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CHAPTER I 

INTRODUCTION 

1.1 General 

The use of prestressed concrete beams in blast resist­

ant construction has seen limited applications due to the 

lack of knowledge as to the response of these members when 

subjected to a highly impulsive load. Studies by the Naval 

Civil Engineering Laboratory (1) indicate that prestressed 

concrete beams may be used to advantage for this. type of 

construction. 

This investigation is justified by advantages which 

can be achieved through the use of prestressed concrete; 

little or no permanent deflection at loads near their ulti­

mate load; savings in steel, concrete, and clearance that 

can be obtained through the use of these members. 

1.2 Statement of the Problem 

The response of pretensioned prestressed concrete 

beams subjected to impulsive loads concentrated at the 

third points is inve~tigated. Many static tests nave been 

conducted on prestressed concrete beams, but very little 

information is to be found on the dynamic response of these 

members. 
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The purpose of this study is to determine experimen­

tally the general benavior of prestressed members. 

1.3 Historical Review 

, The literature survey was not limited to impulsive 

testing of prestressed concrete beams but also included 

impulsive testing of concrete and steel specimens. 

2 

The earliest destructive experiments on engineering 

materials consisted of falling weights stopped suddenly by 

a wire attached to an anvil (2). These tests were made in 

England by Dr. John Hopkinson in 1872 and later refined by 

his son, Bertram, who observed that iron wire could be 

stressed beyond its static breaking load and still remain 

elastic (3), provided the duration in which the stress ex­

ceeded the elastic limit was less than .001 second. Eaton 

Hodgkinson worked on the'"horizontal impact on a beam" in 

which he determined the effective mass of a beam for calcu­

lating the common velocity of the striking body and of the 

beam immediately after impact to be one-half of the mass of 

the beam (4) ~· 

The effect of velocity of impact o~ the resulting dis­

tortion energy was investigated in a series of tests by 

Charpy and Cornu-Thenard in 1917 (5). They varied the ve­

locities of impact from 2.5 to 21.5 feet per second, and 

were able to measure no appreciable difference so dis­

counted velocity as being·of any great importance. 

The United States Bureau of Standards, in 1929, tested 



reinforcing bars purchased on the open market in an effort 

to determine brittleness. Under the testing procedures 

used (dropping hammers of various weights), none of the 

bars was ruptured but all developed permanent strains (6). 

3 

In 1936, Mann (7) invented an impact machine consist­

ing of a wheel with retractable horns which were released 

at the desired velocity. Breaking energy was measured by a 

pendulum which moved as a result of the impulses imparted 

to it through the test specimen. Formulas were derived for 

the energy of rupture. 

The first combination of electric resistance strain 

gages, oscillographs, and high speed cameras to measure 

dynamic strains in tensile test specimens occurred in 

1944 (8) • 

These were used by Fehr with an impact machine similar 

to the one developed by Mann. 

After World War II renewed interest in impulsive load­

ing was to come into great prominence. The atomic era in­

creased the interest in dynamic loads and instrumentation 

had been perfected which could measure the experimentally 

applied loads. From Germany, Fink (9), in 1949, presented 

a study made on mild solid steel specimens loaded with im­

pulsive loads. The instrumentation used in these tests 

consisted of oscilloscope and strain sensitive carbon ele­

ments. 

In 1952, Vivian, in England, designed a tension impact 

test for steel specimens (10). Falling weights were used 
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to break the specimens and an air cushion was used to meas­

ure the residual energy. An attempt was made to distin­

guish between uniform energy and necking energy. 

Penzien and Hansen (11) at the Massachusetts Institute 

of Technology reported upon dynamic yield stress in con­

crete beams. They found an increase of approximately 35 

per cent for dynamic loading. 

Mylrea studied impact on reinforced concrete beams at 

the University of Delaware (12). Beams with different 

grades of reinforcing steel were tested. He found that 

rail steel was as resistant to impact as structural grade 

steel. 

Speth (13) reported on bombing damage to reinforced 

concrete. He showed that the kind of reinforcement influ­

enced the resistance very little, while the concrete qual­

ity had a significant influence upon resistance. 

Massachusetts Institute of Technology compared the 

static and dynamic ~lastic behavior of reinforced concrete 

beams. These beams were loaded dynamically with the use of 

a gas cylinder (14). 

Mavis and Richards (15) at Carnegie Institute of 

Technology reported on reinforced concrete beams with dif­

ferent grades of reinforcement. They reported that damage 

and permanent set in all beams reinforced with structural 

grade steel exceeded the damage and permanent set in beams 

reinforced with hard grade steel. 

In a further report 1 Mavis and Greaves (16) reported 
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on a series of experiments involving pairwise destructive 

tests of beams reinforced with intermediate or structural 

grade steel compared with beams reinforced with hard grade 

steel. 

Stewart (17) reported on individual reinforced con-

crete beams, loaded with a dynamic load to destruction, re-

inforced with various grades of steel and different per-

centages of steel. 

The literature survey has produced very few reports on 

dynamic testing of prestressed concrete beams. Magnel (18), 

in Belgium, reported on a few impact tests that he per-

formed. His tests consisted of dropping varying weights 

from different heights on prestressed members. The British 

Building Research Station (19) has also performed a few 

tests on prestressed concrete members but these tests do 

not appear to be relevant to this project. In a further 

report (20) the British have listed a series of general 

observations for prestressed and reinforced concrete mem-

bers. 

The U.S. Nava1 Civil Engineering Laboratory has com-

pleted a series of tests on prestressed concrete beams, 

both post-tensioned (21) with straighi unbonded bars and 

pretensioned (1) members. In this testing program the 

beams were loaded with a simulated blast load (22). They 

reported that permanent deflections are not produced by 

dynamic loads of less than 85 per cent of failure load; 

that there was no tensile stress produced by dynamic 



loading in the top fiber of the beam; and that a single 

degree of freedom system may be used to represent the beam 

in the elastic range, 

Wadlin and Stewart (23) reported on a ~eries of tests 

that were conducted at Carnegie Institute ot Technology. 

