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PREFACE

In this study I have presented five -iterative methods for
approximating zeros of a polynomial using the digital computer: .
Chapter I is an introduction to the material which follows. - Chapters
IT through VI contain the algorithms and. convergence properties for
Newton's, Muller's, Greatest Common, K Divisor, Lehmer's .and the Quotient-
Difference methods, respectively. Chapter VII:compares Newton's,
Muller's, and the Greatest Common Divisor methods, giving their
advantages, disadvantages, and results of computer‘test:s‘per.formede
Appendices B through E contain flow diagrams, program listings,; and
instructions for use of the programs for Newton's, Muller's, Greatest
Common Divisor method used with Newton's method, and Greatest Common
Divisor method used with Muller's method, respectively. Appendix A
describes a number of special features performed by the programs.
Appendix F presents flow diagrams, program listings, and instructions .
for use of a program to construct the polynomial resulting from the
product of a given number of linear factors.
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CHAPTER I
INTRODUCTION

Frequently in scientific work it becomes necessary to find the

zeros, real or complex, of the polynomial of degree N

XN+,a G +aX+a

P(X) = a 9

1 N+1

where ay # 0, and the . coefficients @ s899e00,a ‘are complex numbers.

| N#l
Various calssica; methods calculate the exact roots of polynemials of
degree 1,2,3, or‘4;‘ For polynomials of higher degree, no such methods
exist., ,Thus, to solve for the zeros of such polynomials, numerical
methods of iteration based on succeésive approximations must be
employed. " In the following material five such .methods are given which
are particularly suitéd for modern high speed computers.
Newton's method is an iterative procedure which genérétes a

sequence of successive approximations of a zero of P(X) by using the

iteration formula

Xn+l‘= Xn - P(Xn)/P (Xn)°

An initial approximation to the zero is required to start the iterative
process. Under certain conditiens this sequence will converge quadrat-
ically to the desired root. It is, however, necessary to compute the

value of the polynomial and its derivative for each step in - the



iterative procedure.  Once a zero of P(X) has been found, it is divided
out of P(X), giving a deflated polynomial of lower degree. P(X) is
replaced‘by the deflated polynomial and the iterative process is
applied to extract another zero of P(X). This procedure is repeated
until all zeros of P(X) have been found. The zeros mayzthen be re-
checked and their accuracy pessibly .improved by using them as initial
approximations:with Newton's process applied to the full (undeflated)
polynomial.

Mullgrks-methodvis~aléo an. iterative procedurevgenerating a
sequence Xl,Xz,...,Xn,.;; of successive approximations of a reot of
P(X).  This method coﬁverges}aimost quadratically near a zero and does
not require the evaluation of the derivative of the polynomial.
Muller's method requires three distinct appro#imations of a root to
‘start the process of iteration. A quadratic equation is constructed:
through the three given points as an appreximation of P(X). The root

of the quadratic closest to Xn is taken as X the next approximation

n+l’
to the zero, This process is then repeated on the last:-three points of
the sequence, After a rootkof P(X) has been found, P(X) is deflated,
and-feplaced in the above procedure by the deflated polynomial. After
" all zeros of P(X) are found from successive deflations, they are
improved as in Newton's method.

The greatest common.divisor methed reduces.the problem of finding
all zeros (possibly multiple zeros) of P(X) te one of extracting the
zeros of a.polynomial Pl(X) = P(X)/D(X), all of whose,zeroé are.simple.
D(X), the greatest common divisoer of P(X) and its derivative, P'(X), is
obtained by repeated application of the division algbrithm. Once Pl(X)

is .obtained, some suitable method such as Newton's or Muller's method



is used to find the zeros oflPl(X). By finding all the zeros of Pl(X),
all the zeros of P(X) are obtained. The multiplicity of each zero may
then be determined.

Lehmer's method locates zeros of the polynomial P(X) by searching
the complex plame. This methoed repeatedly seeks to answer the .question
"Does P(X) have a zero inside a given circle?" The procedure is
started with the unit circle. The radius is repeatedly halved (or
doubled) until .an annulus is found which contains a root while the
inner circle is free of roots. The annulus can.be covered by eight.
overlaﬁping circles. The abeove question is asked of each circle until
one is found containing a root.. From the center of this .circle the
above process 1s repeated, Continuing, we obtain a circle of‘suffi-
ciently small radius about the root, When a root has been found, it is
divided out of P(X) by deflation and the method repeated on the de-
flated polynomial to extract another root.. Lehmer's method applied to
the successively deflated polynomials gives all the roots of P(X).

The quotient-difference method is an iterative procedure pro-
ducing, simultaneously, approximations to all roets.of P(X). The zeros
are extracted roughly in order of decreasing magnitude. No initial
approximations are necessary for use of this methed. Convergence of
this method is somewhat slower.than other methods and substantial
round-off error can eoccur.

In the material to feollow, an individual exaﬁination of each
method will be presented followed by a conclusion containing a compar-
ison of the methods. These examinations will include the algorithms
necessary to employ the method together with the conditions necessary

for convergence. The conclusion will include advantages and



disadvantages of each method and a discussion concerning the extraction
"of zeros of ill-conditioned polynomials. An appéndix for each method -
- will present the flow diagrams, listing of the program, definition of

variables used in the program, and instructions for usé of the program.



CHAPTER II
NEWTON'S METHOD
1. Derivation of the Algorithm

Newton's method is probably the most‘popular iterative procedure
for finding the zeros of a polynomial. This fact is due to the excel~’
lent results obtained,; the simplicity of the computational routine, and
the fast rate of convergence obtained prOvided the .initial approxima-
tion of a zero is close enough. Also, the method can be applied to the
extraction of complex as well as real zeros.

