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FREE VIBRATIONS OF ORTHOTROPIC CONICAL SANDWICH SHELLS 

WITH VARIOUS BOUNDARY CONDITIONS

CHAPTER I

INTRODUCTION

1.1  Survey o f  S h e ll Dynamics 

The e x te n s iv e  use o f  s h e l l  s t r u c tu r e s  in  a i r c r a f t  and space 

v e h ic le s  has p rov ided  a g r e a t  im petus to  s h e l l  dynamics re s e a rc h . This 

f a c t  i s  v e r i f i e d  by the  la rg e  amount o f  l i t e r a t u r e  a v a i la b le  on th e  

s u b je c t .  Most o f  th e  in v e s t ig a to r s  have co n sid e re d  th i n ,  e l a s t i c  

s h e l l s  o f  homogeneous, i s o t r o p ic  m a te r ia ls .  A lthough sandwich con

s t r u c t io n  i s  b e ing  used more w idely  in  s h e l l  c o n f ig u ra tio n s  fo r  a e ro 

space s t r u c tu r e s ,  on ly  a very  l im ite d  number o f  a n a ly se s  in v o lv in g  

such s t r u c tu r e s  has been a ttem p ted .

A pparen tly  the f i r s t  such a n a ly s is  was perform ed by Yu [ l]  fo r  

the  f r e e  v ib r a t io n s  o f  a sim ply supported  sandwich c y l in d e r .  O ther 

work on sandwich c y lin d e rs  in c lu d e s  th a t  o f  Chu [ 2 ] ,  [3 ] on wave p ro p 

a g a t io n  and la rg e -a m p litu d e  v ib r a t io n ,  B ien iek  and F reu d en th a l [4 ]  on 

harm onic fo rced  v ib r a t io n ,  Yu [ s ]  and Jones and S ale rn o  [6 ]  on s t r u c 

tu r a l  damping, and Greenspon [7 ]  on the  e f f e c t  o f  i n i t i a l  s t r e s s .

A nalyses fo r  o th e r  c o n f ig u ra tio n s  in c lu d e  tho se  by Mead and 

P re tlo v e  [ s ]  and Jacobson and Wenner [9 ]  fo r  c y l in d r i c a l ly  curved

1



2
p a n e ls ,  T as i [lO ] and K oplik  and Yu [ i l ] ,  [ l 2 ] ,  [ l3 ]  fo r  shallow  

s p h e r ic a l - s h e l l  caps and Suvernev [1 4 ] ,  as re p o r te d  in  [ 1 5 ] ,  fo r  

c o n ic a l fru stum s.

None o f  the  above-m entioned an a ly se s  co n sid ered  o r th o t ro p ic  

fa c in g s , as ex em p lified  by f ib e r - r e in f o r c e d  com posites. However, some 

d id  allow  fo r  th e  commonly used h e x a g o n a l-c e ll honeycomb core  by con

s id e r in g  th e  s im p le r e f f e c t  o f  an o r th o tro p ic  co re . The f i r s t  sandw ich-

s h e l l  v ib r a t io n  an a ly se s  to  c o n s id e r  o r th o tro p ic  facings- and co re  were 

done in d ep en d en tly  by Azar [1 6 ] ,  V asitsy n a  [ l7 ]  and Baker and Herrmann 

[is]. Azar t r e a te d  axisym m etric f re e  v ib ra t io n s  o f  f r e e ly  supported  

a r b i t r a r y  open-ended s h e l l s  o f  r e v o lu t io n ,  such as c o n ic a l and p a ra -  

b o lo id a l  s h e l l  f r u s ta  b u t ex c lu d in g  c y l in d e r s .  V asitsy n a  analyzed  

f re e  v ib r a t io n s  o f  sim ply supported  c i r c u la r  c y l in d e r s ,  w h ile  Baker 

and Herrmann co n sid e red  th e  same case  w ith  the a d d i tio n  o f  a g e n e ra l 

s t a t e  o f  i n i t i a l  s t r e s s .  L a te r , Bacon and B ert [ l 9 ]  ex tended A z a r 's  

work to  in c lu d e  unsym m etrie modes.

Most o f  the above an a ly se s  used sim ply supported  edges, w h ile  

a few co n sid e red  clamped edges. None o f  them co n sid ered  f re e  edges.

In  f a c t ,  u n t i l  very  r e c e n t ly ,  the most d i f f i c u l t  case  th a t  had been 

analyzed  fo r  f r e e  edges was th a t  o f  a homogeneous, i s o t r o p i c ,  c o n ic a l 

s h e l l .  Hu [ 20] fo rm ulated  h i s  a n a ly s is  to  in c lu d e  bo th  membrane and 

bending e f f e c t s ,  w ith  s o lu t io n s  by G a le rk in 's  m ethod. However, th e  

on ly  num erical r e s u l t s  which he p u b lish e d  fo r  f r e e - f r e e  boundary con

d i t io n s  in c lu d ed  o n ly  membrane e f f e c t s  and they  were n o t compared w ith  

any ex p erim en ta l r e s u l t s .  An a n a ly s is  by Hu, e t  a l  [2 1 ] co n s id e red  

th e  c o n ic a l s h e l l  to  be in e x te n s io n a l ,  i . e . ,  the membrane s t r a i n s  were
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i d e n t i c a l ly  ze ro , and used the R ay le ig h -R itz  te ch n iq u e . T heir r e s u l t s  

compared fav o rab ly  w ith  th e i r  p rev ious experim en ta l r e s u l t s  [22] fo r  

low va lu es  o f  c irc u m fe re n t ia l  wave number, n. S e w a ll 's  a n a ly s is ,  

m entioned in  a r e p o r t  by Mixson [2 3 ] ,  was s a id  to  have been so lved  by 

a R ay le ig h -R itz  te ch n iq u e , and h is  r e s u l t s ,  fo r  th e  low est unsymmetric 

mode o n ly , agreed q u i te  w e ll w ith  M ixson 's experim en ta l v a lu es  fo r 

homogeneous, i s o t r o p ic ,  c o n ic a l s h e l l s .  The a n a ly s is  o f  Krause [2 4 ] ,  

fo r  the same type o f  s h e l l ,  inc luded  bo th  membrane and bending e f fe c ts ,  

and used a m odified  G alerk in  method in  which i t  was n o t n ecessa ry  to  

s a t i s f y  th e  fo rce  and moment boundary c o n d itio n s . However, K rau se 's  

r e s u l t s  d id  no t appear to ag ree  as w e ll w ith  the  ex p erim en ta l values 

o f  [ 22] as d id  th o se  o b ta in ed  by the  much s im p le r a n a ly s is  o f  [ 2 l ] .

The case  o f  a sandwich c o n ic a l frustum  w ith  o r th o tro p ic  fa c in g s , 

p e r f e c t ly  r ig id  c o re , and f re e  edges was analyzed  by B e rt, e t  a l  [25] 

by u s in g  a sim ple in e x te n s io n a l th eo ry  and the  R ay le ig h -R itz  method. 

T heir a n a ly s is  agreed  w e ll w ith  t h e i r  experim ents on a f r e e - f r e e ,  

o r th o t r o p ic ,  sandwich s h e l l .

1 .2  R esearch O b jec tiv es

The purpose o f  th i s  re se a rc h  i s  to  develop a g en era l a n a ly s is ,  

w ith  accompanying com puter program , w ith  th e  fo llow ing  c a p a b i l i t i e s  

and c h a r a c te r i s t i c s :

1. S h e ll Geometry - c o n ic a l frustum  w ith  c y lin d e r  as a 

s p e c ia l  c ase .

2. M a te ria l - l i n e a r ly  e l a s t i c ;  e i t h e r  i s o t r o p ic  o r 

o r th o t ro p ic .

3. Facing F l e x i b i l i t i e s  - a l l  components o f  e x te n s io n a l.
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f l e x u r a l ,  and sh e a r  s t r a i n ,  b u t n e g le c tin g  co u p lin g  between 

e x te n s io n a l and f le x u ra l  e f f e c t s  ( i . e . .  Love f i r s t  ap p ro x i

m ation  s h e l l  th e o ry  p lu s  s h e a r ) .

4 . Core F l e x i b i l i t i e s  - t r a n s v e rs e  sh ea r o n ly , as i s  s tan d a rd  

fo r  a sandwich co re .

5. I n e r t i a  e f f e c t s  - a l l  components o f  t r a n s l a t io n a l  and 

r o ta to r y  i n e r t i a .

6. Type o f mode - axisym m etric o r unsym m etric.

7. Boundary c o n d itio n s  - a r b i t r a r y  - to  be s p e c if ie d  as in p u t 

fu n c tio n s  fo r  d i f f e r e n t  s e t s  o f  end c o n d itio n s ,  in c lu d in g  

clam ped-clam ped, f r e e ly  supported  and f r e e - f r e e .

8 . Kind o f  c o n s tru c t io n  - sym m etrica l sandwich (sym m etric 

about th e  m iddle su r fa c e )  w ith  homogeneous as s p e c ia l  

c a se .



CHAPTER II

FORMULATION OF THE THEORY

2.1  Method o f  A nalysis

F i r s t ,  e x p re s s io n s  fo r  the k in e t ic  and p o te n t ia l  e n e rg ie s  o f  a 

sym m etrica l sandw ich c o n ic a l s h e l l  w ith  o r th o t ro p ic  fa c in g s  and core 

a re  d e riv e d  from b a s ic  p r in c ip le s .  This d e r iv a t io n  i s  p re sen te d  in  

Appendix A. N ext, in  Appendix B, H am ilto n 's  p r in c ip le  i s  employed to 

d e r iv e  the  d i f f e r e n t i a l  eq u a tio n s  o f  m otion  and th e  boundary cond i

t io n s .  G a le rk in 's  method i s  th en  a p p lie d  to  th e  e q u a tio n s  o f  m otion. 

The r e s u l t  o f  t h i s  o p e ra t io n  i s  a s e t  o f  s im u ltaneous l in e a r  a lg e b ra ic  

eq u a tio n s  in  th e  form o f  a s ta n d a rd  e ig en v a lu e  problem . The e ig en 

v a lu e  problem  i s  th en  so lved  w ith  the  a id  o f  a  d i g i t a l  com puter.

2 .2  H ypotheses

A ll o f  th e  fo llo w in g  assum ptions w i l l  be im p l ic i t  in  the 

a n a ly s is :

1. The co re  i s  cap ab le  o f  r e s i s t i n g  t ra n s v e rs e  sh e a r, 

b u t n o t bend ing , e x te n s io n , o r  in -p la n e  sh e a r .

2. The fa c in g s  r e s i s t  e x te n s io n , bend ing , and tra n s v e rs e  

and ih -p la n e  s h e a r .

3 . The fa c in g s  a re  id e n t i c a l ,  so t h a t  the sandwich i s  o f  

sym m etrica l c o n s tru c t io n .

5
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4. Both the  core  and the  fa c in g s  a re  l i n e a r ly  e l a s t i c  and 

can be o r th o t r o p ic .

5. The fa c in g s  and co re  fu rn is h  b o th  t r a n s l a t i o n a l  and 

ro ta to r y  i n e r t i a  e f f e c t s .

6. The s h e l l  th ic k n e ss  is  sm all compared to _ th e  s m a lle s t  

ra d iu s  o f  c u rv a tu re  o f  th e  s h e l l ,  so  th a t  z / r  may be 

n eg lec te d  when compared to  u n i ty .

t T  A ll d e f le c t io n s  a re  sm a ll, so th a t  the s t r a in -d is p la c e m e n t 

r e l a t io n s  can be l in e a r iz e d .

8. L ines which a re  s t r a i g h t  and normal to th e  m iddle 

su rfa c e  b e fo re  d efo rm atio n  rem ain  s t r a i g h t  d u rin g  

d e fo rm a tio n , bu t do no t n e c e s s a r i ly  rem ain normal to  

th e  m iddle s u r fa c e .

9. The fa c in g  r o ta t io n ,  i s  assumed to  be id e n t ic a l  

in  the  in n e r  and o u te r  f a c in g s , in  view o f  h y p o th e sis  

(6 ) .  The same assum ption  a lso  a p p l ie s  to  t g •

10. A ll m a te r ia l  damping, th e rm al, and i n i t i a l - s t r e s s  

e f f e c t s ,  a s  w e ll as in te r a c t io n s  w ith  su rro u n d in g  

f lu i d ,  a re  n e g le c te d .

2 .3  A p p lic a tio n  o f  G a le rk in 's  Method

The G a le rk in  method i s  an approxim ate (assumed-mode) method 

fo r  th e  s o lu t io n  o f  boundary -value problem s. To app ly  i t ,  one beg ins 

w ith  th e  eq u a tio n s  o f  m otion . S o lu tio n s  a re  assumed fo r  th e  unknown 

v a r ia b le s  o f  th e  problem . These assumed s o lu t io n s  m ust s a t i s f y  the 

boundary c o n d itio n s  b u t do n o t n e c e s s a r i ly  s a t i s f y  th e  eq u a tio n s  o f
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m otion . This means th a t  th e  in s e r t io n  o f  th e  assumed s o lu t io n  in to  

each o f  the  m otion eq u a tio n s  r e s u l t s  in  a  non-zero  " e r r o r  fu n c tio n "  

r a th e r  th an  z e ro , which would be the  r e s u l t  i f  th e  e x ac t s o lu t io n  were 

known. In  o rd e r  to  m inim ize the  e r r o r ,  each o f  th e  e r r o r  fu n c tio n s  is  

re q u ire d  to  be o rth o g o n a l to  th e  assumed fu n c tio n s . This o r th o g o n a l i

s a t io n  p ro cess  g ives  r i s e  to  a  s e t  o f  s im u ltan eo u s, l i n e a r ,  homogeneous 

eq u a tio n s  w ith  th e  v ib r a t io n a l  frequency  as the e ig e n v a lu e .

As an example in  the  use o f  G a le rk in 's  m ethod, c o n s id e r the 

sim ple s e t  o f  eq u a tio n s

(*11 -  A^^*l + *12=2 = °

^21^1 (*22 " ^ ^ '* 2  “  ° (2 -1)

Now assume

"iM'f’lm ■ h l ' f l l  + ‘ l2'Pl2m=l

*2 “ Z  ^2m^2m " ^21^21 ^22^22 (^"^^
m=l

where the cp fu n c tio n s  s a t i s f y  th e  boundary c o n d itio n s  independent o f  

the  v a lu es  o f  th e  b 's .  Using E quations (2 -2) in  E quations (2 -1) 

r e s u l t s  in

^1 “ (*11 ■ ^ )(^11^11 ^12^12^ *12 (^21^21 ^22^22^

®2 *21 (^11^11 ''' ^12^12^ (*22 ■ ^  ̂(^21^21 ‘‘‘ ^22^22^ (^"^^

where E^ and E^ a re  non-zero  s in c e  Equations (2 -2) do n o t re p re s e n t  

th e  ex a c t s o lu tio n s  fo r  x̂  ̂ and x^ . In  o rd e r  to m inim ize E^ and Eg, 

G a le rk in 's  method re q u ire s  th a t



EiCPik d ( v o l . )  = 0

j ,  ®2’’2k ^ ( ' 'O l .)  .  0 (2-4)

fo r  k = l, 2.

The fu n c tio n s  chosen fo r  th e  o r th o g o n a l i-
2

z a t io n  to  In su re  th a t  th e  K term s would n o t v a n ish . The f i r s t  o f  

th e  fo u r E quations (2 -4 ) is

2
11"12 "^12^11I ,  V l l  '  " U ” ! !  J ,  'P n  dV + a i l » : ;  f

+ *12^21 I ,  ? 2 lV l l  + h2 '>22 I ,  922?11

I ’ l l11 J ,  ■ 'll ^ ^12 J 4>12'Pi i  4V = 0 (2-5)

The eq u a tio n s  would be p u t in  m a tr ix  form as fo llo w s:

f 11 f i \d V  *11 I  V l2»lldV  =12 I T2lV lldV  =12 J
V

r r 2 0 0 ~0~

►"12
^21

0

0

_ _5*22 0

'I'22'l’ll'*''

( 2- 6)

As noted  by Yu and L ai [26] and S in g er [ 2 7 ] ,  G a le rk in 's  method 

i s  e q u iv a le n t to  th e  R ay le ig h -R itz  method, when ap p lied  c o r r e c t ly .

The main r e s t r i c t i o n  on G a le rk in 's  method i s  making c e r t a in  th a t  th e  

p rocedure  is  a p p lie d  to  the  coupled eq u a tio n s  o f  m otion which a r i s e  

d i r e c t l y  from e q u ilib r iu m  c o n s id e ra tio n s  o r  from H am ilto n 's  p r in c ip le .  

This means th a t  d i f f e r e n t i a t io n s  may n o t be perform ed to  uncouple th e



e q u a tio n s  o f  m otion . The eq u iv a len ce  o f  th e  G a le rk in  and R ay le ig h -R itz  

m ethods r e f e r s  to  th e  f a c t  th a t  both  methods use a minimum p r in c ip le ,  

and should  n o t im ply th a t  id e n t ic a l  r e s u l t s  a re  o b ta in ed  from both 

m ethods. In  some s p e c ia l  c a s e s , id e n t ic a l  s t i f f n e s s  and i n e r t i a  

m a tr ic e s ,  and hence , id e n t ic a l  r e s u l t s ,  a re  o b ta in ed  from b o th  m ethods, 

b u t in  g e n e ra l,  G a le rk in 's  method g iv es  r i s e  to  a non-sym m etric s t i f f 

n e ss  m a tr ix ,  w h ile  th e  R ay le ig h -R itz  method always g iv es  r i s e  to a 

sym m etric s t i f f n e s s  m a tr ix .

Now, w ith  th i s  in t ro d u c t io n  to  G a le rk in 's  method, and the 

r e s u l t s  o f  Appendices A and B, th e  s o lu t io n  to  the  c o n ic a l sandwich 

s h e l l  v ib r a t io n  problem  may commence.

In  o rd e r  to  remove th e  tim e dependence and th e  c irc u m fe re n t ia l  

dependence, th e  fo llo w in g  forms a re  assumed:

u ( x ,6 , t ) = U(x) cos n0 s in  U)t

v ( x ,6 , t ) = V(x) s in  n@ s in  out

w (x,6 , t ) = W(x) cos n9 s in  out

V @ (x,6 ,t) = iITq (x) s in  n6 s in  out

* ;(x ,0 ,C ) = f ' ( x )  cos n0 s in  out

*@ (x,8,C) = ^g (x ) s in  n@ s in  out

V x (x ,8 ,t) = '|fjj(x) cos n0 s in  out (2 -7 )

S u b s t i tu t io n  o f  E quations (2 -7 ) in to  E quations (B-5) g ives 

-2Tli(U,xx + C s in  a  U ,^) + 2T]^2"^C^U + 2TI2 s in ^  Ot 

+  2n s in  a  (Tig + ” ' '^ ^ 1 2

+  2T|g s in  a  cos Of cos a  G#,^ - moû U = 0



0 = lAgm.fZ -

+  >0 UTS +  ( *  a  UTS 3  +  * *  * 4 ) ^ k  -
G O  0

®A 3 »  UTS (C^k + + * ®45(^^L + °^k )u  - **_3*^k_uz +
6 0 0

3 » -UTS ÎL + \ ) 3  + (* *4 a  UTS 3 + ** T^)^Ü,Z +
0 C

? L 3  »  U T S  +  ^ l i ] u z  +  ^  ? ^ 3 [ ^ ^ ü;3 +  ® l L p  -  +

0 = 9jgm ,fz -  **^3 » "Ts + t t k ) u  + * *43(C tk  + +

(»  gUTS ^^Ij, + »  ^soo ;q^üz) + +

(^  ®î  «  UTS 3 + 64)^%^ _ ^^^3 „  UTS + ^D"Z +

^ '* | 3 ( ^ \ z  + ®li)u + ? i(^ L  + gS a  2%Ts +

(^  ?ji »  UTS 3 +  ^  ?)ji)^^liz -  M3^Ü,uz -  A3 O 803 -

0  =  ®  U T S  3 +

^  -  ® 43“ ^ ^ Ü Z  -  »  U T S  3  +  ^  î i ) ^ ü z  -

h y ^ ^ \iz  - Mg3 »  gsoo + Mg3(*^k + ^k)g*z + 

( * ' M  m UTS 3  +  * ^ ‘ M ) ( ^ \  +  % Z  -  A g 3 ( * ^ L  +  ^ l i  +  

^ ( i )  A3 SCO U3 +  n ^ 3  A3 SOO A3 U TS \̂\Z +  ^ ‘ l l 3  AO SCO

0  =  A gO nra -  0 ^ 3  AO SOO -  ? /^ 3  A3 SOO -

Mg3 10 SCO (91^ + ^li + ^Il)"3 + Ag3^Ü^"Z +

A g 3 [ Z t k  »  g U T S  + ( 9 1 ^  + ^ l i )  »  g 8 0 3 ] Z  + (* 'A  A3 U TS 3  +

** 'A )Z ikz -  i i g 3 ( ^ \  +  ^Ll) »  «T8 uz + * ‘ n 3 ( ^ a  +  ^^üz)u

OT
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- ^ 1 6  -  % i3 (fe ,x x  + G "1" *  ^è,x>

+ (2T]^ht cos^ a + siti^ a )

+ n(Tl^Q + ^ i3 )C fx ,x  ■*■ "(^11  ■*■ ^ 13)

-  ZOigh^Cfe,** + C s in  Of fg ^ ^ ) + 2(T|gh^ cos^ Of

+ s in ^  a  + '^16^'i'e + + n(Tl^h^

+ + 2nh^ s in  a  = 0

^ ^1 5 ^ 'X '  "(^10 "'’ ^13^^’̂ e ,x  "(^11 '*' ^ 13) “  c Ÿq

-  ^ 9 (* x ,x x  + G » ! " *  * x ,x ) + ^11  s ln f  “  + "^%13)C^*x

-  nh^Olg + 211̂ 2)6^0 ^  + 2nh^ s in  Of ("Hg + ^ 1 2 ^ ^ %

- z n ih ^ (fx ,x x  + C s in  a  + 2(H2h^ s in ^  a

+ + 2 n ^ ^ 2 ^ ^ %  - Jw ^ + x  = 0 (2-8)

Now, d e f in e :

e s  x/L  

Ü s  U/L 

V s  V/L 

W 5 W/L

R = (£L)” ^ = (R +  X s in  Of)/L = R 0 o

+ e s in  Of 

C ii  = 2(11^2"^ + \  s in ^  O f)/E a

C- = 4TT^mL/E'm X

C m  = -211  ̂ s in  Of/E^L



12

1̂12 -ZT|i / e; l

Cl2 2n s in  a (Hj +

Cl21 -n(ZHj2 + %,)/E^L

^13 2Tlg s in  a  cos a/E^L

Cl31 -Tl̂  cos a/E^L

^22 2[cos^ a (T)̂  + Tlĵ g) + sin^ a + n

^221 -2T1̂ 2 s in  a/E^L

^222
= -Z H j /E a

^23 2n cos a (llj + T| + 1 |jj)/E 'L

^24 -2T)g cos a/E^L

4 6 -2T] cos a/E'L16 X

S 3
2[n^(Tl^ + Tlĵ g) + cos^ ff

S 3 I -2  s in  a (71̂  +

S 3 2 - 2 O 4  + %i5)/E^L

S 4 -2%2n/E^L

S s
= -Zn. s in  a/E'L  4 X

S s i
=

Se =

S? = -Zn^g s i n a / E a

S 71
= -ZHis/E^L

S 4 2(n S y  + s in f  a Tli4 ) /E a ^

'2-" X
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^440 2T1_/E'L S X

Cj' STtS'/E^L

^441 sin  a/E^L^

^442

C45 2n sin  a (TI7 +

C45I = -n(Tlg + 2T1̂ ^)/e;l^

C46 (tiSii + 2Tl^ht cos^ a + sin^ o)/E^L

^461 = sin  a/E^L^

^462

C47 n sin  a (T)̂  ̂ + T|^g)/Ea^

G47I =
- “< \o  +

Ss = 2 (T]̂  sin^ a + nSj^)/E^L^

S so
= 2n4/E ;i .

S si
= - 2Tlg sin  a/E^L^

Ss2

S e n sin  a

Sei = -ndlio +

S7 = (TIjj sin^ »  + n ^ j 3>/Ea^

S71 = -Tig Sin a /E a^

S72 = -Hg/E^L^

S e = 2ĥ (Tl̂  cos^ a + 1)^2 s in f  a + n%%2)/Ê L3



14

^660 = 2 H i j /E a

^661 -2 h ^  ,  s in  * /E 'l?

^662
= -2 h * H i2 /E a ^

^67 2nh  ̂ s in  a  (Tig +

"671 -nh^Tl^ + 2T1^g)/E;^L^

"77
2h^Tlg sin^ a  + n^^g)/E;L'

" 7 7 0
= 2Hi 3 / e; l

" 7 7 1
-2T]^h  ̂ s in  a/E^L^

" 7 7 2
= -2T]^h^/E;L^

" j 4 n ^ J /E a (2-9)

The use o f  E quations (2 -9 ) in  E quations (2 -8 ) r e s u l t s  in  the  

fo llo w in g  non-d im ensional eq u a tio n s  o f  m otion.

=12“ ' '®  -  C l2 1 * ''G ., + C22" ' ' '  + '2 2 1 * ' ' ’ - .  +  ' ’222 '^ -«  + '=23“ ' ' »

-  “ l31*'^®>e + + ' 3 3 « ' ^  + <=331^'^®’« + =332®-«

+ C ^ k \ '  + C 35R -lfi + C 35i*i_ , + + 03, , - %

+  C3 7 1 L . .  -  v " ®  =  “
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V ' H  + + % 2 H . ,

+ + < = 4 6 / % , .

+ '^462^0.«  + < ^< ,T ^ '\ ■ -  ^ r ‘ \  -  °

- % l \  + +  ' 4 5 1 * ’ ' f 4 . .  +  S 5 “ ' ' n  +  SsO^'i

+ S 5 l “ ’ ' » i , e ‘̂ 5 5 2 ^ i . «  + V ' \  *  S 6 1 ® ' \ , e  

+ C ;7 * ''f x  + S 7 1 ® ''* x .e  + S 7 2 f x . «  '  = “

C 2 6 * ''ÿ  +  + V ^ f è  +  ‘̂ 461®'^*è.e + <=462^8 ,ee

+ V \  ■ S 6 l “'* » i . .  + <=66̂ ‘ \  + ‘ 6̂60̂ 9

■'■ ^661* f e ,«  ■*■ ‘̂ 662^9,86 ■*■ ^67* Î *  " ‘ 6̂71® 

-  = 0

-C371W., + C „R -^ Î^  + <=471®''^9,« + ^ 5 ? ^ ' \  + ' ^ 5 7 1 ^ ' \ .  

*  S 7 2 ^ i ,* .  + '=67®''*9 + '^ 6 7 1 ® '\ , .  + ' 7 7 * ' \  

+ '=770*x + ^ 771«''*x ,. + <=772*x,.e '

A s o lu t io n  whose form is  dependent on th e  boundary c o n d itio n s  

m ust now be assumed. This s te p  i s  accom plished sy m b o lica lly  by 

l e t t i n g

® " I  V t a < ' )

'  = S V 2 m " >
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H ‘ S

f i  -  % A sm T s./') 

h  ■ 5  A6m?6m(')

f x  = 5  ^V:f7m(=) (2-11)

where cp, , ou , . • •><?-, a re  fu n c tio n s  s a t i s f y i n g  th e  a p p ro p r ia te  Im Zm 7m

end c o n d it io n s .  S e le c tio n  o f  th e se  fu n c tio n s  w i l l  be d iscu ssed  in  

S e c tio n  2 .4 .

Thus, s u b s t i tu t io n  o f  E quations (2 -11) in to  E quations (2-10) 

g iv e s  a s e t  o f  e x p re ss io n s  fo r  the  e r r o r  fu n c tio n s .

^1 - 'V 'P l n i  + ^ l l l^ '^ 'P lm .c  +  " l l 2 'P l . , e e ^ ^ .

■+[C i 2R ?2m + ^121* ^2m,e^^2m ''' ^3m

+ C^3,R ^3m,e^^3n}

2m^2 = 5  {[Ci2%'%Plm - C l2 lB " '9 im ,,]A im  + [ (C g jR - :  "f'caX P

^221* ^2m,e ^222^2m,ee^^2m ^^23^ ^3m^^3m

+ [C24*"^?4m]A4m +

"3 = 5  { [C l3 * " '? lm  - S 3 l " ’ ' 'P lm ,C ^ V  + '^"23"“ ''P2m^^2m

+ [(C 33R - f  C-)cp3^ +  &33^R ^ 3^ 2 + C332'P3m,ee^^3m

+ [C34R ‘P4m^\m [C33R (Pgm ''' Ssi'^Sm.e^Sm

[^36% (P6m ^ \m  ^^37^ ^7m ^37l‘̂ 7m ,e^^n}
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:4 + [(^44*"' + ^440

■ ^ ■'■ G441* 'P4m,e ■*■ ^442^4m ,ee^ \m  '*' ^ ^ 4 5 ^ ' ^5m

" C45I* ^5m,0^Sm ■*■ [^46* 6̂m ^461^ 'Pôm.e

■*■ S ôa 'f’ôm.ee^^ôm ■'■ *-^47^ ^7m " ^471^ ^ 7 m ,e^4 n }

®5 "  m t^"S51^3m,s^^3m "'' ^^45* 4̂m '"' ^451^ ^4m,e^\m  

+ [ ( c * R - :  + c , , o  -  f : c j , ) 9 , „  +

*^552^5m,GG^Sm * -^ 6^  ^ 6m '*' S ô l ^  ^ 6m,G^^6m

+ [c^yR  + Cgy^R (Py^ g + (^572^7m,GG^^n}

^  = S  { [  V '^ 2 m ] ''2 m  + + [ ( = 4 6 ' '" \ .

+ C461R cP4^^e ^462^4m,GG]\m '-^Sô^ ^5m

- C s e ï* ' ' ? ; . . , ] * : .  + [(C g e* '' + ^660 " f'cj^Pem

^661* ^ 6m,G ■'■ ^662^6m,GG^^6m ^^67* ^7m

■ ^671* 'P7m,G^^J

By -  5  {[-(=37193»,, ] 4 3 .  + [C47*"'94. + G 47lB l'94 .,,]A 4 . 

■'■ [^57% 95^  + C^7iR  95m,e '"' ^57295m,6G^^5m

[^6 7 *  9g^ + Cgy^R 9g^  g]Ag^ + [(CyyR + Cyyo

^ (=J^97m + Cy7i* 97m,e ■’■ *^77297»,G G ^^n) (2-12)

In  o rd e r  fo r  th e  e r r o r  fu n c tio n s  to  be o rth o g o n a l to  th e  

assumed fu n c tio n s ,

I  "I'Pj^de = 0
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0{ ®2'f2k* =

1

» V s k '* '  = “

n 1

V 4 k '^  '  “o

1

'O

n l

V ek'** '  °■o

p i
J = 0 (2-13)

fo r  each va lu e  o f  k , where i t s  range i s  th e  same as th a t  o f  m in

E quations (2 -1 1 ). E quations (2-13) may now be p u t in  m a tr ix  form.

2
The term s in v o lv in g  f  a re  s e p a ra te d  so th a t

[ as] (y }  - f^  [A I] { j}  = 0  (2-14)

The m a trix  [AS] i s  the  s t i f f n e s s  m a tr ix  and the  m a tr ix  [ a i] 

i s  the i n e r t i a  m a tr ix . The m a trix  i s  a column m a tr ix  o f  unknown 

A*s. E quation  (2-14) is  the  f a m i l ia r  form o f  an e ig en v a lu e  problem , 

w ith  f^  as th e  e ig en v a lu e  and as th e  e ig e n v e c to r . The elem ents 

o f  the s t i f f n e s s  and i n e r t i a  m a tr ic e s  a re  made up o f  v a r io u s  combina

t io n s  o f  in te g r a l s  in v o lv in g  the assumed fu n c tio n s , 9 , w hich, o f  

co u rse , depend upon th e  boundary c o n d itio n s .

The f ig u re s  on the  fo llo w in g  pages show the  form o f  th e  

s t i f f n e s s  m a tr ix  fo r  v a r io u s  c o n d itio n s . F igure  2 .1  shows the g en e ra l
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Figure 2.1 - General Form of Stiffness Matrix
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form, where the  c ro s s -h a tc h e d  a re a  i s  popu la ted  and the r e s t  o f  the  

m a t r ix  i s  ze ro .  F igu re  2 .2  shows th a t  o th e r  subm atrices  become zero 

f o r  n  = 0. F igure  2.3 shows t h a t  two rows and two columns o f  zeros  

o c c u r  f o r  a homogeneous s h e l l .

2 .4  Boundary C onditions 

The f u l l  s e t  o f  boundary c o n d i t io n s  a r i s e s  as a by -p roduct o f  

app ly in g  H a m ilto n 's  p r i n c i p l e  to  f in d  the equ a t io n s  o f  motion. This 

i s  very  advantageous s in c e  the  boundary c o n d i t io n s  de r ived  in  t h i s  

manner a r e  c e r t a i n  to  be com patib le  w ith  the  eq u a t io n s  o f  motion, 

w i th in  th e  framework o f  the  assum ptions im plied  in  the  s h e l l  th eo ry  

u sed .  Of co u rse ,  fo r  a  g iven  p r a c t i c a l  boundary c o n d i t io n ,  one must 

choose which o f  the p a r t s  o f  the  f u l l  s e t  to  u se .  In  t h i s  study, 

t h r e e  boundary c o n d i t io n s  a re  to  be i n v e s t ig a t e d :  f r e e l y  supported ,  

clamped-clamped and f r e e - f r e e .

The s e t  o f  boundary c o n d i t io n s  from E quations  (B-12), a f t e r  

a p p ly in g  E quations (2 -7 ) ,  i s  w r i t t e n  as fo l lo w s:

E i th e r  U = 0,

o r  F^ = 2?1^U,^ + Tl  ̂ ( s i n  a Q\J + nQV + cos a  ÇW) = 0 (2-15)

E i th e r  V = 0,

o r  F ^  = + V,^ - s i n  a  QV) = 0 (2-16) ■

E i th e r  W = 0,

o r  + %ig)W,x + 2T1 '̂P; +  = 0 (2-17)

E i th e r  = 0,

o r  = ( 2T1̂ ^ + \ 3> (^ e ,x  " + <^13
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Figure 2.2 ^ Form of Stiffness Matrix when n = 0
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Figure 2,3 - Form of Stiffness Matrix for a Homogeneous Shell
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+ 2h ^ T ,) (Ÿ o  ^ - s i n  a  - n C y  = 0 (2-18)

E i th e r  f ' = f  = 0 ,
X X

o r  = ( 2Hg + + % +  % io ) (8 l n  a  + nCf^)

+ CHg + + (Ĥ Q + h%%2)(8in a Cf^

+ n â g )  = 0 (2-19)

The f r e e l y  supported  boundary c o n d i t io n  i s  d e f in e d  h e re  as zero  

d isp lacem en t in  the  c i r c u m f e r e n t ia l  and normal d i r e c t io n s  and zero 

m e r id io n a l  s t r e s s  r e s u l t a n t  and moment a t  each end o f  the s h e l l .  Thus,

V = W = $g = ^0 = = 0. (2-20)

The assumed s o lu t io n s  fo r  V, W, ^g, and ÿg can co n v en ien tly  

use  a s e r i e s  o f  t r ig o n o m e tr ic  s in e s .  The s o lu t io n s  f o r  U, and ij?̂

m ust be o b ta in ed  from the c o n d i t io n s  on and as  fo l lo w s .  From

th e  second of Equations (2 -1 5 ) ,  w ith  V = W = 0, u s in g  the d e f i n i t i o n s

o f  Tl, and and d iv id in g  o u t  the  common f a c t o r  A tË ' ,

U, + V' s in  a  CU = 0 (2-21)
X 9x

Using the  d e f i n i t i o n s  e = x /L , Ü = U/L, and = R^/L,

Equation  (2-21) may be w r i t t e n

f  F T T i ï ho

A simple e x e rc is e  w i l l  show t h a t  Equation  (2-22) i s  

i d e n t i c a l l y  s a t i s f i e d  a t  s = 0 and e = 1 , i f

- V '

Ü = Z A, R cos mne (2-23)m im
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From the second o f  Equations (2 -1 9 ) ,  w ith  = fg = 0, and 

u s in g  the  d e f i n i t i o n s  o f  T)g, and T)g,

t^  + 4 t2 h ) ( f ^  x + ^éx ^  Gf^)

+ Ë' (4 th^  + 4 h t^ ) ( f  + vJ s i n  O' Cf ) = 0  (2-24)
X X ) X  v X  X

In  o rd e r  f o r  Equation (2-24) to be s a t i s f i e d  fo r  a l l  va lues  o f  Ê^, t ,

and. h ,  bo th  o f  the quan t i t i es in  b ra c k e ts  must be zero  independently .

I t  i s  noted t h a t ,  s in c e  both the terms in  b ra c k e ts  a re  o f  the  same

form as Equation  (2 -2 1 ) ,  the assumed s o lu t io n s  fo r  ijf  ̂ and must be

o f  the  same form as Equation (2 -2 3 ) .

The s e t  o f  assumed modal fu n c t io n s  f o r  the f r e e l y  supported

boundary c o n d i t io n  may now be w r i t t e n  as 
M,

Ü A, R cos mtre 

«2

V ‘̂ 2m mTTS 
m=l

^3

W = /  A- s i n  mTTG Aj 3m 
m=l

A, s i n  mTTG 
4m m=l

M
5

A- R cos mTTG —, 5m m=l

s i n  inTTS
m=l ^
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M,

- V7
cos mne (2-25)

m=l

The clamped-clamped boundary c o n d i t io n  may be defined  as zero

disp lacem ent and r o t a t i o n  a t  bo th  ends. The assumed so lu t io n s  then

im mediately can be w r i t t e n  a s :

M,

m=l

^2

- I A„ s i n  mne 2m m=l

W = )  A, s i n  mne

fé  = z A. s in  mne 
m=l

«5

-I, .̂c s i n  mne

“ 6

m=l

' I
s in  mne (2-26)m

For the  f r e e - f r e e  boundary c o n d i t io n ,  the fo rces  and moments 

must be zero  a t  each end, t h a t  i s ,

-  Bd) = Ox = "xe -  °  (2-27)
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These f iv e  c o n d i t io n s  a t  e = 0 and 6 = 1  a re  s u f f i c i e n t  to  de term ine 

the  seven d isp lacem en ts  and r o t a t i o n s  from E quations  (2-15) - (2 -19).  

