
ratio of the'"trﬁe“ model's deéision variable to the "actual®
model'’s decision variable will be the effect on the total
variable cost of using the "“wrong" model.

If the "true" model is assuﬁed to be known; the measure
of sensitivity based on the "true" model's total variable
cost function;'will result in considerable less error for
using the "wrong" model., This measure of gensitivity would
appear to be the logical one to use even though it is
computationally more involved since the actual total
variable costs should be computed using the "true" model’s
total variable cost function. | |

Chapter VII considered the sensitivity analysis of a
type of probabilistic inventory modelé° The effect of using
the uniform demand function was evaluated and tabulated
relative to a power demand function that would be the "itrue"

demand pattern. In the class of probabilistic inventory
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models with power demand patterns, i1t has been ascertained
that if the power index is in the range 0.8 s n < 1.2, and
m = 1, which is the extreme case, then the effeci on the
total variable'costs will be less than five per cent. ‘Aé
the value of m increases, the range of n increases. bIn fadt
as m increéses rapidly and n also-increases, the sensitivity
of the éssumption relétive to continuous versus the discrete
withdrawal of demand is evaluated. Ifm < 5, and 0.03 s n
< 2.8, the change in total variéble costs will be less than
five‘per cent. In géneral; this indicates that the use of-
deterministic inventory models which assume a uniform demand
pattern‘that has a power index of n = 1 does not signifi- |
cantly effect the total variable cost relative to probabiia
istic models which assumes non=uniform demand patterns.
Appendix A presents a complete derivation of the back-
order model and the production with backorder model. As
far as this author can ascertain, this is the first and
complete derivation that has been published of the pro-
duction with backorder model resulting iﬁ relationships for
the decisibn variables which could be relatéd‘to the other

models and the properties that defined this model,
Conclusions

The first specific conclusion is that the development
of the conceptual model hierarchy based on the framewcrk of
the four classifications of the properties was a valuable

aid in illustrating the interrelations between the models
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and their respective decision variable formulas. This con-
ceptual framework made it possible to ébtain meaéures of
sensitivities of models that prev;ously’had not been evalu~
latedo This framework also greatly facilitated the evalu-
ation of the "wrong" models since it was possible to
anticipate the possible consequences of the use of "wrong"
models from an éxamination of their respective decision
variable's formulas. |

The second specific conclusion is the measure of sensi-
tivity for all the. decision variables (Q, t, or N) is the
samexfOr the purchasg,vproduction, backorder, prodﬁétiqn
with backorder and réstricted variables models. Further it
can be concluded that any model with a cost function con-
sisting of the sum of g hyperbolic and linear terms will
result in a measure of sensitivity of aAchange iﬁ.the
deciéion variable equal to l—%wﬂi where W is the per cent
deviation of the value of the actual variable to the optimal
value of that decision variable.

As a corollary to above conclusion, it can be stated
that the sensitivity measure is independent of the decision
variable itself and only a function of Wo A second
corollary of.this conciusion involves the quanfification of
thé sensitivity measures such that if the value of W is in
the range, 0.73 s W s 1,37, then the change in the total
variable costs will be less than five per cent. This is
true regardiess of the model involved and the parameters of

the models.



90

The next conclusion is that any error in the estimation
of the parameters directly influence the value of W which
in turn influences a change in the total variable cost since
it is a function of W Note that there exists several
parameters in each decision variable, and that any error
in estimation of any parameter has equal influence on the
‘value of W. However, these errors would, in general, tend
to counterbalance each other since errors of the same type
in the estimation of the holding cost parameters and pro-
curement cost parameter or the demand parameter influence
the value of W in opposite directions or possibly errors of
different types could be made in the estimation of the
holding cost or demand parameter which would influence the
value of W in opposite direction. As a corollary to this
conclusion, the sensitivity is greater for under-estimation
than for over-estimation of the parameters.

A general conclusion is that if the D/P and Cp/Cq
ratios are less than 0.10 in the extreme comparison of
models, which involves two properties, then the use of the
simple purchase model will result in an increase of total
variable costs of less than five per cent.

A specific conclusion is that if the cost of shortage
property is involved in models- being compared and if the
CH/CS ratio is less than 0.10, then the increase in total
variable cost will be less than five per cent if the model
without the cost of shortage property is used.

