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CHAPTER 1
INTRODUCTION

The motion of a rigid body, 2 , through several finitely separated
positions relative to another rigid body, Z', is one of the most inter-
esting and useful studies in the field of kinematics. Throughout the
years this study has been referred to as the rigid body guidance pro-
blem.

The solution to the rigid body g?idance problem becomes more com-
plicated as the number of finitely separated positions of the rigid
body, X , increases. In plane kinematics, for two or three positions
of the rigid body, the solution for the rigid body guidance problem is
fairly simple since it involves only linear expressions. For these
cases, there are an infinite number of cranks which will displace a
rigid body through two or three finitely separated positiomns.

For four finitely separated positions of a rigid body, X , exe-
cuting planar motion, the rigid body guidance problem becomes compli-
cated. In order to obtain the possible solutions, one must find a
cubic cu{zg}‘embedded_inﬂghgmggying frame of reference ( X ), and an-

other cubic curve2 embedded in the fixed3 frame of reference ( ¥').

Circle-point curve.

Center-point curve.

3 Which actually could be moving.



Then, for each point selected in one of the cubics there will be a
corresponding point in the other one. In this case there are an infi-
nite number of cranks that will displace a rigid body through four fi-
nitely separated positioms.

The number of cranks that can displace a rigid body through five
finitely separated positions, however, is finite. There are a maximum
of four for planar motion, and a maximum of six for spatial motion. To
find these cranks, one may break up the five prescribed positions into
two groups of four positions (e.g., positiomns 1, 2, 3 and 4, and posi-
tions 1, 2, 3 and 5, or any other two such combinations), then by tracing
the cubic curves (for space motion, the cubic curves will become cubic
cones) corresponding to each one of the two groups, one can find the
intersection points for plane motion (for space motion, the cubic cones
will intersect in lines). The points that are not poles (screws in space
motion) are the ones which can be replaced for cranks which connect these
points (screws in space motion) to their corresponding ones in the other
frame of reference. These cranks permit a rigid body to be displaced
through the five finitely separated positions.

The study of rigid body guidance for four and five finitely sepa-
rated positions as described above was first performed by Ludwig
Burmester (1, 2] 4. It is interestiﬁg to note that the basic Burmester
theory was developed as he was trying to design an indicator mechanism
for a steam engine in which the éoupler point of a four-link mechanism

was required to trace a straight line. An excellent account on the

Numbers in brackets refer to similarly numbered references in
the bibliography.



Burmester theory is presented by Burmester himself in reference [2].
Burmester theory has been the subject of study of many mathema-
ticians and kinematicians as is evidenced by a large number of techni-
cal papers and books written on the subject. For practical purposes,
this theory may be broken up into two groups: planar Burmester theory,
and spherical and spatial Burmester theory. In order to recognize the
enormous opportunities still existent in spherical and spatial kinema-
tics, it is necessary to review some of the most significant achieve-

ments in planar Burmester theory.
1.1. Planar Burmester Theory

In order to facilitate the review of the most significant achieve-
ments in planar Burmester theory, we have chosen to present them as
follows:

1) Construction procedure and location of Burmester points.

For four positions of a rigid body, Zi’ i=1,...,4, relative to
another one, Z', there aré six poles which completely describe all the
relative poéitions of X to move through the prescribed positions.

These six poles are denoted by Pios P13, Pl4’ Pygs Py and P34.

5

According to the Burmester theorem~, all points on a circle-point

curve subtend either equal or complementary angles on the opposite

! Therefore, a circle-point

1
.

sides of the "opposing-pole quadrangle6

curve can be drawn for any one of the four positions (Beyer [52]).

> Reference [60].

The opposing pole quadrangle is formed by two poles and two mir—
ror image opposing poles (neither of whose subscript numbers are the
same as the diagonally placed poles).



There are three different opposing-pole quadrangles of which any one
may be used to construct the circle-point curve. The graphical pro-
cedures leading to the circle-point curve as proposed by Burmester [2]
and Alt [4] are described in depth by Hain [60 ] and Beyer [52]. cor-
responding to four positions of a rigid body executing planar motion,
there is one circle point curve, and corresponding to this circle-point
curve, there is a center-point curve. The center-point curve

is constructed using any one of the three possible opposing-pole quad-
rangles.

Alt [ll] discovered that in addition to the six poles, the center-
point curve also contains six [l points which are obtained as points of
intersection of the opposite sides of the three pole quadrangles. This
property may be used to sketch the center-point curve.

The Burmester curves may also be found analytically, especially if
a higher degree of accuracy is desired. These curves were given in
equation form by Beyer [15, 19 ],who used concepts of analytic geometry
and algebra, and by Hackmuller [16, 17, 21 ],who used a complex-number
approach. The rationale for the analytical derivation to locate
Burmester points is similar to that used in graphical approaches.

For five positions of a rigid body, X i = 1,...,5, moving

i’
relative to another rigid body, Z', we simply consider two groups of
four positions (say Zi, i=1,2,3,4 and Zj, j =1,2,3,5 or any other
combination) and find the corresponding Burmester curves. Those inter-
sections which are not poles of the two circle-point curves are the
Burmester points. Corresponding Burmester points may be found by in-

tersecting the two center-point curves. Each pair of corresponding

Burmester points constitutes a Burmester point pair. If these Burmester



point pairs are replaced by a crank with pin joints at both ends, then
the moving rigid body, X , is capable of going through the five speci-
fied positions relative to the fixed rigid body T

All the graphical as well as the analytical procedures derived
above may be used to determine the Burmester points. In particular,
‘Hackmiiller's approach [16] is very sound, since by eliminating the
cubic terms of the center-point curve he derived the equétions of 10
conic sections. He found that the Burmester points as well as one of
the poles lie on each one of the conics. This approach has been used
widely because of its simplicity in dealing with conic sections instead
of cubic curves [3, 26, 31, 32, 34, 38, 50, 51].

Because of the difficulty in accurately locating the Burmester
curves, several authors [22, 25, 28, 33, 34, 37, 42] investigated the
possibility of varying the statement of the design problem so that
either one or both Burmester curves 7 would degenerate8 in a geometri-
cally simpler form, such as a circle and a straight line. Others [58,
83, 84, 86, 88, 90 | identified regions of the plane in which the
Burmester curves may or may not exist. Their results are useful in the
sense that by introducing the design data to their diagrams, one can
determine in a few trials if the Burmester ﬁoints exist. Computational
procedures and drafting apparatus, capable of drawing the burmester curves

and locating the Burmester points, were developed by several investigators

_7 Circle-point and center-point curves.

8 For 213 i=1,...,5 there are five possible circle-point curves.
By carefully selecting an origin for the coordinate system, as well as
taking advantage of the geometry of the particular design problem, one
or more circle-point and center-point curves may degenerate into a cir-
cle and a straight line.



[ 36, 48, 49, 55, 61, 69, 77, 78].

The problem of finding the Burmester points directly, i. e., the
real roots of some polynomial, etc., became a challenge to some re-
searchers. Freudenstein and Sandor E45] derived the locations of the
Burmester points using a complex number approach. They obtained a
fifth degree polynomial (in which one root is always a pole, and the
other roots, when they exist, are the Burmester points) using
Hackmiiller's conics [16]. The coefficients of this fifth degree poly-
nomial are in a form convenient for computer-based determination of the
Burmester points. Artobolevskii et al [40] and Cherkudinov [41] derived
a fourth degree polynomial in cartesian coordinates. The real roots of
this polyncmial yield the Burmester points. Other important contribu-
tions in analytically determining the Burmester points include Bottema
[53 ], Dijksman [74 ], and Chang [92]. Bottema considered all five posi-
tions of a rigid body simultaneously in order to avoid the derivation
of the center-point curve. He introduced a set of new unknowns which
lead to a system of linear equations and quadratic equations. Thus,
Bottema's approach reveals that the Burmester points may be found as
the intersection of two conics. Dijksman developed a new method to
derive the ten Hackmiiller conics [16 ]. He found that each Burmester
point is a common intersection point of corresponding members of three
pencils of circles which are obtained from the center-point curves.
Chang formulated the equations for the Burmester curves with respect to
three '"basic" relative poles, instead of the well-known four opposite
relative poles. Two sets of three '"basic" relative poles can be used
for determining the unknown location of the Burmester point pairs.

Synthesis is aécomplished by using the equations for the three relative



poles on an inversion linkage.

More recently, Waldron [95, 96, 97 ] discussed the problem that usu-

ally occurs when synthesizing a linkage using Burmester theory, i. e.,

the inability to insure that the synthesized linkage would pass through

the prescribed positions in a specified order. His technique of solving

this problem basically reduces down to introducing constraining condi-

tions on mobility in the design equations.

2) Properties and special cases.

Table I, as pre?ared by Primrose, Freudenstein and Sandor [54],

presents a summary of some of the most important properties [10, 20,

34, 42, 46, 47, 52].

TABLE 1

PROPERTIES OF BURMESTER-POINT PAIRS ASSOCIATED
WITH FIVE COPLANAR POSITIONS (i,j,k,1l,m) OF A
PLANE (Primrose, Freudenstein and Sandor [54])

Case . Given relationship

1

2

10

11

Circlepoint, Ky, at infinity; center-
point, Mi’ finite.

Centerpoint, My, at infinity; circle-
point, Ki, is a finite straight-line
point.

Three centerpoints (clrclepoints) col-
linear. .

Two poles, Prs’ P and two center—
points, My, Mj concyclic.

Four distinct collinear or concyclic
circlepoints or centerpoints.

Straight-line point, K; collinear with
two circlepoints, Ky, K3.

Three circlepoints (centerpoints) have
order-number 6; i.e., they are 6-

point circlepoints (centerpoints).

r-point circlepoints (centerpoints),
where r exceeds 6.

Symmetrical motion of the first kind.

Symmetrical motion of the second kind.

Two circlepoints coincident with I, J,

the circular points at infinity.

Result
Centerpoints Mj, My, M collinear

Circlepoints Kj’ Ky, Ky collinear

Fourth circlepoint (centerpoint) at
infinity

Points My, My, Prt collinear

Cannot occur, except in special cases,
such as Cardanic motion or its kine-
matic inversion

Fourth circlepoint, KA’ coincident
with straight-line point, K;

Fourth circlepoint (centerpoint) is
likewise a six-point circlepoint
(centerpoint)

Can have no more than two real such
circlepoints (centerpoints)

Real circlepoints (in symmetry posi-
tion) and real centerpoints on axis
of symmetry, or symmetrical about it

Either two real centerpoints on axis of
symmetry, the two corresponding cir-
clepoints being collinear with AB, or
two centerpoints and their corre-
sponding circlepoints imaginary

Common singular focus of circlepoint
curves is itself a circlepoint

24,



Alt [13, 14], Volmer [46], and Freudenstein and Sandor [45] studied
the special case when three of the five specified positions are parallel.
For this case the center-point curve degenerates into a circle and a
line at infinity, and the singular focus (the centerof the circle) does
not lie on the curve. Freudenstein and Sandor [45] also studied the
case when three of the five specified positions are on a circle. They
found that only two Burmester points are possible and the center-point
curves degenerate into straight lines; since the straight lines may only
intersect at one point, and the Burmester points occur in pairs, the
two Burmester points are coincident.

3) Applications.

Circular Burmester theory deals strictly with the relative motion
of two rigid bodies. Therefore, this theory may be applied to mecha-
nisms with four links [27, 52, 60, 68, 73, 75, 85, 87, 91, 94] or more
[29, 30, 39, 43, 45, 59, 79, 80, 81, 82, 89, 91, 93] as well as mecha-
nisms with slider pairs [35, 76].

Problems such as function generation, rigid body guidance for all
cases, etc. can be solved with Burmester theory. Direct application of
this theory is found in coupler driven mechanisms [5, 23], glass manu-
facturing machines [5], sewing machinery [7, 19], textile machinery [8,
9, 12], and many other mechanisms.

4) Extensions of Burmester theory.

Freudenstein, Bottema and Koetsier [67 | extended the classical,
finite, circular theory by studying the loci of points of a moving rigid
body in coplanar motion, whose six corresponding positions lie on a conic
section. The authors found that the general conic-section curve is a

tricircular algebraic curve of order 7 which passes through the 15



poles of the moving system. This curve can be determined by any three
complementary-pole quadrilaterals (in the moving plane), any two of
which have two indices in common. They also found that there are 16
conic-section Burmester points associated with 7 distinct positions of
a moving plane. Conic sections studied include the general case, para-
bola, hyperbola and ellipse.

Kaufman and Sandor [70] described the bicycloidal crank. In their
study, the authors showed some analogies between the motion of fhe bi-
cycloidal crank and the four-bar coupler, but here, instead of link
lengths, they size the gears to allow rigid body guidance through up to
five finitely separated positions and point-guidance through up to nine
finitely separated positions.

Sandor [56] demonstrated the existence of a cycloidal Burmester
theory in planar kinematics. This new theory involves points of the
moving plane in several positions lying on cycloidal curves. He gener-
ated these curves with a '"cycloidal crank " composed of a fixed pivot,
a center of the generating circle and a crank pin (the author calls
these three points a Burmester Point Trio, BPT). It was demonstrated
that by using two such cycloidal cranks to form a single degree of
freedom geared six-bar mechanism, a coupler may be moved through four
prescribed positions of the input crank. He then applied the results
to the synthesis of a geared six-bar mechanism for coordinating the po-
sitions of the input link with the positions of a rigid body. For the
seven position rigid body guidance problem, the number of BPT's becomes
finite. The design situation corresponds with the five positions of

the classical Burmester theory.
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1.2, Spherical and Spatial Burmester Theory

The planar Burmester_theory lends itself for its possible exten-
sion to study spherical and space kinematics. In this section we will
examine the key contributions describing in a progressive manner the
development of some of the key concepts lending to space Burmester the-
ory.

Four finitely separated positions of a rigid body, X , moving rel-
ative to another rigid body, Z?, were studied in a landmark paper by
Wilson [57]. He developed an analytical procedure which results in
Vequations of nontranscendental form. By repeating his equations for
four positions, he obtained a spatial circle-point curve, and a spatial
center-point curve. His procedure is limited to Sphere-Sphere, Revo-
lute-Sphere, Sphere-Revolute, and Revolute-Revolute cranks.

Roth [64] studied a rigia body X in a series of finitely separated
positions in order to determine those points which lie on a sphere, cir-
cle, plane, line or cylinder. He used screw theory and linear transfor-
mations to describe rigid body motion in space. These linear transfor-

9

mations can be used to satisfy the conditions for points to lie on a
sphere, circle, plane, line and cylinder. Roth applied these results
for the synthesis of mechanisms [63]. He developed what he called sim-
ilarity transformations (determination of the screw by pure rotations
about two axes, one embedded in X and the other one embedded in Z').

He found that finite rotations (as well as general displacements) do

commute. - Parallel (plane) and intersecting (sphere) screws were

9 These transformations repeated for j = 2,3 and 4 (four positions
of a rigid body) result in a cubic cone.
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studied as special cases. He discussed points on a circle for these
cases. His applications are for very simple mechanisms; this is under-
standable, since the constraining conditions for more sophisticated
mechanisms are extremely complicated.

Roth [62] studied the motion of a rigid body X moving relative to
another rigid body ¥ for up to five positions. He extended the con-
cepts of pole triangle and pole quadrangle into space. Applying the
cubic cones derived in reference [64 ] (space analogs of the planar
Burmester curves), Roth obtained the conditions for the location and axis
direction of the lines on X and their corresponding lines on T, By
replacing a cylindric pair collinear with the line in X and another one
collinear to the corresponding line in ¥ and connecting them rigidly,
we obtain a Cylindric-Cylindric (C-C) crank which will displace a rigid
body X through four finitely prescribed positions relative to another
rigid body 2'. 1In this case there are an infinite number of C-C
cranks. For five finitely prescribed positions the number of C-C
cranks are finite (six, four, two or none). These are found by inter-
secting the two cubic cones corresponding to two groups of four posi-
tions (just as in plane). These lines are the space analogs of the
planar Burmester points.

Sandor [66] applied the quaternions to develop procedures for kin-
ematic synthesis of space mechanisms. He represented the space mecha-
nisms as general kinematic chains consisting of one or more loops of
ball-jointed bar-slideball members. Sandor studied the spatial circle-
point theory to study four positions of a point of a rigid body which
lies on a circle. He verified Roth's l64] results, by showing that

there can only be a maximum of four points on a circle in space.
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Sandor and Bishop [71] presented a general method of spatial kin-
ematic synthesis by means of a stretch-rotation tensor. Basically they
developed a stretch-rotation tensor operator in a matrix form, which
will perform displacements of a linkage; the links that form this link-
age are ball-ended, and one ball of each link is free to slide along
the link's centerline. Thus, each link is represented by a vector that
may vary both in magnitude and orientation. The method can be applied
to multi-loop linkages, and to special cases, such as when a stretch or
a rotation of one or more components does not exist.

Bottema, Koetsier and Roth [72] described the procedure to find
the smallest circle determined by three positions of a rigid body in
space. They found that the minimum radius circle may arise in one of
two ways: either the minimum circle is associated with a point which
lies on a screw axis or it is associated with a more general point.
Their results are applicable for the design of the smallest Sphere-Rev-
olute crank which will displace a rigid body through three finitely
separated positions.

Chen and Roth [101, 102] unified Roth's [63, 64] results for fi-
nitely and infinitesimally separated positions of a rigid body, X ,
moving relative to another rigid body, Y. Their results are summa-
rized in Table II.

Tsai and Roth [103] studied the geometrical conditions for incom-
pletely specified displacements; i.e., rigid body displécements which
are described by less than six independent parameters. They found the

screws associated with these displacements and gave the constraining

conditions for the design of cranks.



TABLE II

DESIGN OF LINKS AND DYADS
(Chen and Roth [1027 )

Link or dyad

Slider-slider-sphere

Slider-sphere

Sphere-sphere

Revolute-sphere

Revolute-slider-sphere
Revolute-slider—sphgre
Cylinder;sphere
Cylinder-cylinder

Cylinder-revolute
Revolute-revolute

No. of design

positions

uwu-.L\wmmbuu@ubwmmbbu\:mmbwnm\nbu

Locus (or number) of points
that satisfy link constraint

All points
3rd-order surface
6th-order curve
10 points

All points
3rd-order curve
All points
4th-order surface
10th-order curve
20 points

All points
6th-order curve
All points
S5th-order surface
l6th-order curve
42 points

All points
Sth-order surface
léth-order curve
42 points

All points
4th~order surface
llth-order curve
26 points

All lines

Line congruence

6 lines

One unique line
24 lines

13

Roth [100], by using the same approach as in [62], derived the con-

straining equations for the types of cranks listed in Table III.

Type of

U a®wo
I

aOwmwaa

TABLE III

BINARY CRANKS CONTAINING R, P AND C PAIRS

Crank

Max. No. Positions

MW WL,

U g0

Type of

[
e eI~V il )

Crank

Max. No.

Positions

N NN
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Tsai and Roth [104] rederived all the constraining equations for
all the cranks in [100 ] by using the "equivalent screw triangle". They
also derived equations for cranks involving Helical (H) and Spherical

(S) pairs as shown in Table IV.

TABLE IV

BINARY CRANKS CONTAINING A H OR S PAIR
AND A R, P, H, C, OR S PAIR

Type of Crank Max. No. Positions Type of Crank  Max. No. Positions
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In [105] , Tsai and Roth studied the Revolute-Revolute crank in
depth. By using the constraining equations derived in [104 ] , they ob-
tain a sixth degree polynomial where the coefficients are in explicit
form and whose real roots give the direction cosines of lines in the
moving frame of reference. By further manipulations Tsai and Roth
found the locations of these lines, as well as the direction cosines
and location of the lines in the fixed frame of reference. Then, for
R - R cranks, they replaced the lines in the fixed frame of reference
and their corresponding lines in the moving frame of reference with R
pairs. They also proved that there are only two R — R cranks that will
displace a rigid body through three finitely separated positions in

space.

1.3. Present Study

A brief analysis of the literature in plane and space kinematics
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reveals that the key concepts of space kinematics were developed by
using the analogy between planar and space motion of a rigid body. For
example, the concepts of pole triangle, pole quadrangle, center-point
and circle-point curves, and Burmester points for circular Burmester
theory in plane led Roth to propose and develop relationships for space
screw triangle, space screw quadrangle, cubic cones, and intersection
of cubic cones to obtain Burmester lines for spherical and space motion.
The Burmester theory in plane in general considers two types of
pairs such as revolute and prism pairs. In studying space motion, how-
ever, one has the option of building binary cranks using kinematic pairs
such as Revolute (R) pair, Prism (P) pair, Helical (H) pair, Cylinder
(C) pair, Spherical (S) pair, Plane (PL) pair, etc. Thus leaving aside
the direct extension of planar Burmester theory, (i.e., planar R - R
crank to space R - R crank), we obtain a class of problems which would
fall into a category of generalized Burmester theory for rigid body mo-
tion in space. This class of problems will then consider guiding a
rigid body through its theoretically possible, finitely separated posi-
tions by using such binary cranks as R - H, R- S, R-C, C - C, etc.
(See Table III and IV.)Since the cylinder pair executes relative screw mo-
tion with a variable pitch, mathematical conditions can be imposed on
its relative motion so that the C pair functions as a R, P, or H pair.
This analysis shows that the C - C crank to guide a rigid body through
its finitely separated positions will serve as the most general crank
and that the Burmester theory developed for the C - C crank will pro-
vide all the necessary information to yield other types of binary
cranks having R, P, H, or C pairs. It is important to note that the

Burmester theory for a crank having S pairs is a problem in a class by
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itself. Such theories have not been fully developed as yet, even after
Wilson's publication [ 57 ].

The existing literature has provided numerical procedures to obtain
the Burmester lines of a C - C crank. These numerical procedures pro-
vide a designer with an immediate solution to his design problem; how-
ever, theoretical investigations similar to the ones in Table I, which
relate location and number of Bﬁrmester lines to positions of a rigid
body, are difficult to undertake with these procedures. This is mostly
due to the difficulty in selecting appropriate guesses of the initial
values of the mechanism parameters. In order to avoid these difficul-
ties, we are required to derive an analytical expression in explicit
form whose input data are the positions of the rigid body and whose
real roots lead to the determination of the direction cosines and loca-

- tion of the Burmester lines.

The objectives of this dissertation are:

(1) To determine the Burmester lines for Cylindric-Cylindric cranks
by deriving a polynomial relationship whose real roots yield the ratios
of two of the three direction cosines of the Burmester lines in the
moving frame of reference.

(2) Obtain the conditions by which a C - C crank degenerates into

other cranks with R, P, H and C kinematic pairs.

The procedure to achieve the above objectives will involve the
following steps:

(1) Describe the displacement of a rigid body in space by means

of a screw displacement.

(2) Describe the screw displacements for five finitely separated

positions of a rigid body in space.



(3)

(4)

(5)
(6)

(7

(8)
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Obtain 4 equivalent screw triangles involving screw $ij corre-

sponding to the five positions of the rigid body, screw ﬁij in
the fixed rigid body, and screw ﬁij in the moving rigid body.
Eliminate Fij (direction cosines of screw ﬁij in the fixed
rigid body) by setting the two determinants, éorresponding to
the two cubic cones, equal to zero.

Obtain the intersections (at most nine) of two cubic cones.
Eliminate the screws $7,, $13, and $23', which also appear as
intersections of the two cubic cones, and derive a sixth degree
polynomial whose real roots permit us to find the ratios of two
of the three direction‘cosines of the moving Burmester lines.
Locate the Burmester lines in the moving frame of reference;
find the direction cosines and locations of the Burmester lines
in the fixed frame of reference.

Obtain the conditions under which a cylinder pair will function

as a Revolute, Prism, or a Helical pair.

In Chapter II, the screw displacements of a rigid body are derived

by using Rodrigues' formula. This is reference material written for the

benefit of the reader (Step 1).

In Chapter III, the sixth degree polynomial, whose real roots give

the direction cosines of the Burmester lines, corresponding to C - C

cranks, in the moving frame of reference, is derived (Steps 2 - 7).

In Chapter IV, the conditions under which a C pair may function as

a R, P, or H pair are given (Step 8).

Chapter V presents the summary and conclusions.



CHAPTER II

DERIVATION OF RODRIGUES' FORMULA FOR SCREW

DISPLACEMENTS OF A RIGID BODY

The objective of this chapter is to provide a brief review involving
the derivation of the Rodrigues formula.

In order to study the motion of rigid bodies in space, it is con-
venient to consider a fixed frame of reference, Z', and a moving frame
of reference, X , embedded in two rigid bodies moving relative to each
other (actually both rigid bodies may be in motion).

The displacement of a rigid body as it moves from one position to
another in 3-dimensions may be described by several well known tech-
niques. We will briefly describe the technique that will be used in

this investigation.
2,1. Screw Axis Geometry

The displacement of a rigid body from a position Ii to a position
Zj, may be interpreted as a rotation about, and a translation along a

given axis, see Figure 1. This displacement is the screw displacement.
We may represent the screw as Sij’ the rotation angle about the screw
as 0O.., and the translation along the screw as d,.. ©O,. and d., are

1] 1] 1] 1]
the screw parameters, and their ratio dij/ eij is the pitch of the
screw. The displacement of the rigid body from position Zi to position

iﬁ may be accomplished by simultaneously rotating and translating

18
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Figure 1. Screw Displacement

about and along the screw, or by considering the rotation and transla-
tion as ocurring separately, and then superimposing their effects.

In order to locate a screw, we need to find a unit vector ﬁij in
the fixed frame of reference with direction cosines (uij’vij’wij) which

is parallel to the screw axis, and a point (aij’b ’Cij) on the screw

i]

axis. This can be accomplished by using Rodrigues' formula.
2.2. Derivation of Rodrigues' Formula

Given any number of positions of a rigid body, Zi} i=1,...,n,
we can easily find all the screws that will displace it from one posi-
tion to another by using Rodrigues' formula10 [98, 99] .

In this study we consider five finite positions of a rigid body;

$ $

thus we have altogether 10 possible screws; i. e., $

$ $

$

12> 713° 14’ Y15°

$ $ $35, and $45.

23% Y24° T25° 7342

10 We use Rodrigues' formula to determine the screw parameters
(since it is well known in the literature); however, the user may find
the screws by any other approach.
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In spatial kinematics, the screws, the cubic cones, and the Burmester
lines are respectively the space analogs of the poles, the Burmester
curves, and the Burmester points in plane kinematics. Roth showed that
there exist in space screw—quadrangles which are the space analogs of the
pole-quadrangles in plane. These screw—-quadrangles can be completely de-

fined by any four of the ten possible screws. In our analysis we use $12,

$ $_  and $15.

13’ "14

The general displacement of three non-collinear points in a rigid
body, X , in its ith position ( Zi) to its jth position ( Zj) may be

described by a screw displacement.

i
1

three points (FOJ,FIJ,FZJ) in Zj’ which correspond to the displaced

three points of zif Now, we connect the origin of coordinates (located

In Figure 1, we show three points (Fol,F ,le) in Zi, and another

in the fixed frame of reference) to each one of the points in Zi and

Zj; and define

ﬁol, ﬁli, ﬁzi as the initial position vectors, and
ioj, ﬁlj, ﬁzj as the displaced position vectors.
Let
ili - Eoi = El (2.1)
ﬁlj - on = 52 (2.2)
izi - Eoi = 51 (2.3)
RJ -RJ -3, : (2.4)
Then, according to Rodriguks [ 99,
= =y x o =
ﬁijtan Jiii =W = (Pz pl)‘ (q2 ql) T, (2.5)

- - - -
2 gy —ap - (py, - p)
where U,, is a unit vector which has direction cosines (u,,,V.,,W,.),
1] . 1] 13 1]
(p2 + pl) X (q2 + ql) # 0 , and



21

(P, =P x(q,-q) #0 ,
we find that the translation of the rigid body is equal to the projec-
tion on W of the vector connecting any one of the vertices of the trian-
gle (formed by the three non-collinear points) before and after the dis-

placement; thus

d

.. — W i (2.6)
+J Wl

If (az - 51) . (52 - 51) = 0 in Equation (2.5), then redefine the
points with respect to another frame of reference.

Now, we need to find a point on a line'parallel to the unit vector
ﬁij with direction cosines (uij’vij’wij) to completely specify the screw
axis.

Using 1, 3, and k as unit vectors associated with the fixed frame

- i -3
of reference, the vectors R and R J can be expressed as

0 0
= 1i i";' i-,- 1-
R0 = x5 i + yo j+ z, k , and (2.7)
=3 _ .33 iz ir
RO X, 1 + Yo 3 + z k >, then (2.8)

the required point on the screw will be

i 013 il 3 1]
X X 1 - Y. _
Q 0 1 6 W,jCOt 2 vijcot 5 XO XO
= il = ij 0ij j i
= + ..cot 1 - Py -
q Yo | 2| Vi3 é 6 4t 2 7 Po T Yo
i _ Oij Oij .
_ZQJ _ZOJ _VijCOt 2 u, ,cot 5 1 | ;’Z.OJ ZO_
(2.9)
where (XQ’YQ’ZQ) are the coordinates of a point on the screw, and
ﬁ =x i+ i+ 2z k
Q Q YQJ Q (2.10)

is the vector describing the position of this point.
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In order to study the space Burmester theory for the C - C crank,
Equations (2.5) and (2.9) will be employed extensively to obtain the

screws given by the five finitely separated positions of a rigid body.
2.3. Screw Triangle Geometry

For three finitely separated positions of a moving rigid body in
space, we can find by using Rodrigues' formula, three screws. Out of
these three screws, only two are independent. By studying the geometry
of the screw triangle (as given by Roth[ 62 ]) shown in Figure 2, we obtain

11 A A
analytical expressions for $ji in terms of screws Fij and Mij'

Figure 2. Screw Triangle Geometry

Taking projections along the screw axes yields:

11 $.i is a screw along the same axis and with the same magnitude as
$i.; how%ver, the sense of rotation and translation is opposite in both
screws. $.. is used instead of $.. in order to preserve the symmetry,
hence all Eﬁe above expressions a%a valid under cyclic permutation of in-—
dices. The geometrical construction for determining a single screw
equivalent to two successive scréws is known as Halphen's theorem.
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sin €,.
1]

oin §ij sin

. o 2
—2‘]—1- = arsin Tll

{.. = arsin {- ————L—— sin €, . cos £, . + cos €, .sin ¢, .cos _Yij ;
ji cos _Xij ij ij ij ij >
2 (2.12)
then, u
_ 2 ij . iy Yij +'
Y51 T sin @31 3 2 [Sm 2 s
2
a5 ‘y. .
+ cos €. .cos -] sin IJ] +
ij 2 2
W. . . [0 0] P - ‘y. .
+ —:21—3— [cos 21’] sin ZlJ + cos eijsin 213 cos 213] -
. N & Yij
- gij31n eij81n 5 sin — (2.13)
» . o a
e.. = L {8 cos YlJ cos 931 - cos —al +
ji 2 Qi )°ij 2 2 2
si >
€1z 'y. . P fo 2
+ sin —=L u,.sin 21 cos 931 - w,.sin —=1 . (2.14)
2 ij 2 2 ij 2

Gij and gij are, respectively, the angle and distance between ﬁij

A A
and Fij taken in the sense of screwing Mij about the line normal to both

A A A
i . imi f £
Mij and Fij into Fij Similarly, for ( fij’ ij) and ( gij’ eij) we

A
measure from F,, to $§,., and from $.,, to f\/l,,, respectively.
ij ji ji ij



CHAPTER III
DETERMINATION OF THE BURMESTER LINES

In Chapter I, we found that the procedures that exist for obtaining
the Burmester lines in space are basically similar. They all require
the finding of the intersections of two cubic cones. Due to the mathe-
matical complexity, involved in the derivation and expansion of these
cubic cones, the intersections were found numerically.

In a recent paper, Tsai and Roth [105] derived a sixth degree pol-
ynomial whose real roots give the Revolute-Revolute cranks for three
finitely separated positions of a rigid body. Their procedure, toge-
ther with the constraining conditions presented in reference [104] give
a new light for the possibility of finding for the C - C cranks an ex-
plicit expression which will give the Burmester lines corresponding to
five finitely separated positions of a rigid body.

