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CHAPTER I

PROBABILITY AND BASIC CONCEPTS
1.1 Introduction

An individual's approach to probability depends to a
great extent upon his interest in the subject. A pure
mathematician might rely heavily upon the axiomatic ap-
proach, while the applied statistici;n may prefer to take
the intuitive approach, The latter might attempt to con-
sider probability as the proportion of times that a certain
event will occur if the experiment related to the event is
repeated indefinitely. The approach which we shall pursue
here is a blend of these two points of view. We shall
attempt to present the basic concepts of probability intui-
tively through example, but we shall also strive to intro-
duce certain topics without the loss of mathematical rigor.

In most scientific studies the inductive procedurecig =
employed to a great extent. By the inductive procedure, we
mean studying particular cases and trying to draw generali-
zations from them. An example of inductive reasoning is:
All sheep which I have seen are white; hence, all sheep are
white. Although we see a great number of faults in this

process, one will soon discover that the structure of this



kind of thinking is basic to all scientific thought.
Scientific knowledge consists of generalizations which are
based on observation and experimentation. We can see how
limited we would be if we did not employ the inductive pro-
cedure. We might be able to report what we have observed
and measured, but we would never be able to put this infor-
mation to work. Hence, if we are to learn from experimen-
tation and use our knowledge of the past for predictions,
we must face the gamble which is intrinsic in inductive
statistics and the scientific method.

After considering the preceding remarks we see that
associated with any inductive process there is almost cer-
tainly a degree of risk. Our purpose is to develop methods
which will help to minimize this uncertainty. This is
where probability will come to our aid. By using proba-
bility we will be taking a calculated risk rather than
trying to play the role of a fortune teller.

Realizing it is almost impossible to understand the
factors involved in chance, which form the basis of induc-
tive statistics, without a sound understanding of the con-
cept of probability, we shall devote a considerable amount

of the following discussion to the meaning of probability.
1.2 Probability

When any discussion of probability is endeavored, the
most annoying obstacle is the multiplicity and vagueness of

meaning which everyday language has given to such words as



"possible", "probable'", "likely", and "chance". As long

as we are engaged in conversational language it may not
matter whether we use these vague terms which may at times
add a certain degree of color to our discussion. However,
if we are in need of precise statements which we encounter
in almost any study of mathematics, we must limit our-
selves to well defined terms. It should also be remembered
that the names we use for concepts are really irrelevant,
the paramount thing being that we have a true understanding
of the concepts or ideas for which they stand.

The term "probability" is used for the important con-
cept of relative frequency, or more precisely, the limit of
a relative frequency. The usual definition of relative
frequency 1s given as follows: If an event can lead to the
occurrence of N equally likely results of which S are de-
noted as successes, the probability of a success 1s given
by the ratio %, This so~called definition has some very
obvicus shortcomings, since the term "equally likely" is
also defined in terms of probability. If two events are
said to be equally likely, this is usually meant to imply
that they are equally probable (they have the same proba-
bility), and consequently we are using in this definition
the word which we are trying to define. Even though we can
not accept this/as a definition, it does help us a great
deal in calculating probabilities once we know or have

assumed the various alternatives are equally likely.

While considering the discussion given above, it 1is



evident that the proportion of successes can never be nega-
tive, and since it can also never exceed unity, the proba-
bility of an event is between O and 1, inclusive. A
probability of O does not mean that the event is beyond the
realm of possibility, we usually understand this to mean it
is extremely unlikely. For example, it can be shown the
probability is O that a point selected in a random fashion
from the interval from O to 1 will represent a rational
number, even though it 1s conceivable that the point could
represent a rational. Similarly, the probability of 1
would be attached to the event of selecting an irrational
even though it is not beyond the realm of possibility that
the point would represent a rational number.

Probability can be considered as a substitute for
certainty and truth. By a substitute for truth we mean
that using probability we can not generally make statements
which are always true, we can only make statements which
are usually true. Let us illustrate this concept with an
example. Let us suppose that you are a farmer and you
have planted a certain crop. You decide to consult an
agricultural expert about your chances of its being a suc-
cess. If the expert could tell you for sure that your crop
will be a success, you would know exactly where you stand.
Similarly, a negative reply would also tell you exactly
what to expect. However, the kind of reply which you will

receive will merely tell you that your chances for a suc-

cess may be pretty good, average, or fairly poor. Now,



since these terms are fairly vague, you may decide to ask
him to try to explain this in terms of prcbability. Let us
suppose, for instance, that he tells us the probability
that you will have a successful crop is .90. Now where do
you stand? Would this entitle us to say that the expert
was right if the crop succeeds, wrong if the crop fails?

In order to answer this question, let us try to deter-
mine what the expert meant by a probability of .90. Ac-
cording to the discussion given above, a probability of .90
means that in the long run something can be expected to
happen about 90 per cent of the time. Consequently, when
the expert told us that the probability of a successful
crop was .90, he meant to say that among a large number of
similar crops and under similar conditions such as weather,
etc,, about 90 per cent can be expected to succeed.

The implication given above is that when we are dis-
cussing the probability of a certain event, we must refer
to what will happen in the long run in a large number of
similar events. There is some objection to this concept in
the absence of absolute certainty or absolute truths. But
if we want to be scientific, i.e., 1if we want to obtain
knowledge from observations and experiments, we must resign
ourselves to the fact that almost all scientific predictions
are of this type.

One might get the impression from the above that it is
perfectly safe to make scientific predictions, since no one

can prove us right or wrong on the basis of a single event.



When we are told that there is a 90 per cent chance of an
event taking place, this simply says that under similar
conditions the event will occur 9 out of 10 times. It says
nothing about what will happen for any given event. This
does not imply that we should go about making wild predic-
tions about a single event. It should be kept in mind that
it is important in everyday life as well as in the scien-
tific realm to make correct decisions as often as possible.
It is necessary in each case to know the proper odds, i.e.,
which are the correct probabilities. For example, suppose
we knew that the probability was .30 that we would catch a
cold if we were to go quail hunting on a very cold day
while not properly dressed, but the probability was .10
that we would catch a cold if we wore the proper attire.
We would probably play the odds and wear the proper dress.
It should be evident that this would not protect us from
catching a cold, but in the long run we would catch fewer
colds if we wore the proper attire. Thus we would expect
a larger per cent of success if we were to rely upon the
odds. From this discussion it is evident that even though
probability does not guarantee success, it acts as a very
important guide in life to help in the long run to enjoy
more success.

In the last few paragraphs we have mentioned predic-
tion and estimation, etc. Let us consider an example of
how we might use the idea of prediction. Suppose you are

attending a large schoocl and the administration has come to



the realization that they should let the student body de-
cide upon a certain proposal by election. You have a
statistician friend who lives in the same city. So you de-
cide to try to predict the outcome of the election. You
confer with your friend and he explains how to proceed.

You follow his instructions and take a sample of opinions
as suggested, and find 60 per cent of the people you ask
favor the proposal. You then give the information to your
statistician friend. He studies the data and proceeds to
analyze it in a statistical manner. He reports that he is
95 per cent confident that the proposal will carry. Now
your friend has assigned a probability estimate of .95. He
is telling you that using his procedure he can expect to be
successful about 95 per cent of the time. In other words,
we discuss the accuracy of our results by giving the suc-
cess ratio of the methods which we have employed.

In remaining chapters dealing with estimation, the
"egoodness" of decisions which is based on information we
have at our disposal, usually a sample, shall be expressed
in terms of the success ratio of the statistical techniques
which we have employed. For example, suppose that two
students take the entrance examination at a certain college.
If from the results of this examination we could be 90 per
cent confident that one student was better than the other,
then we again imply that the statistical method employed
promises to provide correct decisions about 90 per cent of

the time. Hence from now on the probabilities which shall



be assigned to the results of predictions and estimators
will therefore always express the goodness of the methods
employed. Another way of expressing this is that the pro-
babilities will stand for the proportion of times that we
can expect these methods to present us with the correct
results if the methods are employed a large number of
times.

In the preceding discussion we have tried to intro-
duce probability intuitively. Let us now consider proba-
bility from a somewhat more mathematical point of view.
Suppose that you are fairly proficient in the shooting of
a shotgun and you decide to enter a trap-shoot sponsored
by the local gun club. Suppose also that each time you
shoot you receive a "1" marked on the score card if you hit,
and a "O" if you miss.. Let us consider this as an experi-
ment and represent the point 1 on the x axis if the clay
pigeon is hit and O for a miss. We now ask what are possi-
ble outcomes of the experiment? It is easily seen that the
only possible outcome is a zero or a one. These out-
comes of an experiment are called the sample space. We now

formalize the definition.

Definition 1.1 The set of points representing the possible

outcome of an experiment is called the sample space, or the

event space, of the experiment.

Let us now consider some of the basic rules of proba-

bility which will be useful 1in the following chapters.



From the discussions given earlier,it should be evident
that if we denote the probability of the occurrence of an
event A by P(A) then OSP(A)<1 which expresses the fact
that probabilities must be between O and 1, inclusive.
Another basic rule of probability which is immediate is
that if the probability of an event A is P(A) then the
probability that A does not occur is 1-P(A). This means
that the probability that A will happen plus the proba-
bility A will not happen is one. For example, if we are
90 per cent sure of passing a test then the probability we
will fail is 10 per cent; if the probability is .60 that a
team will win a certain game then the probability the team
will lose is .40.

Let us now turn our attention to problems which arise
in studying probability where more than one event can occur
simultaneously. When studying the occurrence of more than
one event we must consider the concept of events being
mutually exclusive. Two or more events are said to be mutu-
ally exclusive if they cannot occur at the same time. For
example, in our illustration you would either hit a clay
pigeon or would not hit it when you shoot, you cannot hit it
and also miss it simultaneously. Hence, the events of
hitting or missing the target are mutually exclusive. Of
course not all events are mutually exclusive. Suppose you
are in the process of buying a new car, and you must decide
between a Ford or a Chevrolet. Say the event is your

getting a car. Since you could conceivably buy both, these



events are not mutually exclusive,

Continuing our discussion of mutually exclusive events,
suppose the probability that a person will enroll at
Oklahoma State University is known to be .40, while the
probability is known to be .30 that he will enrcll at the
University of Texas. It seems reasonable that he cannot
enroll in both universities, hence these events are mutu-
ally exclusive. Also the probability that the perscen will
enroll at Oklahoma State University or the University of
Texas 1s the sum of the individual probabilities. This
type of reasoning leads us to the next useful concept. If
two events, A and B, are mutually exclusive, the proba-
bility of A or B, written P(A or B), is equal to the sum of
the individual probabilities, i.e., P(A or B) = P(A)+P(B).

Our discussion thus far has been primarily centered
around the concept of mutually exclusive events. Let us
now turn our attention to events which are not mutually
exclusive, such as the events of wearing the proper cloth-
ing in very cold weather and of catching a cold, or the
events of cold weather -and of snowfall. We see at once
that these events are not mutually exclusive. 1In fact, it
seems conceivable that the events are very much dependent
on one another. Let us illustrate the meaning of depend-
ence and independence of two events before we give a formal
definition. An event B is independent of ancther event A
if the probability of the occurrence of B is the same re-

gardless of whether A has previocusly occurred or is occurring
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at the same time. If, on the other hand, the probability
of B is in any way affected by the results of what happened
in A, the two events are said to be dependent.

The probability that a student will make an A on a
test is surely very much dependent on the amount of prepar-
ation he has made for the test. However, the probability
that he passed the test is not dependent upon whether he
uses cream in his coffee the morning before the test. In
real life it is usually very hard to find events which are
completely independent of every other possible event. For
in the example of independence just stated, if someone had
put poison in the cream than it would effect his passing the
test that day. Therefore, when we speak of events being in-
dependent we are assuming that the type of phenomena as
mentioned above will not happen. Let us consider another
example to illustrate dependence. Suppose we have a hat
containing four pieces of paper, two labeled with the letter
"a" and two with the letter "b". Event A is the drawing ofa
slip of paper and looking at it and not replacing it in the
hat. Suppose we get an a, then if P(B) is the probability
of drawing a b, we see that the probability is differ-
ent before we drew the first piece of paper. Hence the
event B is dependent upon the event A, We shall now for-
malize the definition of the independence of only two

events, which could be extended to any number of events.
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Definition 1.2 The two events A and B are independent if,

and only if, the joint probability, written P(A and B) or
P(A,B), is equal to the product of the individual proba-
bilities, i.e., P(A,B) = P(A) P(4).

So if we know two events are independent and we want
to find the probability of the occurrence of both events,
simultaneously, we find the product of the individual proba-
bilities. For example, returning to the discussion of the
man shooting clay pigeons, we can answer the question,

"What is the probability that he will hit two clay pigeons
in a succession?", assuming the probability of his hitting
a pigeon is 9/10. The event of his hitting the second time
would not depend upon his hitting the first time, i.e., the
events would be independent. Hence, employing the above
definition we see the probability of hitting two clay
pigeons consecutively is (9/10)(9/10) which equals 81/100.

We must be careful and not apply the above definition
to events which are not independent. Let us consider the
two events, A and B, where Ais the evernt it will snow today,
and B that the highways will be slick. It is obvious that
the two events are dependent, i.e., if it snows the proba-
bility that the roads will be slick is much higher than if
it does not snow. This type of problem leads us to the
introduction of the concept of conditional probability. The
probability that the event B will happen provided that A

has taken place, is called the conditional probability of B
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relative to A and is denoted by P(B| A). Using this concept

we can define the joint probability of A and B as follows:

Definition 1.3 If A and B are two events then the joint

probability of A and B is given by P(A and B) = P(A)P(B|A).

It should be noted that this holds also if A and B
are independent, since if A and B are independent P(B|A) =
P(B). For instance, we are given the event A that a man
has received 5 traffic citations in the past 6 months and B
the event that he will receive a citation in the next 6
months, assuming he continues driving. It seems conceivable
that the event B, i.e., P(B|A) would be much higher than
P(B) where the man was just an ordinary driver, The
latter makes no reference to the man's past driving record.

Before concluding this brief discussion on probability,
we shall illustrate another use of a relationship which exists
between two events A and B. To help illustrate the relation
to be given, suppose P(A) and P(B) represent the probability
that a certain student will make the baseball and basketball
teams, respectively, in a small school. It seems conceiv-
able these two events are dependent, i.e., if a person is a
good athlete he would probably excel in several sports.
The question might arise, "What is the probability that he
will make at least one of the teams, i.e., what is P(A or B)™.
Before answering this question, let us prove the following

theorem.
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Theorem 1.1 If A and B are any two events in the sample
space S, then

P(A or B) = P(A) + P(B) - P(A,B)

Proof':

Now by A or B we mean AUB and AUB = AU (EXNB),
where & is the set of points in S which are not in A.
However, A and A()B are disjoint so we have P(AUB) =
P[AU(ENB)] = P(A) + P(ENB). Now B = (AnB)U (AB), and
the two sets (AnB) and (ANB) are disjoint. Hence, we have
P(B) =P [(aB)U(AEnB)] = P(anB) + P(E~B) or P(ANB) =
P(B) - P(ANB). Substituting P(ANB) into the equation above
gives P(AUB) = P(A) + P(B) - P(ANB). But P(AMB) = P(A,B).
Thus we have the desired results, i.e., P(A or B) =
P(A) + P(B)- P(A,B).

To illustrate this theorem suppose in the preceding
_example we have P(A) = .70, P(B) = .80, and P(A,B) = .63.
From the theorem above we have P(A or B) = P(A) + P(B) -
P(A,B). For the example given, the probability P(AorB) =
.70 + .80 - .63 = .87.

1.3 Finite Sums and Products

Many times in the following chapters we shall be in
need of an expression for the sum of a certain quantity.
For example, suppose we are given two hundred numbers
Nl,Nz,...Nzoo and we would like to express their sum. We

shall designate the sum of these two hundred numbers by
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200
£ Ni.
i=1 *

Here, © is the Greek capital letter sigma, and in
this connection it is often called the summation sign. The
letter i is called the summation index, while the term
following the £ is called the summand. The 1 below 3y in-
dicates that the first term of the sum is obtained by
putting i=1l in the summand. The 200 above the ¥ indicates
that the last term of the sum is obtained by putting i=200
in the summand. The other terms of the sum are obtained by
giving i the integral values between 1 and 200. We can see
how this notation can save time and space when we are con-

cerned with writing the sum of a finite collection of terms.

We should also note that one of the properties of a finite

n n n :
sum is ¢ (Ni£M.) =3 N.+ £ M,, i.e., we can distribute

‘ i sl RS ]

i=1 i=1 i=1

the I over the finite sum.

Many times we are concerned with sums over sets which
are not finite. Generally, we will be summing over a
countable set, that is, a set which can be put in a one to
one correspondence with the set of positive integers. We

shall assume Z(a + b ) = a + b, since in all cases
7 R n n n n

2
n
we will be dealing with the a  and bn will be greater than

or equal to zero and the condition which must be placed

upon £ a and X b 1is that £ a and Z b must converge,
fi- Ik n'n n n Bon

that is, the sum over n must be some finite number. These

conditions will generally be satisfied in developing the



16

following theory since we will usually be summing over n
where a, represents a function whose sum over n is equal
to one.

In several situations, to save space, we shall choose
an analogous notation for a product by using the capital
Greek letter TT instead of £ in the sums. In this case the

terms resulting from substituting the integers for the

index are multiplied instead of added. For example,

6
-ELI ai - ala2a3a4a5a6.

1.4 Random Variable and Probability Functions

In several examples we have used thus far, we usually
associated a number with the outcome of an experiment, as
in the example of the trap-shoot, where we associated the
real number 1 with a success and the real number O with a
failure. Let us try to find a function that will give
some relation between the outcome and the probability of
one of the events occurring. Suppose we know that the
probability of a hit is, say p = .9, while the probability
of amiss is 1 - p = .1. We need to find 2 function

of x and p which will give the probability p of a given
; ; L Leg®
x happening. Consider f(x) =p~ (1-p) y, x=0, 1. Now

£(1) = pl(l-p)O = p, hence, the probability that x = 1 is

given by p(x = 1) = f£f(1),and p(x = 0) = £(0) =1 - p.