A specific conclusion is that if only the replenishment
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property iglinvolved between models being compared, and if
the D/P ratio is less than 0;43, then the increase in the
total variable cost will be léss than five per cent if the
model without the replenishment!property assumption is used.

A specific conclusion reiative to probabilistic in-

: vextreme,’OQB sns 1,2, the deterministic model with a
ﬁniform demand index is a good approximation fo the probabil-
istic model since the increase in the total variable costs
will be less than five per cent.

A general conclusion is that there exist many factors
which contribute to the possible sources of error_such as
"wrong" model, errors in estimation of parameters, wrong
values of decision variables and they tend to counter-
balance each other relative to changes in the "true" total
_ variable costs.

A second general conclusion is that if total constant
costs are considered, the percentage error of tota; in-
ventory costs would be less signhificant since the total
constant costs are independent of the variable cosfso Also,
in many cases, the total constant costs would be signifi-
cantly dominant relative to the variable costs which would
allow a large errcor in the total variable costs and result

in small percentage error in the total cost.
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Recommendations

A general recommendation is that those in control of
inventory management decisions use the findings of this
research in their decision making process since many inven-
tory control decisions could, in many cases, be made to
facilitate scheduling problems and.other considerations and
not significantly influence the cost of inventory management.

The second recommendation involves the areas of further
research. It is recommended that further research be
devoted to the Sensitivity Analysis of Probabilistic Inven-
tory Models. Specific topics that could be investigated are -

1e Specific measures of seﬁsitivity could be
possibly developed and evaluated for the effect
of "wrong" values of decision variables.

2 Specific measures of sensitivity could be
possibly developed and evaluated for the effect
of "wrong" values of parameters. l

3o Investigation could be pursued in developing
a measure of sensitivity of the effect of
"wrong" probébilistic demand distribution.

4. A measure of sensitivity of the "wrong" model

~could be investigated.

5 Also, it is conceivable that a measure of
sensitivity of control inventory policies such
as the fixed-order or.fixed cycie systems could
be formulated by extending the model formulation

of additional properties to include variable
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lead time.
In essence, measure of sensitivities could be
formulated for the effect of the various

combinations mentioned above.
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DERIVATION OF INVENTORY MODELS

96



97

Backorder Model

l S = Number of units backordered
-5 .
Q QL-w. CS“ Unit cost of being short
l ‘ per some time period.
($/unit-time)

s t\ TVC - Total Variable Cost
’—F . P
1 -—
] ]: t ——

Identities from geometrical relationships:
g

—t = 8 =8 _d o1 .8
T 50 C=RN=D/5°D
t. =8 -8 _QL-58_8Q=25
1 3 o D D
fa_s
t T Q
=8 =58 _38
=gt =33 =90
I (avg. number of units in inventory during % )::9:§
avg 1 2
. . S
Savg (avg. number of units short during t2) =3

TVC = Procurement Costs + Holding Costs + Shortage Costs
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2
C . C C Co B
3 Sn2_m w2, %
TVC = CP G + 55 Q 50 2Q5 + 50 ST o+ 50
C 2
= D, Hqyo S5_
= Cp 5+ Q CyS + 70 [Cq + cS]
CD C 2
3TVC P H S
= = - s 45— 0 - [Cy + Cql (1)
3Q Q 2 »2Q§ H S
T 2
%—-Sy—g-zO+O~CH+-§%[CH+CS] (2)
Solve Equation (2) for S
S -
C M
H .
S =|7——=1Q (3)
CH + CS v

Solve Egquation (1) for Q using value of S from Equation (3)

— = & - C + Cql
5 5 [Cq
Q% 2Q° S
2
( Cy ) Q2
C., o ® ©
g \%m + Cs
= = [Cy + Cql
5 . g+ Cg
20D » Oy
i - ¢
2 H ™ T + Cg
20D [ Cy ]
S S I
2 H Gy + Cg



2 - 2CpD 1
‘@ r,__‘m
CH + CS
205D ,

Cy Cs
C =/-% G
H S
g
S

Production With Backorder Model _

TE\ - T
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max maximum inventory
S - maximum shortage
D - demand (units/year)
Cp — cost of each procurement .
Cy =~ cost of holding/wnit-year
Cg - cost of shortage/unit-year
Cy -~ cost of unit
P - production rate/year
Some Identities
Im;X = tP-%4D = t,(2-D)
Tnax = 2P
Henée,

toD = £,(P-D)
S = t4P—t4D = t4(P~D)

