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PREFACE 

The basic idea of parametric amplification is by no means new. 

However 1 it was the development of the solid state diode in the early 

19SO's that allowed the construction of a parametric amplifier which pro­

vides high gain and low noise amplification of signals in the microwave 

region~ 

In 1962 the Federal Aviation Agency began equipping radar systems 

~ith parametric amplifiers; thus FAA engineers and technicians were 

faced with learning the theory of operation of parametric devices. I 

became interested in the subject and began searching for information on 

parametric amplification. I found that there is no easy explanation of 

this amplifier. Most of the descriptions of parametric amplifiers are 

very complicated mathematical explanations published in technical journ­

als. The average technician or engineer, who has been away from college 

for a few years 1 finds such articles very difficult to interpret. I de­

cided to attempt to present an explanation of the parametric amplifier 

which would be useful to the technician or engineer who is suddenly faced 

with the installation and maintenance of parametric devices. 

In about 1962 the Federal Aviation Agency began studying the possi­

bility of transmitting digital radar information over telephone lines. 

One digital data transmission system design uses frequency selective cir­

cuits and amplifiers operating in the audio frequency range. It seemed 

that the parametric amplifier might find application in the field of data 
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transmission; but I could find no published reports of experimental work 

with parametric amplifiers in this frequency range. I decided to combine 

the explanation of a parametric amplifier with experimental work to de­

termine the feasibility of parametric amplification in the audio frequen-

cy range, 

I would like to express my appreciation to the Federal Aviation 

Agency for the use of their laboratory equipment., 

My thanks also goes to Professor Harold Fristoe, my major advisor, 

for his guidance and assistance in the preparatie>Q of this materialo 

And finally, my sincere appreciation goes to my wife, Nell, for her 

patience and understanding during the time I was preparing this thesis. 
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CHAPTER I 

INTRODUCTION 

The name Parametric Amplifier i.s used to describe a particular t ype 

of electronic circuit which depends upon a nonlinear reactance for i ts 

principle of operationo This nonlinear device is used to channel useful 

energy from an alternating local source of power (or pump) to a useful 

load. Although any type of nonlinear reactance can be used 1 the most 

common is the capacitance associated with the solid state diode. 

The diode parametric amplifier is finding application in many radar 

and' communication systems because of its simplicity and low noise figure. 

This device can not approach the extreme low noise figure of the maser 

but it does not require refrigeration or permanent magnets and does per­

mit the construction of a receiving system so sensitive that antenna 

noise might equal the total receiver system noise contribution.-

Because the parametric amplifier has low loss and low noise charac­

teristics 'at high frequencies 1 the majority of the reported experimental 

results have been in the region above 100 me. 

Planinac (1) investigated the operation of parametric amplifiers in 

the low power 1 medium radio frequency range. This thesis will extend 

Planinac's work into the audio frequency range. 

Usually 1 when any new device is discovered 1 ,a large volume of lit­

erature will follow. The parametric amplifier is no exception. Many 

articles have appeared 1 especially in the technical journals and 
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periodicals. Many of these papers deal with a single point of interest; 

too many assume that the reader is already familiar with the subject. 

This thesis will contain a basic review of parametric amplification prin­

ciples which will provide an introduction to this topic. This discussion 

will be based on a high frequency model of the Parametric Amplifier, yet 

the derivations are still valid at audio frequencies. 

Historical Background 

Many of todays modern electronic devices are by no means based on 

newly acquired theory. The theoretical basis for the fuel cell, thermo­

electric generator, and the parametric amplifier was developed during 

the last century. 

Faraday (2) in 1831 1 presented a paper to the ROYAL SOCIETY which 

dealt with parametric excitation. He discussed vibrations of the parti­

cles on the surface of water in a large wine glass. His results would be 

very difficult to verify experimentally. 

Melde (3) in 1859, performed experiments with a vibrating string 

driven by a tuning fork. This experiment vividly shows parametric oscil­

lations. 

Lord Rayleigh (4) later expanded the works of Faraday and Melde and 

showed that oscillations could be sustained in a single mechanical reson-· 

ant system by the energy extracted from a source which suitably drives an 

energy storage element. 

Hartley (5), in 1936 1 proposed a resonant circuit with a capacitor 

having movable plates. This was the first parametric amplifier which 

closely resembles those of today. 

In 1956 Manley and Rowe (6) derived a set of general energy relations 



which are applicable to non-linear or time varying elements when these 

elements are uaed as frequency converters. These relations are more or 

less independent of circuit design and indicate the maximum power gain 

which a parametric device might provide. 
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CHAPTER II 

PARAMETRIC AMPLIFIER THEORY OF OPERATION 

To demonstrat~ the operation of a parametric amplifier, consider the 

electro-mechanical system depicted in Figure lo 

L 

V(C) 

c 1~'CJ 
(b) 

DI 1-----.-::==---.-----..--
(a) (c) 

Figure lo Simple Electromechanical System 
ao Theoretical Electromechanical Amplifier 
bo Voltage Across C vs,, Time 
c~ Capacitor Plate Separation vso Time 

An analysis of this device will illustrate the mechanism whereby 

energy can be transfered from a "pump" to the fields of a resonant tank .. 

Assume that the capacitor has been charged at some previous time and 
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that the circuit is oscillating. At the instant of time w, -n the capac-

itor is fully charged• the plates are instantaneously separated a small 

amount. The value of capacitance is given as 

where 

c = EA n 
£=dielectric constant in Farads 

Meter 

A= area of capacitor plates in square meters 

D = separation of plates in meters 

(1) 

Since the plates of the capacitor are oppositely charged• work must be 

done to separate them. The work done increases the energy in the elec-

tric field between the dapacitor plates. Since the charge on the capac-

itor cannot be changed instantly• the change in capacitance causes a cor-

responding change in voltage, (V = Q/C). These changes are shown in 

Figure 1. A quarter of a resonant period later the capacitor charge is 

zero• and no force is required to restore the plates to their original 

position. Still another quarter period later the capacitor is again ful-

ly charged but of opposite polarity; again energy can be transferred to 

the circuit by pulling the plates apart . Therefore, energy at twice the 

resonant frequency can be pumped into the circuit and the amplitude of the 

oscillations will grow. In a physically realizable case the oscillations 

will build up to the point that the mechanical energy supplied by the 

pump equals the electrical energy dissipated. In an electrical parametric 

amplifier the mechanical pump would be replaced with a local oscillator 

which is also called a "pump". 

Before atteJ!i)ting to discuss parametric amplifier circuits in detail 
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several subjects mu&t be reviewed. The first of these is a working def-

inition of an amplifiera 

Amplifier Definition 

An amplifier is a device wherein an agent is driven by a local 
\, 

source of power, has motion imparted to it, and hence gains ~nergy of 

motiono This agent, then by geometry or circuitry, has its movement 

affected, and energy is released in an external circuit by the expendi-

ture of less energy in the input or controlling element (7). This i s a 

classical description of an amplifier and would be strained when used to 

describe the quantum mechanical amplifiers. 

The agent employed by the vacuum tube amplifier is the free elec-

tron. The plate supply voltage is the local source of power which im-

parts kinetic energy to the free electron. The control grid is the con-

trolling element which by geometry is capable of changing the kinetic 

energy of the electrons by a greater amount than the energy consumed in 

the process. 

Local Power 

While the local power source may be of two classes, direct power or 

alternating power, the agents employed are many and varied. The type of 

agent used dictates the choice of local power. Direct power can be em-

ployed if the agent is free to move and this movement is unidirectional. 

For example: the vacuum tube amplifier utilizes direct power because the 

free electrons inside the vacuum tube must move from cathode to plate. 

The local power source must be of the alternating type if the move-

rnent of the agent is bound or constrained at some limit. An example is 
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the charge on the capacitance of a P-N junction such as used in the par­

ametric amplifier, 

In the case of alternating power there are two frequencies present• 

these are the signal frequency and the frequency of alternation of the 

local power supply sometimes called the local oscillator or pump. Since 

two frequencies are present, the modulation cross product terms are norm­

ally unavoidable, because of the nonlinearity of the modulating devi ce. 

If the modulation cross product terms are absent in the alternating case 

then there has been no affected movement of any agent. Many modulator 

devices, however, having cross product terms are still devoid of amplifi­

cation. Consequently the modulation process yielding cross product t erms 

is a necessary, but not sufficient, condition for amplification in t he 

alternating power case (8). Since modulation cross product terms ar e 

seen to be a necessary condition, a brief review of modulation theory 

will be presented. 

Modulation 

The familiar definition of modulation requires the use of the terms : 

modulated wave, modulating wave, and carrier. A modulated wave is de­

fined as a wave, some parameter of which varies in accordance with the 

value of the modulating wave. A modulating wave is a wave which carries 

the specification of the message and varies the parameter of the wave. 

that is modulated, Finally, the wave to which modulation is subsequently 

applied is known as the carrier. An amplitude modulated wave is a car­

rier wave, the amplitude factor of which is varied in accordance with a 

modulating wave (9). 