Consider the polynemial

PX) = a X + ax T +.... + a

1 9 e

N (2-1)

N+1-

where a; # 0 and the coefficients a are complex. The

12822 084

algorithm for Newton's method can be derived by approximating P(X) by a
Taylor series expansion about an approximation, XO’ of a zero, -a, of

P(X). Using only the first two terms of the expansion, the expression

P(X) = P(Xy) + P'(xo)(x - X,)

is ‘obtained. If this equation is solved for P(X) = 0, then

0 = P(XO) + P (XO)(X;- XO)

results. Rearranging terms produces



02 P(X)) +P (X)) X - P'(X) X,

followed by

1 1
1
from which divisien by .P (XO) produces

X0 - P(Xo)/P (XO) = X

which is the basic formula for Newton's methed. Thus, in general, we
obtain the (n+l)th approximation, Xn+1’ of o from th,e'nth approxima-

tion, Xn’ by

XIH‘l = Xn - P(Xn)/P (Xn). (2—2)

As a result of repeated use of this algerithm, we obtain the sequence.

xo,xl,xz,,..,xﬁ,... (2-3)

of - successive approximations of the roet, a. It should be noted that
an initlal approximation is, necessary to start the iterative process
for each new zero; that is, a polynomial of degree N may require.N
initial approximations.

In order to use equation (2-2), it 1s necessary to compute, for
each Xn, the vélue of the polynemial, P(Xn), and its derivative,
P{(Xn). The division algorithm states that if P(X) and G(X) are
pelynomials, then there exists polynemials H(X) and K(X) such that
P(X) = H(X) G(X) + K(X) where K(X) = 0 or deg. K(X) < deg. G(X). From

this expression of P(X), the following remainder theorem is obtained:



Theorem 2.1. If P(X) is 'a polynomial and c is a complex number, then

the remainder obtained from dividing P(X) by (X.- ¢) 18 P(e).

The proof . of Theorem 2.1 is given in [6, P. 102]. Thus, P(X) can
be written as P(X) = (X - ¢) H(X) + R where P(c) = R.’ P'(X) is then
obtained by the following theorem, the proof of which can be found in

[6, PP. 105-106].

Theorem 2.2: 15%*?(X) and H(X) are polynomilals and c 1s a complex num-
ber such that P(X) = (X - ¢) HX) + R where P(c) =R, then the remain-

det obtained from dividing H(X) by (X - ¢) is P (c).

From synthetic division, an algorithm known.as Horner's Method is-

acquired for computing P(Xn) and P'(Xn).

Theorem 2.3. Let P(X) be defined as in equation (2-1l) and let d be a

complex number. Define a sequence bl’bz""’bel by

b

g =8 tdb o (L= 2,3, 0.

Define -another séQuence C1sCpsrevsCy by

¢c; =b, + dc,
J J -

J l (j = 2.,‘3,.;-,N)o

Then P(d) = b “and P'(d) =.c The elementS‘bl,bz,,..,b are the

N+1 N* N

coefficients of the polynomial H(X) in Theorem 2.2 when P(X) is divided.

by (X.- d).



These formulas are derived in [6, PP; 106-107]. Thus with equation
(2-2)"and the iteration formulas of the previous theorem, Newton's -
"method can now be, applied to generate the sequence. (2-3) which will
converge to the root, a, 1if the convergence conditions given in
Theorem 2.4 are satisfied.

A criterion 1s needed to determine when to terminate the sequence
(2-3); that is, when has a zero been found? For convergence of thé
sequence, there must exist -a term in the sequence beyond which the
difference-betwe;n~any*two successive terms is arbitrarily small,

Therefore, it is desirable to make theHQuotientplxn/Xn+1] sufficiently

near 1. From équation (2-2)

Ty P (Xn)
T "
L. Xn ) P (Xn)
1 Fan
- | P(X )
[
n Xn _ P (Xn)
R a1
Thus
P(Xn)
P' (%)) X
1+ % : <5 L
I n+1l l n+1

where P'(X ) and X # 0. Thus, iteratiens are continued until an X
n n+l ) n
. , ! 1 . .
is obtained such that ]P(Xn)/P (Xh)!]lxn+ll is as small as desired.
After a zero, o, of P(X) has been found, the term (X - a) is syn-

thetically divided out of P(X) by deflation using Theorem-2.3 obtaining



a polynomial, Pl(X), of degree N-1. The root finding process is .then

repeated to extract a zero, % of Pl(X). P(X) can be written as

P(X) = (X - 0) Py(X) +R

where R.= P(a). But P(a) = 0. Therefore, substitution produces

P(X) = (X - o) P,(X).

Now Pl(ul) = 0 implies that P(al) = 0. Hence, ay is a zero of P(X).
By the process of root finding and successive deflations, zeros

OysOy s enslpe g of the deflated polynomials

P(X) = B (X),By (XD, e, Py (KD,

respectively, are extracted. . Each,ai (i=0,1,2,...,8-1) is a zero of
P(X) since each oy is a zero of Pi-l(x)’Pi—z(X)""‘Pl(x)’P(X)'

After all zeros of P(X) have been found, it may be possible to
improve their accuracy by using them as initial approximations with
Newton's method applied to the full (undeflated) polynomial, P(X). This
should correct any loss of accuracy which may have resulted from the

successive deflations.
2. Convergence of Newton's Methed

The following theorem from [3, PP. 79-81] gives sufficient condi-

tions for the convergence of sequence (2-3).

