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PREFACE 

Methods of deriving virial coefficients are reviewed. Multiple 

linear regression is used in an attempt to derive a generalized 

virial equation of state from Pitzer's compressibility factor 

tabulations. The virial coefficient correlations are derived as 

functions of reduced temperature and the acentric factor. The 

virial equation of state is used to calcu l ate various thermodynamic 

properties, which are compared with tabulated values. 
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CHAPTER I 

INTRODUCTION 

The engineerin g fields have long utilized equat ions of state 

for predicting fluid behavior and calculating t hermody na mic 

properties for desi gn purposes. A reliab le e quation of state wi l l 

eliminate costly and expensive laboratory investi gati ons t ha t 

woul d normally be r e quire d to obtain the n e cessary data. The 

desirable characteristics of an equation of stat e include sim

plicity, accura cy a nd a wide range of a p plic a tion . 

One of the earliest e quations of state was that of van der 

Waals, a two-constant equation which attemp ted to account for the 

action of intermolecular forces (21). Although the van der Waals 

e q uation of state has served many useful purposes , results obtain

ed with it, such as those s h own by Opfell , Pi ngs and Sage (16 ), 

i nd ic a te that it is only an approximation to actual gas behavi or . 

Since the work of van der Waals , over a hundred equations of state 

have been developed wh ich are applicable for various systems and 

ranges of operating condition s (5). These equati ons of state re -

present some de gree of compromise between accuracy and comp l e xity 

and are b a sed upon an empirical corre l ati on with experimental results . 

The Beattie-Bridge man equa tion of state (1) is a five-cons t ant 

equation tha t h a s been wi dely used. Th e reduced form of t h is 

equa tion is va l id up to a bou t the critical density (24 ) . Mor e 

l 



recent developments include the Benedict-Webb-~bln (2), the 

Redlich-Kwong (20) and the Martin-Hou (13) equatio.qs of state. 

Edmister (7) reviewa these and many otq.er equ~tions of st~te 

and discusses their limitations. 

In some instances, an equation of state can be expressed as 

2 

a power series expansion, referred to as .a virial equation of 

state. This form of e .quati.on arose from the study of the mechan

ical behavior of systems of particles by Claussius (14). The 

vi.rial equation in terms of pressure is sometimes called the 

Be.rlin form while the density (reciprocal volume) series expansion 

is referred to as the Leiden form. Virial coefficients have been 

postuJ.ated to be t\1nctio~, of temperature only ( 10). 

In this work, an attempt was made .to derive a generalized 

virial equation of state in terms of reduced parameters. Pitzer's 

generalized compressibili t;, -factors were se.lected for study as 

these values include a third correlating parameter, the acentric 

factor, to characterize PVT v~lues (12, 17, 18, 19). Objectives 

were twofold, first .to ~eriv,e generalzied virial coefficients 

and their correlations, and S1!condly, to inve.stigate different 

meth.'Ods of deriving virial coef'ficients. Mul,tiple linear regression 

(a2) was .used to derive th.ese generalized correlations for the 

sec.ond through t .he sixt,h vir:ial .·-coel.'ficients. Generalized values 

of compressibility factor, fugacity coefficient, and enthalpy were 

c.alculated with the virial equation of state and compared with the 

generalized tabulations .of Pitzer (12, 18). 



CHAPTER II 

DERIVATION OF VIRIAL COEFFICIENTS 

Before discussing the correlation of Pitzer's generalized 

tabulations, previous attempts to derive virial coefficients are 

reviewed. Included are the alternate procedures considered in 

this work and the methods followed by other workers in the field. 

The derivation of a generalized virial equation of state is also 

given. 

Derivation of Generalized Virial Equation of State 

The Leiden form of the virial equation of state is given 

as follows: 

B 
Z = 1 + V + 

c 
v2 

+ 
D 
v3+ 

(1) 

The compressibility factor Z can be expressed as a function of 

the ideal reduced density P, defined as P/P . where P . is the 
r C1 C1 

pseudo-ideal critical density. See Appendix A for nomenclature. 

The conversion of equation (1) into generalized terms is described 

below. 

The volume (density) term in equation (1) is transformed 

into a generalized term by the definitions of the compressibility 

factor, reduced temperature, and reduced pressure: ~ . . 

l p (R~) (z::) (2) v = ZRT = 

3 
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Substituting equation (2) into equation (1): 

Z a 1 + ( ::)( :;J (::;;) ( z::f (::;:) ( z:: r +. • • ( 3 ) 

The generalized term (:;r) is the ideal reduced density Pr. 

The coefficients in equation (3) are generalized virial coeffi-

cients, which, for convenience, are designated as follows: 

b = 

c = 

d = 

BP 
c 

RT c 

CP2 
c 

R2T2 
c 

DP3 
c 

R3T3 
c 

(4) 

(5) 

( 6) 

Substituting equations (4), (5), and (6) into equation (3) and 

Pr for the quantity {z::) yields the generalized virial equation 

of state: 

Z = 1 + bP + cP2 
r r 

+ ••• 

Graphical Methods for Deriving Virial Coefficients 

(7) 

A common technique for deriving virial coefficients is to 

rearrange the virial equation of state, plo~ the data according 

to the rearranged form of the virial equation, and obtain the 

virial coefficients as slopes or intercepts at infinite atten-

uation (zero pressure). 

If equation (7) is rearranged as follows: 

Z-1 = bP r 
2 3 

+ cP + dP .+ 
r r 

(8) 



the limit of this equation at zero density should yield the 

second virial coefficient b as a slope. 

Stuckey (23) has utilized the following rearrangement of 

equation (7): 

Z - 1 - bP r 
2 3 = cP + dP + ••• 
r r 

( 9) 

to derive values for the generalized third virial coefficient c. 

Pitzer's generalized compressibility factors were used from both 

the va por phase and the two-phase region below the critical 

isotherm T = 1. 00 (12, 18). The quantity on the left-hand side 
r 

of equation (9) was calculated using Pitzer's correlation to 

calculate the second virial coefficient bas a f unction of the 

5 

reduced temperature T and the acentric factor LO (12, 19). This 
r 

quantity was plotted against P2 , and values of the third virial 
r 

coefficient c were obtained as slopes at zero density. The 

value s for the third virial coefficient were then correlated as 

a linear function of the acentric factor and as a polynomial 

function of reduced temperature according to a cubic equation in 

inverse reduced temperature. The derived correlation yields 

values of c which agree well with third virial coe f ficients 

derived from other PVT data. 

Another rearrangement of equation (7) is shown as follows: 

Z - 1 
p 
r 

= b + cP 
r 

2 
+ d p + ••• 

r 
(lo) 

The limit of equation (10) yields the second virial coefficient 

bas an intercept as P approaches zero. Douslin has used this 
r 

approach to derive virial coefficients for methane and tetra-

fluoromethane (6). 



Virial Coefficients from Two-Phase 
Compressibility Factors 

6 

To expand the temperature range for which virial coefficients 

could be obtained, the derivation of virial coefficients below 

the critical isotherm T = 1.00 was investigated. The problem 
r 

involved is that PVT data below the critical isotherm can not be 

represented by a continuous function. A line of constant temper-

ature on a P-V plot is discontinuous as it passes from the liquid 

pha se into the two-phase region and from this phase into the vapor 

pha s e. A typical P-V diagram for a single component system is 

shown in Figure I. The discontinuities in the isotherm are 

readily apparent. 

An approach which yields a continuous function across the 

two-phase region can be illustrated by use of van der Waals 

equation of state. A graphical representation of van der Waals 

equation is shown in Figure 2. van der Waals equation does not 

describe actual behavior in the two-phase region, but predicts 

a hypothetical or metastable region. However, the change in 

free energy across the two-phase region is zero in either case 

as indicated by the equality of the integral of the quantity 

VdP along either path from the saturated liquid to the saturated 

vapor. This zero change in free energy across the two-phase 

region forms the basis for deriving virial coefficients below 

the critical isotherm. 

Pitzer's generalized values for saturated liquid and satu-

rated vapor compressibility factors below the critical isotherm 

were used in this phase of the s t udy (12, 18). Pitzer has 

tabulated compressibility factors for 25 reduced isotherms 
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between 0.56 and 0.99. 

In addition, Pitzer has also tabulated values of 

compressibility factor in the pure vapor and pure liquid phases 

for red uced temperatures of 0.80, 0.85, 0.90, and 0.95 (12~ 18). 

However, only the saturated liquid and saturated vapor compress-

ibility factors are available for the remaining isotherms below 

unity reduced temperature. 

Plots of the compressibility factor Z a n d the quantity 

Z -1 
p 

r 
as functions of P at a reduced temperature below unity 

r 

are illustrated in Figures 3 and 4, respectively . The curve 

across the two-phase region in Figure 3 was obtained by weight-

ing the saturated liquid and saturated vapor compressibility 

factors. The compressibility factors from this two-phase curve 

we r e then used to determine the isotherm in the two-phase region 

in Figure 4. 

In terms of the dimensions used in Figure 1, the change in 

free energy can be expressed in differential form as: 

dF = VdP (11) 

Also, the change in free energy across the two-phase region for 

JP 
any isotherm, expressed as VdP, is zero. Therefore, 

BP 
conversion of equation (11) into the generalized terms used in 

Figure 4 and integration across the two-pha se region y i elds 

the following expression: 

9 

1 
RT 

2 

JvdP = 
1 

(12 ) 

The derivation of equation (12) is shown in Appendix E . The pos-
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ulate was made that a smooth 

two-phase region on Figure 4 

function can be drawn 
2 

if the f e;l)dPr is 

across the 

held 

1 r. 
Z-1 constant. Using this technique, a smooth function between -p-

r 
and P can be obtained, and the second virial coefficient b can 

r 

be derived as an intercept at zero density. 

12 

Although this approach appears theoretically sound, practical 

application was unsuccessful. For those isotherms for which only 

the saturated liquid and saturated vapor compressibiltiy factors 

were available, several curves satisfying equa tion (12) could 

be constructed, thereby rendering the derivation of the second 

virial coefficient b somewhat arbitrary. In addition , a study of 

the saturated phase compressibility factors led to the belief 

that the saturated liquid values were somewhat questionable. 

This approach for deriving virial coefficients was abandoned. 

Multiple Linear Regression 

Multiple linear regression or least-mean-square regression 

has been used widely to represent data according to a variety of 

equation models and is the technique used in this work. A dis-

cussion of the mathematics involved in multiple linear regression 

is given in Appendix D. 

Edmister previously proposed a method for deriving virial 

coefficient using multiple linear regression (8). Basically, the 

technique involved a surface-fit of Pitzer's generalized tabulations 

of compressibility factors. The equations involved in the surface-

fit are described below. The compressibility factors were to be 

fitted to the following equation: 
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2 3 4 5 6 
Z -1- bP = cP + dP + eP + f P + gP 

r r r r r r 
(13) 

Equation (13) is identical to equation (9) with the exception of 

the additional terms in the power series. The size of equation 

( 13) was arbitrarily established. Pitzer' s second virial coeffi-

cient correlation was to be used to calculate bas discussed 

previously. The generated virial coefficients would then be 

correlated as linear functions of the acentric factor. The result-

ing coefficients would in turn be correlated as a polynominal 

function of reduced temperature according to a cubic equation in 

inverse reduced temperature. The size of the polynomial in 

reduced temperature was arbitrarily established. The entire 

surface-fit would generate a total of forty coe f ficients describ-

ing correlations for the third through the seventh virial coeffi-

cients. This approach could not be accomplished due to limitations 

on existing computer facilities. 

Multiple linear regression was used in this work to derive 

virial coefficients using equation (10) for the regression model. 

Other regression models were tested, and equation (10) was 

selected based on the accuracy with which the derived virial 

coefficients could reproduce compressibility factors when used in 

the virial equation of state. The derived virial coefficients 

were then cross-correlated with reduced temperature and the 

acentric factor. Model selection, correlation details and analysis 

of results are discussed later. 
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Pressure Residual Concept 

Edmister is currently developing a pressure residual concept 

aimed at deriving virial coefficients (9). This approach requires 

an equation of state. The equation selection is the Redlich-

Kwong equation of state, a two-constant equation based only on 

the critical temperature and critical pressureo Basically, the 

quantity defined as a pressure residual is a correction to the 

pressure as calculated via the Redlich-Kwong equation to account 

for the effect of the acentric factor. 

The Redlich-Kwong equation of state is normally written as 

a pressure-explicit equation as shown below: 

p = RT 
V-b 

a 

The constants a and bare defined as follows: 

a= 0.4278 

b = 0.0867 
RT 

c 
p 

c 

(14) 

(15) 

(16) 

Conversion of equation (14) into generalized terms with subsequent 

use of equations (15) and (16) yields the following equation: 

) ( 
0.4278 ) 

T 0 • 5v JV . +0.0867) 
r r1 r1 

(17) 

The derivation of equation (17) is given in Appendix F. The term 

V . is the ideal reduced volume and is equal to the inverse of P o 
n r 

The pressure residual is calculated as follows: 

( 18) 
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where (Pr)RK is the reduced press ure calculated via equation 

(17) and (P )P.t is the corresponding value of reduced pressure 
r 1 zer 

in Pitzer's compressibility factor tabulations for which (Pr)RK 

was calculated. For a given reduced pressure and reduced tern-

perature in Pitzer's tabulations, the ideal reduced volume V 
r 

is calculated, (Pr)RK is calculated and the pressure residual 

is calculated via equation (18). 

The pressure residual term was calcu lated for all reduced 

temperatures in Pitzer's tabulations in the vapor phase , each 

tabulated reduced pressure for which deviation compressibility 

factor values are tabulated and values for the acentric factor 

of 0.0, 0.1, 0.2, 0.3 and 0.4. This phase of the pressure 

residual approach has been completed. Efforts are currently 

being made to express the pressure residual in virial form and 

thereby derive virial coefficients. An examination of one 

isotherm indicates this pressure residual can not be correlated 

with density and reduced temperature in a convenient ma nner. 



CHAPTER III 

CORRELATION CALCULATIONS 

Tabulations Used in Calculations 

Pitzer developed a tabulation of generalized compressibility 

factors which includes a third correlating parameter, the acentric 

factor c..u, in addition to the reduced temperature T and reduced 
r 

pressure P to characterize PVT values (12, 17, 18, 19). The 
r 

acentric factor is defined in terms of the reduced vapor pressure 

at T = 0.7 as shown in equation (19): 
r 

u.> = - (log Pr0 + l.OO)T = 0.7 
r 

The acentric factor is used as a measure of the deviation of 

(19) 

a coumpound from simple fluid behavior. Pitzer developed the 

generalized compressibility factors using data for sixteen 

compounds: argon, krypton, xenon, methane, nitrogen, hydrogen 

sulfide, ethane, propane, neopentane, n-butane, benzene, carbon 

dioxide, n-pentane, n-heptan_e and two polar compounds, water and 

ammonia. These compounds cover an acentric factor range of -0.02 

to 0.352. Pitzer then expressed the compressibiliey factor as 

the sum of two terms, a term for simple fluid behavior and a 

deviation term. This correlation is a linear function of w as 

shown below: 

(20) 

" Pitzer's tabulations cover a reduced pressure range of 0.2-9.0 

16 



and a reduced temperature range of 0.80-4.00. These values 

include 18 isotherms between the reduced temperature limits of 

1.00 and 4.00. Values of acentric factor used for correlation 

are 0.0, 0.1, 0.2, 0.3, and 0.4 and were selected to cover the 

range over which the compressibility factor tabulations were 

developed. Pitzer's values of Z(o) and z(') are tabulated in 

Appendix B. 

Selection of a Regression Model 

Equations (8) and (10) were tested for their applicability 

for deriving virial coefficients. In addition, the foll owing 

equation was also investigated: 

17 

2 3 
(ln f/P + ln Z) = 2bP + 3/2cP + 4/3dP + ••• (21) 

r r r 

Pitzer developed a tabulation of generalized fugacity coeffi -

cients which were used in generating the necessary values for 

testing the above model (12). The fugacity coefficients were 

developed as functions of the acentric factor and are tabulated 

as a simple fluid term and a deviation term. The derivation of 

equation (21) is given in Appendix C. 

Using multiple linear regression, coefficients were gener-

ated for each mode~at a reduced temperature of 1.00 and acentric 

factors of 0.0 and 0.4. The reduced temperature of 1.00 was 

selected due to the shape of the compressibility factor curve 

at this temperature. This isotherm shows a greater inflection 

near the critical pressure as compared to the higher isotherms. 

This inflection becomes less pronounced with increasing reduced 

temperature. If a regre ssion model can generate coefficients for 



18 

the critical isotherm which, when substituted into the virial 

equation of state, can predict compressibility factors accurately, 

then the model should be ac c eptab le for the higher isotherms. The 

acentric factors of 0.0 and 0.4 were selected as these values are 

the limits of the acentric factor range being used for correla-

tion. The standard error of estimate was us e d to determine the 

order of the polynomial required to repre sent the genera l ized 

quantities accurately . A disc ussion of the standard error of 

estimate is included with the discussion on mult iple linear ,., 

regression in Ap pendix D. The computer program used for multiple 

linear regression was developed by Bush and Short (3). 

