This dissertation has been
microfilmed exactly as received

69-10,612

WILKINS, Jr., Dick Justiss, 1942~
FREE VIBRATIONS OF ORTHOTROPIC CONICAL
SANDWICH SHELLS WITH VARIOUS BOUNDARY
CONDITIONS.

The University <£ Oklahoma, Ph,D., 1969
Engineering, aeronautical

University Microfilms, Inc., Ann Arbor, Michigan



THE UNIVERSITY OF OKLAHOMA

GRADUATE COLLEGE

FREE VIBRATIONS OF ORTHOTROPIC CONICAL SANDWICH SHELLS

WITH VARIOUS BOUNDARY CONDITIONS

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the

degree of

DOCTOR OF PHILOSOPHY

s‘l‘%
DICK JYWILKINS, JR.
Norman, Oklahoma

1969



FREE VIBRATIONS OF ORTHOTROPIC CONICAL SANDWICH SHELLS

WITH VARIOUS BOUNDARY CONDITIONS

Copl_fedt
et/ (%9 o
Sy
W alheos) 0. VYT

DISSERTATION COMMIT



TABLE OF CONTENTS

ACKNOWLEDGEMENT . . . . . . . . . « o ¢« v ¢ o &

LISTOF TABLES. . . . + ¢ ¢« « ¢« ¢ o s ¢ ¢ o o

LISTOF FIGURES . . . . « + « ¢ ¢« ¢ ¢ ¢ o o o o

LISTOF SYMBOLS . . . . « ¢« ¢« v v ¢ ¢ ¢ o o o &

Chapter

I.

II.

III.

Iv.

INTRODUCTION. . . . . + « « « ¢ o o &

1.1 Survey of Shell Dynamics . . . . .

1.2 Research Objectives. . . . . . .

FORMULATION OF THE THEORY . . . . . . .

Method of Analysis . . . . . . .

2.1
2.2 Hypotheses . . . . . . « « ¢ « o &
2.3 Application of Galerkin's Method . .

2.4 Boundary Conditions. . . . . . .
EVALUATION OF THE THEORY. . . . . . .
3.1 Homogeneous Cylinders. . . . . .
3.2 Homogeneous Cones. . . + + « « .

3.3 Sandwich Come. . « . + « & o « &

CIIOSURE L] . . . . . L] . L] . . . . . L]

MFERENCES . . . . L] ‘ L] L] . . . . . L] . . . . L .

Appendix

A, DERIVATION OF THE KINETIC AND POTENTIAL ENERGIES FOR

AN ORTHOTROPIC SANDWICH SHELL . . . .

A.1 Strain-Displacement Formulation. . . .
A.2 Core Strain Emergy . . . . . . . .
A.3 Facing Strain Energy . . . . . . .

e o o o . > e

Page
iii

iv

vi

wr W =

(=< WV, V]

29
31
32
44

46

50

50
54
55



A.4 Total Strain Energy. . . . . « « « « ¢ ¢« o « o &
A,5 Total Kinetic Energy . . . « « ¢ « « v « + 4+ &
APPLICATION OF HAMILTON'S PRINCIPLE TO, DERIVE THE
EQUATIONS OF MOTION . . & & ¢ « ¢ & o ¢ o o s ¢ o o o
IDENTIFICATION OF INTEGRAL FORMS., . . . . . . . . . .
EVALUATION OF INTEGRALS FOR FREELY SUPPORTED BOUNDARY
COND I TION L] L] . . . L] L . . L] . L] L L] . . . . . L] L L]
EVALUATION OF INTEGRALS FOR CLAMPED-CLAMPED BOUNDARY
CONDITION . o &+ & v ¢ & v o o o o & o o s o o o s o o
EVALUATION OF INTEGRALS FOR FREE-FREE BOUNDARY
CONDITION . . & & & v ¢ v o o v o o o ¢ o o o o o
COMPUTER PROGRAM DOCUMENTATION. . . . . . . . .
COMPUTER PROGRAM LISTING., . + o ¢ o o o o o o o & o &

Page

57
59

60

78

85

94

97
104

114



ACKNOWLEDGEMENT

The author is proud to have been the first student to receive
voth his Master's and Doctor's degrees under the guidance of Dr.
Charles W. Bert, whose personal interest and enthusiasm make working

with him a gratifying experience.

Dr. Davis M. Egle contributed many valuable suggestions during
the research, resulting in improvements in both the theory and the

computer program.

The staff of the Merrick Computer Center of the University of
Oklahoma contributed greatly to the completion of the research. 1In
particular, the author is indebted to Mr., Stan Tyler and his
Operations staff, and Mr. Stewart Lane of the Systems staff for their

excellent cooperation.

The research would not have been possible without the financial
support of the National Science Foundation, in the form of a Graduate

Traineeship.

Finally, this work is gratefully dedicated to my wife, Kay,
whose encouragement and patience have been extraordinary.

iii



LIST OF TABLES

Table Page

3.1 Frequencies for a Freely Supported Homogeneous Cylinder 30
3.2 Analytical Frequencies for Free-Free Homogeneous Cone 34
3.3 4nalytical Frequencies for Freely Supported Sandwich Cone 36
3.4 Analytical Frequencies for Clamped-Clamped Sandwich Cone 38

3.5 Analytical Frequencies for Free-Free Sandwich Cone 41

iv



Figure
2.1
2.2
2.3
3.1
3.2
3.3
3.4

3.5

3.6

Al

G.1

LIST OF FIGURES

Page
General Form of Stiffness Matrix . . . . . . . . « . . . 19
Form of Stiffness Matrixwhenn =0, . . . . . . . . .. 21
Form of Stiffness Matrix for a Homogeneous Shell . . . . 22
Natural Frequencies for a Homogeneous Come . . . . . . . 33
Natural Frequencies for a Freely Supported Sandwich Cone 35
Natural Frequencies for a'Clamﬁgd-Clamped Sandwich Cone, 37
Natural Frequencies for a Free-Free Sandwich Come. . . . 40
Modal Shapes for a Free-Free Sandwich Cone withm =1
and m = 2 and Various Values of n. . . . . . . . . . .. 42
Modal Shapes for a Free-Free Sandwich Cone with m = 3
and m = 4 and Various Values of n. . . . . . . . . . . . 43
Shell Geometry . . v & ¢ v ¢ v o ¢« 4 o o o o 0 o s e s 51
Overlay Structure. . . .« ¢ o ¢ & « ¢ o s o « o o o« o ¢ & 106



SYMBOLS

Aim Arbitrary dimensionless constants (eigenvectors) in
Equation (2-11)

Al Inertia matrix

AS Stiffness matrix

aij Constants in Equation (2-1)

14 Arbitrary constants (eigenvectors) in Equation (2-2)
C Dimensionless coefficients defined by Equation (2-9)
Cd’ Cs = cos (mtk)mp
Ei Error function or residual in Galerkin's method
E', Eé Facing elastic modulus in x and ® directions,

respectively (psi)
Ey, By = Er/(l-vg Vig), B/ (1-vg vig)  (psi)
eij Strain components (in./in.)
F, Fe ' Normal stress resultant (normal force) in x and 6

X directions, respectively (1b./in.)
an Shear stress resultant in x-8 plane (1b./in.)
f Natural frequency (hertz)

f(x) Arbitrary function of x

G _, Core shear modulus in z-x and ©-z planes, respectively
zx’ 6z (psi)

G' , G , G Facing shear modulus in z-x, ©-z, and x-6 planes,
zx sz X0 respectively (psi)

g(x) Arbitrary function of x

h Core half-thickness (in.)

vi



Q.

X

U(x)

%

Scale factors in Equation (A-2). (Dimensionless)

Mass moment of inertia of core about core middle
surface per unit surface area. (1lb.-sec?/in.)

Mass moment of inertia of one facing about core
middle surface per unit surface area (1b.~sec?/in.)

Core transverse shear coefficient in z-x and 8-z
planes, respectively (Dimensionless)

Facing transverse shear coefficient in z-x and 8-z
planes, respectively (Dimensionless)

Shell slant length (in.)

Upper summation limit in gssumed mode series
Bending moment (in.-1b./in.)

Twisting moment  (in.-1b./in.)

Meridional mode number; summation index

Composite shell mass per unit surface area
(1b, -sec2/in3)

Number of circumferential full-waves

Transverse shear stress resultant in z-x and 6-z
planes, respectively (1b./in.)

= Ro +¢ sin@ (Dimensionless)

Radius of the middle surface at the small end of the
shell (in.)

Ro/L (Dimensionless)

Ro + xsinao + 2z cosa (in.) See Equation (A-6)

A distance in a general curvilinear coordinate system
(in.)

= sin (mtk)mp
Total kinetic energy (in.-1b.)
Half-thickness of one facing (in.); time (sec.)

Normal mode form of u (in.)

vii



= U/L (Dimensionless)

Middle surface displacement in x-direction (in.);
dummy variable in solution of clamped-clamped IR122

General displacements in x, ©, z directions, respec-
tively (in.)

Normal mode form of v (in.); volume (in?)

Strain energy of core and facing, respectively
(in.-1b.)

= V/L (Dimensionless)

Middle-surface displacement in ©-direction (in.);
dummy variable in solution of clamped-clamped IR122

Normal mode form of w (in.)
= W/L (Dimensionless)

Dummy variables in the solution of clamped-clamped
IR122

Middle surface displacement in z-direction (in.)
Meridional coordinate (see Figure A.1)
Variables used in Equation (2-1)

Thickness coordinate (see Figure A.1)

Cone semi-vertex angle (see Figure A.1); general
curvilinear coordinate in Equation (A-1)

General curvilinear coordinate in Equation (A-1)

General curvilinear coordinate in Equation (A-1)

m

x/L  (Dimensionless)

(R° + x sin d)'l (in.-l)

n

Constants defined by Equations (A-20)
Angular circumferential coordinate
Square root of the eigenvalﬁe of Equation (2-1)

Major and minor Poisson's ratios, respectively
(Dimensionless)
viii



p - Density of core material (1b.-sec?/in?)

p' Density of facing material (lb.-sec?/in?)

) = ib/sin o (Dimensionless)

Uij Stress  (psi)

¢ij Assumed mode functions

Wx, ¢; Angle of rotation in the meridional direction of the
normal to the middle surface for the core and facing,
respectively (radians)

Vx’ W; Normal mode form of *x and ¢;, respectively (radians)

we, Wé Angle of rotation in the circumferential direction of
the normal to the middle surface for the core and
facings, respectively (radians)

ﬁe, ﬁé Normal mode form of we and wé, respectively (radianms)

w Circular frequency (radians/sec.)

Superscripts

c Refers to core

i Refers to inmer facing

[ Refers to outer facing

ix



FREE VIBRATIONS OF ORTHOTROPIC CONICAL SANDWICH SHELLS

WITH VARIOUS BOUNDARY CONDITIONS
CHAPTER I
INTRODUCTION

1.1 Survey of Sheli Dynamics

The extensive use of shell structures in aircraft and space
vehicles has provided a great impetus to shell dynamics research. This
fact is verified by the large amount of literature available on the
subject, Most of the investigators have considered thin, elastic
shells of homogeneous, isotropic materials. Although sandwich con-
struction is being used more widely in shell counfigurations for aero-
space structures, only a very limited number of analyses involving
such structures has been attempted.

Apparently the first such analysis was performed by Yu (1] for
. the free vibrations of a simply supported sandwich cylinder. Other
work on sandwich cylinders includes that of Chu [ 2], [3] on wave proé-
agation and large-amplitude vibration, Bieniek and Freudenthal (4] on
harmonic forced vibration, Yu [ 5] and Jones and Salerno [ 6] on struc-
.tural damping, and Greenspon [7] on the effect of initial stress.

Analyses for other configurations include those by Mead and

Pretlove [ 8] and Jacobson and Wenner [9] for cylindrically curved

1



2
panels, Tasi [10] and Koplik and Yu [11], [12], [13] for shallow
spherical-shell caps and Suvernev [14], as reported in [15], for
" conical frusfums.

None of the above-mentioned analyses considered orthotropic
facings, as exemplified by fiber-reinforced composites. However, some
did allow for the commonly used hexagonal-cell honeycomb core by con-
sidering the simpler effect of an orthotropic core. The first sandwich-
shell vibration analyses to consider orthotf;;;:-}acings~and core were
done independentl& by Azar [16], Vasitsyna [17] and Baker and Herrmann
[18]. Azar treated axisymmetric free vibrations of freely supported
arbitrary open-ended shells of revolution, such as conical and para-
boloidal shell frusta but excluding cylinders. Vasitsyna analyzed
 free vibrations of simply supported circular cylinders, while Baker
and Herrmann considéred the same case with the addition of a general
state of initial stress. Later, Bacon and Bert [19] extended Azar's
work to include unsymmetric modes.

Most of the above analyses used simply supported edges, while
a few considered clamped edges. None of them considéred free edges.
Tn fact, until very recently, the most difficult case that had been
analyzed for free edges was that of a‘héﬁogeneous, isotropic, conical
shell, Hu [20] formulated his analysis to include both membrané and
bending effects, with solutions by Galerkin's method. However, the
only numerical results which he published for free-free boundary con-
ditions included only membrane effects and they were not compgred with
any experimental results, An analysis by Hu, et al [21] considered

the conical shell to be inextensional, i.e., the membrane strains were



3
identically zero, and used the Rayleigh-Ritz technique. Their results

compared favorably witﬁ their previous experimental fesults (22] for
low values of circumferential wave number, n, Sewall's analysis,
mentioned in a report by Mixson [ 23], was said to have been solved by
a Rayleigh-Ritz technique, and his results, for the lowest unsymmetric
mode only, agreed quite well with Mixson's experimental values for
homogeneous, isotropic, conical shells. The analysis of Krause [ 24],
for the same type of shell, included both membrane and bending effects,
and used a modified Galerkin method in which it was not necessary to
satisfy the force and moment boundary conditions. However, Krause's
results did not appear to agree as well with the experimental values
of [22) as did those obtained by the much simpler analysis of [21].
The case of a sandwich conical frustum with orthotropic facings,
perfectly rigid core, and free edges was analyzed by Bert, et al [25]
by using a simple inextensional theory and the Rayleigh-Ritz method.
‘'Their analysis agreed well with their experiments on a free-free,

orthotropic, sandwich shell.

1.2 Research Objectives

The purpose of this research is to develop a general analysig,
with accompanying computer program, with the following capabilities
and characteristics:

1. Shell Geometry - conical frustum with cylinder as a

special case.

2, Material - lineariy elastic; either isotropic or

orthotropic,

3. Facing Flekibilities - all components of extensional,
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flexural, and shear strain, but neglecting'coupling béfween
extensional and flexural effects (i.e., Love first approxi-
mation shell theory plus shear).

Core Flexibilities - transverse shear only, as is standard
for a sandwich core.

Inertia effects - all components of translational and
rotatory inertia,

Type of mode - axisymmetric or unsymé;tric.

Boundary conditions - arbitrary - to be specified as input
functions for different sets of end conditions, including
clamped-clamped, freely supported and free-free,

Kind of construction - symmetrical sandwich (symmetric

about the middle surface) with homcgeneous as special

case.



CHAPTER II

FORMULATION OF THE THEORY

2.1 Method of Analysis

L —
First, expressions for the kinetic and potential energies of a

symmetrical sandwich conical shell with orthotropic facings and core
are derived from basic principles, This derivation is presented in
Appendix A. Next, in Appendix B, Hamilton's principle is employed to
derive the differential equations of motion and the boundary condi-
tions. Galerkin's method is then applied to the equations of motion.
The result of this operation is a set of simultaneous linear algebraic
equations in the form of a standard eigenvalue problem. The eigen~

value problem is then solved with the aid of a digital computer.

gégﬁ:Hypotheses
All of the following assumptions will be implicit in the
analysis:

1. The core is capable of resisting transverse shear,
but not bending, extension, or in-plane shear.

2., The facings resist extension, bending, and transverse
and in-plane shear.

3. The facings are identical, so that the sandwich is of
symmetrical construction.

5



10.

6
Both the core and the facings are linearly elastic and
can be orthotropic.
The facings and core furnish both translational and
rotatory inertia effects.
The shell thickness is small compared to_the smallest
radius of curvature of the shell, so that z/r may be
neglected when compared to unity.
All deflections are small, so that the strain-displacement
relations can be linearized.
Lines which are straight and normal to the middle
surface before deformation remain straight during
deformation, but do not necessarily remain normal to
the middle surface.
The facing rotation, ¢;, is assumed to be identical
in the inner and outer facings, in view of hypothesis
(6). The same assumption also applies to ¢é.
All material damping, thermal, and initial-stress
effects, as well as interactions with surrounding

fluid, are neglected.

2.3 Application of Galerkin's Method

The Galerkin method is an approximate (assumed-mode) method

for the solution of boundary-value problems. To apply it, one begins
with the equations of motion. Solutions are assumed for the unknown
variables of the problem. These assumed solutions must satisfy the

boundary conditions but do not necessarily satisfy the equations of
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motion. This means that the insertion of the assumed solution into
eac; ;f the motion equations results in a non-zero "error function"
rather than zero, which would be the result if the exact solution were
known. In order to minimize the error, each of the error functions is
required to be orthogonal to the assumed functions. This orthogonali-
zation process gives rise to a set of simultaneous, linear, homogeneous
equations with the vibrational frequency as the eigenvalue.

As an example in the use of Galerkin's method, consider the

simple set of equations

2

(a11 - A )x1 + alzx2 =
+ (@ - A% =0 (2-1)

a51% T 899 1Xy = -

Now assume

2
" =Z b1®P1m = 11?11 * PPy
m=1
2

X 3 = -
2 21 Polon = P21®21 t Po®Pyy (2-2)
m=

where the ¢ functions satisfy the boundary conditions independent of
the values of the b's. Using Equations (2-2) in Equations (2-1)

results in

2
1= @y =A@y + Dy gpy0) + ay, (b + DyP,,)

=1
n

| 2
Ey = ay, (b 0y + Dy 9100 + (ay, - AN (by@,) +b,09,,)  (2-3)

where El'and E2 are non-zero since Equations (2-2) do not represent

the exact solutions for Xy and x2. In order to minimize E1 and E2,

Galerkin's method requires that



JIV Elcp1k d (vol.) =0

(2-4)

it
o

5; Eika d (vol.)

'
for k=1, 2.

The functions (Plk and cp2k were chosen for the orthogonali-~

zation to insure that the }\2 terms would not vanish. The first of

the four Equations (2-4) is

2
E.¢ dv=abr:p dV+abJ"cpcp av
L 1*11 12’1 J, i 1112 J, %1211
2150 fv P11 9V + 319099 L Py 9V

2 2 2 _
- A b11 chu dv - A b12 chlchll dv=0 (2-5)

The equations would be put in matrix form as follows:

2 o f
H;n L‘Pndv 11 J, PP 2 L‘szpudv 212 L‘F’zz‘PndV_!

.
f

e _ r PN _ _ -l
2 0 [T F’O
Jy ?19Y Lq’lz“"ndv_ 0 b13
2
Y r bl =0 (2-6)

b,y 0

b 0

N ) P22 L

As noted by Yu and Lai [26] and Singer [ 27], Galerkin's method
is equivalent to the Rayleigh-Ritz method, when applied correctly.
The main restriction on Galerkin's method is making certain that the
procedure is applied to the coupled equations of motion which arise
directly from equilibrium cdnsiderations or from Hamilton's principle.

This means that differentiations may not be performed to uncouple the
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equations of motion. The equivalence of the Galerkin and Rayleigh-Rifé
methods refers to the fact that both methods use a minimum principle,
and should not imply that ideﬁtical results are obtained from both
methods. In some special cases, identical stiffness and inertia
matrices, and hence, identical results, are obtained from both methods,
but in general, Galerkin's method gives rise to a non-symmetric stiff-
ness matrix, while the Rayleigh~Ritz method always gives rise to a
symmetric stiffness ;;frix.

Now, with this introduction to Galerkin's method, and the
results of Appendices A and B, the solution to the conical sandwich
shell vibration problem may commence,

In order to remove the time dependence and the circumferential
dependence, the following forms are assumed:

u(x,0,t) = U(x) cos o sin wt

v(x%,8,t) = V(x) sin nf sin wt

w(x,0,t) = W(x) cos nf sin 0t

¢é(x,9,t) ié(X) sin n® sin wt
¢;(x,9,t) = ﬁ;(x) cos nd sin wt
¢e(x,6,t) = Ge(x) sin né sin wt
4, (x,0,0) = \l-;x(x) cos mf sin wt (2-7)
Substitution of Equations (2-7) into Equations (B-5) gives
M. (U, 4+ sina U, )+ N,.0% + M, sin’a ¢2U
1Y ’xx ’x 12 2
| 2
+ 2n sin « (ﬂz + nlz)c V- n(ZT]12 + 'T]S)CV,x

+ an sin @ cos @ CZW - ﬂ3 cos o Cw,x - ﬁu?U =0
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0= .@zm.rz -

XXX

"3, 90 + o we T + ) purs 3+ T Fpby -

egzﬂ 0 us (c.[u' + IIU)U + x‘eM(EIU."' OIu)u - }“&zjvtuzuz +

X

’fi_h(z‘.’: p uts by + "z + EFhours 9+ %z +

.%Zj ours [V + Lyujuz + x‘?p[”‘uz + 8 - Tz +

0= ?ihzm.rz - x_mzﬁ 0 urs (ﬂu + HU.)“ + x‘xN(ﬂu + OIU.)“ +
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zu) 0 800 uz + nZ§ 0 800 p uys Zuz + x‘nj 0 800 Eu
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11

-2, cos @ GV - 2aM, LW - My (Fg  +C sine ﬁe',x)
+ (2Mght cos? ¢ + L sin® &) czfe' + nz'nnczﬁé

+ n.(ﬂ10 + ﬂ13)W,",x +a(, + 0, sina CZV,"

- P (Fg o+ € st Fy ) + 2(Nsh” cos” & ¢

+ 1,07 st @ 62+ 0 OF, + A% + aclh’

+ 2n12h2)z;ﬁx’x + 20h% sin @ M, + ﬂlz)czﬁx y szw'e =0

+ A, - w0+ e L+l + Ty sin o ¢
S Mgy g+ Cstna ) 0+ () stn” @+ a0
- ol + 2 )0y o+ 2007 stna (N, + My ,C g

- anhz(ﬁx,xx tEsinaf )+ 2(’nzh2 sin’ o g2

+ My, + 2n2'ﬂ12h2C 2‘Fx i J‘”Z‘Fx =0 (2-8)

Now, define:

€ = x/L

U=u/L

V=v/L

W= Wi

R= (CL)"1 = (Ro + x sin @)/L = io
+¢ sina

2(1']12n2 1, sin® @)/EL

4n2:'nL/ E'
X

- '
2’1]1 sin OI/ExL
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12

121

13

131

22

221

222

331

332

34

35

351

36

37

371

7

12
-an/E}'(L
2n sin o ('ﬂ2 + 'ﬂlz)/E;(L
-n(2M,, + M3)/ElL
2N, sin @ cos o/E}L
N3 cos @/E!L
oL cos? o Mg +Myg) + sin’ o My + nzﬂz]/E}"L
-21112 sin O'/E}'{L
PN
2n cos « ('f]2 + T\S + T]16)/E}'{L
-21]5 cos OI/E}'{L
-zn16 cos O!/E}‘{L
An’(, + M) + cos” @ 1,]/ELL
-2 sin « ('T]4 + nlS)/E;cL
-2(, + My 5)/EL
-2 n/ElL
-2, sin @/E!L
'2714/E}'(L
-2 gn/ELL
-2, sin @/E!L
-y 5/ EL

2(1:12‘117 + sin® @ T]14)/E"{L3
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J'

441

442

45

451

46

461

462

47

471

55

550

551

552

56

561

57

571

572

66

n

13
1
ZﬂlexL
8112J'/E'L
X
3
]
Z'ﬂl4 sin af/ExL
3

- 1

2ﬂ14/ExL

20 sina (1, + '\'\14)/E}"L3

ey vt

2 2 v 3
(nz’ﬂll + ZT]Sht cos « + T]13 sin d)/ExL

3
- '
T]13 sin d/ExL

-n13/E'L

n sin o (T]l1 + T]13)/E}'{L3

3
-l + ) /ELL
200, sin’ o + n2T] )/E'L
Zné/E;L
-Z\']6 sin oz/E;{L3

ve 3
‘2T|6/ExL

asine (), + 'ﬂ13)/E"‘L3

-a(Myg + My g)/ E:'cI‘3

2 'e3
(“11 sin” o + nzl’]m)/ExL

3
!
-”9 sin G’/E L

'3
-ﬂg/ExL

2 2 2 3
2h (T]'5 cos“ o + T]12 sin” o + nz'nz)/E}'cL
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= '
Coeo = Mpg/EL
3
= . '
Coe = 2h2n12 sin @/E!L
3
= - 1
€662 thnlz/ EL
C = 2mm? sina (M, + 1 )/E'L3
67 2 1) /By
C... = -nh’(N + 2M..)/E'L3
671 5+ 2y, B,
2 2 "3
C77 = 2h ('T]2 sin” @ +n2T|12)/ExL
= '
€770 My 5/ELL
2 3
C,py = =20;h’ sin a/E!L
_ 2,.,.3
Cr7p = -2 /ELL
-— 2 1
¢, = &m/EL (2-9)

The use of Equations (2-9) in Equations (2-8) results in the

following non-dimensional equations of motion.

-2- -1~ - -2- -1- -2-
C1oR U+ € R0, + € o0, o+ CLR™ V4 €, K77, + CRTT
-l= 2.
+C R W, - C£T =0
-2= -1 -2 -1 -2-
C R T = € R0, + G R T+ € RV, + Gy T, + CypR %

-1z, -1 2: _
+C,,R We + G, R ﬁe C-£7 = 0

2= -1. -22 - -
CpqR U - C R T, + CpaR” V+C3R2W+C331R W,g + Cyq,ffs

\ -1 - -1 -1
R W' + Gy R ii' + C351w1':,e + CqeR Vo + Cy,R ﬁx

- c-fzﬁ =
m

c371Wx,¢;
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-1, -1- -2 : 2 T -
Coy RV + Co)RTH + € R0 + €, BE + € R (4 Cpplid e

-2 -1, -2- -1
+ GueRTYE = Cuy R o+ CR g + G Vg

+C4

-2 1 2.
+ Cgo¥e ce RV =GR ¥, o - Cpfiig =0

- g =25, -1 -2, '
C w,e +C R +¢C _R fe',e + G5k $x+0550~Fx

[ "2 '1
e T 8ssolx ce t CsgR Vg t CsgpR g o

-1-

n 2 [ -
5718 ¥y e * Csoly ge = Cprf ¥y =0

1. -1 -2, -1, '
CopgR "V + CygR W + C Ry + Gy R WG o + Cugo¥y oo

-2r, -2
+ Cg R ﬁx-c + Gg R Vg + C

-1, -
561F V6 660%6

-2 -1-
+ CR ﬁx-c R ¥

+ Cop¥e e * 671} Yx,e

9,6

- -2, -1, -2, -1,
Cyzqfog + CuR Vg + CupyR W ¢ + O R WL + Cop R,

- -2- -1- -2

L]
+ Csoqfx e T CoR Vo * ComR Vg ¢ * CoR Yy
2

- CEY =0 (2-10)

-1-

R i’x,e + C772*x,ee

* Copolx + S

A solution whose form is dependent on the boundary conditions
must now be assumed. This step is accomplished symbolically by
letting

U= 2 A0,E)

vV = ¢ A
m

2ch Zm(e )
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=1
]
=g}

ABm(P 3m )

-y

D
]

5™

A4mtp 4m )

1]
=]

ASm(P 5m ()

M-

AGmCP 6m €)

ozl
D
n
M

b, = I A 9, () (2-11)

X
where q)lm’ Pom? * 2 cp7m are functions satisfying the appropriate
end conditions. Selection of these functions will be discussed in
Section 2.4.

Thus, substitution of Equations (2-11) into Equations (2-10)

gives a set of expressions for the error functioms.

) 2 .2 -1

B, =% {[ € R - 76200 + C R0+ € ced A
. -2 -1 -2
+ e R 0y + € R0y, 18, + 10 R0y

-1 n}
+ CgqR 9y 14,

2

_ -2 -1 | 2 2
E)=% {[ CL R Py = CpppR 0y (JA) + DGR -ECw,

-2
+C Jay, +LCygR "0y JAg

-1
221% Pome t €22 2m,ce

-1 -1
+ LCo R 0yl by + [CgR ‘Pam]Asm}

2 -1 -2
By =Z{lc R0y - C gk oy JA +[CpuR "oy 1A,
2 2 -1
+ L(CyaR " - £7C)05, + CaqqR @y o+ CygfPay oolby,

1 -1
+ L0y R T, JA L+ LCyR Tog + Cayps JAg)

' o
P * €371P7m,e 187

-1 -
+ [CygR 9gJAq, + [C35R
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E =Z{[c ™Y Ja, +([c R'lcp Ja, +[(c R™2 4+ ¢
4 " mL-t2s Pogd o 34~ P37 %ap A 440

2

| -1 -2
- 7000+ CiR P o F Cup P el t Le, 870,

-1 -2 -1
- Cus1R @sp odAsy + [C6R o, + G R g,

-2 -1 n}
* CuesP6m,eelom * LR Prm ~ Gn® Prm,elY
r -2 1
By = Z40-Ca5i®am,ed8m * LOsR P + Cusi® um,edbum

-2 2 -1
+ D(C R+ Cogp - £7C5 095, + CoggR g, o

-2 -1
+ Cs5Psm ecddsn * LCsgR @gp + Cso R Pgy A
-2 1
+LC R gy + CopR oy o t C572“’7::1,e<-::‘Am}

_ -1 -1 -2
Ee = E{[CzeR Pomd Ay + [CagR 0518y + 10, R,

-1 -2
+ Cue1R P ¢ + CupPum,cetbum T [C56R sy
-1 -2 2
- CogqR 95y (JAg + [(CeR™™ + Coep = £7C 00,

-2
+C +[C67R ®n

-1

6618 Peme T Co62P6m,ce Mom
1 “} '

Co71% P7m el

E, =Z {[-c

-2 -1
371%m,e3%m ¥ LR Pum * CuriR Pum, e Aum

-2 -1 -
+LCg R 9g, + CopR 05y o + Cor sy oo sy

-2 -1 -2
+LCg R 0 + CoppR Pgp I8y, + [(C R T+ Cpog

&2 -1 n}
- EC0 * GnR Prne * C75P7m,ee (2-12)
In order for the error functions to be orthogonal to the

assumed functions,
1

j, Efplkde =0
(%
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1
J; Ech2kde =0

Jﬁl
o By =0

1
‘L E4¢4kde =0

rl
J n5¢5kde =0

(o}

1
J‘ Eé$6kde =0

(o}
rl

Ep. de =0 (2-13)

J, 7Tk

for each value of k, where its range is the same as that of m in
Equations (2-11). Equations (2-13) may now be put in matrix form.
The terms involving f2 are separated so that
[ as] {y} - £ (A1] {;} =0 : (2-14)

The matrix [ASJ is the stiffness matrix and the matrix [AI]
is the inertia matrix. The matrix'{é} is a column matrix of unknown
A's. Equation (2-14) is the familiar form of an eigenvalue problem,
with f2 as the eigenvalue and {;} as the eigenvector. The elements
of the stiffness and inertia matrices are made up of various combina-
tions of integrals involving the assumed functions, ¢, which, of
course, depend upon the boundary conditionms.

The figures on the following pages show the fogm of the

stiffness matrix for various conditions. Figure 2.1 shows the general
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Figure 2.1 - General Form of Stiffness Matrix‘

<&
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form, where the cross-hatched area is populated and the rest of the
matrix is zero. Figure 2.2 shows that other submatrices become zero
for n = 0. Figure 2.3 shows that two rows and two columns of zeros

occur for a homogeneous shell.