The objectives of this chapter are to:

1) Study the geometry of the "equivalent screw triangle."

2) Transform the screws $li’ i=2,...,5 from a general coordinate sys-

tem to one in which the z-axis coincides with $ and the line perpen-

12

dicular to $12 and $13 coincides with the y-axis.

3) Find the intersections of the two cubic cones.

4) Eliminate the screws $12, $ ., and $23', which are also intersections

13
of the two cubic cones, and derive a sixth degree polynomial whose real

roots yield the ratios of two of the three direction cosines of the

24
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Burmester line in the moving frame of reference.
3.1. Equivalent Screw Triangle

Let $ij represent a screw describing the finite displacement of a
rigid body X from its ith to jth position. The rigid body moves rela-
tive to fixed rigid body T'. Let ﬁig represent the screw associated
with the moving pair of a crank and ﬁij represent the screw associated

A
with the fixed pair of the crank. Then, the three screws $ij’ Mij and
A
Fij’ as shown by Tsai, describe an equivalent screw triangle, see Fig-

ure 2.

The parameters of the screw triangles are eij, aij’ yij and
t.., u,,, w,. where ©..,, .., and VY., are the angles between the
1] 1] 1] 1] ij i
. A A
common normals between the screws $.., F.., and M,., and t,., u,. and
1] 1] 1] 1] 1]

wij measure the distance along the axis of the screws. The relation-
A
ships to calculate these parameters when $ij’ Fij

derived in reference [104]. These relationships are

A
and Mij are known are

01 - F By x M)
tan o " T F. . xS..) - (5.. x M) (3.1a)
ij ij ij ij
.. F.. « (S5.. x M,.)
aij _ ij ij ij
tan 3 (S..xM. ) - (M. xF..) (3.1b)
ij ij ij ij
i Fig © Gy * M)
tan 7= M xF ) - G x5 (3.1c)
ij ij ij
t SlJ B (Sij Mij) Mlj
= - - +
—=l 2 (Qij Ay5)
2 1 - (S.. » M,.)
ij ij
S.. - (8 « F,.) Fi.
+ =1 l L] 5 L. CHRER WS (3.14d)
1-(S.., - F..) J J
ij ij



where
ij
ij
ij
i

For five

M,. - M,, * F,,)F,,.
ij ij ij | e Q.. -
2 ij ij
1 - M,, + F,.)
ij ij
M., - (M,. - S..) S..
2 ij ij
1 - M,. *S..)
1] 1]
- (F,., = s5..) S
ij ij L5 M & R
1 - (F,. +S,.)° H +J
ij ij
F,. - (F,, - M,.) M_,
_ _ij ij ij ij Q -G, )
2 ij ij
1 - (F.. - M..)
1] 1]
ulJ - pm ij
Vi3 T P Vi

= unit vector parallel to S'j
i

R A
= unit vector parallel to Mij

. A
= unit vector parallel to Fij

= a point on $ij

A
= a point on M, .
1]

. A
= a point on F,.
1]

= pitch of ﬁ..
1]

= pitch of ﬁ,,
1]
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(3.1e)

(3.1f)

(3.1g)

(3.1n)

positions of the rigid body X moving relative to Z',

there are four independent screws, e. g.,$12, $13, $14, and $15. These

A A
four screws together with the screws Fij in X'and Mij in X , yield at

most four equivalent screw triangles.

By applying Equation (3.la) for j

= 2,3,4,5 we obtain a relation-

ship which is a polynomial whose roots are the ratios of the direction

cosines of the Burmester lines in the moving rigid body



27

The process of algebraic manipulation of the Equation (3.la) writ-
ten four times can be greatly simplified provided we establish a proper

reference frame to locate in it the four equivalent screw triangles.
For example, Tsai and Roth [105] forced the $12 to coincide with the
z—axis and the line perpendicular to screws $12 and $13 to coincide

with the y-axis.

Since we are dealing with a five position rigid body guidénce pro-
blem, we are faced with four independent screws $12, $13, $14, and $15.
One proper choice of establishing a suitable frame of reference is the
same as that employed by Tsai and Roth. The next(step is to locate the

remaining screws $ and $15 in this newly established frame of refe-

14
rence X,y,z. The transformation of coordinates, from a general coordi-
nate system X,Y,Z to a new coordinate system x,y,z in which $12 coin-

cides with the z-axis and the line normal to $12 and $13 coincides with

the y-axis, is presented in the following section.
3.2. Coordinate Transformation

In Chapter II we showed how to find a screw, $ij’ given two posi-
tions of a rigid body. In our study we will consider screws $12, $13,

$14, and $15 which displace Fhe rigid body from Zl to 22, Y to 23,

1
Zl to 24, and 21 to 25 respectively. In this way, we can keep Zl
as the reference position.
Given five sets of three non-collinear points corresponding to five
positions of the moving body,i: , we can find screws $ij’ i=1, j =
2,3,4,5 using Equations (2.1 - 2.16). The system of coordinates X,Y,Z

can be transformed to a new system of coordinates x,y,z by forcing the

z-axis to be coincident with $12, and the y-axis to be coincident with



28

the line which is perpendicular to both $12 and $13; see Figure 3.

L1

L14 2
\ 4315

Figure 3. Transformation of Coordinates (X,Y,Z to x,y,z)

The transformation of coordinates is performed using the following

steps:
1) Let le, L13, L14 and L15 be lines which are collinear to $12, $13,
$14 and $15 respectively. ($12 not parallel to $13).

2) Find a line La which is perpendicular to $ and $13 at the same

12

time.
For this purpose, we define P as the point of intersection between

le and La. Similarly, P' is defined as the point of intersection be-

. i £ i P + +
tween L13 and La The coordinates of point are (a12 uer’bIZ v

‘ . . (] + 1 |
c12+w12r) and the coordinates of point P' are (a13 u gt ,b13+v13r )

c13+w13r') where r is proportional to the distance of P from point (a

12%

12°

b12’c12)’ and r' is proportional to the distance of P' from point (313’
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b13,c13). Whence the direction cosines, of a line La passing through P
1

‘v, . r-v_ .1,

— ' —
a, .‘tu, .r-u, .r ,b12 b13 12 13

: , -
and P', are proportional to (312 13 7127 13

- — 1
127C13TW ot W 3T ")

Since line La is at right angles to le and L13’ we have

C

—_ — | — — 1
upy (apymaygtuy r-u rt) + vy, (by,=by ghvyprovyarh) +
- - 1y =
+ Wi, (c12 c13+w12r wl3r ) 0 (3.2)
and
- - " o+ -b, . +v,  r- ") +
upy (appma gty rmu  rt) + vy g (by,-by gty Ty T
+ - ~w ') =0 . .
w13 (c12 c13+w12r w13r ) 0 (3.3)

Rewriting these two equations in terms of r and r', we have

r-Ar' +B=0 (3.4)
—Ar- r+cCc=0 (3.5)
where
S P I VA E RS PALE!
B=upy @ymay3) + vy, (b1ymbyg) +wy, (epmeyq)
C=uyjg @783 + vy (byymbyg) +wyg (epmcyq)

Solving Equations (3.4) and (3.5) for r and r', we obtain

r = M_L% (3.6)
1-A

r' = A.é__c.____.__g_.{_ C (3.7)
1 -A

then the coordinates of points P and P' are:

AC-B AC-B

AC-B
P: (p_,p »>P ) = (a,, tu — , b, +v , c..tw ) (3.8)
x "y 2 127712 2 "12 12 27 C12 12,2
. AC-B AC-B
P': v’ 1 1y = aAl=b AC-B
(p, P,'sP, ) (a gtu, 5 (4 5 T C)s bytv,, (A > T C)s
1-A 1-A
o 4w, (AACE 4oy (3.9)
137713 2

12 Reference [107]1, p. 59.



30

Notice that point P is the origin of coordinates of the new coor-
dinate system x,y,z.

The line La which passes through point P and P' is of the form

X - Y - 7 -
Px o e (3.10)
T _ v _ = [ .
P’ =Py P =P, B -P,
or
X - Y - zZ -
PX _ Py _ Pz 3 1)
Q m n *
a a a

where (Qa,ma,na) are the direction cosines of line L , and are defined
a

as:
= ' —
2, = (o p.) / S4
m = ' —
a (py py) / s_23
n = ‘ —
a (pz p,) / S94
S,, = VQP ' -.p 4t - b+ (' -p)°
23 X X y y z z ?
here 523 is the distance between P and P'.
In the event that $12'intersects $13, we can find the direction
cosines (Qa,ma,na) of line La from Appendix A, by using sgn = 1, and
lines L12 (u12,v12,w12) and L13 (u13,v13,w13) as the intersecting lines.

3) Find a line L, that is perpendicular to $12 and La.

b

We can find the direction cosines (Qb,mb,nb) of line Lb from Appen—
dix A, by using sgn = - 1, and lines le (u12’V12’w12) and La (Qa,ma,na)
as the intersecting lines. Since we waunt line Lb to pass through point

P with coordinates (px,py,pz), line Lb will be of the form
X -p Y -p Z-p
] = = . (3.12)
b b b

4) Determine the direction cosines of $ 14 and $15 in the

12! $13’ $

transformed coordinate system.

Since we have forced the z-axis, of the transformed coordinate
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system, to coincide with $ the new direction cosines otf this screw

12°

are (0,0,1). We also chose (px,py,pz) as a point on $12 and as the ori-
gin of coordinates of the transformed coordinate system, therefore, the
coordinates of this point relative to the new system are (0,0,0).

The direction cosines for $ $14, and $15 in the transformed

13’

coordinate system are:

P13 Upg = Uggfy * VyaMy * Ty
| Vog = 0 (since $13 is perpendiculér to La)
Y23 7 Y1213 T V12V T Y1213
14 Ypa T Y14ty T V14, T Y14M
Vou = u14-Qa AT PR PALN
Vo4 T Y12%14 T V12Y14 T V1214
15 Ups T Upsty T VisMy t WisTy
v =u, . +v, m + w

25 157 a 157 15"

Wo5 = Y2¥15 * VioVis Y Y12Ys

3.3 Intersection of Two Cubic Cones

Once the transformation of coordinates has been completed, we are
ready to locate the lines of intersection of two cubic cones, see Fig-
ure 4. First, we need to refer to Figure 2 and Equation (3.la). In

this equatio M.. = (M = ,F = T =
q n, 13 ( x,My,Mz), Fij (FX,Fy Z) and Sij S. ., ]

2,...,5 which are the direction cosines of $1j’ j = 2,...,5.

For j = 2 in Equation (3.la) we obtain

812
[FFgsF,) % (0,0,1) 1+ [(0,0,1) x (M ,M M) ] tan 57 +

T ELTHE) - 10,0,1) x (1, .M )] = 0

which simplifies into

%)
(M tan 212 +M)F + (M tan-glz
X y X y 2

5 - MX) Fy =0
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Figure 4. Intersections of Two Cubic Cones

Rewriting this equation and proceeding similarly for j = 3,4,5 we final-

ly obtain the following expressionslB:

alF + aZF 0 ( )

= 14

a3F =+ a4F + aSFz 0 (3 ‘)

+ + = 3.15

a6F a7F ang 0 ( )

+ + = 3.16

a9F alOF alle 0 ( )

13 Provided not all the screws are parallel (planar case), and 912
# 0 or 180 degrees.



where

and

n =

4

In order

Mxnl + My

Mynl - MX

= Wyg (mln2 + My)

m1 - Myn2

U5 (mln2 + M&)

(Voumy * Wpumy) my Ty
(Woumy = UpyMy) My~ My
—(u24m3 + v24m4) n, + m
(vzsm5 + w25m6) n, + m.,
(wygmy = Uyglg) B, = Mg

-(u,_m, + v

25T T Vasmy) Ty

w23Mx -

23 =z
—(v24MX-— u24M§)
—(W24Mx - u24Mz)
~ (Mo = vy M)
~ (VM — uyst)
~(w, M, — upgM)
= (wysMy = Vyg)
tan glz
tan _2-13
tan ‘3‘14
tan gls

+ m

2

5
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to find a compatible solution for Fx’ Fy and Fz, so that



all four Equations (3.13 - 3.16)
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will be satisfied simultaneously, let

us consider first for j = 2,3,4, Equations (3.13 - 3.15; i. e.

a1 a2 0

a3 a4 a5 =0 s (3.17)

ag a, ag
and then for j = 2,3,5, Equations (3.13), (3.14) and (3.16); i. e.

a, a2 0

= . 3.18

a, a, a 0 (3.18)

% %10 %n1
Equations (3.17) and (3.18) when expanded result in the following cubic
polynomia1314:

2 2 2
T11 Q3 + T21 m + T31 n + T41 m + T51 mn +
2 3 2
+ T61 €n” + T71 m o+ T81 mn + T91 mn = 0 s (3.19)
and
3 2 2
T12 o+ T22 m + T32 n + T42 fm~ + T52 fmn +
2 3 2 2
+ T62 " + T72 m o+ T82 mn + T92 mn~ = 0 (3.20)

where for simplicity (%,m,n) = (MX,My,MZ), and coefficients Ti1 and TiZ’

i=1,...,9 are defined in Table V.

An examination of Equations (3.19) and (3.20) shows that the coef-
ficients of the n3 term have vanished (these coefficients would not have
vanished, had we not used the direction cosines in the transformed coor-
dinate system). In this study, we desire to find the intersections of

the two cubic cones shown above, and at the same time eliminate the un-

desired roots.

1 . . . .
4 These two cubic polynomials are the equations of two cubic cones
which are the space analogs to the planar circle-point curves.



TABLE V

COEFFICIENTS OF THE CUBIC CONES

2
Typ = Wa3' Ing vy - el + upawoq [ny (g -y (wyy + coD] + wog [y (e = vyl
Ty = Wag” [ng (ny (e, - ¥py) - (c5+up ] + Upgwyg [ngcial + gy [eg - m) (g +wyp)] +
+ Wog [nl (u24 +CS)] + [nln2 (v24 - c4)]
2 2 ey -
Tap = Upg” [y (n) (g +wyy) - el + wog® [nge ]+ upgwog [ny () (U, - c) -2y )] +
Upg (0] vy = el +wpg [-npey]

2
Ty = Wo3 [nyny (ug, +c5)] + UpaWoy [n,_) (ny (e - Wyy) +c2)] + Ugy [CB] +

+ Wog [n1 (cy - \'24)] + [n2 ((voy ¢y -0y (c5 +U24))]

2 2 o . . . .
Ty = Uy L= ngeps) 4+ wys™ [-nyngey ]+ upgwoy [2mpe, )+ gy [- 2 ngwy 1+ lnngey]

= ugy? [y (ngwpgeyy + (v - )] + Upgwag [ nycy] + gy In )

717 Uyg [ny (eq +c3)]

Woy) el woglng leg uy ]+ [-ny (uyy

2
Uyy” [y (0 (o =€) )]+ upgwog [-nyny (uy +e 9l +u o - 2egl+

23 [y (Vg + ey
+wgg [-ngey] 4 [nzcll

Top= tigg” Iy (- my (e + vy + (65 = ugy )] + Ungwgg [nyngey] + ugg [ ]

and
2 o

€= 113 ( -\\'2_‘) ¢y F nj\z_‘“z_;
a3 .
ey = vy Co T NglngVoy

= Sy 2 = - 2
¢y = N3 (Lmuy) g = oy (-wys
Cy T Malp Wy, eg =y (1mvpsh)

2 X . ,
Wog” [ny (Vag = )] + upgwag [y (cg = 1) (Wys + e ] + wyglny (o) - vy9)]
2 o Do .
Wog™ [ny () (€1 = vps) = (e FHupgh] + upgwog [ngey sl + ups [0y (epy +wyg) 4] +
+wgg [ Wys el +[nyny (V5 - ¢
2 g 2 -
Ups [n2 (n1 (c12 +Wo,) - c9)] + Wog [n2c7] + UyaWog [n2 (nl (u25 I 2 _)]
+ugy [n) (Vg5 - cpp)] + wog [- nye;]
2 )
Wa3” [ngng (U5 + e] + uggWog [ng (n) (¢ - wos) + el + upgfoys] =
gy [0 (g = vp )l +lny (vyg =) -y ey +u, 0]
u232[-nzcl_]+w32[ IZL] Uy 23[2nn(l—uz3[—7n W, ]-in 1y ]
2 . .
Ups [n (n w, 16+(v25 n 1u25))] + UgaWys [- nzc7] + g [nlc7]

Upg [nl (c12

u232 [n2 (n1 (w25 -c

vl

2
ug3” [ny ((cyy -

w25) + cB] +Woa

1’7) -CR] +u

n 1c7] + [nzc7]

UZS) - (Cl() +

23%23

[-n

[n, (€}, +uy3)1

11 (s

+cu)] +

= n ‘(u .
13 o) ), vy
¢, = u n,v
47 Yy T M Vo
c5 = M [n1 (UZS S Vs
©6 T Y23 T MVas

1y (e T U]

Uyy [ny (g5

vosh] = ugyWog [nnycal + ups [eg]

G¢
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In our case, we observe that Equations (3.17) and (3.18) both con-
tain j = 2, 33 in other words both cubic cones represented by Equations
(3.19) and (3.20) contain $12 and $13. Since these two screws are com-

pletely described in the transformed coordinate system (see Section 3.2),

15 !
$23

we can always find a third screw (also contained in both cubic
cones) with direction cosines [105]

tan 013 , u,,tan 012 tan ©13 , tan 012 - w_._tan 913)
2 23 2 2 2 23 2

(-ugs

(3.2)

which is the screw, in the first position, fixed in the moving frame of

reference which will coincide with $ when the moving frame of refer-—

23

ence is in position 2 or 3.

1

The three screws $ are the undesired roots which

127 $13> and $y,
we must eliminate from the intersection of the two cubic cones. At this
point, we can simplify Equations (3.19) and (3.20) to eliminate the terms

2 . . . .
in n and n . For this, we first need to rewrite these equations in the

following form:

2 2
(w23Q - u23n) (SIQ + Szm) + (w232 - u23n) (832 + San +
2 2 2 3
f 85m ) o+ S6Q m + S7Qm + 88m =0 (3.22)
(w2 = u n)2 (s, 2 +S, m) + (w,.2 —u,.n) (S 22 + S,.Qm +
23 23 9 10 23 23 11 12
+ S m2) + S QZm + S sz + S m3 =0 (3.23)
13 14 15 16 :
where Si’ i=1,...,16 are defined in Table VI.

Now, to eliminate n from equations (3.22) and (3.23), let us define

15 .
The geometrical construction for determining a single screw

equivalent to two successive screws is known as Halphen's theorem [ 62].
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TABLE VI

DEFINITION OF Si’ i=1,...,16

Sp =k mptk Sg = ks Byt kg
Sy =~ kym *ky 5107 7 ki P T ks
S3 = kygm tk, S11 7 k7 Y kg
8, = (kg = k) ny + kg S12 = (kpy = kyg) my + kg
S5 = k; my + kg S13 T Kyt Ky,
S¢ = kg 1y * Ky S14 = Kyz mp TRy,
87= (epy = kygd oy * (g = k) 815 = (kyg = k) my ¥ (kg = kyy)
Sg = ki3 np Tk, S16 = Ko7 Mt kog
where
kp =my (egteg) te kis =1y (egg tepy) e
ky=m, ¢ kig = By €5
ky=m,e;te, kg = oy et ey
ky =1y 5 kig = My ey
ks = kg =k, kg T kyy ~ kg
ke =my (eg=ep) v 2 (e, *v,) kyy=my (e meg) +2(e3+v,)
kp=my e -8 ko1 T8 %16 T 11
kg =y (eg = e)) *eg kyp =1y (15 = e19) T ey
kg =ey-my e, Kp3 = € 7 By €3
ko = % Koy = C14
ki Tk, =~ kg ks = kyg ~ Ky,
kig = kg = ki Kye = ka3 = Ky
k3= ¢ k7 = 16
ki =1y e+ e kog =8y €17 * g
and
e = ¢y/uyg | e10 = 77453
@) = ¢y TV, T Oyl €11 T 10 T Va5 T 7%a3/ss
eg = wygluy, —eg) —upslegtwy ) ey = wya(uyg = ey) T uygley Y wyg)
€, = Sy T Va4 T C¥y3lUny ) 13 7 S0 T Va5 T C7¥3 )4
e = UygCy = 2e,Wpg Fewy T uyy ey, = upgcy = 200w F e, g Uy
& = 2¢5 15 T 211
e; = Uygleg = wy,) twyaleg Fuy ) ey = uyaleg, mwWyg) Fwgle)) Tuyg)
eg = = (cg T uy,) ep7 = = (e T uyg)
9

T Y23% 18 = Y23%
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R2 = 8322 + 542m + 85m2

R3 = 8622m + S7Qm2 + 58m3

R4 = SgQ + SlOm

R, =580 + 5 ,8m S 0’

R = 51422m + SlSQm2 + Sl6m3

This will permit us to rewrite these equations in the following form:

T2 R1 + T R2 + R3 =0 (3.24)
12 R, + TRy + Rg =0 . (3.25)

From the above, we can eliminate T by applying Sylvester's technique, thus

Rl R2 R3 0
0 R R R
] i (3.26)
R4 R5 R6 0
0 R4 R5 R6

Expanding this determinant, we obtain a polynomial of degree seven, which
is independent of any n-components, and at the same time does not contain
the roots corresponding to $12 and $13 (this is true, since T is implic-
itly a function of $12 and $l3). This seventh degree polynomial is of

the form

7 6 5 4 3 2 _
bO p’ + b1 p- + b2 p- + b3 p + b4 p- + b5 p° + b6 p + by = 0
where . (3.27)
_ 4 3 2
bO f(nl s1 750y ,nl)
_ _ 4
bi’ i=1,...,6 = f(nl R L L )
3 2 0
= f :
by = £ Ty hnpnny )
p =2/m
Equation (3.21) gives the direction cosines (%,m,n) of $__'. By

23 °
dividing 2/m in this equation, we obtain p = ~l/n1. By definition,
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p = 2/m, therefore, (p n; + 1) = 0 must be a root of Equation (3.27).
Since we know each of the coefficients bi’ i=1,...,7 of Equation
(3.27) and the root (p ny + 1) corresponding to $23', we can eliminate
this root from the seventh degree polynomial by synthetic division. This
is not a simple task, since the coefficients of Equation (3.27) are very
large, and the synthetic division must be carried out explicitly. The
following steps outline the procedure used in this investigation:
1) We start by writing Equation (3.27) in the following form

2
6+ g1 p> + g pt + g3 p3 + g, P" t 85pP *+ g =0

(3.28)

2) Then the coefficients corresponding to each of the powers of p for

(pnp+1) (ggp

both Equations (3.27) and (3.28) are:

g0 "1 7 o

p6: g1 0y + gg = bl
p’r gy my tgy = by
P’ gym tg, = by
p3: 8, 0y + 83 = b4
p2: g5 1) + g, = b5
pl: 8¢ 07 + g5 = b6
i g = by

3) To determine gy let by = gyny + R. From this relationship, g; and R
can be found16; here R is zero, the nl4 term is also zero, and gy =
3 2 0 '
f(n1 s 5my,my ).
4) To find g;» 1= l,...,6 , we have that b; - g; | = g;np t R, 1= 1,

.»6. Here again we find that the nl4 terms are zero, and gy = f(nl3,

2 0).

n; ,nl,nl (p n; + 1) is indeed a root of Equation (3.27) since 8¢

16 This was accomplished with the computational system ALFRED[108].
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is equal to b

7+
The resulting polynomial, independent of screws, is of the form
6 5 4 3 2 :
+ ; = .29
ByP * 8 Pt B P + 8P g P +ggPtg, =0 (3.29)
where the coefficients gi, i =0,...,6 are defined in Table VII.

The real roots of this sixth degree polynomial (3.29), give the.
ratios £ /m of the direction cosines (€ ,m,n) of the Burmester lines in
the moving rigid body. In order to completely describe these direction
cosines, we first divide Equation (3.19) by m3, define £ /m as p, and

n/m as q. Then, since all direction cosines must satisfy the condition

22 4 m2 3 n2 = 1, we find that

m= 117/ p2 5 q2 v 1 s
and

L=pm

n=gqm

The following reasoning was used to check if equation (3.29) is

truly correct (see also Appendix E):

1) We checked Roth's [62] results with his own cubic polynomials. We
found that the direction cosines of the moving Burmester lines given
in his paper, when substituted in one of the cubic polynomials, fbrce
this polynomial to be equal to zero (to 5 significant digits). Since
the direction cosines of the Burmester lines must force the cubic
polynomials to be equal to zero, we conclude that his results are
correct.

2) We transformed the Burmester lines given by Roth [ 62 ] into the new
coordinate system derived in Section 3.2; then we substituted the
transformed direction cosines corresponding to the Burmester lines
into Equations (3.19) and (3.20), and we found that they are equal

to zero (to 5 significant digits). Here again, since the direction



3)

4)

5)
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cosines of the Burmester lines must force the transformed cubic poly-
nomial to be equal to zero, we conclude that equations (3.19) and
(3.20) are correct.

Next, we defined Ry, i = 1,...,6 by rewriting the cubic polynomials
(3.19)‘and (3.20) in the form given by Equations (3.24) and (3.25).
The 4 x 4 determinant given by Equation (3.26) must reduce to zero

if the Ri are correct. By substituting the transformed direction co-
sines corresponding to the Burmester lines in the R;, we find that
the 4 x 4 determinant given by Equation (3.26) is indeed equal to
zero (to 5 significant digits). Therefore, we can conclude that
equation (3.26) is correct.

Expansion of Equation (3.26) resulted in a seventh degree polynomial

given in Equation (3.27). By using synthetic division we eliminated
root (pnl + 1) from Equation (3.27) and obtained the sixth degree
polynomial given in Equation (3.29). Since the residue after syn-
thetic division is zero, we conclude that (pn1 + 1) is indeed a root
of Equation (3.27).

Using Roth's [62] example, we found that the ratios ¢/m found from
the sixth degree polynomial (3.29) are in disagreement with the ratios
2/m corresponding to the transformed Burmester lines given by Roth.
This disagreement can be justified by considering the amount of
truncation and round-off errors that appear in the evaluation of
each of the coefficients of the sixth degree polynomial (3.29).
Nevertheless, the number of Burmester lines found with our procedure

agrees exactly with Roth's.

The computational expenses to obtain Equation (3.29) were extremely

high. There is still one more level of substitution, namely substituting
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the k's by the e's as defined in Table VI. This portion of the research
is left for the future generation of computers. Once the k's are sub-
stituted by the e's, we expect (n22 + 1) to factor out of Equation
(3.29), thus simplifying the coefficients of the polynomial even more.
Once this stage is reached, there is no limit on the research opportu-
nities that Burmester theory in spatial kinematics can provide.

The procedure to determine the direction cosines of the Burmester
lines in the fixed frame of reference, as well as the procedures to
determine the locations of the Burmester lines in the fixed and the
moving frames of reference are already available in the literature.
These procedures are included in Appendices B, C and D for the sake of

completeness.

TABLE VII

COEFFICIENTS OF THE SIXTH DEGREE POLYNOMIAL

- 3 2
8y = Tg3mp * Ty my™ +Tpp ny + Ty
- 3 2
8 = Ty3mnp” + Ty ™+ Ty ny + T
_ 3 2
gy = T23 nl + T22 nl + T2l ny + T20
3 2
83 = Tggmy +Tgmy +Ty 0 +1Ty4
3 2
8y, = Tu3mp T Tuomp T4t Ty
- 3 2
85 = Tsymy *Tgymy +T5 my + T
_ 3 2
86 = Te3 ™ T Teyny +Tgn+Tg,
and Tij’ i=0,i..,6, j=0,...,3 arel7
17

In the following, % stands for multiplication and %% stands
for exponentiation.



