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BUCKLING OF ORTHOTROPIC CONICAL SANDWICH

SHELLS UNDER VARIOUS LOADINGS

CHAPTER 1

INTRODUCTION

1.1 Survey of Sandwich Shell Buckling

Although shell structures have been used extensively in
aircraft and space vehicles for several years, it has been only in the
past few years that sandwich-type construction has come into prominent
usage. Due to its high strength-to-weight and stiffness-to-weight
capabilities, sandwich-type construction is now being considered for
many primary structural applications. Thus, it becomes of increasing
importance to be able to predict the performance of various types of
sandwich structures without costly experimental studies.

The theoretical and experimental buckling studies for thin-
walled cylindrical shell siructures are far too numerous to be listed
individually; however, a few of the reports with extensive bibliog-
raphies of their owmn will be giv:n. For the case of cylindrical
shells in axial compression, Hoff [1] provided an extensive review
of the subject. For torsional loading, one of the earliest analyses
is that by Donnell [2]). More recently, Chehill and Cheng [3]

presented a torsional analysis for composite cylindrical shells.
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Batdorf, et al [4-7].extended the work of Donnell to other types
of loading and boundary conditions. For pure bending loading, Seide
and Weingarten [8] applied the Galerkin method to Batdorf‘'s modified
Donnell equation. The pure bending of laminated, long, composite
cylindrical shells was treated by Ugural and Cheng [9].

For thin-walled conical shells, numerous analyses have been
conducted also. To name but a few, in axial compression, there are
the isotropic analyses by Kobayashi [10] and Baruch, et al [11]; in
torsion, there is the analysis by Seide [12]); and in bending, thefe
is the analysis by Seide [13). For orthotropic conical shells, there
is the analysis by Leyko [14] for axial compression. Singer [15]
presented a set of Donnell-type equations for bending and buckling of
orthotropic conical shells.

For sandwich-type construction, there are not many analyses
available even for the buckling of isotropic shells. Plantema [16]
has provided the most complete survey for this type of comstruction.

The most complete analysis for buckling of isotropic sand-
wich shells under axial compression is that of Bartelds and Mayers
{17,18). This is a unified theory in that it applies to the face-
wrinkling (short wavelength) type of buckling in addition to general
instability. Sylvester [19] has provided a nonlinear analysis for an
axially compressed sandwich cylinder. Wang, et al [20], using a
Donnell-type analysis and a Galerkin solution, treated the combined
loading case for a long sandwich cylinder. |

For an axially compressed sandwich cylinder with orthotropic

facings and core, three basic analyses exist. The analysis by March
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and Kvenzi [21] is a large~-deflection analysis that has recently been
shown to be physically invalid (see Ref. [22] for a discussion).
Design curves based on this large-deflection theory were given by
Norris and Zahn [23]. More recently, Bert et al [22] presented a
general instability analysis based on the small-deflection, Donnell-
type, theory of Stein and Mayers [24]). Reese and Bert [25] investigated
this linear analysis [22] using a digital computer and then
presented s set of approximate design equations.®* Later Peterson [26)
also preseated an orthotropic analysis based on the sandwich shell
theory of Stein and Mayers. With one exception, this analysis is
identical to the Ref. [22) anaiysis. The Poisson's ratios for bending
and extension are assumed equal in Ref. [22]. In practice the effect
of this assumption is not restrictive.

The only existing analysis for torsional buckling of ortho-
tropic sandwich cylinders is the small-deflection analysis by March
and Kuenzi [27].

All other orthotropic linear analyses are for special cases:
isotropic facings and unidirectional core [28,29], isotropic facings
and orthotropic core [30,31], and orthotropic facings and rigid core
[32].

Most of the previous cylindrical sandwich analyses consider
what was termed by Hoff [1] as classical simple-support boundary con-

ditions. The rest considered the cylinder to be long, thereby

*This work was undertaken as a preliminary investigation for
the dissertation. The results of this preliminary work are abstracted
in Appendix F.
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making the boundary conditions unimportant.
The author knows of no buckling analysis for orthotropic sand-

wich conical shells.

1.2 Research Objectives

The purpose of this research is to develop a general instability
analysis for conical sandwich shells with orthotropic facings and core
under various loadings based on Love's first-approximation shell theory.
The loadings considered are axial compression, pure torsion, and pure
bending. Cylindrical sandwich shells are considered as a special
cagse (zero cone angle).

The particular cases treated are as follows:

1. Classical Simple-Support Boundary Condition
with Axial Compression Loading

2. Clamped Boundary Condition
a. Axial Compression Loading
b. Pure Torsional Loading
c. Combined Torsion and Axial Compression
d. Pure Bending Loading

e. Combined Bending and Axial Compression



CHAPTER 11

FORMULATION OF THE THEORY

2.1 Method of Analysis

The potential energy for a truncated conical sandwich shell
of symmetric construction is presented in Appendix A. The Rayleigh-
Ritz approximate method of solution is applied to the total emergy to
obtain a standard eigenvalue problem in which the eigenvalue represents
the critical load or combination of loadings. The final eigenvalue

problem is solved with the aid of a high-speed digital computer.

2.2 Hypotheses

The analysis is based on the following assumptiomns:

1. The facings are capable of developing extensional
in-surface strain energy and bending strain energy,
but not transverse shear strain energy or strain energy
from extension in the thickness difection.

2. The facings are linearly elastic and can be orthotropic.
This requirement will still allow symmetric angle
orientations providing that the facings are sufficiently
thin, such that the bending-stretching coupling effect

can be ignored.



3.

7.

10.

11.

6
The facings are of identical construction.
il.e core is capable of developing transverse shear
strain energy only.
The core is linearly elastic and can be orthotropic
with respect to its transverse shear properties.
The deflections are assumed to be sufficiently small
to allow linearization of the strain-displacement
relations (second-order extensional strain terms are
included where needed to maintain a consistent order
within the energy function of Appendix A).
All thermal and dynamic effects are neglected,
including damping.
The shell thickness is small compared to the minimum
radius of curvature of the shell.
For the core, lines which are straight and normal to
the middle surface before deformation remain straight
during deformation but not necessarily normal to the
middle surface.
For the facings, lines which are straight and normal
to the facing-core interface before deformation remain
so after deformation.
The Kirchchoff-Love approximations, with the exception
of tranéverse shear deformation in the core, are assumed
applicable. (Reissner's version of Love's first-approxima-
tion as given by Kraus [33] is used in the formulation

of Appendix A.)
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2.3 Rayleigh-Ritz Method

The Rayleigh-Ritz approximate assumed-mode method of solution
is based on a minimum principle and thus represents an upper-bound
solution. Although the Galerkin (assumed-mode) approximate method
appears to hold an equal position of prominence for buckling analyses,
the Rayleigh-Ritz method has certain advantages which appear to make
it the most practical for problems which involve extensive computer
programs. The Rayleigh-Ritz method always gives rise to a symmetric
stiffness matrix while the Galerkin method may not. This symmetry
can be an aid in debugging a complicated computer program. The other
principal advantage of the Rayleigh-Ritz method results from the
boundary conditions. For the Galerkin method, the assumed modal func-
tions must satisfy all of the boundary conditions exactly. For the
Rayleigh-Ritz method it is necessary to satisfy exactly the geomet-
ric boundary conditions only. However, since it is impossible to
utilize an infinite number of terms in the assumed modal functions,
the resulting convergence will be dependent on how nearly all of the
boundary conditions are satisfied, particularly the geometric boundary
conditions.

The Rayleigh-Ritz method consists of assuming a series of

deflection modal functions of the form

where A is the generalized coordinate, Aij are the undetermined

modal coefficients, and ¢, are the assumed modal functions. 1If

3

Eqs. (2-1) are truncated to a given number of terms and then sub-
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stituted into the total energy expression, Eq. (A-43), the resulting

equation is second order with respect to the Aij’

S(Ai jA.M) - n.(Ai jAkl) (2-2)

Then Eq. (2-2) can be minimized with respect to each of the Alj’ thus
resulting in i + j equations which are linear in the modal coefficient,

A,,- Thege 1 + § equations can be written in matrix form as

i3

' ([s] - a(LN{A,,} =0 (2-3)

13

Eq. (2-3) is in standard eigenvalue form. The eigenvalue represents
the critical load, torsion, moment or a particular combined state

of loading.

2.4 Simple-Support Boundary Conditions

The conditions generally assumed to represent simple supports
for a beam or shell are w = Viex ™ 0. As pointed out by Hoff [1],
for a thin-walled cylindrical shell with displacements u,v, and w,
there are four possible simple-support cases: —

w=0 w, =0 o =0 o _,.=0

xXx x x0
w=20 Voex ™ 0 u=0 Og0 = 0
(2-4a through d)
w=0 w, =0 o =0 v=20
xx x
w=0 w, =0 u=20 vs=0
xx

Eq. (2-4c) represents what is generally termed as classical simple-
support boundary conditions. For a sandwich shell with displacements
w,u,v,?x, and Ye, the possible combinations are further expanded.

In this analysis, displacement functions which satisfy the



classical condition on u,v, and w are utilized. The same functional
forms are used for the core rotations, Yx and Ve, as are used for

the displacements, u and v respectively. The functions used are as

follows:
w(x,0) = z?kn‘:'k cos n,8 sin(m mx/L)
u(x,8) = z?kD:k cos n @ cos(mknx/L)
v(x,0) = zgkn:k sin 0,0 sin(mmx/L) (2-5)
Y (x,0) = ) D:k cos 1,6 cos(m nx/L)

¥, (x,0) = 2angk sin n 6 sin(m x/L)

where the D's are the undetermined coefficients. This functional form
is satisfactory for solving the axial compression loading case;
however, the other load terms vanish for these fuactions. These are
the same functions used in the analysis of Ref. [22]. Since the
simple-support case was undertaken primarily as a check case for the
energy expression, Eq. (A-43), it was desirable to use the same
functions.

Substituting Eqs. (2-~5) into the total energy expression,
Eq. (A-43), it is seen that all of the 6~terms are uncoupled as a
result of the 0 integration. Thus, it is necessary to include the
nth 6-term only. Since the final order of the stiffness matrix is
S5(No. of n terms)(No. of m terms), this reduces the final order of
the stiffness matrix. It is still necessary to use the particular

value of n which results in a minimum value of critical stress. Since
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it is generally not known in advance which n is critical, it becomes
necessary to perform the computation for several values of n in order
to establish the minimum.

As a result of the 0 integration, a factor of = appears in
each term and can thus be divided out of the equation. It is advan-
tageous to minimize the energy expression with respect to the undeter-
mined coefficients. All of theseAresuiting equations are linear in
the undetermined coefficients and can be arranged in the form of
Eq. (2-3). The x-integrals identified in Appendix B can be substi-
tuted into these equations. Figures 2.1 and 2.2 show the form of
the resulting stiffness and load matrices respectively. The cross-
hatched partitions are populated whereas the blank partitions are
completely filled with zeros. The generating terms for each of the
populated partitions are'catalogued in Appendix D. A flow chart.for
the algorithm used to solve the resulting eigenvalue problem is given

in Appendix G.

2.5 Clamped Boundary Conditions

The conditions generally associated with clamped edges of a
beam or shell are w = Ve, ™ 0. Then for a thin-walled shell with
displacements u, v, and w, the possible clamped conditions are

w=0 LD 0 o, " 0 o9 " 0

w=20 W, = 0 us=0 o0 = 0
w=0 W, = 0 o =0 vs=0

x x (2-6 a through d)
w=20 Ve ™ 0 u=0 ve=_0

As in the simple-support case, Eq. (2-6c) would apply for axial com-
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'9 Yx u v w

Figure 2.1 - Simple-Support Stiffness Matrix

’6 'x u v W

Figure 2.2 - Simple-Support Load Matrix
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pression or pure bending. Jor pure torsion, Eq. (2-6b) is the most
reasonable set of conditions. The first set of conditions would apply
to the combined loading case, axial compression and torsion or bending
and torsion.

To the author's knowledge, the only reported displacement
function for the clamped case is the one given bty Batdorf, et al [4-7]
for w. A generalized form of this function will be used here. For
u, v, ?x and Ve, the same general functional forms used for the
simple-support case can be utilized; however, it is necessary to fit
these functions to the load terms which appear in Eq. (A-43). The

general gset of functions used are as follows:

w = J[A], sin (a-1)6 + A, sin no + A sin (a+l)e
k

2k
W U w (2-7)
+ A4k cos (n-1)6 + ASk cos nd + A6k cos (n+l1)6]-

{cos (uknxll.) - cos[(uk + 2)nx/L]}

u= 1{{ [A‘l‘k sin (n-1)0 + A'z'k sin né + A‘;k sin (n+l)0
u

+ A‘l:k cos (n-1)6 + ASk cos nf + Azk cos (n+l)6] cos (mkanL)

+ [ ': sin (n-1)6 + Ai: sin nd + Aét sin (n+l)6 +

Al'.: cos (n-1)6 + A;: cos nb + Aé: cos (n+1)0) sin (mknxll.)}
v

- v v
v E{ [Alk sin (n-1)0 + A2k sin n6 + A

9% sin (n+l)0 +

v v
4k CO8 (n-1)6 + ASk cos nd + Aék

+ [Aiz sin (n-1)0 + Aé: sin no + Aéz sin (n+l)6 +

Al": cos (n-1)0 + Agz cos nd + Aéz cos (n+l)6] cos (mknx/L)}

- x _ x x
‘l'x l)2{ [Alk sin (n-1)0 + A2k sin nd + A3k sin (n+l)0 +

x _ x x
Akk cos (n-1)6 + ASk cos nd + A6k

+ [Ai: sin (n-1)6 + Aiz sin nd + A:;: sin (n+l)6 +

A) cos (n+1)06] sin (mkanL)

cos (n+l)6] cos (nknx/L)
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Ai: cos (n-1)6 + Agz cos nd + A%: cos (n+l1)0] sin (mknx/L)}

) ) 0
¥ E”Al“ sin (n-1)0 + A, sin nd + Ay sin (nl)0 +

Agk cos (n-1)6 + Agk cos nd + Agk cos (n+l)6] sin (mij/L)
+ [Ai: sin (n-1)6 + Ai: sin no + Aé: sin (n+l)6 +

N - 0 0
Aﬁk cos (n-1)6 + ASk cos nY + A6k

The additional cos 6 term which appears in the bending term

cos (nt+l)0] cos (mknx/L)}

of Eq. (A-43), Vz term, results in a 6 coupling of fhe nth term with
the n-1 and n+l terms. It must be noted that additional coupling is
also present. For example, the nt+l term is coupled with the nt2 term
in addition to the nth term, and this secondary coupling has been
neglected in the set of functions of Eq. (2-7). This simplification
was necessitated due to the resultant size of the matrices.

In a similar manner, the Vs Wsg torsion term makes it
necessary to retain both sine and cosine terms for 0.

The unprimed set of functions was selected primarily for
bending, Eq. (2-6c). The w functions plus the primed u, v, ?x’ and

¥ set of functions were chosen primarily for the torsional case,

0
Eq. (2-6b).

For the combined loading case, torsion, axial compression,
and bending, it is necessary to retain all of these terms. The
stiffness matrix dimension would be 54 times the number of x-terms
used. Due to the overall size involved, it was not considered feasible
to undertake this combined loading case until a greater understanding
of the lesser combined cases is obtained. The subcases selected for

this analysis are combined torsion and axial compression and combined

bending and axial compression. The individual loading cases are
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included as special cases of the combined loading cases. Since the
axisymmetric case is not realistic for bending or torsiona: nading,
it was treated as a separate case. The series retained for each of

these special cases are as follows: torsion and axial compression-

w w u U ' "\ v
Kpier ASps Agys ASys Ajls AL AJy Ads ASs AL, Aoy AGs
AE;, Ask’ Agk’ Agk’ Aiz, and Asg, bending and axial compression-
w u u x 8 6
By ASys Agys Agr Agys Agys Alus Agus Ay As Ay Ags Ay Ay

and Ae

a5 and axial compression (axisymmetric buckling)- ASk’ ASk’

and ASk '
Substitution of these functions into Eq. (A~43) and reduction
to the standard eigenvalue form is the same as outlined in Section
2.4. The forms of the resulting stiffness and load matrices are
shown in Figs. 2.3 - 2.8 and the generating terms are catalogued in

Appendix E. In the matrices, the rows represent (3 /3A ) and the

columns represent the coefficient of A:m.
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Figure 2.5 - Clamped-Support Stiffness Matrix
Axial Compression Loading (Axisymmetric Buckling)
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Figure 2.6 - Clamped-Support Load Matrix
Axial Compression Loading (Axisymmetric Buckling)
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CHAPTER III

EVALUATION OF THE THEORY

3.1 Simple-Support Boundary Conditions

Although most previous analyses have been for the simple-
support case, there are no experimental data available since this type
of boundary cond;tﬁon is impractical. Thus, the theory must be

B

evaluated by comparing it with existing analyses.

3.1.1 Circular Cylindrical Shells

For the cylindrical case, the analysis can be compared with
the Donnell~type axial-compression analysis presented in Refs. [22,2?}-
which is abstracted in Appendix F. For the cylindrical speciméﬁé
of Ref. [22], (See Appendix F for the material and geometrical proper-
ties.) this analysis predicts a critical stress of 24,869 psi.
The analysis of Ref. [22] and Appendix F predicts a value of 25,285
psi. Thus, less than 2 percent difference occurred as a result of
the more accurate Love's first-approximation analysis. It should be
pointed out that the Ref. [22) analysis was based on the assumption
that the longitudinal modes were uncoupled and could be evaluated
separately. This analysis did not make that assumption; however,
the results verified that the longitudinal modes were uncoupled.
Both analyses predicted that the critical stress occurs for a

20
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circumferential full-wave number of 5 and a longitudinal half-w:

number of 5.
A comparison of the Donnell-type shear flexible core ai

of Appendix F with the rigid core Donnell-type analysis of Ref.

is made in Appendix F.

3.1.2 Truncated Conical Shell

There 1s no existing analysis with which to compare thi
conical analysis. For a 5° semi-vertex angle cone and the mate:
and geometrical properties of the previous case, Section 3.1.1,
analysis predicts a critical stress of 25,100 psi. In obtainin
value, eight longitudinal terms were used; however, the eigenve
indicated that the 4th, 5th, and 6th terms were predominant. T
critical stress occurred for a circumferential full-wave number
In recomputing the critical stresé using the three predominant
a critical ;glue of 25,160 pai was obtained. Again, the critic
_stress was found to occur for a circumferential full-wave numbe
howeyet, the variation of critical stress with circumferential -

number was found to be much more pronounced.

3.2 Clamped Boundary Conditions

For the clamped boundary condition case, the theory wa
evaluated for axial compression loading, pure bending loading,
combinéd axial compression and bending loading. Even though cl
boundary conditions are the most feasible from a test standpoin

are very few experimental data available. This is due primaril

to the difficulty and cost involved in fabricating the large



16

;] 6 ;] X x b4 u u u v v v w
A 1Ay 18 1Ag HAg 1A HAgu 1Ag BA 1A 1A, A1k|A6k A
b 4 u v

Figure 2.4 - Clamped~Support Load Matrix
Axial Compression and Bending Loading




17

b4 u w
x

Figure 2.5 - Clamped-Support Stiffness Matrix
Axial Compression Loading (Axisymmetric Buckling)

4 u I w
x

Figure 2.6 - Clamped-Support Load Matrix
Axial Compression Loading (Axisymmetric Buckling)



18

4
Y
u
"
v
w
101,000.0 1.0 1.oX]aoX],X §.X J.0ufl,sul,u v 0, eV aoVEV JuV |4V 1.V
AAAAA'A'AAA'A'-AAA'A'AAA5k|A2k

Sk¥ 2k 5k 2k S5k T2k 5k 2k TSk T2k Sk T2k Sk 2k P Sk T T2k

!0 ,x u v w

Figure 2.7 - Clamped-Support Stiffness Matrix
Axial Compression and Torsion Loading



19

0 0 Xb,exlx 1,.X wul,.u
2k Agic YAgy HAgy 145, 1Ag, 1Ao WAg 1Ay,
'6 ’x , u v w

Figure 2.8 - Clamped-Support Load Matrix
Axial Compression and Torsion Loading



CHAPTER III
EVALUATION OF THE THEORY

3.1 Simple-Support Boundary Conditions
Although most previous analyses have been for the simple-
support case, there are no experimental data available since this type
of boundary cond;tﬁgn is impractical. Thus, the theory must be

evaluated by comparing it with existing analyses.

3.1.1 Circular Cylindrical Shells

For the cylindrical case, the analysis can be compared with
the Donnell-type axial-compression analysis presented in Refs. [22,2?!"
which is abstracted in Appendix F. For the cylindrical specimégb
of Ref. [22], (See Appendix F for the material and geometrical proper-
ties.) this analysis predicts a critical stress of 24,869 psi.
The analysis of Ref. [22] and Appendix F predicts a value of 25,285
psi. Thus, less than 2 percent difference occurred as a result of
the more accurate Love's first-approximation analysis. It should be
pointed out that the Ref. [22] analysis was based on the assumption
that the longitudinal modes were uncoupled and could be evaluated
separately. This analysis did not make that assumption; however,
the results verified that the longitudinal modes were uncoupled.
Both analyses predicted that the critical stress occurs for a

20



21
circumferential full-wave number of 5 and a longitudinal half-wave
nunber of 5.
A comparison of the Donnell-type shear flexible core analysis
of Appendix F with the rigid core Donnell-type analysis of Ref. [32])

is made in Appendix F.