2.4 Boundary Conditions

The full set of boundary conditions arises as a by-product of
applying Hamilton's principle to find the equations of motion. This
- is very advantageous since the boundary conditions derived in this
manner are certain to be compatible with the equations of motionm,
within the framework of the assumptions implied in the shell theory
used. Of course, for a given practical boundary condition, one must
choose which of the parts of the full set to use. In this study,
three boundary conditions are to be investigated: freely supported,
clamped-clamped and free-free.

The set of boundary conditions from Equations (B-12), after

applying Equations (2-7), is written as follows:

Either U = 0,

or Fx = ZﬂlU,x + ﬂ3 (sino LU+ nlV+ cosa LW) =0 (2-15)
Either V = 0,

or Fg = Zﬂlz(-nCU +V,, -sind ¢v) =0 4 (2-16) -
Either W = 0,

or Q =2(N, + MW, + 2‘!'1411?}'c + ansix =0 (2-17)

Either {:é = ie =0,

0T Mg = (2, + Ty (F§ , - sino CFg - nli) + (M,
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Figure 2.2 - Form of Stiffness Matrix when n = 0
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Figure 2.3 - Form of Stiffness Matrix for a Homogeneous Shell

—




23

+ 207 )y - sin e Cig - nf) = 0 (2-18)
Either §! =§ =0,
or M, = (A +NOFL  + (Mg +0y0) (st @ CFf + nciy)

2 .
+ (g + ADF,  + (g + B (sin o CF,

+ ngqie) =0 (2-19)

The freely supported boundéry condition is defined here as zero

displacement in the circumferential and normal directions and zero

meridional stress resultant and moment at each end of the shell, Thus,

v=w=ié=\ve=Fx=Mx=o. (2-20)

The assumed solutions for V, W, 59, and ie can conveniently
use a series of trigonometric sines. The solutions for U, ﬁ;, and ﬁx
must be obtained from the conditions on Fx and Mx as follows. From
the second of Equations (2-15), with V = W = 0, using the definitions

of ﬂl and ﬂ3, and dividing out the common factor 4tﬁ;,

! i = -
U,x + vex sina U =0 (2-21)

Using the définitions € = x/L, U = U/L, and ib = ijL,
Equation (2-21) may be written
df . sin o de
T~ " Vex R +e¢ sina (2-22)

A simple exercise will show that Equation (2-22) is

identically satisfied at ¢ = 0 and ¢ = 1, if

-v/!
= - 0x
U= )1;'1 AlmR cos mTe (2-23)
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From the secdnd of Equations (2-19), with %’ = ‘Fe = 0, and
using the definitions of 'ﬂl, T|6, and 119,
16 .3
3 t

B € 4t )+ v, sine T

+ E;{ (4th2 + 4ht2) (\Fx,x + ”e'x sin o Cq?x) =0 (2-24)

In order for Equation (2-24) to be satisfied for all values of E}'{, t,
and h, both of the quantities in brackets must be zero independently.
It is noted that, since both the terms in brackets are of the same

form as Equation (2-21), the assumed solutions for ‘l'-}'( and Gx must be

of the same form as Equation (2-23).

The set of assumed modal functions for the freely supported

boundary condition may now be written as

i

M

L g

= A, R X cos mTE
1m

m=1

¥,

v -—~Z A, sin mme
m
m=1

=1
1l
>~

A, sin mTe
3m

w];'é =Z A, sin mme
\]}}'{ =z Ag R ¥ cos mTe

'Ee =Z A sin mme
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M

7 _ve,
. =mzl AR % cos mme (2-25)

The clamped-clamped boundary condition may be defined as zero

displacement and rotation at both ends. The assumed solutions then

immediately can be written as:
M

1
U =z A1m sin mTe
m=1
M2 )
v =Z A, sin mme
m=
My
T;T =z A3m sin mTe
m=1
%,
¥, =Z A, sin mTe
8 = 4
M5
y! = A._ sin mTe
X =1 5m
Mg
¥ =Z A, sin mTe
® m=1 6m
M7
¢.x =mz=1 4, sin mme (2-26) |

For the free-free boundary condition, the forces and moments

must be zero at each end, that is,

Fx=Fx9=Qx=Mxe=Mx=o (2-27)
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These five conditions at € = 0 and € = 1 are sufficient to determine
the seven displacements and rotations from Equations (2-15) - (2-19).
It is soon found, however, that no set of simple trigonometric series
will satisfy the rather involved differential equations represented
by Equation (2-27). Other types of series are not satisfactory
either. A simple series of hyperbolic terms is no better than a
trigonometric series, and even series of free-free beam functions
are unsuitable.

From a physical argument, one comes to the conclusion that
whatever series is used for the displacements and rotations, it must
not be zero at the ends. A "free end" implies, certainly, that the
displacements and rotations cannot be constrained. Thus, no trig-
onometric sine terms may be used, since they become zero at the
ends. The simplest form which is non-zero at the ends is an appro-
priate series of cosine terms. The result of this argument is the use
of series of cosine terms for the displacements and rotations. One
should be careful, however, to start the series from zero, that is,
include a term cos (0)me. This allows for the rigid body displace-
ments and rotations which are important in the vibrations of free-
free shells. Thus, for the free-free boundary conditioms, the series

are taken as

M

1
U =Z A)  cos mTe

m=0

%*
Exact solutions for modal shape of simple beams, as tabulated by
Young and Felgar [28].
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<
1]
>

cos mTe

3
W =Z cos mTe
L, “3m
M,
#-e' =Z Al;m R cos mTie
m=0

5

M
\k}'{ =Z ASm cos mTe
m=0

M

6
!]ie =mz=o A6m R cos mTeE
Y
i =mZO A, cos mme (2-28)

A point should be made here about the satisfaction of the
boundary conditions for Fx, Mx, and Mxe‘ It is recalled that in the
assumed solutions for U, ﬁ;, and ﬁx in the freely supported case,
Equations (2-25), Fx and Mx were also required to be zero. There a
factor of Rfvéx was inserted to satisfy the boundary conditions. Here,
however, because of er and Qx’ the insertion of R-véx will not satisfy
the boundary conditions. Since Véx is small, it is believed that the
mathematical complexity resulting from its inclusion is not justified

: *
for the free-free case, in view of the other approximations,

%* -yt -
This fact was born out later when the factor R Y8x was inserted in U,
V%, and ¥4, and resulted in less than a one percent change in the
calculated frequencies and modal shapes.
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Also, it is noted that the factor véx does not appear in Equation (2-18)
for M&e, so that the factor R in Ehe assumed modes for Wé and We is
included to annihilate all of the Wé and we terms in Mxe.
Now that the series have been selected, the integrals which
arise from Equation (2-13) may be evaluated. This operation is shown

in Appendices C, D, E, and F.



CHAPTER III
EVALUATION OF THE THEORY

3.1 Homogeneous Cylinders

The theory was first evaluated for the simplest case that can
be considered, which is the case of a homogeneous, isotropic cylinder.

For the freely suppcrted case, the experiments of Bray [ 29]
and the analysis of Soder [30] were used for comparisor. Bray tested
a steel cylinder with a radius of 5.84 inches and length of 11.907
inches with 0,020-inch wall thickness. He found the lowest natural
frequency to be at n=7 with a value of 380 Hz. The present analysis
predicts a lowest natural frequency of 380.2 Hz at n=7. |

As a check case for his analysis, Soder used a steel cylinder
for which Hu, Gormley, and Lindholm [31] has published experimental
results., The dimensions were R.0 = 10.0 inches and L = 48.0 inches
with wall thickness = 0.03 inches. A comparison between the present
_analysis and Soder's analysis is given in Table 3.1. The excellent
agreement between the two different analytical approaches supports
Soder's contention that the experimental shell was not actually
freely supported, since the experimental frequencies were somewhat
higher than the analyses predict. |

To evaluate the clamped-clamped boundary condition for homo-

geneous cylinders, the analytical results of Forsberg [32] were
29
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Present Present Present Present
Analysis Ref[30] Analysis Ref[30] Analysis Ref[30] Analysis Ref [30]

2 633.9 633.5

5 159.7 159.9 483.3 483.1 961.0 960.6

"6 167.8 168.0 370.7 370.5 724.4  724.0

7 206.5 206.0 325.5 325.1 581.4 580.8

12 581.6 581.1 595.5 594.9 632.9 632.3 707.1  706.4

14 792.5 791.8 802.5 801.8 825.4 824.7 868.3 867.6

Table 3.1 - Frequencies for.a Freely Supported Homogeneous Cylinder (Hz)
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employed. For clamped ends with axial constraint, one point was
picked from two of his curves., For a radius-to-thickness ratio of
100, and a length-to-radius ratio of 5, the lowest dimensionless
frequency Gnﬂno in Forsberg's notation) at n=4 has a value of 0,065,
The present analysis was run with Ro = 20.0 inches, L = 100.0 inches,
and t = 0,05 inches (t = % of wall thickness for a homogeneous shell).
Material properties for steel were used. For n=4, the lo;;sﬁ natural

frequency was found to be 0.0668 (non-dimensionalized). To non-

dimensionalize, the frequency was multiplied by Rové;;(l-véi)/E;f.
The clamped-clamped boundary condition was checked at another point
for which the radius-to-thickness ratio was 20 and the length-to-
radius ratio was 2. Forsberg gave the dimensionless lowest natural
frequency as 0.32, at n=3. For the present program, Ro = 20.0 inches,
L = 40.0 inches, and t = 0.25 inches. For n=3, a frequency value of
0.325 was found.

For the free-free boundary condition, a cylinder tested by
Watkins and Clary [33] was used for comparison. The steel cylinder
was 42 inches long with a 14-inch radius and a wall thickness of 0.007
inches. At n=10, the lowest natural frequency was reported as 32.3
Hz. The present analysis gave a value of 34.3 Hz. However, while the
second lowest frequency at n=10 was reported as 32.8 Hz, the present

analysis gave a value of 83.1 Hz.

3.2 Homogeneous Cones

The theory was next evaluated for homogeneous, isotropic

conical frusta. The experimental work of Weingarten [ 34] was used for
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comparison of both the clamped-clamped and freely supported cases,
since his boundary conditions (ends potted in a low-melting-point
alloy) were somewhere between those two. His steel cone had ¢ = 200,
Ro = 2,13 inches, L = 8.0 inches, and a wall thickness of 0.020 inches.
The comparison is shown in Figure 3.1.

For the free-free boundary condition, the experiments of Hu,
Gormley, and Lindholm [ 22] were studied analytically. Specifically,
the present analysis was run using data for their steel conz for which

a = 14.20, Ro = 2,72 inches, L = 13.65 inches and t = 0.0025 inches.

The results, which were not very satisfactory, are given in Table 3.2.

3.3 Sandwich Cone

No more complicated case than that of a homogeneous cone was
found with which to compare the freely supported and clamped-clamped
boundary conditions. In fact, the only experimental or analytical
work found that treats a sandwich cylinder or cone is the work of
Bert, et al [25], previously mentioned in Chapter I. Consequently,
although their work was concerned only with the free-free boundary
condition, the present analysis was run using data for their shell
for both the freely supported and clamped-clamped conditions. The
results were quite reasonable, as shown by comparing their experi-
mental values with the freely supported analysis, shown in Figure 3.2
and Table 3.3, and the clamped-clamped analysis shown in Figure 3.3
and Table 3.4. The shell geometry and material properties for the
shell of Bert, et al, are given by the typical input data at the

end of Appendix G.
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—paie.m = 1 m= 2

Analysis Ref. [22] Analysis Ref. [22]

6 349 120 974 288
8 325 200 584 385
10 391 298 634 493
12 505 ;23 828 622
16 1011 717 1248 959
18 1180 917

Table 3.2 - Analytical Frequencies for Free-Free Homogeneous Cone (Hz)
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0 406.5 624.9 655.5

2 134.8 310.9 439.9

3 86.8 212.8 331.9

4 85.7 165.4 264,7

5 113.3 160.6 235.6

6 153.7 188.9 241.5

7 201.5 236.5 275.7

8 256.2 294.1 329.5

9 317.3 358.7 395.4

10 384.6 429.7 469.3

12 535.9 589.4 636.3

20 1319.8 1412.8 1502.4

Table 3.3 - Analytical Frequencies for Freely Supported Sandwich Cone (Hz)
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0 406.5 661.8 688.4

2 177.2 340,1 474.7

3 126.0 254.3 376.9

4 110.7 209.7 314.7

5 126.7 197.7 284.5

6 163.5 214.8 284.0

7 212.3 254.5 309.7

8 269.1 310.0 356.6

9 332.7 376.1 419.6

10 402.6 450,2 494.8

12 559.9 617.7 671.3

20 1368.9 1473.8 1575.9

Table 3.4 - Analytical Frequencies for Clamped-Clamped Sandwich Cone (Hz)
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Of course, their data were also used to evaluate the analysis
for the free-free boundary condition. The comparison and analytical
values are given in Figure 3.4 and Table 3.5. The analytical modal

shapes are presented in Figures 3.5 and 3.6.
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0 0.26 724,7 790.5 805,2 Torsion modes at 32.4 and 40.8

N
(=
w
(#%)
=
~d
W
\D
[#3)
0

B~
Eeg

3 35,0 130.2 260.6 412.5 929.3

4 65.3 115.7 213.1

5 101.8 133.8 199.7 339.7 901.8

6 143.3 175.6 217.4

7 191.1 229.7 260.5 366.7 913.1 -

8 245.7 290.5 322.5

9 306.7 357.8 396.7 466.9 956.8

20 1305.7 1440.7 1559.7 1689.0

Table 3.5 - Analytical Frequencies for Free-Free Sandwich Cone (Hz)
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Figure 3.5 - Modal Shapes for a Free-Free Sandwich
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CHAPTER 1V
CLOSURE

The evaluations of the present theory for the freely supported

and clamped-clamped boundary conditions show generally good agreement

with available experimental and analytical data.

For the free-free boundary condition, however, the theory seems
to give good agreement for only the lowest natural frequency associated
with each circumferential wave number, for the cases of the homogeneous
cylinder and sandwich cone. It must be kept in mind that the boundary
coﬁditions were not satisfied exactly for the free-free case, so that
Galerkin's method might not be expected to behave properly.

It should be noted here that there seems to be some inconsist-
ency in the reporting of data for the free-free case. For other
boundary conditions, the meridional mode number, m, can simply be
thought of as indicating the number of half-waves in the deflected
shape of a generator of the shell, The modes can then conveniently be
identified since the lowest frequency will always have m=1, the second
lowest, m=2, etc. However, upon studying the free-free modal shapes
of Figures 3.5 and 3.6, it is seen that the number of half waves (and
the number of nodes) varies with n for the lowest frequency, second
lowest frequency, etc., This means that a simple identifying number

can no longer be used, but the modal shape must be shown for each
44
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frequency. Conséquently, in this work, the designation m=1l denotes
only a lowest natural frequency and tells nothing about the actual
modal shape. Similarly, m=2 denotes the second lowest frequency, etc.

It is unfortunate that no data were available for homogeneous,
orthotropic cylinders and cones, and for sandwich cylinders. When data
does become available, the program is ready to -handle it.

The free-free boundary condition can be pursued further when
more suitable modal functions are found. Also, other boundary condi-

tions could be rather easily investigated once modal functioms are

found for them.
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APPENDIX A

DERIVATION OF THE KINETIC AND POTENTIAL ENERGIES

FOR AN ORTHOTROPIC SANDWICH SHELL

A.1 Strain-Displacement Formulation

Following Love [35], the six strain components for a general
orthogonal curvilinear coordinate system are

e = hlﬁr,a +-h h uB(I/h )’B + h h (1/h ),

egg = Bytg g + Byhgu (1/h2)’v + hihu (1/h,),,

ey = Byt o+ Bghyu, (1/h), + hohyug (1/h5) g

eay = (hp/hy) (hyy Jug + (hy/hy) (hyug),, .
e = (h3/h1)(h1“a)’y + (hl/h3)(h3uy)’a

In the general coordinate system, the length of an infinites-

imal line element,vds, is given by
@)% = (@/m? + (@707 + @y /ny)’ (4-2)

The coordinate system for the present study is shown in Figure
A.l, The middle-surface displacements are u, v, and w, which are in
the x, &, and z directions, respectively.

In the present coordinate system,

50
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x sin a

Figure A.1 - Shell Geometry
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@s)? = (dx)? + (xd8)? + (dz)2 (4-3)

Now replacing o by x, B by 6, and vy by z, it is found that

(l/hl) =1
(1/hy) =t (A-4)
(1/h3) =1,

where r = Ro + x sino + z cos @, and the @ is that shown in Figure

A.l. ——— —————— ~—

Equations (A-1) now become

e._=u
XX K, X
g = (1/r)(|.1e,e + u sin o + u cos a)
€22 = Y2,z
2 ’ (A-5)
€y = (l/r)(uz’e - ug cos o) + ue’Z
=u +u
2x Z,X X,2
e = (1/r)(ux’e - ug sin @) + ue,x

In view of Hypothesis (6) of Section 2.2, the term z cos @ in
the expression for r will be neglected. In all that follows r is
replaced by

r e~ Ro + x sino (A-6)
and, for later convenience, the following definition is made.

£ = (Ro + x sin af)'l (A-7)
The displacements are now defined in terms of the middle-
surface displacements and the angles of rotation of normals to the

middle surface in the meridional and circumferential directions. For



53
the core, these angles are denoted by Wx and \l:e, while for the facings,

they are ‘l’}'{ and 119'. The assumption is made that the core is incom-
pressible in the thickness direction.

For the core,

c —

u = u(x,6,t) + zwx(x,e,t)

ug = V(x,8,t) + zig (x,0,t) (A-8)
u: = w(x,,ez‘.:) .

so that Equations (A-5) become, for the core,

el = u, + zy

XX X x’x

ege = C(V,e + sina u+ cosa w)
+ ZC@G,G +sinay )

ec =0

zz

c (a-9)

e, = C(w,e - cosQ@ VvV -z cos q;e) +¢e

c —

®ax T Vox + ‘l’x

%ie = C(u,e - sina v) + Vo t z[C(wx’e - sin & \l:e)
+ ‘l'e,x]

For the outer and inner facings, respectively,

o 1i -
u,u = u(x,0,t) + h\bx(x,e,t) + (z + h) #}'{ (x,9,t)

ughug = V(x,8,8) g (x,0,€) + (2 F Y3 (x,0,t) (4-10)
u:,ui' = w(x,0,t)

Equations (A-5), for the facings, are now written,

o i _ - .
€ ' Cux = Wiy + hwx,x + (z + h)q:x’x
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o i _ -

ey ey = g{v,e £hlg o+ (2 T W o +stnolus by
- + (z + h)w}'(] + cos o w}

o ,ei =0

22 Z2

egz,egz = C{w,e -cosalvs hyy + (2 ¥ h)\bé]} + ¥4

o i
»€
zx’ 2zx

Paers = Clusg Bl g + (2 F WL

v, TV

sina [v+ hwbe

53(‘!)
4
[

+ (z + h)¢e']} v, Ehlg FEFRG L (A1)

A.2 Core Strain Energy

Due to Hypothesis (1), Sec. 2.2, the core strain energy is the

energy due to transverse shear strain only, so that
v =1 I f f ©° e +0° el )dzf ™ ta0dx (A-12)
2 o Jgd,  zx2x 0z 0z ’

or

h
- c 42 c .2 -1
\ -5 L Je ‘[.h [ sz(ezx) + Gez(eez) ]dzc d0dx (A_13)

Squaring e:x and egz from Equations (A-9), and integrating over z,

gives
v = j; fe[hxxczx(w,i + 2w, ¥+ q;i) + hKeGez(Czwge
+ ¢ cos? @ v2 + {1 + (% cosza)llﬁ} v
- %% cos @ v, + u,ghy - % cos & wy)] (T N0dx (A-14)

It is noted that the term in braces in Equation (A-14) is here-

after replaced by 1, since h2C2 <<1,

J



55

A.3 Facing Strain Energy

Since the facings resist bending, extension, in-plane shear
and transverse shear, all five non-zero strain components contribute

to the strain energy. Formally written,

1 i o o0 i i
=2 IJ J' (xx XX xxexx+069e66 +°99669

o o i i o o i i o 0
/+ °xeexe + "xeexe + °ezeez + °ezeez + czx ZX
R 1
+ czxezx)dzl; dodx (A-15)

The necessary stress-strain relations are given by

Gxx = ;{(exx + "e'xeee> °xe = G;ceexe
= Tt 1 = 3 -
%96 ] (exx + vxeexx) %92 Gexeez _ (4-16)
o = ' e
zZx Zx 2ZX
- *
where E}" = E}'{/(l-\) V! ) and Ee' = E'/(l-\) > e). The superscripts o

and i have been omitted in Equations (A-16) since they apply both to
the outer and inner facings,
Substitution of Equations": (A-16) into Equation (A-15) results
in
1 : 12
=3 ‘L 5’ j‘ {E[(e ) + (e x )4) +Ee[(eee) + (eee) ]

+ (E}'{v + BV (€D ey + ejl eeie) + el el

+ <ei9)23 v g lEg)?+ (el + G;xue‘z’x)z

+ (e:x)zj}dzC'ldedx : (A-17)

- .
In an orthotropic material, E'V]
x 0x

it
3
<
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The strains are now substituted from Ecuations (A-11) and the
integration over z is performed, with the inner facing terms integrated
from -h-2t to -h, and the outer facing terms integrated from h to h+2t.

The following integrals are necessary.

h+2t r-h

L dz = + J dz = + 2t (A-18a)
-h-2t
h+2t -h

N r zdz = - r zdz = + 2t(h+t) (A-18b)

re— Uh b voH=2T ottt b et et s i i,

‘h+2t -h

[ + J‘ 22az = + %5 (30 + ont + 4t?)  (a-18c)

Jh wes -h-2t

The expression for the facing strain energy is thus obtained

as

X TXyX X,X

vt - L J Az + 82 0+ oty o,

33— 2 - 2 2 2 2 2
+ (8/3)t E}'{H!}'{’x] + 2t:Ee'Cz|:v,e +h ‘#9,9 + sin " @ u

+ h2 sin2 o wi + cos2 o w2 + 2 sin @ V,gU 4+ 2 cos o Vg%
+ Zh2 sina@ {, oV + 2 sin @ cos @ uw] + 4ht2§'C2[¢ |-
6,87x 0 e,9"0,0
2
. [] [] ]
+ sin @ ﬂle,e‘llx + sin & We,e\llx + sin” @ ‘ervx]

(8/3)t3Ee'C2[We':’)'e + sin2 o \]:}'{2 + 2 sina ¢e' ,etl,'}'{]

+

+ Zt(ﬁ;;va + EG’V}'{G)C[u,xv,e +sin@ u, u+ cos @ u, W
2 2 2=,
+hY, Yoot sinc q:x,xwx] + 2ht"(Elvd

Wy oo TV oo tstna (b Vo
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4 401+ 8/3)t7 vy + Bvig)CLVL 98 ¢

+ sin o ﬂll}'{ x’#}'{] + 2tG}'ce[C2u?e + thz'#i o t Cz sin2 o v2

2

2
+ Czhz sin o \|I62 + v,x + hzwez . 2C2 sin o U,gV
+ 20u,av, - 2C2h2 sina ¢ Va4 + 2Ch2*{l ]
8 0y x,0'0 x,070,x

. 2 2 2 1
- 20 sina vV, " 20h” sin @ ‘”e‘”e,x] + 4ht G}'{e[l; ¢x,9 x,0

-f° sin « W::eﬂle' + wx,e%',x ~(" sina \b}'{,e‘#e
+ Ly ¥ +Czsin2c1\l!¢'-Csind\l!‘#'
x,070,x A 8'0,x
S osina gy . +b, 40 1+ @/ ek
8'0,x 9,x0,x %0 x,0
+ CZ sin2 o \be'z + 'lle'zx - 2C2 sin a ‘l'}'{ eWe'
4+ 200" W - 20 sina YY) ] + 2tR!G! [C2w2
x,80° 90 ,x 8'0,x Ke% 2 ’8
+ Cz cos2 o V2 + Cz c032 o h2¢ez + ‘#9'2 - ZCZ coS O VW, g
+ 20y 'w,, - 2€ cos o wW! + 2htl:,2 coszoz Patr]
8 ’6 6 8'e

! 2 ! lz} -1 .
+ 2tK}'{sz[w,x + 2w, YL 1t ¢ “dedx. (A-19)

A.4 Total Strain Energy

The total strain energy is formed by adding Equation (A-14)
and Equation (A-19), collecting like terms, and making use of the

following definitions.

= iyt Riy!
1]1 = 2tE}'{ '03 2t(Exv9x + Eevxe)

- Y- 10t
nz 2c L] n4 Zthsz
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My = 2tKgGy, Ty = 2nth,
, |
_ 4t =
T =5 N Mgy = 2tGyg
2
4t
M, =57, My; = 2l
2 2
4t 4t
Mg =37, My =3 Ny
Mg = Zhth Mys = BRG,
'ﬂlo = ht'n3 nlﬁ'é"ﬁxece {A=20)

The result. is written as: .

~ 2 2,2 2 2,2 2 2
V= L Ie {T]l[u,x + h 'x,x] + 'ﬂzcz[v,e + h '9,9 + s8in“ @ u

2 2

arw2+231no:v,eu-

+ h2 sin aﬁi + cos

+ 2 cos a V,g¥ + 21? sin o Vg G*x + 2 sin @ cos & uw)
’

2
+ ‘!]:‘)l.',[u,xv,e +8in@ u, u+cos @ u, W+ h vx,x*e 8

R TR MR R A CA N LIRS 1 N1 A

+ Cz cos? @ v2 + C2 c032

o h%2 + 432 - %% cos @ w,g
+ 2C§gw,e - % cos @ WY + 2meg? cos® o ¥g¥g]
#0022+ neHngl s w07 4 2 stn a4 i)
+NELN o v etne by N0 b
+Myoflhy dg 0 totna v Vo +i Yo

+sina *;;,x.'x] + 'ﬂnCzUé ’9'9"9 + 8in & *e’el*;‘

TR IR e R R0 R WL £ L ¢atn v2
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2 2 2 2 2 2 2 2
4+ {"h" sin crt}te+v,x +h119,x -2 sindu,ev

2 2 2
+ 2(=,u,eV,X - 2"h" sin « Wx,eibe + 2Ch 'llx’e‘#e,x
- 2 sin @ v, - 2Ch sin o 'I!e‘l!e ]+ '\']13[C \1! e X, 6
~¢Zsina 08+ 0 ¥ - CPsinadl ¥
x,8'8 x,86"0,x x,0'6

+§¢' e\be x+g sin a‘llei'e -C smo:ilretlle x

- sina ¥/} ‘L'e x+1le x"]+'n14[§2_z—v-:c ‘SmZQ%‘Z‘

+ wé’zx- 22 sin @ U gl + KV V8 L - % sin ¥gyg
+ 1 [¢2+2¢'w +w ]+T] [Cw + £ coszav2+¢
15-"x X 16 9 ]

+ ZQW,BWG - 2C2 COS @ W,V - 2C cos o we]} C-ldedx (A-21)

A.5 Total Kinetic Energy

The total kinetic energy for the composite shell consists of
the sum of the translational and rotatory kinetic energy of the core

and facings. This can be expressed as

=—;-‘Jq L{m(u,t+v?t+w,t)+.](v +¢'et

(A-22)
+ 23'[(‘1:;(":)2 + (\lle',t)zj}c-ldedx
in which
m=2(ph + 20't)
I = (2/3)ph° (-23)

J' = 2't] (t2/3) + (h+t)2]



APPENDIX B

APPLICATION OF HAMILTON'S PRINCIPLE TO DERIVE

THE EQUATIONS OF MOTION

. Hamiltenls-piinciple-requires that the first xariatics of the

time-integrated difference between the potential and kinetic energies

be zero.
t

2
aj -1 dt=0 (B-1)
1

Performing this operation after combining Equation (A-21) and

Equation (A-22) gives

t
) le (V-1 dt = J; L L {mlc'ltu,xéu,x + hz‘”x,xé‘”x,x]

+ Zﬂzg[v,eév,e + hzve e5¢e o t sin2 @ ubu + h? sin’ @ wxéwx

+ cos’ o ww + sin @ (v,eéu + u5v,e) + cos & (v,eaw

+ w5v,e) + h2 sin o (ﬁe’eaix + ¢x5¢e’e)-+ sin & cos @ (udw
+ wdu)] +-ﬂ3[u,x5v,e + v,95u,x + sin o (u,xéu + u5u,x)

+ cos o (u,xéw + w5u,x) + b (¢x,x6*9,0 + ’O,BG*x,x)

+ 07 stn o Gy B0, + V.00, ] + ML, bu,
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2
w, 0¥ +y:0w, +y.0¥1] + znstgv,ebw,e + ¢ cos’ a vbv

+ ghz cosz o *ebwe + C-I%'WG' -G cos @ (Vaw,e + W,GGV)

+ (¢e'5w,e + w,g8Y3) - cos @ (VWQ' + ¥g8v)
+ bt cos” o (Yobhg + 434D + L7 Ly 8v: ]

X, X X,X

+2’I]C[¢ ee+sin o yI6¢! + sina (te eét'

+v'5¢e 0]+ Mgliy O¥g o + g o8, , +sina (G 0¥,
b D1+ 0 e oy +v 6y

o ¥, x Tx,x t Viyx Vx,x
Fothy 2 ¥g,0 + Vg 00t 0ln e (K S+ O D
FL By o+ Vg oOHL  +stna (v OF +y b )]
+MpyCl¥g g o + ¥g g%t o + sin @ (g B + .0 ¢

4G GO+ 4,80 o) + sin” o (¥ BY) + 4109 )] + 20 [Cusgbusg
+ ghz‘"x,eé‘”x,e +¢ sin? @ vév + Ch? sin’ @ ¥o0¥,

sl bv, 0Tl g L - Costne (ugbv

+ ¥u,g) + (u,gbv,  + v, Suyg) - ch? sin @ (¥, 6%
V%00 ¥ hzé*x,eé*e,x thg,x My,0) - oin @ (v,

V:xév) - h2 sin & (‘Veate’x + we’xéte)]

+ 'n13[C(*x,96*;{’9 + ';t’eétx’e) - C sin @ (vx’eété
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+ Vg 1’ o)t ‘l!x,eé‘l’e"x + ¢9"x5‘l'x,e -C sinv (ﬂl}"’ewe

+ "’ewi,e) + ¥y oy T e Oy o T E stn” @ (Vg O

+448Yg) - sina (kg + 5 Bg) - sina (HOY,
' -1 1 1 | ' '
+ *9 ,xwe) +6 (we,x“e , X + %,xwe ,x):| + 2“14[€¢x,96¢x,6

+C sin” o ygouy + 0T By - Csina () o044

F UGy o) + VL oy TFN SHy o - ST O
-1
+ Wé’x6Wé)] + anSC H'x.é“l’x + ¢x5w,x + w’xa*x + w’xéw’xJ
M. [Cw,. 0w, + ¢ cosza v6v+c'1¢ Sy, + w, 00
16-°°°8 °’6 06 ’0 '8
+ Weéw,e - cosa (w,eﬁv + v5w,e) - cos @ (véwe
- -1
+ weév)] = mc [u’ téu’t + V’tév’t + w’téw,t]

AU AR T S T I S

x,t 'x,t X, t x t

+ we,té\ye,t]}dedxdt (8-2) -

To remove terms of the form

j‘ J; £8(g, ) dxdt
t

they are changed to the equivalent form

’ £(bg), dxdt
L e

and integrated by parts as follows

J {osl? '
£f(0g), dxdt = J‘ fog - Jﬁ f, Sdgdxpdt
t L X t ¥o% ¥
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Then Equation (B-2) becomes

t
2 X
6! (V - T)dt = L{an[j c'lu,xéude |x2 - I I (c'lu,x),xéudedx
tl ¢ 1 x Y0

X
+ b’ jec'l‘l’x,x{"’xde Ix: . th je © 1¢x’x),xwadedx]

6
+ ZT\ZEL CV,eévdx 'Gf - L Jﬂe (Qv,e),eévdedx

+ hZL@e,eé\Vde Igz - hZL Je (C‘lle,e),eéq;ededx

+ s:i.n2 o j Cududbdx + h2 sin2 o ‘J" Cv 6y dBdx
x Y6 g * X

(%

V

+ cos2 o ijéwdedx + sin o I Cv,,0udddx
x Y9 o O

8
+ sin & LCuévdxlez - sina L J‘ (Cu) ,eévdedx
1 ]

2

0
+ cos @ Cv,,0wd0dx + cos @ | Qwdvdx|
o © %

2
- cos o L '4[9 (Cw),eﬁvdedx + h” sin @ L Iewe,eéwxdedx
+ h2 sin o LW oy de62 - h2 sin o I I @V ),.00,d0dx
x '© 91 : L Jg X 870

+ sin @ cos « ‘L I Cudwdddx + sin o cos @ L I Cwdudédx]
6 <]

92 Xy
+ 'ﬂ3[ Lu,xﬁvdx Ie - f f u,xeévdedx + J' v,eéude lx
1 x Y0 0 1
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L Jq v,xeéudedx + sin @ L J‘ u, Sudddx -
0 e X

x
sin o 5 ududé | 2 . sina LI u, Sudddx
0 *1 o X

+

x
2

cos o L f u, dwdfdx + cos « I wdudo |
o * 0 1

2 e2
cos o w, dudddx + h ¥ Oy, dx|

B

+

hszw 5y d6dx+h2j¢ 8¢ dealxz
xex,x99 ee,ex X

“

2 L2 [ )
-h Lje -WG,xewxdedx + h” sin o Je Wxé\bxde |x1 ]
+ 2M [Lc-lw dwdd |x2 - LL(C-RV ), Swdddx

4 ’x Xy k" ’x
+ f ¢ lw, S¥rdoax + I ¢~ Ly 1 6wae |x2
6 ’x X 6 X %,
- fj (c'lq,') bwdodx + J'I ;'lq;'éq;'dedx]
x 0 x’x x" 0 xx
e2
| + 21]5[ Lcw,eéwdxlel - LL(CW’O),BGWdedx
2 2 2
+ cos” « II Cvdvdddx + h° cos” « jj‘ C*l'ef)*lfededx :
x¥0 ‘ %0 S
+ II C-lwe'éve'dedx - cos & \[‘Cvﬁwdx |§2
%0 1

+ cos a €v), wd0dx - cos @ Lw,,0vdodx
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L weéwdxle jﬂ *#e eéwdedx + I I w,eé\h'dedx |
- cos @ L 5 v&ke'dedx - cos o L J Weévdedx

2 2
+ ht o 5 CUo0¥!dBdx + ht o J; gy 6y ,ded
cos ‘L 5 8%¥g X cos 'J; a¥e .x]

XX X

+Z"6[,, ¢y GW'del 2 JJ(C P G\v'dedx]

) R 0
e [ ] e gorganly? - f f (GHg o)sgO¥gd0ex
X 1 x Y6
+ sin2 @ L Ie Cw;célb;{dedx + sin o L je Cve',eﬁq;}'{dedx
. 92
+ sin @ L C\]!}'{éve'dx lel - sinw L J\e(w}'{),eéile'dedx]
e2
+ Mg [f\p;(’xwédx]e - j j ¢;{’xea¢.édedx
X 1 x YO
+ j by o010 % - f f Vg o, 0¥ 1d0dx
g 9,8 'x x Vg 9.8x Tx
. Ly 52 -1, *2
t sina ‘L ‘#;{N’xde le-.) + n9”‘e ¢ wx xéwxde |x
-1, 1 . %)
- LL(Q 'llx,x),xé*xdedx + LC-‘# ,xwxdel X,

8
' "1 . ? 1] 2
- \L fe(c wx,x)’xé‘pxdedx] + nlO[. j" “'x,xa"ed"'el
50¥, "2
‘L I ¥, o¥gd0dx + 5 V3 ebw d9| L I*e o5V, d8dx
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Y X
2
sin & L ] ¥ ’xéw;(dedx + sin« L v1oy do |xl

g ¥

» )
sin o ' 6y dBdx + y! Oy.dx| 2

Jg ¥X X X,X '0 91

' ' *2 ' ,
L wa’ B4 d0x + L fo 0017 - L Lq,e o OV 100

" X
2

' oy
sin o ‘ :x,xwxdedx 4+ sin«a J ] \L'xde l i

r ]
, 2
sin o L je \bx’xé'&;dedx] + nll[ux we’eé\ye’dxlel

| 0
B ' ' 2
L L‘C%,e)’e“ed““ j; C1g g%gdxly.

