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CHAPTER I

INTRODUCTION

A. The Problem

The fundamental axiom in  c la s s ic a l  electrodynam ics i s  that 

moving charged p a r t ic le s  a f f e c t  each o th e r 's  motions by means o f  so -  

c a lle d  e le c t r ic  and magnetic f i e l d s .  There a re , th e r e fo r e , three b a sic  

problems in  c la s s ic a l  electrodynam ics.

( i )  The determ ination  o f  th ese  f ie ld s  at every p o in t in  

space and tim e fo r  a given system  o f  in te r a c tin g  charges.

( i i )  The determ ination  o f  th e  m otions o f  the charges which 

occur in  response to  the f i e l d s  p resen t.

( i i i )  The determ ination in  so fa r  as i s  p o s s ib le  o f  the stru ctu re  

o f  th e fundamental charged p a r t ic le s .

Problem ( i )  has been so lved  s in c e  the days o f  Maxwell, who 

f i r s t  form ulated the f i e ld  equations which bear h is  name. Problem ( i i ) ,  

th e determ ining o f  th e  equations o f  motion for  charges was f i r s t  trea ted  

by Lorentz^^^ and la te r  by D i r a c . I t  i s  th e problem w ith which we 

are p rim arily  concerned in  t h is  work. Problem ( i i i )  i s  g en era lly  r e 

garded today as being beyond th e  scope o f  c la s s ic a l  electrodynam ics  

The current a t t itu d e  i s  summarized by R ohrlich \  He sa v s .



"The problem is  to  fin d  a form ulation o f c la s s ic a l  
charged p a r t ic le  theory which does not require any r e 
ference to  or assumptions about the p a r t ic le  stru ctu re , 
i t s  charge d is tr ib u tio n  and i t s  size'.'(3)

We w ill  present some prelim inary evidence that when problem ( i i )  i s  

trea ted  in  a way w h ich .is  both p h y sica lly  meaningful and m athem atically sound, 

the r e su lt in g  form ulation has statem ents about the stru ctu re  o f  the c la s s ic a l  

charge a lr e a d y ib u ilt .in to  i t  and thus c la s s ic a l  electrodynam ics may indeed be 

capable o f  making meaningful statem ents about p a r t ic le  stru ctu re . In 

the next s e c t io n s , we review the important elem ents o f  the current 

theory. The n ota tion  and development c lo s e ly  fo llow  R ohrlich.

B. The Maxwell-Lorentz Equations

The e le c t r ic  f ie ld  E, the magnetic induction  B, the charge 

d en sity  p, and the current d en sity  j ,  are re la ted  by

V X B _ 1/c j

V'E = 4irp

V X E + 1 /c  0

(1 1)

V'B = 0 ,  where

c i s  the speed o f  l ig h t .

These equations may a lso  be w ritten  in terms o f  a vector  po

t e n t ia l  A and a sca la r  p o te n tia l (|). These are introduced through the  

equations



B = V X Â

( 1 . 2)

V<|, = E + l / c  1^  .

A and y are not unique but arc defined only to w ith in  a gauge

transform ation

X A' = A + VA

(J, > (J,' = ,j) _ 1 /c  ,

w ith A an arb itrary  fu n ction .

I f  A i s  required to  s a t i s f y  th e wave equation

V̂ A = l/c 2  ^  , (1 .4 )

the expression

(1 .3 )

at2

I 5 VA + 1 /c  1^ , (1 .5 )

i s  invariant under a l l  gauge transform ations. I f  we choose 1 = 0 ,  

the Maxwell-Lorentz equations take th e form

(v2 - i/c ^  )X = - 4 r  j
atz c

32
(1 .6 )

(V2 - l /c 2  — -)(j) = - 4?rp .
3f2

We now introduce fou r-v ecto rs  in  a Minkowski space. Our con-

vciiuiUii j.a

= ( b ° ,  b \  b 2 ,  b 3 )  . ( 1 . 7 )



b® is  the component o f  b along the x°(=  c t)  ax is  and b^, b^, b  ̂ are the  

space components o f  b. When we w rite  a quantity  as a four v ec to r , we 

are implying th at the quantity  transform s as

b* = b"
9x"

fl.R l

under Lorentz transform ations:

x" = Y(x" - ^ x ° )
v^x^v. 

(Y - l ) C x ^ --------

x° = y (x °  5 ^  )
x^v .

Y = (1 - v^/c^) ( 1 .9 )

i , j  = 1 , 2 , 3 v^x. = T v^x. 
 ̂ j : i  :

V i s  th e v e lo c ity  o f  one referen ce  frame r e la t iv e  to  the o th er.

E ( c p , j )  , ( 1 . 10)

and fou r-vector  p o te n tia l

= (cj),A) ( 1 . 11)

Our n ota tion  i s  s im p lif ie d  by d efin in g

= (1/c at ( 1 . 12)

and using th e  m etric ten sor

’MV

f -1

0

0

0

0

0

1

0

0

0

0

1

(1.13)



and i t s  contravariant a s so c ia te  to  r a ise  or lower in d ic e s , 

The Maxwell-Lorentz equations then become

8 (1 .14)

The q u a n tit ie s  d efin ed  by

( 1 . 1 5 )

from an antisym m etric ten sor  o f  the second rank under Lorentz tra n sfo r 

m ations. They are given e x p l i c i t l y  in  terms o f  the f ie ld s  by

0 E E EX y z

-E 0 B -BX z y
-E -B 0 B

y z X
-E B -B 0z y X

( 1 . 1 6 )

The f i e l d  equations become

8 F
V

yv _ 4 it .

8AF + 9 F , + 9vFAy = 0 .
yv y vA

( 1 . 1 7 )

In order to  con sid er th e  so lu tio n  to  th ese  equations, we 

imagine a charged p a r t ic le  moving along i t s  tr a je c to r y  or world lin e .  

We d e fin e  an increment o f  proper tim e by th e equation

c ^ d T ^  =  g  d x * d x ^  . (1.18)
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T p lays the r o le  o f  arc length  along the world lin e  and i s  a monotone 

in creasin g  q u an tity . Let = z^(t) be the p o s it io n  o f  the charge.

I t s  fo u r -v e lo c ity  v ecto r  i s  given by

v^ (t) = = - c2 . (1 .19)

Let be an arb itrary  space-tim e p o in t. The v ecto r  R^(t) i s  defined  

as

= x" - z%(T) . (1 .20)

For a g iven  p oin t x^ th ere are two va lu es o f ,  x , x and i ,  t < t such that

-  0 ( 1 . 2 1R " ( t )R^( x )

T= X,T

Now d efin e  a u n it v ecto r  u^ orthogonal to  v^

u^uF = 1 , u^v = 0 . (1 .22)

I f  a t i l d e  over each quantity  r e fe r s  to  the q u antity  evaluated  at 

X = T, we have

R̂  = p(Ù* + 7^ ) (1 .23)

1 1 '

P = Û R" = - 3  Ku (1.24)
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The so lu tio n s  to  Eqs. (1 .17) for  the f ie ld  due to a p a r t ic le  

with charge e can be w ritten

^  (v^ü'  ̂ - v V )

+ iC&^v^ -  a ^ v ^ ) / c  -  ù^c ^  à  + à ^ j  ( 1 . 2 5 )pc u

+ a"'( f  + a* )]

a  = a ,ü ^  .u X

This i s  the s o -c a lle d  retarded f i e l d .  There i s  a lso  another so lu tio n , 

the advanced f ie ld  given by

^  - . V )

+ ^  [(a^v^ - avvw )/c - üM( a^-a^) *  a^-a'')]

and

v*  ̂ = v ^  ( t  = t )  .

The expressions for  and F^^  ̂ can be put in  equ ivalent

forms which are more convenient fo r  our purposes.



Take Eq. (1 .20) as th e  d e f i n i t i o n  o f  R and d ef ine

and .

(Note:

p ( t )  = - v^(t)R  (■t)/c

P a ( t )  =  +  v ^ ( t ) R  ( t ) / c

(1.27)

(1 .28)

P = P * ( t )
T =  T

T =  T )

(1 .29)

Then i t  can be shown that

ret
_ r e d , v^(t)R^(t)-v^(t)R^(t) ,
■ p c 2  dx  ̂ P T=T (1 .30)

F̂ 'adv
r e  d , v*(T)RV(T)-v"(T)R*(T) _  

- >1 T=T (1 .31)

C. Momentum o f  the F ie ld

We next introduce the energy-momentum ten sor 8^  ̂ defined  by

a"" = i -  (pw'pv .4iT a  * ag (1 .32)

0^  ̂ i s  d iv e r g e n c e le ss :

(1 .33)



Using Eq. (1 .3 0 ) ,  0^  ̂ can be expressed in  terms o f  the kinem atics o f  the 

charge

T T

where

A sp a c e -lik e  plane in  Minkowski space i s  defined  as a th ree-  

dim ensional su rface  such th at the d ista n ce  between any two p o in ts x 

and y s a t i s f i e s

(Xy - y^) (x*" - y*̂ ) > 0 . (1 .36)

I t  i s  s p e c if ie d  geom etrica lly  by a u n it normal v ecto r  n such that

n n^ = _ 1 . (1 .37)

We can d efin e an element o f  area fo r  such a plane

da'̂  = n^do (1.38)
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with

do = dxdydz..'. (1 .39)

Where y , z i s  the coordinate system in  which

n*̂  = ( 1 ,0 ,0 ,0 ) .  (1 ,40)

Consider the expression

P^= -  c e^^do (1 .41)

where the in teg ra tio n  i s  carried  out over the plane which contains  

the charge, excepting  the p ortion  o f  the plane which the charge i t 

s e l f  occu p ies.

The su rfa ce  elem ent i s  g iven  by

do^ = — do . (1 .42)c

Thus the plane i s  always normal to  the world lin e  o f  the p a r t ic le .

I t  i s  obvious from i t s  d e f in it io n  th at i s  a four v ec to r . We s h a ll

take Eq. (1 .4 1 ) as the d e f in it io n  fo r  the momentum v ector  o f  the  

electrom agn etic  f i e ld .

D. The D irac Equation 

We are now in  a p o s it io n  to  ask the q uestion  which was f i r s t  

asked by D irac. What i s  the change in  the momentum o f the f i e l d  as 

the p a r t ic le  moves along i t s  tra jecto ry ?  To answer th is  we surround
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the w orld line with a mathematical su r fa ce , the world tube, o f  in vari-  

an tly  defined  radius H.. I f  1 and 2 are p o in ts on the world lin e  

separated by an increment o f  proper time dT, then

1 IM i f  ) I \1
GT'do - GT'do (1.43J0_ V Cjo, V

i s  the change in  momentum, where o ^ ,  o-j are sp a c e - lik e  p lanes sim ul

taneous w ith the charge at p o in ts  2 and 1 , r e s p e c t iv e ly ,  and the in 

teg ra tio n  i s  carried  out ou tsid e  the charge. By G auss's theorem, 

however, th is  d iffe r e n c e  in  in te g r a ls  over the s p a c e - lik e  p lanes i s  

eq u iva len t to  an in teg ra tio n  over the su rface  o f  the world tu b e. The 

element o f  su rfa ce  area fo r  th is  tube i s  known to  be

do^ = u ^ (l + /ia^)dT/L^dO . (1 .44 )

Where dO i s  an elem ent o f  s o l id  an g le . Therefore

dP"
dr G^^u 42(1+44 )dO . (1 .45 )v u

This i s  the r a te  o f  change o f  e lectrom agn etic  momentum.

In order to  c a lc u la te  th is  e x p l i c i t l y ,  0^^ must be expressed  

not in  terms o f  retarded q u a n tit ie s  but rath er in  terms o f  in s ta n 

taneous ones. Let t = 0 be the p o in t o f  in te r e s t  on the world lin e  

and denote t by - t . The technique used by Dirac and others was to  

make expansions o f  th e  form
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v" = V* - + ÿ" à* + . . .

= -'lu^ + TV  ̂ -  J  ( 1 . 4 6 )

where the q u a n tit ie s  without the t id le  r e fe r  to  instantaneous va lu es, 

The second s e r ie s  contains both r and /i. In order to  elim inate t , 

one makes use o f

R^R = 0 ( 1 . 4 7 )

to  express t as a function  o f  A .  S ince one only needs a few tenhs 

in  each s e r ie s ,  th ese techniques are not too unwieldy. The r e s u lt  

o f  carrying out the expansion and in teg ra tio n  is

= - — e2(&^-a2v^) +di 3 2a  ext V

( 1 . 4 8 )

+ A ^A  + + ••*

The A's represent the c o e f f ic ie n ts  o f  an in f in i t e  s e r ie s  in  the radius 

o f  the world tube which depend on the kinem atics o f  the charge, and 

Fext represents f ie ld s  which may be present due to  sources other than 

the charge o f  in te r e s t .
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The mechanical momentum o f  the charged p a r t ic le  is

The to ta l  conservation  o f  momentum requires

. u

Cm + ^  " T ®^(^^ " (1 .51)

"ext  ̂ " e ^ v -  (1-52)

At th is  p o in t , Dirac le t

*obs = * + i t  (1-53)

be the experim entally  observed mass. Then w ritin g

%bs'^^ = - §  - afv*) - + A^/l + . • •  (1 .54)

he took the lim it  as to  obtain

»obs*' = -  & - f : x t  - (1-55)

This i s  known as the Lorentz-D irac equation.
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I t  i s  c lea r  th at w hile i t  i s  convenient to  renorm alize the  

mass so as to  be r id  o f  the in f in i t e  s e r ie s ,  the renorm alization  i t 

s e l f  i s  t o t a l ly  u n ju s t if ie d , m athem atically . The question  th erefore  

a r ise s  as to  the true s ig n if ic a n c e  o f  the in f in i t e  s e r ie s ;  are there  

values o f  n. other than zero such that the s e r ie s  vanishes? The major

which r e la te  the retarded and advanced q u a n tit ie s  in  electrodynam ics 

to  th e corresponding instantaneous ones. This formalism w il l  allow  

the in v e s t ig a t io n  o f  questions such as the one ra ised  above.



CHAPTER II

THE CALCULATIONS IN OUTLINE

A. The O b jectives

This t r e a t is e  i s  concerned w ith developing a l l  the mathema

t i c a l  machinery necessary  to  derive th e Lorentz-D irac equation o f  

motion in  a manner which i s  p h y s ic a lly  cogent and m athem atically sound.

By p h y s ic a lly  cogen t, we mean th at a l l  the assumptions used 

are e ith e r  w e ll-a ccep ted  in  the current understanding o f  the problem 

or e l s e  are natural and appear p r a c t ic a lly  s e l f - e v id e n t .  By mathema

t i c a l l y  sound, we mean th a t no i l l - d e f in e d  mathematical techniques such 

as renorm alization  need be u t i l i z e d .