They compared prestressed and conventionally reinforced 

concrete beams of the same size subjected t~ static and to 

cyclical impulsive loadings. 
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CHAPTER II 

EXPERIMENTAL WORK 

2.1 Dynamic Testing Machine 

The dynamic testing machine used for this series of 

tests was originally constructed in 1958 for a testing pro­

gram on concrete beams reinforced with rail-bar steel. It 

is similar to the machine described by Stewart in his 

thesis. During the spring of 1966 the machine was com­

pletely rebuilt and the instrumentation for recording all 

dynamic measurements was completely changed. All measure­

ments were recorded directly on magnetic tape, the output 

of which was fed into a strip chart recorder to obtain a 

printout of the continuous functions that had been meas­

ured. 

A schematic diagram of the dynamic testing machine is 

shown in Figure 1. The machine is composed of two struc­

tural groups; the static or supporting structure, and the 

moving or load applying structure. The supporting struc­

ture consists of the base beam (A), the reaction support 

column (B), the guide columns (C), the column bracing 

arrangement (D), and the reaction rings (H). The moving 

structure designed to apply the dynamic loading to the test 

specimen (K) consists of encased springs (F), the needle 
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Figure 1. Schematic Diagram of the Dynamic Testing Machine 
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beam (E), the loading yoke (J), and the load rings (I) 

which apply the load to the specimen. Prior to each test 

the trip jack (G) holds the entire dynamic load. 

9 

The machine was designed to test beams having a center 

to center span of 8 feet O inches and weighing up to 2000 

pounds. The load is applied at the third points of the 

specimen. The total height of the machine from floor to 

the top of the beam specimen is 6 feet 2 inches, the length 

is 9 feet O inches and the width is 3 feet 6 inches. 

2.2 Instrumentation 

The instrumentation used in this testing program was 

designed to record all dynamic measurements on magnetic 

tape. As a supplement, the dynamic measurement of the load 

ring was recorded on film through the use of a high speed 

camera. 

The load and reaction values to be recorded were ob~ 

tained from calibrated steel rings upon which electric 

strain gages had been mounted. Each of the rings consisted 

of a Wheatstone bridge, in which the compression zone gages 

were wired in opposite legs of the bridge and the tension 

zone gages completed the bridge. Thus, all legs of the 

bridge added together to provide the necessary change in 

voltage to be measured. 

The deflection of the beam was measured with a 

Sanborn (24v DCDT) displacement transducer. A minor prob.­

lem was encountered with the output of the transducer, the 
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maximum output voltage occurring with maximum displacement 

of the transducer core amounted to 13 volts, whereas the 

maximum voltage input to the magnetic tape recorder was 

limited to 3 volts. To overcome this, two resistors, one 

9K and the other lK were connected in series across the 

output of the transducer. The input of the magnetic tape 

recorder was then measured across the lK resistor. The 

wiring diagram of this is shown in Appendix A, Figure A-1. 

The resistor setup performed with no difficulties whatso­

ever. 

Two strain gages were mounted on the top face of the 

beam to measure the compression of the concrete. These two 

active gages were connected with two inactive gages to form 

a bridge. This is shown in Appendix A, Figure A-2. The 

output of this bridge was fed into the recorder through an 

amplifier. 

All wire used for the circuits was shielded cable, but 

it was found necessary that the shielding on all lines be 

connected to the low side on all of tbe input lines.to the 

recorder. This is shown on the sketches of the various 

circuits in Appendix A. The transducer was extremely sen­

sitive to this problem. 

The entire instrumentation setup consisted of four 

major units; the recorder, the power supplies, the ampli­

fiers, and the Wheatstone bridges. In setting up the in­

strumentation a problem in securing a common ground oc­

curred several times. It was found that all units had to 
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be connected to one and only one ground. Once a common 

ground was secured the dynamic testing machine was also 

grounded; this eliminated static that had been recorded 

from the reaction ring before grounding because the testing 

machine had been acting as an antenna. 

Each of the bridges received power from a D.C. power 

supply (Harrison 801 C) which had been mounted in the 

recording cabinet. The voltage chan~e measured at the 

bridge was fed into a data amplifier (Sanborn 8875A) and 

then onto the magnetic tape. The recording system used was 

a Sanborn model 3907A Magnetic Data System. This system 

provided the capability of recording at a high speed and 

playing the output back at a much slower speed, The output 

of the tape system was fed into a Sanborn model 320 strip 

chart recorder for a visual plot of the data. The tape 

system provided a maximum reduction factor of 32 from input 

to output. 

In addition to the tape system, the unbalanced bridge 

voltage of the load ring was fed into an oscilloscope where 

it was displayed as an oscillating dot of light on the tube 

face. This was done in order to have a correlation between 

the film record of the action and the bridge output. 

Through an arrangement of mirrors, shown in Figure A-5, 

Appendix A, the image of the oscilloscope was reflected 

onto the front lens aperture of the high-speed motion pic­

ture camera. The camera was running at approximately 2000 

frames per second. 
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In order that the trace of the load ring be in correct 

sequence with the pictures of the beam the input to the 

oscilloscope had to be taken from the output of the ampli­

fier. The output of the recorder was first used but it was 

found that the delay time between record and play back 

(approximately 1/60 second) of the recorder gave a delay of 

the dot action on the film. No problem was encountered 

after the input was taken from the amplifier. 

The camera was oriented in such a manner that the 

oscilloscope image was displayed on the film above the pic­

torial action of the beam specimen. Deflection of the test 

beam was also observed by using a fixed reference line 

above the dynamic testing machine. The refererice line 

appeared on the photographic record as a white strip above 

the specimen. 

2.3 Load and Reaction Rings 

The reaction ring at the left end of ,the beam was 

instrumented for measurement of the dynamic reaction., The 

ring was a continuous ten inch length of six-inch diameter 

extra strong steel pipe plug-welded to a steel plate. 

