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NOMENCLATURE 

shear span; distance between the column face and the 
concentrated vertical load, in. 

area of reinforcement necessary for flexure, sq in. 

total area of stirrup reinforcement parallel to the 
main tension reinforcement, sq in. 

area of reinforcement necessary to resist horizontal 
normal force Nu, sq in. 

area of main tension reinforcement, sq in; 

area of shear-friction reinforcement, sq in. 

width of specimen, in. 

resultant compression force (see Figure 5) 

effective depth; distance from the extreme compression 
fiber to centroid of tension reinforcement, in. 

exponential function 

compressive strength of concrete, ksi 

yield strength of horizontal stirrup, ksi 

allowable tensile stress in steel, ksi 

yield strength of main tension reinforcement, ksi 

yield strength of shear-friction steel, ksi 

yield strength of reinforcement, ksi 

frictional force 

compressive force in concrete strut (see Figure 1) 

tensile force in main tension reinforcement 

total depth of corbel at column-corbel interface, in. 
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dimension of specimen (see Figure 6)' ; n. 
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horizontal tensile force, kips 
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total height of column (see Figure 6), in. 

distance from centroid of main tension reinforcement 
to center of action of resultant concrete compression 
force (see Figure 5), in. · 
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of action of resultant concrete compression force, if 
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dimension of specimen (see Figure 6), in. 

ultimate resisting moment of column-corbel interface, 
in.-kips 

horizontal normal force, kips 
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standard deviation 

total tensile force 

nominal ultimate shear stress, ksi 

nominal ultimate shear stress of specimen with com
pression reinforcement, ksi 

nominal ultimate shear stress of larger specimen, ksi 

nominal ultimate shear stress of specimen subjected to 
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nominal ultimate shear stress of specimen subjected to 
static loading only, ksi 
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CHAPTER I 

INTRODUCTION 

1.1 Statement of the Problem 

1 . 1 . 1 Genera 1 

Connections in precast concrete construction, particularly of 

primary members, form a critical part of the load-carrying and transfer 

mechanism. Hence the integrity and adequacy of a precast concrete 

structure depend, to a great extent, on the strength and performance of 

the types of connections utilized. 

Ideally, connections should be so designed and detailed that the 

ultimate strengths of the individual members are attained before those 

of the connections. It is desirable therefore that the special struc

tural members and elements which form the connections must withstand, 

with a known reasonable margin of safety, the various types of loading 

and combinations thereof imposed on the connections by the primary mem

bers during the expected life of the structure. A report on the 1964 

Alaskan earthquake (l) indicated that a substantial number of precast 

concrete structures distressed as a result of insufficient attention to 

their connections. 

Corbels are used extensively for beam-column connections in pre

cast concrete construction. They are projections from faces of columns 

and behave like short, cantilevered, deep beams. Because of the usual

ly low shear span··to-effective depth ratio, the loads are transferred 



predominantly through shear; the lower the a/d ratio, the higher the 

shear strength of the corbel (2) (3) (4). The precise contributions 

of the shear transfer mechanisms are yet to be evaluated (5). 

1.1.2 Load Transfer 

Under low levels of static load, the concrete remains uncracked 

and transfers nearly the entire load through normal and shearing 

stresses. As the load is increased and the principal tensile stress 

exceeds the tensile strength of the concrete, cracks begin to form. 

A redistribution of stresses occurs, and the load is then transferred 

in a more comp 1 ex manner. The uncracked. portion of the concrete 

continues to transfer part of the load as before; the crack region 

transfers some of the load by friction and mechanical interlock of 

the crack surfaces. The remaining portion of the load is transferred 

by the steel reinforcement through normal and shearing stresses and 

possibly dowel action (5). 

2 

During the crack formation the tensile stress in the reinforcement 

increases very rapidly and results in high bond stress (4). High shear

ing stresses may also be present in the reinforcement at the locations 

of the cracks as a result of dowel action. The portion of the load 

transferred by dowel action depends on the amount and distribution of 

the reinforcement (6) and the relative movement of the crack surfaces 

(7). 

The percentage of the load transferred by friction and mechanical 

interlock depends on the crack width (8) (9), effectiveness of bond, and 

anchorage of the reinforcement (10) (11). These in turn depend on not 

only the amount and distribution of the reinforcementj but also the 
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stress level in the reinforcement. Any additional load increases the 

tensile stress in the reinforcement and consequently increases the 

crack width and produces further crack propagation. This is accom

panied by a reduction in the area of the uncracked portion of the 

concrete and an increase in the stress in the concrete in the com

pression zone. This increase in crack width also reduces the per

centage of load transferred by friction and mechanical interlock of the 

crack surfaces (8) (9). 

Repeated loading after the formation of cracks may cause a reduc

tion in bond between the concrete and the reinforcement (12). The rein

forcement in the anchorage zone will be subjected to high stresses and 

the welded portions of the reinforcement in this zone will become more 

susceptible to fatigue failure than under static load. In addition, 

the rough crack surfaces will be worn down (8) (9)o This, compounded 

with increase in crack width, will substantially lower the effective

ness of the mechanical interlock and friction. Consequently, the load 

transfer capacity will be reduced (13). 

1.1.3 Design Provisions 

Until recent years few investigations were undertaken to study the 

strength and behavior of reinforced concrete corbels. Corbels were de

signed with equations derived for beams of normal proportions, although 

the assumptions for normal beams are not valid for deep beams. The cur

rent ACI Code (14) and PCI Design Handbook (15) now include special pro

visions for br~ckets and corbels. These provisions, however, are based 

on investigations (4) (11) of normal weight concrete specimens subject

ed to static loadings. ~lence these provisions must be carefully 



interpreted when extended to other loading conditions, particularly 

earthquake and blast loading (5) and structural lightweight concrete. 

Recent design proposals (16) (17) for normal, all-lightweight and 

sanded-lightweight concretes were based on static tests of normal and 

all-lightweight concrete specimens. 

1.1 .4 Lightweight Concrete 

4 

In spite of the extensive applications and future prospects of 

structural lightweight concrete (18) (19), investigations of reinforced 

concrete corbels have been usually limited to normal-weight concrete. 

In recent investigations of reinforced deep beams of lightweight con

crete (20) (21) (22), however, the results indicated that the light

weight concrete specimens exhibited not only lower cracking loads but 

also lower ultimate load capacities. In addition, the shear force 

transferred by lightweight concrete has been determined to be lower 

than that of normal-weight concrete (3), and all-lightweight concrete 

corbels also have lower shear strength than normal-weight concrete 

corbels ( 16) . 

The pertinent properties of structural lightweight concrete, such 

as the elastic modulus, tensile strength, and bond and anchorage are 

lower than those of normal-weight concrete (19). Furthermore, the bond 

strength between the mortar and the aggregate particles is usually 

greater than the tensile strength of the aggregate particles (23). 

Cracks therefore propagate through the aggregate particles instead of 

around them. as in normal-weight concrete. This results in less irreg

ular crack surfaces, more relative movement between the crack surfaces, 

and smaller ultimate load transfer capacity (7) (24). 



1 .2 Purpose and Scope 

The primary objective of this investigation is to determine the 

strength and the behavior of reinforced lightweight concrete corbels 

subjected to combined static and repeated loading. In this study the 

influence of the reinforcement ratio (p), the shear span-to-effective 

depth ratio {a/d), and the horizontal force-to-vertical force ratio 

(H/V) on the load transfer capacity will be determined. The effects 

of repeated loading on the ultimate strength and behavior will be 

studied. The investigation is also aimed at studying the influence 

of compression reinforcement as well as the size of the specimens. 

The study is based on the test results of 36 reinforced, sanded-

1 ightweight concrete corbels. Neither the influence of the concrete 

strength nor the yield strength of the reinforcement is investigated 

and only vertically repeated loading is considered. 

5 



CHAPTER II 

LITERATURE REVIEW 

In recent years the behavior and strength of a reinforced concrete 

corbel or bracket as well as its load transfer mechanism have attracted 

much attention. Because of the geometry of a corbel, simple flexural 

beam theory is not applicable to its analysis and design. After this 

was acknowledged, early efforts were then directed to the study of 

brackets. 

2.1 Earlier Investigations 

2.1.l Modified Flexural Method 

The difference in the design equations for long and short canti

levered beams was pointed out in 1922 by Rausch (25). In h·is analysis 

Rausch used cantilevered beams with bent bars at 45° to resist all shear 

forces. From flexural considerations he determined that the total ten-

sile force resisted by the inclined bars was given by 

( 2. l ) 

where 

V = vertical force acting on the cantilever; 

a = shear span; and 

z = internal level arm. 

6 
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For short cantilevered beams with a/z < 1.0, the value obtained for 

the tensile force was too small and Equation (2.1) was no longer valid. 

Rausch therefore recommended that for a/z < 1.0 the design equation 

should be 

v T = 
12 

2.1.2 Determinate Truss Analogy 

(2.2) 

In 1963 Franz and Niedenhoff (26) used photoelastic models for their 

study of reinforced concrete brackets. From an examination of the stress 

patterns, as shown in Figure 1, they found that: 

1. The tensile stresses at the top of the bracket were fairly con

stant from the load point to the root of the bracket. 

2. The stresses at the compression faces were also fairly constant. 

3. The stress concentrations existed at the root of the bracket, 

both top (tension) and bottom (compression). 

4. The shape of the bracket had little effect on the state of 

stress. In a rectangular bracket a ''dead" area occurred in the outer 

bottom corner. 

These tests indicated the behavior of concrete brackets under elas

tic conditions which exist at very low loads. From their observations 

Franz and Niedenhoff proposed a simple form of truss analogy for the de

sign of reinforced concrete brackets. They considered the bracket as a 

simple strut-and-tie system acted upon by an external force V, as shown 

in Figure l(b). The tensile force, Ft' though slightly inclined~ was 

taken as horizontal for design purposes. The tensile force was then 

given by 



Tensile 
Trajectories 

Compressive 
Trajectories 

(a) Stress Patterns 

(b) Simple Truss Analogy 

Figure 1. Specimen Used by Franz and 
Niedenhoff (26) 
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F = Va 
t z (2.3) 

where z = 0.85 d. 

The area of the tensile steel required was determined from 

(2.4) 

where fs(all) represents the allowable tensile stress for the reinforce

ment. The required depth, h, was then determined from flexural consid

erations of the cross section at the root (column face)--a working stress 

design approach. 

Based on their observations of the stress trajectories, they also 

suggested some empirical rules for detailing of brackets: 

l. The main tension reinforcement should be well anchored at the 

outside face of the bracket. 

2. The column reinforcement at the upper re-entrant angle should 

be increased locally by 50 percent to accommodate the stress concentra-

tions in that region when low column loads exist. 

3. The compression region should be reinforced with at least six 

14 mm diameter bars per meter width and these should be secured against 

buckling with stirrups. 

4. The quantity of stirrups should be at least one-quarter of the 

main reinforcement. 

2.1 .3 Indetermin~te Truss Analogy 

Mehmel and Becker (27) also performed photoelastic studies of 

brackets, and from their results they suggested that a bracket behaved 

approximately as a statically indeterminate truss, as shown in Figure 2. 



Support\ 
a v 

h 

Support ~ 
Redundant 

Figure 2. Statically Indeterminate Truss 
Model of Mehmel and Becker 
(27) 
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The behavior of the bracket was divided into two stages: stage 1 was 

the uncracked condition in which all the truss members were assumed to 

have the same modulus of elasticity; stage 2 was the cracked condition 

in which the concrete was assumed to resist only compression and the 

reinforcement only tension. In both stages they investigated the loca

tion of the load (on top, suspended from underneath and in the middle of 

the depth of the outer face) and the geometric shape of the bracket 

(rectangular and trapezoidal). 

By using equal cross-sectional areas for truss members in stage 1, 

the redundant shown in Figure 2 together with the forces in the members 

of the truss were determined. In stage 2 the areas of the truss members 

were then determined by using the allowable steel and concrete stresses 

and the magnitudes of the forces obtained from the uncracked condition. 

The procedure for the uncracked condition was used with modification, 

taking into account the modular ratio and the allowable stress ratio, 

to determine the redundant and other member forces. 

2. 1.4 The Empirical Method 

The above methods of truss analogy and of modified flexure are 

essentially working stress design procedures. To determine the ulti

mate strength of corbels, Kriz and Raths (4) conducted an in-depth 

experimental study of the static strength of concrete corbels in 1965. 