3.1.2 Truncated Conical Shell
There is no existing analysis with which to compare the

conical analysis. For a 5° semi-vertex angle cone and the material
and geometrical properties of the previous case, Section 3.1.1, the
analysis predicts a critical stress of 25,100 psi. In obtaining this
value, eight longitudinal terms were used; however, the eigenvector
indicated that the 4th, 5th, and 6th terms were predominant. The
critical stress occurred for a circumferential full-wave number of 6.
In recomputing the critical stresé using the three predominant terms,
a critical ;;lue of 25,160 psi was obtained. Again, the critical
_stress was found to occur for a circumferential full-wave number of 6;
howeyer, the variation of critical stress with circumferential wave

number was found to be much more pronounced.

3.2 Clamped Boundary Conditions

For the clamped boundary condition case, the theory was
evaluated for axial compression loading, pure bending loading, and
combinéd axial compression and bending loading. Even though clamped
boundary conditions are the most feasible from a test standpoint, there

are very few experimental data available. This is due primarily

to the difficulty and cost involved in fabricating the large
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specimens needed for sandwich-type construction. The analysis
was compared with the experimental results reported in Ref. [22] for
orthotropic sandwich cylinders and cones loaded in pure bending and
the experimental results of Ref. [34] for axially compressed
sandwich cylinders and cones with isotropic facings. The effects of
plasticity were accounted for in comparing with the Ref. [34] data .

1/2 for the longitudinal elastic modulus. This

by substituting (BsEt)
is the same procedure suggested in Ref. {34] and was obtained from
Ref. [35]. The variation in Poisson's ratio was accounied for by
using the relationship proposed by Nadai [36]:
v = (1/2) - [(1/2) - v )(E_[E) (3-1)

It is realized that more rigorous methods exist for taking the
plasticity effect into account; however, the complicated form of the
solution makes it advantageous to use a simple procedure such as
outlined above. This simple procedure can result in several iterations
since it is nccessary to obtain the secant and tangent moduli at the
critical stress.

The axisymmetric computer program, BOSS-~AA, will not reduce
automatically to the axisymmetric core shear buckling mode of failure.
This mode can be obtained by using Eq. (F-10). This mode of failure

is characterized by many longitudinal waves and is thus independent

of the boundary conditions.

3.2.1 Axial Compression Loading
In Ref. [34) axial compression tests were conducted on

sandwich cylinders and 10-degree half-angle cones with 7178-T6 bare
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aluminum-alloy facings and Hexcel (1/8) - 5052-0.0015P aluminum-
alloy honeycomb core. The cylinders had an overall length of
60.0 inches and an inside diameter of 55.0 inches. The inside
diameter of the cone was 39.4 inches at the small end and 66.8 at
the large end; the slant length was 53.0 inches. The test results
are shown in Table 3.1.

Since the facings were isotropic, the axial compression
axisymmetric computer algorithm, BOSS-AA, was used for calculating
the theoretical stress. The theoretical values. are also shown in
Table 3.1. No other analyses exist for clamped cylinders or cones.
The cylindrical simple-support analysis of Refs. [22,25], Eq. (F-7),

provides a slightly lower estimate as would be expected.

Cone Facing Nominal Theoretical
half- sheet core Failure buckling
angle, thickness, depth, _ stress, stress,
degrees inches inches ksi ksi
0 0.0143 0.200 56.7 69.8
0 0.0149 0.200 48.7 69.8
0 0.0150 0.200 48.3 69.8
10 0.0144 0.200 56 68.8
10 0.0148 0.200 61 68.8

Table 3.1 Ref. [34] Test Results, 7178-T6 Aluminum Alloy Facings
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3.2,2 Pure Bending Loading
In Ref. [22] pure bending tests were conducted on an
orthotropic sandwich cylinder and 5-degree half-angle cone. The
material and geometric properties are given in Section F.2 with the

following additions:

Gxe = 416,000 psi s
Gez = 18,300 psi
ze = 32,000 psi

For the cylinder, the computer program BOSS-AB gave a
theoretical value for the critical stress of 37,550 psi. The exper-
mental value was 14,100 psi. For the cone, the theoretical value was
43,250 psi as compared with an experimental value of 26,000 psi. Both
of the theoretical values were obtained using four terms in the
assumed longitudinal modal functions. Figure 3.1 shows the conver-
gence with incressing number of assumed terms for the Ref. 122] cylin-
drical specimens for both axial compression and bending. It should be
mentioned that in the past, pure bending loading has been predicted
by the assumption that failure occurs when the maximum bending stress
reaches the critical value for axial compression buckling. As seeﬁ
in Fig. 3.1, theoretically, this is a very conservative estimate.

For the cylinder, the experimental value was 38 percent of
the value predicted by theory. For the cone, failure occurred at
60 percent of the theoretical value. The conical shell was fabricated
after the cylindrical shell and was probably of a better quality. An
improvement in shell quality would account for the better agreement

in the conical test.
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There are no existing analyses available for pure bending of
sandwich cylinders or cones even in the isotropic case. However,
somewhat of a comparison can be made with the isotropic thin-walled
analysis of Seide and Weingarten [8] and to the anisotropic analysis
of Ugural and Cheng [9]. The comparison was made using an effective
wall thickness for the sandwich construction of 2/3 (h+t). This
gives an effective thickness of 0.5545 inches and a (R/thickness)
ratio of 40 for the cylinder of Ref. [22]. An (mmR/L) ratio of
5 was found for these same cylinders. For the isotropic case,
Rgf. [8] found that the ratio of critical stress in bending to critical
stress in axial compression, o /oc s for a wave-length parameter of
5 and (R/thickness) ratio of 108 wa: approximately 1.20. Ref. [9]
gave a value of approximately 1.35 for this ratio. For the Ref. [22]

cylinders, this analysis gives a value of 1.48 for this ratio. The

analyses of Refs. [8,9] were for simply supported cylinders.

3.2.3 Combined Axial Compression and
Bending Loading

There are no experimental data available for this combined
loading case; however, the interaction curve for the cylinders of
Ref. [22], see Fig. 3.2, is of the same general appearance as the
isotropic cylinder interaction curves reported in Ref. [8]. The
Ref. [8] interaction curve for a (R/thickness) ratio of 100 is given
in Fig. 3.3 for three different values of the wave length parameter.
It is noted that both interaction curves, Figs. 3.2 and 3.3, are of

the same general form. The set of interaction curves given in
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Fig. 3.3 is typical of the ones presented in Ref. [8) for different
(radius/thickness) ratios.
For a (radius/thickness) ratio of 100, the ratio of (ob /oc )
o o

reaches a minimum for a wave length parameter of 17. This accounts

for the apparent shift in the curves shown in Fig. 3.3.



CHAPTER 1V

CLOSURE

The general theory presented here for general instability
buckling under axial compression, bending, and torsional loads can
be very easily applied to cases involving different assumed modal
shapes. The primary difficulty occurs in programming the numerical
results.

The evaluation of the present theory for axial compression
loading and both simple supports and clamped supports is in very
good agreement with what was expected. For bending, the results
are considerabiy higher than originally expected; however, the
results are very similar t> those predicted in Refs. [8,9] for the
isotropic case. There does exist a considerable difference between
theory and experiments.

There appears to be two areas where considerable additional
work is needed. First, the experimental work needed to verify the
various cases is extremely scarce. Second, the present analysis
involves many different material and geometric parameters which
make it extremely difficult to appreciate fully their interaction.
Thus, various parametric studies are needed to understand better the
present theory. Appendix F provides a first step in this direction.
Once these interactions are better understood, reduction of the

30
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complicated analysis for design purposes can be achieved more easily.
This analysis will be of maximum benefit for design purposes only

after it is reduced in a similar manner to that employed in Appendix F.
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APPENDIX A

DERIVATION OF POTENTIAL ENERGY EXPRESSION

FOR AN ORTHOTROPIC SANDWICH SHELL

A.l Strain-Displacement Equations

In general curvilinear coordinates, the infinitesimal tenso-

rial strain components are given by Fung [37] as

€44 = (1/2)[ u,ilj + ujli | (A-1)
where the U, i=1,2, and 3, are the covariant components of the
displacement vector and Ii denotes covariant differentiation. Then

€43 (1/2)1 Uy + Uyay ] rijuo (A-2)
where the Il  are the Euclidean Christoffel symbols:

i)

P:B(xl,xz,x3) - (1/2)310(3 ) (A-3)

98%a T 8ag’s ~ Bag’e
In the above equation, the xi are the general curvilinear coordinates,
the sij are the components of the Euclidean metric tensor and the gij
are the components of the associated metric tensor.

For the right-hand, orthogonal, truncated-conical coordinate

system shown in Figs. A.l1l and A.2, the components of the metric tensor

*The repetition of an index in a term denotes summation with
respect to that index over its range, i.e. the Einstein convention
is used. The notation ,, indicates partial differentiation with
respect to the coordinate which followa the comma. This notation is
used throughout this publication.
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Figure A.1 - Shell Middle Surface
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can be found from the square of a general, differential line element:
(ds)2 = (dx)2 + (R'd0)2 + (dz)2 (A-4)
where R'= R,+x8ina+zcosa (A-5)
Then,
=1

=(R +xsina+zcosa)2=(R)2
o (A-6)
-1

=0 for 143

Since the coordinate system is orthogonal,

u, 1/gy, = 1

-2
7 Ve - @b a-7)

g
g

33
g

= 1/333 =1
gij =0 for 143

From Eq. (A-3), the nonzero Christoffel symbols are

1 - -R!
P22 R’ sin a

P2 = fz = (R') ! gin a

12 21

2 2 _ (a-8)
r23 = P32 = (R') ! cos a
3
T22

Substituting the Eqs. (A-8) into Eqs. (A-2), the tensorial strain

= -R' cos a

components are found to be:

€ =u

xx 1’x
€gg = Ypsg + R'[(sin a)u1 + (cos a)u3]

€ (1/2)[u1,e + u2’x] - (sin a) uZ(R')-l

x6

€, = (1/2)[u2,z + u3’6] - (cos a) Uz(R')-l

0z

€ (1/2) [“3’:: + “1'z]
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The uy and eij above are tensorial components. Their corresponding

physical components are given respectively as:
g = By
' e el

Substituting Eqs. (A-10) into Eqs. (A-9)

(A-10)

]
xx

Cxx © Ex'x

eae (R") Ee,e + (sin a) Ex + (cos a) Ez]
e! = £ ,
zz z’z (A-11)

€lg (2R')-1[Ex,e +R' gy, - & sin a]

(2R')"}[R' €, - Egjcosat £ 0 ]
]

It is noted that the ordinary strains used in engineering are obtained

]
€
0z

e (1/2)[ E_s t+§&

zx z’x x’z

from the tensorial strains as follows:

e, =¢] if 41 =j
i34 (A-12)
- '
ey 251j if 1 4]
Thus, the ordinary strains become:
®xx = 5x’x
€gp ™ [ 59,6 + (sin a) Ex + (cos a) Ez]/R'
e = £ 5
zz z’z (A-13)
e =

xe [ Ex!e + R' Ee’x = ee sj-n a]/R'

LN [R'Ee,z - Ee cos a + Ez’e /R’

€2x * gz’x + 6x’z

It should be noted that Eqs. (A-13) can also be found by particularizing
Love's [38] general curvilinear coordinates to the coordinate system
shown in Figs. A.l and A.2. This procedure was used by Wilkins [39]

and Siu [40] to obtain these same strain equationms.
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Since the shell thickness was assumed to be small in comparison
with the smallest radius of curvature, it is justifiable for the mathe-
matical simplicity gained to ignore the term 2z cos a in R'. Then
R=R +xsina = R' (A-14)
For later convenierce, the following notation is introduced:
g =R! (A-15)
In view of the Hypotheses of Chapter 2, the displacements can
be written in terms of the middle-surface displacements (u,v, and w)
and the rotations of the normals to the shell middle surface.
For the core, these angles are denoted by ?x and Ye in the

meridional and circumferential directions, respectively. Thus,

(4

Ex = u(x,0) + z?x(x,e)

[ o]
%o

Cc
Ez

= v(x,0) + z?e(x,e) (A-16)
= w(x,6)

For the facings, the angles of rotation are denoted as Bz and
Bg for the outer facing and as Bi and B: for the inner facing. For the

outer facing,

£° = u(x,0) + hY_(x,8) + (z - h)B:(x,O)

™

Eg = V(x,0) + h¥ (x,0) + (z - h)By(x,6) (A-17)

@0

£ = w(x,0)

N O

For the inner facing,
6! = u(x,0) - hY_(x,0) + (z + WIBL(x,0)
E5 = v(x,6) - hY (x,0) + (z + h)83 (x,0) (A-18)
E: = w(x,0)
Substituting Eqs. (A-15) and (A~16) into Eqs. (A-13), the

following equations for the nonzero core strains are obtained:
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c

ezx =y, +Y

. x x (A-19)
ey, * gl - vecosa- z‘l‘e cos a+w,e] +Ye

Likewise for the outer facing,

o o

o (]

e = ;[29- + h‘!o,e + (z - h)Be,e + u 8in a (a-20)

+ h‘!x sin a + (z - h)B: gin a + w cos a)

o o
eo ™ ;[_"_"_6+ hY_ ,q + (z - h)Bx'e v sin a - hY,

o
sina - (z - h)Be gin a] + Vo + h‘l’e,x +

. (z - h)Bg’x
In the above equations, the membrane terms are underscored for later
convenience. Since it was assumed in the Hypotheses of Chapter 2 that

egz = e:x = 0 and following the procedure of Ref. [33], the rotations

B: and Bg can be found from the last two of Eqs. (A-13).

B = - w
x ’x (A-21)

Bg - ["’0 -vecos a- h‘l'9 cos a]/{(z - h) cos a - R']

In a similar manner, for the inner facing:

i i
i i
€g ™ ;[v,e - h!e,e + (z + h)Be,6 +usina ~ h\l'x 8in ?A-zz)

+ (z+h)8i sin a + w cos a]
i i
eo " CI:'_’__O_ - h‘l’x.e + (z + h)Bx’G -vsina+hY, sina

i i
- (z + h)Be sin a}] + Ve ~ hy x + (z + h)Be’x

e’

Since ei -ei =0 ,
6z ZX

Bi-"w’

’; x (A~23)
86 = [w,e -vcos a+ h!'e cos a]/[(z + h) cos a - R']
Based on the same argument as used in obtaining Eq. (A-14),

the denominator of the relationships for B: and B: can be replaced by R.
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In addition to the membrane strain components (underscored

terms) given in Eqs. (A-20) and (A-22), there is an additional
stretching elongation due to displacement in the thickness direction.
It should be noted that if it is assumed that no stretching of the
middle surface occurs during buckling, the thickness direction
displacements would result in additional movement of the boundary
forces in the x - 6 plane. Thus, they would still enter into the
analysis. The membrane strain contributions due to deflection in
the thickness direction are then [41,42]

e, = (1/2)82

egp = (1/2)8} (A~24)

°x0 "~ 8386
Combining these components with the linear membrane components of Eqs.
(A-20) and (A-22) gives the following membrane strain equations:

o o
& = u + (1/2)(8))?

éOO

= c[v,e 4+ u sin a +w cos a] + (83)2/2
= [u,, ~vsina)] +v, + 8%8°

’0 ', ’x x 0 (A-25)
& mu, t (1/2)(Bx)
é . = ?;[v,e 4+ usina+w cos a] + (83)2/2
é

= ;[u,e - v 8in a] + Vor + Biﬂé

A.2 Constitutive Equations

Both the core and facing materials are assumed to be linearly
elastic.
In view of Hypotheses (4) and (5) of Chapter 2, the generalized

Hooke's law for the core is as follows:
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¢ u ec G
zx X zZx (A-26)
¢ a ec G
0z 0z 6z

A generalized state of plane stress is assumed to exist in the

g

g

facings. The generalized Hooke's law for the facings then becomes:

o - .0 0
oxx Ex(exx + “exeee)

o =, 0 o
%90 ™ Eg(®gp + Vygery)

o o
c,.=G _e

x0 x6 "x6 (A-27)
ol =% (ei +v et )

xx X XX 6x 66

i = i b 8

oo = Ep(egg * Vyg®yy)

i i
oxO - Gxe exe

where Ex - Exl(l - “xe“ex) and Be = Ee/(l - vxevex). It should also be

noted that the following relationship holds as a consequence of the
symmetry of the stiffness coefficient matrix for an arbitrary elastic

material:

x'6x - EgVxe (a-28)

™
<
it

A.3 Core Strain Energy

The strain energy for the core is due to transverse shear

strain only. Therefore,

ve = (1/2) ! I I(o;zegz + a:xe:x)dz Rdodx (A-29)
x 0 z

Substituting Eqs. (A-26) and inserting the limits for z,

h
C [+ c
V- (1/2)] J J_h[cez(eez)2 + Gu(ezx)zldz Rd6dx (A-30)
x 0

Substituting Eqs. (A-19) and integrating over z,

c

= 2 2 2
v I I{thszR [w,x + 2 w’x’x + 'x ] + hKeGez[;w,e +
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([h?z cos2a)/3 + R)Y% + zv? cosla - 2zvw, o cos o
- Zvev cos a + ZVOH,O]} dedx (A-31)
It should be noted that (h2z cos?a)/3<<R and thus can be

neglected.

A.4 Facing Strain Energy

The strain energy for the facings consists of two parts. In
addition to the usual part, there is a contribution due to the membrane
load condition that exists at the onset of buckling. This membrane
state of stress is assumed to remain essentially constant during buck-~
ling. Then

i._1

f o .0 o .0 i._1
v I I I [anén + axeéxe + anén + axeéxeld"nded"
x 0z

(A-32)

- o o 0o 0 o o i 1
v§ a/ Z)I I I [ox®xx * %06%06 * x6%x6 ¥ “xx®xx
x 0 z

+ oéeee: + oieeie]dzkdedx
It can be seen at this point that, since the membrane stresses are
assumed to remain constant during buckling, it was necessary to include
the second-order membrane-strain contribution for deflections in the
thickness direction. As will be seen in the next section, the linear
membrane-strain terms will cancel identical terms in the potential
energy of the external load system. Thus, the instability occurs when
the usual strain energy expression is balanced by the second-order
membrane-strain energy resulting from deflections in the thickness
direction. The same mathematical formulation would result if the

middle surface were assumed to be inextensible, thus causing movement
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at the boundaries to obtain the deflected position. In that case, the
second-order terms would apply to the potential energy of the external
load system. Since it appears more feasible to have stretching of the
middle surface, the first model was used in this analysis. Additional
discussion concerning this formulation can be found in Refs. [43]) and
[44).
It is convenient to rewrite Vi separating the linear and

nonlinear portions of the strain. If Vi is also integrated with respect

to z and written in terms of stress resultants, (N ,N ﬁ and N1 ), it

e.
becomes:

vi - f I[u, (No + N ) + {c(u.0 - v g8in a) + L }(N

x 0 ~4
+u o)) RdOdx + I I{u/z)[n (8, %)2 +n (B, 12

x e
+N BB +N BB}Rdedx (A-33)

The initial prebuckling loads are assumed to be equally divided
between the two facings; therefore, N ~N1 and N° ~N 0° and Eq. (A-33)

can be rewritten

f [ [ ~0 ~0
VvV, = 2[u, N_ + {z(u,, = v 8in a) + v, _}N__] Rdédx
1 xx 0 x x6 (A-34)

{N° 2 + 2N [w, - w,_ Vv cos a]z}Rdedx
x06 ,6 x
x 6
It must be remembered that the values for N: and N:e appearing in Eq.

x 6

(A-34) are the stress resultants for one facing only.