TABLE VII (continued)

T03 —“K1*¥K3%XKLT*K23+K1*K 9*K L 7¥*¥2-K3 %KY *K 1 5¥K L T+K15% K23*¥K 3% %2

TU2 = =K1#*K3¥K1T#*K24-K1%*K3%K18% K23-K1¥K4%xK1T*K23+2%K1*KG*KL T*K18
+KL*KLO*K1 7%%2-K2*K3*KLT#K23+K2*KI*K1 T #%24+ 2% 3%K 4K 15% 23-C FxK 9 K15%K1ls
“K3%K9*K 1 6%K1T-K3%¥K10%K15%K1 T-K4* KIXKLS5*¥KLT+KL5%K24*¥K3 ¥ %2 +K 16 *K23 K3 %x2

TOl = —K1*K3%K18%K24-K1*K4*KLT*¥K24—K L¥K4%K1 8*K23 +K1*KI*K1B*%2+2%
SLHK 10K 1 THK 1 8~K2%K3¥K 1 THK24-K2*K3¥KL 3*K23-K2 ¥ K4* KL T*K23+2*K2* K *K17*
KLB+K2*¥K10 ¥KL 7% %2 +2%K3*K4*K 1 5¥K 24 +2%K3¥K 4¥K L6*%K23~-K3*KI*K16* KL 8-K3xKL0*
K15%K1 8-K3*%K10*K 16 ¥ K1T-K4*KI*KL5¥K1B~K4*KI*¥K16*K17-Ka*K1D*K 15*¥K1T7+K15%
K23 *%K4%%2+K 1o %K 24%K 3%%2

TOO = —KL¥K4*KLB%K24 +K1*KLO¥KLE ¥*2~K2*¥K3I*K 1B *K24~K2*K4%*K L T#K 24~
K2%K 4#K L8 ¥K23 +K 2¥K %K 1 3 ¥ % 242 %K2 *K LO*RK L T*K L8+ 2% K 3*K 4% K1 6% K24—-K3*KLO*K16%*
KLB—-K4xK9*K16%¥Kl 8-K4*KLO*K15%KLo-K4*K10*KLO*¥K LT+K 15¥K 24 %K 4% % 2+K16%K23 %
K 4%% 2 ‘

TL3 = KI*K3%KLT#K24—-KL1¥Kk3#K17T*K28+K L¥K3*K 18*K23-K1*<{3%K22*%K23+K1
*KGHK1TH*K23-K L*K ¥KL TH*K 23— 2% K 1¥KIRKL 5% K23 -2%K]1 *K9* K1 T*K 1§ +2 ¥ K1 *K9I*KL T *
K22=KL1#*K1O%K L7%%2 +K 1¥K1 45K 1 T%% 2+ K 2xK 3¥KLT*K23~K2% K IxK1T**2-2%K3*¥K4*K15%
K234 2%K3*KB8*K15% K23+K3*KI*KL 5% KL B-KI*KI*kKL 5K 22 +K3 *¥KI¥KL16XK 17 +K 3*K 1C*
K15 #K17-K3%K14#*K Lo¥K LT#K4*KI*¥KLo¥KL T-K u*KI*¥ KL 9 KL 7-KL5%KZ4* K3 %2+ K15%*
K28 % K3%%2-K1o%*K23¥K3¥¥2 +K 1 ¥ ¥2%K 23 ¥ %2 +K 9% %2%¥K 1 5% %2

Tl2 = 2%K1*%K2#K23%%2-K 1*%K3*K1T*K23+K1¥K3¥KLT*K2T+2*K1*K3*KLE*K24
=K1%K3%KL8¥K23—K1¥K3¥K20%K23~KL1*¥K3*¥K22¥K24+2%K L ¥K 4*K 1 7¥K24-K L*K4*K 1 7%
K28+ 2kK1*K4EK1B*¥K23-K1*K4%K22* K23 - K1 ¥ KO6*¥KL T*¥K23-K1 *¥*K8*%KLT*K24-K1*KE*K 18
¥K23-2*K1*¥KG#HK15%K24~-2%K 1 ¥K I XK Lo *¥K 23+ 2*K 1¥K 9% K 1 T K20+ 2% K1*¥K9*K18%K22+K1
FROHKL T#%2 -2 %KL ¥ KG¥KLB* %2 -2%K1*K10*K15*K23 -4 %K1 *¥K 10K 17 *K18 +2%K1*K10*
KL17%K22-K1*K13%K 1 7%% 2+ 2%K 1% K14 K1 T*K1B+2%K2* K3 ¥KL7T*K24—-K2*¥K3*¥K17*K28 +2 %
K2#*K3¥KL8*K23-K2*K3¥K22%K 23+ 24K 2%K4*¥K 1 T*K23~K 2%K 8 %K1 T*K23-2%K2*K9* K] 5%
K23=4%K2%XKI*KLT* K18+ 2¥K2¥KIRK1THK22-2*K2*¥K LO*KLT* %2 +K2*K14%K L 7 *%2—4%K 3%
K4 #K 15 ¥K 24+ 2K 3 XK 4¥K 1 5%K 28~ 4K 35K 4*K16¥K23+ 2% K3 ¥ KO*KLS5¥ K23+ 2% K3*KZ*K15%*
K24+ 2%¥K3%xKB*KL6*¥ K23 ~K3¥KIXKLOH*K 1 T-K3*K 9K 15%K 20+ 2*¥K 3*K 9*¥K16* K1 5-K %K 9%
Klo*K22+ 2%K3%K10%K15%K1 8- K3%K1N*K15*K22+2%K3*¥K10*K16*¥K1T+K3*K13*K15%K17
—“K3¥K14#*K15%K18-K3*K14%K Lo*¥K1T+2¥K4*KG*K15%K23+ 2% K4¥ KX K1 5% K1 8—Ka* K9*
KLIS5%K22+2% K4 ¥KOR KLOKKL T 42 *K4* K10 ¥KLS5*K17T-K4*K L 4*¥K 15%K17-K6* K I*K15%K1 7-
K8%K 9*K15%K18-KB*KI*KLO6*KL T-KBXK 10*¥K15%KL T+2%¥KI¥KLO¥K15*%%2+2 %K 15%K16*K9
k24 KI5 HK23 K3 ¥k 2-2 KK 15 A 23 %K 4¥ ¥ 2-K 1 5% K2 TH¥K 3% % 2-2%K 1 6%K 24%K3*%* 2+ K16*K28
HKB3E¥2 42 K23% K24 ¥ K1 *%2

Tll = 4%K1#*K2¥K23*%*K24-K1¥K3*K18*K23+K1*K3* K18*K27-K1*KI3%¥K20%K24~
KLI¥*KG*KLTRK23# K1 RKGRKLTHK2T43%K1*¥K4*XKL8%K24—K1 ¥K4 *¥K18*K28—K 1 %K 4*K 20*K 23
=K1 #K4*K22¥K 24=K L¥K 6%K LT*K24—KL1*KE&*K15 #K23-KL ¥ K8*K18%K24-2% K1 ¥KI*K16*
K24+ 2% K1 *¥K9¥KLT*K13 +2*K L #K9 *K18#K20-2%K1 %K LO*K 15%K 24— 2%K 1 ¥K LO*¥K16%K23+2
HCLRKLIO0XK 1 7#K204 2% K 1¥K1 OXKL B*K22-3*%K1* K10 K1 ¥%2—2%K1*kK13*KL1T*K18+K1*
KL ¥KLo*%2+K2¥K3 *RK 1 THK 27+ 3%K 2%K 3K 1 8%K 24-K2¥K3*K1 8%K28-K2¥K3*K20% K23 -K2
KK3HK22¥K24+3*¥K2¥KGHKLT*K24-K2*K4*KLT¥K28+3#K 2HK 4 KK 1 3¥K 23-C 2*K 4*K22%K 23
K2 ¥KOEHK 1T *K23-K2#KB*kKLTHK24—K2¥KB* K1 8¥K23-2*K2*¥KI*KLS5%K24~2%K2%*KJ *KL6 *
K23 +2%K2*KI*KLT *K20 #2*K 2*KG*K 18%K 22~ 3% K2%K 9%K L 8% % 2-2%K 2*¥K10*K15%K23-6%
K2%K1O¥KLT*K18+2%K2*K1D*KLTHK22 =K2*¥K13 #K17**2 42 ¥K2*K 14*K 1T *K 18 +2*K 3*K 4%
K15 %K23-2*K3*¥K 4%K 1 5%K 2T~ 64K 3%k K4*K LO¥K2 4+ 2%K3*¥K4*KLO*¥K28+2%K3%K6%XK1H*K24
+2¥K3%KOFKLO*K23 +2%K3*K3*K 1 6*¥K24-K3*K9*K 15%K18-K3*¥KI*K16%K20-K3*K10%K15
®K20+3%K3¥KLO*XKLO*¥K16-K3*KLO0¥KLO6*K22 +K3%KL3*K15*K18+K3*K13*K16%K 1 7-K3*
K14 *K1o MK L8 +2¥K 4 ¥KO6*K 1 5% 23+ 2% 4*KB*K 1 SkK 24+ 2% K4x KBX KLO* K23 -K4*K 9% KL 5%
K17-K4*K9XKL5% K2 0#3 % K4* K9 *¥K16¥KL8-K4*KI¥K1o*K 22+3 ¥K 4*K10*K 15%*K 13-K 4¥K 10
#K1S5¥ 2243 ¥ 4K L O*KLO*KLT+K4¥K13%K1 5%K1T-Ka*K14*K15%KLB-K4* K14 *KLO6*K1 T~
KO6*KI¥KLS5*KLB-KO*KI*K16¥KLT-K6*K 10*¥K15%K1T-K8*KI*K16%K1 8-K8*K10*KL5%K1&
~K8*KLO*KLO6*KL7+4%KIKKLO*KLO*KL1O6—3RKL5*¥K24*KGXx¥2+K 15 ¥ 28 ¥K 4% %2-3%K 16%
K23 #KG##2~K LO¥K 27THK 3% ¥ 2+ K [ ¥k 2KK 2 4% ¥ 2+ K 2% ¥2%K2 I %K 2 + KK %2 ¥ KL S ¥ %2 +KL 0% % 2 %
K15 % %2
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TABLE VII (continued)

T10 = 2%K1*K2*K 24¥%2-K 1 ¥K4¥KLB* K23+ K1k K4%K13*K2T-KL*¥ K4* K20% K24 -
KLI¥KO¥KL ¥ K24+KL*KIHK1E¥%2 -2 %K 1% K1O*¥KLO¥K24+2%K 1 *¥K LO*K18%K20-K 1*K 13%K18
FH 2+ K2*K 3K L TR K24+ K2¥K3%KL S8R KZT—K2FK3* K20¥ K24+ K2 ¥ Ka4H*KLT*K2T7 +4 K2 ¥K 4 %K 18
*K2G-K2%K4H KK LB #¥K 28 -K2HK ¢ XK 20%K23-K2¥K4¥K 22%K24-K2*¥KO¥K] T*K24—K2*¥K&*KLB*
K23-K2*KE¥KLB%K24=-2¥K2# Ky #K16¥K24 #2¥ K2 XK 9*¥ K15 %K 20—2 %K 2*K 1 D*K 1 5 *K 242 %K 2
FKLIO M LO¥K 23+ 2% K 2 %K LO¥RK L 75K 204 2% K2* KL O*KL 8%K22-K2#KL1O*¥KL 7 %%2 —4 *K2 #K10 *
KL1B% 42 -2%K2%KL3*K1T*K18 +K 2*¥K 14 %K 1 8%% 2~ 2¥K3¥K 4K L6HK 2 T+2 *¥KB3¥ Ko ¥ K16% K24+
K3¥KLO*KL6*¥K1T-K3%KLO*K1EH*K20#R3AXKL3XK1O*KL8 +2 %K 4 XKO XK1 5¥K2 4+ 2 %K 4 %K 6%
K16 %K23+ 2 %K 4%K s ¥K 16%¥K 24—K 4% K 9FK L 5% K 1 3= KE¥KIkK16¥K20-Ka*xKLO*K15%K20+4%K4
*KLO¥K16*%K16~KA4¥KLO¥K16*K22+K4¥K 1 3*¥K L5 ¥ KL +Ka¥K 134K L6*K 1 7T—K §%K 14%K 1 6%
KL8=-KOo%*K9%¥K16*¥K1 8~KO6¥KLO¥KLi5*Klu—KO*KLI*XKLO6¥KLT-K8*K10¥K16*¥K1E+2%K 9*K10
#¥KLE¥¥2+2 %K 15%K Lo*K 10¥% 24K 1 S5¥K2 3¥KG ¥k 2K 15% K2 T K4x*x2—KLO¥ K2 4%K Ik %2 -4 %
K16% K24%K4x% 2 +Khb¥K 28 #K4**2 +2 ¥ K2 3¥K24 ¥K2 %% 2

T23 = =2%KL%K2*¥K23%%2~-K1#K 34K 1T*K2T7-K1*K3*K1EB*¥K24+KL ¥ K3 % KLy*K28~
KL1EK3%K21%K23+K1 %K3%K22#K24—-K1*K3K¥K22¥K2B-K1*¥K 4 kK17 *K 24 ¥K 1 ¥K4*K1 T*K28~
K1¥K 4%K18*K234K L #¥K 4%K22%K23=K 1K T*KL T*K23+KI*¥KB*KLT*K24—K1 kKo ¥KLT*K28+
KLEKB*RKLB*K23-K1%KB #¥K 22%K 23 +2%K L K IFK 1 5% K 24~ 24K LXK K 1 5% K28+ 2% K1 ¥ K9 K16
FR2I42¥KLIFKGRKLTHK2L -2 KL*¥KI¥KLE ¥ K22 HK LRI HKLE ¥%¥2 +K]1 ¥KI¥K22% %2 +2%K 1*K 1 C
1S K23 +4%K LFKIO*K LT4K 18- 4*K IRK L 0% KL THK22+ KL *KL3 ¥ KL 7T*%2—-2% K1* K14% K1 5%
K23 -4%KI*KL4*KLTH*KL1B8+4¥K 1 ¥K 14K 1 7THK22-K2¥K 3 %K L THK 24+K 2%K3¥K 1 /¥K28-K2*%K3
FKLBFK 23+ K2¥K XK 225 K 3-R2*K4XKL THK23+K2®KE XKL I ¥K2342%K2¥KI*K153K23 +2 %K 2
BRIFKLTHC LB~ 2K 2RK FHK LT HRR 22K 2R K LOFK L 7T*¥ 2-K2¥ KL 4% KL T** 2+ 2% K3k K4¥ KL 5% K24
=2¥KBHKL*KLE*¥K2B +2*KI¥KG FKLO6KK23 ¢ 2¥KI¥KTHK LH¥K 23 -2 % 3K XK L 5*K 24+ 2%K 3%
KB*K LS*K 28~ 2%K 3¥KBHKLO6¥K23-K3¥KI#KLH¥ K21 -K3¥KI*KLO6*¥ KL +K3*KI*K16*K22~-K3
#*K1O #K15%KL8+K3%K1O*K15%K22-K 3%K 10¥K1E& K 1 7T-K3#K13¥K15*K 1 T+K3%K14%K15%
KI8-K3*KL4*K15% K22+ K3k KL4*¥KL1O*KLT—* K4 *¥KEXKLHXK 23 -K4*KG*¥K15 kK1 8+K4*¥K G
K1Y *K22-K&4#K'7¥K 1O6*K 17-K 4%KL1O* K1 5% K1l I+ K4* KL 4¥KLIHRKLT-KT*KI*kKL15% KL 7 +KE*K9
#K1IS5*K1B8~KO¥KI*KLE5¥K22#KE*KI*KL1o¥KL T+ 8¥K10*K L5*K L T-K3*K14¥K15%K1T-2%K9
WK LO*K L 5%% 24 2% KGR 4¥KL 5% 2 -2 KL 5¥XKLOXKI*¥K2 +K15*¥K23FK4**¥2+K 1 S*K23 %K 8 % %2
K15 MK2THK 3%X 24K L6*K 24*K 37X 2-K LOXK 2BHK Ik ¥ 2- 2k K23F K24* KL %% 2+ 2¥K23%K28* K]
wR2

T22 = —4¥K1*K2¥K23¥K 24+ 4K LEK2K K23*K28-K1*K3¥K1T¥K23+KL*¥K3#KL18x
K23—2%KL#*K3*KLE*¥ K27 +K1¥K3*K20%K24—K1*K3¥K20*K28—K 1 #¥K 3 *K 21 %K 24— 2%K 1 %K 3%
K22#¥K23+K L ¥K 38K 22%K27+K LHRARK I TH K23 - 2% KL *¥Ka*k KL THK2 73 %K1 *K4 ¥KL B*K24+2 %
KL1*K4*K18#K28+K1 ¥K4#K20 %K 23 =K 1RK4¥K21¥K23+ 2k K 1 ¥KA4*K22¥K24—-K1¥K4*¥K2 2% K28
FRIXKOFK]L THK24-KL*KOE¥KL T K28+ KL *¥KO6*¥KL6 *K23-K1*KH*K22%K23-K1gKT*K1T*K 24—
KLI¥KTHK 18 M 23 2%K L*K 8%K 1 T*K 23+ K LRK B¥K1 TRK2 T+2 ¥ K1 ¥KB*¥ K18 *K24—K1 ¥K8* K1 8%
K28=KL *KE*K20%K23-K 1 *KB¥K22¥K24~6¥K L *¥K I*¥K15%K 23+ 2% K 1 ¥KI* K1 % K2 7+ 4% K1*KYI
K 16¥K24=2%K1#KI*K1 6% K282 %K1 ¥KI*KLT*K1B+4 *¥KL¥KI XKL T*¥K22~2#K L *¥KF*K 18*
K20+ 2¥K L ¥KFI*K16¥K21+2%K 1 #KIFK 20%K 22 ¢4 % K1* K 10¥K15%K24-2%K1*¥K1O0*KL5%KZ28+4
HFRLFKLO*KL6%K23 ~4*KL¥K1O#KL T*K20+2¥K 1 *K10¥K1T7#K21-6*K 1¥K 1O*K18*K22+5%K1
HFKLO#K 186K 24K IRKLORK22% %2+ 2% K1 ¥K13% K15 %K2 3+ ¥ K1 *K13 %K1 7 ¥K13-2*K1*K13%
KL7#K22=2%K1*K14 *K 15%K 24~ 2%K 1¥K LAXK 16K K23+ 44K LkK L 4% K1 T4 K20+ 4*K1*K14%KL 3
RK224KL ¥ KLARKL T %2 =4 % K] ¥K]1 $%K18* %22k K 2¥K3¥K L T*K2T-3#K 2 *K3*kK18*K24+2%K 2
HKB3¥K1BRK2B+K 2%K 3K 20%K 23— K 2¥KI3* K2 L * K2 3+ 2¥ K2 *¥KI ¥ K22 * K24 ~K2*K3*¥K22*K28~3
HK2RKG¥KITHK24+2 4K 2*¥KG*K LT*K28- 3K 25K 4*¥K 1 8%k K23 $ 2k K2¥K4xKL22¥ K23 +K2¥ Kb6*
KL1T%K23-K2¥KT*¥KLT*¥K2342*K2*¥KB*¥KLTHK24—K2*¥KY*¥K 1 T*K28 +2*¥K 2¥K3 ¥K18%K 23~-K 2%
KBHK 225K 2344 ¥K 2¥KIGFK L5XK 24~ 2*K 2K IR KL O KL B+ 4K K2R KI*EKLO6 ¥ K23~ 2% K2R KY*KLT*
K20+ 2% K2¥KI*KLTHK21 —4 %K 2¥KI*K 18 %K 22 +3%K2*K F*K 1 B¥* 2+ K 2K %K 2 2%% 2+ 4% K2*
K10%K15%K23# 6% K2¥K1URKL THK1 B4 h2¥KL 0¥ KLT*¥K22 #2*K2 ¥KL3%K1T%%2-2%K 2*K 1 4%
KI5 *K23-4XK2#K 14 ¥K 1 T*K LB+ 2¥K2¥K L4*K L 7T K22~ 2¥K3*¥K4*K15%K23+4% K3 ¥K4a*KL15*
K21+ 65 KI*K4¥KLO¥K24—4*KI3%Ka ¥KLE*R28~2%K3*K 6 ¥K 1 5%K 24+ 2¥K 35X 6% K1 S*K 28-2%
KAXK 6¥K L 6XK 23+ 22X K IRKTHKLE5%K244+ 2% KIRRKTHKLO6¥ K23 +4*K3 ¥KB #K [ 5 #K 23— *K 34K & *
KLID*K2T~4*%K3*KEXK L6 ¥K 24+ 2% 3HK S #K LO6#¥K 2 B+ K3*K I*K 1 5% K1 8-2%K3* K9* K1 5% K22+
K3%K G¥KL6¥K20-K3*K9*K]156% K21 +K3#*K10*K15 *K20-K3*¥K1DI*K15%C 21 -3 %K3*K 1O*K 16%*
K134+ 2¥( 3¥K LOMK 16¥K 22~ 2*K3*K13%K 1 5K 1 8+ K3%KL13*KL5%K22-2%K3*KL3*KLo6*KL 7~
K3¥ K14 %KL *KLT-K3¥K14a*xK 15K 2042%K 35K 14 MK 16*K L8-KI3¥K 14¥K 1 6¥K 22- 2% K4*K 6%
KLo#K23+ 2% K4XKTHF KL 5%K23 ~4*K4*KBHXKL5* K2 4+2¥ K4 ¥ Ko ¥KL 5%K2E—4 %K 4 K B¥K 16*¥K 23
H 4K EKL5¥K L THK 4K IR LS¥K 20-K e *K I*K 15 ¥K21- 3% K4¥KO¥K1O% KL 34 2% K4 KI*K16*
K22-3%K4%K1 0¥ K15 ¥K18+2%XK4 %K LO¥K15%K22~ 3¥K4¥KLO*K 1 6K T-2¥K 4% K13%K15%K17
+2¥K 4FK L 4EK LIS K18-Kan K1 4% K1 5%KZ 2 +2%K4* KL 4% KLH*¥KLT +2%KO*¥KO*¥K15%K23 +K6 #K 9
H#KLSHK1B—KO*XKGHKLO*K22+Ko*KI¥KLO*K LT+K 6%¥K LO¥K 1 5% K1 T-KO6¥K14%K15%KLT—KT7*
K9eK15%KL 8- KT*K9*XKL6HKL T~KT7 *KL10*¥KL5*K 1 T-2%K8*¥KI*K1O*K 1 T-K B*KI&XKL5%K 20+ 2
HERKIHK LO#K 18~ KB I¥K16FK 22+ 2x K B* KL 0¥ KL 5%KL b~KB¥KLO¥K1 5%K22+2 *K8 *K10*
Klo# KL 7+K8 K13 *¥K1O*K1T-K3*K14*K Lo¥K 16— K8#K 14%K L6*K]L T-B*¥K9*xKL1O%K15%K1H6-2
HFKYRKLIFKLGHH2 + 4 ¥ KIFKI 4R KLIOKKLI O +2 XK LORXKLG*KI5 *¥ %2 #3¥K15¥K24¥K4%*¥2+K 15%
K24 KB ¥k 2+K 1 5%K28%K B¥ ¥ 2 2%K LO¥K 2 o¥K 4% % 2430 KLO¥ K23 ¥ K4* k2 + K1 5% K2 3% KB*%2+2
kK16 ¥K2T¥K3¥#2 =2« K2FHK2THKL ¥ %24 2%K 24 %K 28 K L %% 2+ JHK 1 % 2% 234 &k 2~ 2% K L %% 2%
K24X%%2—-2%K 2%k 2K 23% ¥ 2 420K QK2 XKL H %2 -2 RKIX X2 KK 1 O6¥ %22 ¥K 1 Q%% 2 %K 15%%2
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TABLE VII (continued)

T2l = —4¥KL¥K2*K23¥K2T +4*K1¥K2¥K24%K28 +4%K L¥K 2*K 23%% 2- 6 %K 1 kK2 *
K24%%2-K1*¥K3¥K1B8%K28-KL¥K3*K20%K23+K1*¥K3*K2D*K27-K1*K3*K22*K24—K1 *K4*
KLI7*K28+2%K1*¥K 4 ¥K18*K23-3%K 1¥K4*¥K 18%K 2 1+ 2%K 1 ¥ K 4%¥K20%K24-K1 ¥ K4¥ K20* K28~
KL¥K4¥K21¥K24-2*K1¥Ka*K22%K23+K1*K4*¥K22¥K2T-K1*KH6* K 1T*K 23+ L *K6*K 1L T*K 27
+2%K L¥K6*K L8 *¥K 24-K 1 ¥K 6¥ K L 3¥K23-K1*KH6¥K20¥K23 -KL *KOo¥K22 ¥K24— KL% K7 *K18 *
K24 —-KL*K8¥KLT%K24-2%K 1*¥KB8*¥K 13*K 23 +K LK 3*K18¥*K2 7-K L ¥K 8%K 20*¥K 24— 4¥ KL *K9*
K15%K24-4*K1¥KI*KL1O6*¥K23+2¥ K1 ¥KIRKLO*Kz T #2¥K L *¥KI*KL1T*K20 +4*K 1 ¥KI*K 18*K 22
=2%K 1¥K G ¥K LB**¥ 2+ K 1¥K 9*K 20%%2~4xK 1 ¥K L 0¥ KL5* K23 42%K1 %K1 O*K15% K27 +4%K1*K10
*¥K16 #K24—2*%K1¥K1O0*K16*¥K25-2%K 1*K LO*¥K 17 *K18+2%K 1 *K 10%K L 7T¥K 22~ 4% K1*K10%*
K18%K20# 2*%K1*¥K10*K18%K2 1 +2*K1*K1O*K20*¥ K22+ 2*K1*K13*K15%K24+2*K1¥K13*K16
F23-2%K 1*¥K13%kK1T*K20-2*K L¥K 1 3*K 1 B*K2243%KL*¥K13%K18%*2+4%K] *¥K14*%K1 7T#K18
+2x K1¥K14%¥KLB¥K20-2*K2¥ K3 ¥K1T#K24—3*¥K2*K3*K 1 8*K 27 +2*K 2*K 3*¥K 20*K24-K2*K3
*K20%¥K 28-K2*¥KI3*K 21 *K24-K2Z*K3*¥K22*¥ K23 +K2xK3*K22*K2T-3%K2*K4*K1T* 2T-6 *K2
*Ke ¥ K1B8*¥K24+3¥K2Z*K4 ¥K 18 %K 2B+ 2¥K 2¥K 4¥K 2 0% K23-K 2*K4*¥K21*¥K23+ 3% K2*xK4*¥K22%
K24—-K2¥K4*¥K22¥K2B+2% K2 Kb *¥K1T*K24-K2*¥K6¥K1 THK28 42 *K 2 %K 6 *¥K 18 ¥*K2 3-K 2*K 6*
K22%K23-K2¥K T¥K L 7T#K 24— K 2¥K T*K 18¥K23-K2*¥KE*KL T*K23 +K2*KB* KL 7% K2 7+3 *K2%*K8
*KL8 *¥K24-K2*KB8*K L8*¥K28-K2¥K8*K20*K23-K 2¥KB ¥K22*K24-4*¥K2*¥KI*¥K 15%K 23+2%K2
HKY%KL5¥K2 T+ 6¥K2¥KO*K16+%K24-2% K2 *KI* KL 0¥ K28 +2*¥K2%KIRKLT*K22-4*K2*K9*K 18
*K20 #2¥K 2¥K9*K18*K2 L 42 %K 2*¥K 9*kK 2D *K 22+ 6 %K 2¥ KLO* K1 5%K24—-2%K2*¥ K10*K15%K28 +
6%K2*K10*¥K16%K23-4*K2*XK10*¥KL1T*K20+2*%K2#K L0 K1 T*K21-6*K 2*K10 *K1 8*K 22+ 2%
K2¥K JO#K 1 7 %% 24 6%K2#¥K10*¥K18* % 24K 2¥ KL O¥K22% %2+ 2% K2*K13*¥K1 5 *¥K23 +b ¥K2 *K13 *
K17#K18-2%K2*K13 ¥K1T*K22- 2%K 2¥K L 4%K L 5% K24~ 2%K2*K 1 4% K16* K23+ 2*K2%K14%K17
*K20+2%K2*¥K14¥K18*K22-3%K2*¥K14%K1 3% %2 +2*¥K3¥K4*K15%K28+6*K3*K4*¥K16*K27+2
HK3*KO XK LS*K 23— 2%K 3K 6¥K15%K2 T- 4% K3 *KOE¥KL6*¥K24+2*¥K3 *¥KO6*¥K16*K28 +2 % K3 KT *
K16% K24 +2¥K3¥KB*K15%K24 +2*K 3*K8*¥K 16*K2 3-2*K3*K 3*K 16*¥K27-K3*xKI* K1 5% K20~
K3%KI*KL6¥K22-K3%¥KLO¥K15*¥K22=2¥K3*¥K1O*KLO6¥KL1T +2*K3*K10 *K16*K20-K3*¥K10%*
K16 #*K21+4K3¥K 13 %K 15%K20- 3*K 3*¥K 13 *¥K L 6 %K1 3+ K3 *¥ KL 3% K16%K22-K3*K14*K15%K]l 8-
K3%K14%K16¥K20-4*K4 ¥KOH¥K15%K24+2%K4%K6 ¥ K 15%K2 8- 4¥K 4¥K 6%K 1 6% K23+ 26 K4*KT*
K15%K24+ 2*K4*XK THK1OFK23+4*¥KEXKE*KLOXK2 3-2¥K4*¥KBXKLS5*K2T -6 * (4 *¥KB8*K1o*K24
+2%K4*¥KBXK16¥K28 +2¥K4¥K 9K 1 5%K 1 8- 2%k K4 KI*K L 5% K22+ 2% K4¥K 9%k KL 0¥ K20-K4*xKI*
KL16* K21 +2%K4*KLO*K15*K20-K4*K10¥K15*K2 1-6*K4%K LO*K 16*K 1 8+3*¥K4A*K10*K16*
K22- 3#K4*K 13 #K 1S *K18+K4*K 13*K15%K22-3% K4*¥KL3*K16¥ KL T -K4a*KL4*K15%KL 7-K4*
K14 #*K15%K20+3#K4 ¥K14*K1b6*K 18-K4*K 14%K 1 6¥K22+ 2¥KO6*KB¥K15%K24 + 2% K6 *K8*x K16
*K23-KO6*¥KIRKLS¥ KL T-KE¥KI*XKLS* K2 D+2*¥KOH*KI *¥K1O6%K 1B-KO*KGAK1H6¥K22+2*K 6*K 10
LY HKLIB-KO*KLOXK15%K 22+ 2*K 6% KLO*KL1o¥K1T+KO*KL3*¥K15%KL7-Ko* K14 *KL5*K18—
KOoXK14%KL6¥KLT-KT*K9*¥K16*¥K18-KT*K10*KL5#K18~KT*K10*K16%K17-2%K o¥KI*K15%
KI1E-KE*Ky¥ K1 6% K1 7T-K3*K9*K1o*¥K20-KB8*KL1C *K15%K17-K8 *K10*K15%K 20+ 3%K 8 *K 10 *
K16 #KI8-KB*KLO*K LO6*K 22+4K3*K13 %K 15%K 18+ KB8¥K13*¥KL6¥K1T-KB8*K14* KLO*KL 8+4%
KO#*K10¥K15%%2-6%KG*XK10#KLO**2—4¥KI*K13*K 15%K16+2*¥K 9*K 1 4*K 1 6%%2-2*K 1 0*
K13%K15%%2+4 4*¥K10*K14¥K15%K1 6+ 4% K1 5% K16 *KI*¥2-6*¥KLH*K16*¥K10*¥2-2%K15%K23
FKEFH24K1O¥K2I ¥KO ¥ ¥ 2+ 3 ¥K 15K 2T*K 4% %2+ 2%K 16 ¥K24*K3*% 2+ 6% K16 K24 ¥K4x %2 +
KLO® K24 %KB8*%2 -3 % K16 ¥K28 ¥K4*¥2+4 ¥ K23 ¥K2 4K L ¥#2-6%K 23 ¥K24 MK 2% ¥2+ 2*¥K 23%K 23
H2*H2-2FK 24 ¥ 2T *¥K 1 %% 2
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TABLE VII (continued)

) T20 = G¥KL1¥K2¥K23%K24—4*K1*K2*¥K24%K27-K1*K4 *K18%K28- K L*K4&*K 20 *
K23+K1 #K4¥K20¥K2T-K L¥K4*K 225K 24~K1%K6% KLBRK23 +K1*¥KO6*KLEX K2 T —KL*K6*K20%
K24-KL#¥K8%K18%K24=2¥K1*KI*K 16*K 24 +2%K 1 #K 9K 18 %K 20— 2#K 1 %K 10*K 1 5%K 24-2%K 1
*KLO*K 16%K23+2%K 1*¥K10%K16%K2 7T+2 %KL *K10 *K1B*K224K1*K10%K20%#2 +2 K 1 *K1 3%
K1o*¥K24=-2%K1*K13 %K 18%K20+K 1 ¥K 14 %K L 8%¥2-K2¥K3*xK L 7*¥K2T-3%KZ¥K3 %K1 8% K24 +K2
HK3*¥ K20%K2T-3%K2* K3 *¥K1T#K24—4%K2¥KG*K13%¥K2T #3#K 2 %K 4 %K 20 %K 24— K 2 %K 4 %K 20 %
K28-K2*K4*K2 1 %K24-K2%K4%K22% K23+ K2%K4a% K22KK2 T+ K2 %K6 %KL T *K27 +3 %K2 *K6 *K 15
¥K24 -K2¥KOKKLE#KZ28-K2* K 6¥K20%K 23~K2*KO¥K 225K 24-K2 %K T*K 1 8%K2 4—K 2%k KB* K1 8%
K23+ K2*KB* K1 8% K2T-K2*¥ KB *K20%K24 -2 ¥K2 *KI*K15%¥K24 -2 *K 2 *¥K 9 *K 16 *K 2 34 2%K 2%K 9
L6 #K 2T+ 2K 2¥K I HFK 1 B¥K 22+ K 2KK 9%K 20% % 2= 2% K2 %KL 0%K1 5% K23 +2%K2 *KLO*KL5%K27
+BRK2¥KLOXKLO¥K24—2*K2¥K1 O¥XKLO6*K 28 +6%K 2¥K LO*K 1 T%K 1 6= 6 %K 2%¥K 1 V%K 18%K 20+ 2%
K2%K10¥K18%K21+2*K2¥K10DKRK20%* K22 +2%K2*K13 *K15%K24 +2 %K2%K 1 3%K L 6%K 23— 2%K 2%
K13 *K1T7*K20-2%K 2*K L 3%K 1 8%K22+K2#¥K 13 %K 1 74 %2+ 4% K24 K13%K1 8% %2 -2%K2%K14%K16
*¥K2442%K2*K14¥K1B8*¥K20+6 ¥K3*K4¥K16*K24= 2¥K3 *K 6 %K 16%K 27-3%K 3%K LO*K L6*K 18~
K3%K 13%K16%K1T7+K 3¥K13%¥K16¥K20+2%K4¥x KO* KL5¥K23 -2 ¥K4 ¥Ko ¥K 15 % 2T —p*K 4 *K 6 *
KLO¥K24 +2¥K4 *¥KO6¥K 10 %K 28 +2 %K 4 *K T*K LO%K 2 44 2% K 4% K BRK 1 5% K24+ 2% K 4% K %K1 6% K23
—2%K4%KB¥KLO*K2T -Ka ¥KI*KL5%K20-K4*KY*K LO*K22-K4*K 1 0%K 15 %K 22~ 3%K4*K 10 *
K1O6¥K1T+3%K4*K 10*K16*%K20-K4*K10%K16% K2 1+K4%K1 3 %KL5%K20-4%K4 %K1 3 %K1 6*KL &
e X KL3¥KLO6*¥K22-K4*kK14*¥K15%K 18-K 4*K L4%KLO6¥K 204+ 2%K 6%K 8%K L6%K 24— K6¥KI%K1 S
*K1 B-K6*KI*KL6* K20 -KOE¥K10*K15%K20+3%KO ¥K1) *¥K16%K18-KO6*K LD *¥K L6¥K2 24K 6*
KLS*K15*K18+K6*K13*K16*K1?-K6*K14*K16*K18-K7*K10*K16*K18—K5*K?*Klb*KlB—
KB*K10*%K15%K18-KB*K10*K16*K20 +K 3 ¥K 13 %K LO*K L8+4%KG*K LO*K 1 5% 16~ 25K 9*K 1 3%
K1o6%*%2-4%K10*K13*K15%K1642%KL0%®KL4*KL6 ¥%2 +K15 ¥K24 *kKH6* X2 +K 15 %K 28 %K 4%%2 +
KLO®K2I*KO* K2+ K LOKK 2THK FH 2+ 4 %K LORK 2T K4&% 2= 2k K23*k K2THK 2% % 2+ 2% K2 4% K2 8%
K2¥# 24 KL ¥ %2 ¥ K24 ¥ ¥ 2 +K2 ¥ ¥ 2XK23#¥2 - 4 kK2 ¥k 2¥K 24 X% 24 G# ¥ 24K 1 6% %2 +K 1 0%*2%K 15
¥% 2= 4%K10%% 2%K 1 6%%2 .