The work n a tu r a lly  d iv id es i t s e l f  in to  three major endeavors. 

F ir s t ,  th e conversion o f  th e usual retarded and advanced formalism in to  

an "instantaneous" or "co-present" form alism . Second, the use o f  th is  

formalism to  obtain  general formulas fo r  the q u a n tit ie s  appearing in  

th e expression  fo r  the electrom agn etic  momentum. F in a lly  the drawing 

o f  con clusion s about the equation o f  motion.

15
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B. H e u r is tic  C onsiderations

We s h a ll  take R ohrlich 's in te r p r e ta tio n  o f  D irac's d er iv a tio n  

s e r io u s ly . That i s ,  by assuming conservation  o f  the to ta l  momentum 

a sso c ia ted  w ith the charge (mechanical p lus e lec tro m a g n etic ), we sh a ll  

lay  the groundwork for  being able to  deduce the equation o f  motion 

w ithout having to  employ renorm alization .

To begin  however, we must have a j u s t i f ia b le  d e f in it io n  o f  

electrom agn etic  momentum. This d e f in it io n  i s  not as n atu ra l to  come 

by as one might suppose. S ince in teg ra tin g  a second rank ten so r  over 

the world tube o f  the p a r t ic le  i s  eq u iva len t ( i f  the f i e l d  van ishes s u f 

f i c i e n t ly  rap id ly  in  sp a c e -lik e  d ir e c t io n s )  to  forming the d iffe r e n c e  

o f  th e in te g r a ls  o f  the ten sor over two adjacent s p a c e - lik e  p lanes 

which are perpendicu lar to  the world lin e  (the in teg ra tio n  excludes th e  

volume which the p a r t ic le  i t s e l f  o c c u p ie s ) , i t  seems natural to  look 

fo r  a ten sor  0^^ whose in te g r a l over such a sp a c e - lik e  p lane can be 

considered "the" four-momentum. As we mentioned in  Chapter I ,  Dirac

chose to  be 0^^. where r e t

0̂ ^̂  = J _  (F^o + 1  gUVpOG F ) .
r e t  4tt r e t  r e ta  4  ̂ r e t  retaB

The general d e f in it io n  o f  e lectrom agn etic  four-momentum i s  then (1 .41)  

This choice has some support : l e t  a charge i n i t i a l l y  be at 

t  = 0 and consider the electrom agn etic  f i e l d  produced in  th e in te r v a l
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from T = 0 to  T = dî by the arb itrary  motion o f  the charge. I f  an ob

serv er  moves along between the l ig h t  cones which have th e ir  apexes at

T = 0 , and T = dt he finds that the f ie ld s  produced in  the in te r v a l dr

are more and more confined to  the region between the cones u n t i l ,  in 

the region  o f  the f i e ld  vary for  how the changes loca tion  during d^, 

th ere  i s  no f i e l d  ou tsid e  th is  region due to  the motion considered.

Let da^ be an element o f  a tim elik e  surface a„ which the f ie ld s  in 

t e r s e c t  a t r = Then

dP  ̂ , 5 - 1  rad c 0^"+ da 
0 " r e t  ”v

can be shown to  be the momentum assoc ia ted  with the rad ia tion  em itted  

in  the in te r v a l dr. This d e f in it io n  depends on the "asym totic" f i e l d ,  

where th ere are no charge s in g u la r i t ie s .  * i t  i s  not obvious however, 

th a t when the in teg ra tio n  (1 .41) includes th at portion  o f  the f i e ld  

near the charge (s in g u la r ity )  the p h ysica l meaning o f  the in te g r a l r e 

mains u n a ltered . We do not choose to  d iscu ss here other choices and 

t h e ir  m erits but in stead  w il l  adopt (1 .41) fo r  the sim ple reason that 

we are s p e c i f i c a l ly  in te r e ste d  in  extending D ira c 's  n o tion s to  th e ir  

proper l im it .

The second important p o in t and the most fa sc in a tin g  i s , i f  one 

b e lie v e s  the D irac equation but does not b e lie v e  in  renorm alization ,

''See R ohrlich fo r  a d iscu ssio n  o f  th is  problem.
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what lo g ic a l p o s it io n s  are l e f t  to  him? One i s  that the equation i s  

r ig h t but the d erivation  i s  wrong. This i s  not an untenable p o s it io n  

but i t  i s  not very in te r e s t in g  e ith e r . The a lte r n a tiv e  seems to  be 

that the r e s t  o f  the s e r ie s ,  which Dirac threw away, must be important

n T* ^  r*  ^  o  ■» v  v a  m 1 1 a  v a o r »  4» «•«« « ^
JLCAWW V HIM»./ V 1/ Vi XV«Cii^Wll ««iljr l^JLXCt.V> •? V V W l i  I IJ . V| Vt V<

was su c c e ss fu l. In p a r tic u la r , one could suppose th at there are values  

o f  the world tube radius A. fo r  which the s e r ie s  in  the r ig h t hand 

member o f  (1 .57) v a n ish es, thus g iv in g  the Dirac equation r ig o ro u sly .

The v a lu e (s )  o f  -'i would be a sso c ia ted  w ith the dimension o f  the ch arge. 

Thus in  th is  theory, c la s s ic a l  electrodynam ics would imply something 

about the stru ctu re  o f  the ( c la s s ic a l )  e le c tr o n . I t  i s  th is  p o s s ib i l i t y

which we want to  explore and in  the present work, we lay the foundation

fo r  a study o f  i t .

We makp three assumptions:

( i )  The electrom agnetic  f i e l d  o f  the p a r t ic le  i s  described  by 

the Lienard-W iechert p o te n t ia ls  [Eqs. (1 .25) and (1 ,2 6 ) ] ,

( i i )  The motion o f  the charge i s  such th a t a l l  power s e r ie s  ex

pansions o f  f i e l d  q u a n tit ie s  have a radius o f convergence which i s  at 

le a s t  as large as the radius o f  the e le c tr o n .

( i i i )  The electrom agnetic  four-momentum o f  the e lec tro n  i s  given  

by Eq. (1 .41) .

Assumption ( i )  a c tu a lly  d efin es  our model o f  the e lec tro n  and

so i s  an assumption only in  the weakest sense o f  the word.
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Assumption ( i l )  i s  in d isp e n s ib le . Without i t ,  the en tire  

Dirac formalism c o lla p se s . Note however, that we are assuming that 

the power s e r ie s  are v a lid  only in  a very sm all region o f  space time 

and are not assuming that the various q u a n tit ie s  are a n a ly tic  every

where .

Assumption ( i i i ) , we have already d iscu ssed .

The remainder o f  th is  chapter i s  devoted to  an o u tlin e  for  

and a commentary on, the d e ta ile d  ca lc u la tio n s  which are present in  

Chapter I I I .

C. The Geometry

Consider the s itu a t io n  in which a f i e l d  poin t P, w ith coordinates

i s  sim ultaneous w ith a p o in t Q [coord inates (1=0)] on the world

lin e  o f  a charged p a r t ic le  (F ig . 1) . The retarded f i e l d  a t i s  

generated by the p a r t ic le  when i t  i s  at the p o in t Q [coordinates  

( t ) ] ,  f<0. The advanced f i e ld  at x^ i s  generated when the p a r t ic le

IS at the p o in t Q [coord inates z  ̂( t) ,  T>0]. What we want i s  an ex

p ression  for  the f i e ld  q u a n t it ie s , e .g .  ( x ) , in  terms o f  the "co-

present" q u a n tit ie s

v^(T=0) = v^ a^(t=0) 5 e t c . .

and the d istan ce /i, where

ft?- -  (x"-z^)(x^-z^) (2 .1 )
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(we are fo llo w in g  the convention th a t q u a n tit ie s  not evaluated at t =0, 

are accompanied by e x p l i c i t  referen ce to  r ) . The o ld  technique was to  

expand the re lev a n t q u a n tit ie s

= Y*̂ _ r?'i

in  a power s e r ie s  in  t . Then, making use o f  the fa c t  that

R^(T)R^(f) = 0 (2 .2 )

one obtained a r e la t io n  between A. and x to  only a few orders. Using 

th is  r e la t io n  one then elim inated  x from the expansions and obtained  

power s e r ie s  in  terms o f  f i and the k inem atica l q u a n tit ie s  evaluated  at

X = 0 .

In general we s h a ll  a lso  fo llo w  th is  approach but we s h a ll  make 

e x p l i c i t  use o f  the fa c t  th at we are expanding a l l  q u a n tit ie s  o f  in 

t e r e s t  in  terms o f  A.. This w i l l  s im p lify  the procedure enormously.

We proceed to  fin d  a technique which w i l l  a llow  us to  d if f e r e n t ia te  

d ir e c t ly  w ith resp ect to  A . This i s  an approach which, to  the author’s 

knowledge has not appeared in  the l i t e r a t u r e ,  and in  f a c t ,  provides the 

sought a f t e r  r e la t io n  between x and A ,  to  a l l  orders.

D The D iffe r e n t ia t io n  Process 

The d if fe r e n t ia t io n  th a t we are in te r e s te d  in ,  i s  to  be found 

by con sid ering  the change introduced in  the fu n ction  o f  in te r e s t  when 

the d ista n ce  A  i s  in f in ite s im a lly  v a ried . This v a r ia tio n  must be
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carried  out in  such a way that

( i]  the p o in t i s  unvaried

( i i )  the p o in t P' (coord inates x'^] which p i s  mapped in to  by

the v a r ia tio n  o f  H. i s  s t i l l  sim ultaneous with z^.

( i i i )  account i s  taken o f  the fa c t  th at a v a r ia tio n  w i l l

map r-*-t ' in  such a way, that R'^ (T ' )= x '^ -z'^  ( i ' ) obeys the r e la t io n

R'^R' = 0 .
y

Requirement ( i )  i s  necessary  s in ce  z  ̂ i s  the given poin t o f  

in t e r e s t .  Requirement ( i i )  i s  n ecessary  because a l l  f i e l d  p o in ts must 

be sim ultaneous w ith  z^. Requirement ( i i i )  guarantees th at the f ie ld  

at i s  r e a l ly  the retarded f i e l d  o f  in t e r e s t .

These con d ition s are s u f f ic ie n t  to  sp e c ify  uniquely the d i f 

fe r e n tia t io n  p r o c e ss . Since

x^ - z^ = Au  ̂ (2 .3 )

we have

gx'̂  = ôÆû  (2 .4 )

or

l a r  = - (2 .5 )

Now we want to  consider the d er iv a tiv e  o f  a function  o f t ,  say 

jf(f) . Then

(2 .6 )
dn. d i d f i



22

and s in c e , s e t t in g  c = 1, (much la te r  we sh a ll  allow  c to en ter the 

formulas e x p l ic i t ly )

(2 .7 )
9x

we have

m i .
d/L - X r t lfù + V )u*: X =

“ ' ' ' y y' ÛT
f2.81

From th is  form ula, we see  th at in  order to  c a lc u la te  the nth d er iv a tiv e  

o f  | { ( t ) ,  we need the (n-1) d e r iv a tiv e  o f  + 9^.

We assume that + v^ can be expanded in  a Taylor s e r ie s  and 

take i t s  form to  be

00 n

n=0
(2 .9 )

Now, s in c e

df
dA 9x"

- (ü° + 9^)u

n=0 n !

(2 . 10)

(2 . 11)

we have the s e t  o f  equations

dx
àn.

d^x
d/i.2

A,u
1 0
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(2 , 12 )

A = _ A  / u,..n n-1 0
Cl/t

.?(4j = - 1 . (2 ,13)
n=l

The q u a n tit ie s  Â '̂ û  tu m  out to  be o f  fundamental s ig n if ic a n c e

and so we introduce some convenient n o ta tio n . Define

a , ( l )  E 0
(2 .14)

then

t(4 j —  I  ^  " (2 .15)
n=0

I f  we define

r-1
p n- Z k. r -1  p -1

a W  = ^ I ^(n - I  k .)  a  ̂ 6(n- % k .,k  ) (2 .16 )
r=l k =0 1=0 1 r  ̂ P

[so that a ^ (l) agrees w ith (2 .1 4 )]

a , (0) = a^(A) = 6 (0 ,£ )
(2 .17)
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where ô (0 ,2 )  i s  the Kronecker d e lta , then we show in  se c t io n  A o f  

Chapter I I I ,  th at

ïp = (-1 )^  Ï  ^  a (p) 
n=0

(2 .18)

In a s im ila r  way, s ta r t in g  from the equation

3t  — —

3x
(2 .19)

we have the fo llow in g  r e la t io n s

\ - l  “o "

00 n

In=0

(2 . 20)

"  *

" P '  Z. FT *n(P)n=0

we can then deduce the important r e la tio n s

d*4(?)
d/z.n

(2 . 21)

d"d(i)
dAn

n

T=0
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E. The Recursion R elations

As mentioned above, th e a^(p) are the fundamental q u a n tit ie s  

in  th is  retarded f i e l d  theory . Once they are known, a l l  other retarded  

q u a n tit ie s  may be expressed  in  terms o f  them. The a^(p) do not seem to  

have been in v e s t ig a te d  in  the l i te r a tu r e  and th e ir  determ ination forms 

one endeavor o f  th is  work. This determ ination i s  d e ta ile d  in  se c t io n  

B o f  Chapter I I I .

There are sev era l approaches which one could use to  fin d  the 

a 's .  One method c o n s is ts  o f  d eriv in g  a d if f e r e n t ia l  equation which the  

q u antity  û + v^ must s a t i s f y  and then using  th e method o f  Frobenius to  

fin d  the so lu tio n  in  the form o f  a power s e r ie s  in  The c o e f f ic ie n t s

o f  th is  s e r ie s  w i l l  be a^. The d if f e r e n t ia l  equation can be shown to

be

^  (0^ + 9^) = -  + 9 ^ )(ü^ + v^)u^

(2 . 22)

- 4  (Ü*^ + V ^ ) Û  U^ + T- {u^ + V ^(Ü + V )u'^f

where, as in  Chapter I ,  q u a n tit ie s  w ith a t i l d e  over them are to  be 

evaluated  at x = x. Because o f  the n o n -lin e a r ity  o f  the equation (p 

must be expressed in  terms o f  the assumed s o lu t io n ) , the so lu tio n  i s  

q u ite  d i f f i c u l t .

A second approach i s  to  w rite  the v ec to r  R̂  as

Rf = Î  4 ^  ( 2 .23 )
n=0 ^



26

with
" -1  ( .1 ) "

(The d e ta i l s  important in  a rr iv in g  at Eq. (2 .2 4 ) are d iscu ssed  in  

Chapter I I I ) . I t  can a lso  be shown th at the expansion for  p  ̂ takes 

the form

1 =  1 I
P ^ J o  n! 2n

where the g^ are functions o f  a ^ ( l ) , a ^ (2 ) , . . .  . T herefore, because

o'- .  v“ = C
P

we obtain

which r e s u lts  in

, n+1 .

