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PREFACE

This thesis has three fundamental themes. The first is an exposi~
tion of the fundamentals of general and abelian category theory. The
first chapter is devoted to the general notions of categories while the
second develops the subject of abelian categcries. Chapter II also con-
tains an exposition.of functors,'bifunctors, and subfunctors. In parti-
cular, Ext( , ) is developed as a bifunctor.

The subject of Chapter III constitutes the second theme, that of
Relative Homological Algebra. In particular, this chapter examines the
relationships of variously-stated axiom sets for relative homological
algebras as they have appeared in important publications. Redundancies
in the axioms of each set are exposed and a reduced set is obtained.

The last theme is developed in Chapter IV. A specific relative
homological algebra known as the balanced extensions in the category of
Abelian p~Groups is studied. I feel that in this study of balanced ex-
tensions, improvements have been made over other presentations of the
subject. One improvement iz obtained by establishing the relationship
of a balanced extension to a pure extension. Consequently, the relative
homological propexrties of pure extensions are used whenever possible to
derive corresponding properties of balanced extensions. A second im-
provement is derived from use of the general results of cateéory theory
and_these of relative homological algebra as developed in Chapter III to

simplify the discussion of balanced extensions.
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The development of categorical ideas in Chapters I and II have been
influenced by the more advanced presentations of Herrlich (8) and
Mitchell (11). Some of their nctation is now standard and has been
adapted for use in the present writing. 1In Chapter III the listing of
axioms from the specific authors mentioned therein is done in the same
notation used by those authors. In analyzing the rédundancies of these
axiom sets, one theorem of Nunke's (12) has been generalized for use
here. 1In Chapter IV the definitions stated are standard in the theory
of abelian groups and follow those of Fuchs (7).

The first thres chapters are introductory in style to be readable
by someone with little or no knowledge of category theory. It is ex-
pected, however, that a reader would have an affinity for abstraction
and that his mathematical experience would include a two semester
sequence of a senior—levgl abstract course and a topology course at the
same level. To fully grasp the details of the final chapter a reader
would need to havé assimilated the theory of the first three chapters
and to have a working knowledge of the theory of infinite abelian groups.
It‘should be possible, however, for a reader without the group back-
ground who has read the first three chapters to browse through the the-
orems and remarks and gain an appreciation for the\way in which the
relative homological axioms are verified for a particular class of
extensions.

Throughout the thesis the three line symbol "///" will mark the com-
pletion of the prcof of a theorem. The abbreviation "iff" for the
phrase, "if, and only if," is used throughout as it is used in much

mathematical writing.
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CHAPTER I
ELEMENTS OF CATEGORICAL ALGEBRA
1.1 Introduction

A student pursuing a mathematics major will usually observe a dis-
tinct change in the type of mathematical reasoning required in courses
beyond the traditional'studies of calculus and differential equations.
The upper division coursés are concerned with mathematical structures
such as metric or topological spaces, groups, rings, and vector spaces.
The very specific functions of calculus are no longer the center of dis-~
cussions and one studies arbitrary continuous functions. The "concrete"
numbers are replaced by arbitrary elements of unspecified sets. 1In
short, the student must reason abstractly to grasp the overall form of
these structures or systems. i

To go beyond these courses, another level of mathematical abstrac-
tion is required; the student must view things "categorically." The
goal of the present chapter is to introduce the reader to the theory of
categories. This theory is also called categorical algebra and, hence-
forth, the adjective "categorical" refers to the idea of category
theory. <Categorical discussion dces away with those things that seem
so vital to abstract reasoning: namely, the elements of sets. Nor will
the very specific properties of functions such as continuity or linear-
ity have any place in the following exposition. The generalization of

these special functions will be called morphisms. One property of



functions which is generalized to the categorical level is the ability
of morphisms to compose.

Before any formal definitions are made, five examples of categories
are reviewed in such a way as to allow the novice reader to begin a
transition to the element-free discourse of category theory. Some ter-
minology will be new but the reader should find some of the categorical

terminology quite familiar.
1.2 Examples of Categories

Example I. The Categorygg of Sets

The objects under discussion in this category are sets. The moxr-
phisms of this category are functions, and compositioh of two appropriate
functions is to be as usual. Morphisms of this, and every other category,
will frequently be displayed in a diagram. If f is a set morphism (i.e.,
f is a function) from object A to object B (béth A and B are sets in this

case) then f is written diagrammatically in one of two ways

f: A>B or A £ B.
A diagram then is simply a display of morphisms by using arrows.
The set A in the above diagrams being at the tail of the arrow is called
the domain of f and sometimes will be denoted by Dom(f). The set B be-
ing at the head of the arrow is called the codomain of f and is also

written Codom(f). Thus, f could also be written

£
Dom{f) =+ Codom(f).
The image of f is the subset I = {f(a): acA} of the codomain of f.
The image of a function f coincides with its codomain exactly when f is
1

surjective (onto). Since the generality of category theory requires



morphisms with different codomains to be distinguished, a function
f: A > B which is not surjective, is categorically different from
£f: A+ I, where I is the image of f.
In general, when something is defined which occurs at one end of
an arrow, a corresponding definition is made for something at the other

end of the arrow. To emphasize this correspondence, the same word is

used for both ideas, except the prefix "co" is attached to one of the
words to indicate that they occur at opposite ends of an arrow. This
results in what is called dual terminolegy. The words "domain" and
"codomain" are examples of this type of terminology.

Another example of dual terms would be those of restriction and co-
restriction. If A' is a subset of A and f is as shown above, then the
function f': A' + B given by the element-wise description f'(a') = £(a')
for a'eA', is said to be the restriction of £ to A'. A notation for
this is £' = £ Are If the subset B' of B iz defined by B' = {f'(a):

acA'} and a function g: A' = B' by g(a') = f(a') for all a'cA', then g

is the function f restricted and corestricted to A' and B', respective-

Bl

ly. This may be written g = £ e

If £ is takep as the morphism above and g: B = C is another set
morphism (not at all related to the g in the above paragraph) then there
is the usual composition function of gof:l&-*CL The notation for the
composition gof will be simplified by dispensing with the small circle
between the composed functions. IHence, the composition function will
appear as "gf". Since this notation simply juxtaposes the symbols, the
composition is also looked upon, and referred to, as a product. In
categories in general, the product of two of its morphisms will be re-

quired to ke a morphism itself. Note that a composition gf is defined



when the two morphisms can be written sequentially as

£
Dom(f) < Codom(f) g Codom(g) .
For any set A one specific set morphism written lA: A »> A is given

by lA(a) = a. ' This morphism is called the identity morphism of A. This

morphism is an identity with respect to the operation of composition.

Example II. The Category % of Groups

A group is a nonempty set together with a binary operation defined
on the set having the properties: the operation is associative, there
is an element of the set which is an identity with respect to the opera-
tion, and each element in the set ha; an inverse. To emphasize that a
group is an object of more substance than a set, many books write a
group as an ordered pair (G,J) where G is called the underlying set
and the square represents the binary operation. The morphisms of this
category are set morphisms between underlying sets which preserve the
respective group operations. These morphisms are also called group

homomorphisms. Since the composition of two group morphisms will itself

preserve group operations, the composition is a morphism of the category.

Example III. The‘Category Y of Topological

Spaces

This example indicates the power of category as a unifying tocol.
It shows that category theory is not entirely a generalization of ab-
stract algebra. In fact, the earliest attempts at categorical descrip-
tions were given by mathematicians working in the area of algebraic
topolegy. The objects of this category consist of an underlying set to-

gether with a set of its subsets. The set of subsets is called the



topology on the underlying set. The mofphisms of J are the continuous
functions from one space to another. One of the first facts about con-
tinuous maps which a student checks is that the composition of continu-
ous functions is itself continuous. Thus, the continuous maps do

satisfy the important categorical requirement that the class of morphisms

is closed with respect to composition.

Example IV. The Category VY of Real

Vector Spaces

A vector space appears to be a complicated structure (object) when
one first encounters its-definition; It is the interplay between the
group structure of the vectors and the field of scalars which accounts
for this. Vector space morphisms must preserve the group structure as
well as the scalar multiplication. These maps are known as the linear
transformations.

The final example, that of a category of modules, is of special
importance, since the subject of Chapter II is essentially a direct
generalization of this type of category. Therefore, a brief review of

the fundamental properties of modules is included with this example.

Example V. The Category MMy of R-Modules

(where R is a commutative ring with unity)

‘Recall that an R-module is an object of the form (M, +, ¢) where
(M, +) is an abelian group and the dot is a function from R x M to M
which satisfies the axioms of those of scalar multiplication in a vec-
tor space. Indeed, if R is a field then a unitary R-module is neces-

sarily a vector space. Another important case is obtained by taking



the ring R to be the ring of integérs Z. Then a Z-module is simply an
abelian éroup.

For any two R-modules M and M' define hom{(M, M') to be the set of
R-module homomorphisms having domain M and codomain M'. This set is
often referred tec as a hom-set. For any two morphisms f and g of
hom (¥, M') a sum morphism can be defined by

(f + g)(x) = £(x) + g(x) for every xeM.
The following facts are easily verified:

(1) £ + g & hom(M, M')

(2) the zero morphism O: M +> M' is an identity with respect to
the addition of morphisms of hom(M,‘M')

(3) the addition is associative and commutative

(4) fhe inverse of fehom(M, M') with respect to the addition is
the morphism (-f): M > M'_defined by (-f) (x) = -f(x) for every xeM.
These factes imply that (hom(M, M'), +) is an abelian group. Further-
more, when the morphisms £, g and k compose in the appropriate manner,
the following distributive laws hold:

(f + g)k

il

fk + gk

h(f + g) hf + hg.

Given a morphism f: M - M' there are four objects which yield
informaticn about f. Taken in appropriate pairs it will be seen that
dual terminology applies. A subobject (submodule) of the domain M is

K = {x € M: £(x) = O}.
This subobject is known as the kernal of f and is also denoted Ker(f).
Using the notation of inverse images K is f_l(o). At the other end of

the arrow is the subobject I = {f(x): x € M'}. This subobject is known

as the image of f and is also denoted Im(f) or more commonly f(M). The



duals of these two subobjects will be qubtient objects (quotient
modules). The kernel occurs inthe domain and its dual will be a quu-
tient of the codomain. Similarly, the image is a subobject of the co-
domain and sc its dual will be a quotient of the domain. With these

general ideas in mind, the precise form of the cokernel and coimage are,

respectively,
K' = M'/I

and :
I' = M/K.

The cokernel is alsoc dencted Coker(f) and the coimage by Coim(f).

To provide an example of these objects consider the morphism of
integers m: 2+ 2 given by m(x) = mx where m is a fixed integer. Here
Z . is being viewed as a Z-module. This particular morphism will be used
again in other sections fpr illustrative purposes. The.four objects

associated with this morphism are

Ker (m) = 0 In(m) = mZ
Coker(ﬁ) = 7/mZ Coim(ﬁ) = 7/0.

The kernel is the trivial submodule while the image, mZ, is the sub-
module of»Z consisting of all integer multiples of m. The cokernel of
m is the quotient Z/mZ which is isomorphié to Zm, the integers modulo
m. Since the kernel is trivial, the coimage, Z/0, is isomorphic to Z
itself. This morphism is injective (one-to-one) and it is for this rea-
son that the kernel is trivial.

A morphism of R-modules is called a monomorphism iff it is injec-
tive; it is called an epimorphism iff it is surjective. A morphism is
said to be an isomorphism iff it is both a monomorphism and an epimor-

phism. The way in which Kexr(f) and Coker(f) give dual information about



f is stated in the following proposition. Its proof is easy and is left

for the reader.

1.2.1 Proposition. If £ € hom(M, M') then f is a monomorbhism

iff Rer(f) = 0 and f is an epimoxphism iff Coker(f) = 0.///

Two types of morphisms which play an extremely important role
throughout category theory will now be described. For any submodule L
of the R-module M, the restriction of the identity lM to L is known as
the inclusion of L into M and is denoted i: L > M. To any quotient
module M/L there is the so-called natural map i': M =+ M/L given by
I'(x) = x + L. Thus, there is an inclusion associated with Ker (f) and
a natural map associated with Coker (f). The inclusion Ker(f) - M will
be denoted by ker(f) or simply k. Similarly, the map M' - Coker (f) will
be denoted by coker (f) or k'. Although the notation for the inclusion-
of Ker(f) into M is distinguished from the object by using upper and
lower case letters, they are both called the kernel of £. A correspond-
ing statement is true concerning the object Coker (f) and the morphism
coker (£f}. This slight ambiquity should present no real difficulty since
it should always be clear from context whether reference is made to the
object or the associated map.

The kernel and cokernel maps can be written sequentially, together
with £ as

o
xEuiw ¥ k.

The technique of displaying morphisms sequentially is for category
theory what Cartesian coordinates are in displaying real continuous
functions. This leads to more precise terminclogy concerning sequences

of morphisms. A short sequence of morphisms of Wiz is an ordered pair




{(f,g) where it must be that gf = 0. More often than writing the ordered

pair, the sequence is labeled and digpiayed such as

E: MgM' gM".
If g(f(x)) = 0 for all x € M then f(x) € Ker(g) and this implies the set
inclusion Im(f)<CKer(g). If the opposite inclusion, Ker(g)< Im(f) also
holds, then it must be that Ker(g) = Im(f). When this last equality
holds then the short sequence (f,g9), or E, is said to be exact at M'.
Some special cases of exactness occur quite frequently as the following
examples indicate.

(1) The sequence E_: O > M £ M' is exact at M iff 0 = Im(0) =

1

Ker (f). However, Ker(f) = 0 iff f is a monomorphism. Thus, El is exact
at M iff f is a monomorphism.

5 M' § M > 0 is exact at M" iff Im(g) = Ker(0)

(2) The sequence E
= M". However, Im(g) = M" iff g is an epimorphism. Thus, E2 is exact
at M" iff g is an epimorphism.

(3) If the sequence E3: M £ M' 9 M is exact at M' and f is a mono-

morphism and g is an epimorphism, then E3 can be rewritten using the

equivalences in (1) and (2) as

Ey: o—»‘M-f>M'9>M" 0

which is exact at M, M' and M". A sequence of the form E3 which is

exact at each non-trivial object is called a short-exact sequence.

Assume E3 (as shown above) is a short-exact sequence. By the
fundamental theorem of quotient modules there is an isomorphism between
M" and M'/Ker(g). Because of exactness the quotient could be written
M'/f(M). If the isomorphism from M" tc M'/f (M) is h then hg is still
an epimorphism and it has kernel equal to Im(f). By redefining symbols

the following is a short-exact sequence.
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* f G
E3: C>rM3>M =M /EM) > O

A similar change can take place involving f by using the isomocrphism
from M to £(M) and letting f be the composition. If £(M) is denoted by

a single letter, say L, then the final form of E3 will be

%% £
E3 : 0>L > M g M'/L - 0.

The end result of all these substitutions is that the left-most nonzero
object of a short-exact sequence can, without loss of generality, be
thought of as a submodule of the middle object of the sequénce while the
right-most object is a quotient of the middle object. Thus, to inquire
about a module via its submodules and their corresponding quotients is
to inquire aoubt short-exact sequences.

Makiﬁg'use of the notation of short-exact sequences, the dual
analysis of an arbitrary morphism £ hom (M, M') cf MR yields the two
sequences

O>K->M=>1I'->0
and

O~+>I->M >K'=>0
where K = Ker(f),.I' = Coim(f), I = Im(f) and K' = Coker(f). These se-
quences summarize many properties of R-modules which will be reformu-
lated in the language of category theory.

To conclude this section Table I will summarize the objects and

morphisms of the five categories mentioned in this section.
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TABLE I

EXAMPLES CF CATEGORIES

Category . Objects Morphisms
XB Sets: A, B, C, . . . ‘Functions
ij Groups: (G,+) ) Group homomorphisms
J Topological Spaces: (X,T) Continuous maps
Y Real Vector Spaces: (V,+,*) 'Linear Transformations
TRK R-modules: (M,+,*) R-module homomorphisms

1.3 Definition of a Category

The presentation of the five examples of the last section served
to review the undefined notions of category theory, namely, cbjects,
morphisms and composition. These undefined terms are now made formal

and used in the following definition.

i
1.3.1 Definition. An abstract category is a triple (C, hom,

ccmp) where
(1) C is‘a class of objects.

(ii) To each ordered pair of objects (A,B), hom assigns a
set hom(A,B) whose members are morphisms with domain A and codo-
main B.

(iii) To each ordered triple of objects (A,B,C), comp assigns
a function

°: hom{(A,B) x hom(B,C) - hom(A,C).
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The image of (f,g) £ hom(A,B) x hom(B,Cf under ° is written g°f or
simply gf ard the following properties must hold:
(a) If (f£,g9,h) € hom(A,;B) x hom(B,C) x hom(C,D) then
.h?(g°f) = (h°g)°f.
(b) For each object B there is a moxrphism lB € hom(B,B) such that
for any £ € hom(A,B) and any g € hom(B,C)

1 _°f

B £

and

g°lB = g.

The collection of objects of a category cannot generally be taken
as a set without incurring the paradoxes of naive set theory. Instead,
category adopts a foundational system based on the theory of classes.

A class is a large coilection defined in such a way as to circumvent set
paradoxes. Any further discussion of the theory of classes is beyond
the bounds of this presentation and the concerned reader is referred to
Reference (8).

The five examples of the previous section are abstract categories
where the objects and morphisms have already been described. The func-
tion comp for each example would assign the usual composition of func-
tions. Since each example has the properties that each of its objects
has an underlying set and that the morphisms are simply set functions,
a more appropriate setting for these categories is described in the

following definition.

1.3.2 Definition. An abstract category ((7, hom, comp) is concrete

if there is a function u which assigns to each object A of C an under-

lying set u(A) such that the following hcld:
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(i) The set hom{A,B) is a subset of the set of all functicons
from u(ad) to u(B).
(ii) For each triple of object (A,B,C) comp assigns the usual

composition function.

An example of an abstract category that is not a concrete category
is easily obtained. Let z? = (zi, hom, comp) where gf is the class of
all sets, hom(A,B) is defined to be all relations between the set A and
the set B. The function comp(A,B,C) would be the usual composition of
relétions.

To illustrate an unusual way ih which the axioms for an abstract
category can be satisfieé, choose any group (G,+). Take the only hom-
set, hom((G,+), (G,+)), to be the set G. That is, the morphisms are the
elements of G. Finally, take comp to be the binary operation of the
group which has been denoted +.

In the theorems and definitions of the sections to come the word
"category" will meanv"abstract category." When a resﬁlt is limited to

the concrete case, this limitation will be stated.
1.4 Commuting Diagrams

As mentioned before, any collection of morphisms displayed by using
arrows is called a diagram. With exactly three morphisms some possibi-

lities for diagrams are

9 £ A, 93
A = A— =B g}, TaB B—~—m—>»AT——"%A'
—h
g, A 92

(1) , (2) (3)
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In each of these diagrams at least one composition can be formed which
has the same domain and codomain as another morphism or composition of
morphisms in the diagram. When this is the case, then it can be thought
that there are different "routes" from one domain to a codomain. 1If,
however, the routes are indeed equal, then the diagram is said to be
commutaEiZg, To say (1) is commutative means fgi = fg2. To say (2)
commutes requires £ = hg. When this equality holds in (2), then the
diagram of (2) is called a commutative triangle. Since composition is

being written as a product, if f = hg, then f is said to factor through

hb

g. Also, g is called a right factor of f and h is called a left

factor of f.

Diagram (3) bears a special relationship to (1). If all the arrows
of cne of these diagrams are reversed, this yields the other diagram.
When this is the case, the two diagrams are said to be dual to each
other. Many discussions concerning a given diagram will be true of the
dual diagram when the statements of the discussion are dualized. For
this reason some theorems are only "half" proved, since the dual argu-
ment is omitted.

Some possible diagrams containing four morphisms are

A

£ g

g hl 22 . A—»BT——5C——»D
B

h

5 h

N<e—p
O 4w

£
—n
—

k
(4) (5) . (6)

There is only one requirement for diagram (4) to commute, namely,
gf = kh. If this equality holds, then (4) is called a commutative

square. An entire section in this chapter will be devoted to a special
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type of commuting square and its duval. These will be called the pull-
back and pushout squares. In diagram (5) it may be that gf = gkh but
f # kh. When all possible equalities do hold in a diagram, it will be
called commutative. In order for (6) to he commutative it is necessary
to have gf = hf and kg = kh., Either of the equations would imply kgf =

khf since compeosition is a function.
1.5 A Special Object and Special Morphisms

In this section the reader will get a first glimpse at how notions
of category theory are formulated. The first such formulation is the
categorical analogue of a trivial group or trivial R-module. The key
to generalizing a concept from a particular category'to the abstract
categorical setting is to characterize the concept in terms of morphisms
and/or objects with no reference to elements of a set. In the present
case one should observe that if G is a trivial group and H is any other
group, then there is exactly one morphism of the form G -~ H and exactly
one of the form H - G. . Likewise, an appropriate observation will serve
as a guide to generalizing the behavior of monomorphisms. Duality will
then be used to obtain the proper generalization of epimorphisms.
Finally, a property will be isolated which is common to morphisms which
play a distinguished role inbtheir respective categories; examples of
these distinguish morphiéms include the bijections of zi, the isomor-
phisms of ih and the homéomorphisms of J. The generalization of this
property leads to the concept of categorical equivalence which is funda-

mental to the development of the theory in all future sections.



1.5.1 Definition. An object O of a category is zero object iff

for each object A, hom(A,0) and hom(0,A) each contain exactly one mox-
phism. A category possessing a zero object is said to be a pointed

category.

The single morphisms of hom(A,C) and hom(0,A) for any A will be
denoted by the same leﬁter 0. When writteﬁ in diagram form the mor-
phisms will not be named since they are unique. Hence, they will appear
as

A-=>0 or O - A.

Each will be called a zero morphism.

The trivial groups énd trivial R-modules are indeed zero objects.
Neither the category of sets nor the category of topological spacés have
éero objects. Two categories which can be obtained from gﬁ and / which
do have zero objects will now be described. The Category of Pointed
Sets, denotedfvj, has objects of the form (S,s) where S is a set and s
is a distinguished element of S. A morphism f: (S,s) = (T,t) of this
category is a function f from S to T with the property that £(s) = t.
This category is a concrete category and objects of the form ({s}, s)
are zero objects. The Category of Pointed Topological Spaces, denoted
TF:7' is similarly obtained. The objects are of the form (X, T, xX) where
X is the space, T is the topology and x is a distinghished element of X,
sometimes called base point of X. A morphism f from (X, T, x) to
(¥, ', y) must be a continuous map of X intc Y and £(x) = y. The zero
objects of fU’are of the form ({x}, 1, x) where f is the discrete topo- .

logy on the singleton space {x}.
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With respect to composition a zero morphism acts as one might ex-

A}

pect a "zero" to act in a product. This behavior is described in the

following simple proposition.

il
o

1.5.2 Préposition, For any morphism £, £fO = € and Of

-

Proof. ILet £ € hom(A,B) and O £ hom(0,A). Since £O & hom(0,B) and

il

. hom (0,B) contain only the zero morphism, it must be that fO 0. Simi-
larly, if O € hom(B,0) then Of & hom(A,0) and so Of = 0.///

The composition of any two zero morphisms is also called a zero
morphism and is also designated by O. Thus, the product of the morphism
of hom(A,0) and hom(0.B). is a zero morphism and is written A 9 B. In
future sections there will often occur pairs of morphisms with the

property that their product is a zero morphism. The next definition

provides terminology to describe such behavior.

1.5.3 Definition. Whenever fg = 0, then f is a left—-annihilator

of g and g is a right—-annihilator of f.

As an example to motivate the next definition which generalizes the
notion of a monomorphism, consider the group of integers Z and a mor-
phism f: Z > Z defined by f(n) = 2n for every neZ. This function is

injective since for integers n., and n, the equality f(nl) = f(n2) be~-

1

comes 2nl = 2n2 which implies n, = n,. Another way of writing this
implication will be important. Suppose g,h: G > Z where G is any group

and fg = fh. Then for any xeG, 2g(x) = 2h(x) and so g(x) = h(x). Thus,

fg = fh implies g = h.



