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LOEENTZ ENSEMBLES IN I’EE STOCHASTIC 

THEGEY OF SPACE-TIME 

CHAPTEE I  

INTEODUCTION

I t  seems u n l ik e ly  t h a t  man i s  aware o f  more th a n  an  i n ­

f i n i t e s i m a l  f r a c t i o n  o f  a l l  t h a t  a f f e c t s  h i s  e x i s t e n c e .  H is 

p r o g r e s s iv e  n a tu r e  how ever, r e s u l t s  i n  a  c o n t in u a l  i n v e s t i g a ­

t i o n  and c o n se q u e n t e x p a n s io n  o f  h i s  p e r c e p t io n  o f  t h a t  w ith ­

i n  w hich  he e x i s t s ,  i . e . , h i s  u n i v e r s e . As h i s  aw aren ess  h a s  

i n c r e a s e d ,  th e  means by w hich  he t r i e s  t o  d e s c r ib e  h i s  u n i ­

v e r s e  h a s  e v o lv e d  from  r a t h e r  s im p le  b o d ie s  o f  know ledge and 

s p e c u la t io n  h a v in g  l im i te d  ra n g e s  o f  v a l i d i t y  to  more com pre­

h e n s iv e  t h e o r i e s .  I t  h a s  o f t e n  b e en  th e  i n a b i l i t y  o f  c u r r e n t  

t h e o r i e s  t o  cope w ith  p rob lem s a r i s i n g  from  man’ s  aw areness 

o f  new dom ains, e . g . ,  s m a l le r  o r  g r e a t e r  d i s t a n c e s ,  t h a t  h a s  

l e d  t o  th e  developm ent o f  new t h e o r i e s .

The f i r s t  g r e a t  fo rm u la t io n  o f  law s d e s c r ib in g  what man 

c a l l s  h i s  p h y s ic a l  u n iv e r s e  was th e  m echan ics o f  Newton. H is 

th e o r y ,  d ev e lo p ed  a round  1 6 7 0 , r e s u l t e d  from  o b s e rv a t io n s  t h a t  

w ere c o m p a ra tiv e ly  s l i g h t  e x te n s io n s  o f  man’ s d i r e c t  s e n so ry  

p e r c e p t io n .  N ew tonian m echan ics  was t h e r e f o r e  d e v e lo p e d  to  

d e s c r ib e  p a r t i c l e s  w hich a re  m ass iv e  com pared t o ,  s a y ,  an
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e l e c t r o n  and s lo w ly  m oving com pared  to  an  e le c t ro m a g n e t ic  pho­

to n .  As man e x te n d e d  th e  ra n g e  o f  phenomena he m igh t o b s e rv e , 

he  became i n t e r e s t e d  i n  p ro b lem s a s s o c i a t e d  w ith  new d o m ain s .

I t  was th e  r e c o g n i t i o n  o f  th e  i n a b i l i t y  o f  N ew ton ian , o r  c l a s ­

s i c a l ,  m echan ics  t o  d e s c r ib e  e i t h e r  p a r t i c l e s  m oving n e a r  th e  

sp e e d  o f  l i g h t  o r  p a r t i c l e s  o f  a to m ic  d im e n s io n s  t h a t  l e d  t o  

th e  two m ost s i g n i f i c a n t  a d v an ces  o f  p h y s ic a l  th e o r y  i n  t h i s  

c e n tu r y ,  th e  th e o ry  o f  r e l a t i v i t y  and quantum  th e o r y .  S i g n i f ­

i c a n t l y ,  b o th  t h e o r i e s  y i e l d  th e  m ech an ics  o f  Newton a s  a  l im ­

i t i n g  c a s e ,  i . e . ,  a s  v e l o c i t i e s  become s m a ll  and th e  p a r t i c l e s  

become more m a s s iv e . I n  f a c t ,  th e  e x t r a o r d in a r y  s u c c e s s  o f  

N ew ton ian  m ech an ics  w i th in  i t s  p ro p e r  dom ain seem s to  im p ly  

t h a t  i t  m ust be a  s p e c i a l  c a se  o f  a l l  m ore g e n e r a l  fo rm u la ­

t i o n s  o f  p h y s ic a l  t h e o r y .  I t  i s  a n  i n t e r e s t i n g  f a c t  t h a t  th e  

d ev e lo p m en t o f  more g e n e r a l  t h e o r i e s  h a s  a lw ays r e s u l t e d  i n  

more p r e c i s e  s p e c i f i c a t i o n  o f  th e  dom ain o f  N ew tonian m echan­

i c s .

The d ev elo p m en t o f  p h y s ic a l  th e o r y  i s  a g a in  on th e  t h r e s h ­

o ld  o f  g r e a t  ad v an cem en t. W ith  t h e  a d v en t o f  n o n - r e l a t i v i s t i c  

quantum  th e o r y  i t  was r e c o g n iz e d  t h a t  a  m ore g e n e r a l ly  a p p l i ­

c a b le  th e o r y ,  a  r e l a t i v i s t i c  quantum  t h e o r y ,  m ust fo l lo w . A l­

th o u g h  t h e r e  have b e e n  many a t te m p ts  to  c o n s t r u c t  a  quantum  

th e o r y  w h ich  i s  r e l a t i v i s t i c a l l y  c o r r e c t ,  a  s a t i s f a c t o r y  form ­

u l a t i o n  h a s  n o t  b e en  r e a l i z e d  t o  d a t e .  I n  a d d i t i o n  to  b e in g  

e x p e c te d  on t h e o r e t i c a l  g ro u n d s , th e  e x is te n c e  o f  a  more gen­

e r a l  th e o r y  i s  a ls o  n e c e s s a r y  s in c e  once a g a in  man has fo u n d  

c u r r e n t  t h e o r i e s  in a d e q u a te  to  d e s c r ib e  o b se rv e d  phenom ena.
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N e i th e r  s p e c i a l  r e l a t i v i t y  n o r  q u an tim  th e o r y  s e r v e s  to  d e ­

s c r i b e  phenom eaa i n  th e  s u b - n u c le a r  dom ain . T h is  p a p e r  i s  

c o n c e rn e d  w ith  th e  fo u n d a t io n s  upon  w hich  a  more g e n e r a l  fo rm ­

u l a t i o n ,  i . e . ,  r e l a t i v i s t i c  quantum  th e o r y ,  may be c o n s t r u c t e d .

The p o s s i b i l i t y  o f  m a ss -e n e rg y  t r a n s m u ta t io n ,  i . e . ,  t h e  

c r e a t i o n  and  a n n i h i l a t i o n  o f  m a t e r i a l  p a r t i c l e s ,  a s  p r e d i c t e d  

by th e  t h e o r y  o f  r e l a t i v i t y ,  was a p p r e c ia te d  a t  th e  tim e  o f  

th e  f i r s t  a t te m p ts  a t  f o r m u la t in g  a  r e l a t i v i s t i c a l l y  c o r r e c t  

quantum  t h e o r y .  A lth o u g h  D ir a c ’ s  e l e c t r o n  th e o ry ^  (1 9 2 8 ,1 9 3 1 ) 

d id  a c c o u n t f o r  th e  e x is te n c e  o f  a n t i - p a r t i c l e s ,  i t s  fo rm a l­

ism  d id  n o t  in c lu d e  th e  c r e a t i o n  and  a n n i h i l a t i o n  phenom ena. 

T h a t p a r t i c u l a r  d i f f i c u l t y  was rem oved w i th  th e  i n t r o d u c t i o n  

o f  quantum  f i e l d  th e o r y  ( h e r e a f t e r  a b b re v ia te d  as QPT) by  

H e ise n b e rg  and P a u l i^  i n  1929» D i r a c ’ s  e l e c t r o n  th e o r y  was 

l a t e r  shown to  be  in c lu d e d  in  th e  quantum  th e o r y  o f  th e  e l e c ­

t r o n  f i e l d .

The QFT o f  H e ise n b e rg  and P a u l i  s c o r e d  many s u c c e s s e s .

At th e  v e ry  l e a s t  i t  was f a r  s u p e r i o r  t o  i t s  p r e d e c e s s o r s  i n  

g iv in g  q u a l i t a t i v e  d e s c r i p t i o n s  o f  many n a tu r a l  phenom ena. I n  

a d d i t i o n  t o  in c lu d in g  i n  i t s  fo rm a lis m  th e  c r e a t i o n  and a n n i ­

h i l a t i o n  o f  p a r t i c l e s ,  p h o to n s  em erged i n  a  n a t u r a l  way upon  

q u a n t i z a t i o n  o f th e  e le c t r o m a g n e t ic  f i e l d .  The m anner i n  w hich  

p h o to n s  w ere  d e s c r ib e d  im m e d ia te ly  s u g g e s te d  th e  p o s s i b i l i t y  

t h a t  o t h e r  p a r t i c l e s  whose e x i s te n c e  i s  o b se rv ed  a re  a l s o  r e ­

l a t e d  to  f o r c e  f i e l d s  by  th e  same q u a n t i z a t io n  p ro c e d u re .  I t  

was on  t h i s  b a s i s  t h a t  Tukawa^ p r e d i c t e d  th e  e x is te n c e  o f  th e  

p io n  from  know ledge o f  th e  e x is te n c e  o f  n u c le a r  f o r c e s .
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P e rh a p s  one o f  t h e  m ost im p o r ta n t  c o n t r ib u t io n s  o f  th e  

o ld  QFT was t h a t  i t  h e r a ld e d  th e  developm en t o f  a  new p h i l o ­

s o p h ic a l  ap p ro a ch  to  t h e  f o r m u la t io n  o f  p h y s ic a l  th e o r y .  I t  

w as a  n a t u r a l  e x te n s io n  o f  th e  c o n s id e r a t io n s  o f  Yukawa and 

o th e r s  t o  a s s o c i a t e  w i th  each  k in d  o f  o b se rv ed  p a r t i c l e  i n  

n a tu r e  a  f i e l d  (|>(x) w h ich  s a t i s f i e s  an  assum ed wave e q u a t io n .

A p a r t i c l e  i n t e r p r e t a t i o n  i s  o b ta in e d  upon q u a n t i z a t io n  o f  

th e  f i e l d .  At l e a s t  so  f a r  a s  fo rm a lism  i s  c o n c e rn e d , t h i s  

m arked th e  f i r s t  r e a l  d e p a r tu r e  from  th e  p r e - r e l a t i v i s t i c  con­

c e p t  o f  a  b in a r y  u n iv e r s e  i n  w h ich  th e  r e l a t i o n s h i p s  b e tw een  

m a t t e r  and  e n e rg y  d id  n o t  in c lu d e  t r a n s m u ta t io n .  The p r im a ry  

i n t e n t  o f  D i r a c ’ s  t h e o r y  was t o  d e s c r ib e  p a r t i c l e s ,  a  f e a t u r e  

i t  s h a re d  w ith  N ew ton ian  and n o n - r e l a t i v i s t i c  quantum  m echan­

i c s .  By c o n t r a s t ,  QPT i s  a  th e o r y  o f  q u a n tiz e d  f i e l d s  i n  w hich  

in c re m e n ts  o f  r e l a t i v i s t i c  m a ss -e n e rg y  c h a r a c te r i z e d  by  r e s t  

m ass , c h a r g e ,  s p i n ,  e t c . ,  a re  s e c o n d a r i ly  i d e n t i f i e d  a s  p a r t i ­

c l e s .  S i g n i f i c a n t l y ,  th e  fo rm a lism  o f  QFT re g a rd s  th e  f i e l d s  

a s  more fu n d am e n ta l e n t i t i e s  th a n  th e  p a r t i c l e s .

QFT h a s  n o t ,  i n  g e n e r a l , b een  q u a n t i t a t i v e l y  s u c c e s s f u l .  

I n  f a c t ,  i t s  o n ly  q u a n t i t a t i v e  r e s u l t s  w hich a re  i n  ag reem en t 

w i th  e x p e rim e n t a re  th o s e  c o n c e rn e d  w ith  th e  d e s c r i p t i o n  o f  

e le c t ro d y n a m ic s .  A m azing ly , t h e  ag reem en t o f  th e s e  r e s u l t s  

w i th  e x p e rim e n t i s  e x tre m e ly  good . I t s  d i f f i c u l t i e s  empha­

s i z e d  i t s  u n r e l i a b i l i t y  b u t  t h i s  s i n g l e  su c c e ss  was i n d i c a ­

t i v e  o f  th e  p re s e n c e  o f  some d e g re e  o f  t r u t h  in  th e  fo u n d a ­

t i o n s  o f  QPT. P o r t h i s  r e a s o n  i t  was f e l t  t h a t  r a t h e r  th a n  

d i s r e g a r d  th e  e n t i r e  s t r u c t u r e  o f  QPT, a  p ro p e r  m o d if ic a t io n
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sh o u ld  p ro c e e d  from  ex trem e s c r u t in y  o f  i t s  p o s t u l a t o r y  b a s i s .  

T h e o r e t i c a l  i n v e s t i g a t i o n s  o f  t h i s  n a t u r e ,  begun i n  th e  e a r l y  

19 5 0 * s, r e s u l t e d  i n  w hat i s  now c a l l e d  a x io m a tic  QFT. E ssen ­

t i a l l y ,  an e f f o r t  was made i n  th e  a x io m a tic  ap p ro ach  to  a p p ly  

o n ly  w hat w ere f e l t  t o  be u n i v e r s a l l y  s a t i s f i e d  p h y s ic a l  con­

s t r a i n t s .  I n  a  w ord, a lth o u g h  th e s e  e f f o r t s  d id  y i e l d  a  more 

r ig o r o u s  fo rm a lism , few  o f th e  m ajo r d i f f i c u l t i e s  o f  th e  o ld  

QPT w ere  a v o id e d .

As a  r e s u l t  o f  h i s  a n a l y s i s  (1 9 5 6 ,1 9 3 8 ,1 9 5 9 ) o f  th e  ap­

p l i c a b i l i t y  o f  QFT i n  c o n n e c tio n  w ith  th e  s e l f - f i e l d s  o f  th e  

e le m e n ta ry  p a r t i c l e s ,  H e isen b e rg ^  c l a s s f i e d  i n t e r a c t i o n s  a s  

th o s e  o f  th e  f i r s t  and second  k in d .  F o r th e  f i r s t  k in d ,  QFT 

shows t h a t  th e  d e n s i ty  o f  p a r t i c l e s  o f  th e  s e l f - f i e l d  (pho­

t o n s )  d o es  n o t  depend  e s s e n t i a l l y  on t h e i r  e n e r g ie s  w h ereas 

th e  d e n s i ty  o f  s e l f - f i e l d  p h o to n s  f o r  th e  seco n d  k in d  show 

s t r o n g  e n e rg y  d ep en d en ce . He c o n c lu d e d  t h a t  th e  i n t e r a c t i o n s  

o f  th e  f i r s t  and  seco n d  k in d  a r e ,  r e s p e c t i v e l y ,  w i th in  and 

w i th o u t  th e  ra n g e  o f a p p l i c a b i l i t y  o f  QFT. The e le c tro m a g ­

n e t i c  s e l f - f i e l d  w ould be o f  th e  f i r s t  k in d .