I t  i s  soon found, however, t h a t  no s e t  o f  sim ple t r ig o n o m e tr ic  s e r i e s  

w i l l  s a t i s f y  the  r a t h e r  invo lved  d i f f e r e n t i a l  e q u a t io n s  re p re se n te d  

by E quation  (2 -2 7 ) .  O ther types  o f  s e r i e s  a re  n o t  s a t i s f a c t o r y  

e i t h e r .  A sim ple s e r i e s  o f  h y p e rb o l ic  terms i s  no b e t t e r  than  a
*

t r ig o n o m e tr ic  s e r i e s ,  and even s e r i e s  o f  f r e e - f r e e  beam fu n c t io n s  

a re  u n s u i t a b le .

From a  p h y s ic a l  argument, one comes to  the  conc lu s ion  t h a t  

w hatever s e r i e s  i s  used fo r  the  d isp lacem en ts  and r o t a t i o n s ,  i t  must 

no t be zero  a t  the  ends. A " f r e e  end" im p l ie s ,  c e r t a i n l y ,  t h a t  the 

d isp lacem en ts  and r o t a t i o n s  cannot be c o n s t r a in e d .  Thus, no t r i g 

onom etric  s in e  terms may be used ,  s in c e  they  become zero a t  the  

ends. The s im p le s t  form which i s  non-zero  a t  th e  ends i s  an appro

p r i a t e  s e r i e s  o f  co s in e  te rm s. The r e s u l t  o f  t h i s  argument i s  the use 

o f  s e r i e s  o f  co s in e  terms fo r  the  d isp lacem en ts  and r o t a t i o n s .  One 

should be c a r e f u l ,  however, to  s t a r t  the s e r i e s  from ze ro ,  t h a t  i s ,  

in c lu d e  a term cos (O)TTe . This a llow s fo r  the r i g i d  body d i s p la c e 

ments and r o t a t i o n s  which a re  im portan t in  the v ib r a t io n s  o f  f r e e -  

f re e  s h e l l s .  Thus, fo r  the  f r e e - f r e e  boundary c o n d i t io n s ,  th e  s e r i e s  

a re  taken  as

M,

cos mire
m̂ O

*
Exact s o lu t io n s  fo r  modal shape o f  simple beams, as ta b u la te d  by 
Young and F e lg a r  [ 2 8 ] .



27

M2
COS mtre

m̂ O

w
iPO

A- CCS inTte Jir

♦é = z A, R CCS m ne
mSO

«5

*-i = 1 ,
Ac, CCS mire

” 6

h  - L  *
R COS mire

m=0 6m

iï = /  A_ COS mire (2-28)
^  m4o

A p o in t  should  be made h e re  abou t the  s a t i s f a c t i o n  o f  the 

boundary c o n d i t io n s  fo r  F^, and . I t  i s  r e c a l l e d  t h a t  in  the 

assumed s o lu t io n s  fo r  Ü, and in  the f r e e l y  supported  case , 

Equations (2 -2 5 ) ,  and were a l s o  re q u ire d  to be ze ro .  There a 

f a c t o r  o f  R ^6x was in s e r t e d  to s a t i s f y  the boundary c o n d i t io n s .  Here, 

however, because o f  F ^  and Q^, th e  i n s e r t i o n  o f  R ^9x w i l l  no t  s a t i s f y  

the  boundary c o n d i t io n s .  S ince Vq^ i s  sm a l l ,  i t  i s  b e l ie v e d  th a t  the

m athem atica l com plexity  r e s u l t i n g  from i t s  in c lu s io n  i s  n o t  j u s t i f i e d
*

fo r  the f r e e - f r e e  c a se ,  in  view o f  th e  o th e r  approx im ations .

This f a c t  was born o u t  l a t e r  when th e  f a c t o r  R ' 6̂x  was in s e r t e d  in  Ü, 
and tx» r e s u l t e d  in  l e s s  than  a  one p e rc e n t  change in  the 

c a l c u la te d  f re q u e n c ie s  and modal sh ap es .
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A lso, i t  i s  noted t h a t  the f a c t o r  does n o t  appear in  E quation  (2-18)

f o r  , so t h a t  the f a c t o r  R in  the assumed modes f o r  ij/g and tg  i s  

inc luded  to a n n i h i l a t e  a l l  o f  the  i|(g and terms in  .

Now t h a t  the s e r i e s  have been s e le c te d ,  the  i n t e g r a l s  which 

a r i s e  from Equation  (2-13) may be ev a lu a te d .  This o p e ra t io n  i s  shown 

in  Appendices C, D, E, and F.



CHAPTER I I I  

EVALUATION OF THE THEORY

3.1 Homogeneous C ylinders

The theo ry  was f i r s t  ev a lu a te d  f o r  th e  s im p le s t  case t h a t  can

be co n s id e re d ,  which i s  the case o f  a homogeneous, i s o t r o p i c  c y l in d e r .

For the  f r e e l y  supported  ca se ,  the  experim ents o f  Bray [ 29]

and the  a n a ly s i s  o f  Soder [30] were used fo r  comparison. Bray t e s t e d

a s t e e l  c y l in d e r  w ith  a r a d iu s  o f  5 .84 inches and le n g th  o f  11.907

inches w ith  0 .0 2 0 -in ch  w a l l  th ic k n e s s .  He found the low est n a t u r a l

frequency  to be a t  n=7 w ith  a va lue  o f  380 Hz. The p r e s e n t  a n a ly s i s

p r e d ic t s  a low est n a tu r a l  frequency o f  380.2 Hz a t  n=7.

As a check case fo r  h i s  a n a ly s i s ,  Soder used a s t e e l  c y l in d e r

fo r  which Hu, Gormley, and Lindholm [31 ]  has pub lished  ex perim en ta l

r e s u l t s .  The dimensions were R = 1 0 . 0  inches  and L = 48 .0  incheso

w ith  w a ll  th ick n ess  = 0 . 0 3  in ch es .  A comparison between the p re s e n t  

a n a ly s i s  and S o d e r 's  a n a ly s i s  i s  g iven  in  Table 3 .1 .  The e x c e l l e n t  

agreement between the two d i f f e r e n t  a n a l y t i c a l  approaches supports  

S o d e r 's  c o n te n t io n  th a t  the experim en ta l s h e l l  was no t a c t u a l l y  

f r e e l y  supported ,  s in ce  the experim en ta l f req u en c ies  were somewhat 

h ig h e r  than  the ana ly ses  p r e d i c t .

To e v a lu a te  the clamped-clamped boundary c o n d i t io n  f o r  homo

geneous c y l in d e r s ,  the  a n a l y t i c a l  r e s u l t s  o f  Forsberg  [3 2 ]  were

29
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n m = 1 m = 2 m '= 3 m = 4

P re s e n t P re se n t P re se n t P re s e n t
A nalys is Ref [30] A nalysis  Ref [30] A nalysis  Ref [30] A nalysis  Ref [30]

2 633.9 633.5

5 159.7 159.9 483.3 483.1 961.0 960.6

6 167.8 168.0 370.7 370.5 724.4 724.0

7 206.5 206.0 325.5 325.1 581.4 580.8

12 581.6 581.1 595.5 594.9 632.9 632.3 707.1 706.4

14 792.5 791.8 802.5 801.8 825.4 824.7 868.3 867.6

Table 3.1 - Frequencies for a Freely Supported Homogeneous Cylinder (Hz)
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employed. For clamped ends w ith  a x i a l  c o n s t r a i n t ,  one p o in t  was

p icked  from two o f  h i s  cu rv es .  For a r a d iu s - to - t h i c k n e s s  r a t i o  o f

100, and a l e n g th - to - r a d i u s  r a t i o  o f  5, th e  low est d im ension less

frequency  (u)/cu in  F o r s b e rg 's  n o ta t io n )  a t  n=4 has a va lue  o f  0 .065 . 
o

The p r e s e n t  a n a ly s i s  was run  w ith  = 20 .0  in ch es ,  L = 100.0 in c h es ,  

and t  = 0 .05  inches  ( t  = % o f  w a ll  th ic k n e s s  fo r  a homogeneous s h e l l ) .  

M a te r i a l  p r o p e r t i e s  f o r  s t e e l  were used. For n=4, the  low est n a tu r a l  

frequency  was found to  be 0.0668 (n o n -d im e n s io n a l iz e d ) . To non- 

d im e n s io n a l iz e , the  frequency  was m u l t ip l i e d  by V p ' (l-V g^)/E ^ .

The clamped-clamped boundary c o n d i t io n  was checked a t  ano the r  p o in t  

f o r  which th e  r a d iu s - to - t h i c k n e s s  r a t i o  was 20 and the le n g th - to -  

r a d iu s  r a t i o  was 2. Forsberg  gave the  d im ension less  low est n a t u r a l  

f requency  as  0 .3 2 ,  a t  n=3. For the  p r e s e n t  program, R^ = 20.0 inches ,  

L = 40 .0  in c h e s ,  and t  = 0 .25  in c h es .  For n=3, a frequency  v a lu e  o f

0 .325  was found.

For th e  f r e e - f r e e  boundary c o n d i t io n ,  a c y l in d e r  t e s t e d  by 

Watkins and C la ry  [33] was used f o r  comparison. The s t e e l  c y l in d e r  

was 42 inches  long w ith  a 14-inch  r a d iu s  and a w a ll  th ic k n e s s  o f  0.007 

in c h e s .  At n=10, the low est n a t u r a l  frequency  was re p o r te d  as 32.3 

Hz. The p r e s e n t  a n a ly s i s  gave a va lue  o f  34.3 Hz. However, w h ile  the 

second low est frequency  a t  n=10 was re p o r te d  as  32.8 Hz, the p re s e n t  

a n a l y s i s  gave a va lue  o f  83 .1  Hz. . .

3 .2  Homogeneous Cones 

The th e o ry  was n ex t ev a lu a te d  f o r  homogeneous, i s o t r o p i c  

c o n ic a l  f r u s t a .  The experim en ta l work o f  W eingarten [34] was used fo r
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comparison o f  bo th  the clamped-clamped and f r e e l y  supported  c a se s ,  

s in c e  h i s  boundary c o n d i t io n s  (ends p o t te d  in  a  low -m elt ing -po in t  

a l l o y )  were somewhere between those  two. His s t e e l  cone had oi = 20°,

= 2.13 in c h es ,  L = 8 .0  in c h e s ,  and a w all  th ic k n e s s  o f  0.020 inches .  

The comparison i s  shown in  F igu re  3 .1 .

For the  f r e e - f r e e  boundary c o n d i t io n ,  th e  experiments o f  Hu, 

Gormley, and Lindholm [22] were s tu d ie d  a n a l y t i c a l l y .  S p e c i f i c a l ly ,  

the  p r e s e n t  a n a ly s i s  was run  u s ing  d a ta  fo r  t h e i r  s t e e l  cone fo r  which 

a  = 1 4 .2 ° ,  = 2 .72 in c h es ,  L = 13.65 inches  and t  = 0.0025 in c h es .

The r e s u l t s ,  which were n o t  ve ry  s a t i s f a c t o r y ,  a re  given in  Table 3 .2 .

3 .3  Sandwich Cone 

No more com plica ted  case  than  t h a t  o f  a  homogeneous cone was 

found w ith  which to  compare the  f r e e l y  supported  and clamped-clamped 

boundary c o n d i t io n s ,  In  f a c t ,  the o n ly  experim en ta l o r  a n a l y t i c a l  

work found t h a t  t r e a t s  a sandwich c y l in d e r  o r  cone i s  the work o f  

B e r t ,  e t  a l  [ 2 5 ] ,  p re v io u s ly  mentioned in  Chapter I .  Consequently, 

a l th o u g h  t h e i r  work was concerned on ly  w ith  the  f r e e - f r e e  boundary 

c o n d i t io n ,  the  p r e s e n t  a n a l y s i s  was run  u s ing  d a ta  f o r  t h e i r  s h e l l  

f o r  bo th  the f r e e l y  supported  and clamped-clamped c o n d i t io n s .  The 

r e s u l t s  were q u i t e  r e a so n a b le ,  as shown by comparing t h e i r  e x p e r i 

m en ta l v a lu es  w ith  the f r e e l y  supported  a n a l y s i s ,  shown in  F igure  3 .2  

and Table 3 .3 ,  and the  clamped-clamped a n a ly s i s  shown in  F igure  3 .3  

and Table 3 .4 .  The s h e l l  geometry and m a te r i a l  p ro p e r t i e s  fo r  the 

s h e l l  o f  B e r t ,  e t  a l ,  a re  g iven  by the  t y p i c a l  in p u t  d a ta  a t  the 

end o f  Appendix G.
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—tl -— . m e 1 m = 2

A nalysis  Ref. [22] A nalys is Ref. [22 ]

6 349 120 974 288

8 325 200 584 385

10 391 298 634 493

12 505 423 828 622

16 1011 717 1248 959

18 1180 917

Table 3.2 - Analytical Frequencies for Free-Free Homogeneous Cone (Hz)
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n m = 1 m = 2 m = 3

0 406.5 624.9 655.5

2 134.8 310.9 439.9

3 86.8 212.8 331.9

4 85.7 165.4 264.7

5 113.3 160.6 235.6

6 153.7 188.9 241.5

7 201.5 236.5 275.7

8 256.2 294.1 329.5

9 317.3 358.7 395.4

10 384.6 429.7 469.3

12 535.9 589.4 636.3

20 1319.8 1412,8 1502.4

Table 3.3 - Analytical Frequencies for Freely Supported Sandwich Cone (Hz)
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n m = 1 m = 2 m = 3

0 406.5 661.8 688.4

2 177.2 340.1 474.7

3 126.0 254.3 376.9

4 110.7 209.7 314.7

5 126.7 197.7 284.5

6 163.5 214.8 284.0

7 212.3 254.5 309.7

8 269.1 310.0 356.6

9 332.7 376.1 419.6

10 402.6 450.2 494.8

12 559.9 617.7 671.3

20 1368.9 1473.8 1575.9

Table 3.4 - Analytical Frequencies for Clamped-Clamped Sandwich Cone (Hz)
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Of co u rse ,  t h e i r  d a ta  were a l s o  used to e v a lu a te  the a n a ly s i s  

fo r  the  f r e e - f r e e  boundary c o n d i t io n .  Ihe com parison and a n a l y t i c a l  

v a lu es  a re  given in  F igure  3 .4  and Table 3 .5 .  Ihe a n a l y t i c a l  modal 

shapes a re  p re sen te d  in  F igu res  3 .5  and 3 .6 .



40

800
m=l m=2 m=*3 m=4 m=5

Ref. 25 Experiments Q □

700

600

m=4

300
g

200  —

100

42 6 80 1210 14
CIRCUMFERENTIAL WAVE NUMBER, n

Figure 3.4 - Natural Frequencies
for a Free-Free Sandwich Cone
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n m = 1 m = 2 m = 3 m = 4 m = 5

0 0.26 724.7 790.5 805.2

2 13.3 179.9 384.4

3 35.0 130.2 260.6 412.5 929.3

4 65.3 115.7 213.1

5 101.8 133.8 199.7 339.7 901.8

6 143.3 175.6 217.4

7 191.1 229.7 260.5 366.7 913.1

8 245.7 290.5 322.5

9 306.7 357.8 396.7 466.9 956.8

20 1305.7 1440.7 1559.7 1689.0

Torsion  modes a t  32.4  and 40.8

Table 3.5 - Analytical Frequencies for Free-Free Sandwich Cone (Hz)
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CHAPTER IV

CLOSURE

The e v a lu a t io n s  o f  the p r e s e n t  theo ry  fo r  the f r e e l y  supported

and clamped-clamped boundary c o n d i t io n s  show g e n e r a l ly  good agreement 

w ith  a v a i la b l e  experim en ta l and a n a l y t i c a l  d a ta .

For the f r e e - f r e e  boundary c o n d i t io n ,  however, th e  th e o ry  seems 

to  g ive good agreement fo r  on ly  the low est n a t u r a l  frequency  a s s o c ia te d  

w ith  each c i r c u m fe re n t ia l  wave number, fo r  the cases  o f  th e  homogeneous 

c y l in d e r  and sandwich cone. I t  must be kep t in  mind t h a t  the  boundary 

c o n d i t io n s  were n o t s a t i s f i e d  e x a c t ly  f o r  the  f r e e - f r e e  c a se ,  so th a t  

G a le rk in 's  method might n o t  be expected  to behave p ro p e r ly .

I t  should be noted h e re  t h a t  th e r e  seems to  be some i n c o n s i s t 

ency in  the  r e p o r t in g  o f  d a ta  fo r  the  f r e e - f r e e  ca se .  For o th e r  

boundary c o n d i t io n s ,  the  m e rid io n a l  mode number, m, can sim ply be 

thought o f  as in d i c a t in g  the  number o f  half-w aves in  the  d e f le c te d  

shape o f  a g en e ra to r  o f  the  s h e l l .  The modes can then  c o n v en ien t ly  be

i d e n t i f i e d  s in c e  the  low est frequency w i l l  always have m=l, the  second

low est,  m=2, e t c .  However, upon s tu d y in g  the  f r e e - f r e e  modal shapes 

o f  F igu res  3 .5  and 3 .6 ,  i t  i s  seen  t h a t  th e  number o f  h a l f  waves (and 

the  number o f  nodes) v a r i e s  w i th  n fo r  the  low est frequency , second 

low est frequency , e t c .  This means t h a t  a  simple i d e n t i f y i n g  number

can no longer be used , b u t  the  modal shape must be shown fo r  each
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f requency . Consequently , in  t h i s  work, th e  d e s ig n a t io n  m=l deno tes  

o n ly  a low est n a t u r a l  frequency  and t e l l s  n o th in g  about the  a c t u a l  

modal shape. S im i la r ly ,  m=2 denotes  the  second low es t  f requency , e t c .

I t  i s  u n fo r tu n a te  t h a t  no d a ta  were a v a i l a b l e  f o r  homogeneous, 

o r th o t r o p i c  c y l in d e r s  and cones, and fo r  sandwich c y l in d e r s .  When d a t a  

does become a v a i l a b l e ,  the  program i s  ready  to  hand le  i t .

The f r e e - f r e e  boundary c o n d i t io n  can be pursued  f u r t h e r  when 

more s u i t a b l e  modal fu n c t io n s  a re  found. Also, o th e r  boundary co n d i

t io n s  could be r a t h e r  e a s i l y  in v e s t ig a te d  once modal fu n c t io n s  a re  

found fo r  them.
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APPENDIX A

DERIVATION OF THE KINETIC AND POTENTIAL ENERGIES 

FOR AN ORTHOTROPIC SANDWICH SHELL

A .l  S tra in -D isp lacem en t Form ula tion  

Following Love [ 3 5 ] ,  the  s ix  s t r a i n  components fo r  a g enera l 

o r th o g o n a l  c u r v i l i n e a r  c o o rd in a te  system a re

"cry =

®YY ^ ,Y ’3
(A-1)

®3Y “ (h2/hg)(hgU y),g  + (hg /h 2) ( h 2Up)%Y

V  = + (h l /h 3 )(h3% y) '«

®ag = (h ^ /h 2 ) ( h 2^ g ) ,g  +

In  the  g e n e ra l  c o o rd in a te  system, the  le n g th  o f  an i n f i n i t e s 

imal l i n e  elem ent, ds , i s  given by

(ds)2  = (d a /h ^ )^  +  (d3/h2)2  + (dY/hg)^ (A-2)

The c o o rd in a te  system fo r  the p r e s e n t  s tudy  i s  shown in  Figure 

A .I .  The m id d le - s u r fa c e  d isp lacem en ts  a re  u , v , and w, which a re  in  

the  X ,  0 ,  and z d i r e c t i o n s ,  r e s p e c t iv e ly .

In  the  p r e s e n t  co o rd in a te  system,
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Figure A.l - Shell Geometry
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(ds)2  = (dx)2 + (rd8 )2  + (dz)^  (A-3)

Now r e p la c in g  a  by x , 3 by 9 ,  and y  by z ,  i t  i s  found th a t

( 1/h^ )  = 1

( l /h g )  = r  (A-4)

( 1/ 113) "  1 '

where r  = + x s in  Of + z cos a ,  and the a  i s  t h a t  shown in  F igure

A .l ,

Equations (A-1) now become

e = u 
XX x , x

®06 = ( 1 / r )  (ug Q + u^ s in  or + u^ cos Of)

e = u zz z , z (A-5)

-0z = (1/ r ) ( " 2,8  - "8 cos « )  + "8 ,:

®zx " z ,x  ^  \ , z

®x8 = ( l / r ) ( " x ,8 - "8 s i n  Of) + "b .x  

In  view o f  H ypothesis  ( 6) o f  S ec t io n  2 .2 ,  the  term z cos Of in  

the  e x p re s s io n  fo r  r  w i l l  be n e g le c te d .  In  a l l  t h a t  fo llow s r  i s  

r e p la c e d  by

r ~ R  + x s i n a  (A-6)o

and, fo r  l a t e r  convenience, the  fo llow ing  d e f i n i t i o n  i s  made.

C = (R + X s in  Qf)"l (A-7)
o

The d isp lacem en ts  a re  now d e f in e d  in  terms o f  the  m iddle- 

s u r fa c e  d isp lacem en ts  and the  ang les  o f  r o t a t i o n  o f  normals to the  

m iddle s u r fa c e  in  the m e r id io n a l  and c i r c u m f e r e n t i a l  d i r e c t i o n s .  For
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the  c o re ,  th e s e  an g les  a r e  denoted by and ilfg, w h ile  f o r  the  fa c in g s ,  

th ey  a re  and The assum ption  i s  made t h a t  th e  core i s  incom

p r e s s i b l e  in  the  th ic k n e s s  d i r e c t i o n .

For the  c o re ,

“x ~ " ( X 'G ' t )  + z t ^ ( x , 0 , t )

= v ( x , e , t )  + z$ g (x ,8 , t )  (A-8)

   'L  = w (y . ,e , t )  _______  ________________ __

(A-9)

so t h a t  E qua tions  (A-5) become, fo r  the  c o re ,

®69 “  G(v ,0 +  s i n  O' u + cos a  w)

+ zG(*0 8 +  s i n  a

e ^  = 0  
z z

®6 z  “  G(w,@ -  cos O' V - z cos *  t g )  + 

e^  = w, + i
ZX X X

®x9 G(U'8 -  a  v) + v ,^  + z [G (tx  8 ■ ® 'I'e^

For the  o u te r  and in n e r  f a c in g s ,  r e s p e c t iv e l y ,

u ° ,u ^  = u ( x , e , t )  é  h\lf^(x,0 , t )  + (z + h) (x ,0 , t )

= v ( x , e , t )  ± h i|fQ(x,0,t) + (z + h )V g (x ,0 , t )  (A-10)

= w (x ,0 , t )

E qua t ions  (A-5), fo r  the f a c in g s ,  a r e  now w r i t t e n .
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®ee,=98 = G{v,g ± Wg g + (z + h)*^ g + s i n  or [ u ±  

+ (z + h)$^] + cos or

e° ,e^  = 0zz zz

®6 z ’®0 z ^ ( ( * '8  ■ °°® *  [ v ±  hi|ig + (z + + i|r

e° ,e^  = w, + i|f '
ZX ZX X X

= G{",e h*x ,8 +  (z + Q - s i n  or [ v  ± hfg

+ (z + h ) t^ ] }  + v , ^ è  h tg ^ ^  + (z + (A-11)

A .2 Core S t r a i n  Energy 

Due to  H ypothesis  (1 ) ,  Sec. 2 .2 ,  the  core s t r a i n  energy i s  the 

energy due to t r a n s v e r s e  s h e a r  s t r a i n  o n ly ,  so t h a t

= i Jl I J
o r

n

U e  I h ' ^  V c - W  (A -U )

S quaring  e^^ and from Equations (A-9), and in t e g r a t i n g  over z, 

g iv es

+  cos^ a  v ^ + { l  + (h^c^ c o s ^ a ) / 3 }  'kg

-  2C^ cos or vw,g + 2Cw,g$g -  2C cos or v tg)]C"^d0dx (A-14)

I t  i s  noted t h a t  the  term in  b race s  i n  Equation  (A-14) i s  h e re -

2 2a f t e r  re p la c e d  by 1 , s in c e  h C < < 1 .
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A.3 Facing S t r a i n  Energy 

Since the fac in g s  r e s i s t  bending, e x te n s io n ,  in -p la n e  shear  

and t r a n s v e r s e  sh e a r ,  a l l  f iv e  non-zero  s t r a i n  components c o n t r ib u te  

to  the  s t r a i n  energy. Formally  w r i t t e n ,

'^xS^xe '^x6®x0 * 8 z®8 z ^ 8 z®8 z *zx®zxy

' e^ )dzG ^d8dx ' “ (A-15)
ZX ZX

The nece ssa ry  s t r e s s - s t r a i n  r e l a t i o n s  a re  g iven  by 

\ x  = ®;(®xx + ^8x®88> <̂ x8 = G^8*x8

^88 = % (=xx + ^'^a^xx) ^̂ 8z = %x®0 z

CT = G' e
ZX ZX ZX

where Ë ' = E ' / ( l - v '  v ’ ) and Ei = E ' / ( l - v '  v ' „ ) .  The s u p e r s c r ip t s  o 
X X 8 x x 0  W 9 0XXO

and i  have been om itted  i n  E quations  (A-16) s in c e  th ey  app ly  bo th  to 

the  o u te r  and in n e r  fa c in g s .

S u b s t i t u t io n  o f  Equations(A -16) in to  E quation  (A-15) r e s u l t s

in

v‘ = i l e  J ,  + H C(4e)' + (4)':

+ + + 4 ' e V  +

+ (e ^ ^ )^  jd z g  ^d8 dx (A-17)

•k
In  an o r th o t r o p ic  m a te r i a l ,  ~ E ^ v ^ .
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The s t r a i n s  a re  now s u b s t i t u t e d  from Equations (A-11) and the

in t e g r a t i o n  over z i s  perform ed, w i th  the  in n e r  f a c in g  terms in t e g r a te d

from - h - 2t  to -h ,  and the o u te r  f a c in g  terms in t e g r a te d  from h to  h+2t .

The fo llow ing  i n t e g r a l s  a re  n e c e ssa ry .

ih+2t n -h
dz = + I dz = + 2 t  (A-18a)

J - h - 2t

ph+2t  n - h
1 zdz = - I zdz = +  2 t(h + t)  (A-18b)

            —      ■ ■—— —  —  -

f*h+2t „ p-h  2 2t 2 2
z dz = + 1 z dz = + —T (3h + 6h t  + 4 t  ) (A-18c)4  ■ .1 . . . ---------------  3-h -  2 t

The e x p re s s io n  f o r  th e  f a c in g  s t r a i n  energy i s  thus  o b ta in ed

as

+ (8 /3 ) t^ E '[ ' l f '^  ] + 2 tË 'C ^ v ? û  + 0 + s in ^  Of u

2 2 2 2 2 + h s in  O' \|;  ̂+ cos a w  + 2  s i n  a  v,gU + 2 cos a  v,qW

+ 2h^ s in  a  ilfg g4)^ + 2 s i n  a  cos a  uw] + 4ht^EgCt 'l»g gl^g g

+ s in  a  Q*' + s in  a to g'l' + s in ^  a t  J ' ]
O J V % > X X X

+ ( 8 /3 ) t ^ Ë ^ G t i^ %  + s in ^  a  + 2 s i n  a  g V ]

+ 2t(Ë^v'g^ + +  s in  a  u ,^u  + cos a  u,^w

+  , 9  +  "  ♦ x . x ' ' ' J  +

+  +  n , x * e , 9  +  “  » x . x * i
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+ s i n  a  + 2 t o ; g [ C V 9 + g + s in ^  «

2 2 2 2 2 2 2  2
+ C h s in  a  + v ,^  + h ijfg ^ - 2C s in  a  u,gV 

+ 2Cu.gV,^ -  2 i V  s in  a  + % h^*x ,e1' e . x

- 2C s l n o  w , ^  -  2Ch^ s l n n  ,

-  s i n  «  1T g * ^  + s in  n  ♦ '_ j t g

+ G * ; .e * e .x  + s in ^  “  *e*é - C s i n  n

- C s in  »  + ( 8 /3 ) c ^ g ; ; g [ c ' , '%

+  S i n ^  a  _ 2 ^ 2  s  i n  Of

+ 2a ; _ e * é , x  -  % s i " *  *8*9,%] + 8 tK ^ = e s : ( ' " 'e

+ cos^ a  v^ + cos^ or h \ g  + ÿg^ - 2Ç^ cos a  vw,g

+ 2C'l'gW,g -  2C cos Qf vilfg + 2htÇ^ cos^ a  ^tg^g]

+ 2tK 'G' [w ,2  + 2w, r  + r ^ ] }  C‘ ^d0dx. (A-19)
X ZX X X X X J

A.4 Total S t r a i n  Energy 

The t o t a l  s t r a i n  energy i s  formed by adding Equation  (A-14) 

and Equation  (A-19), c o l l e c t i n g  l i k e  term s, and making use o f  the 

fo llo w in g  d e f i n i t i o n s .

\  = 2 t i ;  1I3 -  2t ( Ê 'v ^ ^  +

\  -  \  -
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^6

'10

The r e s u l t  i s  w r i t t e n  as ;

\ l - 2 h tl |j

’'12 ■ 2W d

\ 3 -
2htT|^2

\ 4 - ¥ \ 2

2htT|j \ s -
hK 6

X ZX

h t l l j "16 ■

2 2 
V'A + h A + s in  ot u’  '  i  l e  + "'♦m

+ s in ^  a  +  cos^  a  + 2 s in  a  v,g u

+ 2 cos a  v,qW +  2h^ s i n  a  t g  + 2 s in  a  cos a  uw]

+ + s i n  a  u ,^ u  + cos of u,^w + h^*x,x*8,@

+ s in  a + 2w.^*; + + H5 CC V g

+ cos^ a  cos^  Of h^tg + tg ^  - cos Of vw,g

2 2
+  ZCtgW.g -  2( COS *  v * ^  + 2htC cos Of tg * ^ ]

+ V  « * ; '  + :  •I" “ ♦«.«♦y

+ V ^ ^ i.xV .e + " n .x ’ y  +

+ V ^ * x .x * è .e + “ ” « * * .x * i* * i,x * 9 .e

+ -i" “ K , j > r ?  *  \ l '^ n .9 * « .9  +

+ s in  a  +  s ln ^  »  i j l ' ^  + HijCC^u?, + C^sln^o v
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+  s in ^  a  + v ,^  + h ^ Q  -  2Q^ s i n  a  u , q  v  

+  2Cu,gV.^ -  2c V  s in  n  *x_g*e + Z G h '^ x .e te , ;

-  2C s i n  n  W . ^  - 2Ch^ s in  or + %i3[G^^%,e*%.e

-  “  *x,e*é +  C*x.e*é,% '  “  *x.e*e

+  : * ; , e * e , x  + s in ^  “  *e*è -  C = i"  “  * e * e ,x

- c Sin  or + ♦ e .x * 9 .x ]  +

+  * e ' x -  “  n . e ’ e +  ^ C ^ . s ^ e . x  - “  V a . x ^

+  COS^ 0! V^ + r|fj

+  2Cw,Q+g - 2£^ cos or M,gV -  2£ cos or v*g]j g ^dôdx (A-21)

A.5 T o ta l K in e t ic  Energy 

The t o t a l  k i n e t i c  energy  f o r  the  composite s h e l l  c o n s i s t s  o f  

th e  sum o f  the  t r a n s l a t i o n a l  and r o t a t o r y  k i n e t i c  energy o f  the core 

and f a c in g s .  This can be exp ressed  as

= I  I  + A  + w ?t) + J ( * x , t  + +8 , t )

+ 2J 'C ( '^ ; ^ p ^  + ( 4 e , c ) % " ^ d G d x

(A-22)

in  which

m = 2 (ph + 2p ' t )

J  = (2 /3)ph^  (A-23)

J '  = 2 p ' t [ ( t ^ / 3 )  + (h+ t)^]



APPENDIX B

APPLICATION OF HAMILTON'S PRINCIPLE TO DERIVE 

THE EQUATIONS OF MOTION

Hamil-feen ' s  pr-l n c lp Le r e q u iren  thn f  the  f i r s t  var-;a*-jr>r! n f  the  

t im e - in te g r a t e d  d i f f e r e n c e  between the  p o t e n t i a l  and k i n e t i c  en e rg ie s  

be ze ro .

I6 1 (V - T) d t  = 0 (B-1)

"1

Perform ing  t h i s  o p e r a t io n  a f t e r  combining Equation  (A-21) and

Equation  (A-22) g ives  

*̂ 2
6 ’ (V - 1)

+  2T|gG[v,Q5v,Q +  h ^ g  @6*0 g +  S in ^  a  u6u  +  h ^  s i n ^  a  * ^ 6 * ^  

2
+  cos Of w6w +  s in  Ot ( v , g 6 u  +  u 6 v ,g )  +  cos Of (v ,g 6 w  

+  w 6 v ,g )  +  h^ s in  of (*g g 6 * ^  +  *̂ &*@ @) +  s in  a cos Of (u6w 

+  w 6u)]  +  +  v , g 6 u , ^  +  s in  Of ( u , ^ 6 u  +  u 6 u ,^ )

+ cos a (o.^«v + w6u,^) + + *e,e«+x,*)

+ s in  Of

60
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+  +  SffljCCv.gôw.Q +  C COS^ a v ô v

+  Çĥ  c o s ^  Qf i | fg^Q  +  -  G c o s  a  (vôw,Q +  w .^ ô v )'e  ?e 0  "  "'8

+  ( * g 6 w,@ +  w , g ô * ^ )  -  C C S a  ( v ô * ^  +  ♦ g ô v )

+ c ° ' ^  »  (*e^*é +  * é % > ^  + [* x ,x ^ * L x ^

+ zq ,c[*^ _g«*^_g + s i .2  a *^,6*^ + s ln  a

+ ( - i H é . e ) :  + V * i . * ‘ * é ,9  + ♦ 9 ,9 ® * i,x  +

+  + «■ V * i , x ^ * x . x  + * x ,x ^* x ,x ]

+ V * x , x " * 9 , 9  + * 4 ,9 « * x ,x  +  “  » x , x ' * i  +  *x"*x ,x)

+ * i ,x * * e ,9  + ♦ 9 ,9 ‘ * i , x  + “  <*i,x^*x + * x * * ; .x ) ]

+ % ll( [* 9 ,9 * * 9 ,9  + *9.9**9.9  + “  <*9.9**i + *x**9,9

+ *0 e H j j  +  *xG*0 . 0 ) + s ln ^  a  +  *1^ * . ) ]  + ^ i 2 ' - ^ “ >9*“ ’9X X  X X

+  gôili^ g +  (  s i n ^  a  v 6 v  +  Qh  ̂ s i n ^  a  ^g ô ÿ g

+  C ' ' ? . x * » . x + C ' 'h ^ * 9 ,x * * 9 .x  -  î  “ i " “  ( " '9 * ?

+  v ô u . g )  +  (U ,@ 6 v ,^  +  v . ^ ô u . q )  -  Ch s l n  a

+ *9**x.9> + * f (* x .9 * * 9 .x  + *9.x**x,9> '  "  < '^ ' ' 'x

+ V.^ÔV) -  a ln  a  (*06»0 _x +  *0 , , 6, ; ) ]

+  ^ 1 3 [ ( ( * x . 9 * * ; , 9  +  * ; , 9 * * x , 9 )  -  (  ' i *  '  < * x , 9 * » 9
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+ + * x .e * * é .x  +  *é ,x**x ,e  -  C

+ * e * * ; ,e )  + * ; . 8 **e ,x  +  ♦ e .x ^ ^ i . e  + (  “  % %

+ - s ln  «  (*@6*^ ^ ® (*@6*0

M e . x H ^ )  + ( ' ' % . x ' * é . x  + ^ é . x % . x ) ]  + ^ A t c « i _ e * n , e

+ c Sin̂  a 1 6̂^̂  + ("S& x#@_x - C sln a

+ * ; ,e G * é ,x  + *é,x**A.e ‘

+ * a ,x 6* a )]  + + *x«»,x  + ",%6*x +  » . , 5 » . J

+ 2H,g[Cw,gS».g + C « s ^  o  vô» + C tgHg + «,gG*g

+  ÿg6w,g - c cos a ( w , q 6 v  + v6w,g) -  cos a (v6ÿg 

+ VgGv)] - inC '\u ,j .Ô u ,j .  + v ,^ ô v ,^  + w,^6w,^]

-  Z J ' C - l C * ; , -  J C - '  

d6dxdt

To remove terms o f  the  form

(B-2)

U f 6 (g,%) dxdt

they  a re  changed to the  e q u iv a le n t  form

U f ( 6g ) ,x  dxdt

and In te g ra te d  by p a r t s  as fo llow s

^  f (G g ),x  dxdt = J  { f 8g |^ ^  -  ̂ f .^ ô g d x jd t
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Then Equation  (B-2) becomes

ô j  - T )d t = J ^ C '^ u , ^ 6ud0 |^^ -  J  (C‘ ^ u ,^ ) ,^ ô u d 0 dx

+ h

+ 2TI2C
0

Cv, ô v d x L ^  - ̂ u% u
(Cv,e),QÔvd8dx

. f g K * 8 ,e)'e®*ed®dx

+ s in  a

+ cos a

£u6ud0dx + s in ^  a

^x
Cw6wd0dx + s in  
0

Ciji ôij; d0dx
. X X

6ud0 dx

+ s in  a

+ cos a

-  cos a

Gu6vdx |g^  - s in  Of J  (gu) ,g6vd8dx

r  2Cv,-,6wd0dx + cos a  Çwôvdx L

r  (Gw),aGvd0dx + s in  a  f  C'1'û o^'l' d0dx 
^  ® vL J  A 0 ,0  X«J0

+ s in  a  Cilr^ôilt^dx |g  ̂ - s i n  a  J  g(G*x)'0^*0^^^*

+ s in a  cos Of ^  J" Cu6wd0 dx + s in  a  cos a
0

Cw6ud0dx]
0

+  T ljC ^u.^ôvdxlg^  .  ^  J ^ u . ^ S v d e d x  + J ^ » , g 6„ d e |^2
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v,^ôud9dx + s in
“  I l e ' " : '

ôudGdx

+  s i ni n  O' r  u 6 u d 6  1 ^  -  s i n  Of f  
j  e 4^^

u, ôudGdx 
0 ^

+ cos O f

-  COS Of

u ,  6wd0dx + cos
0

6ud0dx +

O f r w6ud0 I 
J 0

- h

- h

g X , X 0  ^ 9 / e .e G * x d 8 Ix '

I J e  * » .x e 4
rd0dx + h s i n  a  'i & d0 ]'g X ^x 'x^

+ 2Ï1 [ C" w, 6wd0 I ^  -  
^ ^  üx'-e

X J û  ' X  ' X  'X

n nX

(C ^w, ) ,  6wd0 dx ’x X

C ^w, 6t|f 'd0 dx +
X X

n .  X .
G" V '6wd0 I

X ' x .I.
I (C H ' ) j  Gwd0dx +  r  f  ' 6\|('d0dx] 

^x 0 ^ 0 ^  ^

Zn^[^Gw,g6wdxIg^ - j^j^(Gw,g) g6wd0dx

+ cos O f £v6vd0 dx +  cos^ o f  J* J* C ' l ' g H g d 9 d x

G ^^@Gÿ^d0dx - cos O f  j Gv0wdx|g^

X 0 

0 .