The host of parameters they investigated included the reinforcement 

ratio (p), concrete strength (f~), ratio of shear span-to-effective 

depth (a/d}, amount and distribution of stirrups reinforcement, size 

and shape of corbels and the ratio of the horizontal-to-vertical loads 
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(H/V). Their study, however, was limited to normal weight concrete 

specimens. 

From tests of 195 specimens they observed that corbels subjected 

to vertical loads only, i.e., H/V = 0.0, behaved elastically until the 

first flexural cracks appeared at the junction of the corbel and the 

column which resulted in an increase in the tensile stresses of the main 

tension reinforcement. Subsequent development of cracks depended on p, 

a/d, and mode of failure. They observed four principal modes of failure: 

flexural tension, flexural compression, diagonal splitting, and shear. 

There were also secondary failures of corbel end splitting and bearing. 

Stirrups were found to be very effective in resisting the vertical loads. 

From a statistical analysis of their data they derived an empirical 

equation for the ultimate shear stress: 

with 

where 

v = 6 5 [l - 0 5(a/d)](l000 p ) 113 !fl u . . v c 

As = area of main tension reinforcement; and 

Ah = area of the stirrup reinforcement. 

(2.5) 

Kriz and Raths used load ratios (H/V) of 0.5 and 1 .0 during the 

study of the influence of combined vertical and horizontal static load-

ing on the strength of corbels. They observed that the essential 

characteristics in the behavior of specimens did not change. A limited 

number of corbels with stirrups under combined loading were tested; the 

results from such specimens, although erratic, showed that the stirrups 
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did not increase the resistance of the corbels by as large a proportion 

as in the case of those under vertical loads only. Hence they suggested 

that such a contribution should be regarded as a reserved strength. The 

following empirical equation was then proposed: 

= [ (a/d)][(lOOO ps)(l/3 + 0.4 H/V) r;:-r-

vu 6.5 1 - o.5 10 (o.s H/V) Jvfc (2.6) 

with 

where As is the area of main tension reinforcement. 

Contrary to the suggestions of Franz and Niedenhoff (26), Kriz and 

Raths observed that: 

1. The strength of a corbel was not influenced by an additional 

load on the column. 

2. The amount and arrangement of the column reinforcement had 

little influence on the strength of a corbel. 

3. Compression reinforcement in a corbel contributed very little 

to the strength of the corbel as a result of low strains recorded in 

those reinforcements. 

2. 1.5 Shear Friction Hypothesis 

Because of the apparent complexity of the design Equations (2.5) 

and (2.6) proposed by Kriz and Raths (4), Mast (11) sought to develop a 

simple but safe design method, and proposed his shear-friction theory. 

This theory is based on the classical frictional equation of applied 

mechanics: 
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F = µN (2. 7) 

where µ is the coefficient of friction. 

In his approach Mast considered a fully cracked concrete specimen 

subjected to a normal compressive force across the crack and a shearing 

force along the crack, as shown in Figure 3. 

Since a crack is rough and irregular, the coefficient of friction 

may be quite high. Also, due to the rough and irregular nature of a 

crack, any slippage that may occur will be accompanied by slight separa-

tion of the two concrete pieces. If reinforcement is present and normal 

to the crack, the subsequent separation along the crack will stress the 

steel in tension. This in turn will provide a balancing compressive 

stress across the crack and the shearing stress may be resisted by fric-

tion. The ultimate shearing force to be resisted is then obtained when 

the steel has yielded, and is given by 

V = A f tan a u v y (2.8a) 

or 

v 
v = __.!! = p f tan a 
u bd v y (2.8b) 

where a is the angle of internal friction. 

Mast used this theory to design corbels with a/d .::_ 0.7, because 

diagonal tension cracks could not be fully developed. If the ratio of 

a/d > 0.7, the main horizontal steel would be controlled by flexure; 

when a/d < 0.7, the problem would be one of shear rather than diagonal 

tension. Mast compared his results with those obtained by Kriz and 

Raths (4) for specimens with a/d .::_ 0.7 and in which yielding occurred 

in the main tension reinforcement. Using tan a of 1.4, the shear 
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friction theory gave a good lower bound for the two cases considered: 

H/V = 0.0 and H/V = 0.5. 

Among the limitations of the shear friction theory are the follow-

ing: 

l. Since the shear friction theory is based on the static ultimate 

load, it is not applicable to connections in which fatigue is a consid

eration, or where slip is critical. 

2. As a result of different internal structure, the behavior of 

lightweight concrete may differ from that of normal weight. Hence the 

theory should not be applied to lightweight concrete without further 

study and tests. 

2.2 Shear Transfer in Concrete 

Because of the size of corbels the loads are transferred predomi

nantly through shear. As a result, the proposal of the shear friction 

theory prompted experimental push-off investigations (2) (3) (7) (8) 

(29) to understand and evaluate the shear transfer strength of con

crete. Earlier push-off tests (13) (24) were performed to study the 

horizontal shear transfer between precast and cast-in-place concretes. 

Figure 4 shows some of the typical push-off specimens. Shear transfer 

in concrete is primarily influenced by (a) nature of shear plane; (b) 

the reinforcement; (c) the concrete; and (d) the loading. 

2.2.1 Nature of Shear Plane 

Hanson (13) studied the influence of surface characteristics of 

the shear plane on the strength and behavior of a shear connection be

tween precast and cast-in-place concretes. The effect of proper bonding 
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procedure was also considered. The results showed that specimens in 

which bond was utilized as part of the connection developed high shear

ing stresses at low joint slip. In contrast, specimens with unbonded 

joints experienced considerable slip before high shearing stresses were 

reached. A maximum shearing stress of 500 psi was obtained for speci

mens with rough bonded surfaces and 300 psi for smooth unbonded surfaces. 

The influence of the existence of a crack in the shear plane has 

been examined by Mattock, Johal and Chow (2); Mattock, Li and Wang (3); 

Hofbeck, Ibrahim and Mattock (7); and Mattock (29). Their results indi

cated similar behaviors when cracks pre-existed. 

In the case of initially cracked specimens, relative movement was 

observed from the beginning of the loading. However, for the initially 

uncracked specimens, no movement was detected until diagonal tension 

cracks became visible at higher shear stresses. After the formation of 

the crack there was a relative movement of the two halves in the initi

ally uncracked specimens. This motion was not truly slip but rather 

resulted from rotation of the short struts formed by the diagonal ten

sion cracks when the stirrups elongated. Similar diagonal cracks were 

observed in the initially cracked specimens with a high percentage of 

stirru~ reinforcement. 

The analysis of their test data indicated that the existence of a 

crack prior to a shear test produced a slip at all stages of loading 

greater than that observed when the crack was not present. The exis

tence of a crack also lowered the ultimate shear strength. 
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2.2.2 The Reinforcement 

The investigations of Hofbeck, Ibrahim and Mattock (7) and Anderson 

(25) showed that the ultimate shear strength of a joint increased as the 

amount of reinforcement crossing the shear plane increased. 

Hofbeck et al. also found that the higher the strength of web rein

forcement the greater the shear strength and that the manner in which 

the reinforcement ratio (p) was varied did not affect the relationship 

between the shear strength and the parameter pf Y. They also observed 

that dowel action did not contribute significantly to the shear strength 

of initially uncracked specimens. On the contrary, for the initially 

cracked specimens, considerable contribution to shear transfer strength 

by dowel action was observed. They attributed this difference to the 

manners of crack formation and failure. 

Mattock (29) examined shear transfer in concrete having reinforce

ment inclined at an arbitrary angle to the shear plane. Both parallel 

and orthogonally arranged reinforcements were considered. From the 

analysis of the results Mattock showed that when the reinforcement is 

normal to the shear plane, the shear strength can be expressed as 

vu = 400 + 0.8 pfy (psi) (2.9) 

but 

The distribution of reinforcement across the shear plane was 

studied by Mattock, Johal and Chow (2). They observed that for zero 

eccentricity loading the ultimate slip increased as the distribution of 

the reinforcement changed from uniform across the depth of the shear 
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plane to concentration at the upper end of the shear plane. In the 

case of specimens with uniformly distributed reinforcement, the ultimate 

slip increased as the loading eccentricity increased. However, in the 

specimens having the reinforcement concentrated near the top of the 

shear plane there was very little variation in the ultimate slip with 

eccentricity. If, therefore, both moment and shear are to be transfer-

red across the cracked shear plane, the reinforcement will be more 

effective when located in the flexural tension zone. 

2.2.3 The Concrete 

In their investigation Hofbeck, Ibrahim and Mattock (7) found that 

for reinforcement strength parameter (pfy) less than 600 psi, the con

crete strength did not affect the shear strength of cracked specimens. 

However, for higher values of pf , the shear strength was lower for a y 

weaker concrete. 

Mattock, Li and Wang (3) studied mainly the influence of the unit 

weight of concrete on the shear transfer strength of concrete. They 

observed that as the compressive strength of concrete increased, the 

specimens exhibited more brittle behavior. In addition, specimens of 

all-lightweight concrete showed more brittle behavior than those of 

normal-weight concrete. 

The shear transfer strength of normal-weight concrete was found to 

be consistently greater than that of the lightweight concrete for the 

same amount of reinforcement and approximately the same compressive 

strength. Also, sanded-lightweight concrete had a greater shear trans

fer strength than all-lightweight concrete. These differences in shear 

transfer capacities, however, did not correlate with the differences in 
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concrete splitting tensile strength. Consequently, they recommended 

that shear transfer strength of lightweight concrete should not be re

lated to the splitting tensile strength of concrete. 

Based on the·ir results, Mattock, Li and Wang determined that Equa

tion (2.8) of the shear-friction theory was unconservative for both 

sanded-lightweight and all-lightweight concretes. Consequently, they 

proposed that the coefficient of friction, µ, be modified by a factor 

of 0.85 for sanded-lightweight concrete and 0.75 for all-lightweight 

concrete. 

In addition, Equation (2.9) proposed by Mattock (29) for shear 

transfer in normal weight concrete was found to be unconservative for 

both sanded- and all-lightweight concretes. It was then proposed that 

for sanded-lightweight concrete, Equation (2.19) should be modified to 

vu = 0.8 pf y + 250 (2.10) 

but not more than 0.2 f' c or 1000 psi , and for all-lightweight concrete 

vu = 0.8 pf y + 200 (2.11) 

but not more than 0.2 f' c or 800 psi. 

2.2.4 The ~oad i_Q_g_ 

In their push-off investigations, Mattock, Johal and Chow (2) 

examined primarily the influence of the presence of bending moment and 

tension force across the shear plane on the shear transfer strength of 

reinforced concrete. 

In the case of specimens with tension across the shear plane, their 

results indicated that it is appropriate to add the normal stress 0Nx to 
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the reinforcement parameter pfy when calculating the shear transfer 

strength by the shear-friction method (crNx is taken as positive when 

compression and negative when tension). Then the shear stress is given 

by 

(2.12) 

In addition, Equation (2.9) for shear transfer strength in concrete 

proposed by Mattock (29) was also applicable if the above modification 

was performed, giving 

(2.13) 

but not greater than 0.3 f~. 

It appeared that the ultimate shear which can be transferred across 

the shear plane was not significantly affected by the presence of moment 

in the plane provided the applied moment vJas less than or equal to the 

flexural capacity of the section at the shear plane. They therefore pro

posed that both flexural and shear capacities of corbels should be 

checked in accordance with sections 10.2 and 11.5 of the ACI Code (14), 

respectively. 

Paulay and Loeber (8) used both static and cyclic loadings in their 

investigation of the contribution of aggregate interlock in shear trans-

fer. In the cyclic load tests the load was fluctuated between 0 and 

70-80 percent of the ultimate static load. Although failure was similar 

to that encountered in the static tests, no sudden breakdown of aggre-

gate interlock action was observed. However, there was, with progres-

sive loading, an accumulation of shear displacements which increased 

proportionally with crack width. They observed after testing that the 
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crack surfaces were heavily striated, the surface irregularities were 

worn down, and the edges of aggregate indentations were rounded off. 

2.3 Recent Investigations--Modified 

Shear-Friction Method 

Results of the push-off experimental studies of shear transfer in 

concrete indicated that the shear-friction method of corbel design is 

conservative for lower values of the reinforcement parameter pfy and 

unconservative for higher pfy. As a result, recent studies of corbels 

have been focused on modification of the shear-friction theory. 

Hermansen and Cowan (30) sought to improve upon the accuracy of 

predicting the strength of concrete corbels by the shear-friction method. 