18

1.5.4 Definition. A morphism f: B - B' is monic (of f is said to

be a monic; thus, "monic" is used as a noun and an adjective) if for any

two morphisms g,h: A > B, fg - fh implies g = h.

Remark. If fg = fh implies g = h, then it is said that £ wés left-
cancelled. 1In fact, being monic will be described as being left-

cancellable.

The next proposition shows that the notion of monic is indeed a

generalization of injectivity.

1.5.5 Proposition. A morphism fehom(A,B) of a concrete category

is moni¢ if f: u(d) =+ u(B) is injective.

Proof. Suppose g, hehom(A',A) and £fg = fh. To show g = h it suffices
to show that g(a') = h(a') for arbitrary a'eA'. The equality fg = fh
gives f{g(a')) = £(h(a')). By the injectivity of f the latter equality

implies g(a') = h(a') as desired.///

The converse of 1.5.5 is not true. That is, a morphism may be
monic without being injective, as the following example will show.

A group G is divisible if nG = G for every natural number n. That
is, G is divisible ifvfor any n and an element geG there is an element
xeG such that nx = g. The most notable example of a divisible group is
the group of rational numbers Q. This is easily seen since given any n
and r/seQ, the equation nx = r/s has solution x = r/ns which is also in
Q. It is also easy to show that the quotient group Q/Z (where Z is the
subgroup consisting of the integers) is divisible. A morphism will now
be defined which is monic but not injective in the cafegory of divisible

groups.
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Consider the natural morphism £: ¢ + Q/Z given by £ (m/n) m/n + Z.

Given g,hehom(D,Q) for arbitrary divisible grocup D, assume fg fh. The
proof that g = h will be by contradiction. Suppose there is nonzero
element xeD with g(x) # h(x). By assumption fg(x) = fh(x) which means
g(x) + 2 = h(x) + 2. This coset equality implies that g(x) - h(x) is an
integer. Choose a prime g which is relatively prime to g(x) - h(x).
Since D is divisible there is a deD with gd = x. Since fg(d) = fh(d),
g(d) - h(d) is also an integer. Multiplying the latter integer by
g:glg(d) - h(d)] = g(gqd) - h(gd) = g(x) - h(x). These equations imply
that g divides g(x) - h(x) and this is a contradiction since g was taken
relatively prime to g(x) - h(x). Hence, f is a monic but not injective.
The next proposition is a characterization of monic which often
serves as a definition of that term. A morphism of hom-sets which is

related to a given morphism fehom(A,B) must first be defined. Define

*
f : hom(A',A) > hom(A',B) for any object A' and for gehom(A',A) by

f* (g) = fqg.

*
The morphism £ is said to be an induced morphism of £. Dually, a

coinduced morphism of £ is a morphism f*: hom(B,B') - hom(A,B') where

f*(h) for hehom(B,B') is given by

£, (h) = hf.

*
1.5.6 Proposition. The morphism f: A -+ B is monic iff £ is

injective.

*
Proof: Note that the injectivity criterion with respect to £ is that
* * *
f (g) = £ (h) implies g = h. By the definition of £ this criterion
*
means that £ is injective iff fg = fh implies g = h.  The latter im-

plication is true iff £ is monic.///
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1.5.7 Corolléry.. An identity morphism is monic.

* * .

. i > = == £ : A' > = .

Proof Since lA(g) lAg g for any g: A A, then 1A lhom{h',A)
The identity function on hom(A',A) is certainly injective and so l; is

: *
injective. Therefore, by 1.5.6 lA is monic.///

The notion dual to monic is called epic (rather than comonic). To
obtain the definition of epic it is useful to write the implication of

the definition of monic using arrows:

9
If A ——* B ——— B' commutes, then g

"
=

g

h
The dual of this implication would be:
g

If B' ——» B 3 A commutes, then g
h

il
=2

In equation form, gf = hf implies g = h.

1.5.8 Definition. A morphism f: B' -+ B is epic (or is an epic)

if for any morphisms g,h: B - A, gf hf implies g = h.

Remark: Just as a monic was viewed as being left-cancellable, one sees

an epic is right-cancellable.

The three propositions 1.5.5, 1.5.6 and 1.5.7 can be dualized.
The duals of their proofs are proofs for the duals. Hence, the next

three propositions are stated without proof.

1.5.9 Propositions. A morphism fehom(A,B) of a concrete category

is epic if f£: u(aA) » u(B) is surjective.

1.5.10 Proposition. A morphism f: A + B is epic if £f,, the coin-

duced morphism, is surjective.
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1.5.11 Corollary. An identity morrhism is epic.

A morphism of a concrete categery may be epic without being an epi-
morphism as the following example will show. The category of this
exanple is the category of Hausdorff spaces where the morphisms are the
continuous maps.

Recall that an inclusion of a dense subset of a Hausdorff space
into that space will uniquely determine a continuous map of the space
onto itself. Equivalently, two continuous maps having common domains
and codomains will be equal if they are equal on a dense subset. Thus,
an inclusion i: D - X\of thé dense subset of the Hausdorff space X into
X is epic although it is certainly not surjective. To see this, suppose
h,gehom(X,¥Y) and hi = gi. This last equation implies that h and g are
egqual on the dense subset D. Therefore, h = g and i is epic.

Some elementary but frequently used facts concerning monics and
epics are given in the following propositions. Again, propositions in-
volving monics are proved while those involving epics, being dual, are

left for the reader to dualize.

1.5.12 Proposition. (i) If f and g are monic and fg is defined,
then fg is monic.

(ii}) If fg is monic, then g is monic.

Proof: (i) Assume f and g are monic, fg is defined, and (fg)h = (fg)k.
But f being monic can be (after reassociation) left-cancelled leaving
gh = gk. From this g can be left-cancelled to obtain h = k. Hence, fg
is monic.

(ii) Suppose gh = gk. It needs to be shown that h = k. However,



(Eg)h = (fg)k from which f£g can be left-cancelled to obtain h = k as

desired.///

1.5.13 Proposition. (i) If f and g are epic and fg is defined,

then fg is epic.

(ii) If fg is epic,then f is epic.

The first parts of propositions 1.5.12 and 1.5.13 respectively
state that a product of monics is monic and that a product of epics is
epic. The second parts state, respectively, that when a product is
monic, its right-factor is monic and that when a product is epic, its
left-factor is epic.

As mentioned in the introduction to this section, certain morphisms
play a distinguished role in the categories xﬁ,yg and J . These special
morphisms serve to relate objects which are "essentially the same."
Examples of these morphisms include the bijections of Ag, the isomor-
phisms of ﬁj and the homomorphisms of J . The homomorphisms of offer
a good examéle of how to choose a categorical generalization of this
specific concept. Although there are many characterizations of homo-
morphisms, most of them mention particulars of the category J such as

"continuity and open sets. However, f: X - Y is a homomorphism iff there
is a morphism of 'J g: Y -+ X such that fg = lY and gf = lx. Since this
description involves only morphisms and objects, it is categorical and

motivates the next definition.

1.5.14 Definition. A morphism f: A > B is an equivalence iff

there exists a morphism g: B » A such that gf = lA and fg = 1B.
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Since 1B is monic and epic and if fg = lB, then f is left-factor of
an epic and therefore f is epic. Likewise, g is a right-factor of a
monic and so g is monic. If it is also the case that gf = lA' then g is
epic and f is monic. Therefore, an equivalence is both monic and epic.
However, a morphism can be monic and epic without being an equivalence.
Consider the examples f: Q - Q/Z and i: D - X explained above. The
natural map f was shown to be monic while the inclusion was epic. But
f is an epimorphism and i is a monomorphism. Hence, £ and i are each

monic and epic but neither is an equiwvalence.

Since lA"lA = lA' any identity morphism is an equivalence.

1f fg = lB, then f is said to bea left-inverse of g and g is said

to be a right-inverse of f£f. Using this terminology, £ is an equivalence

iff there exists a morphism which acts as both a left and right inverse
of £f. The next proposition shows that the right and left inverse of an

equivalence is unique.

1.5.15 Proposition. If fehom(A,B) is an equivalence, then there
is only one right-inverse and only one left-inverse and these moxrphisms

are edqual.

Proocf. Suppose fg = lB and hf = lA' It suffices to show g = h. But

h = hlB = h(fg) = (hf)g = lAg = g, and this completes the proof.///

In view of the last-proposition, one may speak of the inverse of
an equivalence. If f is an equivalence, the usual notation f-l will be
used to denote the inverse.

Cbjects A and B will be said to be equivalent if there exists an

equivalence f: A + B. It is elementary to show that "is equivalent to"
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is an equivalence relation on the class of objects of a category.  Veary
often in theorems, some object will be . claimed to be unique with respect
to some property. When used in this way, unique will mean "unigue up to
equivalence."” This is, any other object having the property is equiva-
Lent to the one mentioned in the claim, and all equivalents will have

the property when one does. -
1.6 Subobjects and Quotient Objects

The usual way to define a subgroup H of a group G is to require H
to be a subset of G, and under the restriction of the group operation
of G to H, H is itself a group. As a consequence, the inclusion map
i: H > G is a morphism of groups, in particular, a monomorphism. If
h: H' + H is an isomorphism,then the product ih: H' - G is a monomor-
phism with codomain G. A more general viewpoint is to consider H' as a
subgroup as well as H. To help express this notion some terminology

will be defined.

1.6.1 Definition. Two morphisms u: Al -+ A and v: A2 - A having

common codomain A are right-equivalent iff there exists an equivalence

and y: B > B_ are

f: A, > A_ such that vf = u. Two morphisms x: B > B 5

1 2 1

left-equivalent iff there exists an equivalence g: Bl > B2 such that

gXx = Y.

Remark. Using identity morphisms and inverses it is easy to check that
the relation, "is right-equivalent to," is reflexive, symmetric and
transitive. Thus, each morphism belongs to exactly one equivalence
class determined by this relation. Dually, each morphism will belong

to exactly one equivalence class determined by the relation, "is left-
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equivalent to." Egquivalence classes of this sort will be used to define
the important notions mentioned in the title of this section.

Resuming the discussion of the subgroup H of G and using the new
terminclogy, the inclusion i: H » G is right-equivalent tc the mono-
morphism ih: H' » G. The more general view of subgroups includes all
morphisms right-equivalent to i: H + G. . A specific example may help to
motivate the broadened notion of subgroup. Consider the group

G = 226 Z4 and the two subgroups

H = {(,0),1,00}
and |

H, = {(0,0),(0,2)}.
Both H1 and H2 are isomorphic to ZZ' Let h: H2 +-Hl'be the isomorphism
between these two groups. Letting j: H2 -+ G and 1i: Hl > G bé inclusions,

the diagram

H
1.
N_\
h ///,G
3
Hy
does not commute. Therefore, the morphisms i and j are not right-
equivalent. Loosely speaking, this means that Z2 "sits inside" G in

two distinct ways. The categorical generalization of subgroup given in

the next definition is designed with this situation in mind.

1.6.2 Definition. A subobject of object A is the right-

equivalence class of a monic having A as its codomain.

When speaking of subobjects, some flexibility in the terminology

is allowed. Thus, it is often said that a monic u: A > A is a



subobject of A and one mustvkeep in mind that it is the right-equiva-
lence class of u that is the subobject. A further shortcut in termino-
logy is taken by saying that Al is a subobject of A and writing Al A.

The dual of subcbject iz called quotient object and 1is. easily

obtained by dualizing 1.5.2.

1.6.3 Definition. A quotient object of object A is the left-

equivalence class of an epic having A as its domain.

Considering the subgroups Hl and H2 of G = Zze Z4 again, the

corresponding quotient groups are

G/Hl - Z4

and

1

G/H Z.® Z,.

2 2 2
The group 22 & Z2 is oiften referred to as the Klein group and is not
isomorphic to Z4. Thus, the epics given by the natural maps G - G/Hl
and G - G/H2 are not left-equivalent. Categorically speaking then,
these epics,which are not left-equivalent, determine different quotient
objects.

Important exémples of subobjects and quotient objects such as the
kernel and cokernel of a morphism do not appear in this or the next sec-

tion. Instead, the section to follow will present a categorical con-

struction from which many important subobjects and quotients will arise.

1.7 Pullbacks and Pushouts--

Completing the Square

The construction to be explained in this section is essential to

much of the material to follow. The formal definition is deferred
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until an overview of the problem is given.

Two morphisms fl: Al - A and fzz A, + A having common codomain A

can be displayed in a "half-square" diagram.

Part of our goal is to complete this diagram to a fully commuting square.

That is, it is desired to find morphisms 9y P > A. and 9,: P + A_ such

1 2

that flgl = fzgl. Thus, the following square diagram commutes.

9,
P—" 2
9 £,
A—f—>2

The other part of our goal is to obtain morphisms such as gl and g2
above, with a special "universal" property. To explain this special
property, the morphisms 9 and 9, will be written in another position
to accommodate another pairvof morphisms. The following‘diagram will

be referred to as a depressed square.
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Suppose gi and gé are two other morphisms such that flgi = fzgé. Thus,

the following diagram is commutative.

g‘
Pt 2w-wr A
2
!
' £
92 | 2
Ay~ B

The gpecial, "universal," property which is desired of the pair (gl,gz)
is that for any other pair of morphisms such as*(gi,gé) with flgi =

£ there would exist a uniqgue merphism h: P' > P, called a factoriz-

]
292"
ing morphism, such that gi = glh and gé = gzh. In other words, this

means gi and gé factor uniquely through 9, and Iy respectively. In
this case the last diagram can be amended to obtain the following com-

mutative diagram.

=

The dotted arrow indicates that the morphism h is dependent upon some

other morphisms in the diagram and may not automatically exist.

1.7.1 Definition. Given two morphisms fl: Al + B and f2: A2 + B

with common codomain, a triple (P;gl,gz) is a pullback 9£-f1 along f2 if

(1) f£.g, =1

191 295 (g1 and 9, yield a commutative square).
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(2) For any gi, gé with common domain P' and flg' = f then

1]
1 - 2%
there exists a unique morphism h: P' -+ P such that gi = glh and gé = g2h

(existence of a factorizing morphism).

When amending a morphism onto a diagram, some authors say that the
diagram, prior to amending the morphism, can be embedded in a diagram
with the amended morphism. Often the amended morphism is a factorizing
morphism.

if (P;gl,gz) is a pullback of f. along f2, then (P;gz,gl) is a

1

pullback of f_ along fl. This is to say, the definition is symmetric

2

with respect to £, and f2.

1
A number of familiar constructions are seen to be pullbacks as the

following examples show.
Example I

If A and B are subsets of another set C and i: A > C and i: B > C
are inclusion maps, then the triple (ANB; a,b) is a pullback of these
inclusions where a and b are the inclusiocns of ANB into A and B,

respectively. The complete square

is itself called a pullback or pullback diagram.
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Example TIT

If A, B and C are groups whose underlying sets have the saire rela-
tion as in the above example, then the triple (ANB; a,b) is a pullback

in the category of groups.
Example IIT

Suppose f hom(Xl,Y) and g hom(Xz,Y) in the category °J . Consider

the subspace E of Xl b4 X2 with the relative topclogy inherited from the

product topology of Xl x X

5 given by

E = {(xl,xz): f(xl) = g(xzi}.

. - . ‘. . . . N
Taking qk pkl where i: E +4Xl X X2 is inclusion and Pk Xl X X2 Xk'

k = 1,2, are the canonical projections, then the following is a pullback

diagram.

It needs to be checked that for any other morphisms (continuous maps)

qi: E' > X with fqi = gqé, then there must be a morphism h': E' > E

k

making the following commute.
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If h' is to be a map which factors qi through'ql, then for e' € E let

h'(e') = (e ,e

1 _2) and observe what the requirement qi(e') = qlh(e')

yields ql(e') = g h(e') = p.i(e ;e ) =e_ . Similarly, the reguirement
1 1 171772 1

aj(e’) = g h(e') would yield q!(e') = e,. Thus, h': E' + E is defined

X
by‘h'(e') = (qi(ei),qé(e')). Hence, h' is uniquely determined.. Since
it has been assumed that fq'l = gqé, the point (qi(e'),qé(e')) belongs
to E. It remains to check that h is a morphism of the category, which
means h must be continuous. This follows. since qlh and q2h, being qi
and qé, respectively, are continuous and q; and q, are restrictions of
the canonical projections.

The existence of a factorizing morphism will usually give rise to

the following type of proposition, due primarily to the uniqueness of

this morphism. It shows that a pullback is unique up to equivalence.

1.7.2 Proposition. If (P;gl,gz) and (P';gi,gé) are both pull-
backs of f1 along fz,then P and P' are equivalent and 95 is right-

equivalent to gi,i =1,2.

Proof: Since both triplets are pullbacks, two factorizing morphisms

h and h' are obtained and the following diagram is fully commutative.

ol
A
) -
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It will suffice to show that h'h = lP, and hh' = 1p' for then h is an
equivalence with inverse h'. To verify these equations uniqueness will
be used as it is often used throughout algebra and pure mathematics
generally. Because (P;gl,gz) is a pullback, it is clear that in the

diagram

g
P 2 - A
N F4

~1
hh' ~5 9,
“a
9 F £

\ gl
\

A -~ B

1 £

the identity lp is the factorizing morphism. If it can be shown that
the composition hh' also makes the diagram commute, then hh' must, by
uniqueness, equal lp.

Consider the following equations:

] - ' | IR '
gz(hh ) (gzh)h gl(hh) glh)h
= th! = TH!
gzh glh

These imply that hh' does serve as a factorizing morphism in the same.
diagram that 1P does. Therefore, hh' = lP. The other equality, h'h =
1P' is proved in a similar manner using (P';gi,gé). Having shown P and
P' equivalent, it remains to show the right-equivalence of their respec-
tive morphisms. This is evident since h and h' are equivalences and be-

ing factorizing morphisms yield gi = glh and gé = g2h as required.///
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Many special pullbacks will be encountered in chapters to come and
the next proposition will be recalled frequently to help in those spe-

cial cases.

1 Al—a-B along

1.7.3 Proposition. If (P;gl,gz) is a pullback of £
f2: Az-ﬁ>B, then fl monic implies 9, monic (hence, f2 monic implies 9,

monic).

Proof: To show g2 monic when fl is assumed to be monic, it suffices to
show that whenever g2h = g2k, then h = k. So choose arbitrary morphisms
h,k: X P with g2h = g2k. These morphisms are summarized in the follow-

ing diagram.

/
L)
N

o
v
w

If it is true that this diagram commutes, then k = h due to uniqueness

of factorizing morphisms. The outer square is commutative since f£.g.h

171
= f2g2h. It needs to be checked that both h and k serve as factorizing

morphisms in the above diagram. That h serves in that capacity is
immediate. To see that k will also serve as a factorizing morphism
means the two equations glk = glh and gzk = g2h must hold. The latter
equation holds by assumption. The former will hold if it can be shown
that £

lglk = flglh’ for then f1 can be left-cancelled to leave the
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desired equation. Using the two known equalities flgl = fzg2 and g2k =

gzh, then

]
+h
Q-
(o

flglk

i

£,9.0.///

The discussion of a pullback can be dualized and would begin with

two morphisms having common domains such as fl: A > B, and f2: A ~> B,_.

1 2

It is desired to obtain an object Q and morphisms 9y¢ B, > Q and

1

9yt B2 + Q which make a commutative square and have the dual factoriz-

ing property as described in the fbllowing definition.

1.7.4 Definition. Let two morphisms fl: A > B, and f2: A>B

1 2

with common domain A be given. A pushout of f. along f2 is a triple

1
(gl,gz;Q) such that the following conditions hold.
(1) glf1 = g2f2 (gl and 9, yield a commutative square).

(2) For any morphisms gi and gé with common codomain Q and

g. £

15 = géfz, then there exists a unique morphism h: Q -+ Q' such that

gi = hgl and gé = hg2 (existence of a factorizing morphism).

The next two propoéitions and their proofs are dual, respectively,

to 1.6.2 and 1.6.3.

1.7.5 Proposition. If (gl,gz;Q) and (gi,gé;Q') are both pushouts

of £. along f

1 then Q and Q' are equivalent and 95 is left-equivalent

2’
to gi, i=1,2.

then

1.7.6 Proposition. If (gl,gz;Q) is a pushout of fl along f2,

fl epic implies 9, epic (hence, f2 epic implies 97 epic).
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Having described the pullback and pushout constructions, they will
be used in the remaining sections of this chapter to define importent
categorical objects, some of which should be familiar. They include

inverse images, kernels, cokernels, products, and coproducts.
1.8 Images and Inverse Images

A very important property possessed by Tl and mentioned in section
1.1 is that any morphism £: M > N can be written f = kh where k is monic
. . . . . . h k .
and h is epic. The canonical factorization is M - £ (M) > N where h is
the corestriction of £ to its image and k is inclusion. This factoriza-
. . . . . . s h' . k!
tion is unique in the sense that if f is also the composition M =+ M -+ N

- where h' is epic and k' is monic, then there is an isomorphism g such

that the diagram

£ (M)
N
h k
N
M\ 1g N
. !
h'\«‘%

MI

commutes. It is easy to check that in this case g is defined by gl(y) =
h'(x) where y = ka), XeM.

The morphisms of the category 7J do not have this property. As a
counterexample, consider the inclusion f: Ql -+ [0,1] where Ql is the
set of rational numbers of the open interval (0,1). Then f can be
factored as Ql E (0,1) §I [0,1] where h' and k' are both inclusions.
Since Ql is dense in (0,1), h' is epic (although it is not surjective).

The map k' is monic. Consider the diagram
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1//91 \1

Q [0,1]

h' N\ ./T"

(0,1)

where the map i is inclusion. The diagram commutes but there is no
topological equivalence (homeomorphism) betweeﬁ Ql and (0,1).

With the examples in mind two definitions will be made.

1.8.1 Definition. A morphism f which can be written £ = kh with

k monic and h epic is said to be epi-mono factorable.

All morphisms of the concrete categories mentioned in section 1.1
are epi-mono factorable where the usual factorization of a morphism £
through its image is a canonical one in the sense of the following

definition.

1.8.2 Definition. An epi-mono factorization kh of a morphism £
is unique if for any other epi-mono factorization k'h' of f there is a

factorizing morphism g such that k' = kg and h = gh'.

The following diagram illustrates the property of a unique epi-

mono factorization kh.

hl

N

H €= = ===

Note that the commutativity of the right-most triangle implies that of

the left. If k' = kg, then kgh' = k'h' = £ = kh. By left-cancelling
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the monic k we obtain gh' = h. So the definition could be shortened to.
include only k' = kg.
Using unique epi-mono factorization, an important subobject can

now be defined.

1.8.3 Definition. The image of a morphism f: A - B having unique

epi-mono factorization kh is the subobject k: I - B.

The notation f(A) will often be used in place of the letter "I"
for the domain of k, and £(A) will be referred to as the image of f.
-The next proposition shows that the image of a morphism is unique up to

equivalence.

1.8.4 Proposition. Given the morphism f: A - B, any two images

of f are equivalent.

Proof: First suppose both k: I > B and k': I' + B are images of f from
epi-mono factorization kh and k'h'. Next, note that uniqueness implies
that the only way to label the dotted arrow of the next diagram is with

the identity lI.

Applying the definition twice, one can obtain two factorizing morphisms

q and q' as shown in the fully commutative diagram.
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Consider the morphism g'g: I -+ I and that k(g'g) = (kg')g = k'g = k.
This implies that g'g = lI because lI was unique in the first diagram
and now h'h will also make the first diagram commute. Similarly, one

can obtain gg' = 1 and so I and I' are equivalent. Note also that

II
k and k' are right-equivalent.///

An important subobject of the domain of a morphism is next defined

by use of a pullback.

1.8.4 Definition. Given a morphism f£f: A - B, the inverse image

of a subobject u: Bl -+ B is the pullback (P;fu,u') of £ along u.

Remark: The information in 1.7.4 is summarized in the following dia-

gram.

b
‘l
o -

In Chapter II discussion will be restricted to a category in which
pullback constructions can always be made. This will guarantee the

existence of inverse images. In the case an inverse image exists, such
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as for the one given in the definition, the symbol f_l(Bl), is often
used instead of P.