Thus this function gives us the desired probabilities
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which we mentioned at the outset we wanted. The function

b'e 1-x | 2 . .
f(x) =p (1-p) is called the probability function of X
if certain conditions hold. Let us give formal definition

of these concepts.

Definition 1.4 Let S be a sample space and X a real valued

function defined on S. Then X is called a random variable.
X is a discrete random variable 1f 1t assumes a finite or
countable number of peoints. X is a continuous random

variable if it assumes an uncountable number of points.

After a random variable X has been defined on a sample
space, interest usually centers on determining the proba-
bility that X will assume specified values in its range.
The relationship between the value of X and its probability
is expressed by means of a function called the frequency or

probability function, which is defined as follows:

Definition 1.5 A function f{x) that yields the probability

that the discrete random variable X will assume any par-

ticular value or set of values 1in its range is called the
frequency (probability) function of the random variable X.
If X is a continuous random variable then f(x) is referred

to as a density function.

Thus far in our discussion we have considered only
one-dimensional probability functions. Meny experiments

involve several random variables rather than just one such
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variable. The definitions concerning probability functions
which involve more than one random variable are a straight

forward extension of those of a one-dimensional random vari-

able.

Definition 1.6 A function f(x.,x.,...,x ) that yields the
U n

probability that the random variables Xl,Xz,...,Xn will

assume any particular value or set of values in their range
is called the joint density (probability) function of the

random variables X_,...,X .
1 n

Also since we will be dealing with the joint proba-
bility functions which contain more than one random vari-
able it behooves us to define the joint probability
function of n independent random variables. This follows

analogously to the probability of independent events.

Definition 1.7 If the joint probability function

Fx. ;% 5¢009% ) can be factored in the form £lx X ;0% )
17 e n i RO n
=f (x.) £f(x),...,f (x ), where £ (x ) is the probability
L L 25058 0N s
function of Xi, then the random variablein,Xz,...,X are
n

said to be independently distributed.

A function closely related to the probability function
f(x) is the cumulative distribution function. Since in the
case of discrete variates the probabilities are given by

sums, it often is convenient to deal with the sums of the
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probability functions rather than the probability functions
themselves. Suppose for example that X is the number of
tosses required to obtain a head with an ideal coin.

x

Then the probability function is f(x) =(3), x =1,2,....
2 X4 1 d i

Now the p(l<X=2) =2 l(%) = (3) + (%) =3/4. Now
i=

consider the p(X <x) =

z ()% = r(x).
xi=l

F(x) is the probability that the value of the random vari-
able will be less than or equal to x. F is called the

cumulative distribution function of X. F is defined simi-
larly for a continuous random variable except in terms of

integrals. A useful property of F is as follows:

Theorem 1.2 If F is a cumulative distribution function
of a random variable then (1) F is non-decreasing

(2) F (-w) =0

(3) F () =1

The concept of a random variable is employed by the
statistician in a manner very similar to that in which a
mathematician uses the concept of a mathematical variable.
Suppose for example we are flipping a coin and we record a
1 if the coin lands with the head up and record a 0 if we
get a tail. We have assigned a real number to all the
possible outcomes of the given experiment.

In the example above if we let X denote the outcome

when the coin was tossed we see that X is a real valued
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function defined on the sample space, i.e., X (heads) = 1,
and X (tails) = 0 . To consider another example to further
illustrate this concept let the random variable denote the
outcome from a cast of a die. Now X can take on the values
1,2,...,6, and is therefore a random variable since it is a
real valued function defined on the sample space. It seems
obvious that if this die is fair there should exist some
probability that we can attach to the event of getting, say
a 1, when the die is cast. Now the probability of getting
a 1, written p(X = 1) is equal to 1/6.

When such a function f(x) exists such that f(x) =
p(x=X) we often say that X is distributed as f(x) and we
write X¥~~f(x). In the example above concerning the casting
of a die we see that f(x) = 1/6 (x=1,2,..,6) since p(X=1)
= p(X=2)... = p(X=6) = 1/6 = f(x). Therefore we have a
function f(x) = 1/6 which gives us the probability that the
random variable X take on a specific value x.

Throughout the remaining chapters we shall in many in-
stances be given a sample of size n, say Xl’Xz""Xn and we
will be computing such functions as the mean of the sample
2 _z(X, -X)?

n

X, the sample variance s and other functions

of observed random variables,

Definition 1.8 A function g(x) of observed random vari-

ables which contains no unknown parameter is called a

statistic.

After considering the basic concepts of random vari-
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ables and probability functions,let us now consider an
illustration in which we define a random variable and
through repetition of an experiment try to determine the
probability function for the random variable.

Suppose you are a member of an artillery group in a
branch of our armed forces. Suppose further, that your
group's assignment is usually attacking convoys of trucks,
trains, or regiments of men, i.e., your targets are usually
objects which have considerable length. We see that to hit
the target we must be accurate vertically, while horizon-
tally we can score a hit even though we are not very close
to the center of the target. So it is important to be sure
that we have our gun adjusted at a correct elevation. Sup-
pose we donduct an experiment where our target is a certain
line at a given distance perpendicular to the gun. Now the
experiment will consist of measuring the distance the shell
falls from the line, where a shot that falls short of the
distance will be a negative number and an over-shot will be
a positive number. If we are on the firing range for sev-
eral days and keep track of how far each shell falls from
the line, it is conceivable there would be a large concen-
tration of shots close to the line you were trying to hit.
Suppose that you take these measurements for several days
and keep track of them Let us group them so that the ones
which are within 5 yards of the given line and those at a
distance of between 5 and 10 yards from the line, are to-

gether for each 5 yards. We would probably get a histogram
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similar to the one in Figure 1, where X is the distance the
shells fell from the given line and the vertical axis re-

presents the number of X's appearing in any given interval.

Number of Shots

Distance of
v ' + + Shot From
=20 <15 =10 <=5 0 5 10 45 20 Line

1

Figure 1

If after each day's shooting you make a histogram
similar to the one in Figure 1, we would after a month or
so have several histograms. Now if we would plot all of
these different histograms on the same graph, more or less
on top of each other, we would get a drawing similar to the
one in Figure 2, which could be approximated by a bell
shaped curve similar to the one shown there.

Now after a large number of similar experiments we
could make fairly accurate probability statements, such as,
the probability that X is between -5 and 5. The proportion
of the shots in any given interval would be the total shots

in the interval over the total shots. So the probability
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that X is in an interval is related to the area bounded by
the curve and the given interval, since the number of ob-
servations which appears in a given interval is reflected
by the area of the rectangle which represents the frequency.
So if we say 60 per cent of the shots fall in -5 to 5, we
would be inferring that the area bounded by the rectangle,
with base on -5 to 5, has about 60 per cent of the area of
all the given rectangles considered together which is 100

per cent or has an area of 1.

Number of X's

Figure 2

It is conceivable that the random variable X could
take on any real number. And the graph of the frequency
function for X would approximately be the curve given in
Figure 2. Bell shaped curves of this type are called

normal curves and the density function, f(x), is given by

-%(X-u)z
0‘:‘5'

f(x) = —=— € where x can be any real
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number and 02, which is called the variance of X, is non-
negative, while y represents the mean, which can also be any
real number. In the example, we were using the mean, the
reference line, as O.

In the paragraph above, we mentioned the variance of X.
Let us devote some time to this concept. If, as in the ex-
‘ample, you were using very superior shells and your guns
were in very good condition, you would expect most of the
shells to hit very close together, i.e., there would be
very little variation among the X's. However, if the shells
were of poor grade, say they had got wet in the process of
being shipped to the military post, then one shell might
be very good while the next one might go only half the
distance to the target. So we see that the values of X
would have a large amount of variation. It seems likely
that when the variability among the X's is large then the
normal bell-shaped curve would be lower since a large num-
ber of the X's would be at a greater distance from the mean.
The most widely used measure of variation based upon a
sample is the so-called standard deviation, which will be
denoted by the letter s. This statistic reflects a large

difference among the X's and its square is written as

2

2 1

n —
(X - X)
_1
S =

n-1

2 . . | ) -
where s 1s an estimate of the variance, and X represents

the mean of the sample. Now if the mean of the probability
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function is known we use for an estimate of the variance

the statistic
n(x )2
VA, =

2 1 1 b

n

The normal density function is very useful in many
problems we shall consider in the following chapters. Many
times we shall be concerned with random variables which
have a certain probability function which is approximately
that of the normal. Hence, in many instances we can apply
normal theory in making probability statements which will
be fairly accurate if the random variable whose density is
approximately that of a normal. We shall consider in the
next paragraph a probability function which can be approx-
mated by the normal.

Suppose you are participating in a trap shoot spon-
sored by the local gun club. Suppose further that you have
been engaging in this sport for several years and you are
sure you hit about 50 per cent of the clay pigeons. On this
particular day the only type of contest in which you engage
is where two clay pigeons are thrown at once and you have
two shots to try to break them. Suppose for this partic-
ular day you shoot at 200 clay pigeons (100 different sets
of 2 clay pigeons each). The expected distribution of the
number of hits will be represented by one-quarter, one-half,

and one-quarter of 100, respectively.
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The expected distribution of the number of hits in 100

- shots would be illustrated by the following histogram.

50

25 ’ 25

0 1 2
Figure 3

We could have had more clay pigeons thrown at once,
but this would complicate our illustration and we could not
realistically assume the probability of '‘a hit did not change.
Let us suppose that you decide to shoot at 3 pigeons, one
at a time. The variocus events which could happen would be

given as follows:

MMM HHUM
HMM HMH
M EM MEEH
MMH HHH

We find ghat we can expect to get O hits one-eighth of
the time, 1 hit three-eights of the time, 2 hits three-
eights of the time, and finally, 3 hits about one-eighth
of the time. These probabilities are obtained from the
above table by considering favorable cutcomes divided by
the total number of outcomes. If you shoot 80 times at sets

of three clay pigeons, the resulting expected frequency
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distribution will be

Number of Hits Frequency
10
30
30

W = O

10

which is illustrated by the histogram in Figure 4.

30 30

10 ' 10

Figure 4

In Figure 4 if X represents the number of successes in
a given number of trials then X is said to be distributed
as a binomial f(x) given by

1 L _
f(x) =——_L—_ pX (l"p)n X, X=O,l,2,oon,no
(n-x) Ix!

It seems reasonable that if we repeated this experi-
ment several times that the histogram might be approximated
by the normal density with mean of 50. This can be shown by

employing some advanced techniques beyond the scope of our
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treatment of the subject here. In general it can be shown
that the mean of the normal approximation of the binomial
is np, and in this case we see the mean is 100(.50) = 50.
In the following chapters we shall use these results
-on several occasions to apply normal theory to certain dis-
tributions which are approximately normal. It is often
much easier to maeke probability statements concerning a
normal variable than probability statements concerning a

discrete random variable.
1.5 Sampling

Up to this point we have been concerned with certain
aspects of the theory of probability. Let us now give some
of the basic concepts and definitions related to the theory
of sampling which will be useful in the later development
of this theory.,

Progress in science is ascribed to experimentation.
The research worker performs an experiment and obtains some
data. On the basis of the data, certain conclusions are
drawn. The conclusicns usually go beyond the material and
operations of the particular experiment. In other words,
the scientist may generalize from-a particular expefimentto
the class of ‘all such experiments. This type of extension
from the particular to the general is called inductive
infeerence.

Inductive inferences are well known to be a hazardous

process. We must be very careful how we collect the data
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we plan to analyze and how we make inferences based on this
data. One function of statistics is the provision of tech-
niques for making inductive inferences and for measuring
the degree of uncertainty of such inferences. This un-
certainty is measured in termsof probability.

Suppose it is desired to estimate the per cent of
people who have televisions and who live in cities of one
million or more. A person might select a certain city and
take a sample of people in the city and determine the per
cent of people in that city who own television sets.

Before we can draw any valid conclusions we must pick the
city and the sample in a certain manner. This line of

thinking leads us to the following definition.

Definition 1.9 The totality of elements which are under

discussion and about which information is desired will be

called the target population.

In the above example the target population consisted
of all people that live in cities with population over one
million. The problem of inductive inference, from the
point of view of statistics, is regarded as follows: the
object of an investigation is to find out something about
a certain target population. It is generally impossible or
impractical to examine the entire population, but one may
examine a part, or a sample, of it and, on the basis of
this limited investigation, make inferences regarding the

target population.
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The problem immediately arises as to how the sample of
the population should be selected. We can make probability
statements about the population if the sample is selected
in a certain fashion. Of particular importance is the case
where the sample is a random sample, which is defined as

follows:

Definition 1,10 ZLet the random variables Xl’Xz""’Xn have
joint probability (density) function g(xlx2,s,.,x ) =
n
f(xl),,.,f(x ) where the probability function of each X is
n i

f(x ). Then Xl,XZ,...,X is said to be a random sample of
i n

size n from f(x).

Definition 1.1l Let Xl,XZ,.“,Xn be a random sample from a

population with probability function f(x), then this popu-

lation is called the sampled population.

Valid probability statements can be made about the
sample population based upon a random sample but inferences

on the target populations are not always valid.



CHAPTER IT
EXPECTED VALUES AND MOMENTS
2.1 Introduction

When attending elementary school, I am sure we were
all introduced to the idea of finding the average of a set
of numbers. We recall our teacher informed us that to find
the average of a set of numbers we would add the numbers
and divide by the number of numbers under consideration.
Let us investigate this idea in depth and illustrate the
connection between the average and the expected value.
Suppose we are given the numbers 5,6,4,4,5,6,3,5,7,6,7,3,
and 7 and we are asked to find the average. The average of
these numbers is given by 5+6+L+L+5+6+3+5+7+6+3+7+7
divided by 13. bLet us commute and associate the numbers
such that we have all like numbers together. We find the

average is equal to

(54+5+5) + (6+6+6) + (L+L) + (343) + (7+7+7)
13

_ 3(5) + 3(6) + 2(4) + 2(3) + 3(7)
13

3/13(5) + 3/13(6) + 2/13(4) + 2/13(3) + 3/13(7).

31
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Let us call the coefficients of the numbers we started with
f(Xi), and Xi the numbers we started with to find the average.
Now if we consider f(Xi) = ni/n the frequency function of
the numbers Ki, then we have an expression for the average
of this set of numbers. The average is given by

13

§=1Xif(xi)
which we define to be the expected value of X, written E(X).

To help us gain some insight into this concept, sup-

pose a man is engaged in a game of chance; say there are
nine cards lying face down and these cards consist of 2
spades, 3 hearts, 3 diamonds and 1 club. Suppose also that
these cards are well shuffled and this man is equally
likely to draw any one of these cards, i.e., the card will
be drawn at random. We see that the probability of drawing
a spade is 2/9, the probability of drawing a heart is 3/9,
the probability of a diamond is 3/9, and that of a club is
1/9. We could illustrate the relation by the following
table where Xl,Xz,XB,XL represent the drawing of a spade,

a heart, a diamond, a club, respectively.

P (X.) 2/9 3/9 3/9 1/9
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Suppose the game consists of the man paying a certain
amount of money to get to draw a card and if he draws an X.l
(a spade) he receives $18, otherwise he receives no prize.
The question which we want to answer is,"What is his ex-
pected winning or his expectation?”., We see his proba-
bility of winning is 2/9, hence his expected winnings would
be 2/9 (18) + 3/9 (0) + 3/9 (0) + 1/9 (0) =4, i.e., in the
long run he would expect to average winning about $L each
time he played. We note that the expected value of a ran-
dom variable need not be any actual value which X can
take on.

The concept of expectation is easily extended. If X
denotes a discrete random variable which assumes the values
X 5%y en ey X, with respective probabilities f(xl),f(x2),

.,f(xn) where f{x.) + fix.) +..., + f(Xn) = 1, the

1 2
expected value of X, written E(X), is le(xl) + xzf(xz)

teoe, + an(x ). We shall now formalize the definition
n

of expected value,

Definition 2.1 Let X be a random variable with probability

function f(x). Then the expected value of X, is E(X) =
txf(x) if X is a discrete random variable. The expected

x

value for a continuous random variable i1s similarly defined

except in terms of integrals.

Many times in practice we are interested in the ex-

pectations of some functions of a random variable. The
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following discussion will be concerned with an example to
help illustrate how we might deal with this problem.
Suppose we are in the business of making bolts. Sup-
pose also that we have a machine which manufactures bolts
of one-half inch in length. We know that when we have a
number of bolts manufactured by this machine, if we
measured these with a very precise instrument, many of
these would differ in length from one-half inch by various
amounts. Suppose we decide to take a barrel of bolts and
divide these into several groups. If the lengths of the
bolts were between .49 and .51, they would be in one group,
and if their lengths were between .48 and .49 or .51 and .52,
and so on. We might expect a large number of these to be
in the interval .49 to .51 if the machine is fairly accu-

rate. The histogram might be similar to the following:

Number of Bolts

Length
of Bolts

DT S Y N R S TR
Figure 5

It seems reasonable that this would be approximated by a

bell shaped curve with its maximum at the point x = 5.
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This type of density function is given by

-é!x—u)z

1 e g

Flx) =——r
(Zﬁ)%d

where x can be any real number while 02 and b are para-
meters, which we shall explain in greater detail later.
Returning to the example, it seems reasonable to say that,
if we draw a bolt out of a barrel of bolts at random, we
would expect to get a bolt of one-half inch in length.
Thus we would say that the expected value of X (where X
represents the length of a randomly chosen bolt) would be
one-half inch.