Hence, t3D = ﬁ4(P~D) y

Q =
Thus

(ty+t,)P
Tty+t,) = 3

ImaX + S

4

(t2+t3)D
- (t4+%,) (P-D)

{
o ©

S
b

Imax

Iavg -

Add these two equations

(t5+%5)D = t,+t,(P-D)



TVC =

PC

HC

Time

HC

SC

Avg.

avg "

Cp

[HC

Holding
Costs

PC

\._.V._._I
Procurement
Costs

4 S¢]
\._V.._J
Shortage
Costs

101

N

\__.V_I
Number of
Orders/Yr.

= $/procufement

(Avg. Number on Hand)(Time on Hand)Cost of Holding Unit)
———— N i s

Cy

Imax

VT
%y
5

Cy
-

Cy
il

S
2

Imax

e

I
D

Il

ma.x [

) (tq + 1)

(

o¢-#

\

\

max

D ﬁ

1
L max (5 ]

Note:

Hence

1 1
Tnax [F2T + 5| Note

Hence

-

Ok

- D

]

Py [%Tf'%]

Ch

(from above identities)

Imax

Tnax
Pel

ty

T =t

max D

2

I]II.&X

st2=_ﬁ_

(Avg. Number on Hand)(Time on Hand)

)]
6 7))

D)

(Cost of ShortageXAvg Number of Units Short){ime Short)

Cq (Avg. Number of Units Short)(Time Short)

Number of Units Short = %
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Time Slrlor't=1:3+t4 Note: S=t3D
_ S5, _35 = S
=DYP-D Ty =3
=S%+P1D) S =1 (P’“D)
Sk __8_
“SD(1'_Q)] b4 = P20
- P
1 1
s¢ = (Cg) @{s 5 (——1 _2)]}
_Ss e
=75 D {7_D
P
TVC = [PC+HC+SE_]N
2 C
H D 1/ 1 S .21 1
= {CP+‘—2“[ —P- S} [-]3 (——-—1 QZI+'—2—S E———‘1 D]}N
- - P
5 .
_ ‘ D, H DY L _D A1 121_\1D
= CPQ+2[Q (1 P) ZSQO )+51E3(1_2)]Q
c P
S 2|11 \|2
2D 1—-]-3-) <
!P '
C.D C.- 2 C 2
TVC = ——13-+—H- Q1’--]2_~28+ S. +4-S- S
Q 5 P PR > D
P Q(1-§
3TVC 2Cy 25 Cm Cs *2s
= 0+0~ + + =5
39 5 2Q(1__Q > Q(1__]_)_
P P
S ¢ Ce S
:CH+ HD + SD = 0
1 =2 Q(1-3
o(1-2) o('-%)
) CH + Cs = C
. = Yy
RN
S -
5 [CH+,CSJ—CH
Q' -5
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2C,D 2 CH + CS

it

[QCPD S2 CH + CS}: 4

I

+

g 5 i
H 1-=--§ H : 1*-“}7
< [m.,f_f_z,._.,QO_g)]z
PES . Gy ¥ Cg P)| cx+cglf 4 )
Cn 1-3 Cu 1-2,
| 20pD . Gy F Cg = (CH + CS):l 1
=1 G ) S ;i
H '1=°:[3' H 1-=-P
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APPENDIX B

DERIVATION OF MEASURES OF SENSITIVITY
OF DECISION VARIABLES
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Sensitivity Analysis of Decision Variable (Q)

Purchase NModel

Y, 5T Q" = WQ,
CxD  C
P H

TVCO = -Q—c; + 5 Qo

Measure of Sensitivity:

CpD . Cy [20pD
C.D  Q'C CpD  WQ,Cy P 2y Cy
£ i oWtz W
wer _ TgrtT Y _ H .
TVC, = ~CpD ) e CoD ) o oD - s %5
Qo 2 Q% 2 - [2C5D {2 Cx
, < |

: chD CH ’CPD CH ’CPD CH
+ W wmzunﬁ*~ —“-5“*
2CPD CH / /

T Cn CH

‘ 1
+W] W+W
- 2
/C D C
_2.2___.1{_[14_1] '
1 + W2



Production Model
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N
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N
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Backorder Model

