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APPLICATION OF MATRIX METHOD TO 

GENERAL ENGINEERING STRUCTURES 

INCLUDING SPACE MEMBERS

CHAPTER I  

INTRODUCTION

M ost o f  t h e  m a t e r i a l s  u s e d  i n  b u i ld in g  s t r u c t u r e s  

a r e  e l a s t i c ,  such  a s  s t e e l ,  w ro u g h t i r o n  and wood, and 

fo l lo w  H o o k e 's  law  when th e  s t r e s s  does n o t  ex ceed  th e  p r o ­

p o r t i o n a l  l i m i t .

R e in fo rc e d  c o n c r e te  may even be  c o n s id e re d  e l a s t i c  

i f  t h e  s t r e s s e s  a r e  n o t  to o  g r e a t .  S t r u c tu r e s  composed o f 

e l a s t i c  members w hich  a r e  s u b je c te d  to  f o r c e s  o r  t o  im posed  

d e fo rm a tio n s  w i l l  u n d e rg o  d e fo rm a tio n s  (o r  sm a ll  ch an g es  i n  

s h a p e ) . T h is  w i l l  c a u s e  p o i n t s  w i th in  th e  s t r u c t u r e  t o  be 

d i s p la c e d  to  new p o s i t i o n s .  I n  g e n e r a l ,  a l l  p o i n t s  o f  t h e  

s t r u c t u r e  e x c e p t im m ovable p o i n t s  o f  s u p p o r t  w i l l  u n d e rg o  

such  d is p la c e m e n ts .  The c a l c u l a t i o n  o f  th e s e  d is p la c e m e n ts  

i s  an e s s e n t i a l  p a r t  o f  s t r u c t u r a l  a n a l y s i s .  T h e re fo r e ,

" th e  o b j e c t i v e  i n  a n a ly z in g  a s t r u c t u r e  i s  th e  d e te rm in a t io n  

o f  s t r e s s e s  and d is p la c e m e n ts  o f  a l l  p o in t s  o f  th e  m a te r ia l  " 

(6 ) .
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" In  th e  m a tr ix  m ethod o f  a n a ly s i s ,  an e s s e n t i a l  

s te p  i n  d e v e lo p in g  th e  m a tr ix  m ethod o f a n a ly s i s  i s  th e  

developm ent o f  th e  r e l a t i o n s  betw een  th e  lo a d s  and th e  

d e f l e c t io n s  o f  th e  i n d iv id u a l  e le m e n t s " ( lo ) . When th e  

r e l a t i o n s  betw een  th e  end a c t io n s  and th e  end d i s p la c e ­

m ents a re  e s t a b l i s h e d ,  th e  end a c t io n s  can b e  d e te rm ined  

th ro u g h  th e  r e l a t i o n s  when th e  end d isp la c e m e n ts  a re  g iv en  

o r  v ic e  v e r s a .  And when b o th  th e  end a c t io n s  and th e  end 

d isp la c e m e n ts  a re  known, th e  s t r e s s  and d e f l e c t io n  co n d i­

t io n s  can b e  o b ta in e d  to  m eet th e  p u rp o se  o f  th e  a n a ly s is  

o f  a s t r u c tu r e .

"Under th e  a c t io n s  a p p lie d  t o  i t s  ends a member 

undergoes d e fo rm a tio n . F o r any member, r e l a t i o n s h ip s  w i l l  

e x i s t  betw een th e  end a c t io n s ,  p , and end d isp la c e m e n ts , u , 

and th e s e  w i l l  b e  f u n c t io n s  o f  th e  shape , s i z e  and e l a s t i c  

p r o p e r t i e s  o f  th e  member" (6 ) ,  The r e s u l t i n g  r e l a t i o n s  

betw een th e  end a c t io n s  and th e  end d isp la c e m e n ts  a re  r e p ­

r e s e n te d  by  s t i f f n e s s  and f l e x i b i l i t y  m a t r ic e s .  Thus 

s t i f f n e s s  and f l e x i b i l i t y  m a tr ic e s  a re  th e  o b je c t iv e s  o f 

th e  m a tr ix  m ethod o f  a n a l y s i s  o f  a  s t r u c t u r e .

Four K inds o f S t i f f n e s s  u n d e r C o n s id e ra tio n

The m ost common s t r e s s e s  u n d er c o n s id e r a t io n  f o r  a 

s t r u c tu r e  a r e  norm al s t r e s s ,  t r a n s v e r s e  s h e a r in g  s t r e s s ,  

b en d in g  s t r e s s ,  and t o r s i o n a l  s t r e s s .  T hese s t r e s s e s  a re
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due to  a x ia l  lo a d , t r a n s v e r s e  lo ad , bend ing  lo a d , and t o r ­

s io n a l  lo a d  r e s p e c t iv e ly .

A s t r u c tu r e  i s  b u i l t  t o  pe rfo rm  a c e r t a i n  f u n c t io n .  

In  o rd e r  t o  p e rfo rm  t h i s  fu n c t io n  s a t i s f a c t o r i l y  i t  m ust 

have s u f f i c i e n t  s t r e n g th  and r i g i d i t y ;  th e  k in d s  o f  s t i f f ­

n e s se s  w hich have  to  b e  d ev e lo p ed  f o r  th e  s t r u c t u r a l  a n a ly ­

s i s  m ust c o rre sp o n d  t o  th e  above m entioned s t r e s s e s ,  i . e . ,  

a x ia l  s t i f f n e s s ,  s h e a r in g  s t i f f n e s s ,  bend ing  s t i f f n e s s  and 

to r s i o n a l  s t i f f n e s s ,  in  o th e r  w ords, th e  r e l a t i o n s  betw een 

lo a d s  and d e f l e c t i o n s  " a re  dependen t on th e  ty p e  o f  lo a d in g  

to  which th e  e lem en t i s  s u b je c te d .  The ty p e s  o f member 

lo a d in g  to  be c o n s id e re d  a re  a x ia l ,  b end ing  and tw is t "  (10 ).

A ll fram ed s t r u c t u r e s  c o n s i s t  o f  members and j o i n t s ,  

which a re  p o in ts  o f  i n t e r s e c t i o n  o f  th e  members, p o in t s  o f  

su p p o r t, and f r e e  ends o f  members. T h e re fo re , when one 

a n a ly z e s  a fram ed s t r u c t u r e  by  th e  m a tr ix  m ethod, h e  can 

c o n s id e r  a fram ed s t r u c t u r e  a s  an assem bly o f  s t r u c t u r a l  

members co n n ec ted  a t  a f i n i t e  number o f p o in t s ,  w hich w i l l  

be  r e f e r r e d  to  a s  n o d e l p o i n t s .

Owing t o  th e  e x i s t i n g  r e a l i t y ,  f o r  th e  p u rp o se  of 

a n a ly s i s  and u s in g  th e  c o n ce p t o f  f r e e  b o d ie s  one may b re a k  

a fram ed s t r u c t u r e  i n t o  s m a lle r  s e c t io n s  o r  d i r e c t l y  in to  

in d iv id u a l  members, i . e . ,  f o r  th e  s im p l ic i ty  o f a n a ly s is  

ohe may c o n s id e r  each  s t r u c t u r a l  member as a u n i t  t o  b e  

an a ly z e d . I t  i s  e v id e n t  i n  th e  m a tr ix  th e o ry  t h a t  any
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m a tr ix  can  b e  p a r t i t i o n e d  i n to  subm atrices o f  d i f f e r e n t  

o rd e r s  by  p a s s in g  th ro u g h  i t  some h o r i z o n t a l  and v e r t i c a l  

l i n e s .

U sing  th e  id e a  o f b re a k in g  down th e  members o f a 

fram ed s t r u c t u r e  and th e  id e a  o f  p a r t i t i o n i n g  a m a tr ix  in to  

any number o f  su b m a tr ic e s  o f  d i f f e r e n t  o r d e r s ,  one may 

i s o l a t e  each  member o f th e  fram e a s  an in d iv id u a l  u n i t  and 

th u s  f in d  th e  s t i f f n e s s  m a tr ix  f o r  each  o f  them by e i t h e r  

th e  d isp la c e m e n t m ethod o r  th e  f o r c e  m ethod b ased  on t h e i r  

own l o c a l  a x e s . By th e  t r a n s fo rm a tio n  o f  a x e s , w hich may 

be  e a s i l y  done w ith  m a tr ix  r o t a t i o n  o p e ra t io n s ,  one may 

t r a n s f e r  th e  e s t a b l i s h e d  s t i f f n e s s  m a tr ic e s  b ased  on th e  

l o c a l  ax es o f  each member to  th e  s t i f f n e s s  m a tr ic e s  b ased  

on th e  r e f e r e n c e  axes system  f o r  th e  fram e a s  a w hole.

Then, when one com bines a l l  th e  s t i f f n e s s  m a tr ic e s  

f o r  th e  in d iv id u a l  e lem en ts  o f  th e  s t r u c t u r e ,  he  w i l l  g e t  

th e  s t i f f n e s s  m a tr ix  f o r  th e  w hole s t r u c t u r e .  T h is w i l l  

r e l a t e  th e  d isp la c e m e n t v e c to r  to  th e  lo a d  v e c to r ,  i . e . ,  

by means o f  th e  s t i f f n e s s  m a tr ix  o f  a  s t r u c t u r e  one may 

f in d  th e  n o d a l a c t io n s  from  th e  g iv e n  n o d a l d isp la c e m e n ts , 

o r  u s in g  th e  f l e x i b i l i t y  m a tr ix  one may f in d  th e  n o d a l 

d isp la c e m e n ts  from th e  g iv en  n o d a l a c t io n s .  I f  i t  i s  

n e c e s s a ry ,  one may i n v e r t  th e  s t i f f n e s s  m a tr ix  in to  th e  

f l e x i b i l i t y  m a tr ix  b e ca u se  o f  th e  r e c i p r o c a l  r e l a t i o n  

betw een  s t i f f n e s s  and f l e x i b i l i t y .  T h e re fo re , w ith  e i t h e r
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o f  th e s e  two m a tr ic e s  one may f in d  th e  o th e r  by  m a tr ix  

in v e r s io n .

As has b e en  m en tioned  above, f o r  th e  p u rp o se  o f  

a n a ly s i s ,  any fram ed  s t r u c t u r e  may b e  c o n s id e re d  a s  an 

assem bly  o f  s t r u c t u r a l  members co n n ec ted  a t  a  f i n i t e  num­

b e r  o f  p o in t s ,  and  each  s t r u c t u r a l  member may b e  ta k e n  as 

a  u n i t  t o  be  a n a ly z e d . I t  h a s  a ls o  been  p o in te d  o u t  above 

t h a t  any m a tr ix  may b e  p a r t i t i o n e d  i n to  any number o f  su b ­

m a tr ic e s  o f  any s i z e .  W ith th e s e  two th in g s  i n  m ind, one 

may ta k e  j u s t  one member f o r  g e n e ra l  i n v e s t i g a t i o n .  E i th e r  

th e  s t i f f n e s s  m a tr ix  o r  th e  f l e x i b i l i t y  m a t r ix  o f  t h i s  mem­

b e r  w i l l  be  u sed  u n i v e r s a l l y  on any o th e r  members o f  th e  

same ty p e  w ith  some m o d if ic a t io n s ,  such  a s  th e  m odulus o f 

e l a s t i c i t y  in  t e n s io n ,  com pression  and s h e a r in g  o f  m a te ­

r i a l ,  member s i z e ,  and th e  lo a d in g  ty p e .  In  o th e r  w ords, 

th e  a u th o r  i s  r e p la c in g  th e  a c tu a l  c o n tin u o u s  s t r u c t u r e  

by  a m a th em a tica l m odel made up o f  s t r u c t u r a l  e lem en ts  o f 

f i n i t e  s i z e  w hich a re  in  s y s te m a tic  c o m b in a tio n .

By d e f i n i t i o n  a m a tr ix  i s  a r e c t a n g u la r  a r r a y  o f  

num bers a rra n g e d  i n  rows and colum ns. In  th e  a r r a y  each  

number w hich i s  c a l l e d  an e lem ent o r  q u a n t i t y  in  th e  m a tr ix  

a lg e b ra  may be  a d d re s s e d  by doub le  s u b s c r i p t s .  T h e re fo re , 

i f  one c o n s id e r s  a  sy stem  o f s im u lta n e o u s  l i n e a r  e q u a t io n s ,  

i t  i s  a p p a re n t  t h a t  one may p u t  a l l  th e  c o e f f i c i e n t s  i n  one 

a r r a y ,  a d d re sse d  w ith  d o u b le  s u b s c r ip t s ,  and  th e  c o n s ta n t
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te rm s i n  a n o th e r  a r r a y ,  a d d re s s e d  w ith  one s u b s c r ip t .

Then a l l  i n v e s t i g a t io n s  o f  t h e  system  may be c a r r i e d  o u t 

by  w o rk in g  o n ly  w ith  th e  a r r a y  o f  c o e f f i c i e n t s  and th e  

a r r a y  o f  c o n s ta n t  te rm s b y  m a tr ix  o p e ra t io n s .

In  th e  p ro c e ss  o f  a n a ly z in g  a s t r u c tu r e ,  no m a t te r  

w h e th e r one i s  d e a l in g  w ith  a  p rob lem  o f  a n a ly s i s  o f  a 

h ig h ly  s t a t i c a l l y  in d e te rm in a te  s t r u c t u r e  to  f in d  th e  

re d u n d a n t com ponents, o r  w ith  th e  problem  o f  d e te rm in in g  

th e  s t r e s s  e lem en ts  and d e f l e c t i o n  com ponents a t  th e  d i f ­

f e r e n t  p o in t s  o f  a s im p ly  su p p o r te d  beam, one alw ays d e a ls  

w ith  a sy stem  o f  s im u lta n e o u s  l i n e a r  e q u a tio n s  in  w hich 

th e  num ber o f  e q u a tio n s  can  b e  r a t h e r  l a r g e .  With th e  

b e n e f i t  o f  th e  m a tr ix  ap p ro ach  and th e  o p e ra t io n s  t h a t  

a re  p e rfo rm ed  on a m a tr ix ,  t h i s  can  be done r a p id ly .

B e s id e s , in  th e  p rob lem s o f  f in d in g  o u t re d u n d a n ts , s t r e s s  

com ponents, and d e f l e c t i o n  com ponents, one alw ays n eed s to  

i n d i c a t e  each o f  th o s e  q u a n t i t i e s  w ith  doub le  s u b s c r ip t s  

when th e y  a re  a n a ly ze d  by  s t r u c t u r a l  t h e o r i e s ,  and m a tr ix  

a lg e b ra  w i l l  m eet t h i s  n eed .

The s o lu t io n  o f  th e s e  e q u a tio n s  w hich a re  u sed  to  

e x p re s s  th e  th e o ry  t h a t  i s  u se d  to  a n a ly z e  a h ig h ly  i n d e t e r ­

m in a te  s t r u c t u r e  can b e  b e s t  a c h ie v e d  a s  a sequence o f num­

e r i c a l  m a tr ix  c a l c u l a t i o n s .  S in c e  th e  e lem en ts  in  a m a tr ix  

a re  in  s y s te m a tic  a rran g em en t and a re  a d d re sse d  w ith  d o u b le  

s u b s c r i p t s ,  m a tr ic e s  a r e  u s e f u l  n o t  o n ly  in  e x p re s s in g  th e
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th e o ry  to  a n a ly z e  a s t r u c t u r e ,  b u t  a ls o  i n  p ro v id in g  con­

v e n ie n t  means f o r  c a r ry in g  o u t th e  n u m e ric a l c a l c u l a t i o n s .  

The h ig h  sp eed  d i g i t a l  com puter i s  id e a lly  a d o p te d  to  c a r ry ­

in g  o u t th e  m a tr ix  o p e ra t io n  needed  in  t h e  s o lu t io n  o f  th e  

e q u a tio n s  w hich e x p re ss  th e  s t r u c t u r a l  th e o ry  u se d  to  ana­

ly z e  h ig h ly  in d e te rm in a te  s t r u c t u r e s .

T h e re fo re , once th e  t o t a l  s t i f f n e s s  o r  f l e x i b i l i t y  

m a tr ic e s  f o r  a w hole s t r u c tu r e  a re  a v a i l a b l e ,  t h e  com plete  

s o lu t io n  to  th e  s t r u c t u r a l  a n a ly s i s  p rob lem  fo llo w s  from 

a r o u t in e  s e t  o f  n u m e ric a l m a tr ix  c a l c u l a t i o n s  w ith  th e  use  

o f  th e  h ig h  sp eed  d i g i t a l  com puter w hich p ro v id e s  h ig h  

a cc u ra c y  and sp eed  to  m eet th e  re q u ire m e n ts  o f th e  d e s ig n  

o f  com plex s t r u c t u r e s .

R e p re s e n ta t iv e  Problem  in  R esearch  

Space fram es a r e  th e  m ost g e n e ra l  ty p e  o f  fram ed 

s t r u c t u r e s ,  inasm uch a s  th e r e  a r e  no r e s t r i c t i o n s  on th e  

lo c a t io n s  o f  j o i n t s ,  d i r e c t i o n s  o f  members o r  d i r e c t i o n s  

o f lo a d s .  The in d iv id u a l  members o f  a sp a c e  fram e may 

c a r ry  i n t e r n a l  a x ia l  f o r c e s ,  b en d in g  c o u p le s ,  t o r s i o n a l  

c o u p le s  and s h e a r in g  f o r c e s  in  b o th  p r i n c i p a l  d i r e c t i o n s  

o f th e  c r o s s - s e c t i o n .  The members a r e  assum ed t o  have  two 

axes o f  sym m etry i n  t h e i r  c r o s s - s e c t io n s .

The re a so n  th e  a u th o r  h a s  chosen  t h i s  p rob lem  fo r  

r e s e a rc h  i s  t h a t  i t  r e p r e s e n ts  th e  m ost g e n e ra l  s i t u a t io n s  

in  fram e s t r u c t u r a l  a n a ly s i s .
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(3)
(4)

(1 ) /

(P ig . 1)

How to  S e t th e  M atrix  E q u a tio n  f o r  M a trix  Methods 
o f  S t r u c tu r a l  A n a ly s is

"S im u ltaneous l i n e a r  e q u a t io n s  o ccu r v e ry  f r e q u e n t ly  

i n  s t r u c t u r a l  a n a ly s i s ,  . . . "  (18) " In  th e  a n a ly s is  o f  

l i n e a r  s t r u c t u r e s .  . .we s h a l l  a l s o  r e q u i r e  th e  s o lu t io n  

o f  l i n e a r  e q u a tio n s"  (1 8 ) . F o r i n s ta n c e ,  "IVhen th e  fo rc e s  

a t  t h e  c o o rd in a te s  a re  g iv e n , we s h a l l  so lv e  f o r  th e  c o r r e ­

spond ing  d isp la c e m e n ts , and when th e  d isp la c e m e n ts  a re  

g iv e n  we s h a l l  so lv e  f o r  th e  c o rre sp o n d in g  fo rc e s "  (18 ).

No m a t te r  w h e th er th e  energy  m ethod o r  th e  e l a s t i c  w e ig h t 

m ethod i s  g o in g  to  be u se d , a s e t  o f  l i n e a r  e q u a tio n s  w i l l  

b e  s e t  up .

I f  n known d isp la c e m e n ts  a r e  g iv e n , th e n  a s e t  o f  

n l i n e a r  e q u a tio n s  can b e  e s t a b l i s h e d ,  a s :



i  = l , 2 . . , n .  (n = t o t a l  number o f d isp la c e m e n ts )

W ith th e  c o n v en ien c e  o f  th e  m a tr ix  th e o ry ,  a m a tr ix  

e q u a tio n  can  be  s e t  up a s

[k ] [u ]  = [F]

in  which [k ]  i s  a c o e f f i c i e n t  m a tr ix  which i s  c a l l e d  a 

s t i f f n e s s  m a tr ix  i n  th e  m a tr ix  method o f s t r u c t u r a l  a n a ly s i s ,

[u ] i s  a column m a tr ix  c o n ta in in g  a l l  g iv e n  d isp la c e m e n ts , 

[F] i s  a column m a tr ix  c o n ta in in g  th e  r e q u i r e d  a c t io n s .

"Example" (18)

T h is  exam ple i s  u se d  to  show how to  e s t a b l i s h  a s t i f f n e s s

m a tr ix .

(a)

U n s tra in e d
L eng th

U n stra in ed  
TTengtE

( b )

(c)

(F ig . 2)

'22
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F i r s t  a u n i t  d isp la c e m e n t i s  a p p lie d  a t  1 o n ly .

F i g . ( b ) , and th e  r e q u ir e d  fo rc e s  a t  1 and 2 a re  d e s ig n a te d  

as  ̂ and kg ^ r e s p e c t iv e ly .  S im i la r ly  i n  F i g . ( c ) ,  f o r c e s  

kj  ̂ 2 kg g a re  r e q u ir e d  to  c a u se  a u n i t  d isp la c e m e n t a t  

2 o n ly . In  o th e r  w ords,

u ^ = l, a l l  o th e r  uu=0 g e n e ra te s  k ^ j^ ( i= l ,2 ) .  The 

f o r c e s  r e q u i r e d  to  c a u se  d isp la c e m e n t u^ a re  k^^^u^^(i=l, 2 ) .

Ug=l, all other uu=0 generates k^g(i=l,2). The 

forces required to cause displacement Ug are k^gUg(i=l,2).
The f o rc e s  r e q u i r e d  t o  p ro d u ce  d isp la c e m e n ts  û  ̂ and 

Ug s im u lta n e o u s ly  a r e  o b ta in e d  by a s u p e r p o s i t io n  o f  F ig u re s  

(b) and (c) w hich y i e l d s  th e  fo llo w in g  2 s im u lta n e o u s  l i n e a r  

e q u a t io n s :

^ 1  “  ^ 1 1  '^l ^ 1 2  ^̂ 2

^2 "  ^21 '^l ^22 ^2

The above 2 s im u lta n e o u s  l i n e a r  e q u a t io n s  can  b e  

p u t  i n  m a tr ix  e q u a tio n  as

^11 ^12

^21 ^22

u.

u.
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In  o rd e r  t o  g e n e ra te  a s t i f f n e s s  m a tr ix  in  n c o o r­

d in a t e s ,  th e  s te p s  p ro c e e d  as fo l lo w s ;

"Apply a u n i t  d isp la c e m e n t a t  c o o rd in a te  1 o n ly  and com­

p u te  th e  fo r c e s  k ^ ^ ( i  = l , 2 , . . . n )  r e q u i r e d  a t  a l l  th e  c o o r­

d in a te s ;  t h i s  y i e l d s  th e  f i r s t  column o f  th e  s t i f f n e s s  

m a tr ix .  . . . F i n a l l y ,  t o  g e n e ra te  th e  n^^ column a p p ly  a 

u n i t  d isp la c e m e n t n t  c o o rd in a te  n o n ly  a n d  com pute 

k ^ ^ ( i  = l , 2 , . . . n ) .  In  g e n e r a l ,  t o  g e n e r a te  th e  column 

o f  -the  s t i f f n e s s  m a t r ix , - a p p ly  a. u n i t .  d isp la c e m e n t a t  c o o r­

d in a te  j  o n ly  and com pute th e  r e q u i r e d  f o r c e s  k ^ j ( i = l , 2 , . . , n ) " 

(1 8 ).

On th e  o th e r  h an d , i f  th e  a c t io n  in fo rm a tio n s  a re  

g iv e n , th e  d is p la c e m e n ts  a t  a l l  th e  n o d a l p o in t s  a re  

r e q u i r e d ;  th e n  a s e t  o f  s im u lta n e o u s  l i n e a r  e q u a tio n s  can 

be  e s t a b l i s h e d ,  a s :

i  = l , 2 , . . . n  ( n = to ta l  number o f  a c t io n s )

A m a tr ix  e q u a tio n  can  b e  form ed f o r  th e  n l i n e a r  e q u a tio n s  

a s
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[ f ] C P ]  = [ u ]

i n  w hich [ f ]  i s  th e  c o e f f i c i e n t  m a tr ix  w hich i s  c a l l e d  th e  

f l e x i b i l i t y  m a tr ix  in  th e  m a t r ix  m ethod o f  s t r u c t u r a l  a n a ly ­

s i s ,  [F ]  i s  a column m a tr ix  c o n ta in in g  th e  g iv e n  a c t io n s ,

[u ] i s  th e  r e q u i r e d  d isp la c e m e n t m a tr ix .

Example ;

T h is  exam ple i s  u se d  to  show how to  e s t a b l i s h  a f l e x i b i l i t y  

m a tr ix .

I

El = c o n s ta n t  

(F ig . 3)

The v i r t u a l  work m ethod i s  u se d  to  f in d  th e  f l e x i ­

b i l i t y  m a tr ix  f o r  th e  end j  a s  fo llo w s  :

a) 3 Ti
11

1

-Fx

( f )  ^r=
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r "  v-r-i* / F , (-L ,

“ U  '  I   ËÎ  = Ë Ï  /Jq E l 1 3 I Q -  3EI

( c ) i
(g) "r   -1   1

™2 =

r ( - D ( - F ^ x )  Fi  r “  F,  r 2 \ "
'̂ 21 = j  ËÏ ^  = Ê Ï  j  = -Ë Ï I t L  =

Fi /„2
2EI

By re c ip ro c a l; .th e o re m .

FiL
^12 “  ^^21 "  2EI

(e) -F , (h) ° [ A o

( - i i t - F . )  F ,  F ,L
"22 = 1  ËÏ ^  = Ë Ï  I  dx = Ë Ï -

(F ig . 4)
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The f i n a l  t o t a l  d isp la c e m e n t a t  c o o rd in a te  1 i s

Ui + Uj_2 3EI + 2EI

The f i n a l  t o t a l  d isp la c e m e n t a t  c o o rd in a te  2 i s

FnL FjL
^2 ^ ^ 21 '^22 “ 2EI Ë ï“

The above two e q u a tio n s  can b e  p u t  i n  a m a tr ix  

e q u a tio n  a s

u.

u.

L 
3 El

L
2EI

L
2EI

L
El

G e n e ra lly ,  i n  o rd e r  t o  g e n e ra te  a f l e x i b i l i t y  m a tr ix

in  n c o o r d in a te s ,  one sh o u ld  p ro ceed  as fo l lo w s :

"Apply a u n i t  f o r c e  a t  c o o rd in a te  1 o n ly  and com pute th e  

d isp la c e m e n ts  a ^ ^ ( i  = l , 2 , . . . n )  a t  a l l  th e  c o o r d in a te s ;  

t h i s  y i e l d s  th e  f i r s t  column o f th e  f l e x i b i l i t y  m a t r ix .  . . . 

F in a l ly ,  t o  g e n e ra te  th e  n^^  column ap p ly  th e  u n i t  f o r c e  a t  

c o o rd in a te  n o n ly  and com pute a ^ ^ ( i  = l , 2 , . . . n ) .  I n  g e n e ra l  

th e n , t o  g e n e ra te  th e  column o f th e  f l e x i b i l i t y  m a tr ix

a p p ly  a u n i t  f o r c e  a t  c o o rd in a te  j  o n ly  and compute

a ^ j t i  = 1 , 2 , . . . n ) "  (1 8 ).
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Method o f  A n a ly s is

In  t h i s  d i s s e r t a t i o n ,  t h e  method w hich i s  ad o p ted  

b y  th e  a u th o r  t o  f in d  th e  r e l a t i o n s  betw een  th e  a c t io n s  and 

th e  d is p la c e m e n ts  i s  th e  d isp la c e m e n t m ethod.

In  th e  p ro c e s s  o f  u s in g  th e  d isp la c e m e n t m ethod f o r  

th e  m a t r ix  m ethod o f  s t r u c t u r a l  a n a ly s i s ,  "We fo c u s  o u r 

a t t e n t i o n  on d isp la c e m e n ts  a t  s e l e c te d  c o o rd in a te s  and p r o ­

duce  them  s e p a r a te ly  one a t  a t im e , th e n  a p p ly  s u p e rp o s i t io n  

t o  y i e l d  a f i n a l  c o n f ig u r a t io n .  The s t r e s s e s  and d i s p l a c e ­

m ents a t  any p o in t  on th e  s t r u c t u r e  i n  th e  f i n a l  c o n f ig u r a ­

t i o n  w i l l  be  e q u a l to  th e  sum o f  th e  c o rre sp o n d in g  v a lu e s  

i n  th e  su p e rp o se d  c o n f ig u ra t io n s "  (1 8 ). In  g e n e r a l ,  th e  

d is p la c e m e n ts  a t  th e  c o o rd in a te s  o f  a  member a re  in tro d u c e d  

s e p a r a t e l y  one a t  a t im e , and th e n  th e  a c t io n s  a r e  com puted 

a t  th e  c o o rd in a te s  o f  th e  member a t  each s ta g e  o f  d i s p l a c e ­

m ent i n  te rm s  o f  th e  d isp la c e m e n t in tro d u c e d . By th e  s u p e r ­

p o s i t i o n  o f  a l l  th e  d isp la c e m e n ts  a t  th e  d i f f e r e n t  s t a g e s ,  

th e  f i n a l  t o t a l . s t i f f n e s s  a t  each  c o o rd in a te  o f  th e  f i n a l  

d i s p la c e d  c o n f ig u ra t io n  i s  o b ta in e d  by summing up th e  c o r r e ­

sp o n d in g  v a lu e s  in  th e  su p e rp o sed  c o n f ig u r a t io n .  The 

m ethod u se d  to  f in d  th e  s t i f f n e s s  c o e f f i c i e n t s  a t  each  

s ta g e  o f  d isp la c e m e n t can  b e  e i t h e r  th e  e l a s t i c  w e ig h t method o r 

t h e  s t r a i n  energy  m ethod. In  t h i s  d i s s e r t a t i o n ,  th e  e l a s t i c  

w e ig h t m ethod , such  a s  th e  c o n ju g a te  beam m ethod, was 

a d o p te d  by  th e  a u th o r .  The p ro c e d u re  o f  th e  a n a ly s i s  o f a  

fram ed s t r u c t u r e  i s  perfo rm ed  member by member. T h is  means
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t h a t  th e  member s t i f f n e s s  m a tr ix  o f  each  in d iv id u a l  member 

w hich i s  c o n s id e re d  as a su b m a trix  o f  th e  o v e r a l l  s t i f f n e s s  

m a tr ix  o f  th e  w hole s t r u c tu r e  i s  o b ta in e d  f i r s t ;  th e n  th e  

fo rm ing  o f  th e  t o t a l  s t r u c tu r e  s t i f f n e s s  m a tr ix  i s  m ost 

c o n v e n ie n tly  acco m p lish ed  by su p erim p o sin g  th e  s t i f f n e s s  

m a tr ic e s  o f  t h e  in d iv id u a l  s t r u c t u r a l  members.

S in c e  " . . .  t h e  r i g i d  body in  sp a c e , . . . h a s  

s ix  d e g re e s  o f  freedom , . . . "  (18) th e  member s t i f f n e s s  

m a tr ix  o f  a  member in  sp a ce  w i l l  b e  o f  th e  s i z e  12 x 12, 

which i s  u s u a l ly  shown a s  th e  n o ta t io n  on p a g e  17, T ab le  1 .

The m eaning o f  th e  two s u b s c r ip t s  o f  each  s t i f f n e s s  

c o e f f i c i e n t  i s  t h a t  th e  f i r s t  s u b s c r ip t  i s  th e  c o o rd in a te  

w here th e  f o r c e  i s  m easured , and th e  second  s u b s c r ip t  i s  

th e  c o o rd in a te  w here th e  u n i t  d isp la c e m e n t i s  a p p lie d .

"S in c e  th e  lo a d in g  sequence h a s  no e f f e c t  on th e  

f i n a l  v a lu e  o f  th e  s t r a i n  energy , U, t h i s  same en erg y  w i l l  

be  o b ta in e d  in  th e  fo llo w in g  two lo a d in g  seq u en ces  in  which 

a l l  fo r c e s  a r e  a p p lie d  g r a d u a l ly " (1 8 ). "We can u se  th e  f a c t  

t h a t  th e  s t r a i n  energy  in  a s t r u c tu r e  i s  in d e p e n d e n t o f  th e  

lo a d in g  h i s t o r y  to  p ro v e  t h a t  th e  s t i f f n e s s  and f l e x i b i l ­

i t y  m a tr ic e s  a re  sy m m etrica l"  (1 8 ).

Owing to  th e  p ro p e r ty  o f  symmetry o f  a s t i f f n e s s  ma­

t r i x ,  P ro f .  L A. Comp made an a b b re v ia t io n  f o r  th e  s t i f f n e s s  

m a tr ix  o f  a member in  sp ace , in  o rd e r  to  sa v e  some la b o r  in  

do ing  th e  c o m p u ta tio n s , a s  shown on page 18 , T ab le  2.



