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A STATISTICAL- ANALYSIS OF THE GROWTH OF UNDERSTANDING 

MATHEMATICAL CONCEPTS BY THE PROSPECTIVE 

ELEMENTARY TEACHER

CHAPTER I

INTRODUCTION TO THE PROBLEM

Today one need read  only a  sm a ll p o r t io n  o f  th e  edu­

c a t io n a l  l i t e r a t u r e  in  o rd e r  to  o b serv e  a concern  f o r  th e  

m ath em atica l com petence o f  th o se  p e rso n s  p re p a r in g  fo r  

p o s i t io n s  as e lem en tary  sch o o l t e a c h e r s . L eaders in  educa­

t io n  a re  becoming concerned  because  many s tu d ie s  have shown 

t h a t  p ro s p e c t iv e  e lem en tary  te a c h e rs  la c k  an u n d e rs ta n d in g  

o f  a r i th m e t ic  c o n c e p ts .

The Problem  

S ta tem en t o f  th e  Problem  

I t  i s  th e  p u rpose  o f  t h i s  s tudy  to  conduct a  s t a t i s ­

t i c a l  a n a ly s is  to  d e te rm in e  th e  grow th in  u n d e rs tan d in g  o f  

c e r t a in  b a s ic  m ath em atica l concep ts  o f  th e  p ro s p e c t iv e  e l e ­

m entary  te a c h e rs  a t  th e  U n iv e rs i ty  o f  Oklahoma a t  d i f f e r e n t  

s ta g e s  in  t h e i r '  t r a in in g  program . There a r e  th re e  main

1



p r o je c ts  in v o lv ed  in  a  s tu d y  o f  t h i s  n a tu r e :  ( I )  to  d e v is e  

an o b je c t iv e  in s tru m e n t to  m easure th e  u n d e rs ta n d in g ” o f  th e  

p ro s p e c t iv e  e lem en tary  te a c h e rs  on some b a s ic  m ath em atica l 

c o n cep ts ; (2) to  show th e  r e la t io n s h ip  betw een th e  u n d er­

s ta n d in g  o f  m ath em atica l concep ts m easured by t h i s  i n s t r u ­

ment and some m easu rab le  f a c to r s ;  and (3) to  e v a lu a te  th e  

e f f e c t  o f  c e r t a in  e d u c a tio n  and m athem atics co u rses  on th e  

grow th and m astery  o f  th e  b a s ic  m athem atica l c o n ce p ts .

In ç o rta n c e  o f  th e  Study

A firm  g rasp  o f  b a s ic  m athem atica l concep ts i s  e sse n ­

t i a l  in  o rd e r  to  te a c h  m athem atics m e a n in g fu lly . T eachers 

cannot te a c h  what they  them selves do n o t u n d e rs ta n d .

P re p a rin g  s tu d e n ts  to  te a c h  m athem atics in  e lem en tary  

sch o o ls  became a s p e c ia l  p r o je c t  o f  th e  D epartm ent o f  Mathe­

m a tic s  and th e  C o llege  o f  E ducation  a t  th e  U n iv e rs ity  o f  

Oklahoma as e a r ly  as 1955. In th e  f a l l  o f  1962, Oklahoma 

was s e le c te d  as th e  lo c a t io n  fo r  th e  f i r s t  o f  te n  co n fe ren ces 

h e ld  by th e  Committee on th e  U ndergraduate  Program  in  Mathe­

m atic s  (CUPM), The problem s d isc u sse d  were a s s o c ia te d  w ith  

e s ta b l i s h in g  in  Oklahoma c o lle g e s  and u n i v e r s i t i e s  th e  

c u rr ic u lu m  recommended by th e  te a c h e r  t r a in in g  p a n e l o f  CUPM 

f o r  th e  p r e p a ra t io n  o f  e lem en tary  sch o o l te a c h e r s .  As a
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r e s u l t  o f  t h i s  and subsequen t c o n fe re n c e s , an o u t l in e  fo r  

two se m es te rs  ( s ix  h o u rs) o f  m athem atics c o u rses  fo r  elem en­

ta r y  te a c h e rs  was developed.. P ro fe s s o r  Eunice M Lewis and 

P ro fe s s o r  Dora M cFarland p u b lis h e d  a  book e n t i t l e d  In tro d u c ­

t io n  to  Modem M athem atics f o r  E lem entary  T eachers which 

c o v e rs , a c c o rd in g  to  th e  a u th o rs ,  th e  s u b je c t  m a tte r  sug­

g e s te d  fo r  th e  f i r s t  s ix  hours o f  th e  L evel I recommendation 

o f  th e  CUPM

The f i . r s t  e ig h t  c h a p te rs  in  th e  book a re  concerned 

p r im a r ily  w ith  a sy s te m a tic  developm ent o f  th e  r e a l  numbers 

from th e  concept o f  s e t  th ro u g h  th e  system  o f  n a tu r a l  and 

whole num bers. In c lu d ed  a ls o  i s  a h i s t o r i c a l  approach  to  

th e  study  o f  num eration  system s and an in tr o d u c tio n  to  s e ts  

o f  p o in ts  These c h a p te rs  c o n s t i t u t e  a o n e -sem este r course  

o f f e re d  a t  th e  U n iv e rs ity  o f  Oklahoma as M athem atics 70, 

w hich i s  re q u ire d  fo r  th e  p ro s p e c t iv e  e lem en tary  te a c h e r  

C hap ters e ig h t  th rough  fo u r te e n  co iqarise  a n o th e r  th re e -h o u r  

c o u rse  o f fe re d  as M athem atics 170 T his c o u rse , however, i s  

n o t re q u ire d .

The C o lleg e  o f  E ducation  a t  th e  U n iv e rs i ty  o f  Okla­

homa r e q u ire s  th e  fo llo w in g  c o u rse s  in  m athem atics and in  

m ethods as p a r t  o f  t h e i r  program  to  p re p a re  te a c h e rs  fo r  

e lem en ta ry  s c h o o ls . The fo llo w in g  c o u rses  a r e  in c lu d e d :



1 . M athem atics 70 (M athem atics f o r  E lem entary 

T e a c h e rs ) , described""above. M athem atics 70 i s  

th e  p r e r e q u i s i t e  fo r  E ducation  243 and Mathe­

m a tic s  170. T his co u rse  i s  re q u ire d .

2 . E duca tion  243 . (A rith m e tic  in  E lem entary Schools) 

i s  a  tw o-hour cou rse  em phasizing scope and 

sequence in  a r i th m e t ic  as r e l a te d  to  cu rricu lu m  

program s; th e  meaning and developm ent o f  a r i t h ­

m e tic  concep ts  as r e l a te d  to  c lassroom  te a c h in g , 

and th e  e v a lu a tio n  o f  a r i th m e t ic  m a te r ia ls  in  

th e  c u rr ic u lu m . T his co u rse  i s  r e q u ire d .

3 . M athem atics 170 (M athem atics fo r  E lem entary 

T e a c h e rs ) , d e sc r ib e d  above. A lthough t h i s  cou rse  

i s  n o t  re q u ire d  i t  i s  recommended, as  i t  i s  th e  

c o n tin u a t io n  o f  M athem atics 70.

S in ce  e v a lu a t io n  i s  an i n t e g r a l  p a r t  o f  any educa­

t io n a l  program , a s tu d y  i s  needed to  e v a lu a te  th e  e f f e c t i v e ­

n ess  o f  M athem atics 70 and th e  o th e r  co u rses in  develop ing  

b a s ic  m a th em a tica l c o n c e p ts . Such e v a lu a tio n  o f  a program  

can se rv e  to  in ç ro v e  i t s  e f f e c t iv e n e s s  in  s e v e ra l  ways:

1 . E v a lu a tio n  can e s t a b l i s h  le v e ls  o f  le a rn in g  and 

lo c a te  a  s tu d e n t a t  a  le v e l  s u i t a b le  f o r  h is  

c u r r e n t  s t a tu s  in  m athem atics .



2 . E v a lu a tio n  i s  u s e f u l  in  in ç ro v in g  th e  m athem atics 

program  in  term s o f  c u rric u lu m  c o n te n t and organ­

i z a t i o n ,  s e le c t io n  o f  m a te r ia ls  f o r  le a rn in g , and 

modes o f  c o n s tru c t io n  and le a rn in g .  I t  can f u r ­

n i s h  d a ta  w hich sh o u ld  be used  in  making v a lu e  

ju d g m e n ts .

D e f in i t io n  o f  Terms

TUCM - A t e s t ,  d e s ig n ed  by th e  w r i t e r ,  f o r  m easuring th e  

u n d e rs ta n d in g  o f  co n cep ts  ta u g h t in  M athem atics 

The h ig h e r  th e  sc o re  th e  b e t t e r  th e  

u n d e rs ta n d in g .

ACT - American C o llege  T e s tin g  Program.

ACTC - C oüçosite  sc o re  o f  American C ollege  T es tin g

Program .

ACTM - M athem atics su b s e t o f  th e  American C ollege  T e s t­

in g  Program .

HSGPA - High School Grade P o in t A verage.

CGPA - C o llege  Grade P o in t  A verage.

CHCM - C re d it  Hours in  C o lleg e  M athem atics «

Mg - M = mean, G = g roup , i  = th e  number o f  th e

c o u rse .

Gq -  Group w hich does n o t  have M athem atics 70.



GyQ - Group w hich does have M athem atics 70.

G i7 o - Group w hich does have M athem atics 70 and 

M athem atics 170.

^243 " Group w hich does have E ducation  243 and Mathe­

m a tic s  70.

Gg - The s e n io r s  in  th e  p ro s p e c t iv e  e lem en tary

t e a c h e r s ' program , in  th e  sp r in g  o f  1968, who

had E d uca tion  243 a t  l e a s t  one se m es te r  b e fo re

th e  sp r in g  o f  1968.

D utton - The a t t i t u d e  s c a le  p re p a re d  by D utton  in  1951 
s c a le

a c c o rd in g  to  te c h n iq u e  developed  by T hurston  and 

Chane. ^ W hile th e  o r ig in a l  s c a le  was 27 item s 

ran g in g  in  v a lu e  from 1 .0  (extrem e d i s l i k e )  to  

10 .5  (ex trem e l i k e ) ,  th e  s c a le  was red u ced  to  15 

item s by D u tton . The reduced  s c a le  p ro v id ed  

ad eq u a te  coverage  o f  s c a le  v a lu e s  a t  each  p o in t  

betw een 1 ( d i s l ik e )  and 11 ( l i k e ) .

Review o f  th e  L i t e r a tu r e

L i t t l e  has been  w r i t te n  in  re g a rd  to  th e  d e te rm in a ­

t io n  o f  th e  grow th and m aste ry  o f  th e  m ath em atica l u n der-

^L. L. T hu rston  and E. J .  Chane, The M easurement o f 
A t t i tu d e  (C hicago: U n iv e rs i ty  o f  Chicago P re s s ,  1929).



s ta n d in g  p o sse sse d  by p ro s p e c t iv e  e lem en tary  te a c h e rs  a t  d i f ­

f e r e n t  s ta g e s  o f  t h e i r  t r a in in g  program .
2

Glennon has re p o r te d  p e r t i n e n t  r e s e a rc h  on b a s ic  

m ath em atica l u n d e rs ta n d in g  in  te a c h e r  e d u ca tio n  p rog ram s. He 

concluded  th a t  th e re  i s  no s ig n i f i c a n t  d i f f e r e n c e  in  th e  

achievem ent o f  b a s ic  m ath em atica l u n d e rs ta n d in g  betw een:

1. T ea ch e rs ' c o lle g e  freshm en and te a c h e r s ' c o lle g e  

s e n i o r s .

2 . T ea ch e rs ' c o lle g e  s e n io rs  who have tak en  a co u rse  

in  th e  Psychology and T eaching o f A rith m e tic  and 

th o se  who have n o t tak en  such a  co u rse .

3 . T eachers in  s e rv ic e  who have done g ra d u a te  work 

in  Psychology and Teaching o f  A rith m e tic  and 

th o se  who have n o t done such  work.

F u r th e r ,  n e a r -z e ro  c o r r e la t io n  was found betw een 

achievem ent in  m ath em atica l u n d e rs tan d in g  and th e  le n g th  o f 

te a c h in g  e x p e rie n c e  o f  in - s e r v ic e  te a c h e r s .

Weaver^ a d m in is te re d  G lennon 's t e s t  o f  b a s ic  u n d er­

s ta n d in g s  to  th e  fo llo w in g  groups o f  s tu d e n ts  as a  p r e t e s t

2
J .  V incen t G lennon, "A Study in  Needed R e d ire c tio n  

in  th e  P re p a ra t io n  o f  T eachers o f  A r i th m e tic ,"  M athem atics 
T ea ch e rs , XLII (December, 1949), pp . 389-96.

J .  F. W eaver, "A C ru c ia l  Problem  in  th e  P re p a ra t io n  
o f  E lem entary  School T e a c h e rs ,"  E lem entary  School J o u rn a l  56 
(F eb ru ary , 1956), p p . 255-61 .
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a t  th e  o u ts e t  o f  t h e i r  u n d e rg ra d u a te  p r o f e s s io n a l  cou rse  in  

"Methods o f Teaching A rith m e tic " : Group A, 92 s tu d e n ts  t e s te d  

in  th e  f a l l  o f  1953; Group B, 92 s tu d e n ts  t e s t e d  in  th e  f a l l  

o f  1954; Group C, 63 s tu d e n ts  t e s te d  in  th e  sp r in g  o f  1955; 

Group D, 101 s tu d e n ts  t e s te d  in  th e  f a l l  o f  1955. The m ajo r­

i t y  o f  th e s e  348 s tu d e n ts  were ju n io r s  ; th e  r e s t  were 

sophomores and s p e c i a l s .

On th e  av e rag e , s tu d e n ts  responded  c o r r e c t ly  to  l e s s  

th an  75 p e r  c e n t o f  item s d e a lin g  w ith  th e  decim al system  o f 

n o ta t io n  and th e  b a s ic  u n d e rs ta n d in g s  o f  in te g e r s  and 

p r o c e s s e s . F u rtherm ore , on th e  av erag e  they  responded  to  

le s s  th an  50 p e r  c e n t o f  th e  item s d e a lin g  w ith  b a s ic  un d er­

s ta n d in g s  o f  f r a c t io n s  and p ro c e s s e s , decim als and p ro c e s s e s , 

and r a t i o n a l  com puta tion . T h e ir  mean sc o re  o f  44.60  on th e  

t e s t  as a whole r e p re s e n ts  on ly  s l i g h t l y  more th an  55 p e r  

c e n t o f  th e  t e s t  o f  i te m s . "These f in d in g s  ten d  to  su b s ta n ­

t i a t e  th o se  re p o r te d  by Glennon re g a rd in g  th e  la c k  o f  back­

ground in  m ath em atica l u n d e rs ta n d in g  on th e  p a r t  o f  u nder­

g ra d u a te s

F u lkerson^  a d m in is te re d  a  40 item  a r i th m e t ic  t e s t  to

^ I b id . ,  p . 257.

^E. F u lk e rso n , "How W ell Do 158 P ro s p e c tiv e  Elemen­
ta r y  T eachers Know A rith m e tic ? "  The A rith m e tic  T eachers 7 
(March, 1960), pp . 141-64.
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158 s tu d e n ts  m ajo rin g  in  e lem en tary  e d u ca tio n  a t  Southern  

I l l i n o i s  U n iv e rs i ty ,  He found th a t  " th e  mean number o f  

item s answ ered c o r r e c t ly  i s  2 0 .0 , o r j u s t  one h a l f  th e  t o t a l  

number in  th e  t e s t H e  concluded th a t  th e  p ro s p e c tiv e  

te a c h e rs  s tu d ie d  in  h is  sample had i n s u f f i c i e n t  knowledge 

in  a r i th m e t ic  to  te a c h  e f f e c t i v e l y .  He found th a t  p e r f o r ­

mance becomes p ro g re s s iv e ly  b e t t e r  as th e  le v e l  o f  c l a s s i f i ­

c a t io n  becomes h ig h e r .  The 5 freshm en answ ered c o r r e c t ly  a 

mean number o f  17 .0  ite m s; th e  69 sophomores 1 9 .1 ; th e  51 

ju n io r s ,  2 0 ,1  and th e  30 s e n io r s ,  22, 4.  A lso th o se  s tu d e n ts  

w ith  more th an  two y e a rs  o f  h ig h  schoo l m athem atics p e r ­

formed s i g n i f i c a n t l y  b e t t e r  th an  d id  th o se  w ith  two y e a rs  o r 

l e s s .

B usw ell^  a d m in is te re d  a s l i g h t l y  m o d ified  v e rs io n  o f 

a  B r i t i s h  A rith m e tic  t e s t  to  102 p ro s p e c t iv e  e lem en tary  

te a c h e rs  in  C a l i f o r n ia ,  The mean sco re  in  th e  70-item  t e s t  

o f  th e s e  c o lle g e  s tu d e n ts  was 44, o r ap p rox im ate ly  63 p e r  

c en t o f  th e  t o t a l  number o f  i te m s . Busw ell found th a t  34 

p e r  c e n t o f  th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  made sco res  

below  th e  top  o n e - th i rd  o f  e le v en  y e a r  o ld  E n g lish  s tu d e n ts

^ I b id . ,  p , 145,

^G. T. B usw ell, "The C ontent and O rg a n iz a tio n  o f  
A r i th m e tic ,"  The A rith m e tic  T eacher 7 (March, 1960), p p . 77- 
83.
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and 10 p e r  c e n t made sc o re s  below th e  mean o f  C a li fo rn ia  

e le v e n -y e a r -o ld s .
O

Bean t e s t e d  450 Utah e lem en tary  schoo l te a c h e rs  and 

found t h a t  th e  t e a c h e r s ' sc o re s  in  an 80 -item  t e s t  ranged 

from 18 to  78, w ith  a mean sc o re  o f  52 .46  o r 65.58 p e r  cen t 

o f  th e  t o t a l  i te m s . These te a c h e rs  cou ld  do th e  com putations 

v e ry  w e l l ,  b u t were u n ab le  to  e x p la in  th e  p r in c ip le s  in ­

v o lved  fo r  40 p e r  c e n t o f  th e  item s =
Q

C resw ell r e p o r te d  a s tu d y  in v o lv in g  313 p ro s p e c t iv e  

e lem en tary  te a c h e rs  who w ere to  be g rad u a ted  from e ig h t 

t e a c h e r - t r a in in g  c o lle g e s  in  G eorgia in  June and A ugust,

1963. These s tu d e n ts  w ere a d m in is te re d  th e  M e tro p o lita n  

Achievement T e s t, Advanced A rith m e tic  Form AM, 1959 E d it io n . 

The t e s t  c o n s is t s  o f  93 ite m s , 45 o f  w hich a re  concerned 

e x c lu s iv e ly  w ith  com pu ta tion , and 48 w ith  concep ts  and p ro b ­

lem s o lv in g .

The r e s u l t s  o f  t h i s  s tu d y  compare q u i te  fav o ra b ly  

w ith  th e  r e s u l t s  o f  th e  s tu d ie s  by Busw ell and F u lkerson  

concern ing  th e  c o m p u ta tio n s . A lso , p ro s p e c t iv e  e lem en tary

Q
J .  E= Bean, " A r ith m e tic a l  U nderstand ing  o f  Elemen­

ta r y  T e a c h e rs ,"  E lem entary  School J o u rn a l  59 (May, 1959), 
p p . 450-77.

^ J .  L. C re sw e ll, "The Competence in  A rith m e tic  o f  
P ro s p e c tiv e  G eorgia  E lem entary  T e a c h e rs ,"  The A rith m e tic  
T eacher (A p r il ,  1964), p p . 248-50.
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te a c h e rs  in  G eorg ia  sc o red  b e t t e r  in  a r i th m e t ic  concep ts  and

problem  so lv in g  th a n  th ey  d id  in  a r i th m e t ic  c o n fu ta tio n »

"These r e s u l t s  a re  in  r a th e r  sharp  c o n tr a s t" ^ ^  w ith  th o se  o f

B ean 's  study» C resw ell^^  s ta te d ,

The p ro s p e c t iv e  te a c h e rs  in  G eorgia d id  b e t t e r  
in  concep ts  and problem  so lv in g  th an  th ey  d id  on 
com putation  » B ean 's  group had much more t ro u b le  
w ith  concep ts  » The f a c t  th a t  th e  sam ple u sed  in  
B ean 's  s tu d y  w ere ex p e rien c ed  te a c h e rs  may o r  may 
n o t accoun t f o r  th e  c o n tr a s t  »

C resw ell and Kowitz^^ undertook  r e s e a r c h  to  examine 

th e  r e t r a in in g  o f  te a c h e r s  » This exam ination  was tw o fo ld ; 

nam ely, th e  in v e s t ig a t io n  o f th e  r e s u l t s  o f  p lan n ed  r e t r a i n ­

ing  program s and th e  r e s u l t s  o f  te a c h in g  modem m athem atics 

f o r  one y e a r  ( f o r  th e  new t e a c h e r ) ,

C oncerning th e  p lanned  r e t r a in in g  program , C resw ell 

and Kowitz found th e  g r e a te s t  in c re a s e  in  mean sc o re s  was 

among th e  group who p a r t i c ip a te d  in  g ra d u a te  co u rses  d esig n ed  

fo r  in - s e r v ic e  te a c h e rs  »

C oncerning th e  r e s u l t s  o f  new te a c h e rs  who had ta u g h t 

modem m athem atics fo r  one y e a r , th ey  found t h i s  te a c h in g

^° I b i d .

^^ Ib id ,

L» C resw ell and G. T» Kowitz, Modem Mathe­
m a tic s  : A Problem  in  R e tra in in g , Bureau o f  E d uca tion  R esearch  
and S e rv ic e s  (H ouston, Texas, A ugust, 1966),
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e x p e rie n c e  i n s ig n i f i c a n t  in  com parison w ith  background 

f a c to r s ,  such as hou rs o f c r e d i t  earned  in  m athem atics .

C resw ell and Kowitz recommended e s ta b l is h in g  work­

shops which in c lu d ed  bo th  c o n te n t and m ethods. They found 

t h a t  th e  te a c h e r  w ith  a g r e a te r  number o f  c r e d i t  hou rs in  

m athem atics b e n e f i t t e d  more from te a c h in g  e x p e r ie n c e .

Survey o f th e  l i t e r a t u r e  th u s shows th a t  p ro s p e c t iv e  

e lem en ta ry  te a c h e rs  la c k  an u n d e rs tan d in g  o f  a r i th m e t ic  

co n cep ts  and p ro c e s s e s .

Many rea so n s  fo r  th e se  r e s u l t s  have been g iv en , such

a s :^ ^

1. Few o f  ou r p re s e n t  p ro s p e c t iv e  e lem en tary  
te a c h e rs  have had th e  b e n e f i t  o f  t r u ly  m ean ingfu l 
a r i th m e t ic  in s t r u c t io n  th ro u g h o u t t h e i r  own elem en­
ta r y  sc h o o ld a y s .

2 . Many o f  th e s e  same s tu d e n ts  re c e iv e d  l i t t l e  
o r  no a d d i t io n a l  m athem atics in s t r u c t io n  as p a r t  o f  
t h e i r  secondary  schoo l work. F u rtherm ore , th o se
who d id  study  m athem atics a t  th e  secondary  le v e l  gen­
e r a l l y  p u rsued  work which c o n tr ib u te d  l i t t l e  to  
t h e i r  e x is t in g  background o f  m ath em atica l u n d e rs ta n d in g ,

3. Few s tu d e n ts  p re p a r in g  to  te a c h  in  th e  
e lem en tary  sch o o l e l e c t  co u rses  in  th e  f i e l d  o f  
m athem atics , and numerous i n s t i t u t i o n s  have no r e ­
q u ire d  work in  background m athem atics o f  any ty p e  as

J .  R. Weaver, "A C ru c ia l Problem  in  th e  P re p a ra ­
t io n  o f  E lem entary  School T e a c h e rs ,” E lem entary  School 
J o u rn a l  56 (F eb ru ary , 1956), p . 257.
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a p a r t  o f  t h e i r  t e a c h in g - t r a in in g  c u r r i c u lm  fo r  
e lem en tary  sch o o l A4

R ecent s tu d ie s  such as C re s w e ll 's ,  how ever, show 

t h a t  th e re  i s  some improvement in  th e  u n d e rs tan d in g  o f  

m ath em atica l concep ts on th e  p a r t  o f  e lem en tary  t e a c h e r s . 

T his may be th e  r e s u l t  o f  in c re a s in g  e n p h asis  on th e  impor­

ta n c e  o f  a r i th m e t ic  and m athem atics in  h ig h  sch o o ls  and 

c o lle g e s  to d ay .

A lso , th e s e  s tu d ie s  show th a t  s tro ng -backg round  in  

h ig h  schoo l m athem atics , t e a c h e r s ' e x p e rie n c e s , and c o lle g e  

c r e d i t  hou rs in  m athem atics c o n tr ib u te  s ig n i f i c a n t l y  to  th e  

u n d e rs ta n d in g  o f  m ath em atica l concep ts  on th e  p a r t  o f  p ro ­

s p e c t iv e  te a c h e r s .

S e le c tio n  and D e sc r ip tio n  o f  Sançle  Data

The Sample

The p o p u la tio n  sam ple was s e le c te d  a t  th e  end o f  th e  

fo llo w in g  se m e s te rs :  Summer 1967, F a l l  1967, S pring  1968.

The sam ple was tak e n  from s tu d e n ts  in  th e  E lem entary  Educa­

t io n  program , as fo llo w s :

14A. K. R uddell, W. D utton , and J .  Reckzeh, "Back­
ground M athem atics f o r  E lem entary  T e a c h e rs ,"  I n s t r u c t io n  in  
A rith m e tic , N a tio n a l C ouncil o f  T eachers o f  M athem atics 15 
(1960), p p . 296-320.

^^F u lkerson , op. c i t . ,  p . 146.
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1. (Gq) S tu d e n ts  who have n o t tak e n  M athem atics 70 

and who a r e  e n ro l le d  in  E ducation  120.

2 . (Gyg) S tu d e n ts  who a re  j u s t  f in is h in g  Mathe­

m a tic s  70 .

3. (^ 2 4 3 ) S tu d e n ts  who a re  j u s t  f in is h in g  E ducation  

243 and who have com pleted  M athem atics 70-

4 . (G] 7̂ q) S tu d e n ts  who a re  j u s t  f in is h in g  Mathe­

m a tic s  170 and who have com pleted  M athem atics 70.

The number o f  each  group (n) was chosen a t  random 

a cc o rd in g  to  th e  c e n t r a l  l im i t  th eo ry  te c h n iq u e . This te c h ­

n iq u e  p ro v id e s  u s  w ith  th e  fo rm ula :

( x  - M f

such th a t  cT" i s  th e  s ta n d a rd  d e v ia t io n  o f  th e  p o p u la t io n ,^  

i s  th e  mean o f  th e  p o p u la t io n , X i s  th e  mean o f  th e  Sample, 

and Z sc o re  w i l l  be de te rm in ed  a cco rd in g  to  th e  le v e l  o f  

s ig n i f ic a n c e  (5%, 1%)•

The Data

Two ty p es  o f  d a ta  were c o l le c te d .  The p rim ary  d a ta  

Were tak e n  from t e s t  s c o re s  o f th e  TUCM in  th e  sp r in g  o f 1968,

J .  p . G u ilfo rd , Fundam ental S t a t i s t i c s  in  Psychology 
and E duca tion  (New York: McGraw-Hill Book C o ., 1965), p .  215



15

The TUCM i s  a t e s t  developed  by th e  w r i t e r  in  th e  

summer o f  1967 f o r  th e  pu rpose  o f  m easuring  th e  u n d e rs ta n d ­

in g  o f  co n cep ts  ta u g h t  in  M athem atics 70 . I t  was a d m in is te re d  

d u rin g  th e  summer o f  1967 to  a sm a ll sam ple . A f te r  some im­

provem ent o f  th e  t e s t  item s i t  was a d m in is te re d  in  th e  f a l l  

o f  1968 to  150 s tu d e n ts  who had ta k e n  M athem atics 70. The 

sc o re s  o f  th e  TUCM were c o l le c te d  to  e s t a b l i s h  s t a t i s t i c a l  

in fo rm a tio n  on th e  t e s t .