2
C,D q, 8. [c+C.]
TV%=—P—+—*%—-°HS +.g_2£.+_s_

‘Measure . of Sensitivity:

= WQ,

CpD  CuQ' 2 [c40.]  CD  CWQ w2s 2 [C.+Cq]
P H® Hs P H"~o. 2o LUptUs
wor @ T "HS' + _2'6'_"" Vo, *t Tz~ %% * g,
c, ~ 2 = 2
°© ¢pd CHQ Se [cmcsl CpD L% +_S° [oy+Cq]
2 H"0 2Q

_+—§_—CHS +-—-5——-—-

2CPD cH+cs
T

(¢]

22C 22 :
c
(c Cq )2 [0yt Cs

2cPD( Cy
[t cmc

jZCP /(;H-Has

. CpD .
' o’ [YHtls
W
“H S

2 CP - Cy

CcpD .. Cyy [2CpD CytCs
DfCitCs 24 Cy
‘CH g

2CP
T of Cp# Ot

J(c e )2 [ H"'Cs]

H+c 2cP _/Lﬂw
A Cud Cs

108

/PDCH

cs2 (cr«:*cs)? 205D (CyvCg)

55 D 5
1l2 0p D% Cy° (CprCg)® Gy Cg

/c 20y l Cq /201,1) oy /°H+°s

ZCPD QICH"'CS Cy 4 ,J Cq

CPD Cy Ci,D CHF:Hw
cH+c + 74705

2o ? (gpcg)? 20D (Cy+Cg)

/ S m—/% % 1 Cy
4 + ~J2C,D Cp [ === 4 2C.D C e H
""T_[ Cy+Cg 7= % xJ cH+cs Ts 'g/ P VY er*cs Cs

jcPD cH[cHw

CPD cH
7 47

ZCPD CH
CH+C

CPD Cy C CPD Cy CH+CS
CH+ S 2 Cs

2CpD cH Cy . Cq
\/ 4 4CpC3 Oy

. > . .
Cs Y e 2an cH °H+°s - chD cH w2 2°Cp %p cH (cH+cs) cH Cg
C CH+Cs ’

2CPD cH
CH+C
Oy
- w'chb c +°s -5- + ZCPD o} c
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“

Production With Backorder Model -

s 4 “HY .

2 2
[ 5°C C.S cpD C 5°(Cyy+Cq)
P R , P~D H S PY P-D HYVs
WO+ 0 O TED Y ET T YT T TSt R
= .
Measure of Sensitivity:
CpD  C (s')(0+c) c,D ¢ (ws)(c Co)
P H P-D H*"S P H P-D HtYs
= + = Q! > - CHSI + ——r—z - LT + 5 WQ, 5 - CHWSO + P s
TVG! . Q ° % 5
™me_ = e
S N X R Y 200 CD Gy  pp - o, so <°H+05>
Lt 7T %5 H% * S FD Lt T %7 190 +

o P

’p? CH2 /(P )

: 2%,
(Cy+Cq)
cpD jchD ,cH+c ' fchD, cH ’ / 2 dypeg)d P° %*Cs
oS % s PD H*Cs P_ P-D
CH s _ -5 “F

- 2c 252 ( o
(cH+c ) T s

,/2
Cy pp [P FirCs . 20D [ Oy P-D,
“Co JP- H C Cy+C
fc;u]c—r]— 2 p./ T ’ f 5~ / /f:m J 2cP1‘J/EH+_c/_ P-D

1 cP %0y cs QCPD cH/Erc ] (P_D)z ichD NE -
Y T W Gy %0 T
{ 201,1) ¢y ch+c f ’ (P_.D)e j 2CPD oy , ¢, ‘/P-D
"V Og yI-D Tty P

EINE) 7
. wl2 Cp D" Cy Oy 5 (GrrCs)*(pp)2 pp p2
2 o2 ZCpD (Cyreg)® CtCs ¢ ¥ (p-p)?