Their modifications of the method were based on the two main failure 

modes--shear and flexure; secondary modes were prevented through effec-

tive detailing. 

Based on the results of the push-off tests by Hofbeck, Ibrahim and 

Mattock (7), and the results of their experimental tests, Hermansen and 

Cowan proposed a modified shear-friction method. They found that for 

the initially uncracked concrete specimens that failed in shear, the 

ultimate shear stress was given by 

vu = 580 + 0.8 pf (psi) y 

which is similar to Equation (2.9) proposed by Mattock (29). 

(2.14) 

Hermansen and Cowan also asserted that for a/d ~ 2.0, the load to 

cause yielding in the main reinforcement without yielding the stirrups 

could be obtained with reasonable accuracy from 

V = A~f d/a u ~ y 
(2.15) 



25 

Mattock, Chen and Soongswang (16) sought to extend the shear-

friction method of design to corbels with shear span-to-effective depth 

ratio a/d up to and including 1.0, subjected to combined horizontal and 

vertical loads, such that N /V < 1.0. In their preliminary analyses u u -

they considered a free-body diagram of the corbel, as shown in Figure 5. 

Neglecting the contribution of the stirrups, they determined from equili-

brium considerations that the area of the main tension reinforcement 

could be expressed conservatively as 

V a + N ( h-d) N 
A > u u +-u 

s - ¢f j'd ¢f y y 
(2.16) 

that is, 

where 

(2.17) 

j'd = internal lever arm if only flexural reinforcement strength 
of (Asfy - Nu) was acting; 

Af =area of reinforcement necessary to resist the applied moment 
[Vua + Nu(h-d]; and 

An = area of reinforcement necessary to resist the horizontal 
force Nu. 

Of the 28 specimens tested, 26 had stirrup reinforcement and only 

6 of those 26 specimens were of all-lightweight concrete; the remaining 

22 specimens were of normal-weight concrete. The experimental results 

were compared with a number of calculated values of ultimate loads 

using previously proposed formulas. 

The results indicated that in the case of normal-weight concrete 

specimens, the ultimate load could be predicted from either the smaller 

of the values obtained from Equations (2.12) and (2.16) or the smaller 
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of the values obtained from Equations (2.13) and (2.16). However, for 

the all-lightweight specimens the results showed that the maximum shear

ing stress can be expressed as 

vu(max) = (0.2 - 0.07 a/d) f~ (2.18) 

but not more than (800 - 280 a/d) psi for all-lightweight concrete and 

not more than (1000 - 350 a/d) for sanded-lightweight concrete. 

2.4 Summary 

Most of the investigations of corbels and shear transfer in con

crete to date have been focused on specimens of normal-weight concrete 

and subjected to static loadings only. 

The limited studies involving lightweight concrete indicated that 

shear transfer strength and behavior of lightweight concrete specimens 

differ from those of normal weight concrete specimens. The shear fric

tion theory was found to be unconservative for l ightwe·ight concrete 

and that the coefficient of friction should be modified for lightweight 

concrete. 

In addition, it was found that shear transfer in concrete is influ

enced by the characteristics of the shear plane--particularly the degree 

of surface roughness of a cracked plane. The surface roughness was 

found to be affected by repeated loadings. Hence repeated loading could 

influence the shear transfer strength of concrete. 

The current strength provisions in sections 11 .14 and 11.15 of the 

ACI Code (14) were based on the data obtained from studies of normal 

weight concrete specimens subjected to static loads (4) (7) (10) (11). 

Therefore, these provisions should be cautiously applied to the design 
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of corbels made of lightweight concrete which are to be subjected to 

static or repeated loads. As Mast (11) pointed out, the shear-friction 

theory is not applicable when fatigue is a consideration and also should 

not be applied to lightweight concrete without further study because of 

the different internal structure. 

The present design provisions are modifications of Equations (2.5) 

and (2.6) derived by Kriz and Raths (4) and the shear-friction theory 

Equation (2.8) by Mast (11). In section 11.14 of the ACI Code (14) the 

ultimate shear stress is given as: 

N fiC3 
VU = [6.5 - 5.1 V UJ [l - 0.5 a/d] {l + [64 + 160/(f) ]p } If' 

u u s c 

for Nu/Vu > 0.0, where Nu is the design horizontal load; and 

vu = 6.5 (l - 0.5 a/d) (l + 64 pv)~ 

for N /V = 0.0, 
u u 

where 

and 

p = A /bd s s 

(2.19a) 

(2.19b) 

The shear-friction provision in section 11.15 of the ACI Code (14) ex-

presses the ultimate shear stress as 

(2.20) 

but not more than 0.2 f~ or 800 psi. 
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Resulting from the above considerations, an investigation into the 

strength and behavior of lightweight concrete corbels subjected to both 

static and repeated loadings is deemed necessary. 



CHAPTER III 

EXPERIMENTAL PROGRAM 

3.1 Specimens 

A total of 36 corbels were tested. Thirty two specimens were 

of the same dimensions and consisted of a 6 x 9 in. column 20 in. 

long with two corbels projecting symmetrically from the column as 

shown in Figure 6. Four larger specimens also consisted of sym

metrically arranged corbels projecting from a 30 in. long, 9 x 12 in. 

column. 

The main tension reinforcement of all specimens was comprised of 

parallel, straight, deformed bars; they were anchored by short, straight 

bars of the same diameter, welded across their ends. All corbels had 

closed horizontal stirrups of No. 3 deformed bars uniformly distributed 

in the upper two-thirds of the effective depth. Six of the 32 smaller 

specimens had, in addition, two No. 3 deformed compression reinforcing 

bars in each corbel. 

Corbels to be subjected to combined vertical and horizontal loading 

were provided with 3/4-in. thick bearing plates welded to the main rein

forcement to insure proper load transfer. The dimensions of individual 

specimens are shown in Table I; Table II gives the pertinent properties 

of the specimens. 

The specimens were divided into five series. Except for series-Y 

of the larger specimens, each series was cast from the same batch of 

30 



hl 

hi 

Hl 

h" 

Column 
Specimen (in.} 

Series 
A-D 9x6 

Yl 12 x 9 

Y2 & Y3 12 x 9 

Y4 12 x 9 

h 

Figure 6. Geometry of Specimens 

9, 

(in.} 

10 

9.5 

9.5 

11.0 

TABLE I 

DIMENSIONS OF SPECIMENS 

h h' h" h1 
(in.) (in.} (in } (in.} 

9 5 4 5 

11. 25 6.5 4.75 9.0 

12.25 7.5 4.75 9.0 

12. 25 7.0 4. 75 9.0 

31 

9, 

3/4 11 

h2 H1 w 

(in.) (in.)· (in.} 

6 20 4.0 

9.75 30 5.7 

8. 75 30 5.7 

8.75 30 5.7 
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TABLE II 

PROPERTIES OF SPECIMENS 

Reinforcement 

Dimensions Main Tension Sti rnJ_Q_l 
Ah 

Speci- a, d, As' f sy' P s' Ah' 
A men in. in. a/d in.2 ksi % in.2 s 

Al 2.5 8.06 0.31 0.22 61. 5 0.45 0.22 1.00 

A2 2.5 8.06 0.31 0.22 61. 5 0.45 0.22 1.00 

A3 2.5 8.00 0.31 0.40 57.0 0.83 0.22 0.55 

A4 2.5 8.00 0.31 0.40 58.0 0.83 0.22 0.55 

A5 2.5 8.00 0.31 0.40 58.0 0.83 0.22 0.55 

A6 2.5 7.95 0.31 0.62 70.0 l.30 0.44 0.71 

A7 2.5 7.95 0.31 0.62 70.0 1.30 0.44 0.71 

AS 2.5 7.95 0.31 0.62 70.0 1.30 0.44 0.71 

Bl 2.5 8.06 0.31 0.22 57.5 0.45 0.22 1.00 

B2 2.5 8.06 0.31 0.22 61. 5 0.45 0.22 l.00 

83 2.5 8.00 0.31 0.40 57.0 0.83 0.22 0.55 

B4 2.5 8.00 0.31 0.40 57.0 0.83 0.22 0.55 

B5 2.5 7.95 0.31 0.62 71.5 l.30 0.44 0.71 

B6 2.5 7.95 0.31 0.62 71. 5 1.30 0.44 0.71 

872 2.5 7.95 0.31 0.62 68.5 l.30 0.44 0.71 

B82 2.5 7.95 0.31 0.62 68.5 l.30 0.44 0.71 

Cl 4.0 8.00 0.50 0.40 58.5 0.83 0.22 0.55 

C2 4.0 8.00 0.50 0.40 58.5 0.83 0.22 0.55 

C3 6.0 8.00 0.75 0.40 58.5 0.83 0.22 0.55 

C4 6.0 8.00 0.75 0.40 58.5 0.83 0.22 0.55 

C5 2 2.5 8.00 0.31 0.40 59.0 0.83 0.22 0.55 

C62 2.5 8.00 0.31 0.40 59.0 0.83 0.22 0.55 

C7 2 6.0 8.00 0.75 0.40 59.0 0.83 0.22 0.55 

cs2 6.0 8.00 0.75 0.40 59.0 0.83 0.22 0.55 
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TABLE II (Continued) 

Reinforcement 
Dimensions Main Tension Sti rru~ 1 

Ah 
Speci- a, d, As' f sy' Ps' Ah' 

men in. in. a/d in.2 ksi % in.2 As 

01 4.0 8.00 0.50 0.40 54.5 0.83 0.22 0.55 

02 4.0 8.00 0.50 0.40 58.5 0.83 0.22 0.55 

03 6.0 8.00 0.75 0.40 58.5 0.83 0.22 0.55 

04 6.0 8.00 0.75 0.40 58.5 0.83 0.22 0.55 

05 4.0 7.95 0.50 0.62 71.5 1.30 0.44 0.71 

06 4.0 8.00 0.50 0.60 59.0 1. 25 0.44 0.73 

07 6.0 8.00 0.75 0.60 58.5 1.25 0.44 0.73 

08 6.0 8.00 0.75 0.60 54.5 1.25 0.44 0.73 

Yl 3.2 10. 25 0.31 0.40 58.0 0.43 0.44 1. 10 

Y2 3.5 11. 13 0.31 0.88 56.0 0.88 0.44 0.50 

Y3 3.5 11. 13 0.31 ·o.88 56.0 0.88 0.44 0.50 

Y4 5.6 11. 13 . 0. 50 0.88 56.0 0.88 0.44 0.50 

1Average yield strength of stirrups, fhy = 58.5 ksi. 

2s . pec1men had two No. 3 compression reinforcing bars in each 
corbel. 

3 Larger specimens. 



concrete. Each series of the smaller specimens consisted of eight 

specimens of which half were subjected to static loading and the re

maining half were subjected to repeated loading. 
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Series A and B were tested to study the influence of the reinforce

ment ratio and series C and D were tested to study the influence of the 

shear span-to-effective depth ratio. In series B and C the effects of 

compression reinforcement in the corbels were examined. Series Y was 

tested to determine the influence of the size of the specimens, if any. 

3.2 Materials 

3.2.l Concrete 

The concrete used in this investigation was obtained from a local 

precast concrete manufacturing plant and was of the same quality as 

that used in their manufacturing process. Type III portland cement was 

used for all concrete. The aggregate consisted of burnt calcined clay 

conforming to ASTM specification C330 (3/8--No. 8) classification and 

natural sand. The concrete with a nominal design strength of 6.0 ksi 

was taken out of the batches during routine operation of the precast 

plant. The age, strength, air content, and slump of the concrete are 

given in Table III. 

3.2.2 Reinforcement 

All specimens were reinforced with deformed bars with deformations 

in accordance with A615-68 of the ASTM standard specifications. Coupons 

with 8-in. gage lengths were tested to establish the yield strength and 

the stress-strain curves of the main reinforcements for all specimens. 

The average yield strength of the stirrup reinforcement was determined 
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TABLE III 

PROPERTIES OF CONCRETE 

Unit Air Compressive Age at 
Weight, Slump, Content, Strength, Test, 

Specimen pcf in. % ksi Days 

Series A 117 4.0 2 6.80 149 and Y4 

Series B 120 3.5 2 7. 10 147 and Y3 

Series C 116 3.0 2 6.95 146 and Y2 

Series D 115 3.0 2 6.45 145 and Yl 
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from tests of random samples. Figure 7 gives the stress-strain curve 

for a typical coupon. Typical reinforcement arrangements are shown in 

Figure 8. 