NOTATION OF MEMBER

TABLE 1 

STIFFNESS MATRIX OF A MEMBER IN SPACE

. A : .  4 0̂  
.  z . A | .  4 . 4 .  4

''x ^1,2 ^1,3 ^1.4 _ _ ^ l,5  _ .  _^1,6 . *1.7 *1,8 *1.9 *1.10 *1.11 *1.12

V ^2,2 *3.3 ' ‘3,5 '‘3,5 *2.7 *2.8 *2,9 *2.10 *2,11 *2.12

z *3.2 ^3.3 ■‘3 , . *3u5 •‘3,6 *3.7 *3.8 *3.9 *3.10 *3.11 *3,12

4 ■'.,3 ^ , 4 ^4.5 '‘4 ,5 *4.7 *4.8 “4,3 *4.10 *4,11 *4.12

4 ^5,2 ^5.3 '‘5 ,4 S , 5 •‘3 ,5 “5 ,a *5.8 *5.9 *5.10 *5.11 *5,12

z -=6.1 â,a ^6.3 “M •‘5,5 *6,6 *6.7 *6.8 “5,5 *6,10 *6.11 *6.12
vi

% 7̂,1 S,a ^7.3 ^7.4 *7.5 *7.6 “3.3 *7,8 *7,9 *7.10 *7.11 *7,12

i ■‘a,x ^8.2 ^8.3 ^8.4 . *^8.5 •‘3,5 *8.7 *8.8 *8.9 *8.10 *8.11 *8.12
v:

Z S ,i ^9,2 ^9.3 S . 4 S , 5 “5,5 *9.7 *9.8 *9.9 *9.10 *9.11 *9.12

■ 4 ^10,1 \ o . 2 ^10,3 ^10.4 *10.5 *10,6 *10.7 *10,8 *10,9 *10.10 *10.11 *10.12

V ^11 a \ l . 2 ^11.3 ^11.4 *11.5 *11.6 *11.7 *11.8 *11.9 *11,10 *11.11 *11.12
ui

z ^12.1 ^ 2 .2 ^12.3 ^12.4 *12.5 *12.6 *12.7 *12.8 *12.9 *12.10 *12.11 *12.12
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ABBREVIATED NOTATION ' OF’ REEMBER STIFFNEiS’S''MATRIX OF" A MEMBER IN SPACE
(Abbreviated by Prof. L. A. Comp)

A i X < 4 ^  X A : 0 '̂X 4 z
^ 1 . 1  ^ 1 , 2 ^ 1 , 3 ^ 1 , 4 ^ 1>5.... ^ 1 , 6 “ ^ 1 , 1 “ ^ 1 , 3 ^ 1 , 4 ^ 1 , 5 ^ . 6

" y ^ 2 , 2 ^ 2 , 3 . ^ 2 , 4  . ^ 2 . 6 “ ^ 1 . 2 "^‘2 . 2 “ ^ 2 . 3 ^ 2 , 4 0 ^ 2 , 6

z S , 3 S . 6 “ ^ 1 , 3 " ^ 2 . 3 “ ^ 3 , 3 ^ 3 , 4 ^̂ 3 , 5 ^ 3 , 6

X ^ 4 . 4 ^ 4 , 5 _  ^ 4 . 6 - ^ 1 , 4 " ^ 2 , 4 " S .  4 ^ . 1 0 \ , 1 1 ^ 4 , 1 2
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«Z ^ 6 . 6 - ^ 2 , 6 ^ 4 , 1 2 S ,1 2 ^ 6 , 1 2

^ 1 , 1 ^ 1 . 2 \ , 3 " ^ 1 . 5 " ^ 1 . 6

< ^ 2 , 2 ^ 2 , 3 - • '2 , 4 0 . " ^ 2 . 6

v i
•

^ 3 , 3 - • '3 . 4 " ^ 3 , 5 “ ^ 3 , 6

4 •'4,4 • '4 , 3 \ 6

4 S .  5 S .  6

4 ^ 6 . 6
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CHAPTER I I  

NOTATION CONVENTION

S in c e  in  th e  m a tr ix  m ethod o f  s t r u c t u r a l  a n a ly s i s  

t h e r e  a r e  a l a r g e  number o f  sym bols to  be  u se d , i t  i s  n e c ­

e s s a ry  to  h av e  a n o ta t io n  c o n v e n tio n  s e t  up in  o rd e r  t o  

h av e  th e  sym bols o rg a n iz e d  so  t h a t  r e a d e r s  have  a sy s tem  

to  fo llo w .

The n o ta t io n s  t h a t  a r e  to  be  u sed  in  t h i s  d i s s e r t a ­

t i o n ,  a rra n g e d  in  a lp h a b e t i c a l  o rd e r  a r e  a s  fo llo w s :

A: c r o s s - s e c t i o n a l  a re a  o f a member.

th e  a re a  o f  th e  e l a s t i c  w e ig h t d iagram  w ith  th e  

b e n d in g  moment a p p lie d  a t  th e  end i  o f th e  

member i - j .

: th e  a re a  o f  th e  e l a s t i c  w e ig h t diagram  w ith  th e

b en d in g  moment a p p lie d  a t  th e  end j o f th e  

member i - j .

(eq u iv a len t lo a d  v e c to r  in  s t r u c tu r e - a x e s  sy s tem , 

a c t io n  m a tr ix  b a se d  on lo c a l  ax es system , 

a c t io n  m a tr ix  b a se d  on s t r u c tu r e - a x e s  sy s te m , 

d isp la c e m e n t m a tr ix  b a sed  on th e  lo c a l  a x e s  

sy stem .

19
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Dg: d isp la c e m e n t m a tr ix  b a sed  on th e  s t r u c tu r e - a x e s

sy stem .

e ^ : a x i a l  d e fo rm a tio n  a t  th e  end i  o f  th e  member i - j .

e ^ : a x i a l  d e fo rm a tio n  a t  th e  end j  o f  th e  member i - j ,

E; m odulus o f  e l a s t i c i t y .

G: s h e a r in g  m odulus o f  e l a s t i c i t y .

I  : i d e n t i t y  m a tr ix

I ^ = J : p o l a r  moment o f  i n e r t i a  o f  th e  c r o s s - s e c t io n

o f  th e  member i - j .  ( c i r c u l a r  o n ly )

l y :  moment o f  i n e r t i a  w . r . t .  th e  Y -a x is  o f  th e  c ro ss -

s e c t io n  o f  th e  member i - j .

I g : moment o f  i n e r t i a ,  w . r . t .  th e  Z -a x is  o f  th e

c r o s s - s e c t io n  o f  th e  member i - j .

k  : s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o rd in a te  n duenm
t o  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te  m.

L: t h e  le n g th  o f th e  member i - j .

M^: moment a b o u t th e  X -a x is  a t  th e  end i  o f  th e

member i - j .

M^: moment ab o u t th e  X -a x is  a t  th e  end j o f  th e

member i - j .

moment a b o u t th e  Y -a x is  a t  th e  end  i  o f  th e  

member i - j .

M^: moment a b o u t th e  Y -a x is  a t  th e  end j  o f  th e

member i - j .

M^: moment a b o u t th e  Z -a x is  a t  th e  end  i  o f  th ez
member i - j .
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; moment ab o u t th e  z - a x i s  a t  th e  end j  o f  th ez
member i - j .

su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e  

l o c a l  axes system  a t  th e  end i  o f  th e  member 

i - j  ( f o r  moment a c t io n s ) .

: su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e

l o c a l  axes system  a t  th e  end j  o f  th e  member 

i - j  ( f o r  moment a c t io n s ) .

M^: c o u p le  a p p lie d  a t  one end o f  th e  c o n ju g a te  beam

to  b a la n c e  th e  co u p le  form ed by  th e  two e l a s t i c  

w e ig h ts  a c t in g  on th e  c o n ju g a te  beam, 

su b m a trix  o f  th e  a c t io n  m a tr ix  b a se d  on th e  

s t r u c tu r e - a x e s  system  a t  th e  end i  o f  th e  

member i - j  ( fo r  th e  moment a c t i o n s ) .

; su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e

s t r u c tu r e - a x e s  system  a t  th e  end j  o f  th e  

member i - j  ( fo r  moment a c t io n s ) .

r ^ ;  th e  r a d iu s  o f  th e  c r o s s - s e c t io n  a t  th e  end i

o f  a n o n p r ism a tic  member w ith  c i r c u l a r  c r o s s -  

s e c t io n .

r j : th e  r a d iu s  o f  th e  c r o s s - s e c t io n  a t  th e  end j  o f

a n o n p r ism a tic  member w ith  c i r c u l a r  c r o s s -  

s e c t io n .

r  ; th e  r a d iu s  o f  a c r o s s - s e c t io n  which i s  x d i s -
X

ta n c e  from  th e  o r ig in  w hich i s  ta k e n  a t  th e  

l e f t  end o f  th e  member i - j .
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Rj^i r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  ab o u t Y -a x is .

Rg: r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  a b o u t Z -a x is .

R: r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  ab o u t b o th  Y-

and Z -axes.
TR : t r a n s p o s e  o f  R.

R : in v e r s e  o f  R.

R^: r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e  t h r e e

o r th o g o n a l ax es a t  th e  end i  o f  th e  member i - j .

R^t t o t a l  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e  

end i  o f  th e  member i - j .

R^: r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e  t h r e e

o r th o g o n a l ax es a t  th e  end j  o f  th e  member i - j .

t o t a l  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e  

end j  o f  th e  member i - j .

R^: t o t a l  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e

member i - j .

s^ ^ ; su b m a trix  o f  a s t i f f n e s s  m a tr ix  o f  a member i - j  

w hich r e l a t e s  th e  s t i f f n e s s e s  a t  th e  c o o rd in a te s  

a t  th e  end i  to  th e  u n i t  d isp la c e m e n ts  a t  th e  

c o o rd in a te s  a t  th e  end i .  

s^  ^ : su b m a trix  o f  a s t i f f n e s s  m a tr ix  o f  a member i - j

w hich r e l a t e s  th e  s t i f f n e s s e s  a t  th e  c o o rd i ­

n a te s  a t  th e  end i  t o  th e  u n i t  d isp la c e m e n ts  a t  

th e  c o o rd in a te s  a t  th e  end j .
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s^~ ^ ; su b m a trix  o f a s t i f f n e s s  m a tr ix  o f  a member i - j  

w hich r e l a t e s  th e  s t i f f n e s s e s  a t  th e  c o o rd i­

n a te s  a t  th e  end j  t o  th e  u n i t  d isp la c e m e n ts

a t  th e  c o o rd in a te s  a t  th e  end i .

s ^ " ^ : su b m a trix  o f  a s t i f f n e s s  m a tr ix  o f  a member i - j

w hich r e l a t e s  th e  s t i f f n e s s e s  a t  th e  c o o rd in a te s  

a t  th e  end j to  th e  u n i t  d isp la c e m e n ts  a t  th e  

c o o rd in a te s  a t  th e  end j .

g i - i
m : s t i f f n e s s  m a tr ix  o f  a member i - j  b a sed  on th e

lo c a l  ax es system .
X “Ts„  ; s t i f f n e s s  m a tr ix  o f  a member i - j  b a sed  on th es

s t r u c tu r e - a x e s  system .

V^: fo r c e  i n  th e  X -d ir e c t io n  a t  t h e  end i  o f  th e

member i - j .

V^: fo rc e  i n  th e  X -d ire c t io n  a t  t h e  end j  o f  th e

member i - j .

Vy: f o rc e  i n  th e  Y- d i r e c t i o n  a t  t h e  end i  o f  th e

member i - j .

Vy: f o rc e  i n  th e  Y -d ir e c t io n  a t  t h e  end j  o f  th e

member i - j .

Vg: fo rc e  i n  th e  Z -d ir e c t io n  a t  t h e  end i  o f  th e

member i - j .

: f o rc e  i n  th e  Z -d ir e c t io n  a t  t h e  end j  o f  th ez
member i - j .
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: su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e

lo c a l  ax es sy stem  a t  th e  end i  o f  th e  member 

i - j  ( f o r  l i n e a r  a c t i o n s ) .

; su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e  

lo c a l  ax es system  a t  th e  end j  o f  th e  member 

i - j  ( f o r  l i n e a r  a c t i o n s ) .

V^; su b m a trix  o f th e  a c t io n  m a tr ix  b a sed  on th e  

s t r u c tu r e - a x e s  sy stem  a t  th e  end i  o f  th e  

member i - j  ( f o r  l i n e a r  a c t io n s ) .

: su b m a trix  o f  th e  a c t io n  m a tr ix  b a sed  on th e

s t r u c tu r e - a x e s  sy stem  a t  th e  end j  o f  th e  

member i - j  ( f o r  l i n e a r  a c t io n s ) ,  

l i n e a r  d isp la c e m e n t i n  th e  X -d ir e c t io n  a t  th e  

end i  o f  th e  member i - j .

A^: l i n e a r  d isp la c e m e n t i n  th e  X -d i r e c t io n  a t  th e

end j  o f  th e  member i - j .

Ay: l i n e a r  d isp la c e m e n t i n  th e  Y -d ir e c t io n  a t  th e

end i  o f  th e  member i - j .

Ay: l i n e a r  d isp la c e m e n t i n  th e  Y - d i r e c t io n  a t  th e

end j  o f  th e  member i - j .

Ag: l i n e a r  d isp la c e m e n t i n  th e  Z - d i r e c t io n  a t  th e

end i  o f  th e  member i - j .

Ag: l i n e a r  d isp la c e m e n t i n  th e  Z - d i r e c t io n  a t  th e

end j  o f  th e  member i - j .

0^: a n g u la r  d isp la c e m e n t ab o u t X -a x is  a t  th e  end i

o f  th e  member i - j  ( tw is t in g  a n g le ) .



25

0^: a n g u la r  d isp la c e m e n t ab o u t X -a x is  a t  th e  end j

o f  th e  member i - j  ( tw is t in g  a n g le ) .

8y : a n g u la r  d isp la c e m e n t ab o u t Y -a x is  a t  th e  end i

o f  th e  member i - j  (bending a n g le ) .

8y : a n g u la r  d isp la c e m e n t ab o u t Y -a x is  a t  th e  end j

o f  th e  member i - j  (bending a n g le ) .

8g: a n g u la r  d isp la c e m e n t ab o u t Z -a x is  a t  th e  end i

o f  th e  member i - j  (bending a n g le ) .

6^: a n g u la r  d isp la c e m e n t ab o u t Z -a x is  a t  th e  end j

o f  th e  member i - j  (bending a n g le ) .

Xpq: d i r e c t i o n  c o s in e  o f  th e  d i r e c t i o n  a n g le  betw een

q - a x i s  o f  th e  s t r u c tu r e - a x e s  sy stem  and p - a x is  

o f  th e  l o c a l  ax es  system .

(p : X^, Y^ and Z^ axes o f  th e  lo c a l  ax es  sy s te m ).

(q ; Xg, Y g and Z^ ax es o f  th e  s t r u c tu r e - a x e s  system ).

X^: d i s t a n c e  from  th e  c e n t r o id  o f  th e  e l a s t i c  w eight

d iag ram  w ith  b en d in g  moment a p p l ie d  a t  t h e  e n d -i  

o f  th e  member i - j  to  th e  o r ig in ,  w hich i s  a t  

t h e  i n i t i a l  end i  o f  th e  member.

X̂  ; d i s t a n c e  from  th e  c e n t r o id  o f  th e  e l a s t i c  w e igh t 

d iag ram  w ith  b en d in g  moment a p p l ie d  a t  th e  en d -j 

o f  th e  member i - j  to  th e  o r ig in ,  w hich  i s  a t  

t h e  i n i t i a l  end i  o f th e  member, 

w . r . t . : w ith  r e s p e c t  t o .



CHAPTER I I I

STIFFNESS MATRIX FOR A PRISMATIC MEMBER 

IN THREE-DIMENSIONAL SPACE

C o o rd in a te  System

The c o o rd in a te  sy stem  i s  employed b o th  t o  system ­

a t i z e  th e  a c t io n  and d isp la c e m e n t sy s tem s o f  a s t r u c t u r e  and 

t o  make i t  e a sy  to  b u i ld  up th e  c o r r e s p o n d e n c e - r e la t io n  

b e tw een  th e  a c t io n  system  and th e  d isp la c e m e n t sy s tem .

T hus, w ith  th e  h e lp  o f  th e  c o o rd in a te  system , th e  m easure­

m en ts ( a c t io n s  o r d isp la c e m e n ts )  in  a  s t r u c t u r e ,  f o r  th e  

p u rp o se  o f  s t r u c t u r a l  a n a ly s i s ,  can b e  e a s i l y  i d e n t i f i e d ,  

a t  w hich p o i n t  and i n  w hich d i r e c t i o n .

In  a d d i t io n  to  id e n t i f y in g  m easurem ents i n  a  s t r u c ­

t u r e ,  th e  c o o rd in a te  system  can a ls o  be  u sed  to  in d ic a te  

th e  a d d re s s  o f  an e lem en t in  e i t h e r  a s t i f f n e s s  m a tr ix  o r  

a f l e x i b i l i t y  m a tr ix .  S in c e  th e  m a tr ix  m ethod o f  s t r u c t u r a l  

a n a ly s i s ,  d e a ls  w ith  a c t io n s  and d isp la c e m e n ts  t h a t  c o r r e ­

spond  to  one  a n o th e r ,  one c o o rd in a te  system  in  each  problem  

i s  good f o r  b o th  a c t io n s  and d is p la c e m e n ts . T h e re fo re , in  

th e  m a tr ix  m ethod o f  s t r u c tu r e  a n a ly s i s ,  a c o o rd in a te  system

26



27

m ust b e  s e t  up f o r  each  prob lem .

S in ce  a r i g i d  body in  a th re e -d im e n s io n a l  sp ace  h a s  

s i x  d e g re e s  o f  freedom — t h a t  i s  each end o f  a member can 

have  s i x  p o s s ib le  com ponents o f d is p la c e m e n t—a b eam lik e  

s t r u c t u r a l  e lem en t w hich i s  a p a r t  o f  a  sp a ce  fram e i s  

d e f in e d  f o r  12 c o o rd in a te s  as shown in  th e  fo llo w in g  

f i g u r e s .

/

/

11

8
10

X

C o o rd in a te  System

End i  i s  th e  i n i t i a l  end, and end j  i s  th e  te rm in a l  

end. By th e  fram ework s ig n  c o n v e n tio n , a l l  th e  v e c to r s  a re  

p o in t in g  in  th e  p o s i t i v e  d i r e c t i o n s .
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The s in g le  arrow -heacled v e c to r  in d ic a te s  a l i n e a r  

a c t io n  o r  d isp la c e m e n t;  t h e  d o u b le  arrow -headed v e c to r s  

in d ic a te ;  moments o r  a n g u la r  d isp la c e m e n ts . The r e f e r r i n g  

o f  th e  c o o rd in a te  system  t o  th e  ax es  system  i s  shown in  

th e  fo llo w in g  f ig u r e

X

Axes System  

To make i t  e a s i e r  to  c a l c u l a t e  th e  s t i f f n e s s  

c o e f f i c i e n t s  o f  a member i n  a th re e -d im e n s io n a l  sp a c e , 

two k in d s  o f a x is  sy stem s can a lw ays be  s e t  up ; one i s  

a m em ber-axes sy stem ; th e  o th e r  i s  a s t r u c tu r e - a x e s  

sy stem . A lthough i t  i s  c o n v e n ie n t to  d e s c r ib e  th e  i n t e r n a l  

fo rc e s  and d isp la c e m e n ts  in  te rm s o f  a m em ber-axes sy stem , 

th e  s t r u c tu r e - a x e s  system  w i l l  b e  r e q u ire d  f o r  th e  con­

s i d e r a t i o n  o f  th e  s t r u c t u r e  a s  a w hole.

In  th e  m em ber-axes system , th e  X -ax is  w i l l  be  

ta k e n  a lo n g  th e  a x is  o f  th e  member, w h ile  th e  o th e r  two 

axes w i l l  c o n s t i t u t e  th e  Y- and Z -ax es. The s t r u c t u r e -  

axes system  i s  th e  r e f e re n c e  ax es  system  w hich i s  conve­

n i e n t l y  o r ie n te d  w . r . t .  th e  o v e r a l l  s t r u c tu r e .

I f  th e  m em ber-axes system  f o r  a member i s  n o t  

c o in c id e n t  w ith  th e  s t r u c tu r e - a x e s  system  f o r  th e  s t r u c t u r e
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o f  w hich th e  member i s  an e lem en t, th e n  th e  r o t a t i o n a l  

t r a n s fo rm a tio n  o f  th e  m em ber-axes system  i s  n eed ed .

D evelopm ent o f  S t i f f n e s s  C o e f f i c ie n t s  o f  a 
P r i s m a t ic  Member in  Space

I t  i s  o b v io u s ly  known t h a t  th e  common o b je c t iv e  in  

th e  a n a ly s i s  o f  s t r u c t u r e s  i s  to  f in d  th e  i n t e r n a l  fo rc e s  

which r e s u l t  from  th e  a p p l i c a t io n  o f  e x te r n a l  lo a d s .  Know­

in g  a l l  th e  i n t e r n a l  f o r c e s ,  we can  compute th e  d i s p la c e ­

m ents a t  any p o in t  on t h e  s t r u c tu r e .  In  a w ord , th e  g o a l 

o f  a n a ly z in g  a s t r u c t u r e  i s  to  d e te rm in e  th e  s t r e s s  and 

s t r a i n  c o n d i t io n s  o f  th e  s t r u c tu r e  u n d e r a g iv e n  lo a d in g  

c o n d it io n . To re a c h  t h i s  g o a l ,  one sh o u ld  s t a r t  w ith  th e  

s tu d y  o f  th e  c o n d i t io n s  o f  th e  a c t io n s  and d is p la c e m e n ts  a t  

th e  ends o f  th e  members o f  th e  s t r u c t u r e .  When a c t io n s  a re  

e x e r te d  upon a j o i n t  by  th e  a d ja c e n t  m em bers, e q u a l and 

o p p o s i te  r e a c t i o n s  w i l l  b e  e x e r te d  on th e  members by  th e  

j o i n t .  Under r e a c t io n s  o f  t h i s  n a tu r e  a t  b o th  ends o f  any 

g iv en  m anber, t h e  member w i l l  s u f f e r  d e fo rm a tio n , i . e . ,  

under th e  a c t io n  e x e r te d  by  th e  j o i n t s  on b o th  ends o f a 

member, i t  w i l l  u n dergo  d e fo rm a tio n . F o r any member th e  

r e l a t i o n s h i p s  w i l l  e x i s t  betw een th e  a c t io n s  on th e  ends 

o f  th e  member and th e  end d isp la c e m e n ts  o f  th e  member. 

T h e re fo re , th e  main o b je c t iv e  o f  s tu d y in g  th e  m a tr ix  method 

to  a n a ly z e  a s t r u c t u r e  i s  to  e s t a b l i s h  th e  r e l a t i o n s h i p s  

betw een th e  a c t io n s  and t h e i r  c o rre sp o n d in g  d isp la c e m e n ts
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a t  th e  n o d a l p o in ts ,  u s u a l ly  th e  ends o f  th e  member. In  

o th e r  w ords, th e  r e l a t i o n s h i p s  which a r e  e x p re sse d  e i t h e r  

i n  s t i f f n e s s  c o e f f i c i e n t s  o r  f l e x i b i l i t y  c o e f f i c i e n t s  

be tw een  th e  a c t io n s  and  t h e i r  c o rre sp o n d in g  d isp la c e m e n ts  

o f  th e  n o d a l p o in ts  o f  a member a re  th e  r e s u l t s  o f th e  

m a tr ix  m ethod o f  s t r u c t u r a l  a n a ly s i s .

B ecause in  th e  m a t r ix  m ethod o f  s t r u c t u r a l  a n a ly s i s  

th e  r e l a t i o n s h i p s  betw een  th e  a c t io n s  and th e  c o rre sp o n d in g  

d isp la c e m e n ts  a t  th e  ends o f  a member m ust b e  in v e s t ig a te d ,  

each  member m ust b e  i n v e s t i g a t e d  in d iv id u a l ly .  As a m a t te r  

o f  f a c t ,  a c tu a l  s t r u c t u r e s  c o n s i s t  o f  s t r u c t u r a l  com ponents, 

such  a s  te n s io n  ro d s , co m p ress io n  members, and beams p ro p ­

e r l y  f a s te n e d  to g e th e r .  T h e re fo re , by u s in g  th e  m a tr ix  

m ethod f o r  a n a ly s i s ,  t h e  s t r u c t u r e  can  be  c o n s id e re d  a s  

an assem bly  o f  s t r u c t u r a l  com ponents c o n n ec te d  a t  a f i n i t e  

number o f p o in ts  r e f e r r e d  t o  a s  n oda l p o in t s .  And in  th e  

p ro c e s s  o f  a n a ly s i s ,  each  member m ust b e  ta k e n  o ff  a s  a 

f r e e  body; t h a t  i s ,  each  member i s  c o n s id e re d  a s  a u n i t  f o r  

th e  p u rp o se  o f  a n a l y s i s .

When each member i s  ta k e n  o f f  a s  a f r e e  body f o r  

a n a ly s i s ,  each in d iv id u a l  member w i l l  have i t s  own a x i s .

F o r th e  sak e  o f co n v en ien c e  and e a se , i t  i s  n o t  o n ly  n e c ­

e s s a r y  b u t  a ls o  more c o n v e n ie n t  to  u se  th e  m em ber-axes 

system  to  d ev e lo p  th e  s t i f f n e s s  c o e f f i c i e n t s .  In th e  member- 

ax es  sy stem , one o f  t h e  t h r e e  axes w hich c o n s t i t u t e s  a
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sp a ce  i s  r e p r e s e n t in g  th e  member, u s u a l ly  th e  X -a x is .

The s t i f f n e s s  c o e f f i c i e n t s  th e  a u th o r  i s  w ork ing  

on a r e  th e r e f o r e  d ev e lo p ed  on th e  b a s i s  o f  th e  m em ber-axes 

sy s te m , and th e  u n i t  d isp la c e m e n ts  a r e  in tro d u c e d  i n  th e  

p o s i t i v e  d i r e c t i o n s  o f  th e  c o o rd in a te s .  The p r i n c i p l e  o f  

s u p e r p o s i t io n  o f  th e  d isp la c e m e n ts  i s  th e  b a s ic  id e a  f o r  

f in d in g  th e  f i n a l  t o t a l  s t i f f n e s s  a t  each  c o o rd in a te .

The p r i n c i p a l  ty p e s  o f  d e fo rm a tio n s  t o  be  c o n s id e re d  

a re  a x i a l ,  f l e x u r a l ,  t o r s i o n a l ,  and s h e a r in g  d e fo rm a tio n s . 

The s t i f f n e s s  c o e f f i c i e n t s  t o  b e  d ev e lo p ed  a r e  t h e r e f o r e  

a x i a l ,  b e n d in g , t o r s i o n a l  and s h e a r in g .

A x ia l S t i f f n e s s

c a s e  2

L -e

c a s e  1

(V^ = and  v j  = P j)
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I t  i s  assum ed t h a t  th e  end o f  th e  member i s  th e  

i n i t i a l  end and th e  end th e  te rm in a l  end.

The a x i a l  s t i f f n e s s  a t  b o th  ends can  b e  dev e lo p ed  

in  two c a s e s :

Case 1

I t  i s  assum ed t h a t  th e  i^ ^  end i s  f r e e  to  hav e  an

a x ia l  d isp la c e m e n t in  th e  p o s i t iv e  d i r e c t i o n  o f  th e  X -ax is  

by  th e  am ount, e^ , and end i s  r e s t r a i n e d  from  d i s p la c in g .

Assume t h a t  th e  c r o s s - s e c t io n a l  a r e a  o f  th e  b a r  i s  A. 

Due to  th e  c o n t r a c t io n  o f  th e  t o t a l  am ount, e^ , t h e r e  m ust 

b e  a f o r c e ,  P^, a p p l ie d  a t  th e  i^ ^  end in  th e  same d i r e c ­

t i o n  as th e  c o n t r a c t io n  e .

s t r e s sBy H ookes' Law E = s t r a i n

+P.
s t r e s s  = —̂

^  . +®is t r a i n  = —=—

T h e re fo re ,

P .L
"  = ^ i  = f  ( ^ i ) '  " i  = 41 1  '•

L e t e^ b e  a u n i t  d isp la c e m e n t.

(
(
f
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th en

where ^ i s  t h e  a x ia l  s t i f f n e s s  c o e f f i c i e n t  in  th e  d i r ­

e c t io n  o f  c o o rd in a te  1 due to  a u n i t  d isp la c e m e n t in  th e  

d i r e c t i o n  o f  c o o rd in a te  1 a t  th e  i  end. To s a t i s f y  th e  

re q u ire m e n t o f  e q u il ib r iu m  o f th e  member, t h e r e  m ust b e  a 

fo rc e  P j which i s  e q u a l in  m agn itude, o p p o s i te  in  d i r e c t i o n ,  

and a c t in g  c o l l i n e a r  w ith  th e  fo rc e  P^, i . e . .

“  " ^ i  “  "  ^ 7 ,1

where i s  t h e  a x ia l  s t i f f n e s s  c o e f f i c i e n t  in  th e  d i r e c ­

t io n  o f  c o o rd in a te  7 a t  th e  end due to  a u n i t  d i s p la c e ­

ment i n  th e  d i r e c t i o n  o f  c o o rd in a te  1 a t  th e  i^ ^  end.

Case 2

Next l e t  th e  end o f th e  member b e  f r e e  t o  d i s ­

p la c e  a x i a l l y  i n  th e  p o s i t i v e  d i r e c t i o n  o f  th e  X -ax is  by  

th e  amount o f  e^ and th e  i^ ^  end i s  k e p t  from d is p la c in g .  

The p o s i t i v e  d i r e c t i o n  o f  d isp lac em e n t a lo n g  th e  X -a x is  a t  

th e  end w i l l  he an e lo n g a tio n .

U sing t h e  same id e a  a p p lie d  p r e v io u s ly  th e r e  m ust 

be  a f o r c e ,  P^, a c t in g  a x i a l l y  to  resp o n d  to  th e  e lo n g a ­

t io n  Oj a t  th e  end.
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+P.

P.L
® = #  <®j>' ®j = '^x

i f  6 j  i s  u n i t ,

th e n  P . = ^  = k_ „] Jj III
where k_ „ i s  th e  a x ia l  s t i f f n e s s  c o e f f i c i e n t  i n  th e  d i r e c -/ft
t i o n  o f  c o o rd in a te  7, due to  a u n i t  d isp la c e m e n t in  th e  

d i r e c t i o n  o f  c o o rd in a te  7 a t  th e  j  end .

To s a t i s f y  th e  e q u il ib r iu m  c o n d it io n  o f  th e  member, 

th e r e  m ust b e  a  f o r c e ,  P^, w hich i s  e q u a l , o p p o s i te ,  and 

c o l l i n e a r  w ith  P j , i . e . ,

'’i = '^j = ^  = ’'1,7

where kj  ̂  ̂ i s  th e  a x i a l  s t i f f n e s s  c o e f f i c i e n t  i n  th e  d i r e c ­

t io n  o f  c o o rd in a te  1 a t  th e  i^ ^  end due to  a u n i t  d i s p la c e ­

ment i n  th e  d i r e c t i o n  o f  c o o rd in a te  7 a t  th e  j  end.

B ending S t i f f n e s s  C o e f f ic ie n t s  

Bending S t i f f n e s s  C o e f f ic ie n t s  due to  End R o ta tio n  

Case 1

Suppose th e  e n d -j o f  th e  member i - j  i s  f ix e d ,  and 

th e  r o t a t i o n a l  r e s t r a i n t  a t  e n d - i  i-s r e le a s e d ,  i . e . ,  th e
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e n d - i  i s  f r e e  to  r o t a t e  when an e x te r n a l ly  a p p l ie d  r o t a ­

t i o n a l  a c t io n  i s  a p p l ie d .  Now th e r e  i s  a moment a c t in g  

a t  th e  e n d - i  t o  c au se  an end r o t a t i o n  0^ and th e r e  i s  a

moment in d u ce d  a t  th e  e n d - j . The r e l a t i o n s  betw een th e  z
i  i  "19 and M as  w e ll  as  can  b e  d eve loped  a s  fo l lo w s ;

iM''Z,

By c o n ju g a te  beam m ethod, th e  c o n ju g a te  member i s  lo ad ed

w ith îk
El, d iag ram  as  shown below :

M-'
E l.

Z 2 Z

i l  ^z A = 2 (L) ( ^ )  
z
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i  1 “ z 
^  = 2 (Ë î^)

1
r

8g = A^~

4 , m;
®z = 2 <̂ > < ë î;’>

1 K
2 <ëî;'>

1 Mi ,  Mi
2 (ËT") -  2 (2Ë T )z z 4EI.

from  w hich « z  !■ = ( s M

o r
2 4 E I, . 

“ z = - r  <6z>

I f  l e t  8g b e  u n i t  (one r a d i a n ) ,  th en

w here kg g i s  t h e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r­

d in a te  6 due to  a u n i t  d isp la c e m e n t a t  c o o rd in a te  6 .
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S in ce
2EI.

= k 1 2 , 6

Where g i s  t h e  bend ing  s t i f f n e s s  c o e f f i c i e n t  a t  c o o r­

d in a te  12 due t o  a  u n i t  d isp lac em e n t a t  c o o rd in a te  6 .

Case 2

Suppose th e  member i - j  i s  f ix e d  a t  e n d - i  and sim p ly

su p p o r te d  a t  end j  ; th e n . When one r e l e a s e s  th e  r o t a t i o n a l

r e s t r a i n t  a t  e n d - j , th e r e  i s  a  moment a c t in g  a t  e n d -j to

cau se  a r o t a t i o n  8 ^ , a s  w e ll a s  a  moment induced  a t

e n d - i .  The r e l a t i o n s  betw een 0^ and and can  b ez z z
d ev e lo p ed  a s  fo llo w s  :

By th e  c o n ju g a te  beam m ethod, t h e  c o n ju g a te  member
4

i s  lo ad ed  w ith  diagram  as shown be low ;
z
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El
i

El z

■i 1 “ z
^  = 2 (Ê ï;)

i  1 ^z
A = 2 (ËI%)

M: = #

-  i^  2 4 e I •)(L) =
" z  L
4EI

A^- A  ̂ =
" z  L
2EI

Lz
4EI_

Lz
4EI

L = 4EI 0^ z z z

4 .  “ •L " ÿ
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I f 9J = th e n =
4EI

= k 1 2 ,1 2

w here 22 th e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  c o o r­

d in a te  12 due to  a u n i t  d isp la c e m e n t a t  c o o rd in a te  1 2 . 

S in c e

<  = ^  = ’' 6 , 1 2

w here kg i s  th e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r­

d in a te  6 due to  a u n i t  d isp la c e m e n t a t  c o o rd in a te  1 2 .

Bending S t i f f n e s s  C o e f f ic ie n t s  due t o  End 
T ra n sv e rse  D e f le c t io n

Case 1

L e t th e  e n d - i  o f  th e  member i - j  be  f r e e  to  d is p la c e  v e r ­

t i c a l l y  in  th e  X-Y p la n e  by th e  amount w. r .  t . th e  e n d -j 

I t  can  be assum ed t h a t  t h e r e  i s  an in d u c e d  moment a c t in g  

a t  th e  e n d -i w hich i s  c o rre sp o n d in g  t o  th e  v e r t i c a l  d i s ­

p lacem en t Ay a s  shown in  th e  fo llo w in g  s k e tc h :
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“ z ( j —

\
\

\

'i
By th e  c o n ju g a te  beam m ethod, th e  r e l a t i o n s  betw een  and 

a s  w e ll as  can be d e r iv e d . L e t th e  c o n ju g a te  beam be
«ilo a d e d  w ith  t h e  d iagram s o f  and

z

El

E I.