Substituting Eqs. (A-27) and (A-28) into the relationship for

Vg gives the following result:

vg - (1/2)[ J J{Ex[(e:x)z + (eix)zl + ie[(egs)z + (e:e)zl
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114
(eeeexx €50%xx’

+ Gxe[(exe)z + (exe)zl} dzRd6dx (A-35)

+ 2 ﬁi Vo
Integrating over z with the aid of the z-integrals listed in

Appendix B, Vg becomes
£_[ (s 2 2¢ 2 2
v, I JEx[Ztu,x +2th?y § + (8t3w.xx)/3

x 0
- 2

4ht \Px’xw’xx] Rd6dx + I J E ¢{ Zl:v‘,e

x 6

(8/3)!:3v,2;2 cos?a + 2th2¥ 2+ (8/3)t3h2;2¢y_ 2 cos2a + (8/3)t3rew,2

0’6 6'e 06

+ 2tu? sina + 2h2t‘Pi sinZa + (8/3)::3w,2 sin2a + 2tw? cos?a +
2, -
8ht J,e\re,e; cos a + 4tuv,e sin o + ln:v,ow cos a - 4Ght? ;‘fe 20200 +

4h2ey JYorg 8in a - 4ht2w, Yorg 8in @ - (16/3)v,0w,eec’- cos a -

2
4ht2 ;‘wa,ee sin a + (16/3)t3 IV Vs sin a + 4ht ;v.e\l'x 8in a cos a

00 sin a cos o + 4ht21;\?9,9w cosla

- 2 2 2
+ 4tuw sin a cos a - 4ht ‘l'xw,x sin‘a } dodx + I I ZExvex{hu,xv,e +
x

- (16/3)t:"l;v,ew,x sin a cos a + 4ht2gu¥

2ht2zu, cos a + 2tuu, sin a + 2tu, W cos a + 2h2 t‘l’ s ¥ore =

xye’e
2 2 2 - 2
2ht ""x’x"’ee + 2ht ;"’e"x,x cos a + 2h t?xvx’x sin a - 2ht Wx’xw’x 8in a

- 3
2ht w,xxve,e + (8/3)t ;“’xxw'ee

21'|t2w,xx‘l'x sin a + (8/3)':3“’::"’: 8in o } dedx + I e; {2t:u,,e
' x 0
+ 2tv? gina + (32/ 3)t3w,2 + 2th2?§ sina +

- (8/Z‘))t3;w,xxv,6 cos a -

2th2?2,9
(32/3)t3z%, 2 sina + 2tR2v,2 + 2th2R2?e, - 4tvu,, sin a + 4tRu, v, -

Ahztvx,eve sin a + 4h? LRY_, Yo, - 4tRvv, sina - 4h2tR!eYe,x sin o -

8ht2vy , w, sin a + 8ht2y

x’0 ’x6
(64/3)t3;w,ew

2 -
+ 8ht ;‘l’x,ew Vs 8 sin a

’0 )

*%8 sin a - 8ht2R!e,xw,xe - 8bt2t;‘l'ev,9 sin?a +

8ht2w,e‘l'e, sin a + (32/3)t3;2v2 sin?a cos2a + (32/3)1:3112;2!’3 sinZa cos?a

+ (8/3)t3v,i cos?a + (8/3)t:3h2‘!e§x cos2a - 8ht2;'!eu,6 sin a cos a +
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2 - 2 2
4ht u,eYe,x cos a - 8ht cv?x,e sin a cos a + 4ht v’x’x’e cos a +
3 - 3 2 2
(64/3)t LV, o sin a cos a - (32/3)t Vs Vs g €08 @ + 16ht ;v?esin a cos a
- 12ht2vy

sin a cos a - 12ht2v,xv sin a cos a -(64/3)t3;2vw,eein2a cos a

0°’x 0
+ (32/3)t3cw,ev.x sin @ cos a - (32/3)t3r,vv,x cos?a sin a -

(32/'3)1121:3;‘!'679,x sin a cos?a + 8ht2Rv.x‘l'e,x cos a }dodx (A-36)

A.5 Potential Energy of External Forces

For convenience in obtaining the potential energy of the
external forces (Nx and Nxe), it is assumed that the small end does not
move. The total displacement for u is then,

L
oy = -I u,,, dx (A-37)
0

Therefore, the potential energy due to Nx is

Ul = - I J qu,xdedB (A-38)
x 0

In a simfilar manner for Nzo,

U

2 =" I I {c[u,e - v gin a] + v,x}ﬁxedxkde

(A-39)

x 0
= 0 ., = - ~0 s |
Since Nx = Nx + Ni and N;e Nxe + Nxe, these last two

expressions cancel the linear membrane strain energy terms given in

Section A.4.

A.6 Stress Resultants

For the loading shown in Fig. A.3, the stress resultants prior

to buckling are assumed to be given by the membrane relations* [8,12,20]

*Under the membrane stress state which exists prior to buckling,
the conical shell is assumed to possess the geometry shown in Figs. A.l
and A.2. Por a discussion of the influence of prebuckling deformation
on the buckling load, see Ref. [10].
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Figure A.3 - Loads Considered in the Analysis

-

Nx = [«P/2 + M(cos 6)/R]/(#R cos a)

- (A-40)
No = T/ (27R2)

The single-facing values which appear in Eq. (A-34) are then
NO = N /2
© ew 2 (A~41)
x0 x0

For the combined loading case, it is necessary to assume that P, M, and
T can be represented by a common factor A, such that

P = )P' ; M= M' s and T = AT' (A-42)
This common factor represents the eigenvalue for the combined loading

case.

A.7 Total Energy

Combining Eqs. (A-31),(A-34),(A-36),(A-38),(A-39),(A-41),
and (A-42), and substituting the coefficients listed in Appendix B,

the total energy becomes as follows:
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2 2 2
lgw + B,Rw,? + B3gw, + Bl.‘"’e + 35‘3" + BRw,2 + 37‘3"'99

8;"’::6 + Bgcuz + BloRu.i + 311;“’0 + Bu;v + 813; ve + BuRv,
Blst;v,z + 316;v,§ + 317‘3"’0 + BIBR'x + 319";; + Bzo“x'x + 321“:09
22R‘!2 + B,,LY2
328; "e'e + Bygtwu + By wu, + By Lwv,  + B 2‘2"'6 s + Bygis Vs

2 2 2 2
¥Ye + 8241; ¥2 + BZSRY "y + 326“6’ + 327“'0’0 +

334;%, e * By ;2w rg t Bygh, ¥+ BaTw, ¥+ Bags Yooy t

Bagl¥s Yorg + 340‘2"’9 syp + ByySWrg? + 342;3\1,0\7 + Baaczw,ev,x +

ByyEWag¥y0g * BysVog¥y + BygiiWaglo + Byglvsg¥y, + By glv, Wygq +
Y F B R, Y By Yosg + Byytv

+ By, ttw, 0¥+ Bogtyg ¥ o+ Bootlu,o ¥, o + Bgothw, v +

Bio™rxxVre ¥ B5o¥rnx PYMT

Bsgt¥sggVox ¥ B5gt¥s a¥x00 * BgoWrxe¥e * Bg1¥rxeTex t Be2"rx t
Bgaluv,g + Bﬁaczuve,o + Bgu, Vig + Boolu, Yo,0 + Bg,lu,gv +
BggUsgVsy + "69‘2“'6' + Byolusg¥q, + By wv, + 372; w, +
B,3t2V¥, s + Byuvy + B,ot
+ BagViyYoey ¥ Bgglivigt, + 381“"0":': + Bgyt?vig¥esg + Bya¥tyrx

0¥y + Bylv¥y, 4 Boylv, Y, + Byglv, ¥y

4 + B oY, ¥

+ B o°x T Bgg¥ete’x

86%¥x%0%0 * Bas¥x’x'6%0 ¥ Bge*¥x’0%0 * Bg7¥x’e
2 - T w24 rg 2 G
+ 389; Yefe,x] doédx AI I[Vlw,‘ + Vzt;w,x cos 6 + Vagzw,xw,e +
x 0

644%,xv] dedx (A-43)



APPENDIX B

IDENTIFICATION OF COEFFICIENTS AND INTEGRAL FORMS

B.l Coefficients

The following coefficients appear in Eq. (A-43):

= 2
B1 = ZtEe cos‘a

B2 = hxxczx

B, = (8/3):3Eesinza

= hxecez

B, = -(32/3):3% sinZa
- 3g

B (8/3)t°E_

B, = (8/3):3?.'e

- 3
B (32/3)t Gxe

B, = 2t§e sina
B.. = 2tE
x

B,, = ZthO

- 2 2
B12 hKeGez cos<a + Ztha sin‘a

B,, = (32/3)t:3Gx sin2a cos2a

Bld = 2the

B,. ™ (8/3):36xe cos2a

B, = ZtEe

51



52
(8/3)c3§e cos?a

hK_G
X 2x

2h2t§e sinZa

2th2E
X
2
2th%C_,

hKoGq,

2th2¢ , sin?a
x0

(32/3)t3h26xe sin2a cosZa

2
2th Gxe

(unéﬁg cosla

0

2%
2th EG

(8/3)t3hzfe cosa

4t§e sin @ cos a

4tE v, cos a
x 6x

AtEe cos a

4ht2§e cos?a

3z
(16/3)t Exvex gin a

(16/3)t3§e sin a
-(16/3)t3§a sin a cos a

2hK_G
X 2x

-4ht2§e sin’a

~4ht?E v, sin a
x 6x

0
-Ahtzfa sin o
- 3

(64/3)t Gxe sin a
-2hKeGez cos a
-(64/3)t3Gx° sina cos a
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- 3
B (32/3)t Gxe gin a cos a

43

- 2
844 8ht Gxe sin a

‘B

45 thecez

= =8ht2
B.6 8ht GxO

- 2
847 8ht Gxe sin o

- k3
348 (16/3)t Exv

- - 3
Bg (16/3)t E v

= =4ht2E
BSO 4ht Exv

= -4ht2E
Bg,y 4ht Ex

= =4ht2E
852 4ht Ex“&x

= - 3g
853 (16/3)¢t E6 cos a

= -4ht2E
854 4ht Ee sin a

= =4ht2E
B55 4ht Exv

= -4ht2E
856 4ht Ee

- 3
357 (64/3)t G*G sin a cos a

Beg = -(32/3)t3Gxe cos a

= ~-8htl
Bgg ght Gxe

= 2
860 8ht Gxe sin a

= -8ht2
B¢, 8ht<G_g

B62 = lotExvex sin a

sina

Ox

cos a
0x

- sin a

6x

B

63 4tEe gin a

P
64 4ht Ee sin a cos8 a

865 = 4tExvex

4ht?E v
x

B

B

66 cos a

BG7 = -4th

B68 = 4the

0x

8 sin a
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--8ht23x sin a cos a

]

4ht2G cos a
x

0
~-4tG _ sin a
x0

- 3 2
(32/3)t Gxe sin a cos‘a

-8ht2G . sin a cos a
x0

—ZhKeGez cos a

16ht26x sina cos a

6
-12ht2Gxe sin a cos a

4ht2G , cos a
x06

-12ht:2Gx sin a cos a

0

8ht2G . cos a
x

)

4ht2§e sin a cos a

4ht2§xv cos a

0x

8ht2§e cos a

4h2tE v. sin a
x Ox

4h2t§e 8in a

4h2tE v
x Ox

-4h2¢G _ sin a
x6
2
4h the
-4h2¢G . sin o
x06
-(32/3)h2t3Gxo sin a cos?a
P'/(4n cos a)
-M'/(2n cos a)
=-T'/(2w)

T'cos a /(2n)
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B.2 z-Integrals

The following integrals are used repeatedly in obtaining

Eq- (A"36) H

h+2t =h
I dz = I dz = 2t (B-1a)
h ~h-2t
rhi+2t =h
zdz = -I zdz = 2t(h + t) (B-1b)
‘h -h-2t
rh+2t =h
z2dz = I 22dz = t(8t2 + 12ht + 6h2)/3
’h -h-2t (B-1¢)

B.3 6-Integrals

The 6-integrals which are used throughout this analysis are
tabulated here. The n, which appear in these integrals represent the
number of circumferential waves. They are always integers. Most of
these integrals are standard integrals which appear in most tables of
integrals and are repeated here for convenience only. The evaluation of

Eq. (B-2d) is given in Appendix C. The integrals are as follows:

2
lo cos nie cos nje de = 0 for n, # nj (B-2a)
=7 forn, = n
(2 i ]
Jo sin nie sin nje do = 0 for n, * nj (B-2b)
= 1 forn, = n
r21l i j
sin niﬁ cos n,0 d6 = 0 (B-2¢)
J 0 j
2n
cos 6 cos n,0 cos n,0 d0 = 7/2 for n,-n =tl1 (B-24)
0 1 j ¢

= (0 otherwige



56

B.4 x-Integrals

There are fifteen integral forms for x which are used here
repeatedly. Due to the x dependence of R, several of these integrals
cannot be integrated in closed form; however, they can be transformed
into a form for which there is a readily available computer algorithm.
The evaluation or transformation for all of the x-integrals is given in
Appendix C. Only the forms are listed here.

Since these integrals are needed repeatedly for a particular
set of axial half-wave numbers, it is convenient to use an array type
identification. Since there are two wave numbers appearing in each of
these integrals, a two-dimensional array is needed for storage. The
first "I" in the array title signifies "integral". The final number
which appears in the title represents the trigonometric form: 1 - sine,
sine; 2 - cosine, cosine; and 3 - sine, cosine. The central letters (R,
IR,IRR, and IRRR) denote how R appears. For example, IRR denotes

"inverse R squared". The integral forms are as follows:

L
I1(j,k) = Joain(mjux/L) sin(mknx/L) dx
L
I12(j,k) = Jocos(mjux/L) cos(mknx/L) dx
L
13(j,k) = I sin(m, nx/L) cos(mkux/L) dx
0 k|
rL
IR1(j,k) = R sin(m,nx/L) sin(mknx/L) dx
lo 3
rL
IR2(j,k) = R cos(m,7x/L) cos(nkﬂx/L) dx
lo 3
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L

IR3(j, k) = IOR ain(mjnxll.) coa(mknx/L) dx
IIR1(j,k) = [z; sin(mmx/L) sin(mnx/L) dx
IIR2(j,k) = :c cos(mjnxll.) coa(mknle) dx
IIR3(j,k) = f:‘ sin(m mx/L) cos(mmx/L) dx
'IIRR1(j,k) = I:;Z sin(m,nx/L) sin(m rx/L) dx
IIRRZ(j,k) = :;2 cos(mj'nx/L) cos(m mx/L) dx
IIRR3(j,k) = f:;Z sin(m,x/L) cos(m rx/L) dx
IIRRR1(j,k) = [:;3 sin(mjnxll.) sin(m nx/L) dx
IIRRR2(j, k) = Jrch’ cos(mjnx/L) cos(m nx/L) dx
IIRRR3(j,k) = Jr:‘;3 sin(mjnx/L) coa(mknx/L) dx




APPENDIX C

EVALUATION OF INTEGRALS

Of the 6-integrals, only one requires any special attention.
From the bending initial load term of Eq. (A-36), an additional cos ©
appears. The resulting 6-integral is not included in the usual inte-
gral tables. Thus, it is evaluated here.

A closed-form solution could not be found for several of the
x-integrals; however, it was possible to transform them into the forms
j[(sin x)/x]dx and ![(cos x)/x]dx for which IBM has a standard algorithm,
SICI [45), which is based on a series solution. It was found that for
some half-wave number combinations, the symmetric integral forms sin( )-
sin( ) and cos( )-cos( ) gave considerably different results when the
m, and mj were interchanged. This algorithm was rewritten in double
precision, thus correcting the problem.

The actual algorithm used for each integral is contained in
the subroutine INTEG listed in Appendix H.

The integrals I1, I2 and I3 are listed in most common integral
tables.

The evaluation and transformation of the integrals follows;

r2n

cos 8 cos nie cos n,0 dé = (c-1
1o 3

2w

(1/2)J0 cos 0 [cos (ni + nj)e + cos(ni - nj)elda
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= n/2 for n, - nj = +]
- 7 forni-l,nj-o

= 0 otherwise

L
I sin(m, mx/L) sin(mknle) dx

I1(3,k)
0 A

L/2 if m:l -m

0 ifmj#mkorifmj-o

L
12(3,k) = Iocoa(mjnx/L) cos(m.kuxll.) dx

L/2 ifmj-mk,mjio

L ifmj-mk-o
= 0 ifmjfmk

L
I3(3,k) = Josin(mjnxll.) cos(mknx/l.) dx

2Lmj/[1r(m§ - mﬁ)] for m, $ m  and

mj * m = odd integer

= 0 if mj =0

= 0 otherwise

IR1(j,k)

L
JOR sin(mjnx/L) sin(mknxll.) dx

L
Rojosin(mjnxll.) s:l.n(mknxll.) dx
L

+ sin a[ox s:ln(mjnx/l.) ain(mknxll.) dx

Ro I1(j,k) for sina = 0
=0 if mj or nk =0

It is convenient to define the expressions

(c-2)

(c-3)

(c-4)

(c-5)
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A= (mj - mk)n/L and A' = (m:| + mk)u/L (C-6)
For sin o # 0, it is necessary to integrate by parts. If mj -m $0
IR1(j,k) = R L/2 + (sin a)L2/4
For m:l $ ms
IRL(J,k) = (R /2 + L sin a)[(sin 8x)/& - (sin ') /a')|;

L
- [(sin °)/2]IOI(°1“ Ax)/A - (sin A'x)/A')dx

- - 2 2022 - w227} -
lmjmkl. (sin a)[n (.n:l mk) ] for mjink odd
= 0 otherwise
As in the previous case,

L

IR2(j,k) = I R cos(m,mx/L) cos(mkux/L) dx (c-7)
i 0 h

- Ro IZ(j,k) for sina = 0

= ROLIZ + (sin a)L2/4 for my = my 5“0

= RoL = (sin a)L2/2 for mj -m =~ 0

= - 21%(a? + n?) (stn o) [v2(u? - mﬁ)zl-l for =, # m, and
m:l * mk = odd

Similarly,

L

IR3(jJ,k) = I R sin(m,nx/L) cos(mknx/L) dx (c-8)
0 h |

= Ro 13(j,k) for sina = 0

=0 formj-mk or mj-(ll
- - w21
(Lmj/n) (2R + mjL sin a) [mg mk]

for mj % mk = odd
- - 2 2 _ o2y1~1
mjL sin a [ﬂ(mj ﬂk)]

for m, mk = even

3
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L

IIR1(j,k) = I [4 sin(mjnx/L) sin(mknx/L) dx (C-9a)
0

= Il(j,k)/Rb for sina = 0
=0 if mj or m " 0

1f sin a ¢ 0,
L
IIR1(j,k) = (1/2)]0;[cos (mj - mk)nx/L - cos (mj + mk)nx/L] dx

Making a change of variable such that u = Ro 4+ sina , du = sin a dx

and x = (u - Rb)/sin a,
IIR1 = (1/2 sin u)j{[cos (u - Ro)Alsin a - cos (u- k“)A'Isin al]/u} du
= (1/2 sin a)l{[cos Au cos ARO + sin Au sin ARb - cos Bu cos BR.o -

sin Bu sin BRb]/u} du
where A = A/L and B = A'/L.

Substituting CA A B

SB = gin BRo and making the variable cﬁanges Hl = Au and W2 = Bu,

= ¢cos ARO, S, = gin ARb, C, = cos BRb’ and

IIR1 = (1/2 sin a){cAI[(cos Wl)lﬂlldwl + SAI[(sin wl)/wlldwl
- CBI[(cos Wé)/wzldwz - SBJ[(sin Wz)/Wé]dWZ} (C-9b)

For my =, the C, and S, terns are replaced by Zn[(Rb + L sin a)/Rb].

The integral limits are Wl

at x = L, and Wl = AR.o H Wé

using the IBM algorithm, SICI [45].

= A(Rb + L sin a) ; Wé = B(R.o + L 8in a)

= BR.o at x = 0. Eq. (C-9b) can be solved

Following the same procedure as used for IIR1(j,k),
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L
IIR2(j,k) = I 4 cos(mjnx/L) cos(mknx/L) dx (c-10)
0

- IZ(j,k)/Ro for sin a = 0
= {s,n[(R.o + L sin a)/Rb]}/sin a for m, = m = 0

If sin a ¥ 0,
IIR2(j,k) = (1/2 sin a){CAI[(cos wl)/wlldwl + SAJ[(sin Wl)lwlldwl
+ CBI[(cos WZ)IWZ]dWZ + SBJ[(sin Wz)lwzldwzl

where the integral limits are the same as for IIR1l and the CA and SA
terms are again replaced by P.n[(R.o + L 8in u)IRb] when mj =-m.

L

IIR3(j,k) = I 4 sin(mjnx/L) cos(mknx/L) dx (c-11)
0

= I3(j,k)/Ro for sina = 0

=0 form, = 0

b
If sin a ¥ 0,

IIR3(j,k) = (1/2 sin u){CAI[(sin Wl)lwlldwl - SAj[(cos wl)/wlldwl
+ CBI[(sin wz)lwzldw2 - SBI[(COS Hz)/wzldwz}

where the QA and SA terms are replaced by zero when mj =-m. The

limits for wl and Wé are again the same as used in IIR1.

L

IIRR1(j,k) = I ¢2sin(m, 7x/L) sin(mknx/L) dx (C-12)
0 J

= I1(} ,k)/ng for sin a = 0

For sin a # 0, IIRRl can be integrated by parts. Then
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IIRR1(j,k) = (1/sin a){ - ¢ sin(mjnx/L) sin(mknx/L)lg

L
+ IOQ[ (mjn/L) cos(mjnx/L) sin(mkﬂx/L)

+ (mkn/L) sin(mjnx/L) cos(mknx/L)] dx}

L
= (n&ﬂ/L sin a)!og cos(mjnx/L) sin(mkux[L) dx

L

+ (mkﬂ/L sin a)J 4 sin(mjnx/L) cos(mknx/L) dx
0

a (n/L sin a)[ijIR3(k,j) + mkIIR3(j.k)]

Using the same procedure as above,

L

IIRR2(j, k) = J t? cos(m,nx/L) cos(mkﬂx/L) dx (C-13)
0 h |

Iz(j.k)/ng for sin a = 0

(/etn ) (1/R, - 1P Y "’13/(ao + 1 sin a)]

- (n/L sin u)[ijIR3(j,k) + mkIIR3(k,j)] for sina =0

L
IIRR3(j,k) = I z2sin(m, nx/L) cos(mkﬂx/L) dx (C-14)
0 h

I3(j,k)/R§ for sina = 0

(n/L sin a)[ijIRZ(j,k) - mkllkl(j,k)] for sin a # 0

L

IIRRR1(j,k) = J t3 sin(m,nx/L) sin(mknx/L) dx (C-15)
0 b

=Il(j,k)/Rg for sin a = 0

As in IIRR1 when sin a # 0, IIRRR1 can be integrated by parts. Then,

IIRRRL(j,k) = (1/sin a){ - (52/2) sin(mjnx/L) sin(mknle)|3

L
+ (mjnIZL)JOc2 cos(mjnx/L) sin(mkﬂx/L) dg
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L
+ ( n/2L)I z2 sin(m,nx/L) cos(m mx/L) dx
M 0 4 My

= (n/2L sin u)[ijIRRS(k,j) + mkIIRRS(j,k)]
Using the same procedure as in IIRRR1(j,k),

L

IIRRR2(j,k) = I z3 cos(m,nx/L) cos(mkux/L) dx (C-16)
0 3

Iz(j,k)/ng for sin a = 0

(1/2 sin @) [1/R2 - (-1) @+ + L sin @)?)