An analysis of the polynomial size indicated a fourth -

order polynomial for equati on (10) and a fifth - order polynomial 

for equations (8) and (21) were the best equations based on the 

standard error of estimate . These specified equations yield the 

second through the sixth virial coefficients. The generated 

coefficients were substituted into the virial equa tion of state 

and compressibility factors calculated. These results are compared 

with Pitzer's values at acentric factors of 0.0 a nd 0.4 in 

Fi gure 5 and 6, res pectively . Both compres s ib i lity factor curves 

are reproduced with a high de gree of accura cy by the coefficients 

of all three models except at the critical point . The model 

selection appears quite arbitrary and co u ld be based only upon 

the critical point, whic h indicated equation (10) to be the best 

model. 

Befor e making a final selection amo ng the models , a modified 

"slope-intercept" tec hnqiue was tested . The values generated for 
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the second virial coefficient b from equation (10) were used to 

test the following model: 

Z - 1 - bP 
r = c + dP + ••• 

r 
(22) 

The generalized quantities for equation (22) were regressed at 

the reduced isotherm 1.00 and acentric factors of 0.0 and 0.4. 

The coefficients generated with this model, the third through 

the sixth virial coefficients, together with the values for b 

from equation (10) were used in the virial e quation of state to 
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calculate compressibility factors. These results are also shown 

in Figures 5 and 6. Again the compressibi lity factor curves we re 

reproduced accurately except at the critical point. However, 

based on the results at the critical point, equation (10) remains 

the best model. This model was chosen to derive virial coeffi-

cients. 

Correlation and Analysis of 
Generalized Quantities 

Pitzer's compressibility factor values were regressed over 

the reduced temperaturerange 1.00-4.00 and the acentri c factor 

range 0.0-0.4 using equation (10) truncated as a fourth-order 

polynomial as shown below: 

Z - 1 
p 

r 
= b + cP r 

2 3 4 
+ dP + eP + fP 

r r r 

A tabulation of the generalized quantity (Z-1)/P 
r 

(23) 

for each value 

of reduced pressur e, reduced temperature and acentric factor use d 

in the correlation is shown in Ap pendix C. 

The generalized quantity (Z-1)/P was recalculated for each 
r 
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isotherm and each value of the acentric factor using the virial 

coefficients derived for each specific isotherm. A comparison 

of the regression curve and the generalized values used in regres-

sionis shown for a few selected isotherms at an acentric factor 

of O.O in Figures 7 and 8. These figures show that the regres-

sion curves reproduce the generalized values used in regression 

with a high degree of accuracy. Even at the lower reduced tem-

peratures where a large gap exists between the generalized values 

around the critical pressure P = 1.00, a good re gression curve 
r 

was obtained. 

The next step was to correlate the virial coefficients with 

temperature. A polynomial function in terms of inverse reduced 

temperature was selected as a regression model. Again the 

standard error of estimate was used to determine the size of the 

polynomial for each virial coefficient. This testing of the 

polynomial size indicated a fourth-order polynomial for the 

second and third virial coefficients and a cubic equation for 

the fourth, fifth and sixth virial coefficients were the best 

regression models. As 18 isotherms were regressed according 

to equation (23) for each value of the acentric factor, 18 observed 

values for each virial coefficient were available for correlation 

with temperature for each acentric factor. The virial coeffi-

cients were regressed with temperature according to the selected 

polynomial functions. This step involved a total of 25 regres-

sions to encompass the correlation of five virial coefficients 

at the five values of acentric factor. The virial coefficients 

were recalculated using the coefficients derived from these regres-
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sions. A comparison of the regression curve and the observed 

virial coefficients is shown for the second virial coefficient 

bat acentric factors of 0.0, 0.1, 0.2, 0.3, and 0.4 in Figures 

9 to 13, the third virial coefficient c in Figures 14 to 18 , 

the fourth virial coefficient din Figures 19 to 23, the fifth 

virial coefficient e in Figures 24 to 28, and t h e sixth virial 

coefficient fin Figures 29 to 33. Figures 9 to 13 indicate a 

good correlation of the second virial coefficient b with tern-

perature over the entire acentric factor range . In contrast , 

Figures 14 to 18 show that the temperature correla tions for the 

third virial coefficient c do not reproduce the observed values 

of c used in regression at any value of the acentric factor. 

This poor correlation of c with temperature can not be attributed 

to the regression, but to the scatter of the observed values of 

c with temperature, even though the s e observed values were 

regression coefficients of equation (23) which could reproduce 

accurately the generalized quantities used in their derivation. 

The figures describing the temperature correlations of d, e, and 

f indicate a .fair correlation of these coefficients only at low 

values of acentric factor and up to a reduced tempera ture of 2. 00 . 

At higher values of the acentric factor and above a reduced tern-

perature of 2.00, the correlations again fail to re produ ce the 

observed values for the virial coefficients due to the scatter 

of these values. However, the observed values ford, e, and f, 

as with those observed values for c, were successfu lly used to 

recalculate the gen e r aliz e d quantity (Z-1)/P used in their 
r 

deriva tion. 
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The final step in the deri vation of the virial coefficient 

correlations was to correlate the tempe r atur e coefficients of 

each virial coefficient as a linear function of the acentric 

factor. The observed values for the virial coefficients were 

plotted against the acentric factor for a few selected isotherms 

in Figures 34 to 38 to evaluate the applicability of a linear 

function in u,. These figures indicate that a linear function in 

u.J is a satisfactory model. This step included a total of 17 

regressions for the correlation of 4 temperature coefficients 

each for the second and third virial coefficients and 3 temperature 

coefficients each for the fourth, fifth and sixth virial coeffi-

cients. The regression of the temperature coef f icients completed 

the derivation of the virial coefficient correlations. The final 

equations are shown below: 

b = (0.0059 + 1.3626c.u) + (0.7985 + 9.2397w)T-l 
r 

-2 -3 
+ (-3.350 + 24.7426c...,)T + (3.7590-27.6009'-")T 

r r 

-4 
+ (-1.5531 + 10.6970"")T 

r 

c = (0.1775 - 6.1627u.,) + (-1.8513 + 45.6754'1.l)T-l 
r 

(24) 

+ (5.9075 - 117.0395t.u)T-2 + (-7.2556 + 124.7859u..>)T-3 
r r 

( -4 
+ 3.0321 - 47.297lu.,)T 

r 
-1 

d = (0.18 51 + 2.2206w) + (-0.7741 - ll.678lw)T. 
r 

(25) 

+ (1.0403 + 18.6123c..u)T-2 + (-0.4292 - 9.2858u.,)T-3 (26) 
r r 

-1 
e = (-0.0934 - 1.5872"") + (0.3872 + 8.1722w)T 

r 

-2 - 3 
+ (-0.5186 - 12.8771(.A))T + (0.2202 + 6.362lw)T (27) 

r r 
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f = (0.0172 + 0.073CN) + (-0.0718 - 0.0198c,u)T-l 
r 

( -2 -3 
+ 0.0973 + 3.092lu.,)T + (-0.0425 - l.5149uJ)T 

r r 

These equations were used to recalculate virial coefficients and 

are also shown in Figures 9 to 33. These results agree well 

with the values calculated with the temperature derived coeffi-

cients, which supports the selection of the linear model for 

correlation with the acentric factor. 

A comparison of the second virial coefficient bas cal-

c u lated from the derived correlation and Pitzer's second virial 

coefficient is shown for acentric f a c t ors of 0 .0 and 0 .4 in 

Figures 39 and 40, respectively. These fi gures indicate a g ood 

agreement between the derived second virial coe f ficient corre-

lation and Pitzer's correlation. 

A comparison of virial coefficie nts calculated from the 

derived correlations and the observed values derived from the 

regress ion of equation (23) can be illustrated in another manner 

by plotting the calculated values vers us the observed val ues as 

shown in Figures 41 to 46. Comparisons are s h own for the second 

virial coefficient bat acentric factors of 0.0 and 0 . 4 and for 

the remaining virial coefficients at an acentric factor of 0 .0 . 

(28) 
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CHAPTER IV 

CALCULATION OF THERMODYNAMIC PROPERTIES 

The virial coefficient correlations were tested by cal-

culating generalized compressibility factors with the general-

ized virial equation of state, equation (7), generalized fugacity 

coefficients with equation (21) and generalized enthalpies with 

the following equation: 

H0 -H = - T rr (b-T 
RT r r 

c 

p3 
T 

(d -
r 

+ 3 r 

The derivation of equation (29) 

~) 
aT + p2 

r 
(c 

r 

~) + ••• J aT 
r 

is shown in 

T 
r 

-2 ~) 
aT 

r 

Appendix H. 

(29) 

The calculation of these thermodynamic properties was made 

at a reduced temperature of 1.00 and an acentric factor of 0.0. 

In ad dition to the generalized compressibility factor and fugacity 

coefficient tabulations, Pitzer developed a tabulati on of general-

ized enthalpies (12). These enthalpy values were also developed 

as functions of the acentric factor and are tabulated as a simple 

fluid term and a deviation term. The compressibility factors, 

fugacity coefficients, and enthalpies calculated with the derived 

virial coefficient correlations are compare d with Pitzer's values 

in Figures 47, 48, and 49, r espective ly . 

Fig ure 47 indicate s the virial equation of state is valid 

at low pressures, but yields compressibility factors which differ 
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greatly from Pitzer's values at the critical point and higher 

pressures. This difference increases with pressure, with the 

calculated compressibility factor 47% in error at a reduced 

pressure of 9.0. 

70 

Figure 48 also indicates the viria l coefficient correlations 

can be used to calculate fugacity coefficients at low pressures. 

However, fugacity coefficients calculated at pressures above the 

critical pressure differ greatly from Pitzer's values. The 

deviations from Pitzer's values follow the trends in the compress

iblity factor results. This result is not surprising since the 

compressibility factor is used in the calculation of fugacity 

coefficients. 

Generalized enthalpies c a lculated with equation (29) require 

a good cross-correlation of virial coeff i cients with t emperature 

as first temperature derivatives of virial coefficients are used 

in this calculation. Calculated enthalpies agree with Pitzer's 

values up to the critical point as shown in Figure 49. However, 

Pitzer's values can not be reproduced above the critical pressure. 

These results point up the poor temperature dependency of the 

third through the sixth generalized virial coefficients. 

At low pressures, the virial equation of state can be 

truncated after the term containing the second virial coefficient 

bas higher ordered terms tend to zero. As s h own previously in 

Figures 9 to 13, a good correlation was derived for the second 

virial coefficient. This satisfactory correlation for b sub

stantiates the accurate calculation of thermodynamic properties 

at low pressures. At the higher pressures, the remaini ng virial 
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coefficients have a significant effect on the calc u lation of 

thermodynamic properties, and, as seen previously, the temperature 

dependency of the third through the sixth virial coefficients 

could not be represented satisfactorily with a polynomial function. 



CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

Using multiple linear regression of the generalized quantity 

(Z-1)/P as a function of P, the second through the sixth 
r r 

generalized virial coefficients can be derived. The values of 

the virial coefficients for each individual isotherm can predict 

ac c urately the generalized quantity (Z-1)/P used in their deri
r 

vation. However, only the generalized second virial coefficient 

can be correlated satisfactorily with reduced temperature and 

the acentric factor. Even though the remaining virial coeffi-

cients can be used to reproduce accurately the variable used in 

their derivation, they are not continuous functions of temperature 

and can not be represented satisfactorily as a polynomial function 

of reduced temperature. 

In ad dition, the derived virial coefficient correlations 

can not be used to calculate thermodynamic properties except in 

regions of low pressure. But in these areas, the second virial 

coefficient alone is sufficient to predict PVT behavior accu-

rately. A good cross-correlation of virial coefficients with 

temperatur e is particularly important in the calculation of 

enthalpy differences as first temperature derivatives of virial 

coe f ficients are used in these calculations. 

Some inaccuracy is inherent in transforming specific PVT 
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data into t he generalized ~alues . Pitzer states that the data 

used in the development of the generalized compressibility factors 

were sparse above P = 3.0 and T = 2.00 (18). However, any 
r r 

inaccuracy in the generalized values was not reflected in the 

correlation as the observed virial coe f ficients derived from the 

origina l regressions were satisfactory as stated above. 

The possibility exists that virial coefficients can not be 

ut ilized in practical engineering problems and must be r e stricted 

to the oretical considera tions. The unsatisfac tory results ob-

tained with the generalized virial equation of state are in line 

with the concepts of other workers in the field, Obert and 

Hirschfelder, et al., state that the virial equation of state is 

restricted to gases at low to moderate densities (11, 15), Butcher 

and Dadson indicate that coefficients obtained by regression of 

PVT data are not necessarily identical with true virial coeffi-

cients (4), 

The conclusion is made that generalized virial coefficient 

correlations ba sed on Pitze r's generalized vapor phase compress-

ibility factor tabulations can not be obtained by multiple linear 

regression. None of the results generated in this work indicates 

that a surface-fit of these tabulations would be advantageous. 

Future efforts should be concentrated on the "slope-intercept" 

or graphical method of deriving virial coefficients. Based on 

Stuckey's success in developing a correlation for the generalized 

third virial coefficient c, this correlation and Pitzer's second 

virial coefficient correlation should be used to investigate 

additional virial coefficients via the "slope-intercept" technique. 
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APPENDIX A 

NOMENCLATURE 

a = constant in Redlich-Kwong equation of state 

b = generalized second virial coefficient; constant in Redlich
Kwong equation of state 

B = second virial coefficient in Leiden virial equation of state 

c = generalized third virial coefficient 

C = third virial coefficient in Leiden virial equation of state 

d = generalized fourth virial coefficient 

D = fourth virial coefficient in Leiden virial equation of state 

e = generalized fifth virial coefficient 

f = generalized sixth virial coefficient; fugacity coefficient 

g = generalized seventh virial coefficient 

H = enthalpy 

P = pressure 

R = ideal gas law constant; residual or difference 

T = temperature 

V = volume 

Z = compressibility factor 

P = density 

w = acentric factor 

Superscripts 

o = pure component value; ideal gas state value 
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(o) = universal function of reduced temperature and pressure at 
= 0 

77 

(') = universal function of reduced temperature and pressure that 
is dependent on the acentric factor 

Subscripts 

c = critical values 

ci = critical ideal values 

p = refers to pressure residual 

r = reduced values 

RK = reduced pressures calculated via Redlich-Kwong equation of 
state 

ri = ideal reduced 



APPENDIX B 

PITZER'S COMPRESSIBILITY FACTOR TABULATIONS 

Pitzer's compressibility factor tabulations for the 18 

vapor phase isotherms covering values used in the derivation of 

the generalized virial coefficients are tabulated here for 

reference. Table B-I is a tabulation of the simple fluid com

pressibility factors for an acentric factor of zero. Table B-II 

is a tabulation of the corrections for deviation from simple 

fluid behavior. 
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TABLE B-I 

SIMI?I£ FLUID C01'1lllRESSIBILI'l""l FACTOR, z(o) 

l?r 

T 0.-2 o.,~ o.cs o.a 1.0 1.2 1.,. r 

1.00 o.932 o.aL•9 o.755 o.638 0.291 0.231 0.250 

1.0.5 o.942 o.a1t1- o.soo o. 7lli 0.609 o.,i70 0.341 

1.10 o.950 0.893 o.e33 0.767 o •. 691 0.601 o.s12 

1.15 o.958 o.9oa o.ess o.sos o.1t:-6 0.684 0.620 

1.20 o.963 o.921 o.a19 o.835 0.788 o.737 o.690 

1.25 o.9G8 o.9:so o.·a96 o.css o.·a20 o.778 0.1,~o 

l.30 o.971 o.940 0.909 0.878 ·o.eL•6 0.011 0.780 

1.,.0 o.·911 . o. 9.52 o.929 o.9oa o.eo3 · o.as9 o.a,a 

1.so o.902 o.963 o. 9l;5 o.921 0.909 o.892 O.C75 

l.60 o.935 o.971 o.·957 . o. 9!;4 o.930 o.'917 0.904 

1.10 o.9aa 0.011 ·o. 966 o.956 o. 9l;G o.936 o.926 

1.ao o.991 o.902 o.·91,~ o.966 o.9sa 00950 o. 9l;4 

l.90 o.993 o.9a6 o.9eo o.974 .o.968 o.962 o.·9sa 

2.00 o.995 o.989 o. 98'• o.979 o.975 o.971 o.968 

2.so 1.000 o.999 0.999 o.998 o.·993 o.998 o.998 

3.00 1.001 1.002 1.003 1.00,. 1.·oos 1.007. 1.008 

3,.50 1.002 1.004 1.-006 1.·000 l.'Oll 1.013 1.015 

4.oo 1.003 1.oos 1.008 1.010 1.013 1.015 1.011 
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T.t\DL~ :J ... I (cont'd) 

SI1'.iEill FLUID C01:!:::R;2:SSIDILITY F!!.CTOD., 7. ( 0) 
.aJ 

l?'.t'.' 

T 1.6 1 n 2.0 ") ") 2 .L~ 2.6 2.0 r , •• u , .. e..:.. 