Now suppose we want to study small differences in
the lengths of the bolts. A possible way to do this is to
square each value of Xi (Square the length of the bolt).
So we take this barrel of bolts and measure each one of
them and let Xi2 - Gy e Now this new "barrel of yi's" has
a distribution, that is, we would probably expect a vy
drawn at random to be close to one-fourth. It seems intu-
itively obvious that E(X°), i.e., E(y) would be defined
very similarly to the expected value of X. We now form-
alize the definition of the expected value of some function
U(X) of the random variable X. This definition is actually
redundant since it can be proven by using some advanced

techniques. However, it is consistent.
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Theorem 2.1 Let X be a random variable with probability

function. The expected value of U(X), a function of X, is
E (U(X))= EU(x) f(x) if X is a discrete random variable.
To help understand a practical example, suppose you
and some of your friends are engaged in playing a game of
monopoly. Suppose you are asked what is the number of spaces
you would expect to move on any given roll of the dice. We
would probably say 6. Let us find the expected value of X
if we are given that X is the number appearing when a pair
of dice is cast. To answer this question we must first de-
termine the probability function of X. We shall do this by
constructing a table where X, represents the number of spots
appearing on the dice and f(xi) is the probability of

getting x, on a given cast of the dice.

et |2 |2kl 5] 6]
136 |36 |36 |36 |36 | 36 | 36 | 36 | 36 | 36 | 36

We found f(xi) by determining how many possible ways
we could get the number xi from the two numbers appearing
on the dice divided by the total number of possible out-

comes. Now employing definition 2.1, E(X) = § xf(x) =

(2)(1/36)+(3)(2/36)+(4) (3/36)+(5)(4/36)+(6)(5/36)+(7)(6/36)

+(8)(5/36)+(9) (4/36)+(10) (3/36)+(11)(2/36)+(12) (1/36).
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Hence E(X) = 2+6+12+20+30+42+40+36+30+22+12 _ 252
36 36

=7'

Thus the expected value of X is 7, not 6 as we had thought
it might be. From this we see that on the average we would
move 7 spaces each move.

We might also ask,"What is the expected value of 2X7".
We are asking the question,"What would we expect 2 times an
X value to be?" It appears.that it should probably be 2E(X)
Let us compute E(2X) using theorem 2.1. E(2X) = §2xf(x) =
2§Xf(X) = 2E(X) = 2(7) = 14 .

Before considering more examples let us consider how
we might construct a probability function. Suppose you are
watching someone shooting a basketball at the goal. On
any given shot he either hits the basket (the ball passes
through the goal) or he misses. This operation describes
a probability function if we let X = 1 if he hits the
basket and X = 0 if he misses. If we watched him shoot
at least 100 times each day for one year and each time he
hit a basket we threw a small ball with a one on it into a
large container, and each time he missed we threw a ball
with a zero on it into the container, we would have a pop-
ulation of zeros and ones. If we drew a ball from this
large container at random there would be some probability
associated with it being a one or a zero. Let p be the

probability that X = 1, then the probability of a zero is

I

1 - p. This probability function is given by f(x)
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x -
P (1-p)l X, x=0,1,0=<p=1, Let us investigate this proba-

bility function further.

Example 2.1 Let the random variable X have the probability

: 1-x
. function f(x) = pX(l-‘p) , x=0,1,0<p<1. What is the ex-

‘pected value of X, E(X)? Employing definition 21, E(X)=oxf(x)
X
1 x 1-x 0 1 1 0
= 5x p (1-p) =0 p (1+p)” + 1p (1-p) = O+p = p.

Hence the E(X) for this probability function is p. What

2
is the E(X7)? Using theorem 2.1, we see E(X2)=}Zcx2 f(x) =

1
5% p™

)14X 0
x=0

1 1 0
1-p =0 p (1-p)” + 1 p (1l=p) = p.

A point concerning our terminology is now in order.
When considering probléms concerning discrete random vari-
-ables, we discussed a probability function. When dealing
with continuous random variables, such as the normal, we
shall speak of the probability density function of the
random variable. The random variables which will be con-
sidered as having a density function are precisely those
whose cumulative distribution functions have a derivative
at each point, and the derivative of the cumulative distri-

bution function is the density function.
2.2 Moments

Let us return to the example we discussed earlier

concerning the manufacturing process which consisted of
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making bolts one-half inch in length. OSuppose you are in
charge of operations at this factory and you have instructed
one of your subordinates to take a sample of bolts manu-
factured by this machine once each day. You have explained
to him that he is to find the average lengths of these and
report to you if the average deviates more than .l inch
from one-half inch in length. Suppose everything goes well
for a month, i.e., we have no report of the average devi-
ating from one-half inch by more than .l. But after our
bolts get on the market we have several complaints that
they differ in length by a great amount. OSo we decide to
investigate the situation ourselves. We take a sample of
bolts and compute the average. To confuse the situation
more, we get an average of .495 which is acceptable under
our requirements. So you examine a few bolts and find
several are three-fourths an inch long and several are
about one-fourth inch in length. This leads us to suspect
that we need some other criteria for determining whether or
not our manufacturing process is acceptable. So we séarch
for a statistic which will serve to help us detect a large
amount of variability among the bolts. This leads us to
the next statistic we shall consider. We could use a
statistic M=1/n §=1(Xi—%)2, where Xi represents the length
of the ith bolt in the sample of size n. We can see that
if M is small (of course, the word "small" would depend
upon how large a sample we took and also how much deviation

we would allow) then we could conclude that most of the
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bolts in the sample’are élose to one-half inch, while if M
were a large number we would conclude that the process
should be investigated and possibly be changed. The pre-
ceding statistic is called second sample moment about the
mean. We shall now formally define some of the concepts

introduced.

Definition 2.2 The rth moment of a random variable X,

usually denoted by ur*, is defined as @r'=E(Xr)=§xr f(x),
where f(x) is the probability function of X. And b=
E(X-u)r‘= i(x-u)r f(x) is defined to be the rth moment

about the mean.

We note that the first moment, i.e., where r is
equal to one, ul', is just the expected value of X as de-
fined earlier in this chapter. The concept of variation
is of paramount importance in statistics as was indicated
in the previous example concerning the manufacturing pro-
‘cess. The second moment about the mean is a measure of
variation among the random variables and i1s called the
variance of X.

Let us investigate the first and second moments and
observe some properties which will be useful in our study.

First let us consider the first moment about the mean,

usually denoted by by and given by

b o= EBE(Xep) = 5(x-u) f(x)

=
»
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since %f(x) is one and E(X) is the mean. Thus we see the
first moment about the mean is zero. Also the second moment

about the mean 1s given by

2
by = E(X-u)” =

2

= ¥x f(x) -2uixf(x) + u =f(x)
X X
2

= | +

by 24 i
— ' 2
'"'|J’2 - U

So the second moment about the mean, called the vari-
‘ance of X, is the difference between the second moment and
the square of the first moment.

Before continuing our discussilon of expected value
and moment, we need to prove some basic properties of expected

value which will be used through the remaining chapters.
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Theorem 2.2 Let X be a random variable with probability

function f(x). If C is a constant then the E(C) = C.
Proof:

Applying the definition of expected value we see that
the E(C) = %Cf(x) = C%f(x) . But %f(x) = 1 since f{x) is

a probability function. Hence E(C) = C.

Theorem 2.3 Let X be a random variable with probability

function f(x). Then the expected value of the sum of two
functions of X is the sum of the two expected values, that

is, E[u(X) + v(X)] = B(u(X)) + E(v(X)).
Prcof:

Using the definition of expected value of some

function X, i.e., E [g(X)] —zglx) f£(x), if we let g(X) =
u(X) + v(X), we have E Tu(X) + v(X)| =E [g(X)] =

gelx) £ix) =3 [ulx) + v(x)] £(x) = 3ulx) £(x) + 2v(x) £(x) =
E [u(x) ] +E [v(X)] . Hence we nave E [u(X) + v(x]] =
E[u(®)] + E [v(x)]

2.3 Moment Generating Function

In the last section we were concerned with finding
the first and second moments of a distribution by applying

the definition. But in many cases calculating the moments
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by this method becomes very complicated for some proba-
bility function. So we search for an alternate way of ob-
taining the moments of a distribution when the method using
only the definition becomes too involved. It turns out
that in a great number of cases we can find a function
which, when we apply a certain procedure to this function,
will give us the moments of the distribution.

Now in our search for this function we want to find
some function so that when we apply a certain procedure we
will get ixr f(x), which is the rth moment of the distri-
bution. It is assumed that the reader is familiar with
differentiation of a polynomial and of functions which con-
tain e to powers of a variable. We shall also assume that

the reader is familiar with the expansion of e in the form

: ; t t gf 43 K
of series, i.e., e = 1+ 1, + 5y + T TelenEn Fase
Let us consider
- 3 k
tX (EX) " (%) (tX)
E(e )=E [l+tX+ = + 31 + eet = e R
22 3.3 k_k
B asepthate  BE a  led Ly s T
! 31 k!

The theorem in the last section can also be verified for
the infinite case. Hence, assuming the theorem is true for
this case after distributing the expected values, we get

the following:



2 %2 3.3 k
tX tX ., X .kx
E(e” FE(L) +E(eX)+E(T5)+E(75, )+...,+E(tk! Jto.. =
N 3 k
Tty + & 4B 0 2y

2! “‘2 5"—!'“3 +ooc’ k! Ulk +.a.

If we are to get u;out of the above expression, we

r

must apply some procedure to eliminate E_ . Suppose we

r!
take the derivative r times with respect to t, then we
would have an expression as follows:
E(e ) 1

=y + (r+1) () (r-1)... r=(r-2) tu +...
at’ : | r+l

1
Every term after Mo has t as a factor. Now an

1
obvious way to get b, by itself in the expression is to

Xt
evaluate the expression at t=0. Let us denote E(e )

by m(t). .
T
Let us now see if = m(t) evaluated at t=0 is the
dt
T
rth moment as defined earlier, i.e., is: - m(t) =
dt
-
vx f(x) where t=0., Consider d_ m(t) = d_ seX £(x) =
X - dt at
tx dI‘
gxe f(x). And == m(t) evaluated at t=0 is given by
dt .
r O(x
d [m(t)] - X e (x) flx) = oxt f(x)
T X x
dt t=0

So we see a logical choice for a moment generating
(e"%)

Ll

function for-a distribution is El(e . We shall now give a
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formal definition of the moment generating function of a

random variable X.

Definition 2.3 Let X be a random variable with probability
tX

function f(x). The expected value of e ™ is called the

moment generating function of X if the expected value

exists for every value of t in some interval -kzs:ts,kz.

The moment generating function is denoted by
tX t
m(t) = E(e ) = ze * £(x)

if X is a discrete random variable. In all the probability
functions which we shall be dealing with the moment gen-
erating function will exist.

Before leaving moment generating functions, there is
one very useful theorem which we shall state. Many times
we are confronted with the problem of proving a statistic
has a certain distribution. This problem is simplified to

a great extent by using the following theorem.

Theorem 2.4 Let X and Y be two random variables with

densities f(x) and g(y), respectively. Suppose that the

moment generating functions of X and Y both exist and are
2

equal for all t in some interval -h i;t:;hz. Then the two

densities are equal.

So we see if we know the form of a moment generating

function for a variate and we are given another random
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variable, if we can show that its moment generating
function is of the same form, then by the previous theorem
we see that they will have the same prdbability function.
To help us understand the concept of moment generating
functions and to illustrate the preceding theorem let us
consider another example. We will use the expansion for

a . : :
e which was given earlier.

Example 2.2 Suppose that X is a random variable and its

probability function, the poisson, is defined by
X -m

flx) = 22—  x=0,1,2,....
*1

The first question which might come to mind is to prove

that this is a probability function, i.e., f(x)=0 for every

x, and that Ef(x) = 1. To prove the second part, consider
i -m i -m, m 0

Ef{x) = pB2 w g TlL wig (e ) e w1,

> X x! X%t

Thus we see Ef(x) = 1. The first part is obvious since

x=20.

What is the moment generating function for X?

t
X X -m o t\x i
m(t) = E(et ) = Eetx m e e oM fme " a0 - o
X X! X x!

t t
o e em(e -1) So the moment generating function

: m(e®-1)
for this random variable X is m(t)= e . Now we

have the form of the moment generatihg function for a
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poisson, so if we were given a random variable Y and its
moment generating function is of this form, say
t
N(e -1) )
m (t) = e , then by the previous theocrem we know that

Y is distributed as a poisson and its probability function

is given by
NYe-N
gly) ==——— v =0,1,2,....
y!
Let us find the moment generating function of a

variate X, where X is distributed as a binomial, that is,

X n-x

£(x) = (X)p , x =0,1,2,...,n and q = 1-p. Now the
moment generating function is given by m(t) = E(etX) =
n tx ) n
, ! X n=Xx ! t\X -
p&nb Tt =p I (pe”)” "%
x!{n-x)! x!(n=x)1

but this sum can be written as a binomial raised to the nth
power because the expansion is purely algebraic and need

not be interpreted in terms of probabilities. Hence
m(t) = (g+pe®)”

The desired moments may be obtained by different-
iation. If we differentiate m(t) with respect to t, and

combine terms we get

m'(t) = npet(qupet)n”l and mW(t)v=npet(q+pet)n_2 [q+npeﬂ
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The values of these derivatives at t=0 are np and‘np(q+np)
respectively; hence, these are the values of u and ué ,
respectively. If q is replaced by l-p, it will be observed
that u; here agrees with our previous results. For this
problem, the moments are easier to obtalin indirectly by
means of the moment generating functions than directly
from definition.

Before terminating our consideration of moment gen-
~erating functions, let us prove some theorems which will

be useful in the following chapters.

Theorem 2.5 The moment generating function of ‘a linear
combination of n independent variables is equal to the
product of moment generating functions of the individual

variables, evaluated'at‘ait, that is,

M (t)

: alxl+a2x2+... +anxn) = Mxl(alt)sz(azt)... Mxn(antn)
Proof':
’ ' c+ oo+ '
Consider M(a'x + ta x )(t)=E e(alxl ax%2 anxn)t
171 n'n
(a;x,+... ta x )ﬁ
=z ..ze T1 T el )£(x,) . 20 )
X)X, X, 1 n
a,%,t a.x.t a t
=zell flx)te?? flx)e...x (6™ £(x)
1'X 2
1 2 n
= (Mx (alt) ) (Mx (azt)»)“.(Mx (ant) ).
1 : 2 n



49

Hence we have the desired conclusion.

Although we used a discrete random variable to prove
this theorem, it may be proved just as easily for a con-
tinuous random variable by using elementary properties of
integration. So we shall assume this theorem is true for
a continuous random variable.

We are often confronted, when studying estimation
and testing hypotheses, with the problem of determining
the density of some statistic based on a random sample of
size n. A statistic which is encountered very frequently
is the sample mean, X. Let us now employ theorems 2.3 and
2.4 to determine the density of' the random variable X,
where Xl’Xz""’Xn is a random sample of size n from a
normal with mean p and variance 02.

Theorem 2.6 If X is normally distributed with mean p and

variance 62 and a random sample of size n is drawn, the

sample mean, X, will be normally distributed with mean p
2
and variance 22
n

Proof:

Consider IVI.K (t) =M X )(t)

( X

E£ + 2 +... + 1
n n n

But by the previous theorem we have

Mi.(t) =MXl(t/n)...,MXn(t/n).
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However, since each Xi is normally distributed, we know

that the moment generating function for each X is given by
: i
e 2

Thus the moment generating function for each X is given by

M% . 02. t2 ME . 02t2 ME+-02t2
= 2 n n 2 n
Mi(t)_ (e ) (e 2n )...,(e 2112 )
2,2
T t
n(u= + vl
= e 2n
2.2
wt + Lt
= ¢ 2n
2
pt o+ ()72

So by examining the moment generating function of X, we

see that it has a moment generating function which is in
2

the form of a normal variate with mean u and variance —Z

Another useful result is that the statistic

X~

Z is distributed as a normal with w=0 and 02= 1 where

X is a normal variable with mean p and variance o 2. This
result is easily seen by using moment generating functions.

The moment generating function of z is given by

X~y X

7t t &2 - =t =tu t_)g‘!
MZ(t)=(e )=E[Ea 0]=E[e0e'0;!=e0E[e0J



Hence z is a normal variable with mean O and variance 1.
These results will be very useful in developing certain

concepts in the following chapters.
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CHAPTER TIIT
ESTIMATION
3.1 Introduction

In the study of statistics we are often confronted
with the problem of estimating the true value of a para-
meter in a density or probability function. For example,
if we assumed the heights of students enrolled at Oklahoma
State University are normally distributed, a statistical
problem which could evolve from this is estimating the
mean and variance of the random variable representing these
heights., In this chapter we shall discuss methods which
will give us "good" estimates of these parameters.

Estimation of population parameters is practically
always based upon samples from the population involved.

For example, we could estimate the mean of a population by
taking a random sample of size n from the population and
computing X, the sample mean. It seems obvious that if we
use X as an estimate of population mean we are using all
the information we have available, even though we could use
as an estimate for the mean Xl, the first observation. It
seems in the latter case we have not utilized all the infor-

mation at our disposal, i.e., X would seem to be a better

52
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estimate of the mean than Xl. We shall, later in this
chapter, give mathematical meaning to the word "better" or
"good" estimates used in this context. Since the choice of
the statistic which is to be used in a given problem must
evidently be based on practical considerations, let us in-
vestigate first what approach we should use so that our
estimates will impart a maximum amount of information with
a minimum risk of ambiguity or misinterpretation. We shall
be led to one of the most fundamental problems of statis-
tics while trying to answer the question of how to state
the results of a problem of estimation. The difficulties
encountered in discussing the accuracy of an estimate are
paralleled by the difficulties of explaining the relation-
ship between an estimate and the parameter which it is
supposed to estimate. These ideas are brought out more
clearly in the following illustration. Let us consider the
problem of estimation of the height of students at Oklahoma
State University, mentioned at the outset of this chapter.
Suppose we take a sample of size 20 of heights in inches of

students selected in a random fashion and record the results

as follows:

73, 66, 68, 66, 69, 66, 73, 70, 70, 73
66, 61,66, 70, 68, 58, 73, 656, 65, 65

We compute the sample mean and standard deviation of this
sample to be 67.6 and 3.78 inches, respectively.