- (n/2L sin a)[ijIRR3(j.k) + mkIIRR3(k,j)] for sina ¥ 0

L
IIRRR3(j,k) = I ¢3 sin(m,nx/L) cos(mknx/L) dx (C-17)
0 ]

I3(j,k)/Rg for sina = 0

(n/2L sin a)[ujIIRRZ(j,k) - mkIIRR1(j,k)] for sin a ¥ 0



APPENDIX D

SIMPLE-SUPPORT MATRIX ELEMENTS

D.l w - w Stiffness Partition

The coefficient of ﬁwj in the (9 /BD ) row is as follows:

2(8, + nzBa)IIRI(:l,j) + 2(n23 + n"n7)1muu(1,j) + 2(n2/L2 )B,m,m °

IR2(1,j) + 2(«2/1.2)(33 + nZBB)m m,IIR2(1,3) + 2(a*/L")B_ m?m?2IR1({,])

1] 6" i h
+ (n/L)nz(B - B3A)ijIRR3(i,j) + (n/l.)n2(n - By )m, 1IRR3(j,1) +

(n2/L2)n?B 8(m2 + m2)1m1(1,j) - (n3/L3)B

h |
(n3/L3)B33m1ij3(1,j)

33% 113(5 i) -

D.2 w - v Stiffness Partition

The coefficient of D in the (o /aﬂ:i) row is as follows:

23
n(By) - B, )IIRL(4,) - n(B,, + n’Bg ) TIRRRI(4,]) = nB,,(n/L)m,TIRR3(1,])
+ n(Byg - Bg,) (7/L)m IIRR3(3,1) - nBss(nzle)m m, TIR2(4,) -

nB 49(n2/L2)m§IIIu(1, §)

D.3 w - u Stiffness Partition

The coefficient of D 2] in the (2 /aD ) row 1s as follows:

BpgTIR3(1,3) = By (n/L)m I1(1,1)

D.4 w - 'x Stiffness Partition

The coefficient of D:j in the (@ /aﬂ:i) row is as follows:

nz(n“ - Bg,)IIRR3(1,§) + nzBss(w/L)ijIRl(i,j) + 836(1rIL)m11R2(1,j) +

65
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(B, + n2359)(n/1.)n11m(1,:|) - Bas(azle)niijB(j.i) - 350(12/1.2)..:-

13(1,3) + 351(w3/1.3)n§nj1m(1.j)

D.5w -~ '6 Stiffness Partition

The coefficient of D:j in the (2 /35:1) row is as follows:
- nB,.I1(1,3) + n(By, - B, - n2356)nmu(1.j) - nB“(nIL)ndIRB(i,j)
+ n(B39 - 360)(1/L)n111R3(j,1) - nBGl(nzle)miijZ(i,j) -

0B, (r2/L2)n211(1,3)

D.6 v - v Stiffness Partition

The coefficient of D:j in the (3 /ab:i) row is as follows:

2 2 212 .
2(B, + n?B,()TIRL(1,1) + 2(B,4 + n?B,,)TIRRRL(4,3) + 2B, (v*/L?)m/m,

IR2(1,3) + 2315(1:2/1.2)u1nj1m<1.3) + Bn(u/L)ijS(i,j) + Bn(n/L)-

m11:3(j.1) + B7z(ﬂ/L)ijIRR3(1,j) + B7z(r/L)miIIRR3(j,i)

D.?7 v - u Stiffness Partition

' The coefficient of D°, in the (2 /aﬁzi) row is as follows:

23
n(B63 - 367)IIR3(19.‘D - nBGs(n/L)ij],(i,j) - @68(,/1.)“112(1’3)

D.8 v - ?x Stiffuess Partition

The coefficient of D:j in the (o ,an:i) row is as follows:

n(B,, - 373)11m3(1.j) - nle('lr/L)m IIR1(1,3) - an(n/L)miIIRZ(:I.,j)

80 J

D9 v~ !e Stiffness Partition

The coefficient of D:j in the (3 /anzi) row is as follows:
B,,I1(1,3) + (B, + nzBsz)IIRRl(:l,j) + 376(n/L)ijIR3(1,j) + B,g(n/L) .

m, ITR3(§,1) + B,g(x2/L?)m;m 12(1,1)



67

D.10 u - u Stiffness Partition

The coefficient of Dzj in the (3 /BD:i) row is as follows:
2(y + nzBll)IIRZ(i,j) + 2Blo(n2/L2)miijR1(1,j) - Bsz(nlL)ij3(j,i)
- Bg,(n/L)m 13(1,3)
D.11 u - ¥e Stiffness Partition
The coefficient of n:j in the (2 /3D},) row is as follows:
n(Bg, = Bgg)IIRR3(3,1) - nB70(n/L)ijIR2(i,j)- nB  (7/L)m, ITR1(1,3)

D.12 ?x - ?x Stiffness Partition

The coefficient of D:j

2B, gIR2(1,3) + 2(B,y + n2321)1132(1,j) + ZBzo(nzle)miijRI(i,j) -

in the (9 /aD:i) row 18 as folinus:

383(n/L)mj13(j,i) - 883(u/L)m113(1,j)

D.13 ?x - Ve Stiffness Partition

in the (? /aD:i) row is as follows:

The coefficient of Dzj

n(Bg, - Bgg) IIR3(J,1) ~ nBgy(n/L)m,12(1,3) - nBgg(v/L)m I1(1,5)

D.14 Ve - ?e Stiffness Partition

in the (3 /angi) row is as follows:

The coefficient of ng

28,,IR1(1,§) + 2(B,, + n2327)IIR1(1,j) + 2(B,, + nsza)IIRRRI(i,j)

+ 2B, (72/L2)m,m IR2(1,j) + 2B, (n2/L2)m,m IIR2(i,j) + B88(n/L)ij3(i,j)

25(" 4 26(" 4™
+ Bgg(n/L)m,13(§,1) + Byy(n/L)m, TIRR3(1,3) + Byg (/L)m, TIRR3(3,1)

D.15 w - w Load Partition

W

The coefficient of Dzj in the (3 /aﬁ:i) row is as follows:

ZVI(nZILZ)mimHIZ(i,j)



APPENDIX E

CLAMPED-SUPPORT MATRIX ELEMENTS

E.1l Axial Compression and Bending Loading

E.1.1 General Considerations
There are three populated subpartitions in each of the
displacement partitions. All three of these subpartitions are identical
with the exception of circumferential dependence. Thus, a typical
geaerating term for the middle subpartition, n partition, will be

given. The A,, - A, subpartition can be found by replacing n by

6k 3k

n+l, and the A4k - Alk subpartition can be found by replacing n- by

n~-1l. Both the load and stiffness matrices are symmetric about their

main diagonals.

E.1.2 w - w Stiffness Partition

The coefficient of A;j

2(8,n2+ B,) [TTR2(4,3) - IIR2(4,§2)" - IIR2(i2,]) + IIR2(i2,§2)] +

in the (3 /3AY ) row is as follows:
51

an(BS + n237)[IIRRR2(i,j) - IIRRR2(1,§2) - IIRRR2(12,§) +
IIRRR2(12,3§2)] + ZBZ(nZILz) [mimjlkl(i.j) - mi(mj + 2)IR1(4,3§2) -

(m, + 2)ij31(12,;;) + (m, + 2)('“1 + 2)IR1(12,32)] + 2(n2/L2)-

*The j2 and 12 positions are those associated with the
+ 2 and m, + 2 integers respectively.

68
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(B, + nzBs)[miijIRl(i,j) - mi(m3
+ (mj + 2)(m, + 2)IIR1(12,§2) }+ 2(u“/L“)36[m§m§132(1.3) -

mi(mh + 2)21IR2(1,32) - (m, +2)2m§IR2(12,j) + (m + 2)2(mj + 2)2IR2

2 - -
(12,32)] + n (n/L)(B40 334)[ ijIRR3(j,1) + ijIRR3(j,12) +

+ 2)IIR1(1,3j2) - (ni + 2)ijIR1(12,j)

(m, + 2)IIRR3(j2,1) - (m, + 2)IIRR3(j2,12)] + nz(nlL)(340 - Bg)*

k| J
[ - m,IIRR3(1,}) + m, ITRR3(1,32) + (m, + 2)IIRR3(12,§) -
(m; + 2)TIRR3(12,j2)] + 348n2(n2/L2)[n§11R2(1,j) - (ma + 2)211R2(4,32) -

m§IIR2(12,j) + (mj + 2)21IR2(12,3j2) + m§11n2(1.j) - mgxxnz(i,jz) -

(m, + 2)2IIR2(12,3) + (m, + 2)21IR2(12,32)] + 333(ﬂ3/L3)[m1m§IS(i,j) -

m, (m, + 2)213(1,32) - (m, + 2)m?13(12,3) + (m, + 2)(m, + 2)213(12,32) +

J B 3
mimjxs(J.i) - mi(mj + 2)13(32,1) - (m, + 2)2mj13(j,12) + (m, + 2)2.
(ma + 2)13(j2,12)]

E.1.3 v - v Stiffness Partition

The coefficient of A;j

+ n2316)IIR1(1,j) +2(B,, + n2817)IIRR81(1,j) + 2314(n2/L2)-

in the (3 /aAgi) row is as follows:

2(B12

miijR2(1,j) + ZBls(uzle)miijIRZ(i,j) + B7l(ﬂ/L)m313(i,j) +

B7l(n/L)m113(j,i) + B72(nIL)ijIRR3(1,j) + B7z(n/L)miIIRR3(j.1)

E.l.4 v - w Stiffness Partition

The coefficient of Agj

n(B31 - 341)[11R3(1’j) - IIR3(1,32)] - n(B,, + n2353)[IIRRR3(i,j) -

in the (3 /aAgi) row is as follows:

IIRRR3(1,32)] - B, n(n/L)m, [IIRR2(4,3) - TIRR2(1,j2)] + n(B,s - B.,)*
(n/L)[(mj + 2)IIRR1(1,j2) - ijIRRI(i,j)] - nBss(nzle)mi[(mj +2)-

I1IR3(j2,1) - ijIR3(j,i)] + nB49(n2/L2)[(mj + 2)21IR3(1,32) -

m§IIR3(1:J)]
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E.1.5 u - u Stiffness Partition

The coefficient of A", in the ¢) laAgi) row is as follows:

53
2(y + nzBll)IIRZ(i,j) + ZBlo(nzle)miijRI(i,j) -
B6z(n/L)ij3(j,i) = By, (n/L)m I3(1,1)

E.1.6 u - v Stiffness Partition

The coefficient of A;A

n(Bg, - Bg,)IIR3(3,1) - nB68(n/L)ijZ(i,j) - nBg o (1/L)m, T11(4,3)

in the (3 /aA;i) row is as follows:

E.1.7 u - w Stiffness Partition

The coefficient of Agj

B,o[IIR2(4,3) - IIR2(1,)2)] + B3O(H/L)mi[13(1.32) - 13(1,§)]

in the (2 laA;i) row is as follows:

E.1.8 ’x - Y‘ Stiffness Partition

The coefficient of A;J

2B, IR2(1,3) + 2(B,g + n2321)IIRZ(1,j) + ZBZO(NZILz)m&ijRI(i,j) -

383(ﬂ/L)ij3(j,1) = Bg,(n/L)m, 13(1,3)

in the (3 VEY ) row is as follows:
51

E.1l.9 ?x - v Stiffness Partition

The coefficient of A;j in the (3 /aa?i) row is as follows:

n(Bg, - B73)IIRR3(j,i) - nB77(n/L)ijIR2(1.j) - nle(n/L)millnl(i,j)
E.1.10 Wx - w Stiffness Partition

The coefficiert of Agj

Bg,) [IIRR2(1,§) - 1IR2(1,32)] + n?B. o (n/L)m, [TIR3(4,]) -

in the (3 laAgi) row is as follows:
2 -

"By

IIR3(1,j2)] + 336(1r/1.)[(mj + 2)IR3(j2,1) - my

(B, + nzBsg)(ﬁ/L)[(ma + 2)IIR3(j2,1) - ijIRB(j.i)] + 338(n2/L2)m1~

[mjll(i.j) - (mj + 2)11(1,32)] + 1;50@2/1.2)[(:..:| + 2)212(4,32) -

IR3(j,1)] +
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mjI2(1,3)] + By, (n3/L)m, [(mIRI(L,9) - (my + 2)2IR3(4,32))

E.1l.11 Ye - ?eStiffness Partition

The coefficient of A;j in the (9 /aagi) row is as follows:
28,,IR1(1,3) + 2(B,, + n2327)1181(1,j) +2(8,, + nszs)Ilkkkl(i,j) +
2325(n2/L2)m1ijR2(i,j) + 2326(12/L2)m&m IIR2(1,) + Bgg(n/L)m, I3(1,3) +

h | J
Baa(n/L)miI3(j,i) + Bsg(n/L)ndIRRB(i,j) + Bag(nIL)m111RR3(J.i)

E.l1l.12 ?0 - ?x Stiffness Partition
The coefficient of A;j in the (3 laAgi) row is as follows:

n(Bg, - Bgg)TIR3(4,3) - nBgg(r/L)m,I1(1,3) = nBg, (x/L)m12(1,3)

E.1.13 ?6 - u Stiffness Partition
The coefficient of A;j in the (9 /aAgi) row is as follows:

0(364 - 369)IIRR3(1’.1) - nBGs(ﬁ/L)ijIR]_(j_,j) - nB7O(N/L)miIIR2(i,j)

E.1l.14 Ye - v Stiffness Partition

The coefficient of A;j in the (9 laAgi) row ig as follows:

B, I1(1,5) + (B, + nZBBZ)IIRRl(i,j) + B, (n/L)m, TIR3(3,1) +

B78(n/L)ijIR3(1,j) + B79(n2IL2)m1ijZ(i,j)

E.1.15 '6 - w Stiffness Partition

The coefficient of A;j in the (3 IaAgi) row is as follows:

- nB,.[13(1,) - 13(1,32)] + n(832 - B - nZBSG)[IIRRB(i,j) -
1IRR3(1,3j2)] - n347(n/L)m1[IIRZ(i,j) - IIR2(1,32)] + n(By, - Bgo)*
(n/L)[(mj-+ 2)I1IR1(1,§2) - njllnl(i,j)] - nBGl(nzlnz)mi[om + 2)13(j2,1) -

3
m,13(3,1)] + nBg, (v2/L3) [(m, + 2)?13(1,32) - mi13(1,3))

J
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E.1.16 w - w Load Partition

The coefficient of A”, in the ¢ /aagi) row is as follows:

53
2'v’1(n2/1.2)[m1mjn(1,;|) - mi(mj + 2)11(,32) - (m, + 2)mjll(12,j) +
(m; +2) (mj + 2)11(12,32)]
The coefficient of Azj in the (3 laA‘;i) row is as follows:
GVz(nzle)[miijIRl(i.j) - mi(mj + 2)IIR1(1,32) - (m  + 2)ijIR1(12.j) +
(m1 + 2)(1n:l + 2)IIR1(i2,3)]

The factor 6 is equal to one unless n~1 = 0. If n-1 =0, § = 2,
The other off diagonal load subpartitions are equal to the Azs

coefficient above with § set equal to one.

E.2 Axial Compression (Axisymmetric Case)

The generating terms for this particular case can be deter-
mined as a subset of the axial compression and bending case. The
following terms are retained in the respective partitions:

1. w - w Stiffness Partition -~ Bl’ BZ’ B3, B6’ and 333

2. u - u Stiffness Partition - Bg, BlO’ and 362

3. Tx - ’x Stiffness Partition - 318’ 319, BZO’ and BB3

4. u - w Stiffness Partition - 329, and 330

5. Yx - w Stiffness Partition - 336’ B37, B38’ BSO’ and B51

6. w - w Load Partition - 61

E.3 Axial Compression and Torsion Loading

E.3.1 General Considerations
Due to symmetry about the main diagonal, only the partitions

on and above the diagonal need to be computed.
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E.3.2 w - w Stiffness Partition

The coefficient of Azs in the (2 /aA ) row is the same as

the generating term of Section E.1.2.

The coefficient of AY, in the (3 /a ) row is the same as

53
the generating term of Section E.l.2.

E.3.3 v - v Stiffness Partition
The coefficient of A2j in the (3 /aA ) row and ASj in the
(3 laAgi) row is as follows:
Same as generating function of Section E.l.3.
The coefficient of Ai} in the (3 /aAQI) row and A;} in the
(3 /aA'v) row is as follows:

2(B,., + n2516)IIR2(1,j) + 2(B,, + n2B 17) TIRRR2(1,1) + 2514(1:2/1.2)-

12

ijRI(i,j) + 2B, (7 j11111(1,1) 71(n/l.)mjm(j.i) -

71(«/1.)::1113(1,1) - B7z(n/L)mjnm(J,i) - B z(n/L)m IIRR3(1i,3)

The coefficient of A;j

(3 /aA'v) row is as follows:

2/1-2)m

in the (3 /aA2 ) row and ASJ in the

2(B,, + n 316)11113(3,1) +2(8)4 + n?B 17V TIRRR3(3,1) - 2314(1:2/1.2)-

12

ijR3(i,j) - (n2/L2) ijIR3(:l.,j) + Bn(wll.)mjrz(i.j) -

71(1:/L)m111(1,j) + Bn(w/L)ijIRRZ(i,j) - B7Z(ulL)miIIRRl(i,j)

E.3.4 v - w Stiffness Partition

The coefficient of A", in the ¢ /aA ) row 1s as follows:

53

Same as generating function of Section E.l.4.

The coefficient of A”, in the (2 /3 ) row is as follows:

23
Equal to negative of generating function of Section E.l.4.
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The coefficient of AY. in the ¢) /3A ) row is as follows:

53

(B4, - B,,)[IIR2(1,) - IIR2(1,32)] - n(B,, + n?Bg,) [IIRRR2(1,}) -

IIRRR2(1,3j2)] + nn“(un.)mi[nms(i.j) -~ IIRR3(1,32)] + 11(1335 - 357)-

(n/L)[(m, + 2)IIRR3(j2,1) - m,IIRR3(},1)] + nBSB(nZILz)mi[(mj +2)

B ’ B
IIR1(1,32) - ijIRl(:I.,j)] + “349("2“'2)[(“‘3 + 2)21IR2(4,32) -
mgmz(i.j)l

The coefficient of A:j

negative of the preceding coefficient.

in the (3 /2A 1) row is equal to the

E.3.4 u - u Stiffness Partition

The coefficient of AY

u u
24 in the (3 /aA21) row and ASj in the

( laAgi) row is as follows:
Same as generating function of Section E.1l.5.

The coefficient of Aé; in the (3 /aA'“) row and A Sj in the
(d /3A'u) row is as follows:

2(Bg+ n23 PIIRI(4,3) + 2B 0(uZ/LZ) m, IR2(1,j) + Bsz(n/L)ijB(i,j) +

1]
BGz(nIL)m113(j,i)
The coefficient of A;j in the (@ /3A'u) row and ASj in the
0 /2 .u) row is as follows:
2(89 + nzBll)IIR3(i,j) - ZBlo(ﬂzle)m mJIR3(j o1) - 62("/L)mjll(i.j) +

Bg, (v/L)m,12(4,1)

E.3.5 u - v Stiffness Partition

The coefficient of A;5

generating function of Section E.1.6.

in the (3 /3A® i) row is equal to the

The coefficient of A;&

negative of the generating function of Section E.l.6.

in the (2 /aagi) row i8 equal to the
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The coefficient of A!’ in the (3 /3A;1) row and the negative

53
of the coefficient of Aé} in the (3 /aAgi) row is as follows:
n(B67 - B63)IIR2(iaj) - nB68(‘ll/L)mJI3(j,1) + nBGS('/L)mj_I3(i’j)

The coefficient of AY

‘U
55 in the (9 /3A21) row and the negative

of the coefficient of A;j in the (3 /aAg:) row is as follows:
n(B,, - B63)IIR1(i,j) + nB68(n/L)ij3(i.j) - nBGS(nIL)m113(j,1)
The coefficient of A;; in the (3 laAéz) row and the negative
of the coefficient of Aéz in the (@ /aAgr) row is as follows:
n(B67 - 863)11R3(1.j) - nBGB("/L)mHII(i’j) - nB65(n/L)m112(i,j)

E.3.6 u - w Stiffness Partition

The coefficient of A®, in the ¢) /aA;i) row and A;j in the

53
(3 laA;i) row is equal to the coefficient defined in Section E.1l.7.

in the (2 laAE:) row and A®

53 in the

The coefficient of A:j
u

(3 /aAgi) row is as follows:

B,g[IIR3(1,j) - IIR3(1,32)] + B,,(n/L)m, [12(1,]) - 12(1,]2)]

E.3.7 Yx - Yx Stiffness Partition

x x x
The coefficient of Azj in the (9 /8A21) row and ASj in the

¢ laAgi) row is equal to the coefficient defined in Section E.1l.8.