T his s tu d y  i s  o rg a n iz e d , in  a d d i t io n  to  th e  p re s e n t  

s e c t io n ,  in to  th r e e  a d d i t io n a l  c h a p te r s .

The second c h a p te r  w i l l  p ro v id e  d e s c r ip t io n s  o f  

p la n n in g , item  w r i t in g ,  o rg a n iz in g , a d m in is te r in g ,  and s c o r ­

ing  th e  t e s t .  A lso , i t  w i l l  p ro v id e  s t a t i s t i c a l  in fo rm a tio n  

‘■about th e  t e s t  such a s  mean, v a r ia n c e ,  s ta n d a rd  e r r o r ,  r e ­

l i a b i l i t y ,  and v a l i d i t y .

The t h i r d  c h a p te r  w i l l  p ro v id e  th e  m a th em a tica l de­

velopm ent o f  th e  m u lt ip le  re g re s s io n  a n a ly s i s ,  and i t s  u se  

in  e l im in a t in g  c e r t a in  en v iro n m en ta l e f f e c t s  from our e s t i ­

m ate o f  u n d e rs ta n d in g  o f  th e  m a th em a tica l c o n c e p ts .

The fo u r th  c h a p te r  w i l l  p ro v id e  th e  m ath em atica l de­

velopm ent o f  th e  a n a ly s i s  o f  th e  c o v a ria n c e  program  in  

F o r tra n  1 V, and u se  t h i s  to  e v a lu a te  th e  grow th and m astery  

o f c e r t a in  b a s ic  m ath em atica l c o n c e p ts .
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C hapter f iv e  w i l l  be  th e  summary o f  th e  in fo rm a tio n  

g a th e re d  in  t h i s  s tu d y . Based on t h a t  in fo rm a tio n , recom­

m endations f o r  a program  f o r  t r a in in g  e lem en tary  te a c h e rs  a t  

th e  U n iv e rs ity  o f  Oklahoma w i l l  be made.



CHAPTER I I  

CONSTRUCTION OF THE TEST

T e s t C o n stru c tio n

The achievem ent t e s t  was developed th ro u g h  th e  f o l ­

lowing s ta g e s :^

1. P lan n in g  th e  t e s t ;  making d e c is io n s  abou t th e  

co u rse  o b je c t iv e s  to  be covered , th e  type  o f  

item  to  be c o n s tru c te d , and th e  number o f  item s 

to  be used  fo r  sam pling each o f  th e  o b je c t iv e s .

2 . P re p a rin g  th e  s i t u a t i o n  to  be p re s e n te d  to  th e  

s tu d e n ts ,  o r  item  w r i t in g .

3 . O rg an iz in g , a d m in is te r in g , and sc o r in g  th e  t e s t .

The above th r e e  s te p s  were designed  so as to  y i e ld

r e l i a b l e ,  r e le v a n t ,  and o b je c t iv e  in fo rm a tio n  ab o u t th e  

u n d e rs ta n d in g  o f  th e  s t u d e n t 's  m athem atica l c o n c e p ts . We 

s h a l l  c o n s id e r , th e r e f o r e ,  th e  p ro ced u res  t h a t  w ere u sed  fo r  

each o f  th e  s te p s  to  h e lp  o b ta in  such in fo rm a tio n .

^Jack  C. Merwin, " C o n s tru c tin g  Achievement T e s ts  and 
I n te r p r e t in g  S c o re s ,"  E v a lu a tio n  in  M athem atics, N a tio n a l 
C ouncil o f  T eachers o f  M athem atics, 2 6 th  Yearbook (W ashing­
to n , D. C ., 1961), p p . 43-70 .

17
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P la n n in g  th e  T est

In  d ev e lo p in g  th e  t e s t  th e  o b je c t iv e s  to  be  covered  

w ere e s ta b l i s h e d .  These o b je c t iv e s  a re  th e  fo llo w in g :

1. The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  o f  th e  

concept o f  s e t s ,  th e  concep t o f  number, and th e  

r e l a t io n s h ip  betw een s e t s  and number.

2 . The s tu d e n t  sho u ld  have an u n d e rs tan d in g  o f  th e  

h i s t o r i c a l  background o f  num eration  sy stem s.

3 . The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  o f  th e  

number system  w ith  b ases  o th e r  th an  te n .

4. The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  o f  th e  

concep t o f  s e t s  o f  p o in ts .

5 . The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  o f  th e  

n a tu r a l  number system .

6. The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  o f  th e  

system  o f  w hole num bers.

7. The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  o f  th e  

a lg o rith m s  u sed  in  th e  com putation  w ith  whole 

num bers.

Types o f  Item s

Many m ath em atic ian s  e n çh a s ize  th e  s u b je c t iv e - ty p e  

i te m s , u s u a l ly  i d e n t i f i e d  by such words as so lv e , add, p ro v e .
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and name. These i te m s , how ever, a re  e v a lu a te d  in  term s o f 

th e  f i n a l  answ er p ro d u ced , w ith  s c a n t  a t t e n t i o n  g iv en  to  th e
O

p ro c e ss e s  in v o lv e d . O ften , how ever, a  g r e a t  d e a l can be 

le a rn e d  th ro u g h  th e  u s e  o f  o b je c t iv e  q u e s tio n s  (m u lt ip le -  

c h o ic e , m atch ing , o r t r u e  o r  f a l s e )  m easuring  in d iv id u a l  

s te p s  in  p r o c e s s .3 F u rth e rm o re , item s o f  th e  o b je c t iv e  type  

p e rm it a  much w ider sam pling  o f  th e  knowledge and u n d e rs ta n d ­

in g  p o sse sse d  by a s tu d e n t  th an  th o se  in  which a premium i s  

p la c e d  on ly  upon o b ta in in g  th e  c o r r e c t  answ er to  a p roblem .

The m u lt ip le - c h o ic e  ty p e  o f  item  i s  u s u a l ly  reg a rd ed  

as th e  most v a lu a b le  and m ost g e n e ra l ly  a p p lic a b le  o f  a l l  

t e s t  fo rm s.^  L in d q u is t  a s s e r te d  t h a t  i t  i s  d e f i n i t e l y  

s u p e r io r  to  a l l  o th e r  ty p es  f o r  m easu ring  such e d u c a tio n a l 

o b je c t iv e s  as " i n f e r e n t i a l  re a so n in g , reaso n ed  u n d e rs ta n d in g , 

o r  sound judgm ent and d is c r im in a t io n  on th e  p a r t  o f  th e  

p u p i l .

^Max Sobel and Donovan J .  Johnson , A n a ly s is  o f  
I l l u s t r a t i v e  T es t I tem s, N a tio n a l C ouncil o f  T eachers o f  
M athem atics, 2 6 th  Y earbook (1961), p .  74.

^ I b id .

^ J u l ia n  C. S ta n le y , M easurement in  Today' s School 
(Englewood C l i f f s ,  N. J . : P r e n t ic e  H a l l ,  I n c . ,  1964), p .  222.

% . E. Hawkes, E. F. L in d q u is t ,  and C. R. Mann, The 
C o n s tru c tio n  and Uses o f  A chievem ent E xam ination (B oston : 
Houghton M if f l in ,  1963), p .  138.
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There a re  s e v e ra l  forms o f  m u lt ip le -c h o ic e  i te m s . 

W alte r D. Cook^ in  th e  E ncycloped ia  o f  E d u c a tio n a l R esearch  

s t a t e s  them as fo llo w s :

a .  A t e s t  e x e rc is e  o f  t h i s  ty p e  may c o n s i s t  o f  a

d i r e c t  q u e s t io n , fo llow ed  by two o r  more s t a t e ­

m ents, one o f  w hich i s  a c o r r e c t  answ er.

b . I t  may c o n s i s t  o f  a  d i r e c t  q u e s tio n , fo llow ed

by two o r  more s ta te m e n ts , one o f  which i s  an

in c o r r e c t  answ er.

c . I t  may c o n s i s t  o f  a d i r e c t  q u e s tio n , fo llow ed

by two o r more s ta te m e n ts , none o f  which i s  an

e n t i r e l y  c o r r e c t  answ er, b u t  one o f  which i s  

d e f i n i t e l y  a  b e t t e r  answ er th a n  th e  o th e r  o n e . •

d . I t  may c o n s is t  o f  an incom ple te  s ta te m e n t, f o l ­

lowed by two o r  more p o s s ib le  co m p le tio n s, one 

o f  w hich  i s  c o r r e c t  o r  d e f i n i t e l y  a b e t t e r  

answ er th an  th e  o th e r .

e .  I t  may c o n s is t  o f  a p a ra g ra p h , d iagram , c h a r t ,

g raph , map, o r s p e c i f i c a t i o n s ,  fo llow ed  by

s ta te m e n ts , one o f  which i s  c o r r e c t  and one 

i n c o r r e c t .

D. Cook, "Achievem ent T e s ts ,"  E ncycloped ia  o f  
E d u c a tio n a l R esearch , Rev. ed . (New York: M acM illan, 1952), 
p .  1292.
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The s tu d e n t  may be d i r e c te d  to  I n d ic a te  h i s  resp o n se  

by u n d e r l in in g  o r checking  th e  c o r r e c t  re sp o n se , o r  by w r i t ­

in g  o r  b lac k en in g  i t s  number in  th e  space p ro v id e d .

There a re  some d isa d v a n ta g e s  in  th e  m u lt ip le -c h o ic e  

ite m s, such a s  d i f f i c u l t y  in  c o n s tru c t io n ,  space  consum ing, 

and tim e consum ing.^ A lthough th e  m u lt ip le -c h o ic e  ite m  t e s t  

has some d isa d v a n ta g e s  i t  i s  u s u a l ly  reg a rd ed  as th e  most 

v a lu a b le  o f  a l l  t e s t  fo rm s,^  and s u p e r io r  to  a l l  t e s t  ty p es^  

because  o f  th e  fo llo w in g :

1. O b je c tiv e .

2 . L ess open to  g u ess in g  th an  th e  a l t e r n a t e  

re sp o n se  item  ( th i s  ty p e  o f  t e s t  item  re q u ir e s  

th e  p u p i l  to  d e te rm in e  th e  t r u th  o r  f a l s i t y  o f 

a s ta te m e n t, c o r r e c tn e s s  o r i n c o r r e c t n e s s ) .

3 . W ill ad ap t to  m easure u n d e rs ta n d in g , d is c r im ­

in a t io n ,  and judgm ent.

4 . W idely u sed  and f a m i l ia r  to  s tu d e n ts .

^Dorothy A. Wood, T es t C o n s tru c tio n  (Columbus, Ohio: 
M e r r i l l ,  1960), C hap ter 3 .

Q
S ta n le y , l o c . c i t .

Q
Hawkes, e t  ^ . , l o c . c i t . 

l O lb id.

l^Wood, l o c . c i t .
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For th e  above rea so n s th e  T est o f  U nderstand ing  Con­

c e p ts  o f  M athem atics (TUCM) w i l l  be c o n s tru c te d  as a mul­

t ip l e - c h o ic e  item s ty p e .

Many o f  th e  p u b lish e d  t e s t s  a r e  in  th e  form o f  

m u lt ip le -c h o ic e  i te m s . For e x a n ç le , th e  Am erican C ollege

T e s tin g  program  (ACT), th e  C ollege  E n tran ce  Exam ination,

12E n g lish  ite m s , Kuhlmann-F is ch I n te l l ig e n c e  T e s ts , t e s t  

IV, th e  B a rre tt-R y a n  L i t e r a tu r e  t e s t :  S i la s  M am er,^^  Co­

o p e ra t iv e  t e s t  o f  S o c ia l  S tu d ie s  A b i l i t i e s :  E xperim en tal 

Form Q, S e q u e n tia l  T es ts  o f  E d u c a tio n a l P ro g re ss  (STEP): 

S c ie n c e . Many m u lt ip le -c h o ic e  t e s t s  a ls o  have been p u b lish e d  

in  m athem atics , such  as B ly th  Second-Y ear A l g e b r a , C a l i ­

f o r n ia  A rith m e tic  T e s t ,^ ^  C oopera tive  E lem entary  A l g e b r a , ^7 

C o o p era tiv e  G enera l M athem atics T es t f o r  High School C la s se s ,

^ ^ S ta n le y , op. p i t . ,  p . 226.

^^ I b id . ,  p .  224.

- ^ I b id . ,  p . 225.

^^Sheldon S. M eyers, A nno ta ted  B ib lio g ra p h y  o f  Math 
T e s ts , The N a tio n a l C ouncil o f  T eachers o f  M athem atics, 
E v a lu a tio n  in  M athem atics, 26 th  Yearbook (W ashington, D. C ., 
1961), p . 183.

^^ I b id . ,  p . 185.

^ ^ I b id . ,  p .  189.

IG lb id . ,  p .  189,
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C o o p e ra tiv e  In te rm e d ia te  A lgeb ra  T e s t ,^ ^  C o o p era tiv e  Sequen­

t i a l  t e s t  o f  E d u c a tio n a l P ro g re ss  (STEP): M a t h e m a t i c s , 20

F u n c tio n a l E v a lu a tio n  in  M a th em atic s ,21 lowa P lan e  Geometry

9 9A p titu d e  T es t ( r e v is e d  e d i t i o n ) .  Some o f  th e s e  t e s t s  have 

fo u r  c h o ic e s  f o r  ev ery  ite m  such as STEP: M athem atics and 

F u n c tio n a l E v a lu a tio n  in  M a th em atics . O thers have f iv e  

c h o ic es  f o r  ev ery  ite m , such  as C a l i f o r n ia  A rith m e tic  T est 

and C o o p era tiv e  E lem entary  A lgebra  T e s t .  The u se  o f  fo u r  o r 

f iv e  c h o ic es  f o r  ev ery  ite m  w i l l  m inim ize chance s u c c e s s .23 

For ev ery  ite m  in  th e  TUCM th e r e  w ere f iv e  c h o ic e s . 

The u se  o f  f iv e  c h o ic e s  m inim ized chance su c c e ss  and a ls o  

p r a c t i c a l l y  e l im in a te d  " re sp o n se  s e t s " :  th e  tendency  fo r  

s tu d e n ts  to  s e l e c t  a g iv en  o p tio n  p o s i t io n ,  such  as th e  

second o p tio n , B, more o f te n  th an  would be p r e d ic te d  on th e  

b a s i s  o f  chance a lo n e . P o s i t io n  p re fe re n c e s  o f  t h i s  k in d  

ten d ed  to  low er th e  v a l i d i t y  o f  th e  t e s t . 24

19I b i d . ,  p . 190.

20 l b i d . ,  p . 194.

Z^ l b i d . ,  p . 196.

2 2 I b i d . , p .  2 0 0 .

23cook, 0 £ . c i t . ,  p .  1292.

J .  Cronbach, E d u c a tio n a l and P sy c h o lo g ic a l 
M easurement (1950), p p . 10, 3 -3 1 . F u r th e r  ev id en ce  on r e ­
sponse  s e t s  and t e s t  d e s ig n .
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Number o f  Item s in  th e  T est 

There a re  no sim p le  r u le s  f o r  d e te rm in in g  th e  " r ig h t"  

number o f  item s to  u se  f o r  each  o b je c t iv e  to  be sam pled.

In making such d e c is io n s  th e  e v a lu a to r  must c o n s id e r  how 

many item s shou ld  be devo ted  to  each o b je c t iv e .  In  w r i t in g  

th e  TUCM each o f  th e  seven  o b je c t iv e s  m entioned  above shou ld  

be covered ; to  do t h i s ,  every  one o f  th e  o b je c t iv e s  w i l l  be  

d iv id e d  in to  a s u b -o b je c t iv e .  At l e a s t  one item  w i l l  be 

w r i t te n  to  cover every  s u b -o b je c t iv e .

W ritin g  th e  Item s

As an a id  f o r  w r i t in g  t e s t  ite m s , a number o f  r u le s

have been e s ta b l is h e d  by t e s t i n g  s p e c i a l i s t s .  H arry D.

26Berg g iv e s  su g g e s tio n s  f o r  in c re a s in g  th e  th o u g h t c o n te n t 

o f  o b je c t iv e  item s in  s o c i a l  s tu d ie s  w hich he i l l u s t r a t e s

w ith  fo u r  o r  f iv e - o p t io n  m u lt ip le  c h o ic e  i te m s . Ja so n  M il l-

27man o f f e r s  2 2  " m u lt ip le -c h o ic e  ite m  c o n s tru c t io n  r u l e s . "

28Merwin c o n s id e rs  seven b a s ic  r u le s  t h a t  a re  g e n e ra l ly  

a p p l ic a b le .  Most o f  th e  r u le s  a re  s im i la r  to  th o se  o f  Berg

25Merwin, op . c i t . ,  p .  43.

26
S ta n le y , op. p i t . ,  p .  231.

^ ^ ib id .

^M erw in , p p . p i t . ,  p . 43.
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and Mi lim a n . M erw in 's r u le s  a re  as fo llo w s:

1. Make every  e f f o r t  to  av o id  a m b ig u it ie s .

2 . Avoid th e  u se  o f  e x c e ss iv e  window d re s s in g .

3 . Avoid th e  u se  o f  long  and in v o lv ed  s ta te m e n ts .

4 . S p ec ify  th e  d eg ree  o f  accu racy  re q u ir e d  fo r

f u l l  c r e d i t  when approx im ate  answ ers a re  d e s i r e d .

5 . Avoid e x tra n eo u s  c lu e s .

6 . Avoid g iv in g  c lu e s  to  one item  in  th e  s ta te m e n t 

o f  a n o th e r .

7. Avoid th e  u se  o f  n e g a t iv e  s ta te m e n ts , whenever 

p o s s ib le ,  and n ev er u se  double n e g a t iv e s .

Merwin' s r u le s  w i l l  be  fo llow ed  in  w r i t in g  th e  item s f o r  th e  

TUCM.

A lso , in  th e  c h o ic e  o f  t e s t  q u e s tio n s  th e  w r i t e r  

c o n s id e re d  s im i la r  item s from o th e r  p u b lis h e d  and u n p u b lish ed  

t e s t s  w hich covered  a p p ro x im a te ly  th e  same m a te r ia l .

T es t Item s

I .  O b je c t iv e . The s tu d e n t  shou ld  have an u n d e rs ta n d in g  o f  

th e  concep t o f  s e t  and th e  concep t o f  numbers and th e  r e l a ­

t io n s h ip  betw een th e  two.

S u b -o b je c tiv e  1,  The s tu d e n t  sh o u ld  u n d e rs ta n d  th e  r e l a t i o n ­

sh ip  betw een th e  concep t o f  s e t  and s u b - s e t .
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T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing item :

L et X = { a , e , i , o , u , x , y , z }  V = { e , i ,o ,u ,y ,z }
Y = { a ,o ,x ,z }

1. Which o f  th e  fo llo w in g  i s  t ru e ?

A) V ^ X  and X c2Y
B) VC2X and X C X
C) V d -Y  and YCZx
D) Y ^ X  and X d V
E) Y d X  and X <Cy

S u b -o b je c tiv e  2.  The s tu d e n t shou ld  have an u n d e rs ta n d in g  

o f  th e  co n cep ts  o f  un ion  and i n t e r s e c t i o n .

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing item :

L et X = ( a , e , i , o , u , x , y , z J  V = { e , i , o ,u ,y , z }
Y = { a ;0 ,x ,z }

2 . Which one o f  th e  fo llo w in g  i s  e q u a l to  [x H v jU Y ?

A) {o}
B) Y
C) V
D) X
E) xAv

S u b -o b je c tiv e  3̂ . The s tu d e n t sh o u ld  have an u n d e rs ta n d in g  

o f  th e  concep t o f  th e  e q u iv a le n t  s e t s

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

lowing ite m .

3 . C o n sid e rin g  th e s e  s e t s :  ^
U = { a ,b ,x ,y f  V = { s , 4 ,6 ,7 ,2 /  X
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Which o f  th e  fo llo w in g  i s  t ru e ?

A) UOsi- V
B) V ^  X
C) U ^ X
D) U ^ V
E) U ^ U

S u b -o b je c tiv e  4 . The s tu d e n t  shou ld  have an u n d e rs ta n d in g  

o f  th e  p r o p e r t i e s  o f  any r e l a t i o n .

T h is s u b -o b je c t iv e  w i l l  bn i l l u s t r a t e d  by th e  f o l ­

low ing item :

4 . C o n sid e rin g  th e  s e t  A = { 2 ,3 ,4 ,5 j  and th e  
" g r e a te r  th an "  O )  r e l a t i o n  on th e  s e t  A; 
w hich o f  th e  fo llo w in g  i s  t ru e ?

A) (J> -)  r e l a t i o n  on s e t  A i s  r e f l e x iv e  on ly
B) ( ^ ) r e l a t i o n  on s e t  A i s  sym m etric on ly
C) ( ^ )  r e l a t i o n  on s e t  A i s  t r a n s i t i v e  on ly
D) ( > ^  ) r e l a t i o n  on s e t  A i s  e q u iv a le n t
E) A ll  th e  above a re  t r u e .

S u b -o b je c tiv e  5.  The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  

o f  th e  concep t o f  o r d in a l  numbers and c a r d in a l  num bers.

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

5 . I  was number 1 in  l i n e  to  buy 10, 5 -c e n t s tam p s. 
What k in d  o f  numbers a r e  u sed  in  t h i s  se n ten c e?

A) 1 and 5 u sed  a s  o r d in a l  and 10 used  as 
c a r d i n a l .

B) 1 and 10 u sed  a s  c a rd in a l  and 5 u sed  as 
o r d i n a l .

C) 3 and 10 u sed  a s  c a rd in a l  and 1 u sed  as 
o r d i n a l .

D) 1 and 10 u sed  a s  o rd in a l  and  5 used  as 
c a r d i n a l .

E) 5 and 10 u sed  a s  o r d in a l  and  1 u sed  as 
c a r d i n a l .
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I I .  O b je c t iv e ; The s tu d e n t  shou ld  have an u n d e rs tan d in g  o f  

th e  h i s t o r i c a l  background o f  num era tion  sy s te m s.

S u b -o b je c tiv e  1 . The s tu d e n t  sh o u ld  be f a m i l ia r  w ith  th e  

E g yp tian  num era tion  system .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

6 . Which c h a r a c t e r i s t i c  o f  th e  E gyp tian  num eration  
system  i s  t r u e ?
A) I t  h a s  p la c e  v a lu e .
B) I t  h a s  a symbol f o r  z e ro .
C) P o s i t io n  o f  symbols does n o t a f f e c t  v a lu e .
D) I t  i s  s u b s t r a c t iv e .
E) A and D a r e  t r u e .

S u b -o b je c tiv e  2.  The s tu d e n t sh o u ld  have  an u n d e rs tan d in g  

o f  th e  Roman num era tion  system .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

I = 1
V =  n
X = ?
L = r
c = e
D = <9
M = %

Thousands a re  in d ic a te d  by draw ing a  l i n e  o v er th e  
sym bol, f o r  ex ag > le :

n  = 5 ,000
 * -

7. e q u a ls?
A) 1915
B) 10315
C) 10.915
D) 10150
E) 1015
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Sijb-obi a c t iv e  The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g

o f  th e  modem system  w ith  r e s p e c t  to  th e  o th e r ,  o ld e r  

sy s te m s .

This s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

lowing item .

8 . 5 (10^) + 5(10^) + 4(10^) i s  r e p re s e n te d  by

A) %C?(? O'
B) 7 7 ? ? n
C) nT
D) m  '3 r

I I I .  O b je c t iv e : The s tu d e n t  shou ld  have an u n d e rs ta n d in g

o f  th e  num eration  system  w ith  b a se s  o th e r  than  te n .

S u b -o b je c tiv e  %. The s tu d e n t  sh b u ld  have an u n d e rs ta n d in g

o f  th e  num era tion  system  (base  f i v e ) .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing item .

9 . Im agine a p la c e  where th e  in h a b i ta n ts  have o n ly  
f iv e  f in g e r s  and numbers a r e  w r i t te n  in  a group 
o f  f i v e .  What symbol would be used  in  such  a 
system  to  r e p re s e n t  th e  number o f  marks in  th e  
fo llo w in g  s e t :

* * * * * *
* * * * * *
* * * * * *
* * * * * *

A) 14
B) 24
C) 34
D) 44
E) 54
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Sub-obi a c t iv e  2.  The s tu d e n t shou ld  have an u n d e rs tan d in g  

o f  g roup ing  in  v a r io u s  b a se s .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  in  th e  f o l ­

lowing item .

10. The number o f  X 's  in  th e  accompanying f ig u re  i s  
w r i t te n  below  in  num erals in  fo u r  d i f f e r e n t  
b a s e s .  Which number i s  c o r r e c t?
XXXX (I)
XXXX (II) 14seven
XXXX (III) Utwelve
XX (IV) lllOtwo
A) Only I  i s  c o r r e c t .
B) I ,  I I  a re  c o r r e c t .
C) I ,  I I ,  I I I  a re  c o r r e c t .
D) I ,  I I I ,  and IV a r e  c o r r e c t .
E) A ll  o f  th e  above a re  c o r r e c t .

S u b -o b je c tiv e  _3. The s tu d e n t shou ld  have an u n d e rs tan d in g  

o f  th e  r e l a t io n s h ip  betw een d i f f e r e n t  num erals w ith  d i f ­

f e r e n t  b a s e s .

T his s u b -o b je c t iv e  w i l l  be  i l l u s t r a t e d  by th e  f o l ­

lowing ite m .

11. I 31a =

A) 2 ,4
B) 4 ,4
C) 7 ,4
D) 4 ,7
E) 7 ,7

a c t iv e  : The

th e  concep t o f  s e t s  o f p o i n t s .
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S u b -o b je c tiv e  !.. The s tu d e n t  sh o u ld  be f a m i l ia r  w ith  th e  

m eaning o f  th e  sing)l e  c lo s e d  c u rv e .

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

12. The fo llo w in g  cu rve  i s :
&

A) a  sing)l e  cu rv e , b u t n o t c lo s e d .
B) a  c lo s e d  cu rv e , b u t n o t a  s in g le  c u rv e .
C) a  cu rv e  t h a t  i s  n o t sim ple  and n o t a  c lo se d

c u rv e .
D) a  cu rv e  t h a t  i s  a  sim ple  cu rve and a c lo se d  

c u rv e .
E) none o f  th e  above i s  t r u e .

S u b -o b je c tiv e  2.  The s tu d e n t  sh o u ld  be f a m i l ia r  w ith  th e  

m eaning o f  th e  p la n e  a s  a  s e t  o f  p o in ts .

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

13. The p la n e  i s :

A) a  f i n i t e  s e t  o f  p o in ts
B) th e  s e t  o f  l in e s
C) th e  u n io n  o f  th e  f i n i t e  s e t s  o f  l in e s  and 

f i n i t e  s e t s  o f  p o in ts
D) a  p a r t i c u l a r  s e t  o f  p o in ts  which i s  n e i th e r  

f l a t  n o r  smooth
E) none o f  th e  above

S u b -o b je c tiv e  3.  The s tu d e n t  shou ld  have an u n d e rs tan d in g  

o f  th e  s e t s ' o p e ra t io n s  as r e l a t e d  to  s e t s  o f  p o i n t s .