T33 = 4¥K1*¥K2¥K23%K24—4*KL*K2*K23%K28+K1*K3*K18*K2T+K1*K3I*K2]1*
K24=-K1*¥K3%K21%K28-K 1¥K3*K22%K2 T+K 1K 4% KL T*¥K2 T+ KL *¥K4* K18 ¥K24 —K1 *K4*KL8*
K28 + K1 *K4* K21 *%K23~-K1*K4%K22*%K 24 +K 1 ¥K 4*¥K22%¥K28+K 1 ¥K T*¥K 17*K24~- K1 *K I%K1 T*
K28+ KI*¥K7*¥K18%K23-KI*KT*K22*K23-K1*K8*KLT*K2T-KL*K8*K18*K24+K1 *<B8*K13*
K28-K1*KB8*K21*¥K23+K L¥KEH*K 22%K24-K1*KB*K22%K28-2%K1¥K9* KL 5% K2 T-2* KL ¥K9*
KLO6¥K2442¥ KL ¥KI*¥K16*¥K23 —2*K 1 ¥KI*K 18%K2 L+ 2%K 1 ¥K 9*K 21 %K 22~ 2% L*K 10%K15%
K24+ 2%K1*K10*¥K15%K28-2¥K1*K10*KLo*K23-2% K1 *¥K10O*K1T*K21+2%K1L *K1O*K1E*K22
“KL¥KIOKK 18%%2-K1*K10*K 22%%2=2%K 1 %K 1 3% K15%¥K23-2%K1¥K13*K1T*KL18+2%K1*K13
FKLTHK22+ 2% KL ¥KL4¥KL5%K24 -2 %K1 *KL4*K15*K28 +2¥K1*¥K 14 *¥K16*¥K 23 +#2¥K1*K 14%*
K17*K21=-2%K1*K14%K18¥K22¢ K1 ¥K L14RK1B*¥¥2 +KL*KL4G¥K22 *¥*2+K2 ¥KI XKL *K2T +K2%
K3*K18%K24 -K2*K3*¥K18*K28+K 2*¥K 3¥K2 1 *K 23K 2¥K 3¥K 22*K 24+ K2*¥K3%* K22%K2u+K 2%
Ka*K 17T#K24-K2#* K4 FK1 T* K23+ K2 ¥K4*K1BH*K23 ~K2 ¥K4G*K22*K23 +KZ *¥KT*K1T*K23-K 2%
K8*K 17T #*K24+K 2¥K 8*K 1 T*K23-K2*K BFXK 1 3¥K23 +K2 ¥ KBF*K22¥ K23- 2% K2*KI®K1H¥K24+2*
K2¥KG*KL 5% K2 8~2¥K2*¥KF XK 16¥K23 -2 #K2¥KI ¥ KL TH#K21+2%K 2*K 9%K 18%K 22-K2*K 9%K1 8
HH2-K2HKIHK22% %228 K2¥K1 0% K1H* K23 -2% K2 *K1D *K1 7 %KL 8+2*¥K2*K1D *K17T*Kz2-K2*
KI3*K1T%%2+2%K 2*K14*K 15%K 234 2%K2 %K 1 4%K L T*K 18- 24K 2% K1 4%K L T*R 22-2% K3 ¥ K4 *
K15* K2T-2% K3 ¥ Ka*xK16*K24 +2¥K 3% K4 ¥K1o*¥K2B-2%K3%K T*K 15¥K24+2%{ 3*KT*K L5*%K 238
—2%K IRKTHKL16%¥K23+ 2XKB*KBH*K L5 K2 T+ 2% K3 ¥ KB*¥K1o*K24—-2% K3 ¥K3 *¥KL 6 %K28 +K3 *K9 *
KL16%K21+K3*K10*K15*K21+K3 %K LO*K L6*K 18-K3*K 1O*K16%K22+K3*K13 %K1 5%K1E~K3*
K13%KLI5%K22+K3*K13%K1 6% K1 T-K3*K14*KL5%K21-K3*K14*K16*KL5+K3*K14*K 16*¥K22
=2%K 4¥KT *K 15%K 23+ 2¥K4*K 8*¥K 1 5%K 24~ 2% K 4¥x KB* KL 5* K28+ 2 * K4 * K3 * K1 6* K23 +K4*x K9*
KIS * K21+ K4 KI¥KLO6*K L8—K 4¥KI¥K16¥K22+K4 *K 10¥K15%K18-K4*xK10¥K15% K22+ K 4%
KLO*K16¥K1T+K4*K13*x K15 KL 7T-Ka*Kl4*¥K15%K1B8+K4*¥KL4*K15*K22-K4%K14*K16*K17
+2FK THKB¥K LS*K23+K THK 9*K L H5*¥K 1 E-K T*KG*K 15 %K 22+ KT*¥KI* K1 6% KL T+ KT* K1 0*K1 5%
K17—-K7%K1 4*%K15%K17-KB8¥KI*RKL5¥%K21-K8*KY ¥ 16*K18+KB*KI*K L6*K22-K 8¥K10%KL5
*K18+KB8®K10%K15%K22~-KE¥K1D*xKLO*K1T-KB*KL3*KLS*K1T+K8*KL4*KLH*K1E8-KE*K14
¥KLS *K22+KB¥KLA4XK LOFK LT +4 XK IFK LOXK 1 5%K 164 2% KI¥KL3%kK15% ¢ 24« KO K1 4% KL 5%
K16~ 2%KLO*KLE*KL5%%2-KL15%K24%Ka*¥2-K15 ¥K24* KB**¥24+K 1 5*K28*K4**2+K 1 5*K 28 %
KB*#2-K16¥K23%K 4*#2-K16*K23¥K X% 2-K1 6% K2 THK3% %242 % K23 *¥K2T *K1 *%2-2 ¥K24 *
K2B*KL*¥*2 +K1 2 ¥K24 %% 24K L *k 2¥K 2B3% ¥ 2+ K Z¥K 2%k K 23 %% 24 K9*x ¥ 2¥K1 6% % 2+ K1O¥* 2%
K15% %2+ K1 4%*2%K]15%%2
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TABLE VII (continued)

T32 = B¥K1*K2*¥K23%K2T7-8+*K1¥K2*¥K 24%K 28— 4¥K 1 ¥K2¥K23 %% 2+ 6*K 1 ¥K2%K24
B2+ 2R K1 RK2HK2B8%* 2+ K1 ¥K3*KL 8% K28 -K1 #K3 *¥K2) *K2 7~K1 *K3 *K21¥K23+K 1 %K 3 ¥K 21 *
K2T+K1 ¥ 3*kK22%K24-2%K L¥K3*K 22 %K 2 8+K L¥K4XKLT*K28-K1*K4¥K18*¥K23+3xKL¥Ke¥%
K18% K2 T=KL¥K4¥K20%K24 +K 1 ¥K4 %K 20 % K28 +2 ¥ K1 #K 4% 21 ¥K 24K 1#K %K 21%K2 8+ 2% K1 *
K4XK 22%K 23-2%K 1% K 4% K2 2% K2 T- K1 ¥KO XKL 7% K27 KL *K6*K1 8% K24 +KL*K 6 *K18*K28~K 1
¥KOKK2L¥K23 4K 1 ¥K 6 #¥K 22¥K 24 =K L ¥kKC*K22¥K 2 8~K 1 %K T K1 T¥K23+KL¥KT*K1 7T*K27+2*
KLI%K TRKL 8% K24 -KL*¥K7*¥KL8*¥K28 K1 #KT¥K20%K23~K 1¥K THK22*K 24 +K1*K8*K 1 T*K 24~ 2
#KI*KEHKLTHK 28+ 2%K 1 ¥K 8K 1 3% K23~-2% K1 *K8*KLB8*K2T+KL*K8*K20%K2 4—~K1*K8 *K20 *
K28 -KL*K8*K21%¥K24-3*%K L 4K3*¥K22*K 23 +K L #K 8¥K22¥K 2 T+ 4*K 1¥KI*K15% K24~ 6¥K1*K9
*¥KLS5*K2B+4*XK1¥KI*KLO¥K23-4*KL*KI*KLO6*¥K2T7 #2#K 1 %K 9 *¥K1T7%K21~4*K L *¥K9 *K 18 %
K22+ 2%K1 ¥K 9¥K20 %K 2 L+ K L¥K 9#K 18%*% 2 +3*K1 ¥ KI¥K22 ¥ 2 +4 % K1¥K10* K1 5%K23 -4 %KL ¥
KL1O* K15%K27—6%K1 *K10*%K16%K24 +4*K L ¥K LO*KLO*K 28=2#K 1 *K 10%K 1 7*K 18+ 2*K1*K10
*K18%K20-4%K 1%K 10%K18%K21-2*K1*K10*K2C *K22+2*K1*K10*K21 ¥K22 ~4%K]1*K13*
K15%K2442%K1¥K13 XK 1 5%K 28~ 4*K 1 %K L 3%K 1 6% K23+ 2% K1*%K13%K1T7¥K20-2*K1*KL3%K17
*K21 +4%KL¥K13%K1 8#%K22-3*K1¥K13*xK18**2-K1¥K13%K22**¥2-6*K 1 *¥K1 4*K 15*K23+2%*
KL%K 149K 1 5*K 2T+ 4%K]1 *K 14 *K 16 %K 24— 2%K1¥K14%K1 6% K28 +2 %K1 *K L 4%*K17¥K22~2%K1 *
Kla*K18%K20+2%K1 *K14*%K18%K21+2%K 1 #K 1 4*¥K20%K22+K2*¥K3%K1T¥K24+3*K2*¥K3*%K18
*K2T-K2¥K3*K20¥K24+K2¥K3*K20*% K23 +2¥K2*¥ K3 *K21*K24-K2 *K3 %K 21 *K 28 +K 2*K 3%
K22%K2 3= 2%K2*K 3K22¥K2T+ 3%K 2%K 4R K L T¥K2 T+ 4% K2¥K4* KL b*K24 -3 ¥K2%K4*K18*K28
~K2%K4*¥K20*K23+2*%K2*¥K 4 *¥K 2 1¥K2323-3*K2¥K 4 ¥K22*¥K24+2%K2*K4*K22% K28~K2* Kb6*
K1T*K24+K2¥KO6*K1 THK28-K2xK6*K18* K23 ¢ K2 *KO ¥ K22%K23 +2*¥K2*KT*K 1 T*K24—-K2*K7
HKLT #2284 2%¥K 2¥K THK 1 8*K23-K2*kK T#K 22*%K23 +K2¥KBRKL1T*K23-2%xK2*¥KB*K1 T*K2T7~3*
K2*K8%K18%K24+2%K2 ¥KE8*K 13%K 28 +K2* K3 ¥K20%K23-K2*¥K B*¥K 21 %K 23+ 2 kK 2%¥K 8% K22%
K24—-K2*K 8% K22%K 28+ 4% K2*¥KIG¥K15*K23-4¥K2*KI* KL15%¥K2T~6*K2¥KI*¥KL16*¥K24 +4%K2 *
KP*K Lo*K28—2 %K 2 ¥KIHK L T*K 22+ 2%K 2¥KI*K 1 8%K20-4*K2¥K 9¥K1 8% K21 -2*KZ*KI%K20%
K22+ 2¥K2*¥K9* K21 % K22-6%K2¥K1O*K15%K24 +4 %K 2¥K LO*K 1 5%K 28-6*%K2*K10*K 16*K23+
2%K 2HK 10 *K L 7T#K20-4%K2¥K LO¥K1T*K21+ 6% K2 %KL 0*K13¥K22-K2*¥KLO¥K1T*%2~4 *K2 *
KLO*K1B**2-2%K2%K10*K22%%2-4%K 2%K 1 3%K 1 5%¥K23- 6% K2%K13%K]1 7T*K1 8+4%*K2*¥ K1 3% ~
KLT%K22#4%K2%KL4*¥KL1 5% K24 —2%K2%K1 4*K15%K28+4 %K 2 #*K 1 4*K L6 *¥K 23~ 2%K 2¥K 1 4*K 17
20 +2¥K 2K 14*¥K LTHK21-4%K 2¥K L4*K L 8% K22 +3%K2*KL 4*¥KL1 8%k 2+ K2* K1 4¥K22%*2 2%
K3%K4% K15 %K28—6%K3*¥KG*K LO6¥K2 T +2*¥K3*¥Ko¥KL15¥K2T7 ¢ 2% K 3%K 6*%K 1 6%K 24— 2% K 3*K 6%
K16% K28+ 2¥K3*¥KT* KL5¥%K23-2%K3¥KT7*KL5*K2 7T-4* K3 kKT *K16 ¥K24+2*{ 3K T*K 16*K 28
—2¥K3RKB MK 15KK24 +4*¥K3*¥K 3*K 1 H%K2 8- 2 %K I*¥ KE¥K 16% K23+ 4% K3*KB¥ KL 6% K2T-K3*K9*
KL15% K21 #K3*KG*KL16*K22+K3*¥K10*K15*K22+K3*¥K10*K 16%K L T-K 3*K 10%K16%K20+2*K3
¥KLO*K 16%K21-K3%K13%K15%K20+K3*KL3%K15*K21+3*%K3*K13*%K16*K1B8—2*K3*K13*
K16%K22+K3*K 14 ¥K 15%K 18- 2%K 3%K L4*K L5¥K2 24K 3¥K14%K16%¥K20-KI*kKL4¥KL6*K21+2
K4 ¥ KOXKL5¥K24 -2 K4 ¥ KO¥KLS*RK28+2%K4*¥KO M L6¥K23~4¥K4¥K THK15¥K 24 +2%¥K4¥KT*
K15%K28-4¥K4*K TXK 16¥K 23-4*K4*KB¥K15%K2 3+ 4% K4*¥KB*XKL5*K2 T +6¥K4¥KB*K16¥K24
—4¥K4%KB*¥KLO*K28—K4*¥KG*K15%K 1 8+ 2% K4*KF*K 15%K22-K4¥K 9*kK16%K20+2%K4* K9*
Kl6*K21=Ke*K10¥K15%K20+2%K4*KLO*K15%K2 L +4%K 4 %K L0 *K16*KY8-3*K4*K10%K 16%*
K22+ 3K &* K13 ¥K 15 %K 18-2%K 4*¥K13%K L5%K 22+ 3¥K4¥ K1 3*KL 6% KLT+Ka*K14¥K15%K1 T+
KaxKL4*KL5¥K20-K4*K14*¥K15%K21~3%K4*K 14 4K LO*K 1 B+ 2¥K4*K L4*K 1 6% K22+ 2¥K6*KT
LS M23~2#KHMK 8 ¥K LK 24+ 2¥KO¥KBXKLHXK28-2*KOXKEXKLOFK23~K5 *KI *¥K15*K21~
Ko¥KO*KL6*KLB+KO*¥KP*¥K 16 #K22-KEXK LO¥K 154K 1 8+K 6% KL O*K15%K22-Ko*K 10%K16%
K1 7-KO6*¥KL13%K15%KLT+KO6XK14*KL5%K18-KOH*K 14*K15*K22 +K6*¥K14*%K16*K1T+2*KT*K 8
HK1S K24+ 2FKTHRK K LOKK2I3-K THK GFK LS¥KL 7T-KT#KI¥ KL 5% K2 0+ 2% KT*KI*K16* K18~-K7
#*KI% KLO¥K22 42 ¥KT*K1O0*K1 5%KL1B8-K7*K10*K15%K22+¢2%K T*K 10%K16*%K1 7+K 7T#K13%K15
¥KLT-K T*¥K14%K15%K18-KT*¥K14*K16*K1T+2*KgxKI*K]I5¥KL8-3%KB*¥KI*KL5*K22 +K3 *
KI*K L6 *KL T+K B¥K I *K 1O K 20-KB*KI*K LO¥K 2 L+KEFKLO*K15%K1 T+KB8*K1 0*K15%¥K20~K3
¥KLO*KL5%K21-3%Ko*KLO*KLO6XK18 #2¥KG*KLI #K L6 #K22-2*%K B*K13*K 15 *K ] B+K o*K13*
K15%K22=2%K8*K13 %K1 6%K1T7-2*%K8*KL4*¥KL5%KL T-K3*KL4*KL15%K20+2*K3 *K1 4 *K16*
KLE—KB8*K14*¥KLO*¥K22~-4%KI*K LOXK 1o * %2+ 6%K 9*K LO*K 1 6% % 2+ BXKIRKL 3 *K1 5% K1 6+6%
KO*K14%KL5*¥ 24X KG*XKLG* KL &6¥*2 +4 XK1 0%K13*K15%%2-B*K10*K14*K15*%K 16— 2%K 13*
K14#K15%%2-4%K15%K 16¥KI*%2+ 6%K15FK16%K 10%%2+2 K15 %K1 6 %K1 4%%2+K15*K23%K4
*%2+3xKLO¥KZ3¥K8*%2-3 %K 15K 2 THK 4% ¥2—-K L 5¥K2 THK 3% ¥ 2-K16¥K 24%K Ix% 2—4% K] 6%
K24% K4k *2—-2% K1 O6¥ K24%KB* ¥ 2 +3 %K1 6* K23 ¥ K4 %2 +K16 ¥ K28 #KG ¥ k24 %K 23*¥K24%K 1 ¥ %2
+o¥K 23 *K 24 #K 2¥ %2+ 6*K 23 ¥ K 2 8% K 1 ¥%2-4 %23 *K2 B¥ K2* ¥ 2+ 4¥ K24% K2 T K1 % %2 =2 *K2T*
K23 %KL %2

47



TABLE VII (continued)

T31 = =8*K1*K2*K23%K 24+ 3%K LXK L*K23«K 28+ 1 2% K1 ¥K2*¥K24¥ K2T—4%*K1¥K2%
K2 7% K28—K1¥K3*K20%K2B-K1¥K3¥K22*K23+K1 *K3¥K 22 %K 2T +2¥K 1 *K 4*K 1 8%¥K28+K1*K 4
K20 HK 23— 23K L KK 4 4K 20*K2T7- K1 *K4* K2 1# K23 +KL*¥K4*¥K21*¥K2T+2% KL ¥K4 ¥K22 *K24~2 %
KL¥K4¥K22%K23-K1¥KO6 XK LT %K 28+K 1*¥K 6*K L B¥K23- 24K 1 kK 6*K L1 B*K2T+K1*¥K6*¥K20% K24
~KL*K6*K20% K28 -KL*K6* K2 L*K2 4—2*K1*Ko*K 22 K23 +K 1 #K 6 *¥K 22 %K 2T- K1 ¥K7T*K 18%*
K23+K1*KTHRKLB8HRK2T-K I¥K 7K 20%K 24— K L¥KB8¥ KL T#K23+ K1 *K8*KL7*K27 +2% K1 ¥K8*K1l

*K24 =2 *¥KL*K8*KL18*¥K28-2%K 1 *KB8*K20%K 23 +K L¥KG¥K20%K2 T-2*KL1*¥K3*K 22%K 24—6%K1

HKIXKLO¥ K23+ 48 K1XKIRKLSRK2TH4%KLRKIFK]L 6% K24 —4 ¥K1 ¥KI *¥K 16 *K2b +2%K 1*KG*K 17
K22 ~2K¥K L ¥KO¥K18%K2042%K L ¥K %K 1 3*¥K2 L+4 ¥ K I*¥KI*kK20% K22+ 4% K1*K1 0¥ KL5%K24 -4
KL% KLO*KLS5%K28+4¥KL*¥KL0*K16%K23-6KL¥KLO¥K LO6*K 2T+ 2%K 1#K10*K L 7T¥K20-2%K1
HKLOMKLEXK 22+ 2%K L% K1 0% K20%K21 -2% KL %K1 O *¥K1B8#*2~K1 %K1 0 *K20%%2 +2 %K1 *K 10 *
K22% %244 ¥K 1 *¥K13*K15*K23-2%K 1¥K13#K 15%K 2T-6*K1*K13%K16* K24+ 2% KL *¥K13 *KL6*
K28-2%K1*K13*%KLT7*K22+#4 %K1 ¥K13%K18%K20-2%K1#K13%*K1 3*¥K21-2#%K 1 *K13%K 20%K22
— XK LFKL4*K 15%K 24— 4 ¥K 1K 14X KL O*x K23+ 2% K1*K1 4% KL 6% K27 +2%K1 %K1 4*%K15 *K22 +K1
K14 ¥K20 X%k 242 %K 2*¥K 3 *K 1T %K 27 3%K 2%K 3K L 8%K 24~ 2K 2% K3*K 20% K27+ K2*K3*K21%
K2T-K2*K3¥K22*K28+3 ¥ K2* K4*K L THK24 +6% K2 ¥K4*x K18 kK2 T -3 %K 2*K 4 ¥K 2N ¥R 24 +2%K 2%
Ka*K 20 #K 28+ 3% 2¥K4¥K2IKRK24-K2¥K 4*¥K2 L ¥K2842%K2*¥ K4k K22¥ K23 -3 K2* K4 ¥ K22 %
K27 =2%K2%¥KEXKL THK2T-3*K2%K6¥K 1o %K 24 +2%K2¥K 6 %K 1 %K 28+K 2*K 6%K 20%¥K23-K2*K6
HC2LHK 234 2hK 2KKO¥K22%K24- K2 ¥KO6*K22¥ K23 +K2¥KT*KL1 T*K2T+3*K2*KT*K18 %K 24-K 2
HKTHKLGH¥K28-K2¥K THK20%K 23K 2¥K T #K 22%K24-K2*KB*K1 T*K2B8+2*%K2¥ Ku* KL8*K23-3
HK2¥ KBHRK]L BHK2T+2¥K2*¥KBH*K20%K24—K2 *Kd *K 20%K2b-K 2%¥K B¥K 21 ¥K 24~ 2 %K 2%K 8 ¥K 22%
K23+K2¥KB¥K22#K 2 T+ 4¥K2¥KI*K L1 5F K24~ 4R K2 ¥KIRKLS*K2B+4¥K2*KI*¥K1 6% K23 —6%K2 *
KI¥K L6 ¥K2 T -4 kK2 *¥KI*K 18 HK 22+ 2%K 2¥K T*¥K20*K2L-K 2¥K 9K 20% 2+ 2% K2 ¥ K P K22%* 2+
G¥K2¥KLO*KL5%K23-6*K2¥K10 *K15*K2T-12*K2¥K1D¥K16*K24+6¥K 2*¥K 10 *K 16*K 28— 6%
K2¥K 10%K LT7%K L8+ 6*¥K 2¥K LO*K L 8%K 20~ 6¥K2*¥K LO¥KL ¥ K21 -4*xK2*KL0¥K20% K22 +2%K2*
KLO*K2L1#K22-6*%K2*K13*¥K15¥K24+2¥K2¥K13*K15%K28-6*K2*K13*¥K16%K23+4%K2%K13
HKLT*K20-2%K2% KL 3¥ K1 T*K21 +6¥K2*¥K13* K18 *¥K22-2%K2¥K13*K1T7 %#2-6%K 2*K 13%K 18
HH2-K2¥K L3 3K 22%% 2-4 kK 2*K 1 4¥K L 5¥%K 23+ 2% K 2K K1 4% K1 5% K2 T+6%K2* KLl 4*¥K1o* K24 -2%
K2¥K 14%KL6¥K28+2#%K2 #¥KL14¥K1T*K22-4*K2¥K L4*¥K L18*K 20+ 2¥K 2*K 1 4% 1 8% K21 +2%K2¥
K14¥K20%K22-6¥K3%K4*K16% K24+ 2% K3¥K6* K1 5¥K2E +4¥KI¥KO*¥K16 *¥K2T-2%K3*K T *K16
*¥K2T +2*¥K3*¥K3*K1H *K23-2%K 3 *xKG*K LO*K 2T+ 24K 3¥K 8% K 16*¥ K2 8-K3¥KI*K15* K22 +3%K3
HFKLO¥KLO6XKLB+K3* K13 *¥K15*K22+2¥K3*xK13¥K Lo*K 17-2%K 3*K 13 *K 16 *K 20+K3*K13*
K16#K21-K3#¥K 14 M 15*K20-K3¥K L4*K]L 6%K22— 2% K4* KoK KL5XK23+4 ¥ Ke* Ko*x K15 *K2T+6
HKG ¥ KO RK1OHK24 -4 %KL *K 6 %K L 6K 2B+ 2KK 4% KT #K 15%K 23~ 2#K 4¥K T*K15% K27 -6% K4k KT%
KL6*%K24+2%KG*KT*¥K1o¥K28-4*K4XK3¥K1O#K24+4 %K 4% B *kK15%K28~4*K 4%K B*K 16%K 23
+6¥K 4*KBFKLOKRK2THK4¥KI¥K 1 5% K2 0-K 4*¥K I¥K 15% K21+ 2% Ka4*KI*KLO6*K22+2*K4*KL1O*
K15%K2243%K4*K10%K1O6¥K17-3%K4*¥K10¥K16*K20+3*¥K4¥K LO*K 16%K 21~ 2¥K 4K 13%K15
HK20+KGFKL3% K] 5¥K2L +6*K4HxKL3*¥K16%K1 83 %K4#*K13 *¥K16*%K22+2%K4*K L4*K15%K 18~
2HKLG IKL4FKLE5KK 224 2K 4¥K 14 ¥ K LOXK 20~ K 4¥K 14%K LO¥K 21+ 2% KO6XKTHK]L 5% K24 +2%Ko*
KT¥K16% K23 +4%KOE¥XKGFKLG5 K23 -2¥KOE¥KBFK L5 #K2T-4%X 6%K 8*K 164K 24 ¢ 2 %K 6%K 8*K 1 6*
K28+ KEFK 9K 152K 1 8-2%KO*KI*K]L 5¥ K22+ K6 ¥ KIRKL 6%K2 0-K6#¥KI*¥K1o%K2 1 +K6 *K 10 *
K15%K20~K6¥K10*K 15%K21-3*%K6*K LO¥K16%K 1 8+ 2%K 6K LO*K16%K22-2% Ko* K13%K]L 5%
K18+ KO*KL3%¥KLI 5% K22-2%Ko #* K13 *¥KL16* KL T-Ko XK 14 *K 15 %K1 T-K6*K 14*K 1 5%K20+2*K 6%
K14 *¥K16%*K1d-Ko*K14¥KLO*K 22+ 2K THK 8% K1 6¥K24-KT*KI*KL5*KL 8—K7 *KY *¥K16*K20-
K7*K10%KL5%K2043%KT7#K 1D *K 16*¥K 18-KT*K LO*K LO¥K2 2 +K T*K13%K15%K 18+ KT*K13%
KlO*KLT-KT*K14*¥K16% KLE-Ko*KIXKLS*K]L 7-2 *KB*KI*K15*¥K20 +2*¥KB*¥K I * 16%K 18~-2*
KEXKI*K16KK 22+ 2%K K LOFK L 5¥K L 6~ 2% K8 *K1 0% KL5% K22+ 2% K8* KL 0%K1 6% K20-K8%K10
$KLOXK21 #KB¥K13* K15 ¥ K1 +KE*KL3¥K15%K20-3#Kg*K13%K 16¥K 18 +K3*K 13¥K16%K22~
2¥ BFK L4%¥K L5*¥K19-K8*K14*R16*K1 7-K8* K14*KL16*K2 0—-8*KIXKLD*¥K1i5 *K16—4 %K *
K13 %K15*%2+6%KI*K13%K L6 %% 2+B#KIxK14%K 1 5¥K16+ 12%K10¥K13%K15%K16+4%KLO*
K14%KLS5¥%2-6%KLOXKL4¥K165#2=4%K]1 3¥K1 4% KLE5¥K16-K15*%K24 ¥ 6%%2 + 2¥K15*K 24%
KB*%2-2 %K L 5%K 20K 43¥ 2+ K L 53K 28¥K 6% ¥ 2~K1 6% K23 ¥KO*¥2 +2%K1H ¥ K23 *KB ¥%2-2%K1b6
#K2T *K3#H2—C*KLO ¥K2THK4H% 2K LORK 2THK 3% #2-4¥K 23 %K 2T*K L ¥% 2+ 6% K23 ¥ K2 T¥K2% %
244X K2 4XK28F KX ¥ 2~k K24 ¥ K28 ¥KZ#*¥ 2 #3%K] #¥2 K K23 % %2 -2 *K ] ** 2 %K 24 %% 2+K 1 %% 2%
K2T ¥ 422 3K 25K 2 XK L3F X2+ OHK 2¥K2¥K 24 KK 24 K 2% 22K K28 %2 43 ¥ K9 ek 2k K] 5k ¥2 -2k K9* %
2HK1O¥¥2~2%kKLO#*%2¥KL15*¥2+6¥K LO*%2%K L6 %2 +K 1 3%% 2¥K 1 5% ¥k 24K 14 % ¥ 2% K1 6% %2
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TABLE VII (continued)