= A = moment a p p lie d  a t  th e  end i  o f  th e  c o n ju g a te  beamth e  end i  o f

L
(ë î ; )  =

z
2EI z
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mZ mZ L
2 'E I , '  2 E I,z z

and Â  form  a  c o u p le  o f  th e  v a lu e  J e i  '  (3") = gEl
z z

To keep  t h i s  c o n ju g a te  beam in  e q u il ib r iu m  c o n d i t io n ,  th e r e
im ust b e  a moment o f  th e  v a lu e  a c t in g  a t  t h e  end 1 in  th e  

d i r e c t i o n  o f  t h e  d e f l e c t i o n .  T h e re fo re ,

. S? . 6 E I , ,
4  = 6# T -  '  “ z = —T■* Z L

i  i  ®^^zL e t A be  o f  u n i t  v a lu e , th en  ^  ” ^6 2

w here k g  2 t h e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r­

d i n a t e  6 due t o  a  u n i t  d isp la c e m e n t a t  c o o rd in a te  2 .

S in c e
i  i  i  6E1 

“ 2 = “z ' “z = — ''12,2Lj

w here 2 t h e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  12 due  to  a u n i t  d isp la c e m e n t a t  c o o r d in a te  2 .
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C a se  2

L e t th e  e n d -j  o f  th e  member i - j  b e  f r e e  to  d is p la c e  v e r ­

t i c a l l y  i n  th e  X-Y p la n e  by  th e  amount I t  i s  a p p a re n t

t h a t  an in d u ced  moment i s  a c t in g  a t  th e  e n d -j which i s

c o rre sp o n d in g  t o  th e  v e r t i c a l  d isp la c e m e n t Ay a s  shown in

th e  fo llo w in g  s k e tc h .

- I ) -

M"

M. Ql .
y

By th e  c o n ju g a te  beam method th e  r e l a t i o n s  betw een 

th e  Ay and and can  b e  d ev e lo p ed .

L et th e  c o n ju g a te  beam b e  lo ad ed  w ith  th e  d iagram s 
iM- M

o f  j f -  and
z z

z z
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E l z

i

El

=A-

i  1 ^2
A = 2 (Ë T )z

=  Â

» !A and A-' form th e  c o u p le  o f  th e  v a lu e

To keep th e  c o n ju g a te  beam in  th e  e q u il ib r iu m  p o s i t io n ,  

th e r e  m ust b e  a moment o f  th e  v a lu e  a c t in g  a t  th e  e n d -j 

in  th e  d i r e c t i o n  o f  th e  end d e f l e c t io n ,  i . e . .

] _ _2_At = 6EI.

=
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L et Ay b e  o f  u n i t  v a lu e ,  th e n  

4 6 EI
Mg = — ^  g ( in  c lo c k w ise  d i r e c t io n )

L '
where k^^g g i s  th e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  12 due to  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te  8 .

By th e  fram ew ork s ig n  c o n v e n tio n , i s  n e g a t iv e ;

th e r e f o r e .

6 EI„
k -  _ ----- 5.
* 1 2 , 8  j 2̂

- 6 EI,
2 “  " z  ' “ z “  -  " 6 , 8S ince  wf = Mp , = k

where kg g i s  th e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  6 , due t o  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te  8 .

U sing  th e  same id e a  th e  b e n d in g  s t i f f n e s s  c o e f f i ­

c i e n t s  a t  b o th  ends around  th e  Y -a x is  due t o  th e  end r o t a ­

t io n s  a t  b o th  ends around  th e  Y -a x is  and due to  th e  end 

t r a n s v e r s e  d isp la c e m e n ts  a t  b o th  ends in  th e  d i r e c t i o n  o f  

Z -a x is  can b e  d e v e lo p ed .

End S h e a rin g  S t i f f n e s s  

U sing th e  id e a  t h a t  th e  end s h e a r s  a re  fo rm ing  a 

c o u p le  to  b a la n c e  th e  e f f e c t s  o f  th e  moments a c t in g  a t  b o th
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ends o f  a  member t o  keep  th e  member in  r o t a t i o n a l  e q u il ib r iu m , 

one can  f in d  th e  end  s h e a r in g  s t i f f n e s s  c o e f f i c i e n t s  w ith  th e  

so lv e d  ben d in g  s t i f f n e s s  c o e f f i c i e n t s .

End S h e a rin g  S t i f f n e s s  C o e f f i c ie n t s  in  th e  
Y -D ire c tio n  a t  Both Ends o f  t h e  Member due
to  th e  End R o ta t io n s  0^ and 0^

Case 1 ; End S h e a rin g  S t i f f n e s s  C o e f f i c ie n t s  
due t o  th e  End R o ta tio n , 0^

When th e  u n i t  a n g u la r  d isp la c e m e n t 0^ i s  o c c u r r in g

a t  th e  e n d - i  o f  th e  member i - j ,  t h e r e  w i l l  b e  two moments

induced  a t  b o th  ends as th e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t s .

■ ‘ C --------------------------------------------------------------------- 0 '

As h a s  been  d e v e lo p e d , M due to  th e  u n i t  v a lu e  o f  0 was 
4EI . ^ 2EI

— , due to  th e  u n i t  v a lu e  o f  0  ̂ was — , and  b o th

were in  p o s i t i v e  d i r e c t i o n .

T h e re fo re ,
Mu + MP T 4 E I , 2 E I, 6 EI_

= = - ^ = ^ 2 , 6

To keep  th e  member i - j  i n  r o t a t i o n a l  e q u il ib r iu m , and 

m ust b e  e q u a l and o p p o s i te  so  t h a t  th e y  c an  form a c o u p le  to
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b a la n c e  th e  r o t a t i o n a l  e f f e c t  o f  and  . T h e re fo re ,z z

4 i  6EI
= >̂8 , 6

Where Vy , kg ^ , due t o  0^ i s  c a l l e d  th e  end s h e a r in g  s t i f f ­

n e ss  c o e f f i c i e n t  a t  th e  e n d - i  in  th e  d i r e c t i o n  o f  Y due to  

a u n i t  r o t a t i o n  a t  e n d - i  a round  Z -a x is  and Vp due to  0^ i s
y  z

c a l l e d  th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  e n d -j  

in  th e  d i r e c t i o n  o f  Y due to  a u n i t  r o t a t i o n  a t  th e  e n d - i  

a round  Z -a x is .

Case 2; End S h e a rin g  S t i f f n e s s  C o e f f ic ie n t s  
due t o  End R o ta tio n  0^

In  a l i k e  m anner, when th e  end a n g u la r  d isp la c e m e n t

0^ i s  o c c u r r in g  a t  th e  e n d -j o f  th e  member i - j ,  th e r e  w i l l

be two moments in d u ced  a t  b o th  ends o f  th e  member as th e

b en d in g  s t i f f n e s s  c o e f f i c i e n t s .

• * •

Both and have b een  d ev e lo p ed  f o r  th e  u n i t  v a lu e  o f  0^

as . 2EI . 4EI
= ~Y- , and = -Y — ,
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and b o th  a r e  in  th e  p o s i t i v e  d i r e c t i o n .  S im i la r ly ,  t o

s a t i s f y  th e  re q u ire m e n t o f  th e  e q u il ib r iu m  c o n d it io n ,

and V^, due to  0^, m ust be  eq u a l in  m agn itude  and o p p o s ite  y z
in  d i r e c t i o n  to  form  a coup le  to  b a la n c e  th e  moments and 

, i . e . ,  . .

T h e re fo r e ,

y  y

2EI_ 4EI_ 6 EI

and

w here due to  0^ i s  c a l l e d  kg ^2 • ^nd s h e a r in g  s t i f f n e s s

c o e f f i c i e n t  a t  e n d - i  i n  th e  d i r e c t i o n  o f  Y due to  a u n i t

r o t a t i o n  a t  e n d - j  a round  Z -a x is , and  due to  0  ̂ i s  c a l le dy  z
k_ , end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  e n d -j inw f JL 6
th e  d i r e c t i o n  o f  Y due to  a u n i t  r o t a t i o n  a t  e n d -j around 

th e  Z -a x is .

End S h e a rin g  S t i f f n e s s  C o e f f ic ie n t s  in  th e  
Y -D ire c tio n  a t  Both Ends o f th e  Member due to
th e  End T ra n sv e rse  D isp la ce m e n ts , and

Case 1: The End S h e a rin g  S t i f f n e s s  C o e f f i c ie n t s
in  th e  Y -D ire c tio n  a t  Both Ends due to  th e  End 
T ra n sv e rse  D isp lacem en t a t  th e  E n d -i i n  th e  
D ire c t io n  o f  Y -a x is

The developm ent o f th e  end s h e a r in g  s t i f f n e s s  c o e f ­

f i c i e n t s  due to  th e  end t r a n s v e r s e  d isp la c e m e n t can b e
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accom plished  in  th e  same m anner a s  th e y  w ere done due to  th e

end a n g u la r  d isp la c e m e n t. As p r e v io u s ly  d ev e lo p ed , h o th
. 6EI

and due to  A„ w ere — 5— ; t h e r e f o r e  due to  w i l l  be
z z y y  y

1 { ^  GBIz

i  _ IZBI^
i . e . ,  Vy ^3 ^ 2 , 2  ( in  p o s i t iv e  d i r e c t io n )

w here kg g th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e

e n d - i  in  th e  d i r e c t i o n  o f  th e  Y -a x is  due to  a u n i t  t r a n s ­

v e r s e  d isp lac em e n t a t  th e  e n d - i  in  th e  d i r e c t i o n  o f th e  

Y -a x is ,
i  i  -IZ E Ig

''y  = -V y  p  ’'8 ,  2

w here kg g i s  th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  

th e  endf-j in  th e  d i r e c t i o n  o f  th e  Y -a x is  due to  a u n i t  

t r a n s v e r s e  d isp la c e m e n t a t  th e  e n d - i  in  th e  d i r e c t i o n  o f  

t h e  Y -a x is .

C ase 2: The End S h e a rin g  S t i f f n e s s  C o e f f ic ie n t s  in  th e
Y -D ire c tio n  a t  Both Ends due to  th e  End T ra n sv e rse  
D isp lacem en t a t  th e  E nd -j in  th e  D ir e c t io n  o f  Y -a x is

When th e  e n d -j d i s p la c e s  in  th e  p o s i t i v e  d i r e c t i o n  

o f  th e  Y -a x is , th e r e  w i l l  b e  moments and induced  a s  

shown in  th e  fo llo w in g  s k e tc h ;
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K

i  i  6 EI
w here M = = — 5— ( in  n e g a t iv e  d i r e c t i o n )

z z L

-12E I
V_, =  5— = k« o ( in  n e g a t iv e  d i r e c t i o n )y  6 , 0

w here k„ „ i s  th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th eA/ o
e n d - i  in  th e  d i r e c t i o n  o f  th e  Y -a x is  due t o  a u n i t  t r a n s ­

v e r s e  d isp la c e m e n t a t  th e  en d -j in  th e  d i r e c t i o n  o f  th e  

Y -a x is ,

■̂>■5 i  ^  =  ’' 8 ,8

w here k^ „ i s  th e  e n d -s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  o # o
e n d -j  in  th e  d i r e c t i o n  o f  th e  Y -a x is  due t o  a u n i t  t r a n s v e r s e  

d isp la c e m e n t a t  th e  e n d -j in  th e  d i r e c t i o n  o f  th e  Y -a x is .

In  th e  same way, th e  end s h e a r in g  s t i f f n e s s  c o e f ­

f i c i e n t s  a t  b o th  ends in  th e  d i r e c t i o n  o f  th e  z - a x is  due to  

th e  end r o t a t i o n s  a t  b o th  ends around  th e  Y -a x is  and th e  

end t r a n s v e r s e  d isp la c e m e n ts  a t  b o th  ends in  th e  d i r e c t i o n  

o f  th e  Z -ax is  can  b e  d ev e lo p ed .

T o rs io n a l  S t i f f n e s s  

To f i n d  th e  t o r s i o n a l  s t i f f n e s s  o f  a member, i t  i s  

assum ed t h a t  th e  member i s  c o m p le te ly  f i x e d  a t  one end, and
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t h e  o th e r  end i s  f r e e  to  r o t a t e  o n ly  a b o u t i t s  a x i s .  In  

t h i s  c o n s id e r a t io n ,  th e  member a x i s  i s  c o in c id e n t  w ith  th e  

X -a x is  and th e  member i s  o f  a  c i r c u l a r  c r o s s  s e c t io n .

The i^ ^  End o f  Member i - i  F ree  t o  T w ist

L

Take th e  i  end o f  th e  member a s  a f r e e  body  a s  shown in  

th e  fo l lo w in g  sk e tc h ;

m:

d r

PTdA

Q

I t  i s  known t h a t  when a member i s  s u b je c te d  t o  a  t o r s i o n ,  

th e r e  w i l l  b e  s h e a r in g  s t r e s s  d e v e lo p ed  in  each c ro s s  s e c ­

t i o n ,  and each c r o s s - s e c t io n  w i l l  tu r n  th ro u g h  an a n g le  w ith  

r e f e r e n c e  t o  th e  f ix e d  end .
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Take a h o llo w  c y l in d e r  o f  r a d iu s  r  and th ic k n e s s  d r  

f o r  i n v e s t i g a t i o n .  T h is  h o llo w  c y l in d e r  can b e  developed  

in to  a  r e c ta n g u la r  s o l i d  o f  w id th  2n r and th ic k n e s s  d r .  The 

a re a  o f  th e  c r o s s - s e c t i o n  o f  t h i s  h o llo w  c y l in d e r  i s  (2n r ) d r .  

Suppose t h a t  t h e r e  i s  an e lem en t o f  a re a  dA a t  th e  p o s i t io n  

P on th e  h o llo w  c y l in d e r .  When a to rq u e  i s  a p p lie d  a t  

th e  e n d - i  and th e  e n d - i  i s  tu rn e d  th ro u g h  an a n g le  0^ 

r a d ia n s ,  t h i s  a re a  dA i s  moved to  P ' .  I t s  d isp lac em e n t 

i s  r 0^ , and th e  u n i t  s h e a r in g  d isp la c e m e n t i s  g iv e n  by

re
The u n i t  s h e a r in g  s t r e s s  on dA i s  g iv e n  by  Tg = (G)

in  w hich G i s  th e  s h e a r in g  m odulus o f  e l a s t i c i t y .  T h e re fo re , 

th e  s h e a r in g  f o r c e  r e q u ir e d  to  deform  t h i s  h o llo w  c y lin d e r  

i s  g iv e n  by

re  .G 2ttG0 2 
S = 2 n rd r  (— =— ) = — ;  ( r  d r)

The moment o f  t h i s  s h e a r in g  f o r c e  w . r . t .  th e  a x is  o f th e  

c y l in d e r  i s  g iv e n  by

2nG0 3 
T = — (r^dr).

The e n t i r e  member may be re g a rd e d  a s  b e in g  composed o f a
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series of concentric hollow cylinders of thickness dr. The 
total moment of the shearing stress over the entire cross- 
section will he equivalent to the externally applied torque 
which is given by

2nG@ 4  G I 4

= <x> = " x  = 4 - )

I f  0^ b e  u n i t  (one r a d ia n ), th en

i  ®^x 
<  = ’' 4 , 4

„.4
in  w hich  I  r e p r e s e n ts  —y -  which i s  th e  p o la r  moment o f i n ­

e r t i a  o f  a member o f  c i r c u l a r  c r o s s - s e c t io n  o f  r a d iu s  R, 

w here k^ ^ i s  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  4 due to  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te  4.

S in c e

i -G:x
“ x = —  = %10,4

w here  k^^g ^ i s  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  10 due to  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te  4. 

F o llo w in g  t h i s  id e a  e x a c t ly ,  one h a s

GI„
*10,10
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w here i s  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e

c o o rd in a te  10  due t o  a u n i t  d isp la c e m e n t a t  th e  c o o rd in a te
-GI

1 0 , and = — —  w here k^ i s  th e  t o r s i o n a l  s t i f f ­

n e s s  c o e f f i c i e n t  a t  t h e  c o o rd in a te  4 due to  a  u n i t  d i s p la c e ­

m ent a t  th e  c o o rd in a te  1 0 .

When th e  member i s  o f  any c r o s s - s e c t io n  o th e r  th an  

c i r c u l a r ,  th e n  w i l l  n o t  b e  th e  p o la r  moment o f  i n e r t i a .  

C o n sid e r , f o r  exam ple, a r e c ta n g u la r  s h a f t ;  i s  equal to  

"gbc^" (2 2 ). In  t h i s  e x p re s s io n  b i s  th e  lo n g e r  and c i s  

th e  s h o r te r  s id e  o f  th e  r e c ta n g u la r  c r o s s - s e c t io n ,  and "g" 

( 2 2 ) i s  a n u m e r i c a l  f a c t o r  depending  upon th e  r a t i o

U sing th e  id e a  o f  s u p e rp o s i t io n  o f  th e  d isp la c e m e n ts , 

th e  c o l l e c t io n  of th e  s t i f f n e s s  c o e f f i c i e n t s  a t  each  c o o r­

d in a te  which a re  th e  r e l a t i o n s  betw een th e  s t i f f n e s s  o f  th e  

c o o rd in a te  and th e  u n i t  d isp la c e m e n ts  a t  a l l  th e  c o o rd in a te s  

o f  th e  member can b e  made to  g iv e  th e  f i n a l  t o t a l  s t i f f n e s s  

a t  th e  c o o rd in a te  w hich i s  a row in  th e  s t i f f n e s s  m a tr ix .

Expression of a Stiffness Matrix of a Prismatic 
Member in Three-Dimensional Space

U sing th e  c o o rd in a te  system , one can e x p re s s  th e  

s t i f f n e s s  m a tr ix  o f  a member in  a th re e -d im e n s io n a l  space  

i n  a  p a r t i t i o n e d  m a tr ix  and c o n v e n ie n tly  w r i t e  th e  s t i f f ­

n e s s  m a tr ix .

Each su b m a trix  in d ic a te s  which two ends a re  r e l a te d  

i n  th e  a c t io n -d is p la c e m e n t  r e l a t i o n s h ip .
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The c o n v e n tio n  o f  e x p re s s in g  a member, c o o rd in a te  

system  and th e  su b m a tr ic e s  i s  g iv e n  a s  fo l lo w s :

11

' 8
10

end i  = i n i t i a l  end o f  a member, 

end j = te r m in a l  end o f  a member,

each  arrow ed  d i r e c t i o n  r e p r e s e n ts  t h e  p o s i t i v e  d i r e c t i o n  of 

th e  c o o rd in a te  f o r  b o th  a c t io n  and d isp la c e m e n t.

The t o t a l  s t i f f n e s s  m a tr ix  o f  a member i s  a rra n g e d  

by th e  seq u en ce  o f  c o o rd in a te  number and i s  p a r t i t i o n e d  by th e  

ends o f  th e  member w hich m a tr ix  i s  shown a s  fo llo w s :
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i - i i - j

From th e  s u p e r s c r ip t s  o f  each su b m a tr ix , one can 

e a s i l y  t e l l  w hich two ends a re  in v o lv e d  in  i t .

The t o t a l  s t i f f n e s s  m a tr ix  o f  a  p r i s m a t ic  member in  

a th re e -d im e n s io n a l  space  i s  e x p re ssed  in  th e  fo llo w in g  

fo u r  s e p a r a te  s u b m a tr ic e s .
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TABLE 3

SUBMATRIX OF A MEMBER STIFFNESS MATRIX OF A

.i-i-

EA
0

12EI

PRISMATIC MEMBER IN SPACE

0 0 0 0

6EI.
0

L2EI
0

GI.
0

- 6EI

0

- 6EI^

0

4E I.
0

6EI.

0

4EI.

TABLE 4

SUBMATRIX OF A MEMBER STIFFNESS MATRIX OF A
PRISMATIC MEMBER IN SPACE

; i - i  =

■EA.
0

-12E I.
0

-12E I.

-G I.

0

- 6EI

0

0

0

~6EI^

0

2EI.

0

6EIj

V

0

0

2EI.
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t a b l e  5

i-iSUBMATRIX s-J OF A MEMBER STIFFNESS MATRIX OF A
PRISMATIC MEMBER IN SPACE

-EA
0

-12E I.

0

- 6E I.
0

-12E I

0

- 6 EI

-GI.X

0

6EI.

0

6 EI^

7

0

2EI
L

0

0

2EI.

TABLE 6

SUBMATRIX OF A MEMBER STIFFNESS MATRIX OF A
PRISMATIC MEMBER IN SPACE

EA.

12EI.

0

- 6EI
0

0

12EI^

L^

0

6 EI

V

0

0

6EI.

- 6  E l,

" V

0

GI.

4EI

L

0

0

4EI.
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Member S t i f f n e s s  M a tr ix  o f a p r i s m a t ic  Member 
in  Space w ith  th e  C o n s id e ra tio n  o f 

S h e a rin g  D eform ations

By d e f i n i t i o n ,  "A beam i s  th e  name g iv en  to  any 

member o f a s t r u c t u r e  vÆiich i s  exposed to  t r a n s v e r s e  

s t r e s s e s "  (2 4 ) . From th e  d e f i n i t i o n ,  i t  i s  o b v io u s t h a t  

" th e r e  a re  u s u a l ly  s h e a r in g  fo rc e s  as w e l l  as  bend ing  

moments a c t in g  on th e  c r o s s - s e c t io n  o f  a beam" ( 5 ) .  "U su ally  

t h e  e f f e c t s  o f s h e a r  a r e  sm a ll compared to  th e  e f f e c t s  o f 

b en d in g  and can b e  n e g le c te d ;  . . . "  ( 5 ) .  I f  th e  s h e a r in g  

d e fo rm a tio n  o f a member i s  c o n s id e re d , th e n  th e  t o t a l  t r a n s ­

v e r s e  d isp la c e m e n t a t  any p o in t  a long  a  member w i l l  b e  

in f lu e n c e d  by b o th  f l e x u r a l  and s h e a r in g  d e fo rm a tio n s . In  

o th e r  w ords, " th e  u n i t  d isp la c e m e n t c o n s i s t s  of two p a r t s  

. . . .  The f i r s t  p a r t  i s  due to  th e  f l e x u r a l  d e fo rm a tio n s  

in  th e  member, and th e  second  p a r t  i s  due to  sh e a r  deform a­

t i o n s .  . ."  (5 ) . T h e re fo re , th e  s t i f f n e s s  c o e f f i c i e n t s  

t h a t  r e l a t e  th e  l i n e a r  end d isp la c e m e n ts  in  th e  d i r e c t i o n  

p e rp e n d ic u la r  t o  t h e  member a x is  and th e  a n g u la r  end d i s ­

p lacem en t r o t a t i n g  ab o u t th e  a x is  p e rp e n d ic u la r  to  th e  mem­

b e r  a x is  t o  th e  a c t io n s  in d u ced  a t  th e  member ends by  th e s e  

d isp la c e m e n ts , sh o u ld  b e  m o d ifie d  by  c o n s id e r in g  th e  s h e a r ­

in g  d e fo rm a tio n s . M o d if ic a tio n  can  be acco m p lish ed  by  

ad d in g  th e  s h e a r in g  e f f e c t s  to  th e  s t i f f n e s s  c o e f f i c i e n t s  

due to  th e  b en d in g  e f f e c t s .

For th e  sak e  o f  s im p l i c i ty ,  how to  f in d  t h e  s t i f f ­

n e s s  c o e f f i c i e n t s  a t  th e  c o o rd in a te s  o f  a member in  sp ace
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f o r  th e  in t r o d u c t io n  o f  u n i t  d isp la c e m e n ts  in  th e  X-Y 

p la n e  i s  i l l u s t r a t e d .  The num bering system  o f  th e  c o o r­

d in a te s  and th e  s u b s c r ip t  system  f o r  th e  s t i f f n e s s  c o e f ­

f i c i e n t s  in  a member s t i f f n e s s  m a tr ix  o f  a member in  space  

rem ain  th e  same a s  b e fo r e .

S t i f f n e s s  C o e f f ic ie n t s  Induced  by th e  T ra n sv e rse  
End D isp lacem en t due to  Bending D efo rm ations 

and S h ea rin g  D efo rm ations

I n t r o d u c t io n  o f

When th e  s e t t le m e n t  o r  th e  r e l a t i v e  d isp la c e m e n t 

be tw een  th e  two ends o f a member e x i s t s ,  t h e r e  w i l l  be  

two f ix e d  end moments which a re  eq u a l and o f  th e  same 

se n se  in d u ced  a t  b o th  ends o f  th e  member; th e y  a re  deno ted  

a s  in  t h i s  d i s s e r t a t i o n .  As d e r iv e d ,

i  1 IZEIzT h e re fo re , v  = — (----- 5—) , i . e . ,
y  L

i  12EI .
V =  (A _^) . . . end a c t io n  in d u ced  by end

y L Y" d isp la c e m e n t due to  ben d in g
d e fo rm a tio n .

iA , = T-nT (V ^). . . end d isp la c e m e n t due to  
z ”  b en d in g  d e fo rm a tio n .
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r L

V v =  /  M * '
0

Vy Lf
—̂ 7 —  . . . end d isp la c e m e n t due to  s h e a r in g  

d e fo rm a tio n .

. . L f _3
^ y -b  \ - v  12EIg GA ^  ^ (l2E Ig  GÂ

1 2E I, GA
V y ---------------   3 = k

^ 12EI^ L f + GAL"̂

By e q u il ib r iu m  c o n d i t io n ,  =% -V^

. -12EI GA
T h e re fo re , =  =- = _

^ 12EI L f + GAL '

i  6EI .
as m en tioned  above, = — 5— (A . )

L y™

i  I?A , = TTTT- (M^). . . end d isp la c e m e n t due to  bend- 
y -n  bE i^ z in g  d e fo rm a tio n .

A^ = ^  (V ^). . . end d isp la c e m e n t due to  sh e a r-
y y in g  d e fo rm a tio n .
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= i f  <TT>= Ë '" z '

^y -b  Ay-v “ 6̂EI GA^^z

L et = 1 , th e n

. 6 EI_ GA
M = 2 ~ kg 2

^ GAL^ + 12 fE Ig  6 ,2

6EI GA
S in ce  =  5----------------- = „ 2

^ = :  GAL  ̂ + 1 2 fE I Z

I n t r o d u c t io n  o f  A^

and

U sing th e  s im i l a r  id e a ,  when th e  A^ i s  in tro d u c e d ,

12E I, GA
=  3 =  k

y 12EI Lf + GAL

. -12EI_ GAy  _  _

y 12EI Lf + GAL 'z

. - 6EIg GA

GAL^ + 1 2 fE Ig

- 6EI GA
M = ----- 2----------------  = kg o

GAL + 12fE Ig
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S t i f f n e s s  C o e f f ic ie n t s  Induced  by  th e  End R o ta t io n a l  
D isp lacem en t due to  B ending D efo rm ations 

and S h ea rin g  D efo rm a tio n s

I n t r o d u c t io n  o f  0^

El = c o n s ta n t

F in d  th e  s t i f f n e s s  f a c to r s  by  th e  v i r t u a l  work m ethod. 

R o ta tio n  due to

u= l
Xj^=l z -b

0
-1

0j.

m = -1  

M = - 1
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S in c e  th e  member i s  s u b je c te d  to  p u re  b en d in g , th e r e  i s  

n e i th e r  s h e a r in g  s t r e s s  no r sh e a r in g  s t r a i n  energy .

'b b - f

R o ta tio n  due t o  X

z -vu= l

u = 1

m = - 1

M = +X

X_=l

■  ! '
-xdx

>ba -  Jg E l , 2EI ' 8z -v \ ® b a  ^ 2EI_
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®2 = ®2-b + ® Z -V  =

-L^X.

E Iz  2BIz
=  1 (1 )

D e f le c t io n  a t  j o i n t  i  due to  X^ i s  eq u a l t o  th e  r o t a t i o n

a t  th e  j o i n t  i  due t o  X^, i . e . .

ab "ba 2EI“  0

D e f le c t io n  a t  th e  J o i n t - i  due t o  X

i
a

u

+L

% a-l
u=l

»aa
.  _ l ! _ +  -L _  , 

\P  3BIz V

\ - v  = %a«aa ' 4 - b  = V a b
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T h e re fo re , ^ y -b  + Ay-v 3EI.
LX
___a
V 2EI_ = 0 (2 )

El LX
From E q u a tio n  (1) ^  ~ + “ J ”

El LX
S u b s t i t u t e  X^ = + - y -  i n t o  th e  e q u a t io n  (2)

, 3  _2  E l ,  LX^

X - -  + — —)_ —
' 12EI^ ^ 2

X.
A. G L + 12EI^Lf 1

12EI^ A .G

6 E I ,  A G
V — r —AGL + 12fE I. = =  >'2 ,6

S ince = ]  =  _
6E Ig A G 

AGL  ̂ + 12fE I.
= k8 ,6

El

6 e i ,  AG z ___
[AGL + 1 2 fE I.
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E l 3EI AGL 4EI AGL  ̂ + 1 2 fE ^I?  .
  z + -------  Z-----------------------S—------------------- z = = kg g
° L AG L + 12fE I_  AGL + 12ÎE I Lz z

" z  = v i  L -  Mi

. 6EI AGL
V .(L) = Z

y  AGL + 12 fE I^

. 2EI,AGL^ -  12fE ^I^
z ~ -----------3--------------------- “  ^12 6AGL + 12fEIgL 'G

I n t r o d u c t io n  t o  0^

U sing th e  s im i l a r  id e a ,  when 0^ i s  in tro d u c e d , th e  

fo llo w in g  a c t io n s  a re  o b ta in e d :

. 6 EIAG
~ 2 ~ ^2 12^  AGL + 12fE%2 '

. . 6EI AG

. 4EI L^AG + 1 2 fE ^ lf
Mg = -------- 3------------------------ = k

AGL + 12EI^L 1 2 ,1 2

. 2EI,AGL^ -  1 2 fE ^I^
Mg = -----^    = k  ^ 2

AGL + 12fE I L 'z

By th e  same p ro c e d u re , th e  s t i f f n e s s  f a c t o r s  due to  

th e  u n i t  d is p la c e m e n ts  in  th e  X-Z p la n e  can  b e  o b ta in e d .
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N ote :

" f  i s  a  form  f a c t o r  t h a t  i s  dependen t upon th e  shape

o f  th e  c r o s s - s e c t io n "  (5 ) .  The v a lu e  o f  f  i s  th e  r a t i o  of

th e  a re a  o f  th e  g ro s s  c r o s s - s e c t io n  o f  a member to  th e  a re a

o f  th e  p o r t io n  o f  th e  c r o s s - s e c t io n  assu m in g ly  s u b je c te d  to
a

s h e a r in g  s t r e s s ,  i . e . ,  f  = %
S t i f f n e s s  M a trix  f o r  a Curved-Beam Elem ent

"Many im p o rta n t e n g in e e r in g  s t r u c tu r e s  e i t h e r  r e p r e ­

s e n t  a  c u rv e d  beam o r e l s e  c o n ta in  curved-beam  e lem en ts  

u se d  in  c o n ju n c t io n  w ith  o th e r  s t r u c t u r a l  u n i t s "  (1 1 ) .  

B ecause o f  th e  a c tu a l  need  in  th e  e n g in e e r in g  s t r u c t u r e s ,  

th e  s t i f f n e s s  c o e f f i c i e n t s  f o r  curved-beam  e lem en ts  a r e  

n e c e s s a r i l y  r e q u i r e d .  The b a s ic  id e a  o f  d e r iv in g  th e  s t i f f ­

n e s s  c o e f f i c i e n t s  f o r  a curved-beam  e lem en t fo llo w s  t h a t  

u se d  f o r  a s t r a i g h t  member.

The re q u ire m e n ts  o f  s a t i s f y in g  th e  e q u il ib r iu m  and 

c o m p a t ib i l i ty  c o n d it io n s  a re  u sed  t o  s o lv e  th e  d i f f e r e n t  

v a lu e s  o f  s t i f f n e s s  c o e f f i c i e n t s .  The m ethod g iv en  in  

R e f . (11) in  p a ra g ra p h  5 .6 ,  page 144, u sed  to  d e r iv e  th e  

r e l a t i o n s  betw een  th e  in tro d u c e d  d isp la c e m e n ts  and th e  

c o rre sp o n d in g  a c t io n s  a t  th e  n o d a l p o in ts  i s  an energy  

m ethod, such  as C a s t ig l i a n o ' s second th eo rem .

From th e  p o in t  o f  v iew  o f  m ath em atics  in  th e  p ro c e s s  

o f  d o in g  c a l c u l a t i o n s ,  th e  fu n c t io n  o f  th e  curved-beam  

e lem en t sh o u ld  b e  d e f in e d ;  t h a t  i s ,  t h e  g e o m e tric  p r o p e r ty  

o f  th e  curved-beam  e lem en t sh o u ld  b e  e x p la in e d .



CHAPTER IV

ROTATIONAL TRANSFORMATION OF A STIFFNESS MATRIX 

OF A MEMBER IN THREE-DIMENSIONAL SPACE

D efine  t h e  D ir e c t io n  C osines o f  a Member 
i n  T h ree-D im ensiona l Space

D ire c t io n  c o s in e s  a re  th e  c o s in e  v a lu e s  o f  th e  d i ­

r e c t i o n  a n g le s  o f  a v e c to r ,  in  a  th re e -d im e n s io n a l  sp a c e , 

w . r . t .  th e  t h r e e  r e f e r e n c e  axes which form  th e  sp a c e .