T his s u b -o b je c t iv e  w i l l  be  i l l u s t r a t e d  by th e  f o l ­

low ing ite m .
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14. Which o f  th e  fo llo w in g  i s  t r u e ?

yA) C ^
B)
c)

c f7cr\ & = 9
D) ED n FC = {b]
E) FB = [cl

S u b -o b je c tiv e  The s tu d e n t sh o u ld  have an u n d e rs tan d in g  

o f  th e  s e t  o f  i n t e r i o r  p o in ts  and e x t e r io r  p o in ts  as  d e te r ­

mined by a c lo s e d  c u rv e .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

15. In  t h i s  f ig u re  w hich o f  th e  fo llo w in g  i s  tru e ?
A) BC A { e x te r io r  o f  s} = BC
B) JL n [reg io n  o f  s }  =<P
C) ^ i n t e r i o r  o f S U e x t e r io r  o f  

a l l  p o in ts  onj2 excep t B and C.
D) M n  S = M
E) None o f  th e  above i s  t r u e .

V. O b je c t iv e : The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  o f

th e  n a tu r a l  num bers.

S u b -o b je c tiv e  1̂ . The s tu d e n t sh o u ld  have an u n d e rs tan d in g

o f  th e  n a tu r a l  number and th e  c a r d in a l  number.

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  fo llo w ­

in g  item .

16. I f  X = { c h a i r ,  s to v e , box , c a t}  and Y = ( h a t ,  
c o a tj th en  w hich o f  th e  fo llo w in g  i s  tru e ?
A) N(X) = 2
B) N(Y) = 4
c) n (x U y ) = 6
D) N(X) +  N(Y) = 8

E) N(AxB) = 12
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S u b -o b je c tiv e  2.  The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  

o f  th e  c lo s u re  p ro p e r ty  f o r  a d d i t io n  to  th e  s e t  o f  n a tu r a l  

num bers.

T his s u b -o b je c t iv e  w i l l  b e  i l l u s t r a t e d  by th e  f o l ­

low ing item .

17. Which one o f  th e  fo llo w in g  s e t s  i s  c lo se d  
u n d er a d d it io n ?
A) [ 1 ,2 ,3 j
B) f l ,3 ,5 ,7 ,  ..."i
C) 110,5,15}
D) G , 4 , 6 , 8 , . . . }
E) ( 1 ,3 ,4 ,6 ,8 , . . . }

S u b -o b je c tiv e  The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  

o f  th e  r e l a t io n s h ip  betw een th e  c a r t e s ia n  p ro d u c t o f  th e  

s e t s  and th e  m u l t ip l i c a t io n  o p e ra t io n  in  th e  s e t  o f  n a tu r a l  

num bers.

T his s u b -o b je c t iv e  w i l l  be  i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

18. Given any two n o n -en ç ty  s e t s  P = [ s , t }  and Q = 
{ n ,p ,r}  th en  P x Q i s :
A) { s , t , n , p , r }
B) f ( s , t )  , ( n ,p , r ) i
C) l( s ,n )  , ( s ,p )  , ( s , r )  , ( t , n )  , ( t , s ) i
D) # s ,n )  , ( s ,p )  , ( s , r )  , ( t , n )  , ( t , p )  , ( t , r ) J
E) ^ s  X n , s X p , s X r ,  t  X n , t  X p , t  X r j

S u b -o b je c tiv e  The s tu d e n t sh o u ld  be  f a m i l ia r  w ith  o th e r

r e l a t i o n s  d e f in e d  in  th e  n a tu r a l  num bers.

T h is s u b -o b je c t iv e  w i l l  be  i l l u s t r a t e d  by th e  f o l ­

low ing ite m .
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19. Which o f  th e  fo llo w in g  s ta te m e n ts  i s  tru e ?
A) 18 <  (3x5) + 3
B) 18 > (3 x 6 )
C) 18 > (1 0 x 6 )  + 18
D) 18 3»2 X 9
E) 18 l i 6  + (6 f2 )

S u b -o b je c tiv e  The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  

o f  i n e q u a l i t i e s .

T his s u b -o b je c t iv e  w i l l  be  i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

20. I f  a  >  b and c >  d which o f  th e  fo llo w in g  
s ta te m e n ts  i s  alw ays tru e ?
A) a  >  c
B) b >  d
C) a  + d > b  + c
D) a + c > d  + d
E d + b < ^ a  + c

V I. O b je c t iv e : The s tu d e n t  sho u ld  have an  u n d e rs tan d in g

o f  th e  system  o f  w hole num bers.

S u b -o b je c tiv e  1 . The s tu d e n t  sh o u ld  have an u n d e rs tan d in g  

o f  o p e ra tio n s  o th e r  th an  a d d i t io n  and m u l t ip l i c a t io n .

T h is s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

21. I f  a  number system  c o n s is t in g  o f  two elem ents 
and two b in a ry  o p e ra t io n s  and i s  com plete ly  
d e f in e d  by th e  ta b le s  shown:
th en  w hich o f  th e  fo llo w in g  
s ta te m e n ts  i s  tru e ?
A) 0 , $  (0 1) = 1
B) 1 $  (1 0) .= 0
C) 1 A  (1 /g. 1) = 1
D) 1 0  (1 g ' 1) = 1
E) None o f  th e  above a re  t r u e .

G 0 1 é 0 1
0 0 1 0 0 (5"
1 1 0 1 0 1
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S u b -o b je c tiv e  2 . The s tu d e n t shou ld  have an u n d e rs ta n d in g  

o f  th e  p r o p e r t i e s  o f  any d e fin e d  o p e ra tio n  on th e  whole 

num bers.

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  fo llo w ­

in g  ite m .

22. What p ro p e r ty  j u s t i f i e s  [(9x6) + (2x6)] x 1 = 
(9x6) + (2x6)?

A) A s s o c ia t iv e  p ro p e r ty  f o r  m u l t ip l i c a t io n .
B) Commutative p ro p e r ty  fo r  m u l t ip l i c a t io n .
C) D is t r ib u t iv e  p ro p e r ty  over a d d i t io n .
D) Renaming 9 and 6  and 2 .
E) M u l t ip l i c a t iv e  i d e n t i t y .

S u b -o b je c tiv e  _3. The s tu d e n t shou ld  have an u n d e rs tan d in g  

o f  th e  a d d i t io n  p ro p e r ty ,  a s  d e fin e d , f o r  th e  whole number.

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

23. I f  we u se  Roman num erals we have X V + VI =
X + V + V +  I  = X +  (V+V) + I  = X + X +  I  = 
X X I .  Which o f  th e  fo llo w in g  p r o p e r t i e s  a re  
i l l u s t r a t e d ?

I  com m utative p ro p e r ty  fo r  a d d it io n  
I I  a s s o c ia t iv e  p ro p e r ty  f o r  a d d it io n  

I I I  d i s t r i b u t i v e  p ro p e r ty  f o r  a d d it io n
A) none
B) I  on ly
C) I I  on ly
D) I  and I I  on ly
E) I ,  I I ,  and I I I

S u b -o b je c tiv e  The s tu d e n t shou ld  have an u n d e rs ta n d in g  

o f  th e  p r o p e r t i e s  o f  th e  a d d it io n  and m u l t ip l i c a t io n  o p e ra ­

t i o n s ,  to g e th e r .
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The su b -o b jec tiv e  w i l l  be i l lu s t r a t e d  by the f o l ­

lowing item .

24. I f  we have 8  + (8x4)
= (8x1) + (8x4)
= 8  X (1+4)

w hich o f  th e  fo llo w in g  a re  u sed  f o r  j u s t i f i c a ­
tio n ?

I  Commutative p ro p e r ty  fo r  m u l t ip l ic a t io n  
I I  D is t r ib u t iv e  p ro p e r ty  f o r  m u l t ip l i c a t io n  

o v er a d d it io n  
I I I  M u l t ip l i c a t iv e  i d e n t i ty

A) none
B) I  and I I
C) I  and I I I
D) I I  and I I I
E) I  and I I  and I I I

S u b -o b je c tiv e  _5. The s tu d e n t sh o u ld  have an u n d e rs tan d in g  

o f  th e  s o lu t io n  s e t  o f  a  s e n te n c e .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing item .

25. Which o f  th e  fo llo w in g  is  th e  s o lu t io n  s e t  o f  
th e  s e n te n c e : {b 6 w: b > 5 }  {J { b é w :  b ^ 9 j  ?
A) 1 6 ,7 ,8 )
B) [9 ,1 0 ,1 1 ,1 2 , . . .}
C) { 8 ,7 ,6 ,5 ,4 ,3 ,2 ,1 ,0 3
D) [ 6 , 7 , 8 , 9 , . . . }
E) { 0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 ,  . . . j

V I I I .  O b je c t iv e : The s tu d e n t  sh o u ld  have an u n d e rs tan d in g

o f  a r i th m e t ic  o f  th e  whole number.

S u b -o b je c tiv e  !.. The s tu d e n t sh o u ld  be f a m i l ia r  w ith  th e  

s e t  o f  f a c to r s  f o r  any number o f  th e  whole num bers.
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This su b -o b je c tiv e  w i l l  be i l lu s t r a t e d  by th e  f o l ­

low ing item .

26. Which o f  th e  fo llo w in g  s e t s  r e p re s e n ts  F^2 
(F i2  i s  th e  s e t  o f  a l l  f a c to r s  o f  1 2 )?
A) l l , 2 , 6 t
B) £1,3 ,4}
C) [1 ,2 ,3 ,4 }
D) f l , 2 , 3 ,4 ,6 }
E) { 1 ,2 ,3 ,4 ,6 ,1 2 }

S u b -o b je c tiv e  2.  The s tu d e n t shou ld  have an u n d e rs ta n d in g  

o f  th e  n a tu re  o f  a p rim e num ber.

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

27. Which one o f  th e  fo llo w in g  i s  a  prim e number?
A) 51
B) 55
C) 57
D) 59
E) none o f  th e  above

S u b -o b je c tiv e  3.  The s tu d e n t  sh o u ld  be  f a m i l ia r  w ith  th e  

f a c t  t h a t  th e  o n ly  even p rim e number i s  2 .

The s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

28. How many even p rim es a re  in  n a tu r a l  numbers ?
A) one
B) i n f i n i t e
C) unknown
D) e q u a l to  th e  number o f  odd p rim es
E) none o f  th e  above i s  t r u e

S u b -o b je c tiv e  4 . The s tu d e n t  sh o u ld  have an u n d e rs ta n d in g  

o f  th e  concep t o f  th e  g r e a t e s t  common d iv i s o r .
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This su b -o b jec tiv e  w i l l  be i l lu s t r a t e d  by th e  f o l ­

lowing item .

29. What i s  th e  g r e a t e s t  common f a c to r  o f  f65 ,42o}?
A) 35
B) 7
C) 15
D) 5
E) 65

S u b -o b je c tiv e  The s tu d e n t  shou ld  have an u n d e rs ta n d in g  

o f  th e  concep t o f  th e  l e a s t  common m u lt ip le .

T his s u b -o b je c t iv e  w i l l  be i l l u s t r a t e d  by th e  f o l ­

low ing ite m .

30. Which o f  th e  fo llo w in g  i s  th e  l e a s t  common
m u lt ip le  o f  (45 ,15 ,10} ?
A) 90
B) 450
C) 45
D) 150
E) 180

O rg a n iz in g , A d m in is te r in g , and 
S co rin g  th e  T est

A f te r  th e  item s w ere p re p a re d , th e  n e x t s te p  was to  

o rg a n iz e  them in to  a t e s t .  Two r u le s  were fo llo w ed : (a)

"The e a se  w ith  w hich th e  s tu d e n t  can u n d e rs tan d  what he i s  

to  do, and where and how he rec o rd ed  h is  answ er, and (b) th e  

e a se  w ith  w hich th e  te a c h e r  w i l l  be  a b le  to  lo c a te  and sc o re  

th e  a n s w e r . I n  c o n s id e ra tio n  o f  th e s e  two r u l e s ,  th e  f o l ­

low ing w ere c o n s id e re d :

29Merwin, l o c . c i t .
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Grouping th e  item s : The item s were grouped a cc o rd in g

to  th e  o b je c t iv e s .  A lso , th e  item s o f  every  group w ere a r ­

ranged  so t h a t  th e  e a s i e r  item s came b e fo re  th e  more d i f f i ­

c u l t  i te m s .

D ire c tio n s  ; The d i r e c t io n s  s t a t e  c le a r ly  t h a t  th e  

s tu d e n t w i l l  f in d  th e  c o r r e c t  answ er from th e  l e t t e r e d  c h o ices  

and m atch i t  w ith  th e  number, co rre sp o n d in g  to  th e  l e t t e r ,  on 

th e  m achine answ er sh e e t (I.B .M . form I .T .S .  1000A155). The 

d i r e c t io n s  a ls o  s t a t e  t h a t  th e  s tu d e n t may u se  s c r a tc h  p a p e r .

A f te r  c o n s id e ra tio n  o f  th e  above r u l e s ,  th e  t e s t  f o r  

u n d e rs ta n d in g  o f  co n cep ts  o f  M athem atics 70 (TUCM) was 

w r i t te n ,  a copy o f  which i s  in c lu d ed  in  Appendix A.

A d m in is tr a t io n : Every s tu d e n t worked from a s e p a ra te

copy o f  th e  t e s t .  A l l  th e  m a te r ia ls ,  such a s  s c r a tc h  

p a p e rs , e r a s e r s ,  and p e n c i ls  were a v a i la b le  to  th e  s tu d e n t .

The b e s t  p o s s ib le  p h y s ic a l  su rro u n d in g s  were p ro v id e d : ade­

q u a te  l i g h t ,  v e n t i l a t i o n ,  and desk  sp a ce . The s tu d e n t  was 

v e rb a l ly  in s t r u c te d  by th e  a d m in is t r a to r  to  re c o rd  on th e  

answ er sh e e t  th e  tim e sp e n t in  f in is h in g  th e  t e s t .  The 

maximum tim e re c o rd ed  was 5 5  m in u te s .

Speed was n o t a f a c to r  in  th e  o b je c t iv e s  covered  by 

th e  t e s t .  Enough tim e was a llow ed  so t h a t  each  s tu d e n t  had 

an o p p o r tu n ity  to  a tte m p t a l l  i te m s . The symbols u sed  in
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th e  t e s t  w ere e x p la in e d  by th e  a d m in is t r a to r  b e fo re  th e  

s tu d e n t began working th e  t e s t .  The symbols and d e f in i t io n s ,  

such as s u b s e t ( O j  were w r i t te n  on th e  b lack b o ard  by th e  

a d m in is t r a to r .

S coring  th e  Item s : The answer key fo r  th e  t e s t  was

p re p a re d  and punched on te s t - s c o r in g  m achine sh e e t I.B .M . 

Form I .T .S .  100A310.

In fo rm a tio n  about Achievement 
o f  th e  S tuden t

The TUCM was a d m in is te re d  to  150 s tu d e n ts  who had 

j u s t  f in is h e d  M athem atics 70, a t  th e  U n iv e rs i ty  o f  Oklahoma, 

Summer 1968 and F a l l  1968. The s e t  o f  TUCM sc o re s  was c o l­

le c te d .  The m easures o f  c e n t r a l  tendency  (means, m edian, 

and th e  mode) and some o f  th e  m easure o f  d is p e r s io n  were 

com puted.

The fo llo w in g  i s  a  summary o f  th e  m easure o f  c e n t r a l  

ten d e n cy .

Mean = 19.52 Median = 19

Mode = 19

The fo llo w in g  i s  a  summary o f  some o f  th e  m easures 

o f  d is p e r s io n .

Range = 22 V ariance  = 25.806

S tan d ard  d e v ia t io n  = 5.080
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In fo rm a tio n  abou t th e  T es t : R e su lts  o f  a t e s t  p ro v id e  in ­

fo rm atio n  abou t r e l i a b i l i t y  and v a l i d i t y .  R e l i a b i l i t y  i s  

c o n s is te n c y  o r  s t a b i l i t y  o f  measurement.^® V a l id i ty  i s  u s e ­

fu ln e s s  fo r  a  g iv en  p u rp o se , e s p e c ia l ly  on outcom e. 

R e l i a b i l i t y  : R e l i a b i l i t y  in fo rm a tio n  i s  u s u a l ly  summarized

in  a r e l i a b i l i t y  c o e f f i c i e n t .  Many p ro ced u res  have been

proposed  f o r  o b ta in in g  a r e l i a b i l i t y  c o e f f i c i e n t . 32 The most

33w idely  used  i s  th e  K uder-R ichardson p ro ce d u re , e x p re ssed

by th e  form ula

^ t t  ^
-  ^ p q

n - l  \  <Ç2

where n = number o f  item s in  th e  t e s t .

p = p ro p o r t io n  p a ss in g  an ite m  (o r  respond ing  
in  some s p e c i f ie d  m anner),

q = 1 -p

^ = th e  s ta n d a rd  d e v ia tio n  o f  th e  raw s c o r e s . 

A nother K uder-R ichards on p ro ced u re  which g iv e s  a

3® Stanley, 0 £ . c i t . ,  p .  150.

^ ^ I b id . ,  p .  150.

^^I b i d . ,  p .  151-158.

W. R ichardson  and G. F. Kuder, "The C a lc u la tio n  
o f  T es t R e l i a b i l i t y  C o e f f ic ie n t ,  Based Upon th e  Method o f  
R a tio n a l E q u iv a le n c e ,"  Jo u rn a l o f  E d u ca tio n a l Psychology 
(1939), p .  681-687. ~

^ ^ Ib id .
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c o e f f ic ie n t  th a t i s  g e n e ra lly  a reason ab le  approxim ation o f

th a t describ ed  p r e v io u sly  i s  expressed  in  the f o r m u l a -35

where m = th e  mean o f  th e  s c o r e s . 

n = th e  number o f  item s . 

s = th e  s ta n d a rd  d e v ia t io n .

Using t h i s  form ula  th e  TUCM, w ith  30 ite m s , a mean o f  19.52 

and a s ta n d a rd  d e v ia t io n  o f  5 .080 , has a r e l i a b i l i t y  co­

e f f i c i e n t  o f :

.  19.520 (3 0 -1 9 .5 2 )1  .
1 1  2 9 1 }  30 x 25.806 J

The second p ro ce d u re  was used  f o r  th e  TUCM, fo r  th e  

fo llo w in g  rea so n s  :

1. The form ula  i s  s e t  up f o r  u se  w ith  t e s t s  w hich 

a re  sc o red  1  fo r  th e  r i g h t  answ er and 0  f o r  th e  

wrong answ er, which i s  th e  p ro ce d u re  fo llo w ed  f o r  

sc o r in g  th e  TUCM.

2. Time i s  n o t a  f a c to r  in  d e te rm in in g  th e  p e r f o r ­

mance o f  th e  s tu d e n t.  (K uder-R ichardson  g iv e s  a 

" s p u r io u s ly  h ig h  c o e f f i c i e n t  f o r  speeded t e s t s " . )36

35
Merwin, 0 £ .  c i t . ,  p . 6 6 .

36
I b i d . , p .  67.
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3 . The form ula in v o lv e s  l e s s  com putation  th an  th e

o th e r  p ro c e d u re s .

The r e l i a b i l i t y  c o e f f i c i e n t  f o r  th e  TUCM i s  .7 6 . On

s ta n d a rd iz e d  achievem ent t e s t s  r e l i a b i l i t y  c o e f f i c i e n t s  a re

37found to  be above .75 .

S tan d ard  E rro r  o f  M easurem ent. The p o s s i b i l i t y  o f  e r r o r s  

o f  d i f f e r e n t  m agnitudes may be e s tim a te d  w ith  th e  s ta n d a rd  

e r r o r  o f  m easurement (SEM) w hich i s  d e fin e d  by th e  fo llo w in g

fo rm ula ;38

SEM = S

where S = s ta n d a rd  d e v ia tio n

r  = r e l i a b i l i t y  c o e f f i c i e n t  o f  th e  t e s t  

Based on th e  a ssu n p tio n  t h a t  e r r o r s  o f  m easurem ent a re  

n o rm ally  d i s t r i b u t e d .  Using t h i s  fo rm u la :

SEM fo r  TUCM = 5.080 

= 2 .41

1 - .760

I t  may be s a id  t h a t  th e  odds a re  about 2  to  1  t h a t  a  s tu ­

d e n t 's  o b ta in ed  sc o re  on th e  TUCM i s  no more than  one s ta n d a rd  

e r r o r  o f measurement (2 .4 1 ) from h i s  t r u e  s c o re  and abou t 19 

to  1  t h a t  t h i s  d if f e r e n c e  i s  no more th an  two s ta n d a rd  e r r o r s

^^ I b i d .,  p . 67. 

38 l b id . ,  p . 67.
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o f  measurement (4 .3 2 ) .

V a l id i t y . P r e d ic t iv e  v a l i d i t y  in fo rm a tio n  i s  u s u a l ly  summa­

r iz e d  by a v a l i d i t y  c o e f f i c i e n t .  The c o e f f i c i e n t  o f  p r e ­

d ic t iv e  v a l i d i t y  i s  th e  c o e f f i c i e n t  o f  c o r r e l a t io n  betw een 

th e  p r e d ic to r  and th e  c r i t e r i o n  sc o re s  fo r  a number o f  i n d i ­

v id u a ls  . S ince  th e  lUCM covers th e  m a te r ia l  in  M athem atics 

70, th e  c r i t e r i o n  sc o re s  were th e  sc o re s  o f  th e  TUCM. The 

p r e d ic to r  was th e  g rades o f  th e  same s tu d e n ts  in  M athem atics 

70,

In o rd e r  to  reduce  th e  e f f e c t  o f  o th e r  c o lle g e  work 

on th e  perfo rm ance on th e  TUCM, th e  fo llo w in g  c r i t e r i a  were 

a p p lie d  to  th e  sco res  o f  th e  150 s tu d e n ts ;

1, The o n ly  c o lle g e  m athem atics co u rse  com pleted  

by any o f  th e  s tu d e n ts  was M athem atics 70,

2= None o f th e se  s tu d e n ts  had e n ro l le d  in  E duca tion  

243.

The number o f s tu d e n ts  a v a i la b le  who s a t i s f i e d  th e s e  

two c o n d it io n s , ou t o f th e  150 t e s te d ,  was 82. T able 1 r e ­

f l e c t s  th e  t e s t  sc o re s  a g a in s t  th e  g rad es in  M athem atics 70,

In  t h i s  ta b le  th e  number o f  cases was sm a ll . The 

d i s t r i b u t i o n s  were dichotom ous, and th e  p r e d ic t io n  to  be 

made was in  one o f  two c a te g o r ie s  fo r  each v a r i a b le .  In  t h i s  

case  a p h i c o e f f i c i e n t  fo r  th e  c o r r e la t io n  was p r e f e r r e d .

^ ^ G u ilfo rd , op. c i t . ,  p . 499,
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TABLE 1

CALCULATION OF P h i CORRELATION 
BETWEEN THE TUCM SCORES AND 

GRADE IN MATHEMATICS 70

Grade A, B Grade C, D

Above th e  mean 48 6

in  TUCM (a) (b)

Below th e  mean 8 2 0

in  TUCM (c) (d)

S ince  th e  freq u e n ce  o f  two c e l l s  in  th e  ta b le  was le s s  than  

te n , th e  p h i c o e f f i c i e n t ,  w ith  Y ates c o r r e c t io n ,  was a p p lie d  

to  f in d  th e  c o r r e la t io n  betw een th e  TUCM sc o re s  and th e  

co rre sp o n d in g  g rad e  in  M athem atics 70, The p h i c o e f f i c i e n t  

was computed as  fo llo w s

p h i  = lad - be { - n / 2 _____
(a+ b )(a+ c)(b+ d )(c+ d )

2 0  X 48 - 6  X 8  I -41  
56 X 54 X 26 X 28

.  119 X 48 I  - 41 
56 X 54 X 26 X 28

= .587

N (ph i)^

= 82 X .344569 = 28.25

40
George A, Ferguson, S t a t i s t i c a l  A n a ly s is  in  Psy­

chology and E ducation  (New York; McGraw-Hill Book Co., 1959), 
p .  196.
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The c r i t i c a l  v a lu e  o f  a t  th e  one p e r  c e n t l e v e l  

o f  s ig n i f ic a n c e ,  w ith  one d eg ree  o f  freedom , i s  6 .0 4 . Hence, 

an o f  28 .25  i s  s i g n i f i c a n t  beyond th e  one p e r  c e n t l e v e l  

o f  s ig n i f ic a n c e ;  th e r e f o r e ,  a  p h i  o f  .587 , l ik e w is e , i s  

s i g n i f i c a n t

The p re v io u s  r e s u l t  showed th a t  th e  TUCM sc o re s  c o r­

r e l a t e d  s i g n i f i c a n t l y  w ith  th e  g rad e  in  M athem atics 70.

^^Ib id . ,  p .  199.



CHAPTER I I I

MULTIPLE REGRESSION ANALYSIS OF THE CRITERION VARIABLE 

WITH THE INDEPENDENT VARIABLES

The a n a ly s is  o f  c o v a rian c e  which w i l l  be used  in  

C hapter IV a llo w s f o r  a d ju s tm en t in  th e  TUCM sc o re s  o f  th e  

fo u r groups (G^, G^q, ^243’ Gg), based  on i n i t i a l  d i f ­

fe re n c e s  in  c e r t a in  independen t v a r i a b l e s . Thus i t  i s  

n e c e ssa ry  to  de te rm ine  th e  impo r t a n t  m easurab le  v a r ia b le s  

which a id  in  p r e d ic t in g  su ccess  on th e  TUCM.

A su rvey  o f  th e  l i t e r a t u r e  in d ic a te s  on ly  a  few 

s tu d ie s  d e a lin g  w ith  th e  problem  o f  m easu rab le  v a r ia b le s  

which p r e d ic t  th e  u n d e rs tan d in g  o r  achivem ent o f  m athem atics 

fo r  e lem en tary  t e a c h e r s . One o f  th e  s tu d ie s  in d ic a te d  t h a t  

a  s tro n g  background in  m athem atics in  h ig h  schoo l and c o lle g e  

seemed to  c o n tr ib u te  to  th e  u n d e rs ta n d in g  o f  e lem en tary  

t e a c h e r s ,

Numerous s tu d ie s  have re p o r te d  th e  p r e d ic a t iv e  v a r i ­

a b le  fo r  u se  as a p lacem ent g u id e l in e  f o r  freshm en in

47



48

m ath em atics . S h an a 'a^  r e p o r te d  t h a t  th e  b e s t  v a r i a b le  fo r  

u se  a s  a p lacem en t g u id e  l in e  f o r  freshm en in  m athem atics 

appeared  to  be th e  Am erican C o llege  T e s tin g , M athem atics 

(ACTM) and th a t  good p r e d ic t iv e  v a r ia b le s  in c lu d e d  High 

School Grade P o in t A verage (HSGPA). O ther m easu rab le  v a r i ­

a b le s  w hich w ere a v a i la b le  w ere th e  Am erican C o llege  T e s t­

in g , Com posite (ACTC) sc o re  and th e  D utton A t t i tu d e  S c a le  

(DATS).

The independen t v a r ia b le s  w hich w ere c o n s id e re d  in  

t h i s  s tu d y  w ere: ACTC s c o re s ,  ACTM s c o re s ,  g rad e  p o in t  a v e r ­

age (CGPA), th e  number o f  c r e d i t  hou rs in  M athem atics (CHCM), 

th e  h ig h  sch o o l g rad e  p o in t  av erag e  (HSGPA), and th e  sc o re  

v a lu e  on th e  D utton s c a le  (DATS).