H e ise n b e rg  a l s o  i n d ic a t e d  how QFT m ust be m o d if ie d  to  

d e s c r ib e  i n t e r a c t i o n s  o f  th e  seco n d  k in d .  He n o te d  t h a t  i n  

QFT one f in d s  a  p r o b a b i l i t y  o f  o b s e rv in g  a l l  p h o to n s  o f  th e  

s e l f - f i e l d .  They a re  found  to  be d i s t r i b u t e d  l i k e  a  c lo u d  i n  

a  r e g io n  im m e d ia te ly  a round  t h e i r  s o u rc e  p a r t i c l e .  The so u rc e  

p a r t i c l e  and t h i s  c lo u d  a re  o b se rv e d  a s  a  s in g le  p a r t i c l e .  Be­

s id e s  r e a c t i n g  w ith  t h e i r  own so u rc e  p a r t i c l e ,  th e  c o n ta c t  o f  

th e  p h o to n  c lo u d  o f  one e le m e n ta ry  p a r t i c l e  w ith  t h a t  o f  a



se co n d  p a r t i c l e  g iv e s  r i s e  to  i n t e r a c t i o n s  b e tw een  th e  e l e ­

m en ta ry  p a r t i c l e s .  In  1938 Wick^ d e m o n s tra te d  t h a t  th e  pho­

to n  c lo u d  o f  a  s e l f - f i e l d  o f  m ass m e x te n d s  m a in ly  i n  a  r e ­

g io n  o f  r a d iu s  Ji/mc around  th e  so u rc e  p a r t i c l e .  The d e n s i ty  

o f  h ig h  e n e rg y  p h o to n s  o f  th e  s e l f - f i e l d s  i s  l a r g e  a t  p o in ts  

n e a r  th e  o r i g in  and g iv e s  r i s e  to  v a r io u s  k in d s  o f  i n f i n i ­

t i e s ,  e . g . ,  th e  i n f i n i t e  m ass. H e ise n b e rg  s u g g e s te d  t h a t  

s in c e  th e  i n f i n i t i e s  a re  due t o  th e  h ig h  e n e rg y  p h o to n s  o f  

th e  s e l f - f i e l d s ,  t h e i r  h ig h  e n e rg y  c o n t r ib u t io n s  m ust be de­

l im i t e d  i n  a new fo rm u la t io n  o f  QFT. I t  a p p e a rs  n e c e s s a ry  

t o  in t ro d u c e  a  fu n d am e n ta l c o n s ta n t  X = Mc/E^ w h ich  d is c r im ­

i n a t e s  p h o to n  e n e r g ie s  i n  su ch  a way t h a t  th e  h ig h  e n e rg y  

p h o to n s  c o rre sp o n d  t o  e n e rg ie s  g r e a t e r  th a n  B^. The d e n s i ty  

o f  th e  h ig h  e n e rg y  p h o to n s  n e a r  th e  o r i g i n  o f  th e  so u rc e  p a r ­

t i c l e  w ould be m o d era ted  by some f a c t o r  d e p en d in g  on th e  con­

s t a n t  l e n g th  X. J u s t  a s  P la n c k ’s  c o n s ta n t  h  s e rv e d  to  c u t  

o f f  th e  h ig h  e n e rg y  r a d i a t i o n  and th u s  a v o id  th e  u l t r a - v i o ­

l e t  c a t a s t r o p h e ,  X may p la y  th e  r o l e  o f  c u t t i n g  o f f  th e  h ig h  

e n e rg y  r e g io n  o f  th e  s e l f - f i e l d s  o f  e le m e n ta ry  p a r t i c l e s  and 

th e r e b y  e le m in a te  th e  u l t r a - v i o l e t  d iv e rg e n c e s  o f  QFT.

I n  th e  c a se  o f  p a r t i c l e s  w ith  Compton wave le n g th s  much 

g r e a t e r  th a n  X th e  e f f e c t s  o f th e  s e l f - f i e l d s  may be e x p e c te d  

t o  be  c o n ta in e d  o n ly  i n  c o n s ta n t s ,  i . e . , m asses and c h a rg e s .  

On th e  o th e r  h a n d , i n  phenomena c o n c e rn in g  p a r t i c l e s  w ith  wave 

l e n g th s  sm a ll  com pared to  X, th e  s e l f - f i e l d s  show d y n am ica l 

e f f e c t s .  These c o n s id e r a t io n s  p ro v id e  a  means o f  e s t im a t in g  

th e  m agn itude  o f  th e  fu n d am en ta l l e n g th  s in c e  QFT i s  known to
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work q u i te  w e l l  f o r  th e  e le c t r o n - p h o to n  i n t e r a c t i o n  b u t n o t  

f o r  any  o t h e r .  \  m ust t h e r e f o r e  be l e s s  th a n  th e  Compton 

w a v e le n g th  o f  th e  e l e c t r o n  ( 1 0 “ ^^ cm) b u t  g r e a t e r  th a n  th e  

Compton w a v e le n g th  o f  a  n u c le o n  (10~^^ cm ). Of c o u r s e ,  t h e  

q u e s t io n  th e n  became one o f  how th e  fu n d am e n ta l l e n g th  su g ­

g e s t e d  by  H e ise n b e rg  was t o  be in c o r p o r a te d  i n to  th e  f o rm a l­

ism  i n  a  l o g i c a l  m anner. A means by w hich  t h i s  m ig h t be a c ­

c o m p lish e d  w as s u g g e s te d  by R .L . Ingraham  i n  h i s  s t o c h a s t i c  

t h e o r y  o f  s p a c e - t im e .  T h is  w r i t e r  c o n s id e r s  th e  work o f 

Ing raham  a s  a  m ajo r c o n t r i b u t i o n  to w a rd  th e  developm en t o f  

r e l a t i v i s t i c  quantum th e o r y .



CHAPTEE I I

INGRAHAM’S THEORY OF STOCHASTIC SPACE-TIME*

Ingraham  r e c o g n iz e d  t h a t  a  p o s s ib le  e ^ l a n a t i o n  f o r  th e  

d iv e rg e n c e s  o f  QFT h a d  r o o t  i n  th e  s t r u c t u r e  o f  th e  in d e x  sp a c e  

o f  th e  quantum  m e c h a n ic a l o p e r a to r s ,  i . e . ,  s p a c e - t im e  i t s e l f .  

The p ro b lem  o f  i n f i n i t e  r e n o r m a l iz a t io n  s u g g e s te d  th e  n e c e s ­

s i t y  f o r  a high-m om entum  c u t - o f f  beyond w hich  t h e  d e n s i ty  o f  

h ig h  momentum s t a t e s  i s  d r a s t i c a l l y  re d u c e d , o r  e q u iv a l e n t ly ,  

a  fu n d a m e n ta l l e n g th  X = }L/mc e x p re s s in g  a  lo w er bound t o  th e  

f in e n e s s  o f  m e a su rin g  sp a c e - t im e  c o o r d in a te s .  M o reo v er, he 

re c o g n iz e d  t h a t  w i th in  t h i s  i n t e r p r e t a t i o n ,  th e  p ro b lem  o f  d i ­

v e rg e n c e s  c o u ld  be a t t r i b u t e d  to  th e  i n s i s t e n c e  t h a t  a l l  e q u i ­

v a le n t  L o re n tz  o b s e r v e r s  d e s c r ib e  a  g iv e n  p h y s i c a l  f i e l d  by  

th e  same m a th e m a tic a l  o b j e c t ,  e . g . ,  a  t e n s o r  o r  s p i n o r . He 

n o te d  t h a t  t h i s  r e q u ire m e n t  o f  form  in v a r ia n c e  n e e d  n o t be 

e q u a te d  to  th e  P r i n c i p l e  o f  R e l a t i v i t y .  Such c o n s id e r a t io n s  

l e d  him to  th e  d ev e lo p m en t o f  a  s t o c h a s t i c  th e o r y  o f  sp a c e ­

tim e  and s u b s e q u e n t ly  to  a  f o rm u la t io n  o f  a  f i n i t e  QFT (a s  

opposed  to  th e  o l d e r  th e o r y  w hich  may be s t y l e d  " i n f i n i t e "  

i n  e v e ry  s e n s e  o f  th e  w o rd ! ) . The m a jo r f e a t u r e s  o f  h i s  s t o ­

c h a s t i c  th e o r y  o f  s p a c e - t im e  w i l l  be d e s c r ib e d  i n  th e  fo l lo w ­

in g .

*T his c h a p te r  i s  p r i m a r i l y  a  summary o f  r e f e r e n c e s  2 , 3 , and  4 .

8
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S in ce  s p a c e - t im e  h a s  an i n d e f i n i t e  m e t r ic ,  i t  i s  n o t  

p o s s ib l e  to  d e f in e  a  n o t io n  o f  n e a rn e s s  i n  i t  w ith o u t  add­

in g  e x t r a  s t r u c t u r e .  T h is  a d d i t i o n a l  s t r u c t u r e  i s  in c lu d e d  

b y  a s k in g  f o r  fram e o r  o b s e rv e r  dependence  o f  p h y s i c a l  f i e l d  

d e te r m in a t io n s .  In g ra h a m 's  m ethod o f  a c c o m p lish in g  t h i s  was 

t o  t r e a t  th e  in d e x  sp a c e  o f  th e  quantum  m e c h a n ic a l o p e r a to r s  

a s  a  m a n ifo ld  o f  random , o r  s t o c h a s t i c ,  c o o rd in a te s  r a t h e r  

th a n  p e r f e c t l y  sh a rp  c o o r d in a te s  a s  i s  th e  p ro c e d u re  i n  i n ­

f i n i t e  QPT. T h is  i s  done i n  su c h  a  way t h a t  th e  P r i n c ip l e  

o f  R e l a t i v i t y ,  i n  i t s  g e n e r a l  s e n se  o f  co m p le te  e q u iv a le n c e  

o f  a l l  L o re n tz  f ra m e s , i s  s a t i s f i e d .  An im m edia te  co n seq u en ce  

i s  t h e  v i o l a t i o n  o f  fo rm  i n v a r i a n c e , i . e . ,  d i f f e r e n t  o b s e rv e r s  

do n o t  i n  g e n e r a l  d e s c r ib e  th e  same p h y s ic a l  f i e l d  by  i d e n t i ­

c a l  m a th e m a tic a l f i e l d s  ( f u n c t io n s  w hich  a re  t e n s o r  o r  s p in o r  

t r a n s fo rm s  o f  each  o t h e r ) . I n  f a c t , i t  was shown by  Ingraham  

t h a t  s t o c h a s t i c  s p a c e - t im e  th e o r y  p r e c lu d e s  th e  p o s s i b i l i t y  

o f  g e n e r a l  fo rm  i n v a r i a n c e .

Prom a n o th e r  p o i n t  o f  v iew , In g ra h a m 's  th e o r y  am ounts 

t o  r e c o g n i t i o n  i n  c u r r e n t  s h a rp  t h e o r i e s  o f  s p a c e - t im e  t h a t  

a  g iv e n  L o re n tz  o b s e rv e r  i s  c a p a b le  o f  m ea su rin g  th e  c o o rd i­

n a t e s  o f  an e v e n t B w i th  p e r f e c t  a c c u ra c y , i . e . ,  h i s  r e p e a te d  

m easu rem en ts o f  th e  same e v e n t w ould a lw ays y i e l d  th e  same 

f o u r  num bers . I t  i s  a l s o  assum ed i n  sh a rp  t h e o r i e s  t h a t  he 

can  m easure  o b se rv a b le  f i e l d s  <p(x) a t  B w ith  p e r f e c t  a c c u ra c y . 

M o reo v er, s in c e  th e  m easu rem en ts o f  th e  c o o rd in a te s  and  f i e l d s  

a t  E by e q u iv a le n t  L o re n tz  o b s e rv e r s  a re  c o n n e c te d  i n  sh a rp  

t h e o r i e s  v i a  L o re n tz  t r a n s f o r m a t io n s ,  a  g iv e n  p h y s ic a l  f i e l d
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i s  m a th e m a tic a l ly  d e s c r ib e d  o v e r  a l l  s p a c e - t im e  by a  s i n g l e  

e n t i t y ,  i . e . ,  c u r r e n t  sh a rp  t h e o r i e s  a re  form  i n v a r i a n t .  The 

a ssu m p tio n s  o f  sh a rp  s p a c e - t im e  w ere c o n s id e re d  a s  "u n p h y s i­

c a l  i d e a l i z a t i o n "  by In g rah am . R a th e r ,  he assum ed t h a t  th e  

p ro c e s s  o f  m easurem ent (w h a te v e r  i t s  d e t a i l s )  o f  o b s e rv a b le  

e n t i t i e s  h as  an  i n t r i n s i c  d i s p e r s io n  c h a r a c t e r i z e d  b~ *. l e n g th  

X w hich i s  th e  same f o r  a l l  e q u iv a le n t  o b s e r v e r s ,  in d e p e n d e n t 

o f  th e  f i e l d  b e in g  m e a su re d . T hus, r e p e a te d  m easu rem en ts by 

o b s e rv e r  L o f  th e  c o o r d in a te s  o r  any o th e r  o b s e rv a b le  f i e l d  

on a  g iv e n  sp a c e - t im e  e v e n t do n o t  a lw ays y i e l d  th e  same v a l ­

u e s ,  b u t  v a lu e s  w hich  a r e  d i s t r i b u t e d  ab o u t c e r t a i n  mean v a l ­

u e s .

