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CHAPTER I 

INTRODUCTION 

The continuous culture of microorganisms is the simplest 

form of many continuous microbiological rate processes, and 

the activated sludge process used for the biological treat­

ment of industrial and domestic wastes is a form of' continu­

ous culturee 

Transient-states caused by variations in the influent 

stream are a common problem in the activated sludge processo 

They cause reductions in the quality of the effluent and 

therefore contribute to the pollution of the receiving stream. 

The continuous culture was used in the present study to exa­

mi.ne one type of transient-state which occurs in the acti­

vated sludge process .. The primary difference between this 

continuous culture and the completely mixed activated sludge 

process is the lack of biological solids recycle. 

Variations in the influent stream which cause a reduc­

tion in the quality of the effluent of the activated sludge 

process are termed shock loads (1)o 

The shock loads may be qualitative, consisting of a 

change in the chemical structure of the carbon souroe(s) of 

the waste, or they may be quantitative, consisting of a 

change in the amount of a constituent of the waste, or hy-

1 
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draulic, consisting of a change in the influent flow rate (1). 

Only quantitative. shock loads were examined here. The tran­

sient-s·tates were induced by increasing the concentration of 

the growth-limiting nutrient in the feed. 

Techniques used for prediction of transient response of 

continuous cultures have been based on functional relation­

ships derived for steady-state systems (2) (3) (4)e The 

Monod equation for specific growth rate - substrate concen­

tration d.ependence ( 5) is used in these techniques o It is 

customary to make assumptions which simplify.the Monod equa­

tion to allow closed solutions of the rate equations which 

give the rate of change of biological solids and substrate 

concentration and to assume that the yield, biological solids 

produced per unit of substrate consumed, is constant .. 

Krishnan observed several systems analogous to the sys­

tems studied here (6). Predictions using the Monod. equation 

without any simplifying assumptions were made for the obser­

vations of Krishnan and for the early observations made in 

this study using a numerical integration technique. The 

parameters for the lVIonod equation and the yield were arbi­

trarily selected to obtain the best fit of the observed data .. 

The best curves calculated in this way did not provide 

satisfactory predictions 0f the response of the systems. It 

then became evident that an examination of the kinetic prop­

erties would be useful for understanding the peculiar prop­

erties of the transient-state and that the use of equations 

which describe cultures of bacteria in the steady-state may 



not be valid for trans.ient-states. 

The kinetic properties selected for examination during 

the transient were the specific growth rate and the yield. 

These properties were selected because the difficulty with 

the prediction techniques appeared to lie in the assumption 

that the steady--state specific growth rate - substrate con­

centration relationship can be extended to the transient­

state and the assumption that the yield is constant. 

.3 



CHAPTER II 

LITERATURE REVIEW 

Methods used for the characterization o:f specific growth 

rate and yield and reports of observations of bacterial sys-

tems in the transient-state are reviewed below. Kinetic 

models which have been proposed for the transient-state are 

also reviewed. 

A. Characterization of Specific Growth Rate and Yield 

1. Specific Growth Rate 

The rate of growth of bacterial populations is usu.ally 

described by the first order equation, 

( 1 ) 

where Xis the concentration of biological solids or the via--

ble count of microorganisms andJJis the specific growth rate. 

For bacterial populations growing as a continuous cul tu.re, 

this equation must be changed to account for the washout of 

the bacterial population. The equation becomes: 

dX 
dt = ).1 • X - D • X (2) 

where D·is the dilution rate, the reciprocal of the detention 

time (7). The specific growth rate for continuous cultures 

4 
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becomes: 

(3) 

2. The Master Reaction 

Blackman proposed that it is possible to work out rela-

tionships for biological systems between a function and a 

single one of the various factors which control it (8). 

A functional relationship between the specific growth 

rate and the growth-limiting nutrient concentration is an 

example of Blackmanus proposal. A functional relationship 

between the yield and the specific growth rate would be an-

other. 

Such a functional relationship has been called a 011\faster 

Reaction11 o Burton discussed this term and said it is derived 

from the assumption that a single slowest reaction of a com-

plex system controls the overall rate of reaction (9). 

3. The_.f~--2.LJVIonod and of Moser 

The equations of IVIonod and o:f Moser are 11Master Reactionuv 

equations which give a :functional relationship between the 

specific growth rate and the concentration of the growth-

limiting :nutriento 

The equation proposed by M:onod is: 

I J =fJm S S ( 4 ) Kc:,+ 
0 

whereJJm is the maximum value of the specific growth rate, 
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Sis the concentration of the growth-limiting nutrient in the 

aerator, and Ks is a constant (5) 

The equation proposed by Moser is: 

)\ 
JJ:µ S (5) 

I I m KX + s>-
s 

where~ is a system-dependent parameter (10). 

Both equations give curves of the same general shape and 

have been shown to be adequate for many bacterial systems 

( 11 ) • 

4v Growth-Limiting Nutrient 

The concentrations of the nutrients required for growth 

can be adjusted to make any of the principle nutrients 

growth-limiting. The carbon source appears most commonly as 

the growth".'"limiting nutrient. In all systems discussed here 

the carbon source is the growth-limiting nutrient. 

In continuous cultures of bacteria, except possibly 

those in which the dilution rate is approaching the maximum 

specific growth rate, the carbon source in. the reactor is 

composed of several different compounds i11cluding, although 

not necessarily in abundance, the compound or compounds 

found in the feed. In a transient-state intermediate com-

pounds produced during the metabolism of the constituent 

supplied in the feed frequently compose the bulk of the 

carbon source available for growth. 

Since all these constituents can affect the specific 



growth rate, a common measurement of the carbon source is 

useful. Such a common measurement of the carbon source is 

of practical importance in biological waste treatment where 

the substrate is very complex. From a practical standpoint 

it is important to note that in biological waste treatment 

inorganic compounds seldom appear as the growth-limiting 

nutrients. When they do the composition of the waste is 

supplemented before treatment by addition to the influent 

stream to make the carbon source growth-limiting. Raman­

athan has ·shown that the carbon source measured as chemical 

oxygen demand gives curves which can be described by the 

Monod equation (11). 

5. Time Independence 

7 

Equations such as those proposed by Monod and by Moser 

can be used . to describe the performance of a bacterial system 

when growing at steady-state . The determination of the par a ­

meters i s bes t done by observing a continuous culture a t 

severa l steady- sta tes. However, it is more frequently ac­

compli shed by observing batch systems in the region where 

they approxima te t i me independence; that is, when the ba c t eria 

can be consi dered a s an expanding biological phase. 

Ba tch systems approximate steady-sta te when the bac ­

teria are i n exponential growth and the constituents of the 

biologica l ma ss per unit of total biologica l mass are cons ­

tant for some time increment and where the concentra tion of 

the growth-limiting nutrient ha s not been signif icantl y 

changed by the growth of the biologica l mass ( 12 ). 
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Both Monod and Moser determined the parameters under 

the proper conditions of steady-state or approximate steady­

state. Since Monod's equation produces the general form 

of most substrate - specific growth rate curves, and since 

it contains one less parameter to evaluate, it would seem 

to be the more useful of the two. This was concluded by 

Gaudy, Ramanathan, and Rao (13). 

Monod suggested the use of a continuous culture for 

determining the properties of a bacterial population . It 

is important to note that, in addition to the use of the 

continuous culture for determining the relationship be­

tween the specific growth rate and the concentration of 

the growth-limiting nutrient, he a lso suggested tha t it 

be used for determining the effect of specific growth 

rate on the yield of biologica l solids per unit of substrate 

consumed (14). However, the yield is usually assumed to 

be independent of the specific growth rate. 

B. Transient-States in Continuous Cultures Caused by a 

Change in Growth-Limiting Nutrient Concentration 

1. Observations of Transient-States 

Experi mental observations of transient-states in 

continuous cultures of bacteria caused by i ncreasing the 

concentration of growth-limiting nutrient have been made 

by Krishnan (6). The carbon source, glucose, was the 

growth-limiting nutrient . He concluded tha t the perfor­

mance of the system is dependent upon the detent i on time , 



the original steady-state concentration of the growth­

limiting nutrient, the magnitude of the shock, and whether 

biological solids were separated from the effluent and re-

turned to the aeration vessel. 