] B ] z T~
. 1/2 Cp D¢ Cy Oy Cg  (Cyrcg)*(P-D)¢ (P-D) P
°s2 'E—ﬁcp (Ge05)2 Ci*Cs 72 T (P_D)z

D C C ‘ D C CH+C D W ZCPD CH CH
a[% Y PR S = i = ey e Foo /LZ/ 2 f'/;

Cyf Ot Cs fp- P-—D
J ,/agm-:; ]r_éiq, v Tg S]gpg ={?%P Cé/ws/a—;/-r; * zj"‘CpD Cx{/rr Ty P
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Restricted Variables Nodel

Two Types:

1) Restrictions on available

a; Space. 5 Modifies CH
b Money
/
2) Restrictions on available \
a Procure Time Modifies CP
b . Procurement Cost ‘ :
¢ Manufacturing Capacity

/
1st Case - Restriction on Space

S - maximum space available

Uy — unit space requirement (i.e.-space req'd/unit)
S - USQ £ 0 — However for simplicity will use
~u 8 ”
S ,US 5 <0
If: S

- UgqQ = 0 is used, then
CpD '

Need Q = o where Cq is function of Q instead of %
H A - .

TVC = PC + HC + Restricted space costs
Where restriction space costs is a restriction onspace

embedded in the TVC function with a LaGrange multiplien

TVC:CP%+ CH%+)\(S-—US%)‘

IVC _ D, o 8 - '
ST =Cpg+lgE+AS AUg #
I - S AUs
=T T2 Tz -T2
2 >
20D
Qo* C,., = ]js Q' = WQO



111
Ve = D Qo Ny Ko
o CPQ+CH%O_>\SZ

Measure of Sensitivity:

CpD  C4Q’ o CpD Oy AUsWe,
' T+ -~ \U wQ 2 2
Ve _ G 2 S 72 0
TVCQ CPD cHQ KU Qo CPD CHQo %pSQ
0, ¥ T2 s 2 +
1 CpD /2c D
W TS0 1/ )\U = W05

"’"’""’X’"
“CpD )\US Zoms)
\/?G‘T‘“—‘” + B -

2 27D
i/ D (cH N )+W/20PD Oy ) W/chD X Ug
_ Ty 2CpD T2 T - )\g) T (Cq = 03)

2 2 D
/cP D% (Cy = W) , /\/ZCPD Cyy _ /2CPD NUs
: 2CpD (Cq - \O3) T{Cq -~ 3

F o J CPDJ o J CPD/ L
JCPD [535 xU— 1/ CQUXU ]

Where:

JCH Ts JCH N5 = >‘\U




Sgquare both sidess

2. 2
J A% .
(’H X (Cy - )\U) Cu~ Ng
2 o 2
e, A A N
G = W05~ ° Cq—305 t Ty y0s ~ ‘H S
2 . 2 2
Cp -2 G\t X U5 L
=\ = Oy = AU
2
- U)
Nl _ g - \U
=35 H 5
A C = N =4/Cq = \U
Hence:
1 .
WA/lu = Wg + W/ Cy - AUg

P - N+ [ - N5

- % T
AUS'
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General Inventory Cost Model

i

. 5 9
TVC = o= = B
Hyperbolic Linear
Term Term
Wheres A=20CpD parameters

"B = Cy/2
= Decision Variable

Q
Q = /% — Optimum value of decision variable (Q) Q' =WQ,

Measure of Sensitivitys

A

TWCe(Q') _ '='=Qu + BQ’
TVC%QO% T A
Q@ " o
A
Wg + BWQO
S B
ot B




114

Sensitivity Analysis of Decision Variable (+)

Purchase Nodel

sodoa N % 2% £ o= WE, W = -
CRTTDTTTD 502 A CiD = Mo o W= T
Q H :
¢c.D ¢ c ¢
R N - 2, Hy
Ve, = =35 + =5 t,D= T, T 2 tD
Measure. 0f Sensitivitys
| c C
c Cop . P CH
TVC %*"’2}“{““" Wto+2DWt°
™. - Co . C =T C "
o P H P H
= + —= Dt += 4+ ~= Dt
‘to'z o ch 2 "o
Z +%'I’DW icg c2C D 20,0 2D°
wlo2E H 1 P H PYH
- NCyD F Gy D
s C
gc +“‘§EDE’% CHDCP 2Cp O~ D
~p “H 4CHD
D
.S CD Cp Cg D C, C
P2H+W P /PZH [-.-+w]
CHDCP Cp CHD CP Cq D o]
P —



Sengitivity Analysis of Decision Variable (N)