I t  i s  s i g n i f i c a n t  t o  n o te  t h a t  th e  p ro p o se d  la c k  o f  

s h a rp n e s s  i n  s t o c h a s t i c  th e o ry  i s  n o t  th e  same a s  th e  quan­

tum  m ec h an ica l in d e te rm in a c y  w hich  r e s u l t s  from  th e  non-com ­

m u ta t iv i t y  o f  c o n ju g a te  o p e r a to r s  i n  H i l b e r t  s p a c e .  W hereas 

th e  lo w e r bound im posed  upon e x p e r im e n ta l  c o n ju g a te  p a i r  ob­

s e r v a t io n s  by quantum  m e c h a n ic a l in d e te rm in a c y  i s  m easu red  

by P la n c k ’ s c o n s ta n t  h ,  th e  lo w e r bound im posed by s to c h a s ­

t i c  th e o r y  on s p a c e - t im e  c o o rd in a te  o b s e rv a t io n s  i s  m easured  

by  th e  fu n d am e n ta l l e n g th  X. Of c o u rs e ,  t h i s  i s  n o t  t o  sa y  

t h a t  th e  two in d e te r m in a c ie s  a re  u n r e l a te d .  The r e a s o n  f o r  

th e  i n t r i n s i c  d i s p e r s i o n  i n  s p a c e - t im e  m ust u l t i m a t e l y  em erge 

from  c o n s id e r a t io n  o f  th e  m easurem ent p ro c e s s  i t s e l f .  As n o te d  

by  In g rah am ,^  m easurem ent th e o r y ,  h a v in g  to  d e a l  w ith  th e  i n ­

t e r a c t i o n  o f  p h y s ic a l  p a r t i c l e s ,  must c o n c e rn  i t s e l f  w i th  quan­

tum  th e o r y  due to  th e  a to m ic  n a tu r e  o f  m a t t e r .  An i n d i c a t i o n
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o f  such, a  r e l a t i o n s h i p  was d e m o n s tra te d  by Cohn^ i n  w hich  he 

was a b le  t o  show t h a t  th e  H e ise n b e rg  u n c e r t a in ty  r e l a t i o n s h i p  

b e tw een  c o n ju g a te  v a r i a b l e s  p la c e s  a  low er bound on th e  s h a rp ­

n e s s  o f  s p a c e - t im e  m easu rem en ts .

In  any c a s e ,  In g rah am ’ s  th e o ry  does n o t  r e q u i r e  know­

le d g e  o f th e  d e t a i l s  o f  m easurem ent th e o ry  b u t  o n ly  th e  a s ­

sum p tion  t h a t  th e y  a re  m a th e m a tic a l ly  d e s c r ib a b le  by th e  f o r ­

m alism  o f  random v a r i a b l e  th e o r y .  T hus, th e  o p e ra t io n  o f  

m ea su rin g  th e  c o o rd in a te s  o f  an e v e n t E by L o re n tz  o b s e rv e r  

L d e f in e s  a  q u a d ru p le  random  o r  s t o c h a s t i c  v a r i a b le  X. L e t 

th e  p r o b a b i l i t y  d i s t r i b u t i o n  o r  f re q u e n c y  f u n c t io n  o f  t h i s  

s t o c h a s t i c  v a r i a b le  X^ be f ( r i ,E ,L ) .  The s u p p o r t  s (B ,L ) i s  

some m a n ifo ld  o f  s p a c e - t im e  h a v in g  m easure dp(n  ,E ,L ) a t  tj =

. The mean v a lu e  o f  th e  f i e l d  cp, i n t e r p r e t e d  

a s  th e  a v e ra g e  o f  th e  p h y s i c a l  f i e l d  m easurem ents a t  E by L, 

i s  d e f in e d  by

(p(x,L) = J (p(X) f(T i,E ,L ) dp(T |,E ,L ) (1 )

s (E ,L )

w here x  = x (E ,L ) ,  th e  mean v a lu e  o f  th e  c o o rd in a te  o f  B a s  

m easured  by  L, i s  d e f in e d  by th e  a p p ro p r ia te  moment o f  th e  

d i s t r i b u t i o n ,  a s  g iv e n  below :

J f ( n ,E ,L )  dp(T i,E ,L) = 1 (2 )

s (E ,L )

|f(T l,E ,L ) X(ti,E ,L )  d p (î) ,E ,L ) » %(E,L) (5 )

s (E ,L )
/'

/ f ( î l ,E ,L )  (X -  x )2  d )i(n ,E ,L ) .  3X^(E,L) (4 )

s(B ,L )
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E q u a tio n s  (1 )  th rough . (4 )  a p p ly  t o  th e  m easu rem en ts o f  a  g iv e n  

o b s e rv e r  as r e f e r r e d  to  h i s  own f ra m e .

In g rah am ’ s  f i r s t  p o s t u l a t e  i s  t h a t  f o r  e q u iv a le n t  o b s e r ­

v e r s  L and L, c o n n e c te d  b y  a  L o re n tz  t r a n s f o r m a t io n  o r  P o in ­

c a re  t r a n s f o r m a t io n  P ,

POSTULATE I :  x (E ,L )  = P x (E ,L )  = A x(E ,L ) + a

S in c e  th e  mean c o o r d in a te s  o f  a  g iv e n  e v e n t a s  m easured  by 

d i f f e r e n t  o b s e rv e r s  w i l l  be  c o n n e c te d  by L o re n tz  t r a n s fo rm a ­

t i o n s ,  th e  e v e n ts  E may be  p la c e d  i n  1 -1  c o rre sp o n d e n c e  w ith  

t h e i r  mean c o o r d in a te s .

P o r a  p h y s ic a l  f i e l d  a t  e v e n t E a s  m easu red  by  L and  r e ­

f e r r e d  to  th e  fram e o f  L, th e  s t o c h a s t i c  a v e ra g e  i s  d e f in e d  a s

(p(x ,L ) = J<p(X) f ( t l ,B ,L )  du(T i,E ,L ) (5 )

s (E ,L )

w hich  i s  r e l a t e d  t o  «g(x,L) by some L o re n tz  t r a n s f o r m a t io n

<p(x,L) = U(P) (g(x,L) ( 6 )

Form in v a r ia n c e  w ould r e q u i r e  t h a t  f o r  any two e q u iv a le n t  ob­

s e r v e r s ,  (p(x,L) = (p (x ,L ). T h is  i s  n o t ,  ho w ev er, th e  c a se  i n  

s t o c h a s t i c  s p a c e - t im e .

POSTULATE I I  —  P r i n c ip l e  o f  R e l a t i v i t y ;  Any two o b s e rv e r s  

L and L a re  e q u iv a le n t  i n  t h a t  t h e i r  s t o c h a s t i c  fo rm u la ­

t i o n s  o f  p h y s ic a l  law s m ust be s u b j e c t i v e l y  i d e n t i c a l .  

S p e c i f i c a l l y ,  c o n s id e r  two c o rre s p o n d in g  o r  s u b j e c t iv e l y  id e n ­

t i c a l  p o i n t s  Q and g  su c h  t h a t  x (Q ,L ) = x ( g ,L ) , i . e . ,  Q s ta n d s  

i n  th e  same r e l a t i o n  to  t h e  fram e L a s  g  d o e s  t o  th e  fram e L. 

The P r i n c ip l e  o f  R e l a t i v i t y  im poses th e  f o l lo w in g  c o n s t r a i n t s  :
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(1 )  X ^ (t) ,x ,L ) = X ^(T j,x ,L ) f o r  3  = ii and x  = x .

(2 )  s ( x ,L )  and s ( x ,L )  a re  s u b j e c t i v e l y  i d e n t i c a l .  I n  o th e r  

w o rd s , th e  s e t  o f  n u m e r ic a l  v a lu e s  o f  tj a llo w e d  by  s ( x ,L )  

i s  i d e n t i c a l  w ith  th e  s e t  3  a llo w e d  by s ( x ,L )  i f  x  = x .

T h is  a llo w s  one to  choose  th e  e le m e n t o f  m easure  dp, o f  th e  

s u p p o r t  su ch  t h a t  d |i ( i i ,x ,L )  = dp,(3 ,x ,L )  f o r  3  = ti and x = x . 

W ith  th e  m easure  e le m e n t so c h o se n , th e  n e x t s ta te m e n t  i s  

made :

(5 ) f (T i,x ,L )  = f ( 3 ,x ,L )  f o r  3  = Ti and  x  = x .  T h is  s ta te m e n t  

i s  n e c e s s a ry  once th e  m easure  d]i i s  ch o sen  t o  be  o b s e rv e r  

in d e p e n d e n t s in c e  o th e rw is e  th e  p r o b a b i l i t y  t h a t  L f in d s  a  

v a lu e  o f  th e  c o o r d in a te s  i n  th e  m easu re  e lem en t d p ,(ii,x ,L ) 

a ro u n d  3  when m e a su rin g  th e  c o o rd in a te s  o f  a  p o in t  Q to  

w h ich  he a s s ig n s  t h e  mean c o o rd in a te s  x ,  nam ely f ( 3 ,x ,L )»  

dy,(3 , x ,L ) ,  w ould  i n  g e n e r a l  d i f f e r  from  th e  p r o b a b i l i t y  

t h a t  L f in d  a  v a lu e  i n  th e  c o r re s p o n d in g  m easure  e le m e n t 

d ]i(3 ,x ,L )  w ith  3  = 3  and x = x a ro u n d  th e  c o rre s p o n d in g  

v a lu e  3  when m e a su rin g  th e  c o o rd in a te s  o f  to  w hich  he 

a s s ig n s  th e  mean c o o r d in a te s  x = x , nam ely f ( 3 ,x ,L )o d p ( 3 , 

x ,L ) ,  But th e n  one o f  L and  L w ould  be p r e f e r r e d  i n  some 

w ay, w hich  v i o l a t e s  t h e i r  co m p le te  e q u iv a le n c e .

T h is  i s  a l l  t h a t  i s  r e q u i r e d  by  th e  P r i n c i p l e  o f  R e l a t i v i t y .

How ever, c o n s id e r in g  c o n s t r a i n t s  im posed  by  th e  sym m etry g ro u p ,

th e  p r o p e r ,  o r th o c h ro n o u s  L o re n tz  g ro u p , Ingraham  made two ad­

d i t i o n a l  s t a te m e n ts :

POSTULATE I I I :  H om ogeneity  o f  s t o c h a s t i c  s p a c e - t im e .

The fo l lo w in g  a re  im m ed ia te  c o n seq u e n ce s  o f  t h i s  s ta te m e n t :
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(1 )  X^(Ti+a,x+a) = X ^(-n,x) + a ,  f o r  a l l  a

(2 ) Tj e  s ( x ,L )  = >  (ti+ a) e s (x + a ,L )  f o r  a l l  a .  The s u p p o r t  

f o r  p o in t  (x + a) i s  t h e r e f o r e  th e  t r a n s l a t e  o f  th e  s u p p o r t  

f o r  p o in t  x  by a« T h is  means th e  m easure  e le m e n t d]i may 

be f u r t h e r  c h o se n  su c h  t h a t  d)i(Ti+a,x+a) = dp,(Ti,x) f o r  a l l  

a ,  io B o , dp,(Ti,x) = dvi*(Ti-x)o

(3 )  The m easure  e le m e n t so  chosen  r e q u i r e s  t h a t

f(Ti+a,x+a) = f(Ti,x) = (n-%)

C o n cern in g  th e  r o t a t i o n s  o f  th e  p ro p e r  L o re n tz  group  

L^, a  p o s t u l a t e  i s  n e c e s s a r y  to  a s s u re  t h a t  a t  l e a s t  so  lo n g  

as one i s  c o n f in e d  t o  th e  su p p o r t  s ( x , L ) , th e  p r o b a b i l i t y  o f  

f in d in g  a  v a lu e  X ^(ti, x ) i n  m easu rin g  th e  c o o r d in a te s  o f  th e  

p o in t  h a v in g  mean c o o r d in a te s  x(L ) i s  in d e p e n d e n t o f  th e  d i ­

r e c t i o n  o f  T| from  x ( L ) . T h is  am ounts t o  r e q u i r i n g  a  l im i t e d
♦

i s o t r o p y  w i th  r e s p e c t  to

POSTULATE 17 t  L im ite d  i s o t r o p y  o f  s t o c h a s t i c  s p a c e - t im e .

In  p a r t i c u l a r ,  t h e r e  i s  p o s tu l a t e d  to  e x i s t  a  n o n - t r i v i a l  

group  M L^ su c h  t h a t  i f  s (x ,L )  c o n ta in s  “n, th e n  [m(Ti-x) + x ] 

e s ( x ,L )  w here m e M and x  i s  ta k e n  as a  f i x e d  p o in t  o r  o r i ­

g in  f o r  Mo T hus,

(1 )  X[m(T)-x) + x ,x ]  -  m[X -  x ] + x ,  f o r  a l l  m e M

(2 ) s ( x ,L ) ,  w i th  X t h e  f i x e d  p o in t  o f  M, i s  i n v a r i a n t  u n d e r

M; Ti e s ( x ,L )  «#> [m(T)-.x) + x ] e s ( x ,L )  f o r  a l l  m e M. T h is  

m eans th e  m easu re  e le m e n t du can  be f u r t h e r  r e s t r i c t e d  by 

c h o ic e  t o  have th e  p r o p e r ty  d i i [ m ( T | - x ) ]  = dy .(ti-x ) f o r  a l l  m 

e  Mo

(3 ) H aving  so  c h o se n  t h i s  p r o p e r ty  f o r  th e  m easu re  e lem en t i t
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i s  a ls o  r e q u i r e d  t h a t  f [m (n -x ) ]  = fC n -x ) f o r  a l l  m e M«

T h is means t h a t  f  m ust be  a  f u n c t io n  o f  some group  i n -  

v a r i a n t ,  i . e . , ( t - x )  »

In g raham ’s n e x t ,  and f i n a l ,  p o s t u l a t e  r e c o g n iz e s  t h a t  

t h e  m easurem ent o f  one s p a t i a l  c o o rd in a te  sh o u ld  n o t  depend 

upon m easurem ent o f  th e  o th e r s  :

POSTULATE 7 : S to c h a s t ic  in d ep en d en ce  o f  s p a t i a l  c o o r d in a te s .

I f  th e  s p a t i a l  c o o rd in a te s  a re  s t o c h a s t i c a l l y  in d e p e n d e n t , 

th e  f re q u e n c y  f u n c t io n  m ust be o f  th e  form  o f  a  p ro d u c t  o f

f u n c t io n s  o f  e ac h  s p a t i a l  v a r i a b l e ,  i . e . ,
3 - M

f (X ,x )  = n  f^ (X ^ ,X ^ ,x )  (7 )

T h is  p o s tu l a t e  p la c e s  no r e s t r i c t i o n s  on th e  s t o c h a s t i c  tim e  

v a r i a b l e  X . However t h e r e  a re  o n ly  two p o s s i b i l i t i e s ,  X i s  

e i t h e r  d ep en d en t on o r  in d e p e n d e n t o f  th e  s p a t i a l  c o o r d in a te s .
h.