Eckhoff and Jenkins have also observed transient-

states in the activated sludge process (4). Their ex­

perimental data showed agreement with the conclusions of 

Krishnan. 

2. Methods for Predicting Performance During the Tran­

sient-State 

9 

The rate of change of concentration of biological solids 

in the continuous culture is: 

~ = jJ ·X - D•X 

The rate of change of concentration of growth-limiting 

nutrient, as given by Monod, is: 

dS u.X 
cit= D•Si - D·S -1~ 

(6) 

(7) 

where Si is the concentration of substrate in the feed and 

Y is the yield of biological solids (14). 

Moser has combined equations (6) and (7) to give a 

functional relationship between the solids concentration, 
r 

the substrate concentration, and the time. The solution, 

which assumes constant yield, is: 

(S. - S)•Y - X = [(S. - S )·Y - X ]·e-D·t (8) 
1 1 0 0 
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where S0 and X0 correspond to the conditions where time,t, 

is equal to zero (10). 

Both Moser (2) and Eckhoff and Jenkins (4) have 

solved the differential equations for the time dependent 

state by assuming that the system operated according to the 

equation of Monod in the area where the specific growth rate 

is approximately directly proportional to the substrate 

concentration, where Sis much smaller than Ks, and by 

assuming the yield to be constant. 

The operation of continuous cultures at steady-state 

in the area where the specific growth rate is approximately 

directly proportional to the substrate concentration is 

common and it is emphasized that this assumption made by 

Moser refers only to variations about these steady-states 

(2) . However, Eckhoff and Jenkins have used this assumption 

for transient substrate concentrations up to one-half of 

the value of Ks (4) . At S equal to one-half Ks, the val ue 

ofJJ cal culated by this simplification of the Monod equation 

i s 51 per cent higher than the value of jJ calculated by 

the hyperbolic Monod equation. Eckhoff and Jenkins found 

it necessary to deviate widely from their initial kinetic 

model in order to explain their observed experimental data; 

this has been discussed by Gaudy (15). 

Luedeking ·and Piret considered the yield to be cons­

tant and the system to operate in the area where the speci­

fic growth rate is independent of substrate concentration, 

i.e., at or near.f'm· This occurs as S becomes much larger 
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than Ks. Luedeking and Piret found that this method allows 

good prediction when the substrate concentration is high 

( 3 ) • 

Although for short segments of time substrate concen­

trations during the transient may be high enough to allow 

the achievement of/1m' the method of Luedeking and Piret 

is not sufficient to describe a large portion of the 

transient-state. The relatively high values of Ks, rang­

ing from 59 to 178 mg/1 COD, reported by Gaudy, Ramana­

than, and Rao (13) for the activated sludge process show 

that only a very short time segment would be expected where 

the culture could grow at/Jm during the transient-state. 

3. Time Dependence 

The parameters of the equations of Monod and of Moser 

are properly determined by observation of steady-states. 

These equations can not be legitimately extended to all 
~ 

transient-states because a biological system in a steady-

state of expansion (a steady-state of a nature which can be 

characterized by an equation which ascribes to that bio-

logical system a unique property corresponding to some im­

posed environmental condition), when subjected to a sudden 

change in its environment requires some finite interval of 

time before a new steady-state characteristic of the new 

imposed condition can be reached. Perret (16) has used 

a conceptual model of a bacterial population to show how 

changes in substrate con~entration might affect the per­

formance of the system. He considers two containers of 
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media both containing the same substrate, but at different 

concentrations. A transfer of organisms at exponential ba­

lanced growth from the weaker to the stronger medium would 

cause a period of increasing specific growth rate unless the 

organisms were already growing at the maximum specific 

growth rate. Similarly transfer from the strong to the weak 

medium would cause a period of decreasing specific growth 

rate. If culture conditions allow, the systems will even­

tually reach a new specific growth rate characteristic of 

balanced growth at the corresponding substrate concentra­

tion. 

The general form of this phenomenon, called 91 growth 

rate hysteresis" .by Perret, is shown in Fig. 1 for a system 

described by the Monod equation. 
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CHAPTER III 

MATERIALS AND METHODS 

A. General 

The continuous culture was maintained in a completely 

mixed reactor for observation of transient-states. 

The growth-limiting nutrient in the feed was glucose. 

Glucose was used because a considerable amount of work has 

been done with it as a sole carbon source, in particular 

the work of Krishnan (6) in observing transient-states 

analogous to those reported on here. The concentration of 

glucose in the feed for all systems was initially approxi­

mately 500 mg/1 and finally approximately 1500 mg/1. The 

transient-state was induced by changing from 500 mg/1 

feed concentration to 1500 mg/1 feed concentration. 

The detention times, constant for each system, varied 

from 4 to 5 hours for the six systems observed. This 

variation in detention times from one system to another 

is not significant in the present studies; the primary con­

sideration was to accurately determine the detention time 

and to assure identical times both before and after the 

initiation of the transient to avoid hydraulic shock 

loading. 

Biological solids concentration, filtrate COD; and 

14 
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filtrate glucose or carbohydrate concentration were deter­

mined prior to, throughout, and after the transient-state. 

During some of the continuous flow experiments cells 

were harvested and used in batch experiments conducted in 

shaker flasks. Batch growth rate experiments were made 

using cells harvested before and during the transient im­

posed on the continuous flow systems. These studies were 

made to determine the effect of these two types of environ­

mental conditions on the growth pattern of the organisms. 

Natural populations of bacteria were developed from 

fresh settled sewage seed obtained from the primary clari­

fier of the Stillwater municipal sewage treatment plant. 

Five hundred ml of sewage were used, with the remainder 

of the reactor volume filled with growth medium to develop 

the bacterial population. The system was operated as a 

batch system for 24 hrs before continuous operation was 

begun. The system was then operated continuously for 72 

hrs or until steady-state was reached, before the transient­

state was induced. 

B. Equipment 

The reactor volume was approximately 2.5 liters, main­

tained constant by an over-flow weir. The reactor con­

figuration was that used by Ramanathan, the result of his 

examination of various completely mixed constant volume 

configurations (11). Agitation and mixing were provided 

by diffused air at 1600 cc/min/1 of reactor volume. The 



temperature of the reactor liquor was maintained at room 

temperature, 25° ± 3° c. 
Feed was pumped from pre-sterilized glass carboys to 

the reactor by reciprocating pumps manufactured by Milton 

Roy Company ( "mini Pump"). 

16 

The transient was begun by changing feed lines to the 

reactor. The feed lines were connected to identical pumps 

previously adjusted to equal flow rates. 

C. Analytical Procedure 

Biological solids were measured using a membrane filter 

(Millipore Filter Corp., HA, 0.45JJ), by filtering centri­

fuged samples through dried and desiccated tared filters 

which were then oven-dried at 103° C for 2 hours and 

desiccated before weighing. The biological solids were 

measured at steady-state and during transient-states by 

this technique and correlated with optical density which 

allowed the approximation of solids cqncentration at more 

frequent intervals than would otherwise be possible. The 

solids - optical density correlation showed that the solids 

concentration was directly proportional to optical density 

in the range employed in these studies, which is in agree­

ment with the observations of Rao (17). 

Optical density of the reactor effluent was measured at 

540 rry; by a spectrophotometer manufactured by Coleman 

Instruments, Inc. (Junior Spectrophotometer, Model 6D). 

Filtrate COD was determined by the "Standard Methods" 
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technique (18). 

Filtrate glucose concentration was determined using an 

enzymatic reagent of the Worthington Biochemical Corp. 

("Glucostat"). Filtrate carbohydrate was measured using 

the anthrone carbohydrate test (19). 

Batch growth rate st~dies were made concurrently with 

the observations of four continuous flow systems. The 

batch systems were run i.n shaker-flasks at 100 oscillations 

per min. Five ml of freshly collected reactor effluent were 

used to seed the 60 ml of growth medium. Glucose concen­

trations of 500 and 1000 mg/1 were used. 