The c r i t e r i o n  v a r i a b le  wâs th e  s t u d e n t 's  s c o re  on 

th e  T es t o f  th e  U nderstand ing  o f  Concepts o f  M athem atics, 

(TUCM).

2In o rd e r  to  a c h ie v e  th e  g o a l o f  t h i s  p a r t  o f  th e  

s tu d y , a s  s t a te d  p re v io u s ly ^  th e  m u lt ip le  r e g re s s io n  a n a ly s is

Joyce A drin S h a n a 's , "A S t a t i s t i c a l  A n a ly s is  o f  th e  
P lacem ent Program  in  M athem atics f o r  Freshmen a t  th e  U niver­
s i t y  o f  Oklahoma," Ph.D . D is s e r ta t io n ,  U n iv e rs i ty  o f  Oklhaoma, 
1966.

2
O s tle ,  l o c . c i t .
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was u se d . In  th e  m u lt ip le  r e g re s s io n  a n a ly s is  a l in e a r  r e ­

l a t io n s h ip ,  o f th e  form Y = Bg + . .B5 X5 , was assumed

betw een th e  c r i t e r i o n  v a r ia b le  and th e  in d ep en d en t v a r ia b le s  

The B j ' s were approx im ated  from  th e  d a ta  a v a i la b le  by de­

te rm in in g  th e  b e s t  f i t t i n g  curve to  th e  d a ta  under th e  l e a s t  

sq u a re  te c h n iq u e . The m ath em atica l b a s is  fo r  t h i s  a n a ly s is  

can be found in  Appendix 11. The com puter program  fo r  th e  

m u lt ip le  r e g re s s io n  a n a ly s is  can be found in  Appendix 11.

The program  was s e t  up to  f in d  th e  fo llo w in g :

1. The mean o f  ev ery  v a r i a b le .

2 . S tan d ard  d e v ia tio n  o f  every  v a r i a b le .

3 . C o r re la t io n  c o e f f i c i e n t s  betw een th e  independen t 

v a r ia b le s  and th e  dependent v a r i a b le .

4 . P a r t i a l  r e g re s s io n  c o e f f i c i e n t s  (by , j  = 1 , . . . 6 )  

- th e  e s t im a te s  f o r  th e  unknown p a ra m ete rs  (B^, 

j  -  1 , . . . 6 ) o f  th e  m u lt ip le  r e g re s s io n  e q u a tio n

Y = BqXq + . . . BgXg.

5.  S tan d ard  e r r o r  fo r  r e g re s s io n  c o e f f i c i e n t s .

6 . Computed t - v a l u e s .

7 . I n te r c e p t  (bg) o f  th e  e s t im a te  o f  th e  unknown 

p a ra m e te r  Bg o f  th e  m u lt ip le  r e g re s s io n  e q u a tio n

Y = Bq +  B^X^= . . -BgXg.

8 . M u ltip le  c o r r e l a t io n  c o e f f i c i e n t s .
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9. S tan d ard  e r r o r  o f  e s t im a te

10. A n a ly s is  o f  v a r ia n c e  f o r  th e  m u lt ip le  r e g r e s s io n .

The Sample

The sam ple f o r  th e  m u lt ip le  r e g re s s io n  a n a ly s is  con­

s i s t e d  o f  74 s tu d e n ts  who to o k  M athem atics 70 (A rith m e tic  f o r  

E lem entary  T each ers) in  th e  sp r in g  o f  1968. The TUCM was 

a d m in is te re d  to  t h i s  s a n ç le .  The sc o re s  on t h i s  t e s t  were 

c o l le c te d  and c o n s id e re d  in  th e  m u lt ip le  r e g re s s io n  A n a ly sis  

su b ro u tin e  as th e  dependent v a r i a b le  Y.

The s ix  in d ep en d en t v a r ia b le s  u sed  in  t h i s  s tu d y

w ere:

v a r i a b le  -  th e  ACTC sc o re s

v a r i a b le  X£ - th e  ACTM sc o re s

v a r i a b le  X3  - th e  CGPA

v a r i a b le  X^ - th e  CHCM

v a r ia b le  X^ - th e  HSGPA

v a r i a b le  Xg - th e  DATS

V a r ia b le s  X^ th ro u g h  X^ w ere c o l le c te d  from th e  s tu ­

d e n ts ’ f i l e s .  V a r ia b le  X5 , th e  D utton  t e s t ,  was g iv en  b e fo re  

th e  TUCM was a d m in is te re d  and th e  v a lu e  s c a le  was re c o rd e d .

The seven m easu rab le  v a r i a b le s  f o r  ev ery  s tu d e n t  w ere 

rec o rd ed  and keypunched on s e p a ra te  c a rd s . The fo llo w in g
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hypo theses w ere th en  t e s te d ,  u s in g  th e  d a ta  (T able  2) r e ­

s u l t in g  from  th e  m u lt ip le  r e g re s s io n  a n a ly s i s .

The a n a ly s is  w ith  r e s p e c t  to  th e  Am erican C o llege  

T e s tin g  Com posite (ACTC);

: 1 . The c o r r e la t io n  betw een th e  s c o re s  in  th e  

TUCM and th e  sc o re s  in  th e  ACTC was n o t s i g n i f i c a n t l y  d i f ­

f e r e n t  from z e ro .

The c o r r e l a t io n  c o e f f i c i e n t  ( r )  betw een th e  TUCM 

sc o re s  and th e  ACTC sc o re s  was .405, w hich was g r e a te r  than  

th e  c r i t i c a l  v a lu e  fo r  r  ( .303 ) a t  th e  one p e r  c e n t le v e l  o f  

s ig n i f ic a n c e .

Hence, t h i s  h y p o th e s is  was r e j e c t e d  a t  th e  one p e r  

cen t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  ACTC sc o re s  were p o s i ­

t iv e l y  c o r r e la te d  to  th e  p ro s p e c t iv e  e lem en tary  t e a c h e r 's  

u n d e rs tan d in g  o f  m ath em atica l c o n c e p ts .

Hq^ : 2 . The p a r t i a l  r e g re s s io n  c o e f f i c i e n t  o f  th e  

ACTC sc o res  was n o t s i g n i f i c a n t l y  d i f f e r e n t  from z e ro .

The computed T v a lu e  f o r  th e  p a r t i a l  r e g re s s io n  co­

e f f i c i e n t  o f  th e  ACTC sc o re s  was .928, which was le s s  th an  

th e  c r i t i c a l  v a lu e  f o r  T (1 .9 9 0 ) a t  th e  f iv e  p e r  c e n t le v e l  

o f  s ig n i f ic a n c e  f o r  a  tw o - ta i l  t e s t .

Hence, t h i s  h y p o th e s is  f a i l e d  to  be  r e j e c te d  a t  th e  

f iv e  p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  ACTC sc o re s



TABLE 2

MULTIPLE REGRESSION ANALYSIS OF THE SAMPLE

V a r ia b le Mean S ta n d a rd C o r r e l a t i o n R e g re s s io n S td .  E r r o r Com puted
D e v ia t io n V a r . v s  TUCM C o e f f i c i e n t o f  R eg. C o e f. T V a lu e

ACTC 2 0 .0 4 0 5 3 4 .7 9 8 5 0 0 .4 0 5 0 2 * * 0 .1 1 0 8 7 0 .1 1 9 4 2 0 .9 2 8 4 3
ACTM 2 2 .1 6 2 1 6 3 .2 7 3 0 7 0 .3 7 8 3 1 * * 0 .0 6 1 3 6 0 .1 6 4 2 2 0 .3 7 3 6 1
CGPA 2 .7 3 5 1 0 .4 2 8 6 5 0 .3 6 8 9 5 * * 1 .9 4 2 5 6 0 .9 1 6 3 6 2 .1 1 9 8 5 *
CHCM 1 .8 8 5 1 3 3 .0 2 7 8 8 0 .1 4 7 6 8 -0 .1 8 3 2 5 0 .1 3 8 7 0 -1 .3 2 1 2 2
HSGPA 3 .3 1 5 9 4 0 .4 8 9 8 9 0 .4 1 9 0 9 * * 2 .6 2 0 2 9 0 .8 8 1 6 6 2 .9 7 1 9 9 * *
DATS 5 .4 7 0 2 4 2 .1 5 9 5 6 0 .3 7 7 3 7 * * 0 .6 3 2 8 4 0 .2 0 9 2 2 3 .0 2 4 8 3 * *

D ependen t
TUCM 2 2 .0 3 1 5 0 3 .8 4 8 1 2

C r i t i c a l  v a lu e  C r i t i c a l  v a lu e
f o r  5% l e v e l  o f  f o r  1% l e v e l  o f

S t a t i s t i c s i g n i f i c a n c e  s i g n i f i c a n c e
I n t e r c e p t 1.31679wC o r r e l a t i o n ( r ) .2 3 2 (tw o t a i l t e s t ) &  .3 0 3 ( two t a i l  t e s t ^ a
M u l t ip le C o r r e l a t i o n  0 .6 3 8 8 3  Com puted(T ) 1 .9 9 0 (tw o t a i l t e s t ) &  2 .6 4 0 ( two t a i l  t e s t ) a
S td .  E r r o r  o f  E s t . 3 .0 9 0 2 7  F r a t i o  3 .72& 7 .0 2 a

ANALYSIS OF VARIANCE FOR THE REGRESSION ■

S o u rc e o f  V a r ia t io n D eg rees Sum o f Mean F V a lu e
o f  F reedom S q u a re s S q u a re s

A t t r i b u t a b l e  t o  R e g re s s io n 6 4 4 1 .1 5 1 6 1 73 .5 2 5 2 7 7 .6 9 9 1 7 * *
D e v ia t io n from  R e g re s s io n 67 6 3 9 .8 3 4 7 2 9 .5 4 9 7 7

T o ta l 73 1 0 8 0 .9 8 6 3 3

UiN3

* I n d i c a t e s  a  d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  b eyond  th e  5% l e v e l  o f  c o n f id e n c e .  
** I n d i c a t e s  a  d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  beyond  th e  1% l e v e l  o f  c o n f id e n c e .

^G eorge  A. F e rg u so n , S t a t i s t i c a l  A n a ly s is  in  P sy c h o lo g y  an d  E d u c a tio n  
(New Y o rk ; M cG raw -H ill Book Company, 1 9 5 9 ) , p p . 3 0 6 -3 1 .

N o te : A l l  num bers from  t h i s  t a b l e  ro u n d e d  o f f  t o  3 p l a c e s .
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w ere n o t o f  g r e a t  inç)o rtance  in  e s t im a tin g  th e  c r i t e r i o n  

v a r i a b l e .3

The a n a ly s is  w ith  r e s p e c t  to  th e  American C ollege  

T e s tin g  M athem atics (ACTM):

1 . The c o r r e la t io n  betw een th e  sc o re s  in  th e  

TUCM and th e  s c o re s  in  th e  ACTM was n o t s ig n i f i c a n t ly  d i f ­

f e r e n t  from z e ro .

The c o r r e la t io n  c o e f f i c i e n t  ( r )  between th e  TUCM 

sc o re s  and th e  ACTM sc o re s  was .378, w hich was g r e a te r  

th an  th e  c r i t i c a l  v a lu e  o f  r  ( .3 0 3 ) a t  th e  one p e r  c e n t 

l e v e l  o f  s ig n i f ic a n c e .

Hence t h i s  h y p o th e s is  was r e j e c te d  a t  th e  one p e r  

c e n t le v e l  o f  s ig n i f ic a n c e .  Thus th e  ACTM sc o re s  w ere p o s i ­

t i v e l y  c o r r e la te d  to  th e  p ro s p e c t iv e  e lem en tary  t e a c h e r 's  

u n d e rs ta n d in g  o f  m ath em atica l c o n c e p ts .

2 . The p a r t i a l  r e g re s s io n  c o e f f i c i e n t  o f  th e  

ACTM sc o re s  was n o t  s i g n i f i c a n t l y  d i f f e r e n t  from z e ro .

The computed T v a lu e  f o r  th e  p a r t i a l  r e g re s s io n  co­

e f f i c i e n t  o f  th e  ACTM sc o re s  was .373 , which was l e s s  than  

th e  c r i t i c a l  v a lu e  f o r  T (1 .9 9 0 ) a t  th e  f iv e  p e r  cen t le v e l  

o f  s ig n i f ic a n c e  f o r  a  tw o - ta i l  t e s t .

Hence, t h i s  h y p o th e s is  f a i l e d  to  be r e je c te d  a t  th e

^ Ib id . .  p .  218.
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f iv e  p e r  c e n t l e v e l  o f  s ig n i f i c a n c e .  Thus, th e  ACTM sc o re  

was n o t o f  g r e a t  im p o rtan ce  in . e s t im a t in g  th e  c r i t e r i o n  

v a r i a b l e .

The a n a ly s i s  w ith  r e s p e c t  to  th e  C o llege  Grade P o in t 

Average (CGPA) :

Hq : 1. The c o r r e l a t io n  betw een th e  sc o re s  in  th e  

TUCM and th e  c o lle g e  g rad e  p o in t  av erag e  was n o t s i g n i f i c a n t l y  

d i f f e r e n t  from  z e ro .

The c o r r e l a t io n  c o e f f i c i e n t  ( r )  betw een th e  TUCM 

sc o re s  and th e  CGPA was .368, w hich was g r e a te r  th an  th e  

c r i t i c a l  v a lu e  o f  r  ( .3 0 3 ) a t  th e  one p e r  c e n t le v e l  o f  s ig ­

n i f ic a n c e  .

Hence, t h i s  h y p o th e s is  was r e j e c te d  a t  th e  one p e r  

c e n t l e v e l  o f  s ig n i f i c a n c e .  Thus th e  CGPA was p o s i t iv e ly  

c o r r e la t e d  to  th e  p ro s p e c t iv e  e lem en ta ry  t e a c h e r 's  u n d e rs ta n d ­

in g  o f  m a th em a tica l c o n c e p ts .

2 . The p a r t i a l  r e g r e s s io n  c o e f f i c i e n t  o f  CGPA 

was n o t s i g n i f i c a n t l y  d i f f e r e n t  from  z e ro .

The computed t  v a lu e  f o r  th e  p a r t i a l  r e g re s s io n  co­

e f f i c i e n t  o f  CGPA was 2 .1 1 9 , w hich was g r e a te r  th an  th e  

c r i t i c a l  v a lu e  f o r  t  (1 ,9 9 0 ) a t  th e  f iv e  p e r  c e n t l e v e l  o f  

s ig n i f ic a n c e  f o r  a t w o - t a i l  t e s t .

Hence, t h i s  h y p o th e s is  was r e j e c te d  a t  th e  f iv e  p e r
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c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus CGPA was o f  g r e a t  in ç o r-  

ta n c e  in  e s t im a tin g  c r i t e r i o n  v a r i a b l e . 4

The a n a ly s is  w ith  r e s p e c t  to  th e  number o f  C re d it  

Hours in  C o llege  M athem atics (CHCM):

H_ ; 1 . The c o r r e l a t io n  betw een th e  sc o re s  in  TUCM 
°d

and th e  number o f  c o lle g e  c r e d i t  hou rs in  m athem atics was n o t 

s i g n i f i c a n t l y  d i f f e r e n t  from z e ro .

The c o r r e l a t io n  c o e f f i c i e n t  ( r )  betw een th e  TUCM 

sc o re s  and th e  CHCM was .147, Which was l e s s  th an  th e  c r i t ­

i c a l  v a lu e  o f  r  ( .2 3 2 ) a t  th e  f i v e  p e r  c e n t l e v e l  o f  s i g n i f i ­

cance .

Hence, t h i s  h y p o th e s is  f a i l e d  to  be r e je c te d  a t  th e  

f iv e  p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  CHCM d id  n o t 

c o r r e l a t e  p o s i t iv e ly  w ith  th e  p ro s p e c t iv e  e lem en tary  t e a c h e r 's  

u n d e rs tan d in g  o f  m ath em atica l c o n c e p ts .

Hq^ : 2 . The p a r t i a l  r e g re s s io n  c o e f f i c i e n t  o f  CHCM 

was n o t s i g n i f i c a n t l y  d i f f e r e n t  from  z e ro .

The computed t  v a lu e  f o r  th e  p a r t i a l  r e g re s s io n  co­

e f f i c i e n t  o f  th e  CHCM was -1 .3 2 1 , . w hich was l e s s  th an  th e  

c r i t i c a l  v a lu e  f o r  t  (1 .990) a t  th e  f iv e  p e r  c e n t  l e v e l  o f  

s ig n i f ic a n c e  f o r  a tw o - t a i l  t e s t ;

Hence, th e  h y p o th e s is  f a i l e d  to  be r e j e c t e d  a t  th e

^Ibid .
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f iv e  p e r  c en t l e v e l  o f  s ig n i f ic a n c e .  Thus CHCM was n o t o f  

g r e a t  in ç o r ta n c e  in  e s t im a tin g  th e  c r i t e r i o n  v a r i a b le .

The a n a ly s is  w ith  r e s p e c t  to  th e  High School Grade 

P o in t Average (HSGPA):

H» : 1 . The c o r r e la t io n  betw een th e  sc o re s  o f th e  
°e

TUCM and th e  h ig h  sch o o l g rad e  p o in t  av erag e  was n o t s ig ­

n i f i c a n t l y  d i f f e r e n t  from  z e ro .

The c o r r e la t io n  c o e f f i c i e n t  ( r )  betw een th e  TUCM and 

th e  HSGPA was .419, w hich was g r e a t e r  than  th e  c r i t i c a l  

v a lu e  o f  r  ( .3 0 3 ) a t  th e  one p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .

Hence, t h i s  h y p o th e s is  was r e j e c t e d  a t  th e  one p e r  

c e n t le v e l  o f  s ig n i f ic a n c e .  Thus th e  HSGPA was p o s i t iv e ly  

c o r r e la te d  to  th e  p ro s p e c t iv e  e lem en ta ry  t e a c h e r 's  u n d e r­

s ta n d in g  o f  m ath em atica l c o n c e p ts .

Hogi 2 , The p a r t i a l  r e g r e s s io n  c o e f f i c i e n t  o f  HSGPA 

was n o t s i g n i f i c a n t l y  d i f f e r e n t  from  z e ro .

The computed t  f o r  th e  p a r t i a l  r e g re s s io n  c o e f f i c i e n t  

o f  th e  HSGPA was 2 .971 , which was g r e a te r  th an  th e  c r i t i c a l  

v a lu e  o f  t  (2 .640) a t  th e  one p e r  c e n t l e v e l  o f  s ig n i f ic a n c e  

f o r  a  tw o - ta i l  t e s t .

Hence, t h i s  h y p o th e s is  was r e j e c te d  a t  th e  one p e r  

c e n t le v e l  o f  s ig n i f ic a n c e .  Thus th e  h ig h  sch o o l g rad e  p o in t  

av erag e  was o f  g r e a t  in ç o r ta n c e  i n  e s t im a tin g  th e  c r i t e r i o n
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v a r i a b le .

The a n a ly s is  w ith  r e s p e c t  to  th e  D utton  A t t i tu d e  

T es t (DATS):

1 . .The c o r r e l a t io n  betw een th e  sc o re s  o f  th e  

TUCM and th e  D utton  s c a le  v a lu e  o f  th e  DATS was n o t s i g n i f i ­

c a n t ly  d i f f e r e n t  from  z e ro .

The c o r r e l a t io n  c o e f f i c i e n t  ( r )  betw een th e  TUCM 

sc o re s  and th e  s c a le  v a lu e s  o f  th e  DATS was .419 , w hich was 

g r e a te r  th an  th e  c r i t i c a l  v a lu e  o f  r  ( .3 0 3 ) a t  th e  one p e r  

cen t l e v e l  o f  s ig n i f ic a n c e .

Hence, t h i s  h y p o th e s is  was r e j e c te d  .a t th e  one p e r  

cen t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  s c a le  v a lu e  o f  th e  

D utton A t t i tu d e  T es t i s  p o s i t iv e ly  c o r r e la te d  to  th e  p ro ­

s p e c t iv e  e lem en tary  t e a c h e r ’ s u n d e rs ta n d in g  o f  m ath em atica l 

c o n c e p ts .

2 . The p a r t i a l  r e g re s s io n  c o e f f i c i e n t  o f  DATS 

was n o t s i g n i f i c a n t l y  d i f f e r e n t  from z e ro .

The computed t  f o r  th e  p a r t i a l  r e g re s s io n  c o e f f i c i e n t  

o f  th e  s c a le  v a lu e s  o f  th e  DATS was 3 .0 2 4 , w hich was g r e a te r  

than  th e  c r i t i c a l  v a lu e  o f  t  (2 .640) a t  th e  one p e r  c e n t le v e l  

o f  s ig n i f ic a n c e  fo r  a tw o - t a i l  t e s t .  Hence, t h i s  h y p o th e s is  

was r e j e c t e d  a t  th e  one p e r  c en t le v e l  o f  s ig n i f ic a n c e .  Thus, 

th e  D utton v a lu e  s c a le  was o f  g r e a t  in ç o r ta n c e .
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v a r ia b le s  to g e th e r :

H : 1 . The c o r r e l a t io n  betw een th e  TUCM and a l l  
°g

th e  in d ep en d en t v a r ia b le s  to g e th e r  was n o t s i g n i f i c a n t l y  d i f ­

f e r e n t  as a w hole from  z e ro .

The m u lt ip le  c o r r e l a t io n  c o e f f i c i e n t  ( r )  betw een th e  

TUCM sc o re s  and a l l  th e  in d ep en d en t v a r ia b le s  to g e th e r  was 

.63883, w hich was g r e a te r  th a n  th e  c r i t i c a l  v a lu e  o f  r  

( .303 ) a t  th e  one p e r  cen t l e v e l  o f  s ig n i f ic a n c e .

Hence, t h i s  h y p o th e s is  was r e j e c te d  a t  th e  f iv e  p e r  

cen t l e v e l  o f  s ig n i f ic a n c e .  Thus a l l  th e  independen t v a r i ­

a b le s  as a  whole c o r r e la te d  p o s i t iv e l y  w ith  th e  p ro s p e c tiv e  

e lem en ta ry  t e a c h e r 's  u n d e rs ta n d in g  o f  m ath em atica l c o n cep ts .

2 . The p a r t i a l  r e g re s s io n  c o e f f i c i e n t  was n o t 

s i g n i f i c a n t l y  d i f f e r e n t  from  z e ro .

The computed F v a lu e  f o r  th e  r e g re s s io n  c o e f f ic ie n t  

o f  a l l  th e  in d ep en d en t v a r ia b le s  was 7 .6 9 9 , w hich was 

g r e a te r  th an  th e  c r i t i c a l  v a lu e  o f  F (7 .0 2 ) a t  th e  one p e r  

c e n t l e v e l  o f  s ig n i f ic a n c e .

Hence, t h i s  h y p o th e s is  was r e j e c te d  a t  th e  one p e r  

c en t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  independen t v a r ia b le s  

a s  a whole were o f  g r e a t  im portance  in  e s t im a tin g  th e  c r i ­

t e r io n  v a r i a b le .



CHAPTER IV

COVARIANCE ANALYSIS OF THE EFFECT OF CERTAIN EDUCATION

AND MATHEMATICS COURSES ON THE GROWTH OF THE 

UNDERSTANDING OF MATHEMATICAL CONCEPTS

The e v a lu a t io n  o f  th e  e f f e c t  o f  c e r t a in  e d u ca tio n  

and m athem atics c o u rse s  on th e  grow th and m aste ry  o f  th e  b a s ic  

m ath em atica l co n cep ts  o f  th e  p ro s p e c t iv e  e lem en tary  te a c h e r  

was ex p lo re d  in  t h i s  c h a p te r .  In  C hap ter I I I  i t  was shown 

t h a t  th e r e  w ere some independen t v a r ia b le s  w hich had a p o s i­

t i v e  c o r r e l a t io n  w ith  th e  c r i t e r i o n  v a r i a b le .

In  o rd e r  to  examine th e  grow th o f  th e  u n d e rs tan d in g  

o f  m ath em atica l c o n ce p ts  in  d i f f e r e n t  s ta g e s  in  th e  elem en­

ta r y  t e a c h e r 's  e d u c a tio n  program , ta k in g  in to  acco u n t th e  

i n i t i a l  d i f f e r e n c e  due to  th e  p re v io u s  independen t v a r ia b le s ,  

th e  a n a ly s is  o f  c o v a r ia n c e  was a p p l ie d .^  In  t h i s  te c h n iq u e  

s ix  independen t v a r i a b le s :  ACTC, ACTM, HSGPA, CGPA, CHCM, and 

DATS w ere c o n tr o l le d ,  and c o n seq u en tly  th ey  w ere u sed  to  ad­

j u s t  th e  TUCM s c o re s .

^Fred N. K e r lin g e r , F oundations o f  B e h av io ra l Re­
se a rc h  (New York; H o lt , R in eh a rt and W inston, 1965, p .  348.
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The m ath em atica l b a s i s  f o r  t h i s  a n a ly s is  can be 

found in  Appendix I I I .  The com puter program  ad ap ted  from 

Cooley^ was w r i t te n  in  F o r tra n  IV language, by th e  i n v e s t i ­

g a to r ,  f o r  th e  c o v a rian c e  a n a ly s i s .  T h is program  can be 

found in  Appendix I I I .

The c o v a rian c e  a n a ly s is  computed th e  t e s t  o f  e q u a l­

i t y  o f  e x p e rim e n ta l mean v e c to rs  w ith  c o v a ria n c e  c o n tro l ,  

where th e  t o t a l  number o f  v a r ia b le s  d id  n o t exceed 40. Some 

o f  th e  o u tp u t o f  t h i s  program  was as fo llo w s :

1. For each  group KG = i d e n t i f i c a t i o n  number o f  

th e  g ro u p s, KN = i d e n t i f i c a t i o n  number o f  th e  s u b je c ts  in  

each  group, a d ju s te d  group means, and group s ta n d a rd  

d e v ia t io n s .

2 . Means fo r  t o t a l  sam ple.

3 . S tan d ard  d e v ia t io n  fo r  t o t a l  sam ple.

4 . A d ju sted  s ta n d a rd  d e v ia tio n  on ex p e rim e n ta l 

v a r ia b le  fo r  th e  t o t a l  s a n g le .

5 . C o e f f ic ie n t  f o r  form ing th e  a d ju s te d  means fo r  

each  ex p e rim e n ta l v a r i a b le .

In  t h i s  s tu d y  f iv e  groups were examined : p ro s p e c t iv e  

e lem en ta ry  te a c h e rs  who had n o t had m athem atics 70

2
Cooley and Lohnes, op. c i t .
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(A rith m e tic  f o r  E lem entary  T eachers) (G q); p ro s p e c t iv e  e l e ­

m entary  te a c h e rs  who had had m athem atics 70 (G^q); p ro sp e c ­

t iv e  e lem en ta ry  te a c h e rs  who had had m athem atics 70 and Edu­

c a t io n  243 (methods c o u rse )  (G2 4 3 ) ; p ro s p e c t iv e  e lem en tary  

te a c h e rs  who had had m athem atics 170 a f t e r  com pleting  m athe­

m atic s  70 (G^yg), and p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who 

were s e n io r s  and had com pleted th e  program  o f  t r a in in g  (G g).

Due to  th e  o v e rla p p in g  o f  th e  s tu d e n ts  o f  G^^q w ith  

th o se  o f  th e  o th e r  g ro u p s , i t  was d i f f i c u l t  to  f in d  s u f f i ­

c ie n t  c a se s  t h e r e in .  However, th e  o th e r  groups covered such 

a range  t h a t  i t  was deemed re a so n a b le  to  d is c a rd  group G^yg 

in  th e  c o v a ria n c e  a n a ly s i s ,  r a th e r  th an  to  in c lu d e  them in  

any g ro u p .