S p a t i a l  dependence o f X means t h a t  e i t h e r  tim e  i s  d i s p e r s i o n -  

l e s s  o r  t h a t  tim e  m easurem ents can  be re d u c e d  t o  c o o rd in a te  

m easu rem en ts by  some o p e r a t io n a l  p r o c e s s  u s in g  s i g n a l s  w hich  

h ave  th e  same c o n s ta n t  v e l o c i t y  f o r  a l l  o b s e r v e r s ,  e . g . ,  l i g h t  

s i g n a l s .

A lthough  he d id  n o t e x p l i c i t l y  r a i s e  i t  t o  th e  s t a t u s  

o f  a  p o s t u l a t e ,  Ingraham  d id  assum e, a s  d id  E i n s t e i n ,  t h a t  th e  

sp e ed  o f  l i g h t  i n  vacuum i s  th e  same f o r  a l l  e q u iv a le n t  o b s e r ­

v e r s ,  in d e p e n d e n t o f  th e  m o tio n  o f  th e  s o u rc e  o f  th e  l i g h t .

A lso  re g a rd in g  th e  l a s t  p o s t u l a t e ,  t h e  o b j e c t io n  h a s  

b e e n  r a i s e d  t h a t  i t  a llo w s  f o r  th e  tim e  v a r i a b l e  t o  be t r e a t ­

ed  i n  a m anner d i f f e r e n t  from  th e  s p a t i a l  v a r i a b l e s ,  i n  a
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non-CO v a r i a n t  way» Of c o u r s e ,  t h i s  i s  i n  c o n f l i c t  w ith  th e  

more common i n t e r p r e t a t i o n  o f  th e  P r i n c ip l e  o f  R e l a t i v i t y .  I t  

i s  n o t ,  h ow ever, i n  c o n f l i c t  w i th  th e  more g e n e r a l  i n t e r p r e t a ­

t i o n  u se d  by  Ing raham . T h is  i n t e r p r e t a t i o n ,  w hich  o n ly  a sk s 

f o r  s u b j e c t i v e l y  i d e n t i c a l  fo rm a lism s  among e q u iv a le n t  o b s e r -
g

v e r s ,  seem s to  have o r ig in a te d  w i th  E in s t e i n .  T h u s, i t  i s  

o n ly  r e q u i r e d  t h a t  a l l  o b s e rv e r s  f i n d  th e  same r e l a t i o n s h i p  

be tw een  s t o c h a s t i c  s p a c e - tim e  c o o r d in a te s ;  th e  P r i n c ip l e  o f  

R e l a t i v i t y  p la c e s  no r e s t r i c t i o n  on th e  p r e c i s e  n a tu r e  o f  su ch  

r e l a t i o n s h i p s .

Ingraham  d id  n o t make a  d e f i n i t e  commitment a s  to  th e  

form  o f  th e  d i s t r i b u t i o n  o r  i t s  s u p p o r t .  How ever, from  phys­

i c a l  a rg u m e n ts , he  d id  s u g g e s t  t h a t  th e  m ost l i k e l y  s i t u a t i o n  

i s  t h a t  i n  w hich  tim e  may be e x p re s s e d  a s  a  f u n c t io n  o f  th e  

s p a t i a l  c o o r d in a te s .  I n  f a c t ,  i f  i t  i s  assum ed t h a t  a l l  f o u r  

c o o rd in a te  v a r i a b le s  a re  s t o c h a s t i c a l l y  in d e p e n d e n t ,  th e  f r e ­

quency f u n c t io n  i s  f ix e d  as  g a u s s ia n .  I f  one r e q u i r e s  t h a t  

th e  su p p o r t  be o f  i n f i n i t e  e x t e n t ,  th e  n o rm a l iz a t io n  i n t e g r a l

1 = Id^X f (X -x )  » Ald^X [ex p  a (X -x )^ ]Jd ^ X  f(X -x )  » i jd ^

s (B ,L )  s (E ,L )

e le m in a te 8  th e  p o s s i b i l i t y  o f  a  f o u r  d im e n s io n a l s u p p o r t  f o r  

th e  g a u s s ia n  d i s t r i b u t i o n  s in c e  d iv e rg e n c e  o c c u rs  w h a tev e r 

th e  c h o ic e  o f  a .  I t  fo l lo w s  t h a t  a l l  f o u r  v a r i a b l e s  may n o t 

be in d e p e n d e n t . Two d im e n s io n a l s u p p o r ts  w ere r e a s o n a b ly  r e ­

j e c t e d  f o r  t h e i r  asym m etric  n a t u r e ,  th e r e b y  n a rro w in g  th e  p o s ­

s i b i l i t i e s  to  th e  one and  th r e e  d im e n s io n a l  c a s e s .  Ingraham  

d id  n o t  choose betw een th e s e  l a s t  p o s s i b i l i t i e s  b u t  s t r o n g ly
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f a v o re d  th e  t h r e e  d im e n s io n a l s u p p o r t .  I n  th e  c a s e  o f  d i s -  

p e r s i o n l e s s  t im e ,  th e  f re q u e n c y  f u n c t io n  f o r  th e  t h r e e  dim en­

s i o n a l  c a se  i s  g a u s s ia n .  I t  does seem l i k e l y  t h a t  f o r  th e  

more p h y s i c a l ly  r e a l i s t i c  c a se  o f  d i s p e r s i o n  i n  a l l  f o u r  co­

o r d i n a t e s ,  th e  t h r e e  d im e n s io n a l f re q u e n c y  f u n c t io n  i s  a  mod­

i f i e d  g a u s s ia n .

I t  i s  m ost c o n v e n ie n t  t o  e x p re s s  th e  s t o c h a s t i c  a v e ra g e s  

o f  th e  f i e l d  <p(X) i n  te rm s  o f  i t s  F o u r ie r  t r a n s fo r m

<P[X(ti,x)] = J d \  q>(k) [ex p  ik X ( n ,x ) ]  ( 8 )

W ith  ( 8 ) ,  e q u a t io n  (1 )  becom es

(p(x ,L ) = l d \  q>(k) g (k ,L )  [ex p  ik x ]  (9 )

w h ile  ( 5 ) becom es

<p(x,L) = <p(k) g (k ,L )  [exp  ik x ]  (1 0 )

w here th e  form  f a c t o r  g (k ,L )  f o r  an  a r b i t r a r y  o b s e rv e r  i s  de­

f i n e d  by

g (k ,L )  « J d y .  f (X -x ,L )  [ex p  ik ( X - x ) ]  ( 1 1 )

s (E ,L )

I t  i s  s e e n  t h a t  any  d i f f e r e n c e  i n  (9 )  and  ( 1 0 ) ,  i . e . , l a c k  o f 

form  i n v a r i a n c e , i s  due t o  th e  d i f f e r e n c e  i n  th e  fo rm  f a c t o r s  

a s s o c i a t e d  w ith  th e  o b s e r v e r s :

<p(x,L) -  <p(x,L) « j d \  (p(k) [ex p  ik x ]  [ g ( k ,L )  -  g ( k ,L ) ]
^ ( 12 )

S e v e ra l  p r o p e r t i e s  o f  th e  form  f a c t o r s  c an  be g le a n e d

from  th e  f o r e g o in g .  P or one t h i n g ,  th e  r e a l i t y  o f  th e  m eas­

u re  e le m e n t and th e  f re q u e n c y  f u n c t io n  im p l ie s  t h a t

g * (k ,L )  -  g ( - k ,L )  (1 3 )

M oreover, g (k ,L )  m ust be r e a l .  T h is  i s  s e e n  by e x p an d in g  (11)
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as

g (k ,L )  » J d ] i  f (X -x )  co s k (X -x ) + i jd y .  f (X -x )  s i n  k (X -x ) 

s (E ,L )  s ( E ,L )

As a  f u n c t i o n  o f  th e  i n v a r i a n t  (X -x ) f  (X -x ) i s  an even  fu n c ­

t i o n .  S in c e  th e  s in e  f u n c t io n  i s  odd , th e  l a s t  i n t e g r a l  w i l l  

v a n is h  o v e r  a  s u p p o r t  o f  i n f i n i t e  e x t e n t .  g (k ,L )  i s  t h e r e ­

f o r e  r e a l .  I n  l i g h t  o f  (15)»  t h i s  m eans t h a t  g (k ,L )  = g ( - k ,L )
P rt

and c o n s e q u e n t ly  g (k ,L )  m ust be a  f u n c t i o n  o f  k = k ^  , i . e . ,  

g ( k ^ ,L ) .

L im i ta t io n  o f  th e  su p p o r t  t o  be e i t h e r  th r e e  o r  one d i ­

m e n s io n a l and  th e  re q u ire m e n t t h a t  th e  s u p p o r t  be o f  i n f i n i t e  

e x te n t  s u g g e s t  t h a t  s (E ,L )  = s ( x ,L )  be e i t h e r  a  th r e e  dim en­

s i o n a l  p la n e  o r  a  one d im e n s io n a l l i n e  i n  f o u r - s p a c e ,  r e s p e c ­

t i v e l y .  I n  b o th  c a s e s ,  s in c e  k a p p e a rs  a s  k^(X^-x*^), i n  th e  

i n n e r  p r o d u c t ,  o n ly  th e  p r o j e c t i o n  o f  k on th e  p la n e  o r  l i n e  

h a s  n o n -z e ro  c o n t r i b u t i o n  to  th e  i n t e g r a l  d e f in in g  g ( k ,L ) .

L e t n (L ) r e p r e s e n t  a  u n i t  f o u r  v e c t o r  w h ich  i s  norm al t o  th e  

p l a n a r  s u p p o r t  i n  th e  th r e e  d im e n s io n a l  c a s e ,  o r  i s  p a r a l l e l  

to  th e  l i n e a r  s u p p o r t  i n  th e  one d im e n s io n a l  c a s e .  Then th e  

c o n t r i b u t i n g  p r o j e c t i o n  o f  k  f o r  th e  p l a n a r  su p p o r t i s

k^ » k  + C k^n® (L)]n(L) (1 4 )

w h ile  f o r  th e  l i n e a r  s u p p o r t  i t  i s

kj^ .  k ^ ^ ( L )  ( 1 5 )

N ote t h a t  i n  (1 4 )  i f  n (L ) = ( 0 , 0 , 0 , 1 )  th e n  k^n^(L ) « -k ^  and

t h e r e f o r e  k^  = I n  any c a s e ,  t h e  f u n c t i o n a l  dependence o f
2

th e  form  f a c t o r  on k m ust be k^ f o r  e i t h e r  s u p p o r t .  In  a d d i t i o n .



19
i t  may be n o te d  t h a t  th e  form  f a c t o r  h a s  no  d im e n s io n s  and

2 2
SO t h e  a c t u a l  dep en d en ce  i s  g (k ^ X ,I ,) , w here X i s  th e  l e n g th  

d e f in e d  by  e q u a t io n  ( 4 ) ,

F o r w hat c l a s s  o f  o b s e rv e r s  w i l l  th e  fo rm  f a c t o r  have 

th e  same v a lu e ?  By (1 4 ) and (1 3 ) i t  m ust b e  t h a t  c l a s s  whose 

s u p p o r t  i s  c h a r a c t e r i z e d  by th e  same v e c to r  n ,  i . e . , th o s e  

f o r  whom n(Lj^) = n ( I ,2 ) = . . . »  n ( L ) . The o b s e r v e r  dependence 

i s  t h e r e f o r e  c a r r i e d  e n t i r e l y  by  and so  th e  f u n c t io n a l  de­

p en d en ce  o f  th e  fo rm  f a c t o r  may be e x p re s s e d  s im p ly  a s

g (k ,L )  = g (k jx ^ )  (1 6 )

An a t te m p t  h a s  b e e n  made t o  sum m arize th e  b a s ic  f e a t u r e s  

o f  Ing raham  * s  t h e o r y  o f  s t o c h a s t i c  s p a c e - t im e .  As in d ic a te d  

p r e v i o u s ly ,  t h i s  t h e o r y  was d ev e lo p ed  a s  a  p r e lu d e  to  th e  f o r ­

m u la t io n  o f  a  f i n i t e  quantum  f i e l d  th e o r y .  W ith o u t e n te r in g  

i n t o  a  c o m p reh en s iv e  d i s c u s s io n  o f  f i n i t e  f i e l d  th e o r y ,  i t  i s  

o f  i n t e r e s t  t o  n o te  t h a t  th e  th e o ry  o f  s t o c h a s t i c  s p a c e - t im e  

d o es a llo w  f o r  a  l o g i c a l  fo rm u la t io n  o f  quantum  th e o r y  i n  w hich  

many o f  th e  d i s c r e p a n c i e s  o f  i n f i n i t e  quantum  f i e l d  th e o r y  a re  

rem oved . F o r ex am p le , r e n o r m a l iz a t io n  i s  f i n i t e ,  th e  u l t r a ­

v i o l e t  d iv e rg e n c e s  do  n o t  o c c u r due to  th e  high-mom entum  c u t ­

o f f ,  a m b ig u i t ie s  a s s o c i a t e d  w ith  l o c a l  L a g ra n g ia n s  (p ro d u c ts  

o f  f i e l d s  a t  th e  same p o i n t )  d i s a p p e a r ,  e t c .  I t  i s  a ls o  im­

p o r t a n t  t o  r e c o g n iz e  t h a t  th e  im p l i c a t io n s  o f  s t o c h a s t i c  s p a c e ­

tim e  e x te n d  th ro u g h o u t  a l l  p h y s ic a l  th e o r y ,  i . e . ,  s t o c h a s t i c

s p a c e - t im e  d e r iv e s  from  th e  m ost fu n d a m e n ta l c o n s id e r a t io n s  
o f  p h y s i c s .
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I n  th e  c h a p te r s  t o  f o l lo w , th e  s t o c h a s t i c  t h e o r y  o f  

s p a c e - t im e  w i l l  be p r e s e n te d  from  a  p o in t  o f  v iew  t h a t  d i f ­

f e r s  from  t h a t  o f  Ing raham . I t  w i l l  b e  d e m o n s tra te d  t h a t  th e  

f o r m u la t io n  may be ap p ro ach ed  p h i l o s o p h i c a l l y  as th e  r e l a x a ­

t i o n  o f  a  p o s t u l a t e  n o rm a lly  made i n  s h a rp  t h e o r i e s  o f  sp a c e ­

t im e .  T h is  i n  e f f e c t  in t r o d u c e s  an  a d d i t i o n a l  d e g re e  o f  f r e e ­

dom, w hich  w i l l  be c h a r a c t e r i z e d  by th e  p a ra m e te r  X. T h is  ap ­

p ro a c h  i s  a p p e a l in g  s in c e  th e r e  can  be no argum ent a s  t o  th e  

c o r r e c tn e s s  o f  su ch  a  more g e n e r a l  f o r m u la t io n  i f  o n ly  i t s  

d e r i v a t i o n  i s  r i g o r o u s .  Any d e b a te  i s  s e t t l e d  by e v a lu a t io n  

o f  X. I f  th e  p a ra m e te r  i s  e v e n tu a l ly  p ro v e n  to  be z e r o ,  th e n  

s p a c e - t im e  i s  s h a rp  and s o l u t io n  o f  th e  p ro b lem  o f  d e v e lo p in g  

r e l a t i v i s t i c  quantum  th e o ry  m ust be  fo u n d  e ls e w h e re .