Theore@ 2.4, Let P(X) be a polynomial and let the following conditions

be satisfied on the closed interval [a,b]:



10

1. P(a) P(b) <O

2. P(X)#0, Xe [ab]

3. P"(X) is either > 0 or < 0 for all X ¢ [a,b]

4, If c denotes the endpoint of [a,b] at which ]P'(X)]‘

is smaller, then IP(¢)/P'(C)]'§rb - a..

Then Newton's method converges to the.(only) solutioen, s, of P(X) =0

for any choice of X, in [a,b].

o
When convergence:is -obtained; it is quadraticj; that is,

1 _w 2
e = 2.F (ni) ei‘

where F(Xi) =X, - P(Xi)/P'(Xi)"ni is between Xi and the zero, a, and

i .
ei 1s the .error in Xi; This”ﬁeans that the error obtained in the,
(i+l)th iteration of Newton's algorithm is’proportional-to the square

of the error obtained in,the,ith iteration. A proof of quadratic con-

vergence ‘can be:found in [2, PP. 31-33].
3. Procedure for Newton's Method

The general procedure for applying Newton's method i1s enumerated

sequentially as follows, starting with initial approximation Xb:

l.;»Calculate a new approximatioen Xn+l by

1
Xn+l = Xﬁ - P(Xn)/P (Xn)-
2. Test for convergence; that is, test
]
pa /et G 1% ] < e
for some e chosen as small as desired.

3. If convergence 1is obtained, perform the following:
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a. ' Save Xn+1 as .the desired approximation to
a zero of P(X).

b. Deflate P(X) using Xﬁ+l'

c. Replace P(X) by the deflated polynomial.

d. Return to step 1 with a new initial
approximation.

4, If no convergence is obtained, increase n by 1 and.

return to step 1,

In order te prevent an unending iteration process -in case the
method does not produce convergence, a maximum number of iterations
should be specified. If convergence is not obtained within this number
of iterations, change the initial approximation and return to step 1

above.
4., Geometrical Interpretation of Newton's Method
A geometrical interpretation of Newton's method is given in

Figure 1. Xi is an approximation to the zero, a. P'(Xi)>is the slope

of the line tangent to P(X) at Xi' xi+l is the intersection of the

tangent line with the x axis.
5. Determining Multiple Roets ‘

If P(X) has m distinct zeros, then P(X) can be written as

e
1)

e
2)

e

2@ -a) ™ W

PX) = a,. X - a 1 (X - o

l(

where uiAis‘a zero of P(X) and e, is the multiplicity of

o (L1 =1,2,...,m)., Consider the root o Dividing eout the term

1 it



X - aj)'by deflating P (X) gives‘Pl(X) of degree N-1 which can be
“written as

1- e

e.. e j— m
s (X - am) i

i e
1 (X - 0‘2)

P, (X) = (X - a 2

l) el (X - aj)
Evaluating Pl(X)'at\the zero,vaj,.gives Pl(aj) = 0 if ej > 1, Thus,

after a zero, a, of P(X) is determined by Newton's iterative process

and the current polynomial is deflated giving Pl(X), then Pl(a) is

12

evaluated., If Pl(u) < g for some small number €, o is:a root of Pl(X)

and thus has multiplicity at.least equal to two. Pl(X) is then de-

flated -giving PZ(X)n If‘Pz(u) < €, o is of multipliecity at least three.

This process is continued until a deflated polynomial Pk(X) is encoun-

tered such that either deg. Pk(X) = 0 or Pk(u) > e. o 1s then a zero

of multiplieity k+l.

X.
2

Wl = - —

§
rbx

&x

Xé+2 241

Figure 1. Geometrical Interpretation of Newton's Method

Tbngen+ +o PO
at



CHAPTER- I1I
MULLER'S METHOD
1. Derivation of the ‘Algorithm

Muller's method in [5] is an iterative procedure.designed:to find
any prescribed number of zeros, real or complex, of a polynomial. The .
mgthod~doe3‘not require the.evaluation of the derivative and near a.
zero .the convergence is almost quadratic. ;:

Censider the polynemial

N

PX) = a.X0 4+ a N-1

1 2 N+ -

with complex coefficients such that al ¢ O.: Given. three distinct -
approximations, Xn—Z’Xn—l’xﬁ’ to a reot, a, of P(X), the problem is to

determine xn+l~in such .a way.as to .generate a sequence

x]_’X_Z’:XB." .."xn’xﬁ+l’...'- (3—2)

of approximations converging to a. The_pointsv(Xﬁ_z,P(Xn_z)),
(anl,P(Xﬁ_l)),ﬁand (Xh’P(Xﬂ)) determine a unique qﬁadratic’polynomial,
Q(X), approximating P(X) in the .vicinity Of'xn—zéxﬁ—l’xnf A general
proof .of this can be found in [3, PP.‘133—134]; Thug, the zeros of Q(X)
will be approximationszof the zeros of P(X) in this region of approxima-

tion. From-the general representation in.[3, P. 184] of the Legrangian

interpolating polynomial,‘the representation of Q(X) is given by

13



X-X HDE-X.)

. -1 n-2°
QX) = P(X.)
(Xn.- xn—l)(xn‘ - Xne2) n

& - Xn)‘(X —'Xnéﬁ)

+ — -~ P(X: _.)