First, assume the modulating device is so designed that the amplitude 
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of the modulated wave is a linear function of the modulating wave. 

Therefore: 

g(t) = Am Cos ('"mt+ Bm) = modulating wave (2) 

h(t) = Ac Cos (wet+ Bc) = unmodulated carrier (3) 

f(t) = A Cos (wc t + Bc) = modulated wave. (4) 

Where A is the instantaneous amplitude of the modulated wave and is 

(5) 

After substitution 

(6) 

Now define: 

M =~and M x 100 =%Modulation (8) 
c 

Using the trigonometric identity 

l l 
Cos A Cos B = ~ Cos (A+B) + 2 Cos (A=b) (;10) 

the modulated wave can be expressed as 

MA 
f(t) = Ac Cos (Wc T + Be) + T Cos (we T + wm T + B0 + Bm) 

MA 
+ =.s.. Cos (we T - ·Wm T + Be - Bm)• 

2 
(11) 

This expression then contains three termse The first is the car-

rier9 the second is called the "upper sideband" and, the third called 

the "lower sideband"o The frequencies involved can be pictured as in 
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Figure 2o 

I 
0 

Frequency 

Figure 2. Spectrum of Amplitude Modulation 

If the modulating wa.ve is not a single sinusoid but a certain spec~ 

trum of frequencies, the spectrum is not inverted in the upper sideband, 

but is inverted in the lower sideband as is shown in Figure 3 • 

.8 
;:j .... 

•.-1 • 
r-1 Signal 
~ Spectrum 

,:( 

Lower 
Sideband 

Carrier 

Figure 3. Inverted and Non-Inverted Spectrum 

Upper 
Sideband 
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The affect of a nonlinear modulator can be demonstrated by the 

"square law modulator" of Figure 4. The operating characteristics of 

this device can be shown in the form of current as a function of voltage; 

therefore, it acts as a nonlinear resistance. 

Aesumea 

Then 

i = 

a 

Figure 4o Square Law Modulator 

em= Em Cos ~t 

ec = Ee Cos <i>ct 

e = Em Cos Cilmt + Ee Cos 1&1ct 

i = A1e + ~e2
o 

2 2 
i = A1 Em Cos ~t + A1 Ee Cos Cl)ct ·+ A2 Em Cos 1.1\nt + 

2 2 
2 Em Ee Cos ~t Cos wet + Ee Cos wet • 

. · The last term can be expanded by using the identities: 

Cos A Cos 

coa2 A 

l 
B = 2 Cos (A+B) + Cos (A-B) 

= f { 1 + Cos 2A )o 

(12) 

{13) 

(14) 

(15) 

(16) 

(17) . 

(18) 

(19) 
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The results are: 

i = (20) 

+ 2 

+ A2 Em Ee Cos (wet -

2 A2 Ee 
+ -•2- Cos 2 wet • 

+ (I) t) c 

The current then is composed of the following components: 

1. AD. c. component. 

2. Components at both the carrier and the modulating frequencies. 

3. Components at the upper and lower sideband frequencies, 

4. Components at the 2nd harmonic of the carrier and modulating 

frequencies. 

In general, whenever two signals of different frequencies are ap-

plied t.o a nonlinear device a number of new frequencies will be genera-

ted. 

The diode parametric amplifier utilizes a non linear capacitance 

and an alternating local power source to produce amplification. As a 

result many new frequencies which are combinations of the signal and 

pump frequencies and their harmonics are produced. The amount of power 

developed at these various frequencies is subject to certain conservation 

principles, Manley and Rowe (10) first developed a set of principles 

for the nonlinear capacitance which relate frequency and power. Many 

derivations of these relations have since appeared. The derivation 

which follows is one given by Salzberg (ll). 
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Manley - Rowe Relations 

C(V) 

Figure 5o Theoretical Parametric Amplifier 

Consider Figure 5 and make the following assumptionso 

1. Es = Esm Cos es = Signal source 

2. Ep = Epm Cos es = Pump source 

3. That the frequency f 8 is incommensurable with the frequency fp" 

4. That Zs• Zp~ and z1 are ideal filters with the following char­

acteristics. 

Zs = 0 for frequency f = fs 

Zs = ... for all other frequencies. 

zP = 0 for frequen~y f = fp 

zP ::: ... for all other frequencies. 
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ZL = O for frequency f = Mfp t.. Nfs• where Mand N are positive 

integers. 

ZL =•for all other frequencies. 

s. That c(V) is a lossless, nonlinear capacitance. 

The filters are so arranged that ant current due to Es.must flow 

through the nonlinear capacitor; likewise, current due to Ep must flow 

through this capacitor as will any current at a frequency of fL. 

The magnitude of the impedance of the nonlinear capacitance c(V) i.s 

lzl (21) 

or 

(22) 

where 

F = frequency in cycles/sec. 

C = capacitance of the nonlinear capacitance in farads. 

Vm = the peak value of a sinusoidal voltage across C(V) at 

frequency fo 

Im= the peak value of a sinusoidal current through C(V) at 

frequency f. 

Equation 22 can be applied using the three frequencies fs• fp• and 

fL• and three equations result. 

(23) 

(24) 

(25) 
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By usi:ng the relation 

Q = CV ( 26) 

these equations become 

(27) 

(28) 

( 29) 

The general definition of average real power is 

P = Vm 1rn Cos e (30) 

where the voltage and current are at the same frequency. 

Combining equations 27 1 28, 29 9 and 30 1 the following relations for 

average power absorbed or emitted by the nonlinear capacitance are ob-

tained. 
PS = 211' fs Qs v s Cos es (31) 

pp = 2,r fp Qp v Cos eP (32) 
p 

PL = 211' fL QL VL Cos eL. (33) 

The quantity 211' Q v Cos e appears in each of these and by dimen-

sional analysis this is found to represent energy per cycle, or 

W = 21r Q v Cose (34) 

and 

Ps ws f 8 watts or W8 

PS Joules 
= =r Cycle s 

(35) 

p Joules 
pp = WP fp watts or WP = I: ~ycle p 

(36) 

P1 Wt f1 watts or Wt 
PL Joules 

= =r Cycle 
L 

(37) 
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Now a if the nonlinear capacitor c(V) is lossless then the sum of P6 , 

Pp and Pc must be zero or 

Ps +Pp+ PL: 0 

Combining equations 35, 36 9 37 8 and 38: 

W f + W f + WL (Mf + Nf) = 0 
SS pp, P- 8 

f (W + NWL) + f (W + MWT,) = 0 
s s- p P· "' 

where Mand N take on all integral values. 

.(38) 

(39) 

(40) 

Since w1 is some linear combination of f 8 and fp, the only solution 

to equation 40 is 

(41) 

Combining equations 35• 36 1 37 and 41: 

p Pt 
and~+ MJ:-= 0 

p L 
(42) 

•PL ps 
I' 'fi - = + ff'lll9"' f, +·. £ -111r 

P - ·s s 
(1,3) 

(44) 

The negative sign indicates a power flow out of the capacitor C(V) 

while a positive sign indicates power flow into the capacitor. 

Equations 43 and 41.j. are th• Manley - Rowe relations which follow 

conservation principles in that they describe fundamental relations more 

or less independently of the details of excitation or of the nonlinear 
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device used. These relations constrain the sums of real powers at var-

ious frequencies to be zero in a nonlinear reactance. Because of the 

nonlinearity, net power into the system at one frequency is related to 

net power out at other frequencies. No restrictions have been placed 

upon the choice of signal, pump and load frequencies 1 however, in prac-

tice Mand N of the above equations will usually be equal to one. The 

quality factor, Q, of the diode and circuits must be increased if the 

higher harmoni~s are to be used. 

Application of The Manley - Rowe Relations 

If the parametric device of Figure 5 is designed to opera~e with 

the frequency fL equal to the sum of the signal and pump frequencies the 

Manley - Rowe relations reduce to 

(45) 

An amplifier operating under these conditions is referred to as an 

"up converter" or as an "upper sideband" parametric amplifier. 

If the power gain of this device is now defined as the ratio of PL 

to Ps the maximum gain of the up converter could be shown by the Manley -

Rowe relations to be 

PL fL f 8 + fp 
Maximum Power Gains - - - - = ------ Pa - fs fs 

(46) 

These realtions also indicate that both pump and signal are supplying 

power, and since the power gain is finite, the up converter is a stable 

device. 

If the up converter is made to operate in reverse, that is by 
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putting power in at the frequency f 1 and removing power.at f 8 , the Manley­
f ·.' 

Rowe relations indicate a down conversion gain of 7:" which i~ actually a 
L 

loss. 