X ' X 'x
The coefficient of A2j in the (@ /3A21) row and ASj in the

(3 IBAE:) row is as follows:

2B, JIRL(1,1) + 2(B,g + n2321)11R1(i,j) + 2820(12/L2)m&m31R2(1,j) +

The coefficient of A;j

) row and AX, in the

' X
in the (9 /2A 59

21

x

(3 Iaagi) row is as follows:
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2B, IR1(1,3) + 2(B,g + nszl)IIRI(i,j) + znzo(uzlnz)

18

383(n/L)ij3(i,j) + 383(1/L)m113(j,1)

The coefficient of A;j in the (3 /aA' ) row
¢ laA'x) row is as follows:
2B IR3(1,1) + 2(B g

383(n/L)mj11(1,j) + 383(n/L)miIZ(i,j)

E.3.8 Vx -~ v Stiffness Partition

The coefficient of AY, in the (3 /aA 4) row

23
of the coefficient of ASj in the (3 /a

coefficient defined in Section E.1.9.

The coefficient of A'® in the ¢ laA ) row

53
of the coefficient of Ai} in the (3 laAgi) row is as

n(Bg, - B,5)IIRR2(1,3) + nBy, (n/L)m, TTIR3(1,3) -

The coefficient of A;j

x
in the (? /aAgi) row is as

in the (3 laA'x) row

of the coefficient of AZj
873)IIRR1(i,j) - uB

- n(B80 (H/L)m111R3(jsi) + nB

The coefficient of A'v in the (3 /aA") row

53
of the coefficient of A2 in the (3 /aA") row is as

- n(Bgy - B,,)IIRR3(1,3) - nBg, (n/L)m IIR2(1,3) -
E.3.9 Yx - w Stiffness Partition
The coefficient of AZS in the (3 /aA ;) Tow
¢ /3 ) row is equal to the coefficient defined in

The coefficient of A®. in the (3 IaA ) row

2]
¢) /aA") row is as follows:

nZ(B44 - B 4)[11333(1.1) - IIRR3(1,32)] - n?B 5(nlz.)

jmz(i.j) +

and AX in the

53

+ n2321)11R3(1,j) - 2320(n2/L2)m ijRB(j i) -

and the negative

) row is equal to the

and the negative

follows:

nB 7(n/L)m IIR3(3,1)

3

and the negative
follows:
(n/L)ijIRB(i,j)

and the negative

follows:

nB77(ﬂ/L)m IIR1(1,3)

3

A in the

53
Section E.1.10.

and

A in the

53

and

[IIR2(4,]) -
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IIR2(1,32)] + 336(1:/1.)((11.j + 2)IR1(1,32) - ijRI(i,j)] + (By, + n2859)-

IIR1(1,3)) + Bas(nzle)mi[(m + 2)13(j2,1) -

(r/L)[(m, + 2)IIR1(1,)2) - )

3 E
mI13(3,1)] + Bgy (/L) [(my + 2)?13(1,32) - miI3(1,1)] +
351(n3/1.3)mi[(mJ + 2)2IR2(1,32) - m§IR2(i,j)]

E.3.10 Ye - ?6 Stiffness Partition

0 0 0
The coefficient of A2j in the (3 laAZi) row and ASj in the

(3 laAgi) row is equal to the coefficient defined in Section E.l.1l.

The coefficient of A'e in the (3 laAig) row and A!, in the

:]
23 5]
d /3A§:) row is as follows:

2
28,,IR2(1,3) + 2(323 +n 327)11n2(1,3) +2(8,, + nZBZB)IIRRRZ(i,j) +

2

2525(n2/L2) m, IRL(1,5) + 2326(n2/L2)m m, IIRL(%,§) - BBB(IIL)m 13(3,1) -

™47y 1™3 4

BBB(H/L)m113(i.j) - Bsg(n/L)ijIRR3(j,i) - Bsg(n/L)miIIRRB(i,j)

The coefficient of Agj

¢ /aagg) row is as follows:

N 0
in the (2 IaA21) row and Asj in the

2 2 -
28,,IR3(3,1) + 2(323 + n“B,,)IIR3(j,1) + 2(B,, + n BZB)IIRRR3(j,1)

Zst(nzle)miijR3(i,j) —‘2B26(n2/L2)miijIR3(1,j) + Baa(n/L)ijZ(i,j) -
Bae(n/L)mill(i.j) + Bag(n/L)ijIRRZ(i,j) - Bsg(nIL)millkkl(i,j)

E.3.11 ¢,k - Yx Stiffness Partition

)

The coefficient of A;j in the (9 laAgi) row is equal to the

coefficient defined in Section E.1.12.

The coefficient of A;j in the (3 /aAg

| negative of the coefficient defined in Section E.1.12.

i) row is equal to the

J The coefficient of Ag: in the (3 /aAgi) row and the negative
|

of the coefficient of 55: in the (3 /aAgi) row is as follows:

n(Bg, - Bg )IIRL(1,§) - nBg,(v/L)m 13(3,1) + nBss(ﬂ/L)ij3(1,j)
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The coefficient of AX, in the (? /aA ) row and the negative

53

of the coefficlient of A; in the (3 /aA'e) row is as follows:

3

386)IIR2(1,j) + nBg (n/L)miIS(i.j) - nBBS(n/L)m313(j,i)

The coefficient of Aé? in the (2 /aAig) rov and the negative

of the coefficient of Aé? in the (2 /aA'e) row is as follows:

386)1133(1.1) + n387(n/L)m111(1,J) + nBas(n/L)ijZ(i,j)

n(Bg, -

n(Bg, -

E.3.12 ¥_ - u Stiffness Partition

)

The coefficient of Agj

coefficient defined in Section E.l1l.13.

in the (2 /aAgi) row is equal to the

The coefficient of AY, in the (3 laAgi) row is equal to the

23
negative of the coefficient defined in Section E.1l.13.

The coefficient of A!' in the (8 /aA° ) row and the negative

53
of the coefficient of Aij in the (3 /a 4) row is as follows:
n(Bg, - Bgo)IIRRI(4,3) - nB, (n/L)miIIR3(j,i) + nBgg (1/L)m IIR3(1,3)

The coefficient of AY, in the (2 IaA'e) row and the negative

53

of the coefficient of AY, in the (? /aA'°) row is as follows:

2]
n(Bg, - Bgg) IIRR2(1,4) + nB,,(n/L)m ITR3(1,) - nBge (n/L)m IIR3(3,1)
The coefficient of A%? in the (3 IaA'e) row and the negative

of the coefficient of A2j in the (3 /3 ) row is as follows:

69)IIRR3(j,i) + nB70(n/L)miIIR1(1,j) + n366(n/L)m IIR2(1,3)

n( 64— j

E.3.13 ?e - v Stiffness Partition

The coefficient of A;S in the (3 IaA ) row and ASj in the

¢ /3A ) row is equal to the coefficient defined in Section E.1.14.

The coefficient of Aéj in the (3 /3A ) row and A Sj in the

¢ /a ) row is as follows:
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B,,I3(1,3) + (B, - nznsz)IIRR3(i,j) + B, (n/L)m ITR2(3,1) -

2112
n</L )mimjl3(j,i)

'8 v
in the (2 /3A21) row and ASj in the

B7B(ﬂ/L)ijIR1(1.j) - 379(

The coefficient of A;j

¢ /aAgg) row is as follows:

B,,I3(3,1) + (B, + nZBBZ)IIRR3(j,i) - 376(n/L)miIIR1(i,j) +

- 2112
378(n/L)ijIR2(i.j) B7g(n /L )miijB(i.j)
The coefficient of Aé} in the (3 /aAig) row and Aé} in the

¢ /aAgg) row is as follows:

B,,I2(1,3) + (Bys + n2382)11332(1.j) = By (n/L)m, IIR3(4,]) -

B7s(n/L)ijIRB(j,i) + B7g(n2/L2)mim511(i,j)

E.3.14 ?e - w Stiffness Partition
The coefficient of Agj in the (3 laAgi) row 1is equal to the
coefficient defined in Section E.1l.15.
The coefficient of A;j in the (3 /8Agi) row is equal to the
negative of the coefficient defined in Section E.1.15.

The coefficient of Ay, in the (2 /aAi:) row and the negative

53
of the coefficient of A;j in the (@ /aAg:) row is as follows:
- 3345[12(1,1) - I12(1,32)] + n(B32 - 346 - nzBss)[IIRRZ(i.j) -

IIRR2(1,32)] - n347(nIL)m1[IIR3(1,jZ) - IIR3(1,3)] + n(B39 - B6o)°

(nIL)[(mj + 2)IIR3(j2,1) - ijIRB(j,i)] - nBﬁl(nzle)mi[mjll(i,j) -

(mj + 2)11(1,32)] + nBsz(nzle)[(mj + 2)212(1,32) - m§12(1,j)]

in the (3 /aA;i) row and A"

53 in the

The coefficient of A;j

&) /aagi) row is as follows:

Zvl(nzle)[m

imjll(i,j) - mi(n + 2)11(1,32) - (lll1 + 2)m 11(12,3) +

] h)



(mi + 2)(“’3 + 2)I11(12,32)]

The coefficient of A;j in the (9 /aA;i) vow is as follows:
- nV3(n/L)[ - ijIRR3(J,1) + (ma + 2)IIRR3(j2,1) + ijIRR3(j,12) -

(mj + 2)IIRR3(j2,12)] + n63(n/L)[ - m, IIRR3(1,)) + m, ITRR3(1,32) +

(m, + 2)IIRR3(12,j) - (m  + 2)IIRR3(12,32)]
E.3.16 v - w Load Partition
The coefficient of A;j in the (3 /aA;i) row and Agj in the
¢] laAgi) row is as follows:
?A(n/L)[(m5+2)IIRR1(1,j2) - m, IIRRL(4,3))
The coefficient of AZS in the (3 /aAEZ) row and A;j in the
¢ /3A§I) row is as follows:

Va(n/L)[(mj + 2)11#33(12,1) - mallana(j.i)l



APPENDIX F

BUCKLING OF AXIALLY COMPRESSED SANDWICH CYLINDERS

WITH ORTHOTROPIC FACINGS AND CORE

F.l Linear Buckling Analysis

The critical buckling stress under uniform axial compression
for a sandwich circular cylindrical shell having simply supported

edges and orthotropic facings and core can be expressed as follows

[22,25]):
Op ™ Ncr/lot: = (ao + al)/4t (F-1)
where
2 a2 -1--2
a, = (a, ag + a; a5 - 2a,a4a,) (a - agag) '
al-i{'zln &2+ 2(v D +D )ﬁ2n2+D a4
x yx x v
4 -1 2.2
+ (S S /R ) [Sxm + (stysxy - 2vxysy)m i
+5ad
y X :
a, = D@ + (vyxnx + ny) i (F-2)
a, =D&+ (v D +D ) i%A
3 4 xy'y xy

a, = [(v, D) + (@ /)]

.2 .2
qu + Dxm + (nyIZ) i

2 2
=D +Da2+ (D /2) &
qy Ty (0,;/2) &

25
%6
The composite shell stiffnesses are calculated as follows:

S. =4 E , S =4tE , S_=4tGC
x x 4 Yy xy xy

81
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2

2 -
Dx a Sx/(l.vxyvyx) . Dy = a Sy/(l-vxyvyx) (F-3)
D = 2a28
xy xy
and the core stiffnesses by the following expressions:
2 2 -
Dax ™ Sxz (h+t)“/h , Doy = Syz (h+t)“/h (F-4)

Equation (FP-1) can be rewritten in terms of K, the theoretical
buckling coefficient, as

0. = (2K Exa/R)ll-v -1/2 . (F-5)

v__]
c xy yx
Combining Eqs. (F-1) and (F-5):

1/2

K = [(ao + al)(R/ 8tExa)][1-v v ] (F-6)

Xy yx
Even though Eq. (F-6) could be minimized with respect to the
wave parameters, m and n, a solution to the resulting equatioms is
not apparent except in the axisymmetric case where n = 0. One alterna-
tive method of solution is to calculate the critical buckling coefficiert
for all practical integer combinations of m and n. The lowest such

value would then correspond to the actual critical stress. Such a

solution is feasible only with the aid of a high-speed computer.

F.2 Discussion of Numerical Results

In order to determine the interaction between core and facing
shear flexibilities, a numerical analysis was undertaken in which all
of the parameters, except ny, ze, and Gyz’ were held constant. In
this analysis the core shear moduli, ze and Gyz’ were kept at a con-
stant ratio typical of honeycomb core material. The fixed parameters
corresponded to tke composite shells reported in Ref. [22] with the

exception of shear moduli. The fixed parameters used were as

follows:
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t
[

3,280,000 psi

txs
"

3,140,000 psi

0.13

<
N

0.01 inches

(a4
"

21.94 inches

= ~
[

0.15 inches

L = 72 inches
Gyz/ze = 0.572

The resulting values of the buckling coefficient K can be
depicted as a function of the dimensionless moduli ratios, Ex/ze and
E‘Iny, by the three-dimensional surface shown in Fig. F.1l. Figures
F.2 and F.3 show various cutting planes through the surface.

The surface shown in Fig. F.l consists of three distinct regions
or subsurfaces. These regions are as follows: Surface 1, axisymmetric
facing mode of buckling; Surface 2, axisymmetric core shear buckling
mode; and Surface 3, nonsymmetric facing buckling mode.

The axisymmetric facing buckling mode, shown as Surface 1,
can be found by setting n = 0 in Eq. (F-1). The resulting equation

can then be minimized with respect to the axial wave parameter such that

1/2

E E 2 \1/2
x'y E E /G
= ——— | ~ht| x y xz -
er (2a/R) 1-v__ v 1 aR {1-v__ v (¥-7)
xy yx xy yx

This agrees with the findings of Ref. [35] for the axisymmetric case.

Then Eq. (PF-5) becomes

1/2 E E 1/2

ht x
K= [Bylle 1 -

aRG v (F-8)
x2z xy

<M
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This mode of buckling is primarily a function of Ex and Ey, and
secondarily a function of ze.

The axisymmetric core shear buckling mode, Surface 2, occurs
when n = 0 and m becomes very large. Then Eq. (F-1) reduces to the
following:

Oox = Dgyldt = G, a2/2ht (P-9)

Eq. (F-9) can be further simplified for a sandwich cylinder
with very thin facings by noting that "h" is approximately equal to "a"
in that case. Then Eq. (F-9) becomes

o, = 6.,a/2t (F-10)
This is the same result as was reported in Ref. [46] for the case in
which buckling occurs by the faces sliding relative to one another
(crimping). As seen by Eqs. (F-9) and (F-10), the core shear mode
(crimping mode) is a function of only one material property, ze.

The nonsymmetric facing buckling mode is primarily a function
of ny and secondarily a function of ze. This is the most complicated
type of buckling and no simplifications of the general solution are
apparent. It is important to note that this buckling mode cannot take
place in shells with isotropic facings, yet it is the most predominant
buckling mode in the case of facings of composite materials, since
they usually have high values of Exlcxy'

In the example used here, the line separating Surfaces 1 and 2
is not obvious due to the smooth transition between modes. For
this case, it occurs at an Ex/ze ratio of approximately 1100. For

other choices of the material and geometrical parameters, a more

distinct transition might occur.
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Figure F.2 shows various cuts through the buckling surface
parallel to the Ex/Gxz axis. It is apparent from this figure that
any plane parallel to the Exlcxz axis will reveal identical curves
for the axisymmetric modes (Surfaces 1 and 2). This corresponds to
cuta 1 and 2 shown in Fig. F.2. Although this axisymmetric buckling
line provides a bound on buckling, it is an upper bound to the non-
symmetric mode and is of little interest in this regard.

Cut 4 shown in Fig. F.2 is based upon an actual set of
material and geometrical parametiers and thus helps to give some insight
into the design aspects of the buckling surface. This curve was
calculated for the facing material of Ref. [22]. It shows the depen-
dency of the buckling stress upon the core shear modulus.

It can also be noted in Fig. F.2 that the curves have a double
curvature in the axisymmetric facing (Surface 1) and the nonsymmetric
facing (Surface 3) buckling regions. This characteristic is probably
due to different terms in Eqs. (F-1) and (PF-2) predominating for
different ranges of ze. .

Fig. F.3 shows the cuts through the surface parallel to Ex/Gxy
axis. The axisymmetric regions (Surface 1 and 2) show up here as
straight horizontal lines. Again this emphasizes that the solution is

independent of ny in the axisymmetric regions.

F.3 Simplified Design Equations

Since the designer must normally make numerous calculations
before arriving at the optimal design in terms of material and

geometrical parameters, a computer solution such as used here is of
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little value except possibly to check the final design. With this in
mind, an attempt has been made to approximate this more complicated
analysis with a set of design equations which can be solved without
the aid of a high-speed computer.

It must be pointed out that the solution discussed here
considers general instability only and the final design must also
be checked for column buckling and face dimpling or wrinkling. It
is recommended that the designer follow the procedure outlined in
Ref. [47] except that the equations presented here should be substituted
for the general instability portion of the analysis.

Allowing ze to become large in Eq. (F-7) results in the

rigid-core axisymmetric solution

: 1/2
E E
x Yy
(6 _)__ = (2a/R) Pr—— (F-11)

cr rc \YJ
xy yx

Then Eq. (F-7) can be rewritten in the following form:

(o0 ) th
o _=(c_) 1 - (/25— (P-12)

cxr cr’re
G a
Xz

Since Eq. (F-11) was found from an axisymmetric solution, the effect
of facing shear is not present. Ref. [32]) presented a rigid-core

analysis for the nonsymmetric mode of buckling in which the equation

analogous to Eq. (F~11) was found to be (P-13)
Ex Ey 1/2
* 3 3,1/2
(O )y, = (4E/R)  [(1+h/2)7 - (h/28)] v, V) ¢

where ¢ is given as ¢ = 1



or ¢ = whichever is smaller.

For a sandwich cylinder which has thin facings in comparison

with the core thickness it can be shown by expanding the radical that

2t h 3 n\3 1/2
a ’7_; 1+5¢ i Ty (P-13)

Thus, Eqs. (F-13) and (F-11) are essentially the same for the
axisymmetric case (¢ = 1). This suggests that if Eq. (F-13) is
combined with Eq. (F-12), the resulting solution would provide a
simple approximation which could be utilized in the nonsymmetric buck-

ling region. Then

°(°cr)rcth

O ™ 0(acr)rc 1-(1/2) -:;——:Fr (F-14)

xz

Since a simple solution is already available for the core
shear mode of buckling, Eq. (F-9), it is necessary only to determine
which equation should be used for any particular set of design param-
eters. By comparing Eqs. (F-9) and (F-12), a simple criterion was
found for determining which equation to use:

1. If the estimated stress given by Eq. (F-14) is less than

one half of the rigid-core buckling stress, Eq. (f-13)
then Eq. (F-9) should be used for estimating the critical

stress.
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2. Otherwise, Eq. (F-14) gives the critical estimate.

To determine how accurate an estimate the simplified wethod
suggested above provides, the critical stresses as calculated by the
simplified equation for several facing materials were compared to the
results of the improved theory, Eqs. (F-1) and (F-2), using a computer.
The best available analysis prior to this time was provided by the
rigid-core analysis of Ref. [32]. The results obtained by the rigid-
core analysis were also compared with the improved theory results.

This information is tabulated in Tables 1 through 7 in Ref. [25] for
facings of :«poxy reinforced with 18l-style E-glass cloth (cut 4 in
Figures F.1 and F.2), unidirectional S-glass oriented longitudinally,
unidirectional S-glass oriented circumferentially, unidirectional

boron oriented longitudinally, unidirectional boron oriented circum-
ferentially, unidirectional Thornel oriented longitudinally, and
unidirectional Thornel oriented circumferentially. The geometric para-
meters used were the same as used before. Table 1 of Ref. [25] for the
181-style E-glass is considered representative and is repeated here

as Table F.1.

The negative values shown in the table indicate an uncon-
servative error, while positive values represent conservative variations.
As expected, the rigid-core analysis is normally unconservative. In
those few cases where it is unconservative, it is considerably closer
than the rigid-core analysis. All of the points in the table are
for values in the nonsymmetric mode and the axisymmetric core shear
mode regions. There was no necessity to calculate data for the axisym-
metric facing buckling mode, since the equations compared here must

agree in this area due to the bases of the formulation.



92
Table F.l1 Comparison of Error in Estimates of Buckling
Coefficient for Honeycomb-Core Cylinders with Facings

of 181-Style Cloth E-Glass/Epoxy

Facing Properties (Ref. [22])

E = 3.28 x 10° pst G = 0.416 x 10° pst
x xy

E, = 3.16 x 10% pst Vyy = 0-13

Critical Stress

Ex/ze Linear Analysis Present Estimate Rigid-Core Analysis

(Ref. [22]) Eqs. (F-9) and (F-14) Eq. (F-13)

psi psi Z Error psi X Error

3280. 8540 8540 0.0 25510 -198.7
1640. 17100 15977 6.6 25510 -49.2
1093. 21269 19155 9.9 25510 -19.9
520. 22325 20744 7.1 25510 -14.3
547. 23591 22333 5.3 25510 -8.1
273.5 24756 23922 3.4 25510 -3.0
164.2 25089 24557 2.1 25510 -1.7
102.4 25285 24915 1.5 25510 -0.9
65.6 25406 25129 1.1 25510 -0.4

6.56 25606 25472 0.5 25510 0.4



APPENDIX G

COMPUTER PROGRAM DOCUMENTATION

The programs are written in G-level Fortran IV, and were
run using an IBM System 360, Model 40, computer operating under the
0S System.