V ' s t t J  t k ) 8 k  W "  •K=0

Because the g  ̂ depend on the a^, the r e s u lt in g  equation i s  

a l l  but in t r a c t ib le .

The approach which seems most stra ightforw ard  i s  to  begin with  

Eq. (2 .2 ) .  Equations (2 .2 3 ) ,  (2 ,2 4 ) g ive

y f"lO. ^0 = 0 0 ^5 0. 'K' 'K Tl-K  ̂ '0k=0
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as the n ecessary  con d ition  which the a 's  have to  s a t i s f y .  This equa

t io n ,  a f te r  a cer ta in  amount o f  d isagreeab le  algebra r e su lts  in  the  

recursion  r e la t io n

V r  ? r , .P f  1 2 (p + l)! I ,(k ) .(p -k )u ,
 ̂ (k-2) ! (p+2-k) ! - (k + l)!(p -k )!(p + 3 )!  '"u '

(2 .26)
n-2 - _ p

= a (2) n > 2n - 1  (j n

Coupling th is  equation w ith

» n -l = à  -  X  0  V „ - k l  (2 .27)
k=2

g iv e s  an e x p l i c i t  exp ression  o f  a . i n  terms o f  a a , a^,n—i  n -z n- u i

where a  ̂ = 1.

The recursion  r e la t io n  [Eqs. (2 .26 ) and (2 .2 7 )]  does not g ive  

the a 's  in  a form which i s  convenient fo r  in teg ra tio n  over a spacetim e 

su rface [such an in teg ra tio n  must be performed in  order e .g .  to  eva lu 

ate in  Eq. ( 1 .4 1 ) ] .  T herefore, we want to  fin d  a way o f  rep resen t

ing a 's  which w i l l  allow  us to  do such in te g r a tio n s . This rep iesen -  

ta t io n  i s  based on what we choose to  c a l l  form c o e f f ic ie n t s  jC^. I f  

one c a lc u la te s  a ty p ic a l a^ say a^:

• A 1 0 A 9 II A
*3 '  A " , - 4 *oa“ * * 4 * "
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he n o tice s  that i t  i s  composed o f  a sum o f term s, each o f  which i s  a 

product o f  kinem atic terms , e t c ,  contracted  on products o f

powers o f  the m etric tensor and powers o f  the vector u^. What we

w i l l  show i s  that there i s  a general form for  the a^ in  which the jC^ 

determine exa ctly  what combinations o f  powers appear, or to  be more 

p r e c is e ,  the jC^ are the c o e f f ic ie n t s  o f  a lin e a r  combination o f  in 

varian ts formed on the tensor q u a n tit ie s  u*̂ , g^^ which d eter 

mine the a^. The determine the in varian t a^ ju s t  as the m etric  

tensor g^^ com pletely determ ines the in varian t d:^. In se c t io n  D o f  

Chapter I I I ,  we obtain  the recursion r e la t io n  fo r  the Since th e ir

form i s  rather com plicated, we postpone d isp lay in g  i t  u n t i l  Chapter I I I .

F. Further C onsiderations  

In se c t io n  E, we so lv e  the fo llow in g  problem: suppose one

has a power s e r ie s  fo r  the arb itrary  fu n ction  f (4 j  i . e .  suppose

i W  = I ^  f  L  f  0 (2 28)
n=0 °

What i s  the s e r ie s  expansion fo r  the in verse  s e r ie s  l/f(> i)?  The 

beauty o f  the f in a l  expression  for the in version  form ula, which we 

f in d , i s  th a t i t s  form does not depend in  an e s s e n t ia l  way on the  

value o f  n , the order o f  the term. In se c t io n  F, we obtain  the  

b iv a r ia te  s e r ie s  for  ' : /p ( i ) ,  where t i s  not n e c e s sa r ia ily  equal to  

f but remains arb itrary . This s e r ie s  i s  important because i t  allow s

us to  fin d  the expression  fo r  u^ (t) - v^ (t) = —-y-'Y which i s  used in
P I" J
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Eq. (1 ,3 0 ) . Referring to  Eq. (1 .3 0 ) ,  i t  w i l l  be seen  th at the value  

o f T i s  s e t  equal to  f  only a f te r  d if fe r e n t ia t io n  and for th is  reason  

— i s  expressed in  terms o f  arb itrary  t .

A fter the d if fe r e n t ia t io n  in  Eq. (1 .30 ) i s  performed, cer 

ta in  in verse  powers o f  t appear. To deal w ith  th ese  term s, we chose
/I £

to  fin d  the s e r ie s  expansions for  the q u a n tit ie s  (—) where i  i s  an 

arb itrary  p o s it iv e  in te g e r . These s e r ie s  are found in  se c t io n  G.

The r e su lt in g  formula i s  e leg a n tly  sim ple and stands out among s im ila r  

q u a n tit ie s  whose s e r ie s  expansions are far  more complex. Using these  

formulae and Eq. (2 .18) t can now be elim inated  from the s e r ie s .

Having gone to  some length  to  develop the machinery necessary  

to  express a l l  the f i e l d  q u a n tit ie s  d ir e c t ly  in  terms o f  s e r ie s  de

pending on K ,  the most d ir e c t  approach might seem the sim ple combina

t io n  o f  a l l  th ese  s e r ie s  to  c a lc u la te  the required r e s u l t s .  I t  turns 

o u t, however, to  be more e legan t to  work in  terms o f  double powers 

s e r ie s  in  the v a r ia b les  t and A, and only express t  in  terms o f  H. at 

the end o f  the c a lc u la t io n s .

Now th a t a l l  the machinery has been developed, the s e r ie s  ex

pansion fo r  (which i s  the e s s e n t ia l  p ortion  o f  th e d if fe r e n t 

ia l  f lu x  o f  momentum through the world tube) can be found. The rather  

in tr ic a te  c a lc u la tio n s  which lead to  th is  s e r ie s  are carr ied  out in  

se c t io n  H. F in a lly , in  se c t io n  1, a l l  that remains i s  the c a lc u la tio n

r̂et' v̂'^ ’̂ In order to  accomplish t h i s ,  a general

formula i s  derived for  the tensor u ^ ...u 'd n , where the dots in d ica te
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an arb itrary  even number o f  v ecto rs  (th e ten sor i s  zero fo r  an 

odd number o f  v e c to r s ) . When th is  formula i s  used in  conjunction  

w ith the r e s u lts  o f  H, the genera l s e r ie s  expansion fo r  the momen

tum f lu x  i s  obtained.



CHAPTER I I I

THE CALCULATIONS IN utlAiL

A. The Q u an tities a^(p)

In th is  chapter, we d erive in  d e ta i l  the r e s u lts  d iscu ssed  in

Chapter I I .  F ir s t ,  con sid er the product o f  two power s e r ie s
00 _  00 _

B = I  —r B , and C = > —r C . Their d ir e c t  product i s
n=0 n! n n=0 n! n ^

“ « m+n

I t  i s  c le a r  th a t form ally at l e a s t ,  we can group the terras togeth er  

which have A. to  the same power. Thus we have

'  n=o'‘'’j o  ^  '  X  J o  ‘^n-k '

R efin ing the binom ial c o e f f ic ie n t  as

We obtain

V  " k !(n -k )!  • [3 .3 ]

31
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This i s  th e usual form fo r  the Cauchy product o f  two power s e r ie s  

I f ,  in  p a r t ic u la r , the two s e r ie s  are id e n t ic a l ,  we obtain  the square 

o f  a s e r ie s  in  the form

» .n n
d 2  _  V _  V n  r*

" " n= 0  "I k= 0  "n-k '
(3 .5 )

Equation (3 .5 ) i s  the sp e c ia l case p = 2 o f

r-1

^  r2 ln=0 k =0 r

r r-1

" ■ J o " !
p-1

Bk 6(n- I  k .,k  )
i=0

(3 .6 )

This general exp ression  fo r  the pth power o f  a power s e r ie s  has n o t,  

to  the au th or's  knowledge appeared in  the l i t e r a tu r e .

I f  we d efin e

r-1  r-1
p n - z k . f  n - y k.

s ( p )   ̂ » z '  "
r= l k =0 kr '• r

P:1
a% a(n - y k^,kp)

\  -
a^(0) = a^fü) = 6 (0 , A)

(3 .7 )

I t  w i l l  fo llo w  from Eq. (2 . ) and Eq. (3 .5 ) th at

00
n.

Z ^  %(p) •n=0
(3 .8)
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Before proceeding, l e t  us prove two p rop erties  o f  the a (p )'s ;

( i )  a ^ (P « )  = a^(p)

( i i )  a^(p) = 0  p > n

The fo llow in g  sim ple proofs should s u f f ic e :  To b eg in , sup

p ressin g  the minus s ig n , we have

n=0

'  L h -n=0

œ _n
= I ^  a (p+s) 

n = 0 " ' "

But considering the Cauchy product o f

I ^ a j p )  and I  ^  a_^(s)

we have the r e s u lt

T herefore, equating the two ex p ressio n s, we have
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As fo r  ( i i ) , n o tic e  that s in ce  the f i r s t  non-zero term in the expan

sio n  o f  î  i s  proportional to  f i ,  has as i t s  f i r s t  non-zero term 

something that goes as f i P . Thus

a^(p) = 0 p > n . (3 .1 1 )

Let us now obtain the expression  fo r  the nth d er iv a tiv e  o f  

d ( t ) .  Expand (5( t) as a power s e r ie s  in  x.

4 ( f )  = pT ( : : p  4 (f))x = 0  • (3-12)p=0  ̂ dx

Use Eq. (3 .8 ) for  x^; then

C3.13)

w hich, in  view o f our assumptions about power s e r ie s  convergence 

along with property ( i i )  o f  the a 's  g iv e s , a f t e r  interchange o f  the  

order o f  summation

Therefore, the nth d er iv a tiv e  o f  a function  o f  x i s  given by

Z a rp)[ 4 : i S m i . = n  ■ (3 15)
dA," ^=0 p! n r  J?=0
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I t  may be reassuring  to  know that Eq. (3 .15 ) can be derived  in  a 

manner which does not depend on the v a l id i ty  o f  in terchanging summa

t io n s .  In fa c t  i t  was o r ig in a lly  d iscovered  by the author using a 

formula due to  Schwatt^ fo r  the nth im p lic it  d e r iv a tiv e . Indeed, 

w hile the method o f interchanging summations w i l l  be employed fr e e ly  

throughout th ese  d e r iv a tio n s , the r e su lts  do not depend on the in te r 

change as one who wants to  do s u f f ic ie n t  algebra can show.

B. The Recursion R elation

As d iscu ssed  in  Chapter 11, th e  a ’s p lay  a cen tra l r o le  in  the  

retarded f i e l d  theory . We want th erefore  to  g iv e  a sy stem atic  method 

fo r  fin d in g  them. Let us apply the r e s u lt s  o f  the previous se c t io n  by 

expanding z'^(t) in  powers o f  /i.

or

n=l 0 = 0   ̂ di^

Not le t

p = p' + 1

Then we have, suppressing the prime.

=0 ,n n-1 , . .p+1 ,p+l

‘  p io  " W r  '  M l .
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or
n n-1 ,_T.p+l

n=l p=0

Since (0) = 0 when n  ̂ 0 . Now from Eq. (1 .2 0 ) ,

r “ .  x“ -  2“ .  x"' -  z“ -  I  ^  I  a (p^ l)v-»^“ . (3 .1 5 ,
n=l p=0 IP "

Then using

= /lU^. (3 .20)

We have

“" = Î  CptlHSCl.nJu** * . (3 .21)
n=l p=0 IP

For convenience in  m anipulation we d efin e

Q  ̂ % 0 ^0

Then we may w rite

I t  can be shown th a t p  ̂ can be expanded in  the form

i . i  ;  f
p «  ni =n

(3 .22 )

R" = Î  ^ Q n " -  (3 .23 )
n=0

(3 .24)
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Therefore because

(ù^ + v^) = y  . (3 .25)

We have,

we have

Thus we obtain  the r e s u lt

- 00 n
r; ̂  , .'.W _  ̂ V ^ V — r\ M _.
“  "  '  f  n i o  k i o  •

Let

n = n' + 1 .

Then suppressing the prime and making use o f  the fa c t  that

.  , n . l  (3-27)
r h,  ̂ 1  ̂ r ,n+l^ c\ M

'  n=0 k=0 ■' “

(3 .28)
k=0

As d iscu ssed  in  Chapter I I ,  we could use th is  as an equation for  

fin d in g  the a 's .  I t  turns out to  be sim pler to  fo llo w  an approach 

in  which we begin  with in stea d

R^R = 0 . (3.29)
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In terms o f  Eq. (3.23) t h i s  c o n d i t io n  i s

Q *̂ = 0 ^0

(3.30)

W riting th is  o u t, and using Eq. (3 .2 2 ) , we have 

n-1 k-1 n-k-1 .^ ..p+q

k = l p =0 ,= 0  C p » l ) : (q* l ) I

[6 (1 ,k)u^ + v (P )^ ][6 (l,n -k )u ^  + ° '

When the kronecker d e lta s  have done th e ir  work, the r e su lt  i s

n-1 n-1 , i-iP+q "

p ? 0  q= 0  '  k l o

(3 .31)

(3 .32)

* 2" Y  = 0 (n>2).

But

n

So

(k)*k(P +l)an-k(4+ l) = \(P-^q+2) . (3 .33)

* , L  W  -  “

(3.34)



39

Now transform the f i r s t  term.

 ̂ X  X  (3 .35 ,

by le t t in g

P = p '  + q '  q '  = p - p '

then

^ " p L  p'=0 (P '+ 1 )!(P + 1-P ')! ^^a^(P+2) (3 .36)

s in ce  a^(p) = 0 fo r  p > n . Thus the equation determ ining the a 's  i s

(3 .37)

I t  i s  more convenient fo r  la te r  work to  transform the f i r s t  

term in  the equation . F ir s t  consider

,(s)y
v '(T ) = I %IT-

s=0

(3 .38)

.  T .

t=0



40

Since i s  orthagonal to  a^.

0 = v ^ T ) a  (T) = 1 ^ 1  (3 .39)
n=0 ’ k=0

or

I  ( " jv » ) * *  (" -t )  = 0 (3 .40)
k:o k ;

n
■•• ( " )  .  I  ( ? ) v ( k ) W a  ( n - k )  .  „

li "k 0

fo r  n > 1,

k = k' + 1

(3 .41)

le t

g iv in g

v ^ a  = - I  ( ."  (n -k-1)  ̂ (3 .42 )
y k=0 k+1 ;

Changing in d ice s  again g ives

= - " f  (";|)& (k)^&  (" -s-k ) -  6 ( 0 , n) (3 .43)
 ̂ k=0 ^

Without fu rth er  q u a lif ic a t io n ,  th is  equation i s  v a lid  only  

fo r  n ^  2. At th is  p o in t we introduce the fo llo w in g  important conven

tio n s  :
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( i )  Whenever the upper summation lim it  i s  le s s  than the lower 

summation l im it ,  the sum i s  id e n t ic a l ly  zero.