(Xn—l - Xn)(xri-l -'Xnez)- -l
X-X)X-X )

+ B 8 _px. )

(Xn-2 - xn)(xn_2 =X ;) Tn-2

which can .be rewritten as

Q(X) = QX - X + X))

(X - Xn_+ Xn - anl) (X - an+ Xn - xn-l:*f xn’._l',,— Xn_z)

)

L B R

X - Xn?(x - XA + Xh_--ngr‘+ xﬁ-l -'xn-Z).P(x‘
& -X X

n n-1 nﬁz) : w1

X-X)X-X +X ~-X )
+ = . — n i n. ‘n ‘.n—lz P(X )‘
(Xn "Xt X1 -'Xn-z}‘xnfl‘- xh—Z) C #-2”

In order to simplify thié‘expression, introduce the quantities

hn‘g Xn - xﬁ-lf h=X- an

Then
Q(X) = Q(Xn + h)

(h + hn)(h-+ hﬁif'hnfl)

o= : — = P(X )
hn (hn + hn.—l) n

. h(h.'+ hn + 'hn-,-l) P(X' )
h h 17

o n-1
n n-1 ‘

P (Xn)

14
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h(th + h )
(h  + h )h

n- l nfl:

h2 + 2hh - + hh + h Z + hh
n - n-l n. n - n-1.
= — v . :P(Xn)
h +.h h S
n no-l

Lo

n? + hhf + hh
n-1.

" P(X )
h hn_1 *a-1’

n? + hh
ot P

2
hnyn—l.  n-1

.

}+_ )

Collecting terms -containing like powers of h produces

Q(X)'B‘Q(Xh=+ h)

A PX-1) = L B
o Y +. r +1 2
hy + hnhn?-l n n—l hn n-1l + hn—l
(Zh- +h ) P(X ) (h + b, ) P(X ) h P(X. )
+ X - “ + n n“22 h
2 , & h ~ -
h ©+ h h anl. n'n-1 hh o +h )
+ hn(hn'+ hnvl) P(xh)
h 2 +h h
n n-1
FP(Xﬁ) hﬁ?l' : P(X" ): P(anz) 2
i s Z " hn.. —3 | B
hn hﬁ—l +>hnhn—l:‘ n n—l hnhn—l~+ hnr-l
. o
(zhnhn~l.+ hnrl) P(Xn) '(hn'+ hQ’l)P(Xn_l)- % h P(X 2) )
NThg ennZ 0 Pfag i b w2 |"
“n n-l n-n-1. : o n=i : n—l n—l
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2
(b n,_ nln)P(X)

h_ 2h

+

» : 2, 2., o
Using the common denominater, hn hn—1,+ hnhﬁ-l’ and combining terms

yields
P(X) by - R(X_ )b +h ) +PX ) h
QEx, + ) = | Rt .. - ey
' hn hn-l' hnhn—l
(2h_ h +h 2 ) P(X) - (h_ + h_ )2 P(X )+ h'2P(X >
+ nao-l "n-1” "“™m ‘n n~-1” ~‘'p-1’ n n-2 h
S 2 2 ‘ I
hn hn—l + thn—l‘
2 2_ _
. (. h _, +h ") P(Xn)-.
h, 2h Lt h h

n-1

Multiplying by hn/hnil ;esults in

by hn‘ : by By ’
O By T PV l) TR TP |,
”Q(Xn + h) =|— — maa S . h
‘ h _ )
== + h
L n-1 n N
| hnz hn- 'hn—l- ’ hn;3 B
2h v +*hn P(Xnaf-'hnli—?f’-+ b P(X ;1) + __Ef.P(xn—Z)
n-1 | n-1 n-1 ) h’
i n-1
+ .
>
n 2
R Thy
- n-1 |
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hr;S v 2
.+ h 7 P(X)
' n n
. 3 '_
hn + h
n-1 n
- pu—
hn h
Letvqn = and'q'=‘E—'. Then
n~-1 n
P(X:)q—P(X )(q2+q)+P(X )qz‘
Q(X_ + h) = [—2—2 a-l n o n=2" 'n | 2
n : . v q +1- ‘ -
n
(2.4 +1) PX) - (@+D2P(x_) +q.2 P(X._,)
n n n n-1" ' *n n-2
+ : : . : q
q +1
n
, (oD RO
: qn+l v
Now let
- _ DY 2
An - qn.P(Xn) qn(qn+l) P(xn—l) +‘qn P(xn—Z)
B, = (20 +1) P(X) - (@+D2 P ) +q 2 P(X._)
n: n n n n-1° n. n-2
Cn = (qn+l)-P(Xh)'
Then -
Q(Xn +-h) = Q(thf qhﬁ)
and

2
An q +'Bn q +-Cn

Wy *ahy) == -
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Solving the quadratic equation Q(Xn + qhn) = 0 and denoting the result

by 941 gives:

and the new approximation 1s found as follows:

hn+l - Xn+l B xn

q = - - — .
n+l. hn hn

Thus

X

a+l = %yt By 9t

In order to avoid loss of accuracy, q can be written in a

nt+l-

better form aS“folldws:

/ - 4A C / - 4A C
Unt1 - '
B + —4AC
. n _\/

2

[\

- 4A C
2A (B + /B - 4A c )
R n v _
41 © - o (3-3)

B + /B2 -u4c
n.—, n nn

The sign in the denmominator should be chosen such that the magnitude of
the denominator is largest, thus causing ]qn+l| to be smallest. This,

in turn, will make X closest to X .
n+l n
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Note that each iteration of this process requires three approxima-

tions,lxn_z,Xﬁ_l,Xn{ in order . to compute,xﬁ+l. Thus, when<Xﬁ+l,is
‘found, Xh_l,Xthh+l are used to compute Xﬁ+2;,thatyis, the last ‘three

terms of the generated sequence are used to compute the next term.-
Convergence of the -sequence-(3-2) to a zero is obtained -when the

elements Xk and.Xk+l'of the sequence are found such that

% - %

< g, #0;°
X b

that is, the ratio of the change. in the approximation to.the approxima-
tion itself is as small as desired.