Three different programs were written for the different
cases; however, the difference between cases occurs in the main program
only. All three programs are identified by the same name, BOSS,
which denotes Buckling of Orthotropic Sandwich Shells. The three
programs are identified as follows:

BOSS-SS Simple Supports, Axial Compression

BOSS~AA  Clamped Supports, Axial Compression
Axisymmetric Buckling

BOSS~AB Clamped Supports, Axial Compression
and Bending Loading

In general, the flow of the program can be summarized as
follows: The main program reads the input data which defines the
various material and geometric parameters, defines the number of
assumed modal functions and their values including the circumferential
wave number, and defines the type of loading considgred. Then the main
program computes the various coefficients and calls the subroutine
INTEG which computes the various integrals and stores them in array
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form for later usage. Since the integrals are dependent only on the
assumed longitudinal modal functions, their storage arrays can be
maintained for multiple circumferential runs. Next, the main program
computes the stiffness and load matrices. Finally the main program
calls the subroutine EIG2 which solves the. eigenvalue problem and
returns both the eigenvalues and eigenvectors to the main pfogram.
The program prints out the reciprocal of A. The critical stress can
be found from Eqs. (A-40) and (A-42).

A flow diagram for the main program is shown in Fig. G.1l.
The subroutine SICI called by the subroutine INTEG is the IBM
algorithm [45] for evaluating the sine-cosine integrals. The subroutine
EIG2 is a modified NASA, Langley Research Center, subroutine that

solves the eigenvalue problem:

1 Al 1 A2 0 \ 0
b = b (6-1)
A T o i
A2 1 A3 0 ) B
Stiffness Load
Matrix Matrix

The subroutines DMATIN, EIGN, and JACOBI are called by EIGZ in
solving Eq. (G-1). A description of each of these subroutines is
contained in comment cards in the respective subroutine in Appendix H.

The input data decks, including format, for the respective
programs are as follows:
BOSS-SS

1. FORMAT (4F20.8) ANG, RO, XL, T, H, MUX, MUT, EX,

ET, GXT, GZX, GIZ, KX, KT

ANG = Shell semi-vertex angle, a. (degrees)
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Ekseiil_tm_l

Compute
Coefficients

[ Call INTEG ! | _Call SICI |
3 ——

Generate *
Circumferential Number

]

Compute Al Partition
(Includes v,u,?x, &Y
Subpartitions)

Compute A2 Partition
(Includes wv,wu,w¥_ ,w¥
Subpartitions) ﬂ

Y

AL
Compute A3 Partition
w Subpartition

!

Compute
Load Matrix B

|

| Call EIG2 |

|

Write Critical Stress
and Eigenvectors

Figure G.1 - Typical Main Program Flow Diagram

*Optional. Since the integrals are independent of the circum-
ferential mode number, NNN, it is generally desirable to insert a
generation matrix at this location for NNN. This portion of the
program is identified by comment cards in Appendix H. The input infor-
mation uses only one value of NNN and can be overriden by this optional

generation block.



BOSS-AA

1.

96
a = 0.0 for a cylinder
RO = Shell small-end radius, R. (inches)
XL = Shell slant length, L. (inches)
T = Facing half-thickness, t. (inches)
H = Core half-thickness, h. (inches)
MUX = Facing Poisson's ratio, Vg (dimensionless)
MUT = Facing Poisson's ratio, Vox* (dimensionless)
EX = Facing elastic modulus in x-direction, Ex' (psif
ET = Facing elastic modulus in 6-direction, Ee. (psi)
GXT = Facing shear modulus in x-6 plane, Gxe' (psi)
GZX = Core shear modulus in the z-x plane, sz. (psi)
GTZ = Core shear modulus in the 6-z plane, Gez. (psi)
KX = Core shear coefficient in the z-x plane, Kx.
(dimensionless)
KT = Core shear coefficient in the 6-z plane, Ke.
(dimensionless)
FORMAT (I5/(8I10)) LLL, (N(I), I = 1,LLL)
LLL = Number of longitudinal terms
N(I) = Longitudinal half-wave numbers, mj
FORMAT (I10) NNN
NNN = Circumferential full-wave number (can be overriden

by optional block of Fig. (G.1)

Same as Card 1. of BOSS-SS

Same as Card 2. of BOSS-SS



BOSS-AB

2.

3.
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Same as Card 1. of BOSS-SS

Same as Card 2. of BOSS-SS

Same as Card 3. of BOSS-SS

FORMAT (4F20.8) PLOAD, BMOM

PLOAD = Axial load factor defined in Eq. (A-42),
P'. (dimensionless)

BMOM = Bending load factor defined in Eq. (A-42),
M'. (dimensionless)

FORMAT (I5) NCIR

NCIR = Number of circumferential terms:
3- Bending
1 - Axial Compression

3 - Combined Loading



APPENDIX H

COMPUTER PROGRAM LISTING
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o000

25

MNUMB=]
CALL INTEG{NMNUMB)

INSERY DG LOCP FOR GENERATING NNNe RUN TO 600,

WRITE(6925) NNN

FORMAT(//* THE CIRCUMFERENTIAL WAVE NUMBER 1S

NN=CFLOAT (NNN}
NN2=KN&AN

NN4=NN2®NN2
Cl=2.D0%(21+NN2%34)
C2=2.D0%NN2*{ B5¢NN2*BT)
C3=2,00%P]L2%B2
Cas2.DOMPIL2%(B3+NN2%BB)
C5=2.00%P L 4%*B6
Co6=NN2¢PIL®* (B40-B34)
CT=PIL2+NN2%B48
Ca—plL2%PIL*833
C9=hN#*{ §31-841)
Cl0=—NN*(B42+NN2*B53)
Cll==NN®B&3#P]L
C12=NN*(B35-857)¢PIL
Cl3a~-NN®R58%PIL2
Clée=—NNBB4LSSPIL2
C15=829

Clo=-BI0*PIL
Cl7=NN2*[344-554)
Cle=sNN2*B55¢P]L
Cl9=835%P]IL
C20={B3T+NN2*B59)%PIL
C2l=-838%pPIL2
C22=-850%P1L2
C23=3S514PIL2%P]IL
C24==NN*®B4S5
C25aNN*(BI2-B46~NN2*B56)
C26=—NN*B47*P]L

tot
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c
c
C

o0nn

c
c
c

A{JIoKISCORLIRLITIoMI*CLO*I IRRLIIyMICCLLEXNINISTIRRI(I M)
L+CCL2% JRRIIMy 1) ¢CCLISXANIMI*TIIR2{ I 4MI+CCLL&IIR1(IN)
301 CONBINUE

W= U STIFFNESS MATRIX

DO 302 I=1,LLL

JuSeiil ¢1-]

DO 302 M=l,LLL

Ks3¢Lil¢1~-M

AlJIoKI=CLSSIIRI(TI yMICCLOEXNIMIC]T L] o M)
302 CGNTINUVE

W = PSI X STIFFNESS MATRIX

DO 303 I=1,LLiL

Ja58LLL¢1-]

CC19=C1l9¢XN(1)

CC20=C20*XN(1)

CC21=C21%xN(1}

CC22=C22¢XN{ 1) *XNLI}

CC23=C23¢XN( 1) *XN(])

D0 303 M=1,LLL

K=2%LLL#)=M

AlJeKI=CLI*¢TIRRI(I o MICCLBEOXNIMI=TIRLILT oM)+CCLI*IR2(IyM)+CC20%I]R2

LULoM)SCC2LOXNEMI*TI(My1)eCC22%I3 (1o MICCC2I8XNIMISIRLITN M)
303 CONTEINUE

W = PSI THETA STYIFFNESS MATRIX

DU 304 I=]l,LLL
J=58LLL¢1~]
CC27=C2T#xN{1)
CCZ2e=(28%XN(1)
CC29=C29%XN(I) &XNLI)
DU 304 M=],LLL
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OO0

[z X g X3

310 CONTINUE

il

312

313

U = V STIFFNESS MATRIX

DO 311 Is=],tLL

J=3sLLL ¢+1-1]

CC3T=C3TexNLT)

DU 311 M=],LLL

Ks4eLLL+1l-M

AlJeK)=C36% IIRI (M1} ¢CIBEXNLIMIEI2U T, MI¢CLITH]LLILM)
CONTINUE

U = U STIFFNESS MATRIX

D0 312 I=]1,LLL

Ja3sLiL+l-1

CC48=C488XN{I)

CC49=Ce9%xN{I)

00 312 M=l.iLtL *

Ka3&LLL+l-M
AldoeK)=CaTSIIR2{ 1o M) +CCLB*XNI(MIZIRLIL I, MI+CEIEXNIMIEIZ( M) e
1CC49¢13 (I M)

CONF INUE

U= PS1 X STIFFNESS MATRIX

DG 313 I=]l,lLL
J=3%LLL+1-1

D0 313 M=],LLL
Ke28L Ll ¢+]1-M

Al J9eK)=0.D0
CONTINUE

U= PSl THETA STIFFNESS MATRIX
DO 314 I=],LLL

60T
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M 1=n L1 00
=T+ a2=C
M=l L1E 0G

XI¥AVH SS3IN4J41LIS 0 - X 1Sd

INNTEINND
(NARIZYIRRININXRTH I+ INCE TTUI1009D00 ] WIENULTRGEDI =N )Y
W=T+ TV Ied=)

I8 1=N 9TE OC

(I INX*0®D=204ID

1=-T+ 1M 1s2=C

MM 1=1 91€ 0q

XIUAVW SSINJAIZLS A = X ISd
INNTINDD

(WeT)TUTS (WINXSIWINXRESDIIZ

SINCLICIRININXSTZOD+INTIITUIEABTIDI4 LN IE 2EWINX % CW INX222DT
SINSIIZULIS(NINXSOTI+ENCT)IZUL IR (WINX2OZD+ (]I HIEMAT I L TD=(NoP )Y
N=T1+TT1eS=)

¢ 1=W G1€ 0Q

LTINXeE22=€23D

(IINX2122=122D

(1INX2812=812D

J=14 1T 2=

i¢t=1 s1c 0a

XTWLUYW SS3INA4LLILIS M - X ISd

INNILENCD
CROTI)ITNUIDH2SDI(WeIIZUII s (NINX2 TSIl SWIEUNTT 0GI=(INCT Y
: WN=T14TT7T=N
M*1=4 %1€ QG

{IINX%ZGI=26ID

1=1+T1 Ixe=C

91¢

sle

»1¢

(SEE NS

VLY

(SR E N
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(1INX2823=2222
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INNTANOD 61€
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320 CONTINUE

321

322

PS1 THETA — V¥V STIFFNESS MATRIX

DO 321 Is=l,LLL

JaLilLel-1

CCA4=C44®xXNILT)

CCa6=CoHH8XNLT)

00 321 M=],LLL

K=4&lLLL¢1-M

AlJoK)=Co2% T1(1eMICCELISIIRRLITIoN)+CASEXNIMNISTIIRI(IoM) ¢
LCCHYRIIRIENL TDeCCLOEXNINI*I2( 1o M)

CONTINUE

PSI THETA = U STIFFNESS MATRIX

DO 322 I=1,dLL

oL Lei=§

CCHL=L518XNIT)

DO 322 M=l,.LLL

K=3#LLL ¢ 1-M |

AlJeK)=C50% TIRRI{ 1o MI¢CS28XN(MI*EIRLIToMI+CCSI#TIR2(L4M)
CONT INUE

PS1 THETA = PSI X STIFFNESS MATRIX

DO 323 I=),LLL

Jllli¢l-1

CCS8=C58%XNLI)

00 323 M=),LLL

K=2%LLL +l-M

AL oKISCOTREIRI(T yMI*CSIRXNIMISIL1(TI M) ¢LC58%12( M)

323 CONTINUE

PS1 THETA — PSI THETA STIFFNESS MATRIX

(494



Hoo

OO0

DO 324 I=1,LLL
JalLlilL+l-l

CC63=CH63¢XNLI)
CC64=CO4ASXNL L)
CCoS5=CH5¢uNL L)
CCE6=COo6&*XNIT)
D0 324 M=],LLL
K=LLLe¢)l—-M

A(JoKI=COOCIRLETI M) ECOHLETIRL(TI o M) ¢CE2SIIRRRIET 4 M) #CLHEISANIND S
LIR2{ T sMICCCOMEXNIMICLIR2( Eo M) +COSSXNIMISEI( 1o M) ¢CCE5%13(Ne]) e

2C66¢XNCMI*LIRRI LI M) CCH6%*1 IRRIEN, 1)

324
26

325
27

721

CONTINUE
WREVE(6026) ({A{JsK)oK=lglLLS)oJ=1,yLLL5)
FORMAT(//° STIFFNESS MATRIX *//(6D20.8))

COMPUTE LODAD MATRIX 8{JsK) WHERE J4 AND K = LLL

00 325 I=l,LLL

JaliLLel-]

CCVL=CV1#XN(I)

D0 325 Msl,LLL

K=LLL+1l—-M

BlJoK)=CCVLEXNIMIS®LI2(1 M)

CONTINUE

MRITE(6427) ({B(JoyK)oK=1oLLL)eJ=lolLL)
FORMAT(//° LOAD MATRIX *//16D20.8))

PARTITION A MATRIX INVO Ale A2¢ AND A3 MATRICES

LIMALl=4*LLL
LIMA3=LLL

DO 721 I=1,LIMAL
D0 721 J=1,LINAL
Al{lyJd)=Al1sI)
DO 722 I=1,LIMAL
DO 722 J=1,LIMA3

£



(2 X2 AR

122

123

200
400

201

H L
ST

JisJelLI MAY

A2t J0=Al1,J1)

D0 72, I=l,LIMA3

Il=]eL] “A)

00 723 J4=1,LIMA3

Ji=JeLIMAL

A I4Jd)=)N (T 1eJ])

CALL FIGZILIMALGLIMAI 60520940+ EVAL yEVECoAL9A29A3 M4,
1IWLOoNERRg o5 ¥WN6)

IFINERR) Z.09201,200

WRITE(6,0700)

FORMAT(//736H AASS NATRIX NOV POSITIVE DEFINITE)
GO T0 ~»L0

CONV INUVE

OUTPUT OF ' 1GENVALUES AND EIGENVECTORS

DO 600 isl,LLL
WRITEL.9601) JoEVALUE), (EVECEJe. i oJd=lelLLS)

INB,1W9,

FORMAi { /7% EIGEMVALUE °*¢15,° EQUALS *,016.8/16D20.8)}

LHNT ENUE
STOP
END

nt



MAIN PROGRAM FOR BDSS—AA

CONTROL CARDS ARE NOY INCLUDED IN THIS LISTING

REAL*8 JllLM69016)912116016)913(16916)9IR1I16+16)9IR2{16,16),
LIR3IU(L16916)o1IRL(269160011R2{IL6516),41IIRI(16,16),1IRRLIL16,16),
SIIRR2{16516)1ERRI(16916)o1IRRRI(16¢16)91IRRR2{16,16)o1RRRI(16,y
316)

DOUBLE PRECISION Pl ¢RAD¢SA,CAoNNN, ANGoROo XL o Ty He MUX 9 MUT oEXHET,
LIGXT 9GZX oOTZ oKX o KT oEXBoETByROLSA,BBB,,CBBB,SBBBeBRLyBRUCUH29SH2,
2AAA9CAAA. SAAAARL gARU9CHN19SWLoTHZ2,T3,HT2,T3H2

DOUBLE PRECISION B(12412),EVALLL2),EVEC(60012)0A1(48,48),
1A20 %891 2) e A3 1291 2) oble{58912)9M51812912),46812512) o XN(16)

DIMENSION IW8148),1W9148¢2),1W10(12),NI16)

COMMON /INT/I10129135IR19IR2,IR39IIRL9IIR2¢e1IIR3IIIRRLoEIERR2,
LIIRRIJIIRRRLIGIIRRR291IIRRRI o XL o XNoPI yANGySA9ROgNoLLL

READ(593) ANGeROoXL o T oHoMUX o MUT ¢EXoET oGXT oGZXeGTZ oKX oKT

3 FORMAT(4F20.8)
READ(Se4) LLL(NII), Is=LoLLL)
4 FORMATI1S/48110))
PLOAD=]1.D0
MRITE(6¢5) ANGsROo XL o ToeHoMUXoMUT gEX4ET ¢GXT 9GZXsGTZ o KXo KT
5 FORMAT(/* ANG =% ,D14.795X9'RO =% yD14e7s5X o' XL ='9D1%e795X 7 =
1% ,014TeS5he'H 20 ,D14e7/% MUX =" gD14oTeS5Xe"MUT =°,D14.T95Xe%EX =
2 ¢D1%eTeSReET =%qD1&eT95Xe?'GXT =?Didel/® GZIX =% 3D14T95X4°GYT2 =
39 yD14aTe5X ¢ KX 3%9D14e795X 9 KT ='9D14e7)

WRITE(696) LLLyIN{I)pI=)yLLL)

6 FORMAT(IS/'" THE FUNCTION NUMBERS USED FOR WeVeUs AND CORE RDTY. ARE
1AS FOLLOWS®*/2016)

PI=3,141592653589793

RAD=57,29577951308232

SA=DSIN(ANG/RAD)

CA=DCOS{ANG/RAD)

EXB2EX/{1.00=-MUXEMUT )

ETB=ET/11.D0-MUXEMUT)

DO 1 iI=1,tiLL

1 XNUI)=DFLOATIN(I))

D0 2 I=]l,LLL

STt
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2d#0C*2=9¢Q
VS2LNWaGER0(0*Z2=EEN
VisiOns018200°70=0¢9
VIRrVSxCTIE&0C* 22620
tEXIxcAL=020
VSeVSht (3w il=6TH
2H=RTR

LI 4801229149
AXAxgrO°2=010
vSaVSA LS in((i®?= A9
EXIAE L= 94

USAYSxt' AAnf = €4
X79aXMur= 21
Vox¥Ierlilele00®c= T4

SINIIDIA4302 3AVINTIIVY
raYr L Y ab il it
TidaNYd=2V 1
IX/1d=11d
EVRII+TIVAI=1TIV Y
T1I=E¥WN I

TV e 2= (YWI
CQ°E/lelnlioHeRe 00 %R=ZHEL
12l +Ha0Q®Z=21H
OC®t/funln00*8=E L
Habxl &0 (®2=2PHL
CININILIYGTI0= (N INX
CCOINILYDTH40= P INX
T+{1IN={N)IN
T=tTIN=¢$lIN
I+ e E=

1+ 102=r

T t=1 6 00
C(OINIAVETIAO= (P INYX
CHELIN=L(CIN
1+7°1=p




Oeo

OO0

OO0

370

371

372

B837=-2,D0SHT2SETB*SARSA
B38x2=2,DO*HT2SEXBEMUT $SA
B50==2. DOSHT2SEXBEMUYTHSA
B51==2,D0*HT2*EXB
B62=22,D0*BL0*MUT#SA
833=22,00%820#MUT *SA
V1=PLOAD/ {4.D00%P1%CA)

SUBROUT INE INTEG IS CALLED, IT IS INDEPENDENT OF NNN

MNUMB =4
CALL INTEG(MNUMB)

INFALIZATION OF AlysA2,A3¢ AND B MATRICES TO Z2ERO

00 370 J=1,L1MAL
DU 370 K=1,LIMAL
AliJeK)=0eD0

L) 371 J=],L1IMAL
DO 371 K=l,L1MA2
A2{JeK)20.D0

DO 372 J=i,LIMA3
DO 372 K=leLIMA3
A3(JeK)=J.00
B(JeK)=0sD0

U= U STIFFNESS MATRIX

Cl=2.D0%89

00 301 I=1,LLL
J=2%LLL¢l-1

C232.00%P JL2#XN{11}%5310
C3==862%PIL
C4=C3xXNLY)

00 301 M=]l,08
K=2&lLllel-M

Lt



O0Q*Z4+ (2 INX=2WE
W=T+T1TT=N

W+ 1T V22

T1¢T=W 11€ 0OQ
T1decVidx (] INX$15G=GD
C8datl INX*BCET=Y)
=1+ 1=

M=l 11e 0OQ
LEQeTId=E)

XEUAVA SSINSSILS X ISd = M

(CZOR)EI—C(WY S ICR I a D4 { (HT ) 2NDL-CZ¢ 1) 2YLL J62= NIV

118

WeITisE=WT
WeTeTVI=)

W1V IeZ=2
T¥'1=W 01€ OO

1 de (I INXSDEG=TD
I-Te M e2=r
TM‘t=1 01€ 0a

XIUdLVW SSINSJILS O - M
(NCTIETSEIO (TSl IETS(WINXT

ote

*€880 Ld- (W1 TUIS (WINXSZIH(HOTIZHITT I+ (NI I2YIBTIER0C2=tN¢r )TV 20€

WN=T+T1=)

1T T1=N 20€ 0C

Tide {3 INXeEB8—=€D
2T71de (1 )NXe028e00 °2=2)
1=1+17V=F

Mti=l 20€ 00
618«00°2=1)