L J‘e cq:e"eeéwededx + sin o J; L We,ef"l','{dedx

e
sin « W;{N’edxlez - sin @ J‘ f(g“{),eé\kededx
Yx 1 x Y6

" 0
sin « 59 We' eﬁﬂ;"{dedx + sin & i Cﬂ;x&we'dxle:
ps ? .

C

C

. sin @ ! L(cvx),eéwédedx * sin® L L ¥, By d8dx
sin’ @ I J‘ y'oy dedx] + 20 [j Cu,,0udx Iez
) % ) X X 12 - d°) 91
Sudxd® + h2 &y d |62
e(cu’e)’e udxd® + h c¢x’e ‘#x X 9
. X 1

n? j fé (Cﬂbx’e),eﬁw;‘dedx + sin’ o I je gvdvdedx
X x
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- L L wx.,exawe'dedx + L wé’xbwkdx |el - L j; we"xewadedx
%,
sin o j I éw;c’eéwededx - sin & L C%G\b}'{dxle
x Y0 ‘ 1
. ' x2
sin @ ‘L 5‘6 we,eé\y"{dedx + L w;{’eéwede |xl
®,
L Lw;"xeaq;ededx + Lv;e’xaw"{dxlel - L L \ye’xeéq;;{dedx
sinzcr I Jﬁ C¥, 00 d8dx + sinzcv j J C¥ 20y, d0dx
0 '8 6 '8
x YO x Y0
‘ L
sin o j ‘# 5‘11 del + sin o j j We 5W'd9dx-sinaj¢e'6$ede‘x
® 1
sin o I I \he dedx - sin o L 5 'lre éwededx
-1 i 12
sin o L Jﬂ ’”e Sygd0dx + 5 A xéw de| x
2] - xz
L Jq «€” q‘e ), 6¢«édedx + I ¢ g wede |xl
L .
X

RTINS L JRCTE

ve

N

A 1 ) 2 ] 1
hewx’eewxdedx + sin” @ L Ie Weéwededx
. -1 , 2 -1 , .

I € Vg W de| L L(C '#e’x),x&\lrededx

sin a I 56 Chy gO¥gdOdx - sin @ L Wéé*,';d’def
X
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sin o I f C¥g e6\1r'clec1x+ I w' 7 de| *2
*1
%
L L w;’xewe'dedx + L Wé’xﬁw;{dxlel - L je \l!é’xew}'{dedx
*2 -1
sin o L ¥304gde le] + 2n15[j J‘ec‘ b O dodx
X

N X - X
¢ Ly bwao| 2 - j j(c'l\y ), Swdddx + f ¢ v, dude| 2
X X1 Y% vYp XX Jp X X

ve

M -1 -1
) §
J, J;(C w’x)’x wdfdx + L feC L ¢xd6dx]
[ Iez ‘ 2 Cvdvded
yAll I Cw, . Owdx - j Cw, OwdBdx + cos” « L J vdudx
16 . 0 91 . Jo Y. 8
1 02
j I € gO¥gdodx +5 5 W,q0%gd0dx + j q;eéwdxle
x Y0 x YO X 1
e2
Vo oOwdbdx - cos @ Cw,n0vd8dx - cos @ L vowdx |
9,6 c )
x Y6 " 8 b3 1

cos & I f Cv,,0wd®dx - cos o j J vdy,dodx
0 )
x VO : x V0
1 &2
cos « 5' 5 Weévdedx]}dt -m I I ¢ [u,t5u| .
x V0 x Y6 1

M t2 " t2
) ) -\ L} ]
Je u’tt udt_+ V’t Vltl Je v’tt vdt+w,tw|t1

2]

w,' Swdt]dedx - 2.]"{ ¢y sy | "2 5‘"' Sy 'de
ve

t
Je " x,t 'x tt x

Wé;téw y ¥ ¢ 24 dt]d8dx -J I ¢ ["’e t 'Lfel 2
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t2 5 A
. L AL wx’t6¢x|t1 - J; UL (B-3)

It is noted that since the variation of the function with € is
periodic, all of the terms in Equation (B-3) that are shown to be

evaluated at 6. and 92 reduce to zero. Also, by the definition of the

1
method, all those terms evaluated at t:1 and t2 reduce to zero,.

After grouping terms and removing a factor of C-l which appears

as part of the integration variables,

) I(V-T)dt = j‘ j jq {[-an(u, + sin @ Qu, ) + ZT]2 sin2 o Czu
t t ¥k Y6 XX X

2

+ 2’\']2 sin o sz,e + 2’\']2 sino cosa § w - ‘ﬂ3v,xe - 1]3 cos ¢ C,w,x
- Czu + 2 sindCZV'-ZT] Cv + mu, _ ]8u

12° 66 12 ’9 12° 7’8 ‘tt
+[-m sz -, sin« qu - M, cos & Czw

2 06 2 ’0 2 ’9

- M, Cu + 2N cos2 o sz - M, cos @ C,zw - M_cos & YL

3°7°x8 5 5 ] 5 8

2 2 2
+ Zﬂlz sin“a v - 21']12(v,xx + sin o Cv,x) - 2T\12 sina u,g

2 2 2
- ZﬂlZCu,xe + zn,16 cos  a v - Zf]16 cos 9! s g

Zﬂ16 coslor C‘l'e + ﬁw,tt]év + [+ 2Tl2 cos2 o Czw

+ 2’1']2 cos « sz,e + Zl]z sin o cos « Czu + 'I‘|3 cos « Cu,x

2“4(w,xx + sin o4 Cw’x) = 2“4('#;{’}{
+ sin o C*#!'() - Zﬂsczw,ee + Zﬂs cos o CZV"G - ZﬂSC\{:e',e

- Ay, +osina By ) - My, o+ osin @ Gu, )
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= 2"16C2w,ee - 21\16C‘Ue ,e + Zn16 cos ¢« GZV,O + 'Elw, tt] ow
+ [+Zﬂ5‘l’e' + ZT\SCW,Q - Mg cos @ Cv + 2N;cht cos’ a CZ%
2 2
- MLVg g - My sina GV o - Mgb¥y 0 = Miobly e
2 . 2 , 2
- nllg ‘”e,ee - sino T]HC \l’x,e - '1113 sin o § ¢x,e

STy e+ T sin” @ CHg - Nyl o +sina Gy )
+ 21]14 sin2 ot Cz"’é - mla("’e',xx +sina C“'e’ x) |
S Dy sina Oy g - AL o+ 20 O + el
SN - L st Gyl )+ 20, sin” @ O
+ A sina (g o - MLhe o - Mo, L+ sine By )
2 2 2
- NioVe wo * Mg Sin® C¥g g + Mgy sin” @ v - M L70, g9
.2 2
+ Mg sina CVg o = MysC¥ o - 2My,6¥) 0o
) |
+ My, sina C¥g g - M489 w0 T 2L tt]{w;{
+ [ b oo - B stne L, o - N0TH,
+ Zﬂ5h2 cos? @ c,zwe + 2 ke cos? @ %y} - M oSty s
- T‘11‘:'2“’9' 00 " Tqy sina 52";,9 + Z"lzhz stn” o

- Py o+ Sin @ G ) - b7 stne O g

2 2., :
- My hC, 9 Mg sin@ CVL o - Ty h, 4
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+0py sin o Gy - Mg Qg o + 810 @ g o) + 2Nyl

+ M Lw,g - M cos @ Cv + Jy IOV * [-znlhz(q;x,xx
+eina Oy, )+ b2 sin” @ (4 M ,h% sin @ Czwe,e
- n3“2@4‘9,}{9 " Mgy o tein @ ChL ) - Mol g

+1,, sina ';2“‘9' ERAlS! sin” o GV - Zn1zh2€2“’x,ee

+ 2 h? sin « .52“‘6,9 - b C¥g o - ﬂ13C2‘”;'<,ee

+ T3 sina ‘;2‘”5,9 - Myalg o + Mgty + 2Nygvoy

+ Jﬂ;x’tjéw}}g-l dBdxdt + U; {[znlu,x +M,8v.g

+ 'ﬂ3 sin o Qu + Tl3 cos « gw:}éu + [z'nlzv,x + 2'1']12Cu,e

- My, sina Lvfby +[+ My + MY+ Mgy

+ 2, g, Jou 4 [, 60,6 = Ny stma Chg + 1‘13“’9.,;;

T AMyglgx * Mygblyp 7 My Sin ciglerg + [+ gy,
+Mghlg g + Mg sima ChL + g0+ Myofdg |

+ Mg sin@ C“’x]w;c +[+ zn12h2‘¥9,x + anthwx,e

- znlzhz sin @ C¥g + Tj5005 g = Myg sin o GG + M4 O
+ [+ mlhzwx,x * T]3}‘2“'9,9 + n3h2 sina C¥, +Tg¥, o

' X
1,603 ¢ + Mo sina Corlov t le ¢! wat (B-4)
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The coefficilents on the virtual displacements in the first
half of Equation (B-4) are identified as the equations of motion,
while those in the second half are identified with the boundary
conditions,

The équations of motion are then written as:
=20, (u + sina-Qu, ) - 2N Czu + N sin2 o qu
1Y 7 xx ’x 12° 7’08 2
. 2 2
+ 200, +T]12) sin o § Vog - (2N, +M,)Cv, g + 2M, sin @ cos @ ('w

- ’ﬂ3 cos o {w, + Elu,tt =0, (B-5a)

"(2'1]12 + T]13)cu’xe - 2 Sin o (le + nlz)gzu’e = anz(v’xx
+ { sina v,x) +2|:cos2 o ('ﬂs + 1116) + sin2 o 'ﬂlz]sz - Zﬂzczv,ee
- 2['(]2 + T\5 + T]16] cos o Czw,e - 2\']5 cos @ C\Ve' - ané cos o C‘J’e

+ {nv,tt =0, " (B-5b)

1]3 cos o Cu,x + 2’1’\2 sin @ cos ¢ Czu + 2['[]2 + Tl5 + T]16] cos o sz,e
- A, 4N Jw,  +FCsinaw, ) - 20, + “16)C2W’ee

2 2 ] 1 (] ]
+ 2’1’]2 cos“ o {w - Zﬂswe’e - 2T\4(¢x’x + { sin « t'x) - Zﬂ16§‘¥9,9

- My, L +Esina )+ ms, =0, (B-5c)

-ZT]S cos @ Qv + Zﬂsl;w,e - Z\'lm(\lre',xx + { sina \#e"x)
- L% gp + 205 + My, sta® @ LY - Mg + 2 CH g
- 2(T]7 + T]14) sin o sz}'(,e - T]13(¢e,x# +{ sina *e,x)

- ’nugzv{re 00 + (Zﬂsht gos2 o + '\']13 s:i.n2 a)Cz‘ve
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- (g + My EH, o - Oy + M) sina €% g+ 2008 = 0, (B-50)
M, - Qg+ G e + 200, + N st g g
- Mgy +Csina v + AN, 40, st @ Clyy - L0 o
. 2
- Myo+Myg)ehg o + (g +Myg) sin@ Ly o - Mo th,

+ { sin o wx,x) + nll ¢ sin2 o wx - “13C2¢x,ee + ZJ'W;,tt = 0, (B-5e)

- 2y cos @ v+ My Evag - 'ﬂ13(ve"xx +( sina \pé,x)

+ (Dbt cos” @ + My sin” L - T]11":2“'(3,96 TR YA M
- gy +7y) sine gz‘”é,e - Z”lzhz@e,xx +Cosina iy )

+ 2% cos® @ €%+ My + M7 sin® @ ¢O - B o

M 0%+ 20 bACH, o -2 sina () 40008, o+ g o = 0,(B-59)

1 ' 2 []

1 3 ! 2 t 2 1
“9@x,xx +( sin« ¢x’x) +M,,6 sin” @ ¥, - M58 '”x,ee

hEy + 20,00 Lo + 20 sina () + 0,00 o - AW,
+ J = 0. (B5-8)

The set of boundary conditions is

Either u = 0,
or 2’nlu,x + ﬂs(sin o fu + Cv,e + cos o fw) = 0. . (B-6a)
Either v = 0,

or M ,@ug + v, - sina (V) =0. (B-6b)
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Either w = 0,

or 2(1'\4 + ﬂls)w,x + 2n4¢; + answx = 0. (B-6¢)

Either Wé =0

]

or Ay, (b - osina Qb CH) o) + M0 - sin @ Cig
+CV, ) = 0. (B-6d)
Either ! = 0,
of Mgl .+ Mglsin @ Lo+ Chy ) + gl
+Mpglsin @ Gy + Chg ) = 0. (B-6e)

Either We =0,

or Mg - sin G+ YL o)+ 2,0

- sino Cwe + wa’e) =0, (B-6£)

Either Wx =0,

or Mghl , +Myglsina Col + Qg o) + 204

+ b2y (sin @ Ly, + C¥g o) = 0. -~ - (B-6g)

Each of the differential equations, given in Equations (B-6a)
- (B-6g) as alternatives to the vanishing of displacements or rota-
tions, expresses a force or moment. A rather simple integration
will verify the following identificatioms.

Equation (B-6a) represents the normal force in the meridional
direction, Fx’ where

-h h+2t

_ i o : :
F = Jih-Zt cxxdz + J; cxxdz, (B-7a)
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) -h h+2t
= i . =X °
Fx = Ex J:h-Zt (exx + vexeee)dz + Ex (exx
o
+ véxeee)dz. (B-7b)

Equation (B-6b) represents the in-plane shearing force, er,

where
-h ) h+2t
i o
F o= j‘ C.adz + Jq o_pdz, (B-8a)
® " Jpeoe ¥ h x8 ,
-h h+2t
- ! i U o -
er Gxe Jﬁ exﬁdz + Gxe J; exedz. , (B-8b)
-h-2t
Equation (B-6c) represents the transverse shear force, Qx’
where
-h h+2t
Q = J1 o: dz + JJI oc_dz + o2 dz, (B-9a)
X he2t 2% p 2% zZx

-h h

i c
Q. =K'G' J’ e dz + K Gzx J’ e dz
X X2X Jp o 2¥ by n 2%

h+2t

+ K'G I e dz. (B-9b)
X zZX h X

Concerning Equations (B-6d) through (B-6g), one mﬁsg recall
the definitions of Wé, W;, We, and tx' It is then apparent that if
Vé is zero, ¢9 must also be zero. Likewise, if ¢; is zero, Wx must
also be zero. Therefore, Equations (ﬁl6d) and (B-6f) actually
represent only one boundary condition. When added together, they
represent the twisting moment Mxﬁ’ where

-h h+2t
i ()
M, = j, 20 ,dz + j; 20 ,dz, (B-10a)
%€ _he2t x0 x©
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-h h+2t

i . O
o— ] 1 - \
M g = Gxe Jih-zt zexedz + Gx9 ‘ ze edz. (B-10b)

Similarly, when Equations (B~6e) and (B-6g) are added

-h h+2t
Mx = J1 zo> dz + j; zchdz, (B-11a)
-h-2t
-h h+2t
= i i z o
Mx = E; Jﬁ z(exx + véxeee)dz + E; j; z(exx
-h-2t
)
+ véxeee)dz. (B-11b)
The complete set of boundary conditions, at x=0 and x=L,
may now be given by
Either u = 0,
or F =2Mu, + N, (sina fu+ v,y + cos @ Gw) = 0. (B-12a)
X 1 X 3 )
- . Either v = 0,
or er = 2T]12(Cu,e + Vi ~ sin o {v) = 0. (B-12b)
Either w = 0,
or Q = 2(1]4 + 'ﬂls)w,x + 2ﬂ4¢i + 2“15¢x = 0. (B-12¢)
Either ¢é = We =0,
= 1 - ai '
or Mxe = (zn14 + 'n13) (‘ye,x sin ¢« Cd’x’e) + (ﬂ13
+ 27 ) (W - sina L + LY, o) = 0. (B-120)
Either W; = Wx = 0,
. = ' ]
or Mx (Zn6 + ng)q’x,x + (ns + 'nlo) (Sin 4 C‘l’x + C‘be' ’e)

+ M+ 2112‘111)q;x’x M+ h2n3>(sin @ Ly +Lig ¢)=0- (B-120)
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APPENDIX C

IDENTIFICATION OF INTEGRAL FORMS

The insertion of Equations (2-11) into Equations (2-12) gives
a definite set of eighty integral forms. For convenience in handling
of these integrals, each will be assigned an indicative name. Some of
the integrals (forty-five of them) are not independent, but are iden-
tical to other integrals. Those integrals which need not be recalcu-
lated are followed in parentheses by the name of the integral to which
they are identical. In particular, it is noted that the integrals
involving \JJe (cp6) and \L!x(cp7) need not be recalculated, since the series
assumed for them are identical to we' (cp4) and \ll}';(cps), respectively. It
should be kept in mind that the value of each of the integrals depends
on the values of the subscripts k and m. The notation k -~ m indicates

the reversal of the roles of k and m.

1
= -2
IR111 =L R cplmcplkde
1
IR11 = Jr 0] lmcp 1kde
o
1
IE11 EL R-lcplm’etplkde
1
IREE1l = Jr (le,eeq’lkde

(¢
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1
IR121 = J R'2¢2mcp1kde
1 1
IE21 EJ R wzm’ecplkde
(o
1 o2
IR131 = f R %, ©,,d
1o
IE31 = L R cp3m’ecp1ke
L
IR112 = ‘i R %, ¢, d6 (IR121, k - m)
! 1
IE12 Ej R 910 P
(o]
1 -2
IR122 :f R %, 9, de
(o]
1
IR22 Ej cpzmcp dee
(o]
1o
IE22 :J R ?, ecPZke
0 2
1
IREE22 = ,L P om,eeP2K"C
1 -2
IR132 Ej R cp3mcp2kde
(8]
~n1l 1
2 = R d
14 v (Pz"m(ka
Al -1 ' » )
62 = | R oo, de (142
u B’ 2k
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IRI13 = R'2<p1m<p3kde (1R131, k = m)
1 -1
B3 = 1 R 9P
1
-2 -
IR123 :J‘ R cpzmchkde (IR132, k=~ m)
(o]
L
IR133 = L R 9, <93de
1
IR33 = PPy d
(o]
1
IE33 = J R Pan P
(o]
1
IREE33 = .L Pam,ceP 3k
1 -1
43 = 5 R cp4mcp3kde
(o]
! -1
I53 = I R cpsmcgkde
(o]
1
IRE53 = cpsm’ecp3kde
1
-1
163 Z‘Y R cpemchkde (143)
1
-1
173 = 5 R cp7mcp3kde (153)
1
IRE73 = P P (IRE53)
7m,e" 3k
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1
-1 (142, k = m)
124 = j‘ R (pzm%kde
(o]
s de (143, k= m)
134 - R _CPZ‘m(pl}k
(¢]
LI
IR144 =S‘ R ?,, tp4kde
1
IRAG = X SR A
1, ;
| IE44 = j cpam’eCPake
o
1
IREEGL = 5‘ P sePhk
) 1,
IR154 = X R pg @yl
(o]
1
-1 de
1ES4 =j R ‘PSm,eCPL;k
o]
gy de (IR144)
IR164 = R (p6mq)4k
(o
bl d (1E44)
1E64 = R (p6m,eq)4k
(e}
_ [ (IREE44)
IREE64 = Pom,eeP ik
(o]
e de (IR154)
0o
bl @, d (IE54)
E74 = | R GomeTak
(o]
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1
IRE35 = L q’3m,eq’5kde
1
-2 IR154, k = m)
IR145 = j’ R, 95yl (
o]
(N |
IE45 =5‘ R0 P50
(o]
1 .
IR155 = j‘ R <p5mcp5kde
1
IR3> = ’:pSm(p 5kd€
1
(o]
1
IREE55 = \g‘ c"Sm,esecpﬂc
(o]
1
-2 IR154, k = m)
IR165 = 5 R pg P 0 (
(o]
e (IE45)
IE6S = R 9enePsi
0
1
-2 IR155)
IR175 aj R cp7mc95kd3 (
(o]
ol (IE55)
IE75 = R cpm’ecpsk
(o]
_ (IREE55)
IREE75 = Py 66?5k
(o)
1 .
-1 142, k= m)
126 Ej R cpzm:p6kds (
(o]
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1
136 = j R’lcp3m<p6kde (143, k- m)
2 144
= d IR
IR146 ) R o, 9 ( )
rl
IE46 = -1
‘o R szm,eCPdee (IE44)
1
= E44
IREE46 J‘ Py, e 6k (IREE44)
nl -2
IR156 = R cpsmcp6kde (IR154)
‘o
nl 1
IE56 = R ‘PSm,e(p 6kde (IE54)
Yo
b o
IR166 = J' R T o 6kde (IR144)
' 44
= IR
IR66 J’ cp6mcp6kde ( )
1
1Eee = I R P6m,e 6k (1E44)
(o) b
1
= IREE44
IREE66 L P 6m’eecp 6k ( )
L
IR176 EI R cp7mcp6kde (IR154)
1
IE76 = j‘ R Qo g)6kde (IE54)
' RE35)
= I
IRE37 I cp3m’€cp 7kds (
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IR147 = J[;l R'2<P4m<p7kde (IR154, k = m)
IE47 = J[: R'lcplm,ecpnde (IE4S)

IRIS57 = Ll R s . de (IR155)

IE57 = JEI R-lcpsm,etpmde (IE55)

IREES? = JEI Pom,ec?7k (IREE55)

IR167 = :1 R cp6m<p7kde (IR154, k- m)
1IE67 = ;1 R-lcp6m,ecp7kde (IE45)

IR177 = Jl R'2<p7mcp7kde (IR155)

IR77 = Jrl PP gy 36 (IR55)

IE77 = ;1 R-l(p7m,etp7kde (1E55)

IREE77 = :1 ®m.eeP7% (IREE5S5)



APPENDIX D

EVALUATION OF INTEGRALS FOR FREELY

SUPPORTED BOUNDARY CONDITION

— . Some of the integrals reduce to—the_form I(sinx/x}éa-:—n;u .
I(cosx/x)dx, for which IBM has a standard algorithm, SICI. The

description and usage of the subroutine is given in Appendix G.

For some of the integrals, a closed-form solution could not
be found. In these cases, a simple trapezoidal numerical integra-
tion subroutine, QTFE, was used. This routine is also described in

Appendix G.

In the following pages, the algorithm for each of the

thirty-five independent integrals is given. The actual computer

code is presented in Appendix H.

1 -2-20]

IR111 = I R X cos mTe cos ke de (D-1)

(e}
If sina =0,

_-2-2\)9' 1
IR11l = l% X f cos mmTe cos ke de
- o
2D,
. )R 3 mk
0 ; otherwise

If sin @ #0, use QTFE.
85
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1 -2ve'x
J‘ R cos mTMe cos ke de
(o}

_-2ve' 1
IR11 =R X 5 cos mTe cos kme de
(0
-2
= 6
_ E Ro X ; m=k
0 ; otherwise

T If sin @ #0, use QTFE. o

1 -2-2\)6'
IE1l = --\)e'x sin & j‘ R X cos mTE€ cos kTme de
0

1 -1-2\19'x
- an‘ R sin mmTe cos kmTe de

0

If sina =0,

1E11l = -mTR
(o]

-1-2v4
-2m2f{° ex
2 2 ;m+k=odd,m?£0
(m-k")
0 s otherwise.

If sin @ # 0, use QTFE.

1 2 -2- e'x
- ] v
IREE1l = L [ve 1+ Vg ) sin" @ R

- m2112] cos mme cos ke de
-1-2v!

1
+“r 2mTT ve' sin o R
A X

-1-2\)6' 1
X I sin mme cos kTme de
A v

Ox sin mTe cos ke de

(D-2)

(D-3)

(D-4)
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Combination of the three previous algorithms can be performed to give

IREE1l] =v! sina [1 - v! sina] IR111 - maT2IR1]
0x 0x

- 2\)9' sin o IEll
X

1 -2-2\)'x
IR121 = j R sin mTe cos ke de (D-5)
(s

If sina =0,

-2-v/! 1
j sin mTe cos ke de
0

IR121 = R, OF

_-2-vg

2m 0x
——Rg—-z—— s mtk = odd, m# 0.
m(m -k™)
0 s otherwise,
If sin @ # 0, use QTFE.
1 -1-\)6'
IE21 = mnj. R X cos mme cos ke de . (D-6)

(¢]

If sina =0,

-l-véx 1
IE21 = mT ﬁo j cos mTme cos kTe de
(o]

R Y
EélTiol "ox ; m=k.
) 0 ; otherwise,
If sina # 0, use QTFE.
IR131 = IR121 | - (D7)

IE31 = IE21 (D-8)
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1 -2-v}
IEl12 = -ve'x sin « f R X cos mme sin kme de

0
1 "1“’éx‘ | '
- mT vr R sin mTe sin ke de (D-9)
0 .
If sina =0,
-1-ve' 1
IE12 = -mmR % I sin mme sin kme de
0
-1=V!
_— = Ox
F—] ) . -% mn RQ . ; m= ' T
0 ; otherwise
If sin o # 0, use QTFE.
L
IR122 = I R © sin mTme sin ke de . (D-10)
0
If‘sin a =0,

-2 nl
IR122 I-{O I sin mme sin kme de
()

-2

%Ro ; m=k

0 ; otherwise,

If sin o # 0, integrating Equation (D-10) by parts, ome obtains

1

. 1
IR122 = -(R sin -cl)-1 sin mTe sin k1‘l‘e|° + j(kn sin mTe cos ke
: 0

+ mT cos mme sin kme)(ds/R sin &)

1

1
“Zsina L ki(sin(mtk)me + sin (m-k)me] + mmlsin(artk)me

- sin (m-k)me] (de/R)
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1
= Toina J; (mtk) sin (mtk)me - (m-k) sin (m-k)me(de/R)

Letting the dummy variable u = I-{o + ¢ sin o, then

RO + sin @ U-R
S L A o
IR122 = 50— E (k) sin[(m+k)'n'(s . o!)]
o
u-f{o du
- (m-k) sin[(m-k)ﬂ sin OJ u sin o

~Now letting dummy variable v = u/sin @, and letting p = ﬁo/s-in a,

2

p+1
IR122 = S| S L (mt+k) sin [(m+k)TT (V-E)]
2 sin” o

- (m-k) sin [(m-k)rr (V-E)] dvv

Using the relation,
sin (x-y) = sin x cos y - cos x sin y,
the preceding equation becomes
- p+ 1 _
IR122 = — L_ (m+k)(sin (mtk)Tv cos (mtk)mp
2 sin o

dv
v

cos (mtk)mv sin (mtk)mp

n P+ 1 )
- 3 ‘i_ (m-k)[sin (m-k)Tv cos (m-k)mp
2 sin” o .

cos (m-k)Mv sin (m-k)rrﬁ:' -dvl

The following symbols are now defined:

c,C cos (m* k)mp

s d

sin (m = k)mp

wv
-
)
"
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Ws, Wd = (m% k)Mv
Wsif wdi = (m+ k)mp
wsf’ wdf = (m+ kK)T@ + 1)

Now IR122 can be written as

W ' W
sf sin (W) sf cos (W)
122 = LR [Cs L s, L 0F s dW's]

. W W
2 sin « . s . s
si si

W W
... df sin (W) df cos(W,)
'H%L[Cdj; —— 'SdL —— ai]
. d
di

2 sin @ d d di W
i
Now the subroutine SICI may be used. It is noted that if m=k, the

terms involving C, and S, reduce to zero.

d d
1
IR22 = I sin mmTe sin ke de (p-11) .
()
% ; m=k, m# 0
0 ; otherwise
1 -
IE22 = an‘ R ~ cos mTe sin kTe de ‘ (D-12)
() : .