It will now be verified that the usual inverse image in the cate-
gory of sets determines a pullback diagram and therefore satisfies the
categorical definition of an inverse image. Let f£: A - B be a function

-

and- u: Bl -+ B denote the inclusion mapping of a subset Bl of B. Take

fu to be f restricted and corestricted to the sets f—l(Bl) and Bl' re-
spectively. Also, u' is just inclusion of f_l(Bl) into A. Assume 9

and.g2 are morphisms such that fgl = ug,. Then it is to be shown that

2
there is a unique function h: P' - f_l(Bl) such that u'h = 9; and fuh =
9, The following diagram summarizes this information.
g9
p' 2 » B,
\\\ f/ R
U u
N\
x 1
9; £ (Bl) u
ul
\ \/
A £ > B
Choose xeP'. Since u is inclusion, ugz(x) = gz(x)eB . But then

1

fgl = ug, means f'(gl(x))eB1 so that gl(x) f—l(B ). In other symbols,

1

gl(P') fwl(Bl) A. Since h is desired so that u'h = 9, and u' is

inclusion, then h is uniquely determined and is given by h(x) = gl(x).

That is, h is 9, corestricted to f-l(Bl). If it is shown that fuh =g

2I
then f—l(Bl) will have been shown to he a pullback object. Keeping in
mind that fu is f restricted and corestricted, then fuh(x) = fu(gl(x))=

fgl(x) = ugz(x) = gz(x) and so fuh =g, as desired.
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It will now be checked that the phrase "inverse image of a sub-

object" is well-defined. That is, if v: B, - B is a monic right-

2

equivalent to u: B, -+ B of the definition; then a pullback of f along

1

v should be equivalent to P.

1.8.5 Proposition. Given f: A - B and subobject u: B, - B, then

1

any monic right-egquivalent to u will yield an inverse image equivalent

to the inverse image of f.

Proof: Let v: B, - B be a monic and g: B2 -+ B. an equivalence such

2 1

that v = ug. Let the following be a pullback diagram yielding the

inverse image of v: B2 -+ B.

Using the morphism ng: p' > Bl and g_lfu: P - B2 and the universal

properties of pullbacks, one obtains morphisms h and k such that the

fellowing diagrems are fully commutative:

-1
g £ . gf
u - ] v .
N > B, P > By
\\ \\
4‘\ /: b £
N Y u
u’ 2 p! v v' P u
V' /
Y v Y ¥ g
A 7 »> B A S >
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By commutativity in the diagram on the left it is seen that v'k = u'.
From the second v' = u'h. Upon substituting u'h for v' in the firzt
equation, one obtains u'hk = u' = u'lP. Left-cancelling the monic u'

gives hk = lP.. Making the other substitution, one would also have kh =

lP" Thus, the inverse images are equivalent.

1.9 Kernels and Cokernels

This section will be addressed to the important notions of kernel
and cokernel of a morphism. The ambiguity of allowing both an object
and a morphism to be called a kernel will exist in category theory as
it did in Mg . As noted in section 1.2, the kernel and cokernel of a
morphism of Wy provide fundamental information pertaining to the mor-
phism. In that category it was seen (1.2.1) that a morphism is injec-
tive iff its kernel is trivial. The corresponding categorical statement
would be that a morphism is monic iff its kerxnel is a zero object.

This statement is not true and a counterexample will be given. However,
other properties of kernels of Wg will carry over to the categorical
setting and some of these will be derived in this section.

If £f: M > M' is a morphism of R-modules, recall that the kernel of
f can most concisely be described by f_l(o) where O is the zero element
of M'. Since inverse images, zero objects and subobjects have all been
defined for an abstract category, the definition of the kernel of a

morphism will seem quite natural.

1.9.1 Definition. Let f: A > B be a morphism and O be a zero

object which is also a subobject of B. The kernel of £ is given by

£ 0.
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The kernel of a morphism f will also be denoted by Ker(f) or simwiy:
 y . . -1 . c. .
K when it is not confusing. Since £ ~(0) is a pullback, it is appropri-

ate to consider a diagram such as

f-l
ki
A

where the morphism k is also called the kernel of f£. Note that by

(0) ~—= 0

- B

1.7.3, k is monic since O - B is. The pullback square commutes so this
gives fk = O or that k right-annihilates that morphism. It is universal
in that respect as the next proposition will show.

In an arbitrary category it may be that some morphisms may not have
a kernel. Henceforth, it will be understood that kernels exist whenever

discussion is centered around them.

1.9.2 Proposition. Let k: K > A be a right-annihilator of

f: A > B. The morphism k is a kernel of £ iff any other right-

annihilator k': K' -+ A of £ factors uniquely through k.

Proof: Given that k': K' » A is an arbitrary right-annihilator of £,

then the diagram

|

W <€<—— O

commutes. However, k' factors uniquely through k iff K is a pullback
of O > B along f£. Therefore, k' factors uniquely through k iff k is a

kernel of £.///
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Very often when verifying that a particular morphism is a kernel
of another morphism, the entire pullback diagram is not drawn. The dia-
gram is usually simplified by writing only one zero morphism and by
writing the suspected kernel and f sequentially. The other right-
annihilator is written vertically. Therefore, the diagram in the proof

of 1.2.1 would be simplified to

The next proposition yields some very useful facts concerning

kernels.

1.9.3 Proposition. Let f£f: A - B and g: B - C be morphisms.

(i) If g is modic, then Ker (g) = O.
(ii) Xer(f) C Ker(gf).
(iii) If g is monic, then Ker (f) = Ker (gf).

Proof: (i) The remark following the previous proposition will be used
‘and zero morphisms kept to a minimum. Certainly, O -+ B right-
annihilates g, so suppose k: B' > B is another right-annihilator of g

as shown in the following diagram.
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The uniqueness of the zero morphism for the dotted arrow is already
established. Showing that k factors through the zero morphism is tanta-
mount to showing that k is the zero morphism from B' to B. Let 0' be
the zero morphism from B' to B. Then, gk = gO' since both sides are
O: B' - C. Being monic, g is left-cancelled to give k = O'.

(ii) To show Ker(f) is a subobject of Ker(gf) requires a monic
u: Ker(f) » Ker(gf). Let k: K=+ A and k': K' - A be the kernel mor-
phisms of £ and gf, respectively. Note that k is also a right-
annihilator of gf by reassociating in the product (gf)k: (gf)k = g(gk)
= g0 = 0. Thus, k must factor through k'. Let k = k'h with k: Ker (f)

Ker(gf). Since h is a right-factor of a monic, it follows that h is

monic. Hence, h serves to give Ker (f) as a subobject of Ker(gf).

(iii) 'Assuming g monic, it must be shown that Ker (f) is equiva-
lent to Ker(gf). Therefore, it is sﬁfficient to show fhat the follow-

ing is a pullback diagram.
Ker (gf) —» 0
kl

A ——ieeup B

where k' is the kernal of gf. To check commutativity, it needs to be
shown that fk' = 0': Ker(gf) - B. However, g0' = O": Ker(gf) - C. So
(gf)k' = O" and gO' = O". Equating the left members of these equations
gives (gf)k' = gO' or g(fk') = gO'. Upon left-cancelling g, fk' = O'
as desired.

Now that k' has been shown to right-annihilate £, assume morphism

xX: X » A is another right-annihilator of £f.
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Ker (gf) — 5w A —Ef » B

But fx = 0: X - B implies gfx = O: X - C which shows x is a right-
annihilator of gf. Thus, x must factor uniquely through k' by some
morphism h: X - Ker(gf). Thus, h also serves as the required factor-

izing moxrphism.///

To see that a morphism having a zero object as its kernel need

not be monic, consider the following example from the category'ij(sec—

tion 1.5). Given objects Sl =v({xl,x2,x3}, xl) and 82 = ({yl,yz}, take
the morphism £: Sl > 82 to be defined by f(xl) = yl and f(xz) f f(x3) =
yz. To see that f is not monic, define morphisms g,h: Sl > Sl by g =

1l . and h(xl) = xl, h(xz) = x2

fh. It is not true that g and h are equal and therefore f is not monic.

= h(x3). It is easy to check that fg =

However, the kernel of f is the zero subobject ({xl}, xl). Thus, £ has
a zero object as its kernel but f fails to be monic.

The dual of the kernel of morphism f: A->B is called the cokernel
of £ and is often denoted by k': B > B/f(A). If a category has pushouts
then the‘cokernel of a morphism always exists. The following proposi-
tion is the dual of 1.8.1 and gives a more useful form of the pushout
diagram formed by dualizing the pullback in the definition of the

kernel.

1.9.4 Proposition. Let k': B » B/f(A) be the cokernel of f: A->B.

If £': B » B' left-annihilates £, then f' uniquely factors through k'.
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The proof of this proposition is dual to that of 1.8.1 and will be
omitted. - However, it is important to view the diagram showing the

information of the proposition.

A > B —» B/f (A)

The very useful facts of the next proposition concern cokernels

and are exactly the duals of the properties of kernels listed in 1.8.2.

1.9.5 Proposition. Let f and g be morphisms such that gf is de-

fined and £, g and fg all have cokernels.
(i) If £ is epic, then coker(f) = O.
(ii) Coker(g) is a gquotient object of Coker (gf).

(iii) If £ is epic, then Coker{(gf) = Cokexr(g).///

Now that the important properties of kernels and cokernels have
been described, the question of when a monic is a kernel will now be
considered. To motivate the terminology to be defiﬁed, consider the
category where an inclusion of a subgroup H into the group G is a
kernel iff H is a normal subgroup of G. Such an inclusion is called a
normal inclusion or normal imbedding. The terminology to be introduced

by the next definition is standard and is taken from the category .

1.9.6 Definition. A category U is said to be normal if every

monic is a kernel, and conormal if every epic is a cokernel.
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The category nh{ is normal since any monic i: N - M is the kernel
of the corresponding natural map p: M + M/£(N). This category is also
conormal because any epic p: M =+ M' is the cokernel of the corrazspond-
ing inclusion k: Ker (p) -~ M.

In the category l5 there exist monics which are not kernels. As
an example recall that the elements of the permutation group S3 can be
written using the notation of cycles. Consider the subgroup H = {e,
(1 2)} where e is the identity permutation and (1 2) means 1 is mapped
to 2 and 2 mapped to 1 and 3 to itself. The subgroup H is not normal

as can be seen by the calculation (23) (12) (23) = (13) ¢ H. The category

is conormal since every epic is the cokernel of its kernel.

In the next chapter most discussion will be centered around a cate-
gorical setting which is normal and conormal. The next proposition

provides an important fact concerning monics of a normal category.

1.9.7 Proposition. Assume ( is a normal category in which any

morphism has a cokernel. Then a monic of C_is the kernel of its co-

kernel.

Proof: Let x: K~ A be monic. By normality there is some morphism f:
A > B for which x is the kernel. By hypothesis x has a cokernel, p:

A > A'., Since fx = O and p is a cokernel of x, f must factor through
p. Therefore, assume f = hp for some morphism h. Since it must be

shown that x is the kernel of p, let y: K' - A be a right-annihilator
of p. Since £ = hp it follows that fy = hpy = hO = 0. Thus, the mor-
phism y right-annihilates f also. Therefore, y must factor through x

and so assume y = X¥g. To show g is unique let y = xg'. Since x is
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monic and xg = xg', upon left-cancelling x one obtains g = g' as

desired.///

The dual of this proposition is also very basic to the theory of

the next chapter and is left to the reader to state and prove.
1.10 Products and Coproducts

In each of the concrete categories x5 ,Zj ,TRR,, and Cf, there are
important ways to "combine" two or more objects to obtain a new object.
For example, in zf the cartesian product and the disjoint union are two
such ways. The properties of these itwo specific operations of.j will
be reviewed and then generalized to an abstract categorical setting.
Although these definitions can be made for arbitrary families of ob-
jects (provided the Axiom of Choice is assumed), those taken here will

be for families of only two objects. More general definitions can ke

b
!

found in Reference ( ).
The first proposition is taken from the category Kf and will serve

to motivate the definition which immediately follows it.

1.10.1 Proposition. Let A and B be sets and pl: A x B+ A and
p,: A X B+ B be the canonical projections from the cartesian product
to A and B, respectively. If f: C - A and g: C » B are two functions,

then there exists a unique function h: C =+ A x B such that f = plh and

g = ch’

Proof. Define h by h(c) = (f(c), g(c)). The verification that h gives

the required factorings and is unique is clear.///
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The proposition states that in the diagram

the morphism h exists and is a factorizing morphism. That is, £ and g

factor uniquely through pl and p, by h.

1.10.2 Definition. In a category O a product of objects A and

B is a triple (A x B; pl,pz) where A x B is an object of C (also called
the product of A and B) and py: A x B> A and P,: A x B > B are mor-
phisms of ( (called projections). This triple must have the property
that for any morphisms f£: C - A, g: C > B, there exists a unique mor-

phism h: C -+ A x B such that f = plh and g = pzh.

For any of the concrete categories mentioned at the beginning of
this section, the product of two objects always exists. See Table II
for a list of these special objects. The dual notion, coproduct, will
now be reviewed.

If sets A and B are disjoint, then their union is called a disjoint
union. Let the union be denoted by A + B instead of the usual A B.
Let i_. and i2 be the usual inclusions of A and B, respectively, into

1

A + B. The triple (i A + B) has the property which is dual to the

lli27
property of the product (A x B; pl'PZ)' Thus, the next proposition is

dual to 1.9.1. Its procf is left to the reader.

1.10.3 Proposition. Let A and B be disjoint sets and il and i2

be the inclusions, respectively, of A and B into the union A + B. If
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f: A > C and g: B > C are two functions, then there exists a unique

function h: A + B - C such that f = hil and g = hiz.///

The propositicn states that in the diagram

i i
A—~—-4—A+B<--—-——-B

\\\\\\\l

‘h

)

¥
C

N

the. morphism h exists and is a factorizing morphism.

If A and B are not disjoint, then it is set-theoretically possible
to find a set A' such that there is a bijection x: A + A' with A' and B
disjoint., Let j be the inclusion of A' into the disjoint union A'-~>B
which will also be denoted A + B. If the composition jx: A -+ A + B is
denoted by i, and i2 is the inclusion of B into A + B, then the triple

1

(il, i2; A + B) has the property described in 1.9.3. Now the morphism

properties of the disjoint union are generalized to an abstract cate-

gorical setting.

1.10.4 Definition. In a category ’ ., a coproduct of objects A

and B is a triple (jl,jz; A + B) where A + B is an object of ( called
the coproduct of A and B and jl: A->A + B and j2: B+ A + B are mor-
phisms of U,(called injections). This triple must have the property
that for morphiéms f: A > C and g: B > C there exists a unique morphism

h: A + B> C such that £ = hjl and g = hj2.

Examples are now summarized in Table II.
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TABLE II

EXAMPLES OF PRODUCTS AND COPRODUCTS

Category A xX B A+ B
KS Cartesian Product Disjoint Union
_Qj Direct Product Free Product
J Product Space Free Sum
TRR Direct Product Direct Sum

It is intentional that the notation for product and coproduct re-
semble the notation of a pullback and of a pushout. Indeed, if a cate-
gory is pointed, then the product and coproduct can be characterized in
terms of a pullback and pushout, respectively. The next proposition
gives this characterization. Its proof follows immediately from defini-

tions and is left to the reader.

1.10.5 Proposition. If ( is a pointed category having pullbacks

and pushouts, then the product of objects A and B is the pullback of
A > O along B > 0. Dually, the coproduct of A and B is the pushout of

O » B along O -~ A.///

The projections of a product and the injections of a coproduct

have extra cancellation properties as the following proposition shows.

1.10.6 Proposition. Let (A x B; pl,pz) be a product. Suppose

f,g: C > A x B are morphisms with
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Then the projections can be "left-cancelled" to give f = g.

Proof: The object of the proof is to show that f and g are factorizing
morphisms in the same pullback and then by uniqueness they are equal.

Here, as in the future, the zero morphisms of the product and coproduct

diagrams are omitted. Since pif = pig, then the following commutes

Py

By uniqueness of factorizing morphisms f = g as desired.///

1.10.3 Proposition. Let (il,i , A x B) be a coproduct. Suppose

2

f,g: A x B > C are morphisms with

fi, = gi, for i = 1,2.
i g j J '

Then the injections can be "right-cancelled" to give f = g.
Proof: Dual of proof immediately above.

If (A x B; pl,pz) and (i : A X B) are product and coproduct of

1'i2
A and B, respectively, the factorizing morphisms for appropriate pairs

of morphisms are given a special vector notation. The following dia-

grams display factorizing morphisms in the new notation.
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Py 4 i,
A €~ A X A —— 5 A + B<b——___ B
? |
|
f : :( X,Y) y
u !
X Y

There are some very special cases of factorizing morphisms for which

different notation is used.

Special Case 1. The diagonal morphism of A denoted "AA“ is the

factorizing morphism of the following diagram.

Py P,
A<e— AxA __“ 42
4
|
1 } 1
}

A

1
-& , v — ( i. N R R '- \ = . ‘.‘ -
That is a ‘1) Commutativity gives plAA 1A and so AA is a right

inverse for p,-

Special Case 2. The codiagonal morphism of A denoted "VA" is the

factorizing morphism of the following situation.

i i
A ——~———&A.+ A.<F———— A

\'V’/
That is, VA = (lA'lA)' Note the property of VA that lA = VAl ’

3 e {1,2}. That is, VA is a left inverse of ij, je{1,2}.
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Special Case 3. Given morphisms fl: A : A *>B,_, one can

+
1 7 By £y Ay 7By

obtain two morphisms (f1 63 fz)R and (fl o f?)C as follows. First obtain

(fl,O) and (0,f2) as factorizing morphisms shown in the diagrams.

il i2 il i2
& — — +
A = B T By =< Az B > Byt Ry By
~ !
|
£ 1(f ,0) ’(o,fz)
1 / 0 : £
'] 2
B #
2
Now use (fl,O) and (O,fz) to obtain (fl ® fz)R'
q ]
1 2
Bl Bl X B2 =»B2
A
]
]
l}
(fl,o) ‘(flefZ)R (O’fz)
]
]
[}
+
At Ay

To be consistent with notation the factorizing morphism (fl o f2)

should be denoted.
(fl,O)
(0,f2)
a column vector composed of two row vectors. Due to the awkwardness,

the simplified symbol (fl ©® f2) will be used. Dually, obtain (flG)fz)C

as in the following diagram.
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P + a
A - Al(Az_ A,
N I
\\ ,
. |
f\\- l(f of ) o)
~ 1) \\ Y172’ c (f
0] . : 9
\\ T v
\“B VB ¥
1%

The diagonal morphisms of Tnﬁ have easy formulations, since in
YnR’ the direct sum of a finite number of objects is both a product and
a coproduct. Hence, if A is an R-module, A ® A is both a product and
coproduct. The diagonal morphism AA: A > A ® A is given by AA(a) =
(2,a). The codiagonal morphism VA: A ®A > A is defined by VA((a,b)) =
a + b. To see that these will give commutative diagrams as required,
note that j e {1,2}, ijA(a) = pj((a,a)) =a-= lA(a). Also, AAil(a) =
AA((a,O)) =a+0=a-= 1A(a) and AAiz(a) = AA((O,a)) =0 + a = lA(a).

In the present chapter various notions of familiar concrete cate-
gories have been generalized and stated in the language of categorical
algebra. The next chapter will discuss a particular categorical set-

ting ir which each notion defined so far is guaranteed to exist.



CHAPTER II
ABELIAN CATEGORIES AND FUNCTORS

Of all the categories introduced in section 1.2, the one having
the greatest wealth of categorical properties is TR&. The intent of
this chapter is to isolate the essential features of a module category
and define the categorical system known as an abelian category. Work-
ing within this system, the special properties of finite products and
coproducts will be rigorously derived. Using‘“khas a guide, pushouts
and pullbacks in an abelian category will be characterized. The
abelian category setting will be suspended for one section in which the
unifying concept of functor is defined as well as the related notions
of subfunctor and bifunctor. The chapter culminates with the descrip—.
tion of the particular bifunctor Ext(_,_ ) by using pushouts and pull-

backs of short-exact sequences.
2.1 Abelian Categories

Proceeding from general category theory to the theory of abelian
categories is similar to passing from the study of general point-set
topology to the study of metric spaces. The rich structure of an
abelian category will allow many desirable theorems to be stated and
some proofs will be handled in a manner not possible in the general
setting. The first definition is an important step to the abelian

category setting.



2.1.1 Definition. A pointed category is additive iff for each

hom-set there is an operation, denoted by "+" for all such sets, which
makes the hom-set an abelian group such that each composition function

is bilinear.
A typical composition function has the form-

hom(2&,B) x hom(B,C) —-s hom(A,C).

Bilinearity of this function is equivalent to the following distribu-
tive laws which are used repeatedly in deriving properties of additive

categories:

h(f + g)

hf + hg, where h € hom(A,B) and f,g € hom(B,C),
and

(f + g)h

fh + gh, where f,g9 € hom(A,B) and h € hon(B,C).

The second of these distributive laws will be used in the proof
of the next propositions which describes the identity element of the

group hom(A,B).

2.1.2 Proposition. In an additive category the zero morphism

0AB € hom(A,B) is equal to the identity of the group hom(A,B).

. i + . t + = inc
Proof Consider (OAB OAB)OAA Note that (OAB OAB)OAA OAB since

0., is a zero morphism. Using distributivity,

AA
+ = +
(OAB OAB ) OAA OABOAA OABOAA
= + .
OAB OAB

= + . o . .
Thus, OAB OAB OAB and so OAB must be the 1dcnt}ty of hom(A,B).///

57



58

The next proposition and corollary provide especially useful

characterizations of monics and epics in an additive category.

2.1.3 Proposition. In an additive category, a morphism f£f is monic

iff fh = O implies h = O. A morphism g is epic iff kg = O implies k = O.

. . . h

Proof. Assume f menic and fh = O where these morphisms are A' - A £ B.
Then using O0': A' > A, fh = 0 is equivalent to fh = f0O'. Since f is
monic it may be left-cancelled to give h = O' as desired. Conversely,

assume fh = O implies h = O0'. Suppose fhl = fh2. Using the distribu-

tive laws of an additive category fh, = fh? implies f(hl - h2) = 0. By

1

hypothesis then, hl - h2 = 0 or hl = h2 as desired. A dual proof shows

g is epic iff kg = O implies k = 0.///

2.1.4 Corollary. In an additive category in which each morphism

has a kernel and a cokernel, f is monic iff Ker(f) = O and g is epic

iff Coker(g) = O.

There are a number of different, but equivalent, ways to define an
abelian category. Almost every book on the subject takes a different
set of axioms in its definition. One can adopt a minimal number of
axioms and then rigorously derive the useful theorems. Only a modicum
of such rigor is desired in this presentation and this has influenced

1

the choice of axioms in the following definition.

2.1.5 Definition. A category C is abelian iff the following

axioms are satisfied:
A-1l. C is additive.
A-2. C is normal and conormal.

A-3. C has pushouts and pullbacks.
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Axiom A-3 means that for any two morphisms with common domains
their pushout will exist and dually, the pullback of two morphisms with
‘common codomains will always e#ist. Existence of arbitrary pullbacks
and pushouts guarantees the existence of kernels, cokernels, finite
products and coproducts.

An abelian category is so closely modeled after the properties of
module categories that under certain conditions it is possible to view
an abelian category as embedded in a category of R-modules. A theorem

sometimes called the Full Embedding Theorem gives precise form to this

fact and can be found in Reference (11).

The axioms of our definition are not independent. Surprisingly,
the additivity can be derived from the other two axioms. Since the
rigor necessary to eliminatevthis redundancy is beyond that desired for
this presentation, additivity was included in the definition. However,
the result of a theorem of this section will indicate how one begins a
derivation of an additive structure on the hom-sets. This theorem will

be pointed out for this special reason.

Important Note. Throughout the remainder of this chapter the cate-

gorical setting will be understood to be an abelian category unless

otherwise mentioned.