ATYLVA SS3INIHIAS X 1Sd - X ISd

(NCTIET Y (I%N)ICETR (WINXSEDHIW T I TUT R (WINXSZIS{N TIZANTIT#TI=(¢r IV TOE

LIV

OO

J
2
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IV T=D CfC
ZidaTAR00 "
XIYIVN JVOT M - M

CCUIZICEIRIZINX=CTI TN TIET#2WE)22TE2Z16+ (AN TI)E22WE-R
(AS2)E12(ZINX IS tAINXBLAINX+({RTIAIETIRCAINX={WNT*1T)ELI#2]IC ) 02NARZNHEI2
+ ((Z%1N€122I0=tZ7%AE 2t AINX )2 (ZINX2(Z)INX)ED+9
(W TI2UT #ZWERZHERZ 10SZ IR LT 1 T1IZNIRG
(2INXS(ZINX22IE2Z210=CHTAICHI@ZWARZWAR(AINXSEAINX=CZCAIZNDREZ2INX2S
CAINXS{ZINXSCAINX IS (EW T NITUIL#2KWEs2I84 (07T TN R(ZINX»2TC~E
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We T V182=7
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0Q°2+{AINX=21Y

=171 =r

1411 I%2=A

M4t=1 €1€ 00

C11deE8200°2=%")

18x00°2=1)

Tid+2V1d0E€0=8D

H11d»98200°2=62

211d4298200°2=¢)

XIYLIVW SSIAINJIILS M - M

CEWTOTIENT#ZHOBZHAE
=(2%1)EUISCZINXS(ZINX)2SI+ (2112 (ZINXS({ZINX~(WTI?1)2T1«2WO#ZNWA )2
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(2X 2K gl

315

350

351
26
27
28
29

200
400

Y=28LLL+]
Jalii+l-1
BI<=XN{Y)e2.00
Li=3%ili ¢l

D3 315 Msl,llL
2=28LLL+M

Ksitl ¢1-M
BM2=XNI{Z2)+2.D0
LM=3&LLLeN
BlIeKI=CLEIXNLY)SIXNLZ)EIL(VoZ)-BM2811(Y,LM))eBL2¢(BN2*IL(LI,LM)
1-XN{Z)e12(L1,2)))

SETTING THE TRANSPOSE OF Aly A3¢ AND B MATRICES EQUAL

DO 350 J=2,LIMA]L

JiaJ=-1

DO 350 Ks=l,J1

AllJK)=AL(K, J)

DO 351 J=2,LIMA3

JisJg=-1

DO 351 K=l,J1

B8lJeK)=BIK,J)

A3lJeK)=A3 LKy J)

WRITEC(6926) T1LALLIJeK)oKuml ) LIMAL) 9J=],LIMAL)
FORMATI//7% AlLJ.K) STIFFNESS MATRIX = */7/(6D20.8))
WRITE(6027) 11A2(J9K)oK=]l oL IMA3) oJ=l,LIMAL)
FORMATI//® A2(J.K) STIFFNESS MATRIX = *//16D20.81}))
WRITE(6928) {(A3(JeK) K=l oLIMAZ) oJ=1,LEIMA3)
FORMATL/Z/7% A3(JeK) STIFFNESS MATRIX = *%7/7(6020.8))
WRITE(G¢29) ((BlJeK) oKm1loLIMA3) oJU=]1,LIMA3)
FORMAT(//* LOAD MATRIX = /7/7(6020.8))

CALL EIG2(LIMAL,LIMA3¢609209404EVALEVEC)AL9A2)A3¢W&Es INB,y 1N,
LIW10sNERReB W59 W6)

IFINERR)200,201,200

WRITE(6,400)

FORMAT(//? REDUCED STIFFNESS MATRIX IS NOT POSITIVE DEFINITE')

ozl



e N xX &)

G0 YO 600
201 CUNTINUE

CUTPUT OF EIGENVALUES AND EIGENVECTORS

DO 600 I=1,LIMA3
WRITE(69601) 1,EVALLL) o (EVECIJoI)eJd=1oLLLALL)

601 FORMATL//®
600 CONTINUE
SToP
END

EIGENVALUE

Y¢15,°

EQUALS

'9016.8/16020.8))

12T



C

MAIN PROGRAM FOR BOSS—-AB
CONTRCL CARDS ARE NOT INCLUDED IN THIS LISTING

REAL®8 JL(16,16)912(16016)913(16,156),1R1{16416),1IR2116,16),
1IRI(16916)e1IRLILGo16),1IR2116916)91IR3{16+16)1IRRLL16,416),
2IIRR21{16916) oTIRR3(16916) o 1IRRR1II16¢16)¢11IRRR2(16416)y
311IRRR3I(16416)

DOUBLE PRECISION P1,RADsSA,CAsAA, ANGoROe XL ¢ ToH o MUXoMUTEXHET
1GXT ¢GZXsGTZ o KXo KT +EXBoETBoROLSA,BBB,CBBBy SBBBsBRL¢BRUCW2,5K2,
SAAASCAAA SAAAJARLJARUGCHLySWLloTH2,T3)HT29TIN2,CV1,CCV1,V1BPIL,
3PIL29PIL4sNNoNN2¢NN&

DOUBLE PRECISION B(12¢12),EVALLL12)0EVECI60412),A1148,48),
1A2(48912)9A3(12912) o W6l48512)s05(12:12)9W6(12,12) 2 XNI16)

DIMENSION InB8448)ING(468,2),IN10{12),N(16)

COMMON ZINT/11912513¢IR1¢IR2eIR3IIIR1IIR2IIRILIIRRLYHIIRA2,
LIIRRIPIIRRRIoEIRRRZ, IIRRRI XL o XNoP19ANGoSAeROeNeLLL

INTEGER Y,2

READ(S93) ANGoROsXL 9 ToHeMUXoMUT gEXJET yGXT 9 GZXeGTZ oKX o KT

3 FORMATI4F20.8)
READ(S594) LLLINII) I=14LLL)
4 FORMATLI5/(8110))
READ(5,999) NNN
999 FORMAT{I10)
READ{S5,3) PLOAD, BMOM
READ{548) NCIR
8 FORMAT(1S)
WRITE(6,7) PLOADQB”OMQNCIR
T FORMAT(/7' AXIAL LOAD FACTOR = 20147, MOMENT FACTOR =
1 *4D14.7,° NO. CIRCUM, TERMS = *,]5)
WRITE(695) ANGoRO o XL o ToHoMUX s MUT gEXoET oGXT 9GZ N eGTZ o KXo KT
5 FORMAT(/' ANG =% qD14eT79¢5Xe°RO =% ,D14aT¢5Xo* XL =',D14eT25X°7T =
12,0147y 55X 'H 29,0144 T/7° MUX 3°qD14oTe5Xe?MUT =9 yD14oTeS5Xe%EX =
2'9¢D14eT ¢ X9 "ET =9,D14aTe5X9'GXT =99D14eT/% GZX ='9D14e Te5Xo'GTZ =

3%, D]14eT 95X 3'KX =9,D16,7e5X9?KT =°,D14.7)

WRITE(G960 LULLoEN(IN)I=]oLLL)}

6 FORMAT(15/° THE FUNCTION NUMBERS USED FOR WysVyUy AND CORE ROY. ARE
1AS FOLLOWS?/72016)

[£A 1
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81382LiHs00*Z-=958
r41:E13 3]

6E =969
VIsl820Q°2-=¢S9
INN#168=250
9X3821H200*2~=158
VSeINWeS8X3s21He00*2-=068
VI8 98 -=649
INNE98200 =849
\aa:LYA 1]

VS Hg-=94Q

%8800 2=6%8
VSeLXO9%Z21H200"»=9%9
VIavS»88=€50
VI26820Q0 *Z2~=2%9
VIs%9200°2-=1%9
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25

299
20

21

B77=B70

B78=B76

879=2.,00%B70

880=864

B81=B56
B82=—2.D0%B56%CA
883=2,D0%820%MUT ¢SA
884=2.,D0%*827#SA
885=2,00%820¢MUT
B86=-2,00¢%B25%SA
887=2.,D0%825

888=886
B89=—4,D0%TIH2*GXT#SASCA®CA
Vi=PLOAD/(4.D0%P1%CA)
V2=—BMOM/(2.D0%P I1#CA}

SUBROUTINE INTEG USES SUBROUTINE SICI

MNUMB=4
CALL INTEG(MNUMB)

INSERT DO LOOP FOR GENERATING NNNs RUN TO 600,

WRITE(6425) NNN

FORNAT(//% THE CIRCUMFERENTIAL WAVE NUMBER IS

LIMAL=4&LLL*NCIR
DO 299 J=l,LIMAL
DO 299 K=1,LIMALl
Al{J,K)=0,D0

GO TO (20421¢21)4NCIR
N1=NNN

N2=NNN

N3=NNN

GO ¥0 22
Nl=NNN-1

N2=NNN

9zt
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306

ClsXN&e*{B84-B086)

C2=—BOAS*XNGE*PIL

DO 305 Isl,LLL .

J=LLL#®{ NCIR-NC)¢l-]

Cis—~BBTEXNGSPILEXNII )

DO 305 M=]l,LLL

KaLLL®{ 2¢NCIR—-NC) #+1-M
ALCJyK)SCLEIIRI(I JMI*C2EIA( T, M)EXNENISCI®I2(TI, M)
AliXeJdi=AllJyK)

PSI X - v STIFFNESS MATRIX

NC=-1

DO 306 Né4&=Nl,N3
NC=NC+1

XN4=DFLOAT {N4)
Cl=XN&4*(B80~-BT73)
C2=—-B7T*XN4*P]L

DO 306 I=],LLL
JELLLE&{ 2&4NCIR~NC) ¢1-]
C3=—BB8L1&XN4G*PILEXN( L)
DO 306 M=]l,LLL
KaLLL®{4ENCIR-NC) ¢+1—-M
AL(JoK)=CLETIRRI (M I DSC28XNIMIST IR2(IoM)+CISIERLI{E M)
ALEKpJ)=AL{J,K)

PSI THETA = U STIFFNESS MATRIX

NC=-1

DO 307 N&=N1,N3
NC=NC ¢l
XN4=DFLOAT(N&)
Cl=XN4*(B64—-B69)
C2=—-B66*XN&G&PIL

DO 307 I=1,LLL
JalLLL¥( NCIR-NC)#1-1

0tY
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316
318
27

800

801

200
400

201

601
600

Vs2&LLL+]

JalLL%(2-NC)+1-]

BI2=XN(Y)+2.D0

Li=3sLLLel

DO 316 M=]l,LLL

2u2ELLL*M

K=LLiL&(3=NC)+1~-M

BM2=XN(Z)¢2.D0

LMs3eLLL+M
BlJoK)=CLleIXNIY)SIXNI(Z)EIIRL(YZ)~-BM2*]IIRL1(Y,LM))+Bi2¢(BM2&
TIIRLELIJLM)=XNI(Z3*1IRLILILZ) D)

B{KeJi=sBi{JeK) .
WRITEL6,27) (IB(J9K) o K=1loLIMA3) yJI=]1,LIMA3)
FORMAT(//¢ LOAD MATRIX '//(6D20.8))
WREITE(64800)

FORMAT(®* CHECK 0°%)

CALL EJIG2UIKKKeLIMA3 9604209409EVALIEVECoAL9A29A3 9%, IN8,INW9y
LINLOoNERR¢BIWNSyWE)

WRITE(6,801)

FORMAT({®* CHECK 1°)

IF(NERR } 200,201,200

WRITE(6,400)

FORMAT(//36¢H LOAD MATRIX NOT POSITIVE DEFINITE)
GO TO 600

CONTINUE

OUTPUT OF EIGENVALUES AND EIGENVECTORS

00 600 I=1,LIMA3

WRITE(6,601) ToEVALUI) o (EvTC{Jyidod=l,elLLS)

FORMAT(//° EIGENVALUE *,15,° EQUALS '¢D16.8/16020.8))
CONT INUE

STOP

END

9¢T
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C
c
C

SUBROUTENE INTEG (MNUMB)
REAL#*8 [1016916),12016,16)¢13(106916),IRL(16416),1IR2{16,416),

1IR3(16016) 2 IIREILO6¢16) o IIR2(L6516)oT1IRI(16916)» IIRRE(16416), -

2UIRR2{ 169160 o 1IRRI{ LGy 16) 21 IRRRAC16916);IIRRR2{16916)
31IRRRI{16,916)

COMMON /ZINT/11e82913¢IR15IR2oIRIZIIRLLIIR2,IERIZIIRR]ILIIRR2,
LIIRRISJIIRARLIIIRRR2;IERRRIg XL o XNoPIL o ANGeSAROe N LLL
OIMENSION N(16)

DOUBLE PREGISION XN(L16) oXLoPIgANG¢SA,RO,ROLSA,BBB:CBBB¢SBBB,
LBRL ¢yBRU,CM2,SH29AAA CAAA, SAAAQARL s ARUoCiMl,oSH1

DOUBLE PRECISION SIBLLCIBLeSIBUCIBU,SIAL(CIAL,SIAU,CIAU

INTEGRAL INITIALIZATION TO ZEROD

M=LLLEMNUMB

DO 99 J=l.M

DO 99 K=1,M |
E1{JyK) = 0.0D0
120JeK)= 0.0D0
13(JeK)= 0.0D0
IRL{JoK)= 0.000
1R2{J oK )= 0.000
IR3{JeK)= 0.000
EIRIEJoK)= 0.000
[IR2{ JoK)= 0.000
L1IR3{JeK)= 0.000

LIRRL (JoeK)= 0.000

LIRR2€J+K)= 0-000

IIRR3 {JoK)= 0.000

IIRRR1{JeK)=  0.000

IIRRR2{J¢K)=  0.000

1IRRR3{JeK)= 0.0D0
99 CONTINUE

INFEGRAL 11{J.K)

(4% ¢



OO0

OO

100

1102

1101
101

103
102

DO 100 J=1.,M

00 100 K=l M

EFINCJI) SNELNIK)) GO TO 100

IFUIN(J) .EQ.0) GD TO 100

(l¢JsKI=XL/2.00

CONTINVE

WRITE(6,7)

FORMAT(//* INTEGRAL I1(J.K)
HRITE(608) (LE11JeK)gKm1lgM Jod=1leM )
FORMAT(6020.8)

INTEGRAL (2(JeK)

00 101 J=1l,M

D0 101 K=]1,M

IFUINLJ).NE.NIKD} GO TO 101

IFINCJ)) 1101,1102,1101

120Je K)= XL

GO TO 101

12(JeK)=XL/2.D0

CONFINUE

WRITE(6+9)

FORMATL//?® INTEGRAL 12{J.K}
MRITE(G698) ((R2(JsK)aK=1gM Dod=leM )

INVEGRAL I13(J4,K)

DO 102 Jy=1,M

D0 102 K=]1 .M

IFIN(J).EQ.0) GO TO 102
IFIN{J) cEQ.NIK}) GO TO 102
IA=N{ J) +NEK)

IF{IA/72%2-1A) 10391020102

I13039K})=2 ,DOEXLEXNEII/EPTELXNLIDIEXNE JI=XNIKIEXNIK) ) D

CONTINUE
WRITE(6,1C)

¢)
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(s X2k pl

10 FORMAT(//®

107 IRLEIoK)=—4DOEXNCIIEXNEK ) EXLEXLSSAZ(PISP TSI XN(J)SXNIJI)-XN(KIEXNIK

106
104

105

108
11

1112

- INTEGRAL 13(J,K)
WRITELG6:¢8) ({131 JeK)oK=m]oN )od=]l .M )

INTEGRAL [R1{J.K) .

IF(ANG.EQ.0.0) GO TO 105

D0 104 J=1l,M

D0 104 K=i.M
IFCLINLIIENIK) ) .EQ.0) GO ¥O 104
IFINC(J)EQ.NIK)) GO TO 106
I1A=N( J) #NIK)
IFCIAZ282-1A010791049104

1})%82)

GO TO 104

IRL{J oK)= (RO+XLESA/2.D00)8XL/2.D0
CONTINUE

G0 TO 108

DO 108 J=l.M

D0 108 K=1,M

IFUIN(JI<NE.NIK)) GO TO 108

{FINtJ).EQ.O) GO TO 108
IRL{JoK)=RO*XL/2.D0

CONT INUE

WRIFE(6.11)

FORMATL//° INTEGRAL IRL{JyK)
WRITE(698) ({IRL1UJsK)oK=19gN JoJd=1loM )

INTEGRAL ([R2{J¢K)

IF(ANG.EQ.0.0) GO TO 109

D0 110 J=l.M

DO 110 K=1,M
IFIN(J)eN{K)IEL112,1110,1112
IFIN{J).EQ.NLK))} GO TO 111
IA=N{J) #NEK)

6e1
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WRITE(6,22)

22 FORMAT(//° INTEGRAL IIRRR3(JgK)®)
WRITE(698) (LIIRRR3ILJK} gK=LoN DoJ=LoM )
RETURN
END

oo..o‘o....oootoooco.ooo..oo..o.o.‘ooo....oo.o.o..ooo.o..o...ootooSICl '

SUBROUTINE 0DSICI

PURPQOSE
COMPUTES THE SINE AND COSINE INTEGRAL IN DOUBLE PRECISION

USAGE
CALL SICIiISL,CI,X)

DESCRIPTION OF PARAMETERS

Y | = THE RESULTANT VALUE SI(X)

0% | = THE RESULTANT VALUE CI{X)

X = THE ARGUMENT OF SI(X) AND CLtX)
REMARKS

THE CALL COMMON VALUES MUST BE SPECIFIED AS DOUBLE
PRECISION IN THE CALLING PROGRAM
THE ARGUMENT VALUE RENAINS UNCHANGED

SUBROUT INES AND FUNCTION SUBPROGRAMS REQUIRED
NONE

METHOD
DEFINITION
SI{X)=INTEGRAL{(SINIT)/Ty SUMMED OVER T FROM INFINITY TO X)
CI{X)=INTEGRAL{COS(T}/T, SUMMED OVER T FROM INFINITY TO X)
EVALUATION
REDUCTION OF RANGE USING SYMMETRY.
DIFFERENT APPRDX[MAT!ONS ARE USED FOR DABS{X) GREATER
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THAN & AND FOR DABS(X) LESS THAN 4.

REFERENCE .