By ta k in g  ad v an tag e  o f  doub le  s u b s c r ip t s ,  th e  G reek 

l e t t e r  X w ith  two s u b s c r ip t s  can  be u sed  to  r e p r e s e n t  d i r e c ­

t i o n  c o s in e s  o f  a v e c to r ,  i n  any o r i e n t a t i o n ,  in  a t h r e e -  

d im e n sio n a l sp a c e . From th e  two s u b s c r ip ts  o f  each d i r e c t io n  

c o s in e ,  i t  i s  v e ry  o b v ious t h a t  a d i r e c t io n  c o s in e  i s  u sed  

a s  a tra n s fo rm in g  c o e f f i c i e n t ;  betw een th e  two v e c to r s  (o r 

ax es) s p e c i f ie d  by  th e  two s u b s c r ip t s .  In  t h i s  d i s s e r t a ­

t io n  th e  a u th o r  d e f in e s  th e  d i r e c t i o n  a n g le s  o f  th e  ax es  in

m em ber-axes sy stem  w . r . t .  th e  s t r u c tu r e - a x e s  system  a s  

fo l lo w s :

a r e f e r s  t o  an a n g le  w . r . t .

P r e f e r s  t o  an a n g le  w . r . t .

and Y r e f e r s  to  an a n g le  w . r . t .  Z
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The s u b s c r ip t s  o f  th e  d i r e c t i o n  a n g le s  a r e  u se d  a s  

th e  code num bers f o r  th e  th r e e  axes o f m em ber-axes system  

such a s

1 r e p r e s e n ts  Xm
2 r e p r e s e n ts

3 r e p r e s e n ts  Z^.

With th e  above m en tio n ed  in fo rm a tio n , one can t e l l  which 

two axes o f  th e  two a x es  system s a re  tra n s fo rm e d  to  each 

o th e r  by  th e  d i r e c t i o n  a n g le  and i t s  s u b s c r ip t s  shown as 

fo llo w s :

( 0 )

Zs

X
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* 1  = * 2  = T a f s  * 3  = Gm%8

Pi = V s  P2 = V s Ps = V s

Yl = V s  Y2 = V s  Y3 = z ; z .

Then th e  d i r e c t i o n  c o s in e s  o f  th e  m em ber-axes sy stem  w . r . t .  

th e  s t r u c tu r e - a x e s  system  can b e  d e f in e d  a s  fo l lo w s ;

^11 ~ co sa^  cos = coscpcos0

^12 ”  cosg^ = cos X^Yg = cos (90° -  cp)

^13 ~ cosy^  = cos 3ÇZg = coscpcos(90° -  0 )

= COS&2 = cos Y^Xg = c o s (90° + cp)cos0 

^22 ”  cospg = cos Y^Yg = coscp

X-23 = COSY2 = cos Y^Zg = co s(9 0 °  + cp)cos(90° -  0)

I 3 I  = cosUg = cos Z^Xg = c o s (90° + 0 )

X.32 = cosgg = cos Z^Yg = cos (90°)

= c o sy - = cos Z^Z = COS0 j j  '3  m s

Thus, w henever th e  o r i e n t a t i o n  o f  a member in  a t h r e e -  

d im e n sio n a l sp a c e  i s  known, th e  d i r e c t i o n  c o s in e s  o f  th e
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m em ber-axes sy stem  w . r . t .  th e  s t r u c tu r e - a x e s  system  can be  

e a s i l y  o b ta in e d  b y  a p p ly in g  th e  above e q u a t io n s .

To P rove  th e  R o ta t io n a l  T ra n s fo rm a tio n  M a trix  
t o  Be an O rth o g o n a l M a tr ix

The r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  two o r th o g ­

o n a l s e t s  o f  ax es i s  form ed w ith  th e  d i r e c t i o n  c o s in e s ,  w hich 

a r e  u se d  a s  th e  e le m e n ts  in  th e  m a tr ix ,  o f  one s e t  o f  o r th o g ­

o n a l  ax es w . r . t .  t h e  o th e r .  In  t h i s  c o n s id e r a t io n ,  th e  

fo rm er s e t  o f  o r th o g o n a l ax es a re  t h e  axes o f  th e  member- 

ax es  sy stem , w h ile  th e  l a t t e r  a re  th e  axes o f  th e  s t r u c t u r e -  

ax es  sy s te m . The X -a x is  o f  th e  m em ber-axes system , which i s  

u s u a l ly  ta k e n  a s  th e  m em ber-ax is , can  be  assum ed to  be 

o r i e n t e d  from  th e  X -a x is  o f  th e  s t r u c tu r e - a x e s  system  w ith  

two r o t a t i o n s  a s  fo l lo w s :

R o ta t io n  ab o u t Y „-A xiss
In  t h i s  s t a g e  o f  r o t a t i o n ,  th e  Y ^ -a x is  i s  k e p t  f ix e d ,

and b o th  X and Z ax es r o t a t e  a b o u t Y „ -a x is  by th e  same s  s s
a n g le  9 , a s  shown in  th e  fo llo w in g  s k e t c h :
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The r o t a t i o n  r e l a t i o n  can  he e x p re sse d  in  a  m a tr ix  e q u a tio n  

as fo llo w s :

'  C O S 0 0

Y" 0 1m

S . - s in e 0

0 ^ s

. ' s .

%  =

'c o s e 0 s in e

L e t R  ̂ = 0 1 0

- s in e 0 co s  6

By th e  d e f i n i t i o n  o f  o r th o g o n a l m a tr ix , i t  i s  o b v ious t h a t  

i s  an o r th o g o n a l m a tr ix .

R o ta tio n  a b o u t Z '-A x ism
In  t h i s  s ta g e  o f  r o t a t i o n ,  th e  Z ^ -a x is  i s  k e p t  f ix e d ,

and b o th  X' and Y ' axes r o t a t e  ab o u t th e  Z ' - a x i s  by th e  m m  m
same a n g le  cp, as shown in  th e  fo llo w in g  s k e tc h :
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The r o t a t i o n  r e l a t i o n  can  a l s o  b e  e x p re ssed  in  a m a tr ix  

e q u a tio n  a s  fo l lo w s ;

X ' coscp sincp o“ X

-sincp coscp 0 %

0 0 1 Z'm m

L et Rg =

coscp sincp 0 

-sincp coscp 0 

0 0 1

Also by  th e  d e f i n i t i o n  o f  o r th o g o n a l m a tr ix , Rg i s  an o r th o g ­

o n a l m a tr ix .  I f  th e  o r th o g o n a l s e t  o f  axes o f  th e  s t r u c tu r e -  

axes system  i s  r o t a t i o n a l l y  tra n s fo rm e d  in to  th e  o r th o g o n a l 

s e t  o f  axes o f  th e  m em ber-axes system , i t  m ust undergo two 

r o t a t i o n a l  t r a n s fo rm a tio n s  and Rg i . e . .

I \

V

^m

^m

w ^ s

=̂ s
\mmrn —J >

By th e  a s s o c i a t iv e  p r o p e r ty  o f  m a tr ix  m u l t i p l i c a t io n .
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■^m ' f  %

^m ^ s
V )

zs

L et [ R  ]  —  [ R 2 ]  C R j _  ]

T h e re fo re ,

■“ coscp sincp O' ”c o s0 0 s i n 0"

[R] = -sincp coscp 0 0 1 0

0 0 1 - s i n 0 0 COS0

R =

" c o s 0coscp sincp singcoscp 

“cosesincp coscp - s i n 0sincp

- s i n 0 COS0

[R] i s  th e  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  w hich i s  

o r th o g o n a l .

To P ro v e  th e  In v e rs e  of a R o ta t io n a l  
T ra n s fo rm a tio n  M atrix  Equal t o  

I t s  T ranspose

U sing th e  d e f i n i t i o n  o f th e  n o n s in g u la r i ty  o f  a

m a tr ix ,  i f  a m a t r ix  A i s  s a id  to  be  n o n s in g u la r ,  th e n  th e
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d e te rm in a n t o f  A i s  n o t  e q u a l t o  0 , and A m ust b e  sq u a re .

W ith t h i s  id e a , r o t a t i o n  m a tr ix ,  R, can b e  p ro v ed  n o n s in g u la r .

As i t  i s  shown, th e  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  

R i s  a sq u a re  m a t r ix ;  t h e r e f o r e ,  i f  th e  d e te rm in a n t o f  th e  

r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  R can b e  p ro v ed  n o t e q u a l 

to  0 , th e n  th e  m a tr ix  R can  b e  p ro v ed  n o n s in g u la r .

I f  th e  d e te rm in a n t o f  th e  m a tr ix  R i s  d en o ted  by 

I R I th e n

I R | =

cos0coscp sincp sin0coscp

-cos0sincp coscp -singsincp 

-sin.0 0 COS0

Expand I R| by  c o f a c to r  m ethod.

sincp sin0coscp cos0coscp sincp

Rj = (-sing) +COS0

coscp -sin0sincp -cos0sincp coscp

2 2 2 = (-sin0) (-sin cp sin0 - sing cos cp)+(cosg) (cosg cos cp +
2cos0sin cp)

2 2 2 2 2 2 = sin 0(sin cp + cos cp) + cos 0 (sin cp + cos cp) = 1 ^ 0

T h e re fo re , th e  m a tr ix  R i s  n o n s in g u la r .
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By th e  theorem  o f  th e  n o n s in g u la r i ty  o f  a m a tr ix ,  i f  a 

m a tr ix  A i s  s a id  t o  b e  n o n s in g u la r ,  i t s  in v e r s e  A ^ i s  un ique , 

W ith t h i s  id e a ,  C o ta t io n  m a tr ix  R can be p ro v ed  to  have  an i n ­

v e rs e . As p ro v ed  above, th e  m a tr ix  R i s  n o n s in g u la r ;  t h e r e ­

f o r e  [R] m ust h a v e  an in v e r s e  w hich i s  u n iq u e .

By d e f i n i t i o n ,  a m a tr ix  A w hich  i s  sq u a re  and non­

s in g u la r  t h e r e  m ust b e  a m a tr ix  B such  t h a t

A B = I  = B A

any such  m a tr ix  B i s  c a l l e d  an in v e r s e  o f  [A ].

Now l e t  t h e  r o t a t i o n  m a tr ix  [R] b e  A and th e  t r a n s ­

p o se , R^, o f  m a t r ix  R b e  B. I f  RR^ = I ;  th e n  by  d e f i n i t i o n ,
T —1 TR m ust b e  e q u a l t o  R and a ls o  by  th e  theorem  R i s  th e

o n ly  in v e r s e  o f  R.

I t  can  b e  p ro v ed  by  d i r e c t  m a tr ix  m u l t i p l i c a t io n  a s

fo llo w s ;

”  C O S 0C O S C p sincp s i n 0coscp“ co s 0 coscp - c o s 0sincp - s i n 0~

TR R = - C O S  0 sincp coscp - s i n 0sincp sincp coscp 0

- s i n 0 0 C O S 0 s i n 0coscp - s i n 0sincp C O S 0 _
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2 . .  . _ 2 , 2 . .  . _ 2 .co s  cp(cos 0+ s in  0 ) +  s in  cp -coscpsincp(cos g+ sin  0 ) + 0
coscpsincp

2 2 2 2 2 2 -coscpsincp(cos g+ sin  0 ) + s i n  cp(cos g + sin  0)+ cos cp 0
coscpsincp

0 0 1

1

0

0

0

1

0

0

0

1

= I

T -1 T h e re fo re , R = R

To D evelop th e  M a tr ix  E q u a tio n  f o r  th e  R o ta t io n a l  
T ra n s fo rm a tio n  o f a S t i f f n e s s  M a trix  o f  a 

Member Skew in  Any D ire c t io n  in  a 
T h ree -D im en sio n a l Space

U sing th e  d e f i n i t i o n  o f  th e  r o t a t i o n a l  tr a n s fo rm a tio n

m a tr ix  R, one can  s e t  up th e  fo llo w in g  two m a tr ix  e q u a t io n s :

CD^3 = [ R ] [ D J

( 1 )

( 2 )

U sing th e  d e f i n i t i o n  o f  a s t i f f n e s s  m a tr ix  o f  a member, and 

th e  a c t io n -d is p la c e m e n t  e q u a t io n , one can s e t  up th e  fo llo w ­

in g  two m a tr ix  e q u a t io n s :

[A s] = [SsDCDg] (4)
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S u b s t i t u t io n  ;

tS^]CD„] = [ R ] [S ;] [D ;]

p re m u l t ip ly  b o th  s id e s  by  th e  in v e r s e  o f th e  r o t a t i o n  

m a tr ix  R

s u b s t i t u t e  [R ][D g] f o r  [D^]

= [SgOCD;]

p o s t - m u l t ip ly  b o th  s id e s  by th e  in v e r s e  o f [C r]

= [S 3 ]

“ 1 Ta s  p r e v io u s ly  p ro v ed  [R ] = [R ]

T h e re fo re , [S ^] = [R ?][S ^^[R ]

D evelopm ent o f  a R o ta t io n a l  T ran sfo rm a tio n  M a tr ix  
f o r  a Member Skew in  a T h ree - 

D im ensional Space

W ith th e  a d v an tag e  o f  p a r t i t i o n i n g  a m a tr ix ,  one can 

d evelop  th e  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  a member 

skew in  a  th r e e -d im e n s io n a l  sp ace  j o i n t  by j o i n t .

F o r th e  sak e  o f  s i m p l i c i t y ,  one can p e rfo rm  th e  

r o t a t i o n a l  t r a n s fo rm a tio n  upon th e  end a c t io n s  o f  each  

end o f  a member skew in  a th re e -d im e n s io n a l  sp ace  in s te a d  

o f  upon th e  s t i f f n e s s  m a tr ix  o f  th e  member.
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To T ran sfo rm  th e  End A c tio n s a t  th e  i n i t i a l  
J o i n t - i  from  th e  S tru c tu re -A x e s  System  

i n t o  th e  Member-Axes System

By a p p ly in g  th e  d i r e c t i o n  c o s in e  to  g e t  th e  p r o j e c ­

t i o n  o f  one v e c to r  upon th e  o th e r ,  one can g e t  th e  p r o je c ­

t io n s  o f  a l l  th e  end a c t io n s  a t  th e  j o i n t - i ,  w hich a re  in  

th e  d i r e c t i o n s  o f  th e  s t r u c tu r e  a x es , upon th e  member axes 

by th e  d i r e c t i o n  c o s in e s  as shown in  th e  fo llo w in g  s im u l­

tan e o u s  e q u a t io n s ;

Vy = 4  ^21 + 4  ^22 + ^̂ 23

=  ^ x  ^ 3 1  +  ^ y  ^ 3 2  +  V g  ^ 3 3

^x  = 4  4 l  + 4  ^12 + ^Z ^ 1 3

^y -  ^21 ^y ^22 ^2 ^23

^2 = ^ x  ^31 + 4  ^32 + K ^33
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The m a t r ix  e q u a t io n  f o r  th e  above s im u lta n e o u s  e q u a t io n s  i s
r . r

“ x

“y

5 . m

H i ^12 ^13

^21 ^22 ^23

^31 ^32 ^33

0

^11 ^12 ^13

X , X X^21 22 23

^31 ^32 ^33

V,

v;

V

m;

m;

M

I f  l e t  R be th e  r o t a t i o n  m a tr ix  f o r  1 s e t  o f  o r th o g o n a l 

com ponents a t  j o i n t  i ,  th e n

’Hi 1̂2 Hf
= 2̂1 2̂2 2̂3

3̂1 3̂2 3̂3

And i f  l e t  b e  th e  r o t a t i o n  m a tr ix  f o r  2 s e t s  o f o r th o g ­

o n a l com ponents a t  j o i n t  i ,  th en

R  ̂ ! 0

0 I R^
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The above m a tr ix  e q u a tio n  can  b e  a b b re v ia te d  as
,1■r ^ 0

R^_ 0

V

M

P re m u lt ip ly  b o th  s id e s  o f  th e  above a b b re v ia te d  m a tr ix  

e q u a tio n  w ith  th e  in v e r s e  o f  one can g e t

V XV V

R

-1 —iV

“1M

T h e re fo re ,

v "

. . iM _ s

v^'

7 . s

T —1V

—iM m
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To T ransform  th e  End A c tio n s  a t  th e  T erm ina l 
J o i n t - j  from  th e  S tru c tu re -A x e s  System 

in to  th e  Member-Axes System

Based on th e  same id e a  u sed  on j o i n t - i ,  one can

h av e  th e  fo llo w in g  s im u lta n e o u s  e q u a tio n s :

= 4  ^ 1 1  + i  ^12  + ' 'z  ^13

= 4  ^21 + ''y  ^22 + '^z '^23

^ z  = 4  S i  + 4  S 2 + 4  S 3

iÇ = Si + “y S2 + “z S3

4  Si + S 2 + “z S 3

M2 4  Si + 4  S 2 + 4  S 3

M a tr ix  -eq u a tio n  f o r  th e  above s im u lta n eo u s  e q u a tio n s  i s

4

4

4

4

4 m

^11 ^ 1 2  ^13 j 

^21 ^

^31 ^

22 ^23 1
1

0

32 S 3 j _

1 ^11 ^12 ^13
0 1

1 ^21 ^22 ^ 2 3

1 ^31 ^32 ^33

[41
4
1

X

4
L M̂uZ
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I f  l e t  b e  t h e  r o t a t i o n  m a tr ix  f o r  1 s e t  o f  o r th o g o n a l 

com ponents a t  j o i n t  j ,  th e n

\ l ^ 1 2 ^13

RÎ = ^21 ^22 ^23

^31 ^32 ^33

And i f  l e t  R^ b e  th e  r o t a t i o n  m a tr ix  f o r  2 s e t s  o f  o r th o g ­

o n a l  com ponents a t  j o i n t  j ,  th en

=

I

The above m a t r ix  e q u a tio n  can be a b b re v ia te d  a s

^3" R̂ 1 V3"

m 0

P re m u lt ip ly  b o th  s id e s  o f  th e  above a b b re v ia te d  m a tr ix  

e q u a tio n  w ith  th e  in v e r s e  o f  R^, one can g e t

VÎ" ”  1 ' 1 R  ̂ 1 0 - 1

7 s

1 -  -  
_  0 1 R̂ _ MÎ
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Therefore,

—fin

l # ë , f

The r o t a t i o n  m a tr ix  r e q u ir e d  to  tra n s fo rm  t h e  o rth o g o n a l 

components o f  th e  s t r u c tu r e - a x e s  system  in to  th e  o r th o g ­

o n a l com ponents o f  th e  m em ber-axes system  i s  R^;

I.e.

0 [ 0

0 I 0 [ 0

o]}] 0
1

0 1
1

0 1 0 ]

^ 1 1  ^12 ^13 
^2 1 ^ 2 2  ^23 
^31 ^32 ^33

I
^12 ^131

0
"11
^21  ^22 ^2 s |
^31 3̂2 ^331• rnmm «W —  —# w— ^  —V ■—  ^  —

, ^ 1 1 ^ 1 2 ^ 1 3  
0 I ^21 ^22 ^23

I 3̂1̂ 32 3̂3mm «a» —I ^ 1  ^ 2  ^ 3  
^21 ^22 ^23 
^31 ^32 ^33
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The r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  r e q u i r e d  to

t ra n s fo rm  th e  o r th o g o n a l com ponents o f  th e  m em ber-axes

sy stem  i n to  th e  o r th o g o n a l com ponents o f th e  s t r u c t u r e -
Tax es system  i s  (R^) :

0

0

(R^)

0 0

0 (R^)T 0 0
0 0 (R i)T 0

0 0 0 (R^)^

^11 ^ 2 1  ^ 3 1  
^12 ^ 2 2  ^32 
^13 ^23 ^33

*"^11 ^ 1  ^31^ 
^12 ^22 ^32

0 ^12 ^22 ^32 
^13 ^23 ^33

■^11 >̂21 
1̂2 2̂2 ^32 

^13 ^23 ^33

R o ta t io n a l ly  T ran sfo rm ed  S t i f f n e s s  M a tr ix  o f  a 
P r is m a t ic  Member Skew, i n  a T h re e -  

D im ensional Space

The s t i f f n e s s  m a tr ix  o f  a p r i s m a t ic  member skew in

a th r e e -d im e n s io n a l  sp ace  e s t a b l i s h e d  on th e  b a s i s  o f  lo c a l

ax es  w i l l  be  r o t a t i o n a l l y  tra n s fo rm e d  i n to  a m a tr ix  on th e
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b a s i s  o f  r e f e r e n c e  ax es w hich w i l l  b e  e x p re s se d  in  t h e  

same way a s  i t  was in  C h ap te r I I I ;  t h a t  i s ,  th e  r o t a t i o n a l l y  

tra n s fo rm e d  s t i f f n e s s  m a tr ix  o f  a p r i s m a t ic  member i - j  i s  

e x p re s s e d  as

,1 - ]  =

s i - 1  I s i - i

and

S — ^ ] n,m — 1 , 2 , . . . . 1 2

in  w hich  th e  s ' s  a r e  th e  su b m a tr ic e s  o f  th e  s t i f f n e s s  

m a tr ix ,  i ,  j  r e p r e s e n t  th e  two ends o f  th e  member, and  n 

and m a r e  th e  num bers o f  th e  c o o rd in a te s  a t  th e  two ends o f  

th e  member. The s ' s  a re  e x p re sse d  in  th e  fo llo w in g  t a b l e s :



TABLE 7

SUBMATRIX OF A ROTATIONALLY TRANSFORMED STIFFN ESS MATRIX

(A ,y /

rAz-z) /gHfAj.XAf)) (A ,̂; rA3/>

- ê ^ e  Aw/ > (A^a^ 

(A^a)Aa/;

^ A /z / -^£3î ( - ^ z z X ^ j i  ) 0

fAw)

z
= ^ ( A z , ;A w  )

- - ^

r A y , /

( A ,, /

^ f A „ /

A ») A « ;  

■ ^ 0 ^ 2 , )  ( X ^

(^4 A ,J  (A/) )

0 _<sg^_ (X^gj(J\^^ ) (y ) Ay^) 

_ r£ £ ^  Az, ) A zz)

/A /^ y  

f A ^ /

} AA,j ) 

—̂!£^LfAz^ ) (Aza)Z.

A „ ) A /j )
Z

/Ajy)(AW

A yg)fA »)

■ r^^i^. CK jg^cXji)

( A y , /

œ•vj



TABLE 8

SUBMATRIX OP A ROTATIONALLY TRANSFORMED STIFFNESS MATRIX

L
-/^£Jb r\ va._)

rA,,KA/3) --^ fiL -C X zzX X s,) Æ ^ ( X j. , ) ( ^ 3 ^ )

— /V .,) <1 ,,1y2 )/ 5V

~ t \ , \/X IX . ,  f 0

'■ '^^h [X 2 ,)0 ^2 z)

z
i - K z i f iX izU Xzi)

-^A ir  f \  )fx 'i .- A ^ x ^ ( X /} f = â ^ ( X ^ ,H X 3 s }

- ^ ÿ ^ l X z i H X i , )

/-\23 }Ml  ̂ /fĉs/3 '
( X z j f

Z^!££âLlK iif

(*Â2 /
Z^^fAgaXAag)

fA„/

" ( y ( X . . ) ( Xy2) -<^_/A„) fA,g)■ (-̂22 )(^âl? ^ V3*
A,XA^) — A\?/) fA^i) zg.f̂ .fÂ /)fÂ ,) 

(A,g, ) (A3 3)

' < 3 S I y /V _ K,\ 0 <Z»B^ aX ,_ ^ -<?.4kcA/̂ y t X . f )(A/j)-— 22
(Xj i )  ( Xz z )

Z
. ^ i ^ l X z z  HXzi)

• < S / I  \/ I \ . z S ^ ( X , i ) l X , s ) — Ay. ̂X/j  )(A/) ) ~ ^ / x  rA„/
~~^Z * ' *^3B / z

(Â ,;/Â @)
-^^^fA^yXAag)

■ ^ ^ ( X z z ) i X 2 , )

Z

AfA. rA«/

s " - : =

00
00



TABLE 9

SUBMATRIX OP A ROTATIONALLY TRANSFORMED. STIFFN ESS MATRIX

-/zex.
- £ A x

~/££̂X,̂
 1̂2! ) ̂ 2Z )

— £" Ax 
Z-/2.eXf

:?i£-
IẐ

<Z£X,̂  fAij) (Aÿ/)

Z ^ fA /z X A /g j

= 3 -^ =

:Ai^fA„XA/g) ZL^:&fA^,XAw)

CAzaXAM) œkO

Z L ^ /A „  f
£SXy

z±^(x„)(-K2) 
~f‘=' (\2,)(-Kez)

ÏA^/) (A^^)

::4 =^(A„)(A/,;

(Ail ) (A;;a)

z
Zf-Ty

f A „ / -<r-2V ) fA/j)

/A^^XA^a;

-S-ÿiï- fAii XA« ) -̂ 5/^YAi» ) <Ai*; fA//) (A/^3
-&exy



TABLE 10

SUBMATRIX OF A ROTATIONALLY TRANSFORMED STIFFNESS MATRIX

- £ ^  (A// ) (\/s ) ~ /'Ai; )fAg;)

ŷ ex. rA ii/

-^ /A c g X A /i)  

A-ii ) î 23 )
^Agg )^Aj; ) /A ü  ) tArfs )

Z-*

.^ ^ rA ,/X A /')  

z2£^5£/'A2; )

^A« )fA/f J 

) (Aif )

/Ai/)4A39^ -<ôB7f (Aï, )<’A^j)

-gg^fAiaXAa;) VDO

— 6 ^ /Agi )(Aj/ ) -^|S;/Ai/xAâ3;

=^^/A^S>A3;)

/A/; y -5^£/A j; KA/i) — /A/j^A/j;
Ĵ £Sy ) (\ji)

/Ai,;/As 3)

-^g^/AggXAjj) -^ (X „)(A /;? ) 

■•Ẑ-Ty Ai;)fAzi)

GJTjr rA/i )'

/A gi/

- /A/i ) ( A/j ̂

/Agi )(>.«;

-G ex.
Z'

-Sp-fA isîfA g,)

-^ /A g ,) (X „ ; _^k./A // ; f A/j ) 

z£|è/Ai;)/A23)
■J f p  /A31; A îî^

-^^(A /g  jrA/g;

Agi ) AW
z & p /A gj/
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R o ta tio n  M a trix  f o r  a V e r t i c a l  Member

L et member i - j  b e  a v e r t i c a l  member w hich i s  p e rp e n d ic u la r

to  th e  Xg-Zg p la n e .  Then i t  can b e  assum ed t h a t ,  0, th e

a n g le  o f  r o t a t i o n  ab o u t t h e  Y ^ -ax is  i s  0° and , cp, th e  a n g le

o f  r o t a t i o n  ab o u t th e  Z a x is  w hich  i s  a ls o  th e  Z - a x i s  i sm s
90° c o u n te r  c lo c k -w is e . The d i r e c t i o n  c o s in e s  a r e  as 

fo llo w s  :

^11 “ cosa^  = co s  0° co s  90° = 0

^12 “ cosp^ = c o s (9 0 ° -9 0 ° )  = 1

13 = cosy^ = co s 90° c o s  90° = 0

^21 “ cosUg = c o s (90 +90 )cosO = -1

22 = cosgg = coscp = co s  90° = 0

^23 “ COSY2 = c o s (90 +90 )co s  90 = 0
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X31 = cosag  = c o s(9 0 °+ 0 °) = 0

X32 = cosPg = co s  90° = 0

A.33 = cosYg = COS0 = cos 0 ° = 1

The r o t a t i o n  m a tr ix ,  R, w hich i s  form ed w ith  th e  X 's , 

would a p p e a r  a s

^ 1 1 ^12 ^13 - 0 1 0"

R = ^21 ^22 ^23 = - 1 0 0

^31 ^ 3 2 ^33 0 0 1

R ^  =  R ]  =  R

R^ 0

0 R2 

R  ̂ 0

0 RÎ

RÎ 0 

0 Rj

In  c o n c lu s io n , th e  d ev e lo p ed  r o t a t i o n a l  t r a n s fo rm a tio n  r e l a ­

t i o n  in  X system  i s  good f o r  a  member skew in  any d i r e c t io n ,  

in c lu d in g  a v e r t i c a l  member, in  a th re e -d im e n s io n a l  sp a ce .



CHAPTER V

"NUMERICAL EXAMPLE" (5 )— PLANE FRAME WITH 

DISTRIBUTED LOAD AND INTERMEDIATE 

CONCENTRATED LOAD

A p la n e  fram e h av in g  two m em bers, t h r e e  j o i n t s ,  

s i x  r e s t r a i n t s ,  and th r e e  d e g re e s  o f  freedom  i s  to  be 

a n a ly z e d  by th e  d isp la c e m e n t m ethod.

Ay

PL 3L

■X

F or th e  p u rp o se  o f  a n a l y s i s ,  i t  i s  assum ed t h a t  th e  

c r o s s - s e c t io n a l  a re a  A and th e  moment o f  i n e r t i a  I^  a r e  con­

s t a n t  th ro u g h o u t th e  s t r u c t u r e ,  and u n i t s  o f  k ip s ,  in c h e s  

and r a d ia n s  a re  u sed  th ro u g h o u t th e  a n a l y s i s .

a # - 93
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The p ro c e d u re  t o  be fo llo w ed  in  th e  a n a ly s is  i s  a s  fo llo w s ;

Numbering System 

The num bering system  f o r  members, j o i n t s ,  and d i s ­

p lacem en t i s  g iv en  in  th e  fo llo w in g  f ig u r e .

Z

Numbers in  c i r c l e s  a re  th e  numbers f o r  th e  j o i n t s .  

Numbers in  sq u a re s  a re  th e  numbers f o r  th e  members. Numbers 

w ith  th e  arrow  heads a re  th e  numbers f o r  th e  c o o rd in a te s  

a t  th e  ends o f  th e  members, and th e y  a re  p o in t in g  in  th e  

p o s i t iv e  d i r e c t i o n s .
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in fo rm a tio n  

J o i n t  In fo rm a tio n  f o r  th e  Frame

J o i n t s
C o o rd in a te s  ( in ) R e s t r a in t  L i s t

X Y X Y Z

1 100 75 0 0 0

2 0 75 1 1 1

3 200 0 1 1 1

Member In fo rm a tio n  f o r  th e  Frame

Member I n i t i a l T erm in a l L ength Area Iz E
Numbers . End End (in ) (in^) (in4) (k s i)

1 2 1 100 10 1 ,0 0 0 1 0 , 0 0 0

2 1 3 125 10 1 ,0 0 0 1 0 , 0 0 0

Member A n a ly s is  

F o r th e  c o n v en ien c e  i n  th e  p ro c e s s e s  o f a n a ly s i s ,  

th e  o r i g in  o f  th e  a x e s  f o r  th e  w hole s t r u c tu r e  i s  ta k e n  a t  

th e  p o in t  w hich i s  on  th e  same v e r t i c a l  l i n e  w ith  th e  j o i n t  

2 and on th e  same h o r i z o n t a l  l i n e  w ith  th e  j o i n t  3. F o r 

th e  m em ber-axes sy s te m , th e  o r i g i n  i s  tak e n  a t  th e  i n i t i a l  

end o f  each  member.

The a n a ly s i s  o f th e  w hole s t r u c tu r e  i s  done by  p r o ­

c e s s in g  each  o f  th e  members o f  th e  fram e s e p a r a te ly  and i s
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b a se d  on th e  l o c a l  axes system  o f each  o f th e  members. The 

d isp la c e m e n t m ethod i s  em ployed f o r  th e  a n a ly s i s  o f  each o f 

th e  members o f  t h e  fram e a s  fo llo w s ;

A n a ly s is  o f  Member 1

C a lc u la t io n s —S e c tio n  P r o p e r t ie s

EA = 1 0 ,0 0 0 (1 0 ) = 100,000

EI^ = 1 0 , 0 0 0 ( 1 , 0 0 0 )  = 1 0 , 0 0 0 , 0 0 0

= ( 1 0 0 ) 2  = 1 0 ,0 0 0

= ( 1 0 0 ) 2  ^  1 , 0 0 0 ,0 0 0

2EÎ  ^  2 (lQ.f_QOÔ  00^  = 2 0 0 ,0 0 0

4EI__z = 4 (1 0 ,9 0 0 ,0 0 0 ). = 400,000

6EI 6 (1 0 , 0 0 0 , 0 00). ,
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12E I. 1 2 (1 0,0 0 0,0 00)
1 , 0 0 0 ,0 0 0 = 120

S in ce  th e  m em ber-axis o f  member 1 i s  c o in c id e n t  w ith  th e

X -ax is  o f  th e  s t r u c tu r e - a x e s  system , no r o t a t i o n a l  t r a n s -
1 1fo rm a tio n  i s  needed , i . e . ,  [S ^ ] = [S ^ ] .

F o rm u la tio n  o f  S t i f f n e s s  M a tr ix  on th e  B asis

Axes System)

L

0

0

12EI^
0

6EIz

-EA^
L

0

0

- 12E Iz

0

6 EI z
l 2

0
6 EI^

l 2

4EIz

L
0

- 6EI z
L

-EA^
0 0 0 0L L

0
-12E I^ - 6 EIz

0
12EI z - 6EI z

0
6 EIz

l 2

2EIz

L
0

- 6 EI^ 4EI^

L

S u b s t i tu t io n :

1 ,0 0 0
0
0

- 1 ,0 0 0
0
0

0

120
6 ,0 0 0

0

-1 2 0

6 ,000

0
6 , 0 0 0

400.000 
0

- 6 , 0 0 0

2 0 0 .0 0 0

- 1 ,000
0

0

1 ,000
0
0

0
-120
- 6 ,0 0 0

0

120
- 6 ,0 0 0

0
6 , 0 0 0

200 ,000
0

- 6 , 0 0 0

400 ,000
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A n a ly s is  o f  Member 2

3L
4

C a lc u la t io n s  

S e c tio n  P r o p e r t ie s

EA = 10 ,0 0 0 (1 0 ) = 100,000

E lg = 1 0 ,0 0 0 (1 ,0 0 0 ) = 1 0 ,0 00 ,000

= (125)2 ^ 15,625

= (125)2 ^ 1 ,9 5 3 ,1 2 5

2EI.
L

f \j\j\j % yjyjyj
125

4EI^ 4 0 .0 0 0 ,0 0 0
L 125

6EI z 6 0 .0 0 0 .0 0 0
■ 15 ,625
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12EI 120 ,000 ,000
 ^  = -------------------  = 61 .44

L 1 ,953 ,125

D ire c t io n  C osines

F or th e  c a lc u la t io n  o f  th e  d i r e c t i o n  c o s in e s ,  th e  

o r ig in  f o r  th e  two k in d s  o f  a x is  system s i s  ta k e n  a t  th e

j o i n t  1 . The c o o rd in a te s  o f t h e  j o i n t  3 w . r . t .  th e  s t ru c -
3Titu r e  axes o r i e n ta t e d  a t  th e  j o i n t  1 a re  = L,

I t  can b e  assum ed t h a t  th e  a n g le  0 i s  0 and th e  

a n g le  cp i s  n e g a t iv e .  T h e re fo re , cos0 = 1, s i n  0 = 0 ;  

cos(-cp) = 0 .8 ,  sin(-cp) = - 0 .6 .  The \ ' s  a re  a s  fo llo w s  :

^11 ~ co sa^  = c o s 0cos(-cp) = 0 . 8

^12 = cosg^ = cos[90°-(-cp) ] = -0 .6

^13 ~ cosy^ = cos (9O°-0) cos (-cp) = 0

^21 “  cosUg = cos0cos[9O °+ (-cp) ] = 0 .6

^22 ~ COS&2 = cos(-cp) = 0 . 8

X-23 = cosYg = COS( 9 0 ° - e ) c o s [9 0 °+ (-cp) ] = 0

A 0
31 ~ cosUg = COS(90 +0) = 0

I 32  = cosgg = cos 90° = 0

= COSY3 = COS0 = 1



100

F o rm u la tio n  o f  R o ta t io n a l  M a tr ix

The r o t a t i o n a l  t r a n s fo r m a t io n  m a tr ix  o f  member 2,
which i s  composed o f  th e  d i r e c t i o n  c o s in e s  o f  th e  member

w . r . t .  t h e  s t r u c t u r e  a x e s , i s  t h e  co m b in a tio n  o f  th e  r o t a -
1 3t io n  m a tr ic e s  [R ] and [R ] o f  th e  ends 1 and 3 re sp e c tiv e ly .