If the parametric device is now changed so that it operates with the 

frequency f1 equal to the pump frequency minus the signal frequency the 

Manley-Rowe relations reduce to 

and (47) 

This expression indicates that if power is applied to the device at 

the pump frequency only 9 power will flow out of it at the two frequencies 

This is the basis for a negative resistance amplifier 9 which under 

certain conditions would oscillate. If this negative resistance para-

metric amplifier is forced to operate just below the point of oscilla .. 

tion 9 very high gain could be obtained. However, much care must be ex-

ercised in the design of this device to insure stability. A discussion 

of stability of,this device will be presented in a later portion of this 

paper. 

Feedback 

The Manley - Rowe power relations indicate that in the parametric 

amplifier the nonlinear device is absorbing power at the pump and signal 

frequencies and emitting this power at the frequency fL. This is illus­

trated for the negative resistance parametric amplifier in Figure 6a 

It was also shown that the negative resistance parametric amplifier 

might operate as an oscillator. This can be further explained by 



0 
Frequency 

Figure 6. Negative Resistance Parametric 
Amplifier Frequency Spectrum 
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considering the amplifier as a feedback amplifier operating in the -fol-

lowing manner; the nonlinear device acts as a modulator; it accepts 

energy from the pump and signal sources at the frequencies fp and fs and 

produces the new frequency fp - fs • If this signal is now allowed to 

combine with fp in the modulator, new sideband frequencies are produced. 

This process is as follows: 

First step: fp - fs = f1 = lower sideband (48) 

Second step: fp + f1 = fp + fp - fs = 2fp - fs (49) 

or: f - f1 = fp - (fp - fs) = fs• (50) p 

The frequency 2fp - f 8 would not be allowed to build up because of 

the filter arrangement of the circuit. However, the second step shows 

a signal developed at f 8 which would combine with the original signal. 



Thia ia a form of feedback and if this "feedback" signal is of proper 

phase a regenerative action would occur. This is e,cactly the case as 

19 

ean be shown by using amplitude modulation theory to indicate the phase 

of thia feedback signal. 

In amplitude modulation• if the phase of the original signal at f 8 

is· +e radians the phase of the upper side band is +e radians. and the 

phase of the lower side band is -e radians (12). 

Therefore, after atep one of the feedback process• the phase of fL 

ia -e radians. This signal is then combined with fp to form a new lower 

sideband at fs and again with a 180 degree phase shift; therefore, the 

feedback signal is in phase with the original signal and positive or 

regenerative feedback has occured. 

Figure 7. Conventional Feedback Amplifier 
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A conventional feedback amplifier can be showri as in Figure 7. The 

overall gain of this device has been shown to be 

A 
Af = i - AB 

where Af is overall aain with .feedback. 

A is gain of the amplifier without feedback. 

B is the 'feedback factor •. 

(51) 

If the product AB of equation 51 were equal to unity, the gain Af 

would be infinite, and the device would be an oscillator. If AB is some-

thing slightly less than one the device is an amplifier with very large 

gain. Operation of the negative resistance parametric amplifier would be 

analogous to that of Figure 7. Thus, if it were operated with feedback, 

and overall gain properly chosen, very high gain would result. 

The feedback process just described involved two steps where the 

phase of the signal was reversed . In this case the regenerative action 

is independent of the phase of the signal. However, if the frequencies 

of operation are so chosen that the pump frequency is twice the signal 

frequency, the signal and lower side band frequencies are the same. The 

feedback process would be a single step and a single phase reversal 

would occur. As a result the signal f 5 at phase +e would be adding to 

the lower sideband f 8 and of phase -e. Therefore, the only acceptable 

values of e would be O or 2~ radians. This means that the pump and sig-

nal must be phase coherent. This is a "degenerative" negative resistance 

parametric amplifier. It would be difficult to incorporate into a system 

because of this phase coherent limitation. 

An analysis of the up converter will show that it too operates as a 



feedback amplifier, . The. frequenciu .. in this device are the signal• ) -

pUJli>, and upper sideband, In the first step of the feedback'. process. 

the signal and pump frequencies combine to form th• upper sict.i>and 

If th• phase of f 8 is +e radians, the phase of the upper sideb•nd 

is +e radians. In the second step of the feedbadfprocetts the upper 

aideband combines with the pump frequency to form two new sidebands 

I 
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fp + ft = fp + fp + f s = 2 fp + f 8 0 (52) 

(53) 

The phase of -f8 is now -e rad_ians. The negative frequency is some­

times encountered mathematically and it can be shown that the frequency 

(-f8 ) and phase (-e) will have the same effect in a reactance as would 

the frequency (+f8) and phase (+8). Positive feedback has again oc-­

cured, However, the Manley - Rowe power relations indi~ate a finite pow­

er 1ain of ~ for the up converter; therefore, the overall 1ain feedback 
s 

factor product (AB) must have some value such that the upconverter is 

stable. 

Parametric Amplifier Terminology 

In the discussion of the Hanley - Rowe relationa it was indicated 

that the parametric aq;,lifier may take on various fol'IIIB. The various 

typea of paramtric aq,lifiers will now be reviewed. 

The choice of the frequencies allowed to Ca?TY iieal power determines 

the type of amplifier, If the filters of Figure 5 ue so chosen that the 
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frequencies allowed are the si~al, pump, and upper sideband frequencies, 

the device is an "up converter" parametric amplifier. Another name for 

this device is "non-inverting" parametric amplifier. This name refers 

to the fact that the upper sideband produced in a modulator is a spectrum 

of frequencies of the same shape as the original signal spectrum. 

The maximum gain of the up converter was shown to be the ratio of 

the upper sideband frequency to the signal frequency. The output of this 

device is taken at the upper sideband frequency. 

If the parametric amplifier is operated with the frequencies of sig­

nal, pump, and lower sideband the device is a "negative resistance" par­

ametric amplifier. Another name for this device is an "inverting ampli­

fier, Again this name refers to the shape of the lower sideband frequen­

cy spectrum which is inverted from the original signal spectrum. This 

device ia in effect .a regenerative amplifier and very high gain can be 

obtained, Since the signal frequency and lower sideband frequency con­

tain the same information, either may be used as the useful output from 

this amplifier. 

The ~egative resistance parametric amplifier with output at the sig­

nal frequency must also have a circuit in which the lower sideband fre­

quency can circulate, this circuit is referred to as the Idler circuit. 

If the negative resiatance amplifier is operated with the signal and 

la.1er sideband frequency being the same, it was shown that the signal and 

puq> frequencies must be phase coherent. This is a degenerate negative 

resistance parametric amplifier. If the device is operated with the 

puq> and signal frequencies incommensurable it is called a non-degenerate 

ne1ative resistance parametric amplifier. 



CHAPTER III 

THE- P. N. JUNCTION DIODE-

The essential element of a parametric amplifier is a nonli near r eac­

tance which could be either inductive or capacitiveo The capacitance 

associated with a P - N junction is a nonlinear function of the voltage 

across it. The P - N junction diode provides an economical means of ob­

taining amplification. The Diode is small, rugged, inexpensive and 

should have long life, The Diode may be operated in the microwave region 

and closely approximates an ideal lossless nonlinear capacitor. 

Many explanations of the formation and action of the P - N junction 

are available; therefore, only a brief review of this device will be 

given. 

Consider the crystalline structure of a semiconductor such as sili­

con . The atoms of the crystal are covalently bonded. Now ass ume t hat at 

one of the lattice sites an atom of sil icon i s replaced by an atom of 

some pentavalent element such as arsenic. The arsenic atom is about the 

s ame physical size as the silicon atom. But i t contains one mor e outer 

electron than does the silicon atom. With this impuri ty at om in the cry­

stal there will be one electron which does not enter the convalent bon­

ding. This electron is free to move about inside the crystal . An N t ype 

silicon material is formed by adding a controlled amount of such ·an im­

purity material to silicon. The number of impurity or donor at oms is 

much smaller than the number of silicon atoms but still the actual number 

23 
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of impurity atoms per unit volume is rather large, 'Each impurity atom 

provides one free electron to the crystal. 

P type silicon material is formed in a similar manner. The differ­

ence being that a trivalent element such as Gallium is used ' as the im­

purity subat~nce. This impurity atom has one less outer electron than a 

silicon atom; therefore, at each impurity atom there will be a covalent 

bond which is not complete. This represents an electron deficient state 

and is called a hole. In the P type material there will be one hole or 

positive charge carrier for each impurity atom. 

Although, the N type material contains free electrons the material 

is electrically neutral. Likewise, the P type material contains free 

holes, but is also electrically neutral. This is represented in Figures 

S(a) and s,b). An encircled plus sign in the N type material indicates 

a donor atom and the minus sign indicates mobile electrons. The encir­

cled minus signs in the P type material represents an acceptor atom and 

the plus sign mobile holes. 

Consider a small bar of silicon so treated that one end has donor 

impurities added, while the other end has acceptor impurities added. 