D. Growth Medium 

The medium composition used was such that glucose was 

the growth-limiting nutrient. The medium was buffered to 

pH 7.0. The composition of the medium is given in Table I 

for 1ooc mg/1 glucose concentration. For other glucose 

concentrations, the concentrations. of the nutrients were 

directly proportional to the glucose concentration. 



TABLE I 

COMPOSITION OF GROWTH MEDIUM FOR 1000 mg/1 

GLUCOSE AS GROWTH-LIMITING SUBSTRATE 
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Constituent Concentration 

Glucose 1000 mg/1 

Ammonium sulfate, (NH4 )2S.04 500 mg/1 

Magnesium sulfate, Mgso4•7H2o 100 mg/1 

Ferric chloride, FeC13·6H2o 0.50 i'ng/1 

Manganous sulfate, Mnso4~H2o 10.00 mg/1 

Calcium chloride, CaC12 7o50 mg/1 

KH2Po4 527.0 mg/1 

K2HPo4 1070.0 mg/1 

Tap water 100 ml/1 



CHAPTER IV 

CALCULATION PROCEDURE . 

The calculation procedure discussed here was used for 

determining the kinetic properties of the transient-stateo 

The kinetic properties of interest are the specific 

growth rate and the yield of biological solids. In order 

to determine these properties during the transient-state 

they were assumed to be linear functions (to facilitate 

computation) of time for segments of the transient. The 

response was then calculated and compared to the observed 

response of biological solids and substrate concentration. 

A. General and Steady-State Yield. 

Monod showed that the rate of substrate removal is: 

(dS) 1 /dX) cit g = Y. ldt g (9) 

where ~) is the rate of growth. The yield is therefore 
g 

the rate of growth divided by the rate at which substrate 

is removed by growth. This is incorporated in Monod's 

equation for the rate of change in substrate concentration 

in the continuous culture (14). 

Moser's general solution of the rate equations for sub-

19 
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strate and biological solids concentration, equation (8), 

can be rearranged to give the general expression for yield: 

X - X ·e-D•t 
0 

y = ~------------------------s - S - (S. - S )·e-D•t 
i 1 0 

The special case solution for steady-state, 

Y = __ x __ _ 
s. - s 

1 

( 10) 

( 11 ) 

can be obtained by setting X equal to X0 and S equal to S0 

in Moser's equation. Both steady-state yield and transient 

yield were calculated based on substrate as the total 

carbon source, i.e., COD. 

B. Dilute-In of Additional COD 

It was useful to contrast the observed shock load re-

sponse with the result which would be expected if no addi­

tional biological activity took place. In order to do this, 

the rate of substrate removal by growth is assumed to be 

constant and equal to the level prior to shock loading. The 

rate of substrate removal by growth is then: 

( 12) 

wheres. is the concentration of substrate in the feed 
1.0 

prior to shock and S is the concentration of substrate in 
. 0 

the reactor prior to shock. The equation for.the rate of 
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change of substrate concentration due to additional sub-

strate is: 

~ = D•S. - D•S ;_ D(S. - S ) 
u~ 1 1 0 O. 

(13) 

Integrating equation (13) with S0 as the value of Sat 

time zero and solving for S, the result is the equation 

for dilute-in of additional substrate: 

) ( ) -D•t S = (S. - s. - S - s. - S •e 
1 10 0 1 0 

( 14) 

If the dilute-in curve calculated in this way gives 

greater values for substrate concentration than are ob-

served, the rate of substrate removal by growth has in­

creased following the. start of the shock load. 

If the dilute-in curve gives values of substrate con­

centration equal to the observed, the rate of substrate 

removal by growth has remained the sameo And if the ob­

served values exceed the dilute-in the rate of substrate 

removal by growth has decreased from its.original level. 

c. Specific Growth Rate and Yield as a Function of Time 

In order to determine what linear functions to assume 

for yield and.specific growth rate, a curve was drawn 

through the observed response and divided into small seg-

ments, i.e., Xn to ~+1 and Sn to Sn+1• For the segment, 

At, the specific growth rate and the yield were assumed to 

be constant. From the values of X and Sat the initial and 
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final points of the interval, the values of )l and Y were 

calculated from equations (15) and (16) which are the result 

of integ~ation of the differential rate equations (6) and 

(7) for the system with constant)-1 and Y. 

(15) 

( 16) 

The value of jl during the transient was then approxi= 

mated for an interval of time during the transient by an 

equation of the form; 

11=a+b 0 (t-f) ( 17) 

where a is the value ofj1 when tis equal to f and bis the 

slope of the curve approximating transient/' o The time of 

beginning of the transient )1 is designated as fo Linear 

approximations of the transient specific growth rate were 

selected because the assumption of the parameters would 

have been difficult if other approximation curves were usedo 

It was felt that the transient approximations obtained in 

:this way sufficiently approximated the true performance; 

the true performance may vary slightly from the results 

obtained but the techniques used did not allow sufficiently 

accurate observations to reveal discrepancieso The deter­

mination of transient JJ as a function of time is a method 



of observation of the transient kinetic properties, not a 

method of prediction of trannient response. 
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If the transient approximation off is substituted in 

equation (6) the equation for' solids response can be found 

fro~ the time dependent solution. The value of X at time 

t, Xt, is then: 

where~ is the value of X at time f. By proper selection 

of the linear segments the solids response can be calculated 

and a good approximation of JJ as a function of time ob­

tainedo 

For the transient values of the yield a similar equation 

was used: 

y = ~ + ~ •(t - f) (19) 

where av is the value of Y at time t equal to fo 

In order to determine if the Y as a function of time 

is correct, the differential rate equation for the rate of 

change of substrate concentration containing the value of 

X as a function of time must be integratedo This equation 

is obtained by substituting the transient approximation of 

},I and Y and the time dependent solution for X, equation 

(18), into the rate equation for substrate concentration, 

equation (7). The rate of change of substrate concentra-

tion is: 
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dS ( a + b O ( t - f ) ) 
dt = D•Si - D•S - (a'+ b' •(t - fJJ ox O . f (20) 

The integration of this equation is easily accomplished 

by a suitable numerical methodo If the assumed Y as a 

function of time predicts the transient substrate concen­

tration response, it approximates the proper functiono 

Do Transient Specific Growth Rate vso Substrate Concentra­

tion -
It is useful to contrast the properties of the time 

independent state with those of the time dependent state by 

use of the Monod equation for substrate - specific growth 

rate interdependenceo In the present study the following 

approach was employed. On a plot of the Monod equation 

the values of jlfrom the assumed linear segments were plot= 

ted against the corresponding observed substrate concentra= 

tion to compare the time dependent state with the time 

independent stateo 

Eo Time Dependent Solution to.the lVIonod Eg_uation 

Since it is popular to extend the Monod equation to 

the prediction of transient response the use of the dif­

ferential rate equation containing the lVIonod equation was 

examinedo The equation for the rate of change of solids 

concentration is: 
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d.X v.· s x n·x dt = /- m Ks +. S • - • (21) 

The equation for the rate of change of substrate concen-

tration is: 

(22) 

The yield is assumed to be constant when the transient is 

predicted in this way. The common solution of these 

equations is obtained by numerical integration. 

The numerical integration of the equation for substrate 

response where Y and~ are functions of time and of the 

rate equations incorporating the Monod equation was per­

formed using Taylor's series with differentials computed to 

the third derivative (20). The calculations were performed 

on a digital computer (I.B.M., Model 7040) at the Okla-

homa State University Computer Center. 