If sina =0,

-1
21cmRo
) ;s mk = odd
1IE22 = (k"=m™)"
0 3 otherwise
if sina # 0,.
- rl
IE22 = m_211 I sin (m+k)ﬂ; - 8in (m~-k)me de

.0
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~ Using -a procedure similar to the solution of IR122, and the same

definitions,
o Vst sin (W) Yst cos (W)
IE22 = = Gn o [Cs L W W, - 8, j;’ W dws]
s s
' s si
df sin (W ) Wdf cos (Wd)
- 2 sin « [d J; W, dwd - Sd J; W dW;]
d . d
di
. When m=k, the Cd and Sd terms are zero.
IREE22 = =-m' T sin mTe sin ke de (D-13)
= -m2'n2 IR22
IR132 = IR122 (D-14)
142 = j R™ " sin mme sin ke de : (D-15)
A .
If sina =0,
_-1
%R ;s m=k, m# O
142 = °
0 ; otherwise
If sina # 0,
142 = & j‘l cos (m-k)me - cos (mtk)me de
0

Following the procedure of IR122,

. Wit cos ) Wit sin )
142 = i a[cd L W Wy + 84 L W dwd]

i ¢ TR
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1 wsf cos (Ws) st'sin (WS)
"2 gin « [Cs L W dWs + Ss L W dws]
. ] s
si si

Now SICI is used. If m=k, the terms involving Cd and Sd are replaced

by
{Ln[ (io + sin a)/io]}/(z sin @),
IE13 = IE12 | (D-16)
IR133 = IR122 ' ' (D-17)
IR33 = IR22 -~  ——- SR SO (D-18)
IE33 = IE22 (D-19)
IREE33 = IREE22 (D-20)
143 = 142 (D-21)
1 -l-ve'x
I53 = j R cos mme sin ke de (D-22)
A _

If sina =0,

_-l-ve'
2kR X
‘; : mtk = odd, k# 0
153 = (k" -m")
0 - ; otherwise

If sin @ # 0, use QTFE.

IRE53

1 _-1-\)'x
-\Je'x sin & J R cos mTe sin kme de
A .

1 "’e'x '
- mnj R sin mme sin ke de (D-‘23)
(o)

If sina =0,



-\)e'
- %I_TR * o mek
IRE53 = ° _
0 ; otherwise
If sin o # 0, use QTFE.
IRl44 = 1IR122 ‘ (D-24)
IR44 = 1IR22 (D-25)
IE44 = 1IE22  (D-26)
IREE44 = 1IREE22 - (D-27)
IR154 = 1IR121 ' T ‘ (D-28)
1E54 = 1IE12 (D-29)
1 -\)e'x
IRE3S5 = mﬂJq R cos mTie cos kme de (D-30)
(o]
If sina =0,
-y!
m_21'r Ro Ox ; m=k
IRE35 =
0 s otherwise
If sin @ # 0, use QTFE.
IE45 = 1IE21 (D-31)
IR155 = 1IR111 (D-32)
IRS5 = IR1l , (D-33)
IE55 = 1IEll1 (D-34)
IREES5 =

IREE11 (D-35)



APPENDIX E

EVALUATION OF INTEGRALS FOR CLAMPED-CLAMPED

BOUNDARY CONDITION

Some of the integrals have been evaluated previously for the

freely supported case., These will be noted as they occur.

1o
IR111 = i R © sin mme sin kTe de (E-1)
See Equation (D-10).

1
IR11 = J‘ sin mme sin ke de (E-2)

o - .
See Equation (D-11),
1 -1 :
1IE11 = mm Jq R = cos mme sin kme de . (E-3)
()

See Equation (D-12).

IREEl = -m’n> jlsm mme sin kme de (E-4)
) ‘ |
= -m? IR11
IR121 = IR11l o (E-5)
IE21 = IEll (E-6)
IRI31 = IRIIlL | (B-7)
IE31 = IE1l - (E-8)
IEl12 = IEll ' ' (E-9)

9%



IR122
IR22
IE22
IREE22
IR132
142
IE13
IR133
IR33
IE33
IREE33

143

153

IR111
IR11
IE11
IREE1l
IR111
153
IE1l
IR111
IR11
IE1l
IREE1l

142

1
I
()

95

sin mme sin ke de

See Equation (D-15).

IRE53

IR144
IR4G
1E44
IREE44
IR154

IES4

1
mnj cos mT7e sin kme de

0

IR111
IR11

IE1l

2km
(kz-mz)

0

IREE1l

IR111

1E11

; mtk = odd

; otherwise

(E-10)
(E-11)
(E-12)
(E-13)
(E-14)
(E-15)
(E-16)
(E-17)

 (E-18)

(E-19)
(E-20)

(E-21)

(E-22)

(E-23)

(E-24)
(E-25)
(E-26)

- (E-27)

(E-28)

(E-29)
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IRE35 = IRE53 ‘ A . (E-30)
IE?fs = IEll | (E-31)
IR155 = IR11l ' (E-32)
IR55 = IRll | | . (E-33)
IES5 = 1IEl1 (E-34)

IREE55

IREEll , ' ‘ (E-35)



APPENDIX F

EVALUATION OF INTEGRALS FOR FREE-FREE

BOUNDARY CONDITION

Some of the integrals have been evaluated previouély in

Appendices D and E.

1
IR111 = J‘ R™2 cos mme cos ke de (F-1)
(o}
If sina =0,
(- -2
R 3 m=k=0
o
=2
18111 = q AR ;m=k # 0
L 0 3 otherwise

If sin @ # 0, and m=k=0,

IR11l = - sila[_ 1 --—_1]
PX¥LR +sina R
[ (o]

For the general case of sina # 0, m # k, integrating Equations (F-1)

by parts, one obtains:

1

IR111 = (kmcos mme sin ke

-cOo8 mTé cos k'l'l’cl1 _
R sin & o b

+ mT sin m7e cos kme) (de /R sin @)

Following the transformation of variables procedure for the freely

97
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supported IR122, Equation (D-10),

W
cos mTe cos kT 1 rr(m+k) sf sin (ws)
IR11l = - l C, —_— W
R sin & W s
2 sin o s
si
sf cos(w ) df sin (W,)
- S dW] _TT_gm_-_LE: __.__d_. dw .-
s 2 sin’ o L d
si di

wdf cos (Wd)
- 54 L Wy dwd]

di . e —
Subroutine SICI may now be used. If m=k # 0, the terms involving Cd

and Sd reduce to zero.

1

IR11 = j cos mTre cos ke de (F-2)
°
1 ;  m=k=0
= ¥ ; m=k#0
0 3 otherwise
1 ~
1IEll = -mﬂ& R " sin mmTe cos kme de (F-3)
(0

If m=0, IE11 = 0.

- If sina =0,
-1
r -2m2§
2 ;s mtk = odd
IEl1l = { ek
0 ; otherwise
.
If sin a@#0,

de

m1m l gin (mtk)me + sin (m-k) 16
IE1l . R
o
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Using the transformation of variables again,

- sf sin (w ) wsf cos (Ws)
U T L L W, M- SL ——w-s——dWsJ
si
W
df sin (W ) df cos (W,)
Sor_ — 4w, - s —
2sina d " °d | Wy d
di

Now subroutine SICI is used. If m=k#0, the terms involving C, and

Sd reduce to zero.

Sy — R . . . — ——

IREE1l = -m2n2 j‘l cos mTe cos ke de (F-4)
0
= -m’n? w11

IR121 = IR11l (F-5)
IE21 = 1IEll (F-6)
IR131 = IRl1ll (F-7)
IE31 = 1IEll (F-8)
IE12 = IEll (F-9)
IR122 = 1IR1ll - (F-10)
IR22 = IRl (F-11)
1IE22 = 1IEll | (F-12)
IREE22 = IREEll (F-13)
IR132 = IRl1l (F-14)
142 = IRl1 (F-15)
IE13 = IEll (F-16)
IR133 = IRl11l ” (F-17)
IR33 = 1IRll (F-18)
TF33 = IEll (F-19)
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IREE11 _ (F-20) -

IREE33 =
143 = 1IRI1l (F-21)
g
153 = jq R ~ cos mme cos kTe de ' , (F-22)
b .
If sinw =0,
- _-1
Ro 3 m=k=0
-1
153 = ¢ AR ; m=k#0
0 ; otherwise
~

If sin @ # 0, and m=k=0, then I53 ={&n[ (ﬁo + sin or)/l-lo]}/sin o.

For the general case, sin « # 0, m#k, the transformation of variables

procedure is used to obtain

W

. Wif cos W,) df sin (W)
33 =350 a[cd L W iy + 54 L W dwd]
di di

)

1 wsf cos (Ws) sf sin (Ws)
+ 2 sin [Cs L W dws + Ss L 1) dws-l
si

s si 8

Now SICI is used to complete the solution. If m=k#0 , the Cd and Sd

terms are replaced by {Ln[ (Ro + sin a)/f{o]}/(2 sin a).

1
IRE53 = -mTm j‘ sin mTe cos ke de ' (F-23)
o .

: -2m2 ' '

— 5 ; mtk = odd, m#0

(m™-k™)

0 ; otherwise ‘

IR144 = 1IR11 (F-24)
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: 1
IR44 = j 'Rz cos mTe cos ke de

()
If sina = 0,

i::' ; m=k=0

=2
IR44 = 4 %RO 3 m:k#O
L 0 ; otherwise

If sin @#0, but m=k=0,

IR44 = \J‘\ R'de =
(¢

If sin @#0, and m#k, Equation (F-25) is changed to

IRGL =% L R2[cos (mtk) T+ cos (m-k)me]de

Ssio:

and the following relation is used

J‘f(x) cos a xdx =_s_i_ria_
’ XXX 'l
- 3 + -oo’. P
a

Then,

IRGL = —-i—si'la—z{ms @HOM R + sin @] - R}

n (m-l-k)

+—s—iB—cL-2 {cos (m-k)ﬂ[R + gin @] - Ro}

m (m+k)

f,
x[f -'——’55+ ] +
a

[(R + sin oz)

cosaxf-f

(F-25)

If sin @#0, but m=k#0, the (m-k) term in the above equation is

replaced by [(iio + sin a)3 - I'{:]/6 sin .

: 1
I1E44 = -ﬁxnf R sin mTe cos ke de
(o)
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1
+ 2 sin & J‘ cos mT¢ cos kme de : (F-26)
()
If sina =0,
-2m2i°
33 3 mtk = odd, m#0
IE44 = (m™-k")
0 ; otherwise

1f sin @ # 0, Equation (F-26) transforms to

1
1E44 = - %rj‘ Rl sin (mtk)Te + sin (m-k)T¢)de
(o) —_ _ .

1
+ 2 sino J cos mTe cos kme de ,
(o

and making use of

sin a x f’xxx 1
f(x) sin a xdx == £, - —-§—+

a £s
(o0 )] X XX
__.._5_...[f_ 2 +.”] .

Then,
TE44 _ mmh cos (mtk)m @ + sin @) ' 1-{o ;i_cos (m-k)m ®
=77 L (k) o T8I - Almk) T T m(m-k) )
1-{o
+ sin @) =~ ﬂ_—_—(m-k) J
1 ~ 3 m=k=0
".' 2 gina % : m=k;‘0
0 ; otherwise

The terms involving (m-k) reduce to zero when m=k.

2 2 1 2
IREE44 = -m'm J' R” cos mme cos ke de

(o]
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, 1
- 2mmsin o S R sin mme cos kTre de (F-27)
A A '

If m=k=0, IREE44 = O,

If sina =0,
| R
IREE4L = 2 3 mek#0
| 0 ; otherwise
If sina # 0,
- 22 . 1.
TREE44 = -m'Tm~ IR44 - mTsin & Rlsin (mtk) me + sin (m-k) ™€) de
2.2 cos (mk) T = ﬁo
= -mT IR44+mﬂsind[ﬂ(m+k) (Ro+sina)-m
i
cos (m-k)m - _ 0 ]
e S A TC=Y
If m=k, the (m-k) terms become zero.
IR154 = 153 (F-28)
IE54 = IRES3 | ' (F-29)
IRE35 = IRE53 (F-30)
1
IE45 = -mﬂf sin mme cos ke de
A .
1 4 :
+ sin o i R ~ cos mme cos ke de : (F-31)
= IRE53 + (sin @) I53
IR155 = IR1ll (F-32)
IR55 = 1IRl1 (F-33)
IE55 = IEll (F-34)
IREE5S5 = IREEll (F-35)



APPENDIX G
COMPUTER PROGRAM DOCUMENTATION

The program is written in E-level Fortran IV, and was run
_using an IBM System 360, Model 40 (with 128K bytes of core storage)
under Release 14 of the OS System. The program calls for thrée
scratch tapes,

A small control program serves as the main program, while
all the operations are done in subprograms., This organization facil-
.itates the use of a rather extensive overlay structure, whereby only
parts of the procedure are in core storage at one time,

The flow of the program is summarized as follows: The control
program calls subroutine PART1. PART] generates the stiffness and
inertia matrices by reading all input data, calculating the constants
defined by Equations (2-8), calling the function subprograms for the
various integrations, and arranging the submatrices to form the stiff-
ness and inertia matrices. Each integral value is stored so that it
need not be recalculated. If desired the various constants, the
integral values, and the generated matrices may be printed. Normally,
the input data are written on a scratch tape and the matrices are
written on another scratch tape. Subroutine CHECK, which is called
optionally by PART1, is used to test the flow of PART].

Subroutine PART2 is called from the control program and
104



105
performs a matrix inversion and a matrix multiplication by calling sub-

routines DARRAY, DMINV, FARRAY, and MULTMl. PART2 first reads the
matrices from the scratch tape, DARRAY simply transforms a double-
dimension array into a single-dimension array (or vice-versa). DMINV
performs a matrix inversion of the stiffness matrix, FARRAY is iden-
tical to DARRAY but because of the overlay procedure, must be included.
FARRAY is used to.tfansform the inverted stiffmess matrix back to
double~dimension. Subroutine MULIML is used to multiply the inverted
stiffness matrix times the inertia matrix. The resultant matrix is
written on the third scratch tape.

The control program next calls subroutine PART2 which reads
the resultant matrix from the third scratch tape. It is used to
calculate the frequencies and mode shapes. The input data are read
from the first scratch tape and printed by the calling of subroutine
WRITEL.

The eigenvalues and eigenvectors are found by the direct and
inverse power methods in subroutine MATSUB. Then subroutine WRITE2
is called by PART3 to print the frequencies and mode shapes.

' A thorough explanation of the subroutines ARRAY (DARRAY and
FARRAY) and MINV (DMINV), as well as SICI and QTFE, may be found in
~ Reference [36]. An explanation of subroutine MATSUB, in its original
form, is given in Reference {38]. a diagram of the overlay structure
for the clamped-clamped boundary condition is shown in figure G.1.
For the free-free boundary condition, the only change is to move the
function subprograﬁs IR111, IEll, and IREEll into the control section

with PART1. For the freely supported conditiom, all the function



IR111
IE11
IREE11
IR121
IE21
IR131
IE31

PART1

‘TE12
IR122
IR22
IE22
IREE22
IR132
142

IE13

IR133
IR33
IE33
IREE33
143

‘IR144

IR44
IE44
IREE4SL
IR154
IE54

IRE35  DARRAY DMINV  FARRAY
IE45

IR155

IR55

1IE55

IREES5

-Figure G.1 Overlay Structure

MULTM1

WRITEL

MATSUB WRITE2

901
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subprograms are moved into the appropriate control section under node

beta and subroutine QTIFE is moved into the control section with PART1,

9.

10.

The input data deck is set up as follows:
Title card identifying case being rum.
Boundary condition being used.

Shell geometry and Poisson's ratios.
Modulus data.

Densities and shear coefficients.
Cohtroi card defiﬁing flow of-;;dbleﬁ.
Control card for eigenvalue solution.
Starting indices for assumed modes.
Number of terms in assumed modes.

Values of n to be run.

Cases may be stacked as long as the boundary condition remains the

same,

The formats for the above cards are:

(1048) NAME (I), I=1,10

All eighty columns are available to assign a descriptive title
to the problem being run. The title should be centered on the
card in order to be centered on the printed output.

(3A8) BCOND (I), I=1,3

The first twenty-four columns are used to write the boundary
condition. The punches should start in column 1.

(7F10.0) ANG, RO, XL, T, H, MUX, MUT

"ANG = Shell semi-vertex angle, «. (degrees). For a cylinder,

o =0.



RO

MUX

MUT

108
Shell small-end radius, Rb' (inches)

Shell slant length, L. (inches)

Facing half-thickness, t. (inches) TFor a homogeneous

. shell, T = % of shell thickness.

(7D10.6)

EX

ET
GZXF
GIZF
GXTF
GZXC

GTZC

Core half-thickness, h. (inches) For a homogeneous
shell, H = 0.

Major Poisson's ratio, véx. (Dimensionless)
Minor Poisson's ratio, véﬁ. (Dimensionless)
EX, ET, GZXF, GIZF, GZXC, GTZC

Facing elastic ﬁodulus in x-direction, E;. (psi)
Facing elastic modulus in ©-direction, Eé. (psi)
Facing shear modulus in z-x plane, G;x. (psi)
Facing shear modulus in 8-z plane, Gy - (psi)
Facing shear modulus in x-8 plane, G;G' (psi)
Core shear modulus in z-xX plane, G _. (psi)

zZX

Core shear modulus in 6-z plane, sz. (psi)

(D10.6, 2F10.0, D10.6, 2F10.0) RF, KXF, KTF, RC, KXC, KIC

RF

KXF

KTF
RC

KXC

KTC

Facing density, p'. (1b-sec?/in?)

Facing shear coefficient in z-x plane, K;.
(Dimensionless)

Facing shear coefficient in 6-z plane, Ké.

.Core density, p . (1b-sec?/in?)

Core shear coefficient in z-x plane, K .
. X
(Dimensionless)

Core shear coefficient in ©-z plane, Ky
(Dimensionless)

(7110) NWRITE, NCHECK, NTAPE, NCASE, NTERM, NTAGBC, NTEST

'NWRITE = Control indicating whether or not the stiffness and

inertia matrices are printed out. Equals 1 for print
and equals 2 for no print.
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NCHECK = Control indicating whether or not the flow of PARTl needs

NTAPE

NCASE

NTERM

NTAGBC

NTEST

to be monitored by printing out indicators with subroutine
CHECK. Equals 1 for check and equals 2 for no check.
Normally, equals 2, : '

Control indicating whether or not the stiffness and
inertia matrices are written on the scratch tape. Equals
1 for tape and equals 2 for no tape. Normally, equals 1.

Control indicating whether or not another complete case
is stacked behind present case. Equals 2 for yes and
equals 1 for no. : :

Control indicating whether or not the present case is to
be repeated after changing the starting index or number
of terms in assumed series. Equals 2 for yes and equals
1 for no. If yes, only card number 6 and subsequent
cards are included in next data stack.

Control indicating whether the stiffness matrix or the
inertia matrix is inverted in PART2. Equals 2 for in-
verting inertia matrix and equals 1 for inverting stiff-
ness matrix. Normally, the stiffness matrix is inverted
so that the eigenvalues found are the reciprocals of the
square of the frequencies. Since the eigenvalue program
iterates to the larger eigenvalues first, this allows
calculation of the desired number of lowest frequencies.
However, if problems arise in trying to invert the stiff-
ness matrix, the inertia matrix may always be inverted.
In the case when the inertia matrix is inverted, the
eigenvalue is the square of the frequency, and all of
the frequencies must be found to obtain the lowest.

Control indicating whether or not the ETA's [Equations
(4-20)], the C's EEquations (2-8)], and the values of
the integrals are printed. Equals 1 for yes and equals
2 for mno.

(514, 2p10.6, I10) 1IEG, IVEC, IDET, MIT, MITS, ALRS, GBR, IQUIT

IEG

IVEC

IDET

MIT

Control indicating whether or not every iteration for
the eigenvalue is printed. Equals 1 for yes and equals
0 for no. Normally, equals O.

Control indicating whether or not eigenvectors are
desired. Equals 1 for yes and equals O for no. Normally,
equals 1.

1

Maximum number of iterations for direct power method.
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MITS = Maximum number of iterations for inverse power method.

ALR = Initial eigenvalue guess. Normally, ALR = 1.0

GBR = Increment added to current eigenvalue if inverse power
method will not converge on first try. Normally, GBR =
0.0.

IQUIT = Number of eigenvalues desired. Must equal order of

matrix if NTAGBC = 2,

8. (7110) MI(I), I =1, 7

Starting index for assumed mode series. Each equals 1 for
clamped-clamped and freely supported and each equals 0 for free-

——— . free, _—

9, (7110) NT(I), I =1, 7
Number of terms for each assumed function. 'Maximum is six.
10. (2I110) N, NMAX

N Circumferential wave number,

NMAX

Control indicating whether or not other N-values follow.
If NMAX is any number greater than N, another card of the
form (10.) follows, and the procedure is repeated (without
having to recalculate the integrals) after changing only
N. If NMAX = N, the program does a normal stop after the
eigenvalues are printed.

On the following pages, the stacking of a problem is shown,
along with the necessary control cards, and including a set of typical
input data. It is noted that a card with a /* in columns 1 and 2 must
be included immediately following the statement "ALL SOURCE PROGRAM
DECKS", immediately following the statement "INSERT WRITE2", and

immediately following the last card of input data,



JOB STACKING

P Y 0
N

By
*
3%
»

* % %k %k ok
J08 CARD
¥ % % %k % % % % % X &k k %k F ¥ %k %k ¥ kx %k Kk %k F F* &£ K x %k T % x F K * = £
J/FTRT  EXEL PGM=IEJFAAAD

/7SYSPRINT DD SYSOUT=ADCB=RLKSIZE=121

//7SYSPUNGCE DD UNIT=SYSC?,0DCE=ALKSIZE=RN

//5YSUTT DD UNIT=SYSSO, SE=SYSPUMCH,SPACE=13904,{30,20))

/75YSUT2 9D UMIT=SYSSD,SEP=SYSUTI,SPACE=(904, (30,200}

J73YSLIN 9D UNIT=SYSSH,SEP=SYSPUNCH,DSNAME=ELOADSET,DISP=(MOD,PASS), X
77/ SPACE= (89, (400,400),RLSE)

//SYSING DD *

¥ % ook ok o ok f KX ok K X ok ok % ok ¥ % & & %k % ok %k &

>

* % ok %, ok % ok ok & K X K & ok ok Kk o & ok ok ok ok k ok & &k ¥k &k ¥k k % ok % ¥ % ¥
ALL SCURCE PROGRAM DECKS

*#:;v.f.:::z:a-*f.***#*****:«;****:::*#***x:***a‘:***

JALRED FXEL POM=IEWL,PARM={OVLY,.LETY, X

/7 REGION=G4K
//SYSPRINT DD SYSOUT=A,DCR=RLKSIZF=121
//SYSLIZ ND DSNAME=SYS1.FORTLIB,DISP=SHR

Z/SYSLMGER DD DSNAME=EGOSET(MATIN) DISP=(NFH,PASS) ,UNTIT=SYSDA, X
/7 SPACE={CYL (70,20, 11,RLSEMXIG)

F/SYSUTY oD UNIT=(SYSDA,SEP=(SYSLMGN,SYSLIB)), X
f/ SPACE=(LCYL {20420} 5,MX15)

FESYSLIN D DSNAME=GLDADSETDISP=(CLD,DELETE)} ,DCB=BLKSIZF=81
i/ no o*

INSERT HAIN

OVERLAY ALPHA

INSERT PART1,CHECK,SICI,QTFE

CVERLAY BETA

INSERT 1P111,IR11,IEL12,IREETL,TR121,1E22,1R131,1IE3]
OVERLAY BETA

INSERT 1F12,1IR12241IR22,1F22,1RFE22,1R132,142
OVERLAY 3ETA

INSFRY TF13,IR133,IR23,IE33,IREER3,143,753,IRESR
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OVERLAY BETA

INSERT TR144,IR4441E44,1IREE44,IR154,1E54
OVERLAY BETA ;
INSERT IRE35,1E45,1R155,1IR55,1E55, IREESS ?
OVERLAY ALPHA

INSERY PART2

OVERLAY GAMMA

INSERT DARRAY

DVERLAY GAMMA

INSERT DMINV

OVERLAY GAMMA

INSERT FARRAY

OVERLAY GAMMA

INSERT MULTM1

OVERLAY ALPHA

INSERT PART3

OVERLAY DELTA

INSERT WRITE1L

OVERLAY DELTA

INSERT MATSUSB

OVERLAY DELTA

INSERT WRITE2
//G0 EXEC PGM=*.L KED.SYSLMOD
//FTO3F001 DD SYSOUT=A
//7FT06F001 DD SYSOUT=A
7/FT02F001 DD UNIT=SYSCP

4!

//GO.FTO7FO01 DD UNIT=1804+LABEL=(4+NL),VOLUME=SER=AAA,DSNAME=B8BB, X
/7 DCB=BUFNO=1
//GO0.FT08F001 DD UNIT=181,LABEL={,NL),VOLUME=SER=AAB,DSNAME=BBC, X
7/ DCB=BUFNO=1
//G0.FTO9F001 DD UNIT=1824,LABEL={4NL},VOLUME=SER=AAC+DSNAME=BBD, X
17 DCB=BUFNO=1

//FT01F001L DD *
T &k & ¥ k Kk & & k ¥k ¥k &k & & % k & &k & ¥ &k &k & & & & ¥ ¥k & ¥k & & ¥ ¥ %
INPUT DATA ( TYPICAL )
1968 O.U. SANDWICH CONE — FIBERGLASS FACINGS AND ALUMINUM HONEYCOMB CORE



FREE - FREE

5.07 2245 T2.5 «0105 <15 «2 -2
3.64D406 3.64D+06 1.CGD#06 1.00D0+406 1.00D+06 .320D+05 .183D+05
«2652 D-03 1. l. <3368 D-05 1. 1.
i 2 2 1 -1 1. 1 2
0 1 1 50 10 1.D0 4
0 0 0 0 .0 0 0
6 6 6 6 6 6 6
2 2

* &k &k & %k x T Kk *k *k k ¥k ¥ &k & & &k & ¥k ¥ & %k & ¥k %k % ¥ k ¥k ¥ ¥k ¥ % ¥ k ¥k

€11



APPENDIX H

COMPUTER PROGRAM LISTING

114



OHOBO

CONTROL PROGRAM FOR ANALYSIS OF SYMMETRIC AND UNSYMMETRIC FREE
VIBRATIONS OF CONICAL OR CYLINDRICAL SANDWICH SHELLS, USING
GALERKIN®'S METHOD.

CALL PART1
CALL PART2
CALL PART3
sTOoP

END

SUBROUT INE  PART1
CALCULATION OF STIFFNESS AND INERTIA MATRICES

DOUBLE PRECISION FR111(646) +FR11(6+6),FEL1(646),FREE11(6,6)R0OB,
1FR121(646) +FE21(6456) sFR131{696)43FE3L(6+6),FEL2(6+6),FRL22{646)y
2FR22(6,6)yFE22( 646) yFREE22(656) yFR132(6,6),F42(6+96)yFEL3(6+6),4H,y
3FR133{6:¢6)+FR33(6+46)FE33(646),FREE33{6+6),F43(646),F53(6,6),5A,
4FRES3{6+96)9FR144(6+96) yFRL4(64+6) 4FELG(6,6) ;FREEL4(646)4,FR1I54(6,46),
S5FES54{646) oFRE35(646)9FE4S5(5+6)+FR155(646)+FR55(646)+FESS(6456)5P1,
6FREES5(6,+6)

DOUBLE PRECISION AS(42.,42)1,A1¢42,42)

DOUBLE PRECISION NAME(10),BCOND(3)

ODOUBLE PRECISION ANG+ROsXLeTe MUX MUTSEX,ET4GZIXF+GTZF+GXTF,GZIXC,

1 GYVZC yRF¢KXF s KTF4RC 4y KXCo+KTC yRAD 4AA,EXB,ETB,MB,JCyIJF4CA,SA2,CA2,

2 EXL,EXL3,HH

DOUBLE PRECISION ALRS,GBR
ODOUBLE PRECISION IR111,IRl1,1I€E11,IREE11,IR121,IE21,IR131,1I€E31,
11E12,1IR122,IR22,1E22,IREE22,IR132,142,1E13,1R133,IR33,IE33,IREE33,
2143 41534,IRES39IR1444IR449[E44,IREE44yIR1549 IES44IRE3S,1E454IR15S,
3IR55.1E55¢IREESS

REAL N1 ,N2yN3,N4,N5,N6,N7,N8,N9,N1O,N11,N12,N13,N14,N15,N16

COMMON FR111,FR11,FE11,FREEl1l,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR224FE224FREE224FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES53 yFR1444FR444FE4L s FREES44,FR154,FES4,FRE35,FE45,FR155,FR55,R08B,

S11



OO

OO

o UV P W N

3FESSyFREES5 4 He XMUWNT(7)
DIMENSION KI{7),MI(7)
EQUIVALENCE (KI{1),MI{(1))
ITAPE=1

READ CASE IDENTIFICATION, BOUNDARY CONDITIONS, & SHELL PROPERTIES

READ{1,2){NAME(]I),I=1,10) |
FORMAT(10AB) ‘
READ{(1,3){(BCOND{I),1I=1,3)

FORMAT{3A8)
READ(1,4)ANGsROy XL, TyH, MUX, MUT
FORMAT(7F10.0)

READI 1 4 SYIEXyET+GZXF4GTZF 4GXTF yGZXC4GTZC
FORMAT{(7D10.6)
READ{146)RFJKXF oKTF 4RC,KXC o KTC
FORMAT{D10.692F10.0,D10.652F10.0) "

CALCULATE VARIOUS CONSTANTS

PI=3.141592653589793
RAD=57.29577951308232
AA=H+T
EXB=EX/{1.DO-MUT*MUX) .
ETB=ET/7{1.D0-MUT*MUX) -
‘MB=2.D0*({RC*H+2 .DO*RF*T)
JC=2.D0*RC*H*H*H/3.D0
JF=2.DO*RFxT(T*T/3 ,D0+AA%AA)
N1=2.%*T*EXB

N2=2.*T*ETB
N3=2.*TH*(MUXXEXB+MUT*ETB) .
N4=2 . ¥T*KXF*GZXF
NS=2.*T*¥KTF*GTZF
N6=4./3 . ¥T¥T*N1

NT=4./3 .¥T*T*N2
NB8=%+ /3. %T*T*N3

911
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N9=2.#*H*T#*N1
N10=H*T*N3
N11=2.*H*T*N2
N12=2 . #T*GXTF
N13=2 . *H&T&N12
N14=4./3.*T*T%*N12
N15=H®KXC*GZXC
N16=H*KTC*GTZC
SA=DSIN(ANG/RAD)
CA=DCOS{ANG/RAD)
ROB=RO/XL :
SA2=SA*SA
CA2=CA*CA
EXL=EX®XL
EXL3=EXEXLEXL*XL
HH=H*H

XMU=MUX

IF NWRITE = 2, Ny, THE STIFFNESS MATRIX, AND THE INERTIA MATRIX
ARE NOT PRINTED. OTHERWISE, NWRITE =1 .

IF NCHECK = .2, SUBROUTINE CHECK IS NOT CALLED. OTHERWISE,
NCHECK =1 . ,

IF NTAPE = 2, THE MATRICES ARE NOT WRITTEN ON TAPE .lUTHERHISEv
NTAPE =1 . |

IF NCASE = 2, A NEW CASE IS READ AFTER ‘THE PRESENT CASE IS
FINISHED. OTHERWISE, NCASE = 1 .