Three foil strain gages were mounted in the compression 

zone on both sides of the inside of the ring and in the 

tension zone on the outside of the ring, all at mid-height, 

a total of twelve gages. Each set of' three gages was con­

nected in series to form one leg of the Wheatstone bridge. 

This is shown in Figure A-4, Appendix A. 
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The load ring at the left hand third point was also 

instrumented for measuring the applied dynamic load. The 

ring was an eight inch section of double extra strong steel 

pipe. The eight inch length was cut twice to make three 

sections. The intention of this was to provide more sensi­

tivity for the ring. In this program only the middle third 

of the ring was required for the loads used. Four gages on 

the ring formed the bridge used for measurement of the 

applied load, this is shown in Figure A-3, Appendix A. 

Before the testing program was started and during the 

program, both rings were calibrated to see that their char­

acteristics did not change. The rings were placed in a 

Baldwin testing machine and supported as they were during 

the testing program. The load was applied to the rings and 

a trace of the load was obtained from the strip recorder. 

Repeated loading of the rings provided a straight iine cal­

ibration trace. Calibrations performed during the testing 

program showed no change from the original calibrations. 

2.4 Description and Construction of Test Members 

Nine simply supported pretensioned concrete beams, 8 

inches wide by 10 inches deep and 9 feet long, were tested. 

Two were tested statically and seven were tested dynam­

ically. The clear span length was 8 feet O inches. They 

were des~gned to carry a total moment 360,000 inch pounds. 

This design was based upon static equilibrium. High 

strength concrete with a minimum 28 day strength of 5,000 
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pounds per square inch was specified. 

Five of the prestressed beams were cast July 11, 1966 

and the remaining four were cast July 13, 1966 by the 

Structural Concrete Products Corporation at their Auburn, 

Maine plant. The mix proportions used were those developed 

by Structural Concrete Corporation for use in prestressed 

concrete building construction. As supplied by the 

Structural Concrete Corporation, the mix per cubic yard of 

concrete consisted of: 

water 34.75 ,als. 

cement, type III 752 lbs. 

sand 1150 lbs. 

coarse gravel 1900 lbs. 

which produced a slump of two inches. 

Six standard test cylinders were cast for each of the 

two casting days. These cylinders were tested upon release 

of the prestressing strands, at 7 days and at 28 days. The 

ultimate concrete compressive strength is shown in Table I. 

This value is the average of two cylinders. 

The beams were reinforced with 5, Roebling 1/4" ASTM 

Grade 7-wire uncoated stress-relieved prestressed concrete 

strands, all placed in the bottom of the beam. Two No. 3 

deformed reinforcing bars were included in the upper por­

tion of the beam. The beams also were reinforced with No. 

3 stirrups placed 6 inches center to center. The stress­

strain curve for the prestressing steel is given in 
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Figure 2. The dimensions of the beam and location of the 

reinforcement is shown in Figure 3. 

TABLE I 

ULTIMATE COMPRESSIVE STRENGTH OF CONCRETE 

Ult. Compressive 
Mix Age Strength Psi 

July 11 release (l day) 3400 

7 days 5378 

28 days 5777 

July 13 release (1 day) 4300 

7 days 5650 

28 days 5976 

The beams were identified by serial numbers and 

letters. The first letter described the manner of testing; 

D for dynamic and S for static. The letter was followed by 

a number which designated the order of testing. Thus, D-3 

was the third beam tested dynamically. 

2.5 Test Procedures 

Static and dynamic flexural tests were both employed 

in this program. An attempt was made to determine the 

dynamic load at which the beams were on the verge of fail-

ure. This ultimate dynamic load then could be compared 

with the ultimate static load. 

One prestressed concrete beam from each of the sepa~ 

rate castings was tested to destruction in a static testing 
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machine; the remaining beams were tested dynamically. The 

static tests were conducted before the dynamic testing pro­

gram began. This was done to compare the strength of the 

test specimen against the design strength; and to determine 

the magnitude of the compressive strains in the extreme 

fiber of the concrete. This information was needed in 

order to determine the voltage that could be used in the 

Wheatstone bridge measuring the compressive strains. 

Static Tests. Strairi gages were mounted on the upper 

surface of the beam specimens. The beams were tested to 

destruction in a 150,000 pound compression machine by 

applying the load in 1000 pound increments to the third­

points of the beams. The midspan deflection and the 

strains from the two gages were recorded. A plot of load­

deflection and load strain for each of the beams is shown 

in Appendix D. 

Dynamic Tests. The dynamic testing program was 

started using the information obtained from the static 

testing program. It was not possible to cause dynamic fail­

ure with a load equal to the static failure load; the load­

ing had to be increased to obtain the dynamic failure, 

Some loads that were applied were greater than the ultimate 

dynamic strength of the beams; these resulted in spectac­

ular failures as far as the films were concerned. 

The actual procedure of dynamic testing will be out­

lined so that the reader may understand how the testing was 

done. 



1. Load and reaction rings were calibrated, then 

mounted on the testing maching. 

2. The top surface of the beam was ground to a 

smooth finish and the strain gages applied. 

3. The beam was centered on the reaction rings. 
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4. With the aid of a hydraulic jack, one end of the 

beam at a time was raised off the reaction ring. 

A 3/8 inch plate covered with a thick coat of 

plaster of Paris on its top surface was placed 

on the reaction ring. The jack was released so 

that the beam would seat firmly in the plaster 

of Paris. 

5. Plates were then placed on the top surface of 

the beam at the third points in the same manner 

to act as bearing plates for the load rings. 

6. The load rings were then slipped over the load­

ing yoke rods. The nuts to hold these rods were 

not put on until the last in case the trip for 

the loading mechanism might slip. 

7. The shielded cables to the strain gages mounted 

on the top face of the beam were connected and 

all leads soldered. All other cables were con­

nected with Cannon connectors. 

8. A plate to anchor the displacement transducer 

rod was cemented to the top surface of the beam 

between the two compression gages. 