3.3 Experimental Procedure 

3.3.l Fabrication and Preparation 

All corbels and control cylinders were cast in accordance with ASTM 

specifications at the plant of the precast concrete manufacturer. Cor

bels were cast in well-oiled plywood forms and the control cylinders were 

cast in vertical steel molds for each batch of concrete mix. Both the 

corbels and the control cylinders were initially cured under plastic 

sheets for 24 hours. After this period the specimens and control cylin

ders were removed from their forms, transported to the Civil Engineering 

Laboratory and cured under wet burlap for six days. Thereafter, corbels 

and control cylinders were stored in the laboratory under ambient condi

tions until the time of test. 

3.3.2 Instrumentation and Measurement 

All corbels had an electrical resistance strain gage mounted on one 

of the main tension reinforcing bars at the column-corbel interface. 

Each gage had a gage length of 1/4 in. and was mounted in the longitu

dinal direction of the main tension reinforcement. The strains were 

monitored with strain indicators to ascertain the level of strain in the 

main tension reinforcement at failure. 

Since none of the specimens was initially cracked, the deformation 

of each corbel relative to the column was rotational in nature. Both 

the vertical and the horizontal components of the rotation were monitored 
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with DCDT-transducers arranged as shown in Figure 9. The arrangement 

of the transducers was such that the cumulative horizontal deformation 

and the sum of vertical displacements of both corbels relative to the 

column were recorded. The load displacement curves were plotted con

tinuously during the test using two x-y plotters. 

3.3.3 Testin_g_ 

For convenience all specimens were tested in an inverted position 

and the vertical load was applied to the column as shown in Figure 10. 

To ensure uniform distribution of the load on all bearing areas, new 

1/4-in. plywood inserts were placed between the specimen and the bear

ing plate in each test. All specimens were supported on rollers and 

the outer edges of all bearing areas were 2 in. or more away from the 

outer face of the corbel. 

In the static loading tests a 400-kip universal testing machine was 

used; the load was applied in increments of 10 kips for the small spec

imens and in increments of 20 kips for the larger specimens of series-Y. 

For specimens subjected to combined loading the horizontal component of 

the load was applied to the corbel by a 30-ton hydraulic ram and manual 

pump arrangement, as shown in Figure 11. 

Repeated, vertical loads were applied to corbels with a 100-kip 

servo-controlled ~ydraulic testing machine. A static horizontal load, if 

present, was applied in the same fashion as during the static tests. The 

first cycle of load was applied slowly to a level corresponding to 60 

percent of the ultimate load resisted by a companion specimen during the 

static tests. Thereafter, the corbels were subjected to repeated loads 

at a frequency of 2 Hz for 100,000 cycles. The repeated loads varied 



Hinge 

l" x 1 11 Aluminum Angle 
(on Both Sides) 

Transducer 

Roller 
(on Both Sides) 

(a) Side View of Specimen 

Figure 9. Typical Arranqement of Transducers 



(b) Photograph of Specimen 

Figure 9. (Continued) 

43 



Ro 11 e r--;::~i!._-

Steel 
t-Ji de 

Flange 
Support 

Figure 10. 

111 Steel Plate 

1/4 11 Plywood 

3/4" Steel Plate 
lyv:ood 

r~~~r----::-' steel 

Steel 
Wide 

Flange 
Support 

Plate 

Specimen in Test Position 

44 



'--- Load Cel 1 

Leads to 
Strain Indicator 

I '--• I 
I I 
I I 
I r-• I 

Specimen 

I .__ .. I 

l I 
I I 
I ,-., I 

(a) Plan View of Setup 

Hydraulic 
Ram 

Accumulator 

Valve---" 

Gage 

Figure 11. Horizontal Loading System 
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Figure 11. (Continued) 
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between about 20 and 60 percent of the ultimate loads. The cyclic 

load was interrupted to permit the plotting of the load-displacement 

graphs at the end of the 1st, 10th, lOOth, lOOOth, 10,000th, and 

100,000th cycle. After completion of the cyclic loadings the spec

imens were loaded statically to failure. 

47 



4. 1. 1 General 

CHAPTER IV 

RESULTS 

4.1 Static Loading 

The level of strain in the main tension reinforcement was recorded, 

after each load increment, to ascertain the strain leve1 in the main 

tension reinforcement at failure. No strain data were available from 

specimens Al, B7, 05, and 07 because of inoperative strain gages; how

ever, for all other specimens the strain level at failure was found 

to be at or near yield. 

In each test the first cracks to form were flexural cracks which 

started from the intersection of the horizontal face of the corbel and 

the column face. These cracks, which were observed at very low loads 

of between 10 and 40 kips, initially propagated rapidly to about mid

depth of the corbel; the first diagonal tension cracks then became 

visible. 

In the case of corbels with higher a/d ratio, an additional flex

ural crack formed, at higher loads, at about the middle of the shear 

span or near the inner edge of the bearing plate. This additional 

flexural crack propagated rapidly toward the compression zone and 

appeared to meet the first flexural crack. Some of the crack patterns 

are shown in Figure 12. 
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(a) Ps = 1.30%; . a/d = 0.31; H/V = 0.0 

(b) Ps = 1.30%; a/d = 0.75; H/V = 0.0 

Figure 12. Crack Patterns 
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(c} p5 = 0.83%; a/d = 0.31; Hu/Vu= 0.47 

(d} p 5 = 0.83%; a/d = 0.75; Hu/Vu = 0.40 

Figure 12. (Continued} 
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The first diagonal tension cracks were noticed at loads ranging 

from about 25 to about 60 percent of the ultimate vertical load and 

averaged about 2.0 in. in length. The inclinations of these diagonal 

tension cracks to the vertical was observed to be dependent only on 

the a/d ratio (i.e., the location of the load). For a/d ratios of 
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about 0.31, 0.50 and 0.75, the angles of the inclinations were observed 

to be 25-30°, 30-40° and 40-50°, respectively. At lower a/d ratios, 

these diagonal tension cracks propagated slower than those that occurred 

at higher a/d ratios. The locations of these first diagonal tension 

cracks appeared to be influenced by both a/d and H/V ratios. 

Additional diagonal tension cracks formed at higher vertical loads; 

they were 2.0 to 4.0 in. in length and propagated more rapidly than the 

first diagonal tension cracks. These subsequent diagonal tension cracks 

were initially spaced about 1.0 to 2.5 in. apart; however, as more dia

gonal cracks were formed approximately parallel to the first diagonal 

tension crack, the spacing reduced at or near failure loads. 

4.1.2 Vertical Loading Only 

For specimens under vertical loading only, the first diagonal ten

sion crack occurred near the mid-depth of the corbel. This crack 

crossed the column-corbel interface in the case of specimens with a/d 

of 0.31; for a/d of 0.50, the crack occurred in the corbel but adja

cent to the column-corbel interface; for a/d of 0.75,the crack appeared 

farther from the column-corbel interface and closer to the compression 

zone. 

Typical load-displacement relationships as plotted directly with 

the x-y recorders are shown in Figure 13. Figure 13(a) gives the load-
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vertical displacement curve, while Figure 13(b) shows the load

hori zontal displacement. 

The test results of all the specimens with vertical loading only 

are given in Table IV. From these results the graphs illustrating 

the influence of the reinforcement ratio, (p), and shear span-to

effective depth ratio, (a/d), on the ultimate shear stress are shown 

in Figure 14 and Figure 15. Figure 14 shows a linear relationship 

between the ultimate shear stress and the reinforcement ratio, while 

Figure 15 shows a nonlinear relationship between the ultimate shear 

stress and the shear span-to-effective depth ratio. 

Resulting from the inherent properties of the aggregate, light

weight concrete is more compressible than normal weight concrete. 

Therefore, to determine the influence of compression reinforcement on 

the strength and behavior, the corbels of specimens B7, C5, and C7 

54 

were additionally reinforced with two No. 3 compression bars. In Table 

V the results of specimens C5, Cl and 87 are compared with their com

panion specimens A3, C3, A6, and A7 without compression reinforcement. 

The comparisons indicate that at lower a/d ratios, given the same rein

forcement ratio (p), the specimen with compression reinforcement re

sisted higher shear stress. Also, for an a/d ratio of about 0.31 and 

a given compression reinforcement, the specimen with higher reinforce

ment ratio (p) resisted the higher shear stress. At the higher a/d 

ratio of 0.75 and a given reinforcement ratio (p) the compression rein

forcement appeared to have no appreciable influence on the capacity of 

the corbel. 

Table VI summarizes the test results of the four larger specimens, 

Yl-Y4, and their companion smaller specimens. The comparative ratios of 



55 

TABLE IV 

TEST RESULTS FOR VERTICAL STATIC LOAD SERIES 

V' 1 
Speci- PS' y' 

v I 1 
u' Vy' vu' Type of 

men a/d % kip kip ksi ksi Failure 

Al 0.31 0.45 94.0 127.8 0.97 1.32 Shear 
A3 0.31 0.83 107.5 156. 3 1. 12 1. 63 Shear 
A6 0.31 1. 30 187.5 190. 3 1. 97 2.00 Shear 

A? 0.31 1. 30 190.0 217.0 1. 99 2.28 Shear 

B72 0.31 1.30 192.5 244.0 2.02 2.56 Shear 

Cl 0.50 0.83 87.5 118.0 0.91 1. 23 Shear 
C3 0.75 0.83 63.5 88.0 0.66 0.92 Shear 
cs2 0.31 0.83 119.0 176.0 1.24 1.84 Shear 
C7 2 0.75 0.83 69.5 85.8 0.72 0.89 Shear 

05 0.50 1. 30 135.0 146. 3 1.42 1. 54 Shear 
07 0.75 1.25 110.0 116. 3 1. 15 1. 21 Shear 

Yl 3 0.31 0.43 156.0 243.0 0.85 1.32 Shear 
Y23 0.31 0.88 255.0 328.0 1. 27 1. 64 Shear 
Y33 0.31 0.88 255.0 325.0 1.27 1.62 Shear 
y43 0.50 0.88 185.0 244.0 0.92 1.22 Shear 

1Total load for both corbels in each specimen. 

2specimen had two No. 3 bars as compression reinforcement in each 
corbel. 

3Larger size specimen. 
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TABLE V 

INFLUENCE OF COMPRESSION REINFORCEMENT 

l 2 2 
p 
s' vu, vuc' vuc 

VI Specimen a/d % ksi ksi u 

C53 0.31 0.83 1.84 

A3 0.31 0.83 1.63 1.13 

C73 0.75 0.83 0.89 

C3 0.75 0.83 0.92 0.97 

B73 0.31 1.30 2.56 

A6 o. 31 1.30 2.00 1.28 
A7 0.31 1.30 2.28 l. 12 

1shear stress of specimen without compression reinforcement. 

2Shear stress of specimen with compression of reinforcement. 

3specimen with two No. 3 bars as compression reinforcement in each 
corbel. 
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TABLE VI 

INFLUENCE OF SIZE 

2 v l 
Ps' v ' vuL' u u 

vuL2 Specimen a/d % ksi ksi 

Al 0.31 0.45 l. 32 

Yl 3 0.31 0.43 l.32 l.00 

A3 0.31 0.83 l.63 

Y23 0.31 0.88 l.64 0.99 
Y33 0.31 0.88 l.62 l. 01 

Cl 0.50 0.83 l.23 
y43 0.50 0.88 l.22 l. 01 

1shear stress of smaller specimen. 

2shear stress of larger specimen. 

\ . arger specimen. 
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their ultimate shear stresses indicate that there was practically no 

influence of size on the ultimate shear stress. 

4.1 .3 Combined Loading 

60 

In the case of specimens subjected to combined loading, as expect

ed, both the first flexural and diagonal tension cracks were observed 

at lower vertical loads than those under vertical loading only. The 

first flexural crack was more nearly vertical and propagated faster 

than the one in specimens under vertical loading only. 

The first diagonal crack appeared within the corbel and about mid

depth adjacent to the column-corbel interface for a/d of 0.31; for a/d 

of 0.50 or 0.75 the diagonal crack occurred farther from the column

corbel interface and closer to the compression zone. 

The vertical and horizontal loads were not simultaneously increased; 

instead, the vertical load was first increased to the desired value, and 

then the horizontal load was increased to a predetermined value to ob

tain a horizontal load-to-vertical load, (H/V), ratio of approximately 

0.50. However, because of this alternating manner of loading, failure 

occurred frequently during the application of increments of vertical 

loads. Hence at failure loads, the H/V ratios were not exactly 0.50. 