Purchase Model

115

C
Tvcv_CPN“"*‘S% TIQT_“CPWN f_gimgg
1% Cp N +S§§: CPNO+-C—-2HN%
Ciy D Chy D Ch D C 2C, C D
P [Cy D - 2Cp H
_ _ “p
B D




APPENDIX C

DERIVATION OF MEASURES OF SENSITIVITY
OF USING "WRONG" MODELS
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17

Measures of Sensitivity Based on the "Actual®

Model's Total Variable Cost Function

. Purchase Model Versus Production Model

~ Actual Model

v Q!
\\\\\\\\\\\ TVC!
True Model
Qo
//r\\\\\\\\\\ _Ive,
Measure of Sensitivity:s

TVC?

ZCPD

Ve,




Purchase Model Versus Backorder Model -

- Actual Model

" True Model: - -

Measure of Sensitivitys

Q= EC_,IJJ'
v Cy

CpD CHQ

TVC' =gt

o= 20pD [y +C5 =',20PD - Cy

O B Y Cy+Cg
e CBD . CQo 2 [eg+og] -
WC, = 4 +—2—--cHs +—-§———-——-

CpD  CiQ*
Tver QU t T2
VG,
o CpD. cHQ°-cs 84" [Cy+Cgl
ot G v g

| J/chn CH"‘CS chpn cH

2.2
PD"H

CP "D CH 2
CH+G

2
2CPD %

2
cpD Cy ch+cS_ ——— G, /2 Cp Dy [0, Cs
_ ’p H," CH"Cs/ Z 26,04 C*Cs

40y

118

2
. c
1% 'c's} it W Ty g [+ 1) el (@)
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Purchase Model Versus Production With Backorder Model

Actual Model
20D
Q! =
H
opD
V0 = "%1- + -c; Q!
True Model

_fec. Oy+C. 20,0 =
% =/ To/rT S %‘:—,/vﬂc%ug,/xrg
0D CyQy p. 82l
w0, = o+ Bl 2 - e, + S i

Measure of Sensitivitys

cpD
Q'
Tycr QY '2‘
3
© OpP Oy, pp 8o [0+Cs]

= CuS
To*-r'r B0t pn I

CPD 2CPD

0pD Oy p_p f2OpD p—rm p OpD
Y [H*“s] p +1}1%21H— O5 73~ ¢ sy
By ]




. | 2CPD cH + cS 2an [ oy
‘ Q = T[T+ s
Cont s,
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Production Model Versus Backordexjodél :

ZCPD/é_
Q! =/'-c;;' F-D

) CpD  CuQ!
P H -
wc-.-.-”T oD

Actual Model

True Model

[CH + CS]
TVC Q - CH S + Qo

Measure of Sensitivity:

CpD  CR' p_p
X3

Tycr  Tgr t T

cO CpD Oy Q, [CH + CS]

——--o--T--CHS +———2—-—-—-—-—

CpD Oy CPD P-D
- + 73, F"’B[ et

P
HN -
CpD ¢y f20pD [+ Cg 2an “H  [2%cp°D% 2
= TT“"T—'C gl Koy ooz Cut s
e’ [Pat”s S4f “H (cH+c) :
-_CH S : g+ lg
57” ": 7__5._5:
T /7 Cs

b2 26D C
/ e J P H.\/;'?‘BL p)?
c “pcy CpD Gy [Cy+C
E /GH+0 waH[ 2 q/2‘°1>D °H/ +cs/6‘+;/1 2CPDCH\/ sw/
=/E?L])TCEP D[1+1] £=D 123
H+C CH
‘/ H"‘C Q/ CH+C } 1’ CH+C {1+ 1] \/CH"'CS

CH+ CS

;/2_-_2 f’n + Cs
= ~P. et i——t—
Cs
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Backorder Model Versus Production Model

Actual Model '
/2cpn /cH + cs o /2cpn / Cg
cH TV T
cd O (892 ey + gl
TVC! = —-r +~y— - S' + 2Q°

True Model

Meagure of Sensitivity:

CpD Q! . (s1)2 (cH+cS)
Tve! I"' 'T' T
e, © Od | °H°o P=D
T P

P
H S

Gph 2CpD P -
-a/ e
_c._
2nzc 205D © +0C '
H P o Oy + Cg
f U;;:T i e kA SJ 32080 Oy [ AN
7cPEnéc / /2an oH! /