[R^] =

0 . 8

0 . 6

- 0 . 6  0 

0 . 8  0 , [R^] =

0 . 8

0 . 6

- 0 . 6  0 

0 . 8  0

_ 0 0 1 0 0 1

T h e re fo re , th e  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  f o r  th e

member 2 i s

[R^]
R^ I 0

I- R‘

0 .8 —0. 6 ol
0 . 6 0 . 8 0

0 0 11
, 0 . 8 - 0 . 6 0

0 1 0 .6

: 0

0 .8 0
0 1

S t i f f n e s s . M a tr ix  o f  Member 2

The s t i f f n e s s  m a tr ix  f o r  th e  member 2 b a sed  on th e  
2

l o c a l  a x es  sy stem  i s  [S ^^:

=

800 0
0 6 1 .44
0 3840 320000

-800 0 0
0 -6 1 .4 4  -3840
0 3840 160000

0 -800 0 0 

3840 0 -6 1 .4 4  3840
0

800
0

-3840 160000
0

6 1 .4 4
0

-3840
-3840 320000
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R o ta t io n a l  T ra n s fo rm a tio n

The s t i f f n e s s  m a tr ix  f o r  th e  member b a se d  on th e  

s t r u c tu r e - a x e s  sy s tem  can  be o b ta in e d  by  th e  fo llo w in g  r o t a ­

t i o n a l  t r a n s fo r m a t io n  e q u a tio n :

The r e s u l t  o f  t h i s  r o t a t i o n a l  t r a n s fo rm a tio n  i s  

g iv en  a s  f o l lo w s :

6 4 0 .0 0  36 .86  2304.00 -6 4 0 .0 0  -3 6 .8 6  2304.00
-4 8 0 .0 0  4 9 .1 5  3072.00 480 .00  -4 9 .1 5  3072.00

0 .0  3840 .00  320000.00 0 .0  -3 8 4 0 .0 0  160000.00
-6 4 0 .0 0  -3 6 .8 6  -2304 .00  640 .00  36 .86  -2304 .00

4 8 0 .0 0  -4 9 .1 5  -3072 .00  -4 8 0 .0 0  49 .15  -3072 .00
0 .0  3840 .00  160000.00 0 .0  -3 8 4 0 .0 0  320000.00

534 .12 -3 5 4 .5 1 2304.00 -5 3 4 .1 2 354 .51 2304.00
-3 5 4 .5 1 327 .32 3072.00 354.51 -3 2 7 .3 2 3072,00
2304.00 3072.00 320000.00 -2 3 0 4 .0 0 -3 0 7 2 .0 0 160000.00
-5 3 4 .1 2 354 .51 -2304 .00 534.12 -3 5 4 .5 1 -2 304 .00

354 .51 -3 2 7 .3 2 -3072 .00 -3 5 4 .5 1 327 .32 -3 0 7 2 .0 0
2304.00 3072.00 160000.00 -2 3 0 4 .0 0 -3 0 7 2 .0 0 320000.00



TABLE 11

Joint Stiffness Matrix for the Frame 
(in structure axes system)

1 5 3 4 .1 2 -3 5 4 .5 1 2 3 0 4 .0 - 1 0 0 0 . 0 0 . 0 0 . 0 -5 3 4 .1 2 3 5 4 .5 1 2 3 0 4 .0

-3 5 4 .5 1 4 4 7 .3 2 -2 9 2 8 .0 0 . 0 - 1 2 0 . 0 -6 0 0 0 .0 3 5 4 .5 1 -3 2 7 .3 2 3 0 7 2 .0

2 3 0 4 .0 -2 9 2 8 .0 7 2 0 0 0 0 .0 0 . 0 6 0 0 0 .0 2 0 0 0 0 0 . 0 -2 3 0 4 .0 -3 0 7 2 .0 1600 0 0 .0

- 1 0 0 0 . 0 0 . 0 0 . 0 1 0 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0

0 . 0 - 1 2 0 . 0 6 0 0 0 .0 0 . 0 1 2 0 . 0 6 0 0 0 .0 0 . 0 0 . 0 0 . 0

0 . 0 -6 0 0 0 .0 2 0 0 0 0 0 . 0 0 . 0 6 0 0 0 .0 4 0 0 0 0 0 .0 0 . 0 0 . 0 0 . 0

-5 3 4 .1 2 3 5 4 .5 1 -2 3 0 4 .0 0 . 0 0 . 0 0 . 0 5 3 4 .1 2 -3 5 4 .5 1 -2 3 0 4 .0

3 5 4 .5 1 -321.22 -3 0 7 2 .0 0 . 0 0 . 0 0 . 0 -3 5 4 .5 1 3 2 7 .3 2 -3 0 7 2 .0

2 3 0 4 .0 3 0 7 2 .0 1 600 0 0 .0 0 . 0 0 . 0 0 . 0 -2 3 0 4 .0 -3 0 7 2 .0 3200 0 0 .0

oto
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J o i n t  S t i f f n e s s  M a trix  o f  J o i n t  1 

S ince  o n ly  j o i n t  1 w i l l  have d is p la c e m e n ts , th e  

s t i f f n e s s  m a tr ix  f o r  j o i n t  1 i s  needed  and can  he  o b ta in e d  

by  com bining th e  s t i f f n e s s  a t  a l l  th e  c o o rd in a te s  a t  j o i n t  

1 on member 1 w ith  t h a t  on member 2 , a s  shown in  th e  fo llo w ­

in g  su b m a trix  [Sy] o f  [S j ]  :

[Sj] =
1534.1 -3 5 4 .5  2304.0

-3 5 4 .5  447 .3  -2 9 2 8 .0

2304.0 -2 9 2 8 .0  720000.0

-1
L e t [ S j ]  b e  th e  in v e r s e  o f  [S y ], th e n

[Sj]
-1

0.79799129E-03 0.63255767E-03 0 . 18829034E-07

0.63255767E-03 0 . 27981977E-02 0 . 93551516E-05

0.18828966E-07 0 . 93551516E-05 0 . 14268728E-05

L oading A n a ly s is  

L oading  System  on Member 1

2 .4  fw=

P L =1000^ ’̂ "^^P®



1 0 4

Nodal A c tio n s

PL=1 0 0 0 ^^"k^P^

Nodal a c t io n  v e c to r  on member 1 Is fA ^ :

[A^] = [0 , -1 0 , -1000 , 0 , 0, 0 ] .......... Column M atrix

D is t r ib u te d  L oading System

_20( , i n - k l p s / ^  

0
W= 2.4!

v2= _i2kiPS 
y

m’-^ +2 00 i" -k iP SZ

t i )

v j  = - i z k i p s

S in c e  member 1 i s  p a r a l l e l  to  th e  X -a x is  o f th e  

s t r u c tu r e - a x e s  sy stem , th e  e q u iv a le n t  n o d a l a c t io n  v e c to r  

on member 1 can be  d i r e c t l y  o b ta in e d  a s  th e  fo llo w in g  

m a tr ix :

[A^] = [0 , -1 2 ,  200, 0 , -1 2 ,  -200 ]
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L oading  System  on Member 2

125 in

inL=100

Nodal A c tio n s

Nodal a c t io n  v e c to r  on member 2 i s  [A ^

[ a f ]  = [0 ,  0,  0,  0,  0,  0]

D is t r ib u te d  L oad ing  System  
( I n te rm e d ia te  L o a d in g .System)

X



1 0 6

The c o n v e rte d  n o d a l a c t io n  v e c to r  on th e  b a s i s  o f  member-
02

a x e s  system  i s  [A gJ;

.02[AJ] = [6 , - 8 ,  -2 5 0 , 6 , -8 ,  250]

The e q u iv a le n t  n o d a l a c t io n  v e c to r  on member 2, b a se d  on th e
2

s t r u c tu r e - a x e s  sy s tem , i s  [A ^ ] :

[S ^ ] =

The r e s u l t  o f th e  above m a t r ix  m u l t i p l i c a t io n  i s  g iv e n  a s  

t h e  fo llo w in g  m a tr ix ;

. . . i n  th e  d i r e c t i o n  o f  c o o rd in a te  X a t  j o i n t  1

. . i n  th e  d i r e c t i o n  o f  c o o rd in a te  Y a t  j o i n t  1

. . i n  th e  se n se  o f  c o o rd in a te  Z a t  j o i n t  1 

. . i n  th e  d i r e c t i o n  o f  c o o rd in a te  X a t  j o i n t  3

. . . i n  th e  d i r e c t i o n  o f  c o o rd in a te  Y a t  j o i n t  3

. . i n  th e  s e n s e  o f  c o o rd in a te  Z a t  j o i n t  3 

The f i n a l  e q u iv a le n t  a c t io n s  a t  a l l  th e  nodal p o in ts  o f  th e

0 .Ô "

-1 0 .0 0

-2 5 0 .0 0

0 .0

-1 0 .0 0

2 5 0 .00_

1 2fram e i s  th e  c o m b in a tio n  o f  Ag and Ag, which i s  e x p re sse d  

a s  [A g]:

[Ag] = [0 , -2 2 , -5 0 , 0 , -1 2 , -2 0 0 , 0 , -1 0 , 250]

The f i n a l  n o d a l a c t io n s  a t  a l l  th e  n o d a l p o in ts  o f  th e  fram e 

i s  th e  co m b in a tio n  o f  A and Ag w hich i s  e x p re sse d  a s  [A ^]:

A^ = [0 , -3 2 , -1 0 5 0 , 0 , -1 2 , -2 0 0 , 0 , -1 0 , 250]
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The j o i n t  d isp la c e m e n ts  a t  t h e  r i g i d  j o i n t  1 i s  c a l ­

c u la te d  by  th e  fo llo w in g  m a tr ix  e q u a t io n :

[D j] = [ S ] - l [ A l ]

w here [D j] i s  th e  m a tr ix  o f  th e  j o i n t  d isp la c e m e n ts  a t  

j o i n t  1 , [S]~^ i s  th e  in v e r s e  o f  th e  su b m a trix  o f th e  j o i n t  

s t i f f n e s s  m a tr ix  f o r  th e  w hole fram e b a se d  on th e  s t r u c t u r e -  

a x es  sy s te m , which r e l a t e s  th e  n o d a l a c t io n s  a t  th e  c o o r­

d in a t e s  1 , 2, 3 t o  th e  j o i n t  d isp la c e m e n ts  a t  th e  c o o rd in a te s  

1, 2 , 3, [A^3 i s  th e  m a tr ix  o f  th e  n o d a l a c t io n s  a t  j o i n t  1 

shown be low .

0

-32

-1050

.n o d a l a c t io n  a t  c o o rd in a te  1 o f  j o i n t  1

.n o d a l a c t io n  a t  c o o rd in a te  2 o f  j o i n t  1

.n o d a l a c t io n  a t  c o o rd in a te  3 o f  j o i n t  1

T h e re fo re ,

[D j] =

-0 .0202597

-0 .0993653

-0 .0017976

The m a tr ix  o f  th e  j o i n t  d isp la c e m e n ts  f o r  th e  w hole 

fram e i s  [D j] :

Dj = [ -0 .0 2 0 2 6 , -0 .0 9 9 3 6 , -0 .0 0 1 7 9 7 , 0 , 0, 0 , 0 , 0 , 0]

The nodal a c t io n s  a t  th e  o th e r  two ends due to  th e  

g iv e n  e x te r n a l ly  d i s t r i b u t e d  lo a d s  a r e  shown in  th e  fo llo w in g



1 0 8

column m a tr ix * r l ‘

0 . . .n o d a l a c t io n a t c o o rd in a te 4 o f j o i n t 2

-1 2 . . . n o d a l a c t io n a t c o o rd in a te 5 o f j o i n t 2

-2 0 0 . . .n o d a l a c t io n a t c o o rd in a te 6 of j o i n t 2

0 . . . n o d a l a c t io n a t c o o rd in a te 7 o f j o i n t 3

-1 0 . . . n o d a l a c t io n a t c o o rd in a te 8 o f j o i n t 3

250 . . . n oda l a c t io n a t c o o rd in a te 9 o f j o i n t 3

Where

The r e a c t io n s  a t  th e  two f ix e d  ends o f  th e  fram e from 

th e  su p p o r ts  a re  c o n ta in e d  in  th e  column m a tr ix  [A ^ ]. [A^]

i s  o b ta in e d  from th e  fo llo w in g  m a tr ix  e q u a t io n ;

t v  =  t v . ]  +  t S j ^ ] [ D ^ ]

0.(51 ...reaction force due to load on 
member 1 at the coordinate 4 
of joint 2

1 2 . 0  . . . r e a c t i o n  f o r c e ,  due t o  lo a d  on 
member 1, a t  th e  c o o rd in a te  5 
o f  j o i n t  2

2 0 0 . 0  . . . r e a c t i o n  c o u p le , due to  lo a d  on 
member 1 , a t  th e  c o o rd in a te  6 

o f  j o i n t  2 

0 . 0  . . . r e a c t i o n  f o r c e ,  due to  lo a d  on 
member 2, a t  th e  c o o rd in a te  7 
o f  j o i n t  3

1 0 . 0  . . . r e a c t i o n  f o r c e ,  due t o  lo ad  on 
member 2 , a t  th e  c o o rd in a te  8 

o f  j o i n t  3
-2 5 0 .0  . . . r e a c t i o n  c o u p le , due t o  lo a d  on 

member 2, a t  th e  c o o rd in a te  9 
o f  j o i n t  3



1 0 9

[Sjyj] i s  th e  su b m a trix  o f  t h e  j o i n t  s t i f f n e s s  m a tr ix  o f  th e  

w hole fram e b a sed  on th e  s t r u c tu r e - a x e s  system  w hich r e l a t e s  

th e  j o i n t  d isp la c e m e n ts  a t  t h e  c o o rd in a te s  1, 2, 3 t o  th e  

n o d a l a c t io n s  a t  th e  c o o rd in a te s  4 , 5, 6 , 7, 8 , 9 , [D j] i s  

th e  m a tr ix  o f  th e  j o i n t  d is p la c e m e n ts  a t  j o i n t  1 .

[SR o][D t] =

20.25

1 .13

236.67

-2 0 .2 6

30.86

-6 3 9 .5 4

T h e re fo re ,

20.25

13.13

436.67

-2 0 .2 6

40 .86

-8 8 9 .5 4

. .R e a c t io n  f o r c e  a t  t h e  c o o rd in a te  4 o f  j o i n t  2

. .R e a c t io n  f o r c e  a t  th e  c o o rd in a te  5 o f  j o i n t  2

. .  R eac tio n  moment a t  th e  c o o rd in a te  6 o f 
j o i n t  2

. .R e a c t io n  f o r c e  a t  th e  c o o rd in a te  7 o f  j o i n t  3

. .R e a c t io n  f o r c e  a t  th e  c o o rd in a te  8 o f  j o i n t  3

. .  R eac tio n  moment a t  th e  c o o rd in a te  9 o f 
j o i n t  3

The l a s t  s t e p  in  th e  p ro c e ss  o f  a n a ly s i s  i s  t o  d e te rm in e  th e  

end—a c t io n s  o f  th e  members o f  th e  fram e. The meitüaer end— 

a c t io n s  on each member i s  o b ta in e d  by  adding  th e  a c t io n s  a c t ­

in g  on th e  member ends due t o  th e  d isp la c e m e n ts  a t  th e  j o i n t  1
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t o  th e  a c t io n s  due to  th e  e x te r n a l l y  a p p lie d  lo a d in g  system  

on each  member. The a c t io n s  a c t in g  a t  b o th  ends o f  each  

member due to  t h e  j o i n t  d is p la c e m e n ts  i s  o b ta in e d  by  th e  

m a tr ix  e x p re s s io n  w here i  i s  th e  member

number in  th e  num bering sy s te m . The a c t io n s  a c t in g  a t  

b o th  ends o f  member 1 a re

-1 0 0 0  0 0

0 - 1 2 0  6000
0 -6000 200000  

1000  0 0
0 120  -6000
0 -6000 400000

-1000  0 0  "

0 - 1 2 0  6000
0 -6000 200000

1000  0 0
0 120  -6000
0 -6000 400000

1 0  0 -0 .0 2 0 2 5 9 7
0 1 0 - 0 .0 9 9 3 6 5 3
0 0 1 j - 0 . 0017976

-0 .0202597
-0 .0993653
-0 .0017976

" 20.2597008" 
1 .1382343 

236.6716617 
-20 .2597008  

-1 .1382343  
-122 .8483430

The a c t io n s  a c t in g  a t  b o th  ends o f  member 1, due t o  lo a d s .

a re

Ô . . . i n th e d i r e c t i o n  o f th e  c o o rd in a te 4
12 . . . i n th e d i r e c t i o n  o f th e  c o o rd in a te 5

200 . . . i n th e s e n s e  o f  th e c o o rd in a te  6
0 . . .  in th e d i r e c t i o n  o f th e  c o o rd in a te 1

12 . . .  in th e d i r e c t i o n  o f th e  c o o rd in a te 2

-200 . . . i n th e s e n s e  o f  th e c o o rd in a te  3



I l l

T h e re fo re , t h e  f i n a l  a c t io n s  a c t in g  a t  b o th  ends of member 1 

a re

t V l  =

0 20.2597
12 1.1382

200 + 236.6717
0 -20 .2597

12 -1 .1 3 8 2
-2 0 0 -122 .8483

20.2597 . . . i n th e d i r e c t i o n  o f th e  c o o rd in a te 4
13.1382 . . .  in th e d i r e c t i o n  o f th e  c o o rd in a te 5

436 .6717 . . .  i n th e se n se  o f  th e c o o rd in a te  6

-2 0 .2 5 9 7 . . .  in th e d i r e c t i o n  o f th e  c o o rd in a te 1

10.8618 . . .  in th e d i r e c t i o n  o f th e  c o o rd in a te 2

_-322.8483 . . .  in th e se n se  o f  th e c o o rd in a te  3

S im i la r ly ,  th e  a c t io n s  a c t in g  a t  b o th  ends o f  member 

2 a r e  [S jz C P r lz C D .^ :

800 0 0
0 6 1 .4 4  3840
0 3840 320000

-800 0 0
0 -6 1 .4 4  -3840
0 3840 160000

0 . 8 —0 . 6 0
0 . 6 0 . 8 0
0 0 1

-0.0202597
-0.0993653
-0.0017976
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800
0

0
6 1 .4 4

0
3840 0 .0434114

3 4 .7291
- 1 2 .5 3 3 6

0 3840 320000 -0 .0 9 1 6 4 8 0 - 9 2 7 .1 6 0 6
-800

0
0

0
- 6 1 .4 4

3840

0
-3840

160000

-0 .0 0 1 7 9 7 6 - 3 4 .7 2 9 1
1 2 .5336

j 6 3 9 . 5 4 4 6

The a c t io n s  a c t in g  a t  b o th  ends o f member 2 due to  

th e  e x te r n a l ly  a p p l ie d  lo a d  on th e  member a r e

4
i n  th e  d i r e c t i o n  of t h e  c o o rd in a te  1
in  th e  d i r e c t i o n  o f th e  c o o rd in a te  2
i n  th e  se n se  o f  th e  c o o rd in a te  3 
i n  th e  d i r e c t i o n  o f t h e  c o o rd in a te  7
in  th e  d i r e c t i o n  of t h e  c o o rd in a te  8
i n  th e  se n se  o f  th e  c o o rd in a te  9

-6
8

250
-6

8
_-250 _

The f i n a l  a c t io n s  a c t in g  a t  b o th  ends o f  member 2

a re

2 8 .7291
- 4 .5 3 3 6

-6 7 7 .1 6 0 6
- 4 0 .7 2 9 1

2 0 .5 3 3 6
_j889.5446

-  - 6" “  3 4 .7 2 9 Î
8 -12 .5336

250 + -927 .1606
—6 -3 4 .7291

8 12.5336
-250 -639 .5446

in  th e  d i r e c t i o n  o f  th e  c o o rd in a te  1
in  th e  d i r e c t i o n  o f  th e  c o o rd in a te  2
in  th e  s e n s e  o f  th e  c o o rd in a te  3 
in  th e  d i r e c t i o n  o f  th e  c o o rd in a te  7
in  th e  d i r e c t i o n  o f  th e  c o o rd in a te  8

in  th e  s e n s e  o f  th e  c o o rd in a te  9



CHAPTER VI

NUMERICAL EXAMPLE: SPACE FRAME

A fram e, in c lu d in g  a sp ace  member, h a v in g  th r e e  

members, fo u r  j o i n t s  and  tw e lv e  d e g re e s  o f  freedom  i s  

a n a ly ze d  by  th e  d isp la c e m e n t m ethod.

50

24
50

18
X

0.095

C ro s s -S e c t io n  o f  2 " -0 .0 9 5 "  Tube 

113
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A = 0 .5685  

L = 50"

I = 0 .2586  

J  

E 

G

in

in

21 = 0 .5172^* ( l^)  

2 9 (10^)1^ /10

-  = 21 .05

V_ = 6 , 0 0 0
X

My = 4 ,800  

Mg = 3 ,600

.3

lb

i n - l b

i n - l b

- 1 ,200  
lb

lb

V = -900z

“x  = 1 0 , 0 0 0 lO “ll^(T)

EA = 16486500.0  

329730 

El = 7499400

EA
L

= 5689200 
,2

GJ

= (50)" = 2500

L =

2EI _ 
L

4EI

6EI

12EI

(50) = 125000

299976

599952

17998.56

GJ
L

= 719 .9424

= 113784

The p ro c e d u re  o f  a n a ly s is  t o  b e  fo llo w ed  i s  a s  fo llo w s :

Nunûjerinq System  

The num bering system  f o r  th e  members, j o i n t s ,  and 

th e  d isp la c e m e n ts  i s  g iv e n  in  th e  fo llo w in g  f ig u r e .  Num­

b e rs  in  c i r c l e s  a r e  th e  num bers f o r  th e  j o i n t s ,  and numbers 

in  sq u a re s  a re  th e  numbers f o r  th e  members. The c o o rd in a te s  

a t  ev ery  j o i n t  a re  in d ic a te d  by  th e  arrow  headed  l i n e s .
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2317

2014 22 19
15

18 24

10

In fo rm a tio n  

Member In fo rm a tio n  f o r  th e  Frame

N i j
L ength

( in )

A

(in ^ )

I  = ( J) a E

(p s i)

G

(p s i)

1 1 2 50 0.5685 0.5172 0.2586 29(10^) 1 1 (10®)

2 2 3 50 0.5685 0.5172 6 .2586 29(10®) 1 1 (1 0 ®)

3 3 4 50 0.5685 0.5172 0.2586 29(10®) 1 1 (1 0 ®)

N otes :

N = member number 

i  = i n i t i a l  end 

j  = t e r m in a l  end 

A = c r o s s - s e c t i o n a l  a re a
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L oading  In fo rm a tio n  f o r  th e  F ram e--  
G iven N odal A c tio n s

J o i n t L in e a r  A c tio n s  
( lb )

Moment
( in - lb )

2 = 6000 My = 4 ,800  

Mg = 3 ,600

3 Vy = -1 2 0 0

= -900z

M  ̂ = 1 0 ,0 0 0

Member A n a ly s is  

For th e  p u rp o se  o f  a n a l y s i s ,  th e  o r ig in  o f  th e  

s t r u c tu r e - a x e s  sy stem  f o r  th e  w hole  s t r u c t u r e  i s  ta k e n  a t  

th e  j o i n t  1 . The o r ig in  f o r  th e  l o c a l  ax es  system  

f o r  each  member i s  ta k e n  a t  th e  i n i t i a l  end o f  each  o f  

them . The a n a ly s i s  o f t h e  w hole fram e i s  done by  p r o ­

c e s s in g  each  o f  th e  members o f  th e  fram e s e p a r a te ly ,  and 

i s  b a se d  on th e  l o c a l  a x e s  sy stem  o f  each  o f  th e  members.

A n a ly s is  o f  Member 1

Œ

L = 50"
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C a lc u la t io n s  

S e c tio n  P r o p e r t i e s

EA = 29 (10® )(0 .5685 ) = 1 6 ,4 8 6 ,5 0 0 .0 0

M  .  16 ,486 ,50 . 0 ^ 329730 
L 5U

E l = 29 (10® )(0 .2586) = 7 ,4 9 9 ,4 0 0 .0 0

GI^. = 11(10®) (0 .5172  in ^ )  = 5 ,6 8 9 ,2 0 0 .0 0
2

1? = (50^) = 2500 .00^"
3

L® = (50®) = 1 2 5 ,0 0 0 .0 0 ^ "

m ,  2 1 7 a |M 0 0 1  = 2 9 9 ,976 .00

4 | p _  4 (7 ,4 9 9 ,4 0 0 )  ,  5 9 9 , 9 5 2 .0 0

.  1 7 ,9 9 8 .5 6

12EI ^  1 2 (7 ,4 9 9 ,4 0 0 )  ^  7 1 9 .9 4 2 4  
L 125000

^  = 5 ,6 8 9 ,2 0 0 ^  1 1 3 ,7 8 4 .0 0

D ire c t io n  C o sin e s

F o r th e  c a l c u l a t i o n  o f  th e  d i r e c t i o n  c o s in e s ,  th e  

o r ig in s  o f  b o th  th e  s t r u c tu r e - a x e s  system  and th e  l o c a l  

axes sy stem  a r e  ta k e n  a t  j o i n t  1.  The d i r e c t i o n  c o s in e s  

a r e  i n d ic a t e d  a s  th e  I ' s  a s  p re s e n te d  by th e  a u th o r  i n  

C h ap te r IV . The c a l c u l a t i o n  o f  th e  X 's i s  as fo l lo w s ;

0 = 0 ° ,  cp = 0 ° ;  COS0 = 1 ,  coscp = 1
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‘11 “ cosa^ = cosQcoscp = 1

^12 ~ cosg^ = c o s (90° -  cp) =0

‘13 “ cosy^ = cos  (9O°-0)coscp = 0

21 = COS&2 = co s9 co s(9 0 °  + cp) = 0

X-22 = COS82 = cos cp = 1

X-23 = cosYg = cos (90° -  6 ) co s  (90° + cp) = 0

A.3I  = cosag  = cos (90° + 0) = 0

Xg2 -  cosgg = cos 90° = 0

X.gg = cosYg = COS0 = 1

F o rm u la tio n  o f  R o ta tio n  M a tr ix  R

From th e  above v a lu e s  o f  th e  d i r e c t i o n  c o s in e s ,  i t  

shows t h a t  th e  r o t a t i o n  m a tr ix  R i s  an i d e n t i c a l  m a tr ix  

as fo llo w s  ;

^11 ^12 ^13 1 0 0

R = ^21 ^22 ^23 = 0 1 0

^ 3 1 ^32 ^33 0 0 1

T h e re fo re , th e  s t i f f n e s s  m a tr ix  o f  member 1 in  th e  

m em ber-axes system  i s  i d e n t i c a l  t o  t h a t  in  th e  s t r u c t u r e -  

axes system , a s  shown on page  119, T ab le  12.



TABLE 12

MEMBER STIFFN ESS MATRIX OF A HORIZONTAL MEMBER OP A SPACE FRAME

4 4 4 4 4 4 4 4 4 4 4
22.<J730 Û 0 0 0 0 -329730 0 0 0 0 0

0 7 / 9 .  9 - ^ 2 4 0 0 0 1799 Q. 3 & 0 -7/9-9-424 0 0 0 /799â-5£>

0 0 7/9. 942-4- 0 -n99&3& 0 0 0 -719. 9424 0 -/7993.S<Z 0

4 0 0 0 H37&4- 0 0 0 0 0 -//3T34 0 0

“y
0 0 -/799&-S& 0 599952 0 0 0 1799S.S& 0 Z9997Q, 0

0 17993-5 e 0 0 0 599952 0 -/799e-5& 0 0 0 29997<S>

-1 -329730 0 0 0 0 0 329730 0 0 0 0 0

< 0 -119- 9-4-2A- 0 0 0 -/7993-S& 0 7/9- 9424 0 0 0 -77993-S&

< 0 0 -7/9.94^24 0 17993.3& 0 0 • 0 7 / 9 . 9-424 0 17993.50 0

“x
0 0 0 -113734- 0 0 0 0 0 /7 3 7 3 -4 - 0 0

4 0 0 “/7993‘5& 0 299970 0 0 0 17993.52, 0 599952 0

4 b /7993.S& 0 .0 0 29997& 0 -i799â.5& 0 0 0 399952

I-*VO



120

A n a ly s is  o f  Member 2

Zs

•X.

C a lc u la t io n s  

S e c tio n  P r o p e r t ie s

S in c e  th e  member s i z e  and th e  m a te r i a l  o f  member 2 

a re  th e  same as t h a t  o f  member 1 , th e  s e c t io n  p r o p e r t i e s  o f  

th e s e  two m eitbers a r e  th e  same.