In the case of specimen B5 the horizontal load was increased in the 

same manner as the other specimens under combined loads until the max

imum value of 20 kips, representing the capacity of the load cell em

ployed, was achieved. Thereafter, the horizontal load was kept con

stant at 20 kips and the vertical load was increased to failure. 

Table VII gives the results of specimens subjected to statically 

combined loading, while Figure 16 gives the typical vertical load

displacement relationships. 



TABLE VII 

TEST RESULTS FOR COMBINED STATIC LOAD SERIES 

V' 1 v1 1 
Hu' 

H 
Speci- Ps' u Vy' v ' Types of y' Li' -2 u 

men a/d % kips kips kips Vu ksi ksi Failure 

Bl 0.31 0.45 43.8 66.0 16. 3 0.49 0.45 0.68 Flexural Tension 

B3 0.31 0.83 58.8 95.0 22.5 0.47 0. 61 0.99 F1exura1 Tension 

B5 0.31 1.30 147.5 170.0 20.0 0.24 1.54 1. 78 Shear 

Dl 0.50 0.83 48.8 60.0 15.0 0.50 0.51 0. 63 . Shear 

03 0.75 0.83 40.0 49.0 10.0 0.40 0.42 0. 51 Shear 

1Tota 1 load for both corbels in each specimen. 

2Average load for a corbel in each specimen. 

CTI __, 
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4.2 Repeated Loading 

4.2.l General 

Each specimen to be subjected to repeated loading was loaded static

ally to approximately 60 percent of the failure load of the companion 

specimen in the static test. Thereafter, the specimen was subjected to 

100,000 cycles of repeated vertical loading between approximately 0.20 

Vu and 0.60 Vu; however, for specimens A8, 88, and C6, the 0.60 Vu could 

not be achieved because of the high capacities of their companion speci

mens. Load-displacement curves were plotted at the end of the 1st, 10th, 

lOOth, lOOOth, 10,000th, and 100,000th cycle, as shown in Figure 17. 

In the case of specimen A5, an attempt was made to increase the 

cycles from 100,000 to 500,000 cycles. However, the main reinforcement 

experienced fatigue fracture at the column-corbel interface about 

390,000 cycles. 

After the completion of the repeated loading, each specimen was 

loaded statically to failure. The formation and behavior of cracks were 

similar to those observed in specimens under static loading, except that 

the length of the cracks appeared to increase during the repeated load

ing, particularly for specimens having a/d ratios of 0.50 and 0.75. 

The results of all the specimens subjected to repeated loading are 

given in Table VIII and Table IX. 

4.2.2 Vertical l.o_ading Only 

For specimens without compression reinforcement, Figure 17 shows 

typical load-displacement curves obtained during the repeated loading 

at the end of the 1st, 10th, lOOth, lOOOth, 10,000th, and 100,000th 



TABLE VI II 

TEST RESULTS FOR REPEATED LOAD SERIES--VERTICAL LOAD ONLY 

Loads 
Repeated Static 

V' l V' l V' l V' l Type 
Speci - . Ps' (min) ' (max)' y' u' Vy' vu' of 

men a/d % kips kips kips kips ksi ksi Failure 

A2 0.31 0.45 25.0 75.0 82.5 132.5 0.85 1.37 Shear 
A4 0. 31 0.83 30.0 90.0 l 07. 5 161. 5 l.20 l.68 Shear 
P.5 0.31 0.83 30.0 90.0 2 2 2 2 Fatigue 
AS 0.31 l. 30 32.0 96.0 160.0 211. 5 1.68 2.22 Shear 

ss3 0.31 1. 30 32.0 96.0 207.5 236.0 2. 18 2.48 Shear 

C2 0.50 0.83 23.0 69.0 87.5 119. 5 0.91 1.25 Shear 

C4 0.75 0.83 17.0 51.0 66.5 83.0 0.69 0.87 Shear 
C63 0.31 0.83 32.0 96.0 110. 0 171 . 0 l. 15 l. 78 Shear 

C83 0.75 0.83 17.0 51.0 62.5 79.0 0.65 0.82 Shear 

06 0.50 1. 25 29.0 87.0 137.5 155.5 l.43 1.62 Shear 

08 0.75 1.25 23.0 69.0 90.0 99.5 0.94 1.04 Shear 

1Total load for both corbels in each specimen. 

2Main reinforcement of specimen fractured during repeated loading at about 390,000 cycles. 

3specimen had two No. 3 compression reinforcement in each corbel. 
m 
U1 



TABLE IX 

TEST RESULTS FOR REPEATED LOADS--COMBINED LOADS 

---
Loads 

Re~eated Static 
V' 1 V' l 

HR' 
2 V' 1 V' 1 

H ' 
H Type 

Ps' ~ v v ' Speci- (min)' (max)' y' u' LI y' LI of 
men a/d % kips kips kips kips kips kips vu ksi ksi Failure 

82 0.31 0.45 13.0 40.0 9.75 45.0 70.0 16.3 0.46 0.47 0. 72 F. T. 4 

84 0.31 0.83 19.0 57.0 14. 25 58.8 97.0 22.5 0.46 0.61 1. 01 F. T. 4 

B6 0.31 1. 30 32.0 96.0 20.00 146. 3 175.0 20.0 0.23 1.52 l. 84. Shear 

02 0.50 0.83 12.0 36.0 9.00 53.0 70.0 17. 5 0.50 0.55 0.73 Shear 

04 0.75 0.83 10. 0 30.0 7.50 34.0 38.0 9.0 0.47 0.35 0.40 Shear 

1Total load for both corbels in each specimen. 

2HR represents horizontal tensile force during its repeated loading. 

3 F. T. represents flexural tension. 

4Average load for a corbel in each specimen. 
O'l 
O'l 
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cycle. A study of the slopes of the curves indicate that there was neg-

1 igible change in the shear stiffness. 

The vertical load-vertical displacement curves obtained for speci

mens with compression reinforcement were different from those for speci

mens without compression reinforcement. There was a crimp in each 

vertical load-vertical displacement curve, as depicted in Figure 18; it 

resulted from the presence of the compression reinforcement. However, 

the crimp seemed to be less pronounced as the number of load cycles was 

increased. 

In Tables X and XI the results of specimens subjected to repeated 

loading are compared with those of their companion specimens subjected 

to static loading only. A study of Table X and Figure 19 shows that 

for specimens with a/d ratios of 0.31 and 0.50, there was a slight in

crease in the ultimate shear strength after the repeated loading. How

ever, for those with a/d ratio of 0.75! there was a reduction in 

strength after the repeated loading. 

In the case of specimens with compression reinforcement, Table XI 

shows that the repeated loading had a slightly adverse effect on the 

ultimate shear strength of all the specimens. The largest reduction in 

shear capacity occurred in specimen C8 with a/d ratio of 0.75. 

4.2.3 Combined Loading 

With the exception of specimen 86, the horizontal load was main

tained fairly constant at approximately 60 percent of the ultimate hori

zontal tensile force obtained from companion specimens, while the 

vertical load was repeated. In the case of specimen B6, the horizontal 

load was maintained at 20 kips. 



Speci
men 

A2 

Al 

A4 

A3 

AS 

A6 

A7 

C2 
Cl 

C4 
C3 

06 

05 

DB 
07 

TABLE X 

INFLUENCE OF REPEATED LOADS--VERTICAL LOADING ONLY 
(SPECIMENS WITHOUT COMPRESSION REINFORCEMENT) 

a/d 

0. 31 

0.31 

0.31 

0. 31 

0.31 

0.31 

0.31 

0.50 

0.50 

0.75 

0.75 

0.50 

0.50 

0.75 

0.75 

0.45 

0.45 

0.83 

0.83 

1.30 

1.30 

1. 30 

0.83 

0.83 

0.83 

0.83 

1.25 

1.30 

1.25 

1.25 

v 1 
us' 
ksi 

1.32 

1.63 

2.00 

2.28 

1.23 

0.92 

1. 54 

l. 21 

vur'2 
ksi 

1.37 

1.68 

2.22 

1.25 

0.87 

1.62 

1.04 

1shear stress of specimen subjected tci static loading only. 

2shear stress of specimen subjected to repeated loading. 
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v 2 
ur 

-1 
Vus 

1.04 

1.03 

1.11 

0.97 

1.02 

0.94 

1.05 

0.86 



TABLE XI 

INFLUENCE OF REPEATED LOADS--VERTICAL LOADING ONLY 
(SPECIMENS WITH COMPRESSION REINFORCEMENT) 

l 2 
Ps' vus' v ur' 

Specimen a/d % ksi ksi 

88 0.31 1. 30 2.48 

87 0.31 1. 30 2.56 

C6 0.31 0.83 1. 78 

C5 0. 31 0.83 1.84 

cs 0.75 0.83 0.82 

C7 0.75 0.83 0.89 

1shear stress of specimen subjected to static loading only. 

2shear stress of specimen subjected to repeated loading. 
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During the repeated loading the horizontal load in each specimen 

except B6 showed a slight increase during the unloading stage. The 

average of the maximum increases in the horizontal loads was found to 

be approximately 350 lbs and occurred at the beginning of the load 

stage; this increase was caused by the system of horizontal loading. 

75 

Figure 20 shows typical load-displacement curves. A study of the 

slopes of the curves indicates again that there was very little or no 

change between the shear stiffness at the end of the first cycle and 

that at the end of 100,000 cycles. 

In Table XII the results of specimens subjected to combined re

peated loading are compared with those of specimens subjected to 

combined static loading. Table XII and Figure 19(b) show that again 

the specimens with a/d ratios of about 0.31 and 0.50 resisted higher 

shear loads after the application of repeated loads. Also, the capacity 

of specimen 04 with a/d ratio of 0.75 was lower than that of the com

panion specimen 03 which was subjected to combined loading only. The 

higher H/V ratio for specimen 04 could have contributed to its lower 

shear strength. 
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TABLE XII 

INFLUENCE OF REPEATED LOADS--COMBINED LOADING 

l 2 2 
Speci- Ps' vus' vur' vur -, 

men a/d % H/V ksi ksi vus 

B2 0.31 0.45 0.46 0. 72 
Bl 0.31 0.45 0.49 0.68 l.06 

B4 0.31 0.83 0.46 l.01 
B3 0.31 0.83 0.47 0.99 l.02 

86 0.31 l.30 0.23 l. 84 
B5 0.31 1. 30 0.24 l. 78 l.03 

02 0.50 0.83 0.50 0.73 
01 0.50 0.83 0.50 0.63 1.17 

043 0.75 0.83 0.47 0.40 
03 0.75 0.83 0.40 0.51 0. 78 

1shear stress of specimen subjected to static loading only. 

2shear stress of specimen subjected to repeated loading. 

3specimen appeared to be damaged slightly during repeated loading 
test When a temporary power failure occurred. 
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CHAPTER V 

ANALYSIS AND DISCUSSION OF RESULTS 

5.1 Behavior 

The load-displacement curves obtained in this study clearly indi-

cated that during the loading each specimen behaved linearly until the 

strain in the main tension reinforcement was at or near the yield strain, 

at which time nonlinear behavior began and continued until failure. 

The shear stress (v ) at which nonlinear behavior of a corbel began 
y 

appeared to be influenced by the main tension reinforcement ratio (ps). 

The ratios of yield stress-to-ultimate stress (vy/vu) were then scruti

nized. The mean and standard deviations were determined for each of the 

reinforcement ratios investigated. For main tension reinforcement 

ratios of 0.43-0.45, 0.83-0.88, and 1 .25-1.30 percent, the means of the 

v /v ratios were 0.66, 0.74 and 0.88, respectively, with their corre-
Y u 

sponding standard deviations being 0.044, 0.076 and 0.067. Therefore, 

at higher values of p 5 , the yield stress approached the ultimate stress 

and a more sudden and explosive failure was observed; the higher the 

reinforcement ratios, then, the more brittle was the behavior of the 

corbel. 

As shown in Tables IV, VII, VIII, and IX, there were two primary 

failures--shear and flexural tension; secondary failures (bearing and 

79 
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corbel-end failures) were prevented by complying with the requirements 

of the ACI Code (14). 

Shear failure was characterized, in most cases, by the formation 

of a series of short diagonal tension cracks and concrete struts between 

the cracks in the vicinity of the column-corbel interface. The final 

failure was by shearing along the weakened plane. For specimens with 

a/d of 0.31 and 0.50 the plane of failure was formed by a crack from 

either the inside edge or the middle of the bearing plate to the inter

section of the column and the sloping face of the corbel. For specimens 

with a/d of 0.75 the plane of failure was formed by the crack from the 

inside edge of the bearing plate to the intersection of the column and 

the sloping face of the corbel. In a few cases of specimens with low 

a/d ratio, an increase in the flexural crack width accompanied the shear 

failure. 