The remainder of £his section is devoted to deriving some formal
properties of an abelian category. These properties center around the
important feature that in an abelian category the product and coproduct
of two objects are equivalent. As a result of that equivalence there

will be a number of propositions concerning product and coproduct-
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related morphisms. Many of these propositions will be referred to in
later sections.
To begin with, two lemmas will be stated which illustrate some con-.

venient relationships involving the addition of morphisms. The commu-

tative diagrams

Pl Pz b P2
A « A X B »~ B A« A X B —nB

A I

i la O

I ? X

A

1A : 0 0] 0 : lfy/ lB

|

I, NS

A B

display factorizing morphisms to be used in the lemmas to follow.

2.1.6 Lemma. For the morphisms in the above diagrams,

A (o % .
o Py | P2 = “axp
\1g/

Proof. By uniqueness, leB is the only morphism making the following

I

i
: AxB
X B

1 0}

Hence, if it can be shown that (Oé)pl + (l jpz also serves as a factor-
B

izing morphism, the desired equality will be established. Commutativity

commute.

is shown by the following equations:
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1 0 1 fo
A + = A + p.d
Py Opl L Py Plo Py 1, Py
Bl \Lg!
= +
1Py * Op,
—:pll
and
AT e
= +
P, Opl+lp2 pzopl pzlp2
B B
= + )
Op, *+ 1P,
_=pz-///

2.1.7 Lemma. If (il,iz; A + B) is a coproduct, then

11(1A,O) + 12(0,1B) = lA+B'

Proof. Dual to the proof of 2.2.2.///

In almost every area of mathematics a Kronecker Delta function is
used to simplify notation. Category theory is no exception.

For a pair of objects A

1’ A2 define ij; j.k e {1,2} by

1 if j =k
s A, A i ] .
(o] 3 - K if j #k

This function will now be used to define a special object which will be
shown to exist in an arbitrary abelian category. It is a generalization

of the direct sum of two modules.

2.1.8 Definition. A biproduct of objects Al and A2 is an object

Al ® A2 which satisfies the following:
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(1) There exist morphisms 11,12,p1, and p2 such that (11,12;
Al ® A2) is a coproduct of Al and A2, and (Al ® Az);pl:PZ) is a product

of A, and A_.

1 2
(2) pjlk = ij'

; + i = .
(3) i;p) *+ 1P, lAlaaA,)

In a category of R-modules the direct sum of two modules is a bi-
product. The propositions and corollaries to follow show that for

abelian categories, finite products and coprocducts are biproducts.

2.1.9 Proposition. In an abelian category any product of two

objects is a biproduct.

Proof. Let (A x B;pl,pz) be a product and define il and i2 by
.
1 (0]
and
(0]
i, = .
2 1
B

It is to be shown that (il,i ;A x B) is a coproduct of A and B. Given

2

morphisms f: A -»X and g: B-»X, it must be shown that £ and g factor

through il and i2 as above. In the diagram

a possible morphism for the dotted arrow to represent is fpl + gp,,-
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To show fpl + 9P, does serve as a factorizing morphism of that diagram,
commutativity and unigueness must be shown.
Commutativity of the left-most triangle follows from the following

equations:

'a

+
(fpl gpz) o

L 1
fpilo | * 9Pyl0

f + gO
lA g

il

+ .
(fpl gpz)ll

£.

The commutativity of the right-most triangle is shown in a similar
fashion.

To show uniqueness, suppose h: A x B > X also makes the diagram

commute. Thus, hi £ and hi2 = g. Using 2.2.2,

1
h=hl o= h(ilpl + izpz)
= hilpl + hi2p2
= fpl + gpz.

Hence, fpl + 9P, is unique.
To finish the proof that A x B is a biproduct there remains the
requirement that pjik = ij. But these follow from the original dia-

grams defining the morphisms il and i2.///

2.1.10 Proposition. Any coproduct of two objects is a biproduct.

Proof. The proof is dual to the proof of 2.1.9.///
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Recall that the product and coproduct are unique up to equivalence.
Since it was just shown that a product of two objects serves also as
their coproduct, the product and coproduct must be equivalent. This

important result is a corollary.

2.1.11 Corollary. In an abelian category, the product of two

objects is equivalent to the coproduct of the two objects.///

Therefore, in an abelian category it makes sense to use the symbol
"A ® B" to denote both the product and coproduct of A and B. The dia-
gonal morphisms also have nice characterizations in an abelian category

as the following lemma shows.

2.1.12 Lemma. Let (il,iz;A ® A; pl'PZ) be the biproduct of an

~object A with itself. Then

AA = 11 + 12
and
\ = + .
aT Pt R
=z . = = (i + i =i +
Proof It follows that AA lAeAAA (1lpl 12p2)AA llPlAA
. - 1 + 3 =i +i. .
12p2AA 111A lZlA 1l i, Dual equations show the other

equality.///

The next proposition shows that in an abelian category the mor-
phisms (f1 o f2)R and (fl (3] f2)C' defined in section 1.10, are differ-
ent notations for one morphism which hereafter will be denoted simply

llfl ® f2ll .
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then the mor-

2.1.13 Proposition. If f]: Al - B. and f2: A_ -+ B

1 2 2!

i : A, > .
phisms (fl ® f2)R’ (f_1 ® f2)c Al ® 9 Bl ® B2 are equal

Proof. It suffices to show that (fl ® fz)c is a factorizing morphism

for the same diagram in which (£, & f2)R arises as a factorizing mor-

1

phism. In the diagram which follows,'(Bl ® B, ; ql,qz) is the product

2

£fB d .
o 1 and B

2
9 9,
B4—--w B_ ©® B ~————mB
1 2 A 2 2
AN i
|
oN_ e
A
1 ® AZ

It must be shown that (fl,O)-= ql(fl ® f2)c and (O,fz) =

q2(fl o fZ)C' Since (f,,0) was obtained as a factorizing morphism, it

1

suffices to show that ql(fJ © f2)C also serves as that factorizing mor-

£
. . s . C_ ( 13 - £ ..
phism Specifically, ql(fl ® f2)Cll ql‘O / fl. Similarly,
P Oy _ - . C e
qz(fl ® f2)12 = q2(f§ = f2. The commutativity is verified so
(fl ® f2)C = (fl & f2)R'///

Given morphisms fl, £, Iyr and 9, such that the composition

2
(gl ® gz)(fl ® f2) and the direct sum morphism glfl ] g2f2 are defined,
it will be useful to know that these morphisms are equal. This is
indeed the case in any abelian category. In order to simplify the proof

of the equality, a lemma is first singled out which gives a characteriza-

tion of certain vector morphisms.

el . : -> :
2.1.14 Lemma If fl Al A2 and f2 A2 -+ B2, then
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£
(£1:0) = £,py o) =4t
and
(0,f) = £ OV - i
e £, 272"

Proof. All the vector morphisms were obtained as factorizing morphisms,
so it suffices to show the proposed equal product is also a factorizing

morphism in the same diagram. Recall the diagrams pertaining to (fl,O)

and (O,f2):
. { .
1 ) h1 2
A
Al'—————}Al G? A2a¢:-—-——-— A2 Al-——-w- Al Qi A2<——-—-- 5
£ 5 0 0 { f
1 v Y 2
Bl B2
£ i = i = 1 = - ll .
However, (Lkpk)lk Ek(pklk) fk A, fk for k € {1,2}. When

k,j e {1,2} but k # 7, (fkpk)ij = fk(pkij) = fk(O) = 0, which shows
the needed commutativity.

By dualizing, the equations involving ilfl and i2f2 can be seen
to hold.///

2.1.15 Proposition. Given the morphisms fl' f2, gl, and g2 as
seen in
£ g
1 1
» B >

By 1 €
£ g
2, B —2>C_.

Then (gl ® gz)(fl © f2) = glfl ® g2 9
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Proof. Let Py Pyr 9y rl,'and r2 be projections from the products

(Al ® A_; pl,pz), (Bl @ B2; ql,qz) and (Cl o C2; rl,rz), respectively.

2

By definition, glfl ] q2f2 is the factorizing morphism in the Jiagram:

g £f.p g f.p
17171 27272
C - A ? A, >,
|
\ ' /

{

1 . Y 2

>, @ C,

The following equations show that (gl 5] g2)(fl ® f2) is also a factoriz-

ing morphism:

rk(gl ® gz)(fl ] f2> gqu(fl ® f2)
I EyPy !
for k = 1,2. Hence, the desired equation is verified.///
For the next proposition take the notation to be the same as was

used in 2.2.11l.

2.1.16 Proposition. The morphism f£. & f2 has the following form:

1

f.p

=i f.p. + i
£, 05, = 4,fp) + 1,50,

11

Proof. It will suffice to show that the sum of morphisms on the right

side of the equation makes the diagram

9 9
Bl4—-———-- Bl G; B2——--—--—> B2
f
!
(fl,;}\\\ , ///787;2)
A @A
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commute. In view of fJPl = (fl,O), the left-most triangle of the dia-

gram commutes, since

i f + 1 F - . - + N
q; (3, 8)py + 1,5p)) = q i 510y +qpi,fop,

+
1B f.p (O)f2p2

1 171

= flpl.

(O,f2), commutativity of the right-most tri-

Similarly, using f2p2 =

angle will follow by considering qz(ilflpl + i2f2p2).///

The next theorem indicates how a sum of morphisms on an arbitrary
hom-set could have been defined had only the axioms A-2 and A-3 been

accepted.

2.1.17 Theorem. In an abelian category, if £,9 € hom(A,B), then

£+g=0A(f£090V,.

Proof. Let f,9 € hom(A,B). Then

il

AB(f ] g)\7A (p1 + Pz) (f & q) (i1 + 12)

Il

L4 Ly _ .
pl(feag)l1 pl(f®g)12 pz(fGBg)ll pz(fGBg)l2

£ £, .
(O)il + (0)1

f+0+0+g

0, . 0
5 ¥ (g)ll + (g)k2

£+g.///

The fellowing theorem and its two corollaries will frequently be
referred to in future sections in which discussion will center around
short—-exact sequences. Although short-exact sequences have not yet

been defined for an abelian category, the theorem and its corollaries
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will provide conditions which imply that the middle object of a short-

exact sequence is the direct sum of the other two objects.

2.1.18 Theorem. Given morphisms as seen in the diagram

and the following equations hold:

1 =q93..1 =4q,]
A
1 11" A, 272

and

. \
1 = 3,9 + 3,9,

then B is equivalent to Al o] A2.

Proof. The equations given imply two more equations, namely,

and q2jl = 0. The first holds since

43, = 9, (3,9, + 3,903,
i d o 4a s o
973197, T 93,90,

1
A

=1 4q93j,+ a3
A1 1278,

i+ j .
935, T 94,

= 0

This results in the equality qu = qu + g.j. which implies qu = O.

172

In the same manner one can derive q2jl = 0. Next define morphisms

3 '-
k: B » Al @ A2 and k': Al @ A2 > B by

k =i q

Y
19 T R

kl

. 4 A
lel ]2pzr
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where il, i2, pl, and p2 are the canonical inclusions and projections

for the biproduct A, ® A_. - The following equations show kk' = 1 ) :
1 2 AjﬁiAz

kk* = (1lq1 + 12q2)(319l + 32p2)

G iade tiatio 4
119797P; T 159535Py T 119759,

b ,
129591

= i + i + i + i
1l(lAl)pl 12(1A2)p2 11(O)p2 12(0)92

= 1 + i
1Py T APy

=1
® .
Al A2

A similar computation gives k'k = lB. Hence, k and k' are equivalences

and B is equivalent to A

1 © BAy/77

2.1.19  Corollary. The following diagram commutes (all notations

are as defined in the previous theorem):

i) P,
A -A 8 A —=2
1 l 1
A 5 - B ———=2,

Proof: The commutativity follows from the following equations:

k'iy = (3;p) + 3,004, Gk = 4GPy + 3pP,)
= jypyi; + 3P4 = 9y3;P) * 9,3,P,
=31, + 3, (0) : = ©py + 1, P,
1 2
-3, = p,.///
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2.1.20 Corollary. If pi = lC where these morphisms are

BEZ=—"ZC,

then B is equivalent to Ker(p)®C and to C & Coker(i).

Proof. Consider the morphism g = lB - ip. This morphism is a right-

annihilator of p as seen by the following equations:
pg = pl, - pip = p - (lA)p =p-p=0.

Letting k = ker(p), there must be a unique morphism h: B Ker (p) such

that g = kh. Consider the diagram

k P
Ker(p) B > C
h i

i - i=0 and k is monic, it follows

Since khi = (lB - ip)i =1i - ipi

that hi = 0. Since g

kh and g 1_ - ip, one deduces that lB = kh +

B
then

If

ip. By hypothesis pi lC. If it can be shown that hk = 1

Ker (p) '
by the theorem, B will be equivalent to Ker(p) ® C as desired. To show

hk =1 it will suffice to show lKe h = hkh, since h is epic

Ker (p) r (p)

and can be right-cancelled. To do this consider

hkh = h(l, - ip)
= h - (hi)p
=h - (O)p
=h

= lKer(p)h'
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Using the morphism £ = 1 - ip and noting that fi = O, then a dual

C

develcpment to the above with f in place of g will prove the other
equivalence.///

The final proposition of this section will provide the character-
ization of a pullback in an abelian category. The characterization of
the pullback in M is given first and used as a guide. The pushout is
dual and left for the reader to formulate.

If fl: Ml -+ N and f2: M2 -+ N are R-module homomorphisms, then the

along f2 is the submodule L of Ml @& M_ such that the

pullback of f 5

1

restrictions of the projections pl: Ml ® M2 > Ml and p2: Ml @ M2 > M2

to L, yield a diagram

]
Py
L —— M2
pil lfz
My ——0N

which commutes and has the universal property described in 1.7. Thus,
i t th = 1_: = . ta-
it must be that L {(xl,xz) £ Ml ® M2 fl(x) f2(x2)} The commuta
tivity of this diagram translates to the requirement that x € L iff

' = ' . . . _
flpl(x) f2p2(x). The latter equality is equivalent to (flpl f2p2)(x)

= [ ] . v [ .
O or that x € Ker(flpl f2p2). The morphism flpl f2p2 is simply

the restriction to L of the morphism f - f2p .  The morphism f

11 2 1F1

f2P7 is the k to generalizing the pullback to the'categorical level.

Note that flpl - fzp2 resembles a simple 2 x 2 determinant and for this

reason it will be denoted by "d" in the proposition to follow.

2.1.21 Proposition. Let fl: M1 -+ N and f2: M2 -+ N be morphisms

of an abelian category with Py and p, the projections of Ml ® M2 onto
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i . 3 . 5 = = P = =
Ml and M2, respectively Let 4 flpl fzpz, Ker (d) and k

Ker(d). . Then (P; Plk’sz) is a pullback of,fl along f2.

Proof: The required commutativity is given by the equation flplk =

£ .p.k. This is equivalent to £

5P p.k - £, p.k = 0, which can also be

171 272

. written as (flpl - f2p2)k = 0. The latter equality holds since k =

ker(d). Suppose gl: P' = M. and g2: P' » M2 are morphisms with glplk =

1

g?pzk. Then it must be shown that there is a factorizing morphism h:

P! P such that the diagram

commutes.

First obtain a factorizing morphism using the product (Ml ® M2;

Pl'pZ) as in

//92

/
J

where the dotted line will be represented by h'. Thus, gl = plh' and

g2 = pzh'. These relations can be used to see that_h' right-

1q - . - | S L I 1 = -
annihilates flp1 f2P2' (flpl f2p2)h flplh f2p2h flgl

£f g = 0. Since k = ker(flp

29, _ - f2p2), it must be that for some unique

1
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h: P' =+ P. It will now be shown that h is the factorizing morphism
needed to complete the proof.

It needs to be shown that plkh = gl and pzkh = g26 But plkh =
plh' =9, and pzkh = pzh' = g,- Thus, h is the desired factorizing

morphism and the proof is complete.///
2.2 Punctors

The categories mentioned  throughout this section are not restricted
to being abelian categories. In fact, this section could have appeared
immediately following the section containing the definition of an ab-
stract category.

A morphism relates two objects of a single category. A correspond-
ence will next be defined which associates the objects and morphisms of
one category with those of another category. A simple example of such
a correspondence is the assignment u of Definition l.3.2kof a cecncrete
cateéory. This assignment is called the "forgeful functor" since it
"forgets" the object's structure except for the underlying set. Thus,

u associates to each object of the particular concrete category, an ob-
ject of the category ({ . The assignment u also satisfies the morphism

requirements listed in the following definition.

2.2.1 Dpefinition. A covariant functor F from the category ( to

the category fis a correspondence such that to each object A of ¢ there

corresponds a unique object of £ denoted F(A) and to any morphism f of
(¢ there corresponds a unique morphism of,@ denoted F(f). The corre-

spondence must satisfy the following axioms.
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Fun.l. If £ ¢ hom(A,B), then F(f) € hom(F(A),F(B)).

Fun.2. F(lA) lA for each object A of ( .

]

Fun.3. F(gf) F(g)F(f) for any product gf of .

As seen in the definition, a covariant functor is a two-part corre-
spéndence, One part corresponds objects with objects, the other part
corresponds the morphism of one category with the morphisms of the
other. Perhaps a more technically correct definition would define a
functor as a pair of correspondences. Some authors do this but the re-
sulting notation becomes difficult to maintain and so the ﬁajority of
definitions use a single symbol for the two correspondences.

The conditions listed in the definition as preserving certain
properties of morphisms is much like the way a morphism itself preserves
structure of objects. Fun.l. implies that a covariant functor F must
preserve domain and codomain of a morphism. Ancther way of stating this
would be that Dom(F(f)) = F(Dom(f)) and Codom(F (f)) = £ (Cocdom(f)).

The second condition states that a covariant functor must preserve
identity morphisms. The last condition implies that commutativity of

diagrams must be preserved. To see this, take morphisms £ and g as in

The image of this diagram under the covariant functor F would be

F(a) F(£f)

F () lF (9) .
F(C)

F(B)
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The latter diagram must commute because condition Fun.3. requires
F{gf) = F(g)F(f).

A very important covariant functor can be described by first choos-
ing and fixing an object X from.an abelian category dq. Define a corre-
spondence F from $3t0¢ﬁb (the category of abelian groups) as follows:

Object correspondence: F(A) = hom(X,3a). ‘

Morphism correspondence: If f: A - B, then F(f) = f*, the

| induced morphism defined in 1.5.

Recall that f*: hom (X,A) - hom(X,B) is given by f*(h) = fh for
h € hom(X,A). It is straightforward to show that f* is a group mor-
phism. Thus, Fun.l. is satisfied. Fun.2. was shown in Corollary 1.5.7.
If f: A > B and g: B > C, then it is required that F{(gf) = F(g)F(f).

* * %
In other symbols, (gf) =g f is needed. Let h € hom(X,A) then

* % *
g £ (h) = g (fh)

it

(gf)h

*
(gf) (h),

1l

. * * %
imply (gf) =g £ .
The functor F defined above is very often written as hom(X,_ ).

Suppose the other position is fixed with an object Y and allow the

first position to "take on values.” That is, define a correspondence
G by

G(A) = hom(a,Y)

G(f) = £,.

The important thing to note is that G is not a covariant functor.
G does not preserve domains. To see this, take morphism f£: A -+ B and

consider G(f). Recall that G(f) = £ is defined by
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f*: hom (B,Y) = hom(a,Y)
with

f, (h) = hf.
Thus, the domain of G(f) is G(B) and the codomain is G(a). Howeve}, G
preserves identities and commutativity. Since there are many other

correspondences with these properties, it is convenient to give them a

name.

2.2.2 Definition. A contravariant functor G from category (! to

ég is a correspondence such that to each object A of ( there corresponds
a unigue object G(A) of 55, and to any morphism f of (' there corresponds

a unique morphism G(f) of ﬁ)such that the following are satisfied:

Cofun.i. If f & hom(A,B), then G(f) € hom{G(B),G(Aa)).

for each object A of ér.

Cofun.2. G(lA) lG(A)

G(f)G(g) for any product gf.

Cofun.3. G(gf)

Remark. Many writers drop the adjective covariant and use just the word
"functor" to mean covariant functor. But for the dual they use the full

description "contravariant functor" on the single word "cofunctor."

Now that the two functors hom(X, ) and hom(_,Y) have been described,
it is desired to view these as component-wise restrictions of a corre-
spondence hom(_, ) of two "variables." This situation is given general

form in the following definition.

2.2.3 Definition. Given categories.f?, 0 and l), a bifunctor T
from the class of ordered pairs‘@ x{ to Dis a correspondence such

that to each pair (A,B) of B x( there corresponds a unique object
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T(A,B) of 13 and for any pair of morphisms f: A--> A' and g: B > B'
there corresponds a morphism T(f,g): T(A',B) - T(A,B'). This corre-

spondence T must satisfy:

Bifun.l. T(lA'lB) = 1T(A,B)'

Bifun.2. T(f'f,g'g) = T(f,g")T(f',q).

Let us check that hom(_, ) can be made into a bifunctor. The ob-
ject correspondence is given by (A,B) - hom(A,B). Let morphisms
f:A > A' and g: B > B' be given. If h: A' + B, then the diagram view

is

A ———> A" A

which reduces to ghf

B ~———> B! B'.

Thus, define T(f,qg) by: T(£f,g) (h) = ghf.
Bifun.l. is satisfied since T(lA'lB)(h) = lBhlA = h. Let £,f'qg,q’

and h be given as in

1
A £ > A' £ > A"
h
B-~7§“—b B' ———— B"
Then
T(f'f,g'f) (h) = g'ghf'f

g'[T(£',9) (W) 1f

T(£,9")T(£',9) (h).

This shows Bifun.2. is satisfied.
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The bifunctor hom(_, ) was the prime motivator for the definition

and it is said to be contravariant in the first variable and covariant
in the second variable. As another example of a bifunctor, a generali-

zation of hom(_, ) is considered. Let ¢ be a concrete category. For

any two objects A and B, define BA by

BA = {f: A > B; f is a function}.

A .
Thus, hom(A,B)< B . Define a correspondence H by: H(A,B) = BA. If f£:

A+ A' and g: B > B', defihe H{(f,g) by

H(f,g): H(A',B) —» H(A,B')

H(f,9) (h) = ghf.

Checking the bifunctor axioms for this correspondence is essenti-
ally the same as it was for hom(_, ). The precise relationship of these

two bifunctors is explained by way of the diagram

H(A',B) H(f.9) H(A,B')

hom(a',B) » hom(A,B')
\

hom(frg)

which is commutative. There is a need to give this relationship a name.

2.2.4 Definition. If F and G are covariant functors from cate-

gory A to a concrete category (! such that for each object A, F(A)CG(A)
and for any morphism f: A — B the following diagram commutes (i and i'

represent set inclusion):

G (@) G(E) . qm
iT ]i'
F (A) FE) L rm
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then F is a subfunctor of G.

2.2.5 Definition. If F and G are bifunctors from b to a con-

crete category such that for any pair of objects (A4;B), F(A,B) G(A,B)

and for any pair of morphisms f£f: A - A' and g: B -+ B', the diagram

G(A',B) G,9) G(a,B")
iT i’
F(A',B) FE.9) o r@,sY

commutes, then F is a sub-bifunctor of G..

Remark. Due to the awkwardness of the word “"sub-bifunctor,” the simpler
word "subfunctor" is used when it is clear that the correspondences in-

volved are bifunctors.

Two functors basic to the study of abelian groups provide us with
an example of a subfunctor. First recall that the category of abelian
groups,JUQB, includes groups which may possess torsion elements (that
is, elements with finite order) as well as torsion-free eiements (that
is, elements which do not have finite order). A group possessing both
types is called a mixed group. Many simple examples of mixed groups can
be created by "direct summing" a torsion group with a torsion-free
group. For example, G = Q & 23 is a mixed group since all elements of
Q are torsion-free and the‘elements of Z3 are torsion. In any case, the
set of all torsion elements of a group is a subgroup and is called the
torsion part of the group. One may also lock at subgroups whose ele-

ments have particular orders. If H is an abelian group and n is a

positive integer, define a subgroup H[n] by



81

Hin] = {x € H; nx = 0}.