( i i )  The in te g e r  arguments o f  a l l  non-zero q u a n tit ie s  are non

n e g a tiv e , i . e .  n ega tive  in teg er  arguments imply the quantity  i s  zero.

Convention ( i )  makes Eq. (3 .4 3 ) v a lid  for  a l l  n. Convention

( i i )  w i l l  be valuab le throughout th is  chapter.

Now w rite  Y as

'  '  J o  J o  ( q ' l M W - q ) ,

(3 .44)

The f i r s t  sum i s  ju s t

-  a (2 ) ,  s in ce  v^a = 0 . n^ y

When we separate the q = 0 and q = p terms from the r e s t  o f  the summa

t io n ,  the second term in  Eq. (3 .44 ) becomes

" f [ V (   v(q)%v(p-q) )
p=2 q=l ( q + l ) ! ( P + l - q ) !  ^

(3 .45)

* ’'“v 'P ’ yla^Cp+a)

Carrying out another transform ation s im ila r  to  th ose  used already, and 

use o f  the formula fo r  v^v^^^^ y ie ld s  fo r  the above equation
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[ ( - l )P  2 ( - l ) P ( p - l ) !  j .
p=2 k=0 n k + 2 )!(p -k )!  - (k + l) l (p -2 -k ) ! (p + l) ! f

(3.46)
,(k )w  g(p_2_k) _

One f in a l  transform ation g iv e s  then fo r  Eq. (3 .37 ) the form

" ÿ 'r  f  f .n P  I________1 1 ,„ (k ) ,(p -k )p .
p=0 k=0 ' ( l + 2 ) l ( P * 2 - k ) !  ( k . l } ! ( p - k ) ! C p . 3 ) l l  “  W “  >

a_,(p.4) .  2n (3 .47)

v^P)^u = a (2) n > 2u n*̂

Using the d e f in it io n  o f  a^(2) we have

4„C2) = 2„ .  J  ( j ! )4 k V k  • (3-48)
k=2

Combining Eq. (3 .47  and Eq. (3 .4 8 ) g iv es  a t l a s t ,  th e b a s ic  recursion  

r e la t io n  as

o - J_ V r  ? f a.P f 1 2(p+l)l 1
n-1 " 2 n pto k= 0  l(k + 2 )l(p + 2 -k )! '  (k+1)! (p -k ) ! (p+3)! 1

(3 .49)

- à  J j ' k ^  V n -k  •
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Sim ilar co n sid era tio n s , which we sh a ll om it, g ive  the recursion  

r e la t io n s  for  the advanced q u a n tit ie s  in  the form

.  J -  "j" [ y I ! 2 (P+i)i 1.
n-1 2n pijj (k-1) ! (p-k) ! (p*3) ! '

J q (p+1)! - 2n

C. A lgebraic D escrip tion  o f  F ie ld  Q uantities

I t  w i l l  become evident in  the fo llow in g  development that a l l  

the q u a n tit ie s  which appear in  the current c la s s ic a l  charged p a r t ic le  

theory can be ca st in to  a form which i s  in  one-one correspondence with  

a form which depends only on a lg eb ra ic  q u a n tit ie s  fo r  i t s  d e f in it io n .  

This r e s u lt  w i l l  allow  us to  derive e x p l ic i t  expressions fo r  the pro

pertim e ra te  o f  change o f  the four-momentum a sso c ia ted  w ith a charge, 

which would otherw ise p o ssib ly  be unobtainable.

To demonstrate t h i s ,  we begin  by w ritin g  down the most general 

form which the a 's  could have and s t i l l  depend on the kinem atic terms:

I ;  n { fa  'P r)] c"- (3 .51)
j=0 Jl=0 r= l r= l

2-1 j -2
1 ‘l i  -  I
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w ith  th e  fo llo w in g  d e f i n i t i o n s

U. = u u . . .  u 
£ Ml M2

(Pr) = r - É 2  
dfPr

,  [ _2__ a

and where the form c o e f f ic ie n t s  have the fo llo w in g  p ro p ertie s

c" = ô" Ô o p  o o ,p

(3 .53)
n P>i

.C = 0  whenever 
1 P J>n

p odd in te g e r .

j -1  £-1 j -£
We a lso  d efin e  J (q+p) = J  Q -  F p . ,  where q = p = 0  and

1=0 1 1=0  ̂ °  °

j=0 ,  . j -1
n  ̂ <s[n-j- I  (q+p) q£] = 1 

r= l

While we have not e x p l i c i t ly  in d ica ted  i t ,  x ” i s  a fu n ctio n  o f  q^,

^2’ *̂ £ P l ’P2’ ■■■ P j - £ ’ Pin&lly the a 's  which have the in d ices

q. are contracted  on the G's and those which have the in d ice s  p. are

contracted  on the U 's. The range o f  summation on the p. and q. i s  
\   ̂  ̂

n - j . Two important p o in ts  require d isc u ss io n . The con d ition

.c" = 0 j>n, and the lim ita t io n s  imposed by the kronecker d e lta  in  
1 ^
Eq. (3 .51 ) are n ecessary . To see  t h i s ,  consider th e fo llo w in g  d i

mensional argument.
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I has the dimension o f  tim e. The dimension o f  f i  i s  len g th . 

Thus, keeping Eq. (2 .15 ) in  mind, we see  th at only those combinations 

o f  kinem atic terms can appear in  the a^(1) which, when d iv ided  by the  

appropriate power o f  the speed o f  l i g h t ,  convert (len gth ) in to  (tim e). 

Let [T] denote dimensions o f  tim e, [L] diinensiuiis o f  len gth . The d i 

mension o f  the nth term o f  the s e r ie s  fo r  ? i s  thus

I I j l  i l T !
[T]^

^n "i"

where the la s t  fa c to r  i s  the appropriate power o f  c . The necessary  

con d ition  i s

n + p - q = 1 and o = p . (3 .54 )

Now i t  must be th a t q ^  2p, when n >1; fo r  i f  q< 2p, then there must

be at le a s t  one fa c to r  which i s  v^ ( i f  a l l  o f  the fa c to rs  were or

h igh er d e r iv a tiv e s  then q ^  2 p ) . IVhen v^ i s  contracted  on u  ̂ i t

g iv e s  no co n tr ib u tio n . When i t  i s  contracted  on g with some other  ** “uv

kinem atic term then e ith e r  the r e s u lt in g  term i s  ex p ress ib le  as a 

term in  which g ^  2p s in c e  fo r  th is  are produced [see Eq. (3 .4 3 )]

or e l s e  one has e ith e r  th e product

y yv a . . .  or V Vy y
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In the f i r s t  case the r e s u lt  i s  zero; in  the second, the fa c to r  VpVy=l 

no longer depends on kinem atic term s. Thus in  any case

q _> 2p when n > 1 . (3 .55)

liquations (3 .54) and (3 .55) togeth er  imply th at the maximum that p

can be i s  n - 1. Thus the r e s tr ic t io n  .c" = 0 , j>n. A sim ple exten -
] %

sion  o f  th ese  arguments r e s u lts  in  the fu rth er lim ita t io n s  imposed by 

the kronecker d e lta .

We now want to  show th at a^^^(2), â ^̂  ̂(3 ) , e t c .  have the same 

form as â ^̂  ̂(1 ) . We w i l l  show th at a^^^(2) can be w ritten  as

n-1 i Z ~\ \
• i(2 )  = n ( I

(3 .56)

.C^""(2) G^U._^ 0 ( n - l - j - 7  (q+p),q%)

^  ̂ j=0 £=0 r= l r= l

.n-1

and w i l l  determine the exp ression  fo r  th e  constants .c” "^(2).
J ^

T o  show t h i s , we begin  with

" J  ^ k + P \+ l  ^n-kk=0

which i s  ju s t  Eq. (3 .7 ) with a minor transform ation o f  in d ic e s . In 

accordance with Eq. (3 .5 1 ) ,  we have
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j l= 0  £j=0 r=l r=l h  *̂ 1 '̂ l *'1  ̂ 1̂

and

n-l-k  ^2 *2 (q') h ' h  (p'J
Ï  Ï  n {1% '  I n { fa  r } . U, . ,  ,

■■ ■■ Î 2 = 0  &2 = 0  r=l r=l ■'2 "2 "2 •'2 "2

and

i , ; !
6[n- l-k-j  - I (q'+p'),q'  ]

n-1 k i l  *1 , , i l" * l  , , k.

i  “ ' “ ' A

Uj _ A  " ' j r *  l '  c ^ -'-k .
h  1 Î 2 = 0  &2 = 0  r= l r= l ^2 2

J l-1  Î2-1
 ̂ [q+P)'q&^] 6[n - l -k - j2 -  I  Cq'+p'), q^^]

We now do the fo llow in g  three th in gs:
](

( i j  s in ce  = 0 when j^>k we may r a ise  the upper lim its  o f

and to  n. Then we may interchange the summations over j^ , 

w ith  th a t over k.

( i i )  note that = G&̂ +%2 , = U& ^ + % 2
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( i i i )  r e l a b l e  th e  and accord ing  as

q ; »

These m anipulations r e su lt  in

n n h  ^2  *1**2 (q )
**+1(2) = I I  I  I  n {Z* '  }
"  ̂ i]= 0  32=0 &i=0 %2=0 T=1

h * ^ 2 '* r * 2  (p ) n-1

A  '  ' J o  j / C "

r I V ,n+l^ ^ n-l-k

r= '

. (3.S7)
•’r

G„
' ' V h ' ^ h * h - h - h  ‘  ’“ s ’ ’

*2 ^l*^2"*l'*2
aCn-l-k-jg- I q. -  I p.,q„ 0 ) .

*1*1 j r * i  1 2

I t  w i l l  be seen th a t the summation over k g iv e s  a con trib u tion  only  

when

*1 i i" * i
k = I + I P i + i l  - (3 .58)

Thus the sum over k and the product o f  the two kronecker d e lta s  may 

be rep laced  by

3 -£ *2"! I*l2~*l"*2rl_ Ir 1_

(3 .59)

6(n-l-3^-32- I I Pi - I q i“ I 2i'S& +& J
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F in a lly , carry out th e sum over such a way th a t the

terms are grouped according to  the value o f  in  the same way th at

we grouped the terms in  the double s e r ie s  (3 .1 ) according to  the powers 

o f  f i .  Tiiis suggests that we introduce

I  =

In the same way, we carry out the sum over j^ , d efin e

J = j]+J2

Then we obtain

i  f  :  ( / ' A
j=0 &=0 jj= 0  &̂ =0 r= l r= l

n + 1

"i i i - " i

i i+  Iq+IP n - l - j  -%q-%p 
. c„ . . C„ „ (3 .60)
3 l

Ĵl+1 + I Si + I Pi'
j - i i  &-&1

Ï q r ^ i  P i > V

w ith

j c ; - i ( 2 ) I
& r 

V
L

n + 1

('I ii-& i
ii=o &i=o, ii+i + I qi + I Pi

ii+ i+ lq + Ip  n - i - j  -^q-^p
C p  X X

J] *1 j - i i

(3 .61)
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Then

i  : t z A Y r i i / r ) ,
j=0 £=0 r= l r=l

For purposes o f  g e n e r a liz a t io n , we make the d e f in it io n s

(3 .62)

A(r) = I  £ j l - 6 ( 0 , i ) ]  
i=0 1 (3 .63)

K(r) 5 I  ( j . - £ . ) [ l - 6 ( 0 , i ) ]  
i=0  ̂ ^

l c r ) q  E Y ’
i= A (r -l)

K(r)

q ^ { l  -  6 [ A ( r - l ) , A ( r ) ] }

I (r )p  E I '  p {1 - 6 [K (r - l) ,K (r )]}  
i= K (r -l)

(3 .64)

Now our previous r e s u lt  can be w r itten

n+1

jj=0 2^=0 lj^+l+ I ( l )q + I ( l )p

n - l - j , - ^ ( l ) q - ^ ( l ) p

i l j - i i

(3 .65)
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Next we consider

(3 .66)

n-l-k ^ -k g

We ju s t  w rite  th e r e s u lts  s in c e  there i s  e s s e n t ia l ly  noth ing new in  

the c a lc u la t io n

j=0 £=0 r= l r= l

, C ; - ^ 3 )  G ^ U . . ,  6 C n - 2 - j -  I  q ,  -  ' f p . , q , )

j c r ' m  = ' Y  Ï  Y '  f r '  .  1
jl= 0  Î2=0 &1=0 &2=0 lj i+ l+ I ( l )q + I ( l )P

n-j^-I ' ( l )q -I ( l )Pj  i i+ I ( l ) q + I ( l ) p  j2+I(2)q+%(2)p 

j_+l+% (2)q+f(2)pJ h ^ h

n -2 - i^ - j2 -I ( l )q -I ( l)p -I (2 )q -% (2 )p
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We can e a s i ly  g en era lize  i f  we d efin e

Z(r)(q+p) = I (r )q  + [ (r )p

o (r ) = + 1 + JC^Uq+p) r>0 (3 .68)

a(r=0) = 0

Now we may w rite

n+1 j=0 2=0 r= l

G^Uj_  ̂ 6 [n + l- s - j -  I  (q+p),q%]

r=l

j-1

(3 .69)

with
r-1  r-1

s j-Iji& -I& i
c% +i-S(s) = n I  I

r= l jj.=0 2^=0

r-1  
n+1- I  a ( i )

o (r)

,a ( r ) - l 5-1 s-1 3-1

(3 .70)

j " a ( j -  I  j j y j g )  6(2- I  6 [n+1- I  o ( i ) , a ( s ) ]

D. Form C o e ffic ie n t Recursion R elation  

Since we are in te r e ste d  in  developing the a lgebraic d escr ip tio n  

o f f i e l d  q u a n t it ie s , we want to  obtain a recursion  r e la t io n  for  the 

form c o e f f i c ie n t s .  To do t h i s ,  consider the fundamental recursion  r e 

la t io n  on the a ' s ,  which we s h a ll  transform p iece  by p ie c e . S tartin g
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with the la s t  term we have