Flexural tension failure resulted from excessive yielding of the 

main tension reinforcement and was followed by crushing of the concrete 

at the intersection of the column and the sloping face of the corbel. 

This type of failure occurred only in specimens subjected to combined 

loading, and was characterized by very wide flexural cracks. 

5.2 Compression Reinforcement 

In their study of normal weight concrete corbels, Kriz and Raths 

(4) determined that compression reinforcement had no influence on the 

ultimate strength of corbels. This result was due, to a very large ex

tent, to the type of aggregate used in the concrete mix because the com

pressibility of concrete is influenced by that of the aggregate. 
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The internal structure of lightweight aggregate makes lightweight 

concrete more compressible than normal weight concrete made with gravel. 

Hence the existence of compression reinforcement in a corbel was expected 

to improve the compression resistance of the lightweight concrete. Con

sequently, the ultimate strength of the corbel with compression rein

forcement was expected to be increased, particularly those with high 

reinforcement ratios, by prevention of premature compression failure. 

As expected, the specimens with compression reinforcement and low 

shear span-to-effective depth ratios (a/d) exhibited increases in shear 

strength of between 10 and 30 percent, as shown in Table V. However, for 

higher a/d ratios the compression reinforcement had no influence on the 

shear capacity of the corbel because of the large angle of inclination of 

the compression steel to the vertical. 

In Figure 21 the load-displacement curves for specimen 87 with com

pression reinforcement are compared with those of companion specimen A7 

without compression reinforcement. A study of Figure 21 shows that the 

slope of the vertical load-horizontal displacement curve is not affected 

by the presence of the compression reinforcement. On the contrary, the 

slope of the vertical load-vertical displacement curve as depicted in 

Figure 2l(b) is affected by the presence of compression reinforcement. 

Also, the presence of the compression reinforcement appeared to increase 

the ductility of the corbel, as shown in Figure 2l(a). 

The results of this portion of the investigation suggest that com

pression reinforcement in corbels made of lightweight concrete has bene

ficial effect on the shear strength of corbels, particularly with small 

a/d ratios. 
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5.3 Size of Specimens 

In most investigations in which smaller scale specimens have been 

studied, the results of the smaller specimens frequently differed from 

those of larger specimens. As a result, four larger specimens were 

tested to determine the influence of size on the results. In Table VI 

the ultimate shear stresses of companion specimens are compared in terms 

of the ratios of the shear stress of the smaller specimens to those of 

their companion larger specimens. The mean of these ratios was found to 

be 1.003 with a standard deviation of 0.010. 

The results of the above comparisons indicated that size did not 

have any influence on the results and that a size factor of 1 .0 is appro

priate in this study. Hence any design equations and suggestions ob

tained from the analyses of the data from the smaller specimens should be 

applicable to larger specimens without any modification. 

5.4 Reinforcement Ratio 

The main tension reinforcement ratios considered in this investiga

tion were within the limits required by the ACI Code (14). Furthermore, 

the area of the horizontal stirrups in each corbel was at least one-half 

that of the main tension steel. Figure 14 shows that within the limits 

of reinforcement ratios considered, an approximately linear relationship 

exists between the shear stress and the main tension reinforcement ratio. 

However, it is possible to have a nonlinear relationship at higher rein

forcement ratios. Hence the results from this investigation should be 

applied with caution when the main reinforcement ratio is outside the 

present range of consideration. 
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5.5 Shear Span--Effective Depth Ratio 

The shear transfer mechanism in concrete (2), in concrete brackets 

(4) (16) (25) (26) (27), and in composite and deep beams (22) (33) is 

influenced by the shear span-to-effective depth ratio (a/d). In their 

investigation of all-lightweight concrete corbels, Mattock, Chen and 

Soongswang (16) derived the linear Equation (2.18) to represent the rela

tionship between the ultimate shear stress and the a/d ratio for all

lightweight concrete corbels. Equation (2.18) was based on the results 

of push-off studies (3) and those of all-lightweight concrete corbels 

subjected to equal, combined static loading (i.e., H/V = 1 .0). In addi

tion, four of the six specimens used in the study (16) did not experience 

yielding of their main tension reinforcement. However, the linear Equa

tion (2.18) was also proposed for the design of sanded-lightweight con

crete corbels. 

Figure 22 indicates that the relationship between ultimate shear 

stress and a/d ratio is more of a nonlinear curve instead of a straight 

line. P. study of Figure 22 reveals that any slight increase in the a/d 

ratio substantially reduces the ultimate shear strength of the corbel at 

lower a/d ratios. At higher a/d ratios the amount of reduction, as a 

result of an increase in a/d ratio9 decreases. This suggests that cor

bels with small a/d ratios should be used to take advantage of the high 

shear capacities at low a/d ratios. 

5.6 Repeated Loading 

In almost all applications of a concrete corbel the loading does 

not remain constant but instead fluctuates between dead load and service 

load. The ·intensity and duration of the repeated loads depend on the 
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type or place of application: during an earthquake a corbel might experi

ence high intensity but short duration repeated loads. 

The shear capacity of fully cracked concrete through aggregate inter

lock is substantially influenced by the characteristics of the cracked 

surfaces. Under repeated loading the degree of cracked surface roughness 

is reduced, resulting in a partial or complete destruction of the load 

transfer mechanism. Although the corbels used in this study were not 

fully cracked prior to the repeated loading, it was expected that the 

application of repeated loads would reduce the shear capacity of all cor

bels regardless of other test parameters. 

The results show that all specimens with compression reinforcement, 

as expected, experienced a slight reduction in strength after the re

peated loading regardless of ps and a/d ratios. The biggest reduction 

in strength occurred in the specimen with a/d ratio of 0.75, as shown in 

Table XI. In spite of this reduction in shear capacity after the 

repeated ·1oading, the specimens with compression reinforcement showed 

higher ultimate strength than any of their companion specimens without 

compression reinforcement, except when the a/d ratio was 0.75. Hence for 

lower a/d ratios, compression reinforcement could be very beneficial to 

the load transfer capacity of the corbel under either static or repeated 

loading. 

In the case of specimens without compression reinforcement the re

sults indicated, contrary to expectations, that when subjected to either 

vertical loading only or combined loading, there was a slight increase 

in the shear strength after the repeated loading for a/d of 0.31 and 

0.50; there was a decrease in strength for a/d ratios of 0.75 (Figure 

19). The capacities of specimens with a/d of 0.75 that were subjected 
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to repeated load were reduced, on the average, by approximately 12.8 per

cent after the application of the repeated loads. 

An examination of the crack patterns showed that for specimens with 

a/d of 0.31 and 0.50 a considerable number of diagonal tension cracks 

formed before the failure load was achieved. As a result, the plane of 

failure was not well defined. However, for specimens with a/d of 0.75, 

fewer diagonal tension cracks formed in addition to the first one that 

was observed closer to the compression zone of the corbel. The addi

tional flexural crack which started at the inside edge of the bearing 

plate propagated rapidly into the compression zone and, at failure, 

linked with the first diagonal tension crack to establish the plane of 

failure more distinctly. It is therefore possible that the repeated 

loads might have had a more damaging effect on the plane of failure for 

the specimens with a/d of 0.75. 

However, there appeared to be no lucid explanation for the increase 

in shear strength observed after the repeated loading in corbels with low 

a/d ratios. 

A close study of Figure 19(a) shows that the critical value of the 

a/d ratio beyond which the repeated loading adversely affects the shear 

strength of the corbel is influenced by the reinforcement ratio: the 

higher the reinforcement ratio, the higher the critical a/d ratio. 

Figure l9(b) shows that the critical value of the a/d ratio is higher 

for specimens under combined loading. As a result, the safe critical 

value of a/d appears to be approximately 0.50. Hence when a corbel is 

used in places where repeated loadings are inevitable, the a/d ratio 

should be limited to 0.50. 
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The performance of a s tructura 1 member is not only influenced by 

the range and the mean value of the repeated loading, but also by the 

maximum value of the repeated loads. In this study the repeated loading 

was varied between 0.20 Vu and 0.60 Vu in most cases. Also, an examina

tion of Tables VIII and IX shows that in each specimen the maximum value 

of the repeated load did not exceed the load at which the nonlinear be

havior of the specimen started. This indicates that the repeated load 

occurred within the elastic range of each specimen. The results of this 

study therefore exhibit the performance of the specimens when subjected 

to repeated service loads. If, however, the maximum value of the re-

peated loads had exceeded the yield loads, different strength and be

havior might have resulted. 

5.7 Existing Design Methods 

From a design standpoint it is necessary to determine how well the 

present design provisions predict the strength of the corbels in this 

study. For purposes of comparison,the shear-friction Equation (2.20) 

has to be modified to account for the type of concrete. \~hen the reduc-

tion capacity ~ is taken as unity, the coefficient of friction µ is mul-

tiplied by 0.85 as proposed by Mattock (17), and the term pvfvy is 

replaced by [(p 5 fsy - Nu/bd) + phfhy] to account for the horizontal force 

Nu; Equation (2.20) thus becomes 

(5 .1) 

The test results were compared with the ultimate strengths predicted 

by Equation (2. 19) and (5.1) which represent the current design expres

sions of section 11.14 and the modified form of section 11.15 of the ACI 



90 

Code (14). By using Equations (2.19) and (5.1) the two different values 

of the ultimate shear stresses (vu)l and (vu) 2 were respectively calcu

lated. In Table XIII these calculated values are compared with the test 

results. A study of the ratios vu(test)/(vu)l indicates that Equation 

(2.19) can be applied to the design of sanded-lightweight corbels. 

It is of interest to note that Equation (2.19) is a conservative 

modification of Equations (2.5) and (2.6) proposed by Kriz and Raths (4), 

whose investigation involved a majority of corbel specimens without stir-

rups. However, for specimens with stirrups, Kriz and Raths found that 

by using Equations (2.5) and (2.6) the mean and standard deviation of 

vu(test)/vu(calc) were 1. 11 and 0.08, respectively, when H/V = 0.0; when 

H/V = 0.5, the mean and standard deviation were l .42 and 0.32. 

The shear-friction Equation (5.1) with a modified coefficient of 

friction appears to be useful, particularly for low a/d and reinforcement 

ratios. The vu(test)/(vu) 2 ratios in Table XII indicate that at higher 

reinforcement ratios and also at higher a/d ratios the shear-friction 

theory becomes unconservative. 

Recently, Mattock, Chen and Soongswang (16) and Mattock (17) pro-

posed the use of the modified shear-friction expression for the design 

of lightweight concrete corbels. For sanded-lightweight concrete the 

shear stress was expressed as 

but not greater than (0.2 - 0.07 a/d) f~, nor (1000 - 350 a/d). For the 

purpose of analysis the term p f will be replaced by [(p f - N /bd) v vy s sy u 
+ phfhy] to account for the horizontal tensile force Nu. The design 

shear stress then becomes the smallest of the following: 



Speci- 1 
men a/d Py 

TABLE XIII 

COMPARISON OF TEST RESULTS WITH CALCULATED VALUES USING 
EXISTING AND PROPOSED DESIGN EQUATIONS 

2 
(vu)l' (vu)2' (vu)3' vu( test) PS' vu(test)' 

% ksi ksi ksi ksi (vu)l 

St~tic Loading ~Jith H/V = 0 

Al 0.31 0. 0091 . 0.45 1. 32 0. 72 0.65 0.69 1.83 
A3 0.31 0.0129 0.83 1.63 0.83 0.89 0.85 1. 96 

A6 0.31 0.0223 1.30 1. 99 1.10 1. 73 0.89 1. 81 
A7 0.31 0.0223 1. 30 2.28 1. 10 1. 73 0.89 2.07 

873 0.31 0.0223 1.30 2.56 1. 12 1. 71 0.89 2.29 

Cl 0.50 0.0129 0.83 1.23 0.74 0.90 0.83 1.66 
C3 0.75 0.0129 0.83 0.92 0.62 0.90 0.74 1.48 
C53 0.31 0.0129 0.83 l.84 0.84 0.90 0.86 2. 19 
C7 3 0.75 0.0129 0.83 0.89 0.62 0.90 0.74 1.44 

05 0.50 0.0223 . 1. 30 l. 54 0.95 1. 75 0.83 1.62 
D7 0.75 0.0217 l. 25 1. 21 0.78 1. 51 0.74 1. 55 