The t o t a l  group f o r  th e  c o v a ria n c e  a n a ly s is  in c lu d ed  

247 s tu d e n ts ,  o f  w hich 87 w ere Gq, 74 w ere G7 0 , 47 were G2 4 3 , 

and 39 w ere Gg. The p ro s p e c t iv e  e lem en ta ry  te a c h e rs  were en­

r o l le d  in  th e  C o llege  o f  E ducation  a t  th e  U n iv e rs i ty  o f Okla­

homa in  th e  sp r in g  sem es te r o f  1968.

The d a ta  were c o l le c te d  th ro u g h  th e  a d m in is tr a t io n  

o f  th e  T e s t o f th e  U nderstand ing  o f  Concepts in  M athem atics 

(TUCM) f o r  th e  fo u r  g roups a t  th e  end o f  th e  sp r in g  sem este r 

o f  1968. The c o n tro l  v a r i a b le s ,  ACTC, ACTM, CGPA, CHCM, and 

HSGPA, w ere c o l le c te d  from  th e  s tu d e n t ’ s f i l e s .  The DATS
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was g iv en  to  each  s tu d e n t b e fo re  th e  TUCM was a d m in is te re d  

and th e  v a lu e  s c a le  a ls o  was rec o rd ed .

In  o rd e r  to  de te rm ine  th e  s ig n i f ic a n c e  o f  th e  s iz e  

o f  each  g roup , th e  mean o f  th e  TUCM sc o re s  fo r  each group 

u sed  in  th e  c o v a ria n c e  a n a ly s is  was computed and th e  fo llo w ­

ing  form ula was a p p l i e d .3

n =
<)2

n = s iz e  needed in  o rd e r  to  ach iev e  a s ig n i f i c a n t  

d e v ia t io n  o f  th e  p o p u la tio n  mean.

z = th e  s ta n d a rd  sc o re  a t  th e  l e v e l  o f s ig n i f ic a n c e .

(T = s ta n d a rd  d e v ia tio n  o f  th e  p o p u la tio n .

d = d e v ia t io n  from th e  mean o f  th e  sa n p le  to  th e  

mean o f  th e  p o p u la tio n .

The c a lc u la t io n  o f  th e  minimum as shown in  T able 3 in d ic a te s  

t h a t  th e  minimum number o f  s tu d e n ts  (n) f o r  any o f  th e  fo u r 

g ro u p s , to  be s i g n i f i c a n t  a t  th e  f iv e  p e r  c e n t l e v e l  o f  s ig ­

n i f ic a n c e ,  was 3 3 .6 9 . Hence, th e  fo u r  groups had a s i g n i f i ­

c a n t number o f  s tu d e n ts  a t  th e  f iv e  p e r  cen t le v e l  o f  

s ig n i f ic a n c e .

B efore  ap p ly in g  th e  c o v a rian c e  a n a ly s is  th e  v a r i ­

ances o f  th e  fo u r  groups w ere t e s te d  f o r  hom ogeneity .

3
G u ilfo rd , op . c i t . ,  p . 215.
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TABLE 3

MEANS OF THE GROUPS AND THE NUMBER OF STUDENTS

Group Go G7 0 G2 4 3 Gg

n 78. 74. 47. 39.

Mean 8.3013 22.0135 17.829 16.2820

/^ =  The p o p u la tio n mean i s  th e  mean sc o re  o f TUCM = 19 .52 .
(T = The p o p u la tio n  s ta n d a rd  d e v ia tio n  i s  th e  s ta n d a rd  

d e v ia tio n  o f  TUCM sc o re  = 5 .0 8 .  _
The d i f f e r e n c e s  betw een th e  mean o f  th e  groups Xq . and th e  
p o p u la tio n  mean d = Xg^ , i  = 0 ,7 0 ,2 4 3 ,s .

dp = 11.2187 dp^„ = 2.673
^o ^70

dp = 1.691 d r = 3.2380
G2 4 3  2  2

Minimum d = 1 .6  91 n = ■ ^  ^
d^

% = l . ? 6  a t  57o l e v e l  o f s ig n i f ic a n c e .

Minimum n = 96)% ^ 3 3  gg
(1 .691 )2

O th e rw ise , a s ig n i f i c a n t  d i f f e r e n c e  betw een th e  p o p u la tio n  

means o f  th e  fo u r  groups m ight have been due to  th e  non­

hom ogeneity o f  t h e i r  v a r ia n c e .  In t h i s  case  th e  c o n c lu sio n  

abou t th e  means would have been in  some d o u b t.^  To show th e  

hom ogeneity o f  th e s e  groups th e  fo llo w in g  h y p o th e s is  was

4
I b id . ,  p . 274.
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t e s t e d .

Hq : 1. The fo u r g ro u p s , Gg, GyQ, G2 4 3 , and Gg, a re
J  ^ 2  ^ 2  / 2

from  p o p u la tio n s  o f  l i k e  v a r ia n c e  (% = 7 , = ^  = r  ) •
%  G7 0  G2 4 3  Gg/

Table 4 shows th e  summary com putation  fo r  B a r t l e t t ' s  

T es t f o r  hom ogeneity o f  th e  v a r ia n c e s .  The n u l l  h y p o th e s is  

f a i l e d  to  be r e j e c te d  a t  th e  f iv e  p e r  c e n t l e v e l  o f  s i g n i f i ­

can ce . Thus th e  fo u r  groups had homogeneous v a r i a b le s .

A n a ly s is  o f  V arian ce  w ith  A d justed  
C ovariance C o n tro l

The a n a ly s is  o f  v a r ia n c e  w ith  a d ju s te d  c o v arian ce  

c o n tro l  was perfo rm ed  on th e  fo u r  independen t g roups G^, 

G2 4 3 , GyQ, and Gg where th e  s c o re s  earn ed  in  th e  TUCM were 

a d ju s te d  by th e  c o n tro l  v a r ia b le s  ACTC, ACTM, CHCM, CGPA, 

HSGPA, and th e  v a lu e  s c a le s  o f  th e  DATS. A summary o f  th e  

a n a ly s is  o f  v a r ia n c e  w ith  c o v a ria n c e  c o n tro l  i s  re p re s e n te d  

in  T able 5.

R e fe rr in g  to  T able 5, th e  h y p o th e s is  can be t e s t e d .

H^ : 1 . The a d ju s te d  sc o re s  on th e  TUCM o f  Gg, G^q ,

'243 '

' i
Go AO, and G_ a re  from  a  p o p u la tio n  o f  l ik e  means =

G2 4 3  G

1 - / g „  7 ^ 4 3

^o ^70
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TABLE 4

COMPUTATIONS FOR BARTLETT'S TEST FOR 
HOMOGENEITY OF VARIANCE

< J ^ 2  c T " 2  0 — 2  c r i
^ 0 “ ■ ^70 ~ -^243 “ Gg

Sample X i '
Degree

o f
Freedom

1/8F S i ' log  s /

Go 1258.63 8 6 .0116 10.3684 1.0170 87.4620

G? 0
1080.98 73 .0169 10.9561 1.037 75.701

G2 4 3
1311.898 38 .0263 10.6276 1.025 38.950

Gs 712.6385 46 .0217 10.7584 1.029 47.3341

Sum 4364.1463 243 .0765 249.4470

Pooled e s t im a te  o f  v a r ia n c e  = S^ = 17.96 
u

B = log^gS^ (n ^ - l)=  304.4547
9 %. 9

TCg = log elO [B - ^  (Hi-l) logioSi^]

= log  550.07 = 2 .7404

C o rre c tio n  f a c to r  = 1 + - ^  [ .0 7 6 5 )- ‘̂ ) ]  = 1 .008

C o r r e c t e d = 2 .7404 = 2 .71  
'  3 1 ,008

At th e  5% le v e l  o f  s ig n i f ic a n c e  f a i l e d  to  r e j e c t  th e  
n u l l  h y p o th e s is .
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TABLE 5

SUMMARY OF THE ANALYSIS OF VARIANCE 
WITH COVARIANCE CONTROL

Source
Degree

o f
Freedom

Sum
o f

Square

Mean o f  
Sum o f  
Square

F

T rea tm en t (Among) 3 
E r ro r  (W ith in) 243 
T o ta l  246

7915.5572
4364.1528

12279.7100

2638.5190
17.96

irk
146.91

S tan d ard  d e v ia tio n  fo r  th e  t o t a l  sam ple = 7.0652

TABLE OF THE MEANS OF THE GROUPS

Group «70 ^243 Gs T o ta l

Mean 8.3013 22.0135 17.829 16.2820 15.654

F^ = 3 Fg = 237 

F = 160.759 **

C o e f f ic ie n ts  f o r  a d ju s t in g  means o f  dependent v a r ia b le :

0.2529268 -0 .570224  0.9020426 0.1732690 0.5676005 0.3077125

TABLE OF THE ADJUSTED MEANS OF THE GROUPS

Group Gq G7 O G2 4 3 Gs

Mean 9 .87 21.784 17.55 15 .34

* in d ic a te s  a  d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  beyond th e  5% 
l e v e l  o f  s ig n i f ic a n c e .  —

** in d ic a te s  a d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  beyond th e  1% 
l e v e l  o f  s ig n i f ic a n c e .
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The c o n fu ted  F r a t i o  f o r  th e  a n a ly s is  o f  v a r ia n c e  

w ith  c o v a ria n c e  c o n tro l  was 160.759 , which was g r e a te r  than  

th e  c r i t i c a l  v a lu e  o f  F (3 .88 ) a t  th e  one p e r  c e n t l e v e l  o f  

s ig n i f ic a n c e .  The hom ogeneity o f  th e  g roups has been shown 

by B a r t l e t t ' s  t e s t  f o r  hom ogeneity . Hence, F m ust in d ic a te  

s i g n i f i c a n t  d i f f e r e n c e s  somewhere among th e  m eans.^

Hence, t h i s  n u l l  h y p o th e s is  was r e je c te d  a t  th e  one 

p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t iv e  hypo th ­

e s i s ,  t h a t  th e  p o p u la tio n  means o f  th e  fo u r  were d i f f e r e n t ,  

was a c c e p te d . Hence, th e  fo u r g roups, Gq, Gyg, G2 4 3 , and Gg, 

d i f f e r e d  in  t h e i r  u n d e rs ta n d in g  o f  th e  m athem atica l c o n c e p ts .

The computed F r a t i o  was v e ry  la r g e ;  t h i s  was due 

p o s s ib ly  to  th e  fo llo w in g :

1 . The la rg e  d if f e r e n c e s  betw een two o r  more means 

o f  th e  g ro u p s, such  a s  Gjq and Gq.

2 . The u nequal number o f cases f o r  each group 

alw ays c o n tr ib u te s  to  th e  b ia s  o f  th e  v a lu e  o f  th e  F r a t i o . ^

S in ce  F was s i g n i f i c a n t ,  th en  th e  s tu d e n t t  t e s t  was 

a p p lie d  to  conpare  betw een th e  p o p u la tio n  a d ju s te d  means o f  

th e  g ro u p s, two a t  a  t im e .^

^ I b id .

^Ferguson, op . c i t . ,  p . 243.

^ Ib id . ,  p . 238.
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T ab le  6  shows th e  m a tr ix  o f  th e  co n fu te d  t  betw een 

th e  p o p u la tio n  a d ju s te d  means o f  th e  g roup , two a t  a tim e ,
Q

u s in g  th e  fo llo w in g  form ula :

t  =

^  ® w /ncj

i ,  j  = 0, 70. 243, 2 

= th e  a d ju s te d  mean o f  th e  group

i  = 0 ,7 0 ,2 4 3 ,s 

Xq  ̂ = th e  a d ju s te d  mean o f  th e  group Gj

j  = 0 ,7 0 ,2 4 3 ,s

= th e  w ith in  group v a r ia n c e

nQ^ = th e  number o f  case s  in  G^

n^ = th e  number o f  cases  in  ĜGj J

S ince  an a s s e r t io n  was made(by th e  i n v e s t ig a to r !

abou t th e  d i r e c t io n  o f  th e  d i f f e r e n c e ,  th e  o n e - t a i l  t e s t  was 
g

a p p lie d .

R e fe rr in g  to  T able 6 , th e  fo llo w in g  h y p o th e s is  can 

be t e s te d :

B jb id .

* Ib id . ,  p . 135.
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TABLE 6

MATRIX OF THE STUDENTS' t  TEST BETWEEN THE 
MEANS OF THE GROUPS

Go G? 0 G2 4 3 Gs

G? 0
17.01**

^243 1 0 . 0 0 ** 5.37**

Gs 6 . 8 8 ** 7.70** 2 .41**

Xp - Xp Gi Gj

t  =

S^w/ + S^w/
^Gi *Gi

D egree o f  freedom  243

* in d ic a te s  a d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  beyond th e  5% 
le v e l  o f  s ig n i f ic a n c e .

** in d ic a te s  a d i f f e r e n c e  t h a t  i s  s i g n i f i c a n t  beyond th e  1% 
le v e l  o f  s ig n i f ic a n c e .

2 . The sc o re s  on th e  TUCM o f  Gq and G^q a re

from  p o p u la tio n s  o f  l i k e  means

H li  : 2 - ^0'O
The co n fu ted  t  v a lu e  betw een th e  p o p u la t io n  means o f
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and Gjq was 17.01 , w hich was g r e a t e r  th an  th e  c r i t i c a l  

v a lu e  o f  t  (2 .3 5 ) a t  th e  one p e r  c e n t l e v e l  o f s ig n i f ic a n c e  

w ith  243 deg rees o f  freedom .

Hence, t h i s  n u l l  h y p o th e s is  was r e j e c te d  a t  th e  one 

p e r  c e n t le v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t iv e  

h y p o th e s is  t h a t  th e  p o p u la tio n  mean o f  Gjq was s ig n i f i c a n t l y  

g r e a te r  th an  th e  p o p u la tio n  mean o f  was a c c e p te d . Hence, 

th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  who had M athem atics 70 

perform ed b e t t e r  on th e  TUCM th an  th e  p ro s p e c t iv e  e lem en tary  

te a c h e rs  who had n o t had M athem atics 70.

Hg : 3 . The sc o re s  on th e  TUCM o f  G^ and G2 4 3  a re

from p o p u la tio n s  o f  l ik e  m eans. = ^ ^ 4 3 ]

“ i r  3 -  / g2 ^ 3 > / ^ o

The computed t  v a lu e  betw een th e  p o p u la tio n  means o f  

Gq and G2 4 3  was 10, which was g r e a te r  th an  th e  c r i t i c a l  v a lu e  

o f  t  (2 .3 5 ) a t  th e  one p e r  c e n t l e v e l  o f  s ig n i f ic a n c e  w ith  

243 d eg rees o f  freedom .

Hence, t h i s  n u l l  h y p o th e s is  was r e j e c te d  a t  th e  one 

p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t iv e  

h y p o th e s is  t h a t  th e  p o p u la tio n  mean o f  G2 4 3  was s i g n i f i c a n t l y  

g r e a te r  th an  th e  p o p u la tio n  o f  G^ was a c c e p te d . Hence, th e  

p ro s p e c t iv e  e lem en tary  te a c h e rs  who had had M athem atics 70 

and E ducation  243 perform ed b e t t e r  on th e  TUCM th an  th e
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p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who had n o t had M athem atics 

70.

: 4 . The sc o re s  on th e  TUCM o f  and Gg a re

from  p o p u la tio n s  o f  l i k e  means. = / ^ ]

H u :  4 .  / G s - ^ / go

The computed t  v a lu e  betw een th e  p o p u la tio n  means o f  

Gq and Gg was g r e a te r  th an  th e  c r i t i c a l  v a lu e  o f  t  (2 .35 ) 

a t  th e  one p e r  c e n t le v e l  o f  s ig n i f ic a n c e ,  w ith  243 deg rees 

o f  freedom .

Hence, th e  n u l l  h y p o th e s is  was r e j e c te d  a t  th e  one 

p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t iv e  

h y p o th e s is  t h a t  th e  p o p u la tio n  mean o f  th e  s e n io r  p ro sp e c ­

t i v e  e lem en tary  te a c h e rs  was g r e a te r  th an  th e  p o p u la tio n  

mean o f  th e  p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who had  n o t had 

M athem atics 70 was a c c e p te d . Hence, th e  p ro s p e c t iv e  elem en­

t a r y  te a c h e rs  who were s e n io rs  perform ed b e t t e r  on th e  TUCM 

th a n  th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  v^o had n o t had 

M athem atics 70.

H^^: 5 . The sc o re s  on th e  TUCM o f  Gyg and G2 4 3  a re  

from  p o p u la tio n s  o f  l i k e  means. [

“ ii=  5-

The computed t  v a lu e  betw een th e  p o p u la tio n  means 

o f  Gyg and 6 2 ^ 3  was 5 .3 7 , which was g r e a te r  th an  th e  c r i t i c a l
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v a lu e  o f  t  (2 . 6 ) a t  th e  one p e r  c e n t l e v e l  o f  s ig n i f ic a n c e

w ith  243 d eg rees  o f  freedom .

H ence, t h i s  n u l l  h y p o th e s is  was r e j e c te d  a t  th e  one 

p e r  cen t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t i v e  

h y p o th e s is  t h a t  th e  mean o f  th e  p o p u la tio n  o f  G^q i s  g r e a te r  

th a n  th e  mean o f  th e  p o p u la tio n  o f  G2 4 3  was a c c e p te d . Hence, 

th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  who had tak en  M athem atics 

70 perfo rm ed  b e t t e r  on th e  TUCM th an  th e  p ro s p e c t iv e  elem en­

t a r y  te a c h e rs  who had tak e n  M athem atics 70 and E duca tion  243.

Hq^: 6 . The sc o re s  on th e  TUCM o f  G^q and Gg a re

from  p o p u la tio n s  o f  l i k e  m eans. [ / ^ q

H i. :  6 .

S'

'S

The computed t  v a lu e  betw een th e  p o p u la tio n  means o f  

G7 0  and Gg was 7 .7 0 , w hich was g r e a te r  th an  th e  c r i t i c a l  

v a lu e  o f  t  (2 .3 5 ) a t  th e  one p e r  c e n t l e v e l  o f  s ig n i f ic a n c e  

w ith  243 d eg rees  o f  freedom .

Hence, t h i s  n u l l  h y p o th e s is  was r e j e c te d  a t  th e  one 

p e r  c e n t l e v e l  o f  s ig n i f ic a n c e .  Thus th e  a l t e r n a t iv e  

h y p o th e s is  t h a t  th e  mean o f  th e  p o p u la tio n  o f  G^q i s  g r e a te r  

th an  th e  mean o f  th e  p o p u la tio n  o f  Gg was a c c e p te d . Hence, 

th e  p ro s p e c t iv e  e lem en ta ry  sch o o l te a c h e rs  vÆio had j u s t  

f in is h e d  M athem atics 70 perform ed b e t t e r  on th e  TUCM th an  

th e  s e n io r s .
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Hq^: 7 . The sc o re s  on th e  TUCM o f  Gg and G^^g a re  

from  p o p u la tio n s  o f  l i k e  m eans. [ y ^ g  =

The computed t  v a lu e  betw een th e  p o p u la t io n  mean o f  

G2 4 3  and Gg was 2 .4 1 , w hich was g r e a t e r  th a n  th e  c r i t i c a l  

v a lu e  o f  t  (2 .3 5 ) a t  th e  one p e r  c e n t le v e l  o f  s ig n i f ic a n c e  

w ith  243 d eg rees  o f  freedom .

Hence, t h i s  n u l l  h y p o th e s is  was r e j e c t e d .  Thus th e  

a l t e r n a t i v e  h y p o th e s is  t h a t  th e  mean o f  th e  p o p u la tio n  o f  

G2 4 3  was s i g n i f i c a n t l y  g r e a t e r  th a n  th e  mean o f  th e  p o p u la ­

t io n  o f  th e  s e n io rs  was a c c e p te d . A lso , in  t h i s  c a se  th e  

p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who had tak en  M athem atics 70 

and E ducation  243 perfo rm ed  b e t t e r  on th e  TUCM th a n  th e  

s e n i o r s .



CHAPTER V

SUMMARY AND CONCLUSION

T his s tu d y  was u n d e rtak en  w ith  th e  o b je c t iv e  o f  

conducting  s t a t i s t i c a l  a n a ly s is  to  d e te rm in e  th e  grow th and 

u n d e rs tan d in g  o f  c e r t a in  b a s ic  m ath em atica l concep ts  p o s­

se ssed  by th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  a t  th e  U niver­

s i t y  o f  Oklahoma a t  d i f f e r e n t  s ta g e s  in  t h e i r  e d u c a tio n  

program .

Summary and C onclusion

One o f  th e  ways in  which th e  d a ta  w ere g a th e re d  fo r  

t h i s  s tu d y  was th ro u g h  th e  a d m in is t r a t io n  o f  th e  T e s t o f  

U nderstanding  Concepts o f  M athem atics (TUCM). Most o f  th e  

p u b lish e d  t e s t s  a v a i la b le  in  th e  l i b r a r y  were d esig n ed  be­

fo re  th e  in tro d u c tio n  o f  modem m athem atics in to  th e  c u r r i c ­

ulum o f  e lem en tary  te a c h e r  e d u ca tio n  program s. An exam ination  

o f  th e s e  t e s t s  by th e  r e s e a rc h e r  re v e a le d  no t e s t  w hich would 

m eet th e  needs o f  t h i s  s tu d y . T h e re fo re , th e  c o n s tru c t io n  o f 

an in s tru m en t t h a t  co u ld  be u sed  in  t h i s  s tu d y  f o r  g a th e r in g  

th e  d a ta  became a n e c e s s i ty .
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An o b je c t iv e  t e s t ,  TUCM, w ith  30 item s and 5 ch o ices  

f o r  every  item , was c o n s tru c te d , a  copy o f  w hich i s  in c lu d e d  

in  Appendix I .  The item s o f  th e  t e s t  covered  th e  fo llo w in g  

seven a re a s  o f  b a s ic  m ath em atica l u n d e rs ta n d in g ; 1 . The con­

c e p t o f  number and th e  concep t o f  s e t ;  2 . th e  h i s t o r i c a l  

background o f  num era tion ; 3 . th e  num eration  system  w ith  

b a se s  o th e r  than  te n ;  4 . th e  concep t o f  s e t s  o f  p o in ts ;  5. 

th e  n a tu r a l  number system ; 6 . th e  whole number system ; and 

7. a r i th m e t ic  o f  whole num bers.

The t e s t  was a d m in is te re d  a t  th e  end o f  th e  f a l l  

sem este r o f 1967 to  150 s tu d e n ts  who had j u s t  f in is h e d  Mathe­

m a tic s  70 a t  th e  U n iv e rs i ty  o f  Oklahoma. The d a ta  were c o l­

le c te d  and th e  fo llo w in g  in fo rm a tio n  abou t th e  t e s t  was 

b a sed  on th e  c o l le c te d  d a ta :

1 . The r e l i a b i l i t y  o f  th e  t e s t  as r e f l e c t e d  by th e  

K uder-R ichardson p ro ced u re  was .7 6 .

2 . The s ta n d a rd  e r r o r  o f  m easurement was e s tim a te d  

to  be 2 .4 1 .

3. The mean s c o re  o f  th e  t e s t  was 19.52

4 . The s ta n d a rd  d e v ia tio n  was 5 .0 8 .

5 . V a l id i ty  i s  d e sc r ib e d  in  th e  p h i  c o r r e l a t io n  co­

e f f i c i e n t ,  w hich was .587 , betw een th e  t e s t  (TUCM) and th e  

g rad e s  earn ed  in  M athem atics 70; th e  v a lu e  o f  p h i  was
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s i g n i f i c a n t .

The r e s u l t s  from the a n a ly s is  were the fo llow in g:

1. The sc o re s  on th e  TUCM c o r r e la te d  s i g n i f i c a n t l y  

w ith  th e  ACTM, ACTC, CGPA, HSGPA and th e  DATS. The sc o re s  on 

th e  TUCM d id  n o t  c o r r e l a t e  s i g n i f i c a n t l y  w ith  th e  number o f  

C re d it  Hours in  C o llege  M athem atics (CHCM).

The l a s t  r e s u l t  seemed to  be n e g a tiv e  in  c o n ça riso n

w ith  some s tu d ie s  r e p o r te d  in  th e  l i t e r a t u r e ,  such as th o se

1 2 o f  F u lk e rso n , C resw ell and Kow itz.

In  se a rc h in g  f o r  th e  rea so n s  f o r  t h i s  r e s u l t  o f  th e  

s tu d y , th e  r e s e a rc h e r  found t h a t  27 p e r  c e n t o f  th e  p ro ­

s p e c t iv e  e lem en ta ry  te a c h e rs  had co u rses  in  m athem atics 

o th e r  th an  M athem atics 70 (ex c lu d in g  th e  s tu d e n ts  who had 

M athem atics 1 7 0 ). About 85 p e r  c e n t o f  th e  s tu d e n ts  who 

e le c te d  to  ta k e  o th e r  m athem atics co u rses  had M athem atics 2 

a t  th e  U n iv e rs i ty  o f  Oklahoma. The to p ic s  in c lu d e d  in  Mathe­

m a tic s  2 , as s t a te d  by th e  D epartm ent o f  M athem atics a t  th e  

U n iv e rs i ty  o f  Oklahoma, were th e  fo llo w in g : n a tu re  o f  m athe­

m a tic s , r a t i o n a l  num bers, r e a l  num bers, complex num bers, 

eq u a tio n  and i n e q u a l i t i e s ,  fu n c tio n  g raphs and system s o f

^ F u lk erso n , 0 £ .  c i t . ,  p . 141-64. 
2

C resw ell and Kowitz, 0 £ . c i t .
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e q u a tio n s . The above l i s t  o f  to p ic s  f o r  M athem atics 2 i n d i ­

c a te s  t h a t  th e  c o n te n ts  o f  M athem atics 2 had  l i t t l e  in  common 

w ith  th e  c o n te n ts  o f  th e  c o u rse  o f  m athem atics f o r  e lem en ta ry  

te a c h e r s ,  M athem atics 70.

2 . The second r e s u l t  o f  th e  m u lt ip le  r e g re s s io n  

a n a ly s is  was t h a t  th e r e  w ere some v a r i a b le s ,  w hich w ere o f  

g re a t  im portance  in  e s t im a tin g  th e  c r i t e r i o n  v a r i a b le .  These 

v a r ia b le s  w ere C o lleg e  Grade P o in t A verage (CGPA), High 

School Grade P o in t  A verage (HSGPA), and th e  v a lu e  s c o re  on 

th e  D utton A t t i tu d e  T es t (DATS). Even though th e  American 

C o llege  T e s tin g , M athem atics and C o n ço site  (ACTM and ACTC) 

sc o re s  c o r r e la te d  s i g n i f i c a n t l y  w ith  TUCM s c o re s  th ey  were 

n o t o f  g r e a t  in ç o r ta n c e  in  e s t im a tin g  th e  TUCM s c o re s ,  as 

shown by th e  r e g re s s io n  a n a ly s i s .

3 . One o f  th e  m ost i n t e r e s t i n g  r e s u l t s  was t h a t  th e  

v a lu e s  o f  th e  D utton  A t t i tu d e  S ca le  n o t on ly  c o r r e l a t e d  w ith  

th e  TUCM sc o re s  b u t a ls o  w ere o f  g r e a t  in q jo rtan ce  in  e s t i ­

m ating  th e  TUCM s c o re . T h e re fo re , th e  u n d e rs ta n d in g  o f  

m ath em atica l co n cep ts  c o r r e la te d  w ith  th e  a t t i t u d e  tow ard 

a r i t h m e t ic .