Now if we want to estimate the true mean m of the
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heights of students on the basis of this sample, there is
practically no limit to the variety of methods we could

use to state our results, Let us consider a few alternatives.

Alternative 1. The mean of the population is esti-
mated to be equal to 67.6 inches.
Alternative 2. On the basis of a random sample of size
20, the mean of the population is es-
timated to be 67.6 inches. This esti-
mate is the mean of the sample.
Alternative 3. The mean of the population is esti-
mated to be 67.6 inches, which is based
on a sample of 20 measurements which
have a standard deviation of 3.78 inches.
Alternative 4. We are 95 per cent confident that the
interval from 65.74 to 69.46 inches
contains the actual mean of the

population.

While considering the alternatives, it should be ap-
parent that whereas the first three alternatives are, in
principle, much alike, the fourth is of an entirely differ-
ent nature. The first alternative seems to have several
shortcomings since it gives no indication how we arrived
at the estimate. Thus, it would be very difficult to draw
any conclusions whatsoever about the accuracy of our re-
sults. We might have arrived at these results by just

taking the average height of our best friend and ourself.
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We see that the second alternative is an improvement
over the first since it tells us the method by which the
estimate was computed and how large a sample this estimate
was based upon. However, it says nothing about the vari-
ability of the measurements which made up the sample, and
it still leaves us in no position to get a real appraisal
of the accuracy of the estimate.

The third alternative furnishes us with all the in-
formation a trained statistician would need in order to
discuss the reliability of our estimate. However, usually
we will be supplying these estimates to non-statisticians
so we must state the conclusion in terms that will be mean-
ingful to them. Actually, alternative three. is used to
make the statement in alternative four.

So it seems that if we are reporting to non-statis-
ticians, alternative four would be the most meaningful to
address to them., From our earlier consideration of proba-
bility it is immediately obvious that 1f we assign an es-
timate of probability .95, i.e., if we say that we are 95
per cent confident, this means that we have used a method
of estimation which is successful about 95 per cent of the
time. Alternative four is actually implying that it would
be a fair bet to give 19 to 1 odds that the interval from
65.74 to 69.46 inches contains the mean of the population.

Had we wanted to be more certain of alternative four
being true, we could have made the statement that we are

99 per cent confident that the mean of the population lies’



56

in the interval from 65.06 to 70.14. Alternative four pre-
sents us, therefore, with a method of stating our results
in a form which is understood easily by laymen and requires
no further calculations to inform us directly of the re-
liability of our method of estimation.

In the discussion on the preceding page, we mentioned
two types of estimation; alternative three gave a number
-as an estimate of the population mean while alternative
four gave a different type of estimation, an interval es-
timation. The former type of estimation, called a point
estimate, is very useful in developing the theory of sta-
tistics. Generally speaking, a point estimate is the fa-
milar kind of estimate, that i1s, it is a number obtained
from computations on the observed values of the random
variable which serves as an approximation to the parameter.
For example, the observed proportion of defective parts
in 50 consecutive parts turned out by a machine is a point
estimate of the true proportion p for the machine. An in-
terval estimate is an interval determined by two numbers
obtained from computation on the observed values of the
random variables that is expected to centain the true value
of the parameter in its interior. Since point estimates
play an important part in developing the theory of statis-
tics, we shall devote some time to this concept on the

following pages.
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3.2 Maximum Likelihood Function

In order to know how to use several observations of
a random variable in an intelligent manner for constructing
a point estimate of a parameter of a density function of
the random variable, it is desirable to have some general
principles to follow. The principle, or method, should be
such that the estimates obtained by using the method will
possess desirable properties. For example, if two dif-
ferent methods are tried on the same sets of observations
and if one method produces estimates that are consistently
closer to the value of the parameter being estimated than
those of the other method, then the first method would ob-
viously be preferred. Properties of good point estimates
will be considered later; here it suffices to describe a
method of obtaining point estimates that is usually pre-
ferred by statisticians. This method of estimation, known
as the maximum likelihood method, is used in the following
chapter whenever problems arise of finding a point estimate
of a parameter of a frequency function. We shall formalize
the definition after some necessary notation has been
introduced.

Let f(x;0) be a density function of the random vari-
able X, where @ is the parameter to be estimated. Suppose
that n observations are to be made of the variable X. Let
X ’Xz""’Xn denote the n random variables corresponding

X
to these n observations. The function given by
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L = f(x ;0) f(XZ;@)...,f(Xn;@) defines a function of

1
the variables xl,..,,xn and the parameter © which is
known as the likelihood function.

For our purpose, we are supposing that the obser-
vational values are obtained from n independent trials of
an experiment for which f{x:0) is the frequency function of
a discrete random variable X. Then for any particular set
of observational values, the likelihood function gives the
probability of obtaining that set of values, since f(xi;@)
is the frequency function of Xi. If, however, X is a con-

tinuous variable, the likelihood function gives the proba-

bility density of a sample (x ,xz,...,xn), i.e., the joint

1
density of n independent random variables, where the sample
point is thought of 'as being n dimensional.

Now, for a given set of observational values, an
estimate of © is merely & number obtained from calculations
made on the cbservational values, i.e., an estimate is
simply a function of the observational values. For example,
a useful estimator mentioned earlier is g(Xl,XZ,...,X ) =

n

(X +uu.,+
(X, + +E)

, which is a function of the observed
Tl

random variables. We shall usually refer tc the function
of observed random variables as an estimator, while the
actual value computed will be called an estimate of the
parameter. [For example, in the illustration earlier in

this chapter, we would call g(Xl,X2,._,,X ) =X an
n
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estimator of the true mean of the population while the
value X = 67.6 is called an estimate of the mean.

Using the notation and terminology cof the preceding
paragraphs, the method of maximum likelihocd estimation

may be defined in the following manner.

Definition 4.1 A maximum likelihood estimator'@ of the

parameter Q in a density or probability function f(x;0) is
an estimator that maximizes the likelihood function

L(Xl,XZ,a..,Xn;Q), where L is considered as a function of ©.

If the Xi's are treated as fixed, the likelihood
function becomes a function of 9 only, say L{Q), conse-
-quently, the problem of finding a maximum likelihood esti-
mator 1s the problem of finding the value of © that
maximizes L{(6). This type of problem can be handled in
many instanceé by differentiating the likelihood function,
L(Q), with respect to O and setting the derivative equal to
zero. However, any method of finding an estimator for ©
‘which maximizes L(©) is acceptable. The functions which we
shall need to differentiate will be very simple polynomials
or functions of e to some power.

Let us consider an example where we shall obtain
the maximum likelihood estimator for a density function
f{x;0).

Example 4.1 Suppose X is a random variable which has a

density f(x;0) = L 0<x<0. Now , the likelihood function

@’
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1

for a random sample of size n is L(Q) = I ‘To’

maximize L(Q) we must make @" as small as possible. If

our sample is xl,xz,...,xn we must use as an estimate of .0
the largest observed value in the sample of size n, since

© cannot be smaller than the largest observed‘value. Hence,
the maximum likelihood estimate of © is the maximum ob-

served value.

Many times when we are confronted with the problem of
determining the maximum likelihood estimator, the likeli-
hood function involves e to some power of ©. Hence, in our
search for the estimators of O which will maximize L(9),
we might just as well search for estimators which will
maximize 1n(L(Q) ) since, if a © will maximize L(Q) it will
make In(L(Q) ) a maximum also. Sometimes it will simplify
the algebra to a great extent to use 1n(L(Q) ) to de-
termine O.

Let us consider an example where X is a random vari-

able with probability function f(x;p) = pX(l-p)l_x5 x=0,1.
Now, the likelihood function is

X 1-x Xa. 1-x X, 1-x
L(x,,%_,..,x_;p)=p T(1-p) 1 p 2(1-p) 2 ...p M1-p)

1" 2 n

n n

. X, n-% X3

i=1 * i=1
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So to find the maximum likelihood estimator of p, we shall
differentiate 1n(L(p) ) with respect to p and then set the
derivative equal to zero. We get

In(L(p) ) = in]n(m+(n-ZXi)ln(l-p)

and differentiating 1n(L(p) ) vyields

d 1n(L(p) ) =¥ (n-Ex3)  (1-p)Exj-np + pix,
dp ) D 1-p p(1l-p)
X, -np
o4
p(l-p)

Setting the derivative equal to 0, we get

vx. -nP
q Y

which implies

o
I
1]

B

Hence the maximum likelihood estimator, P of p is the
sample mean X. Suppose a sample of size 10 yields 6 ones
and L4 zeros, then an estimate of the parameter p would be
.6 . TIn the preceding remarks we mentioned that maximum
likelihood estimation is the favorite method of many statis-
ticians for obtaining point estimates of ‘a parameter. Let

us now turn our attention to some desirable properties
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which we want estimators to possess.
3.3 Unbiased Estimates

One of the properties which we hope an estimator
possesses is that the value of estimates would consistently
be close to the parameter that we are trying to estimate,
i.e., 1f we repeated sampling several times and computeqi
for each sample, then most of these estimates would be con-
centrated near the true parameter 6. We are actually
saying that we would want the mean of the random variable
© to be 0. But the mean of @ is the E(®) which we want to
be equal to O, i.e., we shall insist that E(®) = 6. This
property is called unbiasedness. Let us now give a forpal

definition of an unbiased estimator of a parameter 0.

Definition 3.2 The statistic @ =1 (Xl,Xz,...,X ) is
n

called an unbiased estimate (estimator) of the parameter O

if the expected value of @i 0y i.e, B(@) = 0.

This property merely states that the random variable
) possesses a distribution whose mean is the parameter ©
being estimated. For example, we might expect X to be an
unbiased estimator of the mean © for a random variable X
whose density or probability function is f(x;0). Now the
expected value of X is given by

E(ZX )
E(X) = L+ __

n
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But since the Xi's are independent, we have

E(zX.) n
_r -1 spx.)=1% g =09 =g,
n n 1 n i=1 n
Hence E(X) = 8, i.e., X is an unbiased estimator of the

mean of the random variable X.

Let us consider an illustration which shows the bias
of a statistic determined by employing the expected value.
Consider the expected value of the sample variance based on
a random sampie of size n. From the properties of E and

the definition of 82, it follows that

2

E(S°) = E % g (X.-X)2}

n 2 _ 2.
2 (X, -2X_X+X2)
i=]1 1 i

o

l -
2 — -

E[E (SX. “_2nT° + nT?)
1

1
iy 292
= E {nzxi -X }

S

| =




6L

which yields

2 B
This shows that S 1is not an unbiased estimator of 02,
which means that if repeated samples of size n are taken
and the resulting sample variance is averaged, the average

will not approach the true variance in value but will be

n-1

consistently too small by the factor For small

n
samples this factor becomes important; consequently, one
must be careful how he combines samples in making an esti-~
mate of the true variance when an unbiased estimate is

2
desired. In order to overcome the bias in S , it is merely

necessary to multiply 82 by s

, 1.e.,
n-1
=1 R
E(x(X,-X)")
i -
J
5 - n-1
(%, -%) ’
which says that 1 is an unbiased estimate of ¢ ”.
n-1

Let us now consider an example in which we will act-
ually compute the maximum likelihood estimator for a
parameter in a density function. Suppose that (1,1,0,1)
is a random sample taken from a point binomial distribution
with parameter p. Let us obtain the maximum likelihood

estimator of p. The likelihood function L(p) is given by
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also
dL(p) =X, 3-Ix, b-rx, Tx -1
s ~(k-zx,) p 1 (1-p) + x, (1-p) P
. dL(p) i ) .
Setting —— =~ = 0 to obtain the value of p which maximizes
dp
L(p) we get
ezx) + zx (1B) o g
i i
P
Dh-5x,) + 2x.-2x£§ =0
-4+ =x, =0
and
A XX,
p=__1

Therefore the maximum likelihood estimate of p is

1+14+0+1
" =3/4, i.e., based upon this sample we would use
L

3/l as an estimate of p.

To help us become more proficient in determining the
maximum likelihood estimates of a parameter in a probability
function, let us consider another illustration. Suppose
that (0,3,1,0,2,1,0,2) is a random sample taken from a
poisson distribution. Let us obtain two unbiased estimates

of m where
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Let us first determine the maximum likelihoed estimator

of m. The likelihood function is given by

~-nm XX,
e m 1
L(m) =

n

T (x.)!

i=1 %
and the log of L(m)is given by

1nL(m) = -nm +2Xilnm -Zln(x. 1)
i

Taking the derivative of the In(L(m) ) with respect tom

and setting it equal to zero yields

X,

—l’l+l=o
2\
m

- e A
solving for m we get

vX.

&=
n

Hence, in this example the actual maximum likelihood esti-

mate of m is given by

o~ 3+14+2+1+2+0+0+0
g

J
8

Now that we have an estimate of m, we need to deter-
mine if this estimate is unbiased. Recalling from the last
chapter we proved if X is a poisson variate then the ex-

pected value of X, E(X), is equal to m. Hence we have

~ E(zX. .
E(M)=___L)_=-];ZE(X,,) =£Zm=_m£=m.
n n n
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Thus M = X is an unbiased estimate of m. However, Xl’ the
first number of the sample, is also an unbiased estimate of
m, since E(Xl) = m. Thus any element in the sample would
serve as an unbiased estimate of m, however the maximum
likelihood estimator, X, has other desirable properties
such as being a sufficient statistic for m. Thus X seems
to be a better unbiased estimate of m than just any element
of the sample. The concept of sufficiency will be discussed
in the latter part of the chapter.

Although the property of being unbiased is a desirable
one to seek in an estimator, it is not nearly so important
as the property of an estimate being close in some sense to
the parameter being estimated. Thus, if an estimator t
gave estimates which were consistently closer to O than
another estimate t' in repeated samples of the same size,
then t would certainly be preferred to t', even if t were
biased and t' were unbiased. Let us now consider some de-
sired properties which we shall want estimators to possess.

Suppose you are a manager of a big league baseball
club and you are trying to find some way of determining how
valuable a certain player is to your club. So you send for
his record over the past two years. You have a mass of
information showing how many hits he got in each game, but
you realize how hard it is to draw any conclusion after
considering this enormous amount of data. So you want to

reduce this data to one number which will contain all the
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information about the player. We could say we would just
look at the first 10 games in which he participated and
find the per cent of hits and base our decision upon this
number. However, it seems we have lost some information
which we had available. A more appropriate measure of the
player's worth would be his per cent of hits in times at bat.
It seems that we have lost no information contained in the
sample in computing an estimate of the player's worth.

The example mentioned in the preceding paragraph leads
us to an important property which we shall want estimators
of a parameter to possess. In statistics we are usually
furnished with a sample from a population whose density is
f(x;0), and using it we want to reduce these n random vari-
ables to a single random variable. Our objective is to try
to find an estimator based upon the sample which gives as
much "information" as possible about the parameter 6. If
this is the case, we prefer to work with'ﬁ'rather than the
n random variables X_,X

l’ 2!“"!
one random variable is usually easier to use than n random

Xn for the simple reason that

variables. If we find a statisticﬂa; where'a‘is an esti-
mator of the parameter O, which contains all the infor-
mation about the parameter contained in a random sample of
size n from a probability function f(x;0), then we say that
D is a sufficient statistic for 0. A formal definition of
a sufficient statistic is given in almost any mathematical

statistics text, but the definition is nearly impossible to
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apply. In our consideration of the concept we shall in-
vestigate some examples to help illustrate this idea and
state a theorem which is much more workable than the def-
inition. Let us consider another example to help illu-
strate this concept of sufficiency.

Suppose you are a senior at a high school which has
an enrollment of about 500. The administration decides to
try to determine how its senior students compare with
other seniors who attend high schools of similar size in a
particular state. Suppose further that the administration
has access to certain standardized teéts which measure these
desired properties, but these tests are costly so they de-
cide to pick 20 seniors at random and administer the test
to this group. Now, our problem is to try to obtain an es-
timate of how your school compares to those other schools
in your area. Suppose we know that the mean of the scores
obtained on this test in the past has been 50. So the
administration gives the test and obtains twenty scores.
To help the administration's ego they might suggest that
the highest score obtained on the test be used as an esti-
mate of the school's worth. However, it seems that we have
lost some information which was contained in the sample by
using the highest score as an estimate. Hence, it would
seem that this estimate is not sufficient. However, if we
would compute the sample mean of the test scores it seems

we would have an estimate of the school's worth which con-
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tains all the information in the sample of size 20. Thus
we see that X is a sufficient statistic for the unknown
parameter in the population.

Let us now turn to a somewhat more mathematical method
for determining whether an estimator D is a sufficient sta-
‘tistic for a parameter ©. A relatively easy criterion has
been developed by J. Neyman which can be used, in many cases,
for examining-a statistic @ for sufficiency. The following
theorem gives us a relatively easy method for judging
whether .a certain statistic is sufficient. We shall state

the theorem without proof.

Theorem 3.1 Let Xl,Xz,...,X be a random sample of size n
: n

from the probability density f(x;0) and let the joint den-

sity of these n random variables be g(xl,xz,...,x 18) =
n

f(x. ;0) f(x_.;0)...f(x ;0). If this density factors as
1’ 2’ n

,+e+,X ), where

follows: g(x ,...,x ;0) =hn(®:0) k(x ,x
n n 2 n

1
k(xl’XQ"'°’X ) does not involve the parameter O, then

n
D is a sufficient statistic for O.