IF NTERM = 2, THE PRESENT -CASE IS REPEATED AFTER READING NEW
VALUES FOR THE NUMBER OF TERMS IN EACH SERIES. OTHERWISE,
NYERM =1 .

IF NTAGBC = 2, THE INERTIA MATRIX IS INVERTED AND ALU THE

FREQUENCIES MUST BE CALCULATED 7O OBTAIN THE MINIMUM. IF NTAGSBC:

L11



OGO

11

10001
20001

GO OO

10002
20002

OO

= 1, THE STIFFNESS MATRIX IS INVERTED AND ONLY THE DESIRED

NUMBER OF FREQUENCIES MAY BE CALCULATED, STARTING FROM THE
MINIMUM.

IF NTEST = 2, THE N*'S, THE C*S, AND THE INTEGRALS AR? NOT
PRINTED. OTHERWISE, NTEST =1 .

READ{1,8)NWRITE yNCHECKyNTAPEsNCASE NTERMyNTAGBC ysNTEST .
FORMAT(T7110) ' ‘
READ (14+11) IEG.IVEC,IDET,MIT,MITS,ALRS,GBR,IQUIY
FORMAT (514,2D10.6,110) :

GOTO(10001,20001) ¢y NCHECK

CALL CHECK ( 1)

CONTINUE

READ STARTING INDEX FOR -EACH SERIES , & NUMBER OF TERMS IN EACH

NOTE: THE ASSUMED SERIES SOLUTIONS FOR PSI X & PSI X PRIME MUST
BE IDENTICAL. THE SAME IS TRUE FOR PSI -THETA & PSI THETA PRIME.

READ(1.8)(NMI(I)sI=1,7) .
READ(1,8)(NT(I),I=1,7)

GOT0( 10002, 20002) 4 NCHECK
CALL CHECK ( 23}

CONTINUE
NTS2=NT(1)+NT(2)
NTS3=NTS2+NT (3}
NTS4=NTS3+#NT(4)
NTSS5=NTS4+NT(5)
NTS6=NTS5+NT(6)
NTST=NTS6+NT(T)

ICALC=1

READ & WRITE N
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10

117
118
119

READ{1,8) N,NMAX
GOTO0(117,119) NWRITE
WRITE(3,118) N
FORMAT("1%+62Xs "N =%,13)
CONTINUE

CALCULATE COEFFICIENTS

C11=2.DO* (N&N&N12+SA2EN2)/EXL
CM=4.DO*PI+PI*MBEXL/EX
C112=-2.DO®N1/EXL
C111=SA*C112
C12=2.D0=N*SA*(N2+#N12)} JEXL -
C121=—N*{2.DO*N12+N3) JEXL .
C13=2.DO&N2%SA*CA/EXL
C131=-N3#%CA/EXL
C22=2.DO*{CA2*{NS+N16) +SA2%N12+N=N¥N2)/EXL
C222=-2.D0%*N12/EXL
C221=SA*C222
C23=2.DOEN*CA*{N2+N5+N16) /EXL
C24=-2.D0*CA*NS5/EXL
C26=—2.DO*CA®N16/EXL
C33=2.DO*IN®N*{N5¢N16) +CA2*N2) JEXL
C332=—2.D0*{N4+N15) /EXL
C331=SA*C332
C34=—2.DO*NEN5/EXL
€351=—-2.D0%*N4/EXL

C35=SA%*C351
C36=—2.DO*N*N16/EXL
C371=-2.D0%N15/EXL

C37=SA*C371
C&4=2.DOX{NENENT+SA2*N14) /EXL3
C440=2.DO*NS/EXL -
CJIF=B.DO*PI*PI*JF/EXL
C442=-2.DO*N14/EXL3
C441=SA¥*C442
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10003
20003

C45=2.DO*N*SAX(NT+N14) /EXL3
C4S51=—-N&{N8+2.DO*N14) /EXL3
C46=(N*N¥N114+2.DO*NS*H*T*CA2+N13%SA2) JEXL3
C462=-N13/EXL3

C461=SA*C462
C4T=N*SA*{NL11+N13)/EXL3
C471=—N*{N10+N13)/EXL3
€55=2.D0*(NT*SA2+N*N&N14) JEXL3
C550=2.DO*N4/EXL -
C552=—2.DO%N6/EXL3

€C551=SA*C552
C56=N*SA*(N11+N13)/EXL3

€56 1=—N*{N1O+N13)/EXL3
CS57=(NL11¥SA2+N*N*N13)/EXL3
C572=—N9/EXL3

C571=SA*C572

C66=2.DOXHEH* (NS*CA2+N12*SA2+N*N&N2) /EXL3
C660=2.D0*N16/EXL
CJIC=4.DO*PI*PI*JC/EXL .
C662=—2.DO*HH*N12/EXL3
C661=SA*C662 ,
C6T=+2.DO*N¥HHESA¥ (N2+N12) /EXL3
C671=—N*HH* (N3+2.DO%NL12)/EXL3
C77=2 .DO*HH*{N2%SA2+N*N*N12)/EXL3
C770=2.DO*N1S/EXL
C772=-2.DO*N1*HH/EXL3
CT71=SA*CT72

GOTO{ 10003, 20003 ) s NCHECK

CALL CHECK ( 3)

CONTINUE

INITIALIZE MATRICES

DO 600 I=1,NTS7
DO 600 J=1,NTS7
AS{1,J9=0.D0
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600 AI{1,J)=0.D0

Cc
Cc CALCULATE STIFFNESS AND INERTIA MATRICES
C
C
C FIRST SET OF ROWS
C
C
KKF=NT(1)
DO 1000 KK=1,KKF
II=KK

IF{KI{1))1002,1001,1002
1001 K=KK-1

GO T0 1003
1002 K=KK
1003 CONTINUE

SUBMATRIX U - U

OGO

MMF=NT(1)
DO 1100 MM=1,MMF -
JJ=MM ‘ i
IF{MI{1))1012,1011,1012 j
1011 M=MM-1 i
GO TO 1013 ;
1012 M=MM |
1013 GO TO (1014,1015),ICALC
1014 FRI11(KKyMM)=IR111({KsM)
FR11(KKsMMI=IRL1(K,M)
FELL1(KKsMM)=TELL1{K,M)
FREEL11(KKyMM)=IREE11(K,M)
1015 AI(IIyJJ)I=CM *FR1I1{KKyMM)
AS(IT9Jd)=C11#FRI11{KKsMM)+C111%FEL11(KKyMM) ¢C112%FREELL (KK MM) :
1100 CONTINUE
GOTO( 10004 ,20004) y NCHECK
10004 CALL CHECK ( 4)
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20004
C
C
C

1102
1103

1104
1105
1106

1107
1200

10005
20005
C
C
C

1201

1202
1203
1204

- 1205
1300

CONTINUE
SUBMATRIX U -V

MMF=NT(2)

DO 1200 MM=1,MMF
JI=MM+NT(1)
IF(N)1102,1200,1102
IF(MI(23)1104,1103,1104
M=MM-1

GO 7O 1105

M=MM

GO TO {(1106+1107),ICALC
FR121(KKsMMI=IR121(K,M)
FE21{KK 4MM)I=IE21(KsM)
ASC(II4JJ)=C12%FR121{KKsMM)+CL121*FE21(KKyMM)
CONTINUE

GOTO( 10005, 20005) s NCHECK
CALL CHECK ( 5)

CONTINUE

SUBMATRIX U - W

MMF=NT({3)

DO 1300 MM=1,MMF
JJ=MM+NTS2
IF(MI(3))1202,1201,1202
M=MM-1

GO 710 1203

M=MM

GO 7O (1204,1205),1CALC
FR131{KK,MM)=IR131(K,M)
FE31L(KKyMMI=IE31{K,M)

AS{IT4JJ)=C13%FR131(KKyMM)+C131%FE31({KKyMM)

CONTINUE
GOTG(10006, 200061 ¢ NCHECK

T e -
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10006
20006
1000

2001

2002
2003

(g Ne Ky

2012
2013

2014
2015
2016
2017
2100

10007
20007

CALL CHECK { 6}
CONTINUE
CONTINUE

SECOND SET OF ROWS

KKF=NT( 2)

DO 2000 KK=1,KKF
TI=KK+NT(1)
IF(KI(2))2002,2001,2002
K=KK-1

GO TO 2003

K=KK

CONTINUE

SUBMATRIX V - U

MMF=NT(1)} .

DO 2100 MM=1,MMF

JJI=MM
IF{N)2012,2100,2012
IF(MI{1))2014,2013,2014
=MM=-1

GO 10 2015

M=MM

60 TD (2016,2017),ICALC
FEL2(KKyMM)=TE12(K,M) .

AS{II4JJ)=C12%FRI21 (MM, KK)~C121%FE12(KK,MM) .

CONTINUE
GOT0(10007,20007) yNCHECK
CALL CHECX ( 7}

CONTINUE

SUBMATRIX V - V

MMF=NT(2) .

YA N



2101 .

2102
2103
2104

2105
2200

10008
20008

2202
2203

2204

2205
2206
2207
2300

10009
20009

DO 2200 MM=1,MMF

JI=MM+NT (1)
IF(MI{(2))2102,2101,2102
=MM-1

GO TO 2103

M=MM

GO 7O (2104,2105),1CALC
FR122(KKsMM)=IR122(K,M}
FR22(KK4yMM)=IR22(K,M) .
FE22({ KKsMM)=TE22(K,y M) -
FREE22{ KKyMN)=IREE22(K,M)
AT(IT33)=CM *FR22{(KKyMM)
AS{I153J)=C22%FR122(KKsMM) +C221*FE22(KK+MM) £C222%FRE

CONTINUE
GOT0(10008,420008) 4 NCHECK
CALL CHECK ( 8)

CONTINUE

SUBMATRIX V - W

MMF=NT{(3) -

DO 2300 MM=1,MMF

JJ=MM+NTS52

1F(N)2202,2300, 2202
IF({MI{3))2204,2203,2204

M=MM-1

GD YO 2205

=MM

GO TO (220642207),1CALC i
FRI3B2(KK:MMI=IRI32(K,M) ‘
AS(1I,JJ)=C23*¥FR132(KK,MM)

CONTINUE

GOT0{10009,20009) s NCHECK

CALL CHECK ( 9)

CONTINUE

E22(KK,MM) .
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2401

2402
2403
2404
2405
2500

aNgXgl

2302
2400

10010

20010
2000

3001 .

3002

SUBMATRIX V — PSI THETA PRIME

MMF=NT{ 4)

DO 2500 MM=1,MMF
JJ=MN+NTS3
IFIMI(4))2402+2401,2402
M=MM-1

GO 1O 2403

M=MM

GD TO (2404,2405),ICALC
F42(KKyMMI=142(K,M) "
AS{I15JJ)=C24*%F42{KKsMNM)
CONTINUE

SUBMATRIX V - PSI THETA

MMNF=NT(6)

DO 2400 MM=1,MMF
JJ=MM+NTSS
IF{H)2302,2400,2302
AS{I1,3J)=C26%F42{KK,MM)
CONTINUE
GOT0(10010,20010) s NCHECK
CALL CHECK (10}

CONTINUE

CONTINUE

THIRD SET OF ROWS

KKF=NT(3)}

DO 3000 KK=1,KKF
TI=KK+NTS2
IF({KI(3))3002,3001,3002
K=KK-1

GO TO 3003

K=KK

114



3003

(xNaNg)

3011

3012
3013
3014
3015
3100

10011
20011

3102
3200

10012
20012

CONTINUE
SUBMATRIX W — U

MMF=NT{ 1}

DO 3100 MM=1,MMF !
JJI=MM

IF{MI(1))3012,3011,3012

M=MM-1

60 TO 3013

M=M¥M

GO 7O (3014+3015),ICALC
FEI13(KK+MMI=1IE13(K,M}
AS{IT4JJ)=C13%FR131{MM;KK)-C131%FE13{KKsMM)
CONTINUE
GOT0{10011,20011),NCHECK

CALL CHECK (11)

CONTINUE

SUBMATRIX W - V

MMF=NT(2)

DO 3200 MM=1,MMF

JJ=MM#NT (1)
IF{N}3102,3200+3102
AS{II4+JJ)=C23%FR132({MM,KK)
CONTINUE
GOT0(10012,420012) ¢ NCHECK
CALL CHECK (12)

CONTINUE
SUBMATRIX W ~ W
MMF=NT(3)

DO 3300 MM=1,MMF
JJ=MM+NTS2
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3201
3202

3203
3204

3205

3300

10013
20013

(2N nlg]

3602
3603

3604
3605
3606
3607
3700

IF{(MI(3))3202,3201,3202
M=MM-1

GO TO 3203

M=MM

GO TO (3204,3205),1CALC
FR133(KKsMM)=IR133(K,M)
FR33(KK,yMM)=IR33(K,M)
FE33(KKsMM)=IE33(K, M)
FREE33(KKyMM)=IREE33(K,M)
AT(IT+JJ)=CM *FR33(KKsMM)
ASL{ITI4JJ)=C33*FR1I33{KKyMM)+C331*FE33{KKyMM) #C332%FREE33(KK,MM]}
CONTINUE
G0T70(10013,420013) s NCHECK
CALL CHECK {13)

CONTINUE

SUBMATRIX W — PSI -THETA PRIME

MMF=NT(4)

DO 3700 MM=1,MMF
JI=MM+NTS3
IFI{N)360253700,3602
IF(MI(4))3604+3603,3604
M=MM-1

GO TO 3605

M=MM

GO TO (3606,3607),ICALC .
F43{(KKsMM1I=143(K,M)
AS{I14JJ)=C34*F43{KKyMM)
CONTINUE

SUBMATRIX W — PSI X PRIMNE

MMF=NT(5)
DO 3500 MM=1,MMF
JI=MM+NTS4

LT1



3401

3402
3403
3404

3405
3500

10015
20015

3502
3503
3600

10016
20016

3302
3400

10014

IFIMI{5))3402,3401,3402
M=MM-1

GO Y0 3403

M=MM

60 TO (3404,3405),1CALC

F53{KKsMMI=1I53(KsM)
FRES3(KKyMM)=IRES3(K,M)
AS(I1433)=C35%F53(KKyMM)+C351%FRES3(KK,MM)
CONTINUE

GOT0(10015,20015) y NCHECK

CALL CHECK (15)

CONTINUE

SUBMATRIX W — PSI THETA

MMF=NT{(6)

DO 3600 MM=1,MMF
JI=MM+NTS5
IFI(N)3502,3600,3502
IF(H)3503,3600+3503
ASTII,JJ)=C36%*F43{KKsMM)
CONTINUE
GOT0{10016,20016) s NCHECK
CALL CHECK (16}

CONTINUE

SUBMATRIX W - PSI X

MMF=NT(7)

DO 3400 MM=1,MMF

JI=MM+NTS6

IF(H)3302,3400,3302
AS(I15JJ)=C3T7#F53{KKsMM)+C371*FRES3(KKSMM)}
CONTINUE '

GOT0(10014,20014)¢NCHECK

CALL CHECK (14)
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20014
3000

7001

7002
7003

GO

7403
7500

Ao

7502
7600

Ao

CONTINUE
CONTINUE

FOURTH SET OF ROWS

KKF=NT( 4}

DO 7000 KK=1yKKF
II=KK+NTS3
IF(KI{t4))7002,7001,7002
K=KK-1

60 YO 7003

K=KK

CONTINUE

SUBMATRIX PSTI THETA PRIME - V

MMF=NT{2)

DO 7500 MM=1,MMF
JJ=MM+NT(1) .
AS(II433)=C24%F42(MM,KK)
CONTINUE

SUBMATRIX PSI THETA PRIME - W

MMF=NT{(3)

DO 7600 MM=1,MMF
JJ=MM+NTS2
IF{N)7502,7600, 7502
AS(II+9J3)=C34%F43{MM,KK)
CONTINUE

SUBMATRIX PSI THETA PRIME - PST -THETA PRIME

MMF=NT(4)
DO 7400 MM=1,MMF
JI=MM+NTS3
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C
Cc
c

7301

7302
7303
7304

7305

1
7400

7102
7103

7104 .
7105
7106

7107
7200

(aKaXxl

IF(MI(4))7302,7301,7302
M=MM-1

GO 10 7303

M=MM

GO TO (7304+7305),1CALC
FRISH(KKsMM)=TIR144(K,M)
FR&4(KKsMM)=IR&4L (K M)
FE4&IKK MMI=1E44(K,M) -
FREE44{KKyMM)=IREE44(K, M) .
AICIIJJD=CIFEFRG4LH KK yMM)

AS{T19JJ)=C4&4*FR144(KKyMM) £C441¥FE44L KK sMM) $C 44 2%FREE44 (KK yMM) -

: #+C440%FR44(KKyMM)
CONTINUE

SUBMATRIX PSI -THETA PRIME - PSI X PRIME

MMF=NT{(5)

DO- 7200 MM=1,MMF
JIJ=MM+NTS 4
IFI{N}7102,7200,7102
IF{MI{5))7104,7103,7104
M=MM-1

GO 1O 7108

N=MM

GO TO (7106,7107),ICALC
FES4(KKsMMI=T1ES54(K,M) :
FRIS&G (KK MM )I=IR156(K, M) .

AS(I14JJ)=C45*%FR154(KKyMM)-=C4S1*FES4(KKsMM) .

CONTINUE

SUBMATRIX PSI -THETA PRIME -~ PSI -THETA

MMF=NT{6)

DO 7300 MM=1,MMF
JJI=MM+NTSS
IF(H}7202,7300,7202

0eT -



7202
7300

2XsXg)

7012
7013
7100

10028

20028
7000

5001

5002
5003

OO0

5011

AS!IIyJJi=C46*FR144(KKiMM)+C461*FE44(KK'MM)+C462*FREE44(KK§HN)‘
CONTINUE

SUBMATRIX PSI THETA PRIME - PSI X

MMF=NT(7)

DO 7100 MM=1,MMF
JI=MM+NTS6
IF(H)7012,7100,7012
IF{N)»7013,7100,7013
AS({TIIdJ)=C4T*FRLI54(KKyMM)=C4T1*FES4{KKyMM) _
CONTINUE

607T0{ 100284200281 s NCHECK
CALL CHECK {(28)

CONTINUE

CONTINUE

FIFTH SET :OF ROWS

KKF=NT{5)

DO 5000 KK=1,KKF
II=KK+NTS4
IF(KI{5))5002,5001,5002
K=KK-1

GO TO 5003

K=KK

CONTINUE

SUBMATRIX PSI X PRIME - W :

MMF=NT(3)

DO 5100 MN=1,MMF
JI=MM+NTS2
IF(MI(3)15012,45011,45012
M=MN-1

GO TO 5013

1€1



5012
5013
5014
5015
5100

10022
20022

5402
5403

5404
5405
5406
5407
5500

10023

20023
c .

5201

5202

M=MN :

GO TO (5014,5015),ICALC
FRE3S5(KKyMM)=IRE35(K,M) -
ASCII,33)=—C351*FRE35(KK,MM) -
CONTINUE
GOT0(10022,20022) ¢+ NCHECK
CALL .CHECK (22)

CONTINUE

SUBMATRIX PSI X PRIME — PSTI THETA PRIME

MMF=NT(4)

DO 5500 MM=1,MMF
JI=MM+NTS3
IF{N)5402,5500, 5402
IF(MI(4))5404,5403,5404
M=MM-1

GO TO 5405

=MM

GO TO (5406,5407),ICALC
FE4S(KKsMM)=IE45(K,M)
AS(II5JI)=C45%FR154 (MM, KKI+C451%FE4S{KKyMM)
CONTINUE '
G0T0(10023,520023) s NCHECK
CALL CHECK (23):
CONTINUE

SUBHA*R!X PSI X PRIME - PSI X PRIME

MMF=NT{5)

DO 5300 MM=1,MMF
JJ=MM+NT S4
IFI{MI(5))5202,520145202
M=MM-1

GO TO 5203

M=MM

el



5203
5204

5205

5300

10024
20024
C
C
C

5301
5303
5400

10025
20025

5102
5200

GO TO (5204,5205)3,ICALC -
FRISS(KKyMMI=IR155(K,M)
FRSS{KKsMM)=IR55 (K, M)
FESSIKKyMM)=TES55{K,M)
FREESS{KKsMM)=IREESS5(K,M) -
ATEIT5,3J)=CIF%FR55(KK,MM)

OAS(II'JJ)=C55*FR155(KK;HM)+C550*FR55(KKiMH)+C551*FES§(KK&NH)'

1 +C552*¥FREESS(KKyMM)
CONTINUE

GOT0(100244920024) s NCHECK

‘CALL CHECK (24)
CONTINUE
SUBMATRIX PSI X PRIME - PSI THETA

MMF=NT{6)

DO 5400 MM=1,MMF
JI=MM+NTSS5
IF(N)S5301,:,5400,5301
IF{H)5303,5400,5303

AS(II4J3)=C56*FR154(MMsKK)+C561%FE4LS5(KKyMM) -

CONTINUE
GOT0(10025520025) s NCHECK
CALL CHECK (25)

CONTINUE

SUBMATRIX PSI X PRIME - PSY X

MMF=NTI{ 7)

DO 5200 MM=1,MMF
JJ=MM+NTS6
iF{H}5102,5200,5102

AS(II+JJ)=CS5T*FR1I55(KKsMM) +CSTIRFESS(KKsMM) -

1 +C572*FREESS{KKyMM)
CONTINUE
GOTO0(10026920026) 9 NCHECK

eel



1
2

oMo OO0

MOO

0026
0026
5000

6003

6100

6102
6200

6600

CALL CHECK {26}
CONTINUE
CONTINUE

SIXTH SET .OF ROWS

KKF=NT( 6}
1F(H16003,6000,6003
DO 6000 .KK=13yKKF

I I=KK+NTS5

SUBMATRIX PSI THETA - V

MMF=NT( 2)

DO 6100 MM=1,MMF
JJ=MM+NT (1)
AS(II+JJ)=C26%F42({MM,KK)
CONTINUE

SUBMATRIX PSI THETA - ¥

MMF=NT(3) .

DO 6200 MM=1,MMF
JJ=MM+NTS2
IF(N)6102,620046102
AS(II+JJ)=C36%F43({MM,KK)
CONTINUE

SUBMATRIX PSI THETA - PSI -THETA PRIME
MMF=NT(4)

DO 6600 MM=1,MMF
JI=MM+NTS3

ASTUIT ¢JJ)=C46*FRLL44 (KK MM) +C461*FE44{KKyMM) +C462%FR

CONTINUE

TE44(KK{NH)

Yel



o0

6302
6400

oo

6500
C
Cc
C

6202
6300
6000

10027
20027

SUBMATRIX PSI THETA — PSI X PRIME

MMF=NTI(5)

DO 6400 MM=1,MMF

JI=MM+NTS4

IF{N)6302,6400,6302
AS(II4J3J3)=C56%FR154(MM,KK)—-CS561%FES4 (KK, MM} .
CONTINUE

SUBMATRIX PSI THETA — PSI THETA

MMF=NT{6)

DO 6500 MM=1,MMF

JJ=MM+NTS5

AI{II43J)=CIC*FR44{KK MM}
OAS(II¢JJ)SCO6*¥FRLI4G4(KKsMM) +COH60%FR44G (KK yMM) +COH61FFELLGTIKKyMM) ¢
1. +C662*FFREE&44{KK¢MM) -

CONTINUE

SUBMATRIX PSI THEYA - PSI X

MMF=NT(T7)

DO 6300 MM=1,MMF

JJI=MM+NTS6

IF{N)6202,6300, 6202
AS{I1,43J)=CO6T¥*FR154(KKyMM)-CETIXFES4L4{KK¢MM) -
CONYINUE

CONTINUE

G0T0(100274,20027) 3 NCHECK

CALL CHECK (27)

CONTINUE

SEVENTH SET OF ROWS

KKF=NT(7)
IF{H)4003,4000,4003

Sel



4003 DO 4000 KK=1.KKF

I I=KK+NTS6
Cc
C SUBMATRIX PSI X — W
c .
MMF=NT(3) .
DO 4100 MM=1,MMF
JI=MM+NTS2

ASUIT 9JJ)=—C3T1*FRE35 (KKoMM)

4100 CONTINUE
GOTO(10017,2001 7) o NCHECK

10017 CALL CHECK {17)

20017 CONTINUE

c
c SUBMATRIX PSI X - PSI THETA PRIME
C :

MMF=NT(4)

DO 4500 MM=1,MMF

JJ=MM+NTS3

I1F{N)4402,4500,4402

4402 AS{II9JJ)=C4T%*FR154{MM KK} +C4T1%FE4S5{KKyMM) .

4500 CONTINUE
GOT01{10018,20018) yNCHECK

10018 CALL CHECK (18)

20018 CONTINUE

C
C SUBMATRIX PSI X = PSI X PRIME
c

MMF=NT{5) '

DO 4300 MM=1,MMF

JI=MM+NTS 4

AS{IIsJJ)=C5T*FR1I55(KKsMM)+CSTI%FESS5{KK¢MM) .

i +CS5T2*FREESS{KKyMM) -
4300 CONTINUE

GOT0(10019,20019) ,NCHECK
10019 CALL CHECK {19)
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20019 CONTINUE

C
C SUBMATRIX PSI X — PSI THETA
C
MMF=NT(6)
DO 4400 MM=1,MMF
JI=MM+NTS5
1F(N)4302,444004 4302

4302 AS(II9JJ)=COT*FR1IS4{MM,KK)+COHETLI*FE4LS (KKyMM)
4400 CONTINUE
GOT0(10020,20020) y NCHECK
10020 CALL CHECK {(20)
20020 CONTINUE

C
C SUBMATRIX PSI X - PSI X
C
MMF=NT( 7)
D0 4200 MM=1,MMF
JI=MM+NTS6

AT CIT4JJI=CICH¥FRS5(KKyMM)
0AS§II'JJ)-C77*FR155(KKtNH)+C770*FR55(KK1HM)iC??l*FESb(KK'HH)
1 +CTT72+FREES55 (KK MM)
4200 CONTINUE
G0T0(10021,20021% ,NCHECK
10021 CALL CHECK (21}
20021 CONTINUE
4000 CONTINUE
C
C HRITE ETA'*S, C*'Ss AND INTEGRALS, IF DESIRED.
C :
GO TC (30001,40001),NTEST I
30001 WRITE(3,50001) NL1yN2yN3yNeyNS5yN6sNTyN8;NIyNL1OyN11,N12,N13yN14&,
1 N15,N16
50001 FORMAT (°*0°,8E15.4/1X,8E15.4)

WRITE (3,50002)° C11,CM.C1l11,C112,C12,C121,C13,C131,C22,0221,C222,
1 €23,C264C33,C331,C3324C344C35,C351,C36+9C449C440,CJC,C44),

Lel



2 C4424C45,C0451, C469C461,C47+C4T1,C55,C550,CIF4C551,
3 £5524C564C561+C5T79C571:C566,C660,C661:C862,C6T74COHTLLTTHCTT14CT72
50002 FORMAT ('0°*,8E15.4/6(1X+.8E15.4/))
60 TO (50004,40001),ICALC
50004 WRITE(3,50003)
1 FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,
2FR22,FE22,FREEZ22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F434,F53,
3FRESIJFR1I44,FRA44FELL4FREEL4,FR154,FES4L,FRE35,FE4S5,FR155,FR5S,
4FESSy FREESS
S0003 FORMAT{'0?,6D15.47203{1X,6D15.4/))

{
40001 CONTINUE

FOR A HOMOGENEOUS SHELL (H=0), THE ROWS AND COLUMNS CORRESPONDING
TO THE CORE ROTATIONS ARE REMOVED, AND THE STIFFNESS AND INERTIA
MATRICES ARE COMPRESSED ACCORDINGLY.

MO OO

1F(H)8030,8000,8030

8000 NTS7=NTS7-NT{(6)-NT{7)
NT{6)=0
NT{7)=0
60T0(10029,20029) , NCHECK

10029 CALL CHECK (29)

20029 CONTINUE

8030 CONTINUE

C PRINT THE STIFFNESS MATRIX

GOT0(120,140) s NWRITE
120 MRITE(3,121)
121 FORMAT{%0°®,55X,*STIFFNESS MATRIX")
DO 128 I=1,NTS7
Ji=1
J7=7
JTAG=1
122 WRITE(341231{JsJ=314J7)
123 FORMAT{?0',10X,*COL*,13,6(10X,"'COL®*,13}))

8€T



OO0

WRITE(3,124)1,{AS{TI3J)4J=J1,J7)"
124 FORMAT(®* RDW',13,7D16.8)
G0T0{125,128) ,JTAG
125 J1=J1+7
’ IF({JT+T-NTS7)1265127,127
126 JT=J7+7 :
GO YO 122
127 J7=NTS7
JTAG=2
GO 10 122
128 CONTINUE

PRINT THE INERTIA MATRIX

WRITE(3,129)
129 FORMAT{('0°',46X,*BLOCK DIAGONAL OF INERTIA MATRIX?)
ICT=1
10=1
IL=NT(1)
KTAG=1
130 DO 133 I=10,1IL
131 WRITE{3,1323(J,J=10,1IL)
132 FORMAT(*0',10X»°COL®,1I3,5(10X,°*'COL*,13))
133 WRITE(3+13431,(AI{153)93=10,11)
134 FORMATI(®* ROW',i3,7D16.8)
GOTO(1354140) ;KTAG
135 I0=10+NTLICT)
IL=TIL+NT(ICT+1)
ICT=ICT+1
IF{H)138,136,138
136 IF{ICT-5)130,137,137
137 KTAG=2
G0 710 130
138 IF(ICT-7)130,4139,139
139 KTAG=2
GO 1O 130

6€1



140

OO

200
201

202

10030
20030
250

900
902

903
904
905
906
907
908

909
910

CONTINUE
WRITE THE MATRICES ON TAPE

GO TO (200,250) +NTAPE

60 10 (201,202),ITAPE

ITAPE=2

REWIND 7

REWIND 8

CONTINUE

WRIVE(T7) NAME,BCOND,ANGsRO¢ XLy Ty HeMUX,MUT .
HWRITE(7) EXET+GZXF+GTZF+GXTF,GIXC,GTZC
WRITE(7) RF JKXFoKTFJRCyKXCoKTCoyNT,NoSA
WRITE(7) IEG.IVEC,IDET4MIT,MITS,ALRS,GBR, IQUIT
GOTO( 10030, 20030) y NCHECK

CALL CHECK (30)

CONTINUE

CONTINUE

TESTS: WHERE DO I GO FROM HERE?

IF{N-NMAX)902,903,903
160=1

ICALC=2

GO TO 907

GO TO (905,904) s NTERM

1G0=2

GO TO 907

GO TO (9084906) 4 NCASE

160=3

NSTOP=1

G0 TO 909

NSTOP=2

1G0=4

GO TO (910,912),NTAPE

WRITE (8) NTAGBC,NTS7,AS,AI/4NSTOP,EX

oyl



+XaXg

912
913
914

200
201

202

CONTINUE

G0 T0 ‘1‘017'19914, 9'160
RETURN

END

SUBROUT INE CHECK (1)

WRIFE (3,1) I .
FORMAT (* CHECK ',13) ’
RETURN

END

SUBROUT INE PART2

INVERSTION OF STIFFNESS MATRIX AND MULTIPLICATION TIMES
INERTIA MATRIX ‘

DOUBLE PRECISION BIGeX+EX9yDASyDATILITyNORM,Y,,FACTOR

DOUBLE PRECISION AS(42,42),A1142,42),A042,42) ,ASVI1T764):DET:

DIMENSION LMINVI42)} ,MMINV{42)
ITAPE=1

GO T0 (201,202)ITAPE

ITAPE=2

REWIND 8

REWIND 9

CONTINUE

READ (8) NTAGBU,NTS7,AS,AT,NSTOP,EX
NN=NTS7

NORMALIZE THE MATRICES
DO 1 I=1,NN

D0 1 J=1,NN
A{I+4)=0.D0

w1



o=~NoWns W

NN

10
i1

oo

IF(BIG-X15:6,46

FIND THE LARGEST ELEMENT IN (AS) OR (AI)

816G=0.D0O
LIT=ATI(1,1)

DO 28 I=1,NN
DAS=DABS{AS{I,IM)
DAI=DABS{AI{I,I))
IF{DAS-DAI}2,3,3
X=DAI

Y=DAS

GO 1O 4

X=DAS

=DAI

BIG=X

IF(LIT-Y)28,28,27

LIT=Y

CONTINUE

NORM=DSQRT{BIG/LIT) .