. ‘\/zcl,"’n/
5[(cy+ Cg)?
‘OPD cH/ 2an cH+c 201,1) cH (Cy +Cq)
H"' s ‘
s




Production ldodéi Versus Production With Backorder Model

o of 22 2
"8 CH P-D -

CpD C
o2y Har B2

Actual Model

True Model

122

2cP cﬂ“’s 2an cH
Q= o 55 "Cs

: %P, Sy,
M = ==+ Qg T'CHS +

(3, ) (cH +Cg)

R, =7

Measure of Sensitivity:

CpD  Cy

P~D

e Tgrrr 8 v

WC, ¥ &b~ G _ (5.)2 (Ch+Cql
‘_P_J,_gqu B2l g5, 4 — o HITS

0, =5~

b : c 25D
T g TJWJPT‘B
ATl

cpD : cH r 2°PD °H+°s 2an cH /
T s cs CH
]. ; cs

’22 2 ‘ 02
cPDCHFT_+j°pD°H

2Cp D,/(CHW )f ’(cmcs)
T 7

B8 7

2,1 [eco D0y " (D) cﬂcsp

+?‘Izc D(C;+Cq )Cq° (P=D)“P°
26pD (CyyrC5 )0y

.[2]‘
P2 Cuf [ 5 utCs | Cn
Tl Wy VOl G

Cg S

C+C5 o TitCs

- 2
G5
W[1+1]
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Backorder Model Versus Production With Backorder NModel

Actual Model : -
) Qt = /2ch Cy+Cg . /2CPD / Cy.
) Cy Cs Cs v Cy+Cq

0D CuG’ (81)20C, + C]
™we* = P, + HT CyS' + '_"Q_FH—S—
True Model - .~ :
o - 20D foy+Cg [ 3 2CPD cH
oW Ty C JF-D o T JTu+Cs) T
%% p-p Sy [Cy + Cg]

. P
TVC°=~Q—°+—2— == -CHS_ +

Measure of Sensitivity:

oD Gy (s")%(cy + )
mo | e T O T
e S %% pop _ o5 L, o )2(cy + C5)
+ B B2D g2t HOS
Qo ) H" 2Q, _.F_Q

2 %o, ?p? 2
(OH+OS)
opd [ oy cH+cs)

CyD ‘ 205D cﬁ“’ 2
P 2 (Gl
, / - c“/ 55"5 )
5 ‘
- .
226,€D Cy® 2
H 2 [ (p-p)
CpD cH 22 lchn /cmc / e ,20 D [Ty E‘_/; / / Tpetgr2 (CurCs)yf 52—
7!‘1175 / Ci*Cs ’ H CitCs /?CPD / s [ @t
ET R
&ne .
CpD°Cy | O 20D Oy ch+cS 'fm-, Cn Oy 2 cp péey Cy° Cg _ .
2D | TG P 26,0 g2 CyrCy :
4
,cnc c 205D 02 [oueCg , 2°0pDCy Cy° Cg (P=D)°P
D Cy [ Cs 2 S [CH P=D / p D% % Cs
1—2)—-,20 D G E_c"
./ jT / ‘/ /P' : P %, 20pD Cg” (Cy+Cg) P©  (B=D)
Cpd Cy [ © D Cy [ope0 cy
P 5 2P % (%
j_1_nj T ’ JTi- lchn °n’ s fchn cy ’
]
D 1
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‘M,e',as_'ur.e' of S}e‘nsitivity Based on the "Irue” Hodel's

- Totsl Variable Cost Function

Purchase Model Versus Production Model

~Actual Model - . S
R 20pD
o . _ Q= / e
: o ‘ . H |
TVC! = —r+—2— Q!