LUKE AND WIMP, °*POLYNOMIAL APPROXIMATIONS TO INTEGRAL
TRANSFORMS®¢ MATHEMATICAL TABLES AND OTHER AIDS 7O
COMPUTATIONy VOL. 159 1961y ISSUE T4,PP. 174-178.
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SUBROUTINE SICI(SI CleX)
DOUBLE PRECISION ZsXeSEsCIeYoUpV

TEST ARGUMENT RANGE

Z=DABS(X)
IF{Z-4.00) 10410450

Z IS NOT GREATER THAN &

10 Y=2%2
SI=a=15707963¢X*{ ({1 {{(.97942154D~118Y~,22232633D-8)%Y+.30561233D-6
1)8Y=,28341460D-4)%Y+,166665820-2)*Y-.5555554TD-1)%Y+1.D0)

TEST FOR LOGARITHMIC SINGULARITY

IFLZ) 30,20,30
20 CI=-1.D75
RETURN
30 C1=0.577215664DL0OGL{ Z)~Y*( ({{((-213869851D-9%Y+,.269458420-T)eY~
1.309522C70-5)%¥+,23146303D0-3)¢*Y¥=-,104166420-1)*Y¢.249599999)
40 RETURN

2 1S GREATER THAN 4.D0
50 SI=DSIN(Z)

Y=DCOSL2Z)
I=4,00/2
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60

U=l (1 (40480690028 71-.022791426)%2¢.,055150700)%2~-.072616418)%2Z
14.049877159)%2~-,33325186D0-2)%2-.023146168)82-.11349579D~4)*2
2+.0625001110%2+,258398860-9

Va({({({{{EL-.005108699382¢.028191786)%1-.065372834)%2+,079020335)%
12-<044004155)%2-,0079655563)%1+.0260129300)%2-.376400030-3)¢2
2-<.031224178)%2-.664644060-6)%2+.25000000

Cl=Z%(Slsy-Y&|)

Sla=28{SlsUeYRYV)

TEST FOR NEGATIVE ARGUMENT
IF(X) 6040040
X IS LESS THAN —4<D0

SI==3.1415927-S1

RETURN

END

SUBROUTINE ElG2( Ko Noe NMAXL o NMAX 29 NMAX3¢EVAL EVEC,A9BoCyAINVS,
1 IPIVOT o INDEXsLoNERRoEM,VECT2,BTAB)

AlyA2¢ AND A3 MATRICES FORM THE STIFFNESS MATRIX
E1G2 REDUCES THIS COMBINED STIFFNESS MATRIX TC SAME ORDER ‘AS THE
LOAD MATRIX AND SOLVES THE RESULTING EIGENVALUE PROBLEM
REDUCED MATRIX = A3 - (A2 TRANSPOSE) (Al INVERSE)(A2)
K = DIMENSION OF Al
N = DIMENSION OF A3
NMAX19yNMAX2y AND NMAX3 DUMMY VARIABLES FOR LATER ADDING
VARIABLE DIMENSION - MUST BE DEFINED IN CALL STAVEMENT
EVEN THOUGH ARE NOT USED
EVEC = MATRIX FOR CALCULATED EIGENVECTORSy IN COLUMNS
EVAL = CCLUMN VECTOR OF LENGTH N FOR EIGENVALUES
Al A2y AND A3 STORAGE MATRICES FOR STIFFNESS MATRIX
AINVB, IPEIVON, INDEXy L = TEMPORARY STORAGE MATRICES
NERR = ERROR CODE ON RETURN O = NORMAL RETURNy 1 = REDUCED
MATRIX IS SINGULAR

9T
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EM = LOAD MATRIX OF DIMENSIGN N-N
VECT2 AND BTAB ARE TEMPORARY STORAGE MATRICES

SUBROUT INES CALLED BY EIG2 — EIGENs DMATINILRC LIBRARY SUBROUTINE)

DOUBLE PRECISION EM{12,12)4EVALI12),EVEC(60+12)+A148548),
1B(48¢12)+C(12412)9AINVB{48412),BTAB(12¢12),VECT2(12,12)
DIMENSICN IPIVOTI48)cINDEX(4842),0L(12)

INVERT A

WRITE(6,802)

802 FORMAT(° CHECK 2°)
CALL DMATIN{AgKy1<D0,0,DETVERM,IPIVOT ¢ INDEX¢NMAX3y ISCALE)
WRITEL6,803)

803 FORMAT(® CHECK 3°)

MATRIX PRODUCT A—INVERSE * 8

DO 4 I=1,K
DO & J=1,N
AINVB(19J0=0.D0
00 4 JJ=1,K
4 AINVBUI+J)=AINVBII19J)+ALL2J3)8BLIJyJ)

MATRIX PRODUCT B-FRANSPOSE ® A-INVERSE ¢ B
D0 5 I[=1lsN
DO 5 J=1,N
BTAB(1+4)=0.00
00 5 JJ=14K

5 BTAB{19J)=8BTABII,J)+BlJIs1)*AINVB(II,sJ)
REDUCED MATRIX C - BT * AINV = 8B

D0 6 I=1,4N

o1
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804

805

10

11
12

DO &6 J=1,N
BTAB(I,J)=C(I,J)-BTABL(14J])

SOLVE REDUCED SYSTEM FOR EIGENVALUES AND VECTORS

WRITE(64804) .
FORMAT(® CHECK 4°)

CALL EIGNUN¢EVAL ¢ NERRyBTAB,VECT24EM)
WRITE(6,805)

FORMAT{® CHECK 5°)

IF(NERR=119,12,9

COMPUTE EIGENVECTORS OF ORIGINAL SYSTEM

DO 10 I=l,K

DO 10 J=1,N

EVECL 1y 412000

D0 10 JJ=1,N
EVEC(E+J)=EVEC( 1, 3)-AINVBEI 1 JJI*VECT2(JJ0J)
DO 11 I=1,N

Ii=1+K

00 11 J=1,N

EVECE Il J0SVECT2( 1, )

RETURN

END

DOUBLE PRECISION MATRIX INVERSION WITH ACCOMPANYING SOLUTION OF
LINEAR EQUATIONS

SUBROUTINE DOMATIN(AgNeByM¢DETERM, IPIVOT ¢ INDEX9NMAXy ISCALE)

OMATIN SOLVES IN DOUBLE PRECISION THE MATRIX EQUATION AX = B
WHERE A IS A SQUARE COEFFICIENT MATRIX AND B8 IS A MATREX OF
CONSFANT VECTORSe A INVERSE IS ALSO OBVAINED IN DOUBLE
PRECISION AND THE DETERMINANT OF A I3 AVAILABLE IN
SINGLE PRECISION.

A = LOCATION OF MATREX A

F4020002
F4020004

81



N = ORDER OF A

B = LOCATION OF B

M = NUMBER OF COLUMN VECTORS IN Be (M=0 SIGNALS THAT THE
SUBROUTINE IS TO BE USED ONLY FOR INVERSIONs, HOWEVER,y IN THE
CALL STATEMENT AN ENTRY CORRESPUONDING TO B MUST STILL BE

OO0 AOOOOONHOO

HOo

INCLUDED.
DETERM = VALUE OF DEGERMINANT

IPIVOT AND INDEX ARE TEMPORARY STORAGE BLOCKS

DOUBLE PRECISION AyBsAMAX sSWAPsPLIVOT,T

DIMENSION IPIVOT(48)+A(48:48)¢B(48y1)0 INDEX(48,2)

EQUIVALENCE ( IROWeJROW)y {ICOLUMyJCOLUMYy (AMAXs T, SWAP) F4020007
F4020008
INETIALIZATION F4020009
F4020010
S ISCALE=Q
6 Ri=10.,0¢%}8
7 R2=1.0/R1
10 DETERM=1.0 F4020011
15 DO 20 J=14N F4020012
20 IPEIVOF({J)=0 F4020013
30 DO 550 I=]1,N F&020014
F4020015
SEARCH FOR PIVOT ELENENT F4020016
F4020017
40 AMAX=0.0D0
5 D0 105 J=1,yN F&020019
S0 IF (IPIVOT(J)-1) 60y 105, 60 F4020020
60 DO L00 K=]1,N F4020021
70 IF (IPIVOT(KI-1) 80, 100, 740 F&020022
80 IF{DABS(AMAX}-DABS{ALJIeKI)IB5,100,100
85 IROW=J F4020024
90 ICOLUM=K F4020025
95 AMAX=A{JyK) F4020026
100 CONTINUE F4020027
105 CONTINUE F4020028

IF (AMAX) 11041064110
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106

110

130
140
150
160
170
200
205
210
220
230
250
260
270
310

1000
1005
1010

1020

1030
1040

DETERM=0.0

ISCALE=0

GO TO 740
IPEVOTLICOLUMI=TIPIVOTLICOLUM) ¢]

INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGONAL

IF (iIROW-ICOLUM) 140, 2604 140
DETERM==DETERM

DO 200 L=1.N
SWAP=ALIROW,L)

ACIROWy L2=A{TICOLUM,LY)
A{1COLUMoL ) =SWAP

IF(M) 2609 260, 210
DD 250 L=1, M

SWAP=B{ IROW,L)
BUEIROWsL })=B(ICOLUML)
B{ICOLUM,L )=5WAP
INDEX{I,1)=1ROW
INDEX(1,20=1COLUM
PIVOT=A{ICOLUMsICOLUM)

SCALE THE DEVERMINANT

PIVOTI=PIVOT
IF(ABS(DETERMI-R1)10304,1010,1010
DETERM=DETERM/R1

ISCALE=ISCALE+]
IF{ABS{DETERM)-R1)1060,1020,1020
DETERM=DETERM/R1

ISCALE=ISCALE*]

GO 70 1060
IF{ABS(DETERM)I—-R2)1040,1040,1060
DEGERM=DETERM&R 1

ISCALE=ISCALE-]
{F{ABS(DETERM}—-R2)1050,1050,1060

F4020029

£ %7001

F4020032
F4020033
F4020034%
F 4020035
F4020036
F4020037
F4020038
F4020039
F 4020040
F46020041
F4020042
4020043
F&020044
F4020045

0sT



1050
1060
1070
1080

1090
2000

2010
320

OO0

330
340
350
355
360
370

ONno

380
390
400
4«20
430
450
%55
460

DETERM=DETERM*R1
I1SCALE=ISCALE-]
IF{ABSIPIVOTI)-R141090,12070,1070
PivOTI=PIVCYI/R]
ISCALE=ISCALE+]
IFLABS(PIVOTE)-R10320,1080,1080
PIVOT I=PIVOT1/R1
ISCALE=ISCALE+]

GO ¥0 320
IF{ABS{PIVOTII-R2)2000¢ 20004 320
PIVCTi=P1VOTI*R]
ISCALE=]SCALE-]
IF(ABSIPIVOTII-R2)201052010,4320
PIVOTI=PIVOTI#R]1
ISCALE=I1SCALE-]
DETERM=DETERM*PIVOT I

OIVIDE PIVOT ROW BY PIVOT ELEMENT

A(ICOLUM,ICCLUM)=1.000

D0 350 L=14N
A(ICOLUMoL)=A{ICOLUMyL) /PIVOY
IF(M) 380, 280y 360

DO 370 L=1,M
BLICOLUM,L)I=BL{ILOLUMeL)/PIVOT

REDUCE NON-PIVOT ROWS

DO 550 L1=1yN

IF(L1-ICCLUM)} 400, 550, 400
T=A(L1lyiCOLUM)
A{L1l,ICOLUM)=0.0D0

DO 450 L=1¢N

A(LL L)=A(LL,L)=ALICOLUM,L)*T
IF{M) 550, 550, 460

DO 500 L=1l,M

F4020048
4020049
* 6020050

F4020052
F 4020053
F4020054
F4020055
F£4020056
F4020057
F4020058
F4020059
F4020060
F4020061
F 4020062

F4020064
F4020065
F4020066
F4020067

188
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GO0 OO0

oOn

500
550

600
610
620
630
640
650
660
670
700
705
710
140

B(LLyL)=BELLoL)-BUICOLUMyL}I*T
CONTYINUE

INTERCHANGE COLUMNS

00 710 I=il,N

LaN¢l-]

IF (INDEXIL1)-INDEXIL,2)) 630, 710, 630
JROW=INDEX{Ly1)

JCOLUM=INDEX(L+2)

DO 705 K=14N

SWAP=A(K ¢ JROW)

AlKy JROW) =A{Ko JCOLUM)

ALKy JCOLUM) =SWAP

CONY INUE

CONTINUE

RETURN

END

SUBROUTINE EIGN(NsEVALsNERR¢BoEVEC, A}
EIGN SOLVES STANDARD EIGENVALUE PROBLEM
DOUBLE PRECISION Al12¢912)¢B{12912)4EVALE12)4EVEC(12912)¢F
DOUBLE PRECISION DUM

OIMENSICN L(12)

SUBROUTINES CALLED BY EIGEN - JACOBI

NERR = 0
SOLVE B&V=LAMBDA*YV

NMAX=100
CALL JACOBI(NyO9l009NMAX,EVALoLyBIEVEC)

WRITE EIGENVALUES OF B8 FOR CHECK
WRITE(6,5900i(B(I41)oI=1,4N)

F4020068
F 4020069
F4020070
F4020071
F4020072
4020073
F4020074&
F4020075
F&020076
F4020077
F4020078
F4020079
F 4020080
F&020081
F4020082
F4020083
F4020084
F4020085
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FORMAT(//27TH EIGENVALUES OF MASS MATRIX//(E18.8})
TEST EIGENVALUES OF B

DO 10 I=1,N
IFIBLI,1301,1,10

RETURN 1IF B8 IS NOV POSITIVE DEFINITE

NERR = ]
RETURN
CONTINUVE

REDUCE SYSTEM (SEE SUBROUTINE WRITVE-UP)
FORM {U)(D**-1/2)

DD 2 J=1,N
F=DSQRT{B{J,J))

DO 2 I=1,N
BlI,J)=EVEC(1,J)/F

FORM {(A}(B) = {(A)IUILID**1/2)

DD 3 1=1,M

DO 3 J=1,N

EVEC(1,J0=0.00

DO 3 K=],N

EVEC( 19 J)=EVEC( 1 9J) AL I ) K)*B(KpJ)

FORM {(D¥#-1/2)(UseT)(A)(U)(DE2-1/2) = (B*$T){EVEC)

DD 4 I=1,N
D0 & J=]l,N
All9Jin0.00
DO & K=ul,N

11§
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4 AlloJ3=Al19J0¢BIK,I)®EVEC(K,J)
DO S I=1,N
DO 5 J=1,N
DUM=A(Ll,J)
AlloJi=BLlIvJ)
S 8(1+J)=DUM

SOLVE REDUCED SYSTEM FOR EIGENVALUES AND VECTORS
CALL JACOBE{N¢O,1009NMAXsEVAL oL ¢BsEVEC)
COMPUTE EIGENVECTORS OF ORIGINAL PROBLEM

DD 7 i=1,N
Lil)=]
7 EVALLI)=Bli,1)
DO 8 I=1,N
DO 8 J=]1,N
B(leJi=0.D0
DO 8 K=l¢N
8 BlloeJi=BlleJ)*AlleK)*EVECIKoJ)

REARRANGE EIGENVALUES AND CORRESPONDING EIGENVECTORS IN ASCENDING
ORDER

NMl=N-1

DO 11 J=1,KM]

K=1

00 11 I=]l,NM1 :

IF(DABS (EVAL(K) )-DABS(EVALIK*1))313,13,12
12 Al = EVAL(K+1)

Li=L{K¢+l)

A2 = EVALIK)

L2=L(K)

EVAL(K) = Al

LiK)=t1l

111 ¢



OO0 OONO

K = K¢l
EVAL{K) = A2

LIK)=L2

13
11

le

GO TO 11

K = K¢l

CONTINUE

DO 14 1=]1,N

DO 14 J=]l,N

Ji=L{J)

EVEC{1,J)=B(1,JL)

RETURN

END

SUBROUTINE JACOBIIN,LEGENeNRoNMAXsX,1QsA,U)

DIAGONALIZATION OF A REAL SYMMETRIC MATRIX BY THE JACOBI HFFHOD
CALLING SEQUENCE FOR DIAGONALIZATION
CALL JACOBI(A¢NoIEGENsUsNRyNMAX)
WHERE A IS THE ARRAY TO BE DIAGONALIZED
N IS THE ORDER OF THE MATRIX A
IEGEN MUST BE SET UNEQUAL TOD ZERO IF ONLY EIGENVALUES ARE
YO BE COMPUTED
IEGEN MUST BE SET EQUAL TO ZERO IF EIGENVALUES AND
EIGENVECTORS ARE TO BE COMPUTED
U IS THE UNITARY MATRIX USED FOR FORMATION OF THE
EIGENVECTORS
NR IS THE NUMBER OF ROVATIONS
NMAX IS THE MAXIMUM ORDER OF A
X3 1Q ARE TEMPORARY STORAGE MATRICES

THE SUBROUTINE OPERATES ONLY ON THE ELEMENTS OF A THAT ARE TO THE
RIGHT OF THE MAIN DIAGONAL. THUS, ONLY A TRIANGULAR SECTION NEED
BE STORED IN THE ARRAY A

DOUBLE PRECISION AgUe Xoe XMAXeHDMINoHOTEST oy TANG.COSINE ¢ SINELAII LATEM
1P.RAP

DIMENSICN Al124123,U€12,12)4X{12),1Q1(12)
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OHaH

AOHONO

10

11
12
15

17

20

30

40
45

IF(IEGEN)IL15+10415
D0 14 I=1,N

DO 14 J=]1yN
IF(1-4)12011,12
Ulled) = 1.00

GO 70 14

Ulled) = 0.00

CONT INUE

NR = 0
IF({N-1)100C,1000,17

SCAN FOR LARGEST OFF DIAGONAL ELEMENT IN EACH ROW
X{1) CONTAINS LARGEST ELEMENT IN I-TH ROW
IQ{1) CONTAINS SECOND SUBSCRIPT DEFINING POSITION OF ELENENT

NMI1 = N-1

DO 30 I=1,NMIL

X(k) = 0.00

IPLL = [+]

00 30 J=IPL1.N
EF(X{1)-0ABSIAL1,J)))20420,30
X{I) = DABS{A(14J))

oK) = J

CONT INUE

SET INDICATCR FOR RETURN
RAP = 28%%-27

RAP = ,745(05805959238280~-08
HOTEST = 1.0D38

FIND MAXIMUM X{I1) FOR PIVOT ELEMENT
DO 70 I=1,NMIl

IF(1=-1)60,60,45
IF{ XMAX=X{1))60470,70

AND TEST FOR END OF PROBLEM
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c
c
1=

60

70

80

85
90

100
110

148

150

XMAX = X(I)
IPIv = |
JPIV = IQ{1)
CONTINUE

IF MAXIMUM X{I) IS EQUAL TO OR LESS THAN HDTEST, REVISE HDTESTY

IF{XMAX}1000,1000,80

IF(HDVEST 190,90+ 85

1F{XMAX-HOTEST 190,490,148

HOMIN = DABS{All,1))

00 110 E=2,N
IF{HDMIN-DABS{A(1,1)))110,110,100
HOMIN = DBABSEA(I,.1))

CONT INUE

HOTEST = HDMINS®RAP

RETURN IF MAXIMUM A(lyJ) IS LESS THAN (2%3-27)%ABS{A(KyK)=NIN)}

IF(HOTEST-XMAX)148,1000,1000
NR = NR+1

COMPUTE TANGENT, SINE, AND COSINEs A(lel)y AtJoJ)

TANG = DSIGN(2.DO¢(ALIPIVoIPIVI=-ALJIPIV.JPIVINIS®ALIPIV,JPIV)/IDABS(
LACIPIVo IPIVI=A(JPIVyJPIVI ) ¢0SQRTULALIPIV,IPIVI-ALJIPIV,IPLIV) V88244,
2DQ%A(IP1IV,JPIV)®%2))

COSINE = 1.00/DSQRT{1.DO¢*TANG**2)

SINE = TANG*COSINE

All = ALIPIV,IPIV)

ACIPIVoIPIV) = COSINE*S2%{A] [¢TANG*(2.D0%A(IPIVJPIVI+TANG*A(JPLIV,
1JPIVI N}

AlJPIVeJPIV}) = COSINE*®2&(A{JPIVeJPIV)-TANG*{2.D0®A{IPIV,JPIVI-TAN
1G*Al11))

ALIPIV.JPIV}) = 0.D0

LST
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(x Xz X g

152

153

200
210
230
240
250

300

PSEUDO RANK THE EIGENVALUES

ADJUST SINE AND COSINE FOR COMPUTATION OF AtIK)
IFCALIPIVIPEVI=A(JPLYV,JPIV])IL152,153,153

ATEMP = A{IPIV,1PIV)
ACIPIVIPIVY = A(JPIV,JPIV)
A(JPIV.JP1IV) = ATEMP

RECOMPUTE SINE AND COSINE

ATEMP = DSIGNE1.D0¢—=SINE)*COSINE
COSINE = DABS(SINE)

SINE = ATEMP

CONTINUE

INSPECT THE IQS BEVWEEN I¢1 AND N-1 YO DEVERMINE WHETHER A NENW
MAXIMUM VALUE SHOULD BE CCMPUTED SINCE THE PRESENT MAXIMUM IS IN

THE I OR J ROW

DO 350 I=1,NMI1
IF(1I-IPIV)210,350,200
IF{1=-JPIV)210,350,210
IFLIQUI)-1IPIV)230,2404230
IF1IQL1)=JP1IVI)I350,240,350
K= IQ(I}

ATEMP = ALl .K)

Al(I.K) = 0.D0

fPLL = [+¢]

X{1) = 0.00

SEARCH IN DEPLETED ROW FOR NEW MAXIMUM

DO 320 J=IPL1yN
IF{XL1)-DABSt{ALL,J)})2300,300,320
X(1) = DABS(A{I¢J))

I =

AND ULIK)
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159

(CI*AZdFIVISEYA = (ATdF)X

0£S*0ES QTS (( (T AIdrIV)ISEVA—(ALdCIX DT
{I'ATdPIVEINISOI*dWILYINIS— = (1°ALdrIV
I = (AldI)DI

(F1°A1dIIV)ISEVO = (Ald1 )X

00640054064 ({(1*ALdIIV)SOVO~(ALJIIX}d]
(ISATAPIVINIS+dWILYHINISOD = (T¢ALdIIV
(I*AIdIIV = dW3LV
0ES*0ES*00% L ((ALdr*1)VISEVA-LIIX )3T
(A1dr*T)Ve3NISOD4dWILVe3NIS— = (ALdF¢I)V
I = (AIdI1)D]

(CIALd1IV)ISEVA = (AIdDIX

059 *0S% *0%% (LT ‘A1dIIVISEVI-(ALdL)IX}dI
(AIdPeI)VAINIS+dWILVAINISOD = (14ALdINV
(I°ALGL)V = dW31V

08 4*0€S 0T (A1dr=1 141

0€s Of 09

Aldf = (1)01

(CATIreTIVISBYD = (D)X
0ES*0ES*00%( ( (AIdr T )IVISAVA—(TIX LI
CATdr*TIVe3NISOI+dWILVEINIS— = (ARdl*IV
Aldl = (1)0%

((AId1¢1IV)SEVa = (I)X

06€E*06€ *OREL ((ATJI*I3VISHYO-(1)X)d}
(AT4réIIVe3NIS+dWILVEINISOD = (ATQI*T )V
(ARAI‘IIV = dW3LY

02%*0€ES*OLE(ATdI-1)4d]

Nét=l 0€S 0Q

V 40 SLIN3W3T2 H3IHLIO 3IHE FONVHI

04°0 = (Aldf)X
0Q0°0 = (AldIIX
INNIINOD
dW3LV = (N¢I)V
INNIANOD

01s
00s
06%

084

0sy

Ob%

0ty
02y

0%
06t
oet

oLe

0s€
02¢

VLV
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530

540

550
1000

IQLJPIVY = |

CONTINUE
TEST FOR CCMPUTATION OF EIGENVECTORS

IFCIEGEN) 40,540,40

00 S50 I=},N

ATEMP = UlI,IP1V)

U(I,IPIV) = COSINE®ATEMP+SINESUL],JPIV)
UGI,JPIV) = —SINE®ATEMP&¢COSINE®UL1,JP1IV)
GO 70 40

RETURN

END
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