Thus a P - N junction is formed. At the P - N junction free electrons 

will diffuse across the junction from a region of high electron density 

to a region of low electron density. Similarly, holes will diffuse from 

the P type material to the N type. This diffusion will result in the N 

type material becoming more positive and the P type more negative as 

shown in Figure S(c). As diffusion occurs the electric field which is 

built up will increase to the point that any further diffusion will be 

retarded. An equilibrium condition will be reached where as many charge 

carriers crosa the junction in one direction as cross it in the opposite 
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directiono The voltage across the junction as a result of diffusion is 

the contact potentialo 

(±)- ED- ®- (f)- +e t0 +e t6 
©- (±)- (£)- @- 1-e "'"e t8 t0 
@- Ef)- G-)- (t)- -t-E) tE} +-8 +e 

(a) N Type (:b) P Type 

I I 

(t)- Ct)-
T .•. I . I 

+e +e 1+<B 1 _ 1 

Ct>- @- 1,,18. I -t\3 +(:) 
1*@! -' @- G)- I G-1 +e -tE-) 

I· N I 
ITransi•I 

p 

--1 tion I--
Region 

(c) P-N Junction 

N p; - --

'--------'I 111-------1 

(d) Reverse Bias 

Figure Bo P-N Junctibn Formation 
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In th• formation of the junction a region in the immediate vicinity 

of th• junction became void of mobile charge carriers. This region is 

xnown as a depletion layer. Because it is void of mobile charge carriers 

the region may be considered as a non conducting or dielectric region 

bounded on either side by regions which do contain mobile charge carriers 

and, hence, may be considered conducting regions. This depletion layer 

then is similar to a parallel plate capacitor with plate separation equal 

to the depletion layer width. 

If the P - N junction were reverse biased by an external source as 

in Figure B(d), the charge distribution would change. The positive po­

tential applied to the N material would attract the electrons to the left 

while the negative potential would attract holes to the right. Thus the 

charge distribution is changed and the depletion layer widened. This 

change in depletion layer width would cause a corresponding decrease in 

capacitance. This is analogous to making the plate separation greater. 

Similarly, a forward bias will decrease the width of the depletion 

layer and increase the capacitance. 

Thus, the capacitance associated with the P - N junction is a func­

tion of the voltage applied across the junction. This variation in ca­

pacitance resul.ta-.from·• a minute motion of ' holes .and electrons.; . However, 

charge flow across the junction is not involved. This motion is so small 

that the capacitance may be changed at a very high frequency. This small 

motion also accounts for the low noise property of the variable capaci­

tance diode. 

Figure 9,a) shows the voltage-capacitance curve of a typical diode. 

It also indicates an ,alternating voltage applied to the P - N junction 
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about some fixed bias point. The alternating or pump voltage is usually 

applied about the zero bias point and for a peak to peak amplitude of 

one volt may result in a 2:1 capacitance variation. 

• IH 
P, 

• 
~ 

CJ 

3 

l 

-1 -s 0 +.s +l 

(a) Voltage-Capacitance 
Curve 

C(V) 
Rs c: 1~· 

(b) Equivalent 
Circuit 

Figure 9~ P-N Junction Capacitance 

Figure 9(b) is an equivalent circuit for the variable capacitance 

diode. C(V) represents the varying capacitance just described, while, 

C represents the fixed capacitance measured with zero bias. The fixed 

capacitance is a function of contact area, depletion layer width, the 

applied bias, and type of encapsulation. Rs represents the series resis-

tance of the diode and is due to the impedence of the bulk of the semi-

conductor material to the flow of majority carriers (13). 

The frequency of operation is limited by the fixed capacitance. If 

the frequency is high enough the capacitance C will present essentially 
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a short circuit to the applied signal. The upper limit on operating f~e-

quency·has been. shown.by Uenohar-i:1. (14) to be 

1 
f s ( max) = ------2'11'CRs. (54) 

At this frequency the reactance of the variable capacitance is ex-

actly equal to its series resistance. 

The thermal noise generated by the resistance R is the primary s 

»ource of noise in the variable capa'citance diode. As the operating fre-

quency is increased this resistance becomes a larger part of the total 

circuit impedence and, therefore, the noise produced in the diode incree-

ses with frequency. 

Another type of diode has been developed recently which has shown 

much promise as a nonlinear reactance. This is the Gallium-Arsenic point 

contact diode. Reed ,1s) reports that this device is capable of amplifi-

cation at freq.uencies approximately twice the maximum operating frequency 

of a P - N junction diode. 



CHAPTER IV 

NOISE CONSIDERATIONS 

The irr1portanc.e Qf p§rametr:ig i:'J.mp.lifiers is due primarily to their 

low noise performance. Therefore, it is important that a discussion of 

noise generation be presented. A detailed, a~lysj,, is beyond the scope 

of this paper, and' only a basic diseuseion of noise is given so that the 

noise performance of electronic devices may be comparedo 

There are many noise sources associated with any system. One of 

these is due to thermal energy of electrons. Although this may be the 

source of only a small part of the noise contribution of a system it is 

easily calculated and will serve as a reference for other noise sources. 

Consider first the thermal noise generated by a resistor. 

Any conductor contains electrons possessing kinetic energy which is 

proportional to the temperature of the conductor. The electrons are in 

random motion which causes a noise voltage to be developed. This noise 

voltage is randomly distributed throughout the frequency spectrum. 

The resistor then may be considered as a voltage generator with a 

noiseless internal resistance equal to the resistor. This equivalent 

circuit is shown in Figure 10. 

The voltage source E8 is given by 

E5 = (4 KTR6f) 112 volts (55) 
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where 

En is the RMS noise voltage 

K is the Boltzmans constant 

Tis the Resistor temperature in degrees Kelvin 
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t::,.f is the interval of frequencies of interest and is lim-

ited by the band pass of the device. 

Statistical analysis has shown that noise is uniformly distributed 

in frequency and the position of t::,.f in the spectrum is unimportant. 

Figure 10. Noise Equiva .. 
lent Circuit 
of a Resistance 

This noise generator could deliver maximum power when connected to 

a matched load. This maximum noise power available is 

2 
N = (en) 

4R 

Combining equations 55 and 56 gives 

(56) 

.. .. 
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N ::: 
4KTRAf 

4R ::: KTAf (57) 

which is independent of resistor size, 

If this noise generator• were connected to an ideal amplifier which 

introduces no additional noise and which has a rectangular band pass 

characteri.stic of width B • the maximum noise power out of the amplifier 

would be 

where 

and 

N0 = GKTB = Maximum noise output power 

G = signal power out __ 
amplifier power gain, signal power in 

B = Af is the band pass of the device. 

(58) 

The components of noise in the ouput of a two port device are only those 

components lying within the band pass of the device, Since the overall 

device band pass is a rough measure of the range of frequencies ampli-

fied, the wider the bandwidth the greater the amount of noise power in 

the output. 

Noise Figure 

The noise figure of a two port device at a specified input frequency 

is defined as: the ratio of the total noise power per unit bandwidth 

(at a corresponding output frequency) available at the output to that 

portion of this power engendered at the input frequency by the input 

termination at the standard noise temperature of 290° K. (16). The 

noise temperature at a pair of terminals is the absolute temperature of 

a resistance having an available thermal noise power per•unit bandwidth 
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equal to that available at the actual terminals. The noise figure 'de-

fines the noiseness of any network and is 

Noise Figure - F = (59) 

where N0 is the noise power out of the device and T0 is 290° K. 

The 'noise figure of a receiver is often defined in terms of signal 

to noise ratio. To show this 9 consider Figure 11 to represent the re-

ceiver with the input termination at the standard noise temperature. 

or 

N0 is the total noise output which is the input noise amplified by 

the network• plus the noise generated within the network in the 

bandwidth B. 

N is the noise generated within the network in B. 

Ni is input noise in B. 

G is the gain of the network in B. 

N ideal is defined as the output noise of an ideal noiseless ampli-

fier. 

Then: 

Now: 

Therefore: 

N = N(ideal) + N 
0 

N(ideal) = 1· +N' ,:, + N(ideal) - ~. • 

Ni= KTB 

N(ideal) = G Ni= GKTB. 

·· _ So 
G -­- Si 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

where So is signal power output and Si is signal power input. 
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Figure 11. Receiver RepresQsintatj,".:" 

and since 

then 

and finally 

N (ideal) = G N or G = N (ideal) 
Ni 

G _ So _ N (ideal) 
- sI' - Ni 

N (ideal) = Ni i! 

No No 
F = N(ideal)= Ni So/Si 

Si/Ni 
= So/No 

The noise figure of the receiver is then tb@ 

nal to noise ratio to the output signal to nois@ t 
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' 

r 

(66) 

(67) 

(138) 

(69) 
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noiae temperature ia 290° l<. 

NoiseFiaure of Cascaded Stages 

If several amplifiers are connected in cascade as in Figure 12, the 

overall noiae figure can be determined. 