To help recognize the usefulness of this theorem, let

us consider an example. Suppose Xl,X2,...,X is a random
. n
X( )léx

n
sample from the probability functiom f(x:p) = p (1l-p

x = 0,1, Now the joint probability function is the product

of the probability function of each Xi’ since the sample
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is random, therefore the probability function is given by

X n-¥x,

g(xl,xz,-.-,xn;p) =p T(1-p) 1

We shall show that X is a sufficient statistic for p. To
apply the theorem just stated, we must show that g factors
into two functions, one of which contains only the para-
meter p and the estimator X and one which contains only

xi’s. Consider

in ‘ n-zx
glx %y, .. 0xp5p) = p = (1-p)
nix n(l-zx,)
i

= p n (l-p) n
nx n(l-x

= p (1-p) )-l

If we let hix:;p) = an(l_p)n(l'X) and k(xl’XZ""’Xn) =1,

we see that these functions satisfy the conditions of the
theorems, hence X is a sufficient statistic for the para-
meter p in f(x;p). We are actually saying that X contains
all the "information™ about p which is contained in the
sample of size n from f(x:;p).

Although we see that an estimator being a sufficient
statistic is a desired property, thisrproperty’alone is not

always enough to give "good" estimates for a parameter. For
example, in the illustration just given, we could use ZXi

as an estimator of p. We can see from the given theorem
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that ZXi satisfies alllthe hypotheses of the theorem, hence
it is a sufficient statistic for p. Therefore, we must
search for estimators which possess properties which will
consistently give "good" estimators of the parameter, i.e.,
close to the parameter. Because of the difficulty or im-
possibility of determining whether one of two estimates is
closer than the other to © for any reasonable definition of
closeness, it is customary to substitute a° measure of the
variability t (the estimate) about © in place of closeness.
Since the variance, or standard deviation, has been used

to measure variability throughout the preceding chapters,
one might naturally think of selecting one or the other of
these measures. However, unless O happens to be the mean
of the distribution of t, the variance will not meésure the
variability about ©. The difficulty is easily overcome by
using the second moment about O as Epe desired measure. If
@ is the mean of t, then this measﬁre reduces to the vari-
ance of t. In view of the preced;ng discussion, the follow-
ing definition will be introduced as a basis for chooging

good estimators.

Definition 3.3 A statistic t will be called a best un-

biased estimate (or estimator) of a parameter O if t is
such that E(t—@)%:E(t'—9)2, where t' is any other unbiased

estimate of 0.

Although there are other definitions of a best es-
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timate in use, the preceding definition is one that is
frequently used. It should be realized that the variance
was selected (above) because it was considered to measure
the concentration of the distribution of t about 8. Let us
now consider an example in which we prove that a statistic
is the best unbiased estimator in a class of estimators.
Let us consider the problem of determining whether
some weighted average of a random sample from a population
can yield a better unbiased estimate of the population mean
than the sample mean which we have already seen is an un-

biased estimator of the population mean. Suppose the two

i i =a_X. +... + =X .
competing estimates are tl 1% aan and t2

The unknown ats in tl are to be selected to make tl un-

biased and to minimize E(tl~®)2 so the estimator will
satisfy the condition of the definition. In order that tl

be unbiased, calculate

E(t )=a E(X )+... + a E(X )=au +... + a u=(a +... +a .
(v, )= B(X, n 1" =2 e

So tl will be unbiased if we have al+a2+... +an =1, i.e.,

the sum of the coefficients in tl must be 1. Thus this

restriction may be ignored if tl is written in the form

1 c,te +... tc
1 72 n

Now that we have tl unbiased, its second moment about by
1

is simply its variance. Since the variables Xl,X2,s.,,X
n
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are independent and have the same variance, we have the

variance of tl given by

Now we must choose the c¢'s to minimize this expression.

2
To find the value of ¢ which will minimize Gt , we shall
2 1
find the partial derivative of % with respect to ck
1
which gives

s (9 9)
ERE *)se, =0 (k = )
5 oy = 2(Zc, ck-Z(Zci Ze, = 0O (k=1,2,...,n
i 2
Solving for Ck we get Zci
=33 (k = 1,2,...,n)

which implies that

2
by =7 and = k=1,2,...
¢, c.=Tc. nd ¢, =c. ( , 2, ,n)

This result shows that the best linear combination to use
is the one in which the coefficients are all equal, since
the ck does not depend on k, in which case tl reduces to X.
Thus we have proved that no linear combination of the
sample can yield a better unblased estimate than the sample
mean X. Therefore, the best unbiased estimator of the

sample mean of ‘a population is X.



CHAPTER IV
THE TESTING OF HYPOTHESES
L.l Introduction

In the course of everyday living we are engaged in
the process of decision making. We must decide in which
courses we will concentrate our studies while in high
school, what college we shall attend, what clothes we shall
wear, where we shall live, what we shall eat for lunch,
etc. Many' decisioms depend almost entirely upon a
person's likes and dislikes, Some decisions are so oriented
that we must face a certain amount of risk of taking the
wrong alternative. It is evident that decisions we make
are usually highly influenced by our past experience, our
individual tastes, scientific evidence, and the like. For
example, when a farmer is planting cotton, he must make a
decision upon the depth he will plant the seeds. This de-
cision is partly based upon his experience from past years
when he planted cotton under similar conditions. He should
also rely upon scientific evidence, such as; certain types
of seeds might germinate more rapidly than other types,
hence, he would probably not plant these as deep as those

of slower germination. As mentioned earlier, some decisions

75



76

are based almost completely upon personal tastes. We
shall exclude this type of decision making throughout
this chapter.

Let us consider an example, which, though it does
not apply in the scientific realm, is typical of the
types of situations which we can expect to meet in prob-
lems in which we want to test a hypothesis.

Suppose you are a member of a high school baseball
team and you are participating in a ball game against
a rival school. Suppose further that you have just
singled into left field and are now standing on first
base trying to decide if you should try to steal second.
The coach has signaled that you are on your own, i.e.,
you may try to steal if you like. You might reason as
follows. You recall that in an earlier inning another
one of the boys on the team stole second base off this
pitcher and you are almost as fast as that boy. You
also reason that if you tried to steal, the batter might
hit a line drive to one of the infielders and thus not
only get the batter out, but also you. if you choose to
steal, you are gambling that you can beat the catcher's
throw and that the batter does not hit a line drive to one
of the fielders. Similarly, if you choose not to steal,
you are gambling that the batter does not hit a grounder
which could result in a double play. Our problem is to try,

by employing some useful statistical procedure, to pick
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the alternative which will have the smallest risk asso-
‘ciated with it. The problem of evaluating these risks
becomes very complicated if we permit situations in which
we must choose between more than two different courses of
action. In our consideration of decisions we shall limit
our study to those of only two alternatives or those which
can be altered to have only two alternatives.

In the example given, we see that it is not easy to
find a suitable, or most suitable, method of decision for
any given question. You might choose to try to steal
second on the basis of your recalling that one of your
teammates stole a base earlier or you might decide to not
attempt to steal since the last time you tried for -a stolen
base you were unsuccessful. Or -another alternative might
be to flip a coin, "Tails you stay on lst, or heads you try
to steal 2nd".

Our concern here is to try to pick from these three
methods of decision (and conceivably more) the one which
is more likely to be successful. We can easily see that the
only method which we can attach a probability to is the
third where we trusted our fate to the flip of a coin. If
we trust our fate to the cein, we can expect to make the
correct decision 50 per cent of the time regardless of
whether we should or should not try to stéal the base. It
should be observed that when we attach a probability to a

method of decision we are referring to the success ratio
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of the given method of decisions if it were employed a
great number of times. We note that we could use the
method of a flip of a coin for every decision with which we
are confronted. But the probability associated with the
above type of decision making method is .50. We shall
strive to develop methods which will give us correct de-

cisions with a much higher probability associated with them.
L.2 Statistical Hypothesés

Very often in practice we are called upon to make de-
cisions about a population on the basis of sample infor-
mation. Such decisions are referred to as statistical
decisions. For example, we may wish to decide on the basis
of sample data, whether a new serum is really effective in
curing a particular disease, whether one educational pro-
cedure is better than another, whether a given coin is
loaded, etc.

In attempting to reach decisions, it is useful to
make assumptions or guesses about the populations involved.
These assumptions, which may or may not be true, are called
statistical hypotheses and in general are statements about
the probabiljty distributions of the populations.

In many instances, we formulate a statistical hypo-
thesis for the sole purpose of rejecting or nullifying it.
For example, if we want to decide whether a given coin is

loaded, we formulate the hypothesis that the coin is fair,
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i.e., p = .5, where p is the probability of heads. Simi-
larly, if we want to decide whether one procedure is better
‘than another, we formulate the hypothesis that there is no
difference between the procedures (i.e., any observed dif-
ferences are merely due to fluctuations in sampling from
the same population). Such hypotheses are often called
null hypotheses and we shall denote them by HO.

Any hypothesis which differs from a given hypothesis
is called an alternative hypothesis. For example, if one
hypothesis is p = .5, alternative hypotheses are p = .7,

p #+ 5 or p=.5. We shall choose the notation Hl to re-
present the alternative to the null hypothesis.

If, on the basis of 'a particular hypothesis, we find
that results observed in a random sample differ markedly
from those expected under the hypothesis on the basis of
pure chance using sampling theory, we would say that the
observed differences are significant and we would be in-
clined to reject the hypothesis (or -at least not accept it
on the basis of the evidence cbtained). For example, if
20 tosses of a coin yield 16 heads, we would be inclined
to reject the hypothesis that the coin. is fair, although it
is conceivable that we might be wrong. These types of
problems will be our concern: in this chapter. - Let us now
consider an example which will help illustrate these new
concepts.

The example presented at the outset of this chapter
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is not one in which we would be concerned with the testing
of a hypothesis, The methods used for testing hypotheses are
usually a great deal more refined and at times also much
more complicated. However, in principle they are all more
or less the same. To help us visualize some of the diffi-
culties which we shall encounter when we are asked to ac-
cept or reject a scientific hypothesis, let us illustrate
this concept with an example.

Suppose you are the manager of a certified seed dis-
tributing company. Suppose further that your main income
is from the selling of cotton seeds, which your company
guarantees to have a germination of 70 per cent, i.e., 70
per cent of these seeds will sprout when planted during
favorable conditions. For some reason or another the USDA
decides to investigate this claim and it assigns one of its
agents to test the hypothesis that 70 per cent of these
seeds will actually germinate. The agent has instructions
from his superior to take a sample of seeds of size 100 and

base his final decision on the following criterion:

He should accept the hypothesis HO if the
sample of 100 seeds contain 61 or more seeds
which will germinate when planted under favorable
conditions.

He should reject the hypothesis HO if the

number of seeds that germinate are less than 61.



81

The investigator is actually going to base his deci-
sion on the number of seeds he finds which germinate in a
sample of size 100. If, after planting these seeds under
ideal conditions, he observes 61 or more seeds which ger-
minate, then we will conclude that the germination of the
seed is probably .70. On the other hand, if less than 61
of these seeds germinate, he will reject the hypothesis
and charge the seed company with misleading claims about
its product.

Even though you are not trained in the field of sta-
tistics, you agree reluctantly that the criterion seems
fair, but you are still worried that bad luck might play
tricks on you, i.e., for example, the sample might come
from a sack which just by chance got wet during the process
of shipment, which ruined most of the seed. You are con-
cerned, even though the seeds usually test to have about
70 per cent germination, about the possibility that the

hypothesis H. might be rejected.

0
After our consideration in chapter one on probability
we must agree that it is certainly possible that the inves-
tigation might produce less than 61 good seeds despite the
fact that the germination is actually .70. On the other
hand, we know enough statistics to believe that such an

occurrence would be extremely unlikely. Let us consider

this example further and try to determine the actual proba-

bility that the hypothesis will prove unfavorable to you.
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If we repeated the experiment many times we see that
the proportion of successes would be concentrated close to
.70 and few results would be outside of .65 to .75. It
seems reasonable to assume the number of good seeds from a
sample of size 100 would approach the normal density, which
is actually the case since the number of successes in n
trials is a binomial distribution and its limiting distri-
bution is the normal. To simplify this example, we shall
assume that X, which is equal to the number of good seeds
in a sample of size 100, has a normal distribution. We
need only make a small adjustment in our hypothesis to
assume normality, since the normal is continuous and we

must adjust the hypothesis as follows:

Accept the hypothesis HO if the number of
seeds that germinate is greater or equal to 60.5.
Reject the hypothesis HO if the number of

good seeds is less than 60.5,

If we.investigate the change in criterion, we find
this is the customary procedure of spreading a discrete
variable over a continuous scale, and since we obviously
cannot get 60.5 good seeds the criterion is, for all
practical purposes, exactly the same as before.

To help us determine the actual probability of this
"bad luck", we ask the following question, "If the true pro-

portion of good seeds is .70, what is the probability of
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getting a sample which contains less than 61 good seeds?".
In other words, what is the probability of the rejection of

hypothesis H. when it is actually true. This probability

0
is given by the shaded area in Figure 6, and can be eval-
uated by using a normal table given in almost any statis-
.tics book. Since we have assumed that p=.70 and n=100,

the mean and standard deviation of the sampling distribution
of the number of good seeds in a sample of size 100 are, as

mentioned early in Chapter I
m = 100 (7/10) = 70

and

Qa
Il

Y (100)(7/10)(7/10) = 7 .

The z value which corresponds to the dividing line of our
criterion, i.e., to 60.5 is 3z =(99L2229) = 1,36. The nor-
mal curve area which corresponds to7a z value of .4131 is
represented by the area bounded by the line z = 70 and

z = 60.5 . Now since 70 is assumed to be the mean, the
area to the left of z = 70 is .500Q0. Hence the shaded area
is .5000-4131 = .0869.

ccept

Reject

Number of
0.5 . Good Seeds
Figure 6
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Thus the probability of getting a sample for which the ob-
served number of seeds falls into the left tail of the dis-
tribution, i.e., into the rejection region, is .0869. Hence,
the probability of the investigator rejecting the hypothesis
HO on the basis of this criterion is approximately .087 if
‘the true proportion is actually .70, i.e., if the hypo-
thesis HO is actually true. So if by chance, H_ were to
be rejected when it should have been accepted, we have
committed an error usually referred to as a type I error,
which we shall consider in more detail later. We see that
it is type I error which concerns us.

It is understandable why we are ccncerned, now that
we know that in approximately one ocut of eleven experiments
the results would be negative even though they should be
affirmative. You feel that the risk is too high so you
suggest to the investigator to use a criterion which has
a smaller type of error. Actually the type 1 error can be
made as small as we want, for instance we could always
accept the hypothesis and in so doing never make type I
error., Surely, this would be ideal for you, but in elimi-
nating type I error we have left ourselves wide open for
‘another type of error, namely, the error of accepting the
hypothesis HO when it should have been rejected. This type
of error is committed whenever'we accept a hypothesis when
actually it should_be rejected and is called type II error.

We can see, if we were in the investigator's position, that

we would strive to make type II error small.
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You decide that the type I error is too high, so we
search for a method which will reduce this error. An ob-
vious method will be to enlarge the acceptance region and
in so doing, reduce the rejection region. We could, for

~example, change the criterion to read

Accept HO if there are 50 or more good seeds
in the sample of 100 seeds.

Reject HO if the sample has less than 50
good seeds.

50-70

5
area of .4990. Hence, the area to the left of z=-4 is

Now z = ( )= -4, which corresponds to the normal
. 5000-.4990 = ,001. We see that this new criterion is much
more favorable to you and your company since the proba-
bility of type I error is .001, but at the same time, it
puts the USDA at a great disadvantage. It makes it very
difficult to prove your company wrong even if the true
per cent of good seeds is less than 70.

It should be evident after considering this example,
that when testing a hypothesis we must concern ourselves
with both type I and type II errors. TFor if we were in
the investigators position we would try to reduce type II
error, so in practice we must strive to reduce both types
of errcrs. Let us now turn to this problem from a more
mathematical point of view. Some of the techniques de-

veloped will be useful in Chapter 6.
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4.3 Type I and Type II Errors

In our study of testing hypotheses we shall be con-
cerned mainly with two types of errors which are associated
with statistical decisions, type I and type II errors. If
we reject a hypothesis when it should be accepted, that is,
when the hypothesis is actually true, we say that a type I
error has been made. If, on the other hand, we accept a
hypothesis (many statisticians never say they accept a
hypothesis, they say that they do not reject the null
hypothesis) when it should be rejected, we say that a type
IT error has been made. In either case, we see a wrong de-
cision or error ‘in judgment has occurred.

Closely associated with the concept of type I error
is the idea of level of significance. In testing a given
hypothesis, the maximum probability with which we would be
willing to risk a type I error is called the level of sig-
nificance of the test. This probability, often denoted
by &, is generally specified before any samples are drawn,
so the results obtained will not influence our choice.

In practice, a level of significance of .05 or .0l
is customary, although other values are used. If for ex-
‘ample a .OS or 5% level of significance is chosen in de-
signing a test of hypothesis, then there are about 5
chances in 100 that we would reject the hypothesis when it
should be accepted, i.e., we are about 95 per cent confi-

dent we have made the right decision. In such cases we say
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that the hypothesis has been rejected at a .05 level of
significance, which means we could be wrong with proba-
bility .05.

In order for any tests of hypotheses or rules of de-
cision to be good, they must be designed so as to minimize
errors of decisions. This is not a simple matter since,
for a given sample size, an attempt to decrease one type of
error is accompanied in general by an increase in the other
type of error. In practice, we must remember what item we
are dealing with. One type of error may be more serious
than the other, and so a compromise should be reached in
favor of a limitation of the more serious error. One of
the best ways to reduce both types of error is to increase
the sample size, which may or may not be possible.

Let us consider an example involving a normal sta-
tistic. Suppose that under a given hypothesis the sampling
distribution of a statistic S is a normal distribution with
the mean p and variance 0© 2, Then the distribution of the
standardized variable z, as given by z = §§&., is the
standardized normal distribution (mean O, and variance 1)

—

and is shown in Figure 7.

v

‘95

.025 .025

_la O _'l.96

Figure 7
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As indicated in Figure 7, we can be 95 per cent con-
fident that, 1f the hypothesis is true, i.e., z is actually
a sample statistic, z will be between -1.96 and 1.96 (since
the area under the normal curve between these values is .95).