9. The middle third of the beam was painted with 



white latex paint to provide a better contrast 

in the pictures. The center line was marked 

with a black triangle and the beam's serial 

number was added. 
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10. The magnetic tape recorder and oscilloscope were 

turned on to allow at least one hour warm up 

time. All voltages of the power supplies were 

checked. 

11. The transducer rod was connected and the case 

holding the transducer adjusted to the correct 

height to obtain maximum negative deflection 

voltage. Thus, during the test the total stroke 

of the rod would have a maximum range from the 

maximum negative to the maximum positive voltage. 

12. A black backdrop screen was moved into place be­

hind the beam and testing machine. This, along 

with the white surface of the beam, provided the 

contrast needed in the pictures. 

13. The view of the camera was checked and a strip 

of focusing film used to check the focus of the 

lens. 

14. A light in position to illuminate a slit in the 

backdrop was turned on and the alignment of the 

oscilloscope dot with the slit was checked. This 

acted as a reference to measure the travel of the 

load ring oscilloscope dot during testing. 

15. Using two hydraulic jacks, the needle beam was 
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rafsed into position, compressing the springs 
! . 

used to apply the load. 

16. The trip jack was centered on the base beam under 

the needle beam and its lifting shaft was raised 

into position. 

17. The hydraulic jacks were simultaneously released 

placing the entire load of the springs on the 

trip jack. The needle beam was checked to see 

that it was level. If not, steps 15, 16, and 17 

were repeated until the needle beam remained 

level. 

18. A plate was inserted between the load ring and 

the load ring bearing plate so that only the 

middle third of the load ring was in contact ·with 

the bearing plate. The nuts were now put on the 

loading yoke rods to hold the load rings in 

place. 

19. All measurements were checked to make sure that 

the loads were applied exactly at the third 

points. 

20. 
i 

The film was placed in the camera and the photo 

flood lights were turned on. 

21. A check was made to see that the amplifiers were 

set at the corr~ct readings and to see if ali' 

bridge power supplies were c~nnected. ,The mag-

netic tape recorder was turned to record. 

22. The trip on the trip jack was set and a long 



steel rod inserted into the jack handle. 

23. The camera operator started a count and turned 

the camera on at the count of three. 
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24, When the count reached five, the jack was tripped 

and the test was conducted. 

25. The camera automatically shut off after 100 feet 

of film had passed. 

26. The tape recorder was turned off; Polaroid pic­

tures were taken of the beam in the deflected 

position and the photo lights turned off. 

27. If the beam had not been completely destroyed, 

the needle beam was raised to remove any load 

remaining and the permanent deflection was 

measured. 

28. The film was removed from the camera and the 

bridges were disconnected. 

29. The specimen was removed from the loading machine. 

30. The slower speed cards were inserted into the 

tape recorder and a trace of the Wheatstone 

bridges was recorded on the strip recorder. 



CHAPTER Ill 

THEORY 

3.1 Static Load-Deflection Curve 

To simplify the calculation of the static load~deflec­

tion curve the following assumptions were made: 

1. A plane section before bending remains plane for 

all loadings. 

2. Concrete tension stresses are negligible. 

3. The stress-strain relationship for concrete in com­

pression is given by idealized curve (24) as shown 

in Figure 4. 

4. The concrete and mild steel strains are constant 

throughout the portion of the beam in which yield 

has occurred. 

5. Ultimate load and deflection are reached when the 

outer fibers of concrete in compression reach an 

ultimate strain, 

6. Deflections due to shear strains and diagonal ten­

sion cracking are neglected. 

With these assumptions the conc;rete stresses after the 

prestressed loads were transferred to the beam were taken 

as: 

· 23 
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a, compression stresses in the top fiber ft. 0 
Cl. 

b. compressive stresses in the bottom fiber, 

fb. 
Cl. 

= 1044 psi 

As the beam was loaded on the top surface, compressive 

stresses were increased above the neutral axis and the com-

pressive stresses were reduced below the neutral axis. 

Stress diagrams for the two conditions are shown in Figure 

5. 

Prestress Steel 

The idealized stress-strain diagram for the prestress 

steel is shown in Figure 6. Point "a" represents the level 

of stress just prior to loading, point "b" the stress level 

in a loaded condition. Tne value of the steel stress was 

then computed as follows: 

a. Elastic Range 

f = f + (d-a) E 
b a a ec s' 

where d and a are defined in Figure 5. 

b. Plastic Range 

When the beam was loaded into the plastic range 

the modulus of elasticity was reduced to E'. s 

Mild Compression Steel 

The stress in the compression steel within the elastic 
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range was 

f' :;:: f' . 
V S1 

e 
C 

(a".""d') 
a Es 

where f'. was the stress in the compres~ion steel at pre­
s1 

load. 

In the plastic range, the stress was assumed to be a 

constant, f; = -fy, the yield strength of the steel. 
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The forces acting on a free body diagram were computed 

by multiplying the area of the steel by the stress in the 

steel. 

The total tension force in the tension steel is: 

T = Ass ~Si+ 
{d-a) 

ec Es] a 

in the elastic range and 

T A { f + ~Si {d-a) ·. e 
e J E'} ss yp Es + a C . yp .. s 

in the plastic range. 

The total compression force in the compression steel 

is: 

C' = A' ~ . - e 
S S L S1 C 

in the elastic range and 

C' = A' (-f ) s s y 

in the plastic range. 

{a-d') 
a 

The comp~ession force of the concrete, Cc, was 

expressed as (25): 
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Ce = mba cc $: .85 f" 
C 

1 re (2f" + f ) f e 0J Co s e s e ) m --
3ec C C· C C C 

1 [? (3e + e > 
C 0 

f (e - e ~ (e s s e ) m = '2e 3 + ec 
C 

C C 0 0 u 

where 

C f 12 f~ 
f " = [ 3900 + 0.35f~ , J 

3000 + 0.82f~ - 26-000 

and 

e = 2f'·'/E . 
0 C C 

The modulus of elasticity of the concrete was taken as: 

E = 1,800,000 + 460f' 
C C 

and the ultimate concrete strain as 

f I 

e 0.004 - C 
U 6.5 X 106 • 

To locate the neutral axis the sum of all forces was 

set equal to zero. This provided a quadratic equation in 

terms of a. 