In order to use the iterative formulas, it is necessary to compute
the . value, P(Xj),,of»the polynomial P(X) at the approximation Xj,' The
procedure for doing this is discussed in ChaptertII5 § 1. " The itera-
tion formulas are given in Theorem 2.3 of Chapter II. |

After a zero, o, of ‘P(X) has been found, P(X) is deflated as
described.in Chdptexr II, § 1, and the process repeated to extract a
zero, ai, of Pl(X). By applying Mul;er's method to successively
deflated polynomials, all the zereos of P(X) afe obtained. For more
detgiled discussion of this procedure see,Chapter II; § 1, keeping in
mind that Muller's instead of Newton's method is used.

" Muller's method requires three initial approximations te a zero in
order to start the iteration -process.  If three are not known, the.
valuesﬂxl‘= -1, X2‘= 1, X3 =0 can be used;

Convergence of Muller's .method is almost quadratic provided the
three initial approximations are sufficiently clese to a zero of P(X).

This is natural to expect since P(X) is belng approximated by a-
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quadratic polynemial. Quadratic convergence means that the error -
obtained in the-(n+l)th step of the iterative process is proportional:
to the square of thglerror obtained in the nth’iteration; However, no-
general préof of convergence has been obtained foér ‘Muller's method. It
has produced.convergence in the:majority of .the cases tested.

In application of Muller's~méthod, an alteration should be made .to
handle the case in which the denominator ef equation (3-3) is zero (0).

This occurs whenever P(Xﬁ) = P(xﬁ-l) = P(Xﬁ ). If this happens, set

~2*

Another alteration which shpuld be made in actual practice is to
compute the quantityvlP(Xn4l)]/]P(Xn)]-wheqever the value P(Xh+l) is
calculated. If the former quantity exceeds ten (10), qn+lvis halved

and'hn, xn+l’ anva(Xﬁ+l).are‘recomputed,accoxdingly.

2, Procedure.for Muller's Methed

The basic steps performed by Muller's method are listed sequen-

tially as follows, starting with initial approximationslxl, Xz, and X3.

1. Compute hﬁ’ 9y D as defined previously.

n"an Cri”qn+l

2. Compute the .next approximation Xh+1 by
Xn+l =X, + hh‘qnﬁl'

3. Test for convergence; that is, test

1K1 - 'Xn"l/ Xl <o

for some.suitably small number e.
4. If the.test fails, return to step 1 with the last

three approximations Xﬁ+l’ Xn{ Xh—lf
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5. 1If the test passes, do the following:
a. Save Xn+l‘as the -desired approximation
to a zero. .
b. - Deflate the current polynomial using Xh+1,
¢. Replace the current polynomial by the
deflated. polynomial.

d. - Return.to step 1l with a new set of initial

approximations.

In order to avoid an unending iteration process in case the method
does not produce convergence,; a maximum number of iterations should be
specified. If convergence is not obtained within this number of itera-

tions, the initial approximations should be altered.
3. Geometrical Interpretation of Muller's Method

Figure 2 shows ‘the geometrical interpretation of Muller's method
for real roots of P(X) and the -quadratic Q(X). The root of Q(X) closest

to-Xi is chosen as the next approximation xi+l‘
4., Determining Multiple Roots

For a discussion concerning multiple roots see Chapter II, § 5.
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s .
. ., O ’ :

/7 XS X; xz’-z\\ /,/ X
X,

g+l

Figure 2. Geometrical Interpretation of Muller's MetEod

22



CHAPTER IV
¢
GREATEST COMMON DIVISOGR METHOD
1. Derivatien of the Algorithm

The greatest common divisor (g.c.d.) method reduces the problem of
finding all the zeros of a pelynomial, possibly having multiple zeros,

to one of solving for zeros of a polynomial all of whose zeros are

simple.

Consider the Nth degree polynomial

xN + a xN'-1 + ... + 'aNX 4’-;aN+1 (4-1)

P(X) =-a 5

1

where ay # 0 and al’az""’aN+1 are complex numbers. If P(X) has m
distinct-zeros,,al,az,.}.ﬁzm,'then<P(X) can be expressed in the form

(el é'2 em
P(X) = al(X~— ai) X -a2) oo (X - am)

where e, is the multiplicity of,ai, i=1,2,...,m, The derivative of

P(X) is

N=2.

' N-1: . A _ ‘
P (X) = N-alX + (N-1) azx + o0 + ay

which can also be expressed as .

23 -
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. el—l 2—1 : e —l P
P (X) = al(X - al) (X -_az) . (X - ) :E: e ” (X - aj).
l=l '=

11
(4-2)

‘The greatest éémmon-diVisor of P(X)“and,PY(X) is obtaiﬁed from the

following théorem.

Theorem 4.1. - Let P(X) be an N th degreé'polynomial having m distinct
zeros,ui,az,..,,q of multlplicity el,ez,...,em}respecﬁivély. Then the
polynomial -

el-lg' o e,-1 = ém—l-
(X -a,) -‘(X - um)

DX = (X -ay)
is the-uniquebmonic-greatéstVCSmmon;divisor of P(X)'andvits derivative

P (X).

Proof. It suffices to‘show the f6ll0wing;’
a. D(X) divideé P(X) |
b, D(X) divides?' ()
-é.‘ If K(X) is a polynomial such‘thath(X) divides

both P(X) and'P'(X), then K(X) divides D(X).