4 . The l a s t  r e s u l t  in d ic a te d  t h a t  th e  s ix  independen t 

v a r ia b le s  a s  a  whole n o t o n ly  c o r r e l a t e d  s i g n i f i c a n t l y  w ith  

th e  TUCM sc o re s  b u t  a ls o  w ere o f  g r e a t  im p o rtan ce  in
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e s t im a tin g  th e  TUCM s c o r e s . The r e g re s s io n  e q u a tio n  fo r  

e s t im a tin g  TUCM sc o re s  from  th e  independen t v a r i a b le  was:

Y = 1.31679 + 0.11087 + 0.06136 %2 + 1 .94256 X3  -

0 .1 8 3 2 5 .X4  + 2 .62029 X5  + 3.02483 X5

Y - th e  e s t im a te  o f  th e  TUCM sc o re s

X% - th e  ACTC sc o re s

X2  -  th e  ACTM sc o re s

X3  -  th e  CGPA

X^ -  th e  CHCM

X5  -  th e  HSGPA

^ 6  “ th e  DATS

In  t h i s  s tu d y  a n a ly s is  o f  c o v a rian c e  was perform ed 

on fo u r  g roups to  d e te rm in e  th e  s i g n i f i c a n t  d i f f e r e n c e  be­

tween t h e i r  p o p u la tio n  means w ith  r e s p e c t  to  t h e i r  sc o re s  on 

th e  TUCM. These g roups w ere th e  fo llo w in g :

1 . P ro s p e c tiv e  e lem en ta ry  te a c h e rs  who had n o t had

M athem atics 70 ( G q ) .

2 . P ro s p e c tiv e  e lem en ta ry  te a c h e rs  who had Mathe­

m a tic s  70 (Gjq)

3 . P ro s p e c tiv e  e lem en ta ry  te a c h e rs  who had Mathe­

m a tic s  70 (Gjq) and E duca tion  243 (G2 4 3 ) •

4 . P ro s p e c tiv e  e lem en ta ry  te a c h e rs  who w ere s e n io r s .
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The sc o re s  on th e  TUCM were a d ju s te d  by th e  c o n tro l  

v a r ia b le s  ACTM, ACTC s c o re s , CGPA, CHCM, HSGPA, and DATS.

The r e s u l t s  from  th e  a n a ly s is  o f  c o v a ria n c e  w ere 

th e  fo llo w in g :

1 . The p ro s p e c t iv e  e lem en tary  te a c h e rs  who had on ly  

M athem atics 70 perform ed s i g n i f i c a n t l y  b e t t e r  on th e  TUCM 

than  th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  who had n o t had 

M athem atics 70. Hence, th e  s t a t i s t i c a l  ev idence  showed th a t  

M athem atics 70 c o n tr ib u te d  to  th e  u n d e rs ta n d in g  o f  b a s ic  

m ath em atica l c o n c e p ts .

2 . The p ro s p e c t iv e  e lem en tary  te a c h e rs  who had j u s t  

f in is h e d  M athem atics 70 perform ed s i g n i f i c a n t l y  b e t t e r  on 

th e  TUCM th an  th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  who had 

p re v io u s ly  had M athem atics 70 and E ducation  243. Hence, th e  

s t a t i s t i c a l  ev idence  showed t h a t  E duca tion  243 d id  n o t con­

t r i b u t e  to  th e  grow th o f  th e  u n d e rs ta n d in g  o f  th e  m athem ati­

c a l  co n cep ts  on th e  p a r t  o f  th e  e lem en ta ry  t e a c h e r s .

3 . The p ro s p e c tiv e  e lem en tary  te a c h e rs  who had 

E ducation  243 perform ed s ig n i f i c a n t l y  b e t t e r  on th e  TUCM th an  

th e  p ro s p e c t iv e  e lem en tary  te a c h e rs  who were s e n i o r s . Hence, 

th e  s t a t i s t i c a l  ev idence  showed th a t  th e r e  was a r e d u c t io n

o f  th e  u n d e rs tan d in g  o f  m ath em atica l c o n c e p ts .

4 . Those p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who w ere
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s e n io r s  perfo rm ed  on th e  TUCM s ig n i f i c a n t l y  b e t t e r  th an  th e  

p ro s p e c t iv e  e lem en ta ry  te a c h e rs  who had n o t s t a r t e d  th e  su b ­

program  o f  m athem atics in  t h e i r  t r a i n in g .

R e su lt number 4 seems to  be in  c o n f l i c t  w ith  some 

s tu d ie s ,  such as G le n n o n 's . C o nsidering  th e  d i f f e r e n c e  in  

th e  c o n d it io n s  o f  G lennon 's  s tudy  and t h i s  r e s e a rc h , th e  

above r e s u l t  seems to  be in  c o n f l i c t  w ith  G lennon 's co n clu ­

s io n  t h a t  th e re  i s  no s ig n i f i c a n t  d i f f e r e n c e  betw een s e n io r s  

and th o se  s tu d e n ts  who a re  beg in n in g  th e  e le m e n ta l  te a c h e r  

e d u c a tio n  program , on t h e i r  u n d e rs ta n d in g  o f  th e  b a s ic  

m ath em atica l c o n c e p ts . T his ap p a ren t d isc rep a n cy  may be a t ­

t r ib u t e d ,  in  p a r t ,  to  th e  fo llo w in g :

1 . The in c re a s in g  em phasis p u t  on th e  im portance  o f  

m athem atics and a r i th m e t ic  in  h ig h  sch o o ls  and c o lle g e s  

to d ay .

2 . The developm ent o f  new m a te r ia l  which em phasizes 

th e  u n d e rs ta n d in g  o f  m ath em atica l c o n c e p ts .

Some o f  th e  c o n c lu s io n s  o f t h i s  s tu d y , a lth o u g h  ex­

p e c te d , were w ith o u t s t a t i s t i c a l  e v id en ce , which has now 

been made a v a i la b l e .  As a  r e s u l t  o f  th e  c o n c lu s io n s , o th e r  

th an  th o se  e x p ec te d , th e  in v e s t ig a to r  subm its th e  fo llo w in g  

recom m endations f o r  s tu d y  by th e  D epartm ent o f  M athem atics 

and th e  C o llege  o f  E ducation  a t  th e  U n iv e rs i ty  o f  Oklahoma.
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The fo llo w in g  recom m endations a re  su b m itte d  f o r  

s tu d y  to  th e  D epartm ent o f  M athem atics, a t  th e  U n iv e rs i ty  o f  

Oklahoma:

1 . The TUCM can be u sed  as an advanced t e s t  f o r  

M athem atics 70. The w orking tim e  fo r  t h i s  t e s t  does n o t 

exceed 55 m in u te s .

2 . M athem atics 2 does n o t  ap p ear to  be a good sub­

s t i t u t e  f o r  M athem atics 70.

3 . The b e s t  s in g le  p r e d i c to r  o f  su c c e ss  in  Mathe­

m a tic s  70 from  a l l  th e  s ix  in d ep en d en t v a r ia b le s  i s  th e  h ig h  

sch o o l g rad e  p o in t  a v e ra g e .

The fo llo w in g  recom m endations a re  su b m itte d  f o r  s tu d y  

to  th e  C o lleg e  o f  E d u ca tio n , a t  th e  U n iv e rs i ty  o f  Oklahoma:

1 . The sa n p le  o f  s tu d e n ts  who had ta k e n  M athem atics 

70, E d u ca tio n  243, and M athem atics 170 was 17 s tu d e n ts ,  w hich 

was to o  sm a ll to  in c lu d e  in  th e  o v e r a l l  sam ple . But th e  mean 

o f  t h i s  sam ple was s u f f i c i e n t l y  h ig h , 2 3 .5 3 , to  su g g e s t t h a t  

because  o f  th e  a p p a re n t d e c l in e  in  th e  u n d e rs ta n d in g  o f  

m a th em a tica l co n cep ts  o v er a p e r io d  o f  tim e , th e  a d d i t io n  o f 

M athem atics 170 a s  a  r e q u ire d  c o u rse  would be b e n e f i c i a l  as

a  re in fo rc e m e n t t o o l .

2 . The s t a t i s t i c a l  ev id en ce  showed t h a t  E d uca tion  

243 d id  n o t  c o n tr ib u te  s i g n i f i c a n t l y  to  th e  grow th o f  th e
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u n d e rs tan d in g  o f  m ath em atica l c o n c e p ts . I t  sh o u ld  be p o in te d  

o u t t h a t  th e  p rim ary  o b je c t iv e  o f  E duca tion  243 i s  n o t th e  

developm ent o f  m ath em atica l c o n c e p ts . The co u rse  em phasizes 

scope and sequence in  a r i th m e t ic  as r e l a t e d  to  cu rric u lu m  

program s; th e  m eaning and developm ent o f  a r i th m e t ic  as r e ­

l a t e d  to  c la ssro o m  te a c h in g  and th e  e v a lu a t io n  o f  a r i th m e t ic  

m a te r ia l  in  th e  c u rr ic u lu m . However, one o f  th e  c la s s e s  

t e s t e d  in  th e  E ducation  243 group had a  mean sc o re  o f  2 2 .50 , 

w hich was c lo s e  to  th e  mean s c o re  o f  th e  group in  M athem atics 

70, which cou ld  in d ic a te  t h a t  in d iv id u a l  te a c h in g  m ethods and 

p o s s ib ly  th e  m ath em atica l background o f  th e  te a c h e r  has an 

e f f e c t  upon th e  e x te n t  to  which E ducation  243 r e in f o r c e s  th e  

m ath em atica l co n cep ts  le a rn e d  in  M athem atics 70. The i n v e s t i ­

g a to r ,  t h e r e f o r e ,  recommends t h a t  g r e a te r  c o n s id e ra tio n  be 

g iv en  to  th e  m a th em a tica l background o f  th e  te a c h e r  f o r  th e  

m ethods c o u rse . E duca tion  243.

Recommandât ion  s f o r  F u tu re  R esearch

The r e s u l t s  o f  t h i s  s tu d y  seem to  in d ic a te  t h a t  more 

r e s e a rc h  i s  needed in  th e  a re a  o f  th e  grow th o f  m athem atica l 

c o n c e p ts .

1. R esearch  i s  needed in  th e  a re a  o f  th e  e f f e c t  o f  

th e  p sy c h o lo g ic a l  f a c to r s ,  such a s  g o a ls , m o tiv a tio n .
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r e a d in e s s  to  le a m  and re in fo rc e m e n t on th e  grow th o f  m athe­

m a tic a l  c o n ce p ts .

2 . F u r th e r  r e s e a rc h  i s  needed in  th e  a re a  o f  th e  

e f f e c t  o f  th e  m ath em atica l background o f  th e  te a c h e r  on th e  

grow th o f  th e  s tu d e n ts ' u n d e rs tan d in g  o f  m athem atica l 

c o n c e p ts .

3 . Due to  th e  dynamic n a tu re  o f  th e  te a c h in g  s i t u a ­

t io n  th e  r e s e a rc h e r  su g g e s ts  t h a t  c o n tin u a l  re s e a rc h  i s  

needed to  o b ta in  c o n tin u ed  e v a lu a tio n  o f  th e  te a c h e r  educa­

t io n  program .

4 . R esearch  i s  a ls o  needed to  a s c e r t a in  i f  Mathe­

m a tic s  170 shou ld  be re q u ire d  o r  i f  some o th e r  co u rse  i s  

needed as a re in fo rce m en t t o o l .
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APPENDIX I

TEST FOR UNDERSTANDING CONCEPTS OF MATHEMATICS
(TUCM)

THE UNIVERSITY OF OKLAHOMA 

Name

D ire c t io n s :  Choose th e  c o r r e c t  answ er from th e  l e t t e r e d
c h o ic e s . Use a v a i la b le  space  which you have 
on th e  page fo r  your s c r a tc h  work o r e x tra  
p a p e r .

In  q u e s tio n s  1 and 2 c o n s id e r :  X = |a ^ e , i , o , u , x , y , z }
V = { e , i ,o ,u ,y ,z }  Y = }e,o ,x ,z j

1 . Which o f  th e  fo llo w in g  i s  tru e ?
A) v e x  and X eY
B) v e x  and XCX
C) Ve-Y and Y ^X
D) YCX and XCV
E) YCX and XC^Y

2 . Which one o f  th e  fo llo w in g  i s  eq u a l to  ^XA vjU  Y?
A) [o}
B) Y
C) V
D) X
E) XAV

3. C onsidering  th e s e  s e t s :

U = [a ,b ,x ,y }  V = { 3 ,4 ,6 ,7 , 2 } X = j £ 7 , A , D , o }

Which o f  th e  fo llo w in g  i s  tru e ?
A) U^^V
B) V ^ X
C) UP^X
D) UpfcV
E) U p^U
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4 . C o n sid erin g  th e  s e t  A = [2 ,3 ,4 ,  ^ a n d  th e  " g r e a te r  th an "  
( > )  r e l a t i o n  on th e  s e t  A; which o f  th e  fo llo w in g  i s  
t ru e ?
A) ( ^ )  r e l a t i o n  on s e t  A i s  r e f l e x iv e  on ly
B) ( > )  r e l a t i o n  on s e t  A i s  sym m etric o n ly
C) ( ^ )  r e l a t i o n  on s e t  A i s  t r a n s i t i v e  o n ly
D) ( > )  r e l a t i o n  on s e t  A i s  e q u iv a le n t
E) A ll th e  above a re  t r u e .

5 . I  was number 1 in  l in e  to  buy 10, 5 - c en t s ta n d s .
What k in d s  o f  numbers a r e  u sed  in  t h i s  se n ten c e?
A) 1 and 5 u sed  a s  o r d in a l  and 10 u sed  a s  c a r d in a l .
B) 1 and 10 used  as c a r d in a l  and 5 u sed  a s  o rd in a l .
C) 5 and 10 used  as c a r d in a l  and 1 used  a s  o rd in a l .
D) 1 and 10 used  as o rd in a l  and 5 used  a s  c a r d in a l .
E) 5 and 10 used  as o r d in a l  and 1 u sed  as c a rd in a l .

6 . Which c h a r a c t e r i s t i c  o f  th e  E gyp tian  num era tion  system  
i s  tru e ?
A) I t  has p la c e  v a lu e .
B) I t  h a s  a symbol f o r  z e ro .
C) P o s i t io n  o f  symbols does n o t a f f e c t  v a lu e .
D) I t  i s  s u b s t r a c t iv e .
E) A and D a re  t r u e .

In  q u e s tio n s  7 and 8  th e  fo llo w in g  symbols a r e  u sed  in  th e  
same fa sh io n  as Roman Num erals:

I  = I
V = n
X = 7

D = <9
M = %

Thousands a re  in d ic a te d  by draw ing a l in e  o v e r th e  symbol,
fo r  exam ple: __

n  = 5,000

7. ? r* e q u a ls  ?
A) 1915
B) 10315
C) 10.915
D) 10150
E) 1015
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8 . 5(10^) + 5(10^) + 4(100) i s  r e p re s e n te d  by

B) W f l t i
c)
D)
E) QQQT^

9 . Im agine a  p la c e  where th e  in h a b i ta n ts  have on ly  f iv e  
f in g e r s  and numbers a re  w r i t te n  in  a group o f  f iv e .
What symbol would be u sed  in  such  a system  to  r e p re s e n t  
th e  number o f  marks in  th e  fo llo w in g  s e t :

* * * * * *
* * * * * *
* * * * * *
* * * * * *

A) 14
B) 24
C) 34
D) 44
E) 54

10. The number o f  X 's  in  th e  acconpanying f ig u r e  i s  w r i t te n  
below in  num erals in  fo u r  d i f f e r e n t  b a s e s . Which number 
i s  c o r r e c t?

XXXX 
XXXX 
XXXX 

-  ■ XX
( I )

( I I )

( 1 1 1 ) 1 ^tw elve  
(IV) lllO tw o

A) on ly  I  i s  c o r r e c t
B) I , I I  a re  c o r r e c t
C) I , I I , I I I  a re  c o r r e c t
D) I , I I I , I V  a re  c o r r e c t
E) A ll o f  th e  above a re  c o r r e c t .

11. I f  31^ = 16q = 13: th en  f in d  a , c .
A) 2 ,4
B) 4 ,4
C) 7 ,4
D) 4 ,7
E) 7 ,7
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12. The fo llo w in g  cu rve  i s  ; / T ^
A) a sim p le  curve^ b u t n o t  c lo se d  K
B) a c lo se d  c u rv e , b u t n o t a s in g le  curve
C) a cu rve  t h a t  i s  n o t sim ple  and n o t a  c lo sed  c u r v e
D) a cu rve  t h a t  i s  a  sim ple cu rve  and a c lo sed  c u r v e
E) none o f  th e  above i s  t r u e .

13. The p la n e  i s :
A) a f i n i t e  s e t  o f  p o in ts
B) th e  su b s e t  o f  l in e s
C) th e  un ion  o f  th e  f i n i t e  s e t s  o f  l in e s  and f i n i t e  

s e t s  o f  p o in ts
D) a p a r t i c u l a r  s e t  o f  p o in ts  w hich i s  n e i th e r  f l S t  n o r 

smooth
E) none o f  th e  above i s  t r u e .

14. Which o f  th e  fo llo w in g  i s  tim e?
A) c
B) c e
c) EC n  M = ?
D) E?/>  ^  = B
E) ÊÇ n  IB = C

15. In  t h i s  f ig u r e  w hich o f  th e  fo llo w in g  i s  tru e ?
A) BC A { e x te r io r  o f  s^ = BC
B) I A (re g io n  o f  s j  =
C) { ( i n te r i o r  U e x te r io r  o f  s ) jA j l  

= a l l  p o in ts  on e x cep t B and C
D) MAS = M
E) none o f  th e  above i s  t r u e .

16. I f  X = [ c h a i r ,  s to v e , box, c a t ]  and Y = { h a t, c o a t}  t h e n  
w hich o f  th e  fo llo w in g  i s  tru e ?
A) N(X) = 2
B) N(Y) = 4
C) N(XUY) = 6

D) N(AxB) = 12
E) N(X) +  N(Y) = 8

17. Which one o f  th e  fo llo w in g  p e ts  i s  c l o s e d  u n d e r
a d d it io n ?
A) & ,2 ,3 i
B) f l , 3 ,5 ,7 ,  . . .3
C) f t0 ,5 ,1 5 j
D) e , 4 , 6 . 8 , . . . J
E)  f l , 3 , 4 , 6 , 8 , . . . 3
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18. Given any two non-em pty s e t s  P = [ s , t j  and Q = [ n ,p , r j  
th e  P X Q i s :
A) £ s , t , n , p , r }
B) K s , t )  , ( n ,p , r ) J
C) t ( s ,n )  , ( s ,p )  , ( s , r )  , ( t ,n )  , ( t , s ) }
D) {Çs,n) , ( s ,p )  , ( s , r )  , ( t , n )  , ( t , p )  , ( t , r ) j
E) {sxn , sxp , s x r  , tx n  , txp  , t x r j

19. Which o f  th e  fo llo w in g  s ta te m e n ts  i s  tru e ?
A) 18 < ( 3 x 5 )  + 3
B) 18 ^ ( 3 x 6 )
C) 18 .> (1 0 x 0 )-+ 1 8
D) 18 ^  2x9
E) 18 ^  6+(6+2)

20 . I f  a  b and c d w hich o f  th e  fo llo w in g  s ta te m e n ts  i s
alw ays t ru e ?
A) a > c
B) b > d
C) a+ d> b+ c
D) a + c> d 4 d
E) d + b ^ a+ c

21 . I f  a number system  c o n s is t in g  o f  two e lem ents and two 
b in a ry  o p e ra t io n s  and i s  com plete ly  d e fin e d  by th e  
ta b le s  shown: (+) 0 1 Ov 0 1

0 0 1 0 0 0
1 1 0 1 0 1

th e n  which o f  th e  fo llo w in g  s ta te m e n ts  i s  tru e ?
A) 0 (0 ^  1) = 1
B) 1 +. (1 X 0) = 0
C) 1 (1 3  1) = 1
D) 1 ;x (1 Ü: 1) = 1
E) none o f  th e  above a re  t r u e .

22 . What p ro p e r ty  j u s t i f i e s  [(9x6) + (2x6)] x  1 = (9x6) + 
(2 x 6 )?
A) A s s o c ia t iv e  p ro p e r ty  fo r  m u l t ip l ic a t io n
B) Commutative p ro p e r ty  fo r  m u l t ip l ic a t io n
C) D is t r ib u t iv e  p ro p e r ty  over a d d it io n
D) Renaming 9 and 6  and 2
E) M u l t ip l ic a t iv e  i d e n t i t y
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23 . I f  we u se  Roman num erals we have X V + VI = X+V+V+I = 
X+(V+V)+I = X+X+I = X X I
Which o f  th e  fo llo w in g  p r o p e r t i e s  a re  i l l u s t r a t e d ?

1  com m utative p ro p e r ty  f o r  a d d it io n  
1 1  a s s o c ia t iv e  p ro p e r ty  f o r  a d d it io n  

1 1 1  d i s t r i b u t i v e  p ro p e r ty  f o r  a d d it io n

A) none
B) 1 on ly
C) 11 only
D) 1 and 11 only
E) 1, 11, and 111

24. I f  we have 8  + (8x4)
= ( 8 x 1 ) + (8x4)
= 8x(l+ 4)

which o f th e  fo llo w in g  a re  used  f o r  j u s t i f i c a t i o n ?
1  com m utative p ro p e r ty  f o r  m u l t ip l i c a t io n  

1 1  d i s t r i b u t i v e  p ro p e r ty  f o r  m u l t ip l i c a t io n  over 
a d d i t io n  

1 1 1  m u l t i p l i c a t iv e  i d e n t i ty

A) none
B) 1 and 11
C) 1 and 111
D) 11 and 111
E) 1 and 11 and 111

25. Which o f  th e  fo llo w in g  i s  th e  s o lu t io n  s e t  o f  th e  
se n te n c e : [b  6  w: b > 5 }  [b 6  w: b ^9}  ?
A)  f e , 7 , 8 j
B) g , 1 0 , 1 1 , 1 2 . . . . Î
C) @ ,7 ,6 ,5 ,4 ,3 ,2 ,1 ,0 1
D) @ ,7 ,8 ,9 , . . .}
E) g ) , l , 2 , 3 , 4 , 5 , 6 , 7 , . . . }

26 . Which o f  th e  fo llo w in g  s e ts  r e p re s e n ts  (F%2 bhe 
s e t  o f  a l l  f a c to r s  o f  1 2 )?
A) Ù . ,2 ,6 Î
B) L 3 , 4 j
C) a , 2 , 3 , 4 , 6 j
D) & ,2 ,3 ,4 i
E) Ç., 2 , 3 , 4 , 6 ,1 2 ]
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27. Which one o f  th e  fo llo w in g  i s  a prim e number?
A) 51
B) 55
C) 57
D) 59
E) none o f  th e  above

28. How many even p rim es a re  in  n a tu r a l  numbers?
A) one
B) i n f i n i t e
C) unknown
D) eq u a l to  th e  number o f  odd prim es
E) none o f  th e  above i s  t r u e

29. What i s  th e  g r e a t e s t  common f a c to r  o f  (65,420} ?
A) 35
B) 7
C) 15
D) 5
E) 65

30.
[45,15,10? ?
A) 90
B) 450
c) 45
D) 150
E) 180

P le a s e  f i l l  in  th e  fo llo w in g  in fo rm a tio n :
COLLEGE ________________ CREDIT HRS. COLLEGE MATH.
ACT, MATH. ____________  HIGH SCHOOL G.P.A . _______
ACT, TOTAL ____________  GRADE, MATH. ______________
G. P . A.
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ANSWERS FOR THE TEST FOR UNDERSTANDING CONCEPTS OF
MATHEMATICS (TUCM)

THE UNIVERSITY OF OKLAHOMA

1 . - B 16. - C

2 -. - D 17. - D

3. - D 18. - D

4. - C 19. - D

5. - A 2 0 . - E

6 . - C 2 1 . - E

7. - D 2 2 . - E

8 . C 23. - C

9. - D 24. - D

1 0 . - D 25. - E

1 1 . - D 26. - E

1 2 . - C 27. - D

13. - E 28. - A

14. - E 29. - D

15. _ C 30. _ A
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MULTIPLE LINEAR REGRESSION

To e l i c i t  in fo rm a tio n  on th e  c r i t e r i o n  m easure c h a r­

a c t e r i s t i c  (Y), by c o n s id e r in g  measurement (X^, X2 , . . .X j^ ) ,  a 

r e l a t i o n s h ip  among th e  v a r io u s  c h a r a c t e r i s t i c s  under con­

s id e r a t io n  shou ld  be assum ed. Such a r e l a t io n s h ip  i s  cu s­

to m a r ily  ex p re ssed  by some m athem atica l fu n c t io n .^

Assuming a fu n c t io n a l  r e la t io n s h ip  e x i s t s  among th e  

c h a r a c t e r i s t i c s  o f  Y and th e  c h a r a c t e r i s t i c s  o f  (X^, X2 , . . .  

X ^), t h i s  r e l a t io n s h ip  m ight be ex p ressed  as

Y = ^  (X] ĵ X2 , • • • 5 X^l . .

T h is re a d s  th a t  Y i s  th e  fu n c tio n  o f  X]_ th rough  X^ w ith  

p a ra m ete rs  Bq th ro u g h  B^. I f  cp i s  assumed to  be l i n e a r ,  

th en  th e  r e l a t i o n s h ip  i s  e x p re sse d  as

Y = Bq + B^Xi + B2 X2  + . . .  + B^X^

To d e te rm in e  th e  fu n c tio n  i t  i s  n e c e ssa ry  to  know n o t 

on ly  th e  form  (which i s  assumed to  be l in e a r )  b u t a ls o  th e  

v a lu e s  o f  a l l  p a ra m ete rs  a p p ea rin g  in  th e  p re v io u s  e q u a tio n . 

S ince  o n ly  s a n ç le  o b se rv a tio n s  on Y, Xj ,̂ X2 , . . . ,X j^  were 

a v a i la b le ,  e s t im a te  v a lu e s  f o r  th e  unknown p a ra m e te rs  w ere

^B ernard  O s tie .  S t a t i s t i c s  in  R esearch  (Ames, Iowa: 
Iowa S ta te  C o llege  P re s s ,  1954), p .  117.
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2
g iv en  by th e  m ethods o f  l e a s t  sq u a re s , w hich were a p p lie d  as 

fo llo w s :

Given a s e t  o f  n o b s e rv a tio n  o f  th e  k + 1 c h a r a c t e r i s t i c  be ing  

m easured :

(Y l, ^ 1 1  > • • • j

^^n’ ^ in ’ ■■*^kn^ 

and d e n o tin g  th e  e s t im a to r  o f  by b^ ( i  = 1 , m) th e

n d i f f e r e n c e s  w ere:

Ï 1  -  . . .

Yr - ( X i „ ) . . .  X ^ |b j , . . . b „ )

and th en  f in d  th e  e s t im a to r  by m inim izing  th e  sum o f  th e  

sq u a re s  o f  th e  above d e v ia t io n s ,  t h a t  i s ,  c a l l in g  

Q (X ii, . .  .Xj^lj bj»---bm) = ^  m in im izing  th e  fu n c tio n

-2 —»
q = a  (Yi -  < f ± r

n = l

^ I b id . ,  p .  120,
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T his can be done by d i f f e r e n t i a t i n g  Q w ith  r e s p e c t  t o  each  

o f  th e  e s t im a to r s  ( p a r t i a l  d e r iv a t iv e )  and each  tim e th e  

p a r t i a l  d e r iv a t iv e  i s  s e t  equal to  z e ro .  T his fo rm a lly  ap­

p e a rs  as
= 0  i  = 1, 2 . . . ,  m

0 ° i

The r e s u l t i n g  system  must be so lv ed  to  g iv e  th e  r e q u ir e d  

e s t im a te s .