T30 = =4%K1*K2¥K23¥K2T+4%K L¥K 2% K24% K28+ 2% K L¥K2¥K23%%2+2%K1 *xK2*
K2T*%2 =K1l ¥K4*¥K20*K23-K1 *¥K4*¥K22*K23+K1¥K4G¥K22%K2T-K L*¥K6¥K 184 K28-K1*K6*
K20%K23+K 1 ¥K 6¥K2 M K2T-K1*K6%K22%K24—K1 ¥Kd* K18 %K23 +K1 *Kg *K13 *K2 7-K 1 %K 8 *
K20 *K24—2%K 1 ¥K9#K 15 %K 24~ 2%K L¥KI*K L6%K 2 3+ 2¥K 1 ¥ K Gk K 16%XK2T+24K1*KG*K1 8% K22
KL% KIXK20%%2 -2 %K1 ¥KLO*K15%K234¢2%K1*K1I¥KL5¥K2 7+2 %K1 *¥K10*K16%*K 24~ 2%K 1 *
K10%K16%K 28+ 2#K L ¥K LO¥K1 7T#K1 8+ 2xKL*K1 0¥ K2 0¥ K22+ 2% KL * K13 % K15 % K24 +2 %K1 *K13
*Klo ¥K23-2%KL#K13*%K 16 %K 2T—2%K 1 %K 13%K L8 *¥K22-K 1 *K 1 3%K2 0% % 2—4¥ K 1 ¥ K14% K1 6%
K24=2%K1#K14*KLT*¥K18+2*¥ K1 ¥K14*KL1B*XK2N#2*¥K2¥KI3*K 1 T*K24+3 ¥K2*K3*K18*K27~-2
HK2¥KI*K 20 ¥K 244K 2¥K 3K 2 L*¥K 24+ 3XK 2¥K 4¥K LTHK2 T+ 6% K2 ¥ K4 ¥ K1 B* K24 -3 % K2 ¥ K4 *
K2O* K2T+K2 #¥K4*K21 *¥K2T-K2%K4 ¥K 22 ¥K 28— 2 *¥K2¥K 6 FK L T%K 24— 3*K 2*K 6% K1 8% K2 7+ 2%
K2¥K6*XK20¥K24—K 2¥K 6% K20*K28-K2*¥KOo*K2 L ¥K24~K2*K6H*XK22* K23 +K2*¥K6*K22*K2 T+
K2*K TH*KLT*K24+K2*¥K THK 18 #¥K2T-K 2*K T#K 20%K24-K2%KB* KL 8% K28—~K2¥ K8* K20% K23+
K2¥ K8%K20% K2 T—-K2*KB *¥K22 ¥K24=2% K2 ¥KI*¥K15¥K23+2%K 2¥K 9*K 15%K 27~ 2¥K2*K 9*K1 6
FK28+2%K2¥KGEK20%K22-2*¥K2%K1 0% K 1S ¥ K28 —8*K2*KL 0*%KL 6¥K2T+4*K2 *K10*K 17*K20
=2%K2*K10%K1T7*K2142%K2*K LO¥K 20%K 21~ 2%K 2¥K L 0*¥K 1 7% * 2- 6% K2* K10 %K1 8*%2-2%K2
*KLO%¥K20%%2+K2*KLO*K22*%*%2+2%K2¥K13%*K15 ¥K23~2%K 2*K 13 *K 15 %K 27 -8*K2*K 13%*
K16 ¥K24+2¥K L¥K 13 %K 16¥K20~ 6% K2#K13%K L 7T*KLB+6%K2 ¥K13*K18%K20-2 *K2*K13*K1§
¥K21-2%K2*K13 ¥K20%K22=2%K 2¥K L 4*K 15%K24—2%K2¥K 1 4 ¥K 1 6*K 23+ 2%K 2%K 14*K16%
K27+ 2%K2%K14%K1 8% K22+ K2* KL 4 #K20% %2 -0 %K 3¥K4*¥K1 6% K2 T +4 *K3 *KO*K L6 #K 24—2%K 3
KT #KLO*K 24+ 2% 3%¥K LO*K Lo*K 1 7-2%K 3%k LO*KL6¥ K20+ K3 ¥ K10*K16%K21+3%K3*K13 %
KLo* KL 84#2¥K4¥K6*¥KL5*¥K23 +6 ¥K 4K O6XKLOXK2 T~ 2¥K4¥K T*K LO*K 2T+ 2%< 4%K B¥K 1 5%K23
= 2*K 4% KB*¥K15*K2T+2¥K4*¥K 3% K1 6% K2 g—Ka* K9 K1 5%K22+6 *¥K4¥KLJ *K13 *K18+K4 K 13 *
KL15%K22+3%K4*K13 #K LO6*K 1 7- 3¥K 4 %K 1 3kK LO6* K20+ K 4K L 3*¥K 1 6%K21-K4*¥ K1 4¥K15% K20
~K4*KL4*¥K16%¥K22+2 ¥ KQ¥ KT ¥K16¥ K24 +2*KO*K 3*K1 %K 24 +2 ¥KH*KB *¥K 16 *K2 3~ 2*¥K6*K 8
HKLOM2T-KO*KI MK 15%K20-KO6* KI¥KL 6% K22-KO¥KLU¥KL5%K22-2%Ko ¥KLO*KL16 *K17+2%
KO*K10*¥KLO6*K20~K6*K L0 ¥K 16 %K 2 L #K 6 %K L3 %K 15%K 20~ 3¥K 6 %K L 3¥K L 6% K 1 8+ K6*K13%
KL6*¥K22-K6*K14*K15%KL 8-KO6*¥K14¥K1H6*XK20 +KT*K 10 #K16%K17—-K7 *K10 *K16%*K 20+K T*
K13 #*K16%*K1B8-K8*¥KG*K 15%K 1 8—K 8*¥K9*¥K1o*K2 0~KE* KL 0*KL5%K20-K3*KLO*K16*K22+
K8%K13%KL5%KLB8+K8*K13%K16#K20~K 8 #K L4 %K LO*K 18+ 2%K 9%K LO%K 15%% 2~4*K 9kK 1 3%

K15% K16+ 2¥K 9% K14*¥K16%%2-2 %K1 0¥KL13*kK15* %2+ 3 xKL0¥K13%K16%*2+4*¥KL1C*K14*K15 "

#16—2%K13%K Lo*K 16*%2+2*K L S5*kK1O6KKI% %2+ 2¥ K1 5% KLEX K1 3*% X 24+ K1 5¥ K23 *xKH4 %2 ~

K15% K2 T#K6*%2-2% K1 6 %¥K24 #K3* %2 -0 ¥k K16 ¥K24¥K 4 ¥ ¥2~2%K 16 ¥K 24 ¥K 6% ¥ 2+ K1 6¥K2 4%
KB%% 2+K16KK28¥K 6 ¥¥2+ £ ¥K23 ¥K24 ¥ KL% ¥ 2+ 2% K23% K2 BH¥K2¥ ¥2 -2 ¥K24%K 2T *K] **2+8 %
K24 % K2THK2 ¥%2 -2 %K 2T K 28 *K 2% %2

T43 = -4*K1¥K2*¥K23*¥K2T+4¥K1*K2¥ K24%K23-2%K1 *K2 *K2 4 *%2 -2 *¥KL ¥ K2*
K28 % ¥2~KL*¥K3*K21*K27—-KL*K 4*¥K18%K2T-K 1¥K4*K21¥K244+K1¥K4*¥K21* K28 +K 1 ¥ K4%
K22%K2T-K1*¥K7* KL TkK2T-KL1#*KT*K1E¥K24 +K1 ¥KT*¥K18*K28-K1*KT7 *K21 *K2 3+K L*K 7%
K22*K24=K 1 ¥K THK22%K 28+K L*K 8*K 1B*K2T+K1 *KB¥K2 1 *¥ K24 =K1 *KB8% K2 L * K2 8-K1*KB*
K22¥ K27 +2%¥K1 ¥KI*KL1O¥K2T +K 1 ¥KI*¥K2 1 *#2+2 ¥ L¥K 10 ¥K 1 5%K 2 7+ 2%K L¥ K LO¥K 1 6%K 24~
2%K 1 *K 10%K'16¥K 28 +2%K1*K10*K1 8%K21=2%KL*K1) *K21%K22+2%K1 *¥K13 ¥K15%K 24=2 %
K1*¥K13%K15*¥K28+2 %K1 *K 13 %K LE*K 23+ 2*K L*K 13%K 1 7%K21-2%K1%K13%K1 8% K22 +KL *
KL3% K] 8%#2 +K1¥ K1 3%K22%*2-2%K1 *K14*K15%K2T7-2*%K L¥K 14 %K 16%K 24+ 2%K 1 *K 1 4*K16
HK28—2*FK 1 ¥KL4*¥K 18*K21+ 2% K 1¥K1 4% K21¥ K22 -K2*K3¥KL18*K2T-K2*K3 *K21 *K24 +K2 *
K3 %K 21 %K28 +K2*K3 ¥K22%K2T-K2*K4¥K 1 T#K 2T-K2*¥K 4k K1 B*K24+K2z*K4* KL B%K2 8—K2*
K4k K21 %K23+K2#*K4*K22*K24—K2 *K4* K22 *K2B ~K2¥K T*K 17T *K24 +K2 #K T %K 1 7 *K 28~K 2%
K7*K 18 ¥K23+K2*K 7 *K22%K 2 3+ K 2*K 8% K1 T*K2 T+K2%KB8%*K1 8% K24 ~K2*KB* K18%K28 +K2*
K8¥K2L %¥K23—K2¥KB¥K22¥K24 +K2¥K B*K22*K28 +2¥K 2¥K 9*K 1 5¥K2 T+ 2¥K2*KI*K L 6%¥K 24—~
2¥K2¥KI*RKL1O¥ K25+ 2¥K2KKIXK1 ¥ K21 —2%K2¥KY*K2 1 *¥K22 2 %K 2 *K 10 *K 1 5%K 24— 2 %K 2%
K10 ¥K15%K28+2#%K2*K LO¥K 1 6*K 234 2%K 2*K L0 K1 7% K21 -2%K2¥K10% K1 8% K22 +K2%K]1 0%
K1 8% #2 + K2¥KLO#¥K22%%#242%K2¥K 13%K15%K23+ 2%K 2*K13%K L 7K 18~ 25K 2%K 1 3%K 1 T*K22
=2%K XK 145K 1 5% K24+ 2%K2* KL 4*K1 5% K28-2%K2*¥KL4*KLb*K23—2%K2%K1 4%K LT7*K21 +2*
K2#*K 14 *K 18 *¥K22-K2%¥K 14 #K 18 %% 2-K 2%K 1 4%K 2 2%% 2+ 2%k K 34K 4% K Lo*x K2 T+ 2% K3¥KT*K15%
K2T+2%K3*¥KT*KLOo¥RK24~2%K3*KT*K16%K28—2%K3 *KB*K16*K2T7-K3*K LO*K lo*K21-K 3%
K13 %K15%K21-K3*K 13*%K16*%K13+K 3*¥K L 3kKL 6% K22+ K3*KLl4*KLO*K2 1 #2% K4% KT *K15%
K24=2%Ka*¥KTH*KL15¥K28 +2*K 4¥KT7*K 16%K23-2¥K4*¥KB*K 1 5%K 27— 2%K4%xK8* KL 6% K24+ 2%
K4*K 8%K1 0¥ K2 8~K4¥ KI*K16*¥K21 —K4*K1O*K15%K21 -Ke*xKLI *¥K16 %K 18+K 4*K 10 *K 16 *
K22-K4*K13 ¥ L5%¥K 164K 4%kK 1 3%K15%K22-K4*K 13¥K16¥KLT+KakKL4*KL5% K2 L+K4%*K14*
KL6X* KLB~K4*¥K14¥KL16¥K22-2%KT*KB#K 15% K24 +2%K T ¥K BHK 1 5*K 28~ 24K T¥KB*K L6¥K23~
K7T*K %K1 5%¥K21-K T*KI K1 6*¥K1 B+KT*KI*KL6*K22-KT*KLO*KL15%K13+K7 *K1O*K15%K22
“KT*KLO¥KLO¥KLT-KT*K13*K 15K 17+K T*K L4*¥K15%KL8-KT*K14%K15%K22+KT#K14*KLo6
HKL T +Ro¥KI¥KLO¥K2 L +KB¥K1O*K15¥K2 L ¢KI*¥K 10*K 16%K 1 8-KB¥K L1O*K 16 ¥K2 2+K B8 *K 1 3%
K15%#K18~K8*K13*K 15%K22+KB8#K13%K16*%KL7-K8*¥K14%¥K15%K21-Ko*KLl4 *K16%*K138+K8 *
K14 %KLO#K22-2%KI*KLO*K L 6¥¥2~4#K 9#K L3#K 15%K Lo+ 2¥K 9*K 1 4%K] 6% % 2-2%KL0*K13*
K15%3244%K1 0%K14*K15%K1l o+ 2*¥K13%KL4*K15 %k2 -2 %K1 5%K 16*K 1) #%2- 2K 1 5%K 16 %
K14 % 28K 15*K 23 3K TH¥ 24 KL 54K 2 THK ¥ %24 K15 %K2T#KB¥ %2+ KLO¥X K2 4K K4 * %2 +K16 ¥K24*
KB#%2-K16*¥K28%K4#%2-K16¥K2B#K 8% %2=2 %K 2 3%K24 %K 2 ¥ %2+ 2% K23 %K 23 %K 2 %% 2—-2%K 24
FK2THK 1% 24 2% K2T*K2 8¥K1 %% 2

49



TABLE VII (continued)

T42 = 4¥KL*K2%¥K23%K24=8%K1*¥K2*K 23%K28~12%K 1 %K 2%K 24%< 2T+ 8*K 1 #K 2%
K2T*K2B-K1*K3%K21*%K23-K1*K3%¥K22 % K2 T-K1*K4* K1 *K28+K1 *¥K4*K2I *K2 T+K 1K 4*
K2L%*K23-2%K1*K4*K21 %K 2T7-K L*¥K 4 %K 2 2%K 24+ 2% K L*K4¥K22%K28+K 1 ¥K6 % K1 8% K2 T+KL *
Ko%K 21%K24=-K1*¥K6¥K21%K28~K1*¥Ko* K22 K2 T-KL¥KT*KL T*K28 +K1*KT*K18*K23-2%K 1
FKTERKLBHK2THK L*K T#K20%K 24-K L¥KTHK20% K2 =KL XKT*K21 *K24-2%KL¥KT* K22 K23 +
KL¥K THK22% K2 T-K1%¥K8 kK1 T*K2T7T—K L*K 8¥K 1 8%K24+2%K ] ¥*K 8*K 1 8%K28-K1*KE¥K20%K27
=2%K1*KB*K21¥K23+KL*kKB*K21*¥K2T+2*K1*K8 *¥K22 ¥ 24 -3 ¥K]1 *¥KB*¥K22*K28—4*K 1*¥K9*
KLS*K2T=-2%K 1¥K9¥K LO¥K 24+ 4K L ¥KG*K 1 6% K2 8-2% K1 ¥ KI*K1B8*K21+4*K1*KI*K21%K22
—2%K1*KLO*K15%K24 +4 %K1 *K10*K15%K28-2%K 1¥K10*K L6%K 23+ %K L*¥K L O*K 16%K 2 7+2%
K1%K IC*K1B¥K22=2%K1L*¥KLO*K20%K2L1 +K1*K10 #K21 *%2—2*%K1*¥K10*K22**2-4%*K]1 *K 13 *
K15 %K23+4%K 1¥K 13 K 1 5%K2T+6%K 1 *¥K 1 3¥K1 6% K24- 4 K1#K13*K16%¥ K28+ 2*¥KL*K13%KL17
¥K22-2%KL*K13%K18%K20+4 *K1 ¥K13*KL13*K21+2%K 1 ¥K 13 %K 20%K 22-2%< L *K 13*K 21 *
K22+ 4*K1%K14%K15%K24-6%K1*K1 4*K15%K28+ &K1 *KL 4%KLO6*KL3-4%KL *K14%K 16*K27
+2%K L HKL14%K1THRK21-4*K L¥K L4%K 1 8¥K 22+ 2%K 1¥K 1 4% K 20% K21+ K1*K14% K1 8%*#2+3% KL *
K14%K22%%2 =K2%K3 %KL T*K2T—K2*K3¥ KL 8%K24 +K2* K3 *¥K20*K2T-2*K 2*K 3*K 21 *K 27 +K 2
I HKL2HK 28K 2¥K 4*K L THK 24— 4¥K 2% K 4% K1 8% K2 T+ K2*K4*¥K20% K24 —-K2*« K4* K20%*K28~3
HK2 X KG*K2 L K24 +2%K2¥K4¥K2 L *¥K2 B-K2¥K4*K 22%K23+3 %K 2*¥K4*xK22¥ K2 T+K2¥K 6¥K 1 T*
K27+ K2*KO6%K1B8%K24-K2¥K6* KL 8% K2B+K2*¥Ko* K21 *K23 K2 ¥KO*K22*¥K24+K2 *#K 6 *¥K 22 *
K2B=2%K 2K THKLTH*K 27— 3%K 2¥K T*K L8*K 24+ 2% K2*K T#K1 8% K28+ K2% KT#K20% K23 ~K2*K7
HK2L*K23+2¥K2¥KT*¥K22%K24—K2¥KTH¥K22*¥K23 +K2FKB*K L T*K28-K2*K8*K18*K23+3%K2
*KBHKLB*¥K2T-K2*¥KB*K20*K24+ K2 ¥ KU ¥ K20* K26+ 2¥K2¥KEB*¥K21 ¥ K24 -K2#*K3*K21 ¥K28+2
HK2AKBHK 22HK23-2%K2*KBXK 225K 2T~ 2%K 2*¥K G ¥K 1 5% K24+ 4% K2%KI* K1 5% K28 -2% K2* K9*
K16*%K23+6¥K2*¥KI¥kKLH*K2T#2*%K2#KI*KL8%K2 2-2*K2*K ¥ K20 %K 21 +K 2¥KG*K2]1 ¥ %2~ 2%
KR2¥K 9#K 22 % %2~ 2%K 2%K LO¥K 1 5% K23 +0%*K2*¥K1O*KL5% K2 T+8%K2*K10 *KL5 *K2 46 ¥KZ *
K10 *KL6*K284+2%K2 *¥K 10 *¥K1 7%K 18— 2%K 2%K LO*¥K1B8*K20+6*K2*K 10¥K18*%K21+42%K2%K10
K2 0*K22- 4% K2¥KL10*K21¥K22+6*KZ*¥KL13¥K15 #K 24 —4*K2*K13*K15%K 28 +6*K2%*K 13%*

KLO¥K23-2%K2%K L3 %K L THK 20+ 4*¥K2*K 13*kK 1 T* K21 ~6%K2*¥K13* K1 8% K22+ K2%¥ KL3*K1T%%

2+4 % K2¥KL3FKLBH¥24+2%K2¥K L3 *K 2254244 ¥ 24K 14*¥K15%K 23 - 4*¥K 2#¥K 1 4%K1 5% K2 T- 0%
K2%K 14%¥K16%K 24+ 4%K2%¥K14*KLO*K28-2¥K2*¥K14*KLT*K22+2*%K2*¥K 14%K 18%K2 -4 %K2 *
Kla*K18%K21-2*%K 2*¥K14¥K20%K 22+ 2% K 2%¥K L4¥ K2 1% K22+ 2% K3* K4¥KLO6*¥K24-2% K3 ¥ Kb*
KLO*¥ K2 T+2% K3 ¥ KT ¥ K15 #K28 +4 ¥K3¥KT*KLO¥K2 T+#2¥K3*K §*K 15%K 27~ 2% 3*K g*K 1 6¥K 28
~K3%K10¥K16%K18-K3%K13%K15%K22-K 3%KL3*KL6¥K1T+K3*K13%KL6%K20 -2 *K3 *K13*
KL5%K21-K3¥K14#¥K15%K21+K3*K 14%K 1 6%K 22~ 2%¥K 4*¥KO6*K15%K2 7-2%Kak KO6* K1O*K24+2
RKE*: KOKKLO¥K28-2 % Ka*¥KTHKLI*K23+4 K4 KT A L5 ¥K2T 46 *¥K 4 ¥KT#K 10 %K 24— 45K %K T*
K1bo*K23+2*¥K4¥*KB*¥K15%K 24— 4*xK4xKB*KL15¥K2 3+ 2% K4 ¥ KB *¥KLE*K23 -6 *K4 ¥KB*KLo*K27
HKEFKIRKLS¥K2L ~K4*¥KI*KLO6¥K22-K4#¥K LO*K 1 5¥K22-K 4*K10*K L6¥K 1T+ K4* K1 0% K] 0%
K20~ 3%K4*K10%K16% K21+ Ka*KL3*¥K15%K2D-2% K4*K13*K15%K21-4*K4*K 13*¥K 16*%K13+3
G ¥KL3 ¥ 16¥K22-K 4%K L 4%K L S5*K 1 8+ 2K 4%K]L 4¥KL5%K22-K4* K14*K16*% K20+2*Ka* K14
HKLO¥K21 =2 #¥KO¥KT#¥K15¥K24 +2¥KO KK THKL5%*K 28-2%K6¥K TH*K16¥K 23+ 26K 6¥KE¥K15%
K27+ 2%K 6% K 8*K16*K24-2%KOo*¥KBX K16 ¥ K28+ K6 ¥KI*K16*¥K2L +Ko*KLD*#K1L5%K21 +K6*K10
#K16 %K 18-Ko*K10*K1o6*K 224K 6 %K 13¥K 15¥K 18-K6¥K13*K15%K22+Ko*KL 3*KLo*xK17~-Ké
L ¥KL4%KL5%K21 —K6¥KL4 *¥K16¥KLE+KOEXK14*K16*K 22 +4 %K T*K8*K 15%K 23 2*K T*K 3¥K15%
K27= 45K TH#K 8#K 1 6%K24+ 2K T%K3 *K 16% K28+ KT *¥KY*KL 5 %KL =2 %K T¥K9I*K 1 5%K2 2 + KT *K9
*K16 ¥K20 ~KT*KI*¥K 1o ¥K21+K T#K LO*K 15%K20-KT*K 10*¥K 15%K21=3*K 7K1 O*K16*K18+2
H¥KTH*KLO®KL6%K22-2#KT* KL 3*#KL5%K18+KT7T*K13*K1H%K22-2*KT*K13*K16*K17-K7*K 14
LS W LT-KTH*KL4*K15%K 20+ 2%K T*K 1 4%¥K1O6*K 18-n T*¥K14*¥K1o*K22 -2%KB*KI*KL5%K21
—KB*KI%*KLO6¥K1842¥KB*¥KI*¥K16¥K22-KE¥K LI*K15¥K18+2¥KB8*K10*K15% K22-K3* K1 0¥
Kio* K20+ 2¥K8*K LO®K16¥K21-KB8*¥KLZ*K1o*K1 7-KE*K13*K15%K20+KE8*K 13*K15%K21+3
KB KKLI3 XK LO*K 18~ 2K B*K L 3%K1 6¥K 22+ 2*¥K3*KL4¥K15%K18-3%K8*KLakx K15%K22 +K8*
Kla*KLO*K1 T+HKBXKL4*¥KLE¥K20~-KB*K14*K16+K2L+4%KI*K LO*K 15*K LO+4*K 9*K 1 3%K15
*H2— CHKGHRK 13 HKL 63*2- XK I* K1 4¥K15%KLo—1 2¥KLO*KL3%RKL5*¥K16—4*K1uU %KL 4 *KLO**
2H6HKLO*KL4*K1O6*¥ %2 +3%K13¥K14%K15%K1o+K 15¥K24% K Tk *2-2*K15%K24*Kg**2+K15%
K28%KG¥%2+3%KLH* K28XK3¥ % 2+KLOXKZ3XKT %% 2—-2 %K Lo XK 23 ¥KB ¥ k2 +K 16 X2 T*K 3** 2+ 4
*K1O K 2T KK G H24 2% LORK 2 TN BX¥ 2+ 4K 23RK2THKL ¥ ¥2 6% K23 % K2THK2 ¥ %2 =4 kK24 %
K28 ¥ KL ¥ %2 +6* K24 ¥ K28 K 2% %2 +K 1 ¥ 2 K24 ¥ %22 6K L¥xx2XK 2 7% ¥ 24 3RKL* ¥ 2% K20¥ ¥ 24K 2
KR QUK IRK2-HHK2H K2R KL 4% ¥ 2 —2F K2 ¥ %2 ¥ K2BH *2 +KP X2 XK1 6% K2 +K LO* ¥ 2%K 15 %% 2— 4%
KLIO# %2 %K Lo **¥2—2%K L 3% ¥ 24K L 2% ¥ 24 3%K 14% % 2% 1 5% %2~ 2% K1 4%k 2% K1 6% %2
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TABLE VII (continued)

T41l = BRK1¥K2¥KZ3¥K2T-BH*RLH¥R2*¥K24%K28 -2 %KL ¥K2*K23 *¥¥2-6%K1 *K2*K27
A2+ 4K L KK 2KK 28% % 2-K 1 ¥K 3% K22*%K 28 +K L *K4*¥K 20%¥K2 8-K1*K4* K21 *K2 8B+K1*K4*xK22*
K23-2% K1 *K4*K22*% K2 T +K1# K6 *¥K18%K23—KL*¥KOEXK20¥K27T-K1*K6¥K 21 *¥K23+K1*¥K6*K21
K2 THC L¥KOXHK 22%K 24— 2% K1 *¥K 0% K22%K28—K1* K7*K1L 8%K2 8—KL*KT7 ¥K29*K23 +K1 *K7 *
K20%K27T-K1 #%K7*K22%K24-K 1 ¥K8 %K 1 T*K28+K 1 *K ¥ K Lg*K23-2%K1 %K 3%K 1 8% K27+ KL*Ko
*K20¥K24 -2 %K1 *¥KB8*K20*X K28 -KL*¥KB*K2L *K24 =3 *K 1 %K B *K22*%K23 +2*K1 *K3*¥K22*K 2T+
2HK L ¥KI HK 152K 24-6FK LXK I*K L5%K 23+ 2¥K L ¥K G¥KLO*¥K23 -4 %K1 ¥ KI*KL6* K2 T-2%KL*K9
HKLE *¥K22+ 2% K1¥KI¥K20*K2 1 +#3¥K1¥KI*K22%% 2+ 2#K 1 ¥K LO¥K 1 5%K23- 4% K 1¥K10%*k1 5%
K2T+ 4%K1¥K1O%K16%¥K28-2*%K1*K1O¥KZI*K22 +2%K1 *¥K1D *¥K21 #K22-4*K1*K13*K 15%K 24
+4%K 1¥K 13 %K1 5K 28~ 4 %K 1 ¥K L3%K 1 6%K 23+6%K I¥K13*KLO¥K2T+4*K1%K13*K18%K22-2%
K1¥K13%K20%K21+K1*K13*K20%*2-2*%K1*KL3I*K22%*2-6%K 1 ¥K 14*¥K 15K 23+ 4*¥K | *K 1 4%
KIS¥K2T+ 4%K1*¥K14%KL6¥K24-4%KL*K14%KLO*K2B+2*¥KL*¥KL4*K1T*K22-2*K1*K14%K18
*K20 +2 %K L¥K14¥KLB8XK 2L +4%K 1¥K L4*K 20%K 22+ 2% K 2¥K4*k K22% K28+ K2*K6%K20%K28-K2
*KO¥ K21%K28+K2¥KO*K22%K23 -2% K2 KOE*K22%K2T-K2*K T#K20*K 28~-K2¥K T*K22*K23+
K2%K THK22%K2 T4 2%K 2*¥K8*K L 3* K28+ K2 K8+ K2 0%K23 -2 % K2*Kg ¥*K20*¥K2 7 ~KZ ¥KB8 *Kk21 *
K23+ K2 ¥K8H K21 ¥K2T +2%K 2%K8 *K 22%K 24~ 2% K 23K B¥K 224K 28+ 2¥K 2¥KI*K L 5% K23 - 4% K2*
KI*K15%K2 T+4 ¥ K2¥ KI* K1 6% K2 3—2*¥ K2 KI*¥K20D ¥K 22 +2*¥K 2¥KI*K2 L1 *K22+4*K 2%K LO*K 15
H28-2*K2¥K10*K22%% 2= 4k K 2¥K 13%K ] S¥K23+ 0¥ K2¥KL3¥KL5%K2T-0*K2* KL 3*¥K16%K28
+euK2¥K13%K20%K22-2 ¥K2¥ KL 3*K2 1 %K 22+4%K 2 K1 4¥K L1 5¥K 24— 4% 2¥K 1 4K 15% K 28+ 4%
K2%K 14%¥K1 6% K23-6%K2*K14*KL 6% K2T~4* K2*¥K14*¥K18* K22 +2%K2Z*K14%*K 20*K21-K2 *
KL4#*K20 %% 2 $2%K 2¥K 1 4¥K22 %% 2+ 2¥K 3¥K B¥K 1 S¥K28-K3¥KL4¥ KL 5% K22-2% K4 %K6* KL 5%
K28+ 2% KG¥KT* K13 ¥ K28 —2%K4* Ko ¥KLS* K23 +4 % K4*¥KE XKL 5¥K 2T -4 %K 4 %K 5 *K LO6*K 28+K 4%
KY*K 15 ¥K 22- 2 %K 4¥K13#K Lo*K 224K 4% K 1 4% K1 S *¥K20-Ka ¥ K1 4¥K15%K2L+2 ¥ Ka*K14*K16%*
K22+ 2%KOXKT*K15%K23~-2%K 6%KT*KL15¥K2T +2%KO6 XK THK Lo¥K 28~ 2¥K6¥KB*¥K15%K 24+ 4%
KO¥*K8%K15%K28-2¥ KO*¥KB¥K16%K23 +4 ¥KO6*KB*KLO*¥K2T~KO*¥KI *K15%K 21 +K6 %K I *K 16 *
K22+K6#K 10*K15%K 22-K6*K L3*K 1 5¥K2 0+KO6*K 13¥K15%K21-2%KO6RK13*¥KLO6*¥ K22 +KO*
KL4%*K15%KL8-2%Kb *K1 4¥K15%K22 +KE*¥K14*K1 6*¥K20-K6¥K 14*K 16%K 21+ 2%K T*K 8%K15%
K24+ 2%KT*K8*K1 6% K23-2%K T#KB*KLO6*K2T-K7 *¥K9#*KL5*K20 -KT7*KI *K15*K22-KT*K 10 *
KL5¥K22+K T*K13 %K L5*K2O0+K T*K 13%K 16%K 22-KT¥K 14¥K 15%K 1 8-K 7K1 4 %K1 6% K2 0+ K8*
K%K 15%K1 8-3 %KB*KI¥KL5%K22+KB*KI*KLo6*K20—-K3*KI*KL6*K 21 +K 8*K 10%K15%*K20~
K8*K 10¥K 153¥K 21+ 2*K 8¥K 10¥K16*K22-2¥%K8*¥K13*¥K15*%KL8+2%KB*KLI*KL5%*K22~2*KB *
K13%K16*K20+K8#*K13%K16%K21-K8*K 1 4%K 1 5% K1 T-2*K 8%¥K14%K15%K20+ 2*%K8*K14*Klo
*K18-2*KB¥KLA4¥KLE¥K22-2%KI*¥KLC*K15¥*2 +Z*KI*K13¥K L5*K1O6+6*KY XKL 4*K | S¥* 2—
4*K9 M L4*K Lo*%2+ 47K L0¥K 13%K 1 5%% 2- 8K LO#K1 4¥ KL 5% K16 -4 *K1 3% KL 4*K15¥*2+6¥
KL3%K14¥K16%*%2~2 ¥KL S*¥KL 6 ¥KG#%2-6 ¥ 1 5*K Lo ¥K 1 3% ¥ 24 4 XK 1 5%K 1 6¥< 1 4% %2+ 3*K15%
K23#KB¥% 2+ K1 5%K2 T*KO*k %2 -2 ¥K1 S K2 THKE*%2-2%K16 *¥K24 *K3 ¥ ¥ 2—K 16 ¥K2E*K 6 *%2 +2
HKLO #2B#K B¥¥2—-2 %K 23K 24K 1 %% 2+ 6 %K 23%K Z3XK 1 %% 24K KZ3HK2BHKZH ¥ 2 +4% K24 *
K2 TH KL *%2—4* K2 T*K28¥K1 ¥ #2 +6 *K27*K28 K2 #*2

T40 = 4*¥K1¥K2*¥K233K28-4%K 1 *K2¥K 2T#K28-K1¥K4*K22¥K28-K1*xK6*K20%
K28-Kl1*¥KO6*K22% K23 +K1*K6 *K22*¥K27-K1*K3*¥K15*¥K28-K1*K8*K20*K 23 +K L *K 8 *¥K 20 %
K2T-K1¥K8*K22%K 24~ 2 #K 1 ¥ KG*K15%K23+ 2% KL ¥KY* KL 5% K2T-2%*KL*KY*K1lb* K28 +2%K1 %
K%K 20 ¥K22—-2*K1 *K10*KL5*K28+K 1%*K LO*K 22%% 24 2%K L *K 1 3%¥K 1 5%K23=2*K1*K13%KL5
HK2T+2%K1¥KL3¥KLo*K28-2%K1¥K13*K20*K22 -2*%K 1 ¥K 14 XK 15%K 24~ 2% 1 *K 14%K 1 6%*
K23+ 2% 1 *K L4 %K LO¥K 27+ 2%K 1 ¥K 1 4*¥K 1 8%K22+ KL*K1 4% K2 0% %2 -K2*kK6*K22% K28 -K2*K8
*K20 % K2B-K2*KB*K22*¥K23+K2*KB%K22*K2 1=2 # 2¥KI* K 1 5¥K2E8+K2¥K G*K 22%% 2+ 2¥K2%
K13%K15%K28-K2¥K13*%K22% %2 =2*K2¥K14%K1S *K23 +2*K2*¥KL4*¥K15%K2T-2%K2%K 14%*
K1o¥K28+2¥K2*K14#K20¥K 22+ 2¥K 4 ¥K B*K 1 5% K 28-K4*K14¥K15% K22+ 2% Ko*KB*K15%K23
—2% KO¥KB*KLS5*K2T+2*¥K6¥KB*KLO¥K28—-Ko ¥*KI#K L5 %K 22+ 6 %K 1 3%K L 5%K 22~ KO*K L4*
KL5*%K20-KO6¥K1 4¥K16%K22-KB8*KI*XKLS5%K2O-Ky* KI*¥KL6*¥K22-KE*K10*K1o*K22 +K8 *
K13 *K15*K20+K8*K13* K16%K22-KB*K 14*K L5*K18-K3*K L4*¥K16¥K20-2%KI* K13 *KL5%**
2+4% K9*KL4*¥KL5¥ K16 +2F K10 ¥ K1 4*K15%%2-4%K13*¥K14*K1O*¥K 1O +K 15* K 24%K8**2+K15
HK2 M O¥*24K LOMK 23¥KB*kX2-KLO¥K2THKy*#2 =2%K2I*KZ THKL¥¥2 +2%K2 4 *K28 ¥K1**2+
K1#% 2% K23 % %2 +K 1 ¥ ¥ 2 ¥ K2TH %2 4K 2% ¥ 2K 28% %2 #K 9%k 2% 1 5% % 2+ K 1 3% % 2% K1 5%% 24 KL 4% %
2%K16%%2
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" TABLE VII (continued)