BIG=BIG/NORM

GO TO (9,7),NTAGBC

DO 8 I=14NN

DO 8 J=1,NN

A{I4J)=AS(1,J)

AS{I+J)=A1(1,3)/BIG

Al{I,J)=A(1,4J4)/8BIG

GO 70 11

DO 10 I=1,NN

DO 10 J=14NN A
AS{1,J)=AS(1,J)/81G '
AT €1 4J)=A1(1,J)/BIG

CONTINUE

FIND THE FLEXIBILITY MATRIX BY INVERTING THE STIFFNESS MATRIX
CALL DARRAY (2yNNyNN3y 42,424 ASVyAS) .

[A4!



CALL -DMINV {ASV,NNyDETsLMINV,MMINV)
CALL ‘FARRAY (1+NNyNNs4&2+4249ASV,AS)
(AS) ‘IS NOW (AS)-INVERTED

MULTIPLY THE FLEXIBILITY MATRIX TIMES THE INERTIA MATRIX

CALL MULTMY (AS,AI,A,NNgNN,NN)

OO0 OO00O

NORMALIZE BEFORE GOING TO EIGENVALUE SOLUTION.

BIG=DABS(A(1,1))
LIT=BIG
DO 33 I=2,NN
DAS=DABS(A(I,1))
IF{BIG-DAS)30,31,31
30 BIG=DAS
GO TO 33
31 IF{LIT-DAS)33,33,32
32 LIT=DAS
33 CONTINUE
NORM=DSQRT(BIG/LIT)
FACTOR=BIG/NORM
DO 40 I=1,NN
DO 40 J=1,NN
40 AlI4J)=A(I,J)/FACTOR
WRITE{9) NTAGBCyNTS7T;AyNSTOP,FACTOR
GO0 TO (200,999),NSTOP
999 RETURN
END

SUBROUT INE DARRAY (MODE X9 JeNsM,SeD) .
C . SEE HRITE-UP IN IBM SSP, PAGE 85

DOUBLE PRECISION S(1),D(1)

NI=N-1

enl



100

110

120

125
130
140

iF{MODE-1) 100, 100, 120
1J=1%3+1
NM=N#*J+1

DO 110 K=1,J
NM=NM—-NI

DO 110 t=1,1
1J=10-1
NM=NM-1
DINM)=S{1J}
60 TO 140
1J=0

NM=0

DO 130 K=1,J
DO 125 L=1,1
1J=1J+1
NM=NM+1
S{13)¥=D1. ™)
NM=NM+N1
RETURN

END

SUBROUTINE DMINV{A,N,DsL M)
SEE WRITE-UP IN IBM SSP.
DIMENSION A{1l)

DIMENSION L(1),M(1)

DOUBLE PRECISION A;DyBIGAyHOLD
D=1.0D+00

NK=-N

DG 80 K=1sN

NK=NK+N b

L{K)=K

M{K)=K

KK=NK+K

BIGA=A{KK)

MINV

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINYV

033

042
056
057
058
059
060
061
062
063

71



OO

OO0

aMo

10

15

20

25

30

'35

38

40

DO 20 J=K,N
IZ=N*(J-1)
DO 20 I=KsN
1J=12+1

IF(DABS(BIGA)-DABS{A(IJ))} 15,20,20

BIGA=A{IJ)
L{K)=1
MiK)=J
CONTINUE

INTERCHANGE ROWS

J=L(K)
KI=K-N

DO 30 I=1,N
KI=KI+N
HOLD=—-A(KI}
JI=KI-K+J
A(KI)=AQJL)
A{JI}) =HOLD

INTERCHANGE COLUMNS

I=MtK)

IF{I-K) 45,45,38
JP=N*{1-1)

DO 40 J=1,N
JK=NK+J

JI=dP+J
HOLD=-A( JK)
A{IKI=ALJI}
A{JI) =HOLD

DIVIDE COLUMN BY MINUS PIVDT (VALUE OF PIVOT ELEMENT IS

CONTAINED IN BIGA):

MINV
MINV
MINV
MINV
MINV
MINYV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINYV
MINV
MINV
MINV
MINV
MINV

- MINV

MINV
MINV
MINV

064
065
066
067
068
069
070

o711 .

072

073

074
ors
076
or7r
078

079

080
081
082

083 .

084
085
086
087
088
089
090
091
092

093 .

094
095

096

097
098
099

o1



2XaXg)

oo

2 X2XzNaXel

45
46

48
50

55

60
62

65

70
75

IFI{BIGA) 4B,46:48
D=0.0D+00

RETURN

DO 55 1I=1,N

IF(I-K) 50455450
IK=NK+I
ACIK)I=AUIK)/(-BIGA)
CONTINUE

REDUCE MATRIX

DO 65 I=14N

IK=NK+I

I1J=1-N ,

DD 65 J=14N

I1Jd=1J+N

IF{I-K) 60465460
IF({J-K) 62365,62
KJ=13-1+K
A(IJ)I=ALIKIZALKIVI#A(LY)
CONTINUE '

DIVIDE ROW BY PIVOT

KJ3=K-N

DO 75 J=1,.N
KJI=KJ+N

IF(J-K)} 70¢75,70
A(KJS)I=A(KJI)/BIGA

-CONTINUE

PRODUCT OF PIVOTS

REMOVED D=D*BIGA

MINV
MINV -
MINV
MINV
MINV:
MINV
MINV-
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV:
MINYV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV-
MINV
MINV
MINV
MINV
MINV
MINYV
MINV

MINV

100
101
102
103

104 -

105
106
107
108
109

110

111
112
113
114
115
116

117

118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133

135

AR



(2 Xe

(s XNy

80

100
105

108

110
120

125

130

150

REPLACE PIVOT BY RECIPROCAL

AlKK?=1.0D+00/BIGA
CONTINUE

FINAL ROW AND COLUMN

K=N

K={K-1)

IF(K) 150,150,105
I=L{K)

IF(I-K) 120,120,108
JA=N¥(K-1)
JR=N*(I-1)

DD 110 J=1;N
JK=JQ+J
HOLD=A(JK)
JI=JR+J
A{JK)=—ACJI}
A{JI) =HOLD

=M{K)

IF(3-K) 100,100,125
KI=K-N

DO 130 I=1,N
KI=KI+N
HOLD=A{KI)
JI=KI-K+J
ALKI)=—AJI)
A{JI) =HOLD

GO YO 100

RETURN

END

SUBROUT INE FARRAY (MODEsIyJeNsM,S,D):

INTERCHANGE

MINV
MINV
MINV

MINV:

HINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167

91



C THIS SUBROUTINE IS IDENTICAL TO DARRAY.
DOUBLE PRECISION S(1),D{1}
NI=N-1
IF(MODE-1) 100, 100, 120

100 IJ=I%J+1
NM=N*J+4+1
DO 110 K=1,.J
NM=NM-NI
DO 110 L=1,]I
13=1J-1
NM=NM-1
110 D(NM)I=S(1J)
GO TO 140
120 1J=0
NM=0
DO 130 K=1,J
DO 125 L=1,1
I1d=14+1
NM=NM+1
125 S{13)=D{NM)
130 NM=NM+NI
140 RETURN
END

SUBROUTINE MULTM1 (A+B+Col M N)
DOUBLE PRECISION A{42,42):B(42942),C(42,42) "
DO 999 I=1,L
DO 999 J=1N
ClI¢d) = 0.D+400
03 999 K=1,M
999 C{I3J) = CLI9J)+A(LI,K)*B(KyJ)
RETURN
END

8%l



OGO OOOOOO

200
201

202

SUBROUTINE PART3

CALCULATION OF NATURAL .FREQUENCIES & NORMAL -MODE SHAPES
DOUBLE PRECISION A{42,42)4,EVEC(42,42)4EVAL{42)
DOUBLE PRECISION ALRSyGBR

DOUBLE PRECISION EX,COMEGA,FACTOR

COMMON EVEC

ITAPE=1

60 TO (201,202),1YAPE

ITAPE=2

REWIND 7

REWIND 9

CONTINUE

CALL WRITE1l (EX,COMEGA)

READ {(7) IEG,IVEC,IDET+MITyMITS,ALRSyGBR,IQUIT
READ (9) NTAGBC+NTST7,A,NSTOP,FACTOR

NN=NTS7? :

IF 1EG = 1, EVERY ITVERATION OF THE EIGENVALUE IS PRINTED.
OTHERWISEs IEG = O.

IF IVEC = 19 THE EIGENVECTGR IS CALCULATED AND PRINTED.
OTHERWISE, IVEC = 0.

SET IDET =1

ALRS IS THE INITIAL EIGENVALUE GUESS.

GBR IS THE INCREMENT TAKEN WHEN THE INVERSE POWER METVTHOD IS USED.
MIT IS THE MAXIMUM NUMBER OF ITERATIONS TAKEN FOR THE DIRECT
POWER METHOD.

MITS IS THE MAXIMUM NUMBER OF ITERATIONS TAKEN FOR THE INVERSE
POWER METHOD.

CALL MATSUB (NN.IEG;IVEC,ALRS,GBRyIDET;MIFT,MITS, IQUITF,NTAGBC,
1 A,EVAL)

CALL WRITE2 (NN,NTAGBC+EXsCOMEGA,EVAL+FACTOR,IQUIT)

GO TO (200,999} :NSTOP

999 RETURN

641



END

. SUBROUTINE WRITEl (EX,COMEGA)
DOUBLE PRECISION NAME(10),BCOND(3)
ODOUBLE PRECISION ANGyRO+ XL o ToHyMUXyMUTEXWETyGZXF¢GTZFyGXTF,GZXCy
1 GTZC sRFJKXFyKTFyRCyKXCyKTC 3COMEGA; SA
DIMENSION NT(7T)
READ (7) NAME,BCONDyANGyRO9¢ XL TeHyMUX,MUT ’
READ (7) EX,ET+GIXFsGTZF¢GXTF4GZXC,yGT2ZC
READ {7) RF;KXFyKTF yRCyKXC 3 KTCyNT4N,SA
100 HRITE(3,101)(NAME(I),1I=1,10) '
101 FORMAT(®*1"',23X,10A8) ' ,
WRITE(3,102)(BCOND(I)yI=1,43)
102 FORMATU'0°®,42Xy "BOUNDARY CONDITIONS -— *,3AB})"
WRITE(3,103)
103 FORMAT(°0°® 456Xy "SHELL :GEQMETRY")
WRITE(3+104)ANGsRO¢ XLs T4 H
104 FORMAT(® *,51Xy"ALPHA = *,F6.2+* DEGREES*/53X,"R0O = *',F8.3," INCHE
- 18* 754Xs'L = "3FB8e34° INCHES'/54X+'T = *,FB8.45° INCHES'/54X,
2 *H = "4,F8.4," INCHES®*):
WRITE(3,105)
105 FORMAT(°0°%,53X, *MATERIAL PROPERTIES®*//60X,*FACINGS®)
WRITE{(34106)EXesMUXeETyMUT ;GZXF;KXFyGTZF 4KTF 4GXTFoRF

106 FORMAT(® ®,35X4*EX = .%9yD13.69° PSI.*'9yTXy*MUX = *,F6.3/36X,
1 PET = ®4D13.69° PSIc*9TX9*MUT = "43F6.3/7/36Xe*'GZX = *yD13.6,
2 ® PSIo"9TX9'KX = *9F6.3/36X9*GTZ = *9yD13.6¢9" PSIL 9 TXy'KT: = ¢,

3 F6.3736Xe*GXT = *3D13.69* PSI"9y7X9*RHO = *,D13.6,
4 ¢ LB-SECk*¥2/IN¥¥4?)
IF(H)109,107,109
107 WRITE(3,108) .
108 FORMAT{*0°®,50Xs *HOMOGENEQUS SHELL, NO CORE?®)
GO 10 111
109 WRITE(3,110)GZXCoKXCoGTZCoKTC,RC
110 FORMAT('0' 461Xy *CORE?/ 36X:'GZIX = * yD13.6,% PSI.?»7Xy*KX = ?,

0ST-



?

1 F6e3/ 36Xe*'GTZ = "9D13eH9" PSIe"9TXy*'KT = *9F6.3/46XIe*RHO = *
2 D13.6¢" LB-SEC**2/IN*%47) e

111 CONTINUE

114 WRITE(3411S5)(IsNTUID)sI=1,7)

115 FORMAT('0*, 45X,°NUMBER OF TERMS IN SERIES (*,11,') =',12//,

1 (46X 3 *NUMBER OF TERMS IN SERIES (*911,°) =,12/))
117 WRIFE(3,118) N

118 FORMAT(®0°?,62X,'N =',13)
COMEGA=(RO+XL*SA)*DSQRY(RF* (1 .DO-MUXE=MUT)}/EX)
RETURN
END

OSUBROUTINE MATSUB (M, IEG,IVEC,ALRS,GBR, IDET,MIT,MITS,IQUIT, .
1 NTAGBCCR,ZR)

DOUBLE PRECISION CR(42,42)+IR{42);VALUR(42+42),YR{42),XR(42),
1 AR(42942),BR{42,42)
DDUBLE PRECISION SUMR,PRDR,TRACER:DETR,T1,ALR,ALRS,BIGyAM,RQNR,
1 RQDyAMUR sAMM,ALRC,TS,EP1,FM,SMyRR,SMALL ,SRy,SUM,EP2,GBR,ZLAG,
2 ZL 1T, ZMAGT
COMMON VALUR
IAARD=M+1
IONE=1
1 THO=2 !
N=M
SUMR=0.0
PRDR=1.0
TRACER=0.0
D0 450 I=1.N
450 TRACER=TRACER+CR({I,I)
SET .UP MATRICES
DO 519 I=1,4N
DO 519 J=1,N
BR{I,J}=CRIIJ) .
519 AR{I;JI=CR{I,J} .

005
006
007
008
010
012
0l4

or7
018
019
020

161



520

1000
810
917
811

523

403 -
504

10

11

EVALUATE DETERMINENT

1A=1

1D=1

MM=M
INTER=0
GO 1O 535
DETR=1.D0

INTER= MOD (INTER,2)

IF (INTER) 1000,917,810
RETURN

DETR=-DETR

GO YO (811,912),1D
CONTINUE

ID=2

IA=2

IB=1

ic=1

ISt=-1

GO 10 92

ISL=0

EIGENVALUE GUESS OR ORIGIN TRANSLATION
ALR=ALRS

IT=1

EIGENVECTOR GUESS

DO 504 I=1,4N

XR{I)=1.0

DO 5 I=14N
AR{I,I)=AR(I,I3-ALR
FIRST ITERATION — POWER METHOD
I14=1

81G=0.

COMPUTE Y=(A-ALPHA)*X

DO 13 I=1.N

YREI)=0.

DO 11 J=1,N
YREII=YR{I}+ARUIJ)=XR(J)

024

027
028
029

037

039

049
050
051
052
053
055
056
057

060

063
064
065
066
067
068
070

(491



12
13

106
118
108
650
109

1%

10000

10001

- 10002
80

81

AN=YR( I )#%2

IF (AM-BIG) 13,13,12

BIG=AM

39=1

CONT INUE

I (BIG) 109,106,109

EXACT: EIGENVALUE AND EIGENVECTOR — Y=0. FLAG=1000
ICT=1000

D0 108 I=1,N

Ja=1

IF (XR(I)=1.0) 108,118,108

IsL=1 1
GO TO 92

CONTINUE |
WRITE(3,650) .

FORMAT (484 ERROR. EIGENVECTOR NOT NORMALIZED IN METHOD 1.)
G0 TO 990

MU RAYLEIGH QUOTIENT — (Y,X)/(X.X)=MU

RQNR=0.

RQD=0.

DO 14 I=1,N

RQNR=RQNR+XR (1) YR( )

RQD=RQD+XR( I ) **2

IF (RQD) 10001, 1000010001

AMUR = 0.DO

GO TO 10002

CONTINUE

AMUR=RQNR /RQD

CONTINUE

AMM=AMUR® 42

iFf (IEG) 1000,81,80

ALRC=AMUR®ALR -

TEST FIRST ITERATION

MAGNITUDE OF (Y—MU%X)=TS

.T8=0.

DO 15 I=1,N

074
075
076
077
078
o719
080

o8t

082
083
084
085
086

088

- 089

090
091
093
094

098

101
102
106
107
108
109

€sl



C

-150TS=TS+{YRCI }-AMUREXRA(TI) ) *%2

16

111

19

20

310

99
100
29
535

21

22

23

NORMALIZATION

DO 16 I=1,N
XREI)={YREJJ)*YRLI}I/BIG
XR{JJ)=1.0
EP1=AMUR%*i.D-3

IF (RQD) 111,20,111

IF {TS/RQD-EP1) 20,20,18
IF (I1J-M17) .19,20520
I1J=1J+1

GO T0 10

SECOND ITERATION — INVERSE POWER METHOD
ICT=1J

MIT2=MITS+I1J
ALR=AMUR+ALR

MM=N

DO 310 I=1,N

AR{ 19 I'=AR('IvI’-AMUR

GO YO 29

DO 100 I=1,N
AR{IID=AR(I,1I)-ALR
Id=1J+1

GAUSSIAN ELIMINATION — (A-ALPHAY®Y=X
DO 27 I=2,MM

iMi=I-1

DO 27 J=1,IM1
FM=AR{I,J)¥*AR(I,J)}
SM=AR(J,J)}*AR(JyJ) .

IF (FM-SM) 24,24,22

ROW INFERCHANGE - IF NECESSARY
DO 23 K=J,MM

T1=AR{ JK)

AR{ JoX)=AR( 1K)
AR(I4K)=T1

T1=XR{J)

XR{JI=XRI{(I)

112
113

116

118
119
120
121
122
123
124
125
127
128

131
132

135
136
137
138
139

142
143
144
145

- 147

151
153

2]}



24
25

90

26

27

530

750
751

28

752

30

974
753

XRUI)=T1
Ti=FM

FM=SM

SM=T1
INTER=INTER+1

IF (SM) 25,27.,25

IF {(FM) 90,27,+90
TRIANGULARIZATION
RR={AR(I,JI*AR(JoJ}})/SM
DO 26 K=J.,MM

ARCI ¢K)=AR{IKI-RR¥AR(J,K )~
AR(1I+J)=0.
XRUII=XRELD)-RR¥XR(J)
CONTINUE

GO 10 (520,5304911,530),1IA
SMALL=1000.

DO 28 K=1¢MM

IKK=K

T1=AR(KoyK)*%*2

IF (T1) 75047525750

IF (T1-SMALL) 751,28,28

SMALL=T1

1Z=K

CONTINUE

GO TO (40+753,40),18B

1Z=1KK

IF (ISL)Y 753,30,30

EXACT. EIGENVALUE - (A-ALPHA) SINGULAR,
ISL=1

ICT=2000

DO 974 I=1,MM

XR(1I)=0.0

‘YRE1IZ)=1.0

Ji=12
BIG=1.0
IF (1Z2-¥MM) 33,32,33

FLAG=2000

155
157
158
159
160
161
162
163

166

169

173

175
176
177

179
180
181
182
183

185
186
187
188
189
190

193
195
198
197

6s1



32
33

31

40
41
95

42
43
44

45
46

49
47

92
601
116
755

50

122=2

68 10 95

{22=12+1

DO 31 I=1ZZ,MM
I1ZZ=MM—-172+2

IF (1Z-1) 95,49,95
BACKWARD SUBSTITUTION
12Z=1

BIG=0.

DO 46 I=172Z.,MM
II=MN-1+1

KK=11+1

SR=0,

IF {I-1) 42,4442
DO 43 K=KK¢MM
SR=SR+AR{ II +K)*YR{K]
TI=AR{IL T1}*%2

YRUIII=(AR{II,IID*{XR{TII)-SRII/T1

AM=YR{TII)*%x2

IF {AM-BIG) 46,46+,45
JJ=11

BIG=AM

CONTINUE

NORMALIZATION — X=NORMALIZED Y
DO 47 I=1,MM
XRUII={YR(JJI*YR(I))/BIG
XR{JJI1=1.0

DO 601 I=1.,N

DO 601 J=1.N
AR{I.J)=BR(I,J)

IF (ISL) 755,450,460

GO TO (5235704+525),1C

ALPHA RAYLEIGH QUOTIENT — (AXyX)/7(X¢X)=ALPHA

ALR=0,
SUM=0.0

198
199
200
201

204
205
206
207
208
209
210
211
212
214
215

222

223

224
225
226
227

230
232
233

236
238
239
241

9¢1



55

51
52
20000
20001
20002
82

C
83

53

93
301
400
401

402

820

60
63
64

}
0O 52 I=14N :
YR{1)=0.
DO 51 K=1.N
YREL)=YRCI}IHAR(I sK)EXR(K)
ALR=ALR+XR(I }*YR(I])
SUM=SUM+#XR(I}=XR(I)}
IF (SuM) 20001,20000,20001
ALR = 0.DO
G0 TO 20002
CONTINUE
ALR=ALR/SUM
CONTINUE
AM=ALR®*%x2
IF (IEG)Y 1000,83,82
CONTINUE
TEST SECOND ITERATION

-TS=0.

DO 53 I=1,N :
T1=YR(I)=ALR*XREI) ;
TS=TS+T1%%2

EP2=ALR¥*1.D-8

IF (SUM) 93,60,93

IF (TS/SUM-EP2) 60,605,301

IF (1J-MIT2) 99,400,400 .
WRITE(3,401) IT

FORMAT - (54H INVERSE POWER METHOD NOT CONVERGED ON TRY NUMBER

115)

IF (IT-3) 40249904402
ALR=ALR+GBR

IT=1IT+1
WRITE(3,820) ALR

FORMATY (11H ALPHA= E20.8)
GO 10 4

ISL=0

‘MRIFE(3,64) :NsALRJEPL1,EP2,ICT,1J

FORMAT(I5:15H TH EIGENVALUE= E18.8,20X,2E10.2,10X,215)

242
243
245

251

254
256

257
258

262

263 .

265
266
267
268
270

273
274

LST



61

68

62

65

600

910
527
700

701
702

ZRIN)=ALR
SUMR=SUMR+ALR
T1=PRDR#*ALR

PRDR=T1

DEFLATION OF MATRIX
IF (JJ-N) 61565461
PERMUTATION ‘OPERATION

T1=XRt3J3)

XREJJIDI=XR{(N) .
XR(N)=T1

DO 68 K=1,.N
T1=AR{SJI¢K)
AR{JJI+K)I=AR(N,K)
AR(N,K)=T1

DO 62 K=1,4N
T1=AR(KyJJ) .
AREKg JJIDI=AR(KyN)
AR(KoN)=T1
DEFLATION
N=N-1

DO 66 I=14N

DO 66 J=1.N

AR{I:J)=AR{I;J)=XRUI F*AR(N+1,J)

DO 600 I=14N
D0 600 J=1sN
BR¢ I'J‘=AR‘  § 'J)

COMPUTE EIGENVECTOR AND/OR DETERMINANY AS REQUIRED

IF (IDET) 1000,527,700

IF (IVEC) 1000,5255700

DO 702 I=1.M

DO 702 J=1.M
AR(1,J)=CR{I,J)

IF (I-J) 702,701,702
AR(IyI)=AR{I,I)=ALR
CONTINUE

MM=M

27T6A
277

281
282
283
284
285
287
289
291
292
294

298
299
301

305
306
307
308

311
312

315
316
317
318
319
320
322
323
325
326

8ST



911
912

920
921

922
923
914

915
703

916

704

7051

C
c
c .

2
2
C

0063
0064

INTER=0

1A=3

60 TO 535

1A=4

IF (IDET) 100059145520 .
CONFINUE

ZLAG=AR(1,1)

ZLIT=ZLAG

DO 923 I=2,M
ZMAGT=AR(I,1)

IF (ZLAG-ZMAGT) 922,920,920

IF (ZLIT-INAGT) 923,923,921

ZLIT=ZMAGT .
G0 TO 923
ZLAG=IMAGT

-CONTENUE
ISt=-1

IF (IVEC) 1000,916,915
DO 703 I=1,M

XREI)=0.

IB=2

IC=2

GO TO 530

IC=3

GO TO 92

CONTENUE
TAARD=IAARD-1

DO 7051 I=1.,M
VALURC(I 5 IAARD)=XR(I}

FOR WILKINS

IF(M-TAARD-IQUIT+1)20064,20063,20063

IF{M-IQUITF)990,20064,990
CONTENUE

327
329
33%
335
336
338

339
340

341 .

342
343
347
348
349

354

356

6S1



XXy

525
67

320

526
990

151

IB=3
IF (N-1) 526,467,523

(ALR=AR(1,1)

SUMR=SUMR+#ALR
T1=PRDR*ALR
PRDR=T1 .
ZR{1)=ALR
WRITE(3,320) ALR
FORMAT (20H
N=0

G0 10 910
CONTINUE
CONTINUE
RETURN

END

FINAL EIGENVALUE=

E18.8) :

SUBROUTINE WRITE2 (NNsNTAGBC+EX+sCOMEGA,EVAL4FACTOR,IQUIT) -
DOUBLE PRECISION A{42,42)+EVEC(42,42)4EVALL42)
DOUBLE PRECISION EX,COMEGA,PI,OMEGA,FACTOR

COMMON EVEC
PI=3.141592653589793

WRITE THE FREQUENCIES AND MODE SHAPES

GO TO (1,2)4+NTAGBC

-JJ=NN

KK=1
60-T0 3
JJi=1
K=JdJ
CONTINUE
IF{KK-IQUIT)»151,151,171

CONTINUE
EVAL{JJ)I=FACTOR*EVAL{(JJ) -

360 .

361

363 -

367
367A

370
371
375
376

091



152
153

160
161 .
162

163

10

164

165
166

167
168

169

170
181

182

171

60 TO (152,153) ,NVTAGBC '
EVAL{JJ)=1.DO/EVAL(JJ} '
CONTINUE

IF(EVALTJJ))160,162,162 » |
WRIFE(3,161)KK

FORMAT('0¢%,48Xs "EIGENVALUE (*',12,°) IS NEGAVIVE')
EVALCUJJI=DSQRT{DABS(EVAL(JJII})
WRITE(3,163)KK,EVAL(JJI)

FORMNMAT (*0°® 339X, "FREQUENCY {*9124°') '=.%'yD17.84* CPS.*):

OMEGA=2.DO*PI*COMEGA*EVAL(JJ)

WRITE(3,10) OMEGA

FORMAT (70" 148X 'OMEGA = *,D17.8)

WRITE(3,164) .

FORMAT(?0?, 54Xy *MODE SHAPE")

11=1

17=6

ITAG=1

WRITE (3,166) (EVEC{1,J3),1=11,17)
FORMAT(*0*45X46D16.8)

GO TO (167+170),ITAG

11=11+6

IF{IT7#6-NN) 168,169,169

17=17+6

GO TO 165

I17=NN

ITAG=2

G0 TO 165

GO TO (181,182) ¢ NTAGBC - :
JI=JJ-1 : |
KK=KK+1 :
GO 1O 3 ;
KK=KK+1

JJI=KK

GO 10 3

CONTINUE

RETURN

19T



MO OO0

(XXl

a2 NaXgl

END

SUBROUTINE SICI(SI,CI,X) . SICI 038
- SICT -039

TEST ARGUMENT RANGE SICI 040

- ' SICI 041

Z=ABS(X) , SICI 042
IF{Z-4.) 10,10:50 SICI 043
SICI 044

Z IS NOT GREATER THAN & SICI 045

| SICI 046

10 Y=2%Z SICI 047
0SI=—1.5T7079634XE®{{{{{(.97942154E-11%Y—-,22232633F-8)kY+.30561233FE-56SICY - 048
1)%Y—. 2834 1460E—4 ) *Y+.16666582E~2 ) ¥¥— o 5555554 TE~1 ) ¥¥+1. ) - SICI 049

| SICI -050

FEST FOR LOGARITHMIC SINGULARITY SICI 051
SICTI 052

IF(Z) 30,20,30 l SICI 053 -

20 CI=-1.E75 SICI 054
RETURN SICI -055
300CT=0.57721566+ALOG(Z)1-¥*(({ ({—0 13869851 E-9%Y+.26945842E—~T) Y= SICI 056
1.30952207E~5) #Y+.23146303E-3)*Y—-. 104 16642E~1) *Y+.24999999) SICY -057
40 RETURN SICI 058
SICI 059

Z 1S GREATER THAN 4. SICI 060
SICI 061

50 SI=SIN{(Z) SICI 062
Y=C0S(2) SICI -063
2=4.71 - ' SICI 064
OU={ {{ ({ € {{.40480690E—2%2—.022791426)%2+.055150700)%Z—.072616418)*2SI1CI -065
1#.049877159)%2-.33325186E-2)%7-.023146168)%2-,11349579E~-4)1%2 SICY -066
24.062500111)%Z+.25839886E-9 | SICI 067

V=0 {{ {1 {{{~-.0051086993%2+.028191786)%2—-.0653728341%Z+.079020335)%SICY -068
12-.044004155)%2-.0079455563)*7+.026012930)%2-,37640003E-3)%Z SICI -069
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oo oho

60

SN

2-.031224178)*1-.66464406E-6)*Z+.25000000
CI=Z#{SI*V-Y*y}) .
ST=—Z%*{SI*U+Y%V) .

TEST FOR NEGATIVE ARGUMENT
IF{X) 604,40,40
X IS LESS THAN -4,

SI=-3.1415927-51
RETURN
END

SUBROUTINE QTFE (H;Y;Z,NDIN) .
FOR WRITE-UP, SEE IBM SSP .
DIMENSION Y{1),Z(1)

SuM2=0.

IF{NDIM-1)4,43,41

HH=.5%H

DO 2 I=2,NDIM

SUM1=SUM2
SUM2=SUM2+HH*(Y{I)+Y{I-1)})
Z{I1-1)=SuMl"

ZINDIM)=SUM2

RETURN

END

SICI
SICI
SICI
SICI
SI1CI
SIC}
SICI
SICI
SICI
SICI
SICI
SICI
SIC1

070

-071

072

073

074
075
-076
077
-078
-079
-080
081
‘082
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5 FUNC({I)=(ROB+E*SA)**pP * DCDS(DFLDAT(H!*E*PI)*DCGS(DFLDAT(K)*E*&I)'

DOUBLE PRECISION FUNCTION IR1I11l (K,M) .

FREELY SUPPORTED

DIMENSION FUNC(101),ANS{(101}

DOUBLE PRECISION E

DOUBLE PRECISION FR111(6,6),FR11(6,6),FEL1(6,6),FREEL1L1(6,6),R0B,

1FR121{6+6) s FE21{6+6)3FR131{6+6)+sFE3116,6)yFEL2(6+46),FR122(6+6),
2FR2210626) yFE22(646) yFREE22{6,6) +yFR132(646)4F42{6,6),FEL13({6:6)4H,
3FR133(676)yFR3316+96)+FE33(6+96) +FREEIZL6+6)¢F43(6+46),F53(646)3SA,
4FRES3{696),FR144(6+6)yFR441676)yFE44(6456) ;FREELG4(6,6),FR1541(6461,
SFES4{6:6) ,FRE35(6+6):FE45{6+6)3FR155(6+46) ;FR55(646),FE55(6,6),P1,
6FREES5{5+¢6)

COMMON FR111,FR11,FEll1,FREEl1l,FR121,FE21,FR131,FE31,FE12,FR122,S5A,
1FR22,FE22,FREE22,FR132,4F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3 yFR144,FR44,FE44,FREES44+FR1544FES54,FRE35,FE45,FR155, FR55,R08B,

BFESS+FREESS o He XMU,NTET)

N=50

NDIM=N+1
=—2.%{1.+XMU)
IF{SAY4,154
IF{M-K}3,2,3
IR111=.5D0/7{ROB¥**{2.,+2.%XMU})
GO TO 100
iR111=0.D0

GO TO 100

E=0.