Define two covariant functors T and S from Ab to the category of toxr-

sion abelian groups as follows:

~

For Geb: T(G) is the torsion part of G.

For Ge fb: S(G) = G[n] for a fixed n.-
The morphism correspondences are:

If £f: G > H is a morphism of u4b, then

T (H)
T (G)

S (H)

T(£) = £ 5(6) "

and S(f) = f]

By their very definitions S is a subfunctor of T. One can also notice
that T is a subfunctor of the identity functor which takes an object to

itself and morphism f to morphism f.
2.3 The Bifunctor Ext(_, )

In this section the bifunctor Ext( , )} is constructed. This bi-
functor is the cornerstone of the subject generally known as Homological

Algebra.

2.3.1 Definition. A short-exact sequence is a pair of morphisms

(f,9) such that f = ker(g) and g = coker(f).

A short-exact sequence (f,g) is most often written in diagram form

and the diagram is labeled with a capital letter. Thus,

E: o+a— 8- cso0

is a short-exact sequence. Let ‘F be the class of all short-exact

sequences from an abelian category A. The class 7 can be made into a
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non-concrete category by defining morphisms on the objects of and also

a product of these morphisms.

Let El and E2 be objects of ?f given by

H -> i ->
El o) Al~—~» Bl »—Cl o)

: -> — >
E2 0O A2 »-Bz-—> 02 ]

A morphism h: E. - E2 will be a triple, that is h = (hl'hz’h3) such

1
that the diagram

£ g
: 1 1
g =, S >
(0] A ?l Cl o}
l
hll B, h3l
0o > Az———f—2—> Bz—-—-a—;—»cz > 0

commutes. Commutativity amounts to the two squares (with h2 common to

both) commuting.

Let h: El > E2 be as above and then j: E2 > E3 also be a morphism

of F. A product jh: El > E3 will be defined to be (jlhl,32h2,33h3) as

shown in the following prismatic diagram:

£ 9
0+ A—e—tp B, e C. > O

1 1

o-a -2 | _,B.__| Z,c |0
- . \
31 ’31 1 \iz 30y \\33}‘3
o+A —— B, ———C_ >0
3TE, 3T g, 3

Now,
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1}
If

(3,h)E, =3, (f) =3, (b)) = (3,£) = £,(3;h))

and

(j3h3)gl = j3(h3gl) = j3(92h2) = (j3g2)h2 = 93(j2h2)
which gives the commutativity of the front square.

Associativity of this product follows since associativity "exists"
in each component. The identity for E: O > A > B > C »> O is (lA'lB'lC)'
Therefore, > is an abstract category.

In section 1.1 it was shown that in any short-exact sequence
0> L->M-=+>N >0, of modules, it may be assumed that L is a submodule
of M and that N is a quotient module of M. In view of this, this
short-exact sequence is also called an extension of L by N. This
terminology -is useful for any abelian category and will henceforth be
adopted.

Consider the following extensions of Z. by Z_ where the morphisms

2 2

are the obvious inclusions and projections.

H - > > ->
E 0 Z2 Z2 ® Z2 22 0

: -+ -> >
F: O Z2 Z4 -+ 22 o)

Since Z4 and 22 ® 22 are nonisomorphic, this example shows there can be
extensions of a group with different center objects. To study this

phenomenon the following definition is useful.

2.3.2 Definition. Given two extensions of A by C,

E: O*>A>B->C=>0

F: O=>A~>D=>C~>O0,
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E is equivalent to F, written E = F, iff there is an equivalence h:

B > D such that (lA,h,lc) is a morphism from E to F.

If E and F, as in the definition, are equivalent and h: B »+ D is

an equivalence such that (lA'h'lC) is a morphism, then this appears as

In fact, whenever (lA)h,lB) is a morphism, h must be an equivalence.
This will be proved in a later proposition.

This relation of equivalence is easily seen to be symmetric, re-
flexive, and transitive. Temporarily, then, the notation [E] is used
to represent the equivalence class of all extensions equivalent to the
representative sequence E. The collection of all classes [E] where E
is an extension of A by C, is denoted Ext(C,A). The reason for revers-
ing the arguments in this notation will‘be explained later.

As is often the fate of notation for equivalence classes, the
brackets used above will shortly be omitted. This has the unfortunate
consequence that the reader who is new to the subject must remember
that the extension E of A by C does not belong to Ext(C,A) but it is
the class [E] which is properly a member of Ext (C,A).

One particular equivalence class of Ext(C,A) is represented by the
extension

i p

E:t O+A—2+26C—25C >0
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Thus, Ext(C,A) is never empty.

C i . f
2.3.3 Definition. An extension O —» A ~——» B-«go C -0 splits (or

is split-exact) iff there exists a morphism h: C —B such that gh = lC
or there exists a morphism k: B A such that kf = lA' The morphisms

h and k are called splitting morphisms (associated with g and f, respec-

tively).

The extension E just before the definition is a split-exact exten-
sion since the inclusion 12: C > A ® C acts as a splitting morphism.
Furthermore, this split-exact sequence given by the biproduct of A and

C is the only split-exact exteansion of A by C, "up to equivalence."

This important fact is the content of the next theorem.

. £ .
2.3.4 Theorem. If the extension F: O »+ A —» B-ug> C » 0 splits,

then F is equivalent to E: O - A > A & C > C > O.

Proof: Assume F splits and let h: C > B be a splitting morphism such
that gh = lC' Then by 2.1.20, B is equivalent to A & C. By 2.1.19
there is an equivalence k' from B to A & C such that (lA,k',lC) is a

a morphism from F to E. Therefore, F is equivalent to E.///

2.3.5 Proposition. If (lA'h'lB) is a morphism from E to E' as

in the diagram

then h is an equivalence.
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Proof: Let k = ker(h). Notice that gk = g'hk = g'(0) = 0. Thus, k
must factor through f. That is, k = fk' for some morphism k'. But

£'%' = hfk' = hk = 0. Since f' is monic, it must be that k' = 0. Thus,
k = fk' = 0 and h is monic since ker(h) = 0. Dually, one can conclude

coker (h) = O. There, h is an equivalence.///

As mentionea in'the title of.this section Ext( , ) is a bifunctor.
However, it has not yet been said what type of object Ext(C,A) is, other
thén its general description as a class. The rest of the section is
devoted to determining a structure for Ext(C,A). First, it will be
assumed to be a set. The next attribute of Ext(C,A) will not be so
easily obtained. It will turn out that Ext(C,A) can be given the struc-
ture of an abelian group. Before a sum of extensions of Ext(C,A) can be
defined, the pushout and pullback of an extension must be defined, as
well as the direct sum of two extensions. These derivations are some-
what lengthy, even though some tedious properties will not be proved
here. The properties of pushout and pullback diagrams will be used ex-
tensively from this point on.

Choose E € Ext(C,A) as given in the beginning of this séction.

*

Also, let a morphism h: A >+ A be given. Together h and E give the

diagram:

E: 0+ A -fxB-Ipc>o

A

A

Forming the pushout of f along h to obtain a commuting square gives
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£
E: O~>A —»B ~£L>AC + 0

hl k'
*

A ""E"r*) BI

By 1. . f' is monic and is therefore the beginning of an extension of
. .
A . Since the square just constructed is a pushout, in view of the

*
morphisms g: B > C and O:-A - C, there is a factorizing morphism g':

B' - C. Thus, the following diagram is fully commutative:

E: O+A—»B-—3ac>0

h k 1

*

B! £

To check that E' is an extension of A* by C it suffices to show :
that g' is a cokernel of f'. It is already established that g'f' = O
since g' was a factorizing morphism for g: B - C and O: A* -+ C. Sup-
pose y: B' - Y left-annihilates f'. Consider yk': (yk')f = yf£'h = Oh
= 0. Hence, vk' left-annihilates f whose cokernel is g. Therefore,
yk' factors uniquely through g by some morphism k: C > Y. That is,
yk' = kg. Using g = g'k, obtain yk' = kg'k' of (v - kg")k = 0. The
equation desired is y = kg' or v - kg' + O. In order to finish a tech-
nique is used which should be familiar. Obtain y - kg' and O as a
factorizing morphism in the same diagram and then equality follows.
Using all the annihilation properties above, it is clear that the

following diagram commutes:



A £ >B
o |
h B'\ 0
£1 ~
*/ y —kg’
A 5 =Y

However, it‘is seen that 0: B' + Y also serves as a factorizing morphi
in this diagram and so y - kg' = 0O as desired.

The morphism (h,k',lc): E > E' obtained in the above construction
Wil; be referred to as a pushout extension morphism. Such a morphism

has the following useful property.

2.3.6 Lemma. Given E, E' and (h,k',1) as above and a morphism

*
(h,k,m): E+ E as shown in

E: O~ A—%B —3»C>0
h ki m
* * l*
f g

then there exists a unique factoring of (h,k,m) through (h,k',1).

*
Briefly, there exists a unique morphism k such that

(h,k,m) = (L,k ,m (hk',1).

\

*

Proof: Using the morphisms £ and k, obtain a factorizing morphism
* * . * * * .

k : B' > B with k f' = f and k'k = k. Hence, this results in the

*
factoring desired. It remains to show that (1,k ,m) is really a mor-

*
phism from E' to E . That is, the commutativity of the diagram

88

sm
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!
|
1} ki m
I}
* Y* * *
E O0*A—p>»B—p=C>0
£ g
must be verified.
. . . * *
The first square commutes since k f' = £ from the immediately

preceding diagram. The second square's commutativity, namely mg' =
* % % %
g k , is seen by showing g k - mg' = 0. First note the equation
* % * %
g kk' = mg'k', which may also be written as (g k -~ mg')k' = 0. Thus,

* %
- to show (g k =~ mg')f' = O, it suffices to show the commutativity of

the following diagram:

£
A B
w
h 1fBL~ (6]
£1.- g*k* \mg’
*/// \&'*
A » B
(¢]

* % * % * %
But, (g k - mg")f' = £k f' -— mg'f' =g £ - m(0) = 0. Therefore,

(l,k+,m) is a morphism and the proof is complete.///

2.3.7 Corollary. If E and F are equivalent extensions of A by

C, and E' and F' are respectively pushout extensions of E and F with

respect to a morphism h, then E' and F' are equivalent extensions.

Proof: Take all information of the hypothesis to be as displayed in

the following cubical diagram:
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f g
E O~>A 1 -~ B . C iio
\\\\\\ ! \\\\
- k! ! 1
h \\\\\ '\\\\\\
\'\
e S £ S, g]'_
1 b O->A B' > C -+ O E!
|
1 {1 |
f2 \ gz ;
F: 0-~>A —» D ——f — C>0 {
\ \ \\\\ !
h A\\\\; ™~ Ei‘ f‘\fl :
B \* k\\\\ L \\\\\\\
- A f' ,—D" 1 ol C -> O :F'
92

What is needed is a morphism b', given by the dotted arrow, which
will make the front face of the cube commute and for which (1,b'l) will
be an equivalence of E' and F'. Using the lemma since (h,k"b,l): E F'
is a morphism of extension, there is a unique morphism b': B' - D' such
that (h,k"b,1) = (1,b',1) (h,k'1l) and (1,b',1l) is a morphism, a fortiori,

an equivalence of extensions as desired.///

In view of this last corbllary it now makes sense to speak of "the"
pushout of E along h and to use the notation "hE" for this pushout of E.
The dual of this construction is called the pullback of an extension.

Given the diagram

*
C

*

k

E: O-*A——"E—‘E’B*“'E"*C—*O

a construction dual to the pushout allows this to be embedded in
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o g| %
Ek: 0> A = B' 2 &C =+ 0
| | |
il ih lk
4
E: 0 A B —moeoen C >0
£ g

in which (1,h',k) is a morphism of extensions. This morphism is called

a pullback extension morphism and has the dual of that special property

stated in Lemma 2.4.6. Furthermore, application of the dual 2.4.6 will
yield the properties listed in the next proposition. Their. proofs are

left to the reader.

2.3.8 Proposition. If E g€ Ext(C,A), then

la. lAE = E 1b. ElC = E
2a. h'(hE) = (h'h)E 2b. (Bk)k' = E(kk")

3. (hE)k = h(Ek).

Lemma 2.3.6 will be used again to prove the next proposition.

This proposition will be cited in later sections.

2.3.9 Proposition. Given morphisms f: A > B and g: B > C such

that £ and gf are monics and f' and (gf)' are the cokernels of f and gf,

respectively, then the extension F of the following diagram

f £ *
F: 0O>A——»B -——>» A >0
g
E: 0=+ A w C A" > 0O
gt (gf) "

is equivalent to a pullback of E.
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o, this can be viewed as (gf)'g left-annihilat-

Proof: Since (gf)'gf

*
f'k for a unique k: A > A'. Now we simply

It

ing £. Hence, (gf)'g
apply the factorizing property of the pullback extension morphism
(1,h',k). That is, we know there is a morphism (l,h*,l) such that
(L,g9,k) = (1,j',k)(l,h*,1). But (l,h*,l) is an equivalence between F

and Ek.///

Before making more use of pullbacks and pushouts of extensions,
another construction will be looked at. This will be the direct sum of
two extensions. The direct sum of extensions will be basic to the de-

finition of the sum of extension.

2.3.10 Proposition. Assume extensions E. and E_ are given by

1 2
£ 9
: -+ — '
E;: O>A—=»B c, >0
f2 g
Ez: o - Aé——~——> Bz—-———--—«’-C2 = 0.
Then the sequénce El ® E2 given by
fleaf2 gléBg2
5 it > ->
Fl (] E2 o Al (2} Aé———~——~* B1 o Bz——*m———b Cl ® C2 0
is a member of Ext(Ll ® C2; Al ® A2).
Proof. Since O = glfl (5 92f2 = (gl ® g2)(fl & f2), fl ® f2 is a right-

annihilator of gl & 9,- To see that fl @ f2 is a kernel of 9, o g2,

assume that k: K - Bl & B2 also right-annihilates gl & 92' that is,

(g, ® g2)k = 0. Obtain morphisms kl and k2 by considering the follow-

1

ing diagram for i = 1,2.
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K
/
/
, k
/
/
k,,/ B, ®B,
/
-/
r/ qi
O=>A, ——>» B, ————» C,—> 0
i * 93

i ., 1 =1,2 ist wi 1, = q, i .g.k =
The morphisms kl i ;2 exist with flll qlk, since glqlk |
pi(gl o gz)k = piO = 0. That is, qik is a right-annihilator of gi and.
as such, factors uniquely through kernel f£,. Using these morphisms,
i

obtain another factorizing morphism k as shown in

To conclude that (fl &3] fz)k' = k it will be shown that qi(fleafz)k'
= qik, from which the projections can be cancelled by 1.10.6 . From

the last diagram obtain upon substitution into fiki = qik,
f.p.k' = q.k. *
iPi q; (*)

From 2.1.14, fipi = qi(f1 ® f2). Substituting this into (*) obtain
qi(fl ® f2)k' = qik, from which the qi can be left-cancelled to arrive

at the desired factoring (fl ] fz)k' =k.///

The direct sum of extensions just obtained is a function from

t(C.,A.) > . {t is de-
Ex (Cl, l) X EXt(CZ’AZ) to Ext(Cl ®C., A, & A2) However, it is de

2 1

sired to have a binary operation on one set of extensions. This will

be accomplished by making use of the direct sum of extensions together
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with diagonal and codiagonal morphisms.

Given objects A and C of abelian category.ﬁ. recall the morphisms

VA: A ®A~>A and AC: cecCc-~+cCc. If El' E., € Ext(C,A) as given by

2

H L S . \— >
El 0 > B1~—-——e- C 0

E2: O+A-—~>—B2--->C—>O

then by 2.3.10, B, ® E, € Ext(C ® C,A ® A). Now form the pushout -

1 2
VA(El ) E2) to obtain a member of Ext(C ® C,A). Finally, form the pull-

back VA(El ] E2)AC and obtain a member of Ext(C,A) as desired.

2.3.11 Theorem. If a sum is defined on Ext(C,A) by

+ =
El E2 VA(El ® EZ)AC'

then, with respect to this addition, Ext(C,A) is an abelian group.

The proof of this theorem is a very lengthy exercise in the alge-
bra of pushouts and pullbacks of extensions. No book shows all the
details but (10) and (11) show many. Reinhold Baer is the first pefson
known to have defined this addition and in his honor the addition is
ofteﬂ referred to as the Baer Sum of extensions.

The identity of Ext(C,A) with respect to the Baer Sum is the
equivalence class represented by the canonical sequence O > A > A & C
-+ C > 0. The inverse of an extension E of Ext(C,A) is (—1A)E where
—lA: A > A is the inverse of lA as viewed as an element of the abelian
group hom(A,A7).

A consequence of this theorem is that Ext(_l_) is now seen to be
a bifunctor from A x4 to the category of abelian groups. For the sake

of simpler notation let T:A x«# -+ Ab have object correspondence
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T(A,C) = Ext(C,A). When h: A > A' and k: C > C*', then T(h,k): Ext(C,A")
> Ext(C‘,A) is given by T(h,k) (E) = (hE)k. Using the properties of
pushouts and pullbacks of extensions, the axioms of a bifunctor can be
checked.

Although the Baer Sum yields an abelian group structure for
Ext (C,A), the way in which one ferrets out the specific group structure,
when either A or C is given, can involve an assortment of techniques de-
pending on the abelian category in which the calculation is to be méde.
The remainder of this section will outline the determination of the
group Ext(Zm,G) where Zm is the cyclic group of integers modulo m and G
is any abelian group. The reader interested in the full scope of
details as well as more general calculations should see Fuchs (6) or
MacLane (9 ). Henceforth, in this example all objects will be abelian
groups.

The final steps in the calculations of Ext(Zm,G) will require the
specific group structure of Ext(Z,G). As the following lemma shows,

Ext(Z,G) is trivial for any G.

2.3.12 Lemma. For any abelian group G, Ext(Z,G) = O.

Proof. To verify that Ext(Z,G) = O it needs to be shown that any ex-
tension of G by 7z is split-exact. Choose an arbitrary extension O - G
>u¥z->0. 1t suffices to show that p has a right inverse. Since p
is surjective there is.x -+ H such that p(x) = 1. Thus, define g: Z > H
by q(1) = x, which implies that g(n) = nx for any n -+ Z. In this way g
is a morphism of groups. For any n > Z, pg(n) = p(nx) = np(x) = nl = n.

Hence, pg = lZ and Ext(Z,G) = 0.///
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The first general results needed concern sequences of induced and
. . . . . . £
coinduced morphisms which were defined in Section 1l.4. If E: O > A+ B
g C > 0 is an element of Ext(C,A) and G is any abelian group, then

there are two corresponding sequences.

* *
hom(G,E): O - hom(G,A) 5 hom(G,B) § hom(G,c)
and

* *
hom(E,G): O » hom(C,G) 5 hom(B,6) I hom(a,G).

: *
These sequences are exact at each hom-set but the morphisms g and 9,

may not be surjections. It is said that hom preserves exactness on the

left but there may not be exactness on the right. As an example to show

* ) m
that g can fail to be surjective, take E to be O —+ Z->Z-E>Zm -+ O where

m represents the morphism which multiplies each integer by the fixed
integer m. The cokernel p is the natural map given by p(xX) = x + mZ.
Before forming the sequence hom(Zm,E), recall that hom(Zm,Z) = 0. Thus,
hom(Zm,E) reduces to
*
0+>0+0+0% hom(z ,z).
m m
3 * . » . .
This shows p 1is not surjective since hom(Zm,Zm) is not trivial.
Returning to the general sequences hom(G,E) and hom(E,G), some
additional morphisms will now be defined to extend these sequences so
that ultimately an epimorphism will appear on the right. First, define

*
the connecting homomorphisms E : hom(G,C) - Ext(C,A) and E,: hom(A,G) ~

Ext(C,G) by

il

*
E (h) Eh for h € hom(G,C)

and

1]

E, (h) hE for h € hom(a,G).
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Two more pairs of morphisms are needed:

f°: Ext(G,A) - Ext(G,B) by f°(F) = fF

g°®: Ext(G,B) > Ext(G,C) by g°(F) = gF,
and

f,: Ext(C,G) - Ext(B,G) by f,(F) = Ff

g,: Ext(B,G) - Ext(A,G) by g,(F) = Fq.

Pasting all these morphisms together yields two "long-exact" sequences:

* * *
0> hom(G,A) 5 hom(e,B) ¥ hom(c,0) ¥ Ext(c,a)

£ Ext@,3) 9 Ext@,0) +o0 (1)

and

g* f* E*
0 » hom(C,G) - hom(B,G) »- hom(A,G) - Ext(C,G)

go fO
-+ Ext(B,G) - Ext(C,G) » O : (I1)

The proof that these sequences are exact at each object is not difficult
but it is quite lengthy and can be found in Fuchs (6 ).

The sequences (I) and (II) were the keys in the development of the
general subject known as Homological Algebra. Similar sequences are
known to exist for an arbitrary abelian category. Also, a subfunctor
of Ext can be used in place of Ext. This cannot be done without losing
exactness_somewhere in the sequence. These very general résults éan be
seen in MacLane (9 ) or Mitchell (11).

Sequence (II) will now be used in the determination of Ext(Zm,G).

Using the extension 0 > Z g A B Zm -+ O again, for any G there is the

long-exact sequence:

Py m, Ey

0 hom(Zm,G) -+ hom(Z,G) > hom(Z,G) - Ext(Zm,G)
bo m,
-+ Ext(2,G) > Ext(Z,G) - O.
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By Lemma 1l.4.12, Ext(Z,G) = O and so the long-exact sequence can be

reduced to
p* ,m* . E*' ’
o > hom(Zm,G) <+ hom(Z,G) > hom(Z,G) > Ext(Zm,G) 0.
It is now seen that E, is an epimorphism. By the Fundamental

Theorem of homomofphisms, Ext(Zm,G) is'isomorphic to hom(Z,G)/Ker(E*).

By exactness, Ker(E,) = Im(ﬁ*). Therefore, Ext(Zm,G) is isomorphic to
i
hom (Z,G) /Im(m,) .

To finish, it suffices to show the latter quotient is isomorphic
to G/mG. To obtain this, note the isomorphism h: hom(Z,G) =+ G given

by h(z) = z(1) for z - hom(Z,G). This leads to the diagram

m* E* .
hom (Z,G) e . hom(Z,G)m-———-~*-Ext(Zm,G)
h h
Y
G hd » G

whiph commutes when w is defined by w(g) = mg. Therefore, the cokernel

of w is G/mG. Since Im(ﬁ*) = mhom (Z,G), the sequence

agh

- i
o~ Im(m*) -+ hom(%2,G) = G/mG > O

where g: G - G/mG is the natural map, is short-exact. Hence, G/mG is
isomorphic to hom(Z,G)/Im(ﬂ*) as desired.

Summarizing, it has been shown that for any abelian group G,
Ext(Zm,G) is isomorphic to G/mG. Two particular substitutions for G

are interesting to note. For G = Z, the calculation is easy:

~

" Z2) - = .
Ext(Zm, ) 7/mZ Zm



For G = Zm’ it must be noted that Zn/mZn A

greatest common divisor of m and n. Thus,

Z = .
Ext(Zm, n) Z(m,n)

(m

7

n)

where (m,n) is the
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CHAPTER TIIT
RELATIVE HOMOLOGICAIL ALGEBRA

The goal of this chapter is to present and study the axiomatic
approach to relative homological algebra.. The teéhnique of using.pro-
jective clésses to arrive at relative homological algebra will be brief-
ly described in the final section. David Buchsbaum in 1959 was first
to state axioms for felative homological algebra in a general categori-
cal setting (1). The motivation for such study came from examples in
algebraic topology and abelian group theory. Perhaps the most heuristic
example is the relative homological algebra associated with the pure
subgroups of abelian groups. The details of a specific relative homo-
logical algebra are not to be given until Chapter IV. Rather, the
present chapter will examine the relationships between the axioms of
Buchsbaum and two other sets of axioms which have appeared in important
publications. These three axiom sets are sufficiently different to war-
rant such an investigation. It will be shown that the three axiom seté
are equivalent. Furthermore, none of the axiom sets is an independent

- set of axioms. Redundancies in Buchsbaum'’s set of axioms will be
pointed out and a reduced set of axioms obtained. Redundancies will
also be shown to exist in the other axiom sets.