Yl 4 0.31 0.0910 0.43 1. 32 0.70 0.63 0.68 1.89 
Y24 0.31 0. 0132 0.88 l.64 0.84 0.89 0.85 1. 95 
y34 0.31 0.0132 0.88 1. 62 0.85 0.89 0.85 1. 90 
y44 0.50 0.0132 0.88 1.22 0.74 0.89 0.82 l. 65 

vu( test) 
(vu)2 

vu(te~ 
~3 

2.03 1. 91 

1.83 1. 92 

1. 15 2.24 

1.32 2.56 

1. 50 2.88 

1.24 1.48 
1.02 l.24 

2.04 2. 14 

0.99 1.20 

0.88 1.86 

0.82 1.64 

2.09 1. 94 

1.84 1. 93 

l.83 l. 91 

1.37 1.49 
l.O __, 



TABLE XIII (Continued) 

2 
(vu)l' (vu)2' Speci- Ps' vu(test)' 

men a/d Pv % ksi ksi k-; :::, 1 

Reoeated Loading With H/V = 0 

A2 0.31 0.0091 0.45 1.37 0. 72 0.65 

A4 0.31 0.0129 0.83 1. 68 0.83 0.89 

A5 0.31 0.0129 0.83 5 0.83 0.89 

AB 0.31 0.0223 1.30 2.20 1.10 1. 73 
~ 

88" 0.31 0.0223 1.30 2.48 1. 12 1. 71 

C2 0.50 0.0129 0.83 l. 24 0.74 0.90 

C4 0.75 0.0129 0.83 0.86 0.62 0.90 

C63 0.31 0.0129 0.83 1. 78 0.84 0.90 

C83 0.75 0.0129 0.83 0.82 0.62 0.90 

06 0.50 0.0217 1.25 1.62 0.94 1.52 

08 0.75 0.0217 1. 25 1.04 0. 78 1.45 

(vu)3' vu(test) 

ksi (vu}l 

0.69 1. 90 

0.85 2.02 

0.85 

0.89 2.00 

0.89 2.21 

0.83 l.68 
0.74 1.39 

0.86 2. 12 

0.74 1.32 

0.83 1. 72 

0. 74 1.33 

vu( test} 
{vu)2 

2.11 

1.89 

l.28 

1.45 

1.38 

0.96 

1. 97 

0.91 

1.07 

0. 72 

vu(test} 
(vu}3 

1. 99 
1. 98 

2.50 

2. 79 

1.49 

1. 16 

2.07 

1.11 

l. 95 

1.41 

l..O 
N 



TABLE XIII (Continued) 

2 
(vu)l' (vu)2, (vu)3' vu(test) vu(test) vu( test} Speci- Ps' vu( test)' 

men a/d % H/V ksi ksi ksi ksi {vu)l {vu)2 ~vu)3 

Static Loading With H/V > 0.0 

Bl 0.41 0.45 0.49 0.68 0.32 0.32 0.46 2. 13 2. 13 l.48 

B3 0. 31 0.83 0.47 0.99 0.42 0.33 0.47 2.36 3.00 2. 11 

BS 0.31 l.30 0.24 1. 78 0.59 1. 25 0.89 3.02 1.42 2.00 

Dl 0.50 0.83 0.50 0.63 0.35 0.49 0.58 1.80 1.28 1.09 

D3 0.75 0.83 0.40 0. 51 0.31 0.65 0.69 l.66 0.78 0. 74 

Repeated Loading With H/V > 0.0 

82 0.31 0.45 0.46 o. 72 0.33 0.32 0.46 2. 18 2.25 l.56 

B4 0.31 0.83 0.46 l.01 0.42 0.33 0.47 2.40 3.06 2. 15 

B6 0.31 1.30 0.23 1.84 0.59 1.25 0.89 3. 12 l.47 2.07 

02 0.50 0.83 0.50 0.73 0.35 0.46 0.56 2.09 l. 59 l.30 
04 0.75 0.83 0.47 0.40 0.30 0.68 0.70 l.33 0.59 0.57 

1 (As + Ah)/bd. Py = 

2 100 As/bd. Ps = 
3specimen had two No. 3 bars as compression reinforcement in each corbel. 

4Larger specimen. 

5Main tension reinforcement fractured during repeated loading at approximately 390,000 cycles. 
l.O 
w 



94 

vu = 0.8 [(p f - N /bd) + phfh ] + 250 psi s sy u y (5.3a) 

or 

vu = (0.2 - 0.07 a/d) f~ (5.3b) 

or 

vu = (1000 - 350 a/d) (5.4c) 

By using Equation (5.3) the design shear stress (vu) 3 was calculated 

and compared with the test results. Again, a study of vu(test/(vu) 3 in 

Table XIII shows that Equation (5.3) produced conservative results for 

all specimens,except 03 and 04,subjected to combined loading and with an 

a/d ratio of 0.75; less conservative results were obtained for specimens 

under vertical loads only and with an a/d ratio of 0.75. Equation (5.3), 

however, was obtained from test results of all-lightweight concrete car-

bels for which the mean and standard deviation of vu(test)/vu(calc) were 

1.08 and 0.12, respectively. 

5.8 Design Proposal 

Based on the relationship between the shear stress and the a/d and 

ps ratios, and using the data from the static tests with vertical loading 

only, the ultimate shear stress can be expressed as 

= e(0.96 - 3.11 a/d) + 0 78 P 
vu . s (5.4) 

where a/d is the shear span-to-evvective depth ratio, and ps is the per

centage of the main tension reinforcement. To provide a lower bound on 

all data points, Equation (5.4) was modified to 

( \ ( 1 -· 3a/d)] v = l - a/d,[e + 0 75 p u . s (5.5) 
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In the case of specimens subjected to combined loading, it was 

difficult to attain a constant H/V ratio of 0.5 for all specimens. 

Therefore, an average percentage reduction of approximately 45% in shear 

capacity for H/V of nearly 0.5 was computed. Also, an average percentage 

reduction of approximately 57% in shear strength for H/V of 1.0 was de-

termined from the results of specimens with stirrup reinforcement from 

the study of Kriz and Raths (4). Based on these reduction averages in 

shear capacity, a modification to account for the combined loading could 

be expressed as 

A = [l - H/V (l - 0.4 H/V)] (5.6) 

In addition, for a concrete strength different from the average 

strength of 6.80 ksi used in this investigation, a concrete strength 

modification factor should be applied. Hence, Equations (5.4) and (5.5) 

become 

= A{e(0.96 - 3.11 a/d) + 0 78 P }•" vu . s ~ ( 5. 7) 

(5.8) 

where 

In Figure 23, Equations (5.7) and (5.8) together with the data from 

the specimens with vertical loading only have been plotted to depict how 

conservative Equation (5.8) is. 

As stated earlier, the current design provision of section 11.14 of 

the ACI Code (14) was bas~d on the results from the investigation of 

Kriz and Raths (4). In Figure 24, therefore, Equations (5.7) and (5.8) 
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are compared with the results of specimens with stirrups and subjected 

to vertical loads only from the study of Kriz and Raths (4). Again, 

Equation (5.8) proved to be a good lower bound. 
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From a design standpoint it is necessary to determine how well Equa

tion (5.8) can predict the ultimate shear strength of corbels. There

fore, Equation (5.8) was used to calculate the ultimate shear stress of 

each corbel in this study. In Table XIV the calculated shear stresses 

vu(calc) are compared with the corresponding test results vu(test) in 

the form of ratios. A study of Table XIV indicates that except for 

specimen 04, the ratio of vu(test)/vu(calc) in each case is greater than 

unity. The mean of these ratios varies between 1 .10 for specimens under 

combined repeated loading and 1.34 for specimens with compression rein-

forcement under static loading. 

Equation (5.8) was also used to predict the ultimate shear strength 

of specimens with stirrups used by previous investigators (4) (16). In 

Table XV the calculated values are compared with the results of Kriz and 

Raths (4). Table XV shows that for specimens under vertical loads only, 

the mean and standard deviation of v /v are 1.30 and 0.11, u (test) u (ca le) 

respectively; for H/V of 1.0 they are 1 .33 and 0.11, respectively. 

Specimens used by Mattock et al. (16) had very high main reinforce-

ment ratios. Twenty-five of the twenty-six specimens with stirrups were 

reinforced with quantities of main tension steel that were on the average 

of 2.62 times the maximum limit recommended by the ACI Code (14). In 

spite of high reinforcement ratios, Equation (5.8) was used to predict 

the ultimate strength of the specimens. Table XVI shows that for all-

lightweight concrete specimens with H/V of 1.0, the mean and standard 



Speci-
men a/d 

TABLE XIV 

COMPARISON OF PROPOSED EQUATION (5.8) 
WITH TEST RESULTS 

Ps' f' c' vu(test)' vu(calc)' 
% ksi ksi ksi 

Static Loading With H/V = 0.0 

100 

vu(testl 
vu (ca le) 

Specimens Without Compression Reinforcement 

Al 0.31 0.45 6.80 l.32 l.08 l. 22 
A3 0.31 0.83 6.80 l.63 l.35 l.21 

A6 0.31 l.30 6.80 l. 99 l. 70 l. 17 

A7 0.31 l.30 6.80 2.28 l.70 l.34 

Cl 0.50 0.83 6.96 l. 23 0.95 l. 29 

C3 0.75 0.83 6. 96 0.92 0. 71 l.30 

05 0.50 l.30 6.45 l. 54 l. 21 l.27 

07 0.75 1.25 6.45 l. 21 0.96 l.26 
Mean, x = 1.26 

Standard Deviation, s = 0.06 

Specimens With Compression Reinforcement 

B7 0.31 l.30 7. 10 2.56 ·1. 77 l.45 

C5 0. 31 0.83 6. 96 1.84 l.39 l.32 

Cl 0.75 0.83 6.96 0.89 0.71 1. 25 
Mean, x = 1.34 

Standard Deviation, s = 0.10 

Large Specimens 

Yl 0.31 0.43 6.45 1. 32 0.99 1. 33 

Y2 0.31 0.88 6.96 1.64 l.42 l. 15 

Y3 0. 31 0.88 7. 10 1.62 'I .45 1.12 

Y4 0.50 0.88 6.80 1. 22 0.96 l. 27 

Mean , x = l . 22 
Standard Deviation, s = 0.10 



Speci
men a/d 

TABLE XIV (Continued) 

f' c' 
ksi 

vu( test)' 
ksi 

vu (ca le)' 
ksi 

Repeated Loading With H/V = 0.0 

101 

vu(test) 
vu(calc) 

Specimens.Without Compression Reinforcement 

A2 0.31 0.45 6.80 1.37 l. 08· 1.27 

A4 0.31 0.83 6.80 1. 68 l.35 1.24 

A5 0.31 0.83 6.80 l 

AB 0.31 1.30 6.80 2.22 l. 70 1.31 

C2 0.50 0.83 6.96 1.24 0.95 1.31 

C4 0.75 0.83 6.96 0.86 0.71 1. 21 

06 0.50 1.25 6.45 1.62 1.18 1.37 

DB 0.75 1.25 6.45 1.04 0.96 1.08 
Mean, x = l.26 

Standard Deviation, s = 0.09 

Specimens With Compression Reinforcement 

B8 0.31 1.30 7.10 2.48 1.77 1.40 
C6 0.31 0.83 6. 96 . l. 78 1.39 1.28 
CB 0.75 0.83 6.96 0.82 o. 71 1. 15 

Mean, x = 1.28 
Standard Deviation, s = 0.13 



102 

TABLE XIV (Continued) 

Speci- Ps' f~, vu( test)' vu (ca le)' vu{test) 
men a/d % ksi H/V ksi ksi vu(calc) 

Static Loading With H/V > 0.0 

Specimens Without Compression Reinforcement 

Bl 0.31 0.45 7. 10 0.49 0.68 0.68 l.00 
. 83 0.31 0.83 7 .10 0.47 0.99 0.87 l. 14 

85 0.31 1.30 7. 10 0.23 l.78 l.40 1. 27 
01 0.50 0.83 6.45 0.50 0.63 0.53 l. 19 
03 0.75 0.83 6.45 0.40 0.51 0.44 l.16 

Mean, x=l.15 
Standard Deviation, s = 0.10 

Repeated Loading With H/V > 0.0 

Specimens Without Comoression Reinforcement 

B2 0.31 0.45 7. 10 0.46 0.72 0. 70 1.03 
84 0.31 0.83 7 .10 0.46 1.01 0.88 l. 15 

86 0.31 1.30 7 .10 0.23 l.84 1.41 1. 31 

02 0.50 0.83 0.83 0.50 0.73 0.70 1.04 
04 0, 75 0.83 0.83 0.47 0.40 0. 41 0.98 

Mean, x = l.10 
Standard Deviation, s=0.13 

1Main tension reinforcement fractured at about 390,000 cycles. 