D ir e c t io n  C osines

To c a l c u l a t e  th e  d i r e c t i o n  c o s in e s  th e  a u th o r  chose  

th e  i n i t i a l  end w hich i s  th e  l e f t  end o f  th e  member a s  th e  

o r ig in  f o r  b o th  th e  meiriber-axes sy stem  and th e  s t r u c t u r e -  

axes sy stem . The d i r e c t i o n  c o s in e s  a r e  c a lc u la t e d  on th e  

b a s i s  o f  th e  o r i e n t a t i o n s  of th e  ax es  o f  th e  m em ber-axes 

system  w . r . t .  t h e  s t r u c tu r e - a x e s  sy s tem . The o r i e n t a t i o n
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o f th e  member 2 w . r . t .  th e  s t r u c tu r e - a x e s  system  i s  shown 

in  th e  fo llo w in g  s k e tc h .  (The c o o rd in a te s ,  C^, C^, and C^, o f 

th e  member can  be ta k e n  a s  th e  r a t i o  n u itb e rs , 0 .8 ,  0 .4 8 , and 

0 .36 r e s p e c t i v e l y .)

m
^ s

1

/^ m

^1 24"

40"

0^3,./
y / l 8

m

s i n 0 = COS0 = X,______  C C = (0 .8 )  (0 .4 8 ) = 0.384

sincp = C coscp = jcKc^ C C = (0 .4 8 ) (0 .3 6 ) = 0.1728y ^ X z y  z

^11 ”  co sa^  = COS0COSCP = = 0 .8

1^2 “  cosp^  = c o s (9 0 ° -  cp) = Cy = 0 .4 8  

^13 ~ cosy^  = ( s i n 0coscp) = = 0 .3 6

I g l  = COSUg
-C C

(COS0COS (90°+cp)) = — - —^ = -0 .4 3 7 7
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r~7—T22 -  cosPg = coscp = /C^+Cg = 0 .8773

-C C
X , ,  =  c o s Y o  =  ( c o s  ( 9 0 ° - g )  c o s  ( 9 0 ° + c p )  ) =  - = ± = = - =  - 0 . 1 9 7 0

- c
X _ ,  =  c o s a .  =  c o s ( 9 0 ° + e )  =  • =  - 0 . 4 1 0 3

X  z

X 3 2  =  c o s g g  =  C O S  9 0 °  =  0

X q g  =  c o s y -  =  COS0 =  - =  0 . 9 1 1 9

C a lc u la t io n  o f  th e  C om bina tions o f  th e  X' s

(X^^)^ = ( 0 . 8 ) 2  = 0 . 6 4

( X i i )  (X12) = (0 .8 )  ( 0 .4 8 )  = 0 .3 8 4  

(X i i )  (X13 ) = (0 .8 )  ( 0 .3 6 )  = 0 .2 8 8

(X i2 )2  = ( 0 . 4 8 ) 2  = 0 . 2 3 0 4

( X 1 2 ) ( X 1 3 ) =  ( 0 . 4 8 ) ( 0 . 3 6 )  =  0 . 1 7 2 8

(X^2)2 ^ ( 0 . 3 6 ) 2  ^ 0 .1 2 9 6

(X2i)2 = ( -0 .4 3 7 7 )2  = 0 .1916
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(X j i )  (^22^ = ( - 0 . 4 3 7 7 )  ( 0 .8 7 73 )  = - 0 . 3 8 4 0

(X2 1 ) (^23^ = ( - 0 . 4 3 7 7 ) ( - 0 . 1 9 7 0 )  = 0 . 0 8 6 2

(X2 1 ) (^3 1 ) = ( - 0 . 4 3 7 7 )  ( - 0 . 4 1 0 3 )  = 0 . 1 7 9 6

(X2 1 ) (^3 3 ) = ( - 0 . 4 3 7 7 )  ( 0 .9 1 1 9)  = - 0 . 3 9 9 1

( I g g ) ^  = ( 0 . 8 7 7 3 ) 2  = 0 . 76 9 7

(^2 2 ) ( ^ 2 3 ) = ( 0 . 8 7 7 3 ) ( - 0 . 1 9 7 0 )  = - 0 . 1 7 2 8

(X2 2 )(^31> = ( 0 . 8 7 7 3 ) ( - 0 . 4 1 0 3 )  = - 0 . 3 6 0

(^2 2 ) (^3 3 ) = ( 0 . 8 7 7 3 )  ( 0 . 9 1 1 9 )  = 0 . 8

( I g g ) ^  = ( - 0 . 1 9 7 0 ) 2  = 0 . 0 3 8 8

( l 2 3 ) ( ^ 3 l )  = ( - 0 . 1 9 7 0 ) ( - 0 . 4 1 0 3 )  = 0 . 0 8 0 8

(X2 3 ) (^3 3 ) = ( - 0 . 1 9 7 0 )  ( 0 . 9 1 1 9 )  = - 0 . 1 7 9 6

(X3i )2  = ( - 0 . 4 1 0 3 ) 2  = 0 . 16 8 3

( ^ 3 l ) ( ^ 3 2 )  = ( - 0 . 4 1 0 3 ) ( 0 )  =0

(^3l ) ( ^ 3 3 ) = ( - 0 . 4 1 0 3 )  ( 0 . 91 19 )  = - 0 . 3 7 4 2

(1 3 3 )^  = 0

( X 3 2 )  ( X 3 3 )  =  0

(X33)2 = ( 0 . 9 1 1 9 ) 2  = 0 . 8 3 1 6
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C a lc u la t io n  o f  th e  S t i f f n e s s  C o e f f ic ie n ts  in  th e
2

S t i f f n e s s  M a trix , [S ^ ] , in  th e  S tu c tu re -A x es System

With th e  ad v an tag e  o f  th e  a b b re v ia t io n  o f  th e  s t i f f ­

n e ss  m a tr ix  f o r  a member in  sp ace  p roposed  by  P ro fe s s o r  

L. A. Comp, o n ly  tw e n ty -se v e n  e lem en ts need  to  b e  c a lc u la te d  

in s te a d  o f  144. T hese  tw en ty -sev en  e lem en ts a r e  a s  fo llo w s  :

k l l  = f  ^  ^1j L

= 3 2 9 7 3 0 (0 .6 4 )+ (7 1 9 .9 4 2 4 )(0 .1 9 1 6 )+ (7 1 9 .9 4 2 4 )(0 .1 6 8 3 ) 

= 211286.3073

EA 12EI
k l 2 = IT  ( k l l ) ( t l 2 ) + — f  ( l 2 l ) ( k 2 2 )L

= 3 2 9 7 3 0 (0 .3 8 4 ) - (7 1 9 .9424) (-0 .3840) = 126339.8621

EA 12E I- 12EI
^ 1 3 “ L ( ^ l l ) ( ^ 1 3 )  3 (^ 2 l) (^23^^ 3 ^^31^ ^^33^L L

= 329730(0 .2 8 8 )+ 7 1 9 .9424 (0 .0862 )+ 719 .9 4 2 4 (-0 .3 7 4 2 )

= 94854.8975

-6EI 6 E I,
^14 = 2 ^^2 1  ̂ ^^31^'‘'~ T "  ( ^ 2 l) ( ^ 3 l)i-j L

= -1 7 9 9 8 .5 6 (0 .1 7 9 6 )+ 1 7 9 9 8 .56(0 .1796) = 0

-6EI
= - ^ - ^ ( ^ 2 2 ) (^ 3 1 ) = -17998 .56  (-0 .3 6 ) = 6479.4816 

L



125

6EI -6 E I
k i 6 = -—g -  (&2 i )  (^3 3 ) + 2 (^2 3 ) (^31.)

Xi L i

= 1 7 9 9 8 .5 6 (-0 .3 9 9 1 )-1 7 9 9 8 .5 6 (0 .0 8 0 8 ) = -8637.5089

BA 2 IZEIz 2
kgg = —^  (X.12 ) +  3-  (kgg) = 3 2 9 7 3 0 (0 .2304)+719.9424(0 .7697)

= 76523.9317 -----

EA 12EI
^23 " “ l ”  (^12^ (^1 3 ) IT "  (^2 2 ) (^2 3 )

Xi

= 329730(0 .1 7 2 8 )+ 7 1 9 .9 4 2 4 (-0 .1 7 2 8 ) = 56852.937 

6EI
^24 == — 2^ (^ 2 2 )(^ 3 l)  "  17998.56  (-0 .3 5 6 ) = -6479.4816 

L

k^^ = 0

6EI
kgg = — ^  (& 22)(^33) ^  1 7 9 9 8 .5 6 (0 .8 )  = 14398.848 

L

>̂ 33 = f  <^1 3 ) '  + ^  (^ 2 3 ) '  + ^  <^3 3 ) 'Xi L L

= 329730(0 .1 2 9 6 )+ 7 1 9 .9 4 2 4 (0 .0 3 8 8 )+ 7 1 9 .9424(0 .8316) 

= 43359.6459

6EI - 6EI
^34 = 2 (A ^3 )(^3 l) 2 (^ 2 1 ) (^3 3 )

Xi Xi

= 17998 . 56(0.0808) -1798 . 56 (-0  . 3991) = 86  37 . 5 0 89

-E ly
kgg = — 2^  (^ 2 2 ) ( ^ 3 3 ) = -1 7 9 9 8 .5 6 (0 .8 )  = -14398 .848
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6E I -6 E I

^36 “  2 ^̂ 23̂  (^ 3 3 ) 2^ (^2 3 ) (^3 3 )L L

= 17998. 56 (-0 .1 7 9 6 )-1 7 9 9 8 . 56 (-0.1796) = 0

GIx 2 4EI 4EI 2
^44 = I T  ( ^ l l )  + ^  (^ 3 l)  + - T ^  (%2 l )

= 1 1 3 7 8 4 (0 .6 4 )+ 5 9 9 9 5 2 (0 .1 6 8 3 )+ 5 9 9 9 5 2 (0 .1916) = 288744.4848

GI 4EI
^45 = ~  (^1 1 ) (^1 2 )+ — (%2 l )  (^ 2 2 )

= 1 1 3 7 8 4 (0 .3 8 4 )+ 5 9 9 9 5 2 (-0 .384) = -186688.512

GI 4EI„ 4 E I ,
^46 ^ L (^11 ) (^1 3 ) L (^21.) (^23 ) L~ (^31^ ^^33^

= 1 1 3 7 8 4 ( 0 . 2 8 8 )+ 5 9 9 9 5 2 (0 .0 8 6 2 )+ 5 9 9 9 5 2 ( -0 .3 7 4 2 )

= - 1 4 0 0 1 6 .3 8 4

GI^ 2 4BI 2
""55 = “  1̂ 1 2 ) + (^2 2 )

= 1 1 3 7 8 4 (0 .2 3 0 4 )4 -5 9 9 9 5 2 (0 .7 6 9 7 )  = 487998 .888

GI_ 4EI
^56 “ L (^12 ) ( ^ 1 3 )+ L (^2 2 ) ( ^ 2 3 )

= 1 1 3 7 8 4 (0 .1 7 2 8 ) + 5 9 9 9 5 2 ( - 0 . 1 7 2 8 )  = -8 4 0 0 9 .8 3 0 4

GI^ ,  4EI„ ,  4EI^ .
^66 = -L ^  (^1 3 ) + - T ^  (^ 2 3 ) + - L ^  (^ 3 3 )

= 1 1 3 7 8 4 ( 0 .1 2 9 6 ) + 5 9 9 9 5 2 ( 0 .0 3 9 1 ) + 5 9 9 9 5 2 ( 0 .8316)

= 537124 .6128
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’'4 ,1 0  = ^  ^  ^  <^31>^

= -1 1 3 7 8 4 (0 .64 )+ 2 9 9 9 7 6 (0 .1 9 1 6 )+ 2 9 9 9 7 6 (0.1683)

= 35139.6024

-GI 2EI
^ 4 , 1 1 “  L ( ^ l l ) ( ^ 1 2 )  L (^ 2 l) (^ 2 2 )

= -1 1 3 7 8 4 (0 .3 8 4 )+ 2 9 9 9 7 6 (-0 .3 8 4 )  = -158883 .84

-G I^  2EI 2EI^
^ 4 ,1 2  l “  (^11.) L (^21.) (^ 2 3 ) “ l  (^3 3 )

= -113784 (0.288)4-299976 (0.0862)4-299976 (-0 .3 7 4 2 )

= -119162 .88

-GI 2 2EI 2
^ 5 ,1 1  “  L (^1 2 ) L (^ 2 2 )

= -113784(0 .2304)4-299976(0 .7697) = 204675.6936

-GI 2EI
^ 5 , 1 2 “  L (^12^ (^ 1 3 ) L (^2 2 ) (^^3 )

= -1 1 3 7 8 4 (0 .1 7 2 8 )-2 9 9 9 7 6 ( -0 .1728) = -71497.728 

-GI 2 2EI 2 2EI 2
% 6 , 1 2  =  ~ r T  ( ^ 1 3 )  +  - L ^  ( ^ 2 3 )  +  - I T  ^ 3 3 )

= -113784(0.1296)4-299976(0.0388)4-299976(0.8316)

= 246352.704

W ith th e s e  e lem en ts  th e  s t i f f n e s s  m a tr ix  f o r  member 2 in  

th e  s t r u c tu r e - a x e s  sy stem  c an  b e  e s t a b l i s h e d  and i s  shown 

on p ag e  1 42 , T ab le  13.
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A n a ly s is  o f Member 3 

® ____________ a ________ u ®

50"

S in ce  member 3 i s  o f  th e  same s i z e  and  m a te r ia l  a s  

t h a t  o f  member 1 , th e  s t i f f n e s s  c o e f f i c i e n t s  in  th e  member 

s t i f f n e s s  m a tr ix  f o r  member 3 a re  th e  same as t h a t  fo r  

member 1. In  a d d i t io n ,  b e ca u se  th e  d i r e c t i o n  o f  th e  mem­

b e r  a x is  o f  t h i s  member i s  c o in c id e n t  w ith  th e  X -a x is  o f

s t r u c tu r e - a x e s  sy stem , no r o t a t io n  t r a n s fo rm a tio n  needs
3 3be  p e r f o r m e d , i .e . ,  [S^] = [S^^. By th e  in v e r s io n  o f  

m a tr ix ,  th e  in v e r s e ,  o f  th e  su b m a tr ix , [S y " ^ ] , o f  th e

j o i n t  s t i f f n e s s  m a tr ix ,  [S y ], i s  o b ta in e d  a s  shown on 

page 144, T ab le  15.

L oading A n a ly s is  

S in c e  th e r e  i s  no d i s t r i b u t e d  lo a d  o r  in te r m e d ia te  

c o n c e n tra te d  lo a d s  on any o f  th e  th r e e  members o f  th e  

s t r u c t u r e ,  th e  e q u iv a le n t  lo a d  v e c to r  i s  a  0 v e c to r ,  i . e . ,

Ag = [a^  and a^ ^ = 0, i  = 1 . . . . 2 4

A^ = A = [ 0 ,0 ,0 ,0 ,0 ,0 ,  6000, 0 ,0 ,0 ,  4800, 3600, 0 , -1200,

-900 , 10000, 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 3

The n o d a l a c t io n s  a t  th e  j o i n t s  2 and 3 a r e  c o n ta in e d  in  A^
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.2-3Ag = [6000, 0 ,0 ,0 ,  4800, 3600, 0, -1200 , -900 , 10000, 0 ,0 , ]

= [ 0 ] ,  i . e . ,  th e  column m a tr ix  w hich c o n ta in s  th e  nega­

t i v e  v a lu e s  o f  th e  e lem en ts  c o n ta in e d  in  A^ i s  a 

n u l l  m a tr ix .

The j o i n t  d isp la c e m e n ts  a t  j o i n t s  2 and 3 a re  g iven

by th e  m a tr ix  e q u a tio n  [ 0 ? " ^ ]  = [S j~ ^ ] in  which
2“ 3[Dj ] i s  th e  d isp la c e m e n t v e c to r  c o n ta in in g  th e  d i s ­

p lacem en t com ponents a t  th e  c o o rd in a te s  a t  th e  j o i n t s  

2 and 3, [S? ^ i s  th e  in v e r s e  o f  th e  su b m a trix  o f th e

j o i n t  s t i f f n e s s  m a tr ix  o f  th e  s t r u c tu r e  c o rre sp o n d in g  to  

th e  j o i n t s  2 and 3, [A^ ] i s  th e  a c t io n  v e c to r  c o n ta in in g

th e  n o d a l a c t io n s  a t  th e  c o o rd in a te s  a t  th e  j o i n t s  2 and 3.

" 0 .1 5 2 9 4 5 6 E -0 n  
-0 .1353106E  01 
-0 .1676577E  01 

0 .3278675E-01  
0 .4245323E-01  

-0 .2008140E -01  
0 .2902009E-02  

-0 .1800001E  01 
-0 .1063856E  01 

0 .5886848E-01  
-0 .1715996E -01  

0 .3936479E-01

Note:
The numbers in the above displacement vector are the 

components of the displacements in the directions of the
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c o o rd in a te s  a t  th e  j o i n t s  2 and 3 o f  th e  fram ed s t r u c tu r e  

in  th e  o rd e r  from  7 to  18 num bered from  th e  to p  to  th e  

bo ttom .

R e a c tio n s  a t  t h e  Member Ends o f  Members 1 and 3

On member 1 , s in c e  th e  j o i n t  2 i s  a r i g i d  connec­

t i o n ,  th e r e  i s  no r e a c t io n  t h a t  can  b e  d ev e lo p ed . The o n ly  

r e a c t io n s  w hich can  b e  d ev e lo p ed  a re  th e r e f o r e  a t  t h e  end 1 , 

and a re  g iv e n  a s  th e  fo llo w in g  m a tr ix  e q u a t io n :

.1 .in  which i s  an a c t io n  v e c to r  c o n ta in in g  th e  r e a c t io n  com­

p o n e n ts  in  th e  d i r e c t i o n s  o f  th e  c o o rd in a te s  a t  j o i n t  1 ,

[S^ ^1 i s  th e  su b -m a tr ix  o f  t h e  member s t i f f n e s s  m a tr ix  o f m
member 1 c o n ta in in g  th e  s t i f f n e s s e s  r e l a t i n g  th e  a c t io n s

in  th e  d i r e c t i o n s  o f  th e  c o o rd in a te s  a t  j o i n t  1 to  th e  d i s -
•2p lac em en ts  a t  j o i n t  2 , [Cy] i s  th e  d isp la c e m e n t v e c to r  con­

t a in in g  th e  d isp la c e m e n t com ponents a t  th e  j o i n t  2 .

4 =

-0 .5043075E 0 4 “ . . .  r e a c t io n a t c o o rd in a te 1
0.6127219E 03 . . .  r e a c t io n a t c o o rd in a te 2

0.4429416E 03 . . .  r e a c t io n a t c o o rd in a te 3
-0.3730607E 04 . . .  r e a c t io n a t c o o rd in a te 4
-0.1744101E 05 . . .  r e a c t io n a t c o o rd in a te 5

_0 .1833001E 05_ . . .  r e a c t io n a t c o o rd in a te 6
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S im i la r ly ,  th e  r e a c t io n s  a c t in g  a t  th e  end 4 o f  member 3 a re  

g iv en  in  th e  fo llo w in g  m a tr ix  e q u a tio n :

4
in  w hich i s  an a c t io n  v e c to r  c o n ta in in g  th e  r e a c t io n  

com ponents a t  j o i n t  4, i s  th e  su b m a trix  o f  th e  member

s t i f f n e s s  m a tr ix  o f  member 3 c o n ta in in g  th e  s t i f f n e s s e s  

r e l a t i n g  th e  a c t io n s  a t  j o i n t  4 t o  th e  d isp la c e m e n ts  a t  

j o i n t  3 , [D j] i s  th e  d isp la c e m e n t v e c to r  c o n ta in in g  th e  

d isp la c e m e n t com ponents a t  j o i n t  3.

4

“ 0.9568793E 03" . . .  r e a c t i o n  a t  c o o rd in a te 19
0.5873874E 03 . . .  r e a c t io n a t c o o rd in a te 20

0.4570604E 03 . . .  r e a c t io n a t c o o rd in a te 21

-0 .6698291E 04 . . .  r e a c t io n a t c o o rd in a te 22

0.1400029E 05 . . .  r e a c t i o n a t c o o rd in a te 23
-0.2058893E 05 . . .  r e a c t io n a t c o o rd in a te 24

Member End A c tio n s  

S in ce  t h e r e  i s  no d i s t r i b u t e d  lo a d  o r  in te rm e d ia te  

c o n c e n tra te d  lo a d  on any o f  th e  t h r e e  members o f  th e  fram ed 

s t r u c t u r e ,  th e  member e n d -a c t io n s  on each  member a re  j u s t  

th e  r e a c t io n  f o r c e s  due to  th e  j o i n t  d isp la c e m e n ts  o f  th e  

ends o f  each  member.

T h e re fo re , th e  member e n d -a c t io n s  on th e  member 1 

a re  o b ta in e d  b y  th e  m a tr ix  e q u a t io n :

^N D [D?]
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i n  Which i s  an a c t io n  v e c to r  c o n ta in in g  th e  a c t io n s  a t

b o th  ends o f  member 1 ,

,1-2
^  «4 i s  th e  su b m a tr ix  o f  th e  member s t i f f n e s s  m a tr ix  
’mL J  o f  member 1 w hich  r e l a t e s  th e  a c t io n s  a t  b o th  ends 

o f member 1 t o  t h e  d isp la c e m e n t com ponents a t  

j o i n t  2,
[D j] i s  th e  d isp la c e m e n t v e c to r  c o n ta in in g  th e  d isp la c e m e n t 

com ponents a t  j o i n t  2 .

^N D

-0 .5043075E 04
0.6127219E 03
0.4429416E 03

-0 .3730607E 04
-0 .1744101E 05

0.1833001E 05
0.5043075E 04

-0 .6127220E 03
-0 .4429416E 03

0.3730607E 04
-0 .4706065E 04

0.1230608E 05

N ote :

The member e n d -a c t io n s  in  th e  above member en d - 

a c t io n  v e c to r  a r e  in  t h e  d i r e c t i o n s  o f  th e  c o o rd in a te s  

o rd e re d  from  1 t o  12 from  th e  to p  to  th e  bo ttom .
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The member e n d -a c t io n s  on member 2 a re  o b ta in e d  from  th e  

m a tr ix  e q u a tio n

4,0 =

-0 .1240822E  01 0.1267549E 04
-0.8634884E  00 0.4897520E 01

-0 .1535145E  01 -0.1487442E 02

0.3937764E-01 -0.1553342E 04
0.2684949E-01 0.1168477E 05

-0 .3176462E -01 -0.6403190E 04
-0.1244666E  01 -0.1267551E 04
-0.1370831E  01 -0.4897521E 01

-0 .9713208E  00 0.1487441E 02

0.5302932E-01 0.1553342E 04
-0 .4857601E -01 -0.1094106E 05

0.1174301E-01 _0.6648052E 04

N otes ;
(1) The member e n d -a c t io n s ,  in  th e  above member 

e n d -a c tio n  v e c to r ,  a re  in  th e  d i r e c t i o n s  o f  th e  
c o o rd in a te s  in  th e  o rd e r  from  7 to  18 numbered 
from th e  to p  o f  th e  column m a tr ix  to  th e  
bo ttom .

(2 ) [S^3 i s  th e  member s t i f f n e s s  m a tr ix  o f  member 2 .
(3) [R^] i s  th e  r o t a t i o n  m a tr ix  f o r  member 2.
(4) [D j"3] i s  th e  d isp la c e m e n t v e c to r  c o n tin u in g  

th e  d isp la c e m e n ts  a t  j o i n t  2 and 3 w hich a re  
b o th  ends o f  t h i s  member.
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The member e n d -a c t io n s  on member 3 a r e  o b ta in e d  from  th e  

m a tr ix  e q u a t io n :

*".3-3

4 n a  =
m_

l4 -3
’m

[D j]

in  w hich i s  an  a c t io n  v e c to r  c o n ta in in g  th e  member

e n d -a c t io n s  a t  b o th  ends o f  member 3,

,3 -3
i s  th e  su b m a tr ix  o f  th e  member s t i f f n e s s  m a tr ix  o f 

-I member 3 w hich r e l a t e s  th e  a c t io n s  a t  b o th  ends o f 

member 3 t o  th e  d isp la c e m e n t com ponents a t  j o i n t  3 ,
3

[D j] i s  th e  d isp la c e m e n t v e c to r  c o n ta in in g  th e  d isp la c e m e n t 

com ponents a t  j o i n t  3.

^N D

0.9568793E 03
-0.5873874E 03
-0.4570604E 03

0.6698291E 04
0.8852720E 04

-0.8780441E 04
-0.9568793E 03

0.5873874E 03
0.4570604E 03

-0.6698291E 04
0.1400029E 05

-0.2058893E OS
—

N ote:
The mem ber-end a c t io n s  in  th e  above member end- 

a c t io n  v e c to r  a r e  in  th e  d i r e c t i o n s  o f  th e  c o o rd in a te s  in
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th e  o rd e r  from  13 t o  24 numbered from  th e  to p  o f  th e  m a tr ix  

to  th e  b o tto m .

Check th e  M argin o f  S a fe ty  

To check th e  m arg in  o f  s a f e ty  th e  com parison  o f  th e  

member e n d -a c t io n s  o f  a l l  t h e  members t h a t  compose t h i s  

fram e i s  n e c e s s a ry . I t  i s  n e c e s s a ry  b e c a u se  th ro u g h  th e  com­

p a r is o n  an i n v e s t i g a t io n  w i l l  be  made o f  th e  maximum com bi­

n a tio n  o f  th e  member e n d -a c t io n s  t h a t  o c c u r a t  a member o f  

th e  s t r u c tu r e .

Member 1 2 3

-5043 1268 957

''y
613 5 -587•

I n i t i a l
End

443 -15 -457

4 -3731 -1553 6698

4 -17441 11685 8853

4 18330 -6403 -8780

T erm inal
End

4 5043 -1268 -957

4 -613 -5 587

4 -443 15 457

4 3731 1553 —6698

4 -4706 -10941 14000

4 12306 6648 -20589
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The num bers in  th e  above t a b l e  a r e  rounded  o f f  to  

th e  n e a r e s t  w hole number from  th e  com puted num bers g iv e n  by  

th e  d i g i t a l  com puter.

From th e  above t a b l e ,  i t  i s  se e n  t h a t  th e  maximum 

co m b in a tio n  o f  th e  meitber e n d -a c t io n s  i s  o c c u r r in g  a t  th e  

j o i n t  4 o f  th e  member 3 . T h e re fo re , t h e  check  o f  th e  mar­

g in  o f  s a f e t y  w i l l  be  undergone  by  t h e  member 3 a s  fo l lo w s .

6698 j  ̂ 957  ____________________________________________ -6 6 9 8

587

-8780/
-20589

8853 14000

4 4The r e s u l t a n t  b en d in g  moment o f  M and M i s  e x p re sse dy  z
4

as M^,

= ^ (1 4 0 0 0 )^  + (20589)2 = j l 9 6 , 000 ,000+ 423 ,906 ,921

= 24898

= -957 = -6698
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From M ill  Handbook 5A, H eat T re a te d  AISI 4130

= 125,OOOPS1 

F^ = 149,OOOPS1 (pg. 211) (D/t = 21.05)

Fg^ = 63,OOOPS1 (pg. 218) (L/D = 50/2 = 25)

"By S han ley  S t r e s s  R a tio  Method" (16)

#4
f = 96280^®^ (96279.969)

f^t = ~J= ~̂ 5172 = -1295lPSi (12950.5027)

fc = A = orllis = -IGSSPSI (1683.3773)

■‘c  =  i ÿ  =  î f Ü Ü ô  =

^  = n U r i o  = 0-64*2

* s t  = F ; ;  = = -0 -2506

= (0.6461)2 = 0.4176

r2^ = (-0.2056)2 = 0.0423

R£ + R-a. = 0.4174 + 0.0422 = 0.4599
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H  * ® st = 7 0 .4 5 9 9  = 0 .6782

"M .S. = ---------- ^ 1 "  (16)

M'S" -  -0 .0 1 3 5  + 0 .6782  "  ^ “ 0-445

Check th e  A x ia l-F le x u ra l  I n t e r a c t io n  

From th e  member e n d -a c t io n s  o f  each  member o f  th e  

fram e, i t  i s  seen  t h a t  a l l  o f  them  have th e  a x ia l  end- 

a c t io n s  a t  b o th  ends which w i l l  change b o th  th e  b en d in g  

moments and b en d in g  d e f l e c t i o n s  a t  th e  c ro s s  s e c t io n s  o f 

each  member. S in c e  th e  a x i a l  e n d -a c t io n s  on member 1 a r e  

t e n s i l e  fo r c e s  w hich w i l l  d e c re a s e  th e  ben d in g  d e f l e c t i o n  

a t  each  c r o s s - s e c t io n ,  no a t t e n t i o n  sh o u ld  be p a id  to  th e  

a x i a l - f l e x u r a l  i n t e r a c t i o n  o f  th e  t e n s i l e  a x ia l  f o r c e s .  In  

c o n t r a s t ,  th e  a x ia l  e n d -a c t io n s  o f  th e  members 2 and 3 a re  

co m p re ss iv e  w hich w i l l  i n c r e a s e  th e  b en d in g  d e f l e c t i o n s  o f  

them . The in v e s t i g a t io n  o f  th e  change o f  th e  b en d in g  s t i f f ­

n e s s  f a c t o r  o f  each  o f  th e  two members due to  th e  e f f e c t  o f  

th e  a x i a l - f l e x u r a l  i n t e r a c t i o n  o f  th e  com pressive  a x ia l  end- 

a c t io n s  sh o u ld  b e  made as fo l lo w s :

Check Member 2 

P = 1268
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^ _ /[P . /  1268 n n i l
^  ^  / ( 2 9 x106)(0 .258"6) "  ^^499400 = ° '0 1 3

kL = (0 .0 1 3 )(5 0 ) = 0 .65

(kL)2 = (0 .6 5 )2  = 0 .4225

s in  kL = s in (0 .6 5 )  = 0.60518641

cos kL = c o s (0 .65) = 0.79608380

CSC kL -  -  0.60518641 "  1-65238343

"G t kL = = H S i S r  = 1.31543568

■■ a  = 6 (kL CSC kL -1)_ .. (16)
(kL)"'

« _ 6 (0 .6 5 x 1 .65238343 -1 ) _ , -s iA  
^ “  0 .4225 “ i .u o ib

" 8 = 3 ( l-k L  c o t  ,,kL)_ „ (16)
(kL)"'

_ 3 (1 -0 .6 5 x 1 .3 1 5 4 3 5 6 8 )_ , . . g ,  
P -  0 .4225 "

" C =   p  2 -  " ( 1 6 )
(48"'  -  a " ' )

C = ----- 3x1.0294--------------  = 0 .9857
4 (1 .0 2 9 4 )^ - (1 .0 5 1 6 )^
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I - c  = 0 .0143  . . . th e  am ount o f  th e  p e rc e n ta g e  by  w hich th e

s t i f f n e s s  f a c to r  i s  d e c re a s e d .

M o d ified  = (599952) (0 .9857) = 591372.6864

Check Manber 3 

P = 957

k  =
£à

k = )r ^ --------------  0 .0113
(29x 1 0 °)(0 .2 5 8 6 )

kL = (0 .0113) (50) = 0.565

a = = 1.0385389

g = 111--- |.; | |5 x 1 .5 7 7 4 4 4 2 ) ^ 1 . 02 ,9509

C =  K  I.: 0219509)------------------  = 0 .989313
4 (1 .0 2 1 9 5 0 9 )^ -(1 .0 3 8 5 3 8 9 )^

1 -c  = 0 .010687 . . . th e  amount o f  th e  p e rc e n ta g e  by w hich

th e  s t i f f n e s s  f a c to r  i s  d e c re a s e d .
4EI

M o d ified  k ,2 ,1 2  ~ L  = (599952) (0.989313) = 593540.313

I t  i s  shown in  th e  above c a l c u la t io n s  t h a t  none o f  

th e  a x i a l “ f l e x u r a l  i n t e r a c t i o n s  o f  th e  co m p ressiv e  a x i a l  end- 

a c t io n s  on th e  two members h a s  r e s u l t e d  in  a change o f  th e
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b e n d in g  s t i f f n e s s  f a c t o r  which n eed s t o  b e  c o n s id e re d . The 

change o f  th e  b en d in g  s t i f f n e s s  f a c t o r s  o f  th e  two members 

due t o  th e  a x i a l - f l e x u r a l  i n t e r a c t i o n s  on them a re  sm a ll 

enough to  be  n e g le c te d .  In  g e n e ra l ,  when th e  v a lu e  o f  kL 

i s  l e s s  th an  o r  eq u a l t o  1 , th e  e f f e c t  o f  th e  a x i a l - f l e x u r a l  

i n t e r a c t i o n  o f  th e  co m p ressiv e  a x ia l  e n d -a c t io n  upon th e  mem­

b e r  can  b e  n e g le c te d .

I f  th e  v a lu e  o f  kL i s  b ig g e r  th a n  1, th e n  th e  e f f e c t  

o f  th e  a x ia l  f l e x u r a l  i n t e r a c t i o n  o f  th e  co m p ress iv e  a x ia l  

e n d -a c t io n s  sh o u ld  be c o n s id e re d . " I f  a x i a l - f l e x u r a l  i n t e r ­

a c t io n s  a re  to  b e  ta k e n  i n to  a cc o u n t in  th e  a n a ly s i s  o f 

p la n e  o r  sp ace  fram es, i t  i s  n e c e s s a ry  to  make o th e r  m o d if i­

c a t io n s  o f  th e  s t i f f n e s s  method in  a d d i t io n  to  th o s e  a l r e a d y  

d e s c r ib e d .  The a n a ly s i s  i s  c o m p lic a te d  by  th e  f a c t  t h a t  

th e  a x i a l  fo r c e s  in  th e  members a re  r e l a t e d  t o  th e  j o i n t  

d is p la c e m e n ts . T h e re fo re , th e  a n a ly s i s  m ust be  conducted  

in  a c y c l ic  f a s h io n .  In  th e  f i r s t  c y c le  o f  a n a ly s i s  th e  

s t i f f n e s s  m ethod i s  a p p l ie d  a s  e x p la in e d  in  C h ap te r 4 . In  

th e  second  c y c le ,  th e  a x ia l  f o r c e s  in  th e  members, as 

o b ta in e d  from th e  f i r s t  c y c le ,  a r e  u se d  in  d e te rm in in g  th e  

m o d if ie d  member s t i f f n e s s e s  g iv e n  in  T a b le  6 -7 , and a ls o  

in  d e te rm in in g  th e  m o d if ie d  f ix e d -e n d  a c t io n s .  The second  

c y c le  i s  th en  co m p le ted , u s in g  th e  m o d if ie d  s t i f f n e s s e s  and 

f ix e d -e n d  a c t io n s ,  and new v a lu e s  f o r  th e  a x ia l  fo rc e s  a re  

o b ta in e d .  T h is  p ro c e s s  i s  r e p e a te d  u n t i l  two s u c c e s s iv e  

a n a ly s e s  y i e l d  a p p ro x im a te ly  th e  same r e s u l t s "  (5 ) .