P'(X) can be written as

m m_
P'(X) = D(X) S(X) where S(X) = :5: e, ”' (x —.uj).
| | i=1  j=1 |

j#i

D(X) divides P(X) since
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m
P(X) = D(X) H (X -a,).
i=1

D(X) divideS~P'(X) because

Both, the polynomials P(X) and Pr(X) can be expressed uniquely as ‘a con-
stant times a product of monic. irreducible polynomials. . A general
proof of this can be found in {7, P. 121]. Note that-even though there
are e, of the factors (X - ai) in P(X) and~ei—l of them in'P'(X), we
will consider them distinct in the sense that they are not identical,
Let K(X) be a non-constant polynomial such that K(X) divides P(X) and
P'(X)° Without loss.of generality we may assume that-K(X) is monic, "

Since K(X) divides P(X), then there exists .a polynomial T(X) such that
P(X) = KX) T(X). (4-3)

From Theorem 3.35 of [7, P, 121], K(X) and T(X) can be expressed in
the forms:

&)

R() 2

"

g g.
-8 T ®-8) S (=8

f f £
1 2 ,_ u
(X = ny) 7 .. X=n)

T(X) =b(X - ny)

where the factors are. unique apart from order., Substituting fer P(X),

T(X), and K(X) in equation (4-3) gives
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e e e

a; (X - a,) Lx - %5) 2.« -a ) "

o e g g £ £
[(x-8) L@ BV)YV] b&-np) l...(x‘— nu)}“]; (4-4)

fl

that is, both sides of equation (4-4) are unique representations. of
P(X). After proper ordering of .the terms on the right hand side of
equation (4-4), we conclude. from the uniqueness of the two expressions -
that -each factor of K(X) must.be a factor of P(X). This .implies that
X-8; =X-a, fori=1,...,v0 Also, giviﬁei.for i=1,2,...,v since
K(X) cannot contain a greater number of .any omne factor .than P(X).
Finally, v <.m since K(X) cannot have more distinct factors than P(X).
Thus

gz,

8y g,
KE) = X-a;) " X-a e X -al)) (4-5)

5)
\
Since K(X) divides P (X), there exists a polynomial R(X) such that
P'(X) = K(X) R(X). - (4-6)
Again, R(X) can be expressed uniquely as

By By by
R =d@X =2 7 EX=2) " e (X - At) .

Also, P'(X), given in equation (4-2), can be expressed as

P'(X) = [a,(X -a))

C il '
[eX. - 61) e (X - aw)
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since

m m
z e H X - ay)
i=1 = j=1.

J#i

is a polynomial and can be expressed as a constant times a product of
unique linear factors. Thus, substituting for P'(X), K(X), and R(X) of
equation (4-6) gives

e -1 e -1

e e )
[a, (X - o Lo - ) "] e - §)) o - 5. Land

h h

g g
= [ -0 e (X-a) VT - A el (- a1

\
Again, since both sides are unique representations of P (X), then each
factor X - o, must be contained’in,P'(X) fori=1,...,v. But X - oy

is not in the product

m

|| &-ap

j=1.

j#i

‘ e e
and is, therefore, not a factor:of c(X - 61) m+l:..(X - 6w) m+w. Hence,
e, -1 em—l
X -o, is contained 1n‘a1(xwﬁqmiﬂx>m,gﬁgéx - am) for i =1,...,v.
Thus, 84 54ei_l’ i=1,2,...,v since K(X) canmnot have a greater number
. e, -1 e -1

of any one factor than al(X - al) 1 vee (X —<xm) no Thus,

8y i_el—l, i=1,...,v which implies that each factor of K(X) is con-

tained in the factorization of D(X). Hence, K(X) divides D(X). There-

1
fore, D(X) is the monic greatest common divisor of P(X) and P (X).
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— 1]
D(X) is unique since if D(X) is a monic g.c.d. of P(X) and P (X), then.
D(X) divides P(X) and P'(X) and hence D(X). But D(X) divides both P(X)
1 — —
and ‘P (X) and hence D(X). Thus, D(X) = D(X) since both are monic

polynomials.

Consider the polynomial H(X) obtained by.dividing P(X) by its

monic g.c.d., D(X).

1]

H(X) = P(X)/D(X)

m m
e e e.~1

SHITICEE NI B TINCE I

i=1 i=1

m

i

a (X~ ui).

1

|

The zeros of H(X)_ére all simple zeros and are also all the -distinct
zeros of P(X). Use of the g.c.d. method involves computation of H(X)
when given . P(X).

In order to obtain H(X), a computational algorithm is-necessary to
find the ,g.¢.d. of P(X) and P'(X)Q The general method for computing
the g.c.d. of two polynomials is as follows: Let RO(X) and Rl(X) be
two polynomials having degrees N. and Nl respectively such that

0

Nl <N The g.c.d. of RO(X) and Rl(X) is desired. By-thq;division

algorithm, there exists polynemials Sl(X) and RZ(X) such that

Oa
RO('X) = Rl(X). Sl(X) + R2 (X) where either R2 (X) = 0 or .

deg. RZ(X) < deg. Rl(X). ~Similarly if RZ(X) # 0, there exists
polynomials SZ(X) and RB(X) such that Rl(X) = SZ<X) RZ(X) + RB(X)

where either R, (X) = 0 or deg. R,(X) < deg. R,(X). Continuing in the
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above manner, suppose\Ri(X) and R (X) have been found where

i+l

deg. (X) < deg._Ri(X).A Then there exists polynomials R, , ,(X) and

Ri+1 i+2
Si+1(x) such that Ri(X) = Ri+1cx)‘si+l(x) + Ri+2(x) where either

(X) =0 or deg. Ri+2(x) < deg. R, (X). Then we obtain a sequence

Ri+o
RO(X),Rl(X),...,RK<X),RKfl(X) such that deg. Ri(x)‘< deg. Ri_l(X),'

+1

i=1,2,...,K+tl. Since a polynomial cannot have degree less than zero,
the above process, in a finite number of steps (at most Nl), results in
polynomials Re_; (X), 5,(X) and R (X) with deg. R (X) < deg. R, (X
such that R, (X) = R (X) sK(x) + Ry (X) and RK+l(X) = 0.