T + C~ +Cc= 0 

Summing moments about the tension steel gave the resisting 

moment. 

M = c~ (~-d') + cc (d-k2a) 

. . 

The applied load was found from the equation P 3M = r. 
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Deflection at midspan could be found by any of the many 

meth0ds for an elastic member, provided the beam had not 

yielded. After the beam yie ld.ed the unit rotation diagram 

meth'dd was adapted (25). Figure 7 sh,ows the loaded beam, 

the moment diagram, and the unit rotation diagram at ulti-

mate load. As calculated in Reference 25, the width of the 

plastic hinge was: 

1 2 Po 
z = "3' + "3' c1 - r> 

and the maximum ordinate of the unit rotation diagram was 

(ec + es)/d. The midspan deflection of the beam was: 

Mo L2 (l-z) 2 (ec + es)zL2 (1 - 0.5z) 
~ = + cl 12EI 4d 

An example of calculating the theoretical static load 

deflection curve up to ultimate load is given in Appendix D. 

3.2 Dynamic Deflection - Time Curve 

The differential equation of motion of a simple sup-

ported beam was converted to a single degree of freedom 

system and solved. 

II 

mey + cy + ky = F(t) 

The forcing function F(t) produced by the Dynamic 

Testing Machine was a decaying cyclical function and can be 

expressed as 

F (t) - at F 1 (1-e cos Bt) 
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where F1 is the force remaining on the beam after the sys­

tem comes to rest. 

Solution of the homogeneous equation yields 
. ·~i. , . 

where A and B' are arbittary constants deperidirtg on the 

bounda~y conditions. 

D~fining the critical dini~ing ~oefficient cc as 

a nondim·ensional' ratio referred .to as the. damping ·factor.·· 

is obtained: 

'! = 

Ma~ing, tµis substitution into the homogeneous equation 

solution yields 

When . the damping is light ( 'f < i. 0) the radical is 

imaginary ands is written as 

'. 
and the solution becomes 
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The particular solution to be added to the homogeneous 

solution is 

y = p 
Fl Fl 
~+ me 

where (/> is 

2 - B2 Q' 

and () is 

-2 a B + 

- at e 

a C - --+ 
m~ 

cB 
me 

( r/> cos Bt + O sin Bt) 

k 
me 

The complete solution now becomes 

- Q' t F 1 _F 1 e 
+ -r- + · ( r/> cos Bt + O sin Bt) • 

A m ((/>2 "'"' 8 2) 
e 

The damping factor Y is obtained from the equation (26) 
I 

j 6 ln (X /x. 1) n n+ 
=~=--2---

where the logarithmic decrement 6, is defined as the natu-

ral logarithm of ·the ratio of any successive deflection am-

plitude of the deflection-time,·strain-time or other 

response curv~. 

An example of calculating the theoretical dynamic load 

deflection curve is given in Appendix E •. 



CHAPTER IV 

RESULTS AND DISCUSSION 

4.1 Static Tests 

Two simply supported beams S-1 and S-2 were tested to 

failure. Both beams failed completely after an initial 

compression failure of the concrete. Once the concrete had 

failed in compression, the displacement increased at an 

increasing rate with a decrease in load. Complete failure 

occurred with the breaking of the strands. The strands in 

both beams broke in the same manner; one strand would break, 

then with an increase in deflection the remaining strands 

would break. 

During the testing of beam S-1, the third point load­

ing rig slipped in its position and started to show exces­

sive deflection after a load of 20 kips had been applied. 

The load was removed and a permanent beam deflection of 

0.072 inches was measured. The loading rig was repaired 

and the load was once again applied. The beam acted as an 

elastic member, with a section modulus as computed from a 

transformed section, during reloading up to a load equal to 

the original 20 kip load. This is shown in Figures D-1 and 

D-2 in Appendix D. With continued loading it was found 

difficult to hold the load at a constant value due to the 

34 
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increased deflection of the beam. This was caused by yield-

ing of the steel in the beam. 

The experimental response curves for the beams are 

shown in Appendix D. An example of the theoretical static 

load deflection curve up to ultimate load is also given. 

4.2 Dynamic Tests 

The seven remaining beams were tested dynamically. A 

summary of the dynamic test data is tabulated in Table II. 

Pictures of the beams after loading are shown in Appendix C. 

Test 
Beam 

D-1 

D-2 

D-3 

D-4 

D-5 

D-6 

D-7 

Maximum 
Dynamic 

Load Kips 

· 22. 7 

32.5 

33.l 

29.9 

31.2 

29.9 

26.6 

TABLE II 

SUMMARY OF DYNAMIC TESTS 

Maximum 
Deflection 

inches 

1.05 

2.15 

1.94 

1.88 

1.40 

Time of 
Max. Defl. 

msec. 

39 

36 

45 

48 

31 

46 

44 

Permanent 
Deflection 

inches 

0 

.40 

,32 

.47 

.38 

The response curves for the beams are shown in 

Appendix E. The information as shown was recorded directly 

on magnetic tape during the tests, then later recorded 

through a strip chart recorder. 
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A comparison of the output of the tape system and the 

16 mm film showed identical resul.ts. A trace of the output 

of the load ring gages on the film enabled this comparison 

to be made. The films were projected onto a screen by a 

time and motion study projector equipped with a frame 

counter and a manual hand crank used for advancing the film 

one frame at a time. The film was run until first movement 

of the oscilloscope dot was observed. The projector was 

stopped and the film cranked backward until frame zero was 

established. The film was then advanced one frame at a 

time for the analysis. A plot of the oscilloscope dot move­

ment was the same as that obtained through the recording 

system, as expected. 