T53 = 4¥KL¥K2%¥K24%¥K2T—4*KL *¥K2FK2T*K23+K L¥K 4%K21¥K2 T+ K L*¥KT*¥K18%
K2T+K1*¥K T*K21%K24-K1*KTHK2L *K2g~KL*KT* K22%K27T—K1*K8*K21 *K27 ~2%K1 %K 10 *
KLO®RK2T—=K1#K 10K 21 *%2~2 %K 1 ¥K 13%K L5%K 27T-2%K 1*¥K13%K16¥K24+2%K1%K13%K16*
K28-2%K1l*kK13%KL8*K21 42 %K1 ¥K13*K21L*K22+2¥K1*¥K14*K16¥K2T+K1*K14%K21¥%2+4K 2
HIRK2L MK 2THK 2#K 44K L8*K 2T+K 2% K4H K21 ¥ K2 4~ K2*¥K4G* K21 *¥K28—K2 ¥K4 ¥ K2 2k K2 T+K2 *
KTHKLIT*K2T7 +K2%¥KT7 %K1 8 ¥K24-K2*K TH*K 1 8#K 28 +K 2¥K THK 21 *¥K 23~ K2 ¥ K THK22*%K24+K 2%

KT*K22%K2B-K2XKB*KL18%K2 T-K2*¥KYG* K21 ¥K24 +K2*¥KB*K 21 *¥K 28 +K2 ¥KI*K22*K 27~-2*%K 2~

K MK LOKK 2 T~K 2K 9%K 21 %% 2~ 2KK 2% K L O*K1 5% K2 T-2%K2¥KLO* KL% K24+ 2*K2*KL0*KL6
#K2B—=2%K2#KLO*KLB*K21 +2#K 2K LO*K 2 1 *K22 2%k 2*K 13*K 1 5%K 24+ 2%K 2%K 13#K15%
K28=2%K2%¥K13%K16%K23-2%K2*K13 %K1 7T%K21 $2¥h2*K] 3 *¥K1B*K22~-K 2% 1 3*K18%*2-42
HLI K 22%%2+ 2K 2%K LA4¥K 1 H*K2 TH#2¥K 2¥K 1 4% K1 6% K24— 2k K2¥ K14k KLO6* K2B+2* K2¥* KL &
KL B#HK21 -2%K2% K1 4%K21 ¥K 22 -2 ¥ K3 *KT*KLO¥K2T+K 3K 13¥K 16K 2 L- 2% KAXK T*K 1 5%
K2T- 2%K4*K TR K1 6% K244 2¥K4*KT*KLO%¥ K28+ 2% Ka*¥Kg ¥ KL 6¥K2T+K4*KLO*K16%K2 1 +K4*
KI3%K15%K21 +K4*K13*K16¥K 18-K4*K 1 3*KLO6¥K22-K4¥K14%KLO6¥K21+2%KT* Kg* K15%
K27+ 24K T*KB%KLO* K24 —2¥KTHKB¥KLO*K2B+KT¥KI*KLH6*¥K 21 ¢K THK 10 *K15*K 21 +K7*K 10
¥KLOMLB-K TR LO*KLO*K22+K T*KL3*KL5%KLE-KTH*KL3*¥KL5%K22 +KT *KL 3*¥K16*K1T—-K7
L4 *¥K15*K21~KTHK14 ¥ K16 %K 18 +K THK 145K LO#K22-K 8% K1 0¥K16*K2]1-K8*K13%K1 5%
K21 -KE8%K13%K16*K18+KB8*¥KL3*KLO6* K22 +KI¥K14*K LOFK2 1 +2%KIXK 13K 1 6% %2+ 4 XK 1 O*
K13#K15%K 1o~ 2*%K LO¥K 14%K 1 6% 2~ 4*K13*%K14*¥K15¥KLlo-K15%K24%KT#* 2+K1o*K28%K7
A2 - KLOFK23XKTH¥2-K Lo ¥K2T ¥ 4% %2-K16¥K2 THKB* ¥k 2+ 2%K 23%¥K 2T*K 2% %2~ 2%K 24%K?2 8
HK 2% K24 K1k 2% LQTH %2 4K 2% ¥ 2¥K24% 42 + K2 HH2 ¥K23 ¥ # 2+ K1 D ¥ ¥ 2HKL 6% 2+ 1 3**2¥K 15
FHR2+KL4X*%E2%¥K LO**2

T52 = -4¥KL*K2¥K23*K2T+4*¥KL¥K2¥K24* K28 +6X K] ¥K2 *K2 7 %%2 4 ¥ L *K2 *
K2B* %2 #K 1 #K4*K21*¥K 28 +K 1 ¥K 4*K22*%K2 7-K L¥KO6¥K 21 ¥K2 T+#K 1+ K THKL1 8% K2E—-K1*KT7*
K20# K2 7-KL #KT#K21* K23 +K1*KT#*K21 * K27 +K1 T ¥K22 %K 24=2¥K 1 *K T*¥K 22*%K23+K 1*K 8
AK LB HC2T+K L#K B8 21kK 24~ 2%k K LRKEXK 21 ¥ K282 %KL #KB*¥K22 ¥ K2T+2 %KL ¥KI #K1&*K2T +
KI*K9*K21%%2 +2*%K1*K10¥K 15¥K2T7-2%K 1 *K10*K 16*K28-2%K 1 ¥K10¥K21 *K22+2%K1*
KL3%K15%K24—4%K1*XK13%K15%K28+2* K1 ¥K13*K16*K23-6*K1*KIi3*K16*K27-2%K 1*K13
*K18 22+ 2HK 1 ¥K13%K 20%K 21 -K L*K 13 #K21 % %24 26 K L ¥ K 13¥ K2 2% %2 —4% KL *K14%K15%
K2T-2%K1¥K14%K16¥K24+4 %K1 ¥K14%K 1 6¥K28~2¥K 1 ¥K L 4¥K 1 8%K 21+ 4%K1¥K14%xK21%K22
+K2¥K3XK L BRK2THK2¥KI%R K21 ¥ K24+ K2¥K4*KL1T #K2T+K2*¥KG*KL8*K24-K2 *K4 ¥ 20 *K2T +
3HK2 ¥4*K2L#K2T-K2*K4H*K 22¥K 28-K 2¥KO¥K 1 8¥K2T-K2¥Ko* K21#¥ K24+ KZ2*K6*KZ21*K28
FR2¥XKOXK22KK2THK2¥KT¥KL T#K2 4435 K2RKT*K 18*¥K 27K 2#*K T*K2 0*K 24+ K 2¥K T*K 20%
K28+ 2¥K2 #K THK2L ¥K24-K2¥KT#K21¥ K28+ K2Q*K THK22*¥K23 -2 % K2 ¥ KT *¥K22 ¥K2 7T-K2 *K8 *
KL% K2B+K2 KB ¥K20*K27T+K 2* KB *K 21%K 23— 2% K2¥K G¥K 21 ¥K 2 T-K2¥K8*K22% K24+ 2% K2*
K3#*K22¥K28+2%K2¥ KIKKL5%K2T—2¥ K2 ¥KI*K1 6 *K28 ~2*K 2H¥KI*K21 *¥K22- 2K 2%K 1 O¥K 15
H28-5 ¥ 2K LOFK 1 6¥K2T-2%K 2% K LORK 1 T*K21 +2%K2*K1 0% K20% K21 —K2* K10 %K1l b ¥*%2 =2
¥KZAHKLO*K21%%2 +K2%¥K1LO*K 22 ¥ %2 42K 2 ¥ I3*K15%K 23~ 6%K 2¥K 13*K 15%K27-o%K2¥K13
KL OFK24+ 6FK2¥K]1 3% K1O6¥K2E-2% K2 ¥ K13 % K17 #*K1B +2%K2*K13*¥KLB8*K2D—6*K2*K13*
K1B*KZ21-2%K2%K 13 #K 20%K 22+ 4%K2%K 1 3*K21%K22- 2¥K2*¥ K1 4¥ KL 5% K24+ 4% K2¥ K1 4* K15
*K2B8-2%K2*¥K14¥K1H6¥K23+6%K2¥KL4¥K1O6%K2T #2¥K 2¥( L w¥K 1 8*K 22~ 2%K 2¥K 1 4¥K20*
K21+ K2¥K 1 4% K21 %2~ 2%K2#K1 4%K22% % 2- 2% K3 *K4¥ KL HF K2 T -2 *¥K3¥KT*#K L6 *¥K 24 +K3 *
KLO¥KLIOXK 21 #K3 %K L3 %K 16%K LB+ 2¥K 4*KO6¥K LO6*¥K 27— 2%K4¥K T*K15% K28~ 6% K4*KT*Klbo ¥
K27-2%K4a*¥KB%KLS*K2 T +2%K4*KB¥KL1O6*K2B+K4 *K LUK 16 #K 18 +K4*K 13 *K L O%K22+K 4%
K13 *K16#%K L 7-K4*K 13¥K16¥ K20+ 3%K4¥K13¥KL 6%¥K2L +K4*KL4¥K15¥K2L -K4*KL4*KL 6%
K22 + 2% KO *KT*K15%K2T +2%K 6 *¥KT*K LO6¥K 24~ 2¥KO*K T#K 16 %K 28— 2%K 6¥ K # K1 6% K2 T-Ko*
K10*K16*¥K21-KE¥K13¥ KL 5% K21 -KO*KI3*¥KLO6¥KLB+KE¥KLII XKL O*K22+KE6 ¥R 14%K 1 6¥K 21
~2%K THRKB*¥K 15%K 24+ 4¥K THK 3*¥K 1 5% K2 8- 2 K T* KB*¥KL1O* K23 +4 ¥ KT*KB* KL 6% K2 T-KT¥KI*
K15% K21+ KT*KI¥KL6*K22+K T*K10¥K 15 %K 224K /*¥K 1O*K 1 6%K L 7T-K 7T*K LO*K Lo*K 20+ 2%K7
HKLIOMKLo¥K21-K7%K13*¥K15%K20#KT*KL13*K15 *K2 L +3*¥KT*¥KL3*K16%K1g-2%KT *K 13 %
K16*K22+KTH*K 14*K15%K18-2%K T#K 14*K 1 5% K22+ K T*K L4 KL O6¥K20-KT*K14*KL6* K21+
KE¥ K9¥K16¥K21 +KB*¥KLO¥KL5% K21 -KS *¥K10*K16¥K22+X 8%K 13%K 154K 15~ 2*K 8*%K13*K15
AK22 4K B*K13¥K16%K20-2*KE*K13%K16¥K21-2*KB*KL4*¥KLO*¥K21—K5¥KLl4*KLlL*K1B+2*
KB*K 14 ¥K16%K22~4*K9*K LI *K 15%K L6 +2%K 9%K 14%K 1 6% % 2-2%K LO¥K 1 3#K 1 5% %2+ 5XKL1 0%
K13%KLO¥¥244% K10 XK1 4*KLIS*KLo6+4*¥K13*¥ K14 M 15**¥2 -6 %K L3 %K L4 *K 16 % %2 +6%K 1 5%
KLo¥KL3¥%2-4X 15%K1o%K L 4#¥ 2+ K LO¥K23¥K TH%2 - KLD¥K2THKT ¥ #2 42 %K1 D*¥ K2 T¥K8**2
~K16 ¥K24 K4 ¥ %22 ¥K LO¥K24*K TH ¥ 2+K LOXK24 3K 8% * 2+K Lo*¥K 28 XK 7% 2= 2% K 1o¥K28¥*K 8
B2+ 2R 23R K2 KX K2 =2 ¥ K24 K2 THKLI*¥2 +B* K24 KK 2T *¥K2**2 +4 K 2T XK 28 *K | %3 2- 6%
K2T7*K28 %K 2 %¥%*2
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TABLE VII (continued)

TS51 = =~4¥KikK2¥K2Z%¥K28+8¥KL¥RIHK2TH K28 +K]1*K4#K22 %K28—K1 #K b ¥K2 1 *
K23 -KL¥K6*K22%K2 T-K L¥K7TXK 20 %K 28K LK THK22¥ K23+ K 1¥K T#K22%K2 T+ KL %K8* K1 8%
K28-KL*K8%K20% K2 T-K1*K3*K21 ¥K23 +K1 *¥KB8H#K2 L #K2T7 4K 1 ¥K Y*K 22 %K 24~ 3*¥K1*KE*K22
28~ 24K L RKGHK LSHK 2T+ 2K LHK IR KL 6% K28+ 2 ¥KLHKI¥K2 1 *K22 +2%K1 *K1J*¥KL5*K28--
KL*K 10®K22 %% 2-2 kK1 %K 13%K15%K 23+ 4K L ¥K 1 3¥K15%K2T7-4%K1#K13%KL 6*K28+2%K1*
K13 #%K20%K22-2%KL¥K13#%K21*K22+2%K1*KL4*¥K15%K24—~6%K 1 %K 1 4*K15%K28 +2*K 1*K 14
HKLEHM23=4 3K LK L 4*K1O6%¥K 2T-2%K L¥K14+K 1 8%K22+2 %KL %K1 4% K204 K21 +3% K1 %K1 4%
K22 %% ¢ K2¥KI kKL T*K2T+K2XK 35K 1 84K 24~K2*KI¥K 20¥K 274 2*K 2% K 3¥K2 1 ¥ K 2T+K 2% K 4%
KLT#K24+ 4¥ K2%x K4¥ K1 BRK2T-K2¥K4XK20% K24 +3¥K2 ¥ K4 ¥ K21 *¥K24—K2¥K6 %K1 T*K27-K 2%
KO%K 1B *K 24 +K2#K6¥K 20%K 27~ 2K 2 XK 0 ¥K 21 ¥ K 2THK 2K KOHFK 2 2% K2 3+ 2% K2 ¥ KT*K L T%K27 +
IRK2AKTHKL 8% K242 ¥K2¥KT*K20%K2T +K2¥KT¥K2 1 #¥K27—K 25K 7K 22%K28+K 2 *¥K B*K20%
K28~ K2¥KB¥K2 1% K2 B+K2%¥KE#¥K22KK22 =2k K2 ¥ KBH¥K22¥K2T+2 *K2¥KF*¥KLo> *K2B-K 23K G *
K22 % #2 =4 ¥K2%¥K10%K16%K 24~2%K 2%K LOKK ] T%#K 13+ 2%K2¥K10*K1 8%K20-6%K2%K10*¥K18*
K21~ 4%K2% K13 %KL5 ¥K28-12%K2%K13*¥K16* K27 +2*¥K 2¥K13 %K1 7THK20-4*K 2*K 13*¥K 1 7%
K21+ 4%K2*K 13 %K20%K2 1~K 2¥K 13%K 1 7% %2- 4% K2¥ KL 3 %K1 8% %2 -K2¥K1 3 ¥K20*¥2-K2*K13
KK L %24 2¥K2HK L3 XK 2 2% %24 28K 2%K 1 4% K L5%K 23-4 %K 2¥K L 4¥K 1 5¥K 2T ¢ 4% K2¥K14%K16%
K28~ 2%K2¥K14*K20¥K22+2% K2 ¥K14¥K214K22=2*%K3*K4¥K 1 6 ¥K24 +2*K3*KO6*K16*K2T-4
HKIHKTHK LO*K 2THK 3%K 10%#K Lo*K 1 BFK 3*K 1 3¥K 16¥ KL T-K3¥K13*¥KL6* K20 +2% K3%K13*
KLO*¥ K21 42%K4¥KOEXKLOEXK24 =6 %K 4¥KTHK 1o ¥K 2 4= 2% K4 %K %K L5*K 28+K 4% K 10*K16¥K 17—
K4%K 10*K16%¥ K20+ 3k K4 K1 DR K16¥ K21 +4¥K4*K13*¥KL6*K1b+K4*K14%¥K15#K22+2*K6*K T
1S K28 +4%KOKK T #K Lo¥K 2 T+2¥K6*KB*¥K L 5% K 2T- 2% KO6¥ KX K1 6% K2 8~Ko* KL 0¥K16*K1 8
—Ko*K13%K15%K22-Ko¥KL3*KLOo*¥K1T+KO6*¥K13¥K16*K20-2*K 6%K L3¥K16¥K21-K6*K 1 4%
KLS*K2L¢KO¥K14*K16#K22+ 2% KTHKGHKISH* K23 -2KkKTHK3*K15*K2T+2%¥KT7 *¥KB *K 16 3K 23—
KT*K9RK15%K22+3 XK THK10%K LO*K LE+K THK L I¥K15% K22+ 2%K T*K13%K1 6% KL T7-2%KT%K13
*K16%¥K20+KT*KLE3%K16%K21 —KT* KL4*KL15%K20-K7T¥K 14*K16*K22-KB¥KI ¥K]15%K 2 1+K8%*
K%K Lo*¥K22+K 3*K L O*K 15K 22-KB8* K1 3% KL 5*K20+KB8%KL3*K15% K21 -2%Ko *¥K13 *K16*
K22+ KB *K14*K15%K16-3*%KB*K L4%K 15*¥K22+K 8 ¥K 14¥K16¥K20-K 8*K14¥K1 6% K21+ 2%K9*
K13 ¥ KIS¥¥2-4*KIRK14¥K1OKKL6—2*K1O¥KL4¥K1O* k2 +B ¥K 13 XK1 4*K15%K 16—K 15%K 24%*
KB*%*243%CL15%K2B*KG*¥2-K 16¥K23 %K B¥*¥2-KL 6% K2 TRKI**2 -4 ¥ K16 ¥ K2T ¥K4¥%2=K16%*
KET#KE¥*¥2~KLO¥K2THKT# %2 +2 %K Lo #K 2T R ¥ % 2+ 2 *K 23 %K 2 THK | % 2- 2%K 24% K2g¥ K 1% %2
—2%K 1R kK 27RE2 4 3RK L HX 2% K 28%$ 2 +4 HKZ #%2 *K24 ¥ ¥ 2+ 6K K2HK2XK2TH¥2 -2 #K 2 % %2 *
K2B% X2 +4%K LO¥E2 kK 16 % %2~ 2%XK 1 3% 2%K 1 5% ¥ 2+ 6% K 1 Bk R 2K 1 6% ¥ 24 3% K] 4% % 2k K1 5%%2 —
2%K1 4¥*2%K16%%2

750 = 2*Kl*KZ*K&o**Z—Kl*Kb*KZZ*KZ&LKl*KB*KZO*KZd—Kl*KB*KZZ*K23+
KLI*K 8%K22%K 2T- 2%K L ¥K9*K L 5¥K 28+ K L¥K 9*K2 2% %2 + 2% K1 ¥ K13 #K15%K23 —-KL *K13%K22
*%2— 2% K1¥K14%K15%K234+2%K1¥K14*K LO*K2T— 24K 1 *K L4*K16%K28+ 2*K L ¥KL4*¥K20%K22
~K2KKBRK 224 K28-2%K2¥K14*¥KL 5% K25 +K2* K14 ¥K22 **2 +2¥KO6¥KB *¥K15*K 28-K6*K 1 4%
K15%K22-KB*KI*K15%K 22+ g ¥K1 3*¥K15%K22~K8* K1 4*¥K15%¥K20-KB*K14k KL6*K22+2%K9
HFKLGFKLSH¥2-2%K1B3*xK 14 %K 15%%2+2#K15 %K 16 %K L4*¥2+K15*K234K 8*%2-K15%K27*K8
k24 K1O6¥K28¥K 8k 2+ 2% K23 ¥K28H K1 *%2 -2 % K2 TH*K23*K1 *%2

T63 = —2*KL#FK2XK2T*¥2—KI*KTHK2L*¥K2T+2%K 1 ¥K L3 ¥K1H6*K27 +K1 ¥ L2*¥K21
24 K2 XK THK 21K 2B+ K 2¥KTHK22% K2 THK2H KBk K21 ¥ K2 T+ 2% K2 ¥ K13 *¥ KIS K2T -2 ¥K2%K13
#K16 #¥K28—-2%K2*kK13¥K 21 *¥K 22-2%K 2%K L1 4¥K L6 %K 2T-K 2*K14¥K21 %% 2~ 2% KT* KB* K1 6%
K2T-KT*K13*K1S#K2L+KT*KL3*K1O6¥ K22 #KT*K L4*K 1 6%K 21 #+KE¥K13 %K 16 %K 2 1+ 2%K 1 3%
KLa%K16%#%2-2 %K 15 %K LO¥K 1 3% % 2+K LOKK2THK T##2- KLl o ¥ K2BRKTHR K2+ 2% K2 T*¥ K28 ¥ K2 %% 2

T62 = —4¥KLI*K2¥K2THK28—KL1*¥KT*¥K21%K28 K1 *KT*K22%K2T-K L*K %K 21 ¥K27
—2XK LEK L 3RK15%K 2T +2¥K 1 #K 1 3%K 16%K 23+ 2%K LEK13¥ K2 1¥ K22+ 2% K1* KL 4%K16% K27 +K1
#KLGFK2L ¥ %2+ K2 ¥K THK22 % K23 +K2XKE ¥ K21 ¥K2 B+K2 %K B¥K22%K 2 7+2%K2*K 13%K 1 5*K 2 8~
K2%K 13%K 22%% 2+ 2 %K 2% K1 4% KL 5%K2 T-2 % K2* KL 4¥KL6*K2b -2 ¥K2 ¥K1 4 ¥K2 1 ¥ 22 +2¥K T *
KE*K15%K2T—-2#K T #KG¥K16¥K28-KTH*K 1 3#*K 1 5% K22~ K T¥K 14%K15% K21 +KT*K1 4%#K16%K22
“K8%KL3*KLO¥K2L+KB*KL13%K1O6*K22+KBXKL4¥KLOXKL1~4FK 13 *K 14*K [5*K16+K 15%K 28
WK TH 2K LORK 2T ¥K BHF 24 K L w2% K2 T** 24K 2 ¥ X 2% K2 8% %2+ K1 3 ¥ %2 ¥ K1 5% %2 +K 14 ¥%2%K16
%D

To6l = -2 KL1*K2%¥K2u%% 2= KI¥KT¥K22%K28~K1 ¥KB*¥K21 ¥K28~KL *KB *¥K2Z *K27~
KL *K13HKLISRK2B +K LHAK 13K 2% % 2=2%K 1 ¥K 1 4% K 1 5¥K 2T+ 2%K L %K1 4¥K 1 6% K28+ 2%K1*
KL4%K21%K22+ K2#K8*K22% K28 #2*K2#KL1 4¥KL5 %K 2B~K2*K 14 *K 22 ¥ %2+ 2*kK T*KE*K 15%
K28-KT7T%K L4*K 15%K 22~ KB¥KL3¥K 1 5%K224-K3¥K14¥K15%K2L +KB*KL14%K16%K22+2%K13*
Kl4¥K15%#*2 -2 %K 15 %K1 6KK14* %2 tK 15 *K27 ¥ 8 #¥2~K 1o FK 2B ¥K 3% ¥ 2+ 2% K 2 T*K2 B KL ¥% 2

T6E0 = -K1*K3#¥K22%K 23-2%K L *K14¥K 15K 28+K1¥K14¥K22%%2-KB8* KL14%Klb*
K22+ KLO*K2 8% KB* X2+ KL ¥ %2 #K2B*¥ 2 +K1 4 *¥24¥K1 5% %2
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CHAPTER 1V
KINEMATIC PAIRS

The previous chapter and Appendices B, C and D, completely define
the direction cosines and locations of the Burmester lines in the moving
and fixed frames of reference. These Burmester lines correspond to C - C
cranks. Under certain conditions the C - C cranks may degenerate into
other cranks containing R, P, H or C pairs.

The task of finding the conditions under which a C pair may act like
a R, P, or H pair becomes simpler if we consider a new coordinate system

-x',y',2z'" in which the z'-axis coincides with the Burmester line in the
fixed rigid body, and the x'—éxis is the line which is perpendicular to
this Burmester line and passes through a point P1 on the Burmester line
in the rigid body in its first position. The transformation of coordinates

from the x,y,z frame of reference to the x',y',z' frame of reference is

performed in the following section.
4.1. Coordinate Transformation

The coordinate transformation is performed in the following steps
(see Figure 5):
1) Define the z'-axis.

We define the z'-axis to be collinear with the Burmester line in the
fixed rigid body under consideration. This Burmester line can be expressed

as
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= = (4.1)

where (XB’yB’ZB) and ( &,m,n) are the coordinates of a point on and the
direction cosines of the Burmester line 18.
2) Find plane x'y'.

Plane x'y' must be perpendicular to the Burmester line in the fixed

rigid body, and must also contain point P, with coordinates (xl,yl,zl)-

1
Point P1 is the point on the Burmester line in the moving rigid body in
its first position which is at the shortest distance from the fixed
Burmester line. Points Pi’ i=1,...,5 may be found by following the pro-
cedure outlined in Step 2, Section 3.2, Chapter III (there P' is our Pi)'

Plane x'y' is of the form

Ax'y‘ X + Bx'y' y o+ Cx'y‘ z-1=0 . (4.2)

The conditions for plane x'y' to be perpendicular to the Burmester

line in the fixed rigid body are:
A m - B g =0 v (4.3)

and
AX‘y' n - cx,y, Q=0 . (4.4)

The condition for a point P1 to lie in the plane x'y' is:

Ax'y' X, ¥ Bx'y' vy o+ Cx'y' z, - 1 =0 . (4.5)

Equations (4.3 - 4.5) form a system of three equations and three

unknowns which can be solved simultaneously for A, ,, B, ? and C vy
Xy X'y X'y
Thus, by defining
m -2 0 1 -2 0
DX'y' =|n 0 -2 3 DA': 0 0 —£ H
ST SR E ST

18 With respect to the x,y,z frame of reference.



m 1 0 m -Q 1
Dgy =|n O -L H and Doy =|n 0 O ,
X, 0 z4 X, vy 0
we obtain
DA' DB' DC'
Ax'y' =7 3 Bx‘y' =5 3 and Cx'y' =5 .
xly| xvyl X'y‘
zl
(X5,¥0,20)
x

Figure 5. Transformation of coordinates (x,y,z to x',y',z"')

3) Find the point of intersection of the Burmester line with plane x'y

The point of intersection is:

1 ‘ 1 1 —
(XO Yo 22 ) = (XB + 2 Tys Yp + M Ty Zp + 0 ro) (4.6)
where
. - (Ax‘y' Xp + Bx'y' yg * Cx'y' Zp = 1)
0 (Ax'y' L + Bx'y‘ m + Cx'y' n)

Notice that point (xo',yo',zo') is the origin of the new frame of

reference x',y',z'.
4) Define the x'-axis.

The x'-axis must be collinear with a line LC passing through point
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(xo',yokzo') and point P1 (Xl’yl’zl)’ thus
X - xo' y - yo' z —z.'

— ' —
1" % Y17 Y% %17 %

or

X - x ! y - yo' z -z !
= = (4.7)

¢ m n
c c c

where (Qc,mc,nc) are the direction cosines of line Lc’ and are defined as:

L = (x

[ 1 XO') /s

3
Il

(v, =y /s

n = (z1 - zo') / s

2 + (Z - 2z ')2 ’ (4.8)

c
s :\/(x - x ')2 + (y, = y.")
1 0 1 0 1 0

here s is the distance between the origin of the frame of reference x',

y',z' to point P1 (s is also the shortest distance betweén the Burmester
line in the fixed rigid body and the Burmester line in the moving rigid

body in its first position).

5) Define the y'-axis.

The y'-axis must be collinear with a line L, which is perpendicular

d

to both the Burmester line in the fixed rigid body and line LC at the
same time. It must also pass trough point (xo‘,yo‘,zo').

We can find the direction cosines (Qd,md,nd) of line Ld from Appen-

dix A, by using sgn = - 1, and the Burmester line in the fixed rigid body
with direction cosines (f ,m,n), and line LC (Qc,mc,nc) as the intersect-—

ing lines. Line Ld'is of the form

X = x_' y'— yo' z - z'

0 _ - ) (4.9)
Q m n
C C C

4.2. Kinematic Inversion

In the previous section, we described a procedure to transform a
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coordinate system from a x,y,z frame of reference to a new x',y',z' frame
of reference, in which the z'-axis is coincident with the Burmester line
in the fixed rigid body, and the x'-axis is perpendicular to this line

and at the same time passes through a point P, , which is on the Burmester

1°
line in the moving rigid body in its first position.

Burmester theory deals strictly with relative displacements, i. e.,
the five finitely separated positions of a moving rigid body ( X ) rela-
tive to another fixed rigid body ( Y'); therefore, we can consider one‘of
the positions of the moving rigid body ( Zi’ i =1,.4., or 5) as fixed,
and then find the relative positions‘of T with respect to the new fixed
rigid body ( Zi) by applying the principle of kinematic inversion.

In our case kinematic inversion is accomplished by performing a
transformation of coordinates from a x,y,z frame of reference to a new
x',y',z' frame of reference similaf to the one performed in the previous
section; but here the z'-axis is coincident with the Burmester line cor-
responding to Zi, i=1,e0e, or 5 , and the y'-axis is perpendicular to
this Burmester line and at the same time it passes through a point P1

which is on the Burmester line corresponding to X in its first position

relative to X..
i

4.3. Conditions Under Which a C Pair may be

Replaced by a R, P, or H Pair

In this section, we discuss the conditions under which a C pair may
be replaced by a R, P or H pair. We know that a C pair has two degrées
of freedom (a rotation about and a translation along the cylinder axis).
If we constrain the translation along the cylinder axis, then the C pair

behaves like a R pair. In the event that we constrain the rotation about
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the cylinder axis, then the C pair behaves like a P pair. Finally, if we
force the translation along the cylinder axis to be proportional to the
rotation about the same cylinder axis, then the C pair behaves like a

H pair.

In what follows, we give the conditions for a R, P, H and C kinema-
tic pair to exist for five finitely separated positions of a rigid body.
1) Revolute Pair: all those points whose several positions can be reached
with a R pair (i. e., points which fall on a circle) must satisfy the
condition that for the five finitely separated positions of a rigid body,
a point on X corresponding té Zj, j=1,¢0.,5 must lie on a plahe which

is perpendicular to the Burmester line, see Figure 6.

Figure 6. Points on a Circle

In order to satisfy this condition, a point on X in all of its five

positions must lie on plane x'y' of the x',y',z' frame of reference;i.e.,
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the z' componenp of Pj (xj‘,yj',xj'), j=1,¢e.,5 must be zero. If this
condition is not satisfied, then a R pair will not permit a rigid body

to pass through the five prescribed positions.

2) Prismatic Pair: all those points whose several positions can be
reached by a P pair must satisfy the condition that for the five finitely

separated positions of a rigid body, a point on % corresponding to Zj,

j=1,.¢.,5 must lie on a straight line, see Figure 7.