V1TB 
Fl 

Nl 
F2 

N2 
F3 

Gl G2 G3 

Figure 12. Cascaded Stages of Amplification 

Where G1 , G2 and G3 are the individual stage gain, the 

Thang 

F1 , r2 and r3 are the individual stage noise figures, and 

N11 N2 and N3 are noise power out of each stageo 

Nt is the total noise generated within the amplifiers. 

Nt = Nl G2 G3 + N2 G3 + N3 • 

Gt = Gl G2 G3 = total gain ,of network. 

Ft = 
N 

1+i,k= overall noise figureo 

Therefore: 

Nt 

(70) 
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(71) 

or combining equations 59 and 71 

(72) 

This derivation could be extended to a general case with N cascade 

stageso The noise figure would then be given by 

(73) 

This equation indicates that the noise figure will never be improved 

by the addition of more stages of amplificationo It should also be no­

ted that IF the first stage gain is very high the total noise figure is -
approximately that of the first stage. 

The noise figure can be expressed as either a ratio or in decibels, 

since by the defining equation 

Fdb = 10 log F = noise figure in decibelso (74) 

Noise Terminology 

This section is concluded by stating the definition of several terms 

commonly encountered in discussion of noise (17). 

In any system involving an antenna and receiver many factors will 

affect system sensitivity. One of these is the antenna temperature which 

is defined as: 

(75) 

where Pa is the available noise power at the antenna terminals, K is 
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Boltzmans constant and AF is the band of f?'equencies involved.and cleterm-
•, 

ined by the band pass of the device. The noi•• pow•11 ':ts pal'tially due 

to antenna losses, side and back lobes, and noise Nceived by tpe anten-

na • which depends upon antenna location. 

Receive?' sensitivity is defined as the available signal powe?' at the 

antenna terminals when the predetection signal to noise ratio is unity. 

In this definition everything on the receiver side of the antenna term-

inals is called the receiving system. 

It is often convenient to define a temperature which is called the 

operating noise tempe?'ature, Top• 

(76) 

where N0 is the power available ~t the receiver output terminals, and 

Ga is the receiver syst,m available gain. When the output s~gnal to 

noise ratio. is unity 9 the sensitivity is: 

Sensitivity= KB T0 p • (77) 

so that system operation is a function of Top• 

For lineal' transducers the oper,ating temperatul'e can be written as 

the effective input noise temperature of the receiver and the antenna 

temperatUN 11 

or: (78) 

Somewhat different expressions are used in connection with paramet-

. ric devices be<:awie of the nonlin~al' element involved. 



CHAPTER V 

CIRCUIT ANALYSIS 

Suppose a parametric amplifier is being considered for use in an S 

band radar system as the first stage of amplificationo From noise con­

siderations, equation 73 indicates that this device should have very 

high gain and a correspondingly low noise figure. 

The maximum gain for an up convertor is given by the Manley - Rowe 

relations as the ratio of upper sideband frequency to signal frequency~ 

For this gain to be very large• the pump frequency must be extremely 

high. However, the negative resistance amplifier could be operated with 

very high gain and a nominal pump fre~uency provided steps are taken to 

insure stable operation. This is one reason why most parametric ampli­

fiers designed for radar systems are of the negative resistance typeo 

Therefore this circuit will be analysed and an equivalent circuit derived. 

Small Signal Approximation 

The basic theory of operation of the parametric amplifier is not 

based upon quantum mechanical effects. The analysis of this device will 

involve ordinary network analysis. Before many network theorems will 

apply the nonlinear element must be replaced by an equivalent linear el­

ement. One method of accomplishing this is the so called small signal 

approximationo This assumes the pump signal to be much larger than the 

input signal, and that the nonlinear capacitor may be replaced by a 

37 
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linear time=varying capacitanceo Louisell (18) has shown the equivalence 

of these two elements. His argument is as follows. 

Consider the charge on the nonlinear capacitor to be expanded in a 

Taylor series in voltage 

(79) 

where q is the chargei 

Vis the voltage across the capacitor, 

and V0 is some reference voltage. 

Now define capacitance asg 

C(V) = !!i 
dV O 

(80) 

Thereforeg 

• da n-1 
C(V) =~=ta n(V - V) 

dv f n o 
(81) 

If the voltage V varies sinusoidally as 

V - V0 = b cos wt~ (82) 

Thus~ C(V) can be expressed as a function of time as 

... I b n=l ( jwt =jwt .) n=l 
C(v) ~ C(t) - a n - e + e - - n 2 

l 
(83) 

CID 

where cnvs are combinations of the Anus. Therefore, the nonlinear ca­
o 

pacitor is equivalent to a time varying capacitance. For small voltage 

variations the capacitance can be expressed as 



where c1 << c0. 

c ~ c + c1 Cos (wt +e> 
0 
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(84) 

The small signal approximation would certainly be valid where the 

parametric amplifier is used in a radar system with the pump signal as 

much as 100 db greater than the input signal. 

With this approximation the pump and nonlinear capacitance may be 

replaced with a time varying linear capacitance. 

Negative Resistance Parametric Amplifier 

Figure 13 represents a basic parametric amp+ifier which appears as 

two resonant tank circuits coupled by a time varying capacitance which 

represents the nonlinear capacitance and pump circuit. The analysis:is 

as follOWij a 

+ 

t 

Tanlc l Tanlc 2 

Figure 13. Basic Parametric Amplifier 



Make the following assumptions~ 

lo That tank 1 is resonant at the signal frequency .wl" 

2 o Tht,,~ tank 2 is resonant at the idler frequency w2 , 
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and the tank circuits are essentially short circuits for any frequency 

except their respective resonant frequency. 

3. That f 3 is the pump frequency o 

4 0 That w3 = w1 + w2 

and 5 o That Ct = c3 Sin ( w3 t + e3) 9 or n~3 in equation 81 0 

(85) 

(86) 

Where c3 is one term of the To:1:r.-ier. series representation of junction 

capacitance as a function of the voltage across the junction. Further 

assume that a voltage exists across the tank circuits and is given by 

( 87) 

and 

(88) 

The voltage across the capacitor C( t) would be: 

(890 

and by convention this is positive if the right hand plate is positive 

with respect to the left hand plate, 

The charge on the capacitor would be q .!.. Ct V c and the current flow ... 

ing out of the capacitor to the right is 

• dq - ~{Ct Vo) 
1=----;:-, , 

dt dt 
(90) 

combining equations 86 ~ ·ag, and 90 gives 

(91) 
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By using the exponential definition of the sine of a function the 

current becomes: 

(92) 

jC3 d 
i = ---~ 2 dt 

{ 
·v 
~ 

- 2 

I =j(w3 t+e 3=·w1 t-e1 ) =j(w3t+e 3+w1·t+e1 ~ 
Le =e J 

~ -j(w3t+e3-w2t-e2) .. j (w3t+e 3+w2t+e2 >l l L -e J . (93) 

If this were rearranged it would indicate that modulation action 

has occured and that the current has components at the frequencies 

The component at f 3 = f 2 is at the signal frequency ofs 

(94) 

This component is 

(95) 

C3V2 I . j(w1t+e3-e2 ) • =j(w1t+03-e2 >l 
i1 = ~ LJw1e + Jw1e J (96) 

jC3V2w1 
i 1 = - 2 Sin (w1t+e3-e2)o 
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Similarly the component of current at the idler frequency f 2=f3-f1 

is 

(97) 

The voltage across tank l is the result of the current component at 

f 1 .. The admittance presented across tank l by the remainder of the cir­

cuit is shown in Figure 14 and is 

and 

1 
vwl 

I 
+ 

L1 

Complex i 1 
y = 

wl Complex v1 

jw1C3V1 
2 · Sin(w1t+e 3-e2 ) 

y = -wl 

_cl 

v1 Sin (w1t+e1 ) 

GTl 

_ _.____,+ 

Figure 14. Partial Equivalent Circuit for 
Parametric Amplifier 

(98) 

(99) 

(100) 

This admittance presented to tank l is proportional to the amplitude 

of V 2 • the voltage in the idler circ'ui t. To examine V 2 and its 



relationship to v1 consider the equivalent circuit of Figure lSo 

. c - 2 

Figure 150 Idler Tank Equivalent Circuit 

Let Y2 be the admittance of tank 2 where 

Also& 

or& 

Or& 

and 

Complex i2 y 2 = _____ .,.. __ _ 
Complex v2 

=j w2C3V1 

2 
Y2 =-

jw2C3V1 j( 63-61-62) 
y2 = - 2V2 

e 

V2 - - jw2C3V1 j( 63=61=82) 
2Y2 

e 0 

+ 
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(101) 

(102) 

(103) 

(104) 

(105) 
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By substituting the complex conjugate of the expression for !2 

into equation 99, 

and 

* 

y 
wl. = -

Y2 = Complex conjugate of Y2~ 

Notice that Y111_1 . .is a function of the capacitor variation c3o 

(l.06) 

The above equations are general in that they were independent of 

how the voltages v1 and v2 were produced. They apply if the circuit is 

used as either an oscillator or an amplifier. Figu~• 16 shows an equiv­

alent circuit for the amplifier. 