Referring to Appendix E, it can be seen that the gen­

eral patterns of the load and reaction curves are very 

similar for all tests. The load was applied very rapidly 

reaching its initial peak in 0.005 seconds. As the beam 

moved downward from this initial impact, the applied load 

was reduced as the beam accelerated from the load ring. 

This reduction continued until the applied load reached a 

minimum value, usually about 50 per cent of the initial max­

imum peak load. As the beam acceleration decreased, the 

load again increased. This cyclic loading continued in a 

decaying manner until the beam either came to rest support­

ing the load or failed. 

The reaction ring reacted in much the same manner. 

There occurred, in each of the tests, a time lapse before 
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the reaction started to build up. This time lapse was 

approximately 0.0025 seconds for each of the beams. This 

time closely approached the time required for a shock wave 

to travel from the load ring to the reaction ring through 

the atmosphere, approximately 1100 feet per second. Before 

a build up of the reaction there was a very small negative 

value. This negative value never became as large as one 

half of the weight of the beam, thus the beam never lost 

contact with the reaction ring. 

The reaction values showed a very rapid increase but 

did not attain maximum value until the beam had oscillated 

several times. The oscillations continued, in a decaying 

manner, until the beam came to rest or failed. 

The variation of displacement compared with the 

applied load can be seen on the response yurves, Appendix E. 

Beams D-2 and D-5 both failed during the testing, therefore 

providing very little usable information as to deflection 

characteristics. The general pattern of behavior is sim­

ilar for the remaining beams. The first deflection peak 

was usually attained in 0.04 seconds after the initial 

application of the load. During this time, the load-time 

curves show that approximately five cycles were completed. 

Following the first deflection peak, the beams vibrated in 

the cyclic manner characteristic of a damped system. Upon 

removal of the load rings, the permanent deflection was re­

corded and was extremely small, in some cases less than the 

original camber, so that the final unloaded position of the 
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beam was still above the horizontal. 

As the beams were unloaded, the cracks present iii the 

tensile zone under load completely closed. Cracks which 

extended as much as 7 1/2 inches into the 10 inch depth 

closed so tightly that they were difficult ·to locate. 

The applied dead load and live load moments acting on 

all beams were computed from the physical characteristics 

of the beams and the known loads. These applied moments 

were compared with the theoretical ultimate static moment. 

The ultimate static moment was computed using the 

A.C.I. Code (27) without the capacity reduction factor~, 

and is: 

where q is defined as: 

f 
SU 

q=pyr-
c 

The comparison between the actual and theoretical ulti-

mate static moments is shown in Table III. 

Test 
Beam 

S-2 

S-1 

TABLE III 

THEORETICAL AND ACTUAL STATIC MOMENTS 

Computed Ultimate 
Moment Kip~inches 

_364.0 

.363.1 

Actual Breaking Moment 
Kip-inches 

370.0 

368.6 

.. The ratio of the applied dynamic moment to the 
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theoretical ultimate static moment is shown in Table IV. 

TABLE IV 

RATIO OF APPLIED DYNAMIC MOMENT TO 

THEORETICAL STATIC MOMENT 

Test Applied Dynamic Moment Md 
Beam Kip-inches R; Remarks 

D-1 363.2 1.00 no failure 

D-2 520.0 1.43 complete failure 

D-3 529.6 1.46 verge of failure 

D-4 478.4 1.31 partial failure 

D-5 499.2 1.37 complete failure 

D-6 478.4 1.31 verge of failure 

D-7 425.6 1.17 no failure 

One of the main objects of this study was to try to 

find the critical ratio of dynamic ultimate moment to 

static ultimate moment. It was extremely difficult to 

determine the point at which the impact loading brought the 

beam to the verge of failure. Of the seven dynamic tests, 

three tests appeared to bring the beam to the verge of fail-

ure or partial failure. For purposes of this study, 

partial failure will be defined as cracks forming in the 

horizontal plane at the boundary of the compression zone as 

a prelude to the concrete in that area breaking away. The 

verge of failure is defined the same as partial failure but 

with the addition of chipping of the concrete as if the 

breaking away was imminent. Beams D-3 and D-6 both were 



40 

classified as being on the verge of failure; Beam D-4 was 

classified as partial failure. Beam D-1 did not form hor­

izontal cracks and Beam D-7 showed the slightest beginning 

of these cracks. 

From the ratio of dynamic ultimate moment to the static 

ultimate moment of Beams D-3, D-4, and D-6, it can be seen 

that an average of 35 per cent greater dynamic moment is 

required to cause failure of the member, see Figure C-3. 

The number of tests was not sufficient to provide conclu­

sive proof of this 35 per cent figure, but would lead one 

to believe that this would be in the upper range that could 

be expected. This is an area in which further investigation 

should be done. 



CHAPTER V 

FINDINGS AND CONCLUSIONS 

5.1 Summary and Conclusions 

This test program shows that pretensioned prestressed 

members have excellent qualities for this type of loading. 

The recovery characteristics are exceptional; the capacity 

to carry the dynamic effect appears to be about one third 

greater than for static loading; and the members are much 

smaller and lighter than reinforced concrete members. 

1. The time lapse between load and reaction build 

up was small and could be predicted by the 

velocity of the shock wave moving through the 

atmosphere. 

2. Maximum load was attained during the first 

cycle, whereas maximum reaction was not reached 

until after several'cycles. 

3. Maximum deflection occurred after several cycles 

of loading had occurred and at approximately the 

same time that maximum reaction occurred. 

4. The reaction and displacement curves were ~ery 

similar in their nature. 

5. The recovery of the members was excellent. 

Cracks, which had extended 75 per cent into 
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the depth of the member, closed upon removal of 

the load, so that they were difficult to locate. 

6. The permanent deflection was extremely small 

even when loaded as much as 30 per cent over 

the ultimate static moment. 

7. The ultimate static moment, as computed by the 

A.C.I. Code without the capacity reduction 

factor, was the same as the actual static moment 

when the value of fsu was determined by tension 

tests in the laboratory. 