+ cos Of

'Jx'
(Cv),Q0wd0dx - cos « I [ yw,a 

0 ® ®
5vd0dx
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+ ^GGwdxIgZ " 1 *8 , ôwdôdx + w,gô(|f^d6dx

cos a ) I v0\lt^d9dx -  cos " I  J ^ ^ 6vd0dx

+

•II.
h t  cos^ ^  1  J  C'Ifgôtjf^dSdx + h t  cos^ «  ^  j '

+ s in
i n ^  1  v f  ^  1  ^ * 6

s i n  Of J  Ct^^'l'Q^xlg^ -  s i n  a  ^  j ^ ( G * p , 8# Q d 8 d:^

+ s in

'  L g  *X.x8* *éd** ' +
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s in  O f  r  t  6i|r'd0dx +  s i n  O f  [ *  l i f ' ô i j f  d0 | ^  
J ^ J q ' x . x ^ x  J e  X ’ x 'x^

s in  a  ^ ijf ' 6  ̂ d0dx +
g X , X  X

[*!)(' ôilf d
JL Jp  x ,x  X

+  s i n  Of d 0 d x  +  s i n  Of itf 6 * ' d 0
Q X X - Xj

C t g  e e ^ t e d S d x  +  s i n  O f  C i j f g  g ô \ l r ^ d 0 d x

+  s i n  Of

+  s i n

-  s i n

C t x ^ t 0 d x | g ^  -  s i n  Of  J  j ^ ( G * p , e 4 e d 0 d x  

i n  Of  J  C ' I ' e  g G * ^ d 0 d x  +  s i n  O f  C l f j j ^ g d x l g ^

g ô i j r ^ d O d x  +  s i n ' • U ,
Jf Ôè'd0dx 

X  X

+  s i n ^  O f  r  r  i l f ' ^ Ÿ  d d d x ]  +  2f f ] . „ [  [ *  C u > û ^ “ d x L ^Jx d e  X X i z  o

■ I  £ « " - e > * 8 ^ “ “ ®  +  J ] .  C fx/iG fadxl;:

■ J L (C*%,8)'8**xd*d* + J J  Cv«vd8dx



/ l  epjji'g® *4 + xPGP^igG ®43 ”  "T= +

xp^4gk J »UTS - xpQpfitiç® *j|i3 J  » UTS - 

XP9P̂49®® J - ĝ jxp̂ ĝG Î43 J  + xp0p *4gGG *43 J J" -

2®|xpÎ4gG ^43 ^  f  \  + [g * |  0P®49®4 »  " ts -

2*1 0PA9A JO UTS -  xp@p*4gG* 0/|i ^  J  2% -

®̂|xp̂ jliĝ  ®4 J + xp0p0̂ gĜ  4̂ J -

X o‘ fl Gp
,q + xp0P 49 43 j  » UTS ^q +h  9 p S « ‘“ *

X ».

JO UTS ^q  -^G|xp^4g®43 J JO UTS ^ q  -  xp0pG4g0 *43

xp0pngĜ ‘A J  J  " 2̂ I*P"9*'* ^ + xp0pAg*G«n J

2*1 8P^9®'" + xP0Png

0

Gp ""P %  X
‘ A 3  J  J  «  U T S +  2 * | x p n g A 3 JO UTS -

Xp0pAg ®‘U 3 ^ J  Î  » UTS - xp0pG4g*«(* 04^_3) ^  J  ^q -

*^X A X * a  6  n  X X  0  O
2̂ 1 6P 49 ®4 .̂3 J 2% + xp0pAg ‘ ( ‘A^_3) j

2^1 0pAg^‘A^_3 +  Xp0p 04gG43 ®J ^  fl , u , s  , q  +

Z9
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s in  ® J* J  g&ÿgdOdx - s in  a

+ s in
"  I  J e  " e  + Jg  Ixj 

■ I  {  * e .x * * ;4 * le ;  ‘  {  J / e . x e ^ t x ^ ^ " '

+ s inin^  or J" Çt|rgôi|f^d6dx + s in ^  or J* J* Gf^ôÿgd8dx

s in  or \|r_ÔMd8 \ ^ + s in  or j 0 0 0 x^
X

'l'û ôijr ' d0dx - sinor 8 ,x  "8

X,

♦ é ‘V ® l x ^

■ J g * é , x ‘ '*e''® '’ *  -  s i "  “  J  J / e . x ^ ^ e ' ’®'’ *

{  J e  * e  , x ‘ * é ® ® ® *  +  J g  .x ® * é ® *  L [

/ ( ' \ . x ) . x ® * 8 ® ® '"+  J / ' \ , x ® V ® C '

- Sin

X

C I
I G t ' AoGt'dGdx + s in

X J e  X '* ®  X  ^

I  « i.e® ® i® xle^

“ I  Je C*è®*é®®®x

j g ( ' \ .x ® * é ® ® C [  - [  J « '\ .x ) -x ® * é ® ® ® "

s in  or J  Jg '̂*'x -  s i n  or
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+  s i n  ot  ̂ Je Je

- s i n  Of ^ '1' d @ d x  
X X

r  ôwdG I ^ - r  r  (C"H ) ,  GwdSdx + C'^w, &wd0| ^
J e  ' x  J e  X X J e  x 'x^

(C ^w,^),^5wd8dx +

e.
+ 2Tl^g[ Gw,g6wdx|g2 -

^   ̂ ^ C“^w,^ôi|f^dedx]

C w ,  6 w d 6 d x  +  c o s ' £ v 6 v d 8 d x

+  c o s

-  c o s

“ I

'*'11 w,gôilrgd8dx + J VgOwdxlĝ
*̂ x 8 X 1

4̂ 0 gôwdGdx -  c o s  Of j '  Çw,gôvd8dx -  c o s  a  J  Cv0wdx|g^

“ I J« 6w d 8 d x  -  c o s  Of vôÿgdGdx

Of r  r  \lfûôvd8dx]'Vdt - m r  G "^[u , 6 u | J '
Jx 'Je ■* Jx J e  *: h

•  J  " 'c c ^ u d c  + «.teGvdC + » . ,^ w  ^ 2

■  J  ■ 2^'J  J e « ' ' t * i , t ‘ * i C '  - J  K . t t % ‘

+ - J J [ J / - \ , , 4 e l [ ^
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- {  *0 , t t 6* e d t  + (B-3)

I t  i s  no ted  t h a t  s in c e  the  v a r i a t i o n  o f  the fu n c t io n  w ith  6 i s  

p e r io d i c ,  a l l  o f  the  terms in  E quation  (B-3) th a t  a r e  shown to be 

e v a lu a te d  a t  6^ and 8g reduce to z e ro .  A lso , by the  d e f i n i t i o n  o f  the 

method, a l l  those  terms ev a lu a te d  a t  t^  and reduce  to  ze ro .

A f te r  grouping  terms and removing a f a c t o r  o f  C ^ which appears  

as p a r t  o f  the i n t e g r a t i o n  v a r i a b l e s .

2 2+ s in  a  Gu, ) + 2T1_ s in  Oi Q uXX X 2

2 2 
+  2Tlg s in  O' C v , g  +  211^ s in  a  cos a  C w -  -  11^ cos a  & w , ^

- 2T1ĵ 2^^u , q0 + 271^2 s in  «  C^v,g - Zq^2^V'x9 + m u,^^]6u

2 2 2 
+ [ - 2^2 G v,QQ - 2II2 s i n  Of C u,Q - cos a  C w,q

- T)̂  G u ,^  + 27|g cos^ a  C^v - 27)  ̂ cos ot C^w,g -  27|  ̂ cos a

+ 271^2 s in ^  «  C^v - + s in  o f  Gv,^) - 2T̂ 2 s i n  Of G^u,Q

- 27|^2^"'x8 ^ ’16 Of G^v - 27)^^ cos O f G^w, q

"  2  2
- 27),, cos O f C'I'fl + mv, ]5 v  + [ +  271- cos O f G w2^ « feY0 ^  “*v,^^jvv -r ‘■̂ 2

2 2 
+ 27I2 cos O f  G v,Q + 27)2 s i n  Of  cos O f  G n + 7)  ̂ cos Of Gu,^

+ sin a ci^) - 2HjC^w,gj + ZIlj cos a c V,J - ZlljCtj O

-  ^ 1 5 < * x ,x  + “  G*x) -  ^ 1 5 ^ " - x x  + “  5»-x>
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-  2^16^^” >00 -  ^16^'t'0 ,0 + ^ 1 6  “  C^^'0 +

+  C + ^ n ^ ' l i g  +  Z H g G w .g  -  Z [)g  COS Of C v  +  Z H g h t  c o s ^  a  C^iITq

-  ^ 7 ( \ , e e  -  ^ 7  "  î ' n . e  '  '  " lo ^ ^ x .x e

-  ” u ^ \ . e e  -  '  ' ^ u  “  ^^♦x .e

- "is^^x .xe + ” l3  “  ( \  - \3%.y^ + “  (*8,%)

+ 2J1i4 s i . 2 »  -  2^14«0.KX  + '  C *è.x)

-  2 1 ^ ,  . i n  .  - Z n i 4 a i _ 9 ,  +  +  C + V - x

+ ZTI^t' - a i 9 * ^ ,x x  + s i .  » C li „ ) + ZH, sin^  or C^*'

+ z n ,  S i . ®  -  V ' e . x S  -  % 9 * x .x x  + =1"  = (*%,%)

■ ^10*8 ,x8 ■*' ^11 ^  G * 8  9  +  ' H u  S i .  “  W y  ■ ’*'i3^ *x,88

+ 11j3 s i .  .  C *9 9 - %i3C*9,x9 '  * ^ ^ 9 9

+ 2^14 :1"  = ( '* 8 .8  - V * ' 8 . x 8  +

+  [ - z n , h 2 c : * 9  9 9  -  z i l ^ h ^  o i n  »  c \ ,  -

+ 2T|gh^ cos^ a  qS q + 2113h t  cos^ a

-  ^ i iG  Q@ - *̂ 11 ® S * x ,8 ^1 2 ^  *  G tg

- ^12* '^«8 ,xx  + '  (* 8 ,x ) -  ^ 12'’^ =‘ "  “  ( \ , 8

- ^ 1 2 " K « e  - ^ 3  “‘ " “ « '♦ i .8  - \ 3 W ;,x9
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2 2 ,  n /  r  I+  \ 3  = r , '  -  +  s in  «  + Züig*,

+ ZtljjCw.j -  cos a  Cv + J(fj

+ s in  a Ciji  ̂ + 2Tlgĥ  s in ^  or + 2T|gh  ̂ s in  a q

-  ' ^ / « e . x e  - ’' 9 » ; . x x  + ■ \ o ( * é . x 8

+  T l j j  s i n  o r  +  H 3 3  s i n ^  a  -  Z ' l i 2 ' ’ ^ S ^ * x . 9 e

+ Zn^jh^ s in  n  C \ _ g  -  ZHi^h^ C *g_^  -  Hi3C^ti_e9

+ \ 3  sin n, C \  g - Hi3a^_x9 + ^15*x +

+ ^ * x , c t J 4 j c ' ^  dSdxdt + J J J [ z H i U . ^  + HjCv.g

+  Tl  ̂ s in  a  Cu +  Tl  ̂ cos O f  Cwjôu +  +  2' H ^ g G u , g

- 2T1̂ 2 s i n  a  Cv]ôv + [ +  2T|^w,^ +

+ ZtljjW. J s w  + [+ H i3C»^_e - H j3 s i n  «■ C*a + Hj3*e

+ ^14*9,X + “ G*e]5*9 * [ *  V l x

+ \ C * 9 , 9  + \  “  " x  + %9*x,x + % 0 » e . 9

+  \ o  “  J ® * ;  + [ +  ^ i 2 h ' * 9 . x  + ^ 1 2 h 's * x ,9

-  s in  n  Mg + TljjCt^^g -  TI33 s i n  .  + %i3*4 ,x  ®*9

+ [+  ^i"'*x,x + T^h'(*9.9 + ^3"' » " x  + \ * i , x

+ + ^10 d0dt (B-4)
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The c o e f f i c i e n t s  o f  the v i r t u a l  d isp lacem en ts  in  the  f i r s t  

h a l f  o f  Equation  (B-4) a re  i d e n t i f i e d  as the  equa t ions  o f  motion, 

w h ile  those  in  the second h a l f  a re  i d e n t i f i e d  w ith  the boundary 

c o n d i t io n s .

The eq u a t io n s  o f  motion a re  then  w r i t t e n  as :

- 2% ^(u,^^ + s i n  a  Gu,^) -

+ 2 (11̂  + s in  a  + 21]^ s in  a  cos a  C^w

- Tig cos a  Cw,^ + m u , = 0, (B-5a)

- ( 2T)i2 + ■ 2 s in  a  (Ijg + ^ 12^^ "'9 '  ^ 12^'^’xx

+ C s in  a  v ,^ )  + 2 [ c o s ^  a  (T|g + + s in ^  a

- zCtI^ + Tig + T|jg] cos a  C^w,g - 2^^ cos a  cos a  G$g

+ ®^>tt (B-5b)

2 2 
cos a  Cu,^ + 2T1g s in  a  cos a  Ç u + 2CT12 + + Tlj^g] cos a  C v,g

- + ^ i 5](W 'xx + G s in  a  w,^> - 2 (1]^ +

+ 2Hg cos^ a  c^w - g - + (  s i n  a  r j  - zn^gGi|,g^g

- + C s in  a  ilt^) + mw,^^ = 0, (B-5c)

-ZTIg cos a  Gv + 2ll^Cw,g -  2T1̂ ^(i|r^ xx ^ “  '*̂9 ,x^

-  ^ 7«^*e.ee  + ^ciij + , 1.% »  C^)*; -

- 2(^7 + \4 >  “ '"♦i.e - %i3<*e,xx + (  'I" '  ♦e,x>

- gg + (ZTIght cos^ a  + s in ^  a)G '^g
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-  « 1 0  + \ 3 > î * . , » 0  -  « 1 1  +  \ 3 >  “  ( ' * , , 0  + 2J ' * è , c t  = »■ (B-5d)

- « 8  + +  Z « 7  + %14>

-  + C s in  »  ♦ ' )  + i . \  + H; sinZ a C^]*' - 5 9

- « lO + \3 > = * 6 .* 0  + « 1 1  - ^ V  « : '* e .e  - \ » K , n x

+ C s in  n C s inZ  n - q i3C'» ^ _ 9 9  + -  0. (B-5e)

- ZH1 6  'OS or Cv + ZtljjCw.j - %i3 (*a,xx + C s in  O'

+ m ^bt cos2 « + s i . 2 o ,)(2*, .  - cri3„ + H i3 )a ;_ ^

-  «11  + %1 3 ) s io  “  C^t;,e - + C s i .  o *9 %)

+  2(Iljh2 c„s2 or ( 2  + s i . 2  a  -  ZH2h2j2j^^^9

-  0l3h2 + zq^gh^):'!', ,9  -Zh2 sin  * CH, + e + '"'e.iC '  » . « - 5 £)

'*' 2̂ 1;" '^  ■ <^10 ■*■ ^13)G*8,%8 ■*■ « 1 1  ■*■ ^13* *  G *9 9

- + C sin  or s is f  or t '  -

- h'oig + zqi2)Ct9_^ + Zh' s i .  O 0I2 + - z q / # , , ^

+ C sin  or iTjj jj) + Z(tl2h2 s i .2  o - 2''i2''^^^*x,8e

+  J 'I 'x j t t  °- (B5-g)

The s e t  o f  boundary c o n d i t io n s  i s  

E i th e r  u = 0,

o r  2T|^u,^ +  ^ ^ ( s i n  a  ( u  + Gv,g + cos a  Qw) = 0 . (B-6a)

E i th e r  v = 0,

o r  2%i2 (Gu,g + - s i n  a  gv) = 0. (B-6b)
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E i th e r  w = 0,

o r  2(H^ + = 0 . (B-6c)

E i th e r  ijfg = 0

o r  -  s i n  a  + GV^^g) + - s i n  a  Gtg

+  Gt^ o) = 0 . (B-6d)
X ,  V

E i th e r  = 0 ,

Z%6*x,x +  “  " x  + " é  ,6^ %9*x,x

+ Tl^gCsin O' Gt^ + Clfg g )  = 0. (B-6e)

E i th e r  ijig = 0 ,

\ 3 » e . x  ■ “ (*é + G*x.e) + Z h 'liz tte .x

-  s i n  a  Glfg + GŸ  ̂ g )  = 0 . (B-6 f)

E i th e r  \|f = 0 ,
X

V ; . x  + “  " x  + C*e.9> + 2h^%l*x,x

+ h ^ ^ g (s in  a  G4̂  ̂ + GVg g) = 0. -  - (B-6g)

Each o f  the  d i f f e r e n t i a l  e q u a t io n s ,  g iven  in  Equations (B-6a) 

- (B-6g) a s  a l t e r n a t i v e s  to  the  v a n ish in g  o f  d isp lacem en ts  o r  r o t a 

t i o n s ,  e x p re s se s  a fo rc e  o r  moment. A r a t h e r  sim ple i n t e g r a t i o n  

w i l l  v e r i f y  the  fo l lo w in g  i d e n t i f i c a t i o n s .

E quation  (B-6a) r e p r e s e n t s  the  normal fo rc e  in  the  m e rid io n a l  

d i r e c t i o n ,  F , where
X

-h  h+2t
.or iF = a  dz +

^  J - h - 2t  I
CT^^dz, (B-7a)

h
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X  X
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-h  h+2t

lh -2 t  + K (e0 x 66 ' X ' XX

(B-7b)

Equation (B-6b) r e p re s e n t s  the  in -p la n e  s h e a r in g  fo rc e ,  F^g,

+ y8x*ee)dZ '

where

, -h

'  I h - 2t  '

„h + 2 t

*x6 = J

-h

-h -  2t rh+2t
o J e ^ d z .

(B-8a)

(B-8b)

Equation  (B-6c) r e p r e s e n t s  the  t r a n s v e r s e  sh e a r  fo rc e ,  Q^,

where

r ' ^  i  fQ = a  dz +
^  J - h - 2 t  i -

h+2t

a  dz + zx
o , (B-9a)

Ox "  KxC;* -h -  2 t
r "  cÎ dz + K Gzx e dz zx X zx

+ K'G'
h+2t

o J e dz. (B-9b)

Concerning E quations  (B-6d) through (B-6g ) ,  one must r e c a l l  

the  d e f i n i t i o n s  o f  ^ q , , and I t  i s  then  ap p a re n t  t h a t  i f

t|fg i s  z e ro ,  tlrg must a l s o  be ze ro .  Likewise, i f  i|i  ̂ i s  z e ro ,  must 

a l s o  be ze ro .  T h e re fo re ,  E quations  (B-6d) and (B-6f )  a c t u a l l y  

r e p r e s e n t  o n ly  one boundary c o n d i t io n .  When added to g e th e r ,  they 

r e p r e s e n t  the  tw is t i n g  moment M^g, where 

-h  _h+2 t

'  I h - 2t  '  I
(B-lOa)
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-h  ^h+ 2 t

l h - 2 t  I

S im i la r ly ,  when Equations  (B-6e) and (B-6g) are  added 

to g e th e r ,  they  r e p r e s e n t  the  bending moment, M^, where

-h  h+2t

M
X

= za^ dz + I zO° dz, ( B - l l a )
J - h - 2t  ** 4b **

-h  h+2t

\  + V8 x=ee)d: ^ K x

+ v^^egg)dz . (B - l lb )

The complete s e t  o f  boundary c o n d i t io n s ,  a t  x=0 and x=L, 

may now be g iven  by

E i th e r  u = 0,

o r  = 2T)^u,^ + Tl^Csin a  £u + Cv,g + cos a Qv) = 0. (B-12a)

_ E i th e r  v = 0,

o r  F^g = 2%^2 (Gu,g + v ,^  - s i n  a  £v) = 0. (B-12b)

E i th e r  w = 0,

o r  = 2(T1  ̂ + = 0. (B-12c)

E i th e r  ilf̂  = \|ig = 0,

or = (2Hĵ  + -  s i n  a

+ 2 h ^ i2 '* e ,x  ■ “ ^*9 * ,9 ) “ “ • (B-129)

E i th e r  \|(' = i|r = 0,
X X

or -  (zn  ̂ + %,)*;,X + Ola + HioX^in « « i  + C*4,e)

+ cn , +  2h^%i)»x,x +  + h ^ j X s i n  a  (*  +(*g_@)=0. (B-12e)
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APPENDIX C

IDENTIFICATION OF INTEGRAL FORMS

The in s e r t i o n  o f  Equations (2-11) in to  Equations  (2-12) g ives  

a d e f i n i t e  s e t  o f  e ig h ty  i n t e g r a l  forms. For convenience in  h a n d l in g  

o f  th e se  i n t e g r a l s ,  each w i l l  be ass igned  an in d i c a t i v e  name. Some o f  

the i n t e g r a l s  ( f o r t y - f i v e  o f  them) a re  no t  independent,  b u t  a re  id e n 

t i c a l  to  o th e r  i n t e g r a l s .  Those i n t e g r a l s  which need n o t  be r e c a l c u 

l a te d  a re  followed in  p a re n th e se s  by the name o f  the  i n t e g r a l  to  which 

they  a re  i d e n t i c a l .  In p a r t i c u l a r ,  i t  i s  no ted  t h a t  th e  i n t e g r a l s  

in v o lv in g  ijfg (cp^) and i|f^(cp^) need n o t  be r e c a l c u l a t e d ,  s in c e  the s e r i e s  

assumed fo r  them a re  i d e n t i c a l  to  ilfg (cp^) and , r e s p e c t iv e l y .  I t

should  be kep t in  mind t h a t  the value o f  each o f  the  i n t e g r a l s  depends 

on the  va lues  o f  the  s u b s c r ip t s  k and m. The n o ta t io n  k -» m in d i c a te s

the  r e v e r s a l  o f  the ro le s  o f  k and m.

1

iRiii .  J’

1

I R l l  .  I

l E l l
o



IR121 s
p i  2

'0

n i
IE21 =

IR131
'  r

79

IE31 = r" „-l.

IR112

IE12

IR122

(IR121, k -* m)

IR22 5 'P 2 .^ 2 k ^

IE22 5

IREE22 ' r
IR132 s

142

'o

p i

0

r» 1

2kde

162 r  R -iU '2 k *
(142)
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IR113 s

IE13

IR123 =

r
"O

n i

'Jq

3k
de

IR133 =

IR33 =

IE33 =

IREE33 5

p i

p i

n i

TanFak*:

^3m,6G^3k'^^

143

153

3k
de

MO

n i

’’Sm'Sk'*'

(IR131, k -  m)

(IR132, k-* m)

IRE53 = » 5 m ,:* 3 k *

163

173

IRE73

 ̂ J  "'■’■'(’ta'p
MO

"  r  ‘̂ 7 » .. 'P 3 k ''

de

(143)

(153)

(IRE53)
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124 _ - i

.  [  K - V ,

'Jq

IR44 = I  'P4n?’4k‘̂ 
o

134

IR144

rn'I’Ak'^'

IE44 5 f  '■ ’■>Pto,e'('4k''® 
"o

IREE44 = f  9 4 ^  ee'P4k‘̂®
Wo

p i  - 2  
IR154 = R 'P5m'P4k^®

IE54 -

IR164
"-"o

IK64 = ®'^'('6m,e'^4k'^

IREE64 •  J  'P to ,„ '^ 4 k *

p i  2  
IR 174 = K"

1 1 -1
IE74 5 R ' tf7m,e'P4k‘̂®

(142, k -* m)

( I 4 3 , k -• m)

(IR144)

(IE44)

(IREE44)

XIR154)

(IE54)
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IRE35 s  ^  'f’3„,s'l’5 u *

p i  2 
IR145 = 1 R (P4nP'5k^

O

IE45

IR155 =

IR55 =

o

p i  

*̂ o 

n i

5 #  5k
de

IE55

K E E 5 5 -  \  'P5„_ee'P5k^®

IR165 * J  R 'Pem'l’sk *
*̂ 0

IE65 » j ’

p i  2 
IR175 s  1 R T y J s k "

p l  1
IE75 E I  R cP2„_,<P5 '̂te

IREE75 5k
de

(IR154, k -* m)

(IR154, k -♦ m)

(IE45)

(IR155)

(IE55)

(IREE55)

126
WO

( 142, k-* m)
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136
"O

n i
IR146 5

de

IE46

IREE46 = f  'P4m.k6'l’6k'*“

IR156 =

IE56 5

IR166 =

n i

'^o

n i

‘Jq

n i

'PSm.s'Pék'*'

IR66

IE66

IREE66

^ r  V e k '
'O

n i

de

“ ■''Pee.e'Psk'*'

6k
de

n i
IR176 5 ^ '? 7 m P 6 k '^

IE76

IRE37 " J " 3. . . ' P 7k'"

(143, k -* m) 

(IR144)

(IE44)

(IREE44)

(IR154)

(IE54)

(IR144)

(IR44)

(IE44)

(IREE44)

(IR154)

(IE54)

(IRE35)
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p l  2 

IR147 = ^  R

IE47
o

r*l
IR157 H R" 95nP7k"'

p l  ,
IE57 -  R- 95m,sV7kd:

IREE57 =

IR167 =

IE67 =

IR177 = R

JL V s , ,« ,9 7 k a '

{  ^ 'V e ^ .e 'P y k *

r '  „ -2

IR77 =

4  ^  ?7nfp7k' 

J  'P y / y k '* '

IE77 s

IREE77 5

o

r> 1

(IR154, k -* m)

(IE45)

?7m,SG(P7kd:

(IR155)

(IE55)

(IREE55)

(IR154, k m)

(IE45)

(IR155)

(IR55)

(IE55)

(IREE55)



APPENDIX D

EVALUATION OF INTEGRALS FOR FREELY 

SUPPORTED BOUNDARY CONDITION

“I

 Some o f  th e  I n te g r a l s  reduce to - th e  -form ( s in x /x )d x n r ......

(co sx /x )d x , fo r  which IBM has a s ta n d a rd  a lg o rith m , S IC I. The 

d e s c r ip t io n  and usage o f  th e  su b ro u tin e  i s  g iven  in  Appendix G.

For some o f  the  i n t e g r a l s ,  a c lo sed -fo rm  s o lu t io n  could n o t 

be found. In  th e se  c a se s , a sim ple tr a p e z o id a l  num erical in te g r a 

t io n  su b ro u tin e , QTFE, was used . This ro u t in e  i s  a lso  d e sc r ib e d  in  

Appendix G.

In  the fo llo w in g  p ages , th e  a lg o rith m  fo r  each o f  the 

t h i r t y - f i v e  independent in t e g r a l s  i s  g iven . The a c tu a l  com puter 

code i s  p re se n te d  in  Appendix H. 

p l  -2 -2 Vq
I R l l l  = R * cos mTT e cos kiT e de (D-1)

<̂0

I f  s in  a  = 0 ,

- 2 - 2 v ''0x  p lI R l l l  = ^  cos mne cos k n e  de

■ --2 -2 ^ è x% R^ ; m=k

0 ; o th e rw ise

I f  s in  a  ^ 0 , use QTFE.

85



IR l l  =

86
n i  -2v^^

R cos mTT e cos k n c  de (D-2)

I f  s in  Of = 0,

_ -2 v ' p l  
I R ll  = R cos mTTe cos k tre  de

°  Jo

% R ; m=ko

; o th e rw ise

I f  s in  a  7^0, use QTFE. ......

l E l l  = -V ' s in  O'
J«

1 -2 -2vax
R cos mire cos krre

'1
mTT I R s in  mTie cos kire deI (D-3)

I f  s in  a  = 0,

- 1 - 2Vq p  1
l E l l  = -mTiR ^ I s in  mrre cos kne de

Jo

—%— ÿ -  ; nri-k = odd, m 7̂ 0
(m -k  )

; o th e rw ise .

I f  s in  a  7̂ 0, use QTFE.

IREEll = J  Bln^ a  E

2 2
-  m TT 3 COS mne cos kne de

p l -1 -2 Vq
+ I 2mn Vg^ s in  a  R ^  s in  mne cos kne  de (D-4)



87
Com bination o f  th e  th r e e  p rev io u s  a lg o rith m s  can be perform ed to  g ive

IREEll = vJ s in  Of [ l  -  s in  O ' ]  I R l l l  -  m ^ ^ IR ll  ox ox

- s in  or lE l l

IR121 =
p l

R s i n  mire cos kne de (D-5)

I f  s in  O '  = 0,

IR121 = R s in  mne cos kne de

2mRo

"o

■ 2 - y '
6x

I
n(m ^-k^)

; m+k = odd, m 0. 

; o th e rw ise .

I f  s in  Of ^  0 , use QTFE.

IE21 = mn
p l  -1-v^

R ^ cos mne cos kne de (D-6)

I f  s in  Of = 0 ,

—1-v
IE21 = mn R cos mne cos kne de

I
I f  s in  a  ^  0 , use QTFE. 

IR131 = IR121

IE31 = IE21

; m=k.

; o th e rw ise .

(D-7)

(D-8)
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•1 - 2-Vg

IE12 = -Vg s in  or 1 R * cos tnrre s in  ktre deIx '  J

-  mTT
o

r 'l  -1-vA
R * s in  mTTc s in  kne de (D-9)

I f  s in  Of = 0,

-1 -v ' f%l
IE12 = -mTT R ^ o

s in  mire s in  kne de 
o
-1-Vg

-% mn ; m=k.

0 ; o th e rw ise

I f  s in  a  # 0, use QTFE.

=rIR122 = 1  R ^ s in  in ne s in  kne de (D-10)

I f  s in  or = 0,

- 2  n l
IR122 = R r  s in  mne s in  kne de

-2
%R̂  ; m=k

0 ; o th e r w is e .

I f  s in  or ^  0, in te g r a t in g  E quation  (D-10) by p a r t s ,  one o b ta in s

1 PIR122 = -(R  s in  a ) "  s in  mne s in  kne]^  +  1 (k n  s in  mne cos kne
Mo

+ mn cos mne s in  kne) (de/R s in  or)

2 J* kn[sin(iiri-k)ne + s in  (m -k)ne] + mn[sin(m+k)ne

-  s in  (m-k)ne] (de/R )



_ j ï —
2 s in  a  J

89

(m+k) s in  (nH-k)rre -  (m-k) s in  (m-k)TTe (de/R)

L e t t in g  the dummy v a r ia b le  u = + s s in  cv, then

IR122 =
TT

2 8 in  Of

R + s in  Of P o

R

P u-R -I
(nri-k) s i n  | _ ( m f k ) r r ( j ^ |~ ) J

-  (m-k) s ln  [ (m -k )n  

'Now l e t t i n g  dummy v a r ia b le  v  = u / s in  Qf, and l e t t i n g  p R / s i n  a ,  o

IR122 = TT

2 s in  or *■3

'P +1
(m+k) s in  ^  (m+-k)TT(v-p

- (m-k) s in  |(m -k )n (v -p )J  ^

U sing th e  r e l a t i o n ,

s in  (x -y) = s in  x cos y - cos x s in  y , 

th e  p rece d in g  e q u a tio n  becomes

»p + 1
IR122 =

2 s in ^  <x Md

pp + i  r
(m + k ^ s in  (m+k)TTv cos (m+k)TTp 

- c o s  (m+k)rrv s in  (m+k)npj ^

TT r>P +  1

2 s in  O' '■3
(m -k ^^sin  (m-k)TTv cos (m-k)TTp

- cos (m-k)TTv s in  (m -k)npj

The fo llo w in g  symbols a re  now d e fin e d : 

Cg, Cj = cos (m ± k)TTp

Sg, S j = s in  (m ± k)np
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Wg, Wj = (m ± k)nv

Wgi» = (m è  k)np

Wgf, Wjjg = (m è  k)n(p  + 1)

Now IR122 can be w r i t t e n  as

W

IR122 =
s f  s in  (Wg)

" W k )  f c  r " i l l

S I

ws f  COS (W )

dW -  S s s W d « J

n  (m-k) ■ r _ r 2 ^

2 s in ^  a  "

d f  s in  (Wj)

s i

Wd f cos(W .)

W,
'd i  “ d i

Now the  su b ro u tin e  SICI may be u sed . I t  i s  no ted  th a t  i f  m=k, the 

term s in v o lv in g  C and S , reduce to  z e ro .
0  u

IR22 = 1 s in  mTTS s in  kne de 
-o

%

0

n l

; m=kj m 7̂  0 

; o th e rw ise

IE22 = mTT
-1

R cos mire s in  kTTe de (D-12)

I f  s in  Of = 0 ,

IE22 = <

-1
2kmR

(k^-m^)

If sin or 0,

m+k = odd 

o th e rw ise

IE22 _ nm s in  (m+k)ne -  s in  (m-k)Tre de
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U sing a p rocedure  s im i la r  to  th e  s o lu t io n  o f  IR122, and the same

d e f in i t i o n s ,

_  r  P s in  (W ) n s f  cos (W ) -,

^ [ < = 4  - ^ ^ " s - ^ 4
s i  s i

f  p ^ d f  s in  (Wj) p ^ d f cos (W ) -,”ibf4 -w4<■“. - 4 , -w4‘“«J2 s in
" ’'d i " "d i

When m=k, th e  C, and S , term s a re  ze ro , a 0

2 2 ^ ^  
IREE22 = -m TT s in  mTte s in  krre de (D-13)

2 2= -m TT IR22

IR132 = IR122 (D-14)

n l
142 R ^ s in  mnc s in  kne de (D-15)

I f  s in  a  = 0 ,

142 =

-1
%R̂  ; m=k, m 0

0 ; o th e rw ise

I f  s in  Of ^ 0,

142 = % cos (m-k)ne - cos (nri-k)TTe

~ 4  *

Follow ing th e  procedure o f  IR122,

. P p ^ d f  cos (W.) p ^ d f  s in  (W.) -,

4  - 1 ^  -a  + 4  —  «̂aJ
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2 s

^ p p ^ s f  cos (Wg) 

^
dW + S 

s s u

p ^ s f  s in  (Wg)

W Ws
s i  s i

Now SICI is  u sed . I f  m=k, th e  term s in v o lv in g  and a re  rep la ced

by

■ĵ 'tnE (R^ + s in  o^)/R ^]^ /(2  s in  a ) ,

IE13 = IE12

IR133 = IR122

IR33 = IR22

IE33 = IE22

IREE33 = IREE22 

143 = 142

153
P i  - 1 - v ^ x

R cos mTTS s in  krre de

I f  s in  O' = 0 ,

153 =

2kR

I  .

I f  s in  Of ^ 0 , use QTFE.

; m+k = odd, k 0 

; o th e rw ise

IRE53 = -v ; s in  a0x

- mTT

p i  _ - l - V g ^
R cos mTTS s in  kTie

nl
R s in  mTte s in  kTTS de

(D-16)

(D-17)

(D-18)

(D-19)

(D-20)

(D-21)

(D-22)

(D-23)

If sin or = 0,
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-V '

mTT g 0x

. IRE53 = 2 0

0 ; o th e rw ise

I f  s in  a  ^  0, use  QTFE.

IR144 = IR122 (D-24)

IR44 = IR22 (D-25)

IE44 = IE22 (D-26)

IREE44 = IREE22 — (D-27)

IR154 = IR121 (D-28)

IE54 = IE12 (D-29)

IRE35 = mTT R cos
Jo

mire cos kne de (D-30)

I f  s in O' = 0,

IRE35 =

0 ; o th e rw ise

I f  s in a  /  0, use QTFE.

IE45 = IE21 (D-31)

IR155 = I R l l l (D-32)

IR55 = IR ll (D-33)

IE55 = lE l l (D-34)

IREE55 = IREEll (D-35)



APPENDIX E

EVALUATION OF INTEGRALS FOR CLAMPED-CLMPED 

BOUNDARY CONDITION

Some o f  Che in te g r a l s  have been e v a lu a te d  p re v io u s ly  fo r  the  

f r e e ly  su p p o rted  c a se . These w i l l  be noted  as they  o ccu r.

I R l l l  = \ R"^ s in  mTT€ s in  kire de (E-1)■r
See E quation  (D -10).

IR ll  = r  s in  mire s in  krre de (E-2)
4)

See E quation  (D -11).

l E l l  = mTT R cos mrre s in  krre de (E-3)
4)

See E quation  (D -1 2 ).

-IREEll = -m TT s in  mtre s in  kne de (E-4)
4)

2 2= -m TT IR ll

IR121 = I R l l l  (E-5)

IE21 = l E l l  (E-6)

IR131 = I R l l l  (E-7)

IE31 = l E l l  (E-8)

IE12 = l E l l  (E-9)
94
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IR122 = I R l l l (E-10)

IR22 IR ll (E-11)

IE22 lE l l (E-12)

IREE22 IREEll (E-13)

IR132 = I R l l l (E-14)

142 = 153 (E-15)

IE13 = lE l l (E-16)

IR133 = I R l l l (E-17)

IR33 IR ll (E-18)

IE33 = l E l l (E-19)

IREE33 IREEll (E-20)

143 = 142 (E-21)

153
p i
1 ' R s in  mtre s in  kTTe de

Jo
(E-22)

See E quation  (D-15)

r-IRE53 = mTT I cos m ne s in  kiTe de
Jo

(E-23)

2km ; m+k = odd 

; o th e rw ise

IR144 = I R l l l (E-24)

IR44 = IR ll (E-25)

IE44 = lE l l (E-26)

IREE44 = IREEll (E-27)

IR154 = I R l l l (E-28)

IE54 = l E l l (E-29)
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IRE35 IRE53 (E-30)

IE45 l E l l (E-31)

IR155 I R l l l (E-32)

IR55 = IR ll (E-33)

IE55 lE l l (E-34)

IREE55 IREEll (E-35)



APPENDIX F

EVALUATION OF INTEGRALS FOR FREE-FREE 

BOUNDARY CONDITION

Some o f  th e  I n te g r a ls  have been e v a lu a te d  p re v io u s ly  in  

Appendices D and E.