CHAPTER I I I  

STOCHASTIC RELATIONSHIPS OP A SET 

OP COMMUNICATING OBSERVERS

I t  i s  d e s i r e d  t o  c o n s id e r  r e l a t i o n s h i p s  w hich  may e x i s t  

b e tw een  o b s e rv e r s  o r  fram es o f  r e f e r e n c e  i n  com m unication w ith  

e ac h  o t h e r .  The d e t a i l s  o f  th e  p ro c e s s  o f  p h y s ic a l  communica­

t i o n  a re  n o t  im p o r ta n t ,  i t  i s  o n ly  r e q u i r e d  t h a t  a  g iv e n  o b s e r ­

v e r  can  by  some means convey th e  r e s u l t s  o f  h i s  m easurem ents 

and d e te r m in a t io n s  o f  p h y s ic a l  phenom ena to  any o th e r  o b s e rv e r

B eing i n  p h y s ic a l  co m m un ica tion , th e  o b s e rv e r s  p o s s e s s  

th e  c a p a b i l i t y  f o r  a g re em e n t. They may, f o r  exam ple , a g re e  

to  some common scheme o f o b s e rv e r  d e s ig n a t io n ,  such  as o b se r ­

v e r  o n e , tw o , e t c .  They may a ls o  e s t a b l i s h  u n iq u e  m appings 

b e tw een  e ac h  p a i r  o f  fram es i n  th e  s e t .  T hus, a  w e l l  d e f in e d  

c o o rd in a te  m apping betw een  fram es 1 . and L- may be e s t a b l i s h e d
1  tJ

by a l l  o b s e rv e r s  a g re e in g  t h a t  th e  s p a c e - t im e  p o in t  d e s ig n a te d  

as P i n  th e  fram e o f  L . sh o u ld  a lw ay s be mapped i n to  th e  p o in t
U

d e s ig n a te d  a s  P i n  th e  fram e o f  L ^. M oreover, t h i s  may be a c ­

co m p lish ed  f o r  a l l  p o in t s  i n  th e  f r a m e s . The c o o rd in a te  map- 

in g  so  d e f in e d  from  L . to  L. w i l l  be r e p r e s e n te d  by th e  two
U ^

in d e x  q u a n t i t y  L ^ j .

21
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I t  sh o u ld  be n o te d  t h a t  th e  p a r t i c u l a r  f u n c t i o n a l  fo rm  

o f  th e  m apping may be d i f f e r e n t  f o r  d i f f e r e n t  o b s e r v e r s .  The 

developm en t th u s  f a r  o n ly  r e q u i r e s  common ag reem en t a s  to  

w h ich  p o in t  o f  L . i s  m apped i n t o  a  g iv e n  p o in t  o f  L. .
U 1

In  a d d i t i o n  to  th e  c o o rd in a te  m app ings, th e  o b s e rv e r s  

may a g re e  a s  t o  th e  m anner by  w hich  m a th e m a tic a l f u n c t io n s  

w i l l  be  mapped b e tw een  o b s e r v e r s .  These m ap p in g s, d e s ig n a te d  

as U . . ,  may o r  may n o t  be f u n c t io n s  o f  th e  L . . .
1 J 1 J

F o r some p h y s ic a l  e v e n t  E , l e t  m e a su re , by  a  p ro c e s s  

in v o lv in g  s i n g l e  a c t s  o f  o b s e r v a t io n  a t  e ach  s t e p ,  th e  c o o r d i ­

n a te s  and v a lu e  o f  some p h y s i c a l  f i e l d  a t  th o s e  c o o r d i n a te s .

may r e p e a t  t h i s  p ro c e d u re  f o r  o th e r  e v e n t s ,  d e te rm in in g  

c o o rd in a te  and p h y s ic a l  f i e l d  v a lu e s  f o r  e ac h  p o i n t  i n  h i s  

s p a c e .  E v e n tu a l ly  may a n a ly z e  h i s  d a ta  and  c o n c lu d e  t h a t  

f o r  c o o rd in a te s  T^(E,Lj|^) o f  th e  e v e n t E , th e  p h y s i c a l  f i e l d  

h a s  th e  v a lu e  g iv e n  by  th e  m a th e m a tic a l  f i e l d  The

f i e l d  e v a lu a te d  f o r  some p a r t i c u l a r  e v e n t E w i l l  be  d e n o te d  

by «p^[E ,T ^(L ^)].

Suppose a  seco n d  o b s e r v e r  L . , i n  a  s i m i l a r  m anner, o b -
V

s e r v e s  th e  same e v e n ts  a s  I . .  L . w i l l  a s s ig n  a  g iv e n  e v e n t 

th e  c o o rd in a te s  T . ( E , L . )  and  d e s c r ib e  th e  same p h y s i c a l  f i e l d
Ü 0

by a  g e n e r a l l y  d i f f e r e n t  m a th e m a tic a l  f i e l d  <p^[ T^( L. ) ] .  Each
Ü J J

member o f  th e  s e t  o f  o b s e r v e r s  w i l l  l ik e w is e  d e te rm in e  th e  

c o o rd in a te s  o f  v a r io u s  e v e n ts  and  a s s ig n  a  m a th e m a tic a l  f i e l d  

to  d e s c r ib e  th e  p h y s ic a l  f i e l d  o f  i n t e r e s t .

Now l e t  e ach  o b s e rv e r  t r a n s fo rm  h i s  r e s u l t s  t o  a  ch o sen  

common fram e , sa y  L^, by t r a n s f o r m a t io n s  o f  th e  ty p e
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< P iC ïi(L p ]  -  (18 )

N ote t h a t  t h e r e  i s  no j u s t i f i c a t i o n  f o r  a ssu m in g  t h a t

T ^ ( E ,L ^  = Y ^(E ,L ^)

o r  t h a t
9 i [ Y i ( L .) 3- y .  1> iC T i(I.i)]

Once he h a s  tra n s fo rm e d  th e  r e s u l t s  o f  h i s  o b s e rv a t io n s

t o  th e  fram e o f  by  th e  in d ic a t e d  m ap p in g s , l e t  e ach  o b s e r ­

v e r  com m unicate th e s e  t r a n s fo rm e d  q u a n t i t i e s  t o  e v e ry  o th e r  

o b s e r v e r .  The o b s e rv e r s  may th e n  c o n s t r u c t  i d e n t i c a l  t a b l e s  

o f  th e  e x p e r im e n ta l  d a t a ,  a l l  t r a n s fo rm e d  t o  a  common fram e 

o f  r e f e r e n c e  (I»q ) by means o f  a g re e d  upon m ap p in g s. F o r an  

a r b i t r a r y  f i e l d  i t  i s  t h e r e f o r e  p o s s ib l e  f o r  e a c h  o f  th e  ob­

s e r v e r s  t u  c o n s t r u c t  th e  fo l lo w in g  t a b l e :

TABLE I

d e te rm in e d  by

* o (? o (L o ))
i P iC T id i ) ]

t r a n s fo r m  to  v i a  (1 8 )

» o [ ? o ( l o ) ]

O o l * l [ ? l ( l l ) )

* k [ ? k ( 4 c ) ) * o k V k (? k ( lk ) )

C o n s id e r  f i r s t  how in d iv id u a l  o b s e r v e r s  w ould a n a ly z e  

th e  d i s t r i b u t i o n  o f  c o o rd in a te  v a lu e s :
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TABLE I I

d e te rm in e d  by t r a n s fo r m  to  v i a  (1 7 )

T lC l l )

H aving  i d e n t i c a l  t a b l e s  o f  d a t a ,  th e  o b s e rv e r s  w i l l  a g re e  on 

th e  d i s t r i b u t i o n  and f re q u e n c y  o f  c o o rd in a te  v a lu e s  fo u n d  i n  

th e  r i g h t  colum n o f  T ab le  11 .

The m appings and  have  b e e n  c o m p le te ly  a r b i t r a r y  

th u s  f a r .  I f  i t  i s  d e s i r e d ,  how ever, t h a t  any  l a c k  o f  p r e d i c t ­

a b i l i t y  o r  random ness i n  th e  v a lu e s  o f  th e  l e f t  colum n o f  T able  

11 be r e f l e c t e d  i n  a  s i m i l a r  la c k  o f  p r e d i c t a b i l i t y  i n  th e  v a l ­

u e s  o f  th e  r i g h t  co lum n, one m ust r e q u i r e  t h a t  th e  m appings be 

1 - 1 ,  i . e . ,  Such w i l l  be th e  c a se  f o r  th e  d e v e lo p ­

m ent t o  f o l lo w .  l i k e w i s e ,  i t  w i l l  be r e q u i r e d  t h a t  = ^ j i*

W ith  no c o n s t r a i n t  beyond th e  a b i l i t y  t o  com m unicate , 

and  th e  r e a l i z a t i o n  t h a t  th e  num ber o f  su c h  o b s e rv e r s  i s  i n ­

f i n i t e  , t h e  q u a l i f i c a t i o n  t h a t  1 . . = 1,1} a llo w s  one to  r e  a -  

so n a b ly  assum e t h a t  th e  d i s t r i b u t i o n  o f  v a lu e s  i n  th e  r i g h t  

colum n o f  T ab le  11 i s  random . L e t  o b s e r v e r  a s s ig n  a  ra n ­

dom v a r i a b l e  X^, d e f in e d  i n  h i s  s p a c e - t im e  f ra m e , w h ich  du­

p l i c a t e s  th e  v a lu e s  o f  th e  r i g h t  colum n as i t  r a n g e s  o v e r  

some m a n ifo ld  o f  p o i n t s .  To a v e ra g e  t h i s  v a r i a b l e  w ould
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se e k  a  f re q u e n c y  o f  d i s t r i b u t i o n  f u n c t io n  Fq(X ^ ,x^ )  su ck  t h a t  

w i th  th e  m easu re  e lem en t dyi^CX^jX^) o f  h i s  s u p p o r t ,  F^(X ^,X q) .  

dp^CX^jX^) i s  th e  p r o b a b i l i t y  o f  a  c o o rd in a te  v a lu e  o c c u r r in g  i n  

th e  t a b l e  (a n d  a l s o  i n  h i s  s p a c e - t im e  fram e) i n  th e  ra n g e  X^,

X_+ dX_ ab o u t th e  mean v a lu e  x^ 
0  0  o The mean v a lu e  o f  th e  r a n ­

dom v a r i a b l e  w ould th e n  be g iv e n  by

( 1 9 )% C lo )  ■= J ^ o  **o(% o'=o)
s(E ,L g )

Of c o u rs e  th e  t o t a l  p r o b a b i l i t y  o f  some v a lu e  o f  th e  random  

v a r i a b l e  b e in g  i n  th e  t a b l e  i s  u n i ty :

/■
s (E ,L ^ )

( 20)

M oreover, s in c e  i t  i s  n o t assum ed t h a t  th e  v a lu e s  i n  th e  r i g h t  

colum n o f  th e  t a b l e  w i l l  be i d e n t i c a l ,  may f i n d  a  n o n -z e ro

d i s p e r s i o n

/■ P o(Z o '= o ) a * o ( :o '= o )  “ (21)

8 ( B ,lg )

Suppose now t h a t  each  o b s e rv e r  t r a n s fo rm s  th e  r i g h t  c o l ­

umn o f  T ab le  I I  t o  th e  fram e o f  1^2

TABLE I I I

d e te rm in e d  by L.

^ o C 'o )

t r a n s fo rm  to  t r a n s fo rm  t o

ï i C i i ) L o i i i d i )
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I n  a  m anner s i m i l a r  t o  t h a t  o f  L ^, Lĵ  w i l l  a v e ra g e  th e  column 

r e f e r e n c e d  to  him by a s s ig n in g  a  random v a r i a b l e  d e f in e d  in  

h i s  own fra m e , e t c :

“ J*^k ^^k (^ k * * k ) (^ 2 )
8(3 ,1% )

where f
(23)

8(3 ,1% )

and -

(24)
8(3 ,1% )

C o n s id e r  now how w i l l  r e g a rd  th e  colum n r e f e r e n c e d  

to  1%. He w i l l  s im p ly  se e  i t  as th e  colum n r e f e r e n c e d  t o  him­

s e l f  m u l t i p l i e d  by  a  f a c t o r  1%^. H is c o n c lu s io n  w i l l  be t h a t  

th e  a v e ra g e  o f  th e  colum n r e f e r e n c e d  to  1% i s  th e  a v e ra g e  o f  

th e  colum n r e f e r e n c e d  to  h im s e l f ,  m u l t i p l i e d  by  1%^, i . e . ,  

’̂ ( I 'o )  '  ^ o V ^ o ) • T h e re fo r e ,

=^(2'o) -  2 o (* o -^ o ) a * o (Z o '= o )
8 (B ,lg )

o r  s in c e  L  c o n ta in s  no v a r i a b le s  o f  i n t e g r a t i o n ,

V^'o) - J?k ̂ o(^o>^) dUoCX̂ ,*,,) (25)
s (E ,I .( ,)

where i s  a  random  v a r i a b l e  in  th e  fram e o f  1% su c h  t h a t

? k  '  V o

S in c e  ^  and X^ a re  b o th  random v a r i a b l e s  d e f in e d  i n  th e  fram e
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o f  Lj^, b o th  o f  w hich  d u p l i c a t e  th e  v a lu e s  o f  th e  colum n r e ­

f e r r e d  to  Lj^, th e y  a re  i n  f a c t  th e  same random  v a r i a b l e . T h is  

means t h a t  th e  r e g io n  o f  Lj^’s  fram e o v e r  w h ich  th e  v a r i a b l e  

Xjj. « ^  « Lj^o^o ^"^Gumes i t s  v a lu e s  i s  s im p ly  th e  c o o rd in a te  

t r a n s fo rm  o f th e  r e g io n  o f  fram e i n  w h ich  assum es i t s

v a lu e s . S in c e  th e  m a n ifo ld  o f  p o in t s  in c lu d e d  i n  th e  v a lu e s  . 

assum ed by  th e s e  random  v a r i a b l e s  m ust in c lu d e  th e  r e s p e c t iv e  

s u p p o r t s ,  th e  s u p p o r ts  o v e r  w h ich  th e  a v e ra g in g  t a k e s  p la c e  

m ust be  t r a n s fo rm s  o f  e ac h  o t h e r .