8. The ratio of ultimate dynamic moment to ultimate 

static moment had an upper range of about 135 

per cent. Thus, it appears that it would be 

possible to compute the ultimate static moment 

and increase this by about one third to predict 

the ultimate dynamic moment. 

9. The theoretical calculation of the static deflec­

tion curve closely approximates the experimental 

deflection curve. The unit rotation diagram 

used after initial yield of the steel predicted 

very closely the maximum deflection. 

10. The assumed single degree of freedom system for 

dynamic loading can be used to predict the 

response of the member after the section has 

cracked. 
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5.2 Extension of Work 

This work should be extended to include the testing of 

more members in order to confirm the one third figure as 

reasonable for prediction of the dynamic ultimate moment. 

Additional work would include the testing of members 

with various sizes and percentages of steel. 

A major testing program might go so far as the testing 

of a rigid frame to find the effect of the impulsive load 

on columns and connections. 

The application of loads at various loading frequencies 

should be investigated. 

Since no permanent effect could be observed with the 

application of a single dynamic load equal to the static 

load, a program of repeated dynamic loadings at the static 

load should be investigated. 
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SHIELD ON INPUT CONNECTED 
TO LOW OF OUTPUT .. 

INPUT 
24V DC 

. OUTPUT 
13V DC MAX .. 

OSCILLATOR,. 
DEMODULATOR, 
AND FILTER 

DISPLACEMENT 

TO RECORDER 
THROUGH AMPLIFIER 

SHIELD AND LOW · 
CONNECT TOGETHER 
lt,JSIDE RECORDER 

9K 

1 K . 

SHIELD CONNECTED 
TO LOW 

GROUND TO 
TESTING MACHINE 

Figure A-1. Circuit for Displacement Ttansducer 
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· .. · LOAD RING .. 

LOCATION. OF ACTIVE GAGES 

ACTIVE GAGES 

POWER 

TO RECORDER 

POWER 

Figure A-2. Circuit for Bridge of Gages on Member 



GAG~S No. 2 ANO 4 .. 

No. I ANO 3 

FROM. 
POWER SUPPLY 

AMPLIFIER 
SHIELD CONNECTS TO 
LOW OF OUTPUT . 

. 1.,. 1, _______ TO OSCILLOSCOPE 

TO RECORDER 

Figure A-3. Circuit for Load Ring 
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TO · RECORDER 
THROUGH AMPLIFIER 

LEGS l ANQ 3 ON OUTSIDE 
OF RING .. ·. 

LEGS 2 AND 4 ON INSIDE 
OF RiNG . 

3 GAGES, 120 OHMS EACH, CONNECTED 
IN .SERIES TO. FORM EACH .LEG OF BRIDGE 

FROM I. 
. 2. POWER SUPPLY 

4 

SHIELD CONNECTS TO .J 
LOW OF OUTPUT _ 

Figure A-4. Circuit for Reaction Ring 
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OSCILLOSCOPE 

HIGH SPEED 
CAMERA· 

Figure A-f$. Plan View of Camera Instrumentation 

52 



APPENDIX B 

PHOTOS OF TEST SETUP 
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Figure B-1. Dynamic Testing Machine 

Figure B-2. Recorders 
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Figure B-3. Camera Instrumentation 



APPENDIX C 

PHOTOS OF TEST MEMBERS 
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Figure C-1. Beam D-1 After Dynamic 
Load of 22.9 Kips 

Figure C-2. Beam D-2 After Dynamic 
Load of 32.5 Kips 
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Figure C-3. Beam D-3 After Dynamic 
Load of 33.1 Kips 

Figure C-4. Beam D-4 After Dynamic 
Load of 29.9 Kips 
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Figure C-5. Beam D-5 After Dynamic 
Load of 31.2 Kips 

Figure C-6. Beam D-6 After Dynamic 
Load of 29.9 Kips 
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Figure C-7 . Beam D-7 After Dynamic 
Load of 26.6 Kips 

Figure C-8. Beam S-1 After Static 
Load of 23 Kips 
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STATIC TEST RESPONSE CURVES 
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QL--------'----------i---------"--------------~__,J 0 0.5 1.0 1.5 2.0 2,5 

DEFLECTION, INCHES 

Figure D-1. Load-Deflection Curve Beam S-1 
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APPLICATION OF THEORY FOR STATIC LOADS 

To compare the theoretical computation with experimen-

' 
tal values, Beam S-2 was chosen. The properties of this 

beam are: 

h 10 inches Ass 0.178 in 2 

b = 8 inches A' s 
0.22 in 2 

L = 96 inches Es = 28 X 103 ksi 

d = 8 inches EC = 4,5 X 103 ksi 

d' 2 inches E' = 2.5 X 103 ksi 
s 

I 667 in 4 uncracked fsi 141.6 ksi = xx section 
f 250 ksi 

Es 
yp 

n =r 6.22 f 276. 7 ksi u C 
f 40 ksi y 

f I = 5.88 ksi 
C 

Ultimate strain: 

f' 
eu = 0.004 - ~~-c __ __ 

6.5 X 103 
.0031 in/in, 

Dead load weight 83 lb/ft. 

0.85 

3.9 + 0.35(5.88) 

3 + .82(5.88) - c52g8 ) 

f" k f' = 4.51 ksi 
C 3 C 

f II = C 3.83 ksi 

2f" 
e C .00201 in/in 

0 E"' C 

.7667 
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Cracking load~-is .. ·the load ·which causes the concrete to 

crack initially due to bending forces 

= 575 psi 

The initial prestress compression values are Oat the 

top and 833 psi at the bottom of the. beam. The cracking 

moment is: 

Mer= (.883 + .575) 133.4 = 194.5 kip in. 

Dead load moment: 

= 8 kip in. 