1;00 0.278 0~·30L} o.·329 0;35(5 0 • .381 o.,}07 . o.,:·33 

1.05 o~:320 0.332 0 • .350 0.372 0.,393 o.-,:-17 0 .L}l~l 

1.10 O.°L>L:-2 O.L}03 O.-L:-02 o."L:-o5 O.L:-20 O.L:.!:.Q O l·.G0 .. -
1.ts o.562 0 •. 51L:. Q [,O{., 

• ,·u v 0.1:.11 o.,:-73 o.'t:-35 O.L;.93 

1.20 0.6L;O o.598 0 .. 568 o.553 0 'hl,5 ..... ~ o.s,:A 0.5L:-8 

1 ·....,i; ·--- 0.102 0.66L} 0.636 0.618 0.606 o.599 o.597 

· l.30 o •. 749 o.11a 0.691 0.671 0.657 0.6.:':-9 O.Gl:.Li-

1.:,~o o.e11 0.795 0.111 o.759 o.·1,:-5 0 •. 73L:. 0.72.5 

l.50 O.C.59 o.s,:.ti- 0.031 o.s19 o. 803 · 0.800 o. 791;. 

l.GO 0 .. 393 0.882 o.a12 o.C63 o.o.55 O.SL:-3 a.at,::; 

1.·10 o.919 o.911 0.903 o.896 o.sc9 0.803 O.C79 

1.00 o •. 937 0.931 o.926 o.921 o.916 o.913 o.9lo 

1.90 o.·952 o.·940 o.·CJL·A o.940 o.936 o.·933 o.-931 

2.00 o.9oL:- o.9cl o.959 o.956 o.9st:. o.953 o.953 

:! .so o.997 o.-999 1.000 1.001 1.001 1.002 l.OOl:. 

:s.oo 1.010 1.012 -1.0lL:- 1.016 1.019 . 1.022 1.·025 

3.50 1.01e 1.020 1.022 l.C2Li, 1.027 1.030 1.033 

L:-.00 1~020 1.022 1.024 1.026 1.029 1.-032 1.035 
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TABLE B-1 . (cont'd) 

SIMPLE FLUID COMPRESSIBILI1T:.: FACTOJ., Z(o) 

p 
-~ 

T 3.0 L: . • 0 5.0 G.O 7.0 c.o 9.0 r 

1.00 O.L;58 o.502. o. 702 · 0.819 o.932 l.OL;C .l.16<5 

1.05 O .. l~66 o.:.sao 0.100 a.sit:. o • . 923 1.032 1.JA7 

1.to O .. l:.Gl; 0.539 . 0 • .699 o.·.s10 o •. .916 1.019 1.129 

1.15 o •. 513 0.600 o.705 o.no9 o.·.911 1.003 1.113 

1.20 0 .. 55l:. o •. 618 o.·114 0.810 o.901 1.000 1.100 

1.·25 o.598 O.G43 0.:120 O.Cl6 . o.901 o. 99l; 1.088 

l .. 30 o.642 0.668 a.·7Li,O o.·e2t:. o.·910 o.992 1.078 

1 •. 40 a.·120 O. 73L} O T'1 e V- o.Ot:.!; o.·921 O. 99L; 1.011 

l.50 0.190 0.190 o.e26 0.877 . o. 93[,. 0 1.000 1.070 

1.60 o.·040 O.C35 O.C60 o. 90l:.. 0.9.;:;3 1.01u l.075 

1.70 0.015 O.C74 0.895 o.930 o.972 1.023 1.032 

1.-eo o.-9os o.·9os o.925 o.955 o.993 1.0.39 1.091 · 

1.90 o_-930 0 • . 93L; o.950 0.,976 1.010 1.051 1.097 

2.00 o.952 o.956 o.912 o.99G 1.027 1~06!:. 1.106 

.2.·.so 1.000 i:.01s . 1.035 1.055 l.C79 . 1.105 . 1.136 

3.00 1.020 l.041 1.058 1.011 1.100 : l.12l:. 1.150 

3 • .50 1.036 1.051 l.067 l.OS6 1.105 1.126 · l.lL:-8 

L;.00 1.038 l.053 1~068 1.006 1.104 l.12L; . l.1L;3 
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TABLE B-II 

DEVIATION FROM SIMPLE J!LUID BEHAVLOP.., z ( '.) 

l?-~ 

T 0.2 0.4 0.6 o.e 1.0 i.2 1.,~ r · 

1.00 -0.012 -0.016 -0.020 -0.050 -0.000 -0.090 -0.099 

·l.05 0.000 · 0.001 . a.cos 0.015 ·. 0.020 0.010 -0.010 .. 

1.10 · o·.002 _o.ooa 0.010 · 0.030 . o.os.s . o. 082 0.110 

1.15 · o.·oo,~ '· 0.012 0.012 o. Ol:-0 o. 06!:. 0.093 0.120 

1.·20 0.009 · o.01s o.02e 0. Ol:.f:. 0.069 . 0.100 0.130 

l.~.5 0.011 . 0.023 0.036 o.oso 0.069 0.100 0.130 

1.30 0.013 0.021 o.o,:-1 o.oss 0.012 0.100 0.130 

l.L;.O ·0.015 0.032 . o.ot:-9 0.065 0.022 0.100 0.130 

1 • .50 0.011 0.035 o.os2 0.070 0.083 0.100 0.130 

1.·60 D.018 o.o3o o. OS!:. 0.070 o.oso 0.100 0.120 

1.70 · .0.018 o.o.36 o. 05[:, 0.010 c.o9o 0.100 0.110 

1.00 .0.018 0.036 O. 05L} 0.070 0.090 0.100 0.110 

1.90 o.01s · 0.035 o.oso 0.010 0.090 0.100 0.110 

2.00 O.OlG 0.031 o.oso 0.010 o.oco 0.100 0.110 

2 • .so 0.010 0.020 o. Ql~O o.oso 0 .. 070 o.oco 0.100 

3.00 0.010 0.020 0.030 o.o5o o.oGo 0.070 o.oco 

3.50 0.010 o.o~o 0.030 0.01., 0 o.oso 0.060 0.070 

L~.oo 0.010 0.020 o.·020 O. O:>O 0 • QL~O o.oso 0.000 



83 

TABLI: 13-II (cont'd) 

DEVI.ATION F{tOM ;:;1MI?LE FLUID DEl:lAVIOR, 7( I ) 
,:.., 

c> 
~2"' 

T l.6 1.3 2.0 ? "') ?. • lf 2.6 2.~ r -·--
1.-00 -0.108 -0.11.5 -0.12.::i -0.130 -C.130 -o.v~o ~0.11~0 

1.·0.5 ... Q.OL;.Q -0.060 -0.010 -Q.OGO -0.090 -0.100 - 0 .100 

1.10 o.os2 0.035 0.000 -0.020 -0.030 -0.050 -0.0GO 

1.15 ' O.lL:,O G.136 0.100 0.010 o.o,}o 0.020 0.000 

1.20 0.160 0.110 o.t10 o.160 O.lL}O 0.120 0.090 

1.2.5 0.160 . o.1so 0.190 0.190 a.too O.lGO o.14o 

1.30 0.160 o.1so · 0.200 0.200 o •. :wo 0.1 00 0.100 

l.l}O 0.160 o.1so 0.190 0.200 0.210 c.210 0.210 

1.50 o.1so 0.170 o.lco 0.200 0.200 0.210 0.210 

1.60 o.it:-o O.lGO 0.110 0.100 0.190 0.200 0 • .200 

1.70 o.l3o o.l.5o o.160 0.110 o.1co 0.190 0.200 

1.80 o.l3o 0.1.50 0.160 · 0.110 0.100 0.190 0.200 

1.90 0.130 0.150 0.160 o.110 o.1co 0.190 0.200 

2.00 0.130 O.lL;.O 0.150 0.160 · 0.170 0.190 0.200 

2 • .50 0.110 0.120 . 0.130 0.15 0 0.100 0.120 o.t9o 

.3.00 o.·090 a.too 0.110 0.130 O.lL:,0 .0.158 0.160 

3.50 o.oso o.oco o.o9o 0.100 0.110 0 .120 0.130 

t: .• oo 0.060 0.010 o.oso o.o9o a.loo 0~100 0.110 



T 
r 

TAnIZ D-II (cont.'d) 

'7·( I ) 
DEVIATION l7P~CM SIMPLE FLUID BEP..AVIOR, ~ 

. 3.0 5.0 6.0 7.0 s.o 9.0 

·l.00 -0.150 -0.17.0 -0.200 ".90 .230 -0.260 -0.300 -0.330 

1 .. 05 -0.110 -O.ll:.o -0.170 -0.200 -0 •. .2L:-O -0.280 -0 •. 310 

1.16 -0.010 -0.100 -0.130 -o.160 -0.210 -o.2so -o.jco 

l.15 -0.010 -O.Ol:.Q -0.080 -0.120 -0.160 -0.200 -0.:2l:.O 

1.20 . 0.010 0.-000 --o.·o,i,o -o. oso -0~120 ._;-0~160 -o·.t90 

1.25 0~120 . o.oso 0.000 -0.030 -0.070 -0.110 ~0.-130 

1;30 o.-1ao 0.100 . o.o4o . a.coo -0.040 ~0.010 -0.090 

l~L:.o 0.200 0:.1..50 0.110 · 0.010 o.-ot:.o . 0.010 . -0.010 

1.so 0.210 0.200 0.110 0.1,:-0 · 0.110 · o .. o9o 0.010 

1.00 0.210 0.220 ·0.210 · 0.190 0.110 o.15o 0.1,~o 

1.10 0.210 0.240 o.2so 0.260 o.2so · 0.240 0.220 

1.ao 0.210 o~iGo 0.290 o.J10 0.320 0.320 0.300 

1.90 0.210 0~250 o.3oo o.350 o.3ao o.4oo o.4oc 

2.00 0.210 o.·200 o.·300 o.350 o."L:.oo · o.430 o.4so 

2.so · o.~oo o.~so 0.300 o.350 0.400 o.450 o.soc 
3.-00 0.110 0~230 o .. 2co o.340 0~3so o.4so o.soo 

3.so o.lL:-o 0.190 o .. ·2t .. o c.2co o.330 o.3oo o.t:.20 

ti,.oo 0.120 0.160 0.200 0.230 .. 0.210 0.310 o.350 
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APPENDIX C 

GENERALIZED QUANTITIES USED FOR CORRELATION 

Values of the generalized quantities (Z-1)/P and P used 
r r 

for correlation are tabulated for the 18 vapor phase isotherms. 

These tabulations are shown in Tables C-I, C-II, C-III, C-IV, 

and C-V for acentric factors of 0.0, 0.1, 0.2, 0.3, and 0.4, 

respectively. 
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TABLE C-I 

GENE&\LIZED QUAJ.~'ITIES (Z-1 )/P AND r 
p AT u,= o.o r 

~l.._ 

0.2 O.L:. O.G 

Z-1 p Z-1 z..:.1 T p -p-- -p--:- p 
r r r r r p-:-

· r 
1.00 0.21L,G -.3169 O.L:-711 -.3205 0.7937 -.3072:-

1.05 0.2022 -.2863 O.l,359 -.2891 0. 71L}3 -.2coo 

1.10 o.19ll:- -.2613 0 • .c .. 07.2 -.262C 0.6SL:-8 -.2.550 

1.15 o.1s15 - .23ll} 0.3331 -. 2L:-02 0.6031 -.2335 

1.20 0.1131 -.2138 0.3619 -.2183 o.5688 -.2127 

1.25 o.1653 -.1936 0.3L:Al -.203l:. o.5357 -.l 9l}l 

1.30 o.1sat:. -.1830 0.3273 -.1833 0.5077 -.1792 

1.40 o.1L}62 -.1573 0.3001 -.1599 O.L:-613 -.1539 

1.so i:r;.:1353 -.1326 0.2769 -.1336 O.L:-233 -.J.299 

1.60 0.1269 -.1132 0.2575 -.1126 0.3918 -.1097 

1.70 0.1191 -.1008 o.:2L:-oe -.0.95.5 0.365l:. -.0931 

·l.80 0.1121 -.0003 0.:2 263 -.07.95 o.3l:.22 -.0760 

1.90 0.1060 -.0660 0.2135 -.0.656 0.3222 -.0621 

2.00 o.1oos -. Ol;93 0.2022 -.D5L:.L} O. 30L,9 - • . 0525 

2.so o.osoo .0000 0.1602 -.0062 · 0 0 2L;02 -.OOL~.2 

3.00 o.0666 .0150 o.1331 .0150 0.199L:. .0150 

3.50 o.os10 • 0351 0.1133 .03.51 0.,l70L: . .03.52 

L: .• oo 0.0499 .0602 0.0995 .0502 O. lLi-83 .0.338 
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Ti.BLE c.:.r (cont'd) 

GEH~""'W..IZZD QUJ-u,r.rrlI BS (Z-1)/P AUD p AT W= o.o 
r r 

";:) ...... 
o.a 1.0 1.2 

T p Z-1 p Z-1 p Z-1 
r r r -p- r p p 

c r r 

1.00 1.2539 -.2887 3 .L:.36l:. -.2063 5.19l:-8 -.lt:.so 

1.05 l.0671 .-.2680 1.5638 -.2500 2 .t~316 . -.2180 

1.10 . 1.0106 . - .2308 1.3156 - . :--: 3l~9 1.7972 -.2187 

l.°15 . O.BGl:-2 -.2257 1.1656 -.2179 1.52.56 -.2071 

1.20 · o. 798l~ -.2067 1.0575 -.2005 l.3569 -.1938 

1.25 O. 7L:,59 -.190l:. G. 9756 -.131:-5 1.2339 -.1799 

1.30 0.1009 - .17L}l 0.9093 -.169L} 1.1382 -.1661 

1.40 o.6293 -.1~}62 o.sos9 -.1LA6 o.9978 . -.1L~l3 

1.50 o.5753 -.1269 o. 733l:. -.12L:.l 0.8969 - .J.20l:. 

1.60 0.5297 ~.1057 0.6720 -.lOL:-2 0.3179 -.1015 

1.10 o.,:-922 - .009L:. 0.6218 -.0868 o. 75l:.l - .08L:.9 

1.80 O.L~GOl -.0739 o.5799 -.072.l:- o.101s -.0712 

1.90 o.,}323 -.0601 0.5L:.37 -.0589 0.6565 -.0579 

2.00 o.,~osG - .05ll:. 0.51?.8 - .CL}GC 0. 6179 -. Ol:-69 

2.50 0.3206 -.0062 o • .t:.oos -.OJ50 O.L~810 -.OOL}2 

3.00 0.2656 -.0151 0. 3317 -.0151 0.3972 -.0176 

3 • .50 0.2268 -.0353 0 .2826 -.0389 0.3335 -.0384 

4.oo o.1980 -.0505 0.2L:.68 -.0527 0.2956 -.0508 
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T.ABLS C-I (cont'd) 

GENER.h.LIZED QUANTITIES (Z-1)/ p A..'l'ID p AT l-" = o.o 
r r 

l?'Y' 

1.':· 1.6 1.8 

T p z.:..1 p Z-1 p . Z-1 
r r Pr r 

P;c r P;c 
1.00 5.6000 -.1339 5. 755':· . -.125li- 5. 9211 .... 1175 

1.05 3.9101 -.168.5 !.: .• 7619 .... ll:-20 5.1635 -.129Li, 

1.10 2 •. 4853 -.1963 5.2908 -.1696 l:-.0107 -.ll:-76 

1.1.s l.9635 -.1935 2.l.:-756 -.1769 3. Ql:-52 -.l.596 

1 • .20 1.6903 -.1833 2.0833 -.1723 2.530li- -.1603 

1.25 1.5135 -.1710 1.8231.:. -.1634 2.1687 - .l.5L;9 

1.30 . 1.3807 -.l.593 l.6Li-.32 -~1527 1. 92Sl~ -.lL:.(52 

l.L:-0 l.1933 -.1358 1.3983 -.1308 1.6173 -.1268 

1.50 1.0667 -.1172 l.2l:-18 -.1135 .• 1.1.,218 -.1097 

1.60 o.9679 -.0992 1.1198 -.0956 l.275.5 .:..0925 

1.70 O.BC93 - .0832 l.02L:-l -.0791 1.1623 .... 0766 

1.80 o.s239 -.0680 0.9L:- 87 - • OG6L:. l.07l:.1 -.06l:-2 

1.90 o.7691 -.0!5l:.(5 O. GCl:-6 -.C~!;3 o.999.3 -.0520 

2.00 0.1231 - • OL}Li-3 o.8299 ... • OL~3t~ o.9365 .... Ol:-16 

2.so o.5611 .... 0036 0.6L:-19 -.OOL:.7 0.7207 - •. 0011.:. 