I t  f o l lo w s  by i n s p e c t io n  o f  T ab le  I I I  t h a t  th e  p ro b a ­

b i l i t y  o f  th e  v a lu e  Xĵ  o c c u r r in g  i n  th e  d a ta  r e f e r e n c e d  t o  

Lj  ̂ i s  th e  same as th e  p r o b a b i l i t y  o f  X^ o c c u r r in g  i n  th e  d a ta

r e f e r e n c e d  t o  T h e re fo r e ,0 ’

F o (Z o '= o ) (2 6 )

U sing  (2 6 ) and  th e  f a c t  t h a t  th e  s u p p o r ts  s (E ,L ^ )  and  s(E ,L jj.) 

a re  t r a n s fo rm s  o f one a n o th e r , th e  v a r i a b l e s  o f  i n t e g r a t i o n  

i n  ( 2 5 ) may be  changed a s

Xj^CLq) = J \  ^ k ^ ^ k ’^k^ * ^^k (^ k * ^ ) (2 7 )

s(E ,L j^ )

Com paring (2 2 ) and (2 7 ) i t  fo l lo w s  t h a t  f o r  a  g iv e n  e v e n t E ,

T h is  m eans t h a t  an  e v e n t may be  p la c e d  i n  1 -1  c o rre sp o n d a n c e  

w ith  i t s  mean c o o rd in a te s  as d e te rm in e d  i n  a  p a r t i c u l a r  f ra m e .
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I t  i s  s i g n i f i c a n t  t o  n o te  t h a t  i f  th e  a llo w e d  m appings 

a re  m e t r ic  au tom orph ism s o f  th e  sp a ce  so  t h a t  

i s  an  i n v a r i a n t ,  (2 6 ) s u b s t i t u t e d  i n t o  (2 4 ) shows t h a t  X (E ,L^)

» X (E ,L j)  = X (E ), i . e . ,  a t  l e a s t  f o r  a  g iv e n  e v e n t ,  X(B) has 

th e  same v a lu e  f o r  a l l  o b s e r v e r s .

S p e c i f i c a t i o n  o f  th e  m anner i n  w hich  o b s e r v e r s  w i l l  av­

e ra g e  m a th e m a tic a l  f i e l d s  i n  g e n e r a l  i s  somewhat more a r b i t r a r y .  

H ow ever, i f  one w ish e s  s t o c h a s t i c  th e o r y  t o  re d u c e  t o  th e  s h a rp  

th e o r y  o f  s p a c e - t im e  i n  th e  e v e n t o f  z e ro  c o o rd in a te  d i s p e r s i o n ,  

th e  p r e s c r i p t i o n  f o r  a v e ra g in g  f i e l d  v a lu e s  i s  d e te rm in e d . The 

form  in v a r ia n c e  o f  s h a rp  t h e o r i e s  i s  r e t a i n e d  i n  th e  l i m i t  o f  

z e ro  c o o rd in a te  d i s p e r s i o n  o n ly  i f  one r e q u i r e s  i n  s t o c h a s t i c  

th e o r y  t h a t  i f  two o r  more o b s e r v e r s  a g re e  on one m a th e m a tic a l  

f i e l d ,  th e y  w i l l  a g re e  on a l l  o t h e r s .  T hat i s ,  i f  t h e y  m easure  

th e  same c o o rd in a te s  f o r  ar. e v e n t ,  th e y  a ls o  o b ta in  th e  same 

v a lu e  f o r  a  p h y s i c a l  f i e l d  i t  t h a t  e v e n t .  I n  p a r t i c u l a r ,  con­

s i d e r  T ab le  I .  The o b s e r v e r s  may a s s ig n  to  fram e a  fu n c -  

r i o n  w h ich  d u p l i c a t e s  th e  f i e l d  v a lu e s  o f  th e  r i g h t  c o l ­

umn f o r  an  e v e n t  E a s  i t s  a rg u m e n t, th e  random  v a r i a b l e  X^ o f  

L^*s fra m e , r a n g e s  o v e r  i t s  v a lu e s .  S in c e  th e  m a th e m a tic a l  

f i e l d  Yq(Xq) i s  to  h ave  th e  same w e ig h t i n  th e  a v e ra g in g  p ro ­

c e s s  as i t s  argum ent X^, i t  fo l lo w s  t h a t  P ^ (X ^ ,x ^ ) 

i s  th e  p r o b a b i l i t y  o f  o c c u rre n c e  o f  th e  v a lu e  ^ q( ^ q) th e  

t a b l e .  O b se rv e r  w i l l  t h e r e f o r e  a v e ra g e  th e  f u n c t i o n  as

8(E,Lg)
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Now l e t  a l l  o b s e rv e r s  m u l t i p ly  th e  r i g h t  column o f  T ab le  I  

b y  th e  a p p r o p r ia te  f a c t o r  t o  r e f e r e n c e  th e  d a ta  t o  th e  fram e  

o f  L^t

TABLE IV 

t r a n s fo rm  to  L.d e te rm in e d  by  L,

* k [? k (L k )]

■o tr a n s fo rm  t o

*o[?oC L o)]

U-ko

The f u n c t io n  w h ich  w i l l  g e n e r a te  t h i s  new colum n i s  =

Uko^oC^o^" O b se rv e r  w i l l  t h e r e f o r e  f i n d  th e  a v e rag e  o f  

th e  r i g h t  colum n o f  T ab le  IV t o  be

“ ^ k ( ^ ^  ^k(^k»^k^  ^^k^^k*^k^ (3*0)
s(E ,L j^ )

Any o th e r  o b s e r v e r ,  s a y  L ^ , w i l l  c la im  t h a t  th e  a v e ra g e s  o f  

th e  two colum ns c an  d i f f e r  a t  m ost by  th e  c o n s ta n t  f a c t o r

* k (= k 'L o )  -  9 k o * o (Z o 'to )

) a * o (* o '= o )

8 (B ,L g )

o r

* k (= k 'It)  = j ^ k ' V  (31)
8(3,Lg)
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Sum m arizing b r i e f l y ,  th e  fo re g o in g  h a s  so u g h t to  de­

s c r ib e  th e  m anner i n  w h ich  a  s e t  o f  com m unicating  o b s e rv e r s  

may e s t a b l i s h  common r e f e r e n c e  w ith  r e g a r d  to  th e  c o o rd in a te s  

o f  e v e n ts  and a p p r o p r i a te  m a th e m a tic a l f i e l d s  to  be a s s o c i a t ­

ed  w ith  a  g iv e n  p h y s ic a l  f i e l d .  I t  h as  been  fo u n d  t h a t  a l l  

o b s e rv e r s  w i l l  a g re e  t h a t  th e  mean c o o rd in a te s  a s s ig n e d  to  

th e  v a r io u s  in d iv id u a l  o b s e rv e r s  f o r  a  g iv e n  e v e n t w i l l  be 

s im p le  c o o rd in a te  m appings o f  each  o t h e r .  However, i f  an  a r ­

b i t r a r y  o b s e rv e r  d e s c r ib e s  a  p a r t i c u l a r  p h y s ic a l  f i e l d  by 

th e  m a th e m a tic a l  f i e l d

w here .
d P i ( I i ,X i )  (52 )

a n o th e r  o b s e r v e r  1 .  w i l l  d e s c r ib e  th e  same p h y s ic a l  f i e l d  by 

th e  m a th e m a tic a l f i e l d

O p (X p ,ip  = = ’J p q t V V ^ r - ^ j ) ^

w here

8 ( 3 , I j )

B eing  i n t e g r a t e d  o v e r d i f f e r e n t  s u p p o r t s ,  i t  i s  n o t  e x p e c te d  

i n  g e n e ra l  t h a t  th e  r e s u l t s  o f  ( 3 2 ) and (3 5 ) w i l l  be i d e n t i ­

c a l ,  i . e . ,  <l>j,(x^,L^) /  g e n e r a l .

Not im p o s in g  th e  c o n s t r a i n t  o f  z e ro  d i s p e r s io n  in  c o o rd i ­

n a te  and f i e l d  m easu rem en ts among th e  o b s e rv e r s  r e s u l t e d  i n  a  

d e g re e  o f  freed o m  n o t p e r m i t t e d  i n  s h a rp  o r  n o n - d is p e r s iv e  

t h e o r i e s .  I f  t h e  a g re e d  upon m appings a re  m e tr ic  autom orphism s
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t h i s  a d d i t i o n a l  d e g re e  o f freedom  i s  c h a r a c t e r i z e d  by th e  

p a ra m e te r  \ ( E ) , w hich  i s  th e  same f o r  a l l  o b s e rv e r s  f o r  a  

g iv e n  e v e n t .



CHAPTER IV 

THE STOCHASTIC FORMALISM OP 

INERTIAL OBSERVERS

I t  h a s  b e en  p o s s ib l e  t o  fo rm u la te  th e  m a th e m a tic a l  s t r u c ­

t u r e  o f  th e  p re c e d in g  c h a p te r  i n  te rm s  o f  v e ry  g e n e r a l  o b s e r ­

v e r s .  A t t e n t io n  w i l l  now be r e s t r i c t e d  to  a  s p e c i a l  s e t  o f  

com m unicating  o b s e r v e r s — th o s e  whose r e l a t i v e  m o tio n  i s  u n i ­

form  t r a n s l a t o r y ,  i . e . ,  i n e r t i a l  o b s e r v e r s .

POSTULATE I :  The mean sp eed  o f  l i g h t  m easu red  by  ro d s  and 

c lo c k s  a t  r e s t  i n  a  g iv e n  i n e r t i a l  fram e i s  a lw ays c ,  i n ­

d ep en d en t o f  th e  m o tio n  o f  th e  s o u r c e .

I t  sh o u ld  be s p e c i f i c a l l y  n o te d  t h a t  i t  i s  n o t  assum ed t h a t  

th e  sp eed  o f  l i g h t  i s  s h a r p .

An im m edia te  co n seq u en ce  o f  th e  above p o s t u l a t e  i s  th e  

s p e c i f i c a t i o n  o f  th e  m appings L ^ j .  T hus, l e t  a l l  i n e r t i a l  ob­

s e r v e r s  r e g a r d  th e  e m is s io n  and p r o g r e s s  o f  a  p u ls e  o f  l i g h t .

L w i l l  d e te rm in e  mean c o o r d in a te s  f o r  o b s e rv e r s  L. and  L . f o r  
P ^ U

th e  p o in t  a t  w hich th e  p u ls e  was e m i t te d  and  n o te  mean c o o r d i ­

n a te s  f o r  th e  wave f r o n t  some tim e  l a t e r .  F o r  L^ he w i l l  f i n d

6 ^ . 6 ^  -  c ^ ( 6 t^ ) ^  = 0

w here c i s  th e  mean sp e e d  o f  l i g h t  fo u n d  f o r  a l l  o b s e r v e r s .  

L ik ew ise  he  w i l l  f i n d  f o r  L .
U
32
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6 ^ . 6 ^  -  c 2 ( 6 t j ) 2  « 0

I f  th e n  s e e k s  a  l i n e a r  t r a n s f o r m a t io n  s a t i s f y i n g  th e  above 

he w i l l  f i n d  i t  to  be a  L o re n tz  t r a n s f o r m a t io n .  T hus,

6 t . ' yCGti -  “2 (34)

^3i= 4  “ -  Y6ti] (35)

f

w here th e  p a ra m e te r  Ÿ ..  = -  ^  . i s  th e  mean v e l o c i t y  o f
3 1  X J u

w i th  r e s p e c t  t o  L^.

The m e t r ic  t e n s o r  i s  l ik e w is e  d e te rm in e d  a s  

g^^ = g22 = g53 .  .g 4 4  ^ 1

N ote t h a t  s in c e  th e  mean c o o r d in a te s  m ere ly  d e s ig n a te  a n o th e r  

p o i n t  i n  th e  sp a ce  o f  a  g iv e n  o b s e r v e r ,  i . e . ,  th e  a v e ra g e d  

p o i n t s  and th e  sh a rp  p o i n t s  a re  members o f  th e  same m a n ifo ld ,  

g m ust be r e g a rd e d  a s  th e  m e t r ic  t e n s o r  o f  th e  s p a c e .  T hus, 

i f  th e  m e t r i c a l  i n t e r v a l  ( x - x )  i s  i n v a r i a n t  u n d e r  th e  L o re n tz  

t r a n s f o r m a t io n s ,  th e  m e t r i c a l  i n t e r v a l  (X -x) m ust l ik e w is e  be 

an  in v e i r ia n t .

The L o re n tz  t r a n s f o r m a t io n s  form  a  te n - p a r a m e te r  a u to -  

m orph ic  g ro u p . I n  p a r t i c u l a r ,  t h e  m e t r i c a l  i n t e r v a l  i s  i n ­

v a r i a n t  u n d e r  f o u r - s p a c e  t r a n s l a t i o n s ,  r o t a t i o n s ,  and  r e f l e c ­

t i o n s .  I t  h a s  b een  shown t h a t  i f  X^ = L^^X^, th e  s u p p o r ts  

s(B ,Ljj.) and  s (E ,L ^ )  m ust be  t r a n s fo rm s  o f  one a n o th e r .  W ith 

r e s p e c t  t o  th e  L o re n tz  t r a n s l a t i o n s ,  t h i s  means t h a t  i f  X^ 

e s (B ,L q) = s (Xq) ,  th e n  Xĵ  e s (x ^ + a )  i f  X^ = X^+ a .  S im i la r  

s ta te m e n ts  fo l lo w  f o r  L o re n tz  r o t a t i o n s  and r e f l e c t i o n s .  T hese
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properties allow one to choose the measure element dp such 
that

(37)
The dot was placed above the sign of equality to emphasize the 
particular nature of the relationship. Equation (57) does not 
refer to a single volume element. It asks only that the meas­
ure element used by at have the same magnitude as the 
measure element used by at X^ = L^^X^. No constraint im­
posed on the theory so far requires the measure element be 
chosen as in (37)• However, such a choice imposes no speciali­
zation.