LL'C. l l 

~--~~--~~~---~~--~---__, 

.. Figure 160 Parametric Ampiifier Equivalent Circuit 

If the signal frequency is exactly the resonant frequency of tank 

1 1 Y1111 is a negative real number and represents a negative conductanceo 

If the _value of IY1111 l is exactly equal to Gt2 the circuit acts~ an 
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oscillator~ The same would be true for tank 2; therefore, the pumping 

of the variable capacitor Ct sustains oscillations in both circuits. 

If a signal generator were coupled into tank 1, tuned to f1 , an 

output load coupled to tank 1 1 and Ct adjusted so that oscillations are 

not sustained the signal-is responsible for the voltage v1 and the mod­

ulatins action of the · cap·aci tor Ct will res'.1,11 t in the voltage v2 being 

developed across tank 2. 

If the applied signal is not exactly at the resonant frequency of 

tank l the equivalent circuit must be changed. 

To show the changes the following definitions are used: 

and 

Ql = Quality factor of tank 1, 

Q2 = Quality factor of tank 2. 

wl = '21 + A~tl: (107) 

Aw 
d = .:.:l. · ( 108} '21, 

where w1 = applied frequency and n1 = resonant frequency of tank l, and 

Aw1 = I wl = n1 l · 
) 

Alsoil for tank circuit 2 

where n2 = resonant frequency of tank 2 9 and the admittance of tank 2 

becomes: 

(109) 

and 

(110) 



which is no longer a pure real number. 

Now defineg 

where Gtl is the total conductances of the amplifying circuitso 

Gg is the generator internal resistance 1 

G1 is the load conductance~ and 

G1 is a circuit loss conductanceo 

Therefore, an equivalent circuit is that of Figure 170 

J 
1g 

Figure 17,, Equivalent Circuit of Ideal 
Parametric Amplifier 
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(lll) 

From the equivalent circuit of Figure 17 the gain of the amplifier 

might be calculatedo The gain is defined as the ratio of power dissipa= 

ted in the load conductance to power available from the generator. 

Power gain= 
[ig2/(Gt1-G)2JG1 

= (112) 

If G -:::J Gtl very high gain is available. For this condition to exist 
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the capacitance requirement is 

The above power gain is valid only if the input frequency is exactly 

that of the resonant frequency of tank 1. If the input frequency varies 

the gain equation is more complicated. Hefner and Wade (19) have given 

the gain for this case and also equations for bandwidth and noise figure 

for this amplifier. These relations are as follows: 

Gain Bandwidth product (3db point)= G B = 
1 01 

Q2 Ql 

l 
Noise Figure= F = --------~ 

Power Gain 
= ...:_ (Gtl - G)2 N. 

4KTB Gg G1 o 

The output noise N0 could be caused by the following~ 

lo Thermal noise at wl in tank lo 

Thermal noise at w2 in tank 2. 

3. Noise current at (ill emanating from Ct• 

Noise current at w2 emanating from ct. 

5. Changes in the value of the variable capacitor 

Ct due to noise fluctuations at w3• 

6. Changes in the value of the variable capacitor 

Ct due to noise fluctuations at 2w. 

7. Changes in the value of the variable capacitor 

Ct due to noise fluctuations at 2w2• 

(114} 

(115) 



8., Changes in the value of the variable capacitor 

Ct due to noise fluctuations at (w1 - w2>o 
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One. of the most important of these is the thermal noise origina­

tin1 in the idling circuit which has been found to be approximately the 

ratio of w1 to w2• By making the idling frequency large with respect to 

the signal frequency this term can be minimizedo 

Amplifier Performance With Circulators 

The negative resistance amplifier is normally operated with high 

gain and is just below the point where oscillations would occuro There­

fore some method of making this a stable amplifier must be used. One 

commonly used method is to employ a ferrite circulator. 

A ferrite circulator is a lossless three-port device and is best 

described in terms of waves. A wave entering port l of Figure 18 is 

transmitted without loss to port 2 only, a wave entering port 2 is trans­

mitted without loss to port 3 only, and a wave entering port 3 is trans­

mitted without loss to port l only. Since the circulator is lossless it 

should not affect the minimum noise figure. 

The .i.deal ferrite circulator is a device which will pass energy 

from one port to another in one direction only. This device routes en­

ergy from one point to another but never absorbs energy. 

By action of the circulator the signal to be amplified is introduced 

at terminal land guided to terminal 2 where it enters the parametric 

amplifier and is amplified. This amplified signal together with the 

idler signal re~emerge at terminal 2 and are guided to terminal 3. The 

filter will allow the amplified signal to pass to the output termination 
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Figure 180 Parametric Amplifier with Circulator 

while the idler signal will be totally reflected by this filter and 

routed to terminal 4 where it is terminatedo The pump rejection filter 

prevents the pump signal from entering terminal 2 of the circulatoro 

This arrangement allows the amplifier to always be terminated in a 

matched load because regardless of changes in load or generator resis= 

tances there are no reflections back through the circulatoro 

The circulator is not an ideal device; there is some loss between 

terminals and there is some reflection of p9wer. However, practical de= 

vices appraoch the ideal and by artificially cooling the circulator a 



so 

low noise figure for the negative resistance amplifier is availableo 

Conclusions . ·· 

The analysis of the· negative resistance parametric amp,lifier may '.be 

summarized as follows'.g 

la The gain of th+s device is proportional to the Q of the idling 

circuit 9 and to the variation of the vari.able reactance o To 

increase gain either of these could be increasedo 

2o The bandwidth is inversely proportional to the Q of the idling 

circuit.9 and to the voltage gainlfj and directly proportional to 

the ratio of idling frequency to amplifying frequencyo This 

amplifier is essentially a narrow=band deviceo 

3o One of the most important sources of noise is the thermal noise 

from the idling tanko This can be minimized by choosing a 

large ratio of idling frequency to amplifying frequency or by 

artificially cooling the tank circuitrya 

4o A large ratio of idling to amplifying frequency will improve 

both the noise figure and the gain=band width producta 

5a The use of a circulator will improve the stability of this amp= 

lifiero 

60 The pump source should supply a signal stable both in frequency 

and voltag~.o 

7o The derivations in this chapter are based upon certain approx= 

imations; therefore 9 the results are not exacto However, these 

results are satisfactory for most circuit an.alysiso 

So No mention of limitations upon the choice of pump frequency 

has been ma.dea The conditions where pumping can be accotitplished 
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are related to the Mathieu equation. A complete analysis of 

pumping has been made by Hooper ( 20) • 

Airborne Instruments Laboratory (21) has made a study and experi* 

mental investigation of·the use of semiconductor diodes as low noise amp= 

lifi.ers~ convertorsl) and harmonic or sub ... harmonic generators. 

This,re,port indicates that optimum perf9rmance is obtained by using 

a ferrite circulator in the parametric amplifier. . ' 



CHAPTER VI 

PARAMETRIC DIODE FIGURE OF MERIT 

A diode figure of merit has been propo~ed by Uhlir, (22), Robinson 

(.23), and Mortenson (24). The figure of merit derived by Mortenson is 

directly applicable in comparing diodes of various types and to optimize 

their respective design for low noise amplifier use. It can be employed 

by the circuit designer to predict an amplifiers noise figure performance 

including the effects of choice of bias, pump swing, signal frequency 

and pump frequency for a given diode. This figure of merit is based up­

on amplifier noise performance. Mortensons derivation of this figure of 

merit is as follows. 

Derivation of Figure of Merit 

Figure 13, which represents a parametric amplifier using an ideal 

lossless diode, can be modified as shown in Figure 19 to include any di­

ode losao The parallel equivalen~ circuit of the diode is used. The re­

sult of including a diode conductance is that the diode conductance eval­

uated at the signal frequency, G01 , in effect, appears across the signal 

tank, whi~'9 that evaluated at the idler frequency, G02, in effect appears 

across the idler tank. 