However, if on choosing a single sample at random,
we find that the z score lies outside the range -1.96 to
1.96, we would conclude that such an event could happen
with probability of only .05 {total shaded area in the
Figure 7) if the given hypothesis were true. We would then
say that this z score differed significantly from what
would be expected under the hypothesis and we would be in-
clined to reject the hypothesis.

The total shaded area .05 is the level of signifim‘
cance of the test. It represents the probability of our
being wrong in rejecting the hypothesis, i.e., the proba-
bility of making a type I error. Thus we say the hypo-
thesis is rejected at a .05 level of significance or the
z score of the given sample statistic is significant at a
.05 level of significance.

The set of z scores ocutside the range -1.96 to 1.96
constitutes what 1s called the critical region or region
of rejection of the hypothesis, or the region of signifi-
cance. The set of z scores inside -1.96 to 1.96 could
then be called the region of acceptance of the hypothesis,
or the region of non-significance.

On the basis of the above remarks, we can formulate
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the following rule of decision or test of hypothesis or
significance.

Reject the hypothesis at .05 level of signif-
icance if the z score of the statistic S lies outside
the range -1.96 to 1.96 (i.e., either 2z»1.96 or
2<-1.96). This is equivalent to saying that the
observed sample statistic is significant at .05
level.

Accept the hypothesis (or do not reject)

otherwise.

L.L Test of a Simple Hypothesis Against a Simple Alternative

When we are concerned with testing a hypothesis that

a parameter, 0O = 0 against the alternative that

0’

O=gr¢@0,then this type of test of hypotheses is called a

test of a simple hypothesis against a simple alternative.
In the preceding section we mentioned briefly the

idea of acceptance and critical region. The following de-

finition is very useful in assisting us in determining this

critical region when testing a simple hypothesis against a

simple alternative.

.1,-o-,Xn

from a density f(x;0) for testing a simple hypothesis

Definition 4.1 A test based on a random sample X

HO;Q - QO against a simple alternative, Hl;Q=Qlis a likeli-

hood ratio test, if there exists a number k such that the

test calls for accepting H0 if A7 k, and rejecting HO
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if M<k and either if A=k where A is the likelihood-ratio

given by
f(xl;Go)f(xz;Qo)... f(xn;Qo)

A e e T
178 - Sl 1o ;G )

Let us consider this definition briefly. Since in
an actual test QO and Ql are fixed numbers, the inequality
A 7k for a fixed k defines a set of x's, i.e., for a
fixed value of k there is a set of x's that satisfies the
inequality A >k. This set of x's is the acceptance region.
Sl, and the set of x's defined by A <k is the critical
region (rejection region) 82 for a particular value of k.

Let us consider an example where we know k=e%. The
value of k is usually determined in a given problem or we

are able to determine it in a specific example.

Example 4.1 Suppose we have a distribution for a random

variable X, such that X is distributed as a normal with a Q
mean and a variance equal to 1. To help illustrate the pre-
ceding definition, suppose we take a random sample of size
one, say X, from the density. Our object is to try to de-
termine the critical region for testing the null hypo-
thesis, H_;u=-1, against the alternative hypothesis,

0
Hl;u=0. The likelihood ratio test gives

1 e-%(x+l)2
- _ (2n)

f(xi;O) 1 e—éxz
(2m)

f(xi;—l)




91

and simplifying we get

-3(x-1) _%(x2+2x+l-x2)

[

As mentioned on the preceding page, we shall choose k=g~

to illustrate the given definition; then )>k becomes
-3(2x+1) _ & -

e ” >e” or e o e.
Our problem is to determine the set of x such that e *>e.
If we take the logarithm (base e) of both sides, we get
the set Sl= {x l x<€-11. So from this we see the accept-
ance region is all x which are less than -1, i.e., if the
sample we took had a value less than -1, then we accept
Ho;u=-l. We would not reject HO:u=-li. IR itHE ¢
sample value of x were greater than -1, we would reject

Hozu=;l and accept H.:u=0.

1 _
Let us consider another example where we use the

likelihood ratie test.

Example 4.2 Suppose a random sample of size n is taken

from a normal population with mean u and variance 1.
Suppose we wish to test the null hypothesis,,HO:u=2

against the alternative hypothesis, Hl:u=0.

The density of each-Xi under the null hypothesis is
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given by 5

£(x,52) = L e 1 , i=1,2,...,n
(2m)=

and under the alternative the density of each X. is
i

given by 5
1
1 —2X
f(xi;O) =—=T e 1 i=1,2, ,n
2
(2m)
ln 2
thus -2 (x,-2)
X f(xl;2)f(x2;2) £(x;2) , 7104
B , . o) T2
f(xl,O)f(xz,O) .o f(xn,O) _%§=1Xi
e

e

—2§=1X1 -L4x, + L-x
= e

35 (-bx, +4)

-2F_y =hx, -2_, (2-2x. ) -2n+28x,
= e = e = e

2nxX - 2n
= e

The likelihood ratio test consists of accepting H

— o)
if A= e2nx-2n:>k, which is equivalent to the statement
<€
that 2nx-2n >1n k or §:>%hln k + 1. Hence, employing the

likelihood ratio test calls for accepting (not rejecting)

HO:M=2 if the value of X, which we would compute from the

sample, is greater than %ﬁln k + 1 and rejecting HO:u= 2

R 1
l.u—O if x is less than 2nln k + 1,

for a given value of k.

and not rejecting H
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4.5 Composite Hypotheses

Thus far in the development of the theory of testing
hypotheses we have concerned ourselves with the test of a
simple hypothesis against a simple alternative. These are
hypotheses of the form HO:QE Sl with alternative Hl:QE 82,
where Sl and 82 can be sets which contain one or more
elements.

" In this section a method will be given for con-
structing very useful tests for a simple hypothesis which
can be extended to include some composite hypothesis."The
method of construction depends upon the use of a theorem
that was first proven and used by the two statisticians
after whom it is named. The theorem, called the
Neyman-Pearson lemma, will be stated without proof for a
probability function, f(x;0), of a single continuous vari-
‘able and a single parameter. It should be noted that the
following theorem applies only to a simple hypothesis

against a simple alternative.

L.2 Neyman-Pearson Lemma If there exists a critical region

A of size ol and a constant k such that (where'X:'L,...,Xn is

a random sample from f(x;0)),

<X inside A



and

f(xl;go)"°"f(xn;90)

A = : Z K outside A

f(xl;Ql):...f(Xn;Ql)

then A is the best critical region of size .

Even though the Neyman-Pearson fundamental lemma
applies specifically to problems involving a simple
hypothesis against a simple alternative, we shall show
in the following illustrations it can sometimes be used
to advantage in composite hypotheses.

In the preceding lemma, we spoke of A as being the
best region of sized, We mean it is the region in which
p(I)€e and 1-p(II) = B(6) is a maximum for all © in A.
We shall refer to 1l-p(II) = B(O) as the power of the test

The usefulness and meaning of this lemma is best ex-
plained by means of illustrations, hence, consider the
random variable X whose density function is given by
f(x;0) = Qe_gx, x 2 0. In order to discuss a problem
somewhat more general than just testing a simple hypo-

thesis, let us consider the hypothesis H . :0 = 0 _, and the

0 0
alternative Hl:©'<©o. We can change this hypothesis to
one which is a simple hypothesis Hb*:@=©o, against the

simple alternative H. *:9 = ©l<:©O. The corresponding

1
likelihood functions are

q n
-0~ X.
T £x.;0) =6, e

9L
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n
-8.3y x
. jl_]_ n 13"_:]_ 1
1 = 4L flx50,) =0 e ’

According to the Neyman-Pearson lemma, the region A is the

region where
-8 _¥x,
0

This inequality may be written in the form

(@l—QO)ZXi Ql "
e < (55)

==

Taking logarithms, the inequality becomes

®| ©
o I
=

0. -0 )x £In
( 1 0 ifé

==

Since Hl specifies that @l<:©O dividing both sides by

@lmQ will reverse the inequality and yield

0
©. n
1n 13
k @O
ZXiZ:
@l-QO
Now suppose for example we let n = 1 and @O = 2,
and @, = 1, hence for this problem the value of the best

1

critical region would be that part of the x axis to the
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©

right of the point 1.1
(-Q-S)
1%

in
= In(2k)

Ol ®mf+

where k is chosen to make any desired probability.
Thus, the same critical region is used whatever the

value of O so long as Ql-<:@o. The value of k necessary

l)
to produce the same Xy = 1n(2k), of course, depends upon
the value of ©. This shows that Xq= lng gives the best
critical region for testing the hypothesis HO:Q=QO against

the alternative Hl:@<:QO. Thus, the Neyman-Pearson lemma,
although designed to test a simple hypothesis against a
simple alternative, can sometimes be used to solve a

problem in which the alternative hypothesis is composite.
4.6 Likelihood Ratio Tests

When the Neyman-Pearson lemma fails to yleld a best
test, or when the hypothesis i1s composite rather than
simple, it is sometimes necessary to place further re-
strictions on the class of tests and then attempt to find
a best test from among this restricted class, or else it
is necessary to introduce some other principle for ob-
taining good tests. In this section a second principle
for constructing good tests will be introduced and dis-

cussed. Since any method for testing composite hypotheses

will include the testing of simple hypotheses as a special
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case, this principle will be introduced from the point of
view of composite hypotheses.

We shall start one discussion with the consideration
of a probability or density function which has more than
one parameter. Suppose that a random variable X has a

density function f(x;0 ,...,Qk) that depends upon k para-

i i
meters. Let the composite hypothesis to be tested be de-

noted by H :Qi=Oi(i=l,2,...,k) where O, may or may not
L

0
denote a numerical value. Thus, if there are two para-

meters, HO might be the hypothesis that Ql= 10 with 92
1
unspecified, then Ql = 10 and 92‘ - 92. With the aid of
1
this notation, f(x;@lr,...,gn ) will denote the density of

X when HO is true.

Let @i denote the maximum likelihood estimator of ©

1

n
for the likelihood function L(O) = T'I‘lf‘(x,;g:L
L= 1

where the likelihood function is treated as a function of

s**wgk)s

the parameters and the x, are fixed. Similarly, let‘@%

denote the maximum likelihood estimator of © when H is

3 0
true, that is, for the likelihood function L(Q') =
%‘ f(x, ;0 ',...,Q '). Now let us consider the ratio
1=1 s S n
L(e") (o : oS :
= i) - This is the ratio of two likelihood functions

L(0') and L(0), where their parameters have been replaced
by their maximum likelihood estimators. Since the maximum
likelihood estimators are functions of the random variables

Xl,X .,X , the ratio A is a function of Xl,X R

2 n 2 n
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only, and therefore is an observable random variable,

The denominator of A is the maximum of the likelihood
function with respect to all the parameters, whereas the
numerator is the maximum only after some or all of the
parameters have been restricted by HO; consequently, it is
clear that the numerator cannot exceed the denominator in
value and therefore A can assume values only between O and
1, inclusive. Now the likelihood function gives the proba-
bility density {or probability  in case x is a discrete
variable) at the sample point Xl,Xz,...,Xn. Therefore, if
) is close to 1, it follows that the probability density
(or probability) of the sample point could not be increased
much by allowing the parameters to assume values other than
those possible under HO; consequently, a value of A near 1
corresponds intuitively to considerable belief in the
reasonableness of the hypothesis HO. If, however, the
value of A is close to O, it implies that the probability
density (or probability) of the sample point is very low
under HO as contrasted to its value under certain other
possible values of the parameters not permitted under HO,
and therefore a value of A near O corresponds to consider-
able belief in the unreasonableness of the hypothesis.

If increasing values of A are treated as corresponding to
increasing degrees of belief in the truth of the hypothesis,

then A may serve as a statistic for testing HO, with small

values of A leading to the rejection of HO.
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Since we have agreed to use A as a test statistic,
our next endeavor is to obtain a density function for the
random variable P . In many applied problems we can find
the distribution of the statistic ) and thus make valid
probability statements concerning A .

Now suppose that HO is true and the density function
of the random variable A , say g(A), has been found. This
is theoretically possible if the explicit form of
f(x;@l',.. ,@kl) is known. Suppose, further, that g(A)
does not depend upon any unknown parameters. Then one can

find a value of A, say ho, such that
(2) p(0€ A< X ) =¢

The critical region of size o for testing HO by means of
the statistic A then is chosen to be the interval 0<£ )sé/\o.
The preceding explanation of how likelihood ratio

tests are constructed may be summarized in the following

form.,

!

L(Q )
- L(e) 0
the sample value of A satisfies the inequality AL

‘where )"0 is given by p({0<& AL AO) = &,

Definition 4.2 To test a hypothesis HO, simple or composite,

use the statistic A = and reject H_  if,and only if,

0

Although the use of Aas a statistic for testing

hypotheses has been justified largely on intuitive grounds,
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it can be shown that such tests possess several very de-
sirable properties. |
Our purpose is to acquaint the reader with some use-
ful techniques in testing hypotheses. A more complete
discussion of these concepts can be found in several
mathematical statistics text, for instance, Mood and
Graybill. However, the treatment given there is beyond

the scope of our consideration.



CHAPTER V
REGRESSION
5.1 Introduction

Very often in practice we are concerned with the
problem of determining whether there exists a relationship
between two variables and, if a relationship does exist,
what type of relationship it is. For example, weights of
adult males depend to some degree upon their heights and
areas of circles depend on their radii. We see from these
examples that the relationships between variables are
different. In the first example, the relation is probably
linear, while in the second, the variables are related in
such a way that one is proportional to the square of the
other. In this chapter we shall be concerned with assumed
relationships between variables and from these assumptions
we will try to predict certain values of one variable when
given a specific value for the other variable.

Knowledge,which is based upon experimental or observed
information, has the distinguishing feature of being pre-
dictive knowledge. This means that the main value of
scientific knowiedge lies in the fact that, due to its

very nature, it enables us to make predictions concerning

101
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the behavior of observable phenomena. However, we must
realize that when a scientist predicts the occurrence of
a certain event, his prediction is quite different in
nature from predictions made, for example, by prophets of
‘ancient oracles. By this we mean a scientist does not
claim tc be able to predict with absolute certainty that a
certain event will take place at some time in.the distant
future. As a matter of fact, he does not claim to be able
to predict anything whatsoever with absolute certainty. In-
‘stead, he asserts his predictions in terms of probabilities,
implying that he is satisfied if his predictions come true a
certain peréentage of the time or, better, he aims in his
predictions for a success ratio which is as high as possible,
Very often in practice we are faced with the problem
of determining whether certain variables are linearly re-
lated. For example, if Xi represents the score a high
school student achieves on-a mathematics test, and yi re-
presents the score achieved on a science examination, we
might expect these variables to be related linearly, i.e.,
if a student scores well on a mathematics test, he would
probably be capable of high achievement on a science test.
Also, for ancther example, we might let xi be a student's
score on the college entrance examination and yi represent
his grade point average. Similarly, we might expect these
variables to be related in a linear manner, i.e., if a stu-
dent scores high on the examination, we would expect him to

excel in his college work, while if ‘a student made a low
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score, we would expect him to encounter difficulties. Thus
we would say that x and y are directly related. One of the
problems we shall encounter is trying to determine this re-
lation, i.e., determining a function y = f(x). If we can
find this function y = f(x), then for a given x we can
predict a y value. In the preceding example, we would

be given a score on the entrance examination and we could
predict the student's success in his college work.

When we have at our disposal information on two re-
lated variables, it seems natural to seek a way of express-
ing the form of the functional relationship. It is also
desirable that we know the accuracy of this relationship.
That is, we not only seek a mathematical function which
tells us how the variables are interrelated, but also we
wish to know how closely the values of one variable can be
predicted if we are given the values of the associated
variables. The techniques which shall be used to accom-
plish these two objectives are known as regression methods
and correlation methods. Regression methods will be used
to determine the "best" functional relationship between the
variables, while correlation methods are used to measure
the degree to which the different variables are associated.

In any analysis, it is hoped the assumed function re-
presents some basic, or causal, mechanism associated with
the factor under investigation. Because of the frequent
uncertainty about basic variables and basic mechanisms,

a word of warning must be sounded relative to the interpre-
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tation of analyses involving these variables. The warning
is: Jjust because a particular functional relationship has
been assumed and a specific computational procedure fcllowed,
do not assume that a causal relationship exists among the
variables. We are actually implying that just because a
particular function has been found that is a good fit to a
set of observed data, we should not necessarily infer that
a change in one variable causes a change in another vari-
able. A classical example which illustrates this is: It
can be shown that over a period of years there exists a
linear relationship between teacher's salaries and the con-
sumption of liquor. However, it seems reasonable we would
agree that an increase in teacher's salaries had little, if
any, effect upon the liquor consumption. During this
period of time there was a steady rise in the wages and
salaries of all types and a general upward trend of good
times. Under such conditions, teacher's salaries and
liquor consumption would also increase, even though no
causal relationship exists.

Let us suppose that we know the average grades of six
high school seniors who graduated two years ago, and also
the grade point average attained the first year in college.

Such an illustration may be seen in the table given on

the following page.
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High School Average Grade Point Average

Student A 90 2.8
Student B 65 2.1
Student . C 95 3.7
Student D 69 2.9
Student E 76 2.6
Student F 80 2.2

Our problem now is to fit a curve to this data which
will give us the best possible predictions. Since there
is, logically speaking, no limit to the number of lines
which can be drawn on a piece of paper, it is evident that
we will need a criterion on the basis of which we can point
to a single line as the one which presents us with the best
fit to our data. This choice is not usually self-evident
except in the special case where all points actually do
fall in a straight line. Since we can hardly expect this
to happen often when dealing_with experimental data, we-
must be satisfied with a straight line which, although it
cannot possibly go through all points, will have some less
perfectlvyet still desirable properties. As mentioned be-
fore, we are interested in determining a curve which will
give us a way of predicting a valué of one cof the Variébles
when we are given a specific value for the other one.