■ f  -
I R l l l  = I R”^ c o s  mtre cos kne de (F-1)

I f  s in  a  = 0 ,

- 2
R ; m=k=0o

- 2
I R l l l  < tR^ ; m=k ^  0

; o th e rw ise

I f  s in  a  ^  0 , and m=k=0,

I R l l l  = - s ins in  -  -R  +  s in  a  R 
o o

For th e  g e n e ra l ca se  o f  s in  «  ^  0 , m ^  k , in te g r a t in g  E quations (F -1) 

by p a r t s ,  one o b ta in s :

- rI R l l l  = I - I (kTT cos mne s in  kne
R s in  Of “o

+  mn s in  mne cos kne) (de/R s in  Of)

Follow ing  th e  tra n s fo rm a tio n  o f  v a r ia b le s  p rocedu re  fo r  th e  f r e e ly

97
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su p p o rted  IR122, E quation  (D -10),

s mne cos krre i^ rr(m+k) f „  
R s in  a   >0 ■ .  \  2" L SI R l l l cos

2 s in  Of "-W

s in  (W )

d"s

- S
n " s l

' ^ s i

o^di

d i

s i s

: f  cos(W ) -, p d f s l n J V
W %

d f cos (Wj)

2 s i n “ a  4 f , ,  ”d d i

dW,

S u b ro u tin e  SICI may now be used . I f  m=k ^ 0 , th e  term s in v o lv in g

and S j reduce to  ze ro .

IR ll
= r cos mrre cos krre de (F-2)

l E l l

I f  m=0, l E l l  = 0 . 

I f  s in  a  = 0 ,

1 ; m=k=0

0 ; o th e rw ise

s in  mrre cos kite de (F -3)

l E l l

2 " 
-2m R

(o f-k ^ )
nri-k = odd 

o th e rw ise

If sin a^O ,

- - " f f
mTT I s in  (nri-k) ne + s in  (m-k) ne de
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Using the  tra n s fo rm a tio n  o f  v a r ia b le s  a g a in ,

lE l l

-mTT P p ^ d f s in  (W.) p ^ d f  cos (W.)

2 siu^ ['a  4  *a - =a [ «̂aj
^ d i  d i

Now su b ro u tin e  SICI i s  u sed . I f  m=k^O, the  term s in v o lv in g  and 

S j reduce to  ze ro .

2 2
TT I COS mlIREEll = -m^TT* I cos mTre cos kTT® de (F-4)

2 2= -mTT IR ll

IR121 = I R l l l  (F -5)

IE21 = l E l l  (F -6)

IR131 = I R l l l  (F -7)

IE31 = l E l l  (F -8)

IE12 = lE l l  (F -9)

IR122 = I R l l l  (F-10)

IR22 = IR ll  (F-11)

IE22 = l E l l  (F-12)

IREE22 = IREEll (F-13)

IR132 = I R l l l  (F-14)

142 = I R l l  (F-15)

IE13 = l E l l  (F-16)

IR133 = I R l l l  (F-17)

IR33 = IR ll  (F-18)

IF,33 = l E l l  (F-19)
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IREE33 = 

143

IREEll

IR ll

153 

I f  s in  a

-  r cos mrre cos kire de

(F-20)

(F-21)

(F-22)

= 0 ,

133 = <

-1
R ; m=k=0o

-1
%R ; m=k^O

0 ; o th e rw ise

I f  s in  Of ^  0 , and m=k=0, then  153 = |̂ <t.n[ (R^ + s in  a ) /R ^ ]j’/ s i n  Ot.

For th e  g e n e ra l c a se , s in  a  ^  0,  mT^k , th e  tra n s fo rm a tio n  o f  v a r ia b le s  

p ro ced u re  i s  used to  o b ta in

153 =
^ d f  cos (W.) n ^ d f  s in  (W.)

- r  ■i“d + i  — 5—  % J
d i  " " d i

. r- n ^ s f  cos (W ) p ^ s f  s in  (W ) n

+ 2 7 î ^ [ < = s i  ""d + ^  1
^ s i  = »

Now SICI i s  used to  com plete the  s o lu t io n .  I f  m=k^O , th e  and 

term s a re  re p la c e d  b y  "^tn[ ( R ^  + s in  o r ) / R ^ ] ^ / ( 2  s in  o r ) .

J '  s in  mne cos kne de (F -23)IRE53 = -mn | s in  mne cos kne
4)

-2m

I

; m+k = odd, m^O 

; o th e rw ise

IR144 = IR ll (F-24)



IR44
-  f
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R COS mTTe COS kne de (F-25)

I f  s i n  a  = 0 ,

" 2R^ ; m=k=0

=2IR44 -  %R̂  ; m=k^O

0 ; o th e rw ise

I f  s i n  of^O , b u t m=k=0,

IR44 - J = 5 -^ [(R „  + an - Ê .̂

I f  s i n  Of ^0  , and m ^ k , E quation  (F-25) i s  changed to  

IR44 = % R ^  COS (m+k) ne + cos (m-k)ne]de 

and th e  fo llo w in g  r e l a t i o n  i s  used

J * f (x )  cos a xdx = * f f    + . . . j cos a X I Ç 
a L ’x

f , X X X

Then,

IR44 = { cos (m+k)n[ R + s in  or] -  R }

+ s ln _a  fcog (m-k)IT[ â  + s in  a ]  -  r )  
TT^mkk)^ '■ °  .

I f  s i n  , b u t m=k^O , th e  (m-k) term  in  th e  above eq u a tio n  is

re p la c e d  by [  (R + s in  Of)^ - R ^ /6  s in  a .

IE44 = -m n J R s in  mne cos kne de
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n i

+  2 s in  O' cos mTTS cos krre de (F-26)

I f  s in  a = 0,

IE44 = 1
2 _

-2m R

(mf-k^)
; mfk = odd, m^O

; o th e rw ise

I f  s in  a  ^ 0, E quation  (F-26) transfo rm s to  

IE44 ^  J* R [s in  (m+k)Tie + s in  (m-k)TT^de

+ 2 s in  a  cos mrre cos kne de ,
Jo

and making use o f

I
X , s in  a Xf(x )  s in  a xdx = ----- %----- j ------- j

I- f ,
cos a  X r £ J. J

Then,

R

+ s in ~ n(m -k) J
T l ; m=k=0

+ 2 < % ; ..k ^ O

0 ; o th e rw ise

The term s in v o lv in g  (m-k) reduce to  zero  when m=k.

y  j 'IREE44 = -  m'n*’ 1 R*" cos mne cos kne de
’-o
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- 2 mTT s in  or \ R s in  idttc cos kne de (F-27)
Jo

I f  m=k=0, IREE44 = 0.

I f  s in  or = 0 ,

o
IREE44 = <

mi=k^02

0 : o th e rw ise

I f  s in  a  ^  0,

2 2 p l
IREE44 = -m TT IR44 - mn s in  a  li R [s in  (mfk) ne + s in  (m-k) ne] de

= -m IR44 + mn s in  Of “ ) '

I f  m=k, th e  (m-k) term s become ze ro .

IR154 = 153 (F-28)

IE54 = IRE53 (F-29)

IRE35 = IRE53 (F-30)

fIE45 = -mn s in  mne cos kne de 
■'o

+ s in  a  \ R’  ̂ cos mne cos kne de (F-31)
•  I

= IRE53 + ( s in  a )  153 

IR155 = I R l l l  (F-32)

IR55 = IR ll  (F-33)

IE55 = l E l l  (F-34)

IREE55 = IREEll (F-35)



APPENDIX G 

COMPUTER PROGRAM DOCUMENTATION

The program  i s  w r i t t e n  in  E - le v e l F o r tra n  IV, and was run  

u s in g  an IBM System 360, Model 40 (w ith  128K b y te s  o f  co re  s to ra g e )  

under R elease  14 o f  th e  OS System . The program  c a l l s  fo r  th re e  

s c r a tc h  ta p e s .

A sm all c o n tro l  program  se rv e s  as th e  m ain program , w h ile  

a l l  th e  o p e ra t io n s  a re  done in  subprogram s. This o rg a n iz a tio n  f a c i l 

i t a t e s  th e  use o f  a  r a th e r  e x te n s iv e  o v e r la y  s t r u c t u r e ,  whereby o n ly  

p a r t s  o f  th e  p ro ced u re  a re  in  co re  s to ra g e  a t  one tim e .

The flow  o f  th e  program  i s  summarized as  fo llo w s : The c o n tro l

program  c a l l s  su b ro u tin e  PARTI. PARTI g e n e ra te s  th e  s t i f f n e s s  and 

i n e r t i a  m a tr ic e s  by re a d in g  a l l  in p u t d a ta ,  c a l c u la t in g  th e  c o n s ta n ts  

d e fin e d  by E quations (2 -8 ) ,  c a l l in g  th e  fu n c tio n  subprogram s fo r  th e  

v a r io u s  in te g r a t io n s ,  and a rra n g in g  th e  su b m atrices  to  form th e  s t i f f 

n ess  and i n e r t i a  m a tr ic e s .  Each in t e g r a l  v a lu e  i s  s to re d  so th a t  i t  

need n o t be r e c a lc u la te d .  I f  d e s ire d  th e  v a r io u s  c o n s ta n ts ,  the  

i n t e g r a l  v a lu e s ,  and th e  g en e ra ted  m a tr ic e s  may be p r in te d .  N orm ally, 

th e  in p u t d a ta  a re  w r i t t e n  on a s c ra tc h  ta p e  and th e  m a tr ic e s  a re  

w r i t t e n  on an o th e r s c ra tc h  ta p e . S u b ro u tin e  CHECK, which i s  c a l le d  

o p t io n a l ly  by PARTI, i s  used to  t e s t  th e  flow  o f  PARTI.

S u b ro u tin e  PART2 is  c a l le d  from the c o n tro l  program  and
104
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perform s a m a tr ix  in v e rs io n  and a m a tr ix  m u l t ip l ic a t io n  by c a l l in g  sub

ro u t in e s  DARRAY, DMINV, FARRAY, and MULTMl. PART2 f i r s t  read s  the 

m a tr ic e s  from the  s c ra tc h  ta p e . DARRAY sim ply tran sfo rm s a d oub le

dim ension a r r a y  in to  a s in g le -d im e n s io n  a r r a y  (o r  v ic e -v e r s a ) .  DMINV 

perform s a m a tr ix  in v e rs io n  o f  th e  s t i f f n e s s  m a tr ix . FARRAY i s  id en 

t i c a l  to  DARRAY b u t because o f  th e  o v e rla y  p ro ced u re , m ust be in c lu d ed . 

FARRAY is  used to  tran sfo rm  th e  in v e r te d  s t i f f n e s s  m a tr ix  back to  

doub le -d im ension . S u b rou tine  MULTMl i s  used to  m u lt ip ly  th e  in v e rte d  

s t i f f n e s s  m a tr ix  tim es th e  i n e r t i a  m a tr ix . The r e s u l t a n t  m a tr ix  is  

w r i t t e n  on th e  th i r d  s c ra tc h  ta p e .

The c o n tro l  program n ex t c a l l s  su b ro u tin e  PART2 which read s 

th e  r e s u l t a n t  m a tr ix  from th e  th i r d  s c ra tc h  ta p e . I t  i s  used to  

c a lc u la te  the  fre q u e n c ie s  and mode sh ap es . The in p u t d a ta  a re  read  

from th e  f i r s t  s c ra tc h  tap e  and p r in te d  by th e  c a l l in g  o f  su b ro u tin e  

WRITEl.

The e ig en v a lu e s  and e ig e n v e c to rs  a re  found by th e  d i r e c t  and 

in v e rse  power methods in  su b ro u tin e  MATSUB. Then su b ro u tin e  WRITE2 

i s  c a l le d  by PARTS to  p r in t  the  f re q u e n c ie s  and mode shapes.

A thorough e x p la n a tio n  o f  th e  s u b ro u tin e s  ARRAY (DARRAY and 

FAE®AY) and MINV (DMINV), as w e ll as SICI and QTFE, may be found in  

R eference C36]. An e x p la n a tio n  o f  su b ro u tin e  MATSUB, in  i t s  o r ig in a l  

form, i s  g iven  in  R eference [3 8 ] .  A diagram  o f  th e  o v e r la y  s t r u c tu r e  

fo r  th e  clamped-clamped boundary c o n d itio n  i s  shown in  F igure G .l .

For th e  f r e e - f r e e  boundary c o n d itio n , th e  o n ly  change i s  to  move the  

fu n c tio n  subprograms I R l l l ,  l E l l ,  and IREEll in to  the  c o n tro l  s e c t io n  

w ith  PARTI. For th e  f r e e ly  supported  c o n d itio n , a l l  th e  fu n c tio n



PARTI

CHECK MAIN

IR l l NODE a

NODE y NODE Ô oON

I R l l l IE12 IE13 IR144 IRE35
l E l l IR122 IR133 IR44 IE45
IR E E ll IR22 IR33 IE44 IR155

IR121 IE22 IE33 IREE44 IR55
IE21 IREE22 IREE33 IR154 IE55
IR131 IR132 143 IE54 IREE55

IE31 142

DARRAY DMINV FARRAY MULTMl WRITEl MATSUB WRITE2

-F ig u re  G .l  O v e rla y  S t r u c tu r e
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subprogram s a re  moved in to  th e  a p p ro p r ia te  c o n tro l  s e c t io n  under node 

b e ta  and su b ro u tin e  QTFE i s  moved in to  th e  c o n tro l  s e c t io n  w ith  PARTI. 

The in p u t d a ta  deck i s  s e t  up as fo llo w s:

1. T i t l e  card  id e n t i f y in g  case  b e in g  run .

2. Boundary c o n d itio n  being  used .

3. S h e ll geom etry and P o is s o n 's r a t i o s .

4 . Modulus d a ta .

5 . D e n s itie s  and sh e a r  c o e f f i c ie n t s .

6. C on tro l card  d e f in in g  flow  o f  problem .

7. C on tro l card  fo r  e ig en v a lu e  s o lu t io n .

8 . S ta r t in g  in d ic e s  fo r  assumed modes.

9 . Number o f  term s in  assumed modes.

10. V alues o f  n to  be run .

Cases may be s tack ed  as  long  as th e  boundary c o n d itio n  rem ains the 

same.

The form ats fo r  th e  above card s  a re :

1. (lOAB) NAME ( I ) ,  1=1,10

A ll e ig h ty  columns a re  a v a i la b le  to  a s s ig n  a d e s c r ip t iv e  t i t l e  

to  the  problem  b e in g  run . The t i t l e  should  be c e n te re d  on the 

ca rd  in  o rd e r  to  be cen te re d  on th e  p r in te d  o u tp u t .

2. (3A8) BCOND ( I ) ,  1=1,3

The f i r s t  tw en ty -fo u r columns a re  used to  w r i te  th e  boundary 

c o n d itio n . The punches should  s t a r t  in  column 1.

3. (7F10.0) ANG, RO, XL, T, H, MUX, MUT

ANG = S h e ll se m i-v e rte x  an g le , a .  (d e g re e s ) . For a c y l in d e r ,  

a  = 0 .
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RO = S h e ll sm all-end  r a d iu s ,  R^. ( in c h e s)

XL = S h e ll s l a n t  le n g th , L. ( in c h e s)

T = Facing  h a l f - th ic k n e s s ,  t .  ( in c h e s)  For a homogeneous
s h e l l ,  T = % o f  s h e l l  th ic k n e s s .

H = Core h a l f - th ic k n e s s ,  h . ( in c h e s)  For a homogeneous
s h e l l ,  H = 0.

MUX = M ajor P o is s o n 's r a t i o ,  (D im ensionless)

MUT = Minor P o is s o n 's  r a t i o ,  . (D im ensionless)

4 . (7D10.6) EX, ET, GZXF, GTZF, GZXC, GTZC

EX = Facing e l a s t i c  modulus in  x - d i r e c t io n ,  E \  (p s i)

ET = F acing  e l a s t i c  modulus in  0 - d i r e c t io n ,  Eq . (p s i)

GZXF = Facing  sh e a r  modulus in  z -x  p la n e , G^^. (p s i)

GTZF = Facing  sh e a r  modulus in  0 -z  p la n e , • (p s i)

GXTF = Facing  sh e a r  modulus in  x-6 p la n e , G^q . (p s i)

GZXC = Core sh e a r modulus in  z -x  p la n e , G^^. (p s i)

GTZC = Core sh ea r modulus in  6 -z  p la n e , Gg^. (p s i)

5 . (DIO.6 , 2F10 .0 , DIO.6, 2F10.0) RF, KXF, KTF, RC, KXC, KTC

2 4RF = F acing  d e n s i ty ,  p ' .  ( l b - s e c . / i n . )

KXF = Facing  sh e a r  c o e f f i c i e n t  in  z -x  p la n e , K '.
(D im ension less)

KTF = Facing  sh e a r c o e f f i c i e n t  in  0 -z  p la n e . Kg.

RC = Core d e n s ity ,  p . ( lb - s e c ? / in ^ )

KXC = Core sh ea r c o e f f i c i e n t  in  z -x  p la n e , K .
(D im ension less)

KTC = Core sh e a r  c o e f f i c i e n t  in  0 -z  p la n e . Kg .
(D im ension less)

6. (7110) NWRITE, NCHECK, NTAPE, NCASE, NTERM, NTAGBC, NTEST

NWRITE = C o n tro l in d ic a t in g  w hether o r n o t th e  s t i f f n e s s  and
i n e r t i a  m a tr ic e s  a re  p r in te d  o u t.  Equals 1 fo r  p r in t  
and e q u a ls  2 fo r  no p r i n t .
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NCHECK = C on tro l in d ic a t in g  w hether o r  n o t th e  flow  o f  PARTI needs 

to  be m onitored  by p r in t in g  o u t in d ic a to r s  w ith  su b ro u tin e  
CHECK. E quals 1 fo r  check and eq u a ls  2 fo r  no check. 
N orm ally, eq u a ls  2.

NTAPE = C on tro l in d ic a t in g  w hether o r n o t  the  s t i f f n e s s  and
i n e r t i a  m a tr ic e s  a re  w r i t t e n  on th e  s c r a tc h  ta p e . Equals 
1 fo r  tap e  and eq u a ls  2 fo r  no ta p e . N orm ally, equals  1.

NCASE = C on tro l in d ic a t in g  w hether o r  n o t an o th e r com plete case 
i s  s tack ed  behind  p re s e n t  c a se . Equals 2 fo r  yes and 
e q u a ls  1 fo r  no.

NTERM = C on tro l in d ic a t in g  w hether o r  n o t the  p re s e n t case  i s  to  
be re p e a te d  a f t e r  changing the  s t a r t i n g  index o r  number 
o f  term s in  assumed s e r i e s .  E quals 2 fo r  yes and equals
1 f o r  no. I f  y e s , o n ly  card  number 6 and subsequent 
ca rd s  a re  in c lu d ed  in  n e x t d a ta  s ta c k .

NTAGBC = C on tro l in d ic a t in g  w hether the  s t i f f n e s s  m a tr ix  o r  the  
i n e r t i a  m a tr ix  i s  in v e r te d  in  PART2. E quals 2 fo r  in 
v e r t in g  i n e r t i a  m a tr ix  and eq u a ls  1 fo r  in v e r t in g  s t i f f 
n ess  m a tr ix . N orm ally, the  s t i f f n e s s  m a tr ix  i s  in v e rte d  
so th a t  th e  e ig e n v a lu e s  found a re  the r e c ip ro c a ls  o f  the  
sq u are  o f  th e  f re q u e n c ie s . S in ce  th e  e ig en v a lu e  program 
i t e r a t e s  to  th e  la r g e r  e ig en v a lu e s  f i r s t ,  th i s  a llow s 
c a lc u la t io n  o f  th e  d e s ire d  number o f  lo w est f re q u e n c ie s . 
However, i f  problem s a r i s e  in  t ry in g  to  in v e r t  the  s t i f f 
n ess  m a tr ix , the i n e r t i a  m a tr ix  may always be in v e r te d .
In  th e  case  when the  i n e r t i a  m a tr ix  i s  in v e r te d ,  the 
e ig en v a lu e  i s  the  sq u are  o f  th e  freq u en cy , and a l l  o f  
th e  fre q u e n c ie s  m ust be found to  o b ta in  th e  lo w est.

NTEST = C on tro l in d ic a t in g  w hether o r  n o t the  ETA's [E q u a tio n s  
(A-2 0 )] , the C 's  [E q u a tio n s  ( 2 -8 ) ] ,  and th e  v a lu es  o f  
th e  in t e g r a l s  a re  p r in te d .  E quals 1 fo r  yes and equals
2 fo r  no.

7. (514, 2D10.6, 110) lEG, IVEC, IDET, MIT, MITS, ALRS, GBR, IQUIT

lEG = C on tro l in d ic a t in g  w hether o r n o t every  i t e r a t i o n  fo r
th e  e ig en v a lu e  i s  p r in te d .  Equals 1 f o r  yes and equals 
0 fo r  no. N orm ally, eq u a ls  0.

IVEC = C on tro l in d ic a t in g  w hether o r n o t e ig e n v e c to rs  a re
d e s ir e d .  Equals 1 fo r  yes and eq u a ls  0 fo r  no. Norm ally, 
eq u a ls  1.

IDET = 1

MIT = Maximum number o f  i t e r a t i o n s  fo r  d i r e c t  power m ethod.
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MITS = Maximum number o f  i t e r a t i o n s  f o r  in v e rse  power method.

ALR = I n i t i a l  e ig en v a lu e  g u ess . N orm ally, ALR = 1 .0

GBR = Increm ent added to  c u r re n t  e ig en v a lu e  i f  in v e rse  power
method w i l l  no t converge on f i r s t  t r y .  Norm ally, GBR = 
0 . 0 .

IQUIT = Number o f  e ig en v a lu es  d e s ir e d .  Must eq u a l o rd e r  o f  
m a tr ix  i f  NTAGBC = 2.

8 . (7110) M I(I) , I  = 1, 7

S ta r t in g  index f o r  assumed mode s e r i e s .  Each eq u a ls  1 fo r
clamped-clamped and f r e e ly  su ppo rted  and each eq u a ls  0 fo r  f r e e -  

  f r e e .  —  .

9. (7110) N T (I), I  = 1, 7

Number o f  term s fo r  each assumed fu n c tio n . Maximum i s  s ix .

10. (2110) N, NMAX

N = C irc u m fe re n tia l wave number.

NMAX = C on tro l in d ic a t in g  w hether o r  n o t o th e r  N -values fo llo w .
I f  NMAX i s  any number g r e a te r  th an  N, an o th e r card  o f  the
form (1 0 .)  fo llo w s , and the  p rocedure  i s  re p e a te d  (w ithou t 
having  to  r e c a lc u la te  th e  in t e g r a l s )  a f t e r  changing on ly  
N. I f  NMAX = N, the program does a normal s to p  a f t e r  the 
e ig en v a lu es  a re  p r in te d .

On the  fo llo w in g  pages, th e  s ta c k in g  o f  a problem  is  shown, 

a long  w ith  th e  n e c e ssa ry  c o n tro l  c a rd s , and in c lu d in g  a s e t  o f  ty p ic a l

in p u t d a ta .  I t  i s  no ted  th a t  a card  w ith  a /*  in  columns 1 and 2 must

be in c lu d ed  im m ediately fo llo w in g  the  s ta te m e n t "ALL SOURCE PROGRAM 

DECKS", im m ediately  fo llow ing  the s ta te m e n t "INSERT WRITE2", and 

im m ediately  fo llo w in g  the  l a s t  card  o f  in p u t d a ta .



JOA STACKING

* * * * * *  * * * * * * * * * * * *  
JOB CARD

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

/ / F O R T  E X f C  PGM=IEJFAA40
/ / S Y S P R I N T  DD SYSOUT=A ?0 C 6 = R L K S I Z 6 = 121
/ /SY SPU N CH  DD UNIT=SYSC},DCB=BLK$IZE=AD
/ / S V S U T l  0 0  U N I T = S Y S S 0 , S E = S Y S P U N C H , S P A C E = ( 9 0 4 , ( 3 0 , 2 0 ) 1  
/ / S Y S U T 2  0 0  U N I T = S Y S S Q , S E P = S Y S U T 1 ? S P A C F = ( 9 0 4 , ( 3 0 , 2 0 d )
/ / S V S L I N  0 0  UNO T=SYSSQ, SEP-SYSPUNCH,0SNAME = CLGADSF_T,9ISP=(  MOD, PASS)  ,  X. 
/ /  S P A C e = ( S O , { 4 0 0 , 4 0 0 ) , R L S E )
/ / S Y S  IN 00  *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

ALL SOURCE PROGRAM DECKS 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
/ / L K E O  FXEC P G M = I E W L ,  PAP.M=( O V L V , L E T )  ,  X
/ /  REGI0N=96K
/ / S Y S P R I N T  DD SYSOUT=A, D CB=3L K SIZE= I 21 I
/ / S Y S L Î S  no  D SN A M E=SY S1.FORTLIB,D ISP=SH R |
/ / S Y S L * 0 0  0Ü D SN A ME=GGOSET(M AIN) ,OISP=(NFW ,PASS),UNTT=SYSDA, X
/ /  S P A C E = ( C V L , { 7 0 , 2 0 ,  1)  ,R l .S E ,M X IG )
/ / S Y S U T l  n o  U N I T = ( S Y S O A , S E P = ( S Y S L M n O , S Y S L I 3 ) ) , X
/ /  S P A C E = ( C Y L , ( 2 0 , 2 0 ) , ,MXIG)
/ ' S Y S L I N  DD D S N A M E = G L n A n S E T ,D JS P = (C L O ,D E L E T E ) ,D C B = B IK S IZ F = 9 0  
/ /  DO *

INSERT MAIN 
OVERLAY ALPHA
INSERT P A R T I ,C H E C K ,S I C r , Q T F E  
OVERLAY BETA
INSERT I P Î I I , I R l l , l E I i , I R F E 1 1 , I R 1 2 1 , I E 2 1 , I R I 3 1 , I F 3 I  
OVERLAY BETA
INSERT I E 1 2 , I R I 2  2 , I R 2 2 , 1 F 2 2 , 1 R F E 2 ? , î R1 3 2 , 1 4 2  
OVERLAY 3ETA
INSERT T !^13, I R 1 3 3 ,  I R 3 3 ,  I E 3 3 ,  .TReE33,  1 4 3 ,  I 5 3 ,  IR E 5 3



OVERLAY BETA
INSERT I R 1 4 4 , I R 4 4 , I E 4 4 , I R E E 4 4 , I R 1 5 4 , I E 5 4  
OVERLAY BETA
INSERT I R E 3 5 , I E 4 5 , I R 1 5 5 , I R 5 5 , I E 5 5 , I R E E 5 5  
OVERLAY ALPHA 
INSERT PART2 
OVERLAY GAMMA 
INSERT DARRAY 
OVERLAY GAMMA 
INSERT DMINV 
OVERLAY GAMMA 
INSERT FARRAY 
OVERLAY GAMMA 
INSERT MULTMl 
OVERLAY ALPHA 
INSERT PART3 
OVERLAY DELTA 
INSERT W RITEl 
OVERLAY DELTA 
INSERT MATSUB 
OVERLAY DELTA 
INSERT WRITE2 

/ / G O  EXEC PGM=*.LKED.SYSLMOD 
/ / F T 0 3 F 0 0 1  DO SYSOUT=A 
/ / F T 0 6 F 0 0 1  DD SYSOUT=A 
/ / F T 0 2 F 0 0 1  DD UNIT=SYSCP
/ / G 0 . F T 0 7 F 0 0 1  DD UNIT=180,LABEL=( ,NL$,VOLUME=SER=AAA,OSNAME=BBB, X
/ /  0CB=BUFN0=1
/ / G O . F T 0 8 F 0 0 1  DO UNIT=181,L ABEL=(,NL),VOLUME=SER=AAB,DSNAME=BBC,  X
/ /  DCB=BUFN0=1
/ / G 0 . F T 0 9 F 0 0 1  DD UNIT=182 ,LABEL=(,NL),VOLUME=SER=AAC,DSNAME=BBD, X
/ /  0CB=BUFN0=1
/ / F T O l F O O l  DO *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

INPUT DATA ( TYPICAL )
1 9 6 8  O . U .  SANDWICH CONE -  FIBERGLASS FACINGS AND ALUMINUM HONEYCOMB CORE



FREE -  FREE
5 . 0 7  2 2 . 4 5  7 2 . 5  . 0 1 0 5  . 1 5  . 2  . 2

3 . 6 4 D + 0 6  3 . 6 4 0 + 0 6  l . C O D + 0 6  1 . 0 0 0 + 0 6  1 . 0 0 0 + 0 6  . 3 2 0 0 + 0 5  . 1 8 3 0 + 0 5
. 2 6 5 2  D - 0 3  1 -  1 -  . 3 3 6 8  0 - 0 5  1 .  1 .

2 2 1 1 1 1 2
0 1 1 50  10  1 . 0 0  4

O 0 0 0 0 0 0
6 6 6 6 6 6 6
2 2

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

w
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c
c
c
c

CONTROL PROGRAM FOR ANALYSIS OF SYMMETRIC AND UNSYMHETRIG FREE 
VIBRATIONS OF CONICAL OR CYLINDRICAL SANDWICH SHELLS, USING 
GALERKIN'S METHOD.

CALL PARTI 
CALL PART2 
CALL PART3 
STOP 
END

C
C

PARTISUBROUTINE
STIFFNESS MATRICESCALCULATION INERTIA

F R E E A 4 I 6 , 6 ) , F R I 5 4 C 6 , 6 ) ,  
F R 5 5 I 6 , 6 ) , F E 5 5 ( 6 , 6 ) ÿ P I ,

F R E E 5 5 ( 6 , 6 )
DOUBLE PRECISION AS< 4 2 , 4 2 I ,  
DOUBLE PRECISION NAME(10»,B 
n n iiQ i c  D D c r r c f n M  AMn. u

A I f 4 2 , 4 2 )

M U T iE X ,E T ,G Z X F ,G T Z FiG X T F ,G Z X C ,  
E X B , E T B , M B , J C , J F , C A , S A 2 , C A 2 ,

F R 1 5 5 , F R 5 5 , R 0 B ,

Ln



3 F E 5 5 , F R E E 5 5 , H , X M U , N T < 7 )
DIMENSION K I ( 7 ) , M I ( 7 )

EQUIVALENCE ( K I ( 1 ) , M I I 1 ) I  
ITAPE=1

C
C READ CASE ID E N T IF IC A T IO N ,  BOUNDARY CONDITIONS,  & SHELL PROPERTIES
C

1 R E A D ! 1 ,2 1 C N A M E C I ) , 1 = 1 , 1 0 )  |
2 FORMAT!1 0 AS)

R E A D ! l , 3 H B C 0 N D ( I ) , I = l , 3 )
3 FORMAT!3A8)

R E A D !1 ,4 )A N G ,R 0 ,X L ,T ,H ,M U X ,M U T
4  F O R M A T !7 F 1 0 .0 )

R E A D !1 ,5 )E X ,E T ,G Z X F ,G T Z F ,G X T F ,G Z X C ,G T Z C
5 FORMAT!7 0 1 0 . 6 I 

READ! 1 , 6  * R F , KXF, K T F ,R C , KXC, KTC
6  F O R M A T ! D 1 0 . 6 , 2 F 1 0 . 0 , D I 0 . 6 , 2 F I 0 . 0 )

C
C CALCULATE VARIOUS CONSTANTS
C

P 1 = 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3  
R A D = 5 7 . 2 9 5 7 7 9 5 1 3 0 8 2 3 2  
AA=H+T
EXB=EX/!1.D0-MUT*M UX;
ETB=ET/!1 .D 0-M UT*MUX)
M B = 2 . 0 0 * ! R C * H + 2 . D 0 * R F * T )
J C = 2 . 0 0 * R C * H * H * H / 3  o 00  
J F = 2 . D 0 * R F * T * ! T * T / 3 . D 0 + A A * A A )
N 1 = 2 .* T * E X B  
N 2 = 2 .* T * E T B
N3=2.*T*!MUX*EXB+MUT*ETB)
N4=2.*T*KXF*GZXF 
N 5 = 2 .* T * K T F * G T Z F 
N 6 = 4 . / 3 . * T * T * N 1  
N 7 = 4 ^ / 3 . * T * T * N 2  
N 8 = 4 . / 3 . * T * T * N 3



c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

N 9 = 2 . * H * T * N l  
N10=H*T*N3 
N 1 1 = 2 . * H * T * N 2  
N 1 2 = 2 .* T * G X T F  
N 1 3 = 2 . * H * T * N 1 2  
N 1 4 = 4 . / 3 . * T * T * N 1 2  
N15=H*KXC*GZXC 
N16=H*KTC*GTZC 
SA=DS1N(ANG/RA0)
CA=OCOSf ANG/RAO)
ROB=RO/XL 
SA2=SA*SA 
CA2-CA*CA 
EXL=EX*XL 
EX13=EX*XL*XL*XL

XMU=MUX

I F  NWRITE = 2 *  N ,  THE S TIFFNESS MATRIX, AND THE INERTIA MATRIX 
ARE NOT PRIN T ED .  OTHERWISE, NWRITE = 1 .

I F  NCHECK = 2 ,  SUBROUTINE CHECK I S  NOT CALLED. OTHERWISE,
NCHECK = I  .

I F  NTAPE = 2 ,  THE MATRICES ARE NOT WRITTEN ON TAPE 
NTAPE = I  .

OTHERWISE,

I F  NCASE = 2 ,  A NEW CASE I S  READ AFTER THE PRESENT CASE I S  
F I N I S H E D .  OTHERWISE, NCASE = I  .

I F  NTERM = 2 ,  THE PRESENT CASE IS  REPEATED AFTER READING NEW 
VALUES FOR THE NUMBER OF TERMS IN EACH S E R I E S .  OTHERWISE,
NTERM = I  .

I F  NTAGBC = 2 ,  THE INERTIA MATRIX I S  INVERTED AND ALL THE 
FREQUENCIES MUST BE CALCULATED TO OBTAIN THE MINIMUM. I F  NTAGBC



c
c
c
c
c
c
c

7
8

11

10001
20001
C
C
C
C
c
c

= 1* THE ST IF F N E S S  MATRIX I S  INVERTED AND ONLY THE DESIRED 
NUMBER OF FREQUENCIES MAY BE CALCULATED, STARTING FROM THE 
MINIMUM.

I F  NTEST = 2 ,  THE N ' S ,  THE C « S ,  AND THE INTEGRALS ARE NOT 
PRIN T ED .  OTHERWISE, NTEST =  1 .

READ!1 , 8 1 NHRITE,NCHECK,NTAPE,NCASE,NTERM,NTAGBC,NTEST 
F Ü R M A T I7I10 I
READ ( 1 , 1 1 )  I E G , I V E C , I D E T , M I T , M I T S , A L R S , G B R , I Q U I T  
FORMAT ( 5 1 4 , 2 0 1 0 . 6 , 1 1 0 )
GOTO!1 0 0 0 1 , 2 0 0 0 1 ) , NCHECK 
CALL CHECK I 1 )
CONTINUE

C
C
C

READ STARTING INDEX FOR EACH SERIES G NUMBER OF TERMS IN EACH

10002
20002

NOTE: THE ASSUMED SERIES SOLUTIONS FOR P S I  X G P S I  X PRIME MUST 
BE ID E N T IC A L .  THE SAME I S  TRUE FOR P S I  THETA G P S I  THETA PRIME.

READ(1 , 8 ) ( M I ( 1 ) , 1 = 1 , 7 )
R E A D ( 1 , 8 ) ( N T ( I I , 1 = 1 , 7 )

(X3T0( 1 0 0 0 2 ,  2 0 0 0 2  ) , NCHECK 
CALL CHECK ( 2 )
CONTINUE 
N T S 2 = N T ( 1 ) * N T ( 2 )
N TS 3=N T S2+N T (3 )
N T S 4 = N T S 3 * N T (4 )
N T S 5 = N T S 4 + N T (5 )
N TS 6=N T S5+N T (6 )
N TS 7=N T S6+N T (7 )
ICALC=1

READ G WRITE N

00
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C45=2.D0*N *SA *(N 7+N 14) /EX L3  
C 4 5 1 = -N * (N 8 + 2 .D 0 * N 1 4 ) /E X L 3
C46=(N*N*N11+2.D0*N5*H*T*CA2+N13*SA2)/EXL3  
C462=-N13/EXL3  
C461=SA*C462  
C47=N*SA*(N11+N13)/EXL3  
C 471=-N**N10+N13) /EXL3  
C55=2.D0*(N7*SA2+N*N*N14*/EXL3  
C550=2.D 0*N4/EXL  
C 5 52=-2 .D 0*N 6/E X L 3
C551=SA*C552 ,
C56=N*SA*(N11+N13)/EXL3
C 561= -N *(N 10+ N 13) /E X L 3 '
C57=(N11*SA2+N*N*N13)/EX13
C572=-N9/EXL3
C571=SA*C572
C66=2.D0*H*H*(N5*CA2+N12*SA2+N*N*N2) /EXL3
C 6 6 0 = 2 . D 0 * N 1 6 / E X L  S
C j C = 4 . D 0 * P I * P I * J C / E X L  °
C 6 6 2 = -2 . D 0 * H H * N 1 2 / E X L 3  ,
C661=SA*C662
C67=+2.D0*N*HH*SA*(N2+N12)/EXL3  
C671=-N*H H*(N3+2.D0*N12)/EXL3  
C77=2.00*HH*(N2*SA2+N*N*N12)/EXL3  
C770=2oD0*N15/EXL  
C772=-2 .D0*N1*HH /EX13  
C771=SA*C772  
GOTO(1 0 0 0 3 , 2 0 0 0 3 ) tNCHECK 

1 0 0 0 3  CALL CHECK ( 3 )
2 0 0 0 3  CONTINUE 
C
C I N I T I A L I Z E  MATRICES
C

DO 6 0 0  I = 1 , N T S 7  
DO 6 0 0  J = 1 , N T S 7  
A S t I , J I = O . D O



c
c
c
c
c
c
c

600 AI(I,J)=0.00
CALCULATE S TIF FN E SS  AND INERTIA MATRICES

F I R S T  SET OF ROWS

K K F = N T (I I
DO 1 0 0 0  KK=1,KKF
I I=K K
I F I K I 1 1 1 1 1 0 0 2 , 1 0 0 1 , 1 0 0 2

1001 K=KK-1
GO TO 1 0 0 3

1 0 0 2  K=KK
1 0 0 3  CONTINUE

C
C
C

SUBMATRIX U -  U to

MMF=NT(1)
DO 1 1 0 0  MM=1,MMF 
JJ=MM
I F ( M I ( 1 ) 1 1 0 1 2 , 1 0 1 1 , 1 0 1 2

1 0 1 1  M=MM-1
GO TO 1 0 1 3

1 0 1 2  M=MM
1 0 1 3  GO TO 1 1 0 1 4 , 1 0 1 5 ) , ICALC
1 0 1 4  F R l l l  {KK,MM) = I R 1 1 H K , M I  

F R 1 1 ( K K ,M M I = I R 1 1 ( K ,M )
F E l l I  K K ,M M I= IE 1 H K ,M )
F R E E 1 1 (K K ,M M )= IR E E 1 1 (K ,M )

1 0 1 5  A I ( I I , J J ) = C M  ♦FR11IKK,MM) 
A S ( I I , J J ) = C l l * F R l l l ( K K f M M ) + C l l l * F E l l ( K K , M M ) + C 1 1 2 * F R E

1 1 0 0  CONTINUE
GOTOI1 0 0 0 4 , 2 0 0 0 4 ) , NCHECK 

1 0 0 0 4  CALL CHECK I 4 )

E11(KK,MMI



2 0 0 0 4  CONTINUE 
C
C SUBMATRIX U -  V
C !