As an example, consider the proglem of finding the g.c.d. of

X4 + X3 + 2X2 + 1. Then

= wo_
Rl(X) = X“-1 and RO(X)

R (X) = R (X) (X +1) + 2%% + 2% + 2

2

where RZ(X) 2X° + 2X + 2. But

1 1.
Rl(X) =;R2(X) G X - 59 +0

where R3(X)

0. This theory. leads to the following theorem.

Theorem 4.2, Let the sequence RO(X),Rl(X),...,RK(X),RK+1(X} be defined
as above. Then RK(X) is the greatest common divisor of RO(X) and »

R, (X).

Proof. Since:RK_l(X) =;RK(X) SK(X) + R _,.(X) where R, .(X) = 0, then

K+1 K+1
RK_l(X) = RK(X) SK<X) and thus RK(X) divides RK_l(X), Also

Bgg ) = Ry 1 (X) Sy 1 () + Re (%)

R (X). 8, () Sp_; (X) + Re(X)



= Re(X) [S(0) Sy (0 + 11,

Thus, RK(X) divides R, ,(X). Suppose RK(X) divides Ri(X) for

K~2
0 <"1 < i+l < K.  This produces.

R, (X) = R(X) F,(X) and

Ripp () = Re(X) Fy ) (D)

where Fi(X) and Fi+l(X) are polynomials. Then

R, ,X) = Ri(X) Si(X) + R

i-1 X)

i+l

R (X) Fi(X>]‘Si(X) + R (X) F, 0 (X)

R(D) [F (D) 5,00 + Fyq (0]

R (D) Q).

Therefore, RK(X) divides Ri—l(

X). Since the sequence RO(X),Rl(X),...

30

RK(X),R' (X) is finite, then by induction RK(X) divides both RO(X) and

K+1
Rl(X)n- Reversing the process, if L(X) divides both RO(X) and Rl(X),

then

Ry{¥) = L0 WX

R (X) = LX) Y(X)

for some polynomials W(X) and Y(X). But by the division algorithm

RO(X) = Rl(X) S(X) + RZ(X),a

Substitutien yields .
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LX) W - L YX) $E) = R,y (X)
L [WE - Y® 5] = Ry(X)

LX) 2(X) = RZ(X).

Hence, L(X) divides-Rz(X). Similarly if L(X) divides Ri(X) and Ri+1(X)9

then L(X) divides'Ri (X). Continuing inductively leads to the con-

+2
clusionlthat_L(X) divides RK(X)° Therefore, RK(X) divides RO(X) and
Rl(X) and any polynomial that divides RO(X) and Rl(X) also divides

RK(X). Thus, RK(X) is the greatest common divisor of RO(X) and Rl(X).

The above theorem tells how to obtain the greatest common divisor
of two polynomials. .A machine orientated method is now developed for
computing the sequence of Rj(X)'s. Beginning the sequence with RO(X)
and Rl(X), the polynomial Ri+1(X) of the sequence is derived from Ri(X)

and Ri_l(X) as follows: Let Ri_l(X) of degree Ni—l be given .by

Ry 1 (0.
N N -1
_ i-1 i-1 , "
=riga X trig 0k et ET TN w1
Si-1 151
and Ri(X) of degree,Ni_be given by
Ni Ni_l
Ri(X) = r;’l X7+ ri’2 X + ove. + rl’N‘ X+ ri,N.+1
i i
where Ni i?Ni—l' Define Ul(X) by
1 Niaa Ny

U0 =Gy 1 fli,l) X
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?hen define Tl(X) by Tl(X) = Ri_l(X) - Ri(X) Ul(X) which_;an be

expressed as .

Ni1

=y - 1,0 {Fio11 Iri,l)] X

Nyg7b
tlrgg,0 7T (ri—l,l/ T
+ LI

+ [z, -r, (t, /r. )
['1—1,Ni_lfl 1;Ni_l+l i-1,1 1,1-]

where r, , = 0 for j > Ni+l, qr by

1,3
Ml “Ml—l
T,(X) = 11 X7+t , X + o0+ tl’Ml;x + tlle +1
where .deg. Tl(X) = Ml' Three cases must now be. considered.

(1) 1If Tl(X) = 0, then‘Ri(X) = RK(X); that is, Ri(X) is -
the g.c.d. of RO(X) and Rl(X).

(2) If,Tl(X) # 0 and deg. Tl(X) < Ni’ then R X) ='T1(X)e

141
(3) If T,(X) #0 and deg. T, (X) > Ny, then definme U,(X) by

M, =N,
U, (X) = (tl’l /ri’l) X .

Define TZ(X) = Tl(X) - UZ(X) Ri(X) which can be expressed by .

lel.
T,(0 = [t 4 -“(tl,l/ Ty, Tl X
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+ l'l.
+ -
[tl,M1+l (€ 171,17 ringv-Fl]
where r, , = 0 for j > Ni+l. Again three cases are considered.

bl

(1) 1If T2(X) = 0, then Ri(X) is the g.c.d. of RO(X) and
Rl(X)'

(2) 1If TZ(X) # 0 and deg. T2(X) < deg. Ri(X), then
Ri+l(X) = T2(X).

(3) 1If TZ(X) # 0 and deg. T2(X) szi’ then similarly

define U3(X) and TB(X) and repeat as -above.