M u ltip le  l i n e a r  r e g r e s s io n . I f  th e r e  i s  a r e l a t i o n  betw een

Y and (X^, X2 . .  .X^ Bq, . .  .Bj^) th en  i t  may be e x p re sse d  a s :

Y = Bq = B^Xi + B2 X2  + . . .  + B^Xk

where Bq, . . . B ^  a re  unknown p a ra m e te rs , o r  c o n s ta n ts .  The 

e s t im a te s  b^ , b ^ , . . . , b k  fo r  th e s e  unknown p a ra m e te rs  w ere 

found by u s in g  th e  a v a i la b le  d a ta .  The p ro ce d u re  i s  to  

a p p ly  th e  method o f  th e  l e a s t  sq u a res  to  f in d  v a lu e s  o f  th e  

e s t im a te s  w hich w i l l  m inim ize Q: 

n
Q = (Yi - bo - b ^ X ii - . .  .-b^X ki) 

n = l

D i f f e r e n t i a t i n g  w ith  r e s p e c t  to  b ^ , b ^ , . . . , b ^  th e  fo llo w in g  

system  o f  e q u a tio n s  was o b ta in ed  w hich was so lv ed  to  g iv e  

th e  r e q u ir e d  e s t im a te s  :

Y = n bg + b^ X^ + b2  X2  +  . . .  +  b^ X^
2

X^Y = bg +  b i  X i +  b i  X^Xg +  . . .  +  b^ X^X^
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Xk? = to  %k + t l  %1 %k + t2  X2Xk+ + he Xk'

e q u a tio n  n o . 1

A ll summations ex tend  from 1 to  n , th e  number o f  o b s e rv a t io n a l  

u n i t s  in  th e  sam ple ( th e  s u b s c r ip t  o f  summation has been l e f t  

o f f )  .

There a re  many p ro ce d u re s  f o r  so lv in g  system s o f  

l i n e a r  e q u a tio n s  to  f in d  b^ , b^ , . . .  bj^. For exam ple, i f  th e
3

fo llo w in g  m a tr ix  (X) :

^n X2 . . .  X̂

X^ Xĵ X2 . .  . X^X^

X =

^k X^Xj  ̂ - 2 "k - ' " "k

I f  th e  d e te rm in a n t, say  = 1x1, i s  n o t  eq u a l to  z e ro , th en  

th e  v a lu e  b̂  ̂ ( i= o , . . . , k )  may be found by th e  e q u a tio n :^

• 9 » X:

m a tr ix  X w ith  th e  e lem en ts 
o f  th e  ( j+ 1 ) th e  column re p la c e d  
by th e  c o rre sp o n d in g  e lem ents 
from th e  le f t - h a n d  s id e  o f  th e  
e q u a tio n  d e sc r ib e d  above

j= o , . .  .,K

O ther methods o f  s o lv in g  system s o f  l i n e a r  e q u a tio n s  such a s

I b i d . ,  p . 203. 

4 lb id .
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p iv o tin g ,  in v e rs e  m a tr ix , augmented m a tr ix , G uass-Jo rdan  

m ethod, e t c .  can be  found in  many a lg e b ra  tex tb o o k s such  as 

F in k b e in e r 's  In tro d u c tio n  to  M atrix  and L in e a r  T ransform a­

t i o n .^

The p ro ced u re  which w i l l  be  adop ted  in  t h i s  s tu d y  

i s  d e sc r ib e d  in  System /360 S c i e n t i f i c  S u b ro u tin e  Package 

(360-CM-03X) V ersion  I I  Program m er's Manual 1967 as m u lt ip le  

l i n e a r  r e g re s s io n  program . Appendix I I  c o n ta in s  th e  main 

program  fo r  m u lt ip le  r e g r e s s io n —ReGRe--and th e  S u b ro u tin e  

D ata a d ju s te d  fo r  t h i s 's t u d y .  The o u tp u t o f  t h i s  program  

w i l l  g iv e  u s e fu l  in fo rm a tio n  such as  means, s ta n d a rd  d e v ia ­

t io n ,  c o r r e la t io n  c o e f f i c i e n t s  betw een th e  independen t v a r i ­

a b le s  and th e  dependent v a r i a b le s ,  r e g re s s io n  c o e f f i c i e n t s ,  

co n fu te d  t - v a lu e s ,  i n te r c e p t ,  m u lt ip le  c o r r e la t io n  c o e f f i ­

c i e n t s ,  s ta n d a rd  e r r o r  o f  e s t im a te , and a n a ly s is  o f  v a r ia n c e  

f o r  m u lt ip le  r e g re s s io n .

B efore  d is c u s s in g  t h i s  p ro ced u re  in  d e t a i l ,  th e  p ro b ­

lem was s im p li f ie d  somewhat. The f i r s t  e q u a tio n  (1) was 

w r i t te n  as

Y = b^ + b^X^ + . . . +  b^X^ e q u a tio n  n o . 2

^D aniel T . F in k b e in e r I I ,  In tro d u c tio n  to  M a trix  and 
L in e a r  T ran sfo rm atio n  (San F ra n c isc o : W. H. Freeman and Co. ,  
1960).
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o r  bg = Y -  b^X^- . .  .-b^X]^ e q u a tio n  n o . 3

Thus th e  p roblem  was reduced  to  one o f  o b ta in in g  b ^ , b 2 , . . . , b j ^  

s in c e  b^ was d e f in e d  a s  th e  fu n c t io n  o f  rem ain ing  b 's  by 

e q u a tio n  (3 ) .

By s u b s t i t u t i n g  f o r  bg in  e q u a tio n  (1) t h i s  l e f t  th e  

prob lem  o f  f in d in g  th e  v a lu e s  o f  b ^ , b 2 , . .  .bj^ w hich m inim izes

Q '.
n

ii _Q' = a  [ (Yj_-Y) - bi (Xi^-Xi)-...-bk(Xki-Xj,)] 
i = l
n A A V' 2

= (Y^ , ,-bj^Xj^i) e q u a tio n  n o . 4
i = l

■i" -^ ji -  X ji  -X^ f o r  i  = 1 , 2 , . . . , kw here Y,*= Y^-Y and X ii =
e q u a tio n  n o . 5

The v a lu e s  o f  b ^ , • • .,bj^ w hich m inim ized Q' w ere o f  c o u rse  

th e  same a s  th o s e  w hich m inim ized Q b u t now th e  system  con­

ta in e d  one l e s s  e q u a tio n  and ap p ea red  as

b i  +  b j  £ % + . .
^  A A A 2 ^  A A ^  A A

>>l«XiX2+ b2%X2 + ..  .-HJk^XaXk =S.X2Y

^  A A ^  A 2 ^  A A
bi £xiXk+ bx £x2Xk+- • •+bk£Xfc  ̂ = ' è  V -

e q u a tio n  n o . 6

w here a l l  v a r i a b le s  w ere d e v ia t io n s  from  t h e i r  r e s p e c t iv e  

means and where th e  s u b s c r ip t  o f  summation had been d ropped .
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I f  b o th  s id e s  o f  th e  f i r s t  e q u a tio n  in  ( 6 ) were

d iv id e d  by b o th  s id e s  o f  th e  second e q u a tio n

in  ( 6 ) by and so f o r th  to  th e  k th  e q u a tio n ,

w hich was d iv id e d  by a t  th e  same tim e i n t r o ­

ducing  b j = b j^ j/^ X ^  f o r  j = l ,  . .  .K, th en  e q u a tio n  ( 6 )

becomes :

b f  + r jg b g  + . .  -+ rikbk  = H y  

rai'D i + b2  + . . . +  r 2 b%= r 2 y
e q u a tio n  n o . 7

+ ^k2 ^ 2  + ' • \  = r^ y

where r^ ^  was th e  p ro d u c t moment c o r r e l a t io n  c o e f f i c i e n t  be­

tween Xjj  ̂ and Yi t h a t  i s : ^

^ j y  V

&  (X ji-X j)(Y i-Y )

J L , _  2  ^  _  2
^ ( X . - X J  ^ ( Y  -Y)
i = l   ̂  ̂ i = l

i = l

M u ltip le  L in e a r  R e g re s s io n . In  o rd e r  t o  so lv e  e q u a tio n  (7) ,

 6  !------------------------------------------------------------------
O s tle ,  l o c . c i t .
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th e  s c i e n t i f i c  su b ro u tin e  p a c k a g e , ^ m u lt ip le  l i n e a r  r e g re s -  

s io n - -u s in g  th e  G uass-Jo rdan  m ethod--w as u se d . T h is sub­

ro u t in e  i s  no rm ally  perform ed by c a l l in g  fo u r  s u b ro u tin e s  in  

sequence:

1 . CORRE: This su b ro u tin e  c a lc u la te s  th e  means,

s ta n d a rd  d e v ia tio n , sums o f  c ro s s -p ro d u c ts  o f  d e v ia t io n  from 

means, and th e  p ro d u c t moment c o r r e l a t io n  c o e f f i c i e n t  from 

in p u t d a ta  X^ j , where i = l , . . . n  a re  o b se rv a tio n s  and j = l , 2 ,

. . . ,m a re  v a r i a b l e s .

The fo llo w in g  e q u a tio n s  a re  used  to  c a lc u la t e  th e se  

s t a t i s t i c s .

Sums o f  c ro s s -p ro d u c ts  o f  d e v ia t io n s ;

S jk  ~ ( X j j ~ ) (%ik"^k)
i= l

n n
^  ( X l j - I j ) S < X l k - I k )  ( 1 )
i = l  i= l

n

w here j = l , 2 , . . , ,m: k = l ,2 , . . . , m

Tj =

(These te n ç o ra ry  means Tj a re  s u b tr a c te d  from  
d a ta  in  th e  e q u a tio n  ( 1 ) to  o b ta in  c o m p u ta tio n a l 
a c c u ra c y .)

System /360 S c i e n t i f i c  S u b ro u tin e  Package, 
W hite P la in s ,  Y ., 1967.



1 0 6

-
Means: Xj = -----    (.3)

where j = l , 2 , . , . , m 

C o rre la tio n  c o e f f i c i e n t s  :

where j = l , 2 , . . . ,m;  k = l , 2 , . . . ,m 

S tandard  d e v ia tio n s :

S
Vn-1

where j = l , 2 , . .  .,m

2 . O rder ; This su b ro u tin e  i s  to  choose a dependent 

v a r ia b le  and a su b se t o f  independen t v a r i a b le s ,  from a l a r g e r  

s e t  o f v a r i a b l e s .

3 . MINV: This su b ro u tin e  i s  to  in v e r t  th e  c o r r e l a ­

t io n  m a trix  o f  s u b s e t ,  s e le c te d  by o rd e r .

4 . MULTR: T his su b ro u tin e  i s  to  perfo rm  a m u lt ip le  

re g re s s io n  a n a ly s is  fo r  a dependent v a r ia b le  and a s e t  o f  

independen t v a r i a b l e s .

Beta w e igh ts  ( iB j)  a re  c a lc u la te d  u s in g  th e  fo llo w in g

e q u a tio n

(5)
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B  = ^  r i y  • r i j  ( 1 )
 ̂ i = l

where r^ y  = in te r c o r r e l a t io n  o f  independen t 
v a r ia b le  w ith  dependent v a r ia b le

r ^ j" ^  = th e  in v e rs e  o f  i n t e r c o r r e l a t i o n  r^ j

i  = j  = 1 , 2 , . . . , k  a re  in d ep en d en t v a r ia b le s  

r^y  and a re  in p u t to  t h i s  su b ro u tin e .

Then, th e  r e g re s s io n  c o e f f i c i e n t s  a re  c a lc u la te d  as 

fo llow s :

b j = ( 2 )

where Sy = s ta n d a rd  d e v ia tio n  o f  dependent v a r ia b le  

Sj = s ta n d a rd  d e v ia tio n  o f  independen t 

v a r ia b le  

j  = 1 , 2 , . . . , k

s„  and s .  a re  in p u t to  t h i s  s u b ro u tin e .
y J

The in te r c e p t  i s  found by th e  fo llo w in g  e q u a tio n ;

-  -
bo = y  - S b j  • Xj (3)

j = l

where Y = mean o f  dependent v a r ia b le

Xj = mean o f  independen t v a r ia b le  

Y and Xj a re  in p u t to  t h i s  s u b ro u tin e .
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M u ltip le  c o r r e l a t io n  c o e f f i c i e n t ,  R, i s  found f i r s t  
by c a lc u la t in g  th e  c o e f f i c i e n t  o f  d e te rm in a tio n  by 
th e  fo llo w in g  e q u a tio n :

and ta k in g  th e  sq u are  ro o t  o f  R^:

R = (5)

The sum o f  sq u a re s  a t t r i b u t a b l e  to  th e  r e g re s s io n  i s  
found by:

SSAR = B? ' Dyy ( 6 )

w here D = sum o f  sq u a re s  o f  d e v ia t io n s  from  mean 
fo r  dependent v a r ia b le

Dyy i s  in p u t  to  t h i s  s u b ro u tin e .

The sum o f  sq u a res  o f  d e v ia t io n s  from  th e  re g re s s io n  
i s  o b ta in e d  by:

SSDR = Dyy - SSAR (7)

Then, th e  F -v a lu e  f o r  th e  a n a ly s is  o f  v a r ia n c e  i s  
c a lc u la te d  as fo llo w s :

SSAR/k _ SSA R(n-k-l)
^ * SSDR/ (n -k -1 )  ■ SSDR(k) C»)

C e r ta in  o th e r  s t a t i s t i c s  a r e  c a lc u la te d  a s  fo llo w s : 

V ariance  and s ta n d a rd  e r r o r  o f  e s t im a te :

»  SSDR /q \
y . l 2 . . . k  n - k - 1

w here n » number o f  o b s e rv a t io n s

S y . l 2 . . . k  '  ^ ^ y . l 2 . . . k  ( 1 °)



109

S tandard  d e v ia tio n s  o f  r e g re s s io n  c o e f f ic ie n t s :

4  2
*>j l o T  S y .l 2 . . . k (11)

where D ., = sum o f  sq u a re s  o f  d e v ia tio n s  from  mean 
fo r  independen t v a r i a b le .  D jj i s
in p u t to  t h i s  su b ro u tin e , 

j  = 1 , 2 , . .  . , k

Computed t :
b .

S
t j

(12)

j  = 1 , 2 , . .  ,k
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5AMPIE MAIN PROGRAM FOR MULTIPLE REGRESSION -  REGRE 

eORPOSE
( I l  READ THE PROBLEM PARAMETER CARD FOR A MULTIPLE REGRES­
SIO N,  ( 2 1  READ SUBSET SELECTION CAROS, (31  CALL THE SUB­
ROUTINES TO CALCULATE MEANS, STANDARD D E VIA T IO N S,  SIMPLE  
AND MULTIPLE CORRELATION C O EF F IC IE N TS ,  REGRESSION COEFFI­
C IE N TS ,  T -VALUES,  AND ANALYSIS OF VARIANCE FOR MULTIPLE 
REGRESSION, AND (41  PR IN T  THE RESULTS.

REMARKS
THE NUMBER OF OBSERVATIONS, N ,  MUST BE GREATER THAN M * l ,  
WHERE M IS  THE NUMBER OF VARIABLES. I F  SUBSET SELECTION  
CARDS ARE NOT PRESENT, THE PROGRAM CAN NOT PERFORM MULTIPLE  
REGRESSION.
AFTER RETURNING FROM SUBROUTINE M IN V ,  THE VALUE OF DETER­
MINANT ( D E T l  16 TESTED TO CHECK WHETHER THE CORRELATION 
MATRIX I S  SINGULAR. IF  OET I S  COMPARED AGAINST A SMALL 
CONSTANT, T H IS  TEST MAY ALSO BE USED TO CHECK NEAR- 
SINGULARITY.

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
CORRE (WHICH, IN  TURN, CALLS THE SUBROUTINE NAMED DATAI
ORDER
MINV
MULTR

METHOD
REFER TO B .  OSTLE,  " S T A T IS T IC S  I N  RESEARCH", THE IOWA STATE 
COLLEGE P R E S S 1 9 5 4 ,  CHAPTER 8 .
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c
c
c

c

c

c
c
c

c
c
c

c
c
c
c
c
c
c
c

SPECIAL INPUT SUBROUTINE NAMED DATA. THE STORED DATA MAY BE USED 
fOR RESIDUAL ANALYSIS.

REWIND 13  

X=OLO

jQALfc CORINE tNvM* IQp Xt ’XBARs S T D pRX*,Rp Op B»TÎ  

REWIND

JEST NUMBER DF  SELECTIONS

IF C N S I  1 0 8 r 1 0 8 ,  109
108 HRIJfi  < 6 , 1 3 )

GO TO 300

109 0 0  2 0 0  1 * 1 , NS 
WRITE ( 6 , 2 1  R R , P R 1 , I

READ SUBSET SELECTION CARD

READ ( 5 , 1 0 )  NR ES IvN O E PsK .M SA VE I  J )  , J * 1 , H )
N R E S i . . . . . O P T I O N  CODE FOR TABLB OF RESIDUALS

0 IF I T  I S  NOT DESIRED.
1 I R  I T  ES DESIRED.

N D B P . . . . . .D E P E N D E N T  VARIABLE
K . . . . . . . . . NUMBER OF INDEPENDENT VARIABLES INCLUDED
I S A V E . . . . . A  VECTOR CONTAINING THE INDEPENDENT VARIABLES

INCLUDED

CALL ORDER ( M ,R ,N O E P tK , IS A V E ,R X ,R Y )

CALL MINV ( R X , K , O E T , e , T k

REGRE107 
REGRE108  
REGRE109 
REGREllO  
R E G R E l l l  
REGRE112 
REGRE113  
REGRE114 
REGRE115 
REGRE116 
REGRE117 
REGREllB  
REGRE119  
REGRE120 
REGRE121 
REGRE122 
REGRE123 
REGRE124  
REGRE125 
REGRE126 
REGRE127  
REGRE128 
REGRE129  
REGRE130  
REGRE131 
REGRE132  
REGRE133 
REGRE134 
REGRE135  
RE6RE136  
REGRE137 
REGRE138 
REGRE139 
REGRE140 
REGRE141 
REGRE142

I-*»-*w



c
c

c
c
c
c
c

c
c
c
c

c
c
c

TESJ SINGULARITY Of IHE MATRIX INVERTED

IF. IOBT)  1 1 2 ,  i l O f  1 1 2  
1 1 0  WRITE ( 6 * 1 4 *

GU do 200

112 CALli 14ULTR (NsK* XHAR* STO* D*RX*RY * ISAVE * B * SB *T * ANS *

PRINT MEANS* STANDARD D E VIA T IO N S,  I  NTERC0RRE1.ATI0NS BETWEEN 
X AND Y* REGRESSION CO EF f1 0 lENTS,  STANDARD DEVIATIONS OF 
REGRESSION C O EF F IC IE N TS ,  AND COMPUTED T-VALUES

MN=K+1 
WRITE ( 6 , 3 1  
DO 1 1 5  J ? 1 ,K  
.L=1£AVE( J)

115 WRITE ( 6 , 4 *  L , X B A R ( L * , S r D ( L ) , R Y ( J * , B ( J ) * S B ( J * , T ( J l  
.WRITE ( 6 , 5 *
0 = 1 SAVE(MM*
WRITE ( 6 , 4 )  L , X B A R ( L i , S T D ( L )

PR IN T  INTERCEPT* MULTIPLE CORRELATION C O E F F IC IE N T ,  AND STANDARD 
ERROR OF ESTIMATE

WRITE ( 6 , 6 *  ANSI 1 ) , A N S I 2 I , A N S I 3 )

PRINT ANALYSIS OF VARIANCE FOR THE REGRESSION

WRITE ( 6 , 7 *
L=ANS(8J
WRITE ( 6 , 8 *  M , ANS 1 4 * , ANS( 6 * , A N S I 1 0 * , L , A N S ( 7 * , A N S ( 9 *
L=N— 1
SUM?ANS(4*«ANS(7*
WRITE ( 6 , 9 *  L,SUM 
I F I N R E S I * 2 0 0 ,  2 0 0 ,  120

REGRE143 
REGRE144 
REGRE145 
REGRE146 
REGREI47  
REGREI48  
REGRE149 
REGRE150  
REGRE151 
REGRE152 
REGRE153 
REGRE154 
REGREI55  
REGRE156 
REGRE157 
REGRE158  
REGRE159 
REGRE160  
REGRE161 
REGRE162 
REGRE163  
REGRE164 
REGRE165 
REGRE166  
REGRE167 
REGRE168 
REGRE169 
REGRE170 
REGRE171 
REGRE172 
REGRE173 
REGRE174  
REGRE175 
REGRE176  
REGRE177 
REGRE178



c
c

.PR IftT  TABLE OF RESJIDOALS

120 WRITE 1 6 , 2 )  P R ,P R 1 ,1  
WRITE 1 6 , 1 1 )
M M - I S A V Ê I K * ! )
0 0  1 4 0  1 1 = 1 , N
REAC 113 )  < W ( J ) , J = 1 , N )
S U a?A N S ( l )
0 0  1 3 0  r J = l , K  
1 = I E A V E ( J )

130 S U H = SU H ^ U IL )«B (J )  
RESI=W IRM )” SJUM 

140 WRITE ( 6 , 1 2 )  I I , W ( M N i , S U M , R E S 1 
REWINO 13  

200 CONTINUE 
GO 10 100  

3 0 0  CONTINUE 
ENO
SUBROUTINE DATA ( M , D )  
O I R £ N S 1 0 N O ( 1)
R E A G I S , ! )  ( D U ) , 1 = 1 , Ml  

1 FORMAT! 7F6oO)
W R I J £ ( 1 3 ) ( 0 ( 1 )  , I = 1 , M
RETURN
END

REGRE179 
REGRE180 
REGRE181 
REGREI82  
REGRE183 
REGRE184  
REGRE185 
REGRE186  
REGRE187 
REGRE188 
REGRE189 
REGRE190 
REGRE191 
REGRE192 
REGRE193 
REGRE194  
REGRE195  
REGRE196

Ln



APPENDIX I I I

GENERALIZED ANALYSIS OF VARIANCE WITH COVARIANCE 

CONTROL INCLUDING ALL REQUIRED SUBROUTINES

1 1 6



ANALYSIS OF COVARIANCE

The a n a ly s is  o f  c o v a rian c e  i s  a  s t a t i s t i c a l  te c h ­

n iq u e  in  w hich a n a ly s is  o f  v a r ia n c e  and re g re s s io n  a re  com­

b in e d . A n a ly s is  o f  v a r ia n c e  i s  u sed  in  t e s t i n g  th e  hypoth­

e s i s  H2 : /^ i~  /^g  ^ h e re  the  ^ * s  a re  p o p u la tio n

c e n tro id s  ( i . e . ,  mean v e c to rs )  f o r  th e  g ro u p s . Rao d e f in e s  

W ilkes ' lambda c r i t e r i o n  as fo llo w s :^

A =  IW l/lT l

where W i s  th e  p o o led  w ith in -g ro u p s  d e v ia tio n  sc o re  c ro ss

p ro d u c t m a tr ix  and T i s  th e  t o t a l  san p le  d e v ia tio n  sco re

c ro ss  p ro d u c ts  m a tr ix . The e lem ents o f  th e  W and T m a tr ix

2a re  d e fin e d  a s  fo llo w s

g

k=l

t f j  -  2 3  (%in"%i) ( ^ in '^ j  ) 
n = l

where g i s  th e  number o f  g ro u p s, Ng = number o f  s u b je c ts  in  

every  group g , N = t o t a l  number o f  s u b je c ts ,  and i  and j  run 

from 1  to  p where p = th e  number o f  v a r i a b l e s .

^C. R. Rao, Advanced S t a t i s t i c a l  Methods in  B iom etric  
R esearch  (New York: John W iley and Sons, 1952), pp . 258-275.

^Ib id .

117
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Rao has d e s c r ib e d  a method o f  p e rfo rm in g  c o v a ria n c e  

a d ju s tm en ts  on th e  W and T m a tr ic e s  p r i o r  to  form ing / \  f o r  

any number o f  c o n tr o l  v a r i a b le s ,  w ith  a p p ro p r ia te  ad ju s tm en t 

o f  th e  deg rees o f  freedom .

The f i r s t  s te p  in  th e  com putations f o r  th e  g e n e ra l ­

iz e d  c o v a rian c e  a n a ly s is  i s  to  form W and T m a tr ix  f o r  a l l  

th e  v a r i a b le s ,  th e  p ex p e rim e n ta l v a r ia b le s  and th e  C c o n tro l  

v a r ia b le ,  th e  in f lu e n c e  o f  w hich i s  to  be removed by r e g r e s ­

s io n .

These m a tr ic e s  a re  then  p a r t i t i o n e d  as fo llo w s

"pp "p c TPP ; ^pc

"=p " c c .
T =

L^cp i T c c J

Then two a d ju s te d  m a tr ic e s  a re  formed : ^

Wp-c = Wpp-” p=” cc «CP 

-1
T = T -T T T p -c  pp pc cc cp

W

‘ TvTT
and where p number o f  ex p e rim e n ta l v a r ia b le s ,  c = number o f  

c o n tro l  v a r i a b le s ,  n = N-1 and q = g -1 . The Rao F

Wm. W. Cooley and P au l R. Lohnes, M u l t iv a r ia te  P ro ­
cedures f o r  th e  B e h a v io ra l S c iences (New York; John W iley 
and Sons, 1962), p .  64.

Ib id .
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t r a n s fo rm a tio n :^

ms+2 A  ̂ y ^  2 r  ^

>  V
where y = / \  s ,  q = g -1 , A= - ( p q - 2 ) /4 ,  r  = p q /2 ,

S = ^ (p ^ q ^ - 4 ) /  (p2 + q 2 _5 ) ,  and m = (n -c)-pH -q )/2 . To

o b ta in  th e  a d ju s te d  means fo r  th e  ex p e rim e n ta l v a r ia b le s  th e

re g re s s io n  c o e f f i c i e n t s  a re  co n fu te d  u s in g  two p a r t i t i o n s  o f

W. T his in v o lv e s  m u lt ip ly in g  tim es each  o f  th e  column

v e c to r  W . The p ro d u c t v e c to r s  a r e  th e  c o e f f ic ie n t s  b_ 
cp ^ c

used  in  com puting th e  a d ju s tm en t f o r  each  o f  th e  p*q e x p e r i­

m en ta l means Xz .

The a d ju s te d  mean f o r  group g on e x p e rim e n ta l v a r ia b le  X i s : ^  

Xjg= X ig- [b i  (Ÿ .g -Y i , )4 tg  (Ÿzg-Yg, .  .+ b ^ (Ÿ^g-Ÿ^) ]

where Y i s  th e  mean o f  group g on th e  c o n tr o l  v a r ia b le  Y eg c

and Yj,. i s  th e  g rand  mean on Y^.

Follow ing  th e  above m ath em atica l p ro ce d u re , a program  

was ad ap ted  from Cooley^ and w r i t te n  in  th e  F o r tra n  IV 

language by th e  w r i t e r  f o r  th e  a n a ly s is  o f  c o v a rian ce  (see  

Appendix I I I ) .

^ I b id . , p .  62. 

^ I b id . .  p .  64.