X  W r  = t  ^

This term becomes, upon transform ation

Therefore

P=0 IP  ̂ j=0 £=0 r= l

^:*fIa!^i^}jC% -3-P(p+2) G^U._^ 6 [n -3 - j -^ i \q + p ) ,q ^ ]  ,

where we have used Eq. (3 .6 9 ) .  I f  we r e la b le  p = p^^  ̂ then the  

d e f in it io n



(3 .73)
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allows us to  w rite  the r ig h t  hand s id e  o f  Eq. (3 .71) as 

j=0 &=0 r=l r=l

j . ! » " ' '  « [ n - 3 - ) - i ( q * p ) .q J  •

Now l e t

y\P - f - l ) P  j  -______________ 2(p+l)  ! I , ,  .
k ■ i(k+2)!(p+2-k)! (k + l) ! (p -k )! (p + 3 )f  ’

This g ives  the  f i r s t  term in  Eq. (3 .49) th e  sim pler form

I  [ f  (P-k) a (p+4)] . (3 .75)
p=0 k=0 K ^

Now use Eq. (3 .69) to  w r ite  a^(s+4) as

" - r  i  :  -f
j=0 £=0 r= l r=l

j -1
"^(s+4) G g U j 6 ( n - 4 - j - s -  I  (q+p),q%)

(3.76)
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So we have for  the f i r s t  term in  Eq. (3.49)

Ï  I  K  ^ a (s+4) =
s !o  k:o k

. s -k ,  ( k j  fk^)
T  !  I  '  Àt *  '  * '  Gg Gts-k^.kg)'
8=0 k.=0 k-=0 1

" T  i  Î n .4 .=
j=0 &=0 r=l r=l ■’

,C“ "(s+4)

j -1
G%Uj_  ̂ 6 [ n - 4 - j - s -   ̂ (q+p),q^]

We introduce the e ta  function  with the d e f in i t io n

(3.77)

" W ' J l k f S  (3-78)

Ag E ÀPn(p-k) (3 .79 )

With t h i s  d e f in i t io n ,  we may interchange the order o f  summation on the  

k ’s and s .  R elabling the  kinematic term, l e t t i n g  the kronecker d e lta  

do i t s  work and making the transformation i + 2  = Z'  and, suppressing  

the prime, we have for  the r ig h t  hand s id e  o f  Eq. (3 .7 7 ) .

j=0 £=0 r= l r=l ^

I Cq+p),q%j

(3 .80 )

j± l
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where

So the fundamental equation becomes

j+2 £ (q^) j+2-£ (p^)

(3 .82)

^n(2 ) = I  I  n { l a  } n {Ja }■
j=0 £=0 r=l r=l

* 2 n " f  f  :
j =0 £=0 r=l r=l

Now make the s u b s t i tu t io n s  j '  = j+2, j ' = j+1 in  the f i r s t  and second 

terms r e s p e c t iv e ly .  Then we have, suppressing the primes

**(2) = F%-4
j=0 £=0 r=l r= l ^

j -1  n-2 i £
6 [n -2 - j -  I  (q+p),q ] + 2n % J ^ (3 .83)

 ̂  ̂  ̂ * j=0 £=0 r=l

(q ) j - £  (p ) _ j -1
1 1 ^  j^n f l *  "■ G%u._, 6 [n -2 - j -  I  (q+p),q%]



57

w i t h

_n_4 _ _"-4-qA_i-qA
j a -  q*_i j -2  A-2(qa_i+qa+4)

0^-3 .. ( -1 )*]"*  c""3-Pj_A
j & " (p._^+2)! j-^£(p ,_^+ 2)

( 3 . 8 4 )

comparing t h i s  with the general expression  for a^(2) from Eq. (3 .6 9 ) ,  

we have

(3.85)

Cq*P).qjl •
3

Since we are not e x p l i c i t l y  in te r e s te d  in  the jC ^(2), but 

rather the ^C™(1), we proceed to  so lv e  for  them.

In genera l,  from Eq. (3 .70)

c " - ^ ( 2 ) -  F y c
i   ̂ i i= o  A^:o i i+ i+ 6 ( i ) (q + P )  i l  *1

(3.86)

n - 2 - j . - 2 ( l ) ( q + p )  j -1
« [n -2 - j -  i  (q .p ) ,q j ]

Solv ing  t h is  for  with the by now fam iliar  techniques, we obtain
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from Eq. (3 .85) and (3.86)

J  »  ■  ’ 2 n  q ^ . j  j - 2  - 2 ( q ( _ i + q , * 4 )

P .+1 .

, ( - I ) 'J - "  I . - ’- /  ?
f n  + 2 1 !  1 - 1  9 rn +21  2n & Z2n

"1 " "1 (3.87)

n ji+IC l)(q+p) n -2 - j  -%(l)(q+p) 
C /  4_4 C,_, Ij i+ i+ I ( i ) (q + p )  j i  &i j - i i

j -1
6 [n -2 - j -  2 (q + p ) ,q , )  .

We can put th is  equation in  a more a c c e s s ib le  form with the  

fo llow ing  d e f in i t io n s

s-1
A (j;s )  = 6 ( j -  J j . , j g )  

s -1
A'(&;s) 5 6 (£- I  *^,Ag) (3.88)

S - 1
A*(m;s) 5 û[m- I  o ( i ) , o ( s ) ]  .

Now the general form for the C's becomes, from Eq. ( 3 .7 0 ) ,

r-1

= n 1  ” < « )
J r=l j =0 & =0 fCr]■'r r

j A (j;s )  a'(& ;s) A*(n+l;s) 6 [ n + l - s - j -  [  (q+p),q^]

(3.89)

r r
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Using th is  equation on the separate terms o f  Eq. (3 .89) g ives  a f te r  

the transformation n = n ’+2,

•̂ r

r-1
r-1  (T\+2- I  o ( i ) i  , , ,

, 4 ) .
I  '■ o (r )  ''•’r

«,"‘=0r

A(%-2;q;+q2_i+4) A*(n+2;qj^+q^_^+4)

r-1 r-1  r-1
.  (-1) 3-^ 3 - l f  I  3 i  I  h  I  ” ( » 1

r=l j =0 S. =0   ̂ cj(r) •'r r

j A(j-l;Pj_%+2) A'(£;p._^+2) A*(n+1 ;p , _j^-2)

j -1  % i f  n+2
Y Y  I

jl=l &i=0 lji+l+Z(l)(q+p)J
(q+pO

(3.90)

n - 1 . - 1 ( 1 ) (q+p) j-1
j-llCa-A; 4 6 ,  6 , .  6o ,a l6 [n-j .  % (Q+p),q,) ,

which i s  the recursion  r e la t io n  for  the form c o e f f i c i e n t s ,  i . e .  the

r e la t io n  e x is t in g  between various . -  C^(l).
1 m 1 m̂



IS

where

6 0

Sim ila r ly  the recursion r e la t io n  for  the advanced q u a n t i t ie s

C". -  ; i  j - : - ? '
i  ‘  -  >2Cn.2, n 6 ,  ,  L

r= 1 -'r r

j -1  z
A*(n+1

0 L  2 l W  ( j , +1+2(1] (q+p))'
J l  1

J ,  + l+E(l)(q+p) * n -j ,-Z ( l) (q + p )
(3 .91 )

A*P = ( - 1 ) %  .
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E. The In v e rs io n  Formula

I t  w i l l  be necessary in  what fo llow s to f in d  the power s e r ie s  

expansion c o e f f i c i e n t s  for  the rec ip roca l o f  a function  when the c o e f 

f i c i e n t s  are known for  the function  i t s e l f .  Therefore, suppose

00 n
1

n=0
_ V  ̂ T,

L HT ‘"n

and l e t

or

Thus

Use t h is  rec u r s iv e ly

,n-k.

”n-bj = '’o *o,n-k , - '> 0

e% O')-»

b o / 0

l / f ( T )  = I  ■ (3 .93)
n=0 "

The necessary condition  fo llow s  from Eq. (3 .4 )

V n  * J / k ) V „ - k  ” «o,n • (3-95)

«n = c ; '  3„,„ -  ] ■  (k")”k j V k j  • (3 96)
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Then

,n -k ,  ,  (3-97)
- b ;l Z 1 ("["lib, W„ ,  I 

-  k2=l “2 “2 “ 1 2

W = b"^6 - b"2 I  ( " ) b ,  6 ,n o o,n o o,n-k^

This g ives

\  '  » ; '3 o .n  * ] ,  t - « '  \]=1 r=l

(3.98)
r-1

n- k.  ̂ Ÿ , r-1
I  "k i)b  6(n- % k ,k ) .

k =1 r r  ̂ ^r

I t  i s  more convenient to  a l t e r  the form a l i t t l e  by d efin ing

bk
C, = -  k> 0 (3.99)

0

C 5 0 .o

Then we have

r-1

l i  U  u . i l
1 n j n-  ̂ k. r . j -1

W_ = b" 6 _ + b  ̂ y n y f  i)C, 6fn- Y k . , k . ) .  r3.1001
' ' " j : l  r=l k-=0 *r ' "r ' " i '
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F. The S er ies  for  t / p ( t )

In th is  se c t io n  and the next, we develop the remaining formalism  

necessary to  obtain the general expression  for the electrom agnetic  

four-momentum. Let us begin with Eq. (1.20)

k ,k
T r d   H

- ' - Ik=0 d

IT_
k!= x" - - I

k=l

The T under concern here i s  any x < 0. Using Eq. (2 .3 )  t h i s  i s

.  tu" - I  .
k=l K-

Since

P(t) = - v ^( t )R'"(t )

m u ltip ly in g  the two s e r ie s  together  g ives

p (:)  = I ^  
k=l

* I l-r I
n=l "■ k=0 R

Or

n n
P(T] = I Jr I (^^v(k)V{y(n-l-k) _ ^ 6 (k ,n )u J  . (3.101)

n=l k=0 *  ̂ ^
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Note that the expression  ̂ in  Eq. (3.101) would be undefined

for  n,k = 1 were i t  not for  convention ( i i )  in  Section  B o f  th i s

( - 1)chapter. I . e . ,  t h i s  convention im plies that v^ = 0 .  To proceed, 

from Eq. (3,101) we have

Make the transformation n = n '+ l ,  then suppressing the prime

I  Y  - ^6(k ,n+ l)u  }. (3.102)
 ̂ n=0 "• k=0 n+ 1  K y y

We d efin e

n+1
1

" ■ k=0

so that
00 n

We see that

z  c ;  ■ C 3 .1 0 4 )
n=u

c^ = - (1  + where . (3.105)

With Eq. i3 .99) in  mind, we consider  

c" , n+1
c

" ■ c" kion
(3.106)
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Using Eq. (3 .4 3 ) ,  i t  i s  not d i f f i c u l t  to  show th a t .

= -  6Co.n)
k=0

n-2

S im ilar ly

n+1 . n
I  = I  s m c e  v(k)w =

(3,108)

I f  we d ef in e

" r ' ^ î î r f O  -  " 1 2

(3.109)

Eq. (3.106) then takes the form

,n-2^(k)u„(n-2-k)

-  '  * J o

(3.110)

-  ^  I  ^  4 (k ,n )  -  6 (0 , n ) j  .
k=0 ' ^

With our experience in  d ea ling  with the a ' s ,  we seek to  w rite

the c' in  the form
n 00 n

Cp = ST tÂ(P) - ( 3 1 1 1 ) ̂ n=0
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Expanding (1 + w .  )  , we f ind

Ï .  S r B"n=u

Bn = f - n " n '  f a  f
, U ’

Developing th is  s e r ie s  in  g iv e s ,  a f t e r  a l i t t l e  algebra

n I*  { ( - i r  n! 6 (o,%p ) 6 ( 0 ,p)U
r=l

(3.112)

( -1 )% ! tP -2 a(k)n(P-2-k)P  .
"  k=0 *

The f i r s t  term we can w rite  as

(3 .114)

The second term is

I  I  n %a^^:^{(-l)*n!TP-26(o,%p.)6(p-2-qi,q2)}G2Un. (3 .114 ')
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Now we can w rite

n+2 i £ (q ) j - £  (p ) 
e'(p) = I I n } n } D'(n,p)*G u . (3.115)

" i=0 =0 r=l r= l J  ̂  ̂  ̂ ^

Where, in the above, extra  in d ice s  were introduced and then removed 

with 5 -fa c to rs  in  order to  achieve the above fam il iar  form.

n
jO ;(n ,p) 5 5 ( j ,n ) 5 ( o ,£ ) ( - l ) * + l { n !  5(o,p)5(o,% p.)

1 1 n-1
(n -1)!  ^  (P i p 5 ( o ,  I  p .)5 (p ^ ,p )}  (3.116)

6 ( j ,n + 2 ) 6 ( 2 ,£ ) ( - l ) " n !  P"^6(o,^p.)• 6 (p -2 -q j ,q p  .

In order to  meet the second requirement in  Eq. (3 .9 9 ) ,  which 

i s  necessary  in  order for  the in version  formula to  be v a l id  we now de

f in e

e „ ( P )  -  e ; ( p )  p  ^ 0

e^(p=o) = 0
(3.117)

This c a l l s  for  the d e f in i t io n

jD*(n,p) E 5 ( j , n ) 5 ( o , £ ) ( - l ) " + l ( n - l ) ! { 5 ( o , p ) ' 5 ( o , f p i )

1 + 1  n-1
= ^  ( ;  ' i ) ô ( o ,  I  p p 6 (p ^ ,p ) }  + 6 (j ,n + 2 )6 (£ ,2 )( - l)"

2 n (3.118)qnrnl tP̂  5 (o ,Jp ^ )-6 (p -2 -q ^ ,q 2 ) .
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Note t h a t  th e  d e f i n i t i o n  Eq, (3.118) im plie s

jD^(n,p) = jD^(n,p) p >0

jD^(n,p=0) -  0
(3.119)

Thus, the c o e f f i c ie n t s  which are to  be used in  the inversion  formula 

Eq. (3.100) are

Cp = Î ^  ep(P) (3.120)
 ̂ n=0 "• "

n+2 j Z (q ) j-& ( p )
= I I n '  } n ) 'j=0 £=0 r=l r=l

.D^(n,p)GjU._,

(3.121)

and the form o f  Eq. (3.115) i s  preserved.