Many of the results of the two past chapters will be applied in
proving the theorems of the present chapter. Throughout this chapter

all discussion is to be viewed as taking place in an abelian category.

100
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3.1 Buchsbaum's h.f. Classes

As mentioned in the introductory remarks of this chapter, the pure
subgroups in the category of abelian groués serve to motivate the funda-
mental ideas of relative homological algebra. Therefore, this section .
will begin with ‘a brief description of the relative homological proper-
ties of pure subgroups. Details of the proofs of these properties can
be found in Reference (6). The statement of these properties will then
be used as a basis fgr generalization to axioms in an arbitrary abelian
category as stated by Buchsbaum.

In the following example of puré subgroups the word "group" will

mean "abelian group."

3.1.1 Definition. A subgroup B of group A is a pure subgroup iff

for any integer n, nB = B N na.

Sincerit is always true that nBCB(nA, the equality stated in the
definition is equivalent to the inclusion BMnACnB. It is easy‘toi
check that if B is a direct summand of A, then B is a pure subgroup.'
However, there are pure subgroups which are not direct summands and,
therefore, purity can be viewed as a generalization of direct summands.
If A, B and C are‘groups where C(:BCfA, then the relative homological
properties satisfied by the notion of purity are shown in the following
list.

1l. If B is a direct summand of A, then B is a pure subgroup of A.

2. If C is a pure subgroup of B and B is a pure subéroup of A,
then C is a pure subgroup of A.

3. If B is a pure subgroup of A, then B/C is a pure subgroup of

a/C.
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4., If C is a pure subgroup of A, then C is a pure subgroup of B.

5. If C is a pure subgroup of A and B/C is a pure subgroup of A/C,
then B is a pure subgroup of A. |

Since the category of abelian groups is an abelian category, any
monqmorphism f: B~ A is the kernel of the natural map A -»A/f(B). If

f(B) is a pure subgroup of A, then f is called a pure kernel and its

cokernel is called a pure cokernel. The five conditions satisfied by
pure subgroups can be equivalently stated in terms of pure kernels and

pure cokernels as follows. Again take A, B and C to be groups where

1. If A =B ® B', then the canonical inclusion B + A is a pure
kernel.

2. IfC > B and B -+ A are pure kernels, then C + A is a pure
kernel.

3. If B~ A is a pure kernel, then B/C -+ A/C is a pure kernel.

4, If C > A is a pure kernel, then C - B is a pure kernel.

5. If A~ A/C and A/C - A/B are pure cokernels, then A =+ A/B is
a pure cokernel.

The axioms of Buchsbaum can be viewed as a generalization of these
properties of pure kernels and cokernels. Before stating Buchsbaum's
axioms, some speciai notation is needed for classes of morphisms which
are associated With classes of monics or epics.

Let I be the class of monics and D be a class of epics of an arbi-
trary abelian category. The ﬁotation to follow will be adopted for use
throughout this chapter.

C(I): the class of all cokernels of the monics in I.

K(D): the class of all kernels of the epics in D.
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C—l(D): the class of ali morphisms whose cokernel belongs to D.

X l(I): the class of all morphisms whose kernel belongs to I.

S(I): the class of all short-exact sequences of the form

. .
O+>A —=»B —=3C.> 0

where 1 ¢ I (hence, i' e C(I)).

3.1.2 Definition. (Buchsbaum) Given a class I of monics, I is

an h.f. class of monics iff the following conditions are satisfied:

B-1l: K(C(I)) = I.

B~2: pi = 1 implies i € I.

B-3: f,g € I and fg defined implies fg e I.

B-4: p,q € C(I) and pgq defined implies pg &€ C(I).
B-5: £ being monic and fg € I implies g ¢ I.

B-6: g being epic and pg € C(I) implies p € C(I).

The class K(C(I)) of B-1 is derived by taking kernels of members
of C(I). Since a monic is a kernel of its cokernel, the inclusion
ICK(C(I)) will be true irrespective of I being an h.f. class. There-
forg, the equality in B-1 could be replaced by K(C(I))C I. To see what
this latter inclusion means, assume it is true for some class I and let
j € K(C(I)). Then j = ker(p) where p = coker(i) for some i € I. Hence,
j and i are kernels of p and as such are right~equivalent. That is, for
some equivalence h, j = ih. Thus, the inclusion implies that if i ¢ I,
then all right-equivalents of i also belong to I. Next, note that B-1
implies its dual. 1Its dual can be best stated if we first let D = C(I).

Then the dual of B-1l is C(K(D})< D.  To show this, let g € C(K(D)).
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Then g = coker(j) for j € K(D) = K(C(I)). By B-1l it must be that j € I
and so q = coker(j) € C(I) = D as desired.

Recall from 2.1. that if pi = lA' then p is said to be a left inf
verse for. i and i a right inverse for p. A mcrphism which has a right
inverse is called a retraction and a morphism which has a left inverse

is called a coretraction. Using this terminology, B - 2 states that

any coretraction must belong to I. The dual of B - 2 would state that
any retraction belongs to C(I). Suppose B - 2 holds for some class I
and that pi = lA' It follows from the proof of 2.2.20 that the kernel
k of p is a coretraction. So B - 2 implies k € I which then gives
p € C(I). Hence, B - 2 implies its dual. Note that B -~ 3 and B - 4
are dual as well as B - 5 and B - 6. In the remark immediately above,'
B - 1 was shown to imply its dual. Tﬂerefore, when a class of monics
satisfies B - 1 through B - 6, the class C(I) must satisfy the duals of
B - 1 through B - 6. Hence, it makes sense to speak of an h.f. class
of epics as is done in Mitchell (11).

Conditions B-3 and B-4 require the classes I and C(I) to be closed
under composition. Axioms B-5 and B-6 are partial converses, respec—
tively, of B-3 and B-4 énd are often referred to as intermediate proper-

ties. The diagram

depicts B-5 for morphisms f and g. Since fg is monic, the right-factor
g is monic. Since £ is also monic, C can be viewed as a subobject be-

tween or intermediate to A and B. If C, B and A are abelian groups,



then this intermediate property corresponds to property 4. listed above
for pure kernels. A dual diagram shows why B-6 is also called an inter-
mediate property of epics.

Now that the remarks have made clear the meaning of each axiom, it

will be shown that B-1l can be derived from B-2 and B-3.

3.1.3 Proposition. If I is a class of monics satisfying B-2 and

B-3, then I satisfies B-1l.

Proof: It suffices to show that if i € T and h is an equivalence with
ih defined, then ih & I. Since hnlh = 1, h is a coretraction and by

B-2, h € I. Using B-3 the composition ih € I as desired.///

In an abelian category there is a largest and smallest h.f. class
of monics. Clearly, the class of all monics of an abelian category
satisfies the axioms and must be the largest h.f. class. At the other
extreme is the class of coretractions which, by B-2, must be contained
in every h.f. class. Thus, if the class of all coretractions is indeed
an h.f. class, then it will be the smallest such class. The next

proosition shows that the coretractions do form an h.f. class.

3.1.4 Proposition. The class I of all coretractions is an h.f.

class of monics.

Proof: 1In view of the last proposition and the hypothesis it suffices
to verify axioms B-3 through B-6.

To show B-3, let f,g, € I and fg be defined. Since f and g are
retractions, let f and g, respectively, denote their left-inverses.

Then
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(9f) (f9) = g(ff)g
= g(l)y
= gg
=1,

which shows Ef is a left-inverse for fg. To show B-4, let p,q € C(I).
Then p and g are retractiéns and gp is a right-inverse for pqg when the
latter is defined. To verify B-5 note that any product fg which is
itself a coretraction implies that the right-factor g is a coretraction
(irrespective of f being monic). To see this, suppose (EE) is a left-
inverse for fg. Then ((fé)f)g = (Ea)(fg) =1, shows that (fa)f is a
left-inverse for g. B-5 follows in a dual fashion. Therefore, I is an

h.f. class.///

When working with h.f. classes of monics; one soon realizes that
all discussion centers around kernels and their cokernels. Therefore,
the class S(I) is often a more appropriate setting for the discussion.
If I is an h.f. class of monics, then S(I) is often called a relative

homological algebra. It will be seen that there is a one-to-one corre-

spondence between relative homological algebras and certain subfunctors
of Ext(_,_) called E-functors. If calculations involving the bifunctor
Ext(_, ) are viewed as "absolute" homological algebra, then the justi-
fication can be seen for the terminology "relative" homological algebra
for investigation of E-functors. It is important to note here that the
elements of S(I) have been defined to be extensions and not equivalence
classes of extensions, as are the members of Ext(C,A). At times, when
speaking about a relative homological algebra, it is convenient té

speak, instead, of the related class whose members are equivalence
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classes represented by elements of the relative homological algebra.
That this can be done without any difficulty will follow from the next
proposition. This proposition shows the axioms for a relative homo-

logical algebra as they appear in much of the literature.

3.1.5 Proposition. If I is a class of monics, then I is an h.f.

class iff S(I) satisfies the following conditions:

A S-1l: E € S(I) and F = E implies F € S(I).
S-2: Any split-exact sequence belongs to S(I).
s-3:  If £ and\g are kernels of sequences of S(I) and fg is de-
fined, then fg is also & kernel of a sequence of S(I).
S-4: If p and g are cokernels of sequences of S(I) and pg is de-
fined, then pg is also a cokernei of a sequence of S(I).

fg

s-5: If 0> B -f».c is exact and O > A > C —>» Coker (fg) - O

€ S(I), then O > A -9 B —» Coker(g) + O € S(I).
S-6: If A-3+.c + O is exact and O > Ker(pq)maa-A-—Ega.B +> 0 €

S(I), then O + Ker (p) —=C Los>o0e S(I).

Proof: Assume I is an h.f. class of monics. Note that S-3 through $-6
are, respectively, the slightly translated statements of B-3 through B-6
and no furfher clarification is needed. 1In regard to S-2, since the
kernel of a split-exact sequence is a coretraction B-2 implies S-2.
Finally, S-1 can be derived from S-2 and S-3 using argument, mutatis‘
mutandis, of the proof of 3.1.2 wherein B-1 was deduced from B-2 and
B~-3.

Conversely, assume I is a class of monics such that S(I) satisfies
S-1 through S;6. Again, thefe is a direct translation of S-3 through

S~-6 to obtain B-3 through B-6. Only B-2 remains to be checked. But by
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2.2.16, pi = 1 gives rise tc a split-exact sequence having i and so

ieI.///

It may have been thought that B-1 and S-1 were related. They are

not. Suppose F = E € S(I) and these sequences are as shown in the

commutative diagram

|
E: O~ A ~jia-B-—£—%-C > 0

h

v

F: 0O+A-—sB'—»C>0
g g

where h is an equivalence. Since g = hf, this implies that S-1 requires
I to be closed under left-equivalents whereas B-1 has been seen to re-
quire I to be closed under right-equivalents.

The theorem to follow is due to MacLane (9; XII, 4.3) shows that
for an h.f. class of monics I, S(I) is closed under pullbacks. The
proof can be dualized to show that S(I) is closed under pushouts. This
important result will be used in the section to follow in relating the

axioms of Buchsbaum to another set of axioms.

3.1.6 Theorem. If S(I) is a relative homological algebra and

E € S(I), then Eh € S(I) for any morphism h.

Proof: Let S(I) be a relative homological algebra and choose E € S(I)
and an arbitrary morphism h such that Eh can be formed. Let this in-

formation be as displayed in the commutative diagram

£ 'g|
Eh: 0O +>A ——>P 25 C' >0
h' h

E: O+ A —??>-B —z;» cC » 0
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Recall that P, h' and g' are defined by considering the sequence

d=gp.~hp
k
P = Ker(d) —————3 B ® C' —~—“~¥£-~§-C,
where k = kexr(d); pl: B®C' > B, p2: B®C' > C', are the canonical
projections; and h' = plk and g' = pzk.
The morphism k is monic since it is a kernel, but it is not'readily
seen to be a member of I. However, kf' can be expressed as a product

of two morphisms of I, since

kf! 1 (kf')

B&C'

= i i t
(1lp + 12p2)kf

1

=i p.kf' + i_p_kf"

1F1 2Py

= 41 h'Ff' + 4 g'f!?
llh £f' + 12g f

= 11f + 12(0)

= 1lf.

Using B-3, the product ilf € I and so kf' € I. Invoking B-5, £ € I and

so Eh € s(1).///
3.2 h.f. Classes of Morphisms

Buchbaum's axioms, published in 1959, represented the culmination
of many types of investigation, all of which involved either Ext(_, )
or its subfunctors. However,these axioms were generalized by the two
mathematicians M. C. R. Butler and G. Horrocks. Their lengthy publica-
tion in 1961 included a set of axioms for an h.f. class of mérphisms
(not just monics). Their work also gave a careful analysis of the rela-

tionship between h.f. classes and E-functors (2). The precise
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relationship between the axiom set of Butler and Horrocks and that of
Buchsbaum will be derived. It will be shown that this relationship
determines a one-to-one correspondence between the two types of h.f.

classes.

3.2.1 Definition. (Butler-Horrocks) A class M of morphisms is

an h.f. class of morphisms iff the following axioms are satisfied:

BH-O: M contains all xero monics and zero epics.

BH-1: f & M implies hfg € M fof any equivalences h and g for
‘which the composition hfg is defined.

BH-2: f € M iff ker(f) € M and coker(f) & M.

BH-3: If f, g € M and f and g are monics such that fg is defined,
then fg € M.

BH-4: If p,g € M and p and g are epics such that pg is defined,
then pg € M,

BH-5: If fg € M and fg is monic, then g € M.

Bli-6: If pgq € M and pq is epic, then p € M.

These axioms are‘numbered in such a way that BH-3 through BH-6
correspoend to those of Buchsbaum's of the same numbers. Moreover, the
zero-th axiom seems appropriately numbered. The difference between B-5
and BH-5 should be carefully noted. 1In B-5, f is required to be monic,
whereas in BH-5 there is no restriction én f othef than it composes
with g. Recall that saying fg is monic implies the right-factor g is
monic. The dual axioms B-6 and BH-6 differe in a corresponding way.

Before reading the next theorem it is advised that the reader re-

call the notation given just prior to Definition 3.1.2. The theorem
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shows precisely how an h.f. class of morphisms can be obtained from an

h.f. class of monics.

3.2.2 Theorem. If I is an h.f. class of monics, then the follow-

ing class
-1 -1
M(I) = TUC(DU [K (I)NC ~(C(1))]

is an h.f. class of morphisms.

Proof: First note in words how M(I) extends I. All cokernels of I are
inciuded. Then allnmorphisms whose kernel and cékefnel are in I and
C(I), respectively, are included. Suppose f € K_l(I)r\C—l(C(I)) and £
is monic. Since a monic is a kernel of its cokernel and coker (f) €
C(I), using K(C(I))C I, it must be that £ € I. That is, all monics of
M(I) must have come from I only. Dually, all epics of M(I) must belong
to C(I). Since equivalences are both monic and epic, it can be assumed,
without loss of generality, that all equivalences belong to I and M(I)
is a disjoint union.

To vefify BH-O note that the composition O -Qe-Av~9L> O is in
hom (0,0) and so 0'0 = l0 and by B—2v0 € I and O' € C(I) which proves
BH-O. |

To check BH-1 let £ € M(I) and h and g be equivalences such that
hfg is defined. Since h,g € I, then if £ € IUC(I), hfg can be viewed
as either a product of monics of I or as a product of epics of C(I).

In either case, hfg € TUC(I) by B-3 or B-4. Now check hfg when f ¢

K—l(I)f\C—l(C(I)). That is, ker(f) = k € I and coker(f) = p € C(I).

However, ker(hfg) = g-lk € I and coker (f) ph'-1 € C(I). Therefore,

hfg € K T (1) 1 (C(I)) which implies hfg € M(I).



To show BH-2 note that f € K—l(I)f}C_l(C(I)) means ker(f) £ I and
coker (f) € C(I) and so the kernel and cokernel of f belong to M(I). If
f € I, then its kernel is a zero monic which was'shown to be in I, its
cokernel is in C(I) so kér(f) € M(I) and coker(f) € M(I). Dually, if
f g C(I), then ker(f) € M(I) because it is in I and coker(f) is a =zero
epic already shown to be in C(I). Conversely, assuming that ker (f) e
M(I) and coker(f) € M(I), one obtains f € M(I) automatically due to the
construction of M(I).

The properties BH—3vand BH~4 follow directly from B-3 and B-4 in
view of the fact that all monics and epics of M(I) are members of
I C(I).

Finaily, BH-5 will be shown and the dual argument for BH-6 will be

omitted. Let fg € M(I) and fg be monic. By 2.5.9, the diagram

Y
s
Q
¥
=
4
o

Eh: O->B

f

E: O+ B »L > O

— C
fg (fg) '

commutes, where h is the map induced by the cokernel property. Since
fg e I, E € S(I) and by 3.1.6, Eh € S(I) which implies g € I. Hence,

g ¢ M{(I) as desired.///

3.2.3 Theorem. Let M be an h.f. class of morphisms and I the sub-

class of M consisting of all monics of M. Then I is an h.f. class of

monics.

Proof: Conditions B-3 through B~-6 follow directly from the correspond-

ing conditions BH~-3 through BH-6. The only other one that needs to be
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checked is B-2. Let pi = 1 Since lA € M, then pi € M. Using BH-4

5

p can be cancelled to obtain i € M. Furthermore, i € I since it is a

monic.///

The last two theorems'haﬁe shown the relationship between h.f.
classes of monics and h.f. classes of morphisms.. It will now be argued
that the procedures used in the two last theorems are inverse proce-
dures. To show this, suppose I is an h.f. class of monics and let M(I)
be the h.f. class of morphisms obtained in the manner described by
Thebreﬁ 3.2.2. Next, let I' be the h.f. class of monicé obtained from
M(I) in the manner of Theorem 3.2.3. The monics of I' are simply all
the monics of M(I). However, it was shown that the monics of M(I) are
precisely those of I. Thus, I = I' and there is a one-to~one corre-
spondence between h.f. classes of monics and h.f. classes of morphisms.
Since S(I) is uniquely determined by I, there is a one-to-one corre-
spondence between relative homological algebras and h.f. classes of

morphisms.
3.3 Proper Classes of Extensions

As a result of Butler's and Horrocks' work, some mathematicians
stated axioms for h.f. classes in terms of a subfunctor of Ext. The
axioms of Richman and Walker are a good example of this (13). Their
axioms were given in the context of a pre-abelian category, a settihg
slightly more general than our present abelian category. However,
their axioms are just as appropriate in an abelian category, and this

is the setting in which they will be viewed.
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For each pair of objects (C,A) distinguish a nonempty subset
Pext (C,A) of Ext(C,A). Define it by

H = U Pext (C,A).
(C,n)

With this notation the following definition is made.

3.3.1 Definition. (Richman~Walker) H is a proper class iff the

following conditions are satisfied:

RW-1: E € Pext(C,A) and h: C' » C implies Eh € Pext(C',3).
RW-2: E € Pext(C,A) and k: A - A' implies kE € Pext(C,A').

RW-3: E_. ¢ Pext(Cl,Al) and E

1 € Pext(CZ,A2) implies E. ® E_ €

2 1 2

Pext ®C., A .
ex (C1 C,. ®A,).

2 1

RW-4: O > C ~g+-B —» Coker (g) -+ O € Pext(Coker(g),C) and

O~>B ~£¢-A ——» Coker (f) - O € Pext (Coker(f),B) implies
0 > C-EEA-B-»~a~Coker(fg)->o € Pext (Coker(fqg},C).

RW-5: O -~ Ker(q)-a-B-fl>A > O € Pext(A,Ker(q)) and
O -+ Ker(p) —»A Ji,c > 0 € Pext(C,Ker (p) implies

o > Ker(pq)-_a-B-agge.C > 0 € Pext(C,Ker (pq)).

If H is a proper class, then any short-exact sequence belonging to

H will be called a proper exact sequence. A kernel (cokernel) is

proper if it is the kernel (cokernel) of a proper exact sequence. Using
this terminology, the condition RW-4 states that the product of proper
kernels is again a proper kernel. The statement RW-5 is the dual of
RW-4.

As an example of a proper class consider the following. For any

pair of abelian groups (C,A) let Pext(C,A) consist of those extensions
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E: O> A+ B > C =+ O such that for any ébelian group G the sequence of
tensor products E': O - ARG - BRG - CRG - O belongs to Ext (CRG, ARG).
This definition of Pext(C,A) does determine a proper class in the sense
of Richman and Walker. However, E' is exact iff E is pure exact. Thus,
Pext (C,A) consists of the pure extensions of A by C and it is seen tha£
two different approaches may lead to the same reiative homological alge-
bra.

It is necessary to check that if E € Pext(C,A) for some (C,A) and
F = E, then F € Pext(C,A). If f can be expréssed as a pﬁshout and/or
pullback of E, then the first two conditions would show that F is a
proper. extension. Suppose that (1,h,1l) is an equivalence between E and
F. Using the unique factorizing property of 2.3.6, (1,h,1) = (1,h',1)
(l,h*,l). This implies that F is equivalent to (lAE)lC. Thus, F €

Pext (C,A) by RW-1 and RW-2.

3.3.2 Proposition. If H is a proper class, then H contains the

split-exact sequences.

Proof: Since each Pext(C,A) is nonempty, Pext(0,0) contains the tri-
vial sequence E: O - 0 -+ 0 > 0 > O. By RW-2, hE is a proper extension
where h is the zero morphism O - A. It is easy to check that hE is

0 > A-la-A —>»0 * 0. Also recall that using k: C > O and the defini-

tion of pullback for a sequence the diagram

(hE)k: O>A A D®C —s>C >0

|

hE: 0O +>+A —a> A —» 0> 0
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commutes. Then by RW-2, (hE)k is proper and by remark (2), it follows

that all split-exact sequences are proper.///

Suppose M is an h.f. class of morphisms. For each (C,A) define

Pext (C,A) by taking those short-exact sequences of the form .

O+A~——-f-——>B—--——->C+O
where £ € M (hence, g € M also). Then define

H = U Pext (C,A).
(C,n)

3.3.3 Theorem. If H is constructed as above from the h.f. class

M, then H is a proper class.

= ]
Proof: To show RW-1, let E: O + A —aB —-om C + O € Pext(C,A), h:

C' - C and Eh is defined by the pullback as shown in the diagram:

Fh: 0-+A —2up -3 ¢ >0
h h

E: O+ A B c »0

Since h'g = £ and £ € M, by BH-4 g ¢ M. BH-3 ensures us that g' ¢ M
and so Eh £ H.
Axiom RW-2 follows by the dual of the argument immediately above.

To check RW-3, let

and
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belong to Pext(Cl,Al) and Pext(CZ,Az), respectively. It needs to be

shown that E. & E_ € Pext(Cl ® C

1 2 A

] A2), where E., & E_, is as con-~

2 1 1 2

structed in section 1.12. From 2.2.11 it follows that

fl®gl = (lBlegl)(fl$lA2).

If it can be shown that fl(BlA and 1B @gﬁ_are proper monics, then by
: 2 1

BH~6 f @gl will be proper and it will follow that E

1 ® E2 € Pext(Cl ()

1
-6 i 14
1 ®1A2 by BH-6 it wou

follow that fleagl is proper and then that El ® E2 € Pext(Cl ® C

C,r A

5 ] A2). Because of the symmetry, only £

1
2’
Al ® A2). Because of the symmetry, only f1®]7x will be checked as a
2
Blegljs proper.
The construction of flaalA is given by the universal properties as
2

similar argument would show that 1

illustrated by the diagram

/ AZI.
i J

1 11

////’ fl®lA f'ql

2 1
A1®A2 ~~~~~~~~~~~ ~>'Bl@‘7\2""""""""3"C]_
\:;\\\ ,////////;:;A
N 2
2

where jl: B, > B, & A

1 1 ot j2: A2 > Bl ® A2 and ql: B. + A_ -~ B_. Notice

1 2 1

that f! and Py are epics in M. By BH-7 then f e M. It will suffice,

1

— — ]
by BH-3, to show flGBlA2 ker(f1

1
1Py
ql). Since

1
£1q (£,01, )

o .
) £19; 0,579 * 3,9))

It

1 3 + 1 2
£19;3;519 * £19,3,9,
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) 1
fllB oA flq + £ (O)q2

12 1

1
559

Il

o,
it is seen that fleBlA is a right-annihilator of fiql. “Let k: K~ B
2 .