CHAl?TER V 

RESULTS 

The observed transient responses of the six systems are 

given belowo Also the kinetic properties determined by 

the interpretation of the observed responses and the pre­

dicted response from the solution of the rate equations 

incorporating the Monod equation are giveno 

Ao Stea,dy-State 

The steady-state parameters for the six systems are 

given in ~able !Io The yield changes somewhat for all 

systems except System No. 2. The initial and final sub-

strata concentrations are relatively. close for Systems Noso 

2, 3, and 60 In this respect Systems Noso 1, 4, and 5 do 

not show good agreement with the Monod equation which re­

quires equal concentrations for any one dilution rateo 

Bo Observed Transient Response and Dilute-In of Additional 

COD -
The observed response of the six systems: Noso 1, 2, 3 9 

4, 5, and 6 are given in Figs. 2, 3, 4, 5, 6, and 7 re­

spectivelyo The responses of biological solids, filtrate 

26 



Dilution 

System 
Ra!; 
Hr 

No,, 1 00203 

Noo 2 00222 

Noo 3 00244 

Noo 4 0 .. 254 

No .. 5 00253 

No., 6 0.,257 

TABLE II 

STEADY-STATE PARAMETERS 

Si, COD 
- mg/+--

S, COD 
_mg/1 .. 

Initial Final Initial Final 

527 1528 170 35 

541 1622 20 26 

445 1455 88 88 

534 1600 250 550 

538 1613 250 75 

516 1586 32 49 

x 
mg/1 

Initial Final 

150 762 

248 750 

228 750 

132 432 

175 800 

265 750 

y 

Initial ·_ Final 

0.42 0.51 

Oo48 0.47 

0.64 0.55 

0.47 0.41 

0.51 Oo52 

0 .. 55 0 .. 49 

I'\) 

.....J 
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COD and glucose or carbohydrate are shown. 

,he observed responses show a great amount of variety 

with 7 to 17 hrs. being required before a new steady-state 

was reached. Intermediates present at the point of maximum 

substrate concentration varied from none to more than 90 

per cent of the COD. 

The dilute-in of additional COD is shown on the figures. 

The rate of substrate removal was assumed to be equal to the 

initial steady-state rate of substrate removal by growth. 

All systems except No. 1 showed COD concentrations equal to 

or lower than the calculated dilute-in values immediately 

following the beginning of the transient-state. This indi­

cates that the substrate removal rate immediately following 

the beginning of the transient was equal to or greater than 

the initial steady-state removal rate. System No .. 1 showed 

higher observed response than the calculated COD dilute-

in for the first 4.5 hrs. indicating that one effect of the 

shock load was to reduce the substrate removal rate. 

c. Transient Specific Growth Rate and Yield 

The curves plotted for the response of biological solids 

and substrate in Figs. 8 through 19 are the result of the 

solutions of the rate equations (18) and (20) incorporating 

p and Y as ;functions of time. 

The transient values ofJJ and Y were approximated by 

assuming linear functions with time for short intervals. 

The assumed transient values are not unique; slight 
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deviations from the functions will not yield significant 

discrepancies in the curves for biological solids and sub­

strate response. The transient specific growth rate and 

yield are given for the six systems in Figs. 20 through 25. 

A sample calculation of the biological solids and sub­

strate response for)Jand Y as functions of time using the 

technique outlined in Chapter IV is given in Appendix B. 

Since a common assumption used in predicting transient 

behavior is that the yield is constant, calculation of 

substrate response was performed using the transient func­

tion for JJand an assumed constant Y. The value of Y used 

was that which-gave the best agreement with the observed 

response. The substrate response calculated in this way 

was inaccurate and the value of Y did not show any agree­

ment with the initial steady~state Y with the exception of 

System No. 2. The best constant Y values are given in 

Table III. 

The plots of transient Y show an initially high yield 

with the exception of System No. 5o Since this result can 

not be considered a unique interpretation of the observa­

tions a different method was used to illustrate this phen­

omenon. Average yields were calculated over an interval 

of time following the initiation of the transient-:stateo 

The length ot the interval was selected to correspond with 

th.e time required for the decrease of the initially high 

yield to occur. These time intervals ranged fron one-half 

to three hours. The average yield calculated is not a 
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Figure 20 - Transient Specific Growth Rate For Sys..,. 
tem.s Nos., 1 and 2 
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Figure 22 -Transient Speci:fic Growth Rate :for Systems 
Nos. 3 and 4 
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System 

No. 1 

Noo 2 

No .. 3 

No. 4 

No .. 5 

No., 6 

TABLE III 

CALCULATED PARAMETERS 

JJm, hr. -1 Ks, COD mg/1 
From# As f(t) From ).} m And 

Assumption Initial S 

0 .. 394 170 .. 0 

00304 7 .. 4 

00540 106.0 

0.390 139 .. 2 

00460 205.0 

0 .. 528 33.,6 

51 

y 
For Best Substrate 

Prediction from 
)) As f(t) ASSJllllption 

0.,.600 

0 .. 480 

0.,460 

0.415 

0 .. 490 

0 .. 480 
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time average of Y but ra·ther what Y would have to be for 

the substrate and biologiqal solids concentration to reach 

the values ooserved at the end of the time interval starting 

from the observed values at the initiation of the transient-

state. These values of Y were calculated from the solution 

of the rate equations provided by Moser, equation (10)o 

D. Prediction by the Monod Equation 

The maximum transient value of the specific growth rates 

were used asJJm in the Monod equation. The maximum speci­

fic growth rate occurred at and after the point of maximum 

transient substrate concentration for Systems Nos. 1 and 2; 

it occurred after the point of maximum substrate concentra­

tion for Systems Nos. 3, 4, and 6; it occurred before the 

point of maximum substrate concentration for System No. 5o 

The value of Ks is calculated fromJJm, D, and the initial 

steady-state substrate concentration, S0 , and the re­

arranged Monod equation: 

(23) 

These Monod parameters are given in Table IIIo 

Maximum specific growth rates were measured in batch 

experiments for Systems Nos. 3, 4, 5, and 6. The maximum 

batch specific growth rate for System No. 3 was approxi­

mately equal to the maximum transient value. For Systems 

Nos. 4, 5, and 6 the maximum batch specific growth rate was 



System 

Noo 3 

Noo 4 

No. 5 

Noo 6 

--Maximum Transient 
Sp.~cific -Gi:owth Rate 
-· Hr,. -, ··-

005400 

0.3900 

0.4600 

0.5275 

TABLE IV 

SPECIFIC GROWTH RATES 

Batch Maximum SpecifJc Growth Rates, Hr.~1 
Inocula tio:ri 500~:mg/l -~~~iUOU · mg/I 
.Time, Hr. Glucose Glucose 

o.o 0.54 0.54 

5.5 0.50 0.57 

o.o 0.56 0.59 

2.0 o.63 0.63 

5.0 o.65 o.65 

o.o 0.59 0.61 

2.0 0.58 0.59 

5.0 0.50 0.53 

o.o 0.61 0.61 

2.0 0.75 0.75 
\.J1 

- 5.0 o.69 0.74 vJ 
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greater than the maximum transient value. The inoculation 

time given in Table IV corresponds to the time after ini­

tiation of the transient when the reactor initiation of the 

transient effluent was collected for observation of batch 

specific growth rates. The corresponding growth rates are 

also given in Table IV. 

The maximum transient specific growth rate was used 

in the Monod equation rather than the batch maximum be­

cause plots of observed substrate concentration vso tran­

sient specific growth rate which are discussed below were 

in agreement with Monod curves based on the maximum tran­

sient specific growth rate. It was not within the scope 

of this research to determine the possible differences in 

the Monod parameters de~ived from batch and continuous 

cultures beca1,2.se of the differences in concentration of 

biological solids. This has been briefly discussed by 

Ramanathan (11). 

The initial steady-state values of Y given in Table II 

were used in obtaining predictions by application of the 

Monod equation. In all techniques using the Monod equation 

in prediction of transient response, the initial steady­

state value is used and is assumed to be constant. 

The predictions of biological solids and substrate 

response using the Monod equations for the six systems were 

given in Figs. 8 through 19. The predicted response using 

the Monod equation does not accurately represent the ob­

served transient response. As noted previously, Monod 
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parameters selected for best fit which do not necessarily 

represent any experimental observation do not produce 

satisfactory predictions of transient response. 

The numerical technique discussed above was used to 

obtain the solution of the rate equations emJt.oying the 

Monod equation. A sample calculation is given in Appendix 

c .. 