3.oo o.,:-630 -.0173 o.s2e1 -.0189 0 • .5929 -.0.202 

3.50 0 .39Li-1 -.0381 O ,.L:-l>91 -.Oli-01 0 • .50L:.2 -.0397 

t;.00 0.3l:-L:-l -.OL:-94· o.3922 -.0.510 0. t:.t:. 03 . .... 0500 
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T1'J3L2 ,., -1..1-.L (con.t 'cl) 

G~NE.'1.ALIZSD QUAHTITISS (Z-1)/P AHD r 
p l{J: (..u = o.o 
r 

?-

2.0 2,. 2 .2. !~ 

T p Z-1 p Z-1 p Z-1 r r p r p r p 
r r r 

1.00 6.0790 -.llOL:- 6.1798 -.J..OL:-2 6.2992 -.C983 

1.05 5.li,l:,22 -.119/:. 5.632l, -.J.].15 .5.8161 -.101:.l:, 

1.10 4.5228 -.1322 l:,. 9303 -.1205 5.19!:.8 -.1116 

1.1.5 3.5932 -. ll}36 l;..0106 -.l30L:. L: .• 3660 -.119G 

1.20 2. 93l:,3 -.lL:-72 3.3.153 -.13l;.3 3.6697. -.12t~o 

1.25 2.5157 -.1L:.l~7 2.CL:-79 -.1341 3.1683 - .12l}l~ 

1.30 2.226l} -.1388 2.5221 -.13Cli, 2.8100 -.122n 

1.1~0 . 1 .. 8386 -.1213 2.070l:. -.116l~ '2 .3·J ll -.llOC 

1 • .50 1 0 60br5 -.1053 1.7908 -.1011 1.9802 -.0970 

1.co l.LJ-335 ---0393 1,.5933 -.0860 1 0 75li,L:. -.,08.27 

1.70 1.3208 - 0 07L}.5 l • L: .!:.l:-3 -.0720 1.5880 -.0699 

1.ao .1.1999 -.0617 l.3.?.71 - .. ·)595 l 0 l:,556 -a 0577 

1.90 1.1151 -.0502 l.',: 31~ - 0 0li,37 1.31.:,95 -. OL:-7L:. 

2.00 l.0428 -.·0393 1.1506 -.0332 1.2579 -.,0365 

2.50 o.eooo .0000 o.s791 .0011 o. 9.590 .0010 

3.00 0.6575 .0213 0.721G .022~~ Co 72.51 .02L:-2 

3.50 o.5591 .0393 o.5138 .0391 o.6677 • Ot:-OL:. 

l: .• oo O.L:-833 0 QL:-92 · o.5361 .04-85 o.5831 • Ol:.97 



TABLE C-I (cont'd) 

GENEl-UU,IZ.ED Q'UANTinES (Z-1)/Pr _,um Pr NJ..1 w= O.O 

p 

T 
r 

p 
r 

Z-1 
p 

r 
, r;oer .6.3882 -.0928 

p 
r 

Z-1 
p 
r 

-.0877 

p 
r 

6.5502 

z :... 1 
p 

r 
-.0827 

1.os 5.9331 -.0982 ·.6.0469 .... 0924 6.1312 -.oa11 

1.10 5.3719 ;....10L}2 5.5096 ... 0976 5~63l;9 -.0916 

l.l5· 4.6616 -.1105 L;.SC91 -.1027 5.08.52 -.0958 

1.20 . 3.:9828 -.lll;5 li-.2579 -.1062 ,~.512G -.0988 

1.25 3.lt72S .... tl5.5 .. 3.7521 -.l07lt · 4.0134 -.1002 

l.30 3.0817 -.1139 3.3l~l:.5 -.t064 3.5945 -.0996 

1.A.o 2.5302 -.10.51 2. 7536 -.0997 2. 9762 .... 0941 

1.50 2.1667 -.0923 2.3510 -.0076 2.5316 -.0830 

l.60 1.9163 -.0793 2.0759 -.0756 2.2321 -.0717 

l. 70 l. 7321 · · -.0675 l.873S -.-06!•6 2.0168 -.06.20 

1.·ao 1.5821 -.os5o 1. 109,~ -.,0.526 1.a355 -.0501 

1 •. 90 1.4667 -.Ot:.57 1.5829 -.Ol:.36 1.6978 -.Oli,12 

2.00 · 1.·36l:.l . .... 03l;S 1.,:-690 .... 0320 1.5756 -.0305 

3.00 

·. 3.50 

4.oo 

.0019 1.115.5 

.02.59 o.9l06 

.ot~lo o. 774t., 

. • osoa o.6763 

.0036 

.027.5 

.ot~20 

.0518 

1.192e . • 0050 

o. 97.28 · .0288 

· ..• o,:-3.5 

o.122s .0526 

90 '. 
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t'f' .... ~-. ·,-;, ..... -· (cont'd) -"'-.......>-.: .... v-.!. 

GZJ:rn:~\LIZBD QU ~~\ i ·Ti"'I,.('T i :, ( ' , ... - ---~ ..... (Z-1)/P r Al'.!D P ~w= r o.o 
;:, 
,I; .... 

,~. 0 5.0 6.0 

T p Z-1 p Z-1 p Z-1 r .r T .r p r p 
r r . r 

1.00 6.8729 -.OGOS 7 .12.'2.5 -.OL}l8 7.3260 -.02l;7 

1(105 G.5681 -.0639 6.3027 -.OL:-41 7 . 02 00 -.026.5 

1.10 6.1733 -.0666 6.5028 -.OL:-63 6.-73{:,0 -.0282 

1.15 5.7971 -.0690 6.1671 -.OL:-7G 6.l:.b.-92 -.0296 

1.-20 5.3937 -.·01oe .5 • 33.57 -.Ol:-90. 6.1723 -.0308 

1.25 L;. 9767 -.0717 5.-5096 -.0497 5.£S2l~ -.0313 

.5.°1975 
' 

1.30 4.6062 -.0721 -.0.500 5.6012 -.03ll:-

1.40 3.8926 -.0633 l:-• .5729 -.Ol:,79 .5.0779 -.0307 

1.50 3.3755 -~0622 L:-.0355 -.OL;.31 1.}.5610 -.0270 

1 .. 60 2. 9940 -.0551 3.6337 -.0385 l;.11:,02 -.0231 

1.10 . 2.6922 -.OL:-63 3.2862 -.0320 3. 79.51 -.Ol8L; 

1.so 2 • L:.l:- 7 L; -.0376 3.0030 -.02.50 3.l:-904 -.0129 

1.90 2.25!:-0 -.0293 2.7701 -.0180 3.2355 -.007l;. 

2.00 2.0921 -.0210 2.5720 -.0109 3.0120 -.0013 

2.:.50 1 • .5717 .0115 1. 932l:. .0181 2 .27L}9 .02L:-2 

3.00 1.2808 .0320 1 • .5753 .036e l.8570 . o,:-15 

3 • .50 1.0874 .Ol:-69 1.3389 .0500 1.5785 • OSL:-.5 

4.oo o. 9l:,97 .0553 1.1704 .0581 1.3812 .0623 
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TA1lL~;; n T v-.i. (cont'd) 

GEU~IZSI) QU.Alu'I1':C ZS (Z-1)/P .t.F.D p .".'"I: w = o.o . r r 

:2r 

1.0 o.c 9.0 
T p Z-1 p Z-1 p Z-1 r r --p-· r p-- r 

~ r r 

1.60 7 • .5107 -.0091 7.6336 .0063 7 •. 7137 .0~1..s 

1.05 7.2223 -.0107 7.3828 .OOL,3 7 .L}729 .0197 

1.10 6.9L:.72 -.0121 7.1371 .0027 7 .2L:-70 .0178 

1.15 6.6816 -.0133 6.9013 .0012 7.0315 .0161 

1.20 6.l;.31.5 -.OJ.l:-.5 6.6667 .0000 6.0182 .Oll.:,7 

1.25 :s.1742 -.Ol.51 6,/}386 -.0009 6.6176 .0133 

1.30 5.9172 -.01.52 6 .20.35 -.0013 · 6 °L,.? ?l . ·-··· .0121 

l.L:-0 s.4289 -.Oll:-6 ;; • 7Lr88 -.0010 6.0021:. .OJ.18 

1.50 4. 996L; -.0132 ~ --?.--..., .::,:.;::, _"> .0000 5.6075 .0125 

1.60 t: .• 5908 -.0102 4. 9.505 .0020 5.2326 .OlL:-3 

1.70 4.2.363 -.0066 L,. 6001 .0050 L;. 8929 .0168 

1.00 3.9163 -.0018 L,.2776 .0091 l: . • 5830 .0199 

1.90 3.6477 .0021 l:-.0062 .0127 L: .• 3100 .0.'..:: 25 

2.00 3.4080 .0079 3. 7594 .0170 l;..0607 .0261 

2.sc 2 • .5950 • 030L:- 2.0959 .0363 3.1690 .01:.29 

3.00 2.1212 • Ql~71 2.3725 .0523 2. 6037 · .0575 

3.~o 1.8100 • 0.5 30 2.0299 .0621 2.2399 .0661 

t: .• oo 1 • .5851 •• 0.556 1.7794 .0697 1.963.5 .0726 
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'I'lillL: C-II 

G~N~'1/:.LIZSD QTl J'.i.l>f1'1'i'l ;::,<:' (Z-1)/p u. - .... u 
r 

Al-TD p Kr w= 0.1 
r 

':"') 
,L.: i"' 

0.2 o.t, o.·G 
T p Z-1 p Z-1 p Z-1 r r p r r p'" p 

I: I: r 
1.00 0.2149 -.3221 0.1.:-720 -.3233 o. 79.58 . -.3091 

1.-05 0.2022 -.2863 O.L:-3.58 -.2889 0.7138 -.2795 

1.10 o.1913 -.2603 O.L:-068 -.2610 0.6536 -.2531 

1.15 o.tsl5 -.2292 0.3026 -.2373 0.6072 -.2319 

1.20 0.1129 -.2008 0.3612 -a2137 0.5670 -.2035 

1.25 O.lG.51 -.1872 0.3L:-32 -.197.2 o.533G -.1082 

1.30 o.1so2 -.1751 0 • 326L:. -.17.56 o.so.ss -.1719 

· l.L}O o.lL:-60 -.ll:-66 0.2991 -.lL:-98 0 !•5°9 ••. u -.lLAO 

-1.50 o.'1355 -.1203 0.27.59 -.1214 O.L:-210 .... tl33 

1.60 o.~267 -.tct:.2 Oe2565 -.0990 0.3397 -.0965 

1.70 o.l1a9 -.0853 0.2399 -.0809 0.3633 -.7372 

1.80 0.1119 -. OGL:-.3 0.2255 -.0639 o. 31:.03 -.0605 

1.90 0 .10.53 - 41 0LJ-91 0.2123 -. OL:.9L~ 0.3206 -.OL:-GC 

2.00 0.1003 -.0339 0.2010 -.0392 0.3033 -.0363 

2 • .so a.·0799 .0125 o.159G .0063 0.2393 .0125 

3.oo O.OGG5 .0301 0 .1328 . 0301 0 ·, 9n0 a- u...., .0302 

3 • .so o.os10 .0.527 0.1136 .0528 o.1699 • 0530 

L}.00 O.OL:-93 .OC03 .. 0.0993 .070.5 O. lL:.8.5 .,0673 
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m,. n·r ~7' 
J..i.:.J-.1.:~ C-II (cont'd) 

G ZN:8.:.1.ALIZED QUAl,r.rITI ZS (Z-1)/P 
r 

Af,TO P . r Kr w= O~l 

n .I. .,. 

o.s 1.0 1.2 

T p Z-1 p Z-1 p Z-1 
r r --- r r ~ · p p 

x: I: r 
1.00 1.2638 -.290l; 3.5336 ..;..2029 5.l~Q5l:. . -.1,~39 

1.05 1. 06l;9 -.2672 1.5587 -.·2496 . 2~-426':· -.2180 

1.to · 1.0143 -.2790 1.3052 . . " 3 '> r.· -.'- .,_;_, 1.·7733 -.-2170 

1.15 0~·3599 -.2221 1.1.557 -.2ll:-2 1 •. 5051 -.2038 

1.·20 . o.·1942 -.2022 1.0L:.C3 - .1956 1.3387 . -.1090 , 

1.25 .o •. 7416 -.18l;7 o.9675 -.1739 1.2183 -.17Li-0 

1.·30 o •. 6965 -.1673 o.·9016 -.t628 1.12':-3 -.1592 

1.1w 0.62L;9 -.°1368 o .. 801.!J -.1357 o. 986!;. -.132C 

1.50 o • .s110 -.1156 0.,72(;,L; -.1132 0_-8C69 .... 1105 

1.60 o~:.525.D -.0932 0.6663 -.,0930 0.8091 -.C902 

1.10 O.L,387 . ·-.0757 0.6160 -.0731 o. 7t:-62 -.012t~ 

l.80 o.,:-568 -.0591 o.57t:.s - .. 0574 0 • 6 9l.;.t.;. -.0576 

1.90 Q 0 L,292 - • Ql':-f:-3 0.5387 -.·04.27 o.·GL:.90 ... ,;ot:-31 

2.00 o.,:-057 ·o .. L- r:: -. .;;) ,::> o.·scs6 ... o3.3L!· 0.6116 -,0311 

2.50 0.3190 .C09L!. 0.3980 .0126 O.L:-771 .0126 

3.oo 0.26L;3 • 0.3L;.l 0.3297 .033l:. 0.39L;.,5 9 035.5 

3.50 0.22.59 .. 0531 0 .. .2012 .05 69 0. 3365 .0565 

,,.co 0.1974 .0658 o.~~t:.sa .0692 0.29.!:.1 .0630 
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r.1 An-: ~71 c-··· (cont'd) .:..;..u~ ...... 

G::m&'1..:':.LIZED QUiilJi'I'i' I~8 ('7 , '/p C.J-.._) r Ai.·ID p .;'{;! w = 
r 

0.1 

~r 

l.t.;. 1.6 J .• 3 

T p Z-1 p Z-1 p Z-1 r r p r r -p--p 
. r r r 

1.00 s.a5o9 -.1.30:3' .s·. 9'£lDO . 1221 ..... _ -~ 6'.J.3:3·g .... ll.50 

1.05 3.9126 -.1683 L·. 'o')22 ··"'"'- - -.11:-18 5 •. 2535 -.1282 

1.10 2.t. .. 335 - : , oGo .•--' 3.2309 -.1702 3 •. 9766 - • ll:-80 

1.15 i ... 9263 -.1910 2 .!;.J...55 -.1755 ' 2.9667 -.1592 

1.2'() 1. 6596 -.1790 .2.0325 -.1G92 2.L:.390 -.1578 

1~·25 l.L?-015 -.1647 1.7327 -.1582 2.lllL:- -.1506 

1.30 1 '..,. 5<"0 
-·.:, v - .. l.52l:. 1.5083 -.lL:.61 1.8813 -.lL;.03 

l_-L,O 1.1751 -.1268 1.3720 -.1217 l.581L;. -.1182 

1.50 1 .. 0511 -.1066 J_ • 2.20L} -.°1032 1.3937 -.0997 

1.60 o.9552 -.0879 1.1025 - .CSL;.L;. 1.2528 -.081L:-

1.·10 0.8739 -.C717 1.0098 -.0673 l.1L:-3li, -,,OGL:.7 

1.co . 0.81L:.L, -.0553 o.9357 .:...053L; . 1.0571 -.0511 

1.90 O. 760L;. -.·Clt08 o."C726 -.C401 o.9838 -.0376 

2.00 0.11.so -.0294 o.c1so -.02c1 o.9231 -.0271 · 
' 

2.,50 0~5556 .Oll:.L:. .0.63!:.9 .0126 0.7122 • Ol5L:. 

3.00 Q0 L:.593 .03t;3 o.523L:. • 0363 o.5871 .C.375 . 

3.50 0.391'!· .0562 O.L:.l:-56 .058!;. 0.-soo.3 .0560 

l:-.00 0.3L;.2l .0672 . 0.-3399 .0667 o.t~373 .0663 
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TiillL~ f" j , -:--
v -.!...J. (c01:1t'd) 

G I:l·1Z~\LIZED OU .i~ 1'7'T rrT ~<'.' ( Z-1)/ p )..lTD p l-:.~ W= 0.1 "' .;;..1 . _. - ... -~u 
r r 

p ..... 

2.0 ".) . .., .. _.,_ 2.t1-

T p Z-1 p · Z-1 p Z-1 
r r p r p r -,,--

r r r 
1.00 6.3151 -.J.082 6.L:,140 -.102L;. C:i.~2J.7 -.09(59 

1.os 5.5532 -.1183 5.7.561 -.1105 5 • 95::!L:. -.103.5 

1.10 Li- • .5223 -.'1322 L: . • 9628 -.).203 5.2322 -.lllL:, 

1.ts 3 • .5205 -.l.l:,37 "Z () c'. ') r-:: 
_.IO .-' -""-"""' -.1305 4 •. 3298 -.1196 

1;20 2.Ct:.90 -.l':-57 3. 2220 -.1338 3.5778 -.1233 

1.25 2,.L:.l:-27 .... lL:,12 2.7630 .... 1314 . 3.0769 -- .... l222 

1.30 ·2·~t638 -.'1336 2 .t;.t:9). -.°1262 2.7270 -.1184 

l.l}O 1 0 79L;.7 -.1137 2,,.0 J.72 -.1096 2.2 380 -.lOf:.6 

1 • .50 1.5705 -.0961 J_ o 7L:. Sl -.0921 1. 932L:, -.0890 

1.60 1.l:,061 -.0739 l . 5 607 -.0762 1.7162 -.OT:A 

1~70 1.2co2 -.0533 l .L:-17L:. - .. C6 lL:, 1 .. 5565 · -~·0597 

1.no 1.179.5 -.0492 1.3830 -., 01:-76 1."t:.276 ... .,Ql:.(52 

1.90 1.0965 -.0365 l.2C99 -.0355 l.3.2l;.l • 0 03Lt 7 

2.00 1.0267 -.0253 J..1317 -.02!:,7 1.23.53 -.0235 

2 • .50. o.7397 .0165 o.8661 .0185 O. 9L:A O .8180 

3 .. 00 o.dsot:. • 033L:. 0.7127 0 CL:.07 0 • 77 l !. !.;. • CL:.26 

.3.50 o.ss42 .0559 0 0 6079 .0559 0.6606 .C5 75 ' 

1: . • 00 O.Li-8L:,5 .0660 o.53lf:. .0659 o .5775 .Q0'7~ 
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T.t\BLZ C~II (cont'd) 

GZlTEPJ.i.LIZED OUA1'1I'ITI~S - (Z-l)/P -r AND P Nr w= ·r o.t 
l? 