® A2 also right-annihilate fiql. Since O = £

1
' = f1 :
19k = £1(@ k), qk is a

right-annihilator of fi whose kernel is fl. Therefore, qlk = flh for a

unique equivalence h: K+ A_. Let p2: B, & A~ A2 and A: K > K ® K

1 1 2

be the canonical projection and diagonal map, respectively. Then

(flelA )(h@pzk)A

, (£, hep k)4

(qlkepzk)A

(qlepz)(kek)A
=k,

gives a factorization of k through £ To check the uniqueness of

6l .
1 A2 A
the factor (h@pzk)A, first note that flﬂ)lA is monic. This follows

. 2
from fl$1A being a right factor of the monic fl$g1. Suppose now that
2
k factored through flealA by some other morphism, say, x. But then
1
(flelAz)(hepzk)A = (f@lAz)x

implies

(f1®lA2)[(h®p2k)A -x] =0

from which flelA may be cancelled to give (h@pzk)A = x showing unique-
2
ness.

The axioms RW-4 and RW-5 follow immediately from BH-5 and BH-6,

respectively.///
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A proper class H gives rise very naturally to a class of monics,
namely, the class of all proper kernels of H. The next theorem shows

that the class of proper kernels is an h.f. class of monics.

3.3.4 Theorem. If H is a proper class of extensions and I is the

class of proper kernels of H, then I is an h.f. class of monics.

Proof: Since all split-exact sequences had to belong to H, then I
satisfies B-2. Axioms RW-4 and RW-5 are exactly B-3 and B-4 statedrin
terms of extensions. To show I satisfies B-5 suppose f is monicAand
fg € I. By 2.5.9 £ can be realized as a kernel of a of an extension
having fg as its kernel. Thus, using RW-1l, I satisfies B-5. A dual
application of 2.5.9 together with RW-2 will imply that I satisfies

B-6. Therefore, I is an h.f. class of monics.///

As a result of 3.3.4 one can now use the class of proper kernels T
of a proper class H to form the h.f. class of morphisms M(I) as was
done in 3.2.2. From M(I) one can construct a proper class of exten-
sions in the same manner as 3.3.3 which results in recovering the
original proper class H. Thus, a cycle has been completed which results
in a series of one-to-one correspondences between h.f. classes of
monics, h.f. classes of morphisms, and proper classes. All of these can
then be thought of as a relative homological algebra.

An important observation concerning the conditions RW-1, RW-2, and
RW-3 of 3.3.1 is that they imply that a typical subset Pext{(C,A) is
closed under the Baer Sum of extensions (defined in 2.3.11). Further-
more, since the inverse of a proper extension E € Pext(C,A) is (-lA)E,
by RW-1 Pext (C,A) is closed under inverses. Therefore, Pext(C,A) is - a

subgroup of Ext(C,A). If £: A > A' and g: C » C' and Pext(f,g) is
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defined by restircting Ext(f,g) to Pext{C,A) then, view of RW-1 and
RW-2, Pext( , ) is a subfunctor of Ext( , ). A subfunctor Pext(_, )
obtained from a proper class has the additional feature that for any
objects C and A, the elements of Pext(C,A) satisfy RW-4 and RW-5.
Butler and Horrocks called such a functor an E-functor. In view of the
equivalences of proper classes and h.f. classes, any h.f. class of
monics or morphisms determines an E~functor. The reader is referred to
(2) and (12) for the special homological properties of E-functors. In
addition, the early topological applications of E-functors which served
as motivation for much of the subject, can be found in the work of

Eilenberg and MacLane (4).
3.4 Redundancies in the Axiom Sets

It was shown that the first axiom given by Buchsbaum could be in-
ferred from two of his others. The theorems of this section show that
other conditions can be derived from the remaining ones of particular
sets of axioms. First, however, it is convenient to prove a technical

lemma.

. ]
3.4.1 Lemma. If 0> C —2»B -Z =1, + 0 is exact, then the follow-

ing is also exact:

ig '
o+c —L s pea—-3°% 1ea-0

where il: B+ B ® A.

Proof: It is shown that ilg is a kernel of g'®l. First check their

composition. To do this use (g'&)l)il = jlg' where jl: L~+L®&A. So
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note that (g'@l)ilg = jlg'g = jl(o) = O; Next, let k: K> B ® A be an
arbitrary right-annihilstor of Q'@l. That is, O = (g'®)k. Then we
would also have O = ql(g'al)k. The latter expression equals g’plk

where qy L ®A->1L and py: B & A » B. Thus, plk is a right-annihilator

of g' and as such must factor through its kernel g by some morphism h.

That is, gh = Plk' Note also that O = qz(g'wl)k = lpzk = pzk. Hence,
k= lBQAk
= (1lpl + 12p2)k
= 11plk + 12p2k
= i_gh.
i,9

Therefore, k factors through ilg as desired.///

The following theorem was adapted from one by Nunke (12) to show
that BH-~3 is not independent of the other axioms for an h.f. class of

morphisms.

3.4.2 Theorem. If M is a class of morphisms which satisfies

BH-O, BH-1, BH-2, BH-4, BH-5, and BH-6, then M will also satisfy BH-3.

Proof: Let f and g be monic and each be a member of M. Furthermore,
assume fg is defined and let these morphisms be displayed in the pull-

back diagram
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as derived in 2.4.9.
Since the right-most square is a pullback, recall the following

exact sequence

Ker (4
o+»p 2E@ 1 ea —2 L uso

where d = hpl - (fg)'p2 and pl, p2 are the projection onto L and A,
respectively. Up to a factor of an equivalence f is given by f =
plker(d). This implies that plker(d) € M and is monic. Therefore,
BH~5 gives ker(d) € M. Then by BH-2 and BH-O, it follows that d £ M.
Using the lemma, the sequence

ig

1
o0+c —2t o poa-22 s16as0

is exact.

‘

However, if il: B+ B ® A and qy: B & A > B, then qlilg =geM
and so ql(ilg) is a monic of M. Thus, BH-5 gives that ilg € M and so
g'®l ¢ M. By hypothesis (BH-4) the composition d(g'®l) belongs to M.
The following equation will show that (fg)' is a left-factor of d(g'el)

where qy: B®&A->A, jl: L~>L®A and j2: A ->L @ A are used. Now,

d(g'el) [hpl - (fg)'pzl[quz + jlg'qll

= hp j2q2 + hpljig'ql - (fg)'p2j2q2 - (fg)'pzjlg'ql

I

h(O)q2 + h(l)g'ql - (fg)'(l)q2 - (fg)'(O)g'ql

' - 4
hg q; (£9) q,

.(fg)‘fql - (fg)'q2

(£9) ' [£q; - q,].
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Thus, (fg)'[fql - q2] € M and is epic. By BH-~6 it follows that (fg)'
€ M. Finally, BH-2 gives fg € M as desired.///

The crucial and clever step in this proof was in deriving that i_.g

1

was an element of M without viewing it as a product of monics of M. It
must be viewed as a product of monics only to obtain it as a monic it-
self. Then Nunke's trick was to write plilg = g and apply BH-5 to
obtain ilg € M, thus circumventing BH-3 which is to be proved. The same
step could have been taken in the proof of 3.1.6. In it, ilf could have
been obtained as a member of I using Nunke's trick and B-5 instead of
B-3. The result of this change in proof would allow a proof similar to
the one immediately above that would show B-3 and B-4 are equivalent
since the proofs are dual. Therefore, the original six axioms of
Buchsbaum can be reduced to either B-2, B-3, B-5, and B-6 or to B-2,
B-4, B-5, and B-6. Thus, checking that a class of monics is an h.f.
class is most efficiently done when only four are verified.

The final theorem of this section shows the axioms of Richman and

Walker are redundant.

3.4.3 Theorem. Axioms RW-2 and RW-4 imply axiom RW-3.

Proof: Let

£ f!
1 1 :
L8 > - >
Fl 0 Al Bl Cl >0
and
£ £
H ———
E2 (O 2 A2—————-——> B2 C2 -+ 0

belong to Pext(Cl,Al) and Pext(Cz,Az), respectively. "It will be shown

that E, @ E_ ¢ Pext(Cl ®C., A

1 5 ® Az). Recall that the kernel f1$f of

2 1 2
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proper, then RW-4 would give £

> B

Iyt By 7 By

272°

represent pushout extensions.

& A

® E_, factors as (16f ) (£ _&l1).
2 2 1

1%,

v
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So if each of the monic factors are

proper.

Taking i

1

£ £!
0B —> By >
Tk
OB O Ry =551 B OBy —Fp
1 171
£ £!
o a, 2 >~ B, LI
Ik
O B ®A —>B 0B -

A

Q S—— O

1

> A

1

® A, and

, it is not difficult to verify that the diagraus

These diagrams show that lﬂaf2 and f2$l

are proper kernels and, therefore, so is their product fl®f2.///

3.5 Projective Classes

This final section of the chapter shows another approach to rela-

tive homological algebra.

In it will be a method used to generate a

relative homological algebra without a set of axioms as has been done

heretofore.

Let ° be an arbitrary, nonempty class of objects.

Choose exten-

sions E: O > A £ B g C - O having the property that for each p € the

sequence

*
E :

*
g

hom(P,B) —=—> hom (P,C} > O

is exact. Use E({) to denote the class of all sequences E having this
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property. It is said that E(¢°) is induced by ® . The requirement
* *
that E be exact reduces to g being s surjection. This means that for
*
any g' € hom(P,C) there is some h € hom(P,B) such that g (h) = gh = g'.

It is helpful to view this requirement in diagram form. Thus, for any

g' € hom(P,C) the dotted arrow in the diagram

Ve
n lg'
A
E: 0"*A—-—-—>B"'—g-'>c-*0

can be filled in with a morphism h (not necessarily unique) to make a
commutative triangle, provided E € E(®R). The objects of (P are said to

be projective or have the projective property relative to E{).

A few examples of a class (® and its induced class E((®) are now
listed.

(1) Let ODl be the class of all objects of a category'¢7. Then
E(ODl) is the class of all split-exact sequences.

(2) Let Cﬁ; be the class of all free groups of the categoryc#b .
Then E(Obz) is the class of all short-exact sequences.

(3) Let 053 be the class of all direct sums of cyclic groups in

’

. Then E(CD3) is the class of all pure-exact sequences.
In each case E((”) was a relative homological algebra. This is no
coincidence as the single theorem of this section will prove. The proof
of this theorem makes use of a technical lemma and a corollary to the

lemma which are stated prior to the main theorem. The proofs of the

lemma and its corollary are routine and will be omitted.

In the diagram
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g g'

O+ A 23 B——»L +0
O A » C > M > O
fg (£fg) '

assume the sequences are exact and the right-most square is commutative.

3.5.1 Lemma. The square whose commutativity is given by (fg)' =

hg' is a pushout square.

3.5.2 Corollary. Using the same morphisms of the lemma, if f£':

C > N is a cokernel of f, then there is a cokernel h': M > N of h such

that the diagram

]
o»a—3 o5 -9 S 10

s

T "‘/’M > 0

£

|
fg

-
oA 5

hl

commutes.

3.5.3 Theorem. For any class P of objects, the induced class

E((P) is a relative homological.

Proof: 1In view of the redundancies it suffices to show E((P) satisfies
axioms S-2, S-4, S-5, and S-6. Axiom S-2 is the immediate since every
object has the projective property with respect to the split-exact se-
quences so that the split-exact sequences must belong to E(P). To

check S-4 let p and g be cokernels from sequences from E((F) such that

pg is defined and is A S8 B C. Suppose g: P »+ C with P ¢ (P is given.
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Since p is a cokernel from E((P) there is hl: P + B such that phl = g.
But g is also a cokernel from E((°) so in view of hl: P > B there is

h2: P > A such that hl = gh,,. Combining yields g = (pq)hz, a factor-

2
ization of g through pg as desired. Next suppose pg: M - L is a co-
kernel of E(() and q: M + N is epic. Let g: P + L where P €. There
must be a morphism h: P -+ M such that (pg)h = g.‘ By reassociating one
obtains p(gh) = g showing a factorization of g through p. Thus, S-6
is satisfied.

Finally, S-5 must be checked. Let fg be a kernel of E((P) and £
be monic. In order to show g is a kernel of E(0?), it is enough to show

*
the cokernel of g,g' is a cokernel of E(¢P). Let g : P > L be a mor-

phism with P € ® and then by 3.5.2 the diagram

P
*
g
g g' M
O~ A > B > L > O
£ h
v \
> > > M >
(0] A g C (9)" M (@)
f! B
\4
N

*
commutes, using the notation of 3.5.2. Since hg : P >+ M and (fg)' is a

*
cokernel from E((°), there must be hlz P -+ C such that (fg)'hl = hg .

* *

Note that f'h1 = h'(fg)'hl = h'hg = Og = 0. Therefore, hl must fac-

tor through f by some morphism h2: P > B. That is, originally it was

* *
desired to factor g through g' so if g = g'h_, the proof will be

2
*
finished. Since h is left-cancellable, it suffices to show hg = hg'hz.

Using hg' = (fg)'f, then
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¥ 1
hg'h, = (£9)'fh,

(fg).'hl

*
hg .///

One can also begin with a class of extensions & and then inquire
as to the class of objects P(& ) all of whose members have the projec-
tive property with respect to every extension of £ . That is, P ¢
P(£) iff for arbitrary E:‘O >a-+>B3 C+>0¢el and arbitrary morphism
g': P > C, then there exists morphism h such that gh = gf. Note that
the original class does not have to be a proper class. One could ob-
tain a proper class containing £ by using 3.5.3 and forming E(P(f)).

The study of important ciasses of groups in /b is often facilitated
by realizing them as induced classes of the form P(f ). The class of
totally projective groups is a case in point, since they arise as P(E )
when 8 is the proper class known as the balanced extensions. The
proper class of balanced extensions is the subject of the next, and

final chapter.



CHAPTER IV

A RELATIVE HOMOLOGICAL ALGEBRA IN THE

CATEGORY OF ABELIAN p-GROUPS

In this chapter an example of a relative homological algebra will
be presented. The purpose here is to show how the general results of
the previous chapters may be applied in a specific setting. This par-
ticular example has been especially important in the recent history of
research in Abelian Groups since it brought into new light the class
known as the totally projective groups. In addition to using the
general concepts developed previously, this chapter will also use the
fundamentals of the theory of abelian groups. The excellent expository
works of Fuchs (6) (7) are recommended as reference for the forthcoming
material. Throughout this chapter ﬁhe word "group" will mean "abelian

p-group" where p is a fixed prime.
4.1 Introduction

The relative homological algebra known as the balanced extensions
will be obtained in an indirect manner. The approach to be used is more
in line/with the historical development than a direct approach would be.
Two classes of extensions are first defined, neither of which determines

a relative homological algebra. When the two are jointly assumed, the

balanced extensions will be obtained.
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Given a group A it is necessary to define a certain subgroup of A
\ . o o+l o
for each ordinal a. This is done as follows: p A = A, p A =p(p A)

and

when o is a limit ordinal. These subgroups form a descending chain,

' o 1 2 O_ —~ O+1
A=pADPADPAD...DpAIDp AD. . ..

This chain ultimately becomes constant. If the trivial group appears
at some point, then the chain will be trivially constant from that point
on and the group A is said to be reduced. If the chain becomes non-
trivially constant beginning with some ordinai T, then pTA is the maxi-
mum p-divisible subgroup of A.

It is useful to measure an element's ability to belong td these

subgroups. If a € A then the height of a, denoted ht(a), is given by

1

ht(a) o if a ¢ pOLA’\pOL+ A

It

ht(a) o jif a € paA for all a.

When ht(a) > w, where w is the first limit ordinal, it is said that a

has infinite height.

- P a . .
The first proposition shows that p can be "distributed over" a

direct sum and will be useful in many derivations to follow.

4.1.1 Proposition. For any two groups N. and Nz, and any ordinal

1
(6
o, PN @ Ny =p (N) ©pm,).

Proof. For finite ordinals the equation.is clear. Assume the equation

+
is true for an arbitrary o. Then pa l(Nl ® N2) will be
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i}

(03 (o o \
pp (Nl 5 N2)) plp Nl ® p N2,

Il

(o) Qo
pmNﬂ ®pmN§

+
a+lNl ® pu 1N .

If o is a limit ordinal and pB(Nl ® No) = pBN ® pSN2 for all B < a,

1
then

o B
p (N, & N)) mB<oL p (N, &N,)

f\sm[pBNl + PSN2]

li

B B

N) 8 ([N, PN,

({\8<a p

paNl ® paNz.
Therefore, the equality holds for all ordinals .///

The next section will begin a discussion of an important type of
extension in this category. Certain assumptions can be made at the
outset which will simplify the discussion. If E: O > N £ A £' L »> 0 is
an extension of the group N by L, then there is the related extension
E': 0+ £(N) ga gl A/E(N) > 0. Since f is right-equivalent to g and
f' is left~equivalent to g', if g or g' belongs to an h.f. class so muét
f and £'. Therefore, it will be assumed,'without loss of generality,

that the kernel of any extension is inclusion.
4.2 Nice and Isotype Extensions

The first type of extension to be defined is the homological
characterization of an important subgroup property. This property was

first identified when efforts were being directed towards a
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generalization of the important theorem of Ulm. The homological charac-

terization was first given and made use of by Fuchs (7; Section 83).

e s . . f £
4.2.1 Definition. Given an extension E: O - N > A + A/N -+ O for

each o let f& be the restriction and corestriction of f£', respectively,
1

a . . . R 03 .
to paA and p (A/N). The extension E is nice iff.p A 51 pu(A/N) -+ 0 is

exact for any ordinal a.

For E to be nice essentially requires the image of f& to be the
subgroup pu(A/N) or that f&: paA - pa(A/N) be epic. In general, the
image of f& is (paA + N)/N and it is always the case that (paA + N)/NC
pa(A/N); therefore, f& is epic iff pu(A/N)C:(paA + N)/N. A lemma to
follow will show that the inclusion pa(A/N)c:(paA + N)/N implies the
inclusion for o + 1. This will serve to expedite many inductive proofs
by reducing the check that aﬁ extension is nice, to simply checking
limit ordinals.

When E, as in the definition, is nice, then f will be called a

nice kernel, f' a nice cokernel, and N a nice subgroup of A. The set

of nice extensions of N by L will be denoted by NExt (L,N).

: . f £!
4.2.2 Lemma. Given an extension E: O > N> A > A/N = 0O, then

o, £4 a . . . .
P A -+ p (A/N) epic implies f&+1 is also epic.

+ +
Proof: It must be shown that pa l(A/N) (pa lA + N)/N. Choose a + N

+
€ pa l(A/N). Then a + N = p(a' + N) for a' + N ¢ pa(A/N). By hypothe-
+1

. . o
sis there is n' € N such that a' + n' € p A and so p(a' + n') ¢ pa A.

p(a' + N) = p(a' + n') + N ¢ (pq+lA + N)/N as desired.///

Noting a + N

Suppose N is a summand of A and A = N ® L. The projection £': N @

. . o a
L -+ L is a nice cokernel since by 4.1.1 f& is the projection p N ® p L
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+~paL. Thus, summands are nice subgroups. Before discussing other
examples of nice subgroups, some properties of nice extensions will be
examined. The next three propositions show that the extensions of

NExt (L,N) possess the relative homological properties S -6, S -4 and
S - 2 of 3.1.5. The nice extensions fail to havethe property S - 3 and

a counterexample will be provided following the propositions.

4.2.3 Proposition. If pg is a nice cokernel, then p is a nice

cokernel.

Proof: Since (pq)a = P9, and (pq)a is epic for any @, then P, is an
epic since it is a left-factor of an epic. Hence, p is a nice co-

kernel.///

4.2.4 Proposition. If p and g are nice cokernels and pg defined,

then pg is a nice cokernel.

Proof: This follows directly from the equality (pq)a = P9, and that a

product of epics is epic.///

4,2.5 Proposition. Any split-exact extension is nice.

Proof: If f' is a cokernel of a split-exact extension of N by L, then
there is a splitting morphiém g' such that f'g' = lL. Since any iden-

tity is a nice cokernel, by 4.2.3 f' is a nice cokernel.///

The example to be presented not only illustrates the concept of
nice subgroups but also shows the usefulness of some topological con-

cepts in this area of group theory. The p-adic topology of a p-group A

. . . . k
is obtained by declaring the subgroups {p A: k = 0,1, . . .} as a base
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of open neighborhocds at O. A p-group A is Hausdorff in its p-adic
topology if pr = 0. In other words, A is Hausdorff in its p-adic
topology if it has no nonzero elements of infinite height. Any p-group
A which is Hausdorff in its p-adic topology can be supplied a metric
which induces that topology and can be embedded in a p-group ﬁ which is
complete in its p-adic topology.

If B is a subgroup of A, then the closure of B is given by

B = Q (B+pkA).

A fact easily proved is‘that B = B iff pw(A/B) = Q. That is, a sub-
group B is closed iff A/B has no elements of infinite height. If
pw(A/B) is trivial, then B must be a nice subgroup of A since pa(A/B)
will be trivially confained in (paA + B)/B for all o. Thus, if B is a
closed subgroup, then it is a nice subgroup. In particular, the sub-
group A[p], known as the socle of A, is closed in any topology for which
the group operations are continuous. This is true since A[p] is the
inverse image of O under the continuous endomorphism which multiplies
an element of A by p.

With these fundamentals in mind it will be shown that the product
of nice kernels may fail to be a nice kernel. Since any monic is a
kernel it will suffice to find groups G, H and A with G H A where G
is a nice subgroup of H, H is a nice subgroup of A but G fails to be a
nice subgroup of A. To this end, define B by B = & Zpk’ k=1,2,3,.. o
and B as the torsion part of B. The elements of B are sequences b =
(bl, b2, e . )y bk € Zpk, such that b is a torsion element and the
corresponding sequence of heights of the b, 's is bounded. Hence, pwﬁ

k

= 0. The socle B[p] is a nice subgroup of ﬁ[p] since B[p] is a summand
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of the Zp - vector space ﬁ[p]. Since ﬁ[p] is clecsed in ﬁ, it is a nice
subgroup. It remains to show that B[p] is not a nice subgroup of B.

It must first be noted that in addition to being a direct sum of
cyclics, B is p-pure in B and the quotient ﬁ/B is p-divisible. Since
ppg = 0O,the quctient (pwﬁ + B)/B is always trivial. Thus, if one non-
zero element of pm(E/B[p]) can be found, it will follow that Bip] is
not a nice subgroup of B.

Choose a nonzero element a = (ak) + Blp] of E[p]/B[p] and positive
integer n. Since (ak) + B ¢ ﬁ/B and ﬁ/B is p-divisible, there is ¢ =
(ck) + B such that pn((ck) + B) = (ak) + B. Hence, pn(ck) - (ak) e B
which implies pnck - ak = O for all but finitely many k. Suppose it is

n
for k_, k2, . e ey km that p ¢

1 - ak # 0. Define a new element c' =

k
(cé) + Blpl by

c, ifkg {kivkyy oo k)

o ifk {kl, K,v « « o1 k

2! m}

Then pn(ci) - (ak) € Blpl]. This may also be written pn(cﬁ) + Blp] =
(ak) + B[pl. Since n was arbitrary, it follows that (ak) + B[p] has
infinite height in ﬁ/B[p]. Thus, B[p] is not a nice subgroup of B.

The next proposition is interesting in its own right, but will also

be used to show that NExt (L,N) is closed under the Baer Sum.