E. Transient Specific Growth Rate - Subs·trate Concentration 

Observation 

The techniques which employ the Monod equation for 

prediction of transient response imply by its use that a 

single unique specific growth rate exists for any one sub­

strate concentration. While this is true for many systems 

growing at steady-state it has not been established experi­

mentally for transient states. It should be noted that 

Monod did not claim that his empirical expression could be 

used in describing the transient-state following a change 

in external environment in a completely mixed continuous 

flow reactor. 

Reactor effluent from Systems Nos. 31 4, 5, and 6 was 

used to inoculate batch cultures at various times, imme­

diately prior to initiation of the transient, and during 

the transient. High substrate concentrations in the batch 

cultures, 500 and 1000 mg/1 glucose, insured specific 

growth rates approaohingJJm• 

The growth responses of Systems Nos. 3 and 4 are shown 
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in Figso 26 and 27. When inoculated with steady-state 

reactor effluent, these systems show a lag beforeJJm is 

reached. When inoculated with reactor effluent during the 

transient and after the population had been exposed to 

higher substrate concentrations in the reactor, no lag was 

detectable. 

Systems Noso 5 and 6 did not show a lag upon inocu­

lation with steady-state reactor effluento While this does 

not allow any general conclusions about similar conditions 9 

the lag observed in Systems Noso 3 and 4 indicates that the 

use of the Monod equation in some cases may not be valid 

for transient conditions depending upon the magnitude of 

the change in substrate concentration. In the present 

study it is emphasized that the change was quite higho 

On plots of the Monod equation derived from parameters 

given in Table III the transient specific growth rate, 

determined by the approximation ofpby linear functions th 

time, was plotted vs., the corresponding observed substrate 

(;oncentra tion for Systems Nos o 1 , 2, 3, a.nd 6, shown in 

Figso 28, 29~ 30, and 31 respectively .. 

This plot was not made for Systems Nos., 4 and 5 be­

cause their initial and final steady-states could not be 

approximated by the Monod equation and therefore any anal­

ogy with the Monod equation would be unproductive., 

The plot of transient specific growth rate vs., sub­

strate concentration for System No., 1, Fig., 28, shows the 

transient performance leaving the Monod curve at the ini-
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\_Transient· Performance 
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tiation of the transient. During the initial stages of the 

transient as the substrate concentration increased the tran­

sient specific growth rate was less than the steady-state 

specific growth rate. As the substrate concentration ap­

proached the maximum, the transient specific growt~ rate 

became greater than the steady-state specific growth rate 

and then decreased with decreasing substrate concentration 

while remaining greater than the steady-state specific. 

growth rate. The transient performance terminated as a 

new steady-state was reached and the transient specific 

growth rate became equal to the dilution rate. The tran­

sient performance curve did not close at the point of its 

initiation indicating some deviation from the Monod equa­

tion theory •. , 

The performance of System No. 2, shown in Fig. 29, was 

similar to that of System No. 1. However, as indicated by 

the dashed portion of the transient performance curve, 

immediately following initiation of the transient there was 

a rise in transient specific growth rate. This was the 

result of a rise in biological solids concentration of 20 

mg/1 during the first o.8 hr •. following initiation of the 

transient. 

In the period of rising substrate concentration, the 

performance of System No. 3, shown in Fig. 30, was similar 

to that of Systems Nos. 1 and 2. However, as the substrate 

concentration began to decrease, the transient specific 

growth rate continued to rise before returning to the 
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steady-state value. 

System No. 6, shown in Fig. 31, like System No. 2 

initially exceeded the steao.y-state specific growth rate, 

then contin~ed below the Monod curve and finally crossed 

it to return to the steady-state condition. 

These four systems show variety in their transient be­

havior when examined in this way but each has a common 

property. This property is the double-valued nature of the 

transient specific growth rate, lower than the steady-state 

value during periods of increasing substrate concentration 

and greater than the steady-state value during periods of 

decreasing substrate concentration. 



CHAPTER VI 

DISCUSSION OF RESULTS 

The kinetic properties of transient-states have been 

examined by interpretation of observed transient-states. 

These kinetic properties, the transient yield and the tran­

sient specific growth rate - substrate concentration rela­

tionship, are discussed below. Also discussed are the ex­

tension of the Monod equation and constant yield assumption 

to transient-states and the effect of the production of 
:..,-.. 

intermediates on the transient behavior. 

A. Transient Yield 

~he trap.sient yield curves show that the yield is not 

constant and that a variety of responses can be expected 

even when the imposed system conditions are approximately 

the same. The only common characteristic of the systems is 

the high value of the yield immediately following initiation 

of the transient-state. This occurred in all cases except 

System No. 5. 

In each of these five systems, the yield is shown to 

begin at the high value at time zero. The technique em­

ployed for the determination of transient yield is not 

sufficient to determine the kinetic properties of the 

,65 



transient~state in the small interval of time where the 

yield changes from its initial steady-state value to the 

high transient value. 

66 

The transient yield functions can not be considered 

unique; that is, slight deviations from the assumed func­

tions will not result in significant variations in the 

predicted substrate responseo Also, the approximation of 

Y as f(t) is not necessary in order to show that Y is not 

constant during the transient-state; this is illustrated 

from the substrate response predictions using constant Yo 

The observed transient responses shown here do not reveal 

the nature of Y during the transient-state without the aid 

of mathematical interpretation. The definition of Y used 

to obtain the kinetic nature of Y is the one provided by 

Monod, given in equation (9). Rearrangement of equation 

(9) gives: 

( dX) 1 ( dS) Y=rt I df 
g g 

(24) 

It is not meant to be inferred that the transient value 

of Y as f(t) is the end to which kinetic interpretation 

should be taken. This is presented only as a tool of in­

terpretation and observation; like other kinetic models of 

chemical systems, the end result should essentially be 

prediction of response based solely on initial conditionso 

B. Transient Specific Growth Rate and Substrete Concentra­

tion -



As does the transient yield, the transient specific 

growth rate for the six systems shows that a variety of 

responses can be expected for similar conditions. 
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Like the transient yield determination, Y as f(t), the 

determined transient specific growth rate is solely a method 

for prediction of transient responses. The plots for the 

four systems, Nos. 1, 2, 3, and 6, of the transient spe­

cific growth rate vs. the observed substrate concentration, 

in Figs. 28, 29, 30, and 31 respectively, show general 

agreement with the argument of Perret concerning growth 

rate hysteresis. 

Systems Nos. 4 and 5 do not obey either master reac­

tion equation since both Monod's and Moser's equations 
' . 

require that the steady-state substrate concentrations be 

the same for any one dilution rate regardless of the in­

fluent concentration, therefore an analysis of these sys­

tems for the growth rate hysteresis effect is not possible. 

This does not detract from the general kinetic property of 

growth rate hysteresis, only from the general applicability 

of equations of the type of Monod's or Moser's. 
( 

Co Transient Predictions Using the Monod Equation and 

Constant Yield 

Transient predictions using the Monod equation and 

constant yield are inaccurate in theory and practice. The 

yield has been shovvn to vary considerably and the transient 

specific growth rate to be double-valued for a given change 
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in substrate concentration. The method of transient pre­

diction did not require any simplification of the Monod 

equation; this would make it,·in terms of past use, the 

most ~eneral solution. 

In theory, the methods which employ simplifications. of 

the Monod equation were not supposed to give better results 

than the general solution. However, for particular condi­

tions the simplified methods may give better results since 

the Monod equation is not a valid representation of tran­

sient performance. 

It can be seen in Figs. 8 through 19 that to varying 

degrees the shape of the response is produced by the use of 

the Monod equation. This superficial agreement has prob­

ably contributed to the acceptance of the Monod equation 

for transient-states. The difficulty of obtaining solutions 

to the rate equations incorporating the Monod equation (a 

numerical integration technique must be used) has inhibited 

examinations which might have led to early corrections o:f 

the error. 

D. Effect of The Production of Intermediates on Transient 

Behavior 

The production of intermediates during the transient­

state may be responsible for some of the unexplained 

transient behavior such as the considerable variation in 

the transient yield and the high transient specific growth 

rate of System No. 3 at relatively low substrate coneentra-



tion. The balance of intermediates and the quality pro­

duced during some transient-states may not be comparable. 

to any steady-state medium composition even though the 

concentration of the total oarb.on source as COD is the same. 