I=1
DELTA=1./FLOAT{N)!

IFCI-N)646,7

6 I=1+1

100

E=E+DELTA

GO 10 5

CALL QTFE (DELTAFUNC9ANSyNDIM)
IR111 = ANS{NDIM}:

RETURN

END
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v

100

DOUBLE PRECISION FUNCTION IR11 (KoM} '

FREELY SUPPORTED

DIMENSION FUNCI{101),ANS{101)}

DOUBLE PRECISION E

DOUBLE PRECISION FR111(6.6),FRI1(6,6)3;FE11{6:6) ;FREE11{6,46),R0B,
1FR121(6+6)FEZ21{645)3FR131(646)FE3L{6,6);FEL2{6,6),FR1I22(6,6),
2FR221696) sFE221636)FREE22(6:6)yFR132(696),F42(6,6):FEL13({6:6),H,
3FR133(646)sFR33(6:6)sFE3I{6:6)sFREEBZ{6:6VsF43(6,46)3F53(6:,6),5A,
4FRES31636) sFR14G4(696) yFRG4(6+6)+FE441646),FREE4L4(6,6),FR154(6,6),
BSFES4{696)sFREBSTI646),FE45(6,6),FR155({6:6),FR55(6,6),FES55(646),5P1,
6FREESS5(646) '

CONMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
IFR22,FE22,FREE22sFR132,F42,FEL13,FR1I33,FRIZLFE3I ,FREEIZ(F43,F53,P1y
2FRES3 yFR144,FRG4FE44 ,FREEA44,FR1I54,FES4,FRE35,FE45,FR155,FR55,R08B,
3FESS5, FREESS s He XMUNTLT7) -

N=50

NDIM=M+1

P=—2.%XMU

IF{SA) 49144

IFtM-K)342,3

IR11=.5D0*%R0OB%**¥{( -—-2.%XMU}

GO 10 100

IR11=0.D0

GO YO 100

E=0.

I=1

DELTA=1./FLOAT(N)

FUNC{I)=(ROB+E*SA)%:%P % DCOS(DFLOAT(MIX*E*PI}%XDCOS{DFLOAT(K)*EXPY)

IF{I-N)656,7

I=1+1

E=E+DELTA

GO 710 5

CALL QTFE (DELTA;FUNC,;ANSyNDIM)

IR11 = ANS(NDIM) .

RETURN

END
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DOUBLE PRECISION FUNCTIDON IE11 (KoM)

FREELY SUPPORTED

DIMENSION FUNC(101),ANS{(101}

DOUBLE PRECISION E

DOUBLE PRECISION FR111{6+6)+FR11{6,6),FE11(6,6),FREE11(56,6),R08,
1FR121(64,6)5FE2116:6),FR131({6,6)4FE31(6+46),FE12(6,56),FR122(6,6),
2FR22( 6456V 3FE22( 646) sFREE22{6:6)3sFR132(6:6):F42({6+6)1,FEL13(696)4H,
3FR1331646)9FR3I3L696)yFE3I3(6,61FREEZZ(696),F43(6,46),F53(646),5A,
GFRESI(H:6) FRLL416,6) ,FR44(656):FEL4(696) yFREEL4(64,6),FR154(6,6),
SFES4(696)yFRE3IS{646) +FE45{64,6)sFR155(646) sFR55(6+6),FES5(6,6),P1,
6FREESS5(64¢)

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,5A,
1FR22,FFE22,FREEZ22+FR132,F42,FEL3,FR133,FR33,FE33,FREEI3,F43,F53,P1,
2FRES3+sFR144 4FR444FE44 FREE44+FR1544FES4,FRE35,FE4S54FR155,FR55,R08B,
3FESS.FREES55 ,He XMU NTIT7) .

N=50

NDIM=N+1

P=—1o-2.¥XNU

IF{SAY4,1,.,4

IF{DFLOAT{M+K)/2.D0~-{M4K}/2)3,2,3

{E11=0.D0

GO TO 100

IE11=—2.DO*DFLOAT{ M*M) ¥ROB%%x (-1 .~2. *XHU)IDFLOAT(H*H—K*K)

GO 10O 100

E=0.

I1=1

DELTA=1./FLOATI(N)

5 FUNCUI)=(ROB+EXSA}**P * DSIN(DFLOAT(M!*E*?I)*DCOS(DFLOAT(K)*E*PI)

100

IFLI-N)6:56,47

=1+l

E=E+DELTA

G0 170 5

CALL QTFE (DELTA,FUNC;ANS,NDIM) .

IE11l = —XMU*SA*FR111(KyM)=DFLOAT{M)*PI®=ANS(NDIM)
RETURN

END
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(L

100

IF{DFLOAT{M+K)/72.D0—-(M#K)/2)3,2,3

iIR121=0.D0
GO 10 100

IR121=2.D0*DFLOAT(M)*ROBE%{-2 .~ XMU) /(PI*DFLOAT{ MEXM-K*K})

GO 70 100

E=0.

I=1

DELTA=1./FLOAT{N)

FUNC(IV=(ROB+EXSA)**P % DSIN(DFLOAT(M)*EXPEIEDCOS(DFLOAT(K)*E®XP])

IF{I-N)6+96,7

I=1+1

E=E+DELTA

GO 10 5
CALL QTFE (DELTA,FUNC,ANS,NDIM)

IR121 = ANS{NDIM)

RETURN

END

DOUBLE PRECISION FUNCTION IE21 {K,M} -

FREELY SUPPORTED

DIMENSION FUNC(101),ANS(101)

DOUBLE PRECISION E

DOUBLE PRECISION FR111(6:6),FR11{6,6)4FE11(6+56)FREEL11(6,6) ;R0B,
1IFR1211696) s FE21{646)4FRI31(6:6),FE31{6:6);FEL12(6,6),FR122(6,6),
2FR22(636) yFE22(6+6) +FREE22(696)yFR13216+6)15;F42{6+,6),FEL13(696),4,H,
3FR133(646)FRIZ{6;0)sFE33(6,6)+FREEIIL6+6)3sF43(6+6):,F53(696)9SA,
4FRES3(6+6) ¢sFR144(56¢6) +FR44(6:6) FE44(5:6) sFREE44(6,:,01,FR154(646),
SFES4{046)sFRE35(646)4FE4S5(646)FR1I55({6:,6)sFR55(656)14FES5(6,6),P1,
6FREESS5( 645 6) '

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22:FE22.FREE22+:FR132,F42,FE13,FR133,FR33,FE33,FREE33,F4&3,F53,P1,
2FRES3,FR144,FR44FE44,FREE44,FR154,FES4,FRE35,FE4S5:FR155,FR55,R08B,
3FESS, FREESS yHe XMUSNT(7)

N=S0

NDIM=N+1

P==1.-XMU

IF{SA)4s5154
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S W N

1E21=.SDO*DFLOAT{MI*P[2ROB** (-1 .—XMU) .

GO 70 100

1E21=0.D0

G0 7O 100 |
E=0.

I=1

DELTA=1./FLOAT(N)

IF{MN-K)3,2,3 I

5 FUNC{I)=C(ROB+E*SA)**P :* DCOS(DFLOAT(MI*E+*PI)*DCOS(DFLOATIK)I*E*P])

100

IFUI-NY64,6,7

I=1+1

E=E+DELTA

GO 1O 5

CALL QTFE (DELTA,FUNC,ANS,NDIM) "

IE21 = MEPI+*ANS(NDIM)

RETURN

END
DOUBLE PRECISION FUNCTION 1IR131 (K,M) -

FREELY SUPPORTED

DOUBLE PRECISION FR111(64+6),FR11(6+6),FE11(6+6),FREE11(6,6),R08B,
1FR121(696)¢FE21{6:56)yFR131(6,6),FE31(648),FEL12(646),FR122(6,6),
2FR22(656)9FE22(696) sFREE22(6+6) +FR132(6+6)+,F42(646),FE13(646)4H,
3FR133(616)sFR33(63;6)9FE33{6+6),FREE33(646),;F43(65,6)4,F53(6+61,5A,
4FRES3{6,6),FR144{6:;6) +FR44(64,6) :;FE4L4(646) sFREESG4(6,6),FR154(6,61),
SFE54(656) sFRE35(6+6);FE4S5(656) ,FR1I55(6,6) 3FR55(6,6)3FES55(6,6),P1,
6FREES5(646) .

COMMON FR111,FR11+FE11,FREE11,FR121,FE21, FRIBIgFEBl,FEIZ FR122,SA,
1FR224FE22 ,FREE224FR132¢F42,FEL13,FR1334FR33,FE33,FREE33,F43,F53,P1,
2FRES3 ;FR144 +FR44FE44FREE44,FR154,FES54.FRE35,FE45,FR155,FR55,R0B,
3FESS5,FREESS o Hy XMU,NT(T7) .

IR131=FR121(K:M)

RETURN

END

DOUBLE PRECISION FUNCTION IE31 (K,M)

FREELY SUPPORTED

DOUBLE PRECISION FR111(606)'FR11(6'6)fFEll(bvb)'FRELll(696i'RDB'
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100

1€E12=0.D0O

G0 1O 100

E=0.

I1=1

DELTA=1./FLOAT(N) ,
FUNL{I)=(ROB+E*SA)**P1* DCOS{DFLOAT(MI*E*PI}+DSIN{DFLOAT(K)*E*P])
FUN2(I)={ROB+E*SA)*¥P2% DSIN(DFLOATI{MI*E*PII+DSIN(DFLOAT(K)*EXPI)
IF(I-N)6+:6+7

I=1+1

E=E+DELTA

GO 70 S5

CALL QTFE (DELTA,FUN1,ANS1,NDIM)

CALL QTFE (DELTAFUN2,ANS2,NDIM)

IE12 = —XMU¥SA*ANS1(NDIMI-M&PI*ANS2{NDIM)

RETURN

END

DOUBLE PRECISION FUNCTION IR122 (K.M)

FREELY SUPPORTED

DOUBLE PRECISION DS,DD

DOUBLE PRECISION FRI11(6,6),FR11(656):FEL1(6,46) FREE11(6,6) R0OB,

1FR121(646)5FE21{696)cFR131{696)sFE31(646)9FEL12(646)FR122(6,6),

2FR22(646)sFE22(6+6) oFREE22(6+6) ¢FR132(6+6)3F42(6:6),FE13(696)4H,
3FR133(696)sFR33{6¢6)FE331{6+6)+FREE33(6:6)9F43(6+6)4F53(656)45SA,
4FRES3(656) sFR1441696) +yFR44(6+46)+FE44(6,:6);FREEL4(6+6),FR154(6,6),

SFES41 656) sFRE35(6,6)FE45(6,6);FR155(6,6),FR55(6+61,FESS5(6,6),P1,
6FREESS(6:5)

S VN~

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,

1FR22,FE22,FREE22;FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES534FR144yFR44yFE44 FREE44;FR154,FES4,FRE35,FE45,FR155,FR55,R08,
3FES5S59FREESS s He XMUSNTH{ T

IF(SA)6+:1+6
IF{N-K)}S5:,2,5

IF(M) 44354
IR122=0.D0

GO 7O 18

IR122=.,5D07 {ROB*R0OB)

1L1



17
18

GO TO 18

IR122=0.D0

GG 70 18

DS=DFLOATIM+K)*P]

DD=DFLOAT(M-K}=*P1

RHOBAR=R0OB/SA

XSI1=DS*RHOBAR

XSF=DS* {RHOBAR#+1.) -

CS=C0S{XsS1I1)

SS=SIN(XSI)

CALL SICI (SSI,CSI.XSI}"

CALL SICI -(SSF,CSF,y,XSF) -

T1=o5%DSKk(C S*ISSF-SSI)}=SS*{CSF-CSI))/{SA%SA)
IF{M-K)8,7,8

T2=0.

G0 TO 17

XDI1=DD*RHOBAR

XDF=DD%*{RHOBAR+1.)

CD=CaS{XDI}

SD=SIN{XDI)}

CALL SICI -{SDI DI XDI} "

CALL SICI (SDF,CDF,XDF) -
T2=—o5%DD*{CD&{ SDF—=SDI)-SD*{CODF-CDI})/7(SA*SA)
IR122=T1+T2

RETURN

END

DOUBLE PRECISION FUNCTION IR22 (K¢M)
FREELY SUPPORTED

IF(M-K)24152

IR22=,.5D0

G0 10 3

iR22=0.D0

RETURN

END

DOUBLE PRECISION FUNCTION 1E22 ({KsM)
FREELY SUPPORTED

A
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OO

END

DOUBLE PRECISION FUNCTION 142 {KoM) -

FREELY SUPPORTED

DOUBLE PRECISION RHOBAR,CSR,SSR,CDR,SDR,DS,DD

DOUBLE PRECISION FR111(6,6),FR11(646),FEL1(6+6),FREE11(6,6),R0B,
1FR121{6:6)yFE21(656)sFR131(6+6),FE31{6+6),FEL12(646),FR122(6,6)
2FR221 6451 ¢FE22( 646 ) sFREE22(6+46)sFRIB2(696)+F42{696)sFEL13(646)4H,
3FR133(696)sFR33(6+6)sFE33(6+96)sFREE33(6+6)4F43{646)+,F53(6,6),SA,
4FRES3(6+6) sFR144{696) sFR44(696),FEG4{696) +FREE4G4(6+6)9yFRLIS54(646)
S5FES4{696)sFREZS(6:6)sFE45(6,6) sFR1I5516496);FR55(6,6),FE55(64,6),P1,

HSFREES5(646) °

W N

w  »

COMMON FR11:1,FR11,FEl11,FREE11,FR121,FE21,FR13},FE31,FE12,FR122,S5A,
1FR22,FE22,FREE22+,FR132,F42,FE134FR133,FR33,FE334FREE33+F43yF53,P1,
2FRES31FRI44'FR44'FE44vFREE441Fﬂ1541FE54vFRE35vFE#S'éRISS'FR55'ROB'
3FESS.FREESS s Hs XMUSNT L 7) ¢

FOR A CYLINDER |

IF{SA) 65146

IFIN-K)5,2,5

IF{M)4,3,4

-142=1.DO/ROB

GO TO 18

-142=.5D0/R0OB

GO YO 18 _

142=0.D0 i
GO TO 18

FGR A CONE

DS=DFLOATI{M+K)
DD=DFLOAT(M—K)} -
IF(M-K}7.8,7
ITAG=2

GO TO 11
IF{M)10,9510

6Ll



10
11

14

15

142=0.D0

GO Y0 18

ITAG=1 '
RHOBAR=ROB/SA '
XSI=DS*PI*RHOBAR i
XSF=DS*PI+(RHOBAR+1.D0)

CSR=COS(XSI}: l
SSR=SIN(XSI)

CALL SICI {SXSI«CXSI.XSI}

CALL SICI {SXSF;CXSFoXSF)

GOTO (14,15),1ITAG
142=.5D0*(—-CSR*{CXSF-CXSI)-SSR*{SXSF—-SXSI)}+DLOG(1.DO+SA/ROB) ) /SA
GO 10 18

XOI=DD¥*P I*RHOBAR

XOF=DD*PI*(RHOBAR+1.D0) .

COR=COS(XDI)

SDR=S IN{XDI}

CALL SICI (SXDIsCXDI,XDI) .

CALL SICI -{SXDF,CXDF,XDF)

142=.5D0%{~CSR* (CXSF—-CXSI}=SSR*(SXSF-SXSI}) .

1 +CORF(CXDF-CXDI }+SORZ(SXDF-SXDI) 1 /SA

18 RETURN

END :

DOUBLE PRECISION FUNCTION IE13 (K, M)

FREELY SUPPORTED

DOUBLE PRECISION FR111(646),FR11(6+6):FEL11(6,6) ,FREEL11(6,6);R0B,
1FR121(696) yFE21(6+46)+,FR131(656)+,FE31(656),FEL12(6+46)+FR122(6,+6),
2FR221{696) ¢FE22(696) sFREE22(656) sFRI32(696) 3F42(646) 4yFE13(696)¢H,
3FR133(696)¢FR33(696)+FE33(6+6)+FREE33(6+6)5F431646),F53(646)4S5A,
4FRES3(696) ¢ FRLI44(646) oFR4%(6,6) yFE4416,6)FREES4{6,56)FR154(6+6),
SFES4(6:6) sFRE35(6496) sFE45(6+6)+FR155(6+96),FR55(6,6)+FES55(6+6),P1,
6FREES5(6,6) -

COMMON FR111,FR11,FEl11.FREEL11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES33;FR144,FR44,FE44+FREE44,FR154,FES54,FRE35,FE45,FR155,FR55,R0B,
3FES55¢FREESS ¢ He XMUoNT(7)

9.1



IE13=FE12(K,M)

RETURN
END
DOUBLE PRECISION FUNCTIGN IR133 (K,M)

FREELY SUPPORTED

DOUBLE PRECISION FR111(6,46),FR11{6,6)4FE12{6+6) ,FREE11(6,6),R0B,
1FR121(6:6)sFE211{6+6),FR131(646),FE31(6:6)+FEL12(6+6)sFR122(6:+6),
2FR22{656)sFE221{6:6) yFREE22(696)sFR132(6,6)143F421696)sFE13{6496),H,y
3FR133(696)3FR33(6+5)2FE3I3(6:6),FREEZI(6:6)9F43{6:6)yF53(646)5SA,
GFRES3{6+6) sFR144({696) sFRGG(H¢0)FELL416406)FREEG4(646),FR154(6,6),
SFES4(696) +sFREZS{65+6)2:FELGS5(696) :FR1ISS(6+6)sFR55(6:6),FES5(646),P1,
H6FREESS(646) .

COMMON FR111,FR11,FE11,FREEL1l,FR121,FE21,FRY3]1,FE3L,FE12,FR122,5A,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES39FR144:FR443FE44+FREE449FR154+FES4+FRE3S,FE4S5,FR155,FR55,R0B,
BFESS.FREESS Hs XMU,NT(7) -

IR133=FR122{Ks M)

RETURN

END

DOUBLE PRECISION FUNCTION IR33 ({(K,M)

FREELY SUPPORTED

DOUBLE PRECISION FR111(696)FR11{6,6)VFE11({6:6) ,FREE11(6,6),R0B,
1FR1211{6:6)sFE21{6:6) ,FR1I31(6,6)sFE31(646),FE12(6,6):FR122(6,6),
2FR22(646) sFE2216+46);FREE22(6+6) sFR1I32(6,6)F42{6,6) sFEL3(6,6),H,
3FR133{6,6)FR33{6,6),FE33{6:6),FREE33(H,6),F43{6,6,F53(6,6),5A,
GFRES3(6+46) sFR154(696) FRL4{646) +FELL(64,6)FREEG4(6,86)yFR154(646),
SFES4{(6:6) sFRE35(6496) ;FE4S5(646)FR1I55{6,6):FR55(696),FESS5({646)sP1y
OFREESS5{6,46)

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
LFR22+FE22sFREE22+FR132,F42+FE13,FR133,FR33,FE33,FREE33,F434,F53,PI1,
2FRES3 o FR144,FR44FEL4 sFREEGL4,FR1S54,FES4 ;FREIS,FE4S5,FR1IS5,FR55,R0B,
3FESS+FREESSyHo XMULNT(T7)

- IR33=FR22{(K,M)

RETURN

END

PDOUBLE PRECISION FUNCTION IE33 (KoM}

LLT
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100

I=1

DELTA=1./FLOAT(N)

FUNC(I)=(ROB+E*SA)*%P ¥ DCOS(DFLGAT(H!*E*P!Y*DSIN(DFLOAT(K)*E*P!)

IF{I-N)6¢657

I=1+1

E=E4DELTA

GO 10 5

CALL QTFE (DELTA¢FUNC;ANS,NDIM)

i53 = ANS(NDIM)

RETURN

END

DOUBLE PRECISION FUNCTION IRES3 {(K,M):

FREELY SUPPORTED

DIMENSIGN FUN1{101);FUN2(101),ANS1{101),ANS2(101) . |

DOUBLE PRECISION E

DOUBLE PRECISION FR111(6¢6)¢FR11(696V9FE11(656),FREE11(6,6),R0OB,
1FR121(6+6)¢FE21(676),FR131(6,6)FE31(6+6):,FEL12(646),FR122(6,:6),
2FR2206:6) sFE2216+6) s FREE22{6+6) +FR132{64+6),F42(6,6),FE13(6,6),H,
3FR133(6:6)9FR33{656) sFE33(696) yFREE33(6:96)7F43(6:65)+F53(6+96)4SA,
4FRES3(656) sFR144{696) sFR44(696) FE4L4(646) FREE44(6:6),FR154(646),
SFES54(656) sFRE35{646),FE45(6,:6)FR155(6:6) «FR55(6:6)FESS5(646),P1,
6FREES5(6,6)

COMMON FR111,FR11,FEl11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,S5A,
1FR22.FE22FREE22,FR1324F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3 yFR144+FR44yFE44sFREE44,FR154,FES4,FRE3S5,FE4S5,FR155,FR55,R08B,
3FESS5.FREESS o Ho XMUSNTI(7)

N=50

NDIM=N+1

Pl=—1.~XMU

P2=—XMU

IF{SA)451+54

IF{M¥-K)3,2,3

IRES3=—.5D0+DFLOAT({ M) %P I*ROB%¥k(-XMU)

GO 10 100

IRES53=0.D0

GO 70 100 - |
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100

E=0. *

I=1

DELTA=1./FLOAT(N)

FUNL{ 1)={ROB+E*SA)*%P1% DCOS(DFLOAT{MISEXPI)*DSIN(DFLOAT{K)*EXPI)
FUN2{ 1 1={ROB+E*SA)*&P2%x DSIN{DFLOAT(M)*E*PT)%DS IN(DFLOATI(K)*E*PI)
IF{I-N)6¢6,7

I=1+1

E=E+DELTA

GO 1O S

CALL QTFE (DELTA,FUN1,ANS1,NDIM) l

CALL QTFE (DELTA;FUN2,ANS2;NDIM) :

IRES3 = —XMU*SA®*ANS1{NDIM)—-M*xPI®*ANS2{NDIM)

RETURN .

END

DOUBLE PRECISION FUNCTION IR144 (K;M) |

FREELY SUPPORTED

DOUBLE PRECISION FR111{6:6)sFR11(6,6),FE11{6,6),FREE11(6,6),R0OB,
1FR12116;6)FE21(656) s FR131{6,6)FE31({696)3FEL12(696);FR122(56:6),
2FR221656) yFE22{636) s FREE22(6:6) sFR132(6:6):F42{6:6) ;FE13{6,6)yH,
3FR133{636)oFR3316:6)FE33{6:6)FREE33(6:6):F43{6,6),F53(656355A,
4FRE53(6¢6)9FR1€4(6¢6!9FR44(696)9FE44(696),FREE44(69§).FR154(696),
SFES54{6,6) sFRE35({6:6) s FE4S5(6:6)sFR1ISS5{6:6):FRS55(6:6){FES5(6,6),P1,
6FREESS(656)

COMMON FR111,FR114FFE11,FREE119oFR121sFE21¢FR131¢FE31,FE12,FR1224SAy
1FR22,FE22,FREE22sFR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES3¢FR144,FR44FE44,FREE44yFR1549FES54,FRE35,FF45,FR155,FR55,R0B,
3FESSFREESS o Ho XMULNTLT) )

IR144=FR122(K,M)

RETURN

END

DDUBLE PRECISION FUNCTION IR44 {(KyM) -

FREELY SUPPORTED

DOUBLE PRECISION FR111(6:6),FR11{6,6) ,FE11(656) ,FREE11(6,6) yROB,
1FR121(646)FE21({6:6),FR131{6,6)FE31(656):FEL2(696),FR122(6:6)
2FR221696)sFE22(656) sFREE22(696)sFR132( 6:6)sF421656) sFEL3(6,6) ;H,
3FR133{6:6)FR33({6,6) ;FE33(5,6) sFREE33(6:6):F43{6:6)+F53(6,6)+5A,
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FOR WRITE-UP, SEE IBM SSP o
DIMENSION Y{1),Z{(1)} "
SUM2=0.

IF(NDIM-1)453,1

HH=.5%H

DO 2 I=2yNDIMN

SUM1=SUM2

SUM2=SUM2+HH=(Y {I)+Y11I-1))
Z{I-1)=SuMl

ZINDIM) =SUM2

RETURN

END
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XDI=DD*RHOBAR

XDF=DD*{RHOBAR+1.)

CD=C0S{(XDI)

SD=SIN(XDI)

CALL SICI {(SDI,CDI;XDI)

CALL SICI (SDFCDF,XDF)
T2=—o5%DDX.{CD*( SDF-SDI }-SD*{CDF-CDI)VY/(SA%SA)}
IR111=T1+72

RETURN

END
“DOUBLE PRECISION FUNCTION IR11 (K.M)
CLAMPED — CLAMPED

IF(M-K)4,1,04

iF{M)352,:3

IR11=1.D0

GO 10 5

IR11=.5D0

GO TO 5

IR11=0.D0

RETURN

END

DOUBLE PRECISION FUNCTION IE1ll (K.M) "
CLAMPED — CLAMPED

DOUBLE PRECISION DS,DD

DOUBLE PRECISION FR1111{6:6),FR11{6:6),FE11(656),FREE11(6,6),R0B,
1FR121(6,6),FE21{6,6) ;FR131(656) yFE31(6,6),FE12(6:61,FR122(6,6),
2FR22(6y5) s FE22{696) yFREE22(6456) 3FR132(6,6) ,F42{6,6),FEL1316,6),H,
3FR133(6,6),FR33{6,6)FE33(696):FREEII(6:6):F431656)+F53(6,+6);SA,
4FRES3(696) 3 FR144(696)+sFR44(696)sFE44(6:6) yFREE44(6,6),FR1541(6,6),
SFES54(696) yFRE35(696),FEAS(6+6):FRI55(696):FR55(6,6),FES55(6,6),P1,

6FREES55(6:6)

COMMON FR111,FR114FE11,FREE114FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22+FE22.FREE227:FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES53 FR144FR44.FE44 FREE44,FR154,FES54,FRE35,FE45(FR155,FR55,R0OB,

3FE55, FREES559Ho XMUNTLT7) -
IF({SA)651:6

681
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17
18

IF{DFLOATIM+K)/2.D0-(M+K1/2)2,352

IE11=42 . DO¥DFLOAT(K%*M) 7{ ROB*DFLOAT(KEK-MEM) ) .
GO 70O 18

1E11=0.D0

GO 70 18

DS=DFLOAT{M+K)*P1

DD=DFLOAT(M-K)%P] -

RHOBAR=ROB/SA

XSI=DS#*RHOBAR

XSF=DS*{RHOBAR+1.)

CS=C0S{XS1) .

SS=SIN{XSI}

CALL ‘SICT {SSI«CSIsXSI).

CALL SICI (SSF;CSF,;XSF)? - .
T1=.5D0%PI*DFLOATIM} /SAR{CS*{SSF-SSI}-SS*{CSF-CSI})
IF{N-K)8,7,8

T2=0o.

GO TO 17

XDI=DD*RHOBAR ,

XOF=DD*={RHDBAR+1.) =

CD=COS{XDI)

SD=SIN{ XD1)}

CALL SICI {SDI.CDI+XDI)

CALL SICI (SDF,CDF,XDF) .
T2=—.5D0%PI*DFLOAT( M) /SA*{CD={ SDF—-SD1 }=SD*{CDF-CDI1}
IE11=T1+T72

RETURN

END

DOUBLE PRECISION FUNCTION IREE11(KgM)

CLAMPED - CLAMPED

DOUBLE PRECISION FR111(6,6)4FR11(6,6):FEL111(6,+6),FRE
1FR121{(6,6);FE21(6,6)sFR131{(5:6)4FE31(6,6),FEL12(6,6)
2FR22(696) yFE22{6:6)sFREE22(696)FR132(6:6)F4216,6)

E11{(646),R0B,
sFR122(6,6)
sFE13(6,6)H,

3FR133(6+6)+FR33(6:6),FE33({656) FREE33(6:6)5F43(6,46)
4FRES3(6:6) 9 FR1IG4(646) sFRELI696)9FEL4(6,96) FREEL4( 6,
SFES54{6:6);FRE35(6+6)5sFE45{6:6),FR155(6,6) 4FR55(6,6)

+F53(646)5SA,
6),FR1541(64,6)
+FES5(6+6),4P1,

061
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C

DOUBLE PRECISION FUNCTION IE12 (K,M)

CLAMPED — CLAMPED

DOUBLE PRECISION FR1I1146+6),FR11{6,6),FE11(6,6),FREE11(6,6),R0B,
1FR121{646)FE211646) sFR131{6+6),FE31(6+96),FEL12(6+604FR122(646)
2FR221{6+61sFE22(6:6) +FREE22(6+46) sFR132{646) 3F42(646)yFE13(646),4H,
3FR133{6,6),FR33(6+6)sFE33{6,6),FREE33(6+6),F43(6,6)+F53(6,6);SA,
4FRES3{696) yFR144(5+6) +FR44(696) s FE4416+6) +FREEGE416,6)4FR1I54(6,6),
SFES4{646)sFRE35(646):FE4S5{696)sFR1I55(646)sFR55(696)4FES55(646),P1,
6FREES5(6,4+6) -
COMMON FR111,FRI1,FE11,FREEL1,FR121,FE21,FR131,FE31,FE12,FRY22,S5A,
1FR224FE22,FREE22+FR1324F42,FE13,FR133,FR33,FE33,FREE3I3,F43,F53,P1,
2FRES3 4FR144FR44+FE44,FREE444FR154FES54,FRE35,.FE45,FR155,FR55,R08,
BFESS+FREESSsHe XMUSNTLT Y
IE12=FE11{(K,M) .

RETURN

END

DOUBLE PRECISION FUNCTION IR122 {(K,M) .
CLAMPED - CLAMPED

DOUBLE PRECISION FR111(696’9FR11(696"F511(616)'FRE§11(6'6’iR037

1FR121{646)sFE21(696) sFR1I31{6,6)¢FE31{696)FEL2{6+6){FR122(646),
2FR22{656)sFE22(696) sFREE22(646) ¢FR132(6+6) :F42(6:6) JFE13(6,6) sH,y
3FR133{6:6):FR33(6+6);FE33(565,6),FREE33{6,6):F43{6,6),F53(6,6)4SA,
S4FRES3(626) 9FR144(646)sFR44(696) sFE4G4(646) yFREES4(6:6) sFR154(646)
SFES54(656) sFRE35(6:6)+FE45(6:6)sFRI55(696) sFR55(6,6) sFES55(6,6)5P1,
6FREES55(646) |

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,S5A,

1FR22,FE22,FREE22,FR132,F42,FE13;FR133,FR33,FE33,FREE33,F43,F53,P1,

2FRES3¢FR144 sFR44+FE44FREE44,FR154,FES54,FRE35,FE4S,FR155,FR55,R08,
3FESS5.FREESS5 ¢ Hy XMUNTI( T}

IR122=FRI11(KoM) .

RETURN

END

DOUBLE PRECISION FUNCTION [R22 (KM} .