Now consider the e s s e n t ia l  part o f  the inversion  formula

r-1  .
j n- Z k, j -1
n I  ! (" -  I  ^ i ) c  6(n- I  k ,k ) .

r=l k =0 r r   ̂ ^r

Look at e .g .  the case for  j = 2,

n n _ « ^ m  » , £/L /• > V . (3 .132)

Taking the Cauchy product g ives

n ” _m m/L
I ( p  I ÏT  ■ (3 123)

p=0  ̂ m=0 £=0
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Let us f i x  our a tten t io n  ju s t  on

” jn
I Vej(p)V*("-P> =£=0

" ( " ) T  i '  ' l i a ' ' ' ' ! ;  B, ca.p)
£=0 j^=0 Sj=0 r=l r=l "̂ 1 1

m+2-£ ^2 ®2 (q l)  ^2'^2 (p )

4 = 0  s^=0 ' r : l

Since

.D (£ ,p) = 0  j >£ + 2 (3 .125)
J s

the .D behave formally ju s t  l ik e  the .c". The only d if fe r e n c e  in  j s j s

behavior i s  exh ib ited  in  Eq. (3 .1 2 5 ) .  Thus we may carry out the same 

manipulations with the that we did with the jC^. For example, i f  

we w rite

then in  the same way that we arrived at the corresponding r e s u l t  for  

jC p(2), we can show

i  : { l A Y M a " ' Y
j=0 £=0 r=l r=l

(3.127)
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where

D ^ (j , .n )  = 1 Z Î c")Cp)j,D ce,p)
 ̂ i '= 0  s=0 £=0 p=0  ̂ P J s

(3.128)

G eneraliz ing , we have

(3.129)

with

j=0 £=0 r= l r=l
(3.130)

and

 ̂  ̂ r=l j =0 q ==0 q =0 £ =0 p =0-r * T*

r - 1 r-1,in- Z £ ; , , n -  Z

0(m-^Z^£, ,£ j6 (n -^ Z ^ p , ,p.J
JL V ~ ± ~ y
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Therefore from Eqs. (3 .1 0 0 ) ,  (3 .1 2 9 ) ,  (3 .1 3 0 ) ,  we have

"n = l i s r t  («0 ,n  + Ê. ETu m=0 v=l

where

S in ce ,  as fo llow s from Eqs. (3.125) and (3 .1 3 1 ) ,

.o(v)(m ,n) = 0  j > Z  + 2v (3 .134)
3 *

we may r a is e  the upper l im it  on the j-summation to  m+2n and then in 

terchange summations . Tliis g ives

1 “  A™

"n = ü h :  Î I t  (3 -13S)u m=0

where

m+2n j Z (qi ) j - Z  (p ) 
G(m,n) = I  [ I  n { fa  ? |  n }

j=0 £=0 r=l r=l

(3.136)
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Now d e f in e

-1 = \  !L- J
1+4& n nu n=0

T„ = Î i : { z /" 'Y n { z / ' ' 'Y
j=0 &=0 r= l r=l

n-0 “ ' m=0

(3.137)

I f  we l e t

J p  = ( - l )" ^ ^ n !ô (o ,£ )ô ( j ,n )ô (o ,E p .)  (3.138)
J X- 1

then

 ̂ ( p J

(3.139)

“  m

W_ = I ^  I Ô  .G(m-k,n) . (3.140)
" m=0 "*■ k=0  ̂ *

Carrying out the manipulations we f i n a l l y  have

TT" 2! ST (3.141)
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3 c ™ . n , = r  j
j=0 &=0 r=l r=l

j & m , n V
S^(m,n) = I  I  I . , t M  I n .

j '=0 &'=0 k=0  ̂ v=l r=l

r -1 .  „ r - l„  _ , r -1 .  _ r-1

(3,142)

j - r - 1 :  J i   ̂  ̂ Pi

j =0 I  =0 6  =0  p =0 kJ r r r ^r

i'r •’r r

G, The S eries  For (

(3.143)

Let us begin with Eq. (2.15)

™ ..n
a .

T = - Î &  a (1) (3.144)
n=0

= I  ^n=0



74

n=0

Set

Bo ;  0

(3.146)

which we can w rite  e x p l i c i t l y  as

®n " n i l ~  . (3.147)

Let us define

bj (̂p) H (_1)P n " I (% ^  î)Bj  ̂ 6(n-Pz^k.,k )
V °   ̂ ^ (3.148)

Note that b^(p) = 0 for  p >n. Consider e .g .  the case for  p = 3, 

then th is  expression becomes

3  ■ ( - 4 9 )

Look f i r s t  a t  th is  portion  o f  the expression:  

( - 1)
3 ^ ""^1 (n-k^) ! % 2+l ^k2-^l

(3.150)

^n+l-k^-kg
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A l i t t l e  algebra and the transformation

k+1 = k'

y ie ld s

using  Eq. (3 .7 )  t h i s  becomes

( - 1 ) '  7 & T

Now look at the terms which r e s u l t  from considering the product,

[1 -6 ( l . k ^ ) ] [ 1 - 6 ( 1 ,k g ) ] [1 -6 ( l .n + S -k i-k g )]  , (3.152)

which appears as a consequence o f  Eq. (3 .1 4 7 ) ,  Proceeding as b e fo re ,  

we f ind  that the three terms l in e a r  in  the Kronecker d e lta s  g ive

w hile  the quadraic terms r e s u l t  in

r n  5 n!
) (n+1)! n+1

Therefore,

3
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G eneraliz ing , g ives

tn 'P )  '  ( j )  ( & T  (3 '53)

Where we have appended the n-function because i t  w i l l  allow us to  

r a is e  the upper summation l im it  on j without changing the value o f

\ ( p )  ■

We can now f in d  the c o e f f i c i e n t s  h  in  the s e r ie sn

n=0

Observing that Eq. (3 .145) im plies

= -1 (3.155)

we apply Eq. (3.100) and (3 .1 4 8 ) .  Thus

n
k  = I  -  b (p) . (3.156)

p=0 "

Define

Then

n p
K "  -  I  I  . (3.158)

p=0 j=0
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Raise the upper summation l im it  on j to  n. Then we can interchange  

the order o f  summation but due to  the n fu n ction , there w i l l  be no 

contr ibution  to  the sum over p u n t i l  p j i . e .

M. = -  I  I  ( 3 . 1 5 9 )
j=0 p=j  ̂ ^

the transformation

p = p'+j

r e s u l t s  in

-  I  V  . (3.160)
j=0 p=0  ̂ ^

I t  i s  known that^^^

p=0

Thus we obtain

I (P+i) = ■ (3.161)
-o  J J

(3 .6 )

\  ( & T  . (3.162)

H. 9.Now turning our a t te n t io n  to  (- )̂ , £>1, we have, using Eq.

(3.163)

ro' i  ^ o_i
n 2  ̂ (" k" "1) 2 ( - l )b k  (p_)6(n-~Z"k ,k )

" r=i k =0 *r p =0 ^r  ̂  ̂ ^r r
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As a consequence o f  th e  n - fu n c t io n  in  Eq. (3 .1 5 3 ) ,

bj^Cp) = 0  p-'k (See Eq. 3.148) (3.164)

we may r a ise  the upper l im its  on the p^ summations and thus in te r 

change the summations

= ( - l )A  n I (P , ) '
r=l p =0 k =0 r rrr  r

6 ( n - ^ i V ,k ^ )
(3,165)

n n a

= (-1) I I b ( % p )* (3.166)
Pl=0 p*=0 " i= l

Let us consider the sum

i

there i s  more than one s e t  o f  numbers p^, p^, p^, such that Jp^

equals a given number, say p. Let N(£,p) be the number o f  d i s t in c t  

s e t s  o f  I  numbers whose sum i s  p. Then Eq, (3.166) can be rew ritten

*This r e s u lt s  fo llow s from the d e f in i t io n  o f  b^(p) which includes  

the second o f  Eq. (3.146) as w e ll  as Eq. (3 .1 4 8 ) .  Compare Eqs. 

(3 .7 )  and (3 10) with the above.
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as

= ( -1 )*  I N(Jl,p)b fp) . (3.167)
" p=0

To f in d  N(&,p), we recognize th at  N(&,p) i s  the number o f  ways that

p b a l l s  can be placed in  x boxes and thus

" " ' r t  = f f l F i r f  '  ‘‘’I E )  ! • (3-1C8)

So Eq. (3 .167) becomes

= c - i ) ‘  I  !  ^ s " . (3 . i« g ,
" p=o j=o J J

Interchanging summations as we did above we have

( - 1 ) ‘  I  Î  (P)sn _ (3.170)
j=0 p=3 I " J'  ̂ J

which i s

(-1)% Î  l f » j * l ) ( p » j * 2 ) - ' ' ( p » j * « - I )  (P 'j js"  . (3 .171)
j=0 p=0 (&-1)!  ̂ J

Some algebra puts th i s  in to  the form

f e ( « . ( . i ) > j  ( i * ' - " ) ; " i ' . (3.172)
j=0  ̂ p=0  ̂ ^  ^
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and u s in g  Eq. (3 .161) one o b ta in s

(5.175)
n (n -j)

The corresponding r e la t io n s  for the advanced q u a n t it ie s  are

(4g& = I  (5.174)
'  n=0

= (_l)& I  . ( j )  (5 .1 7 4 ')
j=0  ̂ ^

with a * (j)  given by Eq. (5 .50)
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H. The S er ies  for

In the f i r s t  paragraph o f  Section  F o f  th i s  chapter, we ob

ta ined  the equation

R ^ t )  = /lu'  ̂ - I  _ (3.175)
k=l

Another r e s u l t  which we have p rev iou s ly  derived i s

1 . = n » m
(T J"  T ÏÏT ET • (3.176)

n=0 m=0

This i s  e s s e n t ia l l y  ju s t  Eq. (3 .1 4 1 ) .  To shorten our n o ta t io n ,  l e t  

us d e f in e

r ^ T )  5 u ^ r )  + v^ (t) = . (3.177)

Using Eq. (3 .175) and Eq. (3 .176) we can obtain  th e  s e r ie s  fo r  the  

e lec tro -m agn etic  f i e l d  ten sor  To begin  with,we have

oo n M jm
= -  1  ^  1  jp-S(m,n)u^

 ̂ n=0 m=0

(3.178)

1 “ k ,, ^  “ n » _m

Now, by Eq. (1 .30) we have that

= ri ±  ,-v^(t)R^(t) - v ^ ( t ) R ^ t )  ., ; I 
r e t  ip d? ( p  ̂ i I t= t  ’
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which we can condense through th e  d e f i n i t i o n

to  the compact expression

= . (3.179)

Let us momentarily work on the second term o f  Eq. (3 .178 ) .  

Make the transformation

k' = k-1 .

Then m u lt ip ly in g  the two s e r ie s  in  t  to g e th e r ,  the second term o f  Eq.

(3.178) becomes

“ n “ m n „ „(k)y

Using

.  Î
n=0 "•

\

we have, a f te r  some rew riting

. « n " . m n
v^(x)r''(T) = — I ^  I jjr I  (]^)5(m,n-k) •

n=0 ' m=0 ■ k=0 (3 .181)
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Carrying out the m u lt ip l ica t io n  the other way gives

00 n oo n

n=0 m=0 k=0

, , ,  00 n oo m n k „ ,
II f Wi — w T r-1 f l  f-> T 1 . . K

y(Ji)ti^(n-k)v
S i m , k - Z )  : -----^ -------  .

Now make the transformations

j ' = n-k , k' = n-j .

The r e s u l t  i s

Î  g  .1
n=0 m=0 ]=0

, oo n 00 m n n -j

Since

fn -j )  = t ?

we have th erefore .
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Then

00 r i  CO

v^*^(T)r^^(T) = 7  ï  ^  I ^  I (" )'S (m ,n -j)v (j)[^ u ^ ]
 ̂ n=0 m=0 j=0 ]

(3.184)

With Eq. (3 .179) in  mind, we now d i f f e r e n t ia t e  Eq. (3.184)

g iv ing

, f ,1 . « n “ .m n

S(m,n-j)v^^)[^u^]

• h i .  w j . ÿ , L
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We can work on the second term above, w rit in g  i t  as

which transforms in to

rr  I ^  n I ^  i (j)5(m,n-j)v̂ ^̂
T n=0 ra=0 j=0 J

This g ives

^  {v^^(r)r'^^ (t )} = - %  Z ^  I ^  I (^^[n-l]'S(m,n-j)v(i)[^u^]
 ̂ n=0 ■ m=0 ' j=0 ^

(3.186)

n=0 ” • m=0 "■ j=0 «=0 ^

Using Eq. (3 .1 7 6 ) ,  we have

n T “ n » m n m
(k -l)S (A ,k-j)S (m -& ,n-k)v  u " ~  I ^  I —r I I ’ (3.187)

n=0 ' m=0 ' k=0 2=0

I I  ̂ (k)(2)( ĵ^)'(^*i"^)S(2,k+l-j.s)S(m-2,n-k)
j=0 s=0  ̂ ®
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I t  i s  conven ien t f o r  th e  m an ipu la t ions  below to  d e f in e

n m .
F(m,n;j) î  I  I  ( " ) Ç ) C ) ( k - l ) S ( £ ,k - j ) .S ( m -  £ ,n -k )n (k -j )  (3.188)

k=0 &=0 * ^

m Ti 1 1 1 1 *
— . . r> r> n .  K + j . K + 1 - 1
r i m , n ; ] s )  = 1 1  ( . ) ( . )  I - J l  .  ' ) 3 (& ,k + l - ] - s )  

£=0 k=0 K * J s

(3.189)

S(m-£,n-k) ( | ^ ) n ( k + l - j ) n ( k + l - j - s ) .

Now we can w r ite  Eq. (3 .179) using Eq. (Eq. 3 .187) and these  d e f in i 

t io n s  as

F "  ( t )  =
Ï'' m=n ““ 4^0

(3.190)

 ̂ n=0 * '  m=0 j=0 s=0

Since our aim in  th is  s e c t io n  i s  to  c a lc u la te  G^^u^, we w i l l  

not express com pletely in  terms o f  K  here but proceed d ir e c t ly  t o 

ward the expression  for  G^^u^. Since Ĝ ’̂  i s  given by Eq. (1 .32) we 

f i r s t  compute

F

I  I  F(k,£;j)F(m-k,n-£,s)v^^^^^U^^v5r^u , 
j=0 s=0 1-̂  °-l

*Note th at  th is  i s  not F^^  ̂ because as y e t  we have not s e t  t = t .re t  ^
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00 n » m m n S, n+l-& n+l-s-ü,&  z ^  z &  z I  j  z z 0 0 -
 ̂ n=0 m=0 k=0 £=0 j=0 s=0 p=0

F (k ,£ ; j )F (m -k ,n -£ ;s ,p )v ( j )

(3.191)

A Z h"' ï  5  £+1 £ + l - j  n + l - £  n + l - £ - q00 n “> m

n=0 m=0 k=0 £=0 j=0 s=0 q=0 p=C

0  (" )F (k ,£;j,s)F (m -k ,n-£;q ,p)v^^^

with

which fo llow s s tra igh tforw ard ily  from Eq. (3 .1 9 0 ) .  Now we need the  

fo llow ing  i d e n t i t i e s ,  which one v e r i f i e s  by d ir e c t  computation

yCj) = &u^[v(^)^u^v(^)°Ug-v(i)^v^^)^] (3.192)

u , = ] (3.193)
[y v]  0  0  v"

^ C J ) [ v l v ' = ’ ,  v(P) ,u“ = a u P v ( i)" [v (s )°u  v'P’ -v (P)°u  ]
[v 0]  ' ■ 0  V 0 v*

(3.194)

v(p) ,  i [v ( i )C v (s )  y(p)«u .„C3)»v(P) v(s)"u ] 
[y v]  *■ 0 V 0 v*

(3.195)
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y ( j ) [ y y ( s ) v ] ^ ( q )  y ( p )  a  ̂ a r { v ( j ) W y ( s ) v . y ( q )  _ ^ ( s ) y ^ ( j ) v .
[v a]  V

(3.196)

yCq) }v(P)Ou + {v (s)yv(j)V v(p ) _ ^(j)M^(s)v^(p) iy(q)Oy ]
, ? I M \ ) J  rr

( i l F u  f s ) u l  fq) fp) . .  f i ) n  fq) f s ) v  (p) ( i ) a  (p)
3

(3.197)

V    V '  ' " V '  ' '  r  V'*' , = i f v ' "  V ' V' ' V'*' - V'"' V '
[y v] I q V 0

v (s )V v (q )J  .