2.G 2.e 3.0 

.T p Z-1 p Z-1 p Z-1 
r r -r r -r r p--.. 

.x: c r 

1.00 6.6158 -.0918 6.6826 -.-0869 6~7720 -.0823 

l.05 G.08L}0 -.0975 6 .1872_ · ·-.0920" · 6.279'• -.0068 

1.10 5.A.336 -.lO':·O 5.5821 -.0975 5.7176 -.0915 

l.15 4 •. 6'•2', -.tl0.5 ,~.8891 -.to21 5.0951 -.-0958 

1.20 3.89(59 -~1139 i.1891 -~t058 4.l~563 ---0985 

l."25 3 •. 3821 -.1138 3 •. 6661 -.1061 3.93l:.Zi. -.0991 

1.30 2.7270 .;,.·.llSli, · .2. 93.95 "'-;.t101 3 •. 2L:-B6 -.1037 

1.rw 2.l:-598 -.0996 2.6010 -.0947 2.8958 -.0890 

1.50 2.1112 -.·cct:.s 2.290l:. · -.·oaoe 2 0 .!:.(561 -.0766 
. 

1.60 1.8721 -.0705 2.0278 -.0676 2.1777 -.·0638 

1.·10 1.6956 -.0570 1.8321 -.0551 1 •. 9695 -.0528 

1.eo l.5L:,98 -.0439 1.6726 -.0419 l. 79l:·O -.0396 

l.90 l 0 L}37LJ. -.·033[! .. l.5l;96 -.0316 1.6603 -.·0295 

2.00 l.337l> -.0209 . 1.,}388 -.·0188 1.·.5!;.16 -.-0175 

r· 2,so 1.0196 .0196 1.0948 . .0210 1.1696 .0222 

3.oo o.·0357 • Ql:./:.3 o.·s9o6 .0,.57 o.·9569 0 0l~70 

3~:50 0.1129 .0589 o.'76':-e .0601 o.·el63 .0612 
~ 

L: .• oo 0.-0238 .0613 o.6692 .0687 o. 71!:-.3 .0700 
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'11..1\DLS !J-II (cont'd) 

GZ!·IB.."~.ALIZED QUA11TITIZS (Z-1)/p .Al ID . r 
p 
r · AT w= 0.1 

T) ... ,,. 

t: .• o 5.0 6.·o 

T p Z-1 p Z-1 p Z-1 
r r r r p Pr p 

r r 
1.00 7.0796 -.0612} 7. 3312} - • ol~3Z~ 7.5377 -.0271 

1.05 6.7306 -.C6L:.5 6.9720 -.OL}55 7.1968 -.0286 

1.10 6e280L} -.0670 6.6260 -.O!;. 7L:. 6.8697 -.0300 

l.i5 5.8360 -.0692 6.2379 -.Oj86 6.5l:,63 -.0310 

1.20 5.3937 -.0708 5.86C5 -~Ol:,9L:- 6.23LA -.0313 

1.25 L}. 9383 -.0713 5.5096 -.CL, 97 5 • 90L:-l -.0317 

1.30 l:-.5382 -.0710 5.1696 -.OL:.95 5.6012 -.031L} 

1.40 3.31'!·6 -.0658 l: .• 5Q9l:. -.OL:.61 5.0361 -.0296 

1 • .50 . 3.2922 -.0577 3. 951:-1 -.0397 l: .• L}893 - .02L}3 

1.60 2.9172 -.0L}90 3.5L:.71 -.0335 l:-.0628 -. 0100 

1.70 2.6202 -.~89 3.1969 -.0250 3.6919 -.0119 

1.so 2~3793 · -.0277 2.9117 - .0158 3.3807 -.001.:.1 

1.90 2.1930 -.0182 .?. .6853 - .007L~ 3.1235 .0035 . 

·2.00· 2.0367 -.boas 2.L:.950 .0003 2 .. 9098 .0107 

2.,50 l.53l>0 .o:~ so 1.8779 .03l:-6 2.2018 • OL:. Q9 

3.00 . . 1.2531 .0511 l .53l~7 .056 0 1.8002 .0617 

·3 • .50 1.0681 .0655 1.3094· .0695 1.5389 .07L}l 

l}.00 o.9355 .0738 l.lt:-89 .0766 1.3526 .0806 
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TA:JL2 r ; · · -.· .... - .:. .1. ( cont ' d ) 

G~l ~s~~~LIZZ!) (}lL\ 1 ITI \, r ~s C>l) / p ;\:·:D p ,';,':f U) = 0.1 , r r --

1"1 :..,.. 

7.. 0 8 .. 0 Sl. (l 

T p Z-1 p Z-1 p Z-1 
r r -p- r -p r p 

.t r r 

1.00 7.7263 -.0122 7 .8585 -.0023 7. 9l:,3.S .0167 

1.05 7 .L!-156 -. 01.'=>6 7.5887 .ocos 7.6305 .0151 

1.10 7.1102 -.OlL:-8 7.3166 -.0003 7.4313 .0136 

1.15 6.8011 ... Ql5L!· 7 • QL}l0 -.0017 7.1365 .Ol2L;. 

1.20 6.5177 -.0161 6. 7751 -.002L:. 6.9300 .0117 

1.25 6.2222 -.0161 6 • .5107 -. 002.6 6.6977 .0112 

1.30 5. 9L:-33 -.0158 6 • .2.L:- 76 ':'" .OQ2L:. 6.L,762 .0107 

1.,~o · 5.L:-05L:. -.0139 5. 71;.30 -. 0009 6.0080 .0117 

1.50 L: .• 93C3 -.0111 5 • .?858 .0017 5.5710 .0138 

1.60 Lr.5103 -.0067 !: .• 3730 .0051 5.lG.;;3 .. 0172 

1.70 . Lt.!.300 -.0007 L;. • L:. 9L:-6 • 0105 t.;. • 795L: . .0217 

1.so 3. 79L:.Q .0066 L: .• ll:.98 .0171 Lt .L:-603 .0271 

1.90 3.5155 .0137 3. 8.593 .0236 L'r.1661 .C329 

2.00 3.2D02 .0204 3.Gl3L; .0296 3.9096 .0386 

2.50 2.5022 .OL:.76 2.7826 • 0539 .3·. 035L: . .0613 

3.00 2.050L~ .0673 2.2012 . ·07L~l 2.5000 .ocoo 

3.50 l. 7575 .0785 l.9637 .0835 2.1609 .0379 

L,.00 l.5Lt73 .08L;7 1.7316 .089.5 1.9100 .0932 
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. TJ.~\ ·ar ,Z c;.-111 . 

GEN~1.!'~IZED QUAl'IT'I 'rI BB (:~-1)/p iuID P ."{:..' W= 0.2 
r r 

··--J.:~"" 

0.2 0.1:. 0.6 
T p Z-1 p Z-1 p Z-1 r r p r p r p 

r r r -- · 1.00 o. ?.151 -.3272 O.L:-729 -.3261 o.7979 -.3100 I 

1.05 0.2022 -.2D68 O.L:-3.58 -.2887 0.7134 -. ? 739 

1.10 0.191.3 - • .2593 Q .L}06,5 - .2593 0.6523 - - ~~.511 

1.15 ·o. lDll~ .... 2271 0.3021 - .13L:.5 0.6064 -.2302 

1 • .20 0.1121 -.2030 0.3605 -.2091 0.56.52 - •. 20L:-2 

1.25 o. lo':-9 -.1807 0 .31:-.24 -.1910 0. 5.3lt:- -.1821 

1.30 0.1580 -.1671 0.3255 -.1678 0.5032 - .161:-5· 

l.l~O O.lL:-57 -.1359 0.2901 - .1395 O.L:.565 -.l3L}l 

1.so o.1353 -.1079 o.27t:-9 -.1091 O.l,187 -.1065 

1.60 0.12Gl:. -.0902 0.2556 -.OC53 0.3075 -.0031 

. l.70 0.1186 -.0708 0. 1391 -.0661 0.3613 -.O(A2 

lo80 0.1111 -.OL:-03 0.2;~L}6 -~OL:-81 0.3~85 .... Cl:.t:.9 

1.90 o.1oso - • 032 :>. 0. :2120 -.0330 0.3190 -.0314 

2.00 0.1002 - .. 0180 0 .2C.:t '~· -.0239 o •. YJ1 8 -.0199 

2.so 0.0790 • 0.250 o.1595 .01cc o.2scs . 02 9!; . 

3.00 0.0665 . ·ot:-51 0.1:;2.5 .ot~s3 o.1982 OL·.:;i::: 
0 . - .--' 

3.50 0. G.569 . ·0703 0.1131;. a0706 0 .169!:. .0708 

t~.oo o.ct:-9c .1005 0.0991 .0908 O.ll~e.2 .0810 
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TABLE G-III (cont'd) 

GENEr...ALIZED QUAi.'i'.l'ITIES (Z-l)/P .l!J.':D p i-:E u., = 0.2 r r 
...... 
.I:,~ 

o.e 1.0 1.2 

T p Z-1 p Z-1 p Z-1 r r ·, 
pr 

r p r p-
r r 

1.00 1.2739 -.2920 3. G.36L, -.199L:, 5 • 63.38 .... 1397 

1.05 1.0626 - • .2663 1.55.36 -.2L~91 2.·l:.213 -.2181 

1.10 1.0101 -.2772 1.2950 -.2301 1. 7l:,99 -.2152 

1.15 o.8557 -.2135 l.lL:-60 -.2105 l.l:.C52 .... 2J02 

1.20 o.7901 -.1977 1.039.3 -.1907 l.3~10 - .18L~O 

1.25 o.7373 -.1790 o. 9595 -.1732 1.2030 -.1679 

1.30 0.6922 -.1604 0.894,0 -.1561 1.1108 -.1521 

l.L~O 0.620/:, -.1273 C. 79L:.2 -~1267 o. 9751 - .12L:,l 

l.50. o.5660 -.lOL:. l o. 7195 -.1020 0.0112 -.1003 

l.60. o.5219 -.0805 ;._; .• 66 07 -.0017 0 • COOL:. -.0787 

1.70 o.AS.51 -.0618 0.6102 .-.0590 0. 730!:, -.0596 

1.80 o.t:.535 - • Q{:.l:, l o.5692 - • Q!:.2:-~ 0.6073 .... OL:,36 

1.90 O.l}262 .... 0282 o.5338 -.0262 O. GL:,3.?. -.,0230 

2.00 o.t:.020 -.Ol7L:, 0.50L:,5 -.0178 0.605!;. -.OlL:·9 

2.50 0.3175 .0252 0.,3953 • .:,036 . Q.L:.73{:. .0296 

3.00 o.26.30 • 0.5 32 0.3270 • 0.519 0.3918 .0536 

3.50 0.22.50 .0711 0 .. 2793 .0750 0 • 33L:-5 .071:-7 

L;.00 0.1969 .0813 0 .2L:.l:,9 .OC58 0.,292 7 .;.035l:. 
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T.ABL:S c-1:i:r (cont'd) 

GZH£RALIZ~D QUAl:JTI'i'I il:S (Z-1 )/ P AED P Ni' w= 0.2 
r r 

'I'.) ....... 

1.1:. l.6 1.·a 
T p Z-1 p Z-1 p Z-1 

r r p r T r p 
r r r 

i.oo 6.0817 -.1266 6 .21~02 -.1192 6.L~057 -.1122 

1.os 3.9331 -.lcSGl L~.8040 -.1409 ' 5 .3.571 -.1269 

1.io 2.3834 -.19.55 3.1731 -.1707 3 .• 9430 -.ll~3L:. 

l.l.5 1.e9o4 -.188.3 2.3581 -.1739 2.8921 -.1586 

1.20 l.<5294 -.1743 1. 921:,1 -.16.53 2 .373'~ - .15.51 

l.25 1.t~.soa ... 1572 1. 7,)39 -.1525 2.0571 -.lli,58 

1.,0 l.3561 -.tL~,52 1.57.59 -.1390 l. 8:36l~ -.13L:-O 

1.40 l.l57L• ;,. .117.5 1.:s'i·ol. -.11.22 1 • .s,~12 -.1092 

l • .50 l.0359 -.09.5<5 l.1993 ;..0925 l.3667 .... 0093 

l.60 o.9429 -.0104 1.00.sa. -.0728 1.2309 -.0699 

1.10 0.6607 ... ,Q.599. 0.9960 ... O.S.52 1.1252 •• 0.52L~ 

1.so · o.so.s:1 -.0,}32 o.9230 -.0401 1,ot1.oo -.0375 

l.90 o. 7519 .... 0~66 o.aeno -.02.56 o.9687 -.0227 

2.00 0,1011 -.Ol'•l o.aoc1 - .Ol2L> 0.9100 -.0121 

2 • .50 o • .ssot .o.321 O.G2€ll .0.303 · 0.70SG • 0:-27 

3.00 O,,t;S51 ,0.527 o • .s1os .05L}Q o • .53lli, .05.5q_. 

s • .so o.3aa1 .07l:-6 0.4,~21 .0769 o.,~964 .0725 

t •• oo o.·3t~o1 .oo.ss 0.,3076 .0~26 0 • lt, 3l:.L> .0829 
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TlillLE: C-III (cont'd) 

GZl:~l:\LIZBD QU Af·7l"'r•"'I ··~·s (Z-1)/P .A.HDP .:.~ W = o· .., ......... - "'"""' ·-r r 
•,·"\ .. ~r 

2.0 2.2 2 .,~ 

T p Z-1 p Z-1 p Z-1 
r r ~ 

r r p ... p r r r 
1.00 6.5703 -.1059 6.6667 · -.1005 6.7606 .... Q9.5L:: 

1.os 5.6689 .... 1111 5.8855 -.l09l~ 6.095 2 -.1025 

1.to L:-.5228 -.1322 L:.-.9875 ..:.1201 5.2701 -.1112 

1.15 3.L~507 -.lLi,37 3.8962 -.1306 4-.29!:, l .-.1197 

1.20 2.7605 -.lL:,38 3.1339 -.132L; 3 .L:,90L:. -.12.~ 3 

1.25 2.3739 -.1.373 2.6329 -.1282 2.9907 -.lJ.97 

l.30 2. lOL;(5 -.1278 2.3002 -.12ll:· ? 6l•.87 ·-· . - • lll:.L~ 

l.L:.Q l. 75~8 . -.1055 1.9667 .... 1022 -~ .1783 -.0978 

1 • .50 1.5379 -.0865 J.. 7071:. -.os~:w l. 8C6 8 -.08·J 6 

1.60 l.3797 -.0681 1.5295 -.0660 1.6707 -.0637 

1.10 1.2583 -.0.517 1. :$ 915 -.0503 1.5262 -.OL;9l 

1.so 1.1598 -.0362 l. :~ 793 .... Q352 l.L;006 ..... 03!:. 3 

1.90 l.078.5 - .02;>. 3 1.1883 -.0219 1.2995 -. 0215 

2.00 1.0111 ..... 0109 1.1131:. ..... olOS 1.211:·6 -.0099 

2.50 0 .. 7797 .0333 0.8535 .0.363 · 0 . 929:S .0355 

3.00 0.6,~3.5 • 05,59 0.7033 .0596 o. 761:-1 .0615 

3.50 0 .5!.;. 95 .0720 0.0021 .orn 0.6537 .0750 

L; .• 00 o.,~aos . • 0832 0.,.!;;.'.263 .OS.35 o.s120 . 0857 



r;t ,\ •. .., ... ·.,, !'"! . T •J.· •J..- (C 0n·'- t r1 ) ···...;.w;.;., v-... . ~ ~ 
GSlfa, .. '1.:\LIZED QUA17EI'J.'I~G . (Z-1) jP r /..lT.) Pr w = 0.2 

T P 
r r 

Z-1 
~ 

l.OO 6.SG02 -.0905 

p 
r 

? 0 , ... • v 

Z-1 p 
-p r 

r 
-.0361 7.0093 

Z-1 
-p-

r 

-.0816 

1.10 .5.L:.96C -.1037 5.65GG -.0972 5.8027 -.0913 

1.15 Li,.6235 -.1105 L;..8891 -.1027 5.;1051 -.0953 

1 0 20 3 0 Sll}6 · . .... 1133 L;..12.2 .5 -.1053 L}.L:.QlL:. ....0932 

1~25 3.~964 . -.1119 3.58l:.o -.1046 3.2535 l!"eC980 

1.30 2.9028 -.1071 3.1501 -.1007 3.4037 -.0946 

· 1.-L~O . 2.393~ -.09:SG 2.6076 -.CB9L;. 2.8195 -.0851 

1.so 2~osaG -.0768 2.23~9 -.0734 2.4o3c ~.CG99 

1~60 1.8300 -.0612 1.9819 -.0590 2.12.59 -.0555 

1.70 ·t.6600 -.01.}76 . 1.7922 -.0~·52 l 0 92l}L:. -.CL:,31 

1. 80 · l.5lC9 -.0323 · · l. 637l~ -. 0!>05 1. 75L:,l} -.0285 

1~90 l.4C93 -.0206 l.Sl77 -.0191 1.6244 -~0172 

..... .. ·o,.., .t.: • . .., -.coso 1.5091 -.COl:.Q 

.. 2~50 1.0019 .0379 1.C7l:,9 • 0391, l • lf:. 72 • OL~Ol · 

:;.oo · o.s:tss .0631 Ce8C30 .C658 

3 .. 50 o. 70!:.p .0767 o. T55b~ • 01a1 o.so.56 .C79l: . 