MMF=NTI21
0 0  1 2 0 0  MM=1,MMF
Jj= M M + N T ( i ;
I F { N Ï I 1 0 2 , 1 2 0 0 , 1 1 0 2

1 1 0 2  I F I M I ( 2 H 1 1 0 4 , 1 1 0 3 , 1 1 0 4
1 1 0 3  M=MM-1

GO TO 1 1 0 5
1 1 0 4  M=MM
1 1 0 5  GO TO I 1 1 0 6 , 1 1 0 7 ) , ICALC
1 1 0 6  FR121(K K,MM I = I R 1 2 H K , M >

F E 2 1 ( K K , M M ) = I E 2 1 ( K , M )  .
1 1 0 7  A S ( I I , J j ) = C 1 2 * F R 1 2 1 ( K K , M M I + C 1 2 1 * F E 2 1 ( K K f M M )  j
1 2 0 0  CONTINUE I

GOTOC1 0 0 0 5 , 2 0 0 0 5 ) , NCHECK ' G
1 0 0 0 5  CALL CHECK I 5 )
2 0 0 0 5  CONTINUE 
C
C SUBMATRIX U -  W
C

MMF=NT(3)
DO 1 3 0 0  MM=l,MMF
JJ=MM+NTS2 !
I F ( M I ( 3 ) ) 1 2 0 2 , 1 2 0 1 , 1 2 0 2

1 2 0 1  M=MM-1 
GO TO 1 2 0 3

1 2 0 2  M=MM
1 2 0 3  GO TO ( 1 2 0 4 , 1 2 0 5 ) , ICALC
1 2 0 4  F R 1 3 1 ( K K , M M ) = I R 1 3 1 ( K , M )

F E 3 1 ( K K , M M ) = I E 3 1 ( K , M )
1 2 0 5  A S ( I I , J J ) = C 1 3 * F R 1 3 1 ( K K , M M ) + C 1 3 1 * F E 3 1 ( K K ÿ M M )
1 3 0 0  CONTINUE

GOTO(1 0 0 0 6 , 2 0 0 0 6 ) «NCHECK



1 0 0 0 6
2 0 0 0 6

1000
C
C
c

CALL CHECK C
CONTINUE
CONTINUE

6}

SECOND SET OF ROWS

KKF=NTI2Î
0 0  2 0 0 0  KK=1,KKF
II=KK+NT(1I
I F I K I 1 2 1 ) 2 0 0 2 » 2 0 0 I «2002

2 0 0 1  K=KK-1
GO TO 2 0 0 3

2 0 0 2  K=KK
2 0 0 3  CONTINUE

C
C
C

2012
2 0 1 3

2 0 1 4
2 0 1 5
2 0 1 6  
2 0 1 7  
2100

1 0 0 0 7
2 0 0 0 7
C
C
C

SUBMATRIX V -  U

MMF=NT(1)
DO 2 1 0 0  MM=1,MMF 
JJ=HM
IFINI 2 0 1 2 , 2 1 0 0 « 20 1 2
IFIMU 11 1 2 0 1 4 , 2 0 1 3 , 2 0 1 4
M=MM-1
GO TO 2 0 1 5
M=MM
GO TO ( 2 0 1 6 , 2 0 1 7 1 , ICALC 
FE12(KK,MMI=IE12(K,M)
AS(II ,JJ)=C12*FR121(MM ,KKI-C121»FE12(K K,MM |
CONTINUE
GOTOC1 0 0 0 7 , 2 0 0 0 7 1 «NCHECK 
CALL CHECK C 71 
CONTINUE

SUBMATRIX V -  V 

MMF=NT(2I

N»
W



0 0  2 2 0 0  MM=1,MMF 
J J = M H + N T t l i
I F « M it  2 1 » 2 1 0 2 , 2 1 0 1 , 2 1 0 2  
M=MM-1 
GO TO 2 1 0 3  
##=MM
GO TO ( 2 1 0 4 , 2 1 0 5 ) , ICALC 
F R 1 2 2 ( K R ,M M ) = I R 1 2 2 I K , M »
FR22(KKiMM)=IR22(K,M)
FE22(KKWMM)=IE22(K,M»
FREE22(KK*MM»=IREE22(K,M»
A I ( I I , J J ) = C M  *FR22(KK,MM»
A S ( I I , J J ) = C 2 2 * F R 1 2 2 ( K K , M M ) * C 2 2 1 * F E 2 2 ( K K , M M ) * C 2 2 2 * F R E E 2 2 ( K K , M M )  
CONTINUE
GOTOt1 0 0 0 8 , 2 0 0 0 8 ) , NCHECK 
CALL CHECK ( 8 »
CONTINUE

SUBMATRIX V -  W

MHF=NT(3)
DO 2 3 0 0  MM=1,MMF 
UJ=MM+NTS2 
I F I N ) 2 2 0 2 , 2 3 0 0 , 2 2 0 2

2 2 0 2  I F t M I ( 3 ) * 2 2 0 4 , 2 2 0 3 , 2 2 0 4
2 2 0 3  M=MM-1 

GO TO 2 2 0 5
2 2 0 4  M=MM
2 2 0 5  GO TO ( 2 2 0 6 , 2 2 0 7 » , ICALC
2 2 0 6  F R l 3 2 f K K , M M » = I R l 3 2 ( K , M )
2 2 0 7  A S ( I I , J J » = C 2 3 * F R 1 3 2 ( K K , M M )
2 3 0 0  CONTINUE

GOTO(1 0 0 0 9 , 2 0 0 0 9 ) , NCHECK 
1 0 0 0 9  CA LI  CHECK ( 9 )
2 0 0 0 9  CONTINUE 
C

2101

2102
2 1 0 3
2 1 0 4

2 1 0 5

2200

1 0 0 0 8
2 0 0 0 8
C
C
C

N>



c
c

c
c
c

SUBMATRIX V -  P S I  THETA PRIME

MMF=NT(4)
DO 2 5 0 0  MM=1,MMF 
JJ=MM+NTS3
I F I  MIC 4 )  1 2 4 0 2 , 2 4 0 1 , 2 4 0 2

2 4 0 1  M=MM-1
GO TO 2 4 0 3

2 4 0 2  M=MM
2 4 0 3  GO TO 1 2 4 0 4 , 2 4 0 5 1 , ICALC
2 4 0 4  F42CK K ,M M I=I42CK ,M )
2 4 0 5  A S < I I , J J 1 = C 2 4 * F 4 2 ( K K , M M 1  
2 5 0 0  CONTINUE

SUBMATRIX V -  P S I  THETA

2 3 0 2
2 4 0 0

10010
20010

2000
C
C
c

3 0 0 1

3 0 0 2

MMF=NT(61
DO 2 4 0 0  MM=1,MMF
JJ=MM+NTS5
I F C H l 2 3 0 2 , 2 4 0 0 , 2 3 0 2
A S C I I , J J 1 = C 2 6 * F 4 2 ( K K , M M )
CONTINUE
G OTOCIOOIO,2 0 0 1 0 ) , NCHECK 
CALL CHECK <101 
CONTINUE 
CONTINUE

THIRD SET OF ROWS

KKF=NT(31
DO 3 0 0 0  KK=1,KKF
II= K K + N T S 2
I F I K l ( 3 1 1 3 0 0 2 , 3 0 0 1 , 3 0 0 2
K=KK-1
GO TO 3 0 0 3
K=KK

NdUi



3 0 0 3  CONTINUE

SUBMATRIX W -  U

3 0 1 1

3 0 1 2
3 0 1 3
3 0 1 4
3 0 1 5  
3 1 0 0

10011
20011
C
C
C

3 1 0 2
3 2 0 0

10012
20012
C
C
C

MHF=NTI1I
0 0  3 1 0 0  MM=1,MMF
jJ=MM
I F ( M I ( I l ) 3 0 1 2 f 3 0 1 l t 3 0 l 2
M=MM-1
GO TO 3 0 1 3
M=MM
GO TO 1 3 0 1 4 , 3 0 1 5 1 , ICALC 
F E 1 3 (K K ,M M I= IE 1 3 < K ,M )
A S ( : I , J J ) = C 1 3 * F R 1 3 1 ( M M , K K ) - C 1 3 1 * F E 1 3 ( K K , M M 1
CONTINUE
GOTO*1 0 0 1 1 , 2 0 0 1 1 ) , NCHECK 
CALL CHECK 1 1 1 )
CONTINUE

SUBMATRIX W -  V

MMF=NT(2)
0 0  3 2 0 0  MM=1,MMF 
JJ=M M*NT(1)
I F I N ) 3 1 0 2 , 3 2 0 0 , 3 1 0 2  
A S I I I , J J ) = C 2 3 * F R 1 3 2 ( M M , K K )
CONTINUE
GOTOI1 0 0 1 2 , 2 0 0 1 2 ) , NCHECK 
CALL CHECK 1 1 2 )
CONTINUE

SUBMATRIX W -  W

MMF=NT(3)
00 3300 MM=1,MMF
JJ=MM+NTS2

to<r>



3 2 0 1

3 2 0 2
3 2 0 3
3 2 0 4

3 2 0 5

3 3 0 0

1 0 0 1 3
2 0 0 1 3
C
C
C

3 6 0 2
3 6 0 3

3 6 0 4
3 6 0 5
3 6 0 6
3 6 0 7  
3 7 0 0

C
C
C

I F ( M I ( 3 # ) 3 2 0 2 , 3 2 0 1 , 3 2 0 2
M=MM-1
GO TO 3 2 0 3
M=MM
GO TO ( 3 2 0 4 , 3 2 0 5 ) , ICALC 
F R 1 3 3 ( K K , M M ) = I R 1 3 3 ( K , M )
F R 3 3(K K ,M M #= IR 33(K ,M $
FE33(KK,MMI=IE33(K,MI
F R E E 33(K K ,M M )= IR E E 33(K ,M #
A I ( I I , J J ) = C M  *FR33(KK^MM)
A S ( I I , J J ) = C 3 3 * F R 1 3 3 ( K K , M M ) + C 3 3 1 * F E 3 3 ( K K , M M ) * C 3 3 2 * F R E E 3 3 ( K K , M M )
CONTINUE
GOTO(1 0 0 1 3 , 2 0 0 1 3 ) , NCHECK 
CALL CHECK ( 1 3 )
CONTINUE

SUBMATRIX W -  PSI  THETA PRIME

MMF=NT(4)
DO 3 7 0 0  MM=1,MMF 
JJ=MM+NTS3 
I F ( N ) 3 6 0 2 , 3 7 0 0 , 3 6 0 2  
I F f M I ( 4 ) 1 3 6 0 4 , 3 6 0 3 , 3 6 0 4  
M=MM-1 
GO TO 3 6 0 5  
M=MM
GO TO ( 3 6 0 6 , 3 6 0 7 ) , ICALC 
F 4 3 ( K K , M M ) = I 4 3 ( K , M )
A S C I I , J J ) = C 3 4 # F 4 3 ( K K , M M )
CONTINUE

SUBMATRIX W -  P S I  X PRIME

MMF=NT(5)
DO 3500 MM=1,MMF
Jj=MM+NTS4

to



3 4 0 1

3 4 0 2
3 4 0 3
3 4 0 4

3 4 0 5  
3 5 0 0

1 0 0 1 5
2 0 0 1 5
C
C
C

3 5 0 2
3 5 0 3  
3 6 0 0

1 0 0 1 6
2 0 0 1 6
C
C
C

3 3 0 2
3 4 0 0

1 0 0 1 4

I F I M K 5 }  ï 3 4 0 2 , 3 4 0 1 ,  3 4 0 2
#=MM-1
GO TO 3 4 0 3
M=MM
GO TO ( 3 4 0 4 , 3 4 0 5 ) , ICALC 
F 5 3 ( K K , M M # = I 5 3 ( K ,M )
F R E 5 3 C K K ,M H )= IR E 5 3 (K ,M Ï
A S ( l l , J j ) = C 3 5 * F 5 3 ( K K , M M ) + C 3 5 1 * F R E 5 3 ( K K , M M )
CONTINUE
GOTO!1 0 0 1 5 , 2 0 0 1 5 ) , NCHECK 
CALL CHECK ( 1 5 )
CONTINUE

SUBMATRIX W -  P S I  THETA

MMF=NT(6)
0 0  3 6 0 0  MM=1,MMF
JJ=MM+NTS5
I F I N I 3 5 0 2 , 3 6 0 0 , 3 5 0 2
I F ( H 1 3 5 0 3 , 3 6 0 0 , 3 5 0 3
A S ( I I , J J ) = C 3 6 * F 4 3 ( K K , M M )
CONTINUE
GOTOI1 0 0 1 6 , 2 0 0 1 6 ) , NCHECK 
CALL CHECK ( 1 6 )
CONTINUE

SUBMATRIX W -  P S I  X

MMF=NT(7)
DO 3 4 0 0  MM=1,MMF 
jJ=MM+NTS6 
I F ( H ) 3 3 0 2 , 3 4 0 0 , 3 3 0 2
A S( I I , J J ) = C 3 7 * F 5 3 ( K K , M M ) + C 3 7 1 * F R E 5 3 ( KK,MM) 
CONTIIWE
GOTO( 1 0 0 1 4 , 2 0 0 1 4 ) , NCHECK 
CALL CHECK ( 1 4 )

ro
00



2 0 0 1 4
3 0 0 0

C
C
C

CONTINUE
CONTINUE

FOURTH SET OF ROWS

C
C
C

KKF=NTI4I
DO 7 0 0 0  KK=1,KKF
II=K K +N TS3
IFC K l ( 4 1 1 7 0 0 2 , 7 0 0 1 , 7 0 0 2

7 0 0 1  K=KK-1
GO TO 7 0 0 3

7 0 0 2  K=KK
7 0 0 3  CONTINUE

SUBMATRIX P S I  THETA PRIME -  V

7 4 0 3
7 5 0 0

C
C
C

7 5 0 2
7 6 0 0

C
C
C

MMF=NT«2I
DO 7 5 0 0  MM=1,MMF
jJ = M M + N T ( l )
A S ( I I , J J ) = C 2 4 * F 4 2 ( M M , K K *
CONTINUE

SUBMATRIX P S I  THETA PRIME -  W

MMF=NT(3)
0 0  7 6 0 0  MM=1,MMF
JJ=MM+NTS2
I F ( N ) 7 5 0 2 , 7 6 0 0 , 7 5 0 2
AS C I I , J J1 = C 3 4 # F 4 3 (M M ,K K 1
CONTINUE

SUBMATRIX P S I  THETA PRIME -  P S I  THETA PRIME

MMF=NT(4I
DQ 7400 MM=1,MMF
Jj=MM+NTS3

S3
VO



I F ( M I ( 4 ) ) 7 3 0 2 , 7 3 0 1 , 7 3 0 2
7 3 0 1  M=HM-1

GO TO 7 3 0 3
7 3 0 2  M=MM
7 3 0 3  GO TO ( 7 3 0 4 , 7 3 0 5 ) , IGALC
7 3 0 4  F R 1 4 4 ( K K , M M ) = I R 1 4 4 ( K , M )

FR44(KKWMM)=IR44(K,M)
F E 4 4 (K K + M M )= IE 4 4 (K ,M )
F R E E 4 4 (K K ,M M I= IR E E 4 4 (K ,M )

7 3 0 5  A I ( I 1 , J J 1 = 0 JF 4FR 44IK K ,M M ) 
A S I l I , J J ) = C 4 4 4 F R T 4 4 ( K K , H « ) * C 4 4 l * F E 4 4 C K K ^ M M ) * C 4 4 2 4 F R E E 4 4 ( K K , M M )

1 *C440*FR44(K KfM M )
7 4 0 0  CONTINUE

SUBMATRIX P S I  THETA PRIME -  P S I  X PRIME '
C
C
C

7 1 0 2
7 1 0 3

7 1 0 4
7 1 0 5
7 1 0 6

7 1 0 7  
7 2 0 0

C
C
c

MMF=NT(5)
DO 7 2 0 0  MM=1,MMF
JJ=MM+NTS4
I F ( N ) 7 1 0 2 , 7 2 0 0 , 7 1 0 2
I F I M I ( 5 ) 1 7 1 0 4 , 7 1 0 3 , 7 1 0 4
M=MM-1
GO TO 7 1 0 5
M=MM
GO TO 1 7 1 0 6 , 7 1 0 7 ) , ICALC
F E 5 4 IK K ^ M M )= IE 5 4 (K ,M )
F R 1 5 4 (K K * M M )= IR 1 5 4 (K ,M )
A S ( I I , J J ) = C 4 5 * F R 1 5 4 ( K K , M M ) - C 4 5 1 * F E 5 4 ( K K i M M )
CONTINUE

SUBMATRIX P S I  THETA PRIME -  P S I  THETA

MMF=NT(6)
DO 7 3 0 0  MM=1,MMF
JJ=MM+NTS5
I F I H I 7 2 0 2 , 7 3 0 0 , 7 2 0 2

w
o



7 2 0 2  A S ( I I , J J ) = C 4 6 * F R 1 4 4 ( K K f M M 1 + C 4 6 1 * F E 4 4 ( K K ,M M ) + C 4 6 2 * F R E E 4 4 ( K K ,M M )
7 3 0 0  CONTINUE

C
C SUBMATRIX P S I  THETA PRIME -  P S I  X
C

MMF=NTI7I 
0 0  7 1 0 0  MM=1,MMF 
JJ=MM+NTS6 
I F t H I 7 0 1 2 , 7 1 0 0 , 7 0 1 2

7 0 1 2  I F < N I 7 0 1 3 , 7 1 0 0 , 7 0 1 3
7 0 1 3  A S ( I I , j J ) = C 4 7 * F R 1 5 4 ( K K , M M ) - C 4 7 1 * F E 5 4 ( K K ÿ M M I  
7 1 0 0  CONTINUE

G O T 0 I 1 0 0 2 8 , 2 0 0 2 8 i , NCHECK 
1 0 0 2 8  CALL CHECK <281 
2 0 0 2 8  CONTINUE 

7 0 0 0  CONTINUE
C
C F IF T H  SET OF ROWS G
C

KKF=NT<5)
DO 5 0 0 0  KK=1,KKF 
I I=K K +N T S 4
I F I K K S l  1 5 0 0 2 , 5 0 0 1 , 5 0 0 2

5 0 0 1  K=KK-1
GO TO 5 0 0 3

5 0 0 2  K=KK
5 0 0 3  CONTINUE

C
C SUBMATRIX P S I  X PRIME -  W I
C

MMF=NT(31 
DO 5 1 0 0  MM=1,MMF 
JJ=MM+NTS2
I F C M I O I  1 5 0 1 2 , 5 0 1 1 ,  5 0 1 2  

5 0 1 1  M=MM-1
GO TO 5 0 1 3



5 0 1 2  M=MM
5 0 1 3  GO TO ( 5 0 1 4 , 5 ^ 1 5 ) , ICALC
5 0 1 4  F « E 3 5 (K K ,M M » = IR E 3 5 (K ,M I
5 0 1 5  A S ( I I , J J ) = - C 3 5 1 * F R E 3 5 ( K K , M M )
5 1 0 0  CONTINUE

GOTOt1 0 0 2 2 , 2 0 0 2 2 ) fNCHECK
1 0 0 2 2  CALL CHECK ( 2 2 1
2 0 0 2 2  CONTINUE 
C
C SUBMATRIX P S I  X PRIME -  P S I  THETA PRIME
C

MMF=NT(4)
DO 5 5 0 0  MM=1,MMF
JJ=MM+NTS3
I F ( N ) 5 4 0 2 , 5 5 0 0 , 5 4 0 2

5 4 0 2  I F ( M I ( 4 ) ) 5 4 0 4 , 5 4 0 3 , 5 4 0 4
5 4 0 3  M=MM-1

GO TO 5 4 0 5  G
5 4 0 4  M=MM
5 4 0 5  GO TO ( 5 4 0 6 , 5 4 0 7 ) , ICALC
5 4 0 6  F E 4 5 ( K K , M M ) = I E 4 5 t K ,M )  I
5 4 0 7  A S ( I I , J J ) = C 4 5 * F R 1 5 4 t M M , K K ) + C 4 5 1 * F E 4 5 ( K K v M M )
5 5 0 0  CONTINUE

GOTOf1 0 0 2 3 , 2 0 0 2 3 ) , NCHECK
1 0 0 2 3  CALL CHECK ( 2 3 1
2 0 0 2 3  CONTINUE 
C
C SUBMATRIX P S I  X PRIME -  P S I  X PRIME
C

MMF=NT(5)
DO 5 3 0 0  MM=1,MMF 
jJ=MM+NTS4
I F t M I ( 5 ) > 5 2 0 2 , 5 2 0 1 , 5 2 0 2

5 2 0 1  M=MM-1
GO TO 5 2 0 3

5 2 0 2  M=MM



5 2 0 3
5 2 0 4

5 2 0 5

GO TO ( 5 2 0 4 , 5 2 0 5 ) , ICALC 
F R 1 5 5 ( K K , H M ) = I R 1 5 5 ( K , « )
F R 5 5 ( K K ^ H H ) = I R 5 5 ( K ,M )
F E 5 5 ( K K ^ H H I = I E 5 5 ( K , M )
F R E E 5 5 ( K K ,H M )= I R E E 5 5 I K , H )
A I t I I , J J ) = C J F * F R 5 5 ( K K , M M )

O A S C I I , J J ) = C 5 5 * F R 1 5 5 (K K fM M )+ C 5 5 0 * F R 5 5 (K K ,M M )+ C 5 5 1 * F E 5 5 (K K ,M M )  
1 + C 5 5 2 * F R E E 5 5 ( K K , W m

5 3 0 0  CONTINUE
GOTOC1 0 0 2 4 , 2 0 0 2 4 } , NCHECK 
CALL CHECK ( 2 4 )
CONTINUE

1 0 0 2 4
2 0 0 2 4
C
C
C

5 3 0 1
5 3 0 3
5 4 0 0

1 0 0 2 5
2 0 0 2 5
C
C
C

SUBMATRIX P S I  X PRIME -  P S I  THETA

MMF=NT(6)
DO 5 4 0 0  MM=1,MMF 
JJ=MM+NTS5 
I F ( N ) 5 3 0 I , 5 4 0 0 , 5 3 0 1  
I F I H I  5 3 0 3 , 5 4 0 0 , 5 3 0 3
A S ( I I , J J ) = C 5 6 * F R 1 5 4 ( M M ,K K )+ C 561*F E 45( KK,MM) 
CONTINUE
GOTOI1 0 0 2 5 , 2 0 0 2 5 ) , NCHECK 
CALL CHECK 1251 
CONTINUE

SUBMATRIX P S I  X PRIME -  P S I  X

ww

MMF=NTI7)
DO 5 2 0 0  MM=1,MMF 
JJ=MM+NTS6 
I F ( H ) 5 1 0 2 , 5 2 0 0 ,  5 1 0 2  

5 1 0 2  A S C I I , J J ) = C 5 7 * F R 1 5 5 ( K K ,M M ) + C 5 7 1 * F E 5 5 ( K K V M M )  
1 +C 572*FREE55(K K,M M )

5 2 0 0  CONTINUE
GOTOI1 0 0 2 6 , 2 0 0 2 6 ) , NCHECK



1 0 0 2 6  CALL CHECK ( 2 6 1  
2 0 0 2 6  CONTINUE 

5 0 0 0  CONTINUE
C
C SIXTH SET OF ROWS
C

KKF=NT(6I
I F C H l 6 0 0 3 , 6 0 0 0 t 6 0 0 3  

6 0 0 3  DO 6 0 0 0  KK=1,KKF 
I I=KK+NTS5

C
C SUBMATRIX P S I  THETA -  V
C

MMF=NT(2)
DO 6 1 0 0  MM=1,MMF 
JJ=MM+NT(1)
A S < I I , J J ) = C 2 6 * F 4 2 ( M M , K K )

6 1 0 0  CONTINUE i C
C ^
C SUBMATRIX P S I  THETA -  W
C

MMF=NT(3l 
DO 6 2 0 0  MM=1,MMF 
jJ=MM+NTS2 
I F ( N I 6 1 0 2 , 6 2 0 0 , 6 1 0 2  

6 1 0 2  A S ( I I , J J ) = C 3 6 * F 4 3 ( M M , K K )
6 2 0 0  CONTINUE

C
C SUBMATRIX P S I  THETA -  P S I  THETA PRIME i

MMF=NT(4)
DO 6 6 0 0  MM=1,MMF 
JJ=MM+NTS3
A S I I I , J J ) - C 4 6 * F R 1 4 4 ( K K , H M ) + C 4 6 1 * F E 4 4 ( K K , M M J + C 4 6 2 * F R E E 4 4 ! K K , M M 1  

6 6 0 0  CONTINUE



c SUBMATRIX P S I  THETA -  P S I  X PRIME
C

MMF=NT(5I 
0 0  6 4 0 0  MM=1,MMF 
JJ=MM+NTS4 
I F I N ) 6 3 0 2 « 6 4 0 0 « 6 3 0 2  

6 3 0 2  A S ( I I , J J ) = C 5 6 * F R 1 5 4 ( M M , K K ) - C 5 6 1 * F E 5 4 ( K K , M M )
6 4 0 0  CONTINUE

C
C SUBMATRIX P S I  THETA -  P S I  THETA
C

MMF=NTI6I
DO 6 5 0 0  MM=1,MMF
JJ=MM+NTS5
A I ( I I , J J ) = C J C * F R 4 4 ( K K , M M )

O A S ( I I , J j ) = C 6 6 * F R 1 4 4 ( KKV MMï + C 6 6 0 * F R 4 4 ( KK, MMl+C661*FE44C KK,HMl 
1 +C662*FREE44(KK,MM )

6 5 0 0  CONTINUE w
C ^
C SUBMATRIX P S I  THETA -  P S I  X
C

MMF=NT(7»
0 0  6 3 0 0  MM=1,MMF 
JJ=MM+NTS6 
I F ( N I 6 2 0 2 , 6 3 0 0 , 6 2 0 2  

6 2 0 2  A S ( I I , j J ) = C 6 7 * F R 1 5 4 ( K K , M M ) - C 6 7 1 * F E 5 4 ( K K f M M )
6 3 0 0  CONTINUE 
6 0 0 0  CONTINUE

GOTO(1 0 0 2 7 , 2 0 0 2 7 ) , NCHECK 
1 0 0 2 7  CALL CHECK ( 2 7 )
2 0 0 2 7  CONTINUE 
C
C SEVENTH SET OF ROWS
C

KKF=NT(7)
I F ( H I 4 0 0 3 , 4 0 0 0 , 4 0 0 3



4 0 0 3  DO 4 0 0 0  K K = l ,K K F  
I I=KK+NTS6

C
C SUBMATRIX P S I  X -  W
C

MMF=NT<3I
0 0  4 1 0 0  MM=1,MMF
JJ=MM+NTS2
A S ( I I , J J ) = - C 3 7 1 * F R E 3 5 ( K K , M M )

4 1 0 0  CONTINUE
GOTOI1 0 0 1 7 , 2 0 0 1 7 ) .NCHECK

1 0 0 1 7  CALL CHECK 1171
2 0 0 1 7  CONTINUE '
C
C SUBMATRIX P S I  X -  P S I  THETA PRIME
C

MMF=NTI4I
DO 4 5 0 0  MM=1,MMF I %
JJ=MM+NTS3 I *
I F I N I 4 4 0 2 , 4 5 0 0 , 4 4 0 2  

4 4 0 2  A S I I I , J J ) = C 4 7 * F R 1 5 4 I M M , K K ) * C 4 7 1 * F E 4 5 I K K , M M )
4 5 0 0  CONTINUE

GOTOI1 0 0 1 8 , 2 0 0 1 8 ) , NCHECK
1 0 0 1 8  CALL CHECK 1181
2 0 0 1 8  CONTINUE 
C
C SUBMATRIX P S I  X -  P S I  X PRIME
C

MMF=NTI51
DO 4 3 0 0  MM=l,MMF
JJ=MM+NTS4
A S I I I , J J ) = C 5 7 * F R 1 5 5 I K K , M M 1 + C 5 7 1 * F E 5 5 I K K , M M 1  

1 +C572*FREE55IKK,MM1
4 3 0 0  CONTINUE

GOTOI1 0 0 1 9 , 2 0 0 1 9 1 , NCHECK
1 0 0 1 9  CALL CHECK 1 1 9 )



2 0 0 1 9  CONTINUE 
C
C SUBMATRIX P S I  X -  P S I  THETA
C

MMF=NTI6I
0 0  4 4 0 0  MM=1,MMF 
JJ=MM+NTS5 
I F C N I 4 3 0 2 , 4 4 0 0 * 4 3 0 2

4 3 0 2  A S ( I I , J J ) = C 6 7 * F R 1 5 4 ( M M , K K ) + C 6 7 1 * F E 4 5 ( K K , M M )
4 4 0 0  CONTINUE

GOTOf1 0 0 2 0 , 2 0 0 2 0 1 , NCHECK
1 0 0 2 0  CALL CHECK f 2 0 1
2 0 0 2 0  CONTINUE 
C
C SUBMATRIX P S I  X -  P S I  X
C

MMF=NTf7#
0 0  4 2 0 0  MM=1,MMF &
jj=MM+NTS6
A U I I , J J 1 = C J C * F R 5 5 I K K , M M )  

0 A S f I I , J J )= C 7 7 * F R 1 5 5 fK K rM M l+ C 7 7 0 * F R 5 5 (K K w M M » * C 7 7 1 * F E 5 5 C K K ,M M I  
1 +C772*FREE55fKKiMM )

4 2 0 0  CONTINUE
GOTOf1 0 0 2 1 , 2 0 0 2 1 ) , NCHECK

1 0 0 2 1  CALL CHECK ( 2 1 )
2 0 0 2 1  CONTINUE 

4 0 0 0  CONTINUE
C
C WRITE E T A ' S ,  C ' S ,  AND INTEGRALS, I F  D ESIRED .
C

GO TO ( 3 0 0 0 1 , 4 0 0 0 1 ) , NTEST I
3 0 0 0 1  WRITE( 3 , 5 0 0 0 1 )  N 1 , N 2 , N 3 , N 4 , N 5 , N 6 , N 7 , N 8 , N 9 , N 1 0 , N 1 1 , N 1 2 , N 1 3 , N 1 4 ,

1 N 1 5 , N 1 6
5 0 0 0 1  FORMAT f « O » , 8 E 1 5 . 4 / 1 X , 8 E 1 5 . 4 )

WRITE ( 3 , 5 0 0 0 2 )  C 1 1 , C M , C 1 1 1 , C 1 1 2 , C 1 2 , C 1 2 1 , C 1 3 , C 1 3 1 , C 2 2 , C 2 2 1 , C 2 2 2 ,
1 C 2 3 , C 2 6 , C 3 3 , C 3 3 I , C 3 3 2 , C 3 4 , C 3 5 , C 3 5 1 , C 3 6 , C 4 4 , C 4 4 0 , C J C , C 4 4 1 ,



2 C 4 4 2 , C 4 5 , C 4 5 1 ,  C 4 6 , C 4 6 1 , C 4 7 , C 4 7 1 * C 5 5 , C 5 5 0 , G J F , C 5 5 1
3  C 5 5 2 , C 5 6 , C 5 6 1 , C 5 7 , C 5 7 1 * C 6 5 * C 6 6 0 , C 6 6 l » C 6 6 2 , C 6 7 , C 6 7 l , i C 7 7 , C 7 7 l , C  

5 0 0 0 2  FORMAT I • 0 * , 8 E 1 5 . 4 / 6 ( 1 X , 8 E 1 5 . 4 / ) I
« 3  TO ( 5 0 0 0 4 , 4 0 0 0 1 ) , IGALC

G 772

^ ^ i , F E 1 2 , F R l 2 2 ,  
, F R E E 3 3 , F 4 3 , F 5 3 ,  
" ' " , F R 1 5 5 , F R 5 5 ,

5 0 0 0 3
4 0 0 0 1 CONTINUE

FOR A HOMOGENEOUS SHELL ( H = 0 ) ,  THE ROWS AND COLUMNS CORRESPONDING 
TO THE CORE ROTATIONS ARE REMOVED, AND THE S T IF F N E SS  AND INERTIA 
MATRICES ARE COMPRESSED ACCORDINGLY.