Using these id e n t i t i e s  we find that

j ; r x ‘

(3.198)

- v O ) “v'P >v'=)“u i l .  4  X 4  Ï  4  Î  -
= “ °  " n=0 m=0 "" k=0

n £+1 &+l-j n+l-£ n+l-£-q ^ . . .
I l l  I I  (, )(")F(k,£;j,s)F(m-k,n-£;q,p)[i|v*-^^'^‘

£=0 j=0 5=0 q=0 p=0

v(s)vY(q)_v(s)yv(j)yv(q) iv(p)Ou + j,y(s)Wy(j)Vy(p) (j)p (s )v ,
V V a  ̂ V

vCp)jvCq)<'u .  I uW!v(i)°v(q)v(s)Vv(p)_v(j)Oy(p)v(s)Vy(q), ,
V o 8 0  V V V
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We now want to  e lim inate  t from Eq. (3 .1 9 8 ) .  To do t h i s ,  we 

use Eq. (3 .8 )  and the fo llow ing  r e la t io n s  which fo llow  from Eqs. 

(3.163) and (3.173)

with

with

and

with

(3.200)

When the lengthy but standard algebra i s  done, ^ret^retyo^*^ +

iu^F^^.F . . can be expressed as the sum o f  three terms, the f i r s t  r e t  retag  ̂ ’

o f  which i s



9 0

. « .m m ^1 kg k̂ -k̂  m-k̂  x
I %T I I I % % I I I (k")(k')' ̂ m=0 k =0 k_=0 k_=0 k.=0 k =0 a.=0 4_=0 k =0 1 *̂2

1  Z ô  4  5 1 Z o

k +k , , , (m-k ) !
 ̂ k^ kg+6  ̂ (m-kj+k^) ! Ffk^.k^iA^jFCkg-kj^kg-kgiAg)'

1 0

the second term i s

, -  . m  m h  k l-k2 “ 2  h  H  V ^ -'^ S  ’'3 ^ ' - ‘ 2 - ' ' 5 ’"'‘‘lA  Z ^  Z Z z z z z z z z •
m=0 k^=0 kg=0 kjsQ k^=0 kg=0 4^=0 4g=0 4^=0 k^=0

, k k k k +3. m-k +4 (m -k J !

k3! (ki^fkg^^k^^fkg)^ k^ k^+4  ̂ (m-k, +k^) !

1 6

y(^2)y(^3)'^u _v(4l)V y(43)0y j _ (3.203)
V a V a-*

The th ird  term i s

, .  .m ' m " l  ‘‘r " 2  " 2  S  "'-“' l  ks+I k s+ l-^ l k s+ l'^ s&  Z &  Z Z z z z z z z z •
^  m=0 ■ k =0 k_=0 k =0 k.=0 k.=0 k,=0 4  =0 4_=0 4_=0

1 Z J  4 5 o l  Z o

^ 3   ̂ ^ 5  ”̂ 3 f i->^3 k k k k ,+ l  m-k^+2 (m-k,)!

4  J o  ‘" 1 ’ '*=2 ’ '^4 ' S ’ ' '‘6 ’ ‘ ^6*2 ’ ’F i ÿ ÿ T  •
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[ l u W f v ( * l ) ° v ( ^ 3 ) v ( 4 2 ) V y C 6 4 ) _ y ( 4 l ) 0 v ( 4 4 ) v ( 4 2 ) V v ( 4 3 ) l +  ^ ( 6 4 ) 0 % .
^ I rr \ )  n  \» J rr

|v (4 l)y ^ ,(4 2 )v ,,(4 3 )_ ,,(4 2 )u „ (4 i)v ,,(4 3 ) |  „(43]a„ ;„(42)y„(4l)v,^.(44)
"' ' V ■ ■ "v ' “a '̂ “ “ V

.  v (4 l )" v (4 2 )V y (4 4 ) | , ,  (3.204)

Since we want to  in teg ra te

F° + F
r e t  re tv  ^  r e t  retap

over the surface o f  th e  w orld-tube, we want to  express i t  e n t ir e ly  

in  terms o f  products o f  u and g . To do t h i s ,  we use the d e f in i - ̂ M ®jiv

t io n s  (3.188) and (3 .189) to  express F(m,n;p) and F(m,n;p,q) in  the  

form

 ̂ CO (p Jm+2n i & ( q J  ]-& (p )
F(m,n;p) = I  f  n { [a  } n }Ja ^ }•

j=0 £=0 r= l r=l
(3.205)

with

j .  t  S 3
F (m,n;p) = J I I I  ( p Q Q ( I t - l ) ,  S (q ,k -p )-  

:  ̂ j^=0 £^=0 k=0 q=0 "  ̂ ^ h  ^1

(3.206)
j - j ^ ( k - p )
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and
m+2n i i  Cq ) j-& ( p )

F(m,n;p,q) = % J % II &  ̂ } % {!&  ̂ }.Fp(m,n;p,q)
j=0 2=0 r=l r= l ^

(3.207)

V j - 2

(again preserv ing  the now fa m il ia r  form)

i 2 n m 1 1 1 1

F (m,n;p,q) = % I Z I  I  ) (  S (4 ,k+ l-p -q )
 ̂  ̂ j^=0 2j=0 k=0 4=0 K  ̂ P  ̂ ^1 *-1

(3.208)  

^  n (k + l-p )n (k + l-p -q ) ,

with jS^ defined  in  Eq. (3 .1 4 3 ) .  Now using Eq. (3 .6 9 ) ,  Eq. (3 .2 0 7 ) ,  

and Eq. (3 208) we f in d  a f t e r  considerable  c a lcu la t io n  th at  Eq. (3 .202)  

can be w r it ten

Ï  ^  Ï  Z f  I  n
^  m=0 4^=0 4g=0 j=0 2=0 r= l r=l

.5 j(m ,4 i,42)G ^U ._2[èu»^{v^^l^ \v^^2)a^^.^(4 l)v^(42)jj  ^

(3.209)

with

5 ; ( m ,4 i ,4 2 )  5 I  z '  ' z  '  z '  Z= '
Jl=0 ^2=0 2^=0 2g=0 k^=0 k2=0 kg=0 k^=0 k^=0
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j l - l

q&l)^Ck^+2kg-j2)n(m-ki-k^)n(k2-k^+2k2-2k^+j^+j2-j)n(kg-4i)n(k2-kg-42)

(3.210)

S im ila r ly ,  Eq. (3 .203) becomes

, ® m 3m j m m m Z (q ) j-& (p )
; r  I .  ST j  2 2 2 Z % {Z& '  ) % t l *  '  I-

m=0 j=0 &=0 4 ,=0  4_=D 4_=0 r=l r=l
(3.211)

.= 2 (m ,4 .,4 , ,4 _ )[u ^ {v (4 l)V v (4 2 )v (4 3 )0 u  }]
] & V 0  V a

with

.  ’ i  ' r  ' T '  !  ' T  1 ' " '  I •
^1 ^2“® J3=0 &2=0 &2=0 &2=0 k^=0

Z* z '  V '
kj=0 kj=0 k^=0 kj=0 kj=0 ‘'s '  1 2 4 "s “ e

,m-ki+4 (m-kj)! k^-kg-k m-k^
 ̂ k^:4  ̂ (m-kj+kg) ! ^̂ 3̂  j ^ ^ Z ^  *

j l - 1
j-j l-j2-j3^ü-Jll-« .2-^3* ’̂ 2"^4’^3"^5’'^2’'^3 ‘̂̂ ^^l"^2‘ ^3"^l“ 2 (q+P),q&i) '

i 2 : l
6 ( m - k i - j 2 “ 2  ( q + P )  4qj^^)’l ( k ^ + 2 k ^ - j 2 ) n [ k 2 - k ^ + 2 ( k 2 - k g + l ) + j ^ + j 2 + j 2 - j )  '

n(kg-4^)n(kg+l-kg-j^hK kg+l-kg-az-jg) (3.212)
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As they stand, Eqs. (3 .2 0 9 ) ,  (3.211) and (3.213) are not in  

the standard form which we have worked with throughout th is  develop

ment in  that they depend on the and v^. Consider e .g .  the essen 

t i a l  part o f  Eq. (3 .209 ) .

m m (k ,)v  (k„)a ( k j v  (k )
I Î ÿ > , k ^ . k j [ v  u,v u^-v v / l  .

k^=0 k2=0 

The f i r s t  term can be w ritten

Ej_i Fj

The second we f i r s t  w r ite  as

m-1 m-1 (k_) (k_) m-1
I  I  5i(m,k + l ,k  + l)a  a  G, + I  .h J (m ,k ,+ l ,0 ) • 

k^=0 k2=0 J X- i   ̂  ̂ ki=0 J  ̂ 1

(3.215)
(k .)v  m-1 (k_)v

a  V + I  iH km ,0 ,k  + l)a  \  ' 
k2=0  ̂  ̂ ^

Then using

(k )v k i-1  k -1 (k_)u (k .-k_-2 )

■ -  -  '  \k2=0 2

we can w rite  Eq. (3.215) as
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m-1 m-1 ( k j  (k_) m-1 k -1 k -1 (k_)y
I  Ï  .5 |(m ,k + l ,k  + l)a  CL G - I  ( \  )a

k^=0 k2=0 J  ̂  ̂  ̂  ̂ ki=0 k2=0 ^2+1

(k ,-k _-2 )  m-1 k2 - l  k _ - l  ( k J ( k . - k , - 2 )  (3.216)
 ̂ ='(m,k *1.0) - I  I  { 2 )a  l a  2 1 H‘ -

]  ̂  ̂ k.=0 k =0 *1 1 3 &

(m.O.kg+l) .

Next, we want to  transform &(ki"k2-2) so l e t

or

kj = k|+k2+2

This g ives  the term

(k,)w (ki)  
CL a

N otice that the sum o f  kj and k2  i s  k^-2 which ranges from zero to  

m-3 so we can w rite  the  second term in  Eq. (3 .216) as

m-1 m-1 m-3 k^+k.+l ( k , ) (k_)
I Ï Z ( '  2 )a 1 a 2 G,.

k|=0 k2 = 0  q=0 k2 +l

. “J(m,k^+k2*3,0)ô(k^+k2,q)

m m  (k )v (k_) m-1 m-1 (k ) (k )I I H'tm.lc .k )v ' v /  = Z Z a '  a 2 G . 
k^=0 k2=0 J  ̂ i   ̂  ̂ k^=0 k2=0 ^
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m-3 k +k +1
{ s lC m .k j . l .k j . l )  - Ï  ( I  I  ) E j(., ,kjrt2»3,0)6C ki»k2.q)

q=0 2 •'

m-3 k +k„+l
- I ( k ) .H j(m ,0,kj+k2+3)6(kj+k2,q)f . (3.217)

q-0 1

To keep the formulas from becoming too  unwieldy, i t  i s  con

ven ient to  introduce the s u b s t i tu t io n  operator

m-3 k_+k_+l
r(Pl>P2î’̂ l»^2^ " 6 (p j ,k ^ + l)ô (p 2 ,k 2+ l)  - ) •

m-3 k +k_+l
6(p^,0)6(p2,kj+k2+3)6(k^+k2,q) - I ( % +; jaCp^.k^+kg+S)

q=0 2

6(P2,0)6(k^+k2,q) , (3.218)

t h i s  g ives

m m  (k )v  (k-) m-1 m-1
I I .5 i(m ,k ,k )v V = I % Ekm.k ,k )• 

k^=0 k2=0 J  ̂ i   ̂  ̂ k^=0 k2=0 J  ̂  ̂ ^

m-1 m-1 (p .)  (p_)
I  % r(k ,k ;p ,p )a  a G . (3.219)

Pj=0 P2=0

Now the Eq, (3 .209) takes the form

. “ .m 3m Ï Z (q ) j-& (p )
i  I iT  I I " 11“ 1 " 11“ U _ u" (3.220)
^ m=0 j=0 Z=0  r=l r=l  ̂  ̂  ̂  ̂ ^
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w ith

m m

1

j _2“£ (^>' 2̂ >•̂ 2̂   ̂ ’"̂ 2  ̂ *
(3.221)

S im ila r ly ,  Eq. (3 .211) becomes

1 “ m 3m i £ (q ) j - £  (p )
)T3- I HTT I l  n {I*  ̂  I % f l *  ^ I 82(m)G U _ (3.222)
^ m=0 j=0 £=0 r= l r= l  ̂  ̂ ^

with

m m
^0|(m) =  ̂  ̂ Ip j_3-£(^ ''^ l'^2 'P j* l)r(4 i,42;q& _i'q& )

m m (3.223)

~ i  =0 4 =0 j-3"&(^^*2'Pj-£*l'^3)^(^l'^3'4&_iq&) '

L a s t ly ,  Eq. (3 .213) i s

^ . L s i  1

(p )
i l *  ^ }jG£(m'4)GgUj_% , (3 .224)
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with

m m m m 

 ̂  ̂ 4^=0 ^2=0 4g=0 4^=0 J  ̂  ̂ X  ̂ i  4

[ ̂  ('̂  1 j' '̂î >̂ 0 7*9o_o)r(4^,4^,qn ijQn) ~ r(4,,4^,C]„ t»Qç ■̂) *
Jb »/ A >«« Aa *T A, — ± A/ X *+ x»*"0 X/“ ^

' (5.225)

and

m m
j0j(m ,4) =  ̂  ̂ j-3 -& (^^*'^2'^3'Pj-& ^l)^(^2'^3'4]_ i'q j)

m m  m

4^=0 4g=0 ^l'O

m m m

* - n ’4.=U 4--V 6 .-U4 2 4

j_2-£(n*>'^j'^2’Pj-£^^’' 4̂^^ "̂ 2̂’^4’^Jl-l’ Ĵl̂  ° (3.226)

Making use o£ the standard manipulations, we f i n a l l y  obtain  

from Eqs. (3 .220 ) ,  (3 .2 2 2 ) ,  and (3.224)

E^^.u = F ^ \ f  . °u  -r i u^F°G F . - re t  V ret  re tv  o  re t  retaB

‘ è ^ î Ç ï  I n
m=0 j=0 2=0 r=l



100

j -2  (p )
n  ̂ + m^G2(m-l) + m(m-l)^0j(m-2)]

I  0%[m-2,4)]}G U . (3.227)
6=0 J  ̂ J

From Eq. (3 ,2 2 7 ) .  we can obtain the expression for the f lu x  

o f  electrom agnetic momentum leaving the world tube. The complete ex

press ion  for  the world-tube surface element i s  given by Eq. (1 .4 4 ) .