The first thing we must do When we want to fit a
straight line to the data given above is to check whether

‘it is at all reasonable to suppose that a straight line
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will give a good fit. A very convenient way is to plot the
points representing our data as we have done in Figure 8
below. It is almost impossible to decide if it is reason-
able to treat the two variables as if they were linearly
related when we have only 6 data points, however, if we ex-
~amine the data points, there appears to exist a linear re-
lation between a student's average grade in high school

and his grade point in college.

College grade point L
3
2 )
1]
0
High school
‘average

50 60 70 80 90 100

Figure 8

First, let us draw a more or less freehand line L
which iﬁdicates the approximate liﬁear relation between the
variables as shown in Figure 8. We might ask ourselves how
good our -predictions would have been 1f we had actually
used line L for the prediction of the college grade points
for the given six students when we knew their high school
grade averages., The predicted grade point for a given
student could be found by considering the student's

average and determining the functional value of that
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particular average.

If we had known this line represented the relationship
between the student's high school grade averages and their
grade point average before our six students entered college,
we could have used it to predict their expected success in
college. For example, the student who had a high school
average of 80 would, according to Figure &, have had a
predicted grade point average of 2.5. But from our data
we see the student who had an average of 80 achieved a
grade point average of 2.2. Consequently, the error of
this prediction would have been 2.5 - 2.2 = .3.

Geometrically, the error of the prediction is meas-
ured by the vertical deviation (distance) from the point
representing the actual data to the line L which we used
for our prediction. In Figure 9, below, this deviation is

given by the distance from A to B.

.50 60 70 80 90 100

Figure 9
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If we apply this method of prediction to each of the six
students used in this example, the six corresponding errors
of our predictions are given by the six vertical deviations
from the line L. (See Figure 9). If we denote the ob-
served grade point of the ith student by the symbol %_and
the corresponding predicted grade point by yi', the error
variance of the six predictions is given by the expression

6 Vo R
% (37 )

6

which is just the average of the squared vertical deviation
from the line L.

It should be evident that if we assume a functional
relationship between two variables then we should strive to
find the particular function in which the error variance is
as small as possible. We now have at our disposal a cri-
terion for the goodness of the fit of a straight line. It
seems quite reasonable to require the resulting errors to
be small if we expect the line to be a good fit for the
given data.

The line having the distinguishing property that the
sum of squares of vertical deviations, the error variance
of the y's, is minimum is called the regression line of y
on x. If it had been desirous, instead, to predict x in
terms of y we could in a similar é;nner have asked for a
line which minimizes the sum of squares of deviations of

the x's, and we would have obtained the regression of x

L ]
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on y. From the discussion above, it seems reasonable that
it is completely arbitrary which variable is called x and
which is called y, hence, we shall simplify our work by
limiting our discussion to those lines which minimize the
sum of squares of the vertical deviations, i.e., we shall
consider only regression lines of y on x.

Let us now suppose that we have a sample of size n of
pairs of measurements, say (xl,yl)...,(xn,yn), which might
represent the weights and corresponding heights of n indi-
viduals of about the same age, and suppose further that we
are convinced that there exists a linear relationship be-
tween the x's and y's. Our problem now is to try to deter-
mine the parameters m and b in the linear function y=mx+b,
so that the line has the property that the sum of squares
of the vertical deviations will be a minimum. This means
that we must find numerical values for the two constants
m and b which appear in the equation y=mx+b so that the
line which is thus obtained has the stated properties.

A certain function has been postulated as being the
"best" expression of the true state of affairs in the pop-
ulation, and it is now necessary to estimate the parameters
of the function. The determination of these estimates and
thus the specification of a particular function is commonly
referred to as curve fitting. How do we go about fitting
a curve to a set of data? That is, how are the estimators

of the parameters obtained? Again we are faced with the

problem of choosing among several methods of estimation.
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The approach which we shall take should, of course, provide
us with the "best" estimates. Let yi' represent the pre-
dicted value corresponding to Ve This value must be
obtained from the equation

!

y, =mx + b
1 1

and if we substitute this predicted value into the expres-

sion for the error variance we can rewrite the expression as

_ 2
(yi-mxi—b)

MBS

n
This expression is called the error variance about the re-
gression line, and it shall be denoted by se2 provided, of
course, that the two constants m and b are such that we do
have a regression line. We note that in the expression-se
the only things which are unknown are the m and the b since
we were given.n,pairs (xi,yi) of measurements which we
assumed to be known from the start. |

As mentioned earlier in this chapter, we are in search
of parameters m and b which will minimize the expression sé{
To minimize-se2 we shall find its partial derivatives with

respect to m and then with respect to b yielding two equa-

tions which can be solved for m-and b.

< ,
ds, ) —Zin(yi—mxi-b)
om n
and
ds & <22(y, -mx, -b)
e 17y

ob n
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If we set these expressions equal to zero the resulting

equations are

S A = e ) =
in(yi-mxi-b) 0 and Z(yi fix, b) =0 .

From the second equation we get

(1) Ty frx, = b
i i
which gives
Ty, Mzx
”~ Yl -1
b = + .
n n

From the first equation, summing over n, we get
2

(2) ZX.Y.:%ZX = fiTx
171 i i

Now if we substitute into this equation for © from (1)

we get
2
b} -(Zy. -m =Mrx.
XV, ( Vs firx) in mEx,
n n
and
2 2
Ix. T o ,
X, TY, m | X, (le)
b — Pe————— T = cmem—————
*373 n n |
Solving for M we find
X, V. X . 3y,
i“i - i i
n
m =
2 2
°x. _(=x.)
i
n
Therefore
ny z z
o X. Vs (Zx, ) ( Yi)
m = .
an.2’_ (=x )2
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Now considering equation (2) again, if we substitute the

expression for M into equation (2) we get
zy,  (BXg¥io B Ey.)
~ i - = X,
b = - n *
n
2x.2_ (2x,)2 .
i
n
Ty, | =x . (2x )2 - ox, (zx.y. - =x.Zy.)
i i i 1 i1 i1
oy n n
2
n(x, ) - (Zx.)2
i
Ty zx. - (Zy. )(=x - wx.y. )+ (Zx V=
v, X, ( V. ( ) (in)( xiyl) ( i) V.
/,B: n n
2 2
ngx, - (Tx )
i i
> -
/B _ Zyi Xi (in) inyi
2
n(in ) - (5x.)%

So 1f we are given n pairs of measurements and if we
assume we have a linear relationship existing between the
variables then we can estimate the parameters of y = mx+b
and obtain an estimate of that linear function by computing
@ and D when we are given a specific example.

Returning now to the i1llustration mentioned earlier

concerning the relationship between high school grade
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averages and the grade point average obtained in college,
we can use the expressions developed on the preceding page
to find the actual equation of the regression line of y on
x. The necessary calculations are usually performed by

means of a table similar to the following:

2

X v X XV
90 2.8 8100 252.0
65 2.1 4225 136.5
95 3.7 9025 351.5
69 2.9 L761 200.1
76 2.6 5184 197.6
80 '2.2 6400 176.0

L71 16.3 37695 1313.7

Thus we have

n==~o

ox, = 471
i

Sy = 16.3
i

x o= 37695
i

ox,y, = 1313.7
171

If we substitute these values into the expressions for m

N
and b we get

i = 6(1313,7)—(471)(;6.3) - 209 - g0
6(37695) - (L71) 4329
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and
A~ (16.3)(37695)-(471)(1313.7) 4324 .2
b = 5 = - — =-.99
6(37695) - (4L71) 4329
and we can write the regression line as y = .047x - .999

Now that we have determined the regression line of y
on x we can predict a student's success (his grade point)
in college. So if we are given a student's high school
average we can substitute this x value into the equation
v .= .047x - .999 and get an estimate or prediction of his
college grade point average. For example, i1f a student had
a high school average grade of 70, his predicted grade
point average, y', would be found by calculating

# 1

v = {.047)(70) - .999 = 2.291

Since the expressions given for @ and ¥ are somewhat

tedious to calculate, it 1s often preferable to calculéte
% and”® by using the equation (1) and (2). After dividing

(1) and (2) by n we get

and

X, V. =bIx, =‘ﬁ2x,2
i1 i i

We now have two equations in two unknowns, T and ‘B,
which can be solved for the unknown after making substitu-
tions for the known values determined from the given sample.
In our example, which was given on the preceding page, the

resulting equations would be 2.71 - 78.5% =6  and
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1313.7 - L71B = 376958, Solving we get

™ = .0L7

and
= -.999

which agrees with our previous results.

To help understand the concept of linear regression
and curve fitting, let us consider another example.
Suppose you are a farmer whose chief income is from alfalfa
hay. Suppose further that your farm is in a suitable area
which is accessible to irrigation,if you feel 1t is worth-
while to finance the expenses of an irrigation system. You
decide to consult someone at the state university whom you
feel might have access to some data concerning the relation-
ship between hay yields and irrigation. It turns out that
the college has recently conducted an experiment on an ex-
perimental farm and the following data is obtained concern-
ing the hay production in tons relative to the number of
inches of water which was applied. The data obtained is

given in the following table:

Water (x) 12 118 |26 {30 136 | a2 |48
(treatments)

Yields (y) 5,27 15.68 16.25 |7.21 18.02 |8.71 18.42

If we plot this data, there appears to exist roughly

a linear relationship hetween the yields of alfalfa hay and
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the number of inches of water applied, as shown below

in Figure 10.

y

i O 0 & O

4 + ’ X

6 12 18 24 30 36 L2 L8
Figure 10

Since an approximate linear relation appears to exist,
it should suffice to use a linear function of x. Thus the
problem of prediction first requires the sclution of the
problem of fitting a straight line to the set of points,
i.e., we_must determine the values of the constants m and
b in the equation y = mx + b. Using the methods already
developed, we find that @ = .10 and B = 4.0. Hence, the
equation of the regression line is given by

v = ,10x + 4.0,
Thus there seems to exist a linear relationship between the
hay yield and the amount of water applied.

In fitting a straight line to a set of points, as in
the preceding illustration, 1t is intuitively assumed that
the resulting line is an estimate of a theoretical line of
regression. This regression line, being an estimate of the

actual or theoretical regression line, leads us to ask the
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question, "How good an estimate of the true regression line
is our estimate?" . A thorough investigation of this ques-
tion would lead us to some advanced techniques in mathema-
tics and statistics which is beyond the scope of our treat-
ment here. However, we shall discuss some of these
concepts from an intuitive point of view without employing
a great deal of mathematical rigor.

To consider this idea of "goodness of estimate'", let
us return to the first example concerning the relationship
between the high school student's grade average and his
college grade point. Before we consider adopting the
equation

"Predicted college grade point=.047(high school average)-29'
even hypothetically as a method of predicting a student's
future success in college, we must first check how accur-
ate we can expect the resulting predictions to be. To help
illustrate this idea, let us assume the above formula was
known at the time the six students, who were the subjects
of our investigation, entered college. This assumption
might seem somewhat ridiculous since we actually calculated
the value of @ and D on the basis of the records which these
same six students established in college, and it would be
impossible to know this formula in advance. What we are
actually saying is that we are assuming y = .047x -.999 is
the theoretical regression line. However, let us assume

in spite of this obvious objection that as we said, to

help illustrate this idea, we did have this formula when
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the six students entered college. We could then have used
it to predict the grade points which our students could
have been expected to attain. Substituting their high
school averages into the equation y = .047x-.999 we could
have calculated the predicted value of y which, together
with the indexes which the students actually obtained, are

shown in the following table.

Actual grade point Predicted grade point

y y'
Student A 2.8 3.23
Student B 2.1 2.06
Student C 3.7 3.47
Student D 2.9 2.2L
Student E 2.6 2.57
Student F 2.2 2.77

If the theoretical regression line is actually a lin-

“edr function of the form y = mx + b the values of M and /D

which we calculate from a set of experimental observed data

and since the calculation will change when we use a dif-

P

ferent sample, we must consider m and 7B

as random variables.
Since # and D are random variables it is possible to de-
termine the distribution of these statistics and thus make
probability statements concerning them. However, we will
not endeavor to enter into a discussion concerning the

distribution of these random variables.
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When discussing the goodness of the estimates’m and’%,
we must realize that & and”D, just as most estimates, in-
crease in accuracy for increasing values of n, i.e., good
estimates of m and b are obtained only if we have a large
number of pairs (xiyi) of measurements of the two variables
x and y. We should realize in actual practice, if we want
to obtain good estimates, we would seldom use samples as
small as the ones employed here to illustrate the tech-
niques used in the computation of these estimates.

As mentioned earlier, a formal study of the accuracy
of estimates of the regression coefficients m and b is
considerably beyond the scope of our treatment here.
However, as long as we base the equations which we intend
to use for our predictions on reasonably large samples,
our estimates of m and b will usually be sufficiently close
to the true values of the regression coefficients. There-
fore, if we are dealing with large samples, there would
seem to be no serious objection to evaluating the goodness
of the predictions by applying the equation to the identi-

cal data from which it was originally obtained. We can use

as a test statistic 5

( o ' )
Z \j y

L] -
o

n
where Yi and yi' ar: the actual and the predicted responses,
respectively. If s 1is large we would conclude that our
estimates for m and b are bad, while if 52 is small we

would conclude that our estimates are good.
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Our method, which we have employed in the determi-
nation of‘ﬁ’andjg, has consisted of minimizing the sum of
squares of deviations from the straight lines, and hence,
this method is referred to as the method of least squares.
This method enables us to select one line as the line which
provides us with the best fit to a given set of points. It
is really in this sense that we define what we mean by a
good fit. Although we have used the method of least
squares only for the determination of ‘a best-fitting
‘straight line, it can also be used to give us best-fitting
curves in general even though their equations may be of a
much more complicated nature.

We now have at our disposal estimates of the para-
meters m and b in the linear relationship y = mx + b which
we hope are good estimates of these parameters. As men-
tioned earlier, it is desirable that good estimates have
the property cf being unbiased. Let us see if these esti-
mates possess this property. If we let“n and /B represent
the estimates of m and b, respectively, we want to know if

E(®) =m and E®) = b.

Consider

nix.y., - (Ix.)(Zx.)
i’i i i

nZx, - (=x )
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Thus we have

Ef@ =E

But we assumed the linear relationship such that E(yi)

b+mx . Thus we have

i
E(Y) = B [Ezy.] = 1rE(y,)
n -1 n 1
= EZ(b+mx,) = _]; (nb+mZx )
n 1 n 1
= Db + mx .

Substituting this back into the expression above we have

E(m) = ———l~———[i( x . (b+mx ) —x.(b+m§) —x(b+mx.)+§(b+m§é]
2 i i i L
£(x, -x)
i
Thus
E(m) = —-_;“-—E[F( mx,2 ~“2mxx .+ mizii
o(x =x) * *
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Hence we have

’ - -2
EfR) = — x(x 2 _ox X +xX )

Therefore E(W) = m, i.e.,ﬂ?‘is an unbiased estimate of the

parameter m. Also one expression for b is’%£§iﬁ§. Thus

E(®) = E(F)-E(ZR)
/ = b+mx - X E()

But we have shown above that E() = m, hence we have
E(P) = b+mx - 3m = b

Thus’@ is an unbiased estimate of b. So we see that these

estimators possess the desirable property of being unbiased.
5.2 Correlation

In the last section we devoted a great amount of time
to the problem of finding the regression line and the error
variance which we employed as a measuring device to deter-
mine the goodness of the resulting predictions, i.e., the

degree to which the regression line fits a given set of
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measurements. However, we observed the error variance was
often difficult to compute and the goodness of fit was de-
pendent upon the units which were used, i.e., if the error
variance came out to be 10 feet this would seem suffi-
ciently large to worry about, however, if the units under
consideration were miles, then it would probably not be
sufficient to cause much concern. Hence, we search for a
‘measuring device which is independent of the particular
units used in the data, i.e., we want a method which will
give us a number so we can decide immediately whether it is
sufficiently large or not. We shall now define another
measure of the goodness of the fit of the regression line,

which is called the coefficient of correlation defined by

2 2
r=i’v 1- s /s .
€ Y

A considerable amount of time will now be devoted to ex-

plaining the quentities r, s, ° and sy2 .

We shall denote the error variance about the regress-
ion line by se2 and define it by the expression
1,2

PREREN

n

wWhere yi' is the predicted value and y, is the observed
, i
value. We can easily see that s & depends on the scale of
e
measurement of y and it can therefore happen that the re-

gression line will provide us with a very poor fit even
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though se2 is small, simply because the quantities y are
small. Similarly, it can alsoc happen if the y's are large.
The error variance may be large in spite of the fact that

we have an excellent fit. This obvious shortcoming of the
error variance about the regression line as a measure of the
goodness of fit suggests a modification which leads us to
the so-called "coefficient of correlation". This new
measure can be understood readily 1f we define it as a
measure which is a combination of the following two methods

of prediction.

Method 1. We shall predict each y by means of the re-
gression line yi7= mxi+ b which was deter-
mined from the identical set of data which
will also be used to evaluate the goodness

of the resulting prediction.

Method 2. We shall predict for each y that it is equal
to the mean of the Voo i.e., our predic-
tions are now based on the formula yi'= Y,
where y is the meaﬂ of the same set of data

which 1s used in method 1.

The appropriateness of method 1, discussed in the last
section, is simply the error variance about the regression
line given by

2
2 ( 1 j_ )

n
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while the appropriateness of method 2 is expressed by the

error variance

which i1s simply the sample Variance of the y's.

The errors which are made by these two methods of pre-
2

y
We shall now show how these two quantities may be employed

2
dictions are reflected by the two quantities se and s

to define a new measure of the goodness of fit of the
regression line.