Figure 7. Points on a Straight Line

If this condition is not satisfied, then a P pair will not permit a
rigid body to pass through the five prescribed positions.
3) Helical Pair: all those points whose several positions can be reached
with a H pair must satisfy the condition that for the five finitely sepa-
rated positions of a rigid body, a point on X corresponding to Ej’ j =

l,¢¢¢45 must lie on a right circular helix whose axis is the Burmester
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line. To satisfy this condition, we must check if Oj = arcos xj' /[ s =
arsin yj' / s 3 if so, we calculate Cj—l o ej / zj' s 3 = 25e00,5. If
C1 = C2 = C3 = C4’ then the condition is satisfied, see Figure 8; other-
wise, a H pair will ﬁot permit a rigid body to pass through the pre-
scribed positions.

4) Cylindric Pair: all those points whose several positions cannot be

reached by means of a R, P, or H pair, can be reached by a C pair whose

axis is the Burmester line, see Figure 9.
4.4. Tdentification of Cranks

In order to identify the cranks, we apply the conditions described
in the previous section for each Burmester line pair; for instance, if
the direction cosines and location of a Burmester line in the moving
rigid body satisfy the conditions for a particular kinematic pair, say
a R pair§ and if the direction cosines and location of the corresponding
Burmester line in the fixed rigid body satisfy the conditions for another
kinematic pair, say a P pair, then we have a P - R crank.

Table VIII exhibits all the possible cranks containing R, P, H and

C pairs.

. TABLE VIII

BINARY CRANKS CONTAINING R, P, H AND C PAIRS

™~ A& ® =
|

a = ©w =®™

g t©® ™ o
|

QO = ™ ™

o - = =
|

O O O O
|

O = Y @™

Once we have identified the crank, we need to specify the distance



Figure 8. Points on a Helix
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Figure 9. Points on a Cylinder
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s from one of the kinematic pairs to. the other one in the crank in study,
as well as the twist angle @ the axis of one of the kinematic pairs
makes with the axis of the other one. The distance s is given by Equation
(4.8). The twist angle P is

P = arcos (Qme +omem o+ nfnm) (4.10)

where

(Qf,mf,nf) = direction cosines of a unit vector parallel to the
Burmester line in the fixed rigid body, and

direction cosines of a unit vector parallel to the
Burmester line in the moving rigid body.

(Qm’mm’nm)
Once all the possible cranks have been identified (for five finitely
separated positions of a rigid body), then we can use any two such cranks
to synthesize a linkage that will displace a moving rigid body through
its five finitely separated positions relative to a fixed rigid body. If
at least one of the kinematic pairs of this linkage is a R, P, or H pair,

then by grounding the pairs in the fixedrigid body, the synthesized linkage

may become a mechanism with one degree of freedom.



CHAPTER V
SUMMARY AND CONCLUSIONS

The main objective of the present investigation was to derive an
analytical expression which permits one to determine the Burmester
lines for the problem of guiding a rigid body through its five finitely
separated positions. In practice, the solution to this problem is ac-
complished by using a binary C - C crank. The analytical procedure in-
volved in obtaining the Burmester lines is based on the application of
the relationships for equivalent screw triangles formed by the binary
crank and the screws describing the finitely separated positions. The
four equivalent screw triangles formed by the binary crank and the
screws yield a total of four equations relating the direction cosines
and angles of rotation of the rigid body about the sérews. Since there
are only three independent relationships between direction cosines and
angles of rotation, the set of four compatible equations yields two
conditions forcing two third order determinants to vanish. Expansion
of these determinants yields two cubic cones describing the space ana-
logs of the center point curves in plane. The two cubic cones, in
theory, will intersect in at most nine lines out of which there will
be three screws and six Burmester lines. Analytically, we can elimi-
nate the screws from the intersection of the two cubic cones and ob-
tain a sixth degree polynomial whose real roots will provide the ratios

of two of the three direction cosines for each of the six Burmester
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lines. By introducing these ratios one by oné»in the équation of one
of the cubic cones, we can determine the third direction. cosine for
each one of the Burmester lines. Once the direcfion cosines for each
of the Burmester lines (in the moving and fixed frames of reference)
have been found, the location of the Burmester lines in the moving
rigid body and in the fixed rigid body can be determined.

Each Burmester line in the moving rigid body has a corresponding
Burmester line in the fixed rigid body. This pair of Burmester lines
constitutes a Burmester line pair. For design purposes each Burmester
line pair may be replaced by a C — C crank. Furthermore, by restricting
the rotation and/or translation of each of the C ?airs of a C-C crank,
we may obtainbother types of cranks containing R, P, H or C pairs, such
as the ones shown in Table VIII.

In summary, the contributions of the present investigation are:

(1) For five finitely separated positions of a rigid body, a sixth
degree polynomial whose real roots lead to the determination
of the Burmester lines for C - C cranks is derived analyti-
cally.

(2) The conditions under which a C - C crank may degenerate into
cranks containing R, P, H or C pairs are given.

The derivation of the sixth degree polynomial involved én enormous
amount of algebraic manipulation which, because of its complexity, was
carried out using the available algebraic manipulation programs such as
FORMAC and ALFRED.

The total amount of tiﬁe required to reduce the seventh degree
polynomial described‘by Equation (3.27) to the sixth degree polynomial

described by Equation (3.29) exceeded more than 100 hours of CPU time
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on an IBM 370-158, many timesvrequiring as much as 1500 K-bytes of mem-
ory. There is still one more level of substitution for the complete
simplification of each one of the coefficients of the sixth degree pol-
ynomial. We estimate that this task will require at least another 100
hours of CPU time on the same type of computer. When this final substi-
tution is finished, we expect some of the coefficients of the sixth de-
gree polynomial displayed in Table VII to be reduced as much as 70% of
their actual size. We also predict that the term (t_an2 913/2 + 1) will
factor out completely frbm each one of the coefficiehts, thus simplify-
ing these coefficients even more.

It is important to note that the determination of the direction
cosines of the Burmester lines can be carried out by applying a numeri-
cal approach to determine the intersections of the two cubic cones given
by Equations (3.19) and (3.20). Such a numerical approach, however,
will provide along with the Burmester lines the three unwanted screws
$12, $13’ and $23'. In addition, initial estimates of some of the di-
rection cosines are needed in order to proceed with their determination.
The present investigation has developed an analytical approach tﬁat eli-
minates both of these problems. This is accomplished in the following
steps: (1) selecting an appropriate frame of reference to describe all
the screws, (2) applying relationships for the equivalent screw triangle
and (3) eliminating analytically the common roots involving the direc-
tion cosines of screws $12, $13’ and $23'. This final step yields the
sixth degree polynbmial whose real roots give the ratios of two of the
three direction cosines of the Burmester lines in the moving frame of
reference. The coefficients of this sixth degree polynomial (in its

present form) may be used to perform theoretical studies in space, as
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will be discussed shortly. However, numerical substitution in the coef-
ficients of the sixth degree polynomial (3.29) is discouraged at the
present, unless a very accurate computer is used. The coefficients of
the sixth degree polynomial in their present form are succeptible to
truncation and round-off errors. We expect that this problem will
disappear once the final level of substitution is performed.

Direct application of the present investigation.will permit
a kinematician to undertake theoretical and applied résearch in
Burmester theory. Some of the oportunities for applied research
include:

1) Robots for handling radioactive or other hazardous materials.

Most of the operatioms for handling radiéactive or other hazardous
materials require personal involvement. By properly programming the
motion of the robot arm, and by using the sixth degree polynomial, the
cranks can be positioned in such a way that it will actually perform
the task without human intervention. The advantages are: (a) it is
safer; (b) the operation can‘be performed faster; (c) many times the
operation can be performed by a much simpler robot arm; i.e., with less
number of cranks.

In many cases if a programmed motion is required, a robot arm such
as the one shown in Figure 10a may be replaced by a simpler robot arm,
such as the one shown in Figure 10b. The rigid body 3 in both robot
arﬁs has six degrees of freedom. The difference between the robot arms
lies strictly in the numbér of components; i.e., the robot arm in
Figure 10a contains seven R pairs and six cranks, while the one in Fig-
ure 10b contains one R pair, threé-C pairs and only three cranks. By

selecting a series of five finitely separated positions of the rigid
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the positions of the cranks that will displace the rigid body through

its five prescribed positions.

/7.

(a)

(b)

Figure 10. (a) A RRRRRRR Open Loop Chain
(b) A RCCC Open Loop Chain
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2) Robots for remote work, such as the ones in Mars and the moon.

All of the édvantages of (1) above apply here. Furthermore, in
many instances the robot arm is required to avoid obstacles, such as
the legs of the landing unit, heavy rocks, etc. By selecting a series
of five finitely éeparated positions and applying the resulfs of this
investigation, we can find the cranks which will pick up objects and at
the same time avoid obstacles.

3) Airplane landing gears.

By optimizing the RCCC open loop‘chain in figure 10b, we can prob-
ably find a new design for an airplane landing gear. This landing gear
would function as the present landing gears in its landing mode, but
once the craft is airborne, it could be folded efficiently in a more
compact form ,

Other applications of the results of this investigation are only
limited to the designer's imagination. We expect new designs to appear
in the areas of prosthetics, engine transmissions, optical equipment,
textile machinery, packaging machinery, etc. in the near future.

The results of the present investigation also permit one to under-
take a variety of research problems in three-diménsional kinematics.
Some of these problems are briefly presented below:

1) Synthesis of three and four link mechanisms in space.

By using the results of this investigation, provided a very ac-
curate computer is available, it is possible for one to synthesize
mechanisms which will displace a rigid body through its five prescribed
finitely separated positions.

In some design situations; however, one is required to design a

mechanism which will displace a rigid body through its five prescribed
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finitely separated positions, and at the same time prescribe the location
and orientation of the fixed pivots. 1In other words, the Burmester
lines in the fixed rigid body, as well as the five finitely separated
positions. of the rigid body, are given. This type of design situation
is completely unexplored at the present. Now that an analytical
approach that leads to the determination of the Burmester lines is
available, it is expected that in the near future procedures to tackle
the design problem of specified Burmester lines and positions of a

rigid body will be developed.

In many cases a new improved design for an already existent mech-
anism is desired. By applying the results of this investigation, it is
possible, in general, to obtain other cranks which, when used in a mech-
anism, will perform the same operations as the original mechanism,
and at the same time may have an improved transmission angle or better
dimensions.

Since Burmester theory deals strictly with relative motions, it is
possible for one to apply the results of this investigation for the syn-
thesis of ﬁechanisms with more than four links. It is hoped that the
derivation of the sixth degree polynomial whose real roots lead to the
determination of the Burmester lines, will provide the user with a bet-
ter kinematic insight to his particular design problem.

2) Properties of Burmester lines.

The five positions of a rigid body, 2 , moving relative to an-
other rigid body, 2', determine the number of Burmester lines which
displace 3 relative to 3! . The Burmester lines are defined by the
direction cosines of unit vectors parallel to the Burmester lines and

a point on the Burmester line. It is reasonable to expect that for
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different arrangements of the positions of a rigid body 2 , the number
and location of the Burmester lines may vary.

Studies similar to the ones performed for plane kinematics, as were
described in Table I, may be undertaken in order to extend some of the
properties existent for planar motion into spherical and spatial motion.
In space, a rigid body can be arranged in a gréater number of different‘
ways due to the third dimension. This fact permits one to study a set
of properties that are unique to spatial motion. The research opportu-
nities for this particular aspect of Burmester theofy are unlimited.

3) Special cases of the sixth degree polynomial (3.29).

A research study by itsélf could be ﬁndertaken just to investigate
the sixth degree polynomial whose real roots give the ratios of the
Burmester lines in the moving rigid body. For instance, one could find
under what conditions some of the coefficients vanish, and then relate
the findings to physically attainable mechanisms. This type of study
would give a better insight on the properties to be étgdied in (2) above.
4) Study of other cranks containing S, C, R, P or H pairs.v

Our study was limited to the C - C cranks and all its variations
with R, P, H or C pairs, as presented in Table VIII. There is, however,
another very useful set of binary cranks which contains an S paif. >In
some instances, these crénks would permit us to design a mechanism for
as many as eight positions of a rigid bodyf It is hoped that the pre-
sent research will encourage other investigators to extend space
Burmester theory to a new théory which includes more than five positions
of a rigid body.

5) Extension of Burmester theory for diads to triads.

This type of study would be very useful in case a large number of
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rigid body positions is desired. This would lead to the design of mech-
anisms with more than four links.

Since the study of triads in planar kinematics is fairly limited,
we are left with a poor foundation and feel for what can be expected in
space. Thus, it is anticipated that this particular problem will be
the most difficult.

In view of the several areas of future research presented above,
the outcome of the present investigation appears to be very limited.
Yet, at the same time, we want to emphasize that this is the step which
will permit kinematicians to explore new areas of applications and the-

ory in spatial kinematics.
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APPENDIX A

HOW TO FIND THE DIRECTION COSINES OF ALINE WHICH

IS PERPENDICULAR TO TWO INTERSECTING LINES

Let us define a line Lg with direction cosines (Qg,mg,ng) to be

perpendicular to lines Le and Lf.

Line Le is of the form

T8 B y - be 3 27 % s (a.1)
[’ T m - n
e e e
and line Lf is of the form
X —ag ¥y -bg z-cg . - (a.2)
2 ¢ m ne

The condition for line Lg to be perpendicular to line Le is:

L L =0 . (a.3)

+mm + nn
g e g e g e
The condition for line Lg to be perpendicular to line Lf is:

=0 . (a.b)

L 2 _ +mm_. +

g £ g £ ngnf
The direction cosines of line Lg must satisfy the following condi-
tion:
L + m + 1 =1 . (a.5)
g g 8
We can now find (Qg,mg,ng) from Equations (a.3 - a.5). The follow-
ing cases may arise (in all cases sgn = + 1 or - 1):

Case 1.- If Qem - Qfme # 0 , then

, 2 2
ng = sgn / Ra + Rb + 1

f

where
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Dele = Mg
Ra -  m_ -2 m
e f f e
R = ane B nle
b Qfm - Qemf
and
Q =R n
g a g
m = R, n
g bg
Case 2.~ If 8 n_ — 8 _n # O , then
e f f e
2 2
mg:sgn /JRa +Rb + 1
where
mfne - menf
Ra "¢ n.-2n
e f fe
o me - mQQE
b an - Qenf
and
£ =Rm
g a g
n = R m
g b'g
Case 3.~ If men, - mong 4 0 , then
Qg = sgn /V/Raz + Rb
where
. n -2 n
R = fe f
a mn, — m.n
e e
Qfme B Qemf
R:
b m.n - mn
e e f
and
m = R ¢
g ag
n =R ¢
8 b"g
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APPENDIX B

DIRECTION COSINES OF THE BURMESTER LINES

IN THE FIXED FRAME OF REFERENCE

The real roots of the sixth degree polynomial, Equation (3.29), give
the direction cosines (Mx,My,Mz) of the Burmester lines in the moving
rigid body. Thus, ai,~i = 1,4..,5 in Equations (3.13) and (3.14) are com-

pletely defined. Rewriting these equations we have

alA +a, = 0 , (b.1)
33A + a5B +a, = 0 (b.2)
where
Fx
A:-F—
y
Fz
B = f_ .
y

From Equation (b.1) we find that

A= -2 : (b.3)
3
then Equation (b.2) yields
a,a, — a,a
B = 2_2__1_4 . (b-4)
1%5

We know that the direction cosines (FX,Fy,FZ) obey the following
condition:
F + F + F =1 5 (b.5)

thus

F =1 /V[AZ + B2 + 1
Yy
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and

F

Il
>
5]

X y
F =BF .
z y
We find that there is only one Burmester line in the fixed rigid body
corresponding to each one of the Burmester lines in the moving rigid body.
Each set of moving and fixed Burmester lines forms a Burmester line pair

"(which is the space analog of the Burmester point pair in plane kinema-

tics).



APPENDIX C

LOCATION OF THE BURMESTER LINES CORRESPONDING

TO THE MOVING FRAME OF REFERENCE

In Chapter IIT we found that the intersections of the two screw cones
(Figure 4) give us the condition for a line embedded in the moving rigid
body, in its five finitely separated positions, to be at a constant incli-
nation relative to another line embedded in the fixed rigid body. This
condition, however, is not sufficient for the complete description of a
Burmester line. We also need to satisfy the condition that the line in the
moving rigid body remains at a corstant distance from some line in the

fixed rigid body (see Figure 11 for nomenclature).

(Lg;, Mg Ng)

(Lmj,Mmj,Nmi)

Figure 11. Nomenclature Used in the Location of the Burmester Lines

The conditions for constant inclination (or twist) and distance be-—

tween two Burmester lines are given by [62]
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cos q>1 = cos cp2 = cosq)3 = cos ¢4 = cos ¢5 s

and

It

slslnq)1 5251n¢2 = 5351n¢3 = 545.1n¢4 = 5551n ¢5

where si and‘Qﬁ, i=1,...,5 are the distance and angle between the lines
in the moving and fixed frames of reference.
The constant moment condition gives us

s.sing, =L .G, +M G, +N .G, +L_.G. ' +M_G ' + N G,' (c.1)
i i mj 1 mj mj

2 3 £j 1 £3°2 £3°3

where (G ) is the cross product of the unit vector parallel to the

G, ,G
1’72273
Burmester line in the fixed frame of reference with direction cosines

(L )

j) and the vector from the origin to the point (xA

£5°Me 50N £5°YAf 2 2Af 5

on this Burmester linej; and (Gl',G ') is the cross product of the unit

',G
2’73
vector parallel to the Burmester line in the moving frame of reference

with direction cosines (Lmj’Mmj’ij) and the vector from the origin to the

point (x .) on the moving Burmester line.

Amj*YAmj’ %Amj

In order to locate the Burmester line corresponding to the moving'

- 19

rigid body, proceed as follows:

1) Redefine the direction cosines (L ,,M .,N .) of the Burmester line in
mj- mj- mj

study as (Li’Mi’Ni)’ i=1,c0.,5 .

2) Define (L,,M,,N,) as
127174

-— -1——
L
rLi Raxi + 1D bri “xi 1
M.| = a , (b ., + 1) c ., M
i yi yi yi 1
N, a . b . (c . + 1) N
i z1i z1i zi 1
19

There is an alternate procedure given in reference [104]; that
procedure, however, is not completely general, since it does not include
the case when either $ 4 and/or $ and/or a Burmester line is perpendic-
ular to $,.. The proceéure here is similar to the one given in reference

[62]. 2
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where
a (u 2 _ 1)(1 - cos B.)
X1 11 i
in uliUZi(l ~ cos ei) - ug;sin Gi
Coi uliu3i(1 - cos ei) + u,.sin Oi
ayi uliUZi(l - cos Bi) + ug.sin ei
b . (u ,2 - 1)(1 = cos 0.)
yi 21 : i
Cyi u2iu3i(1 - cos ei) - uy,sin ei
a_; uliu3i(1 - cos ei) - u,,sin Gi
bZi u21u3i(1 - cos Gi) + uy sin ei
¢ = (.2 -1)(1 - cos B,)
z1i 3i i
for i = 2,...45 3 here (uli’UZi’u3i) and ei are the direction cosines
and rotation angles corresponding to screws $1i’ i = 2,000,595 &
3) Define Fli’ FZi and F3i as
P = b - 4
Fog =My - My
Fyg =N - Ny
for i = 2,004,455 &

4) Rewrite Equation (c.l) in the following form:

GiFqy + CoFpy + G3Fgy = = By
where
B = *amifi Y Yami®2i t Zamit3i * Kas ;
= - - - -L
Kig = bgyWNyag;Mea o)+ M (Lia)  ~Noa  =Fap) + N (Mpa  =biags
= - -— -L -
Kos ij(Nibyi Mib o tFay) + Mp (Lyb s Nibg) + Ny (b =bibyy
Kgy = ij(NiCyi'Miczi”in) * ij(LiCzi_ 1% F1i) * ij(MiCxi—L
K,, =L, . (N.d . -Md . ) +M_ (Ld _ -Nd ) +N . (Md -L.d )
41i fj  iyi izi fj iTzi ixi £ xi iyl
and

i

(c.2)
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d d,u,. — a.a -b.b ., -c.c

yi i 21 iyi iyi iyi

- a.a -b.b ., -c.c

d . =4d,u,, . .
zi i 3i i zi i zi i zi

for i = 2,...,5 ; here (ai’bi’ci) are the coordinates of a point on $1i’
i=2,...,5, and di are the translations along screws $li’ i=2,...,5.
5) By forcing the line from the origin to the Burmester ling corresponding
to the fixed frame of reference to be perpendicular to the Burmester line,
we obtain

G,L_. + G.M_, + G3ij =0 (c.3)
6) Equation (c.2) for i = 2,...,5 and Equation (c.3) permit us to find
G

G2, and G,. For this purpose, let us define

1’ 3
Ley Mg Ny O
F F F -E
12 22 32 2 -0 (c.4)
Fi3 Fog P33 —E5
Fio Foy T34 7By
and
ij ij ij 0
F F F -E
12 22 32 2 -0 . (c.5)
Fi3 Fog Fag —fy
Fis Fas P35 —Eg
Now, Equations (c.4) and (c.5) may be simplified into
XAijl + yAij2 + ZAijB + H, = 0 (c.6)
XAijS + yAij6 + zAij7 + H8 =0 (c.7)
where

jasl
Il

i = KDy * KgyDy
By = KD + KyyBy

for i = 14.4.5 4 and



Fis

Fas

F35

Now, Equations (c.6) and (c.7) together with

give us three equations and three unknowns in (x

defining
Hl
ij - HS
L .
mj
Hl
Dym - HS
L .
mj
we obtain
D
% _o_xm
Amj D .,
m]j

XAmijj

iy Hy
H,oH,
M. N_,
mj mj
H, H,
g Hy
o N,
mj
Yamj ~

P Ypmitmi T ZAmiimi

BUFU
. |13

Ami’YAmi %

H, H,

Dxm - H8 H6

0 M,

mj

Hy  Hy

and DZm = H5 H6

L M,

mj  mj
DZm
and ZAmj = D—
m]

Amj
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(c.8)

)3 thus

To find the coordinates of a point on each of the Burmester lines

in the moving frame of reference, repeat the above procedure for each

j=1,...,2k , where k = 0,1,2, or 3 .



APPENDIX D

LOCATION OF THE BURMESTER LINES CORRESPONDING

TO THE FIXED FRAME OF REFERENCE

20

To find the coordinates of a point on the Burmester axis embedded

in the fixed frame of reference, we use the following equations:

G1F12 + G2F22 + G3F32 = - E2 (d.1)

G1F13 + G2F23 + G3F33 = - E3 . (d.2)

Equations (d.1) and (d.2), together with Equation (c.3) give us

three equations and three unknowns in G

1° G2, and C3; thus defining
Fio Fog T3y By Foy Ty
Do = ]F13 Fp3 Fag ; Doy = |B3 Fo3 Fagf

Leg Mgy Ney | O Mgy Ney
Flo —BEy Fgy Fio Fog By
Deo = |F13 ~F3 T3 3 and Doz = |F13 Faz B3
: 0

ij 0 ij ij ij

we obtain

e _ e o e o . le
_ : _ : ] .

1 D, 2 D, 3 D,

Now, since (Gl’GZ’G3) is the cross product of the unit vector with

direction cosines (L_,,M

£ ,ij) and the vector from the origin to the

£3

.) on the Burmester line in the fixed frame of refer-

Point (X, ¢ sYppisZag;

ence, then the following relationships are true

20 See footnote number 19 .
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yAijfj - zAijfj = G, , (d.3)
ZAijfj - foijj = 62 s (d.4)
. (d.5)

Xaeitles T Yariley T O3
)

Here, we have three equations and three unknowns in (XAfj’yAfj’zAfj

thus by defining

0 Neo M| Gy g, =M
ey = | O L ; D, =|6, 0 Les
Mes “Ley 0 Gy Lgy O
0 ¢ Mg 0 Neso G
Dyf = -ij G, ij ; and D = -ij 0 G,
g5 C 0 Mes <Ley Gy
we obtain
*Afj T §§£ 3 Yafy = ;XE 3 and ‘At T §E£ :
£] b T

To find the coordinates of a point on each of the Burmester lines
in the fixed frame of reference, repeat the above procedure for each

j=1,.¢.,2k , where k = 0,1,2, or 3 .



APPENDIX E

COMPUTER PROGRAM

This appendix presents the computer program used to determine the

real roots of Equation (3.29). The numerical values of the screws used

in this program are the same as the ones given by Roth in Reference [62].

1)

2)

3)

4)

5)

6)

The output of the program presents:

The direction cosines of the Burmester lines as given by Roth,

The direction cosines of the Burmester lines in the transforﬁed co-
ordinate system,

The values of Equations (3.19), (3.20), and (3.26) with the direction
cosines of the Burmester lines in the transformed coordinate system,
The values of Tij’ i=0,e0.,6, j=0,...,3,

The coefficients of the sixth degree polynomial (3.29), and

The real and imaginary roots of the sixth degree polynomial.

The real roots of Equation (3.29) are the ratios of the direction

cosines &#/m corresponding to the Burmester lines.

93



100
101
200
299
300

cCoo

oo

10

12

MAIN

IMPLICIT REAL*8 (A-H,J-Y)

DIMENSION K{34),TT(28)+A(7T)+2ALT),SL16),R{6)2Z106)
COMPLEX Z

CUMMON/ INPUT/U23 sH23,U249 V244 W244,U254V254W25 4N2 ¢ N3y N4

—————=>  MAIN PROGRAM  (==—i——=m

FORMAT (2X, 'CUBICL =%yF8.493Xs *CUBIC2 =*yFBa4s/)
FORMAT(2X,"SYLVESTERS OYALITIC ELIMINANT ="'y FBe4y/)
FORMAT (2F20.5)

FURMAT{//+10X+*ROUTS OF THE SIXTH VUEGREE PULVYNOMIAL')
FORMAT(/ 411X " REAL ROGTS* 48Xy * IMAGINARY ROOTS*y/ )
CALL SUSAN

CALL LYNDA(K)

CALL FILA(K,S)

D0 10 I=1lv4

CALL SONI(TL,TMyTN)

RUL)=S{L)*TL+S(2)*TM
RI2)=S(3)*TLE*2+S(4)xTL*TM+S(S)*TM*%2
RU31=S(O6ISTLHEF2:TM+S{TI*TLETM*X2+5 (8 ) ¥TM*%3
R{4)=S{9N*TL+S(10)*TM .
RISI=SILLI¥TL#*¥2+S(12)¥TL*TM+S( 13) ¥TM**2
RI6)I=S(LA)¥TLH¥2XTM+S (15 )% TLATMS42+S (16 ) *TN**3
T=W23%TL-U23*TN

EQUATIUONS (3+24) ANC (3.25)

CUBICI=T*¥2%R( 1)+ T*(2)+R(3)
CUBIC2=T**2¥R{4})+T*R(5)+R(6)
WRITE(6+100)CUBICL,CUBIC2

EQUATION (2.20)

DET=K(3)*(ROL)*K{3) &5 2+nl D) ML) FF2-r(2) %R 4 ) ¥R 5) -
$ RELVRREGIFR(C D) 4+r (0 ) F(FLO)#*RP [ 1) #5243 (4) %P (2) % % 2-
$ RUL)¥R(3)*K(4) - LI=al2)%P(5))

WRITE(6s101)DET

CALL BETHIK,TT)

CALL MARY(TT,A)

Ud L2 1I=1.7

ZA(IT)=A(11)

CALL ZPULR(ZA+HsLy1ER)

wRITE(6,299)

WRITE(6,+300)

WRITEL6,200)Z

sTOP

END

SUBROUTINE FILA(K,3)
IMPLICIT REAL*E (A-2)
DIMENSIUN K(34),S(1l0)
COMMON/NNL/NL

DEFINITIUN UF S'S FRIM TABLE VI

SUL)I=K(L)*N1+K(2)

NnOOO

100
101
102

100
101
102

103

104
105

106
Lor
108
109

S(2)=—K{2)*nN1+K(1)
S({3)=K(3)*N1+K(4)
S{4)=(KIBI-K(4))*NL+K(6)
S(5)=K(T7)*NL+K(8)
S{6)=K(9)*N1+K(10)
SUT)={K{14)-K{10) ) *N1+{K(9)-K(13))
S(8)=K{13)*N1+K(14)
S(9)=K(15)*N1+K( 16)
S(10)=-K(16)*NL+K(15)
S{11)=K(17)*NL+K(18)
S(12)={K(22)-K(18) )%N1+K[20)
S{13)=K(21)%N1+K(22)
S(14)=K(23)*¥NL+K(24)
S(15)=({K(28)~-K{24) )*NL+(K(23)=-K(27))
S{16)=K(27 }*N1+K (28)

RETURN

END

SUBROUTINE SUNL(TL,TMeTN)

IMPLICIT REAL*8 (A-Z)

COMMON/ JOHN/LAsMAGNA,LByMBy NByLCoMC,NC
READ( 5,100} XL XMy XN

DIRECTION COSINES OF THE BURMESTER LINES Iw Idt IKANSFORMCu
COURDINATE SYSTEM

TLaXL®LB+XM*MB+XN*NB

TM=XL* LA+ XM* 1A + XN¥NA

TN=XL*LC+XM*MC +XN¥NC

WRITE(GL1OL) XL o XMy XN

WRITE(6+102) TLsTM, TN

FORMAT(3F10.5)

FORMAT(///42Xy*ROTHS 5. LINES - DIR. CUS. ='4+3Fd.447)
FORMAT (2Xy 'TRANS Be LINES = OlRe COSe="93Fb.%4/)
RETURN

END

SUBROUTINE SUS AN

IMPLILIT REAL*8 (A-H,J-Y)

COMMON/ENPUT /U234 W23,U245 V2491 H244U259 V25, W25 1N2 4 N34 N

COMMON/ NNL/NL

COMMON/JOHN/LAMAGNA (LB MB o NBoUL2, VL2 W12

FORMAT (6F10.5)

FURMAT (4F10.5)

FURMAT{2Xs'DIR., COS. UF 51® 411, * IN THE TRANSFURMED COOKDINATE SY
SSTEM: (Vg FTa4e" s "5 Flady s " yFTadslXs ') "/)

FORMAT(/ 42X+ "'DIR. COS. OF SCREW 51", I1s* AREZ (' 4F7ebs "y ', FTocs
$10,FTeby1Xs?) )

FORMAT (2X, '"R0T. ANG. UF SCREW SL®yl1ly* IS:', F7.3)
FORMAT(//42X " THE COURDINATES OF A PUINT In SLREw SL1'»I11,* ARE: ('
Sy FTaty *s "sFTabs?y "sFT.4s1X ") ")

FORMAT(// 42X, * TRANSFURMED COORDINATE SYSTEM')

FORMAT(/ 35Xs " X=AXIS: (' sFTuabe® 1® b T4y y v FTobs' )Y)

FORMAAT (/35X "Y=AXIS: (4 F Tty s "oF Taby?y ' yFlady" 17)
FORMATU/ 05X  C=AXISD: ('3 FTabs s 'y FT oy Yy "y FTaby ' 149/ /)

TRANSFORMAT LN UF COORDINATES
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READ(S5,101)ULl2,V12,UL3,4V13s
READ{5, 101)U144V14sULl5,V15
W12= DSQRT(1.-UL2**2-V]12%%2)
M13= DSQRT{L.-Ul3%%2-VI3%¥*2)
Wl4= DSQRT (Le—Ul4*%2-V14%*%2)
W15=-DSQRT(L .—ULS**2-V15%%2)
READ(5,100)A12,812,C12,A13,813,C13
READ(5+101)T2,T3,T4,T5

1=2
WRITE(6,103)1,Ul2,V12, W12
WRITE(6+4104) 1,72

1=3
WRITE(6y 1030 1,UL3,VL3,Wl3
WRITE(6¢104) 1,73

=4
WRITE(6,103)1,UL4yV14sinlé
WRITE(6,104) [, T4

I=5
WRITE{6+103)[+ULSy V1S, W15
WRITE(6+104) 1475 .