With the measure element chosen as in (37), the proba­
bility measure will be the same (see equation (26)) only if 
the frequency functions are likewise related:

V ^ ' ^ )  = .̂(̂ o-̂ 'o) (38)
That is, the function evaluated at the point X^ = L^^X^ 
in the frame of Lĵ, must give the same value as the (perhaps 
different) function evaluated at X^ by L̂ .

The preceding discussion, from chapter III to this point, 
has considered the description of a given event by various ob­
servers. The following postulate serves to establish relation­
ships between different events :
POSTULATE II— The Principle of Relativity: The laws by which

any two observers describe physical events are subjectively 
identical.

An immediate, and very important, consequence of this last
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s ta te m e n t  i s  t h a t ,  a t  th e  v e ry  l e a s t ,  th e  l e n g th  X h a s  th e  

same v a lu e  f o r  a l l  e v e n ts  o f  a  g iv e n  c l a s s ,  i . e . ,  s p a c e - l ik e ,  

t i m e - l i k e ,  o r  n u l l .  To o b ta in  t h i s  r e s u l t ,  c o n s id e r  s u b je c ­

t i v e l y  i d e n t i c a l  p o in t s  i n  th e  fram e o f  and  i n  th e  

fram e o f  L . , i . e . ,  = x|^. Of c o u rs e ,  i f  x .  i s  s p a c e - l ik e

to  L ^, Xj i s  s p a c e - l ik e  t o  L ^ . The P r i n c i p l e  o f  R e l a t i v i t y  

r e q u i r e s  t h a t  th e  d i s p e r s io n  o f  th e  random  v a r i a b le  ab o u t 

th e  p o in t  x^ ( a s  se e n  by L^) be th e  same as th e  d i s p e r s io n  o f  

X. ab o u t th e  p o i n t  Xj ( a s  se e n  by  L . ) .  I t  fo l lo w s  from  (4 )“d " V u
t h a t

\(B ,L ^ )  = \ ( B ,L j )

where x . i s  th e  mean c o o rd in a te  o f  B i n  1 . and  x .  i s  th e  mean1 1 -  j
c o o rd in a te  o f  B i n  L . .

J
I f  th e  c o o rd in a te  d i s p e r s io n  a b o u t s u b j e c t iv e l y  i d e n t i ­

c a l  p o in t s  i s  t o  be th e  sam e, i t  fo l lo w s  t h a t  one m ust a ls o  

r e q u i r e

^ i ^ ^ i ’^ i^  ^ ^ i ^ ^ i ’^ i^  ** ^ j^ —j ’ —j^  (59)

w ith  x ^  = x4 and  X^ = ÿ f .  The e q u a l i t y  i s  i n  th e  same se n sei  "d 1 "“0
as (3 7 ) and  ( 3 8 ) .  The P r i n c ip l e  o f  R e l a t i v i t y  a ls o  r e q u i r e s  

t h a t  th e  s u p p o r t  u sed  by L ^ fo r th e  e v e n t  x^ be i d e n t i c a l  t o

t h a t  u se d  by  L . f o r  x . . One may, w i th o u t  s p e c i a l i z a t i o n ,d “d
d p ^ (X ^ ,x ^ ) » d % j(X j,X j) (40 )

W ith t h i s  c h o ic e ,  e q u a t io n  (3 9 ) r e q u i r e s

P l ( ï i . ï l )  i  F jC l j .X j )

S ince  th e  P r i n c i p l e  demands s u b je c t iv e  i d e n t i t y  i n  a l l  a s ­

p e c t s  o f  th e  fo rm a lis m , th e  l a s t  c o n d i t io n  c a n  be a llow ed
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only if it is required that the frequency functions be the 
same for subjectively identical points, i.e.,

P(X j^,x^) = (4 1 )

Of course, uses the same frequency function for all points 
in his space. Since each point is subjectively identical to 
a point is some other frame, the frequency function must be 
the same for all points and all observers, i.e., it is Lorentz 
invariant in the sense

? ( ! ,% )  .  P (L I,L x ) (4 2 )

This means
P ( I ,X )  .  (4 J )

The Principle of Relativity also requires that the sup­
ports of subjectively identical points be subjectively identi­
cal. Since it may be argued that a given observer will use 
the same type of support, e.g., a three-extent hyperboloid, 
one-extent line, etc., for each point in his space, it fol­
lows from arguments similar to those leading to (42) that the 
supports are form invariant. That is to say, if one observer 
uses a three-extent plane foi his support, all observers will 
use three-extent planes.

To proceed with the derivation of the e3g>licit form of 
the frequency function and its support, it is necessary to 
first consider the stochastic nature of the coordinates in 
more detail. In particular, one must deside whether or not 
there is dispersion in all four coordinates. To answer this
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c o n s id e r  two i d e n t i c a l  a tom s o r  p a r t i c l e s  s e p a r a t e d  by  some 

mean d i s t a n c e  r ,  w here th e  l o c a t i o n  o f  e ac h  p a r t i c l e  a t  i t s  

r e s p e c t iv e  e n d -p o in t  o f  th e  i n t e r v a l  r  can  o n ly  b e  s p e c i f i e d  

t o  w i th in  a  r e g io n  o f  r a d i u s  6 .  Suppose each  atom  i s  i n  some 

e n e rg y  s t a t e  above i t s  g ro u n d  s t a t e  i n i t i a l l y  b u t  e v e n tu a l ly  

r e t u r n s  t o  ground s t a t e  w i th  th e  e m is s io n  o f  a  p h o to n . I t  i s  

d e s i r e d  t o  i n v e s t i g a t e  th e  s im u l t a n e i ty  o f  th e s e  tw o e v e n t s .  

F o r t h i s  p u rp o se  assum e t h a t  an  i d e a l  d e t e c t o r  h a s  b een  p la c e d  

a t  th e  m id p o in t o f  th e  s e p a r a t in g  i n t e r v a l  su c h  t h a t  th e  s i ­

m u lta n e o u s  in c id e n c e  o f  th e  p h o to n s  on th e  d e t e c t o r  may be  de­

te rm in e d . (Such a  d e t e c t o r  i s  n o t  p o s s ib l e  a c c o rd in g  to  a rg u ­

m en ts g iv e n  by  C ohn,^)

L e t one atom e m it a  p h o to n  when i t  i s  f u r t h e s t  from  

th e  m id p o in t o f  th e  s e p a r a t in g  i n t e r v a l  and  th e  o t h e r  atom  

e m it a  p h o to n  2 6 /c  l a t e r  a t  i t s  c l o s e s t  a p p ro a ch  t o  th e  m id­

p o i n t ,  b o th  p h o to n s p ro c e e d in g  to w a rd  th e  m id p o in t .  I f  i t  i s  

assum ed t h a t  b o th  p h o to n s  t r a v e l  w i th  th e  same s p e e d , th e y  

w ould s t r i k e  th e  d e t e c t o r  s im u lta n e o u s ly ,  ev en  th o u g h  th e y  

w ere  n o t  e m itte d  s im u lta n e o u s ly .  Of c o u r s e ,  one may o b ta in  

a  s i m i l a r  r e s u l t  ev en  i f  t h e  p h o to n s  a re  a llo w e d  t o  have d i f ­

f e r e n t  s p e e d s .  I n  any  c a s e ,  i t  a p p e a rs  t h a t  one may n o t  have  

a  d i s p e r s i o n  i n  s p a t i a l  d e te r m in a t io n  w ith o u t a  d i s p e r s i o n  in  

th e  d e te rm in a t io n  o f  s i m u l t a n e i t y ,  i . e . ,  o f  t im e .  F u r th e r ,  

one may d e m o n s tra te  t h a t  a  d i s p e r s io n  i n  tim e  im p l ie s  d i s p e r ­

s io n  i n  s p a t i a l  d e te r m in a t io n  (s im p ly  l e t  th e  e m i t t in g  atom s 

have  s h a rp  p o s i t io n s  a t  th e  end p o i n t s  o f  th e  i n t e r v a l  r  w h ile  

a l lo w in g  a  d i s p e r s io n  2 6 /c  i n  tim e  m ea su re m e n t). I t  m ust be
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concluded therefore that, in general, dispersion in spatial 
coordinates implies dispersion in time, and conversely. There 
is dispersion in all four coordinates.

A statement must now be made concerning the stochastic 
independence of the coordinate fluctuations. Suppose it is 
assumed that all four variables are stochastically independ­
ent . Then

from which it follows that
In F = In + In Fg + In Pj + In

From this last statement one obtains

a [In F] a[T| aCln Fg]
 ?r r**---  = — 7=-- [a not summed]

an^ an*

Since

1 —  ■ 2n , . . . ,  — 2P—  ■ -2 n
an"̂  8n

one obtains
^ 1 dCln F] dCln P,] ^ d[ln F] d[ln F4]

” ÏÜ7 Ï ■ 1 7 —

From this last statement
1 dCln Fi] 1 dCln F ]̂ dCln F]
"1 T %   » ••• ■ - “4 “Tf  » 2 — ----- ÛT » a « constn dn n dn dCn^n^]
from which it follows

- P [exp a(n^n*)] (44)
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C o n s id e r  f i r s t  t h e  p o s s i b i l i t y  o f  a  fo u r -d im e n s io n a l  

s u p p o r t ,  w here th e  m easu re  e le m e n t may be ta k e n  a s  th e  f o u r -  

volum e d ^ I  = dX^dX^dX^dX^. W ith  th e  f re q u e n c y  f u n c t io n  ( 4 4 ) ,  

th e  n o r m a l iz a t io n  i n t e g r a l  i s

J'cexp aC n^T i^)] d^X = J[exp  d^X

T h is  i n t e g r a l  d iv e r g e s  f o r  any f o u r - d im e n s io n a l  r e g io n  o f  i n ­

f i n i t e  e x t e n t ,  w h a te v e r  th e  c h o ic e  o f  a .  P o u r-d im e n s io n a l 

s u p p o r ts  a re  t h e r e f o r e  n o t  p o s s i b l e .  W ith  d i s p e r s io n  i n  a l l  

f o u r  v a r i a b l e s ,  a  s u p p o r t  o f  s m a l le r  d im e n s io n a l i ty  im p l ie s  a  

la c k  o f  in d ep e n d en c e  o f  th e  s t o c h a s t i c  v a r i a b l e s ,  i n  c o n t r a ­

d i c t i o n  to  th e  o r i g i n a l  a ssu m p tio n  t h a t  th e y  w ere in d e p e n d e n t .  

T hus, n o t more th a n  th r e e  o f  th e  s p a c e - t im e  c o o rd in a te  random  

v a r i a b l e s  a re  s t o c h a s t i c a l l y  in d e p e n d e n t .

Symmetry s u g g e s ts  t h a t  i f  t h r e e  o f  th e  random v a r i a b l e s  

a re  in d e p e n d e n t ,  th e y  a re  th e  t h r e e  s p a t i a l  c o o r d in a te s .  I f  

t h i s  i s  th e  c a s e ,  th e n  th e  m ost g e n e r a l  f re q u e n c y  f u n c t io n  

s t i l l  p e r m i t t e d  i s

P ( y ^ )  = ( X^xTz) ( i f x T i )  F ) ( x M z  ) (4 5 )

The m e t r i c a l  i n t e r v a l  b e tw een  th e  mean c o o rd in a te s  o f  

an  e v e n t  and  th e  o r i g i n  m ust be i n  one o f  t h r e e  c l a s s e s :  ( i )

s p a c e - l i k e ,  ( i i )  t i m e - l i k e ,  ( i i i )  n u l l .  I n  c o n s id e r in g  th e  

p o s s ib l e  s u p p o r ts  f o r  th e s e  c a s e s ,  t h e  s u r f a c e s  = K^, K

a  c o n s t a n t ,  may be e l im in a te d  s in c e  th e y  im p ly  P ( ii^ t^ )  = F (X ^ ), 

w hich  can  n o t  be n o rm a liz e d  f o r  a  s u r f a c e  o f  i n f i n i t e  e x t e n t .  

W hatever th e  n a tu r e  o f  th e  s u p p o r t ,  h o w ev er, i t  m ust depend  

upon th e  e v e n t  t o  be d e s c r ib e d  i n  some m anner.
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As one p o s s i b i l i t y ,  su p p o se  o b s e rv e r  u se d  th e  fa m ily  

o f  s p a c e - l ik e  s u r f a c e s  = K f o r  h i s  s u p p o r t s ,  where E

depends on th e  e v e n t ,  and T (L ^) i s  a  u n iq u e  t im e - l i k e  v e c to r  

a s s o c i a t e d  w ith  th e  fram e o f  L ^. The P r i n c ip l e  o f  R e l a t i v i t y  

r e q u i r e s  t h a t  th e  f o u r - v e c to r  a s s o c ia t e d  w i th  a  d i f f e r e n t  ob­

s e r v e r  L . have th e  same d i r e c t i o n  i n  fo u r - s p a c e  w ith  r e s p e c t
V

t o  L . t h a t  T (L .) h as  w ith  r e s p e c t  t o  L . . T h is  am ounts to  a
J  X X

p r e f e r r e d  d i r e c t i o n  i n  s p a c e - t im e .  The tim e  a x is  d e f in e s  an

a c c e p ta b le  p r e f e r r e d  d i r e c t i o n  b u t T ( l )  d i r e c t e d  a lo n g  t h i s  

a x is  may be r u le d  o u t s in c e  i t  im p lie s  z e ro  d i s p e r s io n  i n  t im e .  

Even i f  th e  n o t io n  o f  a  p r e f e r r e d  d i r e c t i o n  o th e r  th a n  an  a x is  

i s  n o t  i n  c o n f l i c t  w ith  th e  m ost g e n e ra l  i n t e r p r e t a t i o n  o f  th e  

P r i n c i p l e  o f  R e l a t i v i t y ,  I  f e e l  t h a t  i t  m ust be r e j e c t e d  s in c e

i t  i s  e q u iv a le n t  t o  s a y in g  "N a tu re  p o in ts  t o  th e  l e f t .  "

More g e n e r a l ly ,  i t  i s  f e l t  t h a t  any s u p p o r t  r e q u i r i n g  a  

p r e f e r r e d  d i r e c t i o n ,  f ra m e , e t c . ,  i n  s p a c e - t im e  m ust be r e ­

j e c t e d .  The fo l lo w in g  developm en t i s  c o n s i s t e n t  w i th  t h i s  

p o in t  o f  v iew .