Net cracking moment: M 186.5 kip in n 

3M 
Cracking load: Per 

n 5.83 kips ,:;-

Cracking strain: 
Mer 

.000324 in/in e 
ECS er 

Deflection at cracking load: 

23PL3 
Yer= 648E 1 = .061 inches 

C 

The additional deflection in the post cracking range 

is computed at four different concrete strains making use 

again of Reference 25. At the first point let ec 

in/in, which is less thane, and 
0 

.0010 



fc 4.51 ~ <{) - <{> J -3.38 ksi 

m = nb- [i.<2 x 4.51 + 3.38) - 3.38(2.o)] 

1. 88 ksi 

T = 25.24 + 4.984 (B-a) 
a 

Cs= -6.16 <a;2 > 

Cc -mba = -15.04a 

a= 2.387 in 

T = 36.90 kips 

Cs = -1.00 kips 

Cc -35.90 kips 

35.90(7.17) + 1.00(6) 

3M1 . 
pl=-,:;-= 8.23 kip 

Increase in moment after cracking: 

263.47 kip in. 

Mnpl 263.47 - 194.51 = 68.96 kip in 

ba3 2 I=~+ nA (d-a) 
.:> ss = 71.15 in 4 
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.10647 M L2 
n 

ypcl = ~~=E=l~~- .21·in 

Total deflection: Y1 = .06 + .21 = .27 inch. 

Total load on span: 2P1 = 16.46 kips 

At point two in the post cracking range let 

.0015 

4.23 ksi 

m 2.54 ksi 

T 45.13 kips 

cs -.76 kips 

C -44.37 kips 
C 

k 2 a ;77 

M:2 325.35 kip in 

P2 = 10.17 kips 

Total load =.20.34 kips 

T 
x-ss 

253 ksi 

M np2 
325.35 263.47 = 61.88 kip in 

y . = .21 
pc2 

Total deflection Y = .27 + .21 = .48 in 

R::j f 
yp 

Initial yielding is taken at this load and deflection. 
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For the third point in the post cracking range the con-

crete .strain is taken as ec = .002 in/in. Since the steel 

has yielded, T must be calculated using the equation in the 

plastic range. 

a = 2.015 inches 

T 48.61 kips M3 353.8 kip in 

C -.09 kips s P3 = 11. 04 kips 

cc -48.52 kips Total load= 22.08 kips 

z = .38 

.0059 in 

Deflection is calculated using the unit rotation diagram 

Y 1.07 inches 

The concrete strain at point four in the post cracking 

range is taken as ec = .0025 in/in. 

a = 1. 885 in 

. T 49.45 kips 

-49.45 kips 

M4 360 in kips 

P4 = 11.25 kips 

Total load= 22.50 kips 

e = .0081 s 

z = .413 

Y = 1.31 inches 
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Strain Total Load Deflection 

e 
C 

in/in kips inches 

.000324 11.66 .061 

.0010 16.46 .27 

.0015 20.34 .48 

.0020 22.08 1.07 

.0025 22.50 1.31 

The values of ec and total load are plotted in Figure 

D-4, and the values of total load and deflection are plotted 

in Figure D-3. The experimental static load-strain and 

static load-deflection curves are shown also for compari-

son. 
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Figure D-3. Load-Deflection Curve Beam S-~ 
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Figure E-1. Dynamic Response Beam D-1 
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APPLICATION OF THEORY FOR DYNAMIC LOADS 

The response of a simply supported beam subjected to a 

cyclical impulsive loading was snown previously as: 

y 

~ cos Bt + () sin Bt] 

The system is idealized as a single degree of freedom 

system. As shown in Reference 1, the effective mass m is 
e 

taken as 0.78m. 

k 
F (t) 

m e 

' 

C 

Figure E-9. Equivalent Spring 
Mass System 

To apply the theory, Beam D-4 was selected. From 

Figure E-4 the natural period of the beam was obtained from 

the deflection curve as: 

T = 68.9 m sec/cycle 
n 

The logarithmic decrement was also obtained from the 

deflection curve. 

X 
cS = ·1n __ n_ ~ ln 4 = 1.38 

xn+l 



Damping factor: r= 6 = .22 '2'n""" 

Natural frequency: 91.1 rad/sec. 

The spring constant is calculated as: 

k mew2 = 11,170 lb/in 

Critical damping: cc= wn x 2me = 245.24 

Coefficient of damp: C = '! C = 54 
C 

82. 

The spring constant k may be calculated theoretically 

by determining the natural period of vibration (26). 

where L clear span inches 

n = mode of vibration 

A= cross-sectional area inch2 

~=weight of material per unit volume lb/in3 

Ec = modulus of elasticity lb/in2 

I moment of inertia in4 

g = acceleration due to gravity 

Since the beam cracks almost immediately upon impact 

of the load, the transformed section was used to compute 

the area A and the moment of inertia I.· At dynamic loads 

30 per cent greater than the ultimate static load, the 

steel has gone into the plastic range. Review of the 

static load deflection analysis shows that the uncracked 



section has a dimension "a" that varies within limits of 

2.2 to 2.0 inches. Using these figures: 

n = ~:~ = .555 

A 2.1(8.0) + .555(.178) 16.9 inch2 

I 
ba3 2 
~ + n(d-a) · Ass 

8(2.1) 3 2 I 3 + .555(5,9) .178 28.14 inch4 

6673 3 
~ = ~ = .411 lb/in 

16.9(.411) 2.(96) 2 

(1) 2'rT 4.5 X 106 (28.14) 386 

2TI 
wn = ~ = 90.1 rad/sec 

n 

k = m w2 = 10,930 lb/in e 

= .0698 
sec. 

The experimental values were used in the solution of 

the differential equation. 

Inserting the numerical values into the equation it 

becomes: 

83 

y e-2o.o4 t (-1.645 cos 88.8t - .323 sin 88.8t) 

+ 1.624 + e-49t (.021 cos 785.4t 

+ .0081 sin 785.4t) 

Taking increments of .00781 secopds the deflection was 

plotted on Figure E-10, a reproduction of the displacement 

curve from Figure E-4. 
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