1=2
WRITE(64105)1,A12+812:C12
[=3
WRITE{6,105)1+A13+B13,C13
RL=UL12%UL3+V12%V13+W12%W13
R2=UL2%(A12-A13) +V12*(812-813)+W12%{C12-C13)
R3=UL13«(A12-AL3)+V13%(B12-613) +Wls%(€12-C13)
P4=(RL*R3~R2)/ (la—R1%¥%*2)
KS=R L¥R4+R3

Pl=A12+U12%R 4

P2=BLl2+V12¥R4

P3=C12¢+W12% 4
PL1=A13+Ul3%K5
Pl2=B13+V13#%R5
P13=C13+Wl3*k5

S23=DSORT ((PLL-P L) #¥2+(PL2-P2)**2+{P13-P3) %%2)

LA=(PLLI=-Pi)/S23
MA=(PL12-P2)/52>
NA=(P12-¢3)/523
RE=(Ra®V12-MA¥WLc )/ (MARJL2-LA*V12)
RFE={UL2*NA-WL2*¥LA) /(VL2%LA-ULZ*MA)
NB=-1./DSURT (L. +RE*%2+RF% )
LB=RE*nZ

MB=RF *N\B

WRITE(5,1006)
WRITE(69107)LByriBy NG
WRITE(C+108) LAyMA,NA
WRITE(G, 109)UL2,V12s01L2
Uul2=0.

VV12=0.

WWl2=1l.
U24=U14%LB+V14%4B+WL4 %NS
V24=UL14% LA+ V1 4¥MA+ wla*Na
W24=U L4*UL2+V14%VI2+d L v%nl.
U25=ULS*Lo+VLIS3+10+hl5 *ho
V25=ULS5*LA+V L5%MA+ W] 5%NA
WeD=ULOXULZ+VIS*VI2+4W 15w 1
U23=ULD% Lot VL 3¥MB+nl 3ENS

oc

V23=0. -
W23=U13*UL2+V1I3*V12+W13*HW12
=2 ,
WRITE(6,102)14UUL2,VVIZsaWl2
I=3
WRITE(64102)1+U23,V234h23
I=4
WRITE(6,4102)1,U24,V244+W24
I=5
WRITE{6+102)1,U25,V25,W25
D=3.1415/180.
N1=DTAN(T2%D /2.)
N2=DTAN(T3%D/2.)
N3=DTAN{T4%*D/2.)
N4=DTAN(T5*D/2.)

RETURN

END

SUBROUT INE LYNDA(K)
IMPLICIT REAL*8 (A-Z)
DIMENSION C(15),£(18),K(34)

COMMON/ INPUT /U253, W23, U249 V24enl49 025,V 2H46259N2y N3y N4

ClL)=N3*(1-d24%%2)
Cl2)=N3*(1-V24%*2)
CU3)=N3*{1-U24%%2) .
CIS5)=N3%U24% W24
CL6)=N3%V24%W24
C(7)=N3%J24*V24
C(9) =Na* [1—-n25%%2)
CUL0)=N4*(1-V25%%2)
CULL)=N4*(1-U25%%2)
CU13) =N4*U25%W25
C1l4)=N4%*V25%425
C(15) =N4*U25%*Vv25

DEFINITION Cr 'S FRua TAdL. Vi

ELl)=C(L)/U25

E(2)=C(5)-C( 1) *u23/U23+4V24
E(3)=023%U24~-W23*C(6)-U25%C(1)-U22%n24
EC4)=C(5)-ClL)*w23/U23-V24
E(S)=ClLIFNZo¥%2 /U= 2%C (o) Fwcavue 3% ( 3)
E(6)=2%L(6)
EL7)=U23%C(T7)-U23%W24+d23%C (6) +i237Uc4
E(8)=—Cl6)-U24

E(9)=Ug3*C(2)

E(10)=C(9)/Uu23
E(11)=C(13)~-C(I)*H23/1,23+NI>

E(L2) =We3%U25-w23% L (L) =des#CLLH)-U22%u2y
CUL13)=CE13)-CU9)*n23/U23-VZ5
E(l4)=C9)*w23%%2/U23-2%C(13)3%a23+U23%C(11)
EC15)=2%C(14)
E(L6)=U23%CLiv)-U2 %03+ 22% [ 14)+ 1 23%U25
EAL7)=-Cll+)-920

ELLO)=U23%L( 1)

K{L)=r2%(E(6)+E(3) )+ (1)

K(2) =i2*E(2)

K{3)=N2=F(3)+t{ %)

g6
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K{4)=N2*E(5)

KU6) =N2*¥ (E{3)-E(T))+2.%(E(4)4V24)
K(T)=N2*ELT)-F(2)

K(8) =N2*¥ (E(9)-E(1))+E(6])
K{9) =—N2*El4) +£(3)
K{10)=E(5)

K(13)=E(7)
K(14)=N2*ETQ)+E(9)
K{15)=N2*(E(15)+E{17))+£(10)
K(1o) =N2*E(11)
KUL7)=N2%ET12)¢E(13)
K(13)=N2%*E(1l4)

K(20) =N2*(E(12)-E(16) )+2.%(E(13)+V25)
KE{211=N2*E(16)-E(11)

K(22) =N2* (E(18)-E(10))+E(L5)
K{23) =—N2%*E(13)+E(12)
K{24)=E(14)

K(27)=E(16)

K(28) =N2*E(17)+E(18)

K(S) =K{8)-K(4)}
K{11)=K{14)-K(10)
K{12)=K{9)-K {13}
K({19)=K(22)-K{18)
K(251=K128)1-K(24)
K{26)=K(23)-K(27)

RETURN

END

SUBROUT INE MARY(TT,A)
IMPLICIT REAL¥L (A-HyK-Z/)
DIMENSIGN TT(23),A(7)
COMMUN/NNL/NL

COEFFICIENTS OF THE >IXTn UEGREE PULYNUMIAL (3.29)

FORMAT (2X4'G*,I1," :',F19.8
FORMAT(/ /92X TrE CoLIFIJIEANTS OF THE SIXTH Oboat® FULYNGHMIAL ARE:

$'4/)

J=0

WRITE(G6,101)

VJ 10 I=1,7

ACL) =TI+ EGL =53 +TT (J+ I+ LIENLER24T 1 (J+[+2)%0L+TT(J+[+3)
J=J+3

JJd=1-1

ARITElo+10C) JJatld

RETURN

ENUL

SUER JUTINC BETH(K,TT)
[4PLICIT KEAL*8 (A-HyJ-2)
DIMENSION K{34),TT(28)
K1=K(1)

K2=K(2)

K3=K(3)

K4=K{4)

KS=K(>5)

K6=K{ 6)

KI=K(T)

cooo

K8=K(8)

KS=K{ 9)

K10=K(10)
K11=K({11)
K12=K(12)
K13=K({13)
Kl4=K(14)
K15=K(15)
K16=K(16)
K17=K{17)
K18=K(18)
K19=K{19)
K20=K(20)
K21=K(21)
K22=K(22)
K23=K(23)
K24=K(-24)
K25=K(25)
K26=K{26)
K27=K(27)
K23=K(28)

DEFINITION OF ThE COEFFICIENTS OF THE SIXTH DEuvikbt PCLYNUMIAL
FRCM TABLE VII

T03 = —KL*K3ER1THK 234K LEKys KL 7% %2 -K3¥ KK 10% K1 T+7 1 5%K23%K3
#EE2

T02 = —KL#K3*¥KLT#K24-KLI*K3¥K1I3¥K23—KL #KAFK LT 23+ 2¥K L %K G *
SKL17#K 18+K 1#K LO¥K LT*%2=K23n 3¥K L 7% A2 3+ K2 RKG#KL T#%2 +2% K3 *K4 &KL H ¥K23—
SKIRKY FKLO¥KRIS3-KI*KIFRNLO6FK LT ~KI¥C LOFKKLSHFR L /-2 4% g ¥R 1 O¥ L L THEKLOFK D%
SKIEH 2+ K1 6¥K2I3¥Kor*¥% 2

. TOL = —K1*K3*K18%K24-K1¥K4¥KLTHKZA-R1 ¥ K4# KitHR23+KLEKI*K1 S

PFH242FKL¥KLIO¥KLTHK LK ¥K 3FRLT¥K 24=K 2¥K 33K 1 3% 4 25— 2K 4% K L T*K 23+ 2%
PK2HKIRK L THKL B+ K2¥KLO¥ KL T#5L +2 %K ¥Ra EKLOE K24+ 2% a0 ¥ na XKLOFALS—RKI¥KG
$EK1O¥K1IB-K 3K 1D¥K LH*K L3-K3¥K LI #C lo*n L T-K 4%
$SKLT-Ka*¥KLO¥KLS*K17+KL5*K23¥Ka¥% 2 +n 16 TR Z4¥K 3

TOO = -KL*K4*¥KL13#K24+KL¥nl0%K] 3%%2 K2 %1
PEKZ K2 ¥K4¥K Lo #n 234K 2HK J#K Lo¥ =2+ kK 2¥K LD¥K [ T%K
FEIFKLUEKLOF KLY~ K4 ¥ KI¥KLO* KL B-K4*KLO*KLF¥K 13-k 4¥4
P24 K GX¥ 2+ K16 ¥R2BHKGE%2

TL3 = K1#K3#K1T7#L24-K1%K3#K L7*K 28 +K 1*¥K3#¥K [ g% K23-K L1 *¥ ,3K2
$R23+KI¥KG KL THKZ3-KL*KB*¥KLT#K23 —¢ ¥KL¥KVEK 1 5¥K2Z3-2 %1 ®nI#K L7+~ Low
SHKIHKG*K LTHK22-K L¥KLOXK L 7% % 24 KI* K1 4R (L T#E2+ K ¥ KD ¥ KL T#K22-K> ¢ KG ¥
$KLT¥%2-2¥KI*¥K4¥K1S¥K25+2¥K3#KI¥K LXK 23 +K 3¥KG*K L S*K [ 5~K 3¥Rv*< 1 D%
P22+ K3¥K XKL O¥ KL T+K3IF KL DRKLO¥RNL (~R3IFKLGEKLO®KLT+HRA4FKG K151 T-K 3%
SKOEK1SKK 17K 155K 24 %K 3452 +K 1 5#K 2B EK I &~ K 1 6K Z 3% K 32 2+ K1 k26K 23 %% 2
$+KO**F 26K 5%%2

T12 = 2#K1*¥KZ¥KZ3¥*¥2—KLI¥ K3 KL T*K23+KL*¥ K3+ KLT*¥K2T 2+ 1 #K3*
$K18%K24-K1¥K3#K]1 8% K28 K1 *KI kK20 K2 3-KL¥K5%K22¥K2 4+2¥K 1 *K4 *X | T*K24
$-K1*¥K4EK 1 T#K 2842 %K L¥K 4 %K L8¥K 2 3-K 1¥K4¥R 22¥ K23—K1¥ KLX KL T#K2 3-K1¥Kb*
SKLT#K24-KL¥K8HKLE*K2I3—2¥KL1¥KI#K15%K24—2%K L*¥K 9*K L 0*K 2342+ L¥K 9¥K 17
$SHRK20+2 %K LRKIRK | 5*¥ K22+ N L¥ KO KL 1% % 2-2% KL ¥KG¥KL 8% %2 2% K1 * K10 *K1 5%n23
$=4%n1 ¥K LOKKLT*K1B+2%K | =K FO¥KLTHK 22-K L*K L 35K 1 T*% 2+ 2¥K1*K 1 4*K] T*K1l&
$+24K2EKI*KLTHK24 —K2¥K3EK1T*K2B+2 ¥K2¥K3 *¥K 1B ¥ 25K Z*K I *K 22¥K L3+ ¥K 2
BAK4FK LTHK 23~ K2#KBKK L 15K 23-2%K 2¥K9x K1 5% K23 -4*¥ K2 % KG ¥ 1 T*K15+2¥ KR2*K9
SEKITHK22 =L FK2¥K LUFK LT3 % 4K 23K L4#K L T %2-4 %K BHK %K L 5% K 24+ Z¥ K 3% K4%
PKLIO¥KZ2E-4¥K3%¥KG* KL E¥KLI+2H K S¥KORKL I+ K23+ ¥ K ¥KS*¥R1H5¥K24+2¥K 3 #Kb*
shlG?KZ3‘K3¢KU*K15*hl7—&;*K%*Kliﬁndu+;*&5*K9*K;u¥hlo—KJ*&Q*&Lb*KZZ
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3#2¥KI XKL OXKLSHFKLC-KI¥KIDFK15¥R2242FKI¥K LO S Lo¥K L THK 3K L3%K15%K1 7~
SK3HK L 4EK 1 O*KKEE-K3=K1 4% KL 6*¥ K17+ 2%x K4A% K% KL 5% K23 +2% K4 ¥ KI*K15¥K 1 B-K4 *
SRIEK LD #K 224 24K 4*K Y $K LO¥K L 7+ 25K 4 %% LI#K 1 5¥K 1 T- £ 4% K L 4% K1 5% K1 T-K6*KI*
BRLOEKLT-KE¥KIEKL O KLA-K ¥Ry ¥K Lo ¥ i T-KBEK LU#K Lo*< L 74 24K G #K LO*K 1 5% *
$242%K 1O*K LORKY%* J4 K1 SHA2um RN 3* % 0= 20 KL H% RZ3H R4 1¥2 - KL1D ¥K2T#K3 %% 2 ~2 %
SKLO¥K24¥K3&F2+K16 %Kt %o 42¥K 23K 2a%K L ¥k

Tl = 4FK1*K2%K23%ng4—R1%as¥KLd*K23 #KL¥K3 *K1E¥K2T-K1%¥K3*
PR20HK 24—K 12K ¥ L THK23 4K [ ¥K o %K LT#K 2T+ 3¥ K 1¥ K45 K13% Keh—KL1EK4% K] 8%K28
$-KL*¥K4¥K20¥K23-K1#K4¥K22¥K24- K1 ¥Ko ¥K 1T %0 24—K 1 ¥KO #K 1 5%K23~-K 1 ¥K 8%
SKLE#K 24— 2¥K1¥KIXKLE¥K24+2¥KL¥KI¥ KL T#KLB+2¥KL¥KY¥ K13 *K20-2%K1 ¥K10*
SK15%K24—2%K1 K LU ¥K LO#K 234 2%K 1 ¥K 1 0¥K 1 T¥K20+ 2¥K 1 ¥K 1 0¥ K13¥K22-3 %K1 *
$KLO¥K18#%2~2%xKi*K13*K17%K18 +K1¥K14¥K1B%*¥2+K2*K3*kK 1T #K2T+3 %K 2 *K 3%
SK18%K 24— K2*¥K 3*¥K 1 8%K28-K2*¥K3*K20%¥ K23-K2*K3 ¥ K22%K2 4+3 *K2*K& *K1 T*K24
$-K2¥K4 %KL THK28 +3 #K 2¥K 4 #K L8 ¥K23-K2%K 4%k 22%K 23~K2¥K6*¥K1T#K23-K2%K8*
SKLTH¥K24—K2EKE¥KL 8XK23—2%K2¥KI*¥KL5%K24—2%K2¥KF#K1 6%¥K23+2#K2*kK 9*K 1T
$EK20+2¥K 2XK I X L 8%K 22~ 3kK 25K 9% K1 3%+ 2~ 2% K2 ¥ K1 0* K15 ¥ K23 -6 #K2*K10*K1 7
$EKLIBH2KK2*¥ KL O*KL T#KZ2-K2*KL3*K L7 %% 2 + 24K Z ¥K 14*K L T*K L 8+ 2*K3¥K 4%K 1 5%
$K23-2%K3*K4*F K15 K2 T- 6% KI3*K4 ¥K1 6% K24 +2 ¥ K3 ¥K4¥KL6* K28 +2¥K3*¥KH XK1 5%
$K24+2¥K3HK 6K 16K 234 24K 34K EHK L6FK 24— K3%2KI*%K 1 5% K1 8-K3%2K9*K16%K20
T2ll=-1%
SK3En 1 0%K15%K 20+ 3%K3%K1 0% KL6*¥K18-Ko>* KLO¥KLO¥ K22 +K3#K13%K15%K18 +K3 ¥
SKI3*K LOKKLT-K3#K L4 M LEHK 1 8+ 20K 4¥KO¥K 15*K 23+ 2% K4 Ko* KL5% K24+ 2 ¥K4*
SKBEKLO%¥K23-K4*KIXKLS¥ KL T—K4*¥KG¥K15¥K20 +3 ¥K4*K 7 ¥ LE*K18-K4*KI#K 1 6%
$K22+3¥K4*K LO¥K Lo¥K 1B~ K4%* K L1 0*K 15K 2+ 3*%K4* K1 0¥ KL N1 7T+K4*¥K13%K15%
SKLT-K4*K14*K IS*¥K 18~K 4 ¥K 1 4%*K Lo¥K 1 7-K L¥K 9*K L 5%K ly- Ko Ky*K Lo*K1 T-K6*
SKLO*KL5¥ KL 7-KB*KO* KL 0% KL 8—K u¥K1O*K 19 #K18-K3*K10% K16 K17 +4=KG*K L 0¥
SKLI5*K 16— 3¥K L 5%R 24¥K 4%k 24K 1 0¥ K 20w (A * $2=3% K1 6% K23% K4t ¥2-K16%K2 T#K3
SEE2LKLER2HK24K K2 +K 2R MK 23K K2 4+K J ¥ % 2HK LOFH 2K LUk 2¥K | 5% % 2

TLO = 2%KLKkK2*K24%%2 KL *K4 v Kid*¥K23 +KLI*¥K4* K18 *¥K2T-KL #K4%*K20
PER24—N L ¥KOFK LIFK 244K L 3K ¥K L g% %2- 2¥K L#K LOXKLERK 24+ L KLXK10*K1 8%K20
$-KLEKLB3HKL6¥#2 4 K2 € K3 ¥K LT K2 44 K2* Ko ¥K L3 ®n 2 T=4{ 2¥K 3 #K 2 O#K 24+Kh 2¥K4 ¥
SKITHK2T+4¥K2 ¥K4¥ KL 6% K24-K2¥ K4F K1 B¥ K28 -K2 ¥ +% K2 0% K23 K2 ¥ K4 *K22*K24
$—K2¥KORK L THK 24—K 2 ¥KO K L5 ¥K 2 3—K 2¥K o %n L3*K 24— 2% 2% K9 K Lo¥K24+ 2 ¥K2*
SKO¥KL 8% K20—2*K2*KLO¥K15%K24 -2 K2 *K LUK LOE#¥K 23 +23C £ #K LO*K LT #K 20+ 2%
SK2*¥KLO*K LB*K 22-K2¥ K LORK L T%% 2—4% K 2 K1 D% K1 g% %2 -2 K2 % K13 *KL 7 %K1 3+K2%
3K14 *K LB $#2 -2 XK 34K L¥K LO¥K 2T + 2R 32K 6 ¥K Lo *K 24 +K 3¥K 1 0%K Lo¥K1T-K3*¥K10*
SR16%K20¢K3*¥K L3¥KLO*KL B+2¥Ke ¥ KOF KLY F 24+ ¥ n4¥ KO¥KLO* K23 +2%K4 KB *
SKLI6EK 24—K4¥K 95K L 5¥K1 o~ K4 ¥KI *K Lo #K2 - KG¥K1D%K LH¥K 20+ 4%kK4¥KL DKL 6%
SKLG-Ka*KLO*¥K16% 122 +K4*K13¥KL5¥KLB8 +K4¥K 13¥K16#C LT-K4*K 14¥K 15¥K 18~
SKO*C I HK LO*K L g~ KOXK10¥K13%K18-K6% KLO¥KLo* k1 7-Ko¥K LO*KL6¥K18+2 #K9 *
IRLOKRK IO ¥% o #2 %K 1SHK LORR 1 )R K 24K LEFK 2 3¥K 4%% 2-K L DKo THK 4% % 2- K1 6% K2 4%
BKIFH2 -4 KLEE K 4R KGX¥D +KLOXK28%KE k32 +2¥K 2 3RK L 240 4358

T23 = —2%KL#KZ25K23%% 2=k L¥K3R KL T# K2 7KL *K3 v Rl c® K24 + KL ¥ Ko %
SKLB®K28 —K1#K3%K2 L¥K23+K LK 5K L2 ¥ 24-R L¥K %R 22%K 2 3K 1¥K4*K1 T K24+
SKE¥KLRK L THK2B-KLI¥K 4% KL Zo+KL¥KGEKI 2% K25 -KL$AT K1 T*K23+K L*K 8%K 17
$K24-K1EKO¥A 1T%n 204K L¥n 6 ¥R L 0¥ K23 R 14 no¥ Kz omK 22+ TRl 2K IFKISR K24 -2%
SKIFKI¥KLSFK2B42H KL¥KYKKLSHK 2B 42 ¥K L ¥V 5 ¥K 1 TK 1= 2% N I¥KORK 18X 224K 1 *
SKYHK L GR 24K L ¥KOFKL ¥ ¥ 2+ 2 %KL ¥ K LO¥ KL S¥ K254 4% KL ¥ KL J* 1 T*¥K1E-4 = L*K 1D
SHKL7HK22+4KL¥KLI¥KLTH# 22 %KL *K14#KL5# K20 =44 KL *R14*¥K] T*¥K1B8+4*K1¥K14
SEKLTHR22-K2¥RI¥K LTHK 24 +K 2¥K 3¥K 1 THK 28—~ K 2¥KI*K 1 B¥K 23+ K2 K3H K22 *K23 ~
SK2EKLRKL TH K2 +K2¥KB¥KL T¥K23 +2%K2¥KI K 15K 23 + 25K 2 ¥KYG #K 1 T¥K 1 §— 2*K 2%
SKOKK 1 THK22+K2 %K1 OFKL 75%2-K2XK1 4% K1 T%%2 +2¥ K3k K4 EK 15 ¥ K24—2%K3 *K4 ®
SKLSHK 2B +2%¥K 5 ¥K4FK 1CHK 23+ 28K 35K T RK 155K 2 5= 28K 3K 3R K15 %K 24+2¥K3 ¥KB*
SKLS¥K28-2%K3¥Ko ¥ KLloF K2 3-KBRKIFRLDUKIL KB FKIHK LORK L8 4K 5K #K 1 6¥K 22
S=KIFK LO®K 1S#K Lot K3En 1IN LU K20-n 3% n 1 ix alos K1 (~K3 <l 3¥RKiDRRLT #K3%
SKLG*KI5¥K18-K %K L4¥K 1o%K 22 +KBHKL 4w L1 %K | [= 2¥K 4% 5%K Lo%KZ3-K4¥K 9%
SK15FK1SHKA KYPKL 5% K22 ~KA¥KG=KL6% SRAFRLUFR LS A L T+ R4 *K14*KL5%1 17
$-KT#KI¥K 15%K LT+ SHnYFR15%K 1 6= u K5 SER2ZFRLHEAG ¥ ¢ Lok KL THRI¥KLO* .

TOBKLLHKLT-KBEK L4 ¥KIS¥KL T2 %K 5 %0 LO*( 1 CHOEK st LA%R L5ER - cRK LS ¥K L o%

IKYEL24n L5 K2 3UKAERZ+ KL SHK2 3 XKI¥ ¥ 2+ KLORKZT* 3552+ n16 #K24 ¥KI*#%2-K16
PEK2BHAIKK2 -2 FK25¥K 24 Fh L€k 2+ 26K 23¥K 28¥ K L *% 2

TL122 = —-8%K1#*K2¥K23#K24 +4%K1¥K2¥K23%¥K2¢—K 1 ¥R3*K1 T#K28+K1*K3
$EK1B*R23-2%K LRKI*K Lo¥ K2 THKLI*K3% (20% K24 =KL ¥K3*¥K20* KZ G~ K1 *K3*K21 *
SK24—2 K1 *¥K3#K22¥K 234K 1 #X 34K 223K 2 T+ K L¥K 4% K L THK £ 3- 2#K L3 K4 K LT# K27~ 3
BRKL¥KGHFKLB* K24+ 2% K1EKL¥ KL S* K20 +KL*K4*¥K2U¥K23-K 1 ¥K4¥K 21 #K2 3+2 %K 1 ¥
SKEGRK 22K 24—K L*K 4*K 22%K 2 0+ K L¥X 0¥ K1 T K24-K1#KE* K1 /¥ K2B+ K1 ¥K6*K18*
$K23-KL#¥KO6¥K22#%K23—K1#¥KT#K1T7 #K24-K1*K T#K 18*¥K25-2%K i¥KB8*K 1 T#K23+K1*
SKB¥KL 7#K2T#2+%KL¥KB¥K1b%K24~ KL * K ¥K1 B*K28—K1*¥KB*¥K20*#KZ3—K1*Kg #K22%
$K24-6*K L ¥KGRK1S¥K 234 24K 1 ¥K I FK L5*K2THAXKL¥ KO K16% K24 —2¢ K1 ¥ KI* K16+
SK28-2%K1¥KIEKIT*K1B+4%K]1 #K3 #K17#K22-2*¥K 1 *¥K 9*K 18%K 20+ 2%K 1¥K9* K 18*
SK21+ 2%K L ¥KFH K204 K22+ 4 %KL ¥ K1 0¥ K1 5% K24 —2*K1#K10*K1 5*K28 +4*K1 *K10*
SKL16%¥K23-4#K1 #K 1D ¥ K LT *K 204 2#K 1 ¥K LO*K 1 T#K 21— 6¥K1#K L 0*K18¢K22+5%K1 ¥
SKLO®K18%*¥2 +KL*KLO¥K22*#2+ 2 K1 ¥K13*¥K15*K23+4¥K1 #K 13 ¥K1T#K18-2*K L*
SK13*K 17%K22-2*KL*¥K 14¥K 1 5%K24- 2®K1* K1 4% KL 6% K23 +4% K1 ¥ K14*KLT# K20 +4%
SKI*K14*K1o #K22+K L¥K L4#K L T¥¥ 2-4 %K 1 ¥K 14 #K 1 8% %2 - 2#K 2% K I*K 1 T# K2 T—-3%K2
$SHKIRKLBHK24+ 26 K2¥K3* KL B¥KZB+K2 ¥ K3 ¥ K20 #K23 ~KZ ¥ K3 ¥ K21 ¥K23 +2%K 24K 3 *
$K22%K 24K 2#K 3 ¥K 226K 28— 3¥K 2*¥ K4 ¥K 1 TH K24+ 24 K2¥ K 4% KL T#K28~-3* K2+« K4* K1 5
$HK2I+2¥K2¥KG¥K22¥ K23 +K 2¥KOFKLTHK23-K2¥KTHK1THK 23 + J¥K2¥KB KL T#K24
T222=-1%
IK2EKBFKLTHK2842¥K 2¥KBFK 1 3¥K 20— K2¥KB*¥K22%¥K 2 3+ 4*¥K2+KI¥K L 5%K24-2%K2*%
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499

T53=T153+7253
152=T152+7252+7352
T51=T151+7251
TT(1)=T03
TT(2)=T02
TT(3)=T01
TT(4)=T00
TT(5)=T13
TTi6)=T12
TT(N=111
TT(8)=T10
TT(9)=T23
TTC100=T22
TT(11)=T21
TT(12)=T20
TT(13)=133
TT(141=T32
TT(15)=T31
TT(16)=730
TT(17)=T43
TT(18)=T42
TT(19)=T41
TT(20)=T40
TT(21)=T53
TT(22)=152
TT(23)=T51
TT(24)=T50
TI(25)=T63
TT(26)=T62
TT(2T1=T6l
TTL28)=T60 .. .. .. . .
FORMAT(//,2X,* FOR THE SIXTH DEGREE POLYNGMIALs®s/)
FURMAT(2Xe* T* 42114 ' ,F20.8)
WRITE(64499)

16=1

D0 502 I1I=1,7

(F=I11-1

00 501 1I=1+4

1S=4-11

WRITE(6,500) [FsIS,TTCIG)
16=16+1

CONTINUE

CONTINUE

RETURN

END

DIR. COS. OF SCREW $12 AKE: ( 0.3600, 0.0965, 0.9279
ROT. ANG. OF SCREW $12 15:133.200

DIR. CNS. OF SCREW $13 ARE: ( 0.1457,-0.0390, 0.588¢
RCT. ANG. Gk SCREW $15 IS: 70.600

DIR. CUS. OF SCREW $14 ARE: ( 0.4267,-0.2464, 0.8732
ROT. ANG. OF SCREwm 314 15: 387.900

DIR. COS. OF SLREh 15 ARE: ( 0.4027,-0.0251,-0.9152
ROT. ANGe. JF SCREW $15 ISt 25.200

-

THE CCORDINATES OF A PUINT ON SCREW $12 ARE: ( 0.9414,

0.52144-0.4194 )

THE COOKDINATES OF A POINT ON SCREW $13 ARE: (-0.6103, 0.8371, 0.1230 )

TRANSFORMED COORDINATE SYSTEM
X=AXIS: ( 0.7813s Ue51164—0.3565 )
Y-AXIS: (-0.5CS1l, 0.8538, 0.1087 )

- Z~AXIS: { 043600y 0.0965, 0.9279 )

W .
DIR. CUS. CF $12 IN THE TRANSFORMEU COORDINATE 3YSTEM:
OIR. COS. OF §13 IN THE TRANSFORMED COUROINATE SYSTEM:
DIR. CGS. OF $14 IN THE TRANSFORMED CUOURDINATE 3YSTcM:

DIR. €COS. OF §15 IN THE TRANSFOKMED COORUDINATE SYSTEM:

ROTHS. Be LINES - CIR. COS." =" 0.1489 -0.0502 0.9376
TRANS B. LINES - CIR. COS.= =-0.2614 -0.0I13 0.9652
CuBIC1 = -0.0000 CuBICZ = -0.0000

SYLVESTERS DYALITIC ELIMINANT = -0.0000

ROTHS B. LINES - CIR. CCS. = 0.3653 (.0922 0.9261

TRENS Be LINES - CIR. COS.= 0.0030 -0.0068 1.0000

CuBIC1 = -0.0000 cuBiC2 = -u.v000
SYLVESTERS DYALITIC ELIMINANT = 0.0000
ROTHS Be LINES. - DIR. CO0Sa = 0.4713 0.7098 0.5230

TRANS Be LINES - LIR. CU0Se= 045455 0604227 0.7237
CuBICl = -0.0C00 Luniv2 = 0.0001

SYLVESTERS OVALITIC ELIMINANT = -0.0000

(-0.2585, 0.0 4 0.9660 )

(-

L

0.0 _, 0.0 , 1.0000

0.1027,-0.3330, 0.9373 )

0.6282+-0432594~0.7065 )

€01



ROTHS Be LINES - DIR. COS. = 0.5040 -0.4612 0.7302
TRANS B. LINES - CIRe CuSe.= =-0.1022 -0.5710 0.8145
CUBIC1 = 0.0000 CuBIC2 = -0.0001

SYLVESTERS DYALITIC ELIMINANT = 0.0000

FOR THE SIXTH DEGREE PCLYNOMIAL,

T3 : 0.C1771640
102 : -0.07694066
ToL : 0. C3894479
100 : 0.00069168 .
T13 : 0.20106225
T12 : 0. C6664660 ROOTS OF THE SIXTH DEGREE POLYNOMIAL
Ti1 = -0418264199
110 : 0.04021714 REAL ROOTS [MAGINARY ROOTS
122 1 IR 20.52581 0.0
122 : 0.21562524
3.16282 0.0
121 : 0.09921132 (
: 0.33094 - 0.71135 -
120 : -0. 10442553
0.33094 -0.71135

T33 : 0.33546856

: -0.36402 0.0
132 : ~0.26335466 0.36402 0.0
T31 ¢ 0.69709206 e -
T30 : -0.15320699
T43 : -0.45760378
T42 : 0.69115853
Tel : -0.22859391
T40 : 0.15475631
53 : 0. 13377606
152 : -0.77759246
51 : 0.61789977
150 : —0.C4946211
T63 : 0.00102496
T62 : 0.13297683
Tel : ~0.320818613
T60 = 0.26050377

THE COEFFICIENTS CF THE SIXTH DEGKEE POLYNOMIAL ARE:

GO : -0.10155089
Gl : 2.45448414
G2 : =-7.794119317
G3 : 4.19004645
G4 : ~2.45199927
G5 : -1.12298794
G6 : 0.27101442
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