Since the speoifio growth rate and the yield are in many 

oases substrate-dependent, some of the transient behavior 

is attributable to changing substrate composition. 

There is no contradiction betwee~ this argument and the 

measurement of growth-limiting nutrient concentration as 

COD for the description of stea.dy..-states of continuous 

cultures by the Monod equation. Generally for hetero­

geneous populations large accumulations of metabolic in­

termediates do not occur under steady-state operation (11). 

All that is required for the empirical equation of Monod to 

be valid for the prediction of steady-state behavior re­

lated to substrate measured as chemical oxygen demand is 

for the substrate complement to be reproducible for a given 

dilution rate. 

E. ApRlication of This Study to Activated Sludge Pro­

cesses 

I't has been shown under the experimental conditions of 

the present study that transient-states can not be described 

adequately by use of the Monod equation. Although the 

transient performance of most activated sludge plants 

would be somewhat different because of the recycling of 

biolpgioal solids, the general kinetic property of the 
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specific growth rate lagging the steady-state specific 

growth rate during the initial stages of the transient and 

leading it during the latter part would be expected to be 

exhibited. Solids recycle might lengthen the time for the 

system to respond to the environmental change, that is, 

lengthen the time for the specific growth rate to increase 

as a result of higher substrate concentrations, because 

cell recycle would permit cells to exist in the system 

which were "older'' than those which would be present 

without cell recycle. However, · loadings of equal magnitude 

would produce lower transient substrate concentrations 

where solids are returned to the reactor and such systems 

might be capable of assimilating greater shock loads than 

"once through" systems. 

If tlle systems employed in the study (analogous to 

dispersed phase aeration) were returned to their original 

steady-state (if indeed they were capable of returning to 

their original steady-state), it is not possible to say, 

based on our present understanding of the transient res­

ponse, whether these systems would respond in the same way 

to a change identical to the one which caused the ob­

served transition. 

Systems already in transient or in continual transient 

might show responses to further changes depending on their 

properties at the beginning of the additional alteration of 

their environment. However, the properties which affect 

their behavior, the complement of biochemical constituents 
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(in the transport system, in the synthetic and degradative 

pathways, in the synthesis of enzymes, etc.) and their cor­

responding activities, would be expected to depend upon 

how the environment has been changing. The response imme­

diately following deviation from the steady-state would be 

expected to be characteristic of the imposed change and 

the previous steady-state. 

For the systems observed here, the:, environmental alter­

a tion which causes the transition, i.e., the substrate con­

centration, continually changes unt:l-1 t;h.e new steady-state 

is reached. The response at any time would be a function 

of how the substrate is and has been changing, what the 

response to these changes has b~en, and the previous 

steady-state. 

Activated sludge processes, many of which are in con­

tinual transient, would be expected to exhibit response to 

shock loads dependent upon the'ir recent history. 



CHAPTER VII 

CONCLUSIONS 

The phenomenon of growth rate hysteresis theorized by 

Perret to be the result of the implicit kinetic structure 

of the bacterial system has been demonstrated experimen­

tallyo This behavior was similar for all systems whose 

steady-states were describable by the Monod equationo 

The transient responses, which were in principle simi­

lar, show that prediction of transient kinetic behavior at 

best would be difficulto 

Attempts to predict transient behavior by use of the 

Monod equation and constant yield should be abandonedo 

Methods used for the prediction of transient response 

based upon the Monod equation have been shown to be in­

correct in theory and insufficient for practical applica­

tion; furthermore, they can not be modified by any ra­

tional method for accurate resultso The characteristics of 

transient-states are best found by observation of a vari­

ety of systems followed by interpretation to de.lineate the 

general propertieso It is evident from the variety of 

responses shown here that any method of prediction of 

transient response from initial and imposed conditions will 

require more extensive examination of the biochemical struc-
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ture which affects the kinetic properties. However, for 

particular microbial rate processes such as the activated 

sludge process numerical characterization of responses 

based on monitored parameters and operating conditions may 

be found. These descriptions may be used for process con­

trol and consequent improvements of effluent quality. 



CHAPTER VIII 

SUGGESTIONS FOR FUTURE STUDY 

As a result of this investigation, the following sug­

gestions are made for future study of the kinetic properties 

of continuous cultures in the transient-stateq 

1. The parameters observed in this study did not 

reveal any method for predicting transient response .. An 

intensive examination of the biochemical structure of the 

bacterial system before, during, and after the transient­

state might provide a basis for a method of predicting 

transient response or, in any event, might illuminate the 

complexities which make prediction·difficult or impractical .. 

2 .. As a corollary to this study the kinetic properties 

of the continuous cul·t;ure in transient should be investi­

gated for transient-states induced by decreasing the con­

centration of the limiting nutrient in the feedo 

3. This study has led to the supposition that the 

kinetic properties of one transient-state may not be re= 

producible by returning the system to its original steady­

state and imposing an environmental change identical to the 

first. This would be somewhat analogous to the problem of 

pulsating shock loads in the activated sludge process., 

This would be an important area of study from the stand-
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point of theoretical bacterial kinetics and from the stand­

point of application to pulsating shook loads in the acti­

vated sludge process. With respect to ~pplication to the 

activated sludge process, the pulsating time interval may 

not correspond to the time required for a new steady-state 

to be reached .. . , 

4. The method of interpreting the kinetic properties 

of the transient developed in this study is particularly 

amenable to the investigation of hydraulic shock loads. 

This is of particular importance because the growth rate 

hysteresis analogy should be valid for the hydraulic shock; 

it may not be valid in the case of qualitative shock loads. 

5. The kinetic properties of the activated sludge 

process employing cell feedback should be investigated by 

the techniques outlined in this study. The addition of 

biological solids recycle will require modification of the 

differential rate equations but the general format of the 

computational procedure will remain the same. Such a.n in­

vestigation will require additional parameters such as 

solids recycle rate, concentration of solids in the recy­

cle and the aeration vessel, reaeration time (if used), 

response to changes in the solids separation device, etco 

The result of investigation of the kinetic properties of 

the activated sludge process should be the establishment 

of' controls and changes in operational procedures coupled 

with the monitoring of environmental conditions to improve 

the treatment efficiency of plants subjected to shock loads. 
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Repeated observation .of transient-states in continuous cul­

tures employing biological solids recycle can do much to 

establish the general properties of the activated sludge 

process subjected to shock loads, e.g., cllaraeterization 

of system capacities and time required for the achievement 

of a new steady-state. This knowledge may find extensive 

use long before predicted response based on a theory of 

bacterial growth is a.chievedo 

6. The investigation of· the transient properties of 

pure cultures of microorganisms while not expected to 

produce appreciably different results than those given here 

would serve to allow the separation of effects caused by 

population dynamics. This would be of particular signifi­

cance in systems subjected to persistent transients such as 

pulsating shock loads. 