L: . • oo 0~6179 .oe1}2 0.0623 .oe61 0.100~ .0878 

104 
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T1:GL. ~ :::!-III (cont'd) 

G21:~~·~rz~ QUiu:t11~12s (Z-1)/p i.l:.J p /\'"·; w= 0.2 ··-r r 
.,.., 
:: ....... 

L} .0 5.0 6.0 

T p Z-1 p Z-1 p Z-1 
r r -- r -p- r -p-p 

r r r -.......-
1.00 7.2993 -.0619 7.5529 0'· L· o ... • to...:6-u 7.7620 -.0292 

1.05 6.9013 -.061.:.9 7.1500 -.OL;.(57 7.3828 -.0306 

1.10 6.3903 -.067l;. 6. 75L;.Q -.OL:.SL:. 7.0110 -.0317 

1.15 5.G75l~ - .CG9!:. 6.3103 - • Ol:.93 6.6l~6l~ -.0323 

1.20 5.3937 -.0708 . 5. 9018 -.Ot:.98 6.~972 -.0327 

1.25 L}. 9005 -.07C8 . 5 .. 5096 -.OL:-97 s. 9259 -.0321 

1.30 l:-.L!·723 -.0698 5. ll:-19 -.OL;.90 5.6012 - • 0311.;. 

1.1:.Q 3.7397 -.C63l l} .L:.l:·76 "".' • OL:.L:-3 l}. 9950 - • G20L:. 

1.50 3 . :>.12 9 -.0529 3.8760 • -.0361 L; .• t;.200 -.021.5 

lo.60 2. Cl:.L:.1 -.OL;.25 3 .L;.6L:-5 -.C283 3.9809 -.OlL:-6 

J..70 ;:?.5.520 -.-0306 3 .11?. l:. -.0177 3 .59!;.l -.C0.50 

1.00 2.::;ll:-8 -.0173 2 oG)58 .... ooGo 3.2776 .0052 

1.90 2.135.2 -.0066 2 .6055 .0038 3.0190 .015;-:: 

2.00 1. 9SL}l .OOL'..O ~ .L:-225 .0132 . :? .Oll}3 .o:?.35 

2.50 l •. L:-98]. .Ol~5L;. l.8~65 .0520 2 .1333 .0585 

3.00 1.2266 .0709 l.L~961 .0762 1. 71:-67 .,0830 

3,50 l.CL:.95 .03l}8 1.2812 .0898 1.5011 • 09!:·6 

l: .• OQ o.9217 .09~2 1.1282 .. C957 1.3251 .C996 
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Tl~BL: C-III (cont'd) 

GEHBlV.~IZ~D (l1 ·i.1:r.ir··~r ··,c• (Z-1 )/ p A1:rD p j1'.' 0.2 1oJI.' '1.!. .L .:..:...:> W= 
r r 

l: 

1.0 s.o 9.0 

T p Z-1 p Z-1 p Z-1 
r r -,:r- r p r -ir 

r r r 
1.·00 1.95l;5 .:..cl.51 3.0972 -.0015 C.1813 .0122 

1.-05 7.6190 -.Ol6L:. 7. 806l:. -.0031 7.0()99 .0108 

1.10 7.2810 -.0173 7 .5·)5!:. -.OOl:-1 7.6252 .0096 

1.15 6. 92l;9 -.0175 7.1865 - .OOL:.5 7 .3l:.8l:. .0088 

1.20 6.6063 -.0177 6.8871 - .OOL:-6 7.0621 .0083 

1.25 6.2710 -.0171 . 6 • 5 CL:.!:- - .00l}3 6.7797 .0091 

1.30 . 5.9696 -.0161} 6.2923 -.~035 6.531/. .0092 

1.,}0 '5.3821 -.0132 5.7372 -.0007 6.0136 .011.5 

l.50 l:-.8815 -.0090 5. :>.390 o003L} 5.5351 .0152 

1.60 L~.4326 -.0029 l.: . • 8077 .0083 5.0997 .0202 

1.10 . l: .• C.290 .0055 Li, .3939 .0162 l:, . 7017 .0.?.68 
' 

1.so 3.679.?. .0155 L:. • 02 9Li .0256 l.:. • 3L:.!:,0 • 03L;.3 

1 ()-'\ ·~"' 3.3925 • 025L} 3.7228 .0352 L:,.021:-5 .Ol:.L:·O 

2.00 3.1617 .0338 3.l:,783 .OL:,31 3.,762.5 .0.521 

2.50 2.L:,159 .OG.58 2.6773 .0123·· 2.9126 .0810 

3.oo 1. 98L:,l .0307 2 .1966 • 097!:. 2 .t~ooo .101.\~ 

3 .50 1.7079 .1001 1.9016 .1062 2.0872 .1119 

t: .• oo 1.5112 .lOL:,6 l.6863 .1103 l.85l:,9 ·.lll:,8 
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. T)~L: . ·a-Iv 
; 

GLlmRALIZ:cD QUANTI'rI J:S C~-l)/P .lu·m p LY! w = 0.3 
r r 

. ,, .I,;.,.. 

o.:.~ 0 .'t:. 0.6 

T p Z-1 p ' Z-1 p Z-1 
r r p r p r p 

r r r 
1. oo .• a.21st~ -.332L:. O.L!-738 -.3283 o.sooo .... 3125 

1.05 0.2022 -.2868 o.'t:.357 -.2085 0.7119 - • .?.78li, 

1.10 0.1913 -.2583 0.1:.061 -.2576 0.6511 ---~l:,91 

1.t5 0.1013 .... 22,:50 o.3816 -.2317 0.605.5 .... 2:~86 

1.~o 0.1120 -.1987 0.3598 .... ·:~OL:,5 0.563!:. -.1998 

1.25. o.lcVi,7 -.17l}2 o.s,i,16 -.1847 o.5293 ...1761 

1.·30 o.1s1a -.1590 0.32L:-5 -.1599 o.so10 -.1571 

1.'ti,O 0.'1L}55 . -.1251 . 0.297l - .l.'.'292 O.L:.,5L:.l -.12L:.Q 

1 • .50 0.1:=;51 -.0955 0;2739 -.0967 O.L:-16l} - .09l}6 

. l.60 0.1262 -.0761 0 .2.5.L:-6 - .. ·0111: . OQ3353 -.0696 

1.70 o.11e1; -.05.57 o.23e:2 -.0512 0.3.593 .... OL~95 

1.00 o.111s .... 0323 0.223G -.03.22 0.33•:,6 .-.0292 

1.·90 o.1ost1- -.,0152 0.2113 ~.0166 · o.·3111:. .... 01sa 

2.00 o.tooo ... .-0020 0.2003 -.0085 0 • .3003 -.0033 

2.-so 0.0190 .0376 o,'i.592 .03ll~ · 0.237':· .ot:.63 

3.00 o.o-s 6L:. .0602 0.1313 .0605 o.1976 .0607 

3.50 0.0569 .0879 0.113~ .C88L~ o.1689 .0883 

l: .• OQ o.c,:-97 .1207 0.0989 .1112 0,. J.l:-79. .09l:.6 
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':'l~n:.i:: C-IV (cont'd) 

G~rnI.:1.ALIZ~;). QUJ:.r1?I '.CI ~s (Z-1)/P AHD p I.~ ·W = 0.3 r r 

J?~--

o.a 1.0 1.2 
T p Z-1 p Z-1 p Z-1 

r r p . r p · r p 
r r r 

1~00 1.2,~a1 -.2936' 3. 7l;.53 -.1957 5 .882l:. -.13.53 

1;05 l •. 060l:. ·-~·2<555 l.5L:.86 -.~L:.Q6 2.L:-162 - • .?.lSl 

1.10 1.0059 -.275L;. l.2 (V:-9 - .. 2276 1.7272 -.2133 

1.15 0.8515 -.~':2 lL:· 9 l.1S6L:. -.2066 l.l,.658 -.1966 

1.20 0.1000 -.1931 1.8305 -.1C56 1.3033 -.1787 

1.25 o.·7331 -.1732 0.9516 - .'i67l:. 1.1381 -.1616 

1.30 0.6380 . -.153l:. o.·ss66 -.ll~93 1.0976 -.lL:.l:,9 

1.1:.0 0.6161 -.1177 o.1s10 -.117Li, o. 96!:.2 -.1151 

1.,50 o.5626 -. 92L:.3 0.71~7 -.0906 0.8677 -.0399 

1.60 o.5181 -.0676 0.6551 -.0702 0.1920 -.C670 

1.70 o.l!-817 -':OL:-78 0.60L:-6 -.Ol:.li-7 0,.7307 -.Ot:.65 

1.cc o.':·503 -.0289 O.,S6L:.Q -110266 0.6803 -.029l} 

1.90 o.,:-232 -.0118 o.5290 -.0095 0.6367 -.0126 

2.00 O.L:.QOO .0000 o.soos -.OQ20 o.599L~ .0017 

2.50 o.3159 .Ol:12 0. 3925 • OL:,8l: · O.L:.697 .ot:.68 

3.00 0.2617 .C726 o.3258 .0705 0.3891 .0720 

3.50 0.221:.1 • 0893 0 .2785 .093.!i . 0. 3325 .0932 

L,.00 0.1963 .0960 0.2L:.39 .1025 0.2913 .1030 
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TABL~ C-IV (cont'd) 

GZHE:.l.ALIZED QUA1:iTI TI :SS (:Z-1)/P AlID p lil W: 0.3 
r r 

p .. 

1.,~ 1.6 1 .• 8 

T p Z-1 p Z-1 p Z-1 
r r - r r p p p 

r r r 
1.00 G.3550 -.l?.27 6.5ll:-7 -.1150 6.6790 - .l09l:, 

1.-os 3 • 9L:.l:-3 -.1673 ,., • 9l} 7l} -.1399 5 ."t:.595 -.1257 

1.10 2.3353 --.1_9l:-8 3.1173 -.1711 3.9101 -.V:-37 

1.1.5 1.8550 - 1 85'· .•- ..... 2.3035 -.1.719 2.8212 -.1573 

1.20 l.GOOL> -.1693 1.9380 -.1610 2.311~ -.1.!iJ.9 

1.25 l.l:-213 -.1L}92 1.7067 -.1L~65 2.0056 -.lt.,Q6 

1.-30 1.311.:.9 -.1377 l.5L;.l}3 -.1315 l.7935 -.1271 

1.40 1.1403 · -.1079 1 • .3212 -.1022 1.51[:.L} -.0998 

1.50' 1.o;a12 .... QSl:·2 l.1799 -.OSlL:. l.3L:.Q8 -.0783 

1.60 0.9309 -.06l:.5 1.0695 --9003 l.~~097 ,.0579_ 

1.·10 o.3537 - i Ol:-77 0. 982L:. - . -Ol:-23 1.1076 ---0397 

1.co o.7961 -.0239 o .. 9107 -.,02:SL:. l.02l:-6 - ~'023l} 

1.90 o. 7l:.35 ... ~0121 0. 3l;98 -.0106 o. 951:.0 -.0073 
--

2.00 _0.0993 .OOll~ 0.7976 .0038 o.0973 . 0033 

2 • .50 0.51:.L~ 7 .05ll:, 0.6211:· • Ol:-33 . . 0.6957 .0.583 

3.00 O.L!,522 .0100 0,511}3 .0719 0 • .5753 .-8729 

3.50 0.3861 .C932 0.1:.3 3 7 .0957 o.t:.926 .0893 

t: . .-oo 0.3302 .1035 8. 385!} .0986 o~"t;.3y., .0997 
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TAJJLS Q ... I'I (cont,'d) 

G~iBll!~IZI::D QUi' ... ~-"'I'"'1 I '~ 0 (Z-1)/p AND p !{E W= 0.3 ·.u,',.!. .1. .:...u 
r r 

''.) 
,I;~ .... 

2.0 2.2 2.l:. 

T p Z-1 p Z-1 p Z-1 
r r r r p p p 

r r r 
1.00 G.8L}70 -.l03l} 6. 91~01 -. 093L~ 7.0175 -.0933 

1;05 5. 7095 -.1159 6.0~WS -.J.083 6 . ·2,:-.51 -.1015 

1.to l:-.5228 -.J.322 5.0125 - .. 1199 5.30C6 -.1110 

1.·15 3.3335 - .lL:-.3'5 3.EY:-15 -.1307 [,_ ') r. ()1 .. _.,.,,.,,,_ -.1197 

1~20· 2.69?.5 -.l':-15 3.0505 -.J.308 3.l:-072 -.1212 

1.·25 2.3088 -.1330 2,.607L:. -.12l:-6 2.9091 -.1169 

1.30 2. 01:-86 -.1215 2 .. 3151 - .°1162 2.57l:,8 -.1099 

1.1;.o 1.7129 -.0969 1.9187 .. .-Q9l;.3 ~.1216 .... :)905 

1~·50 l.50C6 -.0763 1 .. 6686 -.0725 l .. Gl:-33 -.0716 

1.60 l.35L:-3 -.0569 l.Jl-995 -. 055[!, l • GI:.!:. 7 -.0535 

1.70 1.2371 -.Q3~G l .. 36C5 -.o:;sc l.t:-971 -.0381 

i.co l.,lt;.03 -.0228 l.257L:. - .• 0223 1 .. -371:.(5 -.0218 

1;90 1.0611 -.OC7.5 l. lC,Sf:. -.0077 1 '?7r..9 -·-· ~ -.·J07G 

2.00 o.9960 .. oot:.o 1.0956 .. 0037 1. J.9L:-O • 00!:-~! 

~>..50 0.1100 • 0.5 07 0. 8l!·l3 .,. 05!:-7 . o.9152 .0535 

3.00 0.6367 .0738 0.6951 "0791 C. 75L:-O .0889 

3.so 0 .5t:.t:.7 .0900 o • .596!!. .0005 0 11 6L':-6 9 .09? C 

t: .• oo O •. L::771 .t006 o.s:2:23 .lol.5 0.5666 • lOL:-1 
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~f.DL:.; c-rv (con"i:'d) 

C3H~1ALIZZD QU.!U·7l'ITI~S (Z-1)/p ~',J.;:::) p .f '2 W: o.3 
r r 

p ... 

1.(5 2.c :s.·o 
T p Z-1 p Z-1 p Z-1 r r p r p r ·-p 

r r r 
1.00 7.12.33 -.OGS>l 7~1611 -.005.0 7.2639 -.0303 

1.·05 · o·~39Sl:. -.0950 Q., <f4i.82 . - .• 0909 6.598.5 -.OC.59 

1.10 .5 •. 5615 -.10:31:, 5.7330 -.0970 5.8904 -.0912 

1.t5 l~ 0 GOl~6 -.1105 4.8391 -.1027 .5.1151 -.0958 

1.20 ·3. 7356 -.112l:, t:-.05GO -.10l}7 L: •• Jl:,78 -.0978 

J. • .25 3.211-i-8 -.1090 3 • .5055 -.J.030 3.7055 -.·o9G7 

1.30 .2.3209 -.1032 3.0725 -.·0973 3.3156 -.0917 

1.,~o 2.3302 -.087.l 2.5381 -.CD35 2. 7!}73 -.0801 

1.·.so 2.-008..5 -.0682 2.1731 -.·0656 2.31:.!:,7 -.0627 

1.60 l.7G96 -.·051.!f . l. 9380 -.0501 2.07(5!:, -. Ql}67 

1.-10 1 •. 6270 -.0369 l 0 7.5L:,l "'.'."o3t:.e 1.8813 -.0330 

1.00 l.'t:,891 -.-0201 1.6037 -.0187 1. 716l~ -.01<59 

1.90 l 33·.)') . .. .. ~ -.0072 1.,::,871 -.·0061 1 • .5901 -.OCl:-4 

2.00 1 • .2871 .. • 0078 l.3820 .009l:, l.l:,778 .0102 

2.50 o.98':·3 .0569 1.05.56 .0573 1.1257 .05C6 

3.00 o.c122 .0825 O •. C698 .0839 o.9263 .0852 

3,50 0.6969 .09l}7 o. 7/:,63 .096.5 o. 7951 .0981 

L:. 0 00 0.6121 .1013 O.G.5.5L:, .J.037 o.·6983 .t060 



':2.:'.:..BLl C-1V (cont 1d) 

l: .• c 
T p 

r r 

1.00· . .. .7:..;5330 

1.,05 

1.10 

1.15 

1.50 

1.70 

1.90 

2.00 

2.50 

3.00 

.c: .• oo 

7.0809 

6.5051 

5.3937 

I ·,..,6""? ~:· .:::... ;) __ 

l;.. l:-082 

3.t:.,577 

3.1373 

:2.2533 

1.2012 

1.0315 

o.9083 

Z-1 
p. 

r 

-.OG.23 

.-.OS52 

-.0678 

-.OG96 

-.0703 

-.0703 

-.0685 

-.0603 

- .. Ol:-73 

-.03.57 

-.0062 

.0058 

.0635 

• 0916 

.lOL:-7 

.1112 

(Z-1)/ p .:'..J:1D p i::.S.' w = 0.3 
r r 

-;::i ....... 