I F ( H ) 8 0 3 0 , 8 0 0 0 , 8 0 3 0  
8 0 0 0  N T S 7 = N T S 7 - N T ( 6 ) - N T ( 7 )  

N T ( 6 ) = 0  
N T ( 7 ) = 0
GOTOI1 0 0 2 9 , 2 0 0 2 9 ) , NCHECK 

1 0 0 2 9  CALL CHECK <29)
2 0 0 2 9  CONTINUE 

8 0 3 0  CONTINUE
C

w
00

c
C

1 2 0
121

122
1 2 3

PRINT THE S T IF F N E S S  MATRIX

GOTOI1 2 0 , 1 4 0 ) , NWRITE 
W R I T E ( 3 , 1 2 1 )
F O R M A T ! • 0 » ,5 5 X ,« S T I F F N E S S  MATRIX") 
DO 1 2 8  I = 1 , N T S 7  
J l = l  
J 7 = 7  
JTAG=1JTAG=1
W R I T E I 3 , 1 2 3 ) ( J , J = J 1 , J 7 )  
F O R M A T ! » 0 » , 1 0 X , « C O L » ,1 3 , 6 ( 1 O X , " C O L " , 1 3 ) )



W R I T E ( 3 , 1 2 4 ) I , ( A S ( I , J )
1 2 4  FORMAT*' ROW » , I  3 , 7 0 1 6 . 8 1  

GOTO*1 2 5 , 1 2 8 ) , JTAG
1 2 5  J l = J l + 7  

I F ( J 7 + 7 - N T S 7 ) 1 2 6 , l 2 7 , 1 2 7
1 2 6  J 7 = J 7 + 7  

GO TO 1 2 2
1 2 7  J7= N T S 7  

JTAG=2
GO TO 122

1 28  CONTINUE
C
C PRINT THE INERTIA MATRIX
C

W R I T E ( 3 , 1 2 9 1
1 2 9  F O R M A T * " O ' ,4 6 X , 'B L O C K  DIAGONAL OF INERTIA M A T RIX ')

ICT=1
10=1 G
IL = N T *1)
KTAG=l

1 3 0  DO 133  1 = 1 0 , IL
131  W R I T E * 3 , 1 3 2 I ( J , J = I O , I L )
1 3 2  F O R M A T * ' O ' , l O X , ' C O L ' , 1 3 , 5 * l O X , ' C O L ' , 1 3 ) #
1 3 3  W R I T E * 3 , 1 3 4 1 I , * A I ( I , J ) , J = I O , I L )
1 3 4  FORMAT*" RO W ', 1 3 , 7 0 1 6 . 8  I 

GOTO*1 3 5 , 1 4 0 ) , KTAG
1 3 5  IO = IO + N T * IC T )  I

I L = I L + N T ( I C T + 1 )  !
IC T = IC T + 1
I F * H i l 3 8 , 1 3 6 , 1 3 8

1 3 6  I F * I C T - 5 ) 1 3 0 , 1 3 7 , 1 3 7
1 3 7  KTAG=2

GO TO 1 3 0
1 3 8  I F * I C T - 7 ) 1 3 0 , 1 3 9 , 1 3 9
1 3 9  KTAG=2

GO TO 1 3 0



140 CONTINUE
C
C WRITE THE MATRICES ON TAPE
C

GO TO 1 2 0 0 , 2 5 0 ) fNTAPE
2 0 0  GO TO 1 2 0 1 , 2 0 2 ) «ITAPE
201 ITAPE=2 

REWIND 7
REWIND 8 ,

2 0 2  CONTINUE '
WRITE*?) NAME,BCOND,ANG,RO,XL,TiH,MUX,MUT 
WRITE*?) EX,ET,GZXF,GTZF,GXTF,GZXC,GTZC
WRITE*?) RF,KXF,KTF,RC,KXC,KTC,NT,N,SA  
WRITE*?) IEG,IVEC,IDET,MIT,MITS,AIRS,GBR,IQUIT  
GOTO*1 0 0 3 0 , 2 0 0 3 0 ) , NCHECK 

1 0 0 3 0  CALL CHECK *30)
2 0 0 3 0  CONTINUE 

2 50  CONTINUE
C °
C TESTS: WHERE 0 0  I GO FROM HERE?
C

9 0 0  IF * N -N M A X ) 9 0 2 ,9 0 3 ,9 0 3
9 0 2  IGO-1 

ICALC=2 
GO TO 9 0 7

9 0 3  GO TO *905 ,904) ,NTERM
9 0 4  IG0=2  

GO TO 9 0 7
9 0 5  GO TO * 9 0 8 , 9 0 6 ) , NCASE
9 0 6  IGO=3
9 0 7  NST0P=1 

GO TO 9 0 9
9 0 8  NST0P=2 

IG0=4
9 0 9  GO TO 1 9 1 0 , 9 1 2 ) , NTAPE
9 1 0  WRITE * 8 )  NTAGBC,NTS7,AS,AI,NST0P,EX



9 1 2  CONTINUE
9 1 3  GO TO < 1 0 , 7 , 1 , 9 1 4 ) , I G O
9 1 4  RETURN 

END

SUBROUTINE CHECK l i t  
WRITE ( 3 , 1 1  I 

1 FORMAT ( •  CHECK * , I 3 )  
RETURN 
END

SUBROUTINE PART2 
C INVERSION OF STIFFNESS MATRIX AND MULTIPLICATION TIMES
C INERTIA MATRIX

DOUBLE PRECISIO N  B I G ,X ,E X , D A S ,D A I ,L I T ,N O R M , Y , F A C T O R  
DOUBLE PRECISION AS( 4 2 , 4 2 1 , A 1( 4 2 , 4 2 1 , A ( 4 2 , 4 2 1 , A SV I1 7 6 4 1 ^DET 
DIMENSION L M IN V (4 2 1 ,M M IN V (4 2 )
ITAPE=1

2 0 0  6 0  TO ( 2 0 1 , 2 0 2 ) , ITAPE
2 0 1  ITAPE=2

REWIND 8 ,
REWIND 9

2 0 2  CONTINUE I 
READ ( 8 1  N T A G B C ,N T S 7 ,A S ,A I ,N S T 0 P ,E X
NN=NTS7

C
C NORMALIZE THE MATRICES 
C

DO I  1 = 1 , NN 
DO 1 J = 1 , N N  

1 A ( 1 , J I = 0 . D 0



c  FIND THE LARGEST ELEMENT IN (A S)  OR ( A I )
C

BIG=O.DO 
L I T = A I ( l , l )
DO 28  1 = 1 , NN 
O A S = D A B S ( A S ( I , I ) )
D A I = D A B S ( A I ( 1 , 1 ) )
I F ( D A S - D A I ) 2 , 3 , 3

2 X=DAI 
Y=DAS 
GO TO 4

3  X=DAS 
Y=DAI

4  I F ( B I G - X ) 5 , 6 , 6
5 BIG=X
6 I F ( L I T - Y ) 2 8 , 2 8 , 2 7

27  LIT=Y
28 CONTINUE 

NORM=DSQRT(BIG/LIT)
8IG=BIG /NORN
GO TO C 9 ,7 ) ,N T A G B C

7 DO 8 1 = 1 , NN 
DO 8 J = 1 , N N
A ( I , J ) = A S ( 1 , J )
A S ( I , J ) = A I ( I , J ) / B I G

8 A l l  I , j i = A ( l , J I / B I G  
GO TO 11

9  DO 10 1 = 1 , NN 
OO 10 J = 1 , N N
A S f I , J I = A S C I , J ) / B 1 G

10  A I f I , J I = A I ( l , J ) / B I G
11 CONTINUE

C
C FIND THE F L E X IB IL IT Y  MATRIX BY INVERTING THE S T IF F N E S S  MATRIX
C

CALL DARRAY ( 2 , N N , N N , 4 2 , 4 2 , A S V , A S )



CALL DMINV CASV,NN.DET,LMINV,MHINVJ 
CALL F ARRAY ( l « N N , N N , 4 2 « 4 2 t A S V , A S )

C (A S)  I S  NOW (A S)- IN V E R TED  
C
C MULTIPLY THE F L E X IB IL IT Y  MATRIX TIMES THE INERTIA MATRIX
C

CALL MULTMl ( AS• A I , A ,N N ,N N ,N N )
C
C NORMALIZE BEFORE GOING TO EIGENVALUE SOLUTION.
C

B IG = O A B S (A (1 , 1 ) )
L IT = B IG  
DO 3 3  1 = 2 , NN 
DAS=OABS(A(1 * 1 )  )
I F ( B I G - O A S ) 3 0 , 3 1 , 3 1

3 0  BIG=DAS 
GO TO 3 3

3 1  I F I L I T - D A S ! 3 3 , 3 3 , 3 2
3 2  L1T=DAS w
3 3  CONTINUE 

NORM=DSQRT(BIG/LIT)
FACTOR=BIG/NORM
DO 4 0  1 = 1 , NN 
DO 4 0  J = 1 , N N  

4 0  A I I , J ) = A ( I , J I / F A C T O R
W R IT E I9 )  NTAGBC,NTS7,A,NSTOP,FACTOR 
GO TO ( 2 0 0 , 9 9 9 ) , NSTOP 

9 9 9  RETURN 
END

SUBROUTINE DARRAY ( M O D E , I * J , N , M , S , D ) 
SEE WRITE-UP IN IBM S S P ,  PAGE 85 

DOUBLE PRECISION S ( 1 ) , D ( 1 )
N I = N - I



I F I H O D E - l î  1 0 0 ,  1 0 0 ,  1 2 0  
1 0 0  I J = I * j + l  

NM=N*J+1 
00 110 K=1,J 
NM=NM-NI 
DO 110  1 = 1 , I 
I J = I J - 1  
NM=NM-1 

1 1 0  0 ( N M ) = S ( I J *
GO TO 1 4 0  

1 2 0  I J = 0  
NM=0
0 0  1 3 0  K = 1 , J  
0 0  1 2 5  L = 1 , I  
I J = I J + 1  
NM=NM+1 

1 2 5  S I I J I = 0 I . M )
1 3 0  NM=NM+NI 
1 4 0  RETURN 

END

SUBROUTINE D M IN V (A ,N ,D ,L ,M )
SEE WRITE-UP IN IBM S S P .  
DIMENSION A I l l  
DIMENSION L ( l ) , M ( i ;
DOUBLE PRECISION A ,D ,B I G A ,H 0 L 0  
0= 1 . 00+00 
NK=-N
DO 80  K =1 ,N  
NK=NK+N ^
L(K )= K
M(K)=K
KK=NK+K
BIGA=A(KK)

HINV 0 3 3

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

0 4 2
0 5 6
0 5 7
0 5 8
0 5 9
0 6 0  
0 6 1  
0 6 2  
0 6 3



c
c
c

c
c
c

c
c
c

DO 2 0  J = K , N  
I Z = N * C J - l l  
DO 2 0  I = K , N  
I J = I Z + I

10 I F I 0 A B S ( B I G A I - 0 A B S ( A ( 1 J I  ) l  I 5 « 2 0 , 2 0  
15 B I G A = A ( 1 J )

L C K I= I  
M (K )= J  

2 0  CONTINUE

INTERCHANGE ROWS

J = L ( K )
I F C J - K I  3 5 , 3 5 , 2 5  

2 5  K I= K -N
DO 3 0  1 = 1 , N 
K I= K I+ N  
HOLO = -A fK II  
J I = K I - K + J
A ( K 1 } = A ( J I 1  ,

3 0  A ( J I )  =HOLD

INTERCHANGE COLUMNS

3 5  I=M (K)
I F I I - K J  4 5 , 4 5 , 3 8  

3 8  J P = N * U - 1 I  
DO 4 0  J = 1 , N  
JK=NK+J 
J I = J P + J  
HOLD=-A*JKI  
A ( J K } = A ( J I l  

4 0  A U  I I  =HOLD

DIVIDE COLUMN BY MINUS PIVOT (VALUE OF PIVOT ELEMENT I S  
CONTAINED IN BIGA)

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

0 6 4
065
0 6 6
0 6 7
0 6 8
0 6 9
0 7 0
0 7 1
0 7 2
0 7 3
0 7 4
0 7 5
0 7 6
0 7 7
0 7 8
0 7 9
0 8 0  
0 8 1  
0 8 2
0 8 3
0 8 4
0 8 5
0 8 6
0 8 7
0 8 8
0 8 9
0 9 0
0 9 1
0 9 2
0 9 3
0 9 4
0 9 5
0 9 6
0 9 7
0 9 8
0 9 9

Ln



c
c
c

c
c
c

c
c
c
c
c

4 5  I F I B I G A I  4 8 , 4 6 , 4 8
4 6  0 = 0 . 0 0 4 - 0 0  

RETURN
4 8  0 0  5 5  1 = 1 , N

I F I I - K )  5 0 , 5 5 , 5 0  
5 0  IK=NK+I

A l ! K I = A ( I K } / ( - B I G A I  
5 5  CONTINUE

REOUCE MATRIX

0 0  6 5  1 = 1 , N 
IK=NK+I 
I J = I - N  
0 0  6 5  J = 1 , N  
I J = I J + N
I F ( I - K )  6 0 , 6 5 , 6 0  

6 0  I F ( J - K I  6 2 , 6 5 , 6 2  
6 2  K J = I J - I + K

A < I J 1 = A C I K ) * A ( K J ) + A ( I J  ï 
6 5  CONTINUE

DIVIDE ROW BY PIVOT

KJ=K-N
DO 75  J = 1 , N
K J=KJ+N
I F C J - K l  7 0 , 7 5 , 7 0  

7 0  A ( K J } = A ( K J 1 / B I G A  
7 5  CONTINUE

PRODUCT OF PIVOTS

REMOVED D=D*BIGA

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

100
101
102
1 0 3
1 0 4
1 0 5
1 0 6
1 0 7
1 0 8
1 0 9
110 
111 
112
1 1 3
1 1 4
1 1 5
1 1 6
1 1 7
1 1 8
1 1 9
120 
121 
122
1 2 3
1 2 4
1 2 5
1 2 6
1 2 7
1 2 8
1 2 9
1 3 0
131
1 3 2
1 3 3

&

MINV 135



c
c

c
c
c

REPLACE PIVOT BY RECIPROCAL MINV 1 3 6
MINV 1 3 7

A ( K K ) ^ 1 . 0 D + 0 0 / B I G A MINV 1 3 8
80 CONTINUE MINV 1 3 9

MINV 1 4 0
FINAL ROW AND COLUMN INTERCHANGE MINV 141

MINV 1 4 2
K=N MINV 1 4 3

1 0 0 K = ( K - 1 ) MINV 1 4 4
Î F I K I  1 5 0 , 1 5 0 , 1 0 5 MINV 1 4 5

105 I = L ( K ) MINV 1 4 6
I F ( I - K J  1 2 0 , 1 2 0 , 1 0 8 MINV 1 4 7

108 JQ = N * C K -1 ) MINV 1 4 8
J R = N * f I - l l MINV 1 4 9
DO 1 1 0  J = 1 , N MINV 1 5 0
J K = J Q + J 1 MINV 151
HOLD=A(JKI 1 MINV 1 5 2
J I = J R + J MINV 1 5 3
A ( J K | = - A ( J I I MINV 1 5 4

1 1 0 A U  I I  =HOLD MINV 1 5 5
1 2 0 J=M (K) MINV 1 5 6

I F U - K I  1 0 0 , 1 0 0 , 1 2 5 MINV 1 5 7
1 2 5 K I= K -N MINV 1 5 8

DO 1 3 0  1 = 1 , N 1 MINV 1 5 9
K I= K I+ N ' MINV 1 6 0
HOLD=A<KI) MINV 161
J I = K I - K + J MINV 1 6 2
A I K I Î = - A ( J I 1 MINV 1 6 3

130 A U  I I  =HOLD MINV 1 6 4
GO TO 1 0 0 MINV 1 6 5

1 5 0 RETURN MINV 1 6 6
END MINV 1 6 7

SUBROUTINE FARRAY (M O D E ,T ,J iN ,M ,S ,D )



c THIS SUBROUTINE I S  IDENTICAL TO DARRAY. 
DOUBLE PRECISION S ( l ) , D ( l )
N I = N - I
I F ( M O D E - l )  1 0 0 ,  1 0 0 ,  1 2 0  

1 0 0  I J = I * J + 1  
NM=N*J+1 
DO 110  K = 1 , J  
NM=NM-NI 
DO 1 1 0  L = 1 , I  
I J = I J - 1  
NM=NM-1 

1 1 0  D ( N M ) = S ( I J ;
GO TO 1 4 0  

1 2 0  I J = 0  
NM=0
DO 1 3 0  K = 1 , J  
0 0  1 2 5  L = 1 , I  
I j = I J + l  
NM=NM+1 

1 2 5  S ( I J ; = D ( N M #
1 3 0  NM=NM+NI 
1 4 0  RETURN 

END

■P«00

999

SUBROUTINE MULTMl ( A , B , C « L , M ,NI
DOUBLE PRECISION A ( 4 2 , 4 2 I , B ( 4 2 , 4 2 ) , C ( 4 2 , 4 2 I
DO 9 9 9  1 = 1 , L
03  9 9 9  J = 1 ,N
C i l v J I  = 0 . 0 * 0 0
0 3  9 9 9  K=1,M
C I I , J 1  = C ( I , J ) * A ( I , K ) * B ( K , J I
RETURN
END



SUBROUTINE PART3
CALCULATION OF NATURAL FREQUENCIES 6 NORMAL MODE SHAPES
DOUBLE PRECISION A ( 4 2 , 4 2 ) , E V E C ( 4 2 , 4 2 ) , E V A L ( 4 2 1
DOUBLE PRECISION ALRS,GBR
DOUBLE PRECISION EX,COMEGA,FACTOR
COMMON EVEC
ITAPE=1 I

2 0 0  GO TO I 2 0 1 , 2 0 2 1 ,1 T A P E  '
2 0 1  ITA PE=2 

REWIND 7 
REWIND 9

2 0 2  CONTINUE
CALL WRITEl (EX,COMEGA)
READ ( 7 )  I E G , I V E C , I D E T , M I T , M I T S , A L R S , G B R , I Q U I T  
READ ( 9 )  NTAGBC,NTS7,A,NSTOP,FACTOR
NN=NTS7 S:

C
C I F  lEG = 1 ,  EVERY ITERATION OF THE EIGENVALUE I S  PRINTED.
C OTHERWISE, lEG = 0 .
C I F  IVEC = 1 ,  THE EIGENVECTOR I S  CALCULATED AND PRINTED.
C OTHERWISE, IVEC = 0 .
C SET IDET =  1
C ALRS I S  THE I N I T I A L  EIGENVALUE GUESS.

VO

HOD I S  USED. 
DIRECT

C GBR I S  THE INCREMENT TAKEN WHEN THE INVERSE POWER MET
C MIT I S  THE MAXIMUM NUMBER OF ITERATIONS TAKEN FOR THE
C POWER METHOD.
C MITS IS  THE MAXIMUM NUMBER OF ITERATIONS TAKEN FOR THE INVERSE
C POWER METHOD.
C

CALL MATSUB (NN, l E G , I V E C , A L R S , G B R , I D E T , M I T , M I T S , I Q U I T , N T A G B C ,
1 A,EVAL)

CALL WRITE2 (NN,NTAGBC,EX,COMEGA,EVAL^FACTOR,IQUIT)
GO TO ( 2 0 0 , 9 9 9 ) , NSTOP 

9 9 9  RETURN



END

SUBROUTINE WRITEl (EX,COMEGA)
DOUBLE PRECISION N A H E (IO ) ,B C O N D (3 1 

ODOUBLE PRECISIO N  A N G ,R O ,X L ,T ,H ,M U X ,M U T ,E X ,E T ,G Z X F ,G T Z F ,G X T F ,G Z X C ,
1 GTZC,RF,K XF,KTF,RC,KX C,K TCiCO M EGA ,S A  

DIMENSION N T ( 7 )
READ 1 7 )  NAME,BCOND,ANG,RO,XL,T,H ,M UX,MUT 
READ ( 7 1  EX ,E TiG ZX F,G TZF,G X TF,G Z X C,G T ZC 
READ ( 7 )  R F , K X F , K T F ,R C , K X C , K T C ,N T , N , S A

1 0 0  W R I T E ( 3 , 1 0 1 ) ( N A M E ( I 1 , 1 = 1 , 1 0 )  i
101  F O R M A T ( * 1 ' , 2 3 X , 1 0 A 8 )  (

WRITE( 3 , 1 0 2 ) (B C O N D (1 1 , 1 = 1 , 3 )
1 0 2  FORMAT#*0 ' ,42X,"BOUNDARY CONDITIONS —  " , 3 A 8 )

W R I T E ( 3 , 1 0 3 )
1 0 3  F O R M A T ! " O ' , 5 6 X , " S H E L L  GEOMETRY") d

W R I T E ( 3 , 1 0 A ) A N G , R 0 , X L , T , H  °
1 0 4  FORMAT!• " , S IX ,"A L P H A  = • , F 6 . 2 , • D E G R E E S " /5 3 X ," R O  =  " , F 8 . 3 , "  INCHE 

IS*  / 5 4 X , " L  =  " , F 8 . 3 , "  I N C H E S " / 5 4 X , " T  = " , F 8 . 4 , "  I N C Ü E S " / 5 4 X ,
2 "H = " , F 8 . 4 , "  INCHES")

W R I T E ( 3 , 1 0 5 )
105  FO R M A T !"O ' ,53X ,"M A T E R IA L  P R O P E R T I E S " / / 6 0 X , " F A C I N G S " ) 

W R IT E ( 3 ,1 0 6 ) E X ,M U X ,E T ,M U T ,G Z X F ,K X F ,G T Z F ,K T F ,G X T F ,R F
1 0 6  FORMAT!" " , 3 5 X , " E X  = " , D 1 3 . 6 , "  P S I . " ,7X ,"M U X  = " , F 6 . 3 / 3 6 X ,

1 "ET = " , 0 1 3 . 6 , "  P S I - " , 7 X , "MUT = • , F 6 . 3 / 3 6 X , " GZX = " , 0 1 3 . 6 ,
2 '  P S I c « , 7 X , " K X  = " , F 6 . 3 / 3 6 X , " G T Z  = " , 0 1 3 . 6 , "  P S I . " , 7 X , " K T  = " ,
3  F 6 . 3 / 3 6 X , " G X T  = " , D 1 3 . 6 , "  P S I . " , 7 X , " RHO = " , 0 1 3 . 6 ,
4  • L B - S E C * * 2 / I N * * 4 " )

I F ( H ) 1 0 9 , 1 0 7 , 1 0 9
1 0 7  W R I T E ( 3 , 1 0 8 )
1 0 8  FORMAT!" 0 " , SOX,"HOMOGENEOUS SHELL, NO CORE")

GO TO 1 1 1
1 0 9  W R IT E !3 ,1 1 0 )G Z X C ,K X C ,G T Z C ,K T C ,R C
1 1 0  F O R M A T ! " 0 " , 6 1 X , " C O R E " /  3 6 X ," G Z X  = " , 0 1 3 . 6 , "  P S I . ' , 7 X , ' K X  = " ,



1 F 6 . 3 /  3 6 X , ' G T Z  = ' , 0 1 3 . 6 , '  P S I . ' , 7 X , ' K T  = '  , F 6 . 3 / 4 6 X 1 , 'RHO = ' ,
2  0 1 3 . 6 . '  L 8 - S E C * * 2 / I N * * 4 ' *

111  CONTINUE
1 1 4  « R I T E < 3 , 1 1 5 ) t I , N T C 1 1 , 1 = 1 , 7 1
1 1 5  FORMAT!* 0 ' ,  45X, 'NUMBER OF TERMS IN SERIES  C• , 1 1 ,  '  » = ' , 1 2 / / ,

1 C46X,'NUMBER OF TERMS IN S E R IE S  ( ! , I 1 , ' )  = ' , I 2 / ) *
117 W R IT E (3 ,118)  N
1 1 8  FORMAT!• 0 * , 6 2 X , * N  = * , 1 3 1  

COMEGA=!RO+XL*SA) *DSQRT! R F * ( l .D O-M UX *M U T)/EX )
RETURN
END

OSUBROUTINE MATSUB ! M ,I  E G , I V E C , A L R S , G B R , I D E T , M I T , M I T S , I Q U I T ,
1 NTAGBC,CR,ZR)

DOUBLE PRECISION C R I 4 2 , 4 2 ) , Z R I 4 2 I , V A L U R ! 4 2 , 4 2 1 , Y RC42) , X R I 4 2 ) ,
1 A R 1 4 2 , 4 2 } , B R f 4 2 , 4 2 )

DOUBLE PRECISION SUM R,P R D R ,TR A C ER ,D E TR ,T1 ,A LR ,A L R S ,B IG ,A M ,R Q N R ,
1 R Q D ,A M U R ,A M M ,A L R C ,T S ,E P1 ,FM ,SM ,R R ,S M A L L ,SR ,S U M ,E P 2 ,G B R ,Z L A G ,
2 ZLIT,ZMAGT 

COMMON VALUR 
IAARD=M+1 
I0N E=1
ITW0=2 I
N=M '
SUMR=OoO 
PRDR=1«0 
TRACER=0.0  
DO 4 5 0  1 = 1 , N 

4 5 0  TRA CER=TRA CER*CR(I , I )
C SET UP MATRICES 

DO 5 1 9  1 = 1 , N 
DO 5 1 9  J = 1 , N  
B R ! l , J ) = C R f I , J )

5 1 9  A R ( I , J ) = C R C I , J )

0 0 5
0 0 6
0 0 7
0 0 8  
010 
012 
0 1 4

0 1 7
0 1 8
0 1 9
020



EVALUATE DETERMINENT 0 2 4
IA =1
10= 1
MM=M 0 2 7
INTER=0 0 2 8
GO TO 53 5  0 2 9

52 0  OETR=1.DO
INTER= MOD (INTER,2 )
IF (INTER) 1 0 0 0 , 9 1 7 , 8 1 0  0 3 7

1 0 0 0  RETURN
810  DETR=-DETR 0 39  
9 1 7  GO TO ( 8 1 1 , 9 1 2 ) , ID
811  CONTINUE 

10=2 
IA=2 
IB=1  
10=1
IS L = -1  04 9  C;
GO TO 92  0 5 0

5 2 3  ISL=0 I 051
: EIGENVALUE GUESS OR ORIGIN TRANSLATION i 05 2

9  ALR=ALRS 0 5 3
IT=1 0 55

: EIGENVECTOR GUESS 0 56
4 0 3  DO 5 0 4  1 = 1 , N 0 5 7
5 0 4  X R ( I ) = 1 . 0

4  DO 5 1 = 1 , N 0 6 0
5 A R ( I , I ) = A R ( I , 1 ) - A L R

: FIRST ITERATION -  POWER METHOD ‘ 06 3
I J = 1  0 6 4

10 8 I G = 0 .  0 6 5
:  COMPUTE Y=(A-ALPHA)*X 0 6 6

DO 13 1 = 1 , N 0 6 7
Y R ( I ) = 0 .  0 6 8
0 0  11 J = 1 ,N  0 7 0

11 Y R ( I I = Y R ( I ) + A R ( I , J ) 4 X R ( J )



AM=YR(1 * * * 2
I F  (A M -BIG )  1 3 * 1 3 , 1 2  0 7 4

12 BIG=AM 0 7 5
J J = I  I 0 7 6

13 CONTINUE 0 7 7
I F  (B I G *  1 0 9 , 1 0 6 , 1 0 9  0 7 8

C EXACT EIGENVALUE AND EIGENVECTOR -  Y = 0 .  FLA G=1000  0 7 9
1 0 6  I C T = 1 0 0 0  0 8 0

0 0  1 0 8  1 = 1 , N 0 8 1
J J = I  0 8 2
I F  f X R d l ^ l . O )  1 0 8 , 1 1 8 , 1 0 8  0 8 3

1 1 8  I S L = 1  I 0 8 4
GO TO 9 2  0 8 5

1 0 8  CONTINUE . 0 8 6
WRITE( 3 , 6 5 0 1

6 5 0  FORMAT ( 4 8 H  ERROR. EIGENVECTOR NOT NORMALIZED IN METHOD 1 . )  0 8 8
GO TO 9 9 0  0 8 9

C MU RAYLEIGH QUOTIENT -  C Y , X * / ( X , X *  = MU 0 9 0  Cl
1 0 9  RQNR=Oo 0 9 1

RQD=0« 0 9 3
DO 14  1 = 1 , N 0 9 4
RQNR=RQNR+XR( I ) *YR( I )

14 RQO=RQD+XR(1 * * * 2
I F  (RQD) 1 0 0 0 1 , 1 0 0 0 0 , 1 0 0 0 1

1 0 0 0 0  AMUR = 0 . 0 0  
GO TO 1 0 0 0 2

1 0 0 0 1  CONTINUE
AMUR=RQNR/RQO 0 9 8

1 0 0 0 2  CONTINUE
AMM=AMUR**2 |
IF  I I E G I  1 0 0 0 , 8 1 , 8 0  < 101

80  ALRC=AMUR+ALR 1 0 2
C TEST F IR S T  ITERATION 1 0 6
C MAGNITUDE OF (Y-MU*XI=TS 1 0 7

81 TS=Oo 1 0 8
DO 15 1 = 1 , N 1 0 9



1 5 0 T S = T S + ( Y R ( I 1 - A M U R * X R ( I ) ) * * 2
NORMALIZATION 1 1 2
DO 16  1 = 1 , N 1 1 3

16 X R < l l = C Y R f J J ) * Y R C I t l / B I G
X R < J J I = 1 . 0  1 1 6
E P l= A M U R * 1 .0 - 3  !
I F  (ROD* 1 1 1 , 2 0 , 1 1 1

111  I F  I T S / R Q D - E P I I  2 0 , 2 0 , 1 8  1 1 8
18 IF  ( I J - M I T )  1 9 , 2 0 , 2 0  1 1 9
19  I J = I J + 1  1 2 0

GO TO 10 1 2 1
SECOND ITERATION -  INVERSE POWER METHOD 1 2 2

2 0  I C T = I J  1 2 3
M IT 2 = M IT S + IJ  1 2 4
ALR=AMUR+ALR I 1 2 5
MM=N I 1 2 7
DO 3 1 0  1 = 1 , N 1 2 8

3 1 0  ARC 1 , I I = A R I I , I > - A M U R  C;
GO TO 2 9  1 3 1  ^

9 9  DO 1 0 0  1 = 1 , N 1 3 2
1 0 0  A R ( I , I I = A R ( I , I 1  ALR 

29  I J = I J + 1  1 3 5
GAUSSIAN ELIMINATION -  (A-ALPHA)*Y=X 1 3 6

5 3 5  0 0  2 7  1 = 2 , MM 1 3 7
I M 1 = I - 1  1 3 8
DO 2 7  J = 1 , I M 1  1 3 9

21  F M = A R < I , J I « A R 1 1 , J I  
S M = A R ( J , J ; * A R ( J , J )
I F  fF H -S M l  2 4 , 2 4 , 2 2  1 4 2
ROW INTERCHANGE -  I F  NECESSARY 1 4 3

2 2  0 0  23  K=J,MM 1 4 4
T 1 = A R ( J , K )  1 4 5
A R C J , K ) = A R I I , K 1  1 4 7

2 3  A R ( I , K * = T 1
T 1 = X R I J I  1 5 1
X R I J ) = X R I I l  1 5 3



X R ( I ) = T 1  1 5 5
T1=FM 1 5 7
FM=SM 1 5 8
SM=T1 1 5 9
INTER=INTER+1 1 6 0

2 4  I F  (SM) 2 5 , 2 7 , 2 5  1 6 1
2 5  I F  IFMI 9 0 , 2 7 , 9 0  1 6 2

TRIANGULARIZATION 1 6 3
9 0  R R = ( A R ( I , j ; * A R ( J , J ) ) / S M

DO 2 6  K=J,MM 1 6 6
2 6  A R U , K I = A R C I , K 1 - R R * A R ( J , K  I

A R ( I , J ) = 0 .  1 6 9
X R I I  l=XRI H -R R *X R C  J1

27  CONTINUE 1 7 3  
GO TO ( 5 2 0 , 5 3 0 , 9 1 1 , 5 3 0 1 , lA

5 3 0  SM ALL=1000.  1 7 5
DO 2 8  K=1,MN 1 7 6
IKK=K 1 7 7  S
T 1 = A R ( K , K ) * * 2  j ^
I F  ( T i l  7 5 0 , 7 5 2 , 7 5 0  1 7 9

7 5 0  I F  (T l -S M A L L )  7 5 1 , 2 8 , 2 8  | 1 8 0
7 5 1  SMAIL=T1 1 81

IZ=K 1 8 2
28 CONTINUE 1 8 3  

GO TO ( 4 0 , 7 5 3 , 4 0 ) , IB
7 5 2  IZ=IKK  1 8 5

I F  ( I S L I  7 5 3 , 3 0 , 3 0  1 8 6
EXACT EIGENVALUE -  (A-ALPHA) SINGULAR. FLA G=2000  187

3 0  IS L = 1  I  1 8 8
I C T = 2 0 0 0  1 8 9
0 0  9 7 4  1 = 1 , MM 1 9 0

9 7 4  X R ( I 1 = 0 . 0  1
7 5 3  Y R I T Z 1 = 1 . 0  1 9 3

J J = I Z  1 9 5
B I G = 1 . 0  1 9 6
I F  ( IZ -M M ) 3 3 , 3 2 , 3 3  1 9 7



32  IZ Z = 2
GO TO 9 5

3 3  I Z Z = I Z + 1
DO 31 I=IZZ,M M  

31  Y R ( I ) = 0 .
IZZ=MM-IZ+2 
I F  ( I Z - 1 )  9 5 , 4 9 , 9 5  
BACKWARD SUBSTITUTION

4 0  IZZ=1
4 1  B I G = 0 -
9 5  DO 4 6  I=IZZ,M M  

I I = M M - I + 1  
K K = I I+ 1  
S R = 0 .
IF  Î I - 1 )  4 2 , 4 4 , 4 2

4 2  DO 4 3  K=KK,MM
4 3  S R = S R + A R II I ,K I* Y R C K I
4 4  T 1 = A R ( I I , I I * * * 2

Y R I I I ) = ( A R C I I , I I l * I X R I I I l - S R I l / T l
A M = Y R ( I I ) * * 2
I F  (AM-BIG) 4 6 , 4 6 , 4 5

4 5  J J = I I  
BIG=AM

4 6  CONTINUE
NORMALIZATION -  X=NORMALIZED Y

4 9  DO 4 7  1 = 1 , MM
4 7  X R ( I ) = ( Y R ( J J ) * Y R ( I ) ) / B I G  

X R ( J J ) = I « 0
9 2  DO 6 0 1  1 = 1 , N 

DO 6 0 1  J = 1 , N  
6 0 1  A R ( I , J ) = B R ( I , J )
1 1 6  IF  ( I S L )  7 5 5 , 5 0 , 6 0  
7 5 5  GO TO ( 5 2 3 , 7 0 4 , 5 2 5 1 , IC

ALPHA RAYLEIGH QUOTIENT -  ( A X , X ) / ( X,X)=ALPHA
5 0  ALR=0«

SUM=0«0

1 9 8
1 9 9
200 
201

2 0 4
2 0 5
2 0 6
2 0 7
2 0 8
2 0 9
2 1 0  
2 1 1  
2 1 2
2 1 4
2 1 5

oto\

222
2 2 3
2 2 4
2 2 5
2 2 6  
2 2 7

2 3 0
2 3 2
2 3 3

2 3 6

2 3 8
2 3 9  
2 4 1



55

51

52  

20000 

20001 

20002

82
C

83

53

9 3
3 0 1
4 0 0
4 0 1

4 0 2

8 2 0

6 0
6 3
6 4

DO 5 2  1 = 1 , N 
Y R C I 1 = 0 .
DO 51  K = 1 ,N
Y R ( I ) = Y R ( I 1 + A R ( I , K ) * X R ( K )
A L R =A L R + X R C I)*Y R (I l  
SUM=SUM+XR(I1*XR(I)
I F  (SUM) 2 0 0 0 1 , 2 0 0 0 0 , 2 0 0 0 1  
ALR =  O.DO 
GO TO 2 0 0 0 2  
CONTINUE 
ALR=ALR/SUM 
CONTINUE 
AM=ALR**2
I F  ( l E G )  1 0 0 0 , 8 3 , 8 2  
CONTINUE
TEST SECOND ITERATION 
TS=Oc
0 0  5 3  1 = 1 , N 
T 1 = Y R ( I ) ^ A L R * X R ( 1 )
T S = T S + T 1 * * 2  
E P 2 = A L R * l . D - 8  
I F  (SUM# 9 3 , 6 0 , 9 3  
I F  ( T S / S U M - E P 2 I 6 0 , 6 0 , 3 0 1
I F  ( I J - M I T 2 )  9 9 , 4 0 0 , 4 0 0  ,
W R IT E (3 , 4 0 1 )  IT
FORMAT ( 5 4 H  INVERSE POWER METHOD NOT CONVERGED ON TRY NUMBER

1 1 5 )
I F  ( I T - 3 )  4 0 2 , 9 9 0 , 4 0 2
ALR=ALR+GBR
I T = I T + 1
M R 1 T E ( 3 , 8 2 0 )  ALR
FORMAT ( I I H  ALPHA= E 2 0 . 8 )
GO TO 4  
IS L = 0
WRITE( 3 , 6 4 )  N , A L R , E P 1 , E P 2 , I C T , I J
FORMAT!1 5 , 15H TH EIGENVALUE= E 1 8 . 8 , 2 0 X , 2 E 1 0 . 2 , 1 0 X , 2 1 5 )

2 4 2
2 4 3  
2 4 5

2 5 1

2 5 4

2 5 6
2 5 7
2 5 8 Ln

2 6 2
2 6 3

2 6 5
2 6 6
2 6 7
2 6 8  
2 7 0

2 7 3
2 7 4



ZRIN)=ALR 276A
SUMR=SUMR+ALR 2 7 7
T1=PRDR*ALR i
PRDR=T1 281

C DEFLATION OF MATRIX 2 8 2
I F  C J J - N l  6 1 , 6 5 , 6 1  2 8 3

C PERMUTATION OPERATION | 2 8 4
6 1  T 1 = X R I J J )  2 8 5

X R ( J j ; = X R ( N )  2 8 7
X R IN )= T 1  2 8 9
DO 6 8  K = 1 ,N  291
T 1 = A R ( J J , K I  2 9 2
A R ( J J , K ) = A R ( N , K )  2 9 4

6 8  A R ( N , K ) = T 1
DO 6 2  K = 1 ,N  2 9 8
T 1 = A R ( K , J J )  2 9 9
A R C K , J J I = A R ( K , N 1  3 0 1

6 2  A R ( K , N ) = T 1  ^
C DEFLATION 3 0 5  “

6 5  N=N-1 3 0 6
DO 6 6  1 = 1 , N 3 0 7
DO 6 6  J = 1 , N  3 0 8

6 6  A R ( I , J ) = A R ( I , J ) - X R ( I 1 * A R ( N + 1 , J )
DO 6 0 0  1 = 1 , N 3 1 1
DO 6 0 0  J = 1 , N  3 1 2

6 0 0  S R C I , J I = A R f 1 , J }
C COMPUTE EIGENVECTOR AND/OR DETERMINANT AS REQUIRED 3 1 5

9 1 0  I F  ( I D E T )  1 0 0 0 , 5 2 7 , 7 0 0  3 1 6
5 2 7  I F  ( I V E C )  1 0 0 0 , 5 2 5 , 7 0 0  3 1 7
7 0 0  DO 7 0 2  1 = 1 , M 3 1 8

DO 7 0 2  J = 1 , M  3 1 9
A R ( I , J ) = C R ( I , J )  3 2 0
I F  ( I - J )  7 0 2 , 7 0 1 , 7 0 2  3 2 2

7 0 1  A R ( I , I ) = A R ( I , I ) ^ A L R  3 2 3
7 0 2  CONTINUE I 3 2 5

MM=M 3 2 6



INTER=0
I A = 3
GO TO 5 3 5

9 1 1  IA = 4
I F  ( I D E T )  1 0 0 0 , 9 1 4 , 5 2 0

9 1 2  CONTINUE 
Z l A G = A R ( l , l #
Z l :T = Z L A G
DO 9 2 3  1 = 2 , M 
ZM A6T=ARCI«I)
I F  (ZLAG-ZMAGTI 9 2 2 , 9 2 0 , 9 2 0

9 2 0  I F  fZ L IT -Z N A G T I  9 2 3 , 9 2 3 , 9 2 1
9 2 1  ZLIT=ZMAGT 

GO TO 9 2 3
9 2 2  ZLAG=ZMAGT
9 2 3  CONTINUE
9 1 4  I S L = - 1

I F  ( IV E C )  1 0 0 0 , 9 1 6 , 9 1 5
9 1 5  DO 7 0 3  1 = 1 , M
7 0 3  X R I 1 1 = 0 .