The m ean c o o rd in a te s  a re  s p a c e - l ik e  

I f  such  i s  th e  c a s e ,  o b s e rv e r  

may f i n d  a fram e i n  w h ich  th e  

tim e  com ponent o f  th e  mean e v e n t  i s  

z e ro :

0 .  y( ? i ) [ o4  -

w here Ÿ± i s  th e  v e l o c i t y  o f  th e  fram e r e l a t i v e  t o  L ^. The 

above c o n d i t io n  i s  s a t i s f i e d  by

fram e o f  L.
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One may now a s s o c i a t e  th e  f o u r - v e l o c i t y  o f  w ith  a  sp a ce ­

l i k e  p la n e  th ro u g h  th e  o r i g in ,

o r ,  w ith  Ti = X -  X ,

= 0 (47 )

A l l  e v e n ts  on th e  p la n e  d e f in e d  by  (4 7 ) w ould a p p ea r s im u lta n ­

eous t o  I t  i s  s u g g e s te d  t h a t  t h i s  s p a c e - l ik e  p la n e  i s  th e

s u p p o r t  t o  be u se d  by  f o r  th e  e v e n t h a v in g  mean c o o rd in a te s  

x ^ . (N ote  t h a t  t h i s  i s  n o t  th e  p la n e  o v e r  w hich  would do h i s  

own a v e r a g in g .)

I n  th e  fram e L ^, th e  c o n d i t io n  (4 5 ) becom es

-  P i(3 ^ )P 2 (a ^ )P 3 (3 ^ )  (46 )

By a  d e r i v a t i o n  i d e n t i c a l  to  t h a t  le a d in g  t o  ( 4 4 ) ,  one f in d s

t h a t  (4 8 ) i s  s a t i s f i e d  by th e  f u n c t io n

“ P [ex p  -a ^ ( i" * f )3  (49 )

E q u a tio n  (4 9 ) may be e x p re s s e d  i n  c o v a r ia n t  fo rm  by d e f in in g

th e  c o o rd in a te s

T|J .  + ^2  (50 )

I t  fo l lo w s  t h a t

(51)" i ’l l  ■ V  *

N ote t h a t  i n  th e  p r o p e r  fram e L ^ , f o r  w hich  = ( 0 , c ) ,

« The f re q u e n c y  f u n c t io n  may now be  e x p re s s e d  as

(̂t̂ ĵ̂ ) = 3Cexp -of(n^n^)] (52)
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which, i s  v a l i d  i n  th e  fram e o f  L. as w e l l  a s  t h a t  o f  L. .1 —1

C a lc u la t io n s  f o r  may be p e rfo rm e d  i n  th e  fram e o f  

T hat i s ,  may e x p re ss  th e  r e l a t i o n s h i p

‘ (5))
o ( = i )

s im p ly  a s

* r ( * r '^ i )  = p J j r ^ J r ^  ^54)

w here th e  i n t e g r a t i o n  i n  the  fram e e x te n d s  o v e r  a l l  t h r e e  

s p a c e .  To c a r r y  o u t th e  a c tu a l  i n t e g r a t i o n  one m ust t r a n s ­

form  th e  f u n c t io n  to  th e  fram e o f

= (5 5 )

F o r  ex am p le , th e  n o rm a l iz a t io n  i n t e g r a l  may be e v a lu a te d  i n  

. Thus

do = 3 Jceaq ) d^g^ (5 6 )

1 = (5 7 )

I f  (2 1 ) i s  l ik e w is e  e v a lu a te d ,  i t  i s  fo u n d  t h a t

Xg « 2 Pa“5[rS]5 (58)
w here i s  a  fu n d am e n ta l le n g th  a s s o c i a t e d  w ith  s p a c e - l ik e  

c o o rd in a te  d i s p e r s i o n .  From (57 ) and (5 8 )  one f in d s

2Xg = oT^
% (5 9 )

p = CX„r2m]‘ 5

The te m p o ra l  i n t e r v a l s  may be e x p re s s e d  i n  te rm s o f

th e  s p a t i a l  i n t e r v a l s  I t  m ust be t r u e  t h a t

so
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î - f  = f . f -  (n * )2  (6 0 )

U sin g  (3 5 ) t o  t r a n s fo rm  i t  i s  fo u n d  t h a t

f . f  .  f . f  + c - V ( î - ? ) ^  + -  2 e - V ? - ^ '^

Com paring (6 0 ) and  (6 1 ) i t  i s  fo u n d  t h a t

E q u a tio n  (6 2 )  may be s o lv e d  f o r  t o  y i e l d

TJ = (6 3 )

I f  one s u b s t i t u t e s  (4 6 ) i n t o  (6 3 ) i t  i s  fo u n d  t h a t

S j -  - £  (6 4 )

S u b s t i t u t i n g  (6 3 ) i n t o  (5 1 ) i t  i s  fo u n d  t h a t  f o r  L ^ ,

V i  -  * 2 ( ? i - f i ) ^  (6 5 )

E q u a tio n  ( 5 2 ) ,  i n  th e  fram e o f  L ^, i s  t h e r e f o r e
2

« PCesp “ 2 ^ ^ i* ? i)^ 3  (6 6 )

The form  f a c t o r  g (k ,L )  d e f in e d  i n  e q u a t io n  (1 1 )  may be 

e v a lu a te d  i n  th e  fram e o f  L ^ . T hus,

-

0 (Z l)

r  .................
g (k ,L ^ )  -  j F ( n j n ^ )  [e x p  ik^Tj^]

g (k ,L ^ )  « p ^ [ e x p  - a ^ J . f lC e x p  i ^ ^  d^ij

so
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E q u a tio n  (5 ? )  may be p u t  i n  i n v a r i a n t  form  b y  u s in g

From (68) one o b ta in s
- 2 r , .

T h e r e f o r e ,

kj^kj^ = k^k^  +

g(kĵ k̂ ) = [exp -

E v a lu a te d  i n  th e  fram e o f  L ^ , (7 0 ) y i e l d s ,

(68)

(6 9 )

(7 0 )

(7 1 )

g (k i )  = Cen. -  - ^ \ s ( ^ - ^ ) ^ ] [ e x p

The mean c o o r d in a te s  a re  t im e - l i k e

In  t h i s  s i t u a t i o n ,  se e k s  a  

fram e i n  w h ich  th e  s p a t i a l  com ponents 

o f  th e  mean e v e n t a r e  z e ro s

0  '  ? i  -  ? i C ^  ? i - ? i  - 1 4 ]
- i

w h ich  may be s a t i s f i e d  f o r

frame of L

“ 1 i - ^ i (7 2 )

One may now a s s o c i a t e  th e  f o u r - v e l o c i t y  o f  w i th  a  l i n e  t ( x^ ) 

th ro u g h  th e  o r ig in e  A ll  e v e n ts  on r ( x ^ )  w i l l  have  z e ro  s p a t i a l  

s e p a r a t io n .  I t  i s  s u g g e s te d  t h a t  t h i s  t i m e - l i n e  i s  th e  s u p p p r t  

t o  be u sed  by  f o r  th e  e v e n t  h a v in g  mean c o o r d in a te s  

In  th e  fram e o f  (4 5 )  r e d u c e s  to

w h ich  i s  s a t i s f i e d  by
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= P (7 5 )

w hich  i n  te rm s  o f  th e  v a r i a b le

n'ii = (74)
may be  e x p re s s e d  i n  th e  co v a r i a n t  form

P ( t1||TI||) = P [expHX^Ti „TÎ „] (7 5 )

o r
F (n „ n „ )  = P [e x p -c " 2 a 2 (n ^ u ^ )2 ]  (7 6 )

w hich  i s  v a l i d  i n  th e  fram e o f  L. a s  w e l l  a s  t h a t  o f  L . .1 —X
F or th e  a v e ra g e  v a lu e  o f  th e  f i e l d  ^p(X p)> may w r i t e

” P r < V  F (4 |,4 ,|)  iT  (7 7 )

t (x^)

I n  th e  fram e o f  L ^, (7 7 )  h a s  th e  form

(|)^ (x^ ,L ^) = Cexp -o 2 (g 4 )2 ]  clTĵ  (7 8 )

The n o r m a l iz a t io n  i n t e g r a l  may be e v a lu a te d  i n  th e  fram e o f  

t o  y i e l d

1 .  (7 9 )

S in c e  th e  e v a lu a t io n  o f  (2 1 ) m ust y i e l d  a n e g a t iv e  num ber, 

d e f in e  th e  c o n s ta n t

5Xg = “ X^ (80 )

E v a lu a t io n  o f  (2 1 ) i n  th e  fram e o f  th e n  y i e l d s

X^ = 8 - r  (8 1 )

w here X^ i s  a  fu n d a m e n ta l l e n g th  a s s o c i a t e d  w i th  t im e - l i k e  

c o o rd in a te  d i s p e r s i o n .  Prom (7 9 ) and (8 1 ) one f in d s

2X^ » a “ ^
r —  -1  (8 2 )

P = [X f i S  ^
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The s p a t i a l  i n t e r v a l s  ^  may be e x p re ss e d  i n  te rm s o f  

th e  te m p o ra l i n t e r v a l s  ti . T h is  i s  a cco m p lish ed  by n o t in g  

t h a t
- ( 3 ^ ) 2  .  W -  (8 3 )

T ran sfo rm in g  g b y  ( 3 4 ) ,  i t  i s  found  t h a t

( 3 ^ ^  = Y 2 [ ( t* )2  -  2 c - l ? . f h *  + o '^ ( f - f ) ^ ]  (8 4 )

Com paring (8 3 ) and (8 4 ) one may s o lv e  to  f in d

if  = ^ (85)
CY ”

U sin g  (8 5 ) t o  e v a lu a te  (7 6 )  i n  th e  fram e o f  1,̂ ,̂ i t  i s  found  

t h a t
2 2 2

P(n,|i1||) = P Cexp -a^(TiJ)^][e3cp (^Y^T ~ 1 ) (q4^2] (gg)
Y c

The form  f a c t o r  g ( k ,L )  may be e v a lu a te d  a s
(87)

S (k ^ )  » [exp  -  |x ^ ( h j ) ^ ] [ e z p  - ^ X ^ ( ^ ' ^ ) ^ ] [ e x p  c ^ ^ ^ i '? i ^ i ^

The mean c o o r d in a te s  a re  n u l l

At t h i s  p o in t  one may i d e n t i f y  w hat h a s  b e en  i m p l i c i t
i

i n  th e  p re c e d in g  d i s c u s s io n  o f  s p a c e - l ik e  and t im e - l i k e  sup­

p o r t s .  W ith  s p a c e - l ik e  d i s p e r s i o n  c o n fin e d  to  a  s p a c e - l ik e  

p la n e  and t im e - l i k e  d i s p e r s i o n  to  a t i m e - l i n e ,  i t  fo l lo w s  

t h a t  i f  one o b s e r v e r  f i n d s  an  e v e n t t o  be n u l l ,  a l l  o b s e rv e r s  

d i f f e r i n g  by a  L o re n tz  r o t a t i o n  w i l l  a g re e . The b a s ic  view ­

p o i n t  i s  t h a t ,  f o r  a  g iv e n  o b s e rv e r ,  th e  c o o rd in a te  d i s p e r ­

s i o n  o f  an  e v e n t i s  c o n f in e d  to  be e x c lu s iv e ly  s p a c e - l ik e ,  

t i m e - l i k e ,  o r  n u l l .

*he s u p p o r t  f o r  n u l l  e v e n ts  i s  th e  l i g h t  c o n e . A lso ,
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a l l  o b s e rv e r s  d i f f e r i n g  by  L o re n tz  r o t a t i o n s  w i l l  a g re e  to

t h i s  s u p p o r t .  E q u a tio n  (2 1 ) i s  n o t  to o  in fo rm a t iv e  s in c e  th e
4 2m e t r i c a l  i n t e r v a l  i s  zero  f o r  a l l  o b s e r v e r s ,  i . e . ,  (ti ) »

How ever, t h i s  same f a c t  means t h a t  th e  d i s p e r s io n  i n  

th e  s p a t i a l  and th e  tem p o ra l c o o r d in a te s  m ust be i d e n t i c a l .  

S in c e  th e  s p a t i a l  c o o rd in a te s  a re  assum ed to  be s t o c h a s t i c a l l y  

in d e p e n d e n t ,  one may g u ess  t h a t  th e  a p p r o p r ia te  d i s t r i b u t i o n

f u n c t io n  f o r  s p a t i a l  c o o rd in a te  d i s p e r s i o n  i s  g a u s s ia n :

p » P [exp (88)

= P [exp -a^(n^)^] (89)



CHAPTER V 
CONCLUSION

It has been shown that the basic structure of a sto­
chastic theory of space-time may be derived from two postu­
lates, i.e., the invariance of the mean speed of light and 
the Principle of Relativity. This derivation, while differ­
ing in approach, is found to parallel the development of 
Ingraham’s theory. His theory was derived by considering 
the repeated observations of individual observers whereas 
this paper is based on the observations of an infinite num­
ber of observers. It isn’t hard to show that the nexus of 
the two theories is the Principle of Relativity.

Some basic features of the theory are shown to be a 
natural consequence of dispersion in coordinate determina­
tions, e.g., agreement on the mean coordinates of an event, 
lack of general form invariance under tensor transformations, 
etc. Significantly, one finds that the two postulates of the 
theory require a lower bound to measurement if physical deter­
minations are observer dependent. It is shown, however, that 
the value of this lower bound may depend on whether or not 
an event is space-like, time-like, or null.

It was also shown that if one goes a step further and
48
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assumes that the coordinate dispersion for a given event is 
confined to intervals which are exclusively space-like, time­
like, or null, the basic requirements of the theory may be 
satisfied by choosing the support of the space-like events 
to be certain space-like planes, the support of the time­
like events to be certain time-lines, and the support of null 
events to be the light cone. With this choice, it was possi­
ble to derive the appropriate distribution functions and con­
sequently, the appropriate formalism to be used for calcula­
tions. This procedure was not entirely arbitrary as it pro­
vided a means of avoiding specification of a preferred direc­
tion or frame of reference for all space-time. It is not 
suggested that the supports and distribution functions dem­
onstrated constitute the only possible formalism. It is felt 
that they are plausible and consistent to the extent that this 
investigation has proceeded. Final conclusions can be drawn 
only after the theory has been developed further.

The assumption of confined dispersion has some impor­
tant implications. For one thing, it indicates that observers 
would agree absolutely on the speed of light, not just its 
mean value. Also, with respect to microcausality, all observ­
ers will agree on the causal nature of two events since the 
dispersion in their coordinate determinations will not cross 
the light cone.
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