5.0 
p 

r 

7.7882 

7.3373 

6.8071 

6. 38!: . .5 

5 .935/:. 

5.509G 

s.11t:-6 

l: .• 3375 

3.8803 

3.3857 

3.0321 

2.35L;,0 

1.7773 

l. :~5l:,2 

1.1032 

Z-1 
p 

r 

-.Ol;.GO 

p 
r 

8a0000 

-.Ot:.73 7 .5786 

- . ·Ol:· 9L:· 7 .15 32 

-.0500 6. 7l:.9.5 

-.0502 6.3613 

-.ot:.97 - s. 9t:.co 

-.Ol:.85 5.6012 

- • Ol:-2!:. l: .• 95l:.6 

.-.0099 3.50ll; 

.0158 2 .9213 

• 02.63 2 • 72L;.8 

.0703 2.0690 

.0973 l .. S96l: . 

.. 1108 1.1:.652 

... 1155 l.29C7 

Z-1 
p 
r 

-.0312 

-.0325 

-.0332 

-.0336 

-.0272 

-.0186 

- .0023 

.C277 

.0.371 

.0773 

.1055 

.1160 

• ll 9l:-

112 
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T!GL:8 C-'J.'l (c01Yi:'d) 

G~HEP.::\LIZ2D Q'T u-;;,-m·· ·.·,,-, (Z-1)/P !S:ID P KS: W= 0.3 ....,.:, • .!. J. ..!. J. .:.:.,,:> 
r r 

p~ ... 

1 ;o 8.0 9.0 
T p Z-1 p Z-1 p Z-1 

r r p r p r p 
r r r 

1.00 8.1967 -.0178 8.3507 -.0050 8.L~3L;.9 .0079 

1.·05 7.8339 -.0190 3.0370 -.006.5 8.1323 .OOG6 

.l.10 7 .,~603 -.0197 7 • 70L:-2 -.0073 7.8295 .0057 

1.ts 7.0.533 -.-019L;. 7.3381 -.-0071 _7.5179 .,0055 

1~20 6.6973 -.0193 7.0028 -.0069 7.1908 .0000 

1.-25 6.3205 -~·01so 6. 65 97 -.0059 6.3637 .0071 

1 .. 30 5.9962 - .. 0170 6 .. 3376 -.COL!-6 6.5871 .0077 

1 ,, 0 -•"T 5.3591 -.0125 5. 7315 -.0005 6.019.3 .0113 

1.·so !; .• 82.59 -.oosc 5.1931 .0052 5 .L:-995 .0165 

1.60 l: . • 357G .0009 L; . • 7393 .-0116 .5.0358 .0232 

1.70 3.9328 • Ol.20 l;.. 2 076 .02?.l t,. ;611 G .. -- .0321 

1.so 3.5711 .02(.9 3.0158 .'0.31:-5 Lt .2337 0/, ') s . .., ··-
1.90 3.2778 .,"0378 3.5957 • OL:-75 3.0922 .0558 

2.00 3.051!:· • Ol:,32 3.3.529 .0576 3.6261 .0665 

2.50 2.33~3 .0852 2.5'306 .0930 i. 709!:. 1 l'\?"l ._....., ... _._ 

3 n r. .v .... 1.9220 .1113 .2.1181. 1 ·,'1 ... . _._..:, 2,.3077 .1300 

3.50 1.66:!.l .1~~ 23 1 ·"'{· ":' ... . 
-oU .-_>::> ~13 0:2 .2. Ol3L:. 1 - r:0 • ___ ?...;u 

L· · ·"'o ... v l,J:-768 1 ') i;:-: -• __ .:...;..! .::> l. 6l:-3L:. 1 .,.'°\,... " __ .;>.,_v l. .. 8029 ol37G 
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M .-, 1- ~, 
.:....__;.i..u;., C-V 

Cill-13R.\L+ZSD QU.f.J":':21':C I2S (Z-1)/p .:'u-TD p 1-a w= O.l: . 
r r 

I-\~ 

('I " o.r:. 0.,6 Vo..-.; 

T p z.;.1 p Z-1 p Z-1 
r r p':'"-" r -p- ·r p 

r r r 
1.co 0.21.57 -.3375 o.t:.11:.1 -.3316 o.so.:21 - • .3ll:-2 

1 .. ·os. 0.2022 -.2SG8 0.!:.357 -.2G83 0.7125 -.2779 

1.10 o.1912 -.2573 0.1: 053 -.2558 o. (5!:.?2 -.-2A7l 

1.°15 0.1012 -.2?.29 o •. 3Gll .... 2288 0~·(5QL;. 7 -.2:269 

1.·20 0.°172L;.- .;... .1937 0.3!.)91 -.°1999 o.5617 -.°195.5 

1.·2.5 o.°lG':·.5 -.°1677 O.:.A07 -.173L:. o.~212 -.lG99 

1.30 o.J.576 -. J...510 0 • .323G -.15~0 0 0 /:.937 -.t,:-96 

1.1:.c 0 ·, f;.5-:; ·-·· - -.llL:-3 0.,. ? 961 -.J.189 o."t:.510 -c.1138 

1.·so O.,l3L:.3 -.0831 o.·2729 -.08!;.3 o."t:.JJ:.2 ~.0826 

l~CO 0.1200 -.0619 o.~.537 -.057.5 0.3832 -.-0558 

1.10 011'il8:2 .... . Ol:.bo 0.2373 -.03G2 0."!:57L, .... O;i/:.7 

1.00 o .. 1113 -.016.2 0 • . :.:23C -.-0161 ( ' ":"' "'. I , ,~ .., • .,,,,,,~'-,·u ---Cl3l 

1.00 o.1os2 . .0019 0.210.5 .0000 o. 3158 oOOCO 

2.00 o.·0999 .Oll:-0 0.1097 .0070 0.2988 . -0131:. 

2.50 0.0797 .050.2 o.t520 .Cl:.!!·l o.~3G5 .063L;. 

3.CO 0 .. 0663 .075!:. 0.1320 00758 0.1010 .07Gl 

3.50 O.C56:J .10.5G o .. J.129 .lOG.3 r. -, 601•. 
\,I .... .. - • ..J.069 

L: .• oo O.OL:,97 .J_L:.10 0.,C937 .. t3J.7 0.11:-79 .1C8t;. 
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T.:::.JL~ G-V (r- ,.,,-:· t cl) -u .. -- .-

G~I1~~:~." .. LI2~ i~u1~1.~~:::c:2j~ ~s ( 7 l )/ i:..lJD p t,rf1 w= :) • !:. _ _,___ p ... _ 
r r 

P:--

o.s l.O 1 '") ·-·-
T p Z-1 p Z-1 p Z-1 

r r p r p r p 
r r . r 

1.co 1.291:-5 - • .'~951 3. 26].0 · -.1919 6 .15.38 -. J.303 

1.05 1.0532 -.261:-6 J •• 5L;.36 - . 1l:-81 :-:: .. t:.J.ll -.2182 

1.10 l.0013 · - .. 2735 1.2750 - .. 2251 J •• 7051 - ? 11'"" c: •••• •• :> 

1.ts 0.8t:.T3 -.2113 J. .°1270 - .. . ?.027 J. .t:l:-6 9 -.1927 

J •• ·20 0.1019 -.1805 l.0:.~17 -.tees 1.2070 --.1733 

1.25 0.7239 - ·, 67L·. ·- . o .. ·91i3 c -.1615 1.1736 -.1551 

1.30 0.6338 -.ll:-62 o .. 8793 - • .'J.L: 2L:- J.~·c sr:-7 -.J.37l:. 

l.L}O 0.6110 -.1079 0.1000 -.1030 o. 9.531:. -0105 9 

1.-so o.5535 -.0806 0.70Gl -.0790 0. 85Dl:· -.'079~ 

1.60 o.s11:.f:. -.,05!;.L:. 0. f;l:-07 -.C585 o.7837 -. 051:-9 

1.70 O.L:-782 -.0335 (""\ r- C\<)Q 
v ·-- .... -.0300 0.1-:::s.2 -.0332 

1.00 0 .L;L;.. 71 -.Ol3l;. o • .5589 -.0107 0.67":A -.Oll:-8 

1.90 O. L:-202 .COL:-G O i:::?t•.? ·-- ·-· .0076 0 . 6303 .003? 

2.00 o.3972 .0176 0 .t:,96.5 • QJ.f:.1 o •. 5935 .0185 

2 • .50 0.31l:-3 .0573 C.3899 .0567 0 .t:.{560 • 06l:.!} 

3.00 0~2COl:. . ·c922 0.32 39 .C896 o ... 3365 .0906 

3.-50 0.213.2 • 1075 ("\ ri771 "'•- - . '1119 0.3306 01119 

L: •• oo o.1957 .1121:. 0.2{:,30 • D. 9l:. 0.2899 .12oc 
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'l'~~ll.2 c-v (con·!: 'd) 

G211;.I;P.l:L:CZBD QU liJ. :rr .i,.i'• ',:, ('.\ (Z~l')/P r .LU.TD p .r.:::S: . UJ = O.L:, - ·- ___ .......... r 
';j 
~ , ..... 

l.l;. .l.6 J. .. 8 

T p Z-1 p Z-1 p Z-1 r r 
.F 

r p r p 
r r r 

1.00 6.65L:.o -.J.187 6.8ll:·3 - .11:?.3 6.9767 - • J.CGL:-

1.0.5 3. 9565 -.1676 5.Cl25 -.1389 5 .5G59 - .. J.2!~3 

1.10 2.2891 -.19L:.Q 3.0635 - .J. 71L} 3.8776 -~ll:-91 

1.15 1~822L:. -.1822 .'.2. :2.513 -.1697 2. 7537 -.°1567 

1.20 1.572.3 -.°16L;.l 1.0939 -.1563 2.~523 -.ll.!··33 

1.2.5 1~3930 - • J.t.:-07 1.6710 -al/.:.oo 1.9565 -.13l:-9 

1.30 1 •. 29L:-L} .... 1293 1 • .5139 .... J.235 1. 752.7 -.1193 

1.40 1.1236 -.0979 1.2972 -.0917 l.L:-829 -.0397 

1.50 l.0068 -.0725 J..1607 -1\0693 1.3158 - .. 0669 

1.60 o.9191 -.0.522 1.0537 -.CL:.8L:. l.1C92 - • CL:-5L<r 

1.70 0 • Q/:.90 -.0353 0.909.3 -00299 1. 090/:. .... 0266 

1.so 0.1212 -.015:2 o.s98G -.0222 1.0091 -.c,os9 
-

1 () ,"'\ 
-· .... v 

o.:135t:. .. ·0027 O.G388 .OOL:.G o.9398 . ·:) 085 

.2.00 0.6917 .0173 0,,7G7L:. .0203 O.CC.50 .Cl92 

2 • .50 o.539.5 .070L:. 0.61L:-8 .0667 0,.6877 .(;683 

3.00 O.L;.L;.07 .0891 o.so99 • 090:?. •J .. .5703 cor) . .,,. .... 

'7. C::/'\ .:; • .., v o.383!? .1121 O.l:-35L~ .lll:-8 o •. t:.QG9 .,°1061:-

!, .. CO 0.3362 .1219 Q.3831 .llli-8 O,.L:-286 .1167 
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T..tSL:Z C-V (cont'd) 

GS112~~IZIID fJU~\.l ··ITI~~T. ::J (Z-1)/p 1'.IW p J~ W= O.l:. 
r r , 

7) 
• "': ..... 

2.0 ? ., -.... 2.l:, 

T p Z-1 p Z-1 p Z-1 - r r r r p p p 
r r r 

1.00. 7.ll:-80 -.1008 . 7.2360 -.0962 1 .29t:.e -.0920 

1.05 5. 915l:. -.lll:-G G.1625 -.1071 6 .t:,02(5 - • lOOl;. 

1.10 L~.5223 -.13.22 5.0373 -.J.197 5 .3l~ 76 -.1107 

1.15 3.3190 -.lL:-3!:. 3.7832 -.1307 L:-.22l:.6 -.1193 

1.20 2. 6205 -.1389 2.971!:- -.1289 3.3278 -.1199 

1 • .2.5 2.2L:-72 -.1282 2.5360 -.1207 2.8319 -.1137 

1.30 1.9954 -.lll:-8 2.253L:. - .. 1105 2.5050 -.1050 

l.L:.Q l;.67L:,3 -.0878 1.0730 -. ·J360 2.0679 ~·.oc21 

1.:50 1.3158 -.066 9 l 0 L:.766 -.0657 l.63ll:. -. 0619 

1.60 1.3298 -.Ol:-51 l.l:-706 - .Ol:.L:.2 1.6112 -.04"28 

1.·10 1.2166 -.0271 l.3L:. 2L:. -.0260 l.l:,601 - .. 0265 

1.co 1.1223 -.C089 1.2353 -.0089 1.31:-95 -.0089 

1.90 l.OL:.L:,3 .0077 l.ll:-87 .0010 1.2531 • OC6L:, 

2.00 0.9SlL:. .OJ.9l:. 1. OT'l.l:· .0185 1.111.:.2. .Cl37 

2;so o.7605 • 063L:. o. 8291:. .0735 . O. 9Cll:· .07/.l 

:s.oo o.·6:;61 .0920 o.'.6866 .0990 O. 71:.L;.2 .10~8 

3 • .:::o o.5401 0 107L:. o.59os .10C3 0.6L:.Q3 .1109 

t: .• oo Q0 L:-735 ;11a3 ,0.5179 .1197 o.5613 .1229 
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T.till~ C-V (cont: 'd) 

GZN~I\T..IZED QU..:':J?I'I?IES (Z-1)/p .:\J.ID p AT w= .O.t; . 
' r r 

-;·. 
_.;.,,. 

2.G .2.s 3.0 
T p Z-1 p Z-1 p Z-1 r r p r p r p 

;c ;c r 
1.00 7.li.07l} -.OS7G 7 .,:,271 -.0839 7.5377 -.0799 

1.05 <5.5681 -~09{:,9 _6. 6.500 - .• 0901 G. 7705 -.0854 

1.10 5.6277 -.J.031 5.8115 -.0967 5.9809 -.0910 

1.15 l;.5859 -.1106 L;.C,891 -.1C27 5.1251 -.0958 

1.20 3.G599 -.1115 3.995L:. -.tOL;.l ,}.2955 -.0973 

1.25 3.1373 ..;..J.07L;. 3.l:.303 -.1012 3.71.52 -.0953 

1.30 2. 71.~35 -.0933 2.9915 -.0936 3.2321 -.·ooc5 
) 

1.,~o 2.2703 -.oso2 2.L:,722 -.0773 2.(5786 -.07L;.7 

1.50 1.9603 -.0592 2.1260 -.0574 2.2033 -. Ol>51 

1.·00 1. 75J.l -.0411 1.89'50 -.o,:.oo 2.0292 -.037.5 

l.70 1.594.e -.0.257 1.7175 -.C.?.39 l.8L;02 -.0223 

1.so l.L:-G0.5 -.007!; l.5713 -.C06!:. 1.6301 -.OOl:.IJ 

1.90 1.3.562 -.0066 J..!:,576 -.0075 1.5571 -.0090 

2.00 1.2631} .0230 1. 3.5.53 .02!;.3 l.l:.!:,79 • 02!:-9 

. 2.5C . Q.9683 .07CA l.0370 .0771 . 1.1050 .077S 

3,'00 o.ec10 .l02l~ o. 8.571 .1038 O. 912L:, .1052 

3 • .!:iO 0.6891 .1132 o.7373 .1153 O. 7SL;9 .1172 
.,, 

l;. 00 0.6063 .1187 o. 6L;S7 .1218 0.6906 • l~!':·5 
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'I'1;.BL2 C-iJ (cont'd) 

GEJ:"iSUALIZ2D QU,\l""""'"ri1I '7 ·'"' (Z-1)/P .l.:r.m p j{f_ W= O.L:. - ·-J.- ..... i,,J . r r 

I?:.. ... 

I:. 0 5.0 6.0 

T p Z-1 p Z-1 p Z- 1 
r r r -p- r p p r r 

1.00 7.7821 -.0625 8.0386 -.Ol:70 8.2531 -00331 

1.·05 7.2701 -.G655 7 .53l}7 -.OLi-88 7. 7351 -.C3L:-2 

1.to 6.6236 -.0681 7 • 0.25L:. -.0502 7.3117 -.031:-7 

1.15 5. 9559 -.0698 6.l:-601:. -00506 6.8560 ---031:-9 

1 .• 20 5.3937 -.0708 5. 969L:. -.0506 6 .L}267 -.03L:.5 

1.2.5 l.: •• 8265 -.0698 5.5096 -.OL;.97 5.9701 -.0328 

1.30 t}.3459 -.0672 5.0375 -.01:.so 5.,6012 -.C31L:-

1.40 3.5981} -.0572 L:-.3290 -., OL:Ol.:. l: .• 91!:-3 -.0260 . 