IB = 2
1C=2
GO TO 5 3 0

9 1 6  I C = 3
GO TO 9 2

7 0 4  CONTINUE 
IAARO=IAARD-l 
DO 7 0 5 1  1 = 1 , M

7 0 5 1  V A L U R II , IA A R D 1 = X R (I1
C
C FOR WILKINS
C

I F ( M - I A A R D - I Q U I T + 1 1 2 0 0 6 4 , 2 0 0 6 3 , 2 0 0 6 3
2 0 0 6 3  I F ! M - I Q U I T Î 9 9 0 , 2 0 0 6 4 , 9 9 0
2 0 0 6 4  CONTINUE 
C

327
3 2 9

3 3 1

3 3 5
3 3 6

3 3 8
3 3 9
3 4 0
3 4 1
3 4 2
3 4 3
3 4 7
3 4 8
3 4 9

3 5 4

3 5 6

Ul
VO



IB=3
5 2 5  I F  C N - l l  5 2 6 , 6 7 , 5 2 3  3 6 0

6 7  A L R = A R I l , l l  3 6 1
SUMR=SUMR*ALR 3 6 3
T1=PR0R*ALR
PR0R=T1 3 6 7
Z R I1 I= A L R  36TA
W R I T E ( 3 , 3 2 0 )  ALR 

3 2 0  FORMAT ( 20H FINAL EIGENVALUE= E l  8 . 8 1
N=0 3 7 0
GO TO 9 1 0  3 7 1

5 2 6  CONTINUE
9 9 0  CONTINUE 3 7 5

RETURN
END 3 7 6

I-*
SUBROUTINE WRITE2 (N N,NTAGBC,EX,C OM EGA,EVAL#FACT0R,IQUIT1: °
DOUBLE PRECISION A ; 4 2 , 4 2 ) , E V E C ( 4 2 , 4 2 ) ÿ E V A L ( 4 2 )
DOUBLE PRECISION EX,COMEGA,PI,OMEGA,FACTOR
COMMON EVEC
P I = 3 , 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3

C
C WRITE THE FREQUENCIES AND MODE SHAPES 
C

GO TO ( 1 , 2 ) , NTAGBC
1 J J= N N  

KK=1
GO TO 3

2 J J = 1  
KK=JJ

3  CONTINUE
I F I K K - I Q U I T ) 1 5 1 , 1 5 1 , 1 7 1  

1 5 1  CONTINUE
E V A L IJ J )= F A C T O R * E V A L IJ J )



s a  TO ( 1 5 2 , 1 5 3 ) , NTAGBC
1 5 2  E V A L t J J I = 1 . 0 0 / E V A L C J J I
1 5 3  CONTINUE

l E I E V A L f J J ) ) 1 6 0 , 1 6 2 , 1 6 2  |
1 6 0  W R IT E !3 , 1 6 1 IKK
1 6 1  F O R M A T !« G S A B X ,» EIGENVALUE ! * , I 2 , « )  I S  NEGATIVE»)
162  E V A L f J J ) - O S Q R T ! O A B S ! E V A L ! J J i n  

W RITE!3 , 1 6 3 ) K K , E V A L ! J J )
16,3 F O R M A T ! » 0 » , 3 9 X , » FREQUENCY ! • ,  1 2 ,  • ) = • , 0 1 7 . 8 ,  • C P S . * )  

OMEGA=2.DO*PI*COMEGA*EVAL(JJ)
WRITE1 3 , 1 0 )  OMEGA 

10  FORMAT ! ' 0 " , 4 8 X , « O M E G A  = • , 0 1 7 . 8 )
W R ITE !3 , 1 6 4 )

1 6 4  FOR M A T!•0» ,54X ,«M O DE SHAPE») I 
11=1
1 7 = 6
ITAG=1

1 6 5  WRITE ! 3 , 1 6 6 )  ! E V E C ! I , J J ) , I = I 1 , I 7 )
1 6 6  F O R M A T ! » 0 * , 5 X , 6 0 1 6 . 8 )

GO TO ( 1 6 7 , 1 7 0 ) , I TAG
1 6 7  1 1 = 1 1 + 6

I F ! 1 7 + 6 - N N ) 1 6 8 , 1 6 9 , 1 6 9
1 6 8  1 7 = 1 7 + 6  

6 0  TO 1 6 5
1 6 9  I7=NN 

ITAG=2
GO TO 1 6 5

1 7 0  GO TO ! 1 8 1 , 1 8 2 ) , NTAGBC
1 8 1  J J = J J - 1  I 

KK=KK+1
GO TO 3

1 8 2  KK=KK+1 
JJ=K K  
GO TO 3

1 7 1  CONTINUE 
RETURN



END

SUBROUTINE S I C : ( S I , C l , X )  S I C I 0 3 B
C S i e i  0 3 9
C TEST ARGUMENT RANGE S I C I  0 4 0
C S I C I  0 4 1

Z=ABSIX ) S I C I  0 4 2
I F I Z - 4 . 1  1 0 , 1 0 , 5 0  S I C I  0 4 3

C S I C I  0 4 4
C Z I S  NOT GREATER THAN 4  S I C I  0 4 5
C S I C I  0 4 6

10 Y=Z*Z S I C I  0 4 7
0 S I = - 1 . 5 7 0 7 9 6 3 + X * ( ( ( ( ( ( . 9 7 9 4 2 1 5 4 E - 1 1 * Y - . 2 2 2 3 2 6 3 3 E - 8 ) * Y + . 3 0 5 6 1 2 3 3 E - 6 S I C I  0 4 8  
1 ) # Y - . 2 8 3 4 1 4 6 0 E - 4 ) * Y + . 1 6 6 6 6 5 8 2 E - 2 ; * Y - . 5 5 5 5 5 5 4 7 E - 1 ) * Y + 1 . )  S I C I  0 4 9

C S I C I  0 5 0
C TEST FOR LOGARITHMIC SINGULARITY S I C I  0 5 1  ^
C I S I C I  0 5 2

I F I Z I  3 0 , 2 0 , 3 0  I S I C I  0 5 3
2 0  C I = - 1 . E 7 5  S I C I  0 5 4

RETURN S I C I  0 5 5
3 0 0 C I = 0 . 5 7 7 2 1 5 6 6 + A L O G ( Z ; - Y * ( < ( ( ( ^ . 1 3 8 6 9 8 5 1 E - 9 * Y + . 2 6 9 4 5 8 4 2 E - 7 ) * Y -  S I C I  0 5 6

l o  3 0 9 5 2 2 0 7 E - 5 ) 4 Y + . 2 3 1 4 6 3 0 3 E - 3  Î * Y - - 1 0 4 1 6 6 4 2 E - 1 ) * Y + . 2 4 9 9 9 9 9 9 )  S I C I  0 5 7
4 0  RETURN S I C I  0 5 8

C S I C I  0 5 9
C Z I S  GREATER THAN 4 .  S I C I  0 6 0
C S I C I  0 6 1

50  S I = S I N ( Z )  S I C I  0 6 2
Y - C O S ( Z )  S I C I  0 6 3
Z = 4 . / Z  S I C I  0 6 4

0 U = * ( ( ( ( < ( ( . 4 0 4 a 0 6 9 0 E - 2 * Z - . 0 2 2 7 9 1 4 2 6 ) * Z + . 0 5 5 1 5 0 7 0 0 ) * Z - . 0 7 2 6 1 6 4 1 8 1 * Z S I C I  0 6 5  
i + . 0 4 9 8 7 7 1 5 9 * * 2 - . 3 3 3 2 5 1 8 6 E - 2 ) * Z - . 0 2 3 1 4 6 1 6 8 ) * Z - . 1 1 3 4 9 5 7 9 E - 4 ) * Z  S I C I  0 6 6
2 * . 0 6 2 5 0 0 1 1 1 * * 2 * . 2 5 8 3 9 8 8 6 E - 9  S I C I  0 6 7
0 V = * ( ( (  ( t  m - . 0 0 5 1 0 8 6 9 9 3 * 2 * . 0 2 8 1 9 1 7 8 6 * * Z - . 0 6 5 3 7 2 8 3 4 I * Z * . 0 7 9 0 2 0 3 3 5 * * S I C I  0 6 8
1 Z - . 0 4 4 0 0 4 1 5 5 * * 2 - . 0 0 7 9 4 5 5 5 6 3 * * 2 * . 0 2 6 0 1 2 9 3 0 1 * Z - o 3 7 6 4 0 0 0 3 E - 3 * * Z  S I C I  0 6 9



c
c
c
c
c
c

2 - . 0 3 1 2 2 4 1 7 8 I * Z - . 6 6 4 6 4 4 0 6 E - 6 ) * Z + . 2 5 0 0 0 0 0 0  
C I = Z * t S I * V - Y * U )
S I = - Z * ( S I * U + Y * V )

TEST FOR NEGATIVE ARGUMENT

Ï F I X I  6 0 , 4 0 , 4 0

X I S  LESS THAN - 4 .

6 0  S I = - 3 . 1 4 1 5 9 2 7 - S I  
RETURN 
END

S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I
S I C I

0 7 0
0 7 1
0 7 2
0 7 3
0 7 4
0 7 5
0 7 6
0 7 7
0 7 8
0 7 9
0 8 0  
0 8 1  
0 8 2

SUBROUTINE QTEE i H , Y , Z , N 0 1 » >  
FOR W R ITE -U P ,  SEE IBM SSP « 
DIMENSION Y l l l , Z f l )
SUM2=0.
I F I N O I M - 1 1 4 , 3 , 1
H H =.5*H
DO 2 l = 2 ,N D I M
SUM1=SUM2
SUM2=SUM2+HH*(Y(I) + Y I I - l ) Î
Z ( I - 1 ) = S U M 1
Z(NDIMI=SUM2
RETURN
END

o\w



DOUBLE PRECISIO N  FUNCTION I R I l l  (K,M$
FREELY SUPPORTED 
DIMENSION F U N C ( l O l ) , ANSI 101 *
DOUBLE PRECIS ION E
DOUBLE PRECISION F R l l l f 6 , 6 * , F R I 1 C 6 , 6 1 , F E 1 1 I 6 , 6 * , F R E E 1 1 ( 6 * 6 * ,R O B ,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 C 6 , 6 ) , F E 1 2 f 6 , 6 1 , F R I 2 2 ( 6 , 6  *,  
2 F R 2 2 ( 6 , 6 * , F E 2 2 ( 6 , 6 * , F R E E 2 2 ( 6 , 6 $ , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 1 , F E 1 3 ( 6 , 6 * , H ,  
3 F R 1 3 3 ( 6 , 6 * , F R 3 3 ( 6 , 6 1 , F E 3 3 ( 6 , 6 1 , F R E E 3 3 ( 6 , 6 1 , F 4 3 ( 6 , 6 1 , F 5 3 ( 6 , 6 1 , S A ,  
4 F R E 5 3 ( 6 , 6 1 , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 1 ^ F R E E 4 4 < 6 , 6 1 , F R 1 5 4 1 6 , 6 î ,  
5 F E 5 4 ( 6 , 6 1 , F R E 3 5 ( 6 , 6 1 , F E 4 5 ( 6 , 6 I , F R I 5 5 ( 6 , 6 *  ÿ F R 5 5 ( 6 , 6 l , F E 5 5 ( 6 , 6 * i P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l i , F R l l , F E l l , F R E E l l , F R l 2 1 , F E 2 1 , F R 1 3 I , F E 3 1 , F E 1 2 , F R l 2 2 , S A ,  
1 F R 2 2 , F £ 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 ,H , X M U ,N T ( T 1  

N =50 
NDIM=N*1
P = - 2 . * (  l .+X M U ) oî
I F C S A ) 4 , 1 , 4  ^

1 I F ( M - K 1 3 , 2 , 3
2 I R 1 1 1 = . 5 D O / ( R O B * * ( 2 . + 2 . * X M U ) 1  

GO TO 1 0 0
3 I R 1 I 1 = 0 « D 0  

GO TO 100
4  E = 0 .

1=1
D E L T A = 1 . /F L 0 A T (N )

5 F U N C (I* = (R O B + E * S A )* * P  *  D COS(D F LO A T(M 1*E*PI1*D C O S (D F LO A T(K 1*E*PI)
I F < I - N ) 6 , 6 , 7

6 1= 1+1 
E=E+DELTA 
GO TO 5

7 CALL QTFE (DELTA,FUNC,ANS,NDIMI 
I R l i l  = ANS(NDIM)

1 0 0  RETURN 
END



DOUBLE PRECISIO N  FUNCTION I R I l  
FREELY SUPPORTED 
DIMENSION FUN CCIO I)  « A N S f l O D  
nnimi F papcT s inN  F

CKvMI

DOUBLE PRECISION 
l F R 1 2 1 f 6 « 6 ) , F E 2 I (  
2 F R 2 2 ( 6 , 6 ) i F E 2 2 ( 6  
3 F « 1 3 3 < 6 , 6 ) , F R 3 3 '

( 6 , 6 ) ÿ F R E E l l ( 6 , 6 ) * R O B ,  
F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) i  

o , e » i , F 4 2 f  6 , 6 )  i F E 1 3 ( 6 , 6 )  , H ,  
3 F « 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 f 6 , 6 ) , F R E E 3 3 C 6 , 6 ) i F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A é  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 C 6 , 6 ) , F R 4 4 C 6 , 6 ) , F E 4 4 f 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 I 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 ) , F E  '  "
6 F R E E 5 5 ( 6 , 6 )

COMMON F R 1 1 1 , F R 1 1 ------- -------------- ------------ ---------- ------------ ----------
1 F R 2 2 , F E 2 2 , F !
2 F R E 5 3 , F R 1 4 4  
3 F E 5 5 , F R E E 5 5  

N=50
NOIH=N+I 
P = -2 .♦ X M U  
I F ( S A ) 4 , 1 , 4

1 I F ( M - K ) 3 , 2 , 3
2 I R T 1 = . 5 D 0 * R 0 B * * (  -2 .* X M U )

GO TO 1 0 0
3  I R l l = O o D O  

GO TO 1 0 0
4  E = 0 .

1=1
D E L T A = 1 . /F L 0 A T ( N )

5 F U N C ( I ) = ( R O B + E * S A ) * * P  *  D C O S (D F L O A T (M )* E * P I )* D C O S (D = L O A T (K )* E * P I )  
I F < I - N ) 6 , 6 , 7

6 1= 1+ 1  
E=E+0ELTA 
GO TO 5

7 CALL QTFE (DELTA,FUNC,ANS,NDIM)
I R l l  = ANS(NDIM)

1 0 0  RETURN 
END

o\Ln



DOUBLE P RECISIO N  FUNCTION I E l l  (K ,M )
FREELY SUPPORTED 
DIMENSION FUNCC1 0 1 ) , ANSI 1011  
DOUBLE PRECISION E
DOUBLE PRECISION F R l l l f 6 , 6 ) , F R 1 I I 6 , 6 ) , F E 1 1 I 6 , 6 ) ^ F R E E I K  6 , 6 ) ,R O B ,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 I 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 ) , F R E E 2 2 I 6 , 6 ) , F R 1 3 2 I 6 , 6 ) , F 6 2 I 6 , 6 ) , F E 1 3 I 6 , 6 ) , H ,  
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 I 6 , 6 ) , F R E E 3 3 I 6 , 6 ) , F 4 3 « 6 , 6 ) , F 5 3 C 6 , 6 ) , SA,  
4 F R E 5 3 « 6 , 6 ) , F R 1 4 4 « 6 , 6 ) , F R 4 4 « 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 « 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F £ 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 « 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) ^ F R 5 5 « 6 , 6 ) , F E 5 5 « 6 , 6 ) , P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
I F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T I 7 )

N=50
NDIM=N+1
P = - 1 . - 2 . * X M U  S
I F ( S A ) 4 , I , 4

1 I F ( D F L O A T ( M + K ) / 2 . D O - « M + K ) / 2 ) 3 , 2 , 3
2 I E 1 1 = 0 « 0 0  

GO TO 1 0 0
3  I  E l l = - 2 . 0 0 * 0 F L O A T  « M*M)*ROB**( - 1 . - 2 . *XMU) /DFLOAT « M*M-K*K)

GO TO 1 0 0
4  E = 0 .

1 =  1
D E L T A = 1 . /F L O A T !N )

5 F U N C « I )= (R O B + E * S A )* * P  ♦ D S IN « D F L O A T (M ;* E * P I )* D C O S « D F L O A T (K )* E * P I )  ' 
1 F ( I - N ) 6 , 6 , 7

6  1= 1+1 
E=E+DELTA 
GO TO 5

7 CALL QTFE (D E L T A ,FU N C ,A N S ,NDIM)
l E l l  = -X M U *S A *FR 111«K ,M )^ D F L 0A T (M )*P I*A N S (N D IM )

1 0 0  RETURN 
END
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1 I F ( D F L O A T ( M + K ) / 2 . D O - ( M + K ) / 2 ) 3 , 2 , 3
2 I R 1 2 1 = 0 . 0 0  

GO TO 1 0 0
3 I R 1 2 1 = 2 . D O * D F L O A T (M ) * R O B * * ( - 2 . - X M U ) / (P I * D F L O A T (M * M - K * K ) I  

GO TO 1 0 0
4  E = 0 .

1=1
D E L T A = 1 . /F L 0 A T < N I

5 F U N C ( i ; = ( R 0 B + E * S A ) * * P  * D S IN (D F L O A T (M » * E * P I )* D C O S (D F L O A T (K )* E * P I )  
I F ( I - N ) 6 , 6 , 7

6  1= 1+1 
E=E+DELTA 
GO TO 5

7  CALL QTFE (D E LTA ,FU N C ,A N S ,NDIM#
IR 1 2 1  = ANSINDIMÏ

1 0 0  RETURN 
END
DOUBLE PRECISIO N  FUNCTION I E 2 1  (K ,M I 
FREELY SUPPORTED 
DIMENSION FUN CI1 0 1 ) , A NSI1 0 1 }
DOUBLE PRECISION E 
DOUBLE PRECISION F R 1 1 1 ( 6 , 6 ) , F R 1 1 ( 6 , 6 I , F E 1 1 ( 6 , 6 ) ^ F R E E l l ( 6 , 6 l f R O B ,  

I F R 1 2 1 ( 6 , 6 } , F E 2 1 ( 6 , 6 } , F R 1 3 1 ( 6 , 6 l , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( & , 6 ) é  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 } i F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 } , F E 1 3 ( 6 , 6 ) , H ,  
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 l , F E 3 3 ( 6 , 6 l , F R E E 3 3 l 6 , 6 l , F 4 3 ( 6 , 6 l , F 5 3 f 6 , 6 } , S A ,  
4 F R E 5 3 ( 6 , 6 } , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 } , F E 4 4 ( 6 , 6 } , F R E E 4 4 < 6 , f } , F R 1 5 4 ( 6 , 6 } ,  
5 F E 5 4 ( 6 , 6 1 , F R E 3 5 ( 6 , 6 I , F E 4 5 < 6 , 6 } , F R 1 5 5 C 6 , 6 I , F R 5 5 ( 6 , 6 ) , F E 5 5 f 6 , 6 1 , P I ,  
6 F R E E 5 5 ( 6 , 6 }

COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 ' , F 4 3 , F 5 3 , P 1 ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 I  

N =50  
NDIM=N+1 
P = - 1 . - X M U  
I F ( S A ) 4 , 1 , 4

o\
00



1 I F ( M - K ) 3 , 2 , 3
2 IE 2 1 = .5 D O * O F L O A T C M I* P I* R O B * * ( -1 - -X M U )

GO TO 1 0 0
3  IE 21= O .D O  

GO TO 1 0 0
4  E = 0 .

1=1
D EL T A = l . /F L O A T < N I

5 F U N C t I l = « R O B + E * S A I * * P  ♦  D C Q S fD F L O A T IM 1 * E * P I> * D C O S fD F L O A T IK l* E * P I>
I F ! I - N I 6 , 6 , 7

6  1= 1+ 1  
E=E+DELTA 
GO TO 5

7  CALL QTFE ( DELTA,FUNC, A N S ,NDIM)
I E 2 1  =  M*PI*ANS(NDIM)

1 0 0  RETURN 
END
DOUBLE PRECISION FUNCTION I R 1 3 1  (K ,M I  &
FREELY SUPPORTED
DOUBLE PRECISION F R l 1 1 ( 6 , 6 ) , F R l 1 ( 6 , 6 ) , F E l 1 ( 6 , 6 1 , F R E E I l f  6 , 6 ) ,R O B ,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 C 6 , 6 I , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 1 , F E 1 2 ( 6 , 6 1 , F R 1 2 2 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 1 , F E 2 2 ( 6 , 6 1 , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 1 , F 4 2 ( 6 , 6 1 , F E 1 3 ( 6 , 6 1 , H ,  
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 I , F R E E 3 3 ( 6 , 6 1 , F 4 3 ( 6 , 6 1 , F 5 3 ( 6 , 6 1 , S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 1 , F R 4 4 ( 6 , 6 1 , F E 4 4 ( 6 , 6 1 , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 1 ,  
5 F E 5 4 ( 6 , 6 1 , F R E 3 5 C 6 , 6 1 , F E 4 5 ( 6 , 6 1 , F R 1 5 5 ( 6 , 6 1 i F R 5 5 ( 6 , 6 1 i F E 5 5 ( 6 , 6 1 , P I ,
6 F R E E 5 5 ( 6 , 6 1

COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,
1FR2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 A 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 ,H , X M U ,N T ( 7 1  

I R 1 3 1 = F R 1 2 1 ( K , M )
RETURN
END
DOUBLE PRECISIO N  FUNCTION I E 3 1  (K,M1 
FREELY SUPPORTED
DOUBLE PRECISIO N  F R l l 1 ( 6 , 6 1 , F R 1 1 ( 6 , 6 1 , F E l l ( 6 , 6 1 , F R E E 1 1 ( 6 , 6 1 , ROB,
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3  1 E 1 2 = 0 . D 0  
GO TO 1 0 0

4  E = 0 .
1=1
D E I T A = 1 . / F L 0 A T ( N )

5 FUN1 f 1 1 = ( R 0 B + E * S A ) * * P 1 *  DCOS(DFLOATCM)*E*P11*DSIN!OFLOAT( K ) * E * P I ) 
F U N 2 ( I ) = ( R 0 B + E * S A ) * * P 2 *  O S [N (D F L O A T # M ;* E * P I # * D S I N ( D F L O A T ( K ) * E * P I )  
I F ( I - N ) 6 , 6 , 7

6  1 = 1 + 1  
E=E+DELTA 
GO TO 5

7  CALL QTFE ( D E L T A ,F U N l ,A N S I ,N D IM )
CALL QTFE (D ELTA ,FU N 2,A N S2,N D IM )
I E 1 2  =  -X M U*SA*ANS1(NDIM)-M *PI*ANS2(NDIM )

1 0 0  RETURN 
END
DOUBLE PRECISIO N  FUNCTION I R 1 2 2  (K ,M )
FREELY SUPPORTED 
DOUBLE PRECISIO N  OS,DO
DOUBLE PRECISION F R 1 I K 6 , 6 )  , F R 1 1 ( 6 ,  6 )  , F E 1 1 (  6 , 6 )  ,F R E E 1 1  ( 6 , 6 )  ,ROB,  

l F R I 2 1 ( 6 , 6 } , F E 2 1 ( 6 , ô } , F R 1 3 1 ( 6 , 6 ) ÿ F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 ) , F E 1 3 ( 6 , 6 ) , H ,  
3 F R 1 3 3 ( 6 , 6 ) v F R 3 3 ( 6 , 6 ) , F E 3 3 ( & v 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A ,  
4 F R E 5 3 ( 6 , 6 } , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 I 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 1 , F E 5 5 ( 6 , 6 ) , P I ,  
6 F R E E 5 5 ( 6 î 6 l

COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )

1 F ( S A ) 6 , 1 , 6
1 I F ( M - K ) 5 , 2 , 5
2  I F ( M ) 4 , 3 , 4
3  IR 1 2 2 = O .D O  

GO TO 18
4  I R 1 2 Z = . 5 D 0 / ( R 0 B * R 0 B )



GO TO 18
5 I R 1 2 2 = 0 .D 0  

GO TO IB
6 OS=DFLOAT(M+K)*PI 

DD=DFLOAT(M-K)*PI 
RHOBAR=ROB/SA 
XSI=OS*RHOBAR 
XSF=DS*(RHOBAR*L.)
CS=COSIXSIÏ
S S = S IN (X S I)
CALL SIGI t S S I f C S I . X S I »
CALL SICI (S SF,CSF,XSF*
T 1 = .5 * D S * ( C S * * S S F - S S I > - S S * ( C S F - C S I ) $ / ( S A * S A )
I F ( M - K ) 8 , 7 , 8

7 T 2 = 0 .
GO TO 17

8 XDI=DD*RH08AR
X0F=00*(RHQBAR+Ie) 5
C0=C0S(X0I1
SD=SINCXOI)
CALL SICI (S D ItC D ItX D II  
CALL SICI (SDF,CDF,XDF)
T 2 = - .5 * D D * ( C D * (S D F -S D I) - S D * IC O F -C D I ) ) / (S A * S A )

17 IR122=T1+T2
18 RETURN 

END
DOUBLE PRECISION FUNCTION IR22 (K,M)
FREELY SUPPORTED
I F ( M - K ) 2 , 1 , 2  I

1 IR 22=0 500  
GO TO 3

2 IR 2 2= 0 .D 0
3 RETURN 

END
DOUBLE PRECISION FUNCTION IE22 CK,MI 
FREELY SUPPORTED
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END
DOUBLE PRECISIO N  FUNCTION 1 4 2  IK ,M l

C FREELY SUPPORTED
DOUBLE PRECISION R H O B A R ,C S R ,SS R ,C O R ,SD R ,D S ,D D
DOUBLE PRECISION F R l I l 1 6 , 6 ) , F R 1 I I 6 , 6 1 « F E I I I 6 , 6 1 , F R E E l l f 6 , 6 l , R O B ,  

l F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 l f F E 3 1 l 6 , 6 ) f F E 1 2 ( 6 , 6 l » F R 1 2 2 ( 6 , 6 l f  
2 F R 2 2 1 6 , 6 } , F E 2 2 I 6 , 6 } , F R E E 2 2 ( 6 , 6 1 ^ F R 1 3 2 f  6 , 6 } i F 4 2 ( 6 , 6 } f F E 1 3 ( 6 , 6 } , H ,  
3 F R 1 3 3 ( 6 , 6 ) W F R 3 3 I 6 , 6 } , F E 3 3 ( 6 , 6 ) ^ F R E E 3 3 I 6 , 6 } V F 4 3 I 6 , 6 ) , F 5 3 C 6 , 6 } , S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 < 6 , 6 } , F R 4 4 I 6 , 6 } , F E 4 4 I 6 , 6 ) , F R E E 4 4 I 6 , 6 } , F R 1 5 4 ( 6 , 6 } ,  
5 F E 5 4 ( 6 , 6 } , F R E 3 5 I 6 , 6 I , F E 4 5 I 6 , 6 } ^ F R 1 5 5 C 6 , 6 } ^ F R 5 5 C 6 , 6 } , F E 5 5 ( 6 , 6 } , P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R 1 1 1 , F R 1 I , F E 1 I , F R E E 1 1 , F R 1 2 1 , F E 2 I , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
l F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R I 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 f F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , n R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T I 7 }

c  I
C FOR A CYLINDER 'c I S

1 F { S A ) 6 , I , 6
1 I F I M - K } 5 , 2 , 5
2 I F ( M } 4 , 3 , 4
3 1 4 2 = 1 . DO/ROB 

GO TO IB
4  I 4 2 = - 5 0 0 / R G B  

GO TO 18
5  1 4 2 = 0 . DO '

GO TO 1 8
C
C FOR A CONE
C

6 DS=DFLOATIM+K}
OD=DFLOATCM-K}
I F ( M - K 1 7 , 8 , 7

7  ITAG=2 
GO TO 11

8 I F ( M ) 1 0 , 9 , 1 0



9  1 4 2 = 0 . 0 0  
GO TO 18

10  ITAG=1
11 RH08AR=R0B/SA 

XSI=DS*PI*RHGBAR 
X S F = D S * P I * ( R H 0 B A R * 1 . D 0 ; '
C S R = C O S (X S I)  I
S S R = S I N ( X S I )  '
CALL S I C I  f S X S I t C X S I t X S n  
CALL S I C I  ( S X S F , C X S F , X S F )
GOTO ( 1 4 , 1 5 ) , ITAG

1 4  I 4 2 = . 5 D 0 * ( ^ C S R * ( C X S F - C X S I ) - S S R * ( S X S F - S X S I ) + D L O G ( l . O O + S A / R O B » J /SA  
GO TO 1 8

15 XOI=OD*PI*RHOBAR 
X O F= OO *PI*(RHO BA R+l .D 0)
CQR=COSCXDII 
SDR=S1N(XDII
CALL S I C I  ( S X D I , C X D I , X D I )
CALL S I C I  (SX D F,CX D F,X D FI  o'
I 4 2 = . 5 D 0 * ( - C S R *  (CXSF-CXSI  )-"SSR*(  S X S F-S X S 11  

1 +C D R *(C X D F -C X D I)+ S D R 4(S X D F -S X D I) 1 /S A
18 RETURN 

END
DOUBLE PRECISION FUNCTION I E 1 3  (K ,M )
FREELY SUPPORTED
DOUBLE PRECISION F R 1 1 1 ( 6 , 6 ) , F R 1 1 ( 6 , 6 1 i F E l l ( 6 , 6 ) , F R E E 1 1 ( 6 , 6 ) iR O B ,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) V FR 1 2 2 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 Z ( 6 , 6 ) , F E 1 3 ( 6 , 6 I , H ,  
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 ) , F R E E 3 3 ( 6 , 6 ) ÿ F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A ,  
4 F R E 5 3 ( 6 , 6 ) « F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 y 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 ) , F E 5 5 ( 6 , 6 ) , P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l 1 , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )



I E 1 3 = F E 1 2 ( K , M )
RETURN
END
DOUBLE PRECISION FUNCTION I R 1 3 3  (K ,M )
FREELY SUPPORTED
DOUBLE PRECISION F R l l l { 6 , 6 ) , F R 1 1 ( 6 , 6 ; « F E l l f 6 « 6 ) , F R E E 1 1 ( 6 , 6 ) , R O B ,  

l F R 1 2 l < 6 , 6 ) , F E 2 H 6 , 6 l , F R 1 3 1 f 6 , 6 > , F E 3 1 ( 6 . 6 l v F E 1 2 C 6 , 6 ) * F R 1 2 2 ( 6 * 6 J  i  
2 F R 2 2 l 6 , 6 l r F E 2 2 l 6 , 6 ï , F R E E 2 2 f 6 , 6 l , F R 1 3 2 C 6 , 6 l , F 4 Z 1 6 , 6 l » F E 1 3 ( 6 « 6 ) ,H* 
3 F R 1 3 3 f 6 » 6 I , F R 3 3 ( 6 , 6 ) , F E 3 3 t 6 , 6 l , F R E E 3 3 l 6 , 6 1 , F 4 3 l 6 , 6 l * F 5 3 I 6 , 6 l * S A ,  
4 F R E 5 3 < 6 , 6 ) i F R 1 4 4 ( 6 , 6 ) i F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) ^ F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 ) , F E 5 5 ( 6 , 6 ) , P I ,  
6 F R E E 5 5 ( 6 , 6 I

COMMON F R l l l . F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , SA, 
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R O B ,  
3 F € 5 5 , F R E E 5 5 , H , X M U , N T I 7 )

I R 1 3 3 = F R 1 2 2 ( K , M )
RETURN
END
DOUBLE PRECISION FUNCTION I R 3 3  IK ,M l  
FREELY SUPPORTED
DOUBLE PRECISIO N  F R l l l i 6 , 6 ) , F R 1 1 ( 6 , 6 I , F E 1 1 ( 6 . 6 ) , F R E E 1 1 ( 6 , 6 1 , R O B ,  

l F R 1 2 1 l 6 , 6 ) . F E 2 1 f 6 , 6 ) , F R 1 3 1 ( 6 , 6 } , F E 3 1 ( 6 , 6 ) , F E 1 2 C 6 , 6 1 i F R 1 2 2 f 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 } , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) ^ F 4 2 ( 6 , 6 1 , F E 1 3 f 6 , 6 1 , H ,  
3 F R 1 3 3 f 6 , 6 J , F R 3 3 I 6 , 6 1 , F E 3 3 I 6 , 6 l , F R E E 3 3 f 6 , 6 » r F 4 3 I 6 , 6 1 , F 5 3 ( 6 , 6 l , S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 } , F R 4 4 < 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 f 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 < 6 , 6 ) , F R E 3 5 I 6 , 6 ) , F E 4 5 < 6 , 6 ) , F R l 5 5 ( 6 , 6 ) , F R 5 5 f 6 , 6 ) , F E 5 5 l 6 , 6 ) , P I ,  
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 . F R 1 2 2 , S A ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F € 5 5 , F R E E 5 5 , H , X H U , N T ( 7 }

IR 3 3 = F R 2 2 < K ,M )
RETURN
END
DOUBLE PRECISIO N  FUNCTION I E 3 3  (K ,M )

'~j



178

*» * •
■ ► f < Ht eo

» »> »  o» ►H V)a OCO- » X <  49 CL » •f eco «0 ► •> CMm »
ec I-» -*» 49 CMtn tn

» •> 49 «m «H 49 H UL tn
49 #» 49 4 “ f ce oc«0%» <C »  *A 49 u cn UfCM 4) •-* »4 H

o CMcn •H ec tn CMU. tnw m  u in M » tn
ec UJtfi «. UJ Ul m fH#4ILULUL —u U cn ecUJ > 49 '•f » Ul-U.

UJ #K Ht Ul ►
ec >0 « 49 «0 49 en ec t n
u. •> » * T » UJUL 4

49 49 49 4 <0 U. #» UJ
«•> Our 4 «f en u.
« CMCMm Ul in Ht en H

» 4- 4  UJ in cn Ul tn
« UJU. u  oc oc Ht u . en
w UL <l UL u ce * UJ
mJ '» — •-> #f * u en oc
M « 49 ** » m ULUJ49 » #" 49 49 fH oc «f
u. «» « 49 # » CMU. 4
' » 49 «H 49 «0 UJ # tn

w CMcm «H U. cn UU
o m en 4 Û «• m u.
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1=1
D E L T A = 1 . /F L 0 A T ( N )

5 F U N C ( I ) = ( R O B + E * S A ) * * P  $  DCOSÏO F L O A T t M I * E * P I ï * O S I N C D F L O A T f K Î * E * P I )
I F I I - N ) 6 , 6 , 7

6  1=1+ 1 
E=E*DELTA 
GO TO 5

7  CALL QTFE (O E L T A ,F U N C ,A N S ,NDIM)
1 5 3  = ANSCNDIM)

1 0 0  RETURN 
END
DOUBLE PRECISIO N  FUNCTION IR E 5 3  IK ,M l  
FREELY SUPPORTED
DIMENSION F U N l ( l O l ) , F U N 2 ( 1 0 1 ) , A N S I ! 1 0 1 ) , A N S 2 ( 1 0 1 )  |
DOUBLE PRECISION E
DOUBLE PRECISION F R l 1 1 ( 6 , 6 ) , F R 1 1 f 6 , 6 ) , F E l 1 f 6 , 6 ) , F R E E 1 1 ( 6 , 6 ) ,R O B ,  

1 F R 1 2 1 < 6 , 6 } , F E 2 1 ( 6 , 6 } , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,
2 F R 2 2 ( 6 , 6 ) , F E 2 2 I 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 ) , F E 1 3 ( 6 , 6 ) , H ,  S
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A ,  °
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 C 6 , 6 ) , F E 5 5 ( 6 , 6 ) , P 1 ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , SA, 
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R £ 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )

N=50
NDIH=N+1 
P l = - l e - X M U  
P2=-XMU 
I F ( S A ) 4 , 1 , 4

1 I F I M - K ) 3 , 2 , 3
2  IR E 5 3 = - .5 D O * O F L O A T (M )* P I* R O B * * ( -X M U )

GO TO 1 0 0
3  I R E 5 3 = 0 . D 0

GO TO 1 0 0  I



4  E = 0 « '
1=1
0 E L T A = 1 - /F L O A T * N)

5 F U N 1 ( I ) = * R 0 B + E * S A ) * * P 1 *  D C O S (D F L O A T ( M I * E * P I ) * O S I N ( D F L O A T ( K ) * E * P I ) 
F U N 2 ( I ) = % R 0 B + E * S A ) * * P 2 *  O S I N ( D F L O A T ( M ) * E * P I ) * O S : N ( D F L O A T ( K ) * E * P I )
I F * I - N ) 6 , 6 , 7

6  1= 1+ 1  
E=E+DELTA 
GO TO 5

7  CALL QTFE (D E L T A ,F U N l ,A N S I ,N D IM )
CALL QTFE (D ELTA ,FU N 2,A N S2,N D IM )
IR E 5 3  = -X MU*SA*ANS1(N DIM)-M *PI*ANS2(N0IM *

1 0 0  RETURN 
END
DOUBLE PRECISION FUNCTION I R 1 4 4  (K ,M )
FREELY SUPPORTED
DOUBLE PRECISION F R l 1 1 ( 6 , 6 ) , F R 1 1 * 6 , 6 ) , F E 1 1 * 6 , 6 ) , F R E E l l * 6 , 6 ) ,R O B ,  

1 F R 1 2 I ( 6 , 6 } , F E 2 I ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 l 6 , 6 ) , F E 1 2 f 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) i  œ
2 F R 2 2 ( 6 , 6 )  , F E 2 2 (  6 , 6  ) ,  F R E E 2 2 * 6 , 6  ) ,F R 1 3 2 C  6 , 6 )  , F 4 2 (  6 ,  6 )  , F E I 3 *  6 ,  6 )  , H ,  
3 F R I 3 3 * 6 , 6 ) , F R 3 3 * 6 , 6 ) , F E 3 3 * 6 , 6 I , F R E E 3 3 ( 6 , 6 ) , F 4 3 * 6 , 6 ) % F 5 3 * 6 , 6 ) , S A ,
4 F R E 5 3 ( 6 , 6 f , F R 1 4 4 C 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 * 6 , 6 I , F R E E 4 4 ( 6 , ( ) , F R 1 5 4 f 6 , 6 ) ,  
5 F E 5 4 * 6 , 6 ) , F R E 3 5 * 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 C 6 , 6 ) , F R 5 5 ( 6 , 6 ) J F E 5 5 ( 6 , 6 ) , P I ,
6 F R E E 5 5 * 6 , 6 )

COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , SA,
1FR2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 v F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5  5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 ,H , X M U ,N T * 7 )

I R 1 4 4 = F R 1 2 2 ( K , M )
RETURN
END

;  DOUBLE PRECISION FUNCTION I R 4 4  <K,M)
FREELY SUPPORTED
DOUBLE PRECISION F R 1 I 1 ( 6 , 6 ) , F R I 1 ( 6 , 6 I , F E 1 1 ( 6 , 6 ) , F R E E 1 1 < 6 , 6 ) , R O B ,  

1 F R 1 2 I ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 * 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 * 6 , 6 ) , F R E E 2 2 * 6 , 6 ) , F R 1 3 2 *  6 , 6 ) , F 4 2 T 6 , 6 ) , F E 1 3 ( 6 , 6 ) i H ,  
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 * 6 , 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 * 6 , 6 ) , F 5 3 ( 6 , 6 ) • SA,
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FOR W R IT E -U P ,  SEE IBM SSP . 
DIMENSION Y ( l ) , Z < I )
SUM2=0.
I F C N D r M - 1 1 4 , 3 , 1
HH=«5*H
DO 2 1 = 2 , NDIM
SUM1=SUM2
SUM2=SUM2+HH*<Y U I + Y ( 1 - 1 Î )
Z I I - 1 I = S U M 1
Z(N0IM)=SUM2
RETURN
END