The noise figure for such a parametric amplifier could be expressed 

as in equation 116, provided that Q of the diode is greater than four at 

the signal and idler frequencies. 
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CT 

Figure 190 Parametric Amplifier Using a Lossy Diode 

(116) 

where 

G1 = unloaded conductance of the signal tanko 

Gg = the source conductance in shunt with the signal tanko 

G(w1) = the negative conductance produced in shunt the signal tanko 

GDl = the diode conductance at the signal frequency under pumped 

conditions o 

w1 = the angular signal frequencyo 

w2 = the angular idler frequencyo 

The effect of GD2 on the noise figure of ·the amplifier is the re= 

duction of G(w1) as shown by equation 106 which could be written in a 

more general form as equation 1170 

(117) 



where 

en= appropriate harmonic time dependent capacitanceo 

Gt2 = total conductance in shunt with the idler tanko 

or 

Under pumped conditions the capacitance en~ can be represented by a 

Fourier series such as equation 1180 
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(118) 

This is assuming that C(t) is an even functiono The Fourier coefficients 

can be determined from the plot of capacitance versus voltage by graph= 

ical analysis or by the following expressionll> assuming the pump voltage 

to be a cosine function of timeo 

= 2 1~ Cos no dO 
an 'i O (l + y Cos e)m 

(l,19) 

where 

an = the normalized Fourier• coefficients o 

y :a: Vm/Voq = the relative voltage swingo 

vm = applied pump voltage amplitude a 

Voq = Vo+ e ca sum of the reverse bias~ Vo~ and internal voltage m 

6mo 

m ;;: the exponent of the c versus v lawo 

or 

m = 1/2 for abrupt junction or l/3 for graded junctiono 

8 = integration factoro 

This coefficienti ani depends upon the C=V law exponenti mi the relativ~ 

voltage swingB Yi but not on the absolute values of Vo 0 or Vmo 



The capacitance en of equation 117 can be expressed in terms of the 

normalized coefficient®~~ and the.value of junction capacitance at the 

chosen bias point,i C0 o Thus equation 117 can be written as 

(120} 

an then is a particular harmonic of th,e pump s,ignal o 

The general noise figure e:Kpression for the·parametric amplifier 

might be more useful if the effect of gain on noise considerations is 

determinedo Consider equation 112 which is rewritten as 

power gain = 4G G1/ (G =G(w1 / g tl 

where G1 = load conductance in shunt with the signal tanko 

Gt1 ~ G1+GL+GD1 :::: total conductance in shunt with the 

the signal tank if no circulator is 

usedo 

(121) 

Equation! 73 indicates that the parametric amplifier should have 

high gain so that.any post=amplifie:r noise becomes insignifi!canto Equa= 

tion 112 indicates that for high gai.n Gt mus:t be approximately equal to 

G(w1 )a Also 

G8 >> G1 + G01 + G1 (with no circulator) o 

Therefore 9 

(123) 

Further assume 



G02 » G2 {generally true at least for the narrow to 

moderate bandwidth idler circuit) o 

Using the above approximati.ons 9 the noise figure expression becomes 

4- GDl Gn2· 
f1lf2 + 2 2 0 

~CowlwZ 

The effect of G2 c.in be mini-mized hy proper choice of Go 
.s 

From hlrgh gain noise figure considerations 

and 

where Ro is the series equivalent diode resistance" 

Substit-µting equations 126 and 127 into equation 125 gives 

where 
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(125) 

(126) 

(127) 

(128) 

(129) 

f 0 is thus, def~llE!'d as the. diode fi.2;:ure 9f merlt I) and _1:ias the units of 

frequ~n~y~: 

The ~gh. gain nois.e figure · is restl:'.icted in the . sense that ~ 2 must 
I 

be chos-~m to exceed a certain fra~tion. of f0 9 · if amplificatipn is te> 
.. l. ·. . . 

exist and oscillations are not to existo This restl'iction resuH:s from 

2 . 
the fact that as ~/a0 is increased to inc1;ease f 0 .~d lower the noise 
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fi.gure 11 G must b.e increased to prevent oscillations., There is 11 however 9 g ' . 

a limit to increasing Gg if any amplification is to exist, namely 

(130) 

where 

(131) 

and 

(132) 

From equations 117.and 129 9 

f 2 > ( a /2a ):fn· o (133) .... n o 

For an. example, assume various valu~s for y. The following conditions 

on f 2 must be met for fundamental pumping (using an= a1 )i 

if y = 0.1 then f2 ,!. Oo21 fD 

y = 008 then ~2 ,!. 0. 26 fn 

y =- 0.9 then f2 ,!. 0.33 fD 

y = L,0 then f2 ,!. o.s fD 0 

Should f 2 be chosen less than this limiting fraction of fD~ then y~ 

the relative pump swing 11 must be reduced so that a1/a0 is reducedll and 

a state of amp·lification_11 not oscillationi existso Under these condi= 

tions the full potential of a given.diode is not utilized and a poorer 

nois-e figu:re tnan possible will exist o 

To minimize the part of equation 125 within the brackets f 2 should 

be chosen so that the idler frequeucy is equal to the figure of merit or 

thus 

(134) 
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Since fD can be evaluated for any vo~tage dependent capacitor from 

it• c-v relationship, series resistance, chosen bias and relative pump 

swina. this figure of merit should be useful in comparing capacitors of 

various types as well as optimizing their respective designs. Since 

this figure of merit is directly involved in the choice of idler fre-

quency and in conjunction with ·the choice of signal and idler frequen-

cies it determines the amplifier noise figure. 

Figure of Merit in Terms of Diode Design Parameters 

The following expreasions for junction capacitance and diode resis-

tance, derived by Mortenson (25), can be substituted into equation 129. 
2 

( a ) c = 
c A~ eNd 

farads o (135) 
0 2ce+v 0 >2 

and 

(b ) Rn = t/eµn Nd cAj ohms. (136) 

where 

£ = the dielectric constant 

e = the electronic charge 

Nd = the base doping concentration (N type) 

A. = t _he junction area 
J 
.t = the base thickness 

µn = the e,lectron mobility 

c =the. ratio of effective base cross sec-

tional area to junction area. 

Combining equations 129 9 135 and 136 for an abrupt junction diode gives 

(137) 
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' 
Equation 137 could then be used to compare diodes of ·different types 

'or to study the effects of impurity concentration in various diodes. 

Capacitance Meaaurements 

Once the capacitance-voltage relationship for a diode is known, the 

Fourier coefficients used in the figure of merit can be determined by a 

graphical method. A digital computer would be very useful in the compu-

tations involved in this graphical procedure. The Fourier coefficients 

can then be used to determine t~ diode figure of merit. 

Figure 20 shows several methods of making a measurement of diode 

capacitance ( 26) • 

The Q meter technique shown in Figure 20A can 'measure capacitance up 

to 460 pf. The frequency range of the A.C. bridge method of Figure 20B 

is extended by using ar{ ext~rnal oscillator and null detector. Capaci­

tances from 1 to 1000 pf can be accurately determined by this method. 

The R-X meter method is directly applicable up to 20 pf capacitanceo 

Limitations on the Evaluation of the Figure of Merit 

Mortenson (27) points out that the actual diode deviates from the 

assumed model in several ways. First, th.e died~~ particularly ;those 

of double alloyed type, have a small base thickness and are lightly doped 

and will have a base thickness which is voltage dependent and is thus a 

function of the bias applied to the diode. The diode resistance, Rn, 

then ia dependent upon the applied bias. Secondly, surface effects ap-

pear as additional resistive and capacitive elements in shunt with the 

diode 9 thereby making the figure of merit a function of frequency. 
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Figure 20. Capacitance Measurement 
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Thirdly, t·he packaging of the diode has been neglected. 

Another problem is the definit<ion of reverse.voltage breakdown and 

forward conduction. There. seems t.o be little agreement as to how these 

points are definedo A general ru_le is to define these points as the 

voltage at which the respective forward or reverse current reaches one 

microampo Robinson (?.8) discµsses·this problem in detailo 

Conclusions 

The diode figure of merit can be calculated from experimentally de= 

rived data. At micr,owave frequencies this would probably involve buil­

ding a degenerate parametric amplifier in order to determine the diode 

characteristics., An approximate method of obtaining this data would be 

to measure the diode capacitance with a Q meter and calculate the resis= 

tance from equation 1360 The digital computer could then be used to 

compute the Fourier coefficients and diode figure of merito 



CHAPTER VII 

EXPERIMENTAL PARAMETRIC AMPLIFIER 

Very little experimental work has been reported on parametric amp-

lifiers operating in the audio frequency range. Plan~nac (29) reported 

sucoesaful operation of such ap amplifier in the medium radio frequency 

range. A variation of the circuit discussed by Pianinac is investigated 

in this study, 

Circuit Configuration 

Figure 21 shows the parametric amplifier constructed for this study . 

. ~ 

t f~ 
-~~a CRl 2 4 t ---------.~ 

Figure 21. Experimental Parametric 
Amplifier 
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L1 '~ . L3 :: 5-2p Mh 

1 2 -~ 10 Mh 

. c1 '~ Q.os uf 

:C2 ~ O.OOS uf 

-C3 -::::. 0 . 005 uf 
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The major difficulty encountered in constructing the amplifier was 

obtaining inductors with sufficiently high Q. Those chosen were supplied 

by a commercial manufacturer and were of rather low Q, but were relative­

ly inexpensive o 

Polystyrene capacitors were used in. the circuit. The tank circuits 

constructed from these components had a Q of approximately 25 at a fre­

quency of 10 K.c. 