1 • .50 3.0651 -.Ol:-2L:. 3.7286 -.0231:- L}.2372 -.0156 

1.60 2.7086 -.0204 .3. 3lOL:. -.0169 3.8265 -.0052 

1.·70 2.l:-257 - • J'l2L;. 2 . 9.560 -.0017 3.L:,l3L:. .0100 

1.eo 2.1959 .0055 2.668L:. .Ol5L:. 3.0893 .02.56 

1.90 2.o.2s2 • 0187 2.,l:.591: . .028.5 2 . 82 97 .ot:.10 

2.-00 1.8863 .·0318 2 .239L:. .OL}02 2.cL:-08 .0515 

2.50 1.L:-311 .0825 1.7316 .0895 2.003l;. .0971 

3.00 1.1768 .1130 l.t:.21:,5 .1193 1.6L:.C8 .12 92 ' 

3.50 1. Oll:l • 12.52 l.228L; . .1327 J. .l:-310 .1334· 

L}.00 0.39.53 .l.307 1.0889 .13.59 1.2733 .1398 
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~?/:.~Li: c-v (cont'd) 

Gl::l"!&~'.LIZ~ (dUi~.r:~('I r_r I~~ (Z-1) Ip -:\.l~D p :SJ: w = 0.1: .. 
. r r 

I )-:..., 

7.0 BoO 0.0 

T p Z-1 p Z-1 p Z-1 
r r p r -p- r 

~ r 
1.00 8 l·~t,:, . ·- ·- -.0203 8.6207 - • OOOL:. c. 70l:-l .0039 

, ·a·· - • ::> 8 .0613 -.0215 8.2C:1G -.0097 c. "3 7'J7 .00.'.27 

1.to 7 .9L:-86 -.0220 7 0 917;7 -.0102 8. Q/:,.51 oOC21 

1.1.5 7.1865 .-.0213 7 . t:.063 -.00 96 7. 6053 . 8C22 

1.20 6.7908 -.0208 7 .12:~.5 - .0.090 7 .,321:-2 . OL 33 

1.25 6.370? -.0190 6.7363 - 0 007L;. (5 0 9.!;. 93 . 0052 

1.30 5.0231 -.0176 6. 3837 -o0·'.)56 6 o 61:.L;.O • ·J063 

l.L.-0 5.33G2 -.011-8 5. T?.57 -. 0003 6. 0) /:.9 . 0111 

1.50 L: .• 7716 - • COL:-6 5 .ll:-SO .0010 5 0 !:.GL:-5 .Cl79 

1.60 L} 0 2350 • OOL,9 /:,.6729 .0150 L: •• 9735 '10263 ' 

1.70 5. Ql:.11 .0187 l; .• 2Q5L:. .02G3 l: . • 52L:,9 .0376 

1.00 3.1.:,691 • 0;5!:,9 3 .808L:- • CL:-39 l:-.1208 •• 0511 

l.'. 90 7'.1706 .051). :, .l:-769 .0607 .'.">. 7G8!:. .0682 

2.-00 2 0 9l~86 • C63L:. 3.2362 .0729 3 .t:,99~ .0817 

., ·-o __ :;, . 
2.2.599 .1o~s 2 .t:-903 11 /, {, . . _,. ._'2 . (591:-6 .\2l:,7 

3.00 1.8637 .13.52 2.0.!.-50 • J.l:-37 2 .2222 • J.575 

:>.50 1.6163 .ll:-6G 1.788.5 .155/:. 1. 95 L:-0 .1617 

!.: .• oo l 0 L:.Li39 • lL:-68 1.6026 • l.5l:.8 1.7537 .l6JJ:. 



APPENDIX D 

MATHEMATICS OF MULTIPLE LINEAR REGRESSION 

Multiple linear regression or least-mean-square regression 

is used in this work to gener ate virial coefficient and to cor

relate these coefficients with other variables. A descr iption 

of multiple linear regression and the associated mathematics 

is given below. 

When using multiple linear regression, a regression model 

is selected first. The model is some equation which is pos

tulated to describe the behavior between a dependent variable 

and one or more independent variables. Regression coefficients 

for this model are then derived using a specific set of known 

values for the variables under consideration. These regression 

coefficients, when used in the regression model, define a reges

sion equation. A graphical representation of the regression 

equation is referred to as a regression ... curve. These regr.es

sion coefficients are derived such that the sum of the $quares 

of the deviations of the known values of the dependent variable 

from those values of the dependent variable as generated by the 

regression equation is a minimum. Stated in another way, any 

equation other than the regression equation will yield a greater 

sum of squares of deviations than that sum obtained using the 

regression equation. 
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Consider some dependent variable Y. related to an independent 
1 

variable X .• The relationship between X. and Y. can be expressed 
1 1 1 

in terms of a linear function. For example, if the relationship 

between Xi and Yi is a polynomial function: 

(D-1) 

this relationship can be written as a linear func tion : 

(D-2) 

where: 

xli = x. 
1 

(D-3) 

x2i = X7 
1 

(D-4) 

(D-5) 

Note the first subscript on the term X in equation (D-2) refers 

to a specific linear variable, and the second subscript refers to 

a specific value for the independent variable X .• 
1 

For n pairs of values of X. and Y., a set of equations referred 
1 1 

to as the normal equations are written as follows: 

bon + b1Lx1i + b2 Lx2i + •···· + bk ~ki ~ Lyi 

b0Lx1i + b2Lx~i + b2Lx1ix2i + ••••· +b~Xlixki =Lx1iyi 

b0Lx2i + b1Lx1ix2i + .b2Lx~i + ··••· +bkLx2i xki =Lx2iyi 

(D-6) 

The normal equations are solved simultaneously for the regression 



coefficients b 0 , b 1 ,b2 , ....• ,bk. The compu ter program of Bush 

and Short solves the normal equations via Cholesky's method 

for matrix solution, 

123 

The standard error of estimate is used as a test for selection 

of regression models. The standard error of estimate is an 

estimate of the deviation of the actual value of Y. from that 
1 

value calculated with the regression equation. Letting d repre -

sent this deviation, the standard error of estimate is calcu late d 

as follows: -, /T 
standard error of estimate= v~ (D- 7 ) 

Again, n is the number of pairs of values of X . and Y . used in 
1 1 

the regression. 

,. 



APPENDIX E 

DERIVATION OF GENERALIZED FREE ENERGY EQUATION 

The change in free energy can be expressed in differential 

form as: 

dF = VdP 

The volume V can be expressed as follows : 

v = ZRT 
p 

(E-1) 

(E-2) 

From the definitions of reudced quantities, equation (E-2) can 

be written as follows: 

ZRT T RT (p)zTr J = 

RT 

(ir) v c r c c 
= p p = p p 

c r c c 
(E-3) 

The pressure P can be written as follows: 

p = p p =PP ZT c r c r r (E- 4) 

Taking the total differential of equation (E-4) at constant temper-

ature 

(E-5) 

Using equations (E-3) and (E-5), the differential chan ge in free 

energy can be expressed as follows: 

VdP = [~c (t;J] [P ~ (ZdP + c r r 

Rearrangement of equation (E-6) yields: 

1 
RT T 

c r 
Vdp = l VdP RT = 

z 
p 
r 

dP 
r 

The term Z/P can be written as follows: 
r 

124 

PrdZ~ (E-6) 

+ dZ (E-7) 



z 
p 
r 

= Z - 1 
-p- + 

r 

1 
p 
r 

Substituting equation (E-8) into equation (E-7): 

1 RT VdP = Z-1 
p 
r 

dP 
r 

dP 
r 

+-p 
r 

+ dZ 

125 

(E-8) 

(E-9) 

Integration of equation (E-9) across the two-phase region, where 

the chang~ in free epergy is zero, yields the following expression : 

1 
RT J 

1 

VdP = I (\J dPr + ln (:::) 
+ (Z2-z1 ) = 0 

(E- 10) 

Equation (E-10) forms the basis for postulating a continuous, 

hypothetical isotherm across the two-phase region. 



APPENDIX F 

CONVERSION OF REDLICH- KWONG EQUATION OF STATE 
INTO GENERALI ZED TERMS 

The Redlich-Kwong equation of state can be written as follows : 

p = RT a 
V-b TO.SV(V+b) 

(F- 1) 

The constants a and b are defined as follows : 

R2T2.5 
0.4278 c a = p (F-2 ) 

c 
RT 

b 0.0867 c = p (F-3) 
c 

From the definitions of reduced quantities, the following expressions 

can be written: 

p = p p 
c r (F-4) 

(F-5) 

(F-6) 

Substituting equations (F-2), (F-3), (F-4) , (F-5), and (F-6) into 

equation (F-1) yields: 

RT T c r p p = 
c r RT RT 

0 . 4278 pc 
R 

pc V r i - 0 • 086 7 p c 
T0.5T0.5 RT (RT . ·-

c r p c V . pc v .+O. 08 6 7 I r1 r1 

= 

c c 

RT c 
p 

c 

RT T c r 

W . -0.0867) 
r1 

126 

0 . 4278 

c c 

R2 T~.5 
Pc 

V . (V . + 0.0867) r1 r 1 

(Equation continued) 



= 
p T 

c r 
V. - 0.0867 

I'l. 

Solving equation (F-7) for P: 
r 

p = 
r 

T 
r 

V . - 0.0867 
n 

0.4278 P 
c 

To· 5 v . ( v . + o. 086 7) 
r r1. r:i. 

0.4278 

TO. 5 V .(V . + 0 . 0867) 
r r1. n 

127 

(F-7) 

(F-8) 

Equation (F-8) is the Redlich-Kwong equation of state in generalized 

terms. 



APPENDIX G 

DERIVATION OF GENERALIZED FUGACITY COEFFICIENT EQUATION 

The calculation of fugacity coefficients can be made through 

the use of virial coefficient~~ Comparison with Pitzer's general-

ized tabulations of fugacity coefficients provides one test of 

the virial coefficient correlations. Recalling the definition of 

the fugacity coefficient: 

ai I (V- ~) dP = 
1 

RT /vdP- /d(lnP) 
(G- 1) 

The differential of the product PV is given as: 

d(PV) = VdP + PdV (G-2) 

Rearranging equation (G-2): 

VdP = d(PV) - PdV ·. (G-3) 

Substituting equation (G-3) into the fi rst integral on the right-

hand side of equation ( G-1) : 

/VdP = 
p v 

1 1 I d(PV) -
1 f PdV (G-4) 

RT RT RT 
co 

Integrating the first integral on the right-hand side of equati on 

(G-4) yields the following for equation (G-4) : 

1 ! . p 1 
v 

..!._ [PV-RT] 
v 

RT VdP =:i{PV] 
0 

- RT f PdV = iT JPdV RT 
co 

OQ 

PV 
- 1 + 

1 f PdV (G-5) = RT RT 

128 
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Recalling the Leiden form of the virial equation of state: 

z = PV 
- = 1 + 
RT 

B 
- + v 

c 
v2 

+ 
D 3 + ... 
v 

Solving equation ( G-6) explicitly in terms of pressure: 

p = RT 
- + v 

BRT 
-+ 

v2 
CRT -+ 
v3 

DRT 

v4 
+ ••• 

(G-6) 

(G-7) 

Substituting equation (G-7) into the integral on the right-hand 

side of equation ( G-5): 
p oa 

1 fVdP 
PV 

- 1 + f <i 
B = RT 

RT + - + 
v2 

0 

Integrating the integral in equation (G-8): 

1 
RT - - 1 + ln V - ---PV ~ B 

RT V 

c 
- + 
v3 

c 
2V2 -

D ••• )dV 
v4 

(G-8) 

= E! _1 + lnV00-lnV + ~ + _£_ + 'T DV3 + ••• ( G-9) 
RT V ~2 ~ 

Integrating the second integral on the right-hand side of equation 

( G-1): 

~d(lnP) = - [lnP]: = ln P0 - lnP 

Adding equations (G-9) and (G-10): 

PV - 1 + ln (P0 V~) - ln(PV) + .!L + RT V 

+ ••• 

Rearranging equation (G-6): 

Also: 

B ,;-+ c 
-- + 
v2 

ln(P0 Vc:o) = ln(RT) 

D 

v3 
+ 0 •• 

(G-10) 

(G-11) 

(G-12) 

(G-13) 
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Substituting equations (G-12) and G-13) into equati on (G-11): 

In ( !) 
p = 

c 
-- + 
2V2 

Collecting terms: 

ln (!) = p 

B 
v + 

D 

3V3 

2B v+ 

c D 

v2 
+ 

v3 

+ ... 

3C 
-- + 
2V2 

+ ••• + ln(RT)-ln(PV) + 

40 
+ • •• -lnZ 

3V3 

B 
v + 

(G-14) 

(G-15) 

Recalling the derivation of the generalized virial equation of 

state: 

B bP = v r 
(C-16) 

c cP2 
v2 = r 

(G-17) 

(G-18) 

Substituting these terms into equation (G-15): 

f 
ln ( p) = 2b Pr + 

4 3 
3 dPr + ••• - lnZ (C-19) 

Equation (G-19) is used to calculate fugacity coefficients via 

the generalized virial coefficient correlat ions. A rearrangement 

of equation (G-19) is teste.d as a regression model for generating 

virial coefficients 



APPENDIX H 

DERIVATION OF GENERALIZED ENTHALPY EQUATION 

The calculation of enthalpies can be made through the use 

of virial coefficients. Comparison with Pitzer ' s generalized 

tabulations provides one test of the virial coefficient corre -

lations. (If enthalpy is defined as a function of temperature 

and pressure, a differential change in enthalpy is given as 

follows: 

dH = (~~) pdT + (~) T dP (H-1) 

Edgi-ister ~nd many others show that this differential change in 

enthalpy can be evaluated with the following relation: 

Assuming constant temperature, C dT 
p 

dH = VdP - T (~~) p dP 

is zero and: 

Recalling the rearranged form of the differential (PV): 

VdP = d (PV) - PdV 

(H-2) 

(H-3) 

( l;l-4) 

At constant temperature, the following relation can be obtained 

from the definitions of entropy : 

(~~) p dP = - (~~) VdV (H-5) 

Substituting equations (H-4 ) and (H-5) into equation (H-3) : 
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dH = -PdV + d(PV) + T (~;)/v = ~ «{~\-P] dV + d(PV) 

(H-6) 
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Recalling the pressure-explicit form of the Leiden virial equation 

of state: 

v 
BRT 
-- + 
v2 

p = - + 
RT CRT 

-- + 
v3 

DRT 

v4 
+ • 0 0 (H-7) 

Differentiating equation (H-7) with respect to temperature at 

constant volume: 

({;) v = 
R R [B + T (~~)] + 

R [c + T (~i)] + 
v2 v3 v 

R [n + T (:~~ (H-8) + 
v4 

+ 0 •• 

Substituting equation (H-8) into the first term of equation (H-6) : 

[T ({t - p] = RT BRT RT2 
(~~) + 

CRT RT2 (~~) - + 
v2 

+ 
v2 

-- + 
v3 v v3 

DRT RT2 
(aD~ 

RT BRT CRT DRT 
+ 

v4 
+ aT + ... -

v2 
- - - • • 0 

v4 v v3 v4 

(H-9 ) 

Integrating equation (H-9) betwee~ infinite volume (zero press ure) 

and a finite volume V: 

j ~ ~t -PJ dV = [-
RT2 (~~) - RT2 (~~) v 

2V2 

:: (: ~)- .. I = -
RT2 (~~) - RT2 (a c~ _ RT2 (~~)- co• 
v 2V2 aT 3V3 

(H-10) 

Integrating the d(PV) term in equation (H- 6) : 

6(PV) = PV - RT= 
D 
-3 RT + • • • 
v 

(H-11) 
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Adding equations (H-10) and (H-11): 

H - H0 [ 1 aB 1 
(C - ! ac) = RT -; (B-T aT) + 

v2 2 aT 

1 
(D -

T an) ... J (H-12) + 
v3 3 + aT 

H-H 0 1 aB = (B-T -) RT V aT 
+ 1 < c _ ! a c ) + ..!.. < D- ! an) 

v2 2 aT v3 3 aT + " 0 Q 

(H- 13) 

Transforming equation (H-13) into generalized terms : 

H-H 0 

RT 
c 

H-H 0 

RT c 

, ! H-H 0 

; . R1'-
i 

c 

= T 

+ 

= 

-+ 

ab 
[P (b-T ) 

aT r r r 
r 

p3 
T ad (d r ) - 3 arr r r 

[Pr 
ab T (b-T r r aT 

p3 
T 

ad (d r - 3 aT r 

(
Pr) 2 (C- Tr ac) 
- 2 aT zr r 

r 

(H- 14) 

p2 
T ac 

(c- r ) + 2 aT r r 

+ ... ] (H-15) 

p2 
T 

~) ) (c r 
+ -r 2 aT 

r r 

) + ... J (H- 16) 
r 

Equation (H-16) is used to calculate generalized enthalpies via 

the generalized virial coefficient correlations. 
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