4.2.6 Proposition. If N1 and N2 are subgroups of Al and Az, re-

spectively, then Nl ® N_ is a nice sﬁbgroup of Al © A2 iff Nk is a nice

2
subgroup of Ak, for k =1,2.

1 ® paA2 and denoting the

quotients Ak/Nk by Lk and the cokernels Ak > Lk by fk, the diagram

Proof: Using the eguations pa(Al ] Az) = paA
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fl$f

o o o o
p'A| ® p'A, —>—">p'L, & pL,
Pl 1 % I | | x
o o
p Ak - P Lk

commutes. The morphisms Prr G i, and jk are the canonical projections

k

and inclusions. Since q, (£, & £f) = £ p , £ & £ is epic iff £f. and £
k1 k'k 1 1 2

are epic and the latter morphisms are epic iff N, is a nice subgroup of

k
Ak for k = 1,2.///

In order to show that NExt(L,N) is closed under the Baer Sum, it
is useful to know that the nice extensions are preserved under pushouts.

This fact is proved in the following lemma.

i it . ,
4.2.7 Lemma. If E: O> N >A > L -+ O is any nice extension, then

for any morphism f: N - N', the extension fE is also nice.

Proof: Consider the diagram

i i
E: O-»N—-—»A —anL >0

which is a pushout of E along f£. The commutativity gives j'g = f'.
Since i' is a nice cokernel and j' is a left-factor of i', j' is also

a nice cokernel and fE is a nice extension.///

In Chapter III it was seen that any relative homological algebra
determined a subfunctor of Ext(_, ). Although the nice extensions are

not a relative homological algebra, the next proposition shows that
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NExt (L,N) is a subgroup of Ext(L,N). Thus, not all subgroups of

Ext(L,N) arise from subfunctors of Ext( , ).

4.2.8 Proposition. The set NExt(L,N) is a subgroup of Ext(L,N).

Proof: It will be shown that NExt(L,N) is closed under the Baer Sum
and closed under inverses. Since for any nice extension E, (-1)E is
the inverse, by the lemma‘it is seen that NExt(L,N) is closed under

i il
inverses. Choose El and E2 from NExt(L,N), Ek: O > N § Ak § L > 0,

for k = 1,2. It was shown that ii ® ié is a nice cokernel, so El o E2

is a nice extension. Using the lemma again, it follows that the push-

out extension V(El o E2) is a nice extension. To finish, it must be

shown that V(El ® E2)A is nice. Let the diagram

i Py
V(El () E2)A.: O—+*N-—D"~-—»L=>0
1 P, A
V(El@Ez)! O‘*N—‘aTDl—"aTL®L+O

display all relevant morphisms. Recall that D" is a subgroup of Dl & L
and that (x,y) € D" provided di(x) = A(y) and that pl and p2 are the
restrictions of the cononical projections from D" to Di and L, respec-
tively. It needs to be shown that p, is a nice cokernel. For arbi-

trary o the restriction (pz)d is shown in the diagram

(p,)
P (0") el p%L
(pl)a 1
[0
o o
le @y >p (L® L) >0

1la
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where the bottom row is exact since di is a nice cokernel. Choosing
y € paL it needs to be shown that v is the image of some element of
paD" under the morphism (p2)a' By the surjectivity of (di)a there is
X € paDl such that'(di)a(x) = (y,y) = Aa(y). But this implies that

(x,y) € puD“ and (pz)a(x,y) = y. Therefore, (p2)a is epic and V(El ®

E2)A is a nice extension.///

The next definition will direct attention to a restriction and co-
restriction ia of a kernel i: C + A in the same way that the discussion

of nice extensions centered attention on cokernels.

: . 9
4.2.9 Definition. The extension E: O > C E2 A= A/C > O is iso-

type iff for every ordinal o, the sequence

i i!
o o .
pE: O~>pcC . p A 0"'-pOL(A/C)

is exact.

Remark. Since any restriction of the monic i will always be monic, the
exactness of paE requires the image of ia to contain the kernel of i&.
This condition of containment is paAlﬁ\C C:pac. When o is finite, this
inclusion is the requirement for the purity of C in A. Therefore, if
it is said that C is an isotype subgroup of A when E is isotype, then
any isotype subgroup is pure. The kernel of an isotype extension will

be referred to as an isotype kernel.

The next lemma will take care of the limit case for all proofs in

.which a kernel is shown to be isotype via transfinite induction.
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B

4.2.10 Lemma. If o is limit ordinal and pBA M Cc C pC holds for

ail 8 < a, then p A Nc C ple.

Proof: Assume a is a limit ordinal and pBA(h\C C:pBC holds for all

B < a, then
p'c = QaPBC = Qa(puAﬂ c) = (anpBA)ﬂC =p'allc.///

As already noted, an isotype subgroup is a pure subgroup. An exam-
ple of a pure subgroup which is not isotype will be given after the next
two propositions. The first of these propositions gives a characteriza-
tion of an isotype extension in terms of a pure extension. Since the
pure extensions form a relative homological algebra, this result will be
very useful in checking the relative homological properties of isotype

extensions.

4.2.11 Proposition. The extension E: O > C —A —A/C + O is

. . ' a .

isotype iff paE': (6] +-pac —»p A —~>paA/puC -+ O 1s pure-exact for every
s . . . . o, .

ordinal a. Briefly, C is an isotype subgroup of A iff p C is a pure

subgroup of paA, for all a.

Proof: Assume E is isotype. Then paC is a pure subgroup of paA if for
. s . k . +
arbitrary positive integer k, pk(pac):) o) (puA)f\ paC. Using pa kC D

a+k o+k k,6 «
p Aflc,andp C=p (pC)

¥ ¥ k
e 5 ¥ *a N e R %) N e

. . . . AP a_ .
and the desired inclusion is verified. Conversely, assume that p C 1is
. o . o o! .
pure in p A for every oa. Since p CDp Alﬁ\c holds for a = O the in-

clusion now only needs to be checked at a non-limit ordinal o while



140

. - -1 . -1 .
assuming that pa lcj) pa A ) C holds and that pu C is a pure subgroup

of pa—lA

- -1 -1
p* o) D p® AN ¥ e

)
Q

(@]

It

p* N taNc

panc.///

A sufficient condition for a subgroup G of H to be pure in H is
k k . .
that p G[p] D p H[p]fj G, for all positive integers k. Using this, it
is easy to prove the next proposition in which a similar condition is

shown to characterize isotype subgroups.

4.2,13 Proposition. Given a subgroup C of A, then C is an isotype

subgroup of A iff paC[p]:D paA[p]{W C for every ordinal a.

Proof: Assuming C is isotype and using C(W(paA)[p] = (C()pdA)[p], then
PGC[P]:)(PaAf\C)[P] = paA[p]r]C. Since o was arbitrary, the desired
inclusion is obtained. Convérsely, if pac[p]:)paA[p][\C holds for every
0., then paC satisfies the sufficient condition mentioned above with re-
spect to paA. So paC is\a pure subgroup of paA. Purity of paC in paA
implies C is isotype in A.///

Before investigating the relative homological properties of isotype
extensions, some examples will be presented. The first of these will
provide an example of a subgroup which is pure but not isotype. Conse-
quently, the notion of isotype is indeed a refinement of the notion of
purity. The second example, which is related to the first, will show
that isotype extensions fail to satisfy axiom S - 6 of 3.1.6 and, there-

fore, do not form a relative homological algebra.
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Let A be the group having generators {ai, bi; i=0,1, 2, . . .}

subject to the relations

n n
pbo =0, p a = ao, and p bo = b

’

0]

for each positive integer n. A group having these types of relatiions
is called a simply presented p-group (7; Section 83). A diagram known
as a p~tree is helpful in visualizing such relations as these. A p-
tree is composed of "branches" which'are short line segments represent-

ing multiplication by p. The diagram

is the p-tree for the generators and relations of the group A.

Let B be the subgroup generated by {bo, b b . . .}. That B is

1" 727

a pure subgroup of A follows directly from the unique representation of
elements of a simply presented group (6; Section 83). However, B is

not an isotype subgroup of A. To see this, it is necessary to determine

1

+ +
the two subgroups pw B and pw lAfWB. Since pr = <bo> and pbo = 0,

w+ w+ . w+ .
o lB = 0. But p lA is <bo> and so p lA(]B = <bo>. Hence, the inclu-
. + + . . ’
sion pw 1Af\BC1pw lB does not hold and B is not an isotype subgroup of

A.
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Although B is not an isotype subgroup of A, it is easily seen that
B is a nice subgroup of A. Consider the quotient A/B. Since aO + B =
pn(an + B) for every n, a +Be P (A/B). Thérefore, <aO + B> is the
subgroup of elements of infinite height in A/B. Since it is also true
that ao + B e (p A+ B)/B, it follows that B is a nice subgroup of A.

The next example>will serve to show that is;type subgroups do not
generally have the property S - 6 of a relative homological algebra.
That is, if C and B are subgroups of A with C B and B is an isotype
subgroup of A, then B/C is an isotype subgroup of A/C. This property
is equivalent to S - 6. Let A be generated by {ai, bi: i=o0,1, 2,

. . .} subject to the relations

: n
pbo = 0, pao = bo’ pbl = bo' P an = ao for n > 1
and
n-1
= . > .
ol bn bl for n 2
The diagram
b
1 1
la3 4
¢ ; d
%2 b3
1
« o o M \ Wal b2 /l > . . .
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is the corresponding p-tree.

Let C = <bl - bo> and let B be the subgroup generated by {bo, bl,

b . . .}. Since A is simply presented it follows as before that B

o
is a pure subgroup of A. Furthermore, B is an isotype subgroup of A
since B pw+lA = <bo> = pw+lB. However, A/C has the same p-tree repre-
sentation as A of the previous example and so the two are isomorphic.
The quotient B/C is isomorphic to the subgroup B of the previous exam-
ple. Therefore, B/C is not an isotype subgfoup of A/C.

The isotype extensions do satisfy the relative homological proper-

ties S ~ 3, S - 5 and s - 2. These are, respectively, verified in the

next three propositions.

4.2.14 Proposition. If i and j are isotype kernels with ij de-

fined, then ij is an isotype kernel.

Proof: Since ia and ja are pure kernels for every o and the pure ker-
nels determine a relative homological algebra, then iaja = (ij)a is a

pure kernel for every a. Hence, ij is an isotype kernel.///

4.2.15 Proposition. If ij is an isotype kernel, then j is an iso-

type kernel.

Proof: Isotype-ness of ij is reduced to purity of (ij)a which equals
iaja' Thus, the right-factor ja is a pure kernel for every o which im-

plies j is an isotype kernel.///

4.2.16 Proposition. Any split-exact extension is isotype.

Proof. It suffices to show that any coretraction is an isotype kernel.

Let g be a coretraction and fg = 1. But it is cleaxr that any identity
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morphism is an isotype kernel and g being a right-factor of an isotype

kernel implies that g is an isotype kernel.///
4.3 Balanced Extensions

The extensions studied in this final section are those which are
both nice and isotype. The goal of this section is to show that this
new class of extensions forms a relative homological algebra. This
will be done using the previously-derived properties oflisotype and nice
extensions as well as the relative homological algebra of pure exten-
sions. In this way the proofs rely as much as possible upon homological

and categorical arguments rather than on transfinite induction.

s . f f! .
4.3.1 Definition. An extension E: O > B—+ A ——A/B > O is

balanced iff E is both nice and isotype.

An immediate consequence of the definition is that E is balanced
£ f!
. d o ol a ol .
iff p E: O > p*B ~——> p*A — s P*(A/B) > O is exact for every «a.
Another characterization will now be given which is very useful in the
investigation of the relative homological properties of the balanced

extensions, since it relates to them a class of extensions whose rela-

tive homological properties are well-known, namely, the pure extensions.

4.3.2 Proposition. BAn extension E is balanced iff p*E is pure-

exact for every a.

Proof: Assuming E: O >~ B > A -+ A/B -+ O is balanced, then for any o the
sequence paE is pure-exact if for an arbitrary positive integer k the
sequence pk(paE): o - pk(paB) > pk(paA) > pk(pa(A/B)) > O is exact.

k +
Since p (paB) = pa kB and similar equations hold for A and A/B, then
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k., o . +k . .
sequence p (p E) is exactly the sequence pm E. Since E is balanced
otk _ a_, . L. O,
P E is exact and so p E is pure-exact. Conversely, if p E is pure-

exact for every a, then it is exact and E is balanced.///

The characterization of 4.3.2 is not as strong as one needs in
order to verify certain properties of the balanced extensions. The
next theorem will provide another characterization for balanced exten-
sions which is required in proving one of their relative homological

properties.

. f .
4.3.3 Theorem. The extension E: O > B—>» A —>»A/B =+ O is

balanced iff the restriction Ea of £ to paA{p] is epic for all a.

f
That is, E is balanced iff paA{p]~——g>pa(A/B)[p] <+ 0 is exact.

Proof: If E is balanced, then the pure-exact sequence paE has the prop-
o__ k ok o k .

erty that O > p Blp ] > paAfp ] »>p (A/B)[p ] > O is exact for all

positive integers k (5; Section 29). So k = 1 gives the desired con-

clusion. Now assuming only that fa is epic for each a, it will be shown
8 . . . . . .

that p E is exact. As was discussed in the previous section, two things

o o o o .
must be checked, namely, p (A/B)C (p A + B)/B and p ANBCp B for arbi-

trary a.

To show the first required inclusion it suffices to show

pu(A/B)[pk](:(paA + B)/B for every positive integer k. This is accom-
plished by an induction on k. The containment for k = 1 is precisely
that paA[p]___Ega-pa(A/B)[p] is epic as given by hypothesis. The induc-

tion hypothesis is that for every o and for k -1 the following inclusion

holds:

¥ (/) 55 1 (%A + B)/B.
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Now show that pa(A/B)[Pk] is included in (paA + B)/B. To this end,
k
choose an element a + B ¢ pa(A/B)[pk]. That implies p a € B. It needs

. k -

to be shown that a ¢ paA. First view p a as p l(pa). pa +
o+l k-1 Lo . . .
Bep (A/B) [p 1. By the induction hypothesis this means pa +
o+l o
Be (p A+ B)/Bor pa+ B=pa'+ B for some a' € p A. But then
p(a - a') € B or this may be written (a - a’) + B € pa(A/B)[p]. By the
. . . o o
original hypothesis (a -~ a') + Be (p A + B)/B. Hence, a - a' € p A or
a
a-a'=a"¢e paA and so a = a' + a" € p A as desired. Therefore, the
induction is complete and it can be concluded that fa is epic.
o o]
To prove the inclusion p ANBCp B for all a, a transfinite induc-
tion is required. As noted in the last section, one only needs to check
at nonlimit ordinals. So assume the inclusion holds at a particular a
Py s ) o+l

and show it is also true for a + 1. Choose be B p A and show b be-
o+ + o

longs to p lB = p(paB). Since be pd lA = p(p A), b = pa' for some

o . . o . . .
a'e p A. This implies a' + Be p (A/B) [p] and by the original hypothesis
this gives that a' + B is in the image of fu or that there is an a'e

o o o
p Alp] such that a' + B =a" + B. Thus, a' - a""e€ B p A p B and
o+ ' a+
p(a' - a)e p lB. But p(a' - a) = pa' = b and so be p lB as de-

sired.///

The balanced extensions will now be shown to be a relative homo-
logical algebra. By using the results of Chapter III it will suffice

to verify axioms S - 2, S -4, S - 5, and S - 6 of 3.1.5.

4.3.4 Proposition. (Axiom S - 2 of a relative homological alge-

bra.) Any split-exact extension is balanced.

Proof: This follows immediately since it has been shown that a split-

exact extension is nice and also isotype.///
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4.3.5 Proposition. (Axiom S - 5 of a relative homological alge-

bra) If ij is a balanced kernel and i monic, then j is a balanced ker-

nel.

Proof: It has already been shown that j is an isotype kernel so it
remains to prove j is a nice kernel. Let these morphisms be B-$1>G
~E;»A. As noted before, to check that j', the cokernel of j, is nice,
it suffices to show for an arbitrary limit ordinal a that jé being epic

for all B < o will imply that j& is epic. So let o be a limit ordinal

and jé be epic for all B < a. Consider the diagram

g B
p G —»p (G/B) > O

QL T ™

jl. o
p G ———np (G/B)

in which the vertical morphisms are the obvious inclusions.
sy s . o
To show j& is epic choose g+ Be p (G/B). It needs to be shown that

there is some be B such that g + be paG and g + B=g + b + B. Then it

will be the case that j&(g + b) = g + B as desired. Since g + Be pB(G/B)

and jé is epic, there is b_e B such that g + B = (g + b_ ) + B and g +

B B

bse pBG. By viewing g + B as an element of pa(A/B) and using the fact

that (ij)a is epic, there is baslB such that g + bae puA and g + B=g

+ ba + B. Since paACpBA and g + ba - (g+b

B
€ pBA NsC pSB C pBG. The inclusion pBA NBCp

}y = ba - b
B

8’ then ba -

b B used in the previ-

B

ous statement followed since ij is a balanced, and therefore, isotype
kernel. But now combining these results and writing g + ba = (g + bB)
+ (ba - bB)E pBG. Since B was arbitrary, g + bas pBG for every B and

so it must be that g + bue paG.///
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4.3,6 Proposition. (Axion S - 4 of a relatively homological alge-

bra) If p and g are balanced cokernels with pg defined, then pg is a

balanced cokernel.

Proof: Let p and g be given by the diagram K251 oM. To see that
. 0. 9o g Pa 4

pg is a balanced cokernel, observe that in p Kip] —sp LIp}] —sp M[p}

both morphisms are epic sinée p and g are balanced. The map (ﬁi)a is

epic since it is equal to §aqa in which each factor is epic. Therefore,

pg is a balanced cokernel.///

4.3.7 Proposition. (Axiom S - 6 of a relative homological alge-

bra) If pg is a balanced cokernel and g is epic, then p is a balanced

cokernel.

Proof: Let the morphisms be given by the diagram

E: O0—B —= A —235 (A/C)/(B/C)

q

0 —~B/C — A/C -2 (a/C)/ (B/C)

That is, C and B are subgroups of A and CCB ¢ A. If h: (A/C)/(B/C)
——» A/B is the canonical isomorphism (also known as the first Noether
isomoxrphism), then by the previous proposition hpg is balanced. Because
of the easier notation, it will be shown that if hpg is balanced, then
hp is balanced. That p is balanced will follow since p = h—lhp. Let

f = hpg and g = hp. Since f is balanced, fa is epic and it will be

shown that =M is epic. These morphisms are as seen in
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f
paA — pa (A/B) > O

g
pu (a/C) [p] . pa (a/B) [p]

Choose a + Be pa(A/B)[plzjlpa(A/B). Since fa is epic, it may be assumed

+ o+
lA Cp lB and E is iso-

+
that ae paA. Since pae B and pae pa lA, BN Pa
type, it follows that pa = pb for some be paB. Since paB<: paA and
p(a - b) = 0, then a - be paA[p]. But also a - b + C ¢ pa(A/C)[p] and

§a(a -b+C) =a-Db+B=a+ B. Therefore, 9, is epic and this means

hp is a balanced cokernel.///

From the last four propositions it can be concluded that the
balanced extensions do form a relative homological algebra or proper

class. This final result is recorded as the last theorem.

By recognizing the redundancies pointed out in Chapter III, only
four conditions needed verification to obtain 4.3.8. This may be the
most efficient way to obtain this result. Another approach would be to
use 3.5.3 and show that the class of balanced extensions are of the
form E((P) for some class of groups (P . This has been done and the ob-

jects of (P are known as the totally projective groups. The totally

projective groups are also famous since they form the largest claés of

groups distinguishable by their Ulm-Kaplansky invariants. It was

Nunke (1) who first defined the totally projective groups and obtained

their homological properties. Paul Hill ended, in 1971, the search for
the largest class of groups distinguishable by their Ulm-Kaplansky in-

variants by showing that this class is precisely the ﬁotally projective

groups.



CHAPTER V
CONCLUSION

This thesis was motivated by suspected redundancies in the axidﬁ
sets for relative homological algebras. Chapters I and II serve as an
introduction to the categorical algebra necessary to investigate the
redundancies. Chapter III contains the analysis of the redundancies to-
gether with a demonstration thet four axiom sets are equivalent. fhis
thesis has shown that two of the six axioms of Buchsbaum could ke elimi-
nated. The axioms of Butler and Horrocks, which extended those of
Buchsbaum, were also shown to be redundant. The proof that the axioms
of Butler and Horfocks were redundant was first given by R. Nunke (12)
and has been generalized for use in this presentation. The axioms of
Richman and Walker have also been found to be redundant and can be re-
duced to three axioms.

In Chapter IV the class of balanced extehsions in the category of
abelian p-groups has been studied. The approach has been‘indirect by
first defining the nice extensions and then defining the isotype exten-
sions. After deriving the relative homological properties of nice and
isotype extensions a balanced extension is defined as one which is both
nice and isotype. Consequently, the derivation of the homological
properties of the balanced extensions is facilitated by having derived
these properties for the nice and isotype extensions.. The derivation

of the relative homological properties of balanced extensions has also

150
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been facilitated by the results of Chapter IITI and by having established
the relationship between a balanced extension and a pure extension.

The results of Chapter III show that many proofs concerning the
verification of a relative homological algebra, are unnecessarily long.
Taking hote of the dependencies can shorten such proofs. Also, since
Chapter III gives the equivalence of our axiom sets, there is a wide
choice of settings in which a discussion of relative homological algebra

can take place.



BIBLIOGRAPHY

(1) Buchsbaum, D. A. "A Note on Homology in Categories;“‘ Annals of
Math., 69 (1959), 66-74.

(2) Butler, M. C. R., and G. Horrocks. "Classes of Extensions and
Resolutions." Phil. Trans. Roy. Soc. London, 254 (1961),
155-222.

(3) Cook, D. "Relative Homological Algebras in the Category of
Abelian Groups." (Unpub. Ph.D. dissertation, New Mexico
State University, 1968.)

(4) Eilenberg, S., and S. MaclLane. "Group Extensions and Homology."
Annals of Math., 43 (1942), 757-831.

(5) Freyd, P. Abelian Categories. New York: Harper & Row, 1964.

(6) Fuchs, L. Infinite Abelian Groups. Vel. I. New York: Academic
Press, 1970.

(7) Fuchs, L. Infinite Abelian Groups. Vol. II. New York: Academic
Press, 1973.

(8) Herrlich, H., and G. Strecker. Category Theory. Boston: Allyn
and Bacon, 1973.

(9) MacLane, S. Homology. New York: Academic Press, 1963.

{10) MacLane, S., and G. Birkhoff. Algebra. New York: Macmillan Co.,
1967.

(11) Mitchell, B. Theory of Categories. New York: Academic Press,
1965. :

(12) Nunke, R. J. "Purity and Subfunctors of the Identity." Topics
in Abelian Groups. Chicago: Scott-Foresman, 1963, 121-171.

(13) Richman, F., and E. Walker. "Ext in Pre-Abelian Categories."
(To appear.)

[
v
[S¥]



VITA
Daniel Joseph Fitzgerald
Candidate for the Degree of

Doctor of Education

Thesis: AXIOM SETS FOR RELATIVE HOMOLOGICAL ALGEBRAS
Major Field: Higher Education Minor Field: Mathematics

Biographical:

Personal Data: Born in Troy, New York, January 1, 1946, the son of
Thomas and Mary Fitzgerald.

Education: Graduated from LaSalle Military Institute, Troy,
New York, 1963; received Associate of Science degree from
Hudson Valley Community College, May, 1265; received Bachelor
of Science degree from State University of New York at Albany,
May, 1267; received Master of Science degree from State Univer-
sity of New York at Albany, August, 1968; completed require-
ments for Doctor of Education degree at Oklahoma State
University, July, 1977.

Professional Experience: Assistant Professor of Mathematics at
Fulton-Montgomery Community College, Johnston, New York, from
1968 to 1972; graduate teaching assistant at Oklahoma State
University, Department of Mathematics, 1972 to 1977; Assistant
Coordinator of Individually Paced Instruction in pre-calculus
program, 1973 to 1975.

Professional Organizations: Member of Mathematical Association of
America.