7. The amount of intermediates present during the 

transient varied considerable within the study. Some dif­

ference may exist between the composition of the nutrients 

found du.ring the transient and that found at various dilu­

tion rates tn steady-state continuous cultures. It is sug­

gested that the nutrient composition during the transi~nt­

state be compared with that of several steady-states of 

varying dilution rates, particularly at dilution rates 

approaching the maximum specific growth rate. Differences 

in the nutrien~ composition may be reflected in differences 

in the· maximum ·steady-state specifi.c growth rate and the 

maximum transient specific growth rate. 
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APPENDIX A 

LIST OF SYMBOLS 

a - oonsta.nt from linear approximation o:f JJ ,hr-1 

~ - constant from linear approximation o:f Y 

b - constant :from linear a.pproxima. tion o:f JJ ,hr-2 

b' - constant :from linear approximation of Y, hr-1 

D - dilution rate, hr-1 

f - time beginning linear approximation of )1 or Y,hr" 

Ks - system dependent constant :from Monod equation, 

mg/1 

S - substrate concentration in the reactor, mg/1 COD 

Si - s.ubstrate concentration in the feed during tran-

sient-state, mg/1 COD 

Si - substrate concentration in feed at initial steady-
o 

state, mg/1 COD 

S - substrate concentration at beginning of time in-n 

terval, mg/1 COD 

Sn+1 - substrate concentration at At after Sn' mg/1 COD 

S0 - substrate concentration at initiation of tra.n-

sient-sta.tej mg/1 COD 

S' - first derivative of S 

S'' - second derivative o:f S 

S''' - third derivative of s 
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t time after initiation of transient-state, hr 

X - biological solids concentration, mg/1 

Xf - biological solids concentration at time f, mg/1 

Xn - biological solids concentration at beginning of 

time interval, mg/1 

~+1 - biological solids concentration at ~t after~, 

mg/1 

Xt - biological solids concentration at time t, mg/1 

X' - first derivative of X 

X'' second derivative of X 

X'" - third derivative of X 

Y - yield of biological solids per unit of substrate 

z 

consumed 

exponent for prediction of transient biological 

solids concentration from linear approximation 

of ,,,v. 
')\. system dependent constant frpm Moser equation 

fl - s~ecific growth rate, hr-1 

· 11 - maximum specific growth rate, hr-1 
rm. 

COD chemical oxygen demand 



APPENDIX B 

SAMPLE CALCULATION OF BIOLOGICAL SOLIDS AND SUBSTRATE 
RESPONSE FROM f AND Y AS f ( t) ASSUMPTION 

Assumed JJ and Y functions: 

JJ = ~ - b ( t-f) 

Y = a' - b'( t-f ) 

Solids response may be calculated from the equation: 

where: 

( 17) 

(19) 

( 18) 

Substrate response may be calculated from Taylor series 

expanded to the third derivativeg 

The derivatives of Sand X must be foundo 

First derivative of Xi 

(6) 

Second derivative of X: 
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Fir$t derivative of S: 

Second derivative of S: 

Third derivative of S: 

From System No. 2: 

From Table II: 

D = 0.222 hr-1 

Si= 1622 mg/1 COD 

From calculation result: 

X@ 1· h:r; after initiation of transient-state= 

26709 mg/1 

S@ 1 hr after initiation of transient-state= 

21607 mg/1 COD 
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(7) 

Using time increment,bt, equal to 0.,005. hr the calculation 

results of solids and substrate concentration for 1 to 1,20 

hr after initiation of transient-state are given below .. 



t xn Sn 

CALCULATION RESULTS FOR BIOLOGICAL SOLIDS AND SUBSTRATE RESPONSE FRQlli[ 
LINEAR APPROXIMATION OF p A,~ Y FOR SYSTEM NO. 2 

TIME: 1-1.20 HR. 

y p X' X'' S' S'' S'" z ez 
~+1 sn+1 

1.000 267.900 216.700 0.47469 0.25881 9.863 -9.549 165.909 -40.560 14.767 0.00018 l..0_0018 267.949 217.529. 
1.005 267.949 217.529 0.47438 0.25863 9.815 -9.555 165.706 -40.486 14.753 0.00037 1.00037 267.999 218.3577 
1.010 267.999 218.357 0.47406 0.25844 9.767 -9-560 165.504 -40.412 14.740 0.00055 1..00055 268.048 219 •. 1'8'4:l 
1.015 268.048 219.184 0.47375 0.25826 9.719 -9.565 165.302 -40.338 14.727 0.00073 1.00073 268.096 220.010 
1.020 268.096 220.010 0.47344 0.25807 9.672 -9.571 165.100 -40.265 14.714 0.00091 1.00091 268.145 220.835 
1.025 268.145 220.835 0.47312 0.25789 9.624 -9.576 164.899 -40,191 14.701 0.00109 1.00109 268.193 221.659 
1.030 268.193 221.659 0.47281 0.25770 9-576 -9-581 164.698 -40.118 14.687 0.00127 1.00127 268.241 222,482 
1,035 268.241 222.482 0,47250 0.25752 9.528 -9.586 164.497 -40.004 14,674 0.00145 1.00145 268.289 223.304 
1.040 268.289 223.304 0.47219 0.25733 9.480 -9.592 164.297 -39-971 14.661 0.00163 1.00163 268,336 224.125 
1.045 268.336 224.125 0.47188 0.25715 9-432 -9-597 164.097 -39.898 14.648 0.00180 1.00181 268.384 224.945 
1.050 268.384 224.945 0.47156 0.25696 9.384 -9.602 163.898 -39.824 14.634 0.00198 1.00198 268.431 225.764 
1.055 268,431 225.764 0.47125 0.25678 9-336 -9.607 163.699 -39-751 14.621 0.00215 1.00216 268.478 226.582 
1.060 268.478 226.582 0.47094 0.25659 9.288 -9.612 163.500 -39.678 14.608 0.00233 1.00233 268.524 227.399 
1.065 268.524 227.399 0.47062 0.25641 9.240 -9.617 163.302 -39.605 14.595 0.00250 1.00250 268.570 228.215 
1.070 268.570 228.215 0.47031 0.25622 9.192 -9.623 163.104 -39,532 14.582 0.00267 1.00267 268.617 229.030 
1.075 268.617 229.030 0.47000 0.25604 9.144 -9.628 162.106 -39,459 14.568 0.00284 1.00285 268.662 229.844 
1.080 268.662 229.844 0.46969 0.25585 9.096 -9.633 162.709 -39-386 14.555 0.00301 1.00302 268.708 230.657 
1.085 268.708 230.657 0.46938 0.25567 9.047 -9.638 162.512 -39,314 14.542 0.00318 1.00319 268.753 231.469 
1.090 268.753 231.469 0.46906 0.25548 8.999 -9.643 162.316 -39.241 14,529 0.00335 1.00335 268.798 232.280 
1.095 268.798 232.280 0.46875 0.25530 8.951 -9.647 162.119 -39.168 14.515 0.00351 1.00352 268.843 233.090 
1.100 268.843 233.090 0.46844 0.25511 8.903 -9.652 161.924 -39,096 14.502 0.00368 1.00369 268.888 233.899 
1.105 268.888 233.899 0.46813 0.25493 8.854 -9.657 161.728 -39,023 14.489 0.00385 1.00385 268.932 234.708 
1;110 268.932 234.708 0.46781 0.25474 8.806 -9.662 161.533 -38.951 14.476 0.00401 1.00402 268.977 235.515 
1.115 268.977 235.515 0.46750 0.25456 8.758 ·-9.667 161.338 -38.878 14.463 0.00417 1.00418 269.020 236,321 
1.120 269.020 236.321 0.46719 0.25437 8.710 -9.672 161.144 -38.806 14,449 0.00434 1.00435 269.064 237.126 
1.125 269.064 237.126 0.46688 0.25419 8.661 -9.677 160.950 -38.734 14.436 0.00450 1.00451 269.108 237,931 
1.130 269.108 237.931 0.46656 0.25400 8.613 -9.681 160.756 -38.662 14.423 0.00466 1.00467 269.151 238.734 
1.135 269.151 238.734 0.46625 0.25382 8.564 -9.686 160.563 -38.589 14.410 0.00482 1.00483 269.194 239.536 
1.140 269.194 239.536 0.46594 0.25363 8.516 -9.691 160.370 -38,517 14,396 0.00498 1.00499 269.236 240.338 
1.145 269.236 240.338 0.46563 0.25345 8.467 -9.695 160.178 -38,445 14,383 0.00513 1.00515 269.279 241.138 
1.150 269.279 241.138 0.46531 0.25326 8.419 -9,700 159,986 -38,374 14,370 0.00529 1.00530 269,321 241,937 