Since deg. Ti+l(X) < deg. Ti(X), then this process is finite (not to

exceed Ni—l) ending, for some integer S, inFTS(X) such that

(L) TS(X) 0 and Ri{X) is the g.c.d. of RO(X) and Rl(X) or

(2) TS(X) # 0 but deg. TS(X) < deg. Ri(X), in which case

1]

R, ,(X).

TS(X) i+1

Thus, using this algorithm and given RO(X) and Rl(X), the sequence

RO(X),Rl(X),R (X),,..,Ri(X),Ri+1(X) can be generated such that either

(1) Ri (X) = 0 and Ri(X) is the g.c.d., of RO(X) and

+1
RI(X) or

(2) Ri+l(X) # 0 and Ni+ Ni' In a finite number of

1 <
iterations,.RK(X), the g.c.d. of~RO(X) and'Rl(X),

can be obtained.

Recall that the desire is to obtain the polymnomial H(X) = P(X)/D(X)

where D(X) is the g.c.d. of P(X) and P'(X), Thus, after obtaining D(X)
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by the above algorithm, it is necessary to divide P(X) by D(X) obtain-
ing H(X) all whose zeros are simple.

Once H(X) is obtained, an appropriate method such as Newton's
method is applied to extract the zeros of H(X). This gives all the
zeros of P(X).

As in Newton's or Muller's method, the zeros may be checked for
accuracy and possibly improved by using them as initial approximationsg
with the particular method applied to the full (undeflated) polynomial,

P(X).
2, Determining Multiplicities

After all zeros of P(X) are found, the multiplicity of each is
determined as follows: If P(X) has m distinct zeros, then P(X) can be
written as

e e

el 2
PR) = a,(X-a;) ~ (X-a,) ,n.(x—am)m, (m < N)

where oy is a zero of P(X) and e is the multiplicity of o

(i1 =1,2,.5.,m). Consider the zero aj,’ Dividing out the term (X ~ aj)
by deflating P(X) using synthetic division gives Pl(X) of degree N-1
which can be written as.

-1 e

e e ej 0
vee (X - aj) ee. (X - am) .

PLX) = (X-a) " (X -a,)

Evaluating Pl(X) at mj gives Pléxj) =0 if ej >.1. Thus, aj is a zero
of multiplicity at least equal to two. Then Pl(X) is ‘deflated

obtaining PZ(X) and Pz(aj) is found. If PZQx ) =.0, aj is of

]



35

multiplicity at least three. This process is continued until a
deflated polynomial PK(X) is found such that either dag. PK(X) = (0 or
PK(uj) # 0. Thus, if the value of the original polynomial, P(X), and
the next L successively deflated polynomials is zero at the root &j
and PL+1¢Xj) # 0, then mj is of multiplicity IL+1.

The iteration formulas for deflation by synthetic division are

derived in [6, PP. 106-107] and are giwen in Theorem 2.3 in Chapter II,

§ 1.
3. Progedure for the G.C.D. Method

The basic steps performed by the greatest common divisor method

are listed sequentially as follows:

1. Given a polynomial, P(X), in the form

P(X) = a &g o X

1 2 + ... +a X+ a o

N N+1

2, Calculate the derivative, P!(X), of P(X) in the form

1 N-1- N-2
P (X)) = le + b2X + oo +'bN where bl = Na

b2 = (N-l)az,)a.,a,bN = g

1°

N

3. Find D(X), the g.c.d. of P(X) and P (X) using the
algorithms developed above.

4, Calculate H(X) = P(X)/D(X), the polynomial having
only simple zeros.

5. Use some appropriate method to extract the zeros
of H(X).,

6. Determine the multiplicity of each of the zeros

obtained in step 5.



CHAPTER V
LEHMER'S METHOD
1. Derivation of the Algorithm

Lehmer's method in [4] is an iterative procedure designed to find
numerical approximations to the zeros of polynomials with real or
complex coefficients. The method employs a systematlic search of the
complex plane for the set of zeros which may be any arbitrary finite
set of points. Lehmer's method has a slower convergence rate than
methods with quadratic convergence but is well suited for high speed
computers and is particularly useful as a subroutine by which polymno-
mials created internally during the computer's work on a larger
problem can be solved without external supervision since no initial
approximation of a zero is required.

The heart of this search procedure lies in repeatedly applying and

answering the basic question,
"Does a given polynomial have a zero inside a given circle?"
More precisely, the method can be divided into steps as follows. Let

P(X) = a xN+a2 N-Lo,

1 eos T aNX + aal1 (5-1)

be a polynomial with complex coefficients such that a, # 0 and P(0) # 0.

Step 1. This step begins by asking the question, '"Does P(X) have

36
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a zero inside the unit circle?" 1If the answer is yes, then the radius
y

is repeatedly halved and the basic question asked until an annulus
R < |Z| < 2R (R is radius of inner circle)

is found containing a zero, Xj’ of P(X) while the inner circle is free

1 , ' . \ .
of zeros. ©Note that R =X for some integer K since the radius is .
2

repeatedly halved. If the answer. to the question is no, the radius is
repeatedly doubled until the above conditions are satisfied where, in
this case, R = ZM for some integer M. This resulting annulus can be
completely covered by 8 overlapping circles (Figure 2.1) each of radius

5 . .
r, = (EDR with centers located at the vertices of a regular octagon

1

‘inscribed in a circle of radius (%DR, that is, the points

i
(%)R e 4 , K=0,1,...,7.

e s,

L ]
[+
b
ofg
5
p]

\

Figure 2.1. Covering an Annulus With Eight Overlapping Circles
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Using the conversion r ele =71 (cos.® + 1 sin 8), the coordinates of

these centers can be written in rectangular form as
5 1K , .5 , 1K
(EDR cos (—Zﬁ + 1‘