^Cooley and Lohnes, op. c i t .
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T his program  computes th e  t e s t  o f  e q u a l i ty  o f  ex­

p e r im e n ta l  mean v e c to r s  w ith  c o v a rian c e  c o n tro l  where th e  

t o t a l  number o f  v a r ia b le s  does n o t exceed 40.

The o u tp u t o f  th e  program  in c lu d e s  :

1 . Program  t i t l e ,  and K=Number o f  th e  g ro u p s.

2 . M = number o f  ex p e rim e n ta l v a r i a b le s ,  and N = 

number o f  c o n tro l  v a r i a b l e s .

3 . For each  group KG = i d e n t i f i c a t i o n  number o f  th e  

g ro u p s, KN = i d e n t i f i c a t i o n  number o f  th e  s u b je c t  in  each 

g roup , group means, and group s ta n d a rd  d e v ia t io n s .

4 . NT = t o t a l  number o f  s u b je c ts .

5 . Means f o r  t o t a l  s a n p le .

6 . S tan d ard  d e v ia tio n  f o r  t o t a l  sam ple.

7. C o r re la t io n  m a tr ix  f o r  t o t a l  s a n ç le .

8 . A d ju s ted  s ta n d a rd  d e v ia tio n  on e x p erim en ta l 

v a r i a b le  f o r  th e  t o t a l  sam ple.

9 . L ogarithm  b ase  e d e te rm in a n t o f  a d ju s te d  T 

m a tr ix , and c o rre sp o n d in g  d e te rm in a n t.

10, The b a se  e o f  d e te rm in a n t o f  a d ju s te d  W m a tr ix , 

and c o rre sp o n d in g  d e te rm in a n t.

11. W ilks Lambda, th e  d eg ree  o f  freedom  (F^ and F2 ) 

and F fo r  t e s t  o f  th e  e q u a l i ty  o f  th e  e x p e rim en ta l mean 

v e c t o r s .
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12. C o e f f ic ie n t  fo r  form ing th e  a d ju s te d  means, fo r  

each  e x p e rim e n ta l v a r i a b le .



/ /  hXfcC FJ.2 3GCLG 
/ /F t jR T o S Y R IN  DD *

DIMENSION A(<iOf » B C /« a U C (4 0 )  p 0 £ 4 0 )  r E ( 4 0 l  I .G I4 0 Î  «.HÎ40)  ,
I U ( 4 0 , 4 0 A p V < 4 0 , 4 0 j , W ( 4 0 t 4 0 )  $. X f 4 0  o 40.) Y < 4 0  v 4 0 )  p Z £ 4 0 v 4 0 J

RtAD l  U J . )  JOBS 
111 R b A D t l»  DXpMpL

1 FORMAT £312)
ML w M+L 
W R IT E < 3 ,2 )K

2 FORMAT IS lH lG E N E R A L i tE O  ANALYSIS OF VARIANCE* NU* OF GROUPS = 12)
WRl.TE<3s3)M

3 FORMAT(26h0N0o EXPERIMENTAL TESTS = 12)
W R I T E ( 3 , 4 ) L

4 FORMAT I21H0NÛO CONTROL TE.STS = 12)
DO 8 1 = 1 , ML

7 B( U  = .0*0  
DO 8 J=1 ,M L
W41vJ) = OoO i_i

a X ( i » j )  = 0*0 to
NT *  0 
GROUPS = K 
XM rf .M 
XL * L
Q = GROUPS -  1 * 0  

9 0 0  10  1 = 1 , ML
10 A ( l l  = 0 * 0  

DO 11 1 = 1 , ML 
DO 11  J=1 ,M L

11 U ( I , J *  4  0 . 0  
R E A 0 ( 1 ,1 2 ) K G ,K N

12 FORMAT ( 1 2 , 1 5 )
ENK = KN
W R1TE£3,13)KG,KN

13 FORMAT(15F1THIS I S  GROUP I 2 , 1 4 H  N0*SU8JECTS= 15)
CASES = ENK

14 READt1 , 6 6 6 ) t C J I ) , I = 1 , M L )



6 6 6  FORMAT( 7 B 6 . 0 J  
00  l A

15 AC14 = A U ) 4 £ ( l i
0 0  ^ 6

16 U M . J )  = W ( 1 , J 1 + C ( I # * C ( J 1  
CASES = C A S E S -1 .0
IF 4CASHS) 1 7 # 1 7 , 1 4

17 00  1 8  1 = 1 , Mk 
00 1 8  J = l , M l

=t U ( I , J ) - A ( I ) * A ( J ) / E N K  
U l J . l )  4  0 ( 1 , J *

18 V ( J « 1 1  =
00  1 9  1 = 1 , Mt  
0 ( 1 1  = A ( 1 ) /E N K

19 e i l i  = SQRl ( V ( I  , I | y  ( E N K - 1 . 0 J I  
W R l iT E (3 ,2 0 )

2 0  FORMAT (20H0MEANS OF THIS  GROUP)
W R 1 J E ( 3 , 2 1 I ( 0 ( I ) , 1 = 1 ^ M L )

2 1  FORMAT ( 5 F 1 4 . 7 )  t-. 
U R l iT E (3 ,2 2 )

22  FORMAT C34HOSTANOARO DEVIATIO NS OF THIS  GROUP!
W R I < T E ( 3 , 2 1 ) ( E ( 1 ) , 1 = 1 , M L 1
0 0  2 3  1 = 1 , ML

23 B i l l  = a ( I ) * A ( l )
DO 2 4  1 = 1 , ML
00  2 4  J ^ l . M L
W ( 1 , J )  =  W ( I » J )  + U W  W 1

24  X ( I ? J )  =, X ( 1 , J )  + V 1 1 , J 1  
NT =  NT + KN
GROUPS ^  GROUPS-1 . 0  
I F  (GROUPS! 2 5 , 2 5 , 9  
X I S  NOM RULON M.

25 H R 1 T E ( 3 , 2 5 1 ) N T
251 FORMAT (25HOTOTAL NOT OF SUBJECTS =  15)

ENT = NT \
00  26  1 = 1 , ML



00 Z6
26  Y W v J *  ^ W ( I , J ) - ( B ( i a * B & J ) y E N T )

Y rlE I^QW aOLON T .
DO 2 7  1 = 1 , Ml  
G U J = B( D /ENT

2 7  H f l r i  = SORT < Y I I , I | / ( E N T - J L . O ) )
. H R l E e ( 3 » 2 8 l

26  fO fW AT (22H0MEANS OF TOTAL SAMPLEI  
W R & * E ( 3 , 2 i ) < G ( I ) , I = i t M L &
W R 1 T 6 ( 3 ,2 9 )

29  FORMAT i.BTMOSTANOARD DEVIATIONS FOR TOTAL SAMPLE)
WRliTB(3, 21)CHI I ) , I = i ^ M L J
DO 2 9 1  1 = 1 , ML 
DO 2 9 1  J=1,ML
Z ( I , J I  = Y d f J I /  SÛR9 ( Y ( I , I ) * Y ( J , J ) )

291  2 t J ^ I )  =, 2 ( 1 , J )  '
W RITE(3 ^ 2 9 2 1

292  FORMAT(36H1CORRELATION MATRIX FOR TOTAL SAMPLE)
CALL MPRINT ( Z , M L , 2 , 6 H T 0 T  R )
DO 9 0  I « î l , L
DO 3 0  J = 1 , L  ^
I L  f  IFM '
ÜL 9  J4-M

30 U ( I « J )  = Y ( 1 L , J L )
U I S  NOW RULON T ( C , C j « i  
CALL MATINV ( U , L , f i ,Q iD E T E R M )
DO 4 1  1 4 1 , M 
0 0  3 1  j 4 l , L  
J l  4  J*M

31  1 / ( 1 *  J )  =  Y ( 1 , J L )
V Z £  NOW RULON T ( T , G J «
DO 32  1 = 1 , vM
DO 4 2  J ^ T , L  
W ( 1 , J )  9  0 . 0  
DO 4 2  K 4 l , L

32 W ( 1 , J 1  = W ( I , J ) * V ( I » K ) * U ( K , J )
\
\



OQ <33 1 = 1 , L 
DO 33  J= 1 ,M

33 = V ( J , l l
U I S  RULON T ( C , T i . «
DO a 4  1 * 1 , M 
DO 3 4  J * 1 , M  
VM^ J I  = 0 . 0  
0 0  34  K = l , L

34  V C I v J I  *  V ( 1 , J ) + W ( : » K 1 * U ( K » J )
DO 3 5  1 = 1 , M
DO 35  J * i , M

35 = Ï C I ^ J I  -
W I S  NO* RULON r i T . C i ^
DO 3 5 5  1 = 1 , M 

355  A i U  = SORT I N I  1 ,  l i / L e N T - l . O I  J 
W R I 3 B f 3 , 4 e )

48 FORMAT Ï 46HQADJUSIED STANDARD DEVIATIONS FOR TOTAL SAMPLE*
W R * I E ( 3 , 2 1 * ( A ( I * , I = 1 ? M $
CALL HOIAG ( W , M , 1 . V , Ü R *  K
DETERT =  0 . 0  v,
DO 36  1 = 1 ,M

36  DETER* =  DETERT *  A L O G I N ( I , l * l  
W R I * E ( 3 .4 T * 0 E T E R T

4 7  FORMAT (30H1LOG DETERMINANT ADJUSTED T = F I 4 » 7 i  
DO 3 7  1 = 1 , L 
DO 4 7  J * 1 , L  
IL » I+M  

J L  5® -JFM
37 U d i J I  =  X ( 1 L , J L *

CALL MATINV 1 U ,L ,B ,D # 0 E T E R M I  
DO 38  1 = 1 , M 
DO 38  J * 1 , L  
JL a JtM

38 V i U J i  „ X( 1 , J L )
DO 4 9  1 = 1 , M
DO 39 J = 1 , L



-  0 . 0  
DO 4 9  K m l ,L

39 = U ( 1 » J I  + V * * , K j * U < K , J j  
DO AO 4 = 1 , L
DO &0 J^1«M

40 = V ( J , I J  
DO 41  1 = 1 , H
DO 41 J 4 1 ,M  
V f l ^ J l  = 0 . 0  
DO 41 K = 1 ,L

41  V I 1 , J )  = V I I , J )  * H U , K | 4 Z I K , J )
DO 42 1 = 1 , M
DO 42  J = 1 ,M

4 2  W ( l t J )  =  X 4 i » J l  -  V U , J )
M I S  NOW RULON W ( T . C j .
CALL HOl^G t U , M , I « V , N R J  
DETEftW = 0 . 0
DO 44  1 = 1 , M

44  DEIERW =  DETERU + A L O G ( W ( l , l ) )  ^
U R l i IE (3 ,4 6 IO E T E R U  o\

46  FORMAT 430H0LQG DETERMINANT ADJUSTED W = F 1 4 . 7 )
XLANBO = J}£TERU -  DETERT 
YLANBD = EXP fXLAMBOl  
WRITE13r45)YLAHBD

4 5  FORMAT 4T6H0WILKS LAMBDA =  F 1 4 . 7 1  
I F  l X M - 2 - 0 1  4 5 3 , 4 5 1 , 4 5 3

451  F I  9  2 . 0 *  Q
F2 5 2 . 0  ♦  4ENT -  Q r- XL -  2 - 0 )
XV 9 SORT (YIAMBD)
F = ( 1 . 0  -  XY) ♦  F2 y  (XY ♦  F l l  
GO TO 52

453 S ? SORT ( ( t X M * * 2 ) * L Q * * 2 )  -  4 . 0 1  /  (X M * * 2  + 0 * * 2  -  5 . 0 » )
I F  ( S )  9 9 9 , 4 9 , 5 1  

49  F I  5= O
F2 sf BNT -  XL - ( Q  ♦ 1 . 0 1  
F = ( ( 1 . 0  -  YLAMBD1/YLAMBD1*(F2 /F11



£ 0  lO  i>2
5 1  XLAN = -  IXM *  Q 2J .0 i /2«v0  

XV # VLANBD**<1 . 0 / S )
X M M = ( E N T - 1 . 0 - X L ) - & X M + Q + 1 . 0 ) / 2 . 0  
f l  =  XM-KQ
F2 9  LXMWaS+XLAM) 
f = t l . O - X Y )  *  F 2 / ( X Y * f l *

5 2  W R l S E ( 3 s 5 3 ) F L
53 FORMAT (6H0F& = F 1 4 . 7 )

W R I 5 G ( 3 , 5 4 ) F 2
54 FORMAI (6H0F2 = F 1 4 . 7 )

W R :@ E (3 ,5 5 )F
5 5  FORMAI120HOFOR TEST GF H2,  F= F 1 4 . 7 )

00  60  1 = 1 , L
DO 6 0  J 4 1 ,M  
V M « J I  = 0 . 0  
DO 60 K = 1 , L

60  y ( i # J # = V ( I , J ) + U ( I , K ) * Z ( K » J )
0 0  61 J = i,M

61 W R : T E ( 3 , 6 4 ) J , ( V ( 1 , J ) , I = 1 , L )
64 FORMAT 441HOCOEF FOR ADJUSTING MEANS OF DEPENDENT VARIABLE 12 /  

1 6 F 2 4 .7 J  
9 9 9  JQBB = ÜOBS -  I

IF  4J0BS1 9 9 9 9 ,  9999^ 111  
999 9  CALfc EX IT  

END
SUBROUTINE HD1A6 ( U » N , I E £ E N , U , N R )
DIMENSION H ( 4 0 , 4 0 & ,  G i 4 0 , 4 0 l ,  X I 4 Q 1 ,  I Q I 4 0 )
CALM EFM
IF  .f lEGEN) 1 5 , 1 0 , 1 5

10 00  1 4  1 = 1 ,  N 
DO 1 4  J = 1 , N  
l F f I - J ) I 2 , l l , 1 2

11 U M ^ J ) = 1 . 0  
GO TO 14

12 G ( i , J ) ? 0 .



1 4  CONTINUE
15 NR rF ,0

IF  À H - H  1 0 0 0 , 1 0 0 0 ,  I J  
C SCAN FOR LARGEST O F f - O I  AGONAL ELEMENT IN  EACH ROW
C X I U  CONTAINS LARGEST ELEMENT IN  IT H  ROW
C I Q I l i  HOLDS SECOND SUBSCRIPT DEFINING POSIT ION OF ELEMENT

17 N N IT = N -1
DO 3 0  1 = 1 , N M I1 
XI I l  = 0 .
IP L 1 = 1 + 1  
DO 3 0  J = I P L 1 , N
I f  I  X I I I  T A6S I H ( 1 , J ) I }  2 0 , 2 0 , 3 0  

20 X I L I = A B 6  I H I I , J ) I  
I Q T 1 I= J  

30 CONTINUE
C SET INDICATOR FOR S H U T - O F F ,R A P = 2 * * - 2 7 ,N R = N 0 .  OF ROTATIONS

R A P = 7 . 4 5 0 5 8 0 5 9 6 E - 9  
H D T E S I = l - 0 E 3 8  

C F IN D  MAXIMUM OF X I I I  S FOR PIVOT ELEMENT AND
C TEST FOR END OF PROBLEM

40 0 0  70  I = 1 ,N M 1 1  oo
I F  1 1 - 1 1 6 0 , * 0 , 4 5  

45 IF  4 XMAX- X I I J I  6 0 , 7 0 , 7 0  
60 XMAX=XII  I  

IP IW = 1  
J P I W = 1 Q I I I  

70 CONTINUE
C IS MAX, X I I I  EQUAL TÛ ZERO, I F  LESS THAN HDTEST, REVISE HDTEST

I F  4 XMAX) 1 0 0 0 , 1 0 0 0 ^ 6 0  
80 I f  4H0TËST)  9 0 , 9 0 , 8 5  
85 I F  ,4XMAX -  HDTEST) 9 6 , 9 0 , 1 4 8  
90 H D IN IN  = ABS I H 11 ,_1T I  

.00 3 1 0  1= 2 ,N
IF  4HD1MIN-  ABS I H I T , 1 1 1 )  1 1 0 , 1 1 0 , 1 0 0  

100 HD1MLN=ABS I H I I , 1 I )
110 CONTINUE
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2 5 0  Ü T E N P » H 4 i tK )  
iHC IvHJt’M ) .
: p i i = * + i  

' X i l i  « 0 .
SEARCH . IN OEPLETEO A£IU EQR NEW MAXIMUM 
00 .320 J ? I P L 1 , N
l E  4 X W I ^  A8S ( 1 3 0 0 , 3 0 0 , 3 2 0

300 X I l i  = ABS C H (1 « J 1 )  
l Q € 4 i » J  

320  CONTINUE
H C t K l= H 1 E M P  

3 5 0  CO NI INUE
X M EI .V>  = 0 .
X ( J P L V )  = 0 .
CHANGE THE OTHER ELEMENTS £)F H 
00  5 3 0
I F ( * - I * & y T 3 7 0 , 5 3 0 , 4 a 0

37.0 HTEHP = H l I p I P I V i  ,
N t l , I P b V i  = CQSINE4HTEMP * S I N E « H t I  «J P lV )
lE  4 X . I IJ  -  ABS t K ( i » I P l V < i l  * 3 8 0 , 3 9 0 , 3 9 0  w

380  X i i a  ? ABS I H ( l , I P Z V i l  
X O ( i )  .= I P I V  

3 9 0  H M v J P I W i  = -S INE4HTE M P ♦  C G S IN E *H I  I ,  JPLVÏ  
I F  4 X i . I I  -  ABS t H i l v J P L V J )  ) 4 0 0 , 5 3 0 , 5 3 0  

4 0 0  X114 =  ABS i H t I v J P X V T I
1 0 ( 4 )  =  J P IV  !
CO 3 0  5âO 

4 2 0  I E i # - J B I V ) 4 3 0 , 5 3 0 , 4 8 a  
4 3 0  HTEMP =  H ( I P I V , 1 )

H ( i e i . V , l )  .= C0S4NE$H3EMP *  S l N E * H ( I , J P i V *  
lE  4  X I , I P I V )  -  ABS .( H ( i P i y , l l )  ) 4 4 0 , 4 5 0 , 4 5 0  

440  X I I E L V I  ^  ABS ( H ( i R l M , I A à  
l O ^ l i P I V I  =  I  

4 5 0  H C l r , J P l V )  = -SINE*HTEM P » &QSINE«H( 1 ,  J P  IV  )
IF 4 X I I )  -  ABS ( K (T » J P L V J I  ) 4 0 0 , 5 3 0 , 5 3 0  

480  N IE N P  =  H ( 1 P 1 V , I )



W ( i e i V , I )  = C0S1NE*HIEHP + S I N E * H ( J P I V « LI  
I F  i  X I I P I V )  -  ABS I  H ( I P I W , I ) )  ) 4 9 0 , 5 0 0 , 5 0 0  

4 9 0  X i i P L V )  = ABS I H I S P r i y , ! ) )
IQ H P  IV)  =  I 

5 0 0  H ( J P 1 V , I )  =  “ S IN E » H f£ « P  ♦  C O S I N E * H f J P I V , I )
I F  4 X W P I V )  -  ABS i  H I  J P I V , I ) )  ) 5 1 0 , 5 3 0 , 5 3 0  

5 1 0  X I J # I V )  = ABS I H I J P I U , ! ) )
I Q W P I V )  -  I  

530  CONdlNUE
TEST FOR COMPUTATION OF EIGENVECTORS 
I F . U E O E N ) 4 0 , 5 4 0 , 4 0  

5 4 0  DO 65.0 1 = 1 , N
HTENP=UII , IPTV)
U I I ? I P I V  ) = C 0 S I N E * H T 6 N P + S IN G * U ( I , J P I V )

5 5 0  U ( I , J P I V ) = - S I N E * H T E M P + C 0 S T N E * U I 1 , J P I V )
CO TO 40  

1000  RETURN 
END
SUBROUTINE EFM
RETURN w
END
SUBROUTINE M A T IN V lA ,N ,B ,M ,O E T E R M )
DIMENSION I P I V O T I 4 0 ) .  A i 4 0 p 4 0 ) ,  B ( 4 0 , i ) ,  I N 0 B X I 4 0 , 2 ) ,  P I V 0 T I 4 0 )
COMMON P IV O T ,  INDEX» IP IV O T
EQUIVALENCE I IR O W ,J R O W ),  I IC Q LU M ,JC DLU M ), (AMAX, T ,  SWAP)
I N I T I A L I Z A T I O N  

10 OETEAM=ioO 
15 DO ao J ^ 1 , N  
20  I P I W O T ( J ) = 0  
30  DO 6 5 0  T = 1 , N

SEARCH FOR PIVOT ELEMENT 
4 0  AMAX^OcO 
45 DO ZDS ^ = 1 , N
50 IF  4 I P L V O T I J ) - l )  60o 1 0 5 ,  6 0  
60  DO 1 0 0  K = 1 ,N
70 IF  4 l A I V 0 T I K ) - 1 )  8 0 ,  1 0 0 ,  740



80 IF  4ABS (AMAXi-ABS ( A 4 J , K ) U  8 5 ,  1 0 0 ,  100  
85 lROh=J  
90 IGQLUM=K 
95 AMAX=AW,K)

100 CONILNUE 
105 CONTINUE
110 IP IW Q T ( 1C 0LU M )= IP IVO Tt IC Q LW W )+ l  

C INTERCHANGE ROWS TO CUT PItVOT ELEMENT ON DIAGONAL
130 IE 4TR0W-IC0LUM) 140 *  2 6 0 ,  140  
140 DET£RM=-DETERH 
150 00 2 0 0  L = 1 , N 
160 SW A f=^ ( IR C W ,L)
170 A i l R O M , L l = A i I C O L U H , L I  
200  A( ICOLUM,L)=SWAP  
205  I F i R l  2 6 0 ,  2 6 0 ,  210  
210  00 2 5 0  L = l ,  M 
2 2 0  SWAG»B(IR0W,L1  
230 B ( I R 0 W , L ) = B ( I C 0 L U M , L 1
250  8f1C0LUM,L1=SWAP M
260 IN O E X I l  » I 1 - I R 0 U  N)
270 IN O E X t l» 2 )= 1 C 0 L U M

WRITE ( 3 , 3 6 ) (AC(COLUN»ICOLWM)I  
36 FORHATt7F6oO)

310 PIVOT I I ) > A ( IC Q L U M * iC Q L U M )
3 2 0  DFTERM=O£TERM*PIV0T,( I , )

C D IV ID E  PIVOT ROW BY BIVOT ELEMENT
330  A ( I0 O L U M , IC Q L U M ) = 1 .0  
340  DO 3 5 0  L ? 1 ,N
350 A ( I C O L U M , l ) = A ( I C O L U M * L ) / P I V O T ( I )
355  I F ( K )  3 8 0 ,  3 8 0 ,  360  
360  DO '370 L=1 ,M
370  B( lCOLUN,L )=:B( ICOLUMt L ) / P I  VOT( 11 

C REDUCE NON-PIVOT RO.WS
380 DO 550 L 1 = 1 , N  
390 IF C l i l - t C Q L U M I  4 0 0 ,  5 5 0 ,  4 0 0  
400  T = A (L l ,a C Q L U M )



420  1COLU/O*0o0
4 3 0  DO 4 5 0  L = 1 , N
450  4 t> L ls L J ^ A « L lp L J -A ( IC f lL U M p L i  * T  
455  iF«NJ 5 5 0 ,  5 5 0 ,  460  
460 OQ 6 0 0  L=1,M
500 8 ( L 2 , L ) = B ( L l « l * - 8 (  I jCOLUM,LJ * T  
550  CQMLNUE  

C INTERCHANGE COLUMNS
6 0 0  DO ?L0 1 = 1 , N 
610  L = N * 1 - 1
620  IF H m e X i L v l i - l H D E X & L v 2 i  i  6 3 0 ,  7 X 0 ,  630  
630  .JR0W=^NDEX<L»1)
640  JC 0&UW =INDEX(L ,2 )
6 50 DO 705  (K=1,N  
660  SWAe=A(K,JROW)
67.0 ACKvJRQWJ-A£K i>JCOLUMl  
700  A(K,JCOLUM#=SWAP 
705 CONTINUE 
710 CONTINUB
740 RETURN ^

END ‘ ^
SUBROUTINE MRRINT CRt, M, L /  H i  
DIMENSION R < 4 0 , 4 0 > ,  Ü.I40J 
I F  ,( L - l i  2 , 2 , 4  

2  L i » j g  
GQ $-0 5

4 L1=S
5 J1=C 

J 2 ^ 0
JSEC = 0 
DO « 1= J.,M

6 J i l l  = I
9 . J l  <5= J2 41

J2  J i  4L1  
IF ^ J 2  -  Mi 1 3 , 1 3 , 1 2  

12 J2=M



13 JSfiC = JSEC * I
I F  4JSEC - 1 *  18» I f l r  19

18 W R I 3 E ( 3 , 1 7 * T I , J S E C
17 fiOAMAT I lH O e  A6» 9H SECTION 1 3 / )

GO 9 0  2 0 1
19 W a i 3 E ( 3 , 2 0 1 T l , J S E C
20 FORMAT 4 1 H 1 ,  A6» 9H SECTION 1 3 / I 

201 i f l k - l l  21« 2 1 ,  26
21  U R I T E ( 3 » 2 2 J I J I 2 I v i = J l , J 2 I
22 FORMAT!6HQ GROW 3 X 2 0 1 5 )

DO 23  1 « 1 ,M
23 W R ia E ( 3 » 2 4 )  1 , 1R 1 1 , J J 1 , J J » J 1 , J 2 )
2 4  F 0 R N A T { 1 6 » 4 X v 2 0 F 5 o 2 î  

CO 9 0  31
26 W R I 9 E ( 3 , 2 7 )  1 J ( I ) , 1 = J 1 , J 2 )
27  F0RMATC6H ROW , 3 X , 1 0 I 1 1 )

00  2 9  I - 1 , M
29 W R 1 9 E I 3 , 3 0 ) I , ( R ( 2 , J J 1 » J J = J 1 , J2 )
30 FORMAT ( 1 6 ,  4X 10F1112#  i-'
31 I F  AJ2- IÉ) 9 , 3 2 , 3 2
3 2  OETORN 

END
SUBROUTINE PUNCH 
DIMENSION R ( 4 0 , 4 0 1 , J i 4 0 i  
•IfFih-li  8 ,  8 ,  22

8 J l  3: 0
wi 2 9 <0
JSEC = O

9 J l  = J2 + 1 
J2 9 J i  4 9
I F  1 J 2  -  M) 1 3 ,  1 3 ,  12

12 J2 9  M
13 JSEC = JSEC * I  

DO 1 5  I  = 1,M
15 WRiJE«2,l6ïIRRûB,ATïe,J,JSEC,(R£:,JJ),JJ=Jl,J2f
16 FORMAT £ 1 3 ,  I X A l ,  I 3 ÿ  1 2 ,  iO F 7 o 2 i



1 9

22

24

2 5
26

I F  ( J 2  -  
CONTINUE 
GO 90  32  

30 1
e 0
3 0

OQ
J l
J2

M) 9 c  1 9 c  1 8

— 1 vH

J S E C  =
J l
J2
IF
J2

V J2 
3 J l  
4 J 2  -
r f  H

+ 1
+ 4 

Hi  2 6 , 2 6 , 2 5

JSEC =? JSEC +1 
W R : 9 E & 2 , 2 8 1 I P R 0 B c A T Y e , I , J S E C , ( R ( ! , J J * , J J = J l , J 2 )  

28 FORHAT 1 1 3 ,  I X A l ,  1 3 ,  1 2 ,  5 B 1 4 . 7 I  
I F  4 J 2 -  Hi  2 4 , 3 0 , 3 0  

30 GQNIINUE  
32  RETURN 

END
/ /G O o S Y S lN  DD 4

U.'Ln