TABLE 13

MEMBER STIFFN ESS MATRIX OF AN INCLINED MEMBER OF A SPACE FRAME

4 4 A: el >̂ 1 e: e|
2iiz6a.30f3 /2&33‘i.Q6Zl 943^^.89/3 0 &47<9.48/& -ae>375oe9 ‘2//2a&3073 -726339.8627-94054.8573 0 6479.4376 -8637.5009

Vv /2<S33̂ .e6Z! 7GS23.73I7 S&3S2-937 -e>479.4Sie 0 14393.343 426339.3621 -76523.9377 -56352.937 -6479.40/6 0 74390.343

v: 5eas2.737 Ai359.&439 3BB7- 5039 -74393.343 0 -943S4.39T5 -56352.937 -433S9.64S‘) 8 6 3 -7.SO89 -74370.840 0

4 0 -e2-77.43i6 3&37.S03‘9 200744.4348 -{3&I&8Ô.SI2 -740073.334 0 (0479.43/(0 -3637.5089 35129.6024 -758803.34 -779762.33

4 (Z47̂ .-48/S 0 -/4398.348 -r8&&88-St2 407993333 -34009.3304 - 6479.4376 0 74393.343 -700033.84 204675.6936 -7/497. 728

4 -Ô&37. S08‘̂ !‘<-3‘}3.e4a 0 -/400I&.334 -3400^.8304 537/24.B/ZÔ3&37.SQ89 -74398.848 0 -779762.38 -77497. 728 246352-704

4 -2U28&'^073 ~/2&339.a&2! -94354.3973 0 -e4-79.43/& 3<Z47.503Cj 2H28S.S073 726339562/ 94854.6975 0 -6479.48/6 8637.5089

4 .7(̂ S23.̂ 3/7 -S(3352'^37 B479-43/& 0 -7 4 3 9 3 .3 4 3 726339.3627 76523.9317 56352-937 6479.4376 0 -74393.843

4 ~S&SS2.937 -43339. &4S9 -3&37.S0a9 /4390.04^ 0 94354.3970 B63S2. 937 40359.64S9-3637.5009 74393.340 0

4 0 -&ar79-43l& 8<2>37.503‘9 35139. GOZ4 -/S3333.34- -7/9162' 33 0 6479.4076 -0637.5009 200744.40/3-736633. Sl2 -J400/6. 304

4 &4-7‘}.'̂ 3I<o 0 -/439̂ . 343 -33033.34 2O4e,73093É -7/497.723 -6479.4376 0 74390.343 -736eB0iS/2 487993.838 -34009.6304

4 -s &3t:s o s 9 /43tfâ.34â 0 -//9/&2'S0 -7/497.720 24C.352.704 3637.3039 -74393.848 • 0 -740076.334 -84009.6304 537724.(5726

to
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TABLE 14

JOINT STIFFNESS MATRIX OF A SPACE FRAME 
5 4 1 0 1 6 . 3 0 3 7  1 2 6 3 3 9 .8 6 2 1  9 4 8 5 4 . 8 9 7 5  0 . 0

- 8 6 3 7 . 5 0 8 9 - 2 1 3  2 6 8 , 3 0 7 3 - 1 2 6 3 3 9 . 8 6 2 1  
0 . 0  6 4 7 9 . 4 8 3 6  - 8 6 3 7 . 5 0 8 9

7 7 2 4 3 .8 7 4 1  5 6 8 5 2 . 9 3 7  - 6 4 7 9 . 4 8 1 6
- 3 5 9 9 . 7 1 2  - 1 2 6 3 3 9 , 8 6 2 1  - 7 6 5 2 3 . 9 3 1 7  
- 6 4 7 9 . 4 8 1 6  0 . 0
5 6 8 5 2 .9 3 7  4 4 0 7 9 . 5 8 6 3

0 . 0  - 9 4 8 5 4 . 8 9 7 5

6 4 7 9 . 4 8 1 6
9 4 8 5 4 . 8 9 7 5  

1 2 6 3 3 9 . 8 6 2 1
0 . 0

5 6 8 5 2 . 9 3 7
9 4 8 5 4 . 8 9 7 5

3 5 9 9 . 7 1 2
4 3 3 5 9 . 6 4 5 9

0 . 0
8 6 3 7 .5 0 8 9

“ 6 4 7 9 . 4 8 1 6
1 8 6 6 8 8 . 5 1 2  - 1 4 0 0 1 6 . 3 8 4  
. 8 6 3 7 . 5 0 8 9

6 4 7 9 . 4 8 1 6  0 . 0
1 0 8 7 9 5 0 . 8 8 8  - 8 4 0 0 9 . 8 3 0 ^

1 4 3 9 8 . 8 4 8  - 1 5 8 8 8 3 . 8 4  
8 6 3 7 . 5 0 8 9  - 3 5 9 9 . 7 1 2

8 4 0 0 9 . 8 3 0 4 1 1 3 7 0 7 6 . 6 1 2 8  
0 . 0  - 1 1 9 1 6 2 . 8 8 5 6

2 1 1 2 8 6 . 3 0 7 3 - 1 2 6 3 3 9 . 8 6 2 1
6 4 7 9 . 4 8 1 6  8 6 3 7 ,5 0 8 9

9 4 8 5 4 . 8 9 7 5  0 . 0
1 2 6 3 3 9 . 8 6 2 1  - 7 6 5 2 3 . 9 3 1 7

- 1 4 3 9 8 . 8 4 8
8 6 3 7 . 5 0 8 9

0.0

0 . 0  
5 6 8 5 2 . 9 3 7
9 4 8 5 4 . 8 9 7 5  
1 4 3 9 8 . 8 4 8  

. 4 4 0 7 9 . 5 8 8 3  
0 . 0

1 5 8 8 8 3 . 8 4  - 1 1 9 1 6 2 , 8 8
8 6 3 7 . 5 0 8 9  
6 4 7 9 . 4 8 1 6

1 4 3 9 8 .8 4 8  
8 6 3 7 .5 0 8 9  

- 5 6 8 5 2 . 9 3 7  
0.0  

4 0 2 5 2 8 .4 8 4 8  
6 4 7 9 .4 8 1 6  

3 5 1 3 9 . 6 0 2 4 - 1 5 8 8 8 3 . 8 4  - 1 1 9 1 6 2 . 8 8
3 5 9 9 , 7 1 ?  - 1 8 6 6 8 8 . 5 1 2  

- 6 4 7 9 . 4 8 1 6  0 . 0
2 0 4 6 7 5 . 6 9 3 6  - 7 1 4 9 7 . 7 2 8  

0 . 0  - 1 4 0 0 1 6 . 3 8 4
8 6 3 7 . 5 0 8 9  - 1 4 3 9 8 . 8 4 8  

- 7 1 4 9 7 . 7 2 6  
- 9 4 8 5 4 . 8 9 7 5  
5 4 1 0 1 6 . 3 0 7  3 

- 6 4 7 9 . 4 8 1 6  
- 5 6 8 5 2 . 9 3 7  
1 2 6 3 3 9 .8 6 2 1  

0.0  
- 4 3 3 5 9 . 6 4 5 9  

9 4 8 5 4 . 8 9 7 5  
- 3 5 9 9 . 7 1 2  

8 6 3 7 . 5 0 6 9  
0 . 0

4 0 2 5 2 8 . 4 8 4 8 - 1 8 6 6 8 8 . 5 1 2  - 1 4 0 0 1 6 . 3 8 4  
0 . 0  - 1 4 3 9 8 . 8 4 8  - 1 5 8 8 8 3 . 8 4

- 1 4 3 9 8 . 8 4 8
6 4 7 9 . 4 8 1 6

- 5 6 8 5 2 . 9 3 7
0 . 0

- 8 6 3 7 . 5 0 8 9
- 6 4 7 9 . 4 8 1 6

2 4 6 3 5 2 .7 0 4
0 . 0

126339C8621 
8 6 3 7 ,5 0 8 9  
6 4 7 9 .4 8 1 6  

7 7 2 4 3 .8 7 4 ]  
3 5 9 9 .7 1 2  

- 6 6 3 7 . 5 0 8 9  
5 6 8 5 2 .9 3 7  

0 . 0  
3 5 1 3 9 .6 0 2 4  

64 7 9 ,4 8 1 6

2 0 4 6 7 5 . 6 9 3 6  - 7 1 4 9 7 . 7 2 8  - 6 4 7 9 C 4 8 1 6  0 .0
3 5 9 9 . 7 1 2  - 1 8 6 6 8 8 . 5 1 2  1 0 8 7 9 5 0 . 8 8 8  - 8 4 0 0 9 . 8 3 0 4
8 6 3 7 . 5 0 8 9  1 4 3 9 8 .8 4 8  0 . 0  - 1 1 9 1 6 2 , 8 8

7 1 4 9 7 . 7 2 8  2 4 6 3 5 2 .7 0 4  8 3 6 7 . 5 0 6 9  3 5 9 9 .7 1 2
0 . 0  ^ 1 4 0 0 1 6 .3 8 4  - 8 4 0 0 9 . 8 3 0 4 1 1 3 7 0 7 6 . 6 1 2 8

THE JOINT STIFFNESS MATRIX IS READ IN ROW-WISE, 
AND IT STARTS WITH THE SEVENTH COORDINATE AND 
ENDS WITH THE EIGHTEENTH COORDINATE» ACCORDING TO 
THE NUMBERING SYSTEM DEFINED FOR THIS PROBLEM» 
EVERY THREE ROWS REPRESENT THE STIFFNESS OF ONE 
COORDINATE. THE STIFFNESS OF EACH COORDINATE IS 
STARTED WITH THE DIRECTION OF THE X-AXIS.
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TABLE 15

INVERSE OF THE JOINT STIFFNESS MATRIX OF A SPACE FRAME
- 0 . 1 4 3 3 7 1 7 2 E - 0 5  - 0 .1 3 9 1 3 1 1 1 E - 0 5
- 0 . 1 8 6 7 4 5 2 6 E - 0 7  

0 .1 4 3 3 6 4 9 2 E - 0 5  
- 0 . 1 8 6 7 1 1 3 7 E - 0 7  

0 . 1 5 9 9 0 5 I 9 E - 0 2  
0 .4 5 0 9 5 5 8 5 E - 0 5  
0 . 1 2 1 3 4 5 1 8 E - 0 2  
0 .2 6 5 0 5 4 4 5 E - 0 5  

- 0 . 2 7 4 3 6 6 9 3 E - 0 3  
- 0 . . 3 3 7 3 6 0 1 0 E - 0 4  

0 .2 2 7 8 9 9 7 2 E - 0 3  
0 .2 4 3 0 1 2 1 4 E - 0 4  
0 .2 1 6 9 0 3 6 0 E - 0 4  
0 .9 9 0 7 6 1 9 2 E - 0 6  

- 0 . 1 8 3 1 8 9 2 9 E - 0 4  
0 . a i 0 8 5 3 S 6 E - 0 6  
0 .4 5 1 0 0 7 8 7 E - 0 5  
0 .1 7 7 4 3 6 2 7 E - 0 5  

- 0 . 2 6 5 0 4 1 1 2 E - 0 5  
- 0 . 5 4 7 1 3 2 8 0 E - 0 6  

0 .3 1 0 9 4 9 6 1 E - 0 4  
0 .2 4 6 7 4 3 1 8 E - 0 6  
0 .2 5 8 4 1 4 5 8 E - 0 4  
0 .1 7 2 3 5 5 6 1 E - 0 6  
0 . 1 4 3 3 5 9 7 8 E - 0 5  
0 . 1 8 6 7 3 4 1 8E-07  

- 0 . 1 4 3 3 6 0 4 6 E - 0 5  
0 . 1 8 6 7 0 0 5 3 E - 0 7  
0 . 1 2 1 3 4 2 6 2 E - 0 2  

- 0 . 2 6 5 1 0 0 3 8 E - 0 5  
0 . 1 5 9 9 0 9 9 0 E - 0 2  

- 0 . 4 5 1 0 2 0 3 3 E - 0 5  
0 . 2 2 7 8 9 8 9 4 E - 0 3  

- 0 . 2 4 3 0 1 0 8 0 E - 0 4  
- 0 . 2 7 4 3 9 5 2 7 E - 0 3  

0 .3 3 7 3 6 3 8 9 E - 0 4  
0 . 1 8 3 1 7 8 6 7 E - 0 4  
0 .8 1 0 8 4 5 3 3 E - 0 6  

- 0 . 2 1 6 9 1 5 9 0 E - 0 4  
0 . 9 9 0 7 7 3 0 6 E - 0 6  
0 . 2 6 5 0 5 1 2 6 E - 0 5  

- 0 . 5 4 7 1 2 9 0 4 E - 0 6  
- 0 . 4 5 1 0 5 8 3 5 E - 0 5  

0 .1 7 7 4 3 7 0 7 E - 0 5  
- 0 . 2 5 8 4 0 4 4 7 E - 0 4  

0 . 1 7 2 3 7 1 1 3 E - 0 6  
- 0 . 3 1 0 9 6 2 9 3 E - 0 4  

0 . 2 4 6 7 6 1 5 4 E - 0 6  
THE JOINT MATRIX 

AND IT STARTS WITH THE SEVENTH COORDINATE AND ENDS 
WITH THE EIGHTEENTH COORDINATE, ACCORDING TO THE 
NUMBERING SYSTEM DEFINED FOR THIS PROBLEM. EVERY 
FOUR ROWS REPRESENT THE FLEXIBILITY OF ONE COORDI­
NATE. THE FLEXIBILITY OF EACH COORDINATE IS  STARTED 
WITH THE DIRECTION OF THE X-AXiS.

0 . 3 0 1 4 4 1 6 9 E - 0 5  
0 . 1 5 9 5 7 9 2 6 E - 0 7  
0 . 1 8 2 2 8 1 9 5 E - 0 7  
0 . 1 5 9 5 8 2 7 8 E - 0 7  

- 0 . 1 4 3 3 7 7 7 7 E - 0 5  
0 .2 1 6 9 0 0 4 0 E - 0 4  
0 .1 4 1 2 5 9 5 7 E - 0 5  
0 . 1 8 3 1 7 5 4 7 E - 0 4  

- 0 . 1 3 9 1 2 9 7 4 E - 0 5  
- 0 . 2 8 9 5 5 9 5 0 E - 0 4  

0 . 1 3 8 9 2 2 6 7 E - 0 5  
- 0 . 2 4 4 5 8 0 3 6 E - 0 4  

0 . 1 5 9 6 1 1 8 7 E - 0 7  
0 .5 2 7 2 0 8 1 5 E - 0 5  

- 0 . 1 5 4 6 5 8 7 5 E - 0 7  
0 .2 5 2 8 8 9 8 2 E - 0 5  

- 0 . 1 8 6 7 2 1 1 4 E - 0 7  
0 .9 9 0 7 4 9 1 8 E - 0 6  
0 .1 8 8 1 3 7 6 8 E - 0 7  
0 . 8 1 0 8 3 0 6 7 E - 0 6  
0 .3 0 7 8 3 6 1 0 E - 0 7  
0 . 7 4 3 4 7 6 5 6 E - 0 6  

- 0 . 3 1 3 1 7 1 6 4 E - 0 7  
0 .6 0 8 5 7 9 0 5 E - 0 6  
0 . 1 8 3 6 6 5 0 6 E - 0 7  

- 0 . 1 5 9 5 7 5 9 9 E - 0 7  
0 .3 0 1 4 3 9 2 4 E - 0 5  

- 0 . 1 5 9 5 7 8 4 8 E - 0 7  
0 . 1 4 3 3 4 1 2 5 E - 0 5  

- 0 . 1 8 3 1 8 7 6 9 E - 0 4  
- 0 . 1 4 5 9 0 1 5 2 E - 0 5  
- 0 . 2 1 6 9 1 3 0 6 E - 0 4  

0 , I 3 9 1 4 2 b 0 E - 0 5  
0 .2 4 4 5 9 4 0 1 E - 0 4  

- 0 . 1 3 8 7 8 1 4 7 E - 0 5  
0 . 2 8 9 5 7 3 7 2 E - 0 4  
0 .1 5 9 6 2 1 3 2 E - 0 7  
0 .2 5 2 8 8 9 8 6 E - 0 5  

- 0 . 1 5 3 5 6 1 4 3 E - 0 7  
0 . 5 2 7 2 0 8 5 2 E - 0 5  

- 0 . I 6 6 6 9 3 8 9 E - 0 7  
0 .8 1 0 8 5 9 5 4 E - 0 6  
0 .1 8 8 7 2 2 5 6 E - 0 7  
0 . 9 9 0 7 7 8 5 2 E - 0 6  
0 . 3 0 7 9 6 6 I 3 E - 0 7  
0 .6 0 8 5 9 9 5 2 E - 0 6  

- 0 . 2 9 4 6 2 0 6 8 E - 0 7  
0 .7 4 3 4 9 7 4 8 E - 0 6  
THE INVERSE OF

0 .3 0 7 8 8 2 5 0 E - 0 7  
0 .1 3 9 1 4 7 6 1 E - 0 5  
0 .3 0 7 8 9 6 9 9 E - 0 7  

- 0 . 2 7 4 3 5 9 4 2 E - 0 3  
0 .3 1 0 9 5 4 3 4 E - 0 4  
0 .2 2 7 9 1 9 0 5 E - 0 3  

-G .2 5 8 4 0 9 0 9 E -0 4  
0 .1 7 5 9 9 6 3 3 E - 0 2  

- 0 .4 5 2 0 4 5 6 0 E - 0 5  
0 .1 0 7 9 9 5 9 5 E - 0 2  

- 0 . 2 6 6 0 9 4 7 7 E - 0 5  
- 0 . 2 8 9 5 6 1 7 9 E - 0 4  

0 .7 4 3 4 7 2 8 1 E - 0 6  
0 .2 4 4 5 8 7 3 5 E - 0 4  
0 .6 0 8 5 9 7 3 6 E - 0 6  

- 0 . 3 3 7 3 5 8 8 7 E - 0 4  
0 .2467521A E-06  

- 0 . 2 4 3 0 1 3 6 0 E - 0 4  
0 .1 7 2 3 5 1 9 1 E - 0 6  

- 0 .4 5 2 0 3 6 4 2 E - 0 5  
0 .1 6 3 0 1 9 8 5 E - 0 5  
0 .2 6 6 1 3 7 5 2 E - 0 5  

- 0 . 6 4 7 1 8 0 2 8 E - 0 6  
0 .1 3 9 1 2 4 2 2 E - 0 5  

- 0 .3 0 7 0 7 4 0 4 E - 0 7  
-G .1 3 9 1 4 0 6 6 E -0 5  
- 0 .3 0 7 8 7 3 3 3 E - 0 7  

0 .2 2 7 9 1 2 1 5 E - 0 3  
0 .2 5 8 4 1 4 0 3 E - 0 4  

- 0 , 2 7 4 3 6 1 l l E - 0 3  
-0 .3 1 C 9 5 3 7 6 E - 0 4  

0 .1 0 7 9 9 4 8 6 E - 0 2  
0 .2 6 6 0 8 2 7 2 E - 0 5  
0 .1 7 5 9 9 8 5 6 E - 0 2  
0 .4 5 2 0 9 2 5 3 E - 0 5  

“ 0 .2 4 4 5 8 2 8 0 E - 0 4  
0 .6 0 8 5 7 3 2 6 E - 0 6  
0 , 2 8 9 5 6 6 1 9E-04 
0 .7 4 3 4 9 5 6 6 E - 0 6  
0 . 2 4 3 0 1 105E-04 
0 . 1 7 2 3 5 1 23E-06 
0 .3 3 7 3 6 3 0 9 E - 0 4  
0 . 2 4 6 7 5 9 6 6 E - 0 6  

- 0 .2 6 6 0 8 3 8 1 E - 0 5  
- 0 .6 4 7 1 9 R 3 6 E - 0 6  

0 .4 5 1 9 9 5 7 6 E - 0 5  
0 .1 6 3 0 1 8 6 9 E - 0 5  

IS READ IN ROW WISE,



CHAPTER V II

STIFFNESS MATRIX FOR A TAPERED MEMBER 

OF CIRCULAR CROSS-SECTION IN 

THREE-DIMENSIONAL SPACE

Developm ent o f  S t i f f n e s s  C o e f f ic ie n ts  

The developm ent o f  th e  s t i f f n e s s  c o e f f i c i e n t s  o f  

a ta p e re d  member o f  c i r c u l a r  c r o s s - s e c t io n  in  a t h r e e -  

d im e n sio n a l sp a c e  i s  b a se d  on th e  m eraber-axes sy s tem , and 

th e  member a x i s  w i l l  be  c o in c id e n t  w ith  t h e  X -a x is .  The 

d isp la c e m e n ts  a t  th e  c o o rd in a te s  a re  in tr o d u c e d  in  th e  

p o s i t i v e  d i r e c t i o n s  o f th e  c o o rd in a te s . The fram ework 

s ig n  c o n v e n tio n  i s  u sed  f o r  th e  e n d -a c t io n s  and end 

d is p la c e m e n ts .

As i t  was in  th e  c a s e  f o r  a p r i s m a t ic  member, 

th e r e  a r e  f o u r  k in d s  o f s t i f f n e s s  c o e f f i c i e n t s  u n d e r  con­

s i d e r a t i o n .  The developm ent o f  th e se  fo u r  s t i f f n e s s  c o e f ­

f i c i e n t s  i s  g iv e n  a s  fo l lo w s :

145
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A x ia l S t i f f n e s s

'dxl

X

From d i r e c t  e x p e rim e n t, i t  h a s  b e en  e s t a b l i s h e d  by 

R o b ert Hooke t h a t  w i th in  th e  e l a s t i c  l i m i t  o f  a g iv e n  m ate­

r i a l  o f  a s t r u c t u r a l  member t h e r e  i s  a l i n e a r  r e l a t i o n s h i p  

betw een  th e  a x i a l  fo r c e  and a x ia l  s t r a i n .  And i f  s t r u c ­

t u r a l  members o f a g iv e n  m a te r ia l  and o f  d i f f e r e n t  le n g th s  

and c r o s s - s e c t i o n a l  a r e a s  a r e  e x p erim e n ted  w ith , i t  w i l l  

b e  found t h a t  th e  a x ia l  s t r a i n  o f  th e  member w i l l  b e  p ro ­

p o r t io n a l  to  th e  a x i a l  f o r c e  and t o  th e  le n g th  o f  th e  

member and in v e r s e ly  p r o p o r t io n a l  to  t h e  c r o s s - s e c t io n a l

a r e a  a s  w e ll  a s  t h e  e l a s t i c  p r o p e r ty  i n  te n s io n  and com-
PLp r e s s io n ,  i . e . ,  AL = EA

The above r e l a t i o n  can b e  d e r iv e d  a lg e b r a ic a l ly  a s  shown: 

By H o o k e 's  Law, E = ^  i n  w hich

“  = I '  ^
t h e r e f o r e .

E =
P

Mi
L

^  '  andAL -  g
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w here P = a x ia l  fo r c e  ( te n s io n  o r  c o m p re s s io n ) , 

a  = a x i a l  s t r e s s  due to  a x ia l  f o r c e ,

A = th e  c r o s s - s e c t i o n a l  a re a  o f  th e  member,

E = m odulus o f  e l a s t i c i t y .

S in ce  t h e  c r o s s - s e c t io n  o f  th e  member u n d e r c o n s id -
2

e r a t io n  i s  c i r c u l a r ,  A = rrr , w here r  i s  th e  r a d iu s  o f  a 

c ro s s  s e c t io n ,  and  i s  a f u n c t io n  o f  th e  c o o rd in a te  o f  th e  

c r o s s - s e c t io n  a lo n g  th e  m em ber-ax is , i . e . ,  r ^  = r ( x ) ,  as  

i n d ic a te d  in  th e  fo llo w in g  e q u a t io n ;

k -x

w here

r(x) = Cry) (1-c)

T r .
^ = ÏZ F  ' and  c = p i

T h e re fo re , s in c e  th e  c r o s s - s e c t i o n a l  a r e a  i s  g iv en  

in  term  o f  r a d iu s ,  i t  a l s o  can  b e  e x p re s s e d  a s  a fu n c t io n  

o f  th e  c o o rd in a te  o f  th e  c r o s s - s e c t i o n  a lo n g  th e  member 

a x is ,  i . e . ,  = A (x ), and i s  g iv e n  by

2
2 2A(x) = ( l - c ) ^ ( k - x ) ^

(CL)^

L e t th e  a x i a l  s t r a i n  f o r  a d i f f e r e n t i a l  le n g th  dx

o f  th e  member x d i s ta n c e  away from  th e  j o i n t  i  b e  dL. By
P dxth e  s t r e s s  s t r a i n  r e l a t i o n  a s  m e n tio n e d , dL =
A(x)E
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th e r e f o r e .

dL = %1, Pdx P (cL )2
E

2 2 —^  ( k - x ) ^ ( l - c ) ^
J c L )^

Enr? (k-x) ^ (1 -c )  ^
dx

I f  l e t  AL be th e  t o t a l  a x ia l  d isp lac em e n t o f  th e  member i - j ,  

th en  Al  = J~dL

AL P(cL)
0 E irrj (k -x ) ^ ( 1 - c )^

dx = P (cD
E h ry ( l - c )2  (k_%)2/

dx

P(cL).
E n r ? ( l - c ) ^ w :  ■

P(CL)
0 ETTr?(l-c)^ [k(k-L)_

L et AL = 1, th e n

P =
Enr? k (k -L ) (1 -c )^

where P i s  th e  r e q u i r e d  a x ia l  s t i f f n e s s .

By th e  id e a  o f  s u p e rp o s i t io n  o f  d is p la c e m e n ts , th e  

member can  b e  r e l e a s e d  in  th e  fo llo w in g  p ro c e d u re ;

Member R e le ased  a t  I n i t i a l  E n d -i w ith  P^ A p p lied  a t  E nd-i

E nr?  k (k -L ) (1 -c) ^

'  = — -------------------" i . i
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w here . i s  th e  r e q u i r e d  a x ia l  s t i f f n e s s  c o e f f i c i e n t  a t  

th e  c o o rd in a te  1 due t o  a  u n i t  a x ia l  d isp lac em e n t a t  th e  

c o o rd in a te  1 .

By th e  e q u il ib r iu m  c o n d it io n  o f th e  member, P^= -P ^ , 

th e r e f o r e

. -ETTrjk(k-L) (1 -c )^

---------------------

w here k_ , i s  th e  a x i a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r-  / / 1
d in a te  7 due t o  a u n i t  a x ia l  d isp lac em e n t a t  th e  c o o rd in a te  1 . 

Member R e le ased  a t  T e rm in a l E nd-i w ith  P^ A pp lied  a t  End-i

. E n r? k (k -L )(1 -c )^
 --------------- = ’'7 ,7  '

w here k_ -  i s  th e  a x i a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r-
/  f /

d in a te  7 due to  a u n i t  a x ia l  d isp lac em e n t a t  th e  c o o rd in a te  7. 

S in c e  P^ = -P ^ ,

. -Errr? k (k -L ) (1 -c )^

w here k , _ i s  th e  a x i a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r-  
J-# /

d in a te  1 due to  a u n i t  a x ia l  d isp lac em e n t a t  th e  c o o rd in a te  7.
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T o rs io n a l  S t i f f n e s s

t(3xi

i

dx

L e t th e  e n d -j b e  r e le a s e d  f i r s t ,  and a c o u p le  i s  

a p p lie d  a t  e n d - j .  From C a s t ig l i a n o ’s th eo rem , i t  i s  known 

t h a t  th e  a n g le  o f  t w i s t  a t  any c r o s s - s e c t io n  o f a s h a f t  i s  

g iv e n  by

Where i s  a f i c t i t i o u s  t o r s i o n a l  c o u p le  a p p l ie d  a t  th e  

s e c t io n  where th e  a n g le  o f  tw i s t  i s  d e s i r e d ,  U i s  th e  s t r a i n  

energy  in  th e  s h a f t  as a r e s u l t  o f  th e  a p p l i c a t io n  o f  a l l  

th e  e x te r n a l  f o r c e s ,  in c lu d in g  th e  f i c t i t i o u s  t o r s i o n a l
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c o u p le  to  th e  member. The e x p re s s io n  f o r  th e  s t r a i n  

e n e rg y , U, due to  t o r s i o n a l  lo a d  can b e  d e r iv e d  a s

fo l lo w s :

L e t be  th e  t o r s i o n a l  lo a d  a c t in g  a t  th e  f r e e  

end o f  th e  s h a f t .  Take an e lem en t o f  th e  s h a f t  o f  le n g th  

dx w hich i s  x d is ta n c e  away from  th e  f ix e d  end i .  The 

t o r s i o n a l  lo ad  in  th e  e lem en t c a u se s  th e  r i g h t  f a c e  o f 

th e  e lem en t to  r o t a t e  th ro u g h  a sm a ll a n g le  d 0 r e l a t i v e  

t o  th e  l e f t  f a c e .  L e t th e  s t r a i n  en erg y  in  th e  e lem ent 

b e  r e p re s e n te d  by dU. S in c e  th e  m a te r ia l  i s  c o n s ta n t  and 

w ith in  th e  e l a s t i c  l i m i t  o f  th e  m a te r i a l  th e  a n g le  o f  tw i s t  

i s  d i r e c t l y  p r o p o r t io n a l  to  th e  t o r s i o n a l  lo ad  d U = ^^ d 0 .

I f  0 be  th e  a n g le  o f  t w i s t  o f  a c y l i n d r i c a l  b a r  o f 

le n g th  L s u b je c te d  to  a c o n s ta n t  t o r s i o n a l  lo a d  M^, th e n

M L M dx
6 = - Q j -  and d@ =

T h e re fo re , ,  r o
M. dx r  dx

2^ JG ) " -'q 2GJ

S u b s t i tu t io n :

S in c e  i s  th e  t o r s i o n a l  lo a d  a p p l ie d  a t  th e  f r e e  end o f

th e  s h a f t ,  i s  r e a l  and = c o n s ta n t .
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T h e re fo re , _
r  “ x6 = / dx

Owing to  th e  f a c t  t h a t  th e  member i s  ta p e r e d  o f  

w hich J  i s  g iv en  in  te rm s  o f  r a d iu s  o f  a c r o s s - s e c t i o n ,  J  

f o r  each  c r o s s - s e c t io n  i s  a fu n c t io n  o f  th e  c o o rd in a te  o f  

th e  c r o s s - s e c t io n  a lo n g  th e  member a x is ,  i . e . ,  = J ( x ) ,

and i s  g iv e n  by
4

4 4
J (x )  = — T—J  (1 -c) (k -x)

2c L

L Cjw here k = -z—  , and c = — .i - c  r^

T h e re fo re ,

2 «K j" ' dx
Girrf (1 -c )^  0 (k -x )^

2 c^
4 4

SGMTj(1 -c )

2 c'^

3Grr(r^) (1 - c ) ^  I (k-L) ^ k ^ '

L e t 0^ b e  th e  a n g le  o f  t w i s t  o f  a u n i t  v a lu e ,  th e n  

3G nrj k 3 ( k - L ) 3 ( l - c ) 4

2c^ k ^ - (k -L )^  ^̂ 1 0 ,1 0
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Where i s  th e  r e q u ir e d  t o r s i o n a l  s t i f f n e s s ,  G i s  th e  s h e a r ­

in g  m odulus o f e l a s t i c i t y ,  L i s  th e  le n g th  o f  th e  member,

^10  10  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r­

d in a te  10 due t o  a u n i t  a n g le  o f  tw i s t  a t  th e  c o o rd in a te  1 0 .

By th e  e q u il ib r iu m  c o n d it io n  o f  th e  member, = -M^,

t h e r e f o r e  ^
-SGTirj k-^(k-L)-^d-c)^

2c V [ k ^  -  (k -L )3 ]

where k^ i s  t h e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  4 due to  a u n i t  a n g le  o f  t w i s t  a t  t h e  c o o rd in a te  

10. S im i la r ly ,  i f  th e  end i  i s  f r e e d  and end j  i s  f ix e d ,  

th e n
3 G n r j* k ^ (k -L )^ ( l-c )*

2 L^[k^ - ( k - L ) 3 ]  ^ 4 ,4

Where k^ ^ i s  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e

c o o rd in a te  4 due to  a u n i t  a n g le  o f  t w i s t  a t  t h e  c o o rd in a te  4 .

By th e  e q u il ib r iu m  c o n d it io n  o f  th e  member, = -M^,

th e r e f o r e  .
j  - 3 G n r jk ^ ( k - L ) ^ ( l - c ) *

2c"̂  [k^ - ( k - L ) 3 ]  ^10»4

w here k^g ^ i s  th e  t o r s i o n a l  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  10  due to  a u n i t  a n g le  o f  t w i s t  a t  th e  c o o rd in a te  

4 .
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"B ending S t i f f n e s s  due to  End R o ta tio n "  (26)

E = c o n s ta n t

S in c e  member i - j  i s  ta p e re d  and o f  c i r c u l a r  c ro s s

s e c t io n ,  v a r i e s  a lo n g  th e  member a x is .

Suppose t h a t  th e  member i s  su p p o rte d  on h in g e s  on 

b o th  ends and  a u n i t  moment, in  th e  c o u n te r  c lo c k w ise  d i r e c ­

t i o n ,  i s  a p p l ie d  a t  b o th  ends s e p a r a te ly ,  a s  fo llo w s  :

U n it Moment A p p lied  a t  End i

The d iag ram s o f  th e  moment and moment o v e r th e  

v a r i a b le  moment o f  i n e r t i a  a re  g iv en  as  fo llo w s :

u n i t  i  
moment

m om ent-diagram

moment -  d ia g ra m
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By th e  c o n ju g a te  beam m ethod, th e  lo a d in g  o f e l a s t i c  w e igh t 

and th e .e n d  r e a c t io n s  a re  shown in  th e  fo llo w in g  s k e tc h :

E0 E0;

The end r e a c t io n s  o f  th e  c o n ju g a te  beam lo a d e d  w ith  th e  

e l a s t i c  w e ig h t, A^, a r e  g iv en  by

E ^  (Â )

E =
X. . 

-  IT  (A )

U n it Moment A p p lied  a t  End i

The d iag ram s o f  th e  moment and moment o v e r th e  

v a r i a b le  moment o f  i n e r t i a  a re  g iven  a s  fo l lo w s :

moment diagram

moment -  d ia g ra m
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By th e  c o n ju g a te  beam m ethod, th e  lo a d in g  o f  e l a s t i c  w e ig h t, 

A^, and th e  end—r e a c t io n s  a r e  shown in  th e  fo llo w in g  s k e tc h ;

Es;

" j

A: E0:

The e n d - r e a c t io n s  o f  th e  c o n ju g a te  beam lo a d e d  w ith  th e  

e l a s t i c  w e ig h t, A^, a r e  g iv en  by

eg:

E0;

U n it Moment A pp lied  a t  Both Ends S im u lta n e o u s ly

The lo a d in g  c o n d it io n  o f  th e  c o n ju g a te  beam w i l l  

b e  th e  c o m b in a tio n  o f  th e  p re v io u s  two c a s e s .

A'

EG

EG

EG

EG
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The f i n a l  end r e a c t io n s  o f  th e  c o n ju g a te  beam w i l l  b e  g iv en  

by
. L -x . . L - x .

K  = -IT  (A )

* I » X • •
« 2  = T T  (A ) + ^  ( a3)

By th e  id e a  o f  s u p e r p o s i t io n  o f d is p la c e m e n ts , t h e r e  i s  

e s t a b l i s h e d  th e  s t a t e  o f  d isp la c e m e n t s e p a r a t e ly ,  a s  fo llo w s ;

F ix  End i

I f  end—j i s  f ix e d  and e n d - i  i s  l e f t  h in g e d , th e n

o n ly  end—i  w i l l  have  end r o t a t i o n  ab o u t Z - a x i s , t h a t  i s ,

E8g 0 E@i = 0 .

T h e re fo re , .
. -A X. Xj j. .

E@J = ---- =------+ — ------ = 0  o r  -A X. + A? X. = 0
Z  Li Lt 1  J

I f  an end r o t a t i o n  0^ i s  in tro d u c e d  a t  e n d - i ,  th e n

th e r e  w i l l  b e  moments and C . i n d u c e d  a t  t h e  e n d s - i  andz i j  z
j ,  r e s p e c t iv e ly .

Then,

+ C. . A^X. = 0 

o r  A  ̂ x^ = C^. M^A: X.

from  Which .
A^ X. A^ X

p — . i  _ i
a3 X. " a3 X. •Z 1 T
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v ^ e re   ̂ i s  th e  c a r ry - o v e r  f a c t o r  from  e n d - i  t o  e n d - j . 