-1.155 269.321 241.937 0.46500 0.25308 8.370 -9,705 159,794 -38.302 14.357 0.00545 1.00546 269,363 242,736 
1.160 269.363 242.736 0.46469 0.25289 8.322 -9,709 159,602 -38.230 14,344 0.00560 1.00562 269,405 243,533 
1.165 269.405 243,533 0.46438 0.25271 8.273 -9.714 159,411 -38.158 14.330 0.00576 1.00577 269.446 244.330 
1.170 269.446 244.330 0.46406 0.25252 8.225 -9,718 159.220 -38.087 14.317 0.00591 1.00593 269.488 245.126 
1.175 269.488 245.126 0.46375 0.25234 8.176 -9.723 159.030 -38.015 14.304 0.00606 1.00608 269.529 245.920 
1.180 269.529 245,920 0.46344 0.25215 8.128 -9,727 158.840 -37,943 14.291 0.00621 1.00623 269.569 246.714 
1.185 269.569 246.714 0.46313 0.25197 8.079 -9,732 158.650 -37.872 14.278 0.00636 1.00638 269.610 247.507 
1.190 269.610 247.507 0.46281 0.25178 8.030 -9-736 158.461 -37.801 14.264 0.00651 1.00653 269.650 248.299 
1.195 269.650 248.299 0.46250 0.25160 7.982 -9.741 158.272 -37.729 14.251 0.00666 1.00668 269.690 249.089 
1.200 269.690 249.089 0.46219 0.25141 7,933 -9,745 158.083 -37.658 14.238 0.00681 1.00683 269.730 249,879 

():) 
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APPENDIX O 

SAMPLE CALCULATION OF BIOLOGICAL SOLIDS AND SUBSTRATE 
RESPONSE FROM RATE EQUATIONS INCORPORATING 

. THE MONOD EQUATION 

The equation for rate of change of biological so.li.ds con­

centration incorporating the Monod equation: 

(21) 

The equation for rate of change of substrate concentration 

incorporating the Monod equation: 

(22) 

The solids response can be ealqulated from Taylor series 

exp~ded to the third derivative: 

The derivatives of X and S must be found. 

Second derivative of X: 

Second derivative of S: 
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Third derivative of X: 

[X·S•S'•S']/[K + S])/[K + S]]/(K ,.+,S) ··-iJ •S'•[X'•S + s s s ~-m 

The substrate response calculated from the .solution of the 

rate equations provided by Moser: 

S = [(S.•Y) - X - ([(S. - S )•Y] - X )·e-D•t]/Y (14) 
1 1 0 0 

The values of X calculated from the Taylor series solution 

and the corresponding time must be used to calculates. 

From System No. 2: 

From Table II: 

From Table III: 

D = 0.222 hr-1 

s1 = 1622 mg/1 COD 

S0 = 20 mg/1 COD 

Ks= 7.4 mg/1 COD 

-1 JJm = 0.304 hr 

Using time increment, At, equal to 0.005 hr the calculation 

results for solids and substrate concentration for Oto 



86 

Oo20 hr after initiation of transient-state are given belowo 



CALCULATION RESULTS FOR BIOLOGICAL SOLIDS AND SUBSTRATE RESPONSE FROM 
SOLUTION OF THE RATE EQUATIONS.INCORPORATING.THE lVIONOD EQUATION FOR SYSTEM NO. 2 

TIME: 0-0.20 HR. . 

t ~ Sn .r S' X'' S'' X'" ~+1 8n+1 
0~000 248.000. 20~.000 .-0~025··237;145· 176;i26 -432~_ 105 2276.459 248.002 21.180 
0.005_ .248.002 21.180 0.815 235.072 160.560 -398.312 2171.015 248.008 22.351 
0.010 248.008 22.351 1.583 233.156 146.980 -369.012 2065.803 248.018 23.512 
0.015 248.018 23.512 2.288 231.,376 135 .124 -343.423 1963.192 248.031 24.664 
0.020 248.031 24.664 2.937 229.717 124.706 -320.932 1864.555 248.047 25.809 
0.025 2480047 25.809 3.537 228.163 115.498 -301.046 17700621 248.067 26.946 
0.030 248 .. 067 26.946 4.093 226.703 107.315 -283.369 ·1681 .. 716 248.088 28.075 
0.035 ·248.088 28.075 4.611- 225.326 100.009 -267.578 1597.917 248.113 29.199 
0.040 248.113 29.199 5.095 224.025 93.456 -253.408 1519.137 248.139 30.316 
0.045 2480139 30.316 5.547 222.790 87.553 -240.64-0 1445.198 248.168 31.426 
0.050 248.168 31.426 5.971 221.616 82.216 -229.090 1375.866 248.199 32.532 
00055 248.199 32.532 6.370 220.498 77.374 .:..218.606 1310.883 248.232 33.631 
0.060 248.232 33.631 6.745 219.429 72.966 -209 .. 056 1249.978 248.267 34.726 
0.065 248.267 34 .. 726 7.100 218.406 68.940 -200.330 1192.883 248.303 35.815 
0.010 248.303 · 35.815 7.435 217.425 65 .. 254 -192.334 1139.336 248.341 36.900 
0.075 248.341 )6.900 7.753 216.482 61.869. -184.988 1089.089 248.381 37.980 
0.080 248.381 37.,980 8.054 215.574 58.752 -118.220 ·1041.904. 248.422 39.056 
0.085 248.422 39.056 8.341 214.699 55.877 -111.970 997.564 248.464 40 .. 127 
0.090 .248 .. 464 40.127 8.613 213.853 53.217 -166.186 955.861 248.508 41.194 

. 0.,095 248.508 41.194 8.873 213 .. 036 50.752 -160.820 91:5;607 248~553 42.257 
00100 248.553 42.257 9.121 212.245 48.463 -155.834 879.624 248.599 43~316 
o. 105 248.599 43.316 9.358 211 .. 477 46.332 -151.190 8440752 248 .. 647 44.372 
0.110 248.647 44.372 9.585 210.732 44.347 -146.857 811.840 248.695 45.424 
o. 115 248.695 45.424 9.802 210.008 42.493 -142.808 780.750 248.745 46.472 
o. 120 248.745 46.472 10.010 209.304 40.759 -139.018 751.357 248.795 47.517 
00125 248.795 47.517 10 .. 210 208.618 39.135 -135.463 723.542 248.847 48.558 
0.,130 248.847 48.558 1 o. 401 207.,949 37.611 -132.126 697.199 248.899 49.596 

CX> 
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t xn Sn ~ 

0.135 248.899 49.,596 10.586 
0;140 248.953 50.631 10.763 
0.145 249.,007 51.663 10.934 
0.150 249.062 52.691 1 L099 
0.155 249.1'18 53.717 11.258 
0.160 249.175 54.740 11..412 
0.165 249.232 55.759 11.560 
0.170 249.290 56.776 11.703 
0.175 249 .. 349 57.790 11.842 
0.180 249.,409 58.802 11 .. 976 
0.185 249 .. 469 59.,811 12 .. 106 
0 .. 190 249,,530 60.,817 12.233 
0.195 249.591 61 .. 820 12 .. 355 
0~200 2490653 62.821 12.474 

CALCULATION RESULTS (cont.) 

S' X'' S" 

207 .. 296 36.180 -128.987 
206.659 34.833 -126.031 
206.036. 33.565 -123 .. 243 
205.426 32.369 -120.611 
204 .. 829 31 .. 240 -118.123 
2040245 30 .. 173 -115.768 
203.671 29 .. 162 -113 .. 537 
203 .. 109 28.206 -111.,420 
202.,557 27,.298 -109.,410 
202.015 26.437 -107 .. 500 
201.482 25.619 -105,.682 
200 .. 958 24.841 -103 .. 950 
200 .. 442 24.100 -102 .. 300 
199.935 23.395 -100.725 

Jt1H xn+1 

672.229 248.953 
648.541 249.007 
626e049 249.062 
604.677 249.118 
584.,354 249.175 
565 .. 013 249.232 
546.593 249.290 
529.037 249.349 
512.293 249 .. 409 
496 .. 312 249.469 
481 .. 049 249.530 
466.463 249.591 
452.515 249.653 
439 .. 167 249.716 

sn+1 

50.631 
51.663 
52. 691 
53 .. 717 
54.740 
55.759 
56.776 
57.790 
58.802 
59.811 
60.817 
61.820 
62.821 
63.819 

co 
co 
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