The frequencies chosen for investigation were basically as follows: 

Signal frequency= 10 kc, 

Pump frequency= 130 kc; 

Idler frequency= difference of 130 kc and 10 kc 

= 120 kc. 

Various types of diodes and transistors were tested in this circuito 

The best resuits were obtained from a 750 ma. "top hat" silicon rectifiero 

The capacitance of this diode was measured at a frequency of 1 kco This 

capacitance was found to vary from approximately 50 picofarad, under re­

verse bias., to 60 pf, at zero external bias• to 1000 pf, under forwa.rd 

bias conditions .. 

Preliminary adjustment of the tank circuits was made before applying 

both signal and pump power to the circuit. Final adjustment of pump 

power, signal frequency, pump frequency, and idler tank tuning was made 

by individually adjusting these parameters for peak stable signal at 

point 2 of the circuit shown in Figure 21. 

Measurements 

The basic measuring device used in this experimental work was a 

Tektronix 54SA oscilloscope with a type LA preamp. The signal source 
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was a Hewlett Packard Model 201B audio oscillator. The pump source was 

a General Radio Type 1210-C R=C oscillator. Frequency measurements were 

taken directly from the signal generators .. Ample warm up time was 

allowed before data was recorded. 

Experimental Results 

This experimental work shows that a parametric amplifier operating 

in the audio frequency range is feasible. The experimental model pro= 

vided stable amplification for a narrow band of frequencieso 

This circuit seemed to operate satisfactorily without external bi= 

asing. Planinac discussed the operation of such a self.biased amplifier~ 

and explained that the self bias of the diode was developed as a result 

of hole storage in the diode. 

The pump power was adjusted so that maximum gain without oscilla= 

tions was obtainedo If the pump power e;Kceeded a certain level the cir= 

cuit would act as a generator, converting power at the pump frequency to 

power at the input and idler frequencies 1> .even with no input signal ~p= 

pliedo 

Table l shows the amplitud~ of signals at.various points in the cir= 

cuit of Figure 2~o The waveform observed at point 2was essentially at 

the input frequency with a small amou,nt of pump signal also present o The 

pump signal was more apparent when the pump was tuned i•o,ff frequency 01 o 

A higher.Q tank-circuit would have reduc!:ld this pump si~nal componento 

The signal at point 3 appeared_to be_the pump signal modulated,by the 

~put signal.a The values recorded in . the t~le are peak to peak values 

and thu13 represent the total signal applied to ;the diode o .The signal at 

point 4 appeared to contain components of input,'pump 9 and idler 



frequencieso The idler frequency was the predominant frequencyo 

1 2 

0.,001 0.2 

0.,0015 Oo4 

0.004 006 

0.01 o.s 

Oo03 loO 

2' 

0.03 

o.os 

o.oa 

0.24 

Oo54 

TABLE I 

EXPERIMENTAL DATA 

POINT IN CIRCUIT 

3 4 A= 2/1 

3.4 

2.2 3.6 

3.6 

200 

266 

150 

80 

33 

The amplitude of signals is recorded in peak to peak volts . 

Frequency of input signal= 11.4 kc. 

Frequency of pump source = 132 kc. 

Idler circuit tuned for difference of pump and in~ut frequencies. 
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The data of Table 1 indicates that the gain of tiie amplifier is 

greater for low amplitude signals. The tabulated results were obtained 

with no noticeable distortion in the signal at point 2 of Figure 21. If 

the input signal exceeded the values listed in tablei the waveform taken 

at point 2 indicated considerable distortion. For linear operation the 

input signal mWlt be small with respect to the pump signal . 

The column of table labeled 2' indicates the signal present at 

point 2 of the circuit with the pump power reduced to zero . 
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The column labeled A indicates the ratio of s_ignal amplitude at point 2 

to input signal amplitude. The ratio of the signal amplitude at point 2 

with zero pump power supplied, to the input signal amplitude is, recorded 

in the column labeled A~-. The values listed for A 9 are probably more 

indicative of parametric amplification than those values of Ao 

The experimental amplifier was a narrow band device. Figures 22A 

and 22B show the relative amplitude of the signal at point 2 of Figure 21 

as the pump and source frequencies were varied. 

Odb-

=3db - =m I I I 

11.3 
11.4 

I I I 
I I I 
I I I I I 
I 

I 
KC I 
11.451 

Odb --

=3db -- -=-=-0 ?i-1-} 
I I I 
I I I 
I I I 

126 KC I 
132 KCI I 

137 KC: 

Pump Frequency= l32KC Input Frequency= ll.4KC 

Figure 22. Relative Gain Bandwidth of Experimental 
Amplifier 

Interpretation of Results 

The results obtained from this experimental work indicates that the 

operation of a neagive resistance parametric amplifier in the audio 
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frequency range is feasible. This circuit provides stable amplification 

with the output at either the input frequency or at a higher frequencyo 

This circuit could find applications where. frequency separation or shi~ 

is required. 



CHAPTER VIII 

SUMMARY 

Synopsis 

The parametric amplifier is a low noise device which uses the mixing 

properties of a non-linear reactance to accomplish amplification. The 

underlying theory of operation of this device is not new; however, the 

method of obtaining amplification by this means was not available until 

the P-N Junction diode was developed. Only recently has the parametric 

amplifier found widespread use in such a system as radar. 

The non-degenerate negative resistance parametric amplifier is ba­

sically two resonant tank circuits coupled by a nonlinear capacitor. One 

tank circuit is tuned to the input signal frequency, the other to the 

idler frequency. This idler frequency is, the· difference of the frequency 

of the local power supply and the input signal. These two frequencies 

atte incommensurable. The coupling capacitor is a nonlinear function of 

the voltage applied across it. This voltage is primariJ,.y that supplied 

by the pump. The nonlinear element the~ produces:new frequencies which 

are combinations of the pump and input signal frequencies and their har­

monics. By proper circuit design the lower sideband, or idler frequency, 

is allowed to develop across,the tank circuit which is resonant at that 

. frequency o The input signa.l frequency will caus·e a voltage across· only 

the input tank circuitry. All other frequencies produced by the nonlinear 

68 
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element are essentially short circuited. The Manley-Rowe relations in­

dicate the amount of power-available at the various frequencies .. These 

relations indicate that the negative resistance parametric amplifier is 

a regenerative feedback amplifier and if it is operated below the poin~ 

of oscillation very high power gain is availableo 

In making an analysis of this circuit the nonlinear capacitor may 

be replaced by a linear time varying capacitance. This allows all cir= 

cuit theorems to be used. The result is that an equivalent circuit may 

be derived. The analysis of this equivalent circuit indicates that to 

increase the power gain 9 the Q of the idler circuit or the variation in 

the variable capacitance must be increased., The ban'.dwiclth is inversely 

proportional to this Q and to the voltage gain. The parametric amplifier 

is normally a narrow bandwidth device when used as a high gain amplifiero 

One of the most important sources of noise is the thermal noise gen­

erated in the idler circuit. This noise source can be reduced by choosing 

the idler frequency to be large compared to the input signal frequency. 

Another method of reducing this noise source is to artifically cool the 

idler circuitry. 

The use of a circulator allows near optimum performance and increases 

the stability of the device. 

The parametric amplifier, using a circulator to connect the various 

circuits, provides a low noise high gain device which is very useful as 

the first stage of amplification in a receiving system. The noise figure 

for such a receiver is approximately that of the parametric amplifier it= 

selfo 

The diode figure of merit can be computed from experimental data, 

and should be useful to the circuit designer in the comparison of various 
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diodes and in optimizing the design of the parametric ampli f iero 

An experimental negative resistance parametric amplifier was inves= 

tigated in this studyo The experimental model operated quite satisfac-

torily as a narrow band amplifier in the audio frequency range o The Q 

of the various tank circuits was not as high as desirableo Thus ~ the 

separation of the various frequencies in the amplifier was not as great 

as might be necessaryo The Q of these circuits aff ected the gain of t he 

amplifiero 

Several diodes and transistors were tested in t he experimental cir= 

cuito Diodes of the power rectifier type provided the best circuit op= 

erationo This is probably due to the very large variation of t he junc= 
•.'. 

tion capacitanceo 

Suggestions for Future Investigations 

The possibility of constructing M derived band pass f i lter s for use 

in amplifiers in the audio frequency range could be investigat edo These 

filters should ~llow the construction of amplifiers with greater gain 

and band passo 

It is possible that a parametric amplifier could be used to an ad= 

vantage in the transfer of digital data over telephone circuitso One 

existing system transfers digital data over phone lines by designating 

ones and zeros by different frequencieso Since band ·pass filters are 

used in the existing equipment, and often it is desirable to shift to a 

higher frequency after the signal has been detected .and decoded , the par= 

ametric amplifier might prove to be an economical means of accomplishing 

gain and frequency separation and shifto 
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