103 

TABLE XV 

COMPARISON OF PROPOSED EQUATION (5.8) WITH PREVIOUS 
RESULTS OF KRIZ AND RATHSl (NORMAL 

WEIGHT CONCRETE WITH STIRRUPS) 

Speci- Ps' 
f .I 

vu(test)' vu(calc)' vu( test} c ' 
men a/d % ksi ks i ksi vu(calc}. 

Static Loading With H/V = 0.0. 

1S2 0.59 0.93 4.34 0.74 0.57 l. 30 
2S 0.59 0.93 4.59 0.84 0.60 l.40 

3S 0.59 0.93 4.43 0.85 0.58 1.47 
. 4S 2 0.37 0.93 4.33 0.93 0.80 l. 16 

5S 0.37 0.93 4.34 1.05 0.80 l. 30 

6S 0.37 0.93 4.48 1. 16 0.83 l.40 

7S 2 0.39 0.93 4. 11 0.83 0. 73 l.14 

BS 0.39 0.93 4.30 0.94 0.76 l. 24 

9S 0.39 0.93 4.23 0.91 0.75 l. 21 

lOS 0.30 0.93 4. 15 l. 21 0.90 1.34 

llS 0.20 0.93 4.28 3 l.20 
Mean, x = l. 30 

Standard Deviation, s = 0.11 

Static Loading With H/V = 0.5 

12S 0.62 0.93 6.12 0.54 0.46 l. 17 

Static Loading With H/V = 1.0 

l3S 0.62 0.93 3.90 0.26 0.20 1.32 
14S 0.62 0.93 4.35 0.27 0.22 l.23 
l 5S 0.40 0.93 4. 11 0.43 0.29 l.48 
16S 0.20 0.93 4. l 0 0.59 0.46 1.28 

Mean, x = 1.33 
Standard Deviation, s = 0.11 

1Data from Reference ( 4). 

2 Ah/As < 0.5. 

3Test stopped at v = 1.19 ks i. 



TABLE XVI 

COMPARISON OF PROPOSED EQUATION (5.8) WITH PREVIOUS RESULTS 
OF MATTOCK ET AL.l (STATIC TESTS OF ALL-LIGHTWEIGHT 

CONCRETE CORBELS WITH STIRRUPS) 

Design 
Ps' f' vu(test)' vu(calc)' vu(test) Speci- c Vu, 

vu(calc) men a/d % ks i H/V ksi ksi ksi 

G42 0.99 1.47 3.75 0.0 0.80 0.53 0.61 0.87 

F2 0.45 2. l 0 3.72 1.0 0.80 0.82 0.43 l. 91 

F32 0.68 2.43 3.73 1.0 0.80 0.54 0.43 1.26 

F42 l. 01 2.97 4.04 1.0 0.80 0.54 0.53 1.02 

F4A2 1.01 2.97 3.72 1.0 0.80 0.53 0.49 l.08 

J4 1.01 1.98 3.65 1.0 0.56 0.49 0.32 1. 53 

Mean, x = 1.36 
Standard Deviation, s = 0.37 

For H/V = l. 0 

1oata from Reference (16). 

2Main tension reinforcement did not yield. 
___, 
0 
-+::> 



105 

deviation of the vu(test)/vu(calc) are 1.36 and 0.37, respectively. 

Table XVII shows Equation (5.8) results in very conservative predic-

tions for specimens of normal weight concrete that are over-reinforced. 

Based on the above analysis, it is evident that Equation (5.8) could be 

used to predict the ultimate strength of concrete corbels with a reason

able margin of safety. The ultimate shear stress may therefore be ex-

pressed as 

v = A{(l - a/d)[e(l - 3a/d)] + 0.75 p 5 }~ u 

where 

A = [l - H/V (1 - 0.4 H/V)]; 

and 

f' 
~ = c 

6.80 . 



TABLE XVII 

COMPARISON OF PROPOSED EQUATION (5.8) WITH PREVIOUS 
RESULTS OF MATTOCK ET AL. l (STATIC TESTS OF NORMAL 

WEIGHT CONCRETE CORBELS WITH STIRRUPS) 

Design 
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PS' 
f I 

vu( test)' vu(calc)' vu(test) Speci- c Vu' 
vu(calc) men a/d Of ksi H/V ksi ksi ksi /0 

Bl 2 0.44 0. 75 3.63 0.00 0.80 0.87 0.52 1.67 

82 0.67 l.16 3.45 0.00 0.80 0.73 0.50 1.46 
B3A 1. 01 1.86 4. 17 0.00 0.80 . 0. 79 0.85 0.93 

Cl 0.45 2.03 4.01 0.75 0.80 0.83 0.54 1.54 

C2 0.68 2.48 3. 72 0.75 0.80 0.75 0. 51 1.47 

C2A 0.68 2.23 3.71 0.75 0.80 0.76 0.46 l.65 

C3 l. 02 3. l 0 4.39 0.75 0.80 0.71 0.71 l.00 

Dl 0.45 l.65 3.91 l.00 0. 57 0.53 0.28 l.89 

02 0.68 2.03 3.81 l.00 0.57 0.64 0.37 l. 73 

03 l. 01 2.48 3.70 l.00 0.56 0.62 0.41 l. 51 

El 0.22 l.89 4.03 l.00 0.80 l. 24 0.64 l. 94 

E2 0.45 2.10 4.45 l.00 0.80 1.04 0.51 2.04 

E3 0.'68 2.43 4.22 l.00 0.80 1.10 0.48 2.29 

E4 1. 01 2.97 4.06 l.00 0.80 0.80 0.53 l. 51 

Hl 0.23 2.10 3.92 l.00 l.20 l. 51 0.61 2.48 

H2 0.45 2.43 3.92 l. 00 l.20 l.13 0.51 2.22 

H3 0.68 2.97 3.86 1.00 l. 20 l. 07 0.58 1.84 

H3A 0.68 2.97 3.96 l.00 1. 20 0.89 0.55 l.62 

H3B 0.68 2.97 3.82 l.00 1. 20 1.04 0.53 l. 96 

Mean, x = 1.92 

Standard Deviation, s = 0.31 
For H/V = l. 0 

only 

1oata from Reference (16). 

2only specimen in the investigation of Mattock et al. (16) in which 
Pr(%) < 0.13 f'/f (%), a requirement of ACI Code (14). 
~ c sy 



CHAPTER VI 

SUMMARY AND CONCLUSIONS 

6.1 Summary 

The study reported herein was conducted to obtain information about 

the strength and behavior of lightweight concrete corbels, particularly 

when subjected to repeated loads. 

Thirty-six reinforced sanded-lightweight concrete specimens were 

tested: four larger specimens with 9 x 12 in. columns and thirty-two 

smaller specimens with 6 x 8 in. columns. Each specimen had two cor

bels arranged symmetrically about the column, and reinforced with 

quantities of steel as per the ACI Code (14) limitations. Six of the 

smaller specimens had additional compression reinforcement. All of 

the larger specimens and half of the smaller specimens were subjected 

to static loading only, while the remaining half of the smaller spec

imens were subjected to vertically repeated loading prior to their 

static tests. Five specimens of each group of sixteen smaller speci

mens were subjected to combined loading. 

Each specimen was tested in an inverted position and the load

di spl acernent curves i,.1ere directly plotted by means of transducer-

pl otter arrangements. In the case of specimens subjected to repeated 

loading the load-deformation curves were also plotted at the end of 

1 st, 10th, 100th, lOGOth, 10, OOOth, and l 00, OOOth eye 1 e. The repeated 

loadin9 ~\las appl·ied at 120 cycles per minute and varied between 

'107 
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approximately 0.2V and 0.6V for most specimens. The static horizon-
u u 

tal load, if present, was maintained constant during the repeated load-

ing. Each specimen was then statically loaded to failure. 

Strength predictions from current design Equations (2.19) and 

(2.20), and proposed Equation (5.2) were compared with test results. 

Based on data from the tests the expression (5.8) was developed to 

predict the ultimate strength of sanded-lightweight concrete corbels. 

6.2 Conclusions 

The strength and behavior of reinforced sanded-lightweight con

crete corbels are affected by both the shear span-to-effective depth 

ration (a/d) and the reinforcement ratio (p) as well as the presence 

of compression reinforcement. The results showed that there is an 

exponential relationship between the shear strength of the corbel and 

the a/d ratio; at lower a/d ratios, the shear capacity of a corbel is 

rapidly increased. Therefore, from the stand-point of strength it is 

advantageous to use low a/d ratios. 

It was also observed that in corbels with high reinforcement ratio, 

the yield strength approached the ultimate strength resulting in a more 

brittle behavior and a more abrupt failure. Such sudden failure could 

be prevented by the use of compression reinforcement since specimens 

with compression reinforcement exhibited more ductility. In addition, 

specimens with compression reinforcement experienced higher ultimate 

shear loads at low a/d ratios; no influence was observed at higher 

a/d ratios. 

It was expected that a repeated loading history will reduce the 

shear capacity of each corbel regardless of p or a/d ratios. Contrary 

to expectations, at low a/d ratios of 0.31 and 0.50 the repeated 
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loading history consistently produced slight increases in the ultimate 

strength of corbels without compression reinforcement; for those with 

higher a/d ratio of 0.75, the repeated loading history consistently 

reduced the shear capacity. In the case of specimens with compression 

reinforcement, however, the repeated loading produced a slight de

crease in the shear capacity at both low and high a/d ratios; the larg

est reduction in strength occurred at a/d ratio of 0.75. 

Current design Equations (2.19) and (2.20) from sections 11.14 and 

11.15 of the ACI Code (14) predicted the ultimate strength of the sand

ed-lightweight concrete corbels more conservatively at low a/d ratios 

but less conservatively at higher a/d ratios. In fact, Equation (2.20) 

was unconservative at all a/d ratios of 0.75. The expression (5.2) 

proposed recently by Mattlock (17) also produced conservative predic

tions of the shear strength but less conservative at higher a/d ratios 

and yielded unconservative results for combined loading and high a/d 

ratios. The derived expression (5.8) predicted the ultimate strength 

of the sanded-lightweight concrete corbels with a fairly constant margin 

of safety. Equation (5.8) was also used to predict conservatively the 

strengths of corbels of normal weight concrete and all-lightweight 

concrete from previous investigations (4) (16). 

From the results of this study of 36 sanded-lightweight concrete 

specimens, it may be concluded that: 

l. At low shear span-to-effective depth ratios the presence of 

compression reinforcement in a lightweight concrete corbel appears to 

be beneficial to its behavior and its load-carrying capacity. 

2. To take advantage of shear strength, corbels should be limit

ed to low shear span-to-effective depth ratios. 
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3. Repeated loading history has a detrimental effect on the shear 

strength of corbels with high shear span-to-effective depth ratio. In 

places of possible load repetitions, the shear span-to-effective depth 

should be limited to 0.50. 

4. The design provisions of sections 11 .14 and 11 .15 of the ACI 

Code (14) with modified coefficient of friction could be used for sat

isfactory design of sanded-lightweight concrete corbels with low shear 

span-to-effective depth ratios. 

5. Data indicate that the following expression can be used to 

design reinforced concrete corbel. 

where 

vu= A{(l-a/d)[e(l - 3 a/d)] + 0.75 ps}~ 

A = [l - H/V(l - 0.4H/V)] 

~ = f ~/6.80. 

6.3 Suggestions for Future Work 

Presently there is a limited amount of information on the behavior 

and strength of reinforced concrete corbels, particularly those of light

weight concrete. Excluding this study there is no known investigation 

of concrete corbels subject to repeated loading. It is therefore evident 

that more research is needed to thoroughly investigate the strength and 

behavior of concrete corbels under repeated loading. The following 

are some suggestions for further research work that were noted during 

this study: 

1. Examination of strength and performance of corbels under low 

intensity-long duration, and high intensity-short duration repeated 

loads. 



2. A study of the effects of variations in compression rein

forcement. 

3. Determination of the effects of simultaneous repetitions 

of combined loads. 

4. Comparision of the effects of different frequencies of re

peated loads. 

11 l 
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