00
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17
18

XOI=DD*RHOBAR 
XDF=OD*( RHOBAR»1 « 1 
CO=COSCXDI)
S D = S IN fX D I)
CALL S I C I  ( S D I v C D I j X O I l  
CALL S I C I  (S D F ,C D F ,X D F )
T 2 = - . 5 * D D * ( C D * ( S D F - S D I ) - S D * { C D F - C D I ) 1 / ( S A * S A )
I R 1 1 1 = T 1 + T 2  
RETURN 
END
DOUBLE PRECISION FUNCTION I R l l  IK ,M l  
CLAMPED -  CLAMPED 
I F ( M - K ) 4 , 1 « 4  
I F I H ) 3 v 2 , 3  
I R I l = l o D O  
GO TO 5 
I R I 1 = « 5 D 0  
GO TO 5 
I R 1 1 = 0 «DO 
RETURN 
END
DOUBLE PRECISION FUNCTION l E l l  (K ,M I  
CLAMPED -  CLAMPED 
DOUBLE PRECISIO N  DSvDD 
DOUBLE P RECISIO N  F R 1 1 1 ( 6 , 6 ) , F R 1 1 ( 6 , 6 ) , F E 1 1 ( 6 , 6 1 , F R E E 1 H 6 , 6 1 , ROB, 

1 F R 1 2 1 ( 6 , 6 I , F E 2 1 ( 6 , 6 I , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 } , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 < 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 1 , F E 1 3 ( 6 , 6 ) , H ,  
3 F R 1 3 3 ( 6 v 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 C 6 , 6 ) , F 5 3 ( 6 , 6 ) i S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 } , F R E 3 5 ( 6 , 6 } , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 v 6 ) , F R 5 5 ( 6 , 6 ) , F E 5 5 ( 6 , 6 ) , P I ,  
6 F R E E 5 5 C 6 , 6 )

COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R B E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T I 7 )

I F ( S A ) 6 , 1 , 6

00
VO

F R 1 5 5 , F R 5 5 , R O B ,



1 I F ! O F L O A T I M + K 1 / 2 . 0 0 - C M + K 1 / 2 1 2 , 3 , 2
2 I E l 1= + 2 . DO*DFLOAT( K*M) / ( ROB*DFLOAT( K*K-M*M) )

GO TO 1 8
3  I E 1 1 = 0 . D 0  

GO TO 18
6  0 S = D F 1 0 A T (M + K ;* P I  

DD=DFLOAT(M-K)*PI 
RHOBAR=ROB/SA 
XSI=DS*RHOBAR 
XSF=DS*( RHOBAR+I- I 
CS=COSCXSI>
S S = S I N ( X S I )
CALL S I C I  { S S I , C S I , X S I }
CALL S I C I  I S S F , C S F , X S F J
T 1 = . 5D 0*P I*O F L O A T IM I / S A * ( C S * ( S S F - S S I T - S S * I C S F - C S I ) )
I F ( M - K ) 8 , 7 , 8

7  T 2 = 0 .
GO TO 17

8 XDI=DD*RHOBAR 
XDF=DD*IRHOBAR+L.)
CD=COSIXDII 
S D = S IN (X D I)
CALL S I C I  I S D I , C D I , X D I )
CALL S I C I  (S D F ,C D F ,X D F )
T 2 = - . 5 D 0 * P I * D F L 0 A T I M ) / S A * I C D * I S D F - S D I 1 - S D * I C D F - C 0 I )

17 I E 1 1 = T 1 + T 2
18 RETURN 

END
DOUBLE PRECISION FUNCTION I R E E l l f K , M )
CLAMPED -  CLAMPED
DOUBLE PRECISION F R l l l ( 6 , 6 ) , F R l l I 6 , 6 ) i F E l l I 6 , 6 ) , F R E I  

1 F R 1 2 1 I 6 , 6 I , F E 2 1 C 6 , 6 ) ^ F R 1 3 1 ( 6 , 6 ) , F E 3 1 I 6 , 6 ) , F E 1 2 ( 6 , 6 )  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 I 6 , 6 )  
3 F R 1 3 3 I 6 , 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 I 6 , 6 ) , F R E E 3 3 I 6 , 6 ) , F 4 3 I 6 , 6 ) , F 5 3 I 6 , 6 ) i S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 I 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 I 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 I 6 , 6 ) , F R E 3 5 f 6 , 6 ) , F E 4 5 { 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 1 6 , 6 I , F E 5 5 f 6 , 6 ) , P I ,

VOO

)

E 1 1 C 6 , 6 ) , R O B ,
, F R 1 2 2 ( 6 , 6 ) ,
, F E 1 3 I 6 , 6 I , H ,
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OCHJBLE PRECISIO N  FUNCTION 
CLAMPED -  CLAMPED
DOUBLE PRECISIO N  F R 1 1 1 ( 6 , 6 ) , F R 1 1 ( 6 , 6 I ,  

l F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) i F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6  
2 F R 2 2 ( 6 . 6 ) o F E 2 2 ( 6 . 6 ) . F R E E 2 2 ( 6 . 6 ) . F R 1 3 2 (

(K ,H )
CL#

N F R l l l ( 6 f 6 ) , F R l l ( 6 , 6 } « F E l l ( 6 , 6 1 ^ F R E E  
( 6 , 6 ) i F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 l g  
6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 ) ,
« A t *  .  c c a - a i  A .  A 1 .  C D C C 'S 'a f  A A* CA-Xf A A%

1 1 ( 6 , 6 ) , ROB,
F R 1 2 2 ( 6 , 6 l v1o  f O f  t

2 F R 2 2 I 6 , 6 } , F E 2 2 ( 6 , 6 1 , F 
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) ,  
4 F R E S 3 * 6 . 6 # . F R 1 4 4 ( 6 . 6 I

COMMON

,R O B ,

I E 1 2 = F E 1 1 ( K
RETURN
END
DOUBLE PRECISION FUNCTION 
CLAMPED -  CLAMPED

I R 1 2 2  (K ,M )

F E 3 3 ( 6 , 6 I , F R E E 3 3 ( 6 , 6 ) , F 4 3 ( 6 , 6 I , F 5 3 ( 6 , 6 1 i S A ,  
, F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) ÿ F R 1 5 4 ( 6 , 6 ) ,  
F E 4 5 < 6 , 6 I , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 1 , F E 5 5 ( 6 , 6 ) , P I ,

6 F R E E 5 5 ( 6 , 6 )
COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 ,  

1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1
2 F R E 5 3 , F R I 4 4
3 F E 5 5 , F R E E 5 5

I R 1 2 2 = F R 1 1 1 ( K
RETURN
END
DOUBLE PRECISIO N  FUNCTION I R 2 2  ( K ,M l  
CLAMPED -  CLAMPED
DOUBLE PRECISION F R l l l ( 6 , 6 I , F R 1 1 ( 6 , 6 | , F E 1 1 ( 6 ,  

1 F R I 2 H 6 , 6 ) , F E 2 1 ( 6 , 6 1 , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 } , F E I
( 6 , 6 | , F E 1 1 ( 6 , 6 ) , F R E E l l ( 6 , 6 l , R O B ,  
F E 3 I ( 6 , 6 } , F E I 2 { 6 , 6 I , F R 1 2 2 ( 6 , 6 } ,

vow



F E 5 5 ( 6 , 6 ) » P I ,

c 3 t . F E 1 2 , F R 1 2 2 , S A ,  
F R E E 3 3 , F 4 3 , F 5 3 , P I ,  

1:01 CDCC . o n n .j f R 1 5 5 , F R 5 5 . R 0 B ,

RETURN
END
DOUBLE PRECISION FUNCTION 
CLAMPED -  CLAMPED

(K ,M )
CLAMPED -  CLAMPED
DOUBLE PRECISIO N  F R l l l ( 6 , 6 ) i F R l l ( 6 ,  

1 F R 1 2 H 6 , « ) , F E 2 1 C 6 , 6 I , F R 1 3 1 ( 6 , 6 1  ,F E 3  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 I 6 . 6 ) . F R F F 2 2 ( 6 . 6 i . F R l0 * 0 #  * r c Z ^ t  Of
3 F R I 3 3 ( 6 , 6 ) , F R 3 3 C 6
^ c o c K = , ^ , 6 ; , F R i 4 4 ( F R E E 4 4 ( 6 , 6 ) i F R 1 5 4 ( 6 , 6 ) i

F R 5 5 ( 6 , 6 * , F E 5 5 ( 6 , 6 ) i P I ,
H r K c O  j f  O *  O f *  I
5 F E 5 4 ( 6 , 6 I , F R E 3 5 ( 6
C - C D C C C C f  4L *6 F R E E 5 5 ( 6 » 6 1  

COMMON F R l l l , F R 1 1 , F E 1 1 , F R E E 1 1 ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1

RETURN
END
DOUBLE PRECISIO N  FUNCTION I R E E 2 2 (K , M )
CLAMPED -  CLAMPED 
DOUBLE PRECISIO N  F R l 1 1 C 6 , 6 } , F R 1 1 1 6 , 6 1 , F E l 1 ( 6 , 6 1 , F R E E 1 I I 6^ 

1 F R 1 2 1 I 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) i F E 3 1 ( 6 * ^  ^ i . c o i ?
2 F R 2 2 < 6 , 6 l , F E 2 2 f 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) i F R 1 3 2 *
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6 , 6 ) i F E 3 3 ( 6  ' *  ------ --------
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 ) , F R 4 4 (
3 F R 1 3 3 C 6 , 6 } , F R 3 3 I 6 , 6 ) j F E 3 3 l 6 ,  
4 F R E 5 3 I 6 , 6 ) , F R 1 4 4 f 6 , 6 l , F R 4 4 f  
5 F E 5 4 I 6 , 6 ) , F R E 3 5 f 6 , 6 ) , F E 4 5 < 6
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END
DOUBLE PRECISIO N  FUNCTION IR 3 3  
CLAMPED -  CLAMPED

(K ,M )
CLAMPED -  CLAMPED
DOUBLE PRECISION F R l 1 1 1 6 , 6 Î , F R I 1 C 6 , 6 ) , F E 1 1  

l F R 1 2 i f 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 H 6 , 6 l  , F E 3 1 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 , 6 ) , F E 2 2 I 6 , 6 5 , F R E E 2 2 ( 6 , 6 ) , F R I 3 2 ( 6 , 6 )
3C0 1 CD a -a fA .A i c c a s ^ A .A t  . c o c c ^ ^ t tA .A i

DOUBLE

F E 4 5 , F R 1 5 i , F R 5 5 ,

IK ,M )

I R 3 3 = F R l l t K , M )
RETURN 
END
DOUBLE PRECISIO N  FUNCTION I E 3 3  
CLAMPED -  CLAMPED
DOUBLE PRECISION F R l 1 1 ( 6 , 6 ) v F R l I L  

1 F R 1 2 1 C 6 , 6 Ï , F E 2 1 ( 6 , 6 Î , F R 1 3 1 ( 6 , 6 ) , F  
2 F R 2 2 ( 6 , 6 )  , F E 2 2 I  6 , 6 )  , F R E E 2 2 ( 6 , 6 Î  ,F1 
3 F R 1 3 3 ( 6 , 6 ) , F R 3 3 ( 6  
4F R E 5 3 ( 6 , 6 ) , F R 1 4 4 (
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6  
6 F R E E 5 5 ( 6 , 6 )

COMMON F R 1 1 1 , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , I  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3

vo
'vj

END
DOUBLE P RECISIO N  FUNCTION IREE33CK,M ) 
CLAMPED -  CLAMPED
DOUBLE PRECISION F R l l 1 ( 6 , 6 ) , F R 1 1 ( 6 , 6 | , F E l l ( 6 , 6 ) , F R E E 1 1 ( 6 , 6 ) ,R O B ,
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c
c
c

c
c
c

5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 # i F R 1 5 5 ( 6 , 6 ) i F R 5 5 ( 6 , 6 ) , F E 5 5 ( 6 , 6 ) , P I ,  
6 F R E E 5 5 ( 6 , 6 )

F E 1 2 , F R 1 2 2 , S A ,  
3 3 , F 4 3 , F 5 3 , P I ,

COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 ,  
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E  
2 F « E 5 3 , F R I 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 v F R 1 5 5 , F R 5 5 , R G B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )

FOR A CYLINDER

I F f S A J 6 , l , 6
1 I F € M - K ) 5 , 2 , 5
2 I F C M ) 4 , 3 , 4
3 1 5 3  = 1 . D 0 / R 0 B  

GO TO 18
4  1 5 3  = .5 D O /R O B  

G O  TO 18
5 1 5 3  = 0 . 0 0  

GO TO 18

FOR A CONE

6  DS=DFLOAT(M+K)
DD=DFLOAT*M-K)
I F | M - K ) 7 , 8 , 7

7  ÎTAG=2 
GO TO 11

8 I F f M ) 1 0 , 9 , 1 0
9  1 5 3 = 0 . 0 0  

GO TO 18
10  ITAG=1
11 RHOBAR=ROB/SA 

XSI=OS*PI*RHOBAR 
X SF=OS*PI*(RHOBAR+1.DO)
C S R = C O S IX S I I  
S S R = S I N f X S I )
CALL S I C !  I S X S 1 , C X S I , X S I >

vo
vo
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END
DOUBLE PRECISION FUNCTION I 
CLAMPED -  CLAMPED

R144
CLAMPED -  CLAMPED 
DOUBLE PRECISION F R l I l f  
F R 1 2 1 ( 6 . 6 I . F E 2 1 ( 6 . 6 ) . F R

if 6 ,  61
COMMON F R l l l , F R l l , F E l l , F R E E 1 1 , F R L 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 Z , F R L Z Z , SA, 

l F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 r F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F € 5 5 , F R E E 5 5 ,H ,X M U , N T C 7 I  

I R 1 4 4 = F R l l l f K , M )
O P T I I R N

E 1 2 , F R 1 Z 2 , S A ,

RETURN
C N U
DOUBLE PRECISIO N  FUNCTION 
CLAMPED -  CLAMPED

I R 4 4

3 3 , r u t  If ,  l"D3 ,  K1 ,
, F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,

ro
o

I R 4 4 = F R l l f K , M )
RETURN 
END
DOUBLE PRECISION FUNCTION I E 4 4  
CLAMPED -  CLAMPED 
DOUBLE

PRECISION FUNCTION I E 4 4  (K ,M )
-  CLAMPED

PRECISION F R l I I ( 6 , 6 1 , F R l l f 6 , 6 ) , F E 1 1 ( 6 , 6 ) « F R E E l l f 6 , 6 } ;R O B ,
I
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F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,
F R E E 3 3 , F 4 3 , F 5 3 , P I ,

c o tC R  CORK omnF E 4 5 , F R 1 5 5 , F R 5 5 , R O B ,

DOUBLE 
1 F R 1 2 K  
2 F R 2 2 C 6 .
3 F R 1 3 3 I 6  
4FRE53C  
5 F E 5 4 ( 6 .
6FREE55C 

COMMON f - K i i i t r K i  
1 F R 2 2 , F E 2 2 , F R E E 2 2  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 ,  
3 F E 5 5 ,F R E E 5 5 ,H ,X M U  

I R E E 5 5 = F R E E 1 1 ( K ,M )  
RETURN 
END

tooON



DOUBLE P R E C ISIO N  FUNCTION I R l l l  (K ,M )  I
FREE -  FREE
DOUBLE PRECISIO N  OS,DO,DM,DK
DOUBLE PRECISIO N  F R 1 1 1 ( 6 , 6 ) ÿ F R I I f 6 , 6 1 , F E 1 1 ( 6 , 6 } , F R E E I 1 ( 6 , 6 ) , R O B ,  

l F R 1 2 1 ( 6 , 6 } , F E 2 1 f 6 , 6 } , F R 1 3 1 l 6 , 6 ) , F E 3 1 ( 6 , 6 1 , F E 1 2 ( 6 , 6 1 , j F R 1 2 2 f 6 , 6 } ,  
2 F R 2 2 ( 6 , 6 } , F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 } , F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 } j F E l 3 ( 6 , 6 } , H ,  
3 F R 1 3 3 f 6 , 6 } , F R 3 3 ( 6 , 6 ) , F E 3 3 f 6 , 6 } , F R E E 3 3 f 6 , 6 ) , F 4 3 L 6 , 6 l , F 5 3 f 6 , 6 ) , S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 } i F R 4 4 ( 6 , 6 } , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 } , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 f 6 , 6 l , F R E 3 5 ( 6 , 6 ) , F E 4 5 C 6 , 6 } , F R 1 5 5 f 6 , 6 ) , F R 5 5 f 6 , 6 } , F E 5 5 I 6 , 6 l , P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R 1 1 I , F R 1 I , F E 1 1 , F R E E 1 I , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , S A ,  
I F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 ,H , X M U ,N T < 7 }

I F ( S A ) 6 , 1 , 6
1 I F ( M - K } 5 , 2 , 5
2 I F ( M ) 4 , 3 , 4
3 IR 1 1 1 = 1 .D O / (R O B * R O B }  I g

GO TO 1 8
4  I R 1 1 1 = . 5 D 0 / ( R 0 B * R 0 B )

GO TO 18
5 I R l l l = O . D O  

GO TO 1 8
6  OS=DFLOAT(M+K)*PI 

OD=DFLOAT(M-K)*PI  
I F * M - K } 1 2 , 1 0 , 1 2

1 0  I F ( M ) 1 2 , 1 1 , 1 2
11 I R 1 1 1 = I 1 « D O / R O B - 1 . D O / I R O B + S A I ) / S A  

GO TO 18
12 CONTINUE 

RHOBAR=ROB/SA 
XSI=DS*RHOBAR 
X SF = D S *(R H 0B A R +1 .)
C S = C O S I X S I l  
S S = S I N I X S I >
CALL S I C I  f S S l , C S I , X S I I



CALL S I C I  ( S S F , C S F , X S F )
T O = - f ( (  ROB+SA) - 1 . D O /R O B )/S A
T 1 = - . 5 * D S / X S A * S A ) * ( C S * ( S S F - S S I ) - S S * ( C S F - C S I ) I  
I F X M - K 1 8 , 7 , 8

7  T 2 = 0 .
GO TO 1 7

8 X0I=DD*RH08AR 
XOf=DD *(RH OBA R*l . )
CO=COS«XOIl
S O = S IN lX D I>
CALL S I C I  I S O I t C D I , X O I I  
CALL S I C I  ( S D F , C D F , X D F )
T 2 = - . 5 * 0 0 / 1 S A * S A I* IC D * { S D F - S O 1 1 - S D *  C C D F - C D I \ I

1 7  I R 1 1 1 = T 0 + T 1 + T 2
18 RETURN 

END
DOUBLE PRECISION  
FREE -  FREE 
I F ( M - K ) 4 , 1 , 4

1 I F f M I 3 » 2 , 3
2  I R 1 1 = 1 « D 0  

GO TO 5
3  I R l l = o 5 D 0  

GO TO 5
4 I R l 1 = 0 . 0 0
5 RETURN 

END
DOUBLE PRECISION 
FREE -  FREE 
DOUBLE PRECISIO N  
DOUBLE PRECISIO N

FUNCTION I R l l  IK ,M l
too00

FUNCTION l E l l  (K ,M )

DS,DD
F R 1 1 1 ( 6 , 6 ) v F R l l ( 6 « 6 1 , F E l l f 6 , 6 } , F R E 6 l l ( 6 , 6 ) ÿROB, 

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) y F E 3 I ( 6 , 6 } , F E 1 2 1 6 , 6 1 , F R 1 2 2 ( 6 » 6 ) * 
2 F R 2 2 ( 6 , 6 ) , F E 2 2 < 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) , F R 1 3 2 ( 6 , 6 1 , F 4 2 ( 6 , 6 ) , F E 1 3 ( 6 , 6 ) , H ,  
3 F R 1 3 3 * 6 , 6 } , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 ) , F R E E 3 3 I 6 , 6 ) , F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A ,  
4 F R E 5 3 ( 6 , 6 ) , F R 1 4 4 ( 6 , 6 ) , F R 4 4 l 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) f  
5 F E 5 4 ( 6 * 6 ) v F R E 3 5 ( 6 , 6 ) , F E 4 5 < 6 , 6 l , F R 1 5 5 f 6 , 6 l , F R 5 5 l 6 , 6 I * F E 5 5 ( 6 , 6 l , P I *
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RETURN
END
DOUBLE PRECISION FUNCTION I R 1 3 1  (K ,M )
FREE -  FREE

, F R E E 1 1 ( 6 , 6 ) , R O B ,  
& , 6 I , F R 1 2 2 ( 6 , 6 ) i

, 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 ( (
& , 6 ) , F E 4 4 ( 6 , 6 )  ,FR E E 4 '
, 6 ) , F R 1 5 5 ( 6 , 6 ) i F R 5 5 ( l

6 F R E E 5 5 I 6 , 6 )
COMMON F R l l l , F R l l , F E l l , F R E E  

1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , I  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F l  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )

I R 1 3 1 = I R 1 1 1 ( K , M )
RETURN 
END
DOUBLE PRECISION FUNCTION Î E 3 1  (K ,M )
FREE -  FREE
DOUBLE PRECISION l E l l
DOUBLE PRECISION F R l 1 1 1 6 , 6 Î , F R l 1 16 , 6 Î , F E l l I  6 , 6 J , F R E E 1 I I 6 , 6 » , R 0 8 ,  

1 F R 1 2 1 I 6 , 6 Î , F E 2 1 C 6 , 6 J , F R 1 3 1 I 6 , 6 ) , F E 3 1 1  6 , 6 1 ^ F E I 2 ( 6 , 6 1 , F R 1 2 2 1 6 , 6 ) ,
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2  I F ( M # 4 , 3 , 4
3  1 5 3  = 1 . DO/ROB 

GO TO 1 8
4  1 5 3  = o 5 D 0 / R Q B  

GO TO 18
5  1 5 3  = 0 . 0 0  

GO TO 1 8
C
C FOR A CONE
C

6  DS=DFLOAT(M+K)
DD=DFLOAT(M-K)
I F ( M - K ) 7 , 8 , 7

7 ITAG=2  
GO TO 1 1

8 I F ( M ) 1 0 , 9 , 1 0
9  1 5 3  = D L O G ( ( R O B + S A ) /R O B ) / S A  (

GO TO 1 8
1 0  ITAG=1
11  RHOBAR=ROB/SA ,

XS I=D S*PI4R H 0B AR
X S F = D S * P I * ( R H 0 B A R + 1 . D 0 )
C S R =C O SIX SII
S S R = S I N ( X S I I
CALL S I C I  ( S X S I , C X S I , X S I )
CALL S I C I  ( S X S F , C X S F , X S F )
GOTO ( 1 4 , 1 5 ) , I T A G

1 4  I 5 3 = . 5 D O * ( + C S R * ( C X S F - C X S I $ + S S R * ( S X S F - S X $ I ) + O L O G ( 1 . D O + S A / R O B I J / S A  
GO TO 1 8

15  XDI=DD*PI*RHOBAR  
X D F = O D * P I * (R H 0 8 A R + 1 .D O ;
CDR=C0SCXDI)
S D R = S I N ( X D I )
CALL S I C I  I S X D I *CXDIvXDIÏ  '
CALL S I C I  ( S X D F ,C X D F ,X D F )
1 5 3  = . 5 D 0 * ( + C S R * ( C X S F - C X S I ) + S S R * ( S X S F - S X S I )

I
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3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )
2 I R 1 4 4 = I R 1 1 ( K , M )

RETURN
END
DOUBLE PRECISIO N  FUNCTION I R 4 4  (K ,M )
FREE -  FREE
DOUBLE PRECISIO N  DS,DD
DOUBLE PRECISION F R 1 1 1 I 6 , 6 1 , F R 1 I I 6 , 6 1 9 F E l I ( 6 * 6 » , F R E E 1 1 ( 6 , 6 ) » R O B ,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 * , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ; , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,
2 F R 2 2 < 6 , 6 ) i F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 ; , F R I 3 2 ( 6 , 6 1 9 F 4 2 f 6 . 6 ) • F E 1 3 1 6 « 6 1 «H, 
3 F R I 3 3 l 6 , 6 l ÿ F R 3 3 C 6 , 6 » , F E 3 3 I 6 , 6 I ^ F R E E 3 3 I 6 , 6 1 , F 4 3 I 6 , 6 1 , F 5 3 C 6 , 6 I , S A ,  
4 F R E 5 3 I 6 , 6 I , F R 1 4 4 | 6 , 6 I , F R 4 4 ( 6 , 6 1 , F E 4 4 ( 6 , 6 I , F R E E 4 4 I 6 , 6 » , F R 1 5 4 C 6 , 6 ) ,  
5 F E 5 4 « 6 , 6 ) , F R E 3 5 « 6 , 6 ) , F E 4 5 C 6 , 6 ) , F R 1 5 5 ( 6 , 6 l , F R 5 5 ( 6 , 6 l , F E 5 5 I 6 , 6 l , P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l l , F R 1 1 , F E 1 I , F R E E 1 I , F R 1 2 I , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , SA, 
1 F R 2 2 , F E 2 2 , F R E E 2 2 , F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 , F E 3 3 , F R E E 3 3 , F 4 3 , F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F E 5 5 , F R E E 5 5 , H , X M U , N T ( 7 l  K

I F ( S A f 6 , l , 6
1 I F ( M - K # 5 , 2 , 5
2 I F ( M ) 4 , 3 , 4
3 IR 44=R 0B *R 0B  

GO TO 18
4  IR44=R O B*RO B/2 .D O  

GO TO 1 8
5 IR 44=O .D O  

GO TO 18
6  OS=OFLOAT(M+K)*PI

DD=DFLOAT(M-K**PI ,
I F I M - K ) 1 2 , 1 0 , 1 2  '

10 I F < M ) 1 2 , 1 1 , 1 2
11 IR44=ROB*ROB+ROB*SA+SA*SA/3.DO 

GO TO 18
12  CONTINUE

T1=SA*<OCOS(OS)**ROB+SA Ï - R O B ) / 1DS*DS)
I F ( M - K ) 1 4 , 1 3 , 1 4
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(50 OD Z  «• pH »• ê -vP# UJ pH K  I <
O O 3  W OC O O U. QC UJ Z o o  a.
$ 2  “• M t t o  ° ü !  - - Î

* ‘ ^ 5 E  N  o  o . w. z
Qg o I -  w  M N  n i m  p-l m  u . u j oc » — eo H  p
*  a  *n «n Ul UJ n i  oc oc UJ » u j u . z  x  p  ^  ^  <  »-i
00 «  M  w  w  u . Ul u .  u , CC P4 oc *  »  ±  QC ± i . R p ?o (/) uu J UO* u .  »»UL**p4U.'finLn z  # z z ^ n *
(V O N  u i u i u j U J * "  * . ; - * # »  * * O p " i  » « $ ' L n  i pf f )  w  o  * o » * ' * " ' U . ^
a« Oh-  0COCcCOCU)p"V)»O'— ( -oCN^'Ulw » 0  h-Q «>^(“ 0 0

D  #  1», z  UJ I U l U J —» ^ » * - ^ ' O i n Z U .  » U . " » M O  e J  I * 0 pJ | « J O 5 Ç

*# *■' Il II II

. . . p4 N  m 
m  n» 00 p4 N  M «f tn >0

©4 <
SI i©

00 *  0-
O Si O  p-t
o  O' o0 s O
o  z CM H
II II

CM IL fo a
L» M h -  O
0» 00



9  T3=SA 
GO TO 1 7

1 0  T 2 = + . ' J D O » D F L O A T (M )* P I* C O C O S(D D Ï* C R O B + S A I-R O B ; /0 0  
1 3 = 0 . 0 0  

17  : E 4 4 = T l + T 2 + T 3  
IB RETURN

END j
DOUBLE PRECISION FUNCTION IR E E 4 4 (K , M I  
FREE -  FREE
DOUBLE PRECISIO N  D S , D D , I R 4 4
DOUBLE PRECISION F R l I I ( 6 , 6 ) , F R l 1 f 6 , 6 ) v F E l l ( 6 « 6 ) • F R E E l l C 6 , 6 1 »ROB,  

1 F R 1 2 1 ( 6 , 6 ) , F E 2 1 ( 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 1 ( 6 , 6 ) , F E 1 2 ( 6 , 6 ) , F R 1 2 2 ( 6 , 6 ) ,  
2 F R 2 2 ( 6 v6 ) , F E 2 2 ( 6 , 6 ) , F R E E 2 2 ( 6 , 6 ) ÿ F R 1 3 2 ( 6 , 6 ) , F 4 2 ( 6 , 6 ) , F E 1 3 ( 6 , 6 ) , H ,  
3 F R 1 3 3 ( 6 v 6 ) , F R 3 3 ( 6 , 6 ) , F E 3 3 ( 6 , 6 ) , F R E E 3 3 ( 6 , 6 ) , F 4 3 ( 6 , 6 ) , F 5 3 ( 6 , 6 ) , S A ,  
4 F R E 5 3 ( 6 , 6 I , F R 1 4 4 ( 6 , 6 ) , F R 4 4 ( 6 , 6 ) , F E 4 4 ( 6 , 6 ) , F R E E 4 4 ( 6 , 6 ) , F R 1 5 4 ( 6 , 6 ) ,  
5 F E 5 4 ( 6 , 6 ) , F R E 3 5 ( 6 , 6 ) , F E 4 5 ( 6 , 6 ) , F R 1 5 5 ( 6 , 6 ) , F R 5 5 ( 6 , 6 ) , F E 5 5 ( 6 , 6 ) f P I ,
6 F R E E 5 5 ( 6 , 6 )

COMMON F R l l l , F R 1 1 , F E 1 1 , F R E E 1 1 , F R 1 2 1 , F E 2 1 , F R 1 3 1 , F E 3 1 , F E 1 2 , F R 1 2 2 , SA,  B
l F R 2 2 , F E 2 2 , F R E E 2 2 v F R 1 3 2 , F 4 2 , F E 1 3 , F R 1 3 3 , F R 3 3 v F E 3 3 , F R E E 3 3 , F 4 3 r F 5 3 , P I ,  
2 F R E 5 3 , F R 1 4 4 , F R 4 4 , F E 4 4 , F R E E 4 4 , F R 1 5 4 , F E 5 4 , F R E 3 5 , F E 4 5 , F R 1 5 5 , F R 5 5 , R 0 B ,  
3 F € 5 5 , F R E E 5 5 , H , X M U , N T ( 7 )

I F ( M + K # 2 , 1 , 2
1 I R E E 4 4 = 0 . D 0  

GO TO 6
2 DS=DFLOAT(M+K)*PI 

OD=DFLOAT( M - K I * P I  
T 1 = - P I * P I * 0 F L 0 A T ( M * M ) * I R 4 4 ( K , M )
T 2 = * S A * P I * D F L 0 A T ( M ) * ( D C 0 S ( D S ) * ( R 0 B + S A ) - R 0 B ) / D S
I F ( M - K ) 4 , 3 , 4

3  T 3 = 0 , D 0  
GO TO 5

4  T 3 = + S A * P I * D F L 0 A T ( M ) * ( D C 0 S ( D D ) * ( R 0 B + S A ) - R 0 8 ) / D D
5 I R E E 4 4 = T 1 + T 2 + T 3
6  RETURN 

END
DOUBLE PRECISION FUNCTION Î R 1 5 4  (K ,M )



PRECISIONDOUBLE
DOUBLE

I)
RETURN 
END
DOUBLE PRECISION FUNCTION I E 5 4  
FREE -  FREE 
DOUBLE PRECISION  
DOUBLE 

I F R 1 2 1 ( (
2 F R 2 2 I 6 i  
3FR133C  
4 F R E 5 3 I  
5 F E 5 4 ( 6 i  
6F R E E 55I  

COMMON I 
I F R 2 2 s F E 2 2 v .  •
2 F R E 5 3 , F R 1 4 4 ,
3 F E 5 5 * F R E E 5 5 ,

I  I E 5 4 = I R E 5 3 ( I  
RETURN 

\ END
DOUBLE PRECISION FUNCTION I R E 3 5  (K ,M )  
FREE -  FREE
DOUBLE PRECISION ÏRE53

rolO
-P»



DOUBLE PRECISION W R 1 1 1 ( 6 , 6 ) , I  
i F R 1 2 H 6 , 6 I . F E 2 l C 6 . 6 ) , F R 1 3 1 < 6  
2 F R 2 2 I 6  
3 F R 1 3 3 Ï I  
4 F R E 5 3 ( i  
5 F E 5 4 ( 6 t  
6F R EE55I  

COWMON 
1 F R 2 2 , ;
2 F R E 53 ,
3FE 55*1  

I R E 3 5 = I R E 5 3 ( K , M )
RETURN
END
DOUBLE PRECISION FUNCTION I E 4 5  CK,M»

RETURN
END
DOUBLE PRECISION FUNCTION I R I 5 5  CKvMÏ 
FREE -  FREE
DOUBLE PRECISION I R l l l
DOUBLE PRECISION F R 1 1 1 ( 6 , 6 ) ? F R 1 1 ( 6 , 6 ) , F E 1 1 ( 6 , 6 ) v F R E E l l C  6 , 6 ) ,ROB 

I F R 1 2 1 I 6 , 6 ) , F E 2 i C 6 , 6 ) , F R 1 3 1 ( 6 , 6 ) , F E 3 l C 6 , 6 ) , F E 1 2 < 6 , 6 ) , F R 1 2 2 ( 6 , 6 )  ,
,

ro
Cr<



226

p 4

4< 4

44

4

OD
g> •>p» 44 (/) a. O

X < « a . 4 4 ec
*> «/) •> 4 OJ ro 4

«■» '«» >0 M tn tn

<o «— «0 #4 u tn

» <0 4" 4 ec 4 ce

<û ►UN «fi u ro u
w> <0 p4 4 «t 4

fO »p % tn u tn

#4 m U. in p4 4 tn

UJ in » UJ Ul m p4

u  u. u u ro ec
•> » <1 4 4 UJ UU

#»IP» H UJ 4

«0 o « «fi ro ec tn

» » 4P 4 Ul u «t

«0 tO 4- «fi u 4 UJ

«p «r *t 4 ro u.

«M m Ul in p4 m 4

Ul tn (0 Ul tn

u . u. ac ec p4 u m

•> » u u. ec 4 tu
•  p» p ■4 u ro ec
<0 « P4 4 m u

» •> o «fi p4 ec 4

o  <0 » 4 (M u «t
w  «p « «fi Ul 4 tn

M m 4P U ro Ul

m m «t tn (0 u .

H  UJ tn p4 44 4

Q£ UJ UJ mt M ec <
U- ec u ec p4 u tn

» u. p u. ec 4 44

p» *> 4 u ro ce

o  4» « 4 44 u.

» »o e> «fi p4 UJ 4

<0 * O 4 p 4 IL «t•0- sO «fi UJ 4

(M *p LU r j Ul

N  m "» tn ec < U!

Ul ro ec «t u u ce

UJ Ul u Ul 4 4 uoc u. ’ p u. p4 M 4

u, » P4 4 p 4 ro • t
■* p» *0 «p» tu 44 «t
p» 43 » «fi u ec tu

«  » o 4 4 u. u
a> A 4P «fi 44 4 4

\0 4P P4 ni «f

4P fO «t tn ec ni «t

(M m r«4 ro u Ul ec
«M ec ec Ul 4 UJ UU
Ul u, u> ec p4 ce 4

u. «• 4 UU p» 4* UU «4"■9> P» P4 4 «fi p4 4 «t

4) <o 41% ni «H

43 » 4 «fi ^  U ni ce

*>0 « 4 4P tu u.

<0 4P 4i» «fi tn  Z u 4

4P r o ro tn o 4 ro

N  10 «f Ul %M tn

(M p4 Ul tn  UJ X UlOC ec oc Ul K o ec ec
u. u. u. I.L u. u IL u

CM ro 4" tn  «fi p4 ni

z»

X z
M >

X %:9> W
lf> «-4
in
UJ pH
Ul o:
QC M
t :

Ul ce

z
g
G
(K

4 4 4

4 4 < 4- CO4 4 4 m to a o 4 »
CD 4 X < «fi a 4 4 a S X <
O P4 4 to 4 4 (VIro 4 o ► 4/T
ec «fi 4 «fi P4 (VI tn tn a 'O 9»
4 4 «fi 4P «fi p4 a tn -4 » %o ^

«fi 4 «fi «t 4 a 4 a ► o
«fi «fi 4 tn «fi a ro a «fi o  ►
4 rvi 4P «fi pp 4 4 4 fsJ ^  >ù

«fi ni ro a tn (VIa tn «fi <Mm ^
p4 44 (0 a tn P4 4 tn 4P MM m

4l ec a tn 4 a a ro a 0: UJ tn
p4 u a a a a ro a a ULLL u.
LU 4 4 4 «fi 4 4 a a a 9» »
Ul 4 a 4 a #■»
ec «fi «fi «fi «fi «fi ro a tn a 'C
LL 4 4 4 4P 4 a a «t a 9» # #
4 «fi «fi «fi «* «fi a 4 a 4 4) o  ^

4P 4P 4 ro a w wf w
«fi OJ(VJ(0 a tn pJ ro 4 «fi N evj fn
4 44 «t «t a tn m a tn 4 #4 4- ^

«fi LUa a a a pj a ro «fi WUL 4L
a 4 4 a a a 4 a Up 0» »

p4 4 4 4 a (0 a a »
44 «fi «fi «■a 4 ro a a fi fi
Ul «fi 4 4 «fi «fi pHa 4 a O 4 4

u. 4 «fi «fi 4 4 (VJa «t a p»fi fi
4 «fi 4P «fi «fi a 4 tn ■4 4P 4P

4P 4P rvi ro a ro a ni ro
z «fi 44 ro ro «t tn 4 ro a z . «fi #4 ro ro
4 4 ro 44 a «t tn p4 pj 4 4 4 m a  UJ

se «fi a ec a a p4 (VJ a «t X «fi UJ a  a
a a ec a a pj a tn u. a  a

44 4 4 a ' 4 a a 4 pU a 4 a
pH ' 4 ' 4 a ro a a P4 '4

tn ec «fi «fi «fi 4 pHa tn a o «fi
tn u 4 4 «fi 4 «fi pUa 4 tn a » 4 «fi
oc 4 «fi «fi 4 «fi 4 P4a «<»■ a 4 "0 fi 4

M 4P «fi «fi a 4 «t pp <3î 4P fi
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