© True Model o
o . : 2an b
o - : - Q= EH F-D

G Cy - p_p
TVCOB'—Q;-FTQO ——P——

P-D
F

' Meagure of Sensitivitxz

CpD CR' p_p  CpD  Cyp._p[20pD
g -

,TVC'

;Cg_ CHQo P-D
Q
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" Purchase Model Versus Backq:der Model
Actual Model B
SRR 205D
Cy
CpD €, Q?
TVCY = _3.?.,. & "'%—

True Model - L ‘
: ) o = .2CPD Cy+ CS 205D CH
N\ SR ° '\/ Cual  Cs 1/ Ty
B Gy [°H+ Cs)
TVC = -6: + - CHS + ——TQ—:_——-

Q =

Measure of Sensitivitys:

CpD - Cya*
Tver Qv t* T _
ey = 0D CpQ, 8o° [0y + Cg]
-t '—2— = CyS, +
(o]
CpD ¢y [2c5D

BT
20 p¢ [ oy
201)0 o B[4 (c o)"(c’#cs)
/ e "H/ ~ o -720-75?0-—'-—

2w T

‘-c—me" T
j—uw-ﬁeﬁ/m/;gm/ 2 7Ei

N
[\v3
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Purchase Model Versus Production With Backorder Model

."Qi_;fchn Csieo

o o (enP(opeg) @ pp
wc-:—Pr+—T—c"Q ED_cs s "““‘F’T"“"’, a0 a;cg-?i+-§-=c“ %2‘

EEE R

2
CPD C . Cys4C
‘TVC -T+ HQ2§2 cHSO+ [H"'S] .

Agtual Model’

True Model .

R, T

Measure of §ensitiiritx:

L ¢ n OQ"
p H
ovgr L IR

. 2 .

o CD C::Q 5. “[C+0q)
P 0 P=1) o LH"“S
—6;+_52-T-‘°Hs°+m—

o T
o D Oy opf20,D -
‘ ‘ 2°0,°0%) / [—2
. ) (0H+ )
Coosepd cH E-D/Z"PD/ 'c's' = 11,/ o o / csE 7 (cH»c ) 8
o ?!‘U P?FEU ? 5 450 J; ;J P-DFU;?TY*U ?

cPDOHPPDOH %_

E?—»T S o

£y e
“% 201,1: °H 04 (cﬂ s)/‘zg) o ?ﬁ,ﬂ

(cmc )2

P-D

1 + T ‘ ' . 14+ .
J%Jm ]v;r}f’”}a;r (2)
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Production Model Versus Backorder Model

Actual Model '
: 2CPD
Ql - sl = 0
. F- 5 , 2, .
o] D C Q! '
Ve = '_PT+ J{EQ— ' (s ) (cH+ cS)
True Model

O
)

/20PD cH+cs /2c1>/ Cy
- = c_
s H"'S

CpD Oy, ©8.%[c,+Ce)
P o -"H S
TVCO ’-—-—".T CHSO + S

Measure of Sensitivit :

CpD  CyQ!
Tyt gt T
c. = 5. ' 7z
o CpD CxQ, 5,° [cy+ cS]

“q*"T‘CHSo"_'»'—TO—

CpD Cy f2cpD [
P P MR- Cg VF=T

G 2CPD Oy + Cg
Cs
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Production Model Versus Production With Backordér Model

Actual Model
@ %) 2
e CH F-7
C D C .
e = ._..’. + _2]'_{ Q* &#
True Model -
2CP CH+ [ 20 D CH
Q = n H*‘

% %, (s )2 (cH+cS)
ey = o+ F 0% EFP -0, 2
4] F

Measure of Sensitivity:

CpD c _
Tvg! "P"'*‘QEQ' Es2
il e A o — (8,02 {Cg+Cq)
o g +_§Q P I?-cHs . H
¥ 2, 5=
Opd . /201,3,
P T Cyr

=/rs ‘ ‘
] D /(e 0g)?
0D %2 ]2an Ot / > aan aH LP.E J <°n+° ¥ HS
pb [ Cy+Cg B D
- s’:’r /r‘“'n ”‘r
,cpznzcﬂ ,P > jchD ey /5215 (p-p)2
2 2 2,
°P 2y / Cq ,P_ /2an cH2 ,cn*"s/ : ) / H cH r2, [ch D%0,*(P~D) %0, 04P
u* 4 20pD © ?JQGPD(CmCS)CSZ(P-D)zP
[c DG CpD Oy [on
) pD Oy /p D / H grg
of 2l

==
I’D
T

2
= Cg
TG ¥ CirtCs
2
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Backorder Model Versus  Production With Backorder Model

Actual Model ]
Q= IZCPD CyrtCg ZCPD C?H
. Cy. CS Cmcs

, )2
CpD - CLQ' o (S' {CyeCs]
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