Let us now consider an example to help us understand
the merit of these two methods. Suppose we are given the
following data which shows the personal savings of people
of the United States and the number of strikes in eight

different years.

Savings in billions of dollars Number of strikes

2.9 2862

L.9 2509
10.9 4288
16.1 2068
17.5 L956
19.0 4750
11.9 L985

3.0 3693
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We might suspect that if people have a large amount
of personal savings that there would probably be a larger
number of strikes, i.e., there exists a linear relation-
ship between personal savings and the number of strikes.

Suppose you are called upon to predict the number of
strikes for any one year on the basis of the total savings
recorded for that year. If we use both methods 1 and 2,
we must first calculate the regression line and the mean
of the y's, where y represents the number of strikes.
After some necessary calculations, we find the equation
of the regression to be yf = 95x + 2852, while the mean of
the y's is y = 3876, hence using method 2 we see that
y' = 387.

Now to see the relative merit of the two methods of

prediction, let us compare the vertical deviations from

the two lines.

Number of strikes

1%
4000
3000
2000
1000 . .
Savings in
X billions of

dol1l
5 10 15 20 25 0-+ars

Figure 11



127

5000 ¥ J I]

3000 |

2000

1000 |
Savings in
billions of

5 10 15 50 25 dollars

Figure 12

Using the second method to predict the number of
strikes for a given year, we just compute the average of
the given number of strikes in the preceding years, i.e.,
y'= v . Now to decide which method seems to have more
merit, we must remember our criterion for deciding when a

method is good. We recall that, for a method to be a good

one, it must minimize the expression

If we consider the two Figures, 11 and 12, we might get
the impression that the deviations in the Figure 11 are
slightly smaller than in Figure 12, implying that method

1 is slightly more accurate than method 2. To convince
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ourselves that this actually is the case, let us calculate

. 2 . .
the two errcr variances, se and syz. Using the expression

given earlier for~se2 and s 2 we find the values to be
2
S, = 549,012
and
2
s = 887,200 .
y

This parallels our previous rough judgment that the first
method of prediction was slightly better than the second.
Before we try to decide how much better the first method
is, let us consider another illustration.

Suppose seven students, whose I1.Q.'s are known, are
given a test and the test scores and the I1.Q.'s are

as follows:

Test Scores - T1.Q.
22 113
7 116
32 | 119
37 122
L2 126
L7 129

52 131

Using the same methods as before, we must determine the
regression line, of y or x where y represents the I.Q. and

X represents the score on the test. After some calculations
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we find these to be as follows:
v = 122.3

and
t

v = .62x + 99.34 .

The errors which are made by methods 1 and 2 are reflected
by the vertical deviations from the line in the figures

below.

I.Q.

140
130 [

120 |

110

x Test score

10 20 30 L0 50

Figure 13

140

= | i
" T A4 t
120 | !

110

x Test score

10 20 30 40 50

Figure -14
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In Figure 13 we observe a small amount of difference
between the errors of methods 1 and 2, however in this
illustration we see there exists a marked difference be-
tween the deviations using the two different methods. The
two actual error variances can be computed by methods
mentioned earlier and are found to be

s = ,1584
and

s = 38,0 .

This indicates strongly that the predictions which were
based on the regression line were far superior to those
which were based on the mean y.

If we recall how we found the regression line, we
found the coefficients to minimize the expression sez,
hence, if we use any other estimate for a predicted value
other than y = mx + b, we see that se2 never exceeds Sy2 .
Also, we note that if the regression line fits a set of
data very closely, the error variance of method 1 should
be much smaller than method 2. If, on the other hand, the
fit of the regression line is poor, method 1 provides us
with only a slight improvement over method 2. This type
of reasoning and the two preceding illustrations suggest
a comparison of the given two methods of prediction might
provide us with a new measure of the goodness of the fit
for the regression line, which does not actually depend

on the scale of the y's.
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Now that we have decided to employ se2 and s 2 to
define a new measure of the goodness of the fit o? the
regression line, we must decide how to define this new
measure. It has been the custom to define the following
measure of goodness of fit of the regression line as the

coefficient of correlation as defined earlier by the

expression

<
r =i‘Vl-Se / 5 2

y

As noted before, if the fit is poor, s & will be almost as
large as sy2, sc the ratio seZ/sy2 will be close to 1 and
the coefficient of correlation r will be close to 0. How-
ever, if the fit is good, se2 will be much smaller than

s 2 and the ratio Sez/s 2 will be close to O. Thus the
cgefficient of correlatzon will be close to either plus or
minus 1.

The ccefficient of correlation can be computed by

using the expression

' 2
r = +°¥l-s /s 2
v € Y

However, to compute r by this method we note it is neces-

sary to first compute an estimate using the expression
given earlier for A and”/D in the regression line. Since
the computation of these regression coefficients,‘ﬁ“and/%,
involves a considerable amount of work, we search for an

expression for r which is easier to compute. To avoid a

good part of this work, we shall now give an alternative
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expression for r which can be shown to be equivalent to the
expression for r given on the preceding page. This ex-

pression is as follows:

= - {Z
niX.y, ( Xi)(ZYi)

r =

2 2.ﬁ 2 2
“Jnﬂxi - (in) nzy,© - (Zyi

Many times r is alsc written in the form

2(x+§)(yi—§)
r‘:
nss
Xy
2
where s and s are the sample variances of x and vy,
X
respectively.

The coefficient of correlation, with which we have
been concerned in the preceding remarks, is by far the most
widely used measure of the strength of the linear relation-
ship between two variables. It nct only expresses the good-
ness of the fit of the regression line, but it also tells
us whether or not it is reasonable to say that there exists
a linear relationship (correlation) between the two vari-
ables x and y. The magnitude of r determines the strength
of the relationship, whereas the sign of r tells one
whether y tends to increase or decrease, with x, 1.e.,
if y increases as x increases, or decreases as x decreases,
then r will be positive, while if' y decreases as x in-
creases, or increases as x decreases, r will be negative.

If the numerical value of r, which has been computed from
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a certain set of data, is close to 0, we say that the re-
lationship is weak or nonexistent. If r is close to either
+ 1 or - 1, however, we say that the relationship is strong,
with the tacit understanding that we are referring to a
linear relationship and nothing else.

Let us now calculate r for the two examples presented
earlier in this chapter. We must first determine whether
r is positive or negative. As mentioned on the preceding
page, r is positive if x increases as y increases, hence
from the data and regression line we would surely agree r
'should be positive. 1In the first example, employing the

expression

2
r =ﬁl- s /s 2
e y

we get

. fgl_ 549,012 _
887,200

whereas in the second i1llustration the value of r is

given by
r =gl- —— = .,998 .

The value of r for the two expressions shows what we had
suspected, namely, that the relationship between the test
score and I.Q. is very strong (at least for this particular
group of students who were included in this study) while
the relationship in the first illustration does not show a

strong linear relationship. We should note that we used
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in both illustrations samples which were too small to
permit us to make far-reaching generalizations, thus con-
fining ourselves to descriptive statistics, we can safely
say only that the second set of data fits a regression line
much better than the first. This does not reveal to us a
great deal of information about the variables. However, it
is about as far as we can go without assuming the risk of
inductive generalizations.

It is always advisable to be extremely careful in the
analysis and interpretation of the value of r which has
been calculated from a given sample. The interpretation
of a correlation coefficient as a measure of the strength
of the linear relationship between two variables is a
purely mathematical interpretation and is completely devoid
of any cause or effect implications. The fact that two
variables tend to increase or decrease together does not
imply that one has direct or indirect effect on the other.
Both may be influenced by other variables in such a manner
as to give rise to a strong mathematical relationship. A
classical example, mentioned earlier, illustrates this. It
can be shown that over a period of years the correlation
coefficient between teacher's salaries and liquor consump-
tion is .90. However, during this period of time, there was
a steady rise in the wages and salaries of all types and a
general upward trend of good times. Under such conditions,

teacher's salaries and liquor sales would also increase.

Moreover, the general upward trend in wages and buying
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power would be reflected in increased purchases of liquor.
Thus, this high correlation merely reflects the common
effect of the upward trend of the two variables. Hence,
correlation coefficients must be handled with care if they
are to give sensible information concerning relationships
between pairs of variables. OSuccess with oofrelation co-
efficients requires familiarity with the field of appli-
cations as well as with their mathematical properties.

Let us consider an example in which we will calculate-
the correlation coefficient of two variables. Suppose we
are given the following data where x represents the
father's height in inches, while y represents the son's

height.

x 65|63 |67 6L |68 62|70 |66]68 |67 697

é

4
y 68 |66 |68 | 6569166 6865 7167|6870

i i i . i 4

We would probably expect that there would exist a strong
linear relation between these two variables. Let us use

the expression for r given by
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To compute these different values, let us construct another
table which will be useful in computing r. Such a table is

illustrated below.

x v x* Xy y2
65 68 4225 41420 1621
63 66 -~ 3969 4158 4356
67 68 1489 1556 1621,
6L 65 4,096 L160 L225
68 69 1621, 1692 1761
62 66 3844 L092 4356
70 68 4900 1,760 1621,
66 65 1356 1290 | k225
68 71 L4624 4828 | 5041
67 67 4489 L1489 | LL89
69 68 1761 1692 4621,

71 70 5041 4970 4900
£x =800 Iy = 811 |nx°=53,418 |mxy=5L,107 I|pyR=5L,849

Using the calculations we see that r is given by

(12)(54,107) - (800)(811)

I‘:

4 ((12)(53,418)-(800)°) ((12) (54,849)-(811)%)

= ,7027.
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We can also determine the regression equation very easily

by using these calculations. We see that % is given by

ngx y -(Zy )(5x )
1 1 1

4 = :
2
v - (2
n yi ( Yi)
= 1,036
and
Ty =x T - (Zx ) (zy )
A i 1 i i
B = ,
2
n(zx. ) - (zx,)?
i i
= 23,38 .
Hence the regression line is y' = 1,036x -3.38. So if we

are given that a father's height is 70 inches, we would
predict the son's height to be y = (1.036)(70) -3.38,
which yields v = 69.1L4 .

There is 1little difficulty in explaining the meaning
of the coefficient of correlation when it is either O or
+ 1. Since if r = 0, we can see that the fit of the re-
gression line is so poor that we would be just as well off
not using it at all in predicting values of y. -A corre-
lation of +1 or -1, on the other hand, tells us that all
points fall precisely on a straight line, and we can make
extremely accurate predictions of y by employing the re-

gression line. However, values of r which fall between
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O and 1 and O and -1, are somewhat more difficult to ex-
‘plain. FEach time we take a sample of size n we get an r
value, which will probably be different in each case. Thus
we see that r could take on any value between -1 and 1,
hence r is a random variable. If we view r as a random
variable it would lead to the question, "What is the
probability function of r?" . If we could determine the
probability functions for r, we would then be in the
position to make probability statements relating to r. We
could formulate and test hypotheses and draw other useful
conclusions concerning r. However, a thorough discussion
of these topics, which can be found in several more ad-
vanced statistic books, such as one by Mood and Graybill,

is beyond the scope of this treatise.



CHAPTER VI
SEQUENTTIAL ANALYSTS

Thus far in our consideration of testing hypotheses,
we started with a fixed sample size and from this sample
we constructed estimates and formulated procedures for
testing hypotheses based upon this fixed sample size. How-
ever, in general practice, it might be feasible to make
certain statistical inferences based upon a sample smaller
than the original intended sample. For example, suppose we
are investigating a certain manufacturing process in which
we have a criterion for determining whether a produced item
will be accepted or rejec£ed.' Suppose further that at the
outset we had deéided to take a sample of size 100 and if
we found 70 acceptable items we would continue the process,
but if we found more than 30 defective items, we Would stop
the manufacturing process and investigate it. If the sam-
pling process is extremely costly, we might try to mini-
mize the sample size required to test the original hypo-
thesis. If, after we sampled 50 items, we‘found almost all
of these items were acceptable wé might feel Wé had suffi-
cient evidence to accept the original,hypothesis and thus
reduce the cost of the sampling procedure. Similarly, if

after sampling 50 items, we observed a large part of these

139
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to be defective, it seems feasible that we might be able to
save on both sampling cost and loss of material by discon-
tinuing the manufacturing process for investigation. This
type of formulation of test of hypotheses is called a
sequential test of statistical hypotheses. We shall de-
vote a small amount of time to explaining the basic con-
cepts concerning sequential analysis and illustrate by an
example some theory which will be useful in testing hypo-
theses of this type. An essential feature of the sequential
test, as distinguished from the current test procedure, is
that the number of observations required by the sequential
test depends on the outcome of the observations and is,
therefore, not predetermined, butla random variable since
for each experiment n may be different.

Formally, the sequential method of testing a hypothe-
sis H may be described as follows: A rule is given for
making one of the following three decisions at any state
of the experiment (at the nth trial for each integer n):

(1) to accept the hypothesis H

(2) to reject hypothesis H

(3) to continue the experiment by making additional

observations
Thus, such a test procedure is carried out sequentially.
On the basis of the first observation, one of the afore-
mentioned three decisions is made. If the first or second
decision is made, the process is terminated. If the third

decision is made, a third trial is performed, and so on.
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The process is continued until either the first or the
second decision is made. The number n of observations
required by such a test procedure is a random variable,
since the value of n depends on the outcome of the ob-
servations.

From the discussion above we see that sequential
"analysis is a method of statistical inferences whose
characteristic feature is that the number of observations
required by the procedure is not determined in advance of
the experiment. The decision to terminate the experiment
depends, at each stage, on the results of the observations
previously made. A merit of the sequential method, as
applied to testing statistical hypotheses, i1s that the test
procedure can be constructed which requires, on the average,
a substantially smaller number of observations than equally
reliable test procedures based on a predetermined number
of observations.

We shall now employ a method developed by Wald which
will provide us with a procedure for testing a simple
hypothesis. This procedure will employ techniques which
are very similar to the likelihood ratio test discussed in
an earlier chapter. After giving a formal definition for
this test procedure, we will illustrate its usefulness by
considering a simple example.

If we are given that, for a positive integer n, the
probability that sample X, ,X ,..,X 1is obtained is given

1’72 n

by pln when Hl is true, i.e., pln is the likelihood
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function when the alternative hypothesis is true, and by
Pon when HO is true, i.e., the likelihood function when
HO is true, then the sequential probability ratio test for
testing HO against Hl is defined as follows:

Definition 6.1 The positive constants A and B(B<A) are

chosen. At each stage of the experiment (at the end of the
nth trial for any integer n), the probability ratio
pln/pOn = Rn is computed. Then one of these three decisions
is made:
(1) If B<R<A, the experiment is continued by taking
‘an additional observation (or set of observations)
(2) If RzA, the process if terminated with reject-

0
(3) If RE;B’ the process is terminateéd with the

ion of H. (acceptance of Hl)

acceptance of H

If, for a particular sample, p. =p = 0, then R is
“1n On n
defined as 1.

If, for some sample, P %»—O but P 0 O, the inequal-

1 0
ity RHZEA is considered fulfilled and HO is rejected.

One of the first questions which comes to mind is,
"How do we determine these positive constants A and B?"
A complete discussion of the derivation of these constants
can be found in [610 This derivation is beyond the scope
of our treatment and hence, we shall only state and use

the results. The constants A and B -are determined accord-

‘ing to the desired values of a and b, where a is the
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probability of making a type I error, i.e., a is the
probability of rejecting HO when HO is actually true, and
b is the probability of making a type II error, i.e., b is
the probability of accepting HO when it should be rejected.
Usually when we are engaged in-an experiment, we have al-
ready determined in advance the values of a2 and b which
will be used, hence, if we know how A and B depend upon

a and b, we could determine A and B in advance. It can be
shown, [6], that a and b are known functions of A and B,

and a very simple but accurate approximation is given by

the following:
A = 1-b
a

b
1l-a

This definition is very long and involved so let us
now consider an example which will help us to recognize
its usefulness. Suppose you are in the manufacturing
business and you have a machine producing certain items.
Suppose further, that you have decided upon a criterion by
which you determine if a product 1s accepted or rejected.
Let us define a random variable to help us determine a
probability function which describes this process by
letting x = 1 if the item is good,and x = O if the item 1is
rejected. The probability function which gives the desired

probabilities is given by f(x:p) = p¥ (l-p)i=X ,x = 0,1
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where p represents the true proportion of good items of
any given number of items.

To apply the procedure mentioned at the outset of
this chapter, we must determine A and B mentioned in defi-
nition 6.1. Suppose we agree that we can tolerate a type I
error and type II error of a = .05 and b = .05. Thus we can

calculate A and B which are given by

l—.o5
A = . =
0% or A =19
and
.05
B = or B = .053
l—.05

Suppose that the desired test of hypothesis is given as

follows:

H:p=.3

Suppose you take a sample of size one and observe
that it is a 1, i.e., an acceptable item. We might be in-
clined to think that on the basis of this obsefvation
that our sequential probability ratio test would yield a
value which would lead to the acceptance of Hoo Let us
compute Rl and see 1f this is actually the case. Now R

is given by : 1 0
(.3) (1-3)
1
(.77 (1-.7)°
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Hence

R =3/7.
1

But B<1Ri<:A, hence we must make additional observations.
Suppose you take nine more observations which turn out to
be given as follows: (including the first observation taken

before)

(1,0,1,1,0,0,1,1,1,1)

Now R is given by the following expression:

10
o aes)?
10 . ;
(.7) (1-.7)
Simplifying, we get
7 3
(.3) (.7)
B0 7 7
(.7 (.3)°

and
R, = (3/7)LP = .012
10

Thus we see that ngi B, hence we would accept HO:p=.7 .

From the above discussion, we see how useful this
type of test of hypotheses can be in applied problems.
Our aim in the treatment of the procedure here is to ac-
‘quaint the reader with some of the basic techniques which
can be implemented in testing hypotheses of this nature.
A more advanced and complete development of the theofy

concerning this concept can be found in [6}.
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