Thus, th e  end r e a c t io n  a t  end—i  o f  th e  c o n ju g a te  beam i s  

g iv e n  by

E0 = U “ z + (L -x .) a"

A^ -X^ (L-X^ )
+ (L-Xj^)

from  vAiich

MI = 6z
(X j-x \)

I f  th e  i s  o f  u n i t  v a lu e , th e n

Ex^
Mg = 1

A ^(X j-x^)
= k6 , 6

w here kg g i s  t h e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r ­

d in a te  6 due to  a  u n i t  r o t a t i o n  a t  th e  c o o rd in a te  6 .

The moment in d u ced  a t  e n d - j  due to  th e  in tro d u c e d

u n i t  r o t a t i o n  i s  Mp.z z

“ z = = i j “ z

A^x^

A^x.

EX4

A  ̂(X j-x^)

Ex^
= k.

aJ ( x . - x . )  -  ‘'1 2 . 6  '
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w here g i s  th e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r­

d in a te  12 due t o  a  u n i t  r o t a t i o n  a t  th e  c o o rd in a te  6 .

F ix  End i

In  th e  l i k e  m anner, on ly  end—j h a s  an end r o t a t io n  

ab o u t Z -a x is ,  i . e . ,  E0^ = 0.

T h e re fo re ,
L-X; i  L -x . .
— ( A^ ) ------------ (A^) = 0

o r

^  (A^) = (AÎ)

S im i la r ly ,  i f  an end r o t a t i o n  0^ i s  in tro d u c e d  a tz
end—j ,  th en  t h e r e  w i l l  b e  moments and induced  a t

th e  ends j  and i  r e s p e c t iv e ly .

Then,
. (L -x .)  . . (L -x .)  .

Cji “i (Ah-M: (a3) = 0

o r
L -x . . . L -x . .

= j i  “ i  (A ) = ( ^ ) ( a3)

from  which
A^(L-Xj)

C . . = —r
A^(L-X^)

L ik ew ise , th e  end r e a c t io n  a t  e n d - i  o f  th e  c o n ju g a te  beam i s  

g iv e n  by
. . a J (L -x .)  . . 1

U. 1
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Ml Xi (L-Xj ) 
(L -x . )

=  Â
(x^-X i)

(L-x^)

from w hich, Mp = —?
2 ■* J

,  E ( L - x . ) @ i

A-* (X j-x^)

I f  l e t  0^ be  o f  u n i t  v a lu e ,  th e n

M =
E(L-x^) 

A  ̂ (Xj -x^  )
= k 1 2 ,1 2  '

where kg^g ^2 th e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  12 , due to  a u n i t  r o t a t i o n  a t  th e  c o o rd in a te  1 2 .

The moment in d u ced  a t  end—i  i s  M_:z

" z  = = j i  “ z

(L-z^ ) E(L-Xj^)i  -  -T-  1 - E(L-X .)
M — ■ — . — ■ — kf 1 n »

A (L-X.) A p ( x .- x .) A (X .-X .) '

Where kg i s  th e  b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  6 due to  a u n i t  r o t a t i o n  a t  th e  c o o rd in a te  1 2 .
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"B ending S t i f f n e s s  due t o  End D e f le c tio n "  (26)

The d iag ram  o f  th e  moment o f  i n e r t i a  o f  a  ta p e re d  

member o f  c i r c u l a r  c r o s s - s e c t io n  i s  shown in  th e  fo llo w in g  

d iagram :

i j

i i

L

ta p e re d  member

" — ---------

L

Ig  -  d iag ram

F i r s t  l e t  e n d - i  o f  th e  member be  r e le a s e d  and hav e  a d e f l e c ­

t io n  in tro d u c e d  in  t h e  p o s i t i v e  d i r e c t i o n  o f  c o o rd in a te  2 .

By th e  c o n ju g a te  beam m ethod, th e  r e l a t i o n s  b e tw een  th e

d e f l e c t io n  and th e  and can  b e  d e v e lo p ed  a s  fo llo w s : y  z z
S in c e  th e  d e f l e c t i o n  a t  th e  end i  i s  in tro d u c e d  in  

th e  p o s i t i v e  d i r e c t i o n  o f  th e  c o o rd in a te  2 , i . e . ,  A  ̂ i s  

upward, t h e r e  m ust b e  f ix e d  end moments and  induced  

a t  th e  ends i  and j  r e s p e c t iv e ly ,  a s  shown in  th e  fo llo w in g  

sk e tc h :

" ' ( r
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^  ^ —

A^M:

J

I  _____________

A^M^
^ Xj -  Xi

=1

L

M
C o n ju g a te  beam lo a d e d  w ith

S in c e  th e  c o n ju g a te  beam i s  i n  e q u il ib r iu m , th e r e  

m ust b e  a  moment w hich  i s  e q u iv a le n t  t o  E to  b a la n c e  th e  

e f f e c t  o f  th e  two e l a s t i c  lo a d s  and A^M^. By SMj = 0,

i t  y i e ld s

from  which.
EA'

I f  Ay i s  o f  a u n i t  v a lu e , th e n

A ^(X j-x^) G'2

w here kg g i s  a b e n d in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  c o o r ­

d in a te  6 , due t o  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  2 .
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S im i la r ly ,  by = 0 ,  i t  y i e l d s  EA^ ApM](Xj-X\)

from  w hich

=
EA"

1 .I f  Ay i s  a llo w ed  to  d e f l e c t  a u n i t ,  th e n

Ml = E = k .
A j ( x . - x . )  "  1 2 ' :

] 1

w here 2 1® ^ b en d in g  s t i f f n e s s  a t  th e  c o o rd in a te  12  due

to  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  2 .

S econd ly , by  th e  s i m i l a r  m ethod i f  th e  d e f l e c t i o n

a t  end—j i s  in tro d u c e d  in  th e  p o s i t i v e  d i r e c t i o n  o f  th e

c o o rd in a te  8 , th e n  t h e  f ix e d  end moments and a t  th ez z
ends i  and j  a r e  in d u ce d .

i

a -̂ m;

X

M,
c o n ju g a te  beam lo ad e d  w ith  —

“ z
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In  o rd e r  to  keep  th e  c o n ju g a te  beam in  an e q u il ib r iu m  con­

d i t i o n ,  t h e r e  m ust be  a c o u p le  e q u iv a le n t  to  EA^ a p p l ie d  a t  

e n d -j  in  th e  c o u n te r  c lo c k w ise  d i r e c t i o n .  By SM̂ . = 0, i t

y i e ld s  EAp, = )y  z J X
from w hich , .

i  ^ 4M-̂  = —:—  -------  ( in  c lo c k w ise  d i r e c t io n )
^ A ^(X j-x^)

I f  l e t  Ay b e  a  u n i t  v a lu e , th e n

w here k^^g g i s  a  b en d in g  s t i f f n e s s  a t  th e  c o o rd in a te  1 2 , 

due to  a  u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  8 .

S im i la r ly ,  by ZMj = 0, i t  y i e l d s  EAy = A^ M ^fxy-x^) 

from w hich ,
. EA^

= —:----- -̂-------  ( in  c lo c k w ise  d i r e c t io n )
^ A^(Xj-X^)

I f  l e t  Ay b e  a u n i t  v a lu e , th e n

i  E iM = —:-------------  = kg Q , (by fram e-w ork c o n v e n tio n , M ta k e s
z A fx -X ) ̂ j  i '  n e g a t iv e  v a lu e )

w here kg g i s  th e  b en d in g  s t i f f n e s s  c o e f f i c i e n t  a t  t h e  co o r­

d in a te  6 , due t o  a u n i t  d e f l e c t io n  a t  th e  c o o rd in a te  8 .
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End S h ea rin g  S t i f f n e s s  

The end s h e a r in g  s t i f f n e s s  a t  b o th  ends o f  th e  mem­

b e r  due to  e i t h e r  end r o t a t i o n  o r  end d e f le c t io n  can be 

o b ta in e d  by  a p p ly in g  th e  e q u i l ib r iu m  c o n d it io n  o f  th e  fo rc e s  

a c t in g  on th e  member. The end s h e a r in g  s t i f f n e s s  can  b e  

d eve loped  in  two c a s e s , as fo l lo w s :

End S h e a rin g  S t i f f n e s s  due to  End R o ta tio n

As i t  h a s  b e en  shown t h a t  th e  moments a t  b o th  ends 

due to  a  u n i t  r o t a t i o n  in  th e  p o s i t i v e  d i r e c t i o n  o f  c o o r­

d in a te  6 a t  e n d - i ,  ab o u t th e  Z -a x is  a re

^—  and = —:------------
A ^ (x .-x . ) A ^ (x .-x . )J 1 J i

T h e re fo re ,

Ex^ Ex^

A ^ (x .-x . ) A p fx .-x . )
] 1 J

l a V  2 '®

w here g i s  t h e  end sh e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  2 , due to  a u n i t  a n g u la r  d isp lac em e n t a t  th e  

c o o rd in a te  6 . By th e  e q u il ib r iu m  c o n d it io n  o f th e  member,

= -  V^, th e r e f o r e ,
y  y

= -v ^
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LA^A^

A^X^+A^Xj

(Xj-X^)
= k8 , 6

w here k_ .  i s  th e  end  sh e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  o# o
th e  c o o rd in a te  8 due t o  a u n i t  a n g u la r  d is p la c e m e n t a t  th e  

c o o rd in a te  6 .

S im i la r ly ,  t h e  end sh e a r in g  s t i f f n e s s e s  a t  b o th  

ends o f  th e  member due to  a u n i t  r o t a t i o n  o f  e n d - j  about 

th e  Z -a x is  a re

E
LA^A^

A ^  ( L - X j ^ ) + A _ j  ( L - X \ )

X i“Xj = k 2 , 1 2

w here kg ^2 th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  

th e  c o o rd in a te  2 , due to  a u n i t  r o t a t i o n  a t  th e  c o o rd in a te  

1 2 , and

v i  =

y LA^A]

A^(L-x^)+A^(L-x^)
x . - x .
1 ]

= k 8 , 1 2

w here kg i s  th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  

t h e  c o o rd in a te  8 , due to  a u n i t  r o t a t i o n  a t  th e  c o o rd in a te  

1 2 .
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End S h e a rin g  S t i f f n e s s  due to  End D e f le c t io n

By fo llo w in g  th e  same id e a  and p ro c e d u re  in  th e  p re c e d ­

in g  c a s e ,  one can o b ta in  th e  end s h e a r in g  s t i f f n e s s e s  a t  

b o th  ends due to  th e  end d e f l e c t i o n s  o f  b o th  ends o f  th e  

member a s  fo llo w s ;

When e n d - i  d e f l e c t s  in  th e  p o s i t i v e  d i r e c t i o n  o f  

th e  c o o rd in a te  2 , th en

V _ 1 r . E , E ]
^  (X j - x ^  ) (Xj - x ^  )J

E
LA^Ap

Ap+A^
(Xj-X^) = k 2 , 2

w here ^ i s  th e  end sh e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  2 , due t o  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  2 .

-E
LA^A^

Ap+A^
(Xj-X^) = k 8 , 2

w here kg g I s  th e  end s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th e  

c o o rd in a te  8 , due t o  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  2 . 

When e n d - j  h a s  a d e f l e c t io n  in  th e  p o s i t i v e  d i r e c t i o n  o f  

c o o rd in a te  8 , th en

E 1 , 1 E A^+A^
L i  i A ( x . - x . )  A / ( x . - x . )

_ J ^ J 1 4.
LA^Ap (Xj-X^)

= k8,8

w here k-, _ i s  th e  end sh e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  th eOf o
c o o rd in a te  8 , due t o  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  8 .
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- v :  = 
y  LA^A  ̂ L<*j-='i)_

= k 2 , 8

w here kg g i s  th e  end  s h e a r in g  s t i f f n e s s  c o e f f i c i e n t  a t  

th e  c o o rd in a te  2 , due to  a u n i t  d e f l e c t i o n  a t  th e  c o o rd in a te  

8 .

The s t i f f n e s s  m a tr ix  f o r  th e  w hole menûDer i s  g iv en  

in  th e  fo l lo w in g  fo u r  t a b l e s  :



TABLE 1 6

SUBMATRIX s X-X OP A MEMBER STIFFNESS MATRIX OF A TAPERED MEMBER

--------

z a '-a-'

(X-.Y P l a n e /

IA'-A‘ 
fX-Y P la n e )

x -x

Â + A”'’
;%-=L

-Ê

(X-Z Plane) (X-Z Plane)

s

A‘
(X-Z Plane)

A"
(X-Z Plane)

A*-
(X-Y Plane) (X-Y Plane)



TABLE 17

SUBMATRIX OF A MEMBER STIFFNESS MATRIX OF A TAPERED MEMBER

£A'’A> Z;-%;

(X-Y Plane)'

(X-Z Plane)/

/ / ‘A--

(X-Y Plane)

4 -i} 'ZA*A-
( X—̂ Plane)

H*
o

(X-Z Plana (X-Z Plane)

- £ •

(X-Y P lan e) (X-Y P lane)



TABLE 1 8

SUBMATRIX OF A MEMBER STIFFN ESS MATRIX OF A TAPERED MEMBER

-B
ZA'A-"

(X-Y Plane) (X-Y Plane)

s 3 - i =

-E

(X-Z Plane)

e r +a-̂;ï/'
ia â-> 4)-"4.

(X-Z Plane)

!-■

~£ e

(X-Z Plane)
Â(Xj-ki)

(X-Z Plane)

(X-Y P lan e)

BXt.
(X-Y P lan e)



TABLE 1 9

SUBMATRIX OF-A MEMBER STIFFNESS MATRIX OF A TAPERED MEMBER

(X-Y Plane)

lKÂ
( X-Y Plane)

âW 
(X-Z Plane)'

/Avr

(X-Z Plane)

3t̂ yrg'*:̂ ^o€-jc/c^-

A'iXj-Xi,)
(X-Z Plane) (X-Z Plane)

- £
A-̂

(X-Y Plane) (X-Y P lane)



173

To D efine  th e  S e c t io n  P r o p e r t ie s  

When a member o f  w hich  th e  c r o s s - s e c t io n  i s  o f  a 

r e g u la r  shape  i s  n o n p r is m a tic ,  th e  s e c t io n  p r o p e r t i e s  a re  

v a r i a b l e  a lo n g  th e  le n g th  o f  t h e  member. T h e re fo re , when 

th e  d i f f e r e n t  k in d s  o f  s t i f f n e s s  c o e f f i c i e n t s  a re  d e s i r e d ,  

t h e  s e c t io n  p r o p e r t i e s ,  w hich  a re  r e l a t e d  t o  th e  s t i f f n e s s  

c o e f f i c i e n t s ,  have t o  b e  e x p re s s e d  in  term s o f  th e  lo c a t io n  

o f  th e  c r o s s - s e c t io n  a lo n g  th e  member a x is .  The p ro c e d u re  

t o  d e f in e  th e  s e c t io n  p r o p e r t i e s  in  g e n e ra l  e x p re s s io n s  i s  

a s  fo llo w s ;

To D efine  th e  R adius o f  a C ro s s -S e c tio n

r .

F ro n t v iew  o f  a T apered  Meitber

-X

L e t th e  o r i g in  b e  a t  j o i n t - i ,  i . e . ,  j o i n t —i  i s  

ta k e n  a s  th e  i n i t i a l  j o i n t .  L e t  th e  member a x is  b e  th e  

X -a x is  o f  th e  meiriber-axes sy s te m . E xtend b o th  edges t o  th e
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p o in t  O '.  L e t c = , in  w hich r .  and r .  a r e  th e  r a d i i
^ i  1 1

o f th e  two end c r o s s - s e c t io n s .  Then th e  unknown le n g th  a

i s  g iv en  by 

from w hich

T h e re fo re , th e  r a d iu s ,  r ^ ,  o f  any c r o s s - s e c t io n ,  w hich i s  

X d is ta n c e  away from th e  o r i g i n ,  can be  g iv en  as fo llo w s  : 

By two s im i l a r  t r i a n g l e s ,

a

in  w hich a = » and e = L-x1—c

t h e r e f o r e  cL
l i  = 1 -c  ^ CL

(L-x) L -(1 -C )x

If l e t  k  = , th e n  = r . (1 -c)

It means t h a t  th e  r a d iu s  o f  any c r o s s - s e c t io n  i s  a f u n c t io n  

o f  th e  lo c a t io n  o f  th e  c r o s s - s e c t io n  a long  th e  X -a x is .

To D efine  th e  Area o f  a C ro s s -S e c tio n  

S ince  th e  member u n d e r d is c u s s io n  i s  o f  a c i r c u l a r  

c r o s s - s e c t io n ,  th e  a r e a ,  A^, o f  any c r o s s - s e c t io n  o f  th e  mem­

b e r ,  w hich i s  X d is ta n c e  away from  th e  o r i g in ,  can  b e  g iv e n

by 2
\  = ""^x
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vfliere (1-c), k = and c =

T h e re fo re ,

X (l-c)2 = (k-x)2(l-c)2
(CL)^

It means that is a function of its location along the mem­
ber axis.

To Define the Polar Moment of inertia 
of a Cross-Section

X

F or th e  p u rp o se  o f  f in d in g  th e  p o la r  moment o f  

i n e r t i a  o f  a c i r c u l a r  c r o s s - s e c t io n ,  " i t  i s  c o n c e iv a b le  

t h a t  th e  c i r c u l a r  c r o s s - s e c t io n  i s  d iv id e d  i n to  c o n c e n tr ic  

e lem ents o f a re a "  (2 4 ) . L e t dy be th e  w id th  o f  one o f  

th e s e  e lem en ts  o f  a r e a  whose d is ta n c e  from  th e  c e n te r  o f  

th e  c i r c u l a r  c r o s s - s e c t i o n  i s  y . L e t dA b e  th e  e lem en t 

a re a , th e n

dA = (2TTy)dy = 2ïTydy

■ fJ  = I y^dA 
'o
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=/
" 2  r  3

J  =  j  y (2Trydy) ~ 2-nJ y  dy = 2n 
o o

As h a s  b e e n  fo u n d  in  th e  p re v io u s  a r t i c l e ,  th e  r a d iu s ,  r ^ ,  

f o r  any c r o s s - s e c t i o n  o f  t h i s  t a p e r e d  member i s

T h e re fo re , i f  l e t  th e  p o l a r  moment o f  i n e r t i a  o f  any c r o s s -  

s e c t io n  a lo n g  th e  member a x is  i s  j  , th e n  J  i s  g iv en  by

=  I

n r
 ̂ ( l - c ) 4 k -x

, cL

I t  means t h a t  th e  p o la r  moment o f  i n e r t i a  o f  any c r o s s -  

s e c t io n  o f  t h i s  ta p e re d  member can b e  e x p re sse d  in  te rm s 

o f  th e  lo c a t io n  o f  th e  c r o s s - s e c t io n  a lo n g  th e  member a x is ,

D e fin e  th e  Moment o f  I n e r t i a  o f  a C ro s s -S e c tio n  
o f  a  N o n p rism a tic  Member i - j  w ith  
C i r c u l a r  C ro ss -S e c tio n  o f  L ength  L

X

C ross S e c tio n  o f  Member
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F o r a c i r c u l a r  c r o s s - s e c t io n ,  " a l l  ax es  th ro u g h  th e  

c e n te r  o f  th e  c r o s s - s e c t i o n  a r e  p r in c ip le  a x e s , and th e  

moments o f  i n e r t i a  ab o u t th e s e  axes a re  a l l  e q u a l"  (2 4 ).

And a s  i t  i s  known t h a t  th e  p o l a r  moment o f  i n e r t i a  o f  an 

a re a  w . r . t .  th e  member a x i s  i s  th e  sum o f  th e  moments o f  

i n e r t i a  ab o u t t h e  two r e c t a n g u la r  axes th ro u g h  t h e  c e n te r  

o f  g r a v i ty  o f  t h e  a r e a ,  i . e . ,  = 2i ^  o r  ( J ^ ) ,X X'
where

Therefore,

TTr̂
•^x =

: x  =

(1-c)' k-x  
CL I

TTrt 4
- f -  (1 - c )  ( ^ )

It shows that the moment of inertia of a circular cross- 
section is also a function of the location of the section 
along the member axis.

MTo Define the Curve of —fil

r .

F ro n t  View o f  a T apered  Member
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The d i s c u s s io n  i s  made on each  c a s e  a s  fo l lo w s :  

U n it C ouple A pp lied  a t  J o i n t - i

u n i t  j 
c o u p le

M. -  d iag ram

X

The M c u r v e  can  b e  w r i t t e n  as a f u n c t io n  o f  x c o o rd in a te  

o f  t h e  s e c t io n  a s  fo llo w s :

i r r j  4
1% = I (x )  = - 4— (1 -c ) k -x

CL

M. (x)
I f  l e t  /^ ( x )  = ÊïTScf ' th e n

f i ( x )
~ ^ (x )+ l

4c^L^
E n r j ( l - c ) *

L -x
(k -x )

L-x ^ 4. ^
(k -x )*  (k -x )*  (k -x )^  (k -x )^  (k-x)

L -x = A +B(k-x)+C(k-x)2+D (k_x)3
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L-x = AhBk-Bx+Ck^-2ckx+Cx^+Dk^-3Dk^x+3Dkx^-Dx^

(MBk+Ck^+Dk^ ) -  (B+2ck+3Dk^ ) x+ (C+3Dk) x^-Dx^ 

(A+Bk+Ck^+Dk^) = L 

-(B+2ck+3Dk^) = - 1

C+3Dk = 0

-D = 0 
C = 0 

B = 1 
A + k = L 

A = L—k

L-X ^ L -k   ̂ 1
(k -x )*  (k -x )*  (k -x )^

T h e re fo re ,

/ i ( x ) 4c*l 3
E n r* ( l - c )*

L -k  1
(k -x )*  (k -x )^

I f  l e t  A be  th e  a re a  o f  / ^ ( x ) ,  th e n

=  f
(x )dx  = 4c*L^

E n r* ( l - c )* /
L—k dx

0 (k -x)
dx

0 (k -x )

E n r* ( l - c )*
W .  w '
b  (k-x) 3  0 b  (k -x) !J 0
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4 4Errrj (1 -c )
L-k (L-k) . 1

 3 " T r s  + —3 (k -L )"  3k'' 2(k-L ) 2k '

I f  l e t  th e  d is ta n c e  o f  th e  c e n tro id  o f  from  t h e  o r ig in  be

, th en

^ i  = 3  /  * f i (x)dx
A" 0

as  d e r iv e d  p r e v io u s ly ,

f i l x l  = 4
ETTrj(l-c) (k-x)

th e n

X / . (X) =
E n r^ (1 -c )

L x-x
(k-x)

R e fe r r in g  t o  th e  p re v io u s  i n t e g r a l .

Lx-x^ = A+B(k-x)+C (k-x) ^+D(k-x) ^

2 2 2 3 2 2 3L x-x = AfBk-Bx+Ck -2ckx+Cx +Dk -3Dk x+3Dkx -Dx

(A+Bk+Ck^+Dk^ ) -  (B+2Ck+3Dk^ ) x+ (C+3Dk) x^-Dx^

2 3AhBk+Ck +Dk = 0

-(B+2Ck+3Dk ) = L

(C+3Dk) = -1

-D -  0
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C = - 1

B = 2k-L

A = kL -k '

T h e re fo re ,

x / i ( x )  = — kL-k ^  2k-L
ETTrT(l-c)^ 1 (k-x)^ (k-x)^ (k-x)^

and 
-L

f  x/^(x)dx = f 40*13 kL-k . 2k-L 
4 , ,  _ ,4   ̂ . . ,4  „  ,3

dx
0 Errr. (1 -c ) | (k-x) (k -x ) (k -x)J

E T T r * ( l - c ) * / :

kL-k
(k -x ) '

dx ■I. 2k-L dx
0 (k-x) ■/: dx

(k-x) 1
4 c"l  ̂ I (kL-k^)

L
2k —L

L
1

E rrr* (1 -c )*  j _3 (k -x ) 3
+

0 2 (k -x) 1 0 (k -x )

4 c*l 3
Errr* (1 -c )*

kL -k^ kL-k^ . 2k-L
^  “  — — — —  4-  — — —

3 (k-L) 3k'
__________ 2k-L
2 (k -L )^  2k^

i
k-L
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kL -k^ kL-k 2 2k-L 2k-L
_ ^ 3(k-L)-^ 3k '
X

2 (k -L )^  2k^
L -k L -k

3 (k-L) 3k '

U n it  C ouple A p p lied  a t  j o i n t - i

2 (k-L) 2k"

k-L

M. -  d iagram

The Mj c u rv e  can  be w r i t t e n  as a fu n c t io n  o f  x  c o o rd in a te  o f  

th e  s e c t i o n  a s  fo l lo w s ;

“ j - x  = “ j  '  —  <̂ >

T,r!

M. (x)
I f  l e t  f j ( x )  = Ë i^xj" '  th e n

/ j ( x )

X
L

k -x  . ^ 
cL  ̂ '

4c^L^ X

E n r j ( l - c ) 4 (k-x) ^
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(k-x) ^ (k-x)  ̂ (k -x ) ^ (k -x )  ̂ (k -x)

X = A+B (k-x)+C (k-x) ^+D (k -x ) ^

X = A+Bk-Bx+Ck^-2Ckx+Cx^+Dk^-3Dk^x+3Dkx^-Dx^

X = (A+Bk+Ck^+Dk^)-(B+2Ck+3Dk^)x+(C+3Dk)x^-Dx^

A+Bk+Ck^+Dk^ = 0

-(B+2Ck+3Dk^) = 1

+ (C+3Dk) = 0 

—D =  0  

C = 0 

B = —1 

A = k

T h e re fo re ,

(k -x )^  (k -x )^  (k -x )^

I f  l e t  Â  b e  th e  a re a  o f  f j ( x ) ,  th e n

AÎ = r  / ^ ( x ) d x  = f
Jr. Jr. Errr?

4c^L?
E n rT ( l-c )* (k -x )^

dx
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4 c  L4 , 3  r
iE n T j( l- c )^  0 (k -x )^

dx

4c4l 3
4 4Errrj (1 - c ) / dx

0 (k-x) - I
dx

0 (k-x)

4 A = ’
4 4Errr^ (1 - c )

L
k

3 ( k - x ) ^ j 0 2 (k -x ) ^ / 0

E n r j ( l - c ) * 3 (k -L )^  3k^ 2 (k-L) 2 2k^

I f  l e t  Xj be th e  d i s ta n c e  o f th e  c e n t r o id  o f from  th e  

o r i g in ,  th e n

X. = —:r / X /  . (x )dx .
J 0 ]

/  x / . ( x ) d x  = f M. (x)

= I
4 A 3

0 E n r j ( l - c ) ^ ' (k-x)
dx

(k -x )*  (k -x )*  (k -x )^  (k -x )^  (k-x)
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R e fe r r in g  t o  th e  p re v io u s  i n t e g r a l .

7? = (AH-Bk+Ck^+Dk^)-(B+2Ck+3Dk^)x+(C+3Dk)x^-Dx^

(AfBk+Ck^+Dk^) = 0

-(B+2Ck+3Dk ) = 0

(C+3Dk)

-D

C

B

A

1

0

1

= k

- 2k
2

X 2k   L
(k -x )^  (k -x )^  (k -x )^  (k -x )^

T h e re fo re ,

J X / . (x )dx  = \ 40^1^

' 0   ̂ "'o E r r r f d - c ) ^

X

(k -x)
dx

/
4c^L^

0 E n r j ( l - c ) * (k -x )^  (k -x )^  (k -x )^
dx

4 0 ^ 3

Errrf ( 1 - c ) ^
r

(k -x )
. r 2k . f

(k -x )
3 dx . - 0 dx

(k-x)
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4 0 ^ 3

E n tj (1 -c )^
k 2

L
( 2k ] ^ 1

LT

3 (k -x ) ^ 0 I 2 (k-x) ^/O k -x  , q_

4cV
Errrj (1 -c) 4 \

k" k ^ ' 2k 2k
(k-L^

1
I 3 ^ 3 3 (k -L )^  3k^ 2 (k -L )2 2 ( k ) 2

+ k

I
“  — L»

and

2k
3 (k -L )^  3k^ 2 (k -L )^  2 (k )2  k-L  k

=i =
3 (k-L) 3 3k^ 2 (k -L )"  2k2  + T 2

3 (k-L) (k-L) k-L  3k

3 (k -L )^  2 (k -L )^  6k^

I f  th e  moment o f  i n e r t i a .  I ,  o f  a s t r u c t u r a l  segm ent 

i s  h a r d  to  e x p re s s  in  te rm s  o f  d is ta n c e  a lo n g  th e  member 

le n g th ,  x , th e n  th e  a u th o r  su g g e s ts  t h a t  th e  se m ig ra p h ic a l  

i n t e g r a t i o n  m ethod b e  u se d  to  c a l c u l a t e  a re a  and c e n t r o id  

o f t h e  ^  d iag ram . A n u m e r ic a l  exam ple o f  s e m ig ra p h ic a l  

i n t e g r a t i o n  a p p l ie d  to  a  beam o f c i r c u l a r  c r o s s - s e c t io n  

v a ry in g  in  r a d iu s  f o l lo w s .

3"
---------- -------------  1yr

M
1 0 "
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L = 10"

1 -c  = 1 - 2 _ 1 
3 “ 3

k  = *  = 30

cL = 20

"x  =
nmi (30-x)'*  ,1 .4 (3 0 -x )4

4(10)

when X = 0, I  = — ( 30) ^ = ^ ^  = 6 3 .6  
^  4 (1 0 )*  *

when X = 10, l  = = 1 2 . 5
^ 4 (1 0 )*

= 13 .43  ^ 0 .1343  (in ^ ) 
^ 1 0 ^

= n r ë  = 4 .2 7  ( in )

(These r e s u l t s  r e f e r  t o  T ab les  20-A and 20-B on page  188.)
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TABLE 20 

SEMIGRAPHICAL INTEGRATION TABLE 

(A)

S ta t i o n M 30-X (3 0 -x )*
10^ : x

M
: x

0 1 . 0 30 8 1 .1 6 3 .6 0 .0157

2 0 . 8 28 61 .5 4 8 .3 0 .0165

4 0 . 6 26 4 5 .9 3 6 .1 0 .0166

6 0 .4 24 33 .2 2 6 .1 0 .0153

8 0 . 2 22 23 .4 1 8 .4 0 .0109

10 0 . 0 20 16 .0 1 2 . 6 0 . 0

(B)

S t a t i o n ( A  (1 0 )^
X

Sum-1 4
AA(10)2 A (1 0 ) 2 Sum—2 l^ t-M o - 

m e n t(1 0 )

0 1 .5 7
3 .2 2 1 3 .2 2

1 3 .43
2 3 .64 23.64

2 1 .6 5
3 .3 1 1 3 .3 1

1 0 . 2 1
1 7 .11 17.11

4 1 . 6 6
3 .19 1 .3 .1 9

6 .9 0
10 ,61 10 .61

6 1 .5 3
2 .6 2 1 2 .62

3 .7 1
4 .8 0 4 .8 0

8 1 .0 9
1 .0 9 1 1 .09

1 .0 9
1 .0 9 1 .09

10 0 . 0
13.43

0 . 0
57.25



CHAPTER V III  

CONCLUSION

I t  h a s  b e e n  shown t h a t  th e  a n a ly s is  o f  a  fram ed 

s t r u c t u r e ,  in  e i t h e r  a p la n e  o r  a sp a ce , c an  be perfo rm ed  

by  a n a ly z in g  each  member a s  a  u n i t  to  s im p li fy  th e  p ro c e ss  

o f  e s t a b l i s h in g  e i t h e r  th e  s t i f f n e s s  m a tr ix  o r  th e  f l e x i ­

b i l i t y  m a tr ix .  In  t h i s  d i s s e r t a t i o n ,  e s t a b l i s h in g  th e  

s t i f f n e s s  m a tr ix  o f  a member by th e  d isp la c e m e n t m ethod 

was th e  o b j e c t i v e .  The d i s s e r t a t i o n  h a s  d em o n s tra ted  t h a t  

by  th e  ad v an tag e  o f  p a r t i t i o n i n g  a m a tr ix  i n to  i t s  sub­

m a tr ic e s ,  th e  o v e r a l l  s t i f f n e s s  m a tr ix  f o r  a frame can  be 

o b ta in e d  by jo in in g  th e  s t i f f n e s s  m a tr ix , c o n s id e re d  a s  

su b m a tr ix , o f  each  o f  th e  members t h a t  compose th e  whole 

fram e w ith  th e  n o ta t io n  su g g e s te d  by  th e  a u th o r .  U sing 

th e  th e o ry  o f  th e  r o t a t i o n  o f a  v e c to r  in  sp a c e , th e  

s t i f f n e s s  m a tr ix  in  s t r u c tu r e - a x e s  system  o f  a member o f 

any o r i e n t a t i o n  in  space can be o b ta in e d  b y  tra n s fo rm in g  

th e  s t i f f n e s s  m a tr ix  o f  th e  member to  m em ber-axes sy stem . 

E s p e c ia l ly ,  th e  1 system  th e  a u th o r  ad o p ted  f o r  th e  t r a n s ­

fo rm a tio n  o f  th e  s t i f f n e s s  m a tr ix  o f  a member in  member- 

axes system  i n to  s t r u c tu r e - a x e s  system  can  b e  done w ith o u t

189



190

u ndergo ing  th e  r o t a t i o n a l  t r a n s fo rm a tio n  m a tr ix  e q u a tio n .

The s t i f f n e s s  o f  a n o n p r ism a tic  member in  sp ace  and 

th e  id e a ,  a s  w e ll  a s  th e  r e f e r e n c e ,  o f  how t o  s e t  a  s t i f f n e s s  

m a tr ix  o f  a cu rv ed  member have  been  p re s e n te d .  W ith t h i s  

in fo rm a tio n  i t  sh o u ld  b e  p o s s ib le  t o  a n a ly z e  m ost fram ed 

s t r u c tu r e s .  F o llo w in g  t h i s ,  how membrane s t r u c t u r e s ,  such 

as p l a t e s  and s h e l l s ,  can be a n a ly z e d  w ith  th e  a d v an tag e  

and co n v en ien ce  o f  m a tr ix  th e o r i e s  and th e  s u p p o r t  o f  d i g i t a l  

com puter sh o u ld  b e  a f u r t h e r  m ile s to n e  in  th e  m a tr ix  method 

of s t r u c t u r a l  a n a ly s i s .
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