A sipiple ca lc u la t io n  gives

“ T  Î  ^  1  it  B=0 • j=0 11=0 r= l r= l

m ,  .
[j$l/m)u^ + vl4JW.$2(m,4)]G^U._2 , (3.228)

where

j*l(m) = j0%(m) + m^02(m-l) + m(m+l)^03(m-2) + {^_^0i(m-l)

+ (m-1)._^02(m-2) + m(m-l)._^03(m-3)}6(p.,O) . (3 .229)

j$2(m,6) = m(m-l)j0^(m-2,6) + (m-1) (m-2) j_j^0^(m-3,6) •

6(Pj_%,0) , (3.230)
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I , The I n te g r a t io n  o f

In th is  s e c t io n ,  we w i l l  find  general expressions for  in t e 

gra ls  o f  the form

Q u u ...uudO  
J U V A

where Q i s  a constant vector  with resp ect to  the in te g r a t io n .  Using 

t h i s  general exp ress ion , we w i l l  a t  la s t  be able to  obtain the ex

p ress ion  for  the e lectrom agnetic  momentum.

In the r e s t  frame o f  the charge

u*" =

Where the semicolon separates the time component from the space com

ponents and are the components o f  the u n it  p o s i t io n  vector  which 

poin ts  from the charge to  the f i e l d  po int o f  in t e r e s t .  To begin  our 

in v e s t ig a t io n ,  l e t  us consider the in te g r a l

Ç.Ç.dfi .
1 1

The in te g r a l  i s  a symmetric tensor and thus i s  proportional to  the  

Kronecker d e lta

|S.S-dO = b- 6 . .  b .  a con stant.  (3 .231)
j  1 J ^ XJ I

Since

= 1  ( i  summed)
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when we contract on i  and j , we find

^2 = IT  "

The in te g r a l  o f  an odd number o f  products o f  i s  zero. Con

s id e r  next

This in te g r a l  i s  completely symmetric in  the in d ice s  i ,  j ,  k, Z .  More

over, the in te g r a l  can be nonzero only i f  the  in d ice s  are "paired".

Thus

. “̂ ik^jJl ^i&^jk} ' (3.232)

Now contract j on i  and k on £.

4tt = b jj(3 )(3 )+ 3+ 3}

^4 = TF '

Now l e t  us consider the general case .  I f  we have an in te g r a l

over do o f  2m p o s i t io n  v e c to r s ,  then there w i l l  be ways o f
2%!

p a ir in g  the in d ice s  as above and so there w i l l  be t h is  many terms in  

the th ree -ten so r  expression  for  the in t e g r a l .  Sym bolically

do = ^2m^'^ij ■ ■‘^£k  ̂ other arrangements} . (3 .233)
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To f ind  the p ro p o r t io n a li ty  fa c to r  contract on the in d ices  in

an arb itrary  order. The l e f t  hand s id e  i s

[dn = 4tt .
J

In the r ig h t  hand member there i s  one arrangement in  wiiich every 

Kronecker d e l ta  i s  contracted  on i t s e l f .  This arrangement we c a l l  

completely f a i t h f u l .  In a l l  o ther arrangements, there are d e lta s  in  

which the partners o f  the p a ir  o f  in d ice s  belonging to  the d e lta  are 

not contracted  on each other but are contracted on the in d ices  o f  

other p a irs  belonging to  other d e l t a s .  The con tr ib u tion  which such 

an "unfa ith fu l configuration"  makes to  the r ig h t  hand member o f  Eq. 

(3 .233) i s  3 "*̂  ̂ ^ = ( 3 "* P ) ' (3 )  where p i s  the number o f  "unfaithfu l  

pairs"  in  the arrangement.

For m p a irs  l e t  us f in d  the number o f  arrangements in  which 

there  are p u n fa ith fu l  p a ir s .  The sm a lle s t  number o f  u n fa ith fu l  pairs  

i s  two. These p a irs  can be rearranged in

( 2 . 2)!

2^2!

ways but one o f  th ese  ways i s  the f a i t h f u l  p a ir in g .  Thus the number 

o f  u n fa ith fu l  arrangements o f  two pa irs  are

( 2 . 2) 1  _ ,

2^2!

There are (^) ways o f  choosing two p a irs  from m p a ir s .  Hence, among
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m p a i r s ,  th e re  a re

NL(m) = (I") [ i& Z lL  _ 1] (3.234)
 ̂  ̂ ' 2^2!

arrangements in  which there are p r e c i s e ly  two u n fa ith fu l p a ir s .

For three u n fa ith fu l pa irs  there are

( 2 . 5) !

2^3!

arrangements o f  three pa irs  but along these  are the arrangements 

contain ing no u n fa ith fu l  pa irs  and two u n fa ith fu l p a ir s .  Hence there  

are

N_(m) = ( 5  [.G.-31L - N (3) - 1] (3.235)
 ̂  ̂ 2331

arrangements with p r e c i s e ly  three u n fa ith fu l  p a ir s .  The number o f  

arrangements o f  m pairs which contain  j u n fa ith fu l  pairs are

N.(m) = ( ^ [ I ^ -  1] - ( " ' ) ^ i V ( j )
 ̂  ̂ 2^j!  ̂ k=0 K

N^(m) = 1 (3.236)

Using t h is  rec u r s iv e ly  g ives

N.(m) = (5  - 1]
 ̂  ̂ 2^j!

- 1] 
 ̂ k=0 2*k!

j -1  k-1 .

 ̂ k=0 &=0 ^ ^
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Rewrite i t  as

Nko(m)
(2k Jm.r 0 k

- 1] - (k ) % (k°)o 2 °k ! 0  k =0 10 1

( D [  ^

(2k )!  kj-1 ^
r  ̂ 1 1  r ™ \ V V / 0> »T /I N
I - r  -  Vk •’  ̂  ̂ '■k J'̂ k

2 Ikj! o kj=0 k2=0 1 2

Generalizing we have

^0  ̂ p , ^r-1 k , p-1
\  (m) = I ( j f )  n {(-1)P I ( 5 " b }  n ■

p=l 0  , k =0 r r=l
^ r= l r

(2^P)!
{n C k r_ i- l -k r )} [  - l ] 6 ( k _ _ i ,k  )

2 Pk ! 
P

(3.237)

where n i s  defined in  Eq. (3 .7 8 ) .  The expression  for  i s

4ir
2m m

s’" +  ̂ 3m+l-pN
0=1 P

(3.238)

with Np(m) given by Eq. (3.237)  

I f  we define

_

we know from Eq. (3.231) that

(3.239)
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in  th e  r e s t  frame o f  th e  charge . Also s in c e ,  in  th e  r e s t  frame

s °°  = 0

in  the r e s t  frame. Let us now prove that

(3.240)

From Eq. ( 1 .1 3 ) ,  we see  th at s a t i s f i e s  Eq. (3 .2 3 9 ) .  A lso ,

s in ce

= ( 1;0 , 0 , 0)

in  the r e s t  frame, we see  that

t U v ^ _ g(l)wv ^ 0

in  the r e s t  frame. But s in c e  s^^ and are both ten sors  by

th e ir  d e f in i t i o n s ,  i s  a ten sor  which i s  zero in  one reference  

frame and hence zero in  a l l  frames, which proves Eq. (3 .2 4 0 ) .  For

.yvoA u^u^u^u^dO

Eq. (3 .232) suggests

s"'"’ * = b J  (g''“. v V )  ( g O ^ v V )  .  (g“% v V )  ( g " ^ v V )

+ (g^^+V%^) Cg°^+V^V^) } ,

which can be proven in  p r e c is e ly  the same manner.
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We can w r i te  t h i s  r e s u l t  in  a s h o r t  hand way as

2-1 pvaA

where the nota tion  P{ . . . }  means from the sum o f  a l l  the p o ss ib le  d i s 

t in c t  terms r e s u lt in g  from d if f e r e n t  arrangements o f  two pa irs  o f  in 

d ic e s .  In general

u„da = b^PUG^.Vp,]"/^) (3.241)

where the tensor  in d ice s  have been suppressed, and where i t  i s  under

stood th at  the  r igh t  hand member i s  zero i f  j  i s  not an in teg er .  

Using Eq. (3 .241) to  in te g r a te  Eq. (3 .2 2 9 ) ,  we f in d  at la s t

{ l a  4Tbj+i_%P{[G2+v^2)]'

2 P U V v  ]
4=0
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CHAPTER IV

A ' I " k  ^  T \ 4 <** ̂  T '  4 M
I-\ • X llW  U J . ± C k ^ ^  A V>\^AAliXV{U.W

The Dirac Technique i s  far  from simply being a gimmick which 

works fo r  e l e c t r i c  charges. Bhahba^^  ̂ has used i t  to  derive the equa

t io n s  o f  motion which a " c la s s ic a l  meson" obeys, w hile  Bhahba^^^, 

f 81Mathisson , and others have a ls o  applied i t  to  the study o f  spinning  

charges. N e v e r - th e - le s s ,  u n t i l  the  present work, the theory was open 

to  ser io u s  o b ject ion s  due to  renorm alization . The general formulation  

which has been presented here d isposes  o f  a l l  reasonable questions con

cerning r ig o r .  Moreover, our model o f  the e le c tr o n  i s  among the most 

general im aginable, with no r e s t r i c t i v e  assumptions about s tru ctu re .

In sh o r t ,  the author's  formalism carr ies  D irac 's  technique to  i t s  

rigorous l im i t .

B. A pplications o f  the Current In v e s t ig a t io n  

Nearly a l l  o f  th e  r e s u l t s  derived in  th e  la s t  few years for  

c l a s s i c a l  charges apply only in  the l im it  A.-K). One o f  the most in 

t e r e s t in g  examples i s  the problem o f  the Coulomb momentum. The 

Coulomb momentum, as defined  by Rohrlich i s

1coul Gc^ul (4 .1 )
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where

« ïo u l  = &  • (4-2)

I f  the charge has always been in uniform motion, then i t  can be shown 

that in  the l im it  -t-K),

dP^

dr elm

with

(4 .3)

"*elm 2H.

(91However, Professor Cohn has shown that for  arbitrary  motion, the 

Coulomb momentum based on Eq. (4 .2 )  i s  not given by Eq. (4 .3 )  Cohn 

has been able (again in  the l im it  /L-+0), to  defin e  a Coulomb momentum 

which i s  given by Eq. (4 .3 )  for  arbitrary  motions. The question  

n atu ra lly  a r ise s  as to  what happens when one i s  not r e s t r ic t e d  to  the  

l im it  /M). With the author's work, i t  i s  now p o ss ib le  to  in v e s t ig a te  

a l l  questions o f  th i s  nature.

The most e x c i t in g  problem o f  a l l  i s  what s ig n if ic a n c e  the in 

f i n i t e  s e r ie s  Eq. (3.242) holds for  the equations o f  motion. That the  

s e r ie s  i s  s ig n i f ic a n t  i s  c lear  from many poin ts  o f  view. The most 

d ir e c t  way o f  regarding i t ,  i s  to  imagine comparing the so lu t io n  o f  

the Dirac equation to  the so lu t io n s  obtained for  equations o f  motion 

when more and more o f  the higher order terms are considered. To i l 

lu s tr a te  t h i s ,  the author has ca lcu la ted  the equation o f  motion re su lt in g
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from keeping terms in  Eq. (3 .242) which are l in ea r  in  /i. This equa

t io n  i s

("tare + = T

+ C- & ÏT  +&

+ V .ext V (4 .4 )

To compare a s o lu t io n  o f  th is  equation with one o f  the Dirac equation, 

assume that

F" ,  = F ^ Vext ext V

i s  not a function  o f  t and th a t  the p a r t i c l e  moves so that

Since

v" .  t  bV * '  . ( 4 . 5 )

y

we have that

a^a = 0 = g^g ; 2a*̂ g = - c? .y y y

Otherwise a ,  and g, are arbitrary fou r-v ec to rs .  Because the rate  

at which the charge rad iates  energy in  the form o f  rad iation  i s
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3 c3 tJ

we f in d ,  by d i f f e r e n t ia t in g  Eq. (4 .5 )  with respect to  t , that

. 1 . 4

For the motion Eq. (4.5)  the Dirac equation forces  that conclusion  

that i s  t - independent and that

a "  = — i —  f “ ,  . ( 4 . 6 )
" b f -  -ex t)are

This i s  the s o -c a l l e d  constant i n t r i n s i c  a cce lera t io n  case . When the  

same motion i s  su b s t itu ted  in  Eq. (4 .4 )  the r e s u l t  i s

"bare '  I  S ' ’

i . e .  the in t r i n s i c  a c c e le r a t io n  i s  constant for  the same p h ysica l  

s i tu a t io n  that produced constant a cce lera t io n  for  the Dirac p a r t i c l e .  

The r a t io  o f  magnitudes for  the two d i f f e r e n t  a cce lera t io n s  in  Eqs.

(4 .6 )  and (4 .7 )  r e s p e c t iv e ly  i s

1 - §  4 -JL  .
° mc^

Thus, in  p r in c ip le ,  an experiment could d is t in g u ish  between the Dirac 

equation and Eq. ( 4 . 4 ) .
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The general treatment o f  the s e r ie s  Eq. (3.242) i s  beyond the  

scope o f  th i s  in v e s t ig a t io n .  The question  which i s  begging to  be 

answered i s  whether there e x i s t  va lues o f  H.>Q such th at  one recovers  

the Dirac equation ex a c t ly  from the s e r ie s  Eq. (3 . 242) .  I f  at l e a s t  

one such value o f  /& e x i s t s  then the Dirac technique i s  completely  

j u s t i f i e d ,  and we obtain the remarkable r e s u l t  that the c l a s s i c a l  

theory i s  capable o f  p red ic t in g  the s i z e  o f  the ( c la s s i c a l )  e le c tr o n .  

I f  no such value o f  fi e x i s t s ,  then the Dirac tehhnique i s  u t te r ly  

without rigorous foundation. In e i th e r  case ,  the present work has 

made the in v e s t ig a t io n  o f  t h i s  question  p o s s ib le .
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