CLAMPED — CLAMPED

DOUBLE PRECISION FR111(6:,6)+FR11(6,6),FEL11(6,6),FREE11{6,6),R0B,
1FR121{6+:6)yFE21(656)3FR131(64+6) +FE31(6,6),FEL12(6,6)4FRLI122(6+6),

£61



2FR22(696)oFE22( 6+456) yFREEZ22(616)sFR132(6+6)3F42{646)4FEL3(6,6),4H,
3F3133(696’,FR33(616)yFE33(616)’FREE33(616)pF431616,1F53(6'6)iSAg
H4FRES3(616)+FR1I44{6:6) ¢ FREL4(6436) sFELG1696) +FREE4LUH,6),FR1I54(6,6),
SFES54{696) yFRE35(6:6),FE4S5{646) ¢ FR155(6'6)9FR55(696,'FE55(696)’P!v
6FREES51646)

COMMON FR111,FR11,FEl1,FREE11,FR12]1,FE2]1, FR1319FE31 FE12,FR122,SA,
1FR22+FE225,FREE22,FR132,F42+FE13,FR133,FR33,FE33,FREE33,4F43,F53,P1,
2FRES53,FR144,FR44,FE4L4 ,FREE44,FR154,FE54,FRE35,FE45,FR155,FR55,R08B,
3FES55,FREESSyHy XMU4NT{(T7)

IR22=FR11{K M)

RETURN

END

DOUBLE PRECISION FUNCTION IE22 (K.M):

CLAMPED - CLAMPED

DOUBLE PRECISION FR111(656)FR1L1{6+6)yFEL11(6,6)FREEL1{6,6),ROB,
1FR121{656) ;FE21(646),FR131(6+6) ;FE311{6+46),FEL12(6,6)}FRL122(6,6),
2FR2216:6) ;FE22{6,6) ;FREE22{656)5FR132(6+46),F42(64+6)FE13(6,6),H,
3FR133{6+,6)9yFR3386+6),FE331{6,6) ;FREE33(6,6):F43(6,6),F53(6,6),SA,
4FRES53(6:6),FR144{6,6)FRG4{6:6),FE4L4L16+6) »FREESL416+6)sFR1IS54(6,46)
SFES54{6+6) +FRE35{6:,6)¢FE45{6:86)yFR155(6+46);FR55(696)+FES5(6,6),3P1,
6FREES55{6,6)

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,5A,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREF33,F43,F53,P1,
2FRES53FR144:FR44FE44FREE44,FR154,FES54,FRE3S5,FE4S5,FR155,FR55,R08,
3FESS5sFREESS s He XMUNTI7)

IE22=FE11(K¢M)

RETURN

END

DOUBLE PRECISION FUNCTYION TREE22({K;M)

CLAMPED — CLAMPED

DOUBLE PRECISION FR111{6+6),FR1I11(6,61+FE11(6,6),FREE11(6:6),R0B,
1FR121{636)sFE21(656)sFR131{6+6) +FE31(6,6)1,FE12(656),FR122(6+46)y
2FR22(6+6)sFE22(696) yFREE22(646)+sFR132(646) F42{6+6) ) FE13{6,6),H,
3FR133{696):FR33{656):FE33(6¢6) yFREE3I3(6,6) oF43(6,6)F53(64+6)3SA,
4FRES53{6+96):FR144(696)3FR4G4{6+96):FE44(6+46) FREESL4{6;5),FR1I54(6,6),
SFES4(6+6) sFRE35(6946)5FE45(6¢6)3FR155(6¢6)9yFR55(646)FESS5(656),P1,

%61
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END

DOUBLE PRECISION FUNCTION IR33 ({K¢M)

CLAMPED — CLAMPED

DOUBLE PRECISION FR111(6:6),FR11(6,6),FE11(6,6),FREE11(646),R0OB,
1FR121(696)+FE21(6+6)9yFR1311696)+FE31(646)+FEL12(646),FR122{6:6),
2FR22({6:6) sFE2216+6) sFREE22{6,6) yFR132{6,6)9F42(6,6),FE13(6,6),H,
3FR133{6:6),FR33{646)FE3316;6) FREE33(646)+F43(5+6),F5316,6),5A,
GFRES3{696)9FR1441(6+6)+sFR4E4{696) yFE44(696) sFREESGH(6496),FR154(6,46),
SFES4(656) sFRE3S5{696) yFE4S{6+6)+FR1IS55(696)9FR55(6+46)+FES55(646)4P1,
6FREES5({6+:6)

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,S5A,

1FR22.FE22+FREE22:FR132¢F42+FE13+4FR1I334,FR3IB,FE334,FREE33,F43,F53,P1, -

2FRES3¢FR144yFR44:FE44FREE44FR1549yFES4,FRE3S+FE45yFR15%9FR559R0B,
BFESS5sFREESS o Hy XMUNTHLT7)

IR33=FR11{KM)

RETURN

END

DOUBLE PRECISION FUNCTION IE33 {KyM)

CLAMPED — CLAMPED
DOUBLE PRECISION FR111(656)3FR11(696),FELLI6,6),FREELL(65;6)R0OB,
1FR121(656)sFE21({696) sFR131{646)1+FE31{6,6),FE12{6+46)43FR122(646),
2FR22(696) 9FE22{ 696) yFREE22{ 6456} yFR132(646)7F42(656)9FEL3(646)9H,
3FR133(6+6)5FR33(6:6) FE33(636) FREE33(6:6)1,F434(6¢6),F53({6,;06),5A,
4FRES53(6496)9FR144{6:6) 3FRLG4(646) FE4416,46);FREEL4{6,6)1FR154(6,6),
SFES54{656) s FRE35{6956) ¢FE45(6:6) ¢ FRI55(6:6) sFR55(696)FESS5(6,6),P1,
6FREES51646)

COMMON FRIII,FRllvFEIIvFREEIlvFRlZl,FE219FR131vFEBIyFEl{vFRlZZ’SAv
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3 yFR144 FR44FE44 s FREE44,FR154,FES4,FRE35,FE45,FR155,FR55,R0By,
3FES5¢FREESS5 ¢ Hy XMUNT L 7)

IE33=FEL11({K; M)

RETURN

END

DOUBLE PRECISION FUNCTION IREE33({K,M)

CLAMPED — CLAMPED

DOUBLE PRECISION FR111(656)+FR11(696)9FEL11(646),FREELL1(65,6)ROB,

L61
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SFES4{6+96) +FRE35(6,6) FE45{6,6)3FR1I55(646);FR55(6,6),FE55(65,6),4P1,
6FREES55(6,+6)

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
lFRZZ,FEZZ,FREEZZ,FRIBZ;F42,FE13,FR133,FR33'FE331FRE533'F431FSB,PI,

2FRES3 4FR144FR44 FE44,FREE44,FR1I54,FES4 4 FRE35,FE4S :FR155,FR55,R08,
3FE55y FREESS o Hy XMU, NT( T ) -

s X akal

(aXaXy)

VW & WNm

10
i1

FOR A CYLINDER

IF(SA)691+6
IFIM-K)5:2¢5
IFI{M}4,3,4

153 =1.D0/R0B
GO TO 18

I53 =.5D0O/R0OB
GG 70 18

153 . =0.D0

G0 70 18

FOR A CONE

DS=DFLOAT(M+K) .
DD=DFLOAT{M—-K} .
IFIM-K)7,8,7
iTAG=2

GO 10 11
IF{M)10,9510
153=0.D0

G0 T0O 18

ITAG=1
RHOBAR=ROB/SA
XSI=DS*PI+«RHOBAR
XSF=DS*PI*{RHOBAR+1.D0)
CSR=COS{I{XS1)
SSR=SINIXSI)

CALL SICI (SXSI.CXSI XSI)
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END
DOUBLE PRECISION FUNCTION IR144 (KoM} .

CLAMPED - CLAMPED
DOUBLE PRECISION FR111(6:6)+FR11{6+96)oFEL11{6,6),FREF11{6,46) ,R0B,
1FR121(6+6) ¢FE211696)¢FR1IB1{646)4sFE31(6496)sFEL2(6+6)sFR122(646)5
2FR2206+46) sFE221696) sFREE22(6+6):FR1321656)3F42{6+:6),FE13(6,6),H,
3FR1I33{646)sFR33 (6361 +FE33({696)sFREE33(696)1yF43(6+6),F53(6+6)9SA,
4FRES3(6+6) :FR144{6+46)3FRG416+6) ,FE4L416+6) +FREEL4{646),FR154(646),
SFES#(6+6) ,FRE3516:6) s FE4S{6:6) +FRIS5(646)3,FR55(606),FESS5(6463,4P1y
SFREESS5(6,6) -

CGMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE3Y,FF12,FR122,SA,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREEP3,F43,F53,P1,
2FRES3:FR144,FR44:FE44,FREE44,FR154,FE54,FRE35,FE45,FR155,FRS5,R08,
3FESSFREESS s Hy XMU9NT(T7) -

IR144=FR111{KsM)

RETURN

END

DOUBLE PRECISION FUNCTION TR44 (KoM)

CLAMPED - CLAMPED

DOUBLE PRECISION FR111(6,6) ,FR11{6,6),FE11(6,6) ,FREE11{6,6),R0B,
1FR1211{64+6)sFE21(658)9FR1I31(646)¢FE3L(6H46),FEL2(656)FR122(5646),
2FR22{656) sFE22( 696 ) s FREE22(6:6),FR132(646)sF42(6:6)5FE13(646)4H,
3FR133{6+6)yFR33(656)FE33(696)oFREEIZ(6:6)9F43(696)+F53(646)5SA,
4FRES3(6+6) sFR144(6,6) yFRGGUH6,6) FEL4{646)FREEL4(6:6),FR1IS54(646),
S5FES54{696) sFRE3516+6)FE45(6:6)+FR1I55(6+6),FR55(656),FE55(6:6),4P1I,
6FREESS5(6:6)

COMMON FR111,FR11,FEl11.FREE11,FR121,FE21,FR131,FE3]4FE12,FR122,S5A,
1FR225FE22,FREE223sFR132,F42.FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES34FRI44:FR44sFE44FREEL4,FRYIS4,FESL ,FRE3S5,FE45,FR]155,FR55,R08B,
3FESS5.FREESS5 s He XMUSNTH(7 )

IR44=FR11({K,M)

RETURN

END

DOUBLE PRECISION FUNCTION 1E4&4 (KyM) l

CLAMPED - CLAMPED

DOUBLE PRECISION FR111(6,6),FR11{6,6),FE11(6,6),FREE11{6,6)R0OB,
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DOUBLE PRECISION FR111(6,6),FR11(6,6),FE11{6,56),FREE1L1(6,6) ,R0OB,
1FR121{696),FE21(6:6)FR131{646),FE31(6,6),FEL12(6,6)4FR122(6,6),
2FR22(6:6) +FE221 646) +FREE22{6+56) +FR132(6+46) sF42{646)+FE1316,6) 4H,
3FR133{6+6)+sFR33(696)+FE33{6+6)+FREE3Z3{6,6)4F43(6+46),F53(6,6),54,
4FRES3(696)sFR144(5646) s FREG4{6+6)9FEL44{696) +sFREELG4(6+96)5,FR154(646)
SFES54{6v6)yFRE35(616) yFE4G5(646) s FRISS(646)+sFR55(6,46),FES55(6,6),P1,
6FREESS5(6,6)

COMMON FR111,FR11,FE11,FREE11,FR121,FE2]1,FR13t,FE31,FE12,FR122,5A,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES3+FR1443FR44oFE44+FREE444FR154,FES54+.FRE3S,FE45,FR155,FR55,R08,
3FESSeFREESS ¢ He XMUSNT(T7) ° >

IREESS=FREE11{K,M)

RETURN

END
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DOUBLE PRECISION FUNCTION IR111 {(K.M)° l
C FREE - FREE
DOUBLE PRECISION DS,DD,DM,DK
DOUBLE PRECISION FR111(6,6),FR11{(6,6),FE11(6,46) ,FREE11(6,6),ROB,
1FR121{6+6)9FE21(6:6)FR131(6:6)+FE31{6,6)3FE12(6,6)4FR122(6,6),
2FR2216:6) 4FE22(6+6)FREE22(6+6)FR132(6:6),F42(6,6)JFE13(6,6)4+H,
3FR133{6+6) 4FR3I3(6:6),FE3II{6,6)+FREEI3(6,+6)4F4316,6V1:,F53(6,6),SA,
4FRES3{646) 21 FR144{640) sFRLGL646)+FE44(656)FREE4G4(696)+FR1I54(646),
S5FES4{696)+FRE35(6+16)FE4516:6) sFR155(6:6)sFR55(646V4FES5({6461,P1,
6FREESS51{6,6)
COMMDN FR111,FR11,FEl11,FREE11,FR121,FE2]1,FR13]1,FE31,FE12,FR122,5A,
1FR22,FE224FREE22yFR132:F42+FE134yFR133,FR33,FE33,FREE33,F43+F53,PI,
2FRES3,:;FR144,FR4G4¢FE&4FREE44+FR154,FES54,FRE3S5,FE45,FR155,FR55,R08,
BFESS.FREESS ¢ He XMUNT (7))
IF{SA)6+1,6
1 IF{M-K}55245
2 IF{M)4,354
3 IR111=1.D0/{ROB*R0OB) i
GO 10 18
4 IR111=.5D0/{ROB%R0O8) ‘
G0 70 18
5 IR111=0.D00
GO 7D 18
6 DS=DFLOAT{M+K)*P]
DD=DFLOAT{M—-K)%*=PI]
IF{M-K)12,10,12
10 IF(M)12,11,12
11 IR111={1.DO/R0B—-1.DO/(ROB+SA))/SA
GO 10 18
12 CONTINUE
RHOBAR=R0OB/SA
XSI=DS*RHOBAR -
XSF=DS®* {RHOBAR+1..) .
£S=C0S{XSI)
SS=SIN(XSI)}
CALL .SICI (SSI1,CSI,XSI)
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CALL SICI (SSF;CSF,4XSF)

TO=—{{{-1)x({M+K) }/(ROB+SA)=1.D0/R0B) /SA

Ti=—.5%DS/{SAXSA) *{CS*{SSF-SSI}-SS*{CSF-CSI})

IF{M-K}B;7,8

T2=° .

GO 10 17

X0I1=DD*RHOBAR

XDF=DD*{RHOBAR#1.) -

CD=CO0S{(XD1I)

SD=SIN{XDI}

CALL SICI {SDICDI.«XDI}

CALL SICI (SDF.CDF;XDF)

T2=— 5FDD/{SA*SA)*{CO*{SDF-SDI}-SD*{CODF-CDI})

IR111=TO+T1+72

RETURN

END -

DOUBLE PRECISION FUNCTION IR11 ({X.M)

FREE - FREE

IF{M-K)4,154%

IF{M)342:3

IR11=1.D0

GO 10 5

IR11=.5D0

GO 10 5

IR11=0.D0 : :

RETURN l

END

DOUBLE PRECISION FUNCTION IE1l1 (K¢M) .

FREE — FREE

DOUBLE PRECISION DS,DD

DOUBLE PRECISION FR11116:6):FR11(6,6V,FEL11(6,6),FREEL1{6,6),;ROB,
1FR121(656) +FE21{646)sFR131{(6,6)FE3L(6,6),FE12({6:,6)yFR122{6,61},
2FR22( 6561 3FE2206495) sFREE22( 656) yFR132(696) 2F42(5646)yFE13(6:6) yH,
3FR133{6:6)¢FR33{696)+FE33{56,6)+FREE33{6+6)+:F4306:8)+F53(6+6)45A,
4FRES3(H36) s FR1I44{6:6) 3FRA441636)sFELLELB46) FREEL4({696):FR1IS54(646) 5
SFES4(6:6) sFREBS{696)cFE4516,6)sFRISS{6:6):FRES516,6),FESS5(6,6),P1,
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DOUBLE PRECISION FR111(6+46)FR11(6,6)+FE11{656),,FREEL1L1(6,46),R0B,
1IFRE21{6:6)sFE21(696) +FR1I31{6+6)+FE31(6:6),FEL2(6,6),FR122(646),
2FR22{646) sFE22(656) yFREE22{6+6)sFR132{6+6)9yF42{646)4FEL13{646)+H,
3FR133{6+6)9FR33(6,6) ;FE33{6,6),FREEIZ(6:6),F43(6,6),F53(6,6)4SA,
4FRES3{ 645V sFR144(6:6) yFRG41{646) ;FESG4(696) +FREEG4(H5456)4,FR154(6,46),
SFES416:6)FRE35(6:6) yFE45{6+46) sFR1I55(646)3FR55(646),FESS5(6,6),P1,
6FREES5516456)

COMMON FR111,FR11,FEl11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,S5A,

1FR22,FE22,FREE225FR132,F42,FE13,FR133¢FR33,FE33,FREEB3F43,F53,P1, -

2FRES3 4FR144,FR44 FE44;FREE44,FR154,FES4FRE3S5,FE45,FR155,FR55,R08,
3FES55¢FREESS s Hy XMUNT (7))

IE21=IE11{(KyM)

RETURN

END

DOUBLE PRECISION FUNCTION IR131 {(K,M)

FREE — FREE

DOUBLE PRECISION IR11l1

DOUBLE PRECISION FR111(696),FR11(6,6),FE11{6:6),FREE11(646)7R0B,
1FR121(6+6) sFE2116:6)+FR1I31{6,6)FE31{646),FEL2(6,6),FR122(6+6),
2FR22(6496) FE22{646)sFREE22(696) sFR132(6+6)9F42(6:6)3FEL13(6496}4H,
3FR133(6:6)FR33(656),FE33(6:6) +FREE33(6,6),F43(6,6),F53(6,6),SA,
4FRES3(6456) FR1441696)3FR44{646)FEG4(6+46) FREE44(6:96)+FRIS54(6+46),
SFES54({696) s FRE35(6:6):;FE4S516:6):FR155(6,6) ;FR55(6,6),FES5{6;6):P1,
O6FREES51656)

COMMON FRYI11,FR11,4FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22,FE22,FREE22yFR132,F42:FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3 3 FR144,FRG4FEG4 FREE44,FR154,FES4,FRE3S5,FE4S5+FR1IS55,FR55,R08,
3FESS:FREESS o Hy XMUGNT(T7)

IR131=IR111(KsM} |

RETURN :

END

DOQUBLE PRECISION FUNCTION 1E31 (K,M)

FREE — FREE

DOUBLE PRECISION IE1l1l

DOUBLE PRECISION FR111{6:6);FR11{6,6).FE11(6,6),FREEL1L1{(6,6),ROB,
1FR121{646),FE21(646);FR131{6,6)FE31(6,6)sFE12(6+6),FR122(6,6),
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3FESS: FREESS s He XMU NTH{7)

IE13=1E11{(K. M)}

RETURN

END

DOUBLE PRECISION FUNCTIOGN IR133 (KoM)

FREE - FREE

DOUBLE PRECISION IR111

DOUBLE PRECISION FR111{(6¢6)4FR11{6¢6)4FE11{H96),FREEL111646) yR0B,
1FR1I21(656)sFE21{6+6)5FR1I31(6:6)sFE31(656)+sFEL12(6,6):FRL22(6,6])¢
2FRZZ‘616,9F£22(696”FR5522(696,9FR132(696"F4216’6’1FEI3(6'6’1“1
3FR1334(656)9FR3I3(696)FE33(H 6V +FREE33(6¢6)9F43(6,6)1:F5316:601,S5A,
LHFRES3{616) 4FR1441(636) sFRG4{636) +FE44(H,6) ,FREESGL4({6,6),FR154({6,:6),
SFES&{6:6) ;FRE3S5(6:61FE4L4S5(6,6)sFRISS5(6,:,6)+FRS55({ 6,6V ,FESS5(6,6),PI,
6FREESS5(6,6) .

COMMON FR11l1l, FRII’FEII?FREEII?FRIZI’FEZl9FR1319F531’FEIZ’FRIZ?'SA'
1FR22:FE22sFREE22,FR132:F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3 ¢FR144 ,FRG4 FELL FREEL 4 FR154,FES4,FRE35,FE4S5,FR155,FR55,R0B,
3FESS,FREESS gHe XMUGNT(7)

IR133=IR111(K,M)}

RETURN

END

DOUBLE PRECISION FUNCTION IR33 (KoM)

FREE - FREE

DOUBLE PRECISION IR1ll

DOUBLE PRECISION FR111{(6:6);FR11{6,6)sFEL1(6:6) ,FREE11(6,6)sR0B,
1FR121{696):FE21{656)3FR1I31(6436):FE31(0636),FE12(696)yFR122(6,6),
2FR22(696) 4FE22{646) s FREE22{636)FR132{6¢6¥5F42{696)V7yFE13{65,6)H,
3FR133(696)9FR33{656);FE33{6+6) FREE33(6:6V9F43(6961eF531{6+6)14SA,
4FRES3{646)sFR144{5:6) FRL4(6:6)FEL4L4(656) ,FREFEL416,6)1:FR1ISL(646),
SFES4{ 696V FRE3S(656) oFE4S5{696) 9sFR1ISS(6:6)yFR55({6¢96)¢FESS5(6,6),P1,
6FREESS5{646)

COMMDON FR111,FR11,FE11,FREELYL, FRIZquEZI’FR1319FE311FE129FR122,SA9
1FR22¢FE22,FREE22:FR132,F42,FE13,FR133,FR33,FE33,FRE 339F431F53vplv
2FRES33FR144 sFR44 ,FE44 FREE44,FR154,FES4,FRE3S5,FE4S, FRISS.FRSB,RGB,
BFESSFREESS s Ho XMUSNT(T7)

IR33=1IR11{KsM)

91¢
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10
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14

15

IF{M) 4434

-153 =1.DO/R0B

GO 70 18

I53 =.,5D0/R08B
GO 7O 18

I3 =0.D0

GO T0 18

FOR A CONE

DS=DFLOAT(M+K)
DD=DFLOAT(M-K) .

IF(M-K) 78,7

ITAG=2

GO 70 11

IF(M}10,49410

153 =DLOGI{ROB+SA)/ROB)/3A
GO TO 18

ITAG=1

RHOBAR=ROB/SA

XSI=DS*P J*RHOBAR
XSF=DS*PI*{ RHOBAR+1.D0O) -
CSR=COSIXSI)

SSR=SIN(XSI)

CALL SICI (SXSI,CXSI¢XSI)
CALL SICI (SXSFCXSF¢XSF) -
GOTO {(14:15),1ITAG

e toate

61¢

I53=5D0* ( +CSR*¥{CXSF-CXSI ) +SSR*{SXSF-SXSI}+DLOG(1.D0+SA/ROB)1/SA

GO 70 18

XDI=DD*P I*RHOBAR
XDF=DD*PI*({RHOBAR+1.D0]}
CDR=COS{XDI)

SDR=SINI{XDI)

CALL SICI (SXDI,CXDI¢XDI)
CALL SIC1 -{SXDF ;CXDF, XDF)

153 =.5D0%(+CSR*(CXSF-CXSI)+SSR*(SXSF-SXSI)
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3FES5S5.FREESS yHy XMU,NT{7)
IRL44=TIR11(K M) .
RETURN
END
DOUBLE PRECISION FUNCTION IR44 (K,M)
FREE - FREE '
DOUBLE PRECISION DS,.DD

DOUBLE PRECISION FR111(6,6),FR11{656),FE11(646)FREE11(6,46),R0B,
1FR121(646) sFE21{6:56),FR131{646),FE3116,6),FE12(6,6),FR122(6+6),
2FR22(6:6) ;FE22(696) sFREE22(6+6) sFR132(6+6)F4216+6)sFE13(6:6),H,
3FR133(6:6):;FR33(656) ,FE3316,+6)sFREE3Z3{6,61,F4316,6),F53(6,6)1,S5A,
4FRES316,6)sFR144(6:6) sFRGL{696) 9FEL4(646) JFREE44(6+46)sFR154(6+6),
SFES541{646) s FRE35(696) yFE45(6,6) 4FR155(6+46)oFR55(6:6)FE55(646),P1y

6FREES5(656)

COMMON FR111,FR11,FE11,FREEL11,FR121,FE21,FR131,FE31,FEL12,FRL22,SA,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES3 3FR144yFRG4FE44FREEG4FR154, FES4,FRE3S,FE4S5FR155,FR55,R08,

3FESS: FREESS g Hy XMULNTHLT)

IF{SA) 6,16

IFIM-K)1542,5

IF{M)493454

-IR44=ROB*R08

GO TO 18

IR44=R(0B*R0OB/2.D0

GO TO 18

IR44=0.D0

GO 70 18

OS=DFLOATIM+K) *P]
DD=DFLOAT{N-K)*PI
IF(M-K)12510,412

IF{M)12,11,12
IR44=ROB*ROB+ROB%*SA+5A%*SA/3.00
GO 70 1is8

CONTINUE
T1=SA*{DCOS(DS)*{ROB+SA)}-ROB}/ (DS*DS)
IF({MN-K114513,14

122
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10

17
- 18

T3=SA

60 70 17

T2=4+. D OXDFLOAT (M) *PI*{DCOS{DD)*(ROB+SA)-R0OB,/DD

IE44=T1+72+73

RETURN

END .

DOUBLE PRECISION FUNCTION IREE44{K,M):

FREE - FREE

DOUBLE PRECISION DS:DD,IR44

DOUBLE PRECISION FR111(6:,6),FR11(5,6),FEL1(6,6),FREEL1L(6,6),R08B,

1IFR121{636)sFE21(696)+FR1I31(6:76) FE31(6+46)¢FEL2(646),FR122(6,6),

2FR22(656)FE22( 636) yFREE22( 6561 ;FR132(6+46):F42{6+6),FE13(6,6),4H;,
3FR133(696)4FR33(696)3FE33(546),FREE33(6:56),F43{6:6),F53(64,6),;SA,
4FRES3(696) ¢ FRIS&4(696)3FR44(646) ,FES4(696) +FREE44{696),FR154(6,6),
S5FES54(696) +FRE35(696)4sFE45(636)3FRISS5(6496)+FRS55(6356)+FES55(656),P1y
6FREES5(6,6) -

oy W

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,

1FR22,FE22FREE22¢FR1323F42,FEL3,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES53+FR1449FR44FE44sFREE443,FR154,FES4 ,FRE35,FE45,FR155,FR55,R08B,
3FESS5¢FREESS gHy XMUsNT(T7)

IFIM¥K) 2,1,2

IREE44=0.D0

GO T0 6

DS=DFLOAT {M+K)*P]

DD=DFLOATIM-K)}*P1

T1=—PI%*PI*DFLOAT(MEM) *IR44(KyM)
T2=¢SA*PIXDFLOAT(MI*X(DCOS{(DS}*(ROB+SA)-ROB)/DS
IF{M-K) 4,354

T3=0.D0

GO 10 5
T3=#SA*PI*DFLOATIMI*{DCOS(DD)*{ROB+SA}-ROB) /DD
IREE44=T1+72+73

RETURN

END

DOUBLE PRECISION FUNCTION IR154 (KoM} .

INAA



C

FREE — FREE

DOUBLE PRECISION I53

DOUBLE PRECISION FR111{6+6),FR11(6;6),FEL11(6,6)FREE11(646)+ROB,
1FR121{646)FE21{636)yFR1I31({646)4yFE31{646) 4FEL2(6+6),FR122(6,6),
2FR2216:6)+FE2216:6) s FREE221696) sFR132(656)oF42{ 646) sFE131(6+6)+H,
3FR133(6+6)sFR331{696)1,FE33{6+6)FREEIZ{696)F4T(6+46),F53{6,6),SA,
4FRES3({696) yFR144{6+6) sFREG4(656)yFEL4{646),FREESG4{(696),FR154(6496),
SFES41656) FRE35(6+6) +FELS(64+8) 3FRIS5(6+96)9FR55(64+6)4FES55(6,6),P1,
6FREESS5(6456)

COMMON FR111,FR11,FEl11l,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES53,FR144,FR44,FE44FREEG4,FR154,FES4,FRE3S5,FE45,FR155,FR55,R0B,
BFESSsFREESS o He XMUSNT(T)

1 IR1S4=153{KsM)

RETURN

END

DOUBLE PRECISION FUNCTION 1E54 (K, M)

FREE ~ FREE

DOUBLE PRECISICGN IRES3

DOUBLE PRECISION FR111(696),FR11{65;6)FE11{6+6),FREE11(6,46),R0OB,

AFR121{6961FE211{636)sFR1I311646),FE31(676)4FEL12(64:6)3FR122(6,6),

2FR22(6+6) sFE22( 676 ) FREE22{6+6) ;FR132{6+6),F42(6,6)+yFE13(646)4H,
3FR133{636)9FR3I3I{6+6);FE33(656)+FREE33(6:6),F43(6,6):F53(646),SA,
4FRES3(6,6)FR1441(646),FR4416:6)sFE4416456)FREESL4(6+6),FR1IS416,46),
SFES416:6) ;FRE35(56:6)FE451{6:6)+FR155(6,6),FR5516,6),FE55(6,6),P1,
6FREES55( 646}

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
IFR229oFE22,FREE22¢FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,FS3,PI,
2FRES3,FR144,FR44,FE44FREE44,FR154,FES4,FRE3S5,FE45,FR155,FR55,R0B,
3FESS5,FREESS5,He XMUsNT(7)

1 IES4=IRES3{K;M;

\

RETURN

END

DOUBLE PRECISION FUNCTION IRE3S {(KyM)
FREE — FREE

DOUBLE PRECISION IRES3

%2¢



DOUBLE PRECISION #R111(6,6)gFR11(616I§FEll(6,6)iFREEll(6,6),ROB,
1FR121{646)FE211646);FR13116,6)+FE31(6,6)+FEL2(656):FR122(646)
2FR22(696) +FE22(6:6) ;FREE22{646)3FR132(6+6),F42{6:6),FEL13(6,6),H,
3FR133(6+6);FR331{6,6)FE33({6,6),FREE33{6+6)9F43{656)+sF53(6+96)4SA,
4FRES3(6+6) oFR144(6+6) sFR44(656) FE44(6+6)+FREE44(6+6)4FR154(6,6),
S5FES4{656) sFREIS(646)FE45{6:6) FRLI55(6+46) ¢FRS55( 6463 2FES5(646),P1,
6FREESS5( 6456}

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
1FR22,FE22,FREE22,FR132,F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,P1,
2FRES3,FR144FR44FE44FREE44,FR1544FES4,FRE35:FE45,FR1554FR55,R08B
3FESSsFREESS o He XMUsNTL7) .

IRE35=IRES3(KsM)

RETURN

END

DOUBLE PRECISION FUNCTION IE45 (KeM)

FREE - FREE

DOUBLE PRECISION IRES53,153

DOUBLE PRECISION FR111(6,6),FR11{6:6),FE11{6,6),FREEL11(6,6),R0O8B, S
1IFR121(6,6)4FE211{6:6)sFR131{696)FE31(656)FEL12{6,6)4FR122(646), v
2FR221646) 9FE22(656) sFREE22{696) +FR132(6+96)yF42(646)5FE13(6456)4H,
3FR133(696)9FR33{646)FE3346+6)yFREE3Z3(696)9F43(6+6)5F53(6+46),SA,
4FRES316+6) cFRL1441(H6596) sFR4416:5) 3FEL41646) ,FREESG4(6,6),FR154(6,6),
S5FES541 6761 FRE35{6,46) FE4G5(6:6) sFR1I55(646)FR55(6+46),FES55(6,6):P1I,
6FREESS5{6,6}

COMMON FR111,FR11,FE11,FREE11,FR121,FE21,FR131,FE31,FE12,FR122,SA,
iFR22¢FE22FREEZ22yFR1323F42,FE13,FR133,FR33,FE33,FREE33,F43,F53,PI,
2FRES39FR144,FR449FE44FREE44,FR154,FES54,FRE35,FE457yFR155,FRS55,R0B,
3FESS5yFREESS 9o Hy XMUNTL7)

IE4S=TRES3 (K M) +SA%XIS3{K, M)

RETURN

END

DOUBLE PRECISION FUNCTION IR155 (K;M)

FREE - FREE

DOUBLE PRECISION IR111 :

DOUBLE PRECISION FR111{6,6)FR11{(6556):FE11(656) yFREE11(646) ,R0OB
1FR121{6:6) sFE21{6:6),FR131(64,6)FE31(6,6),FE12(6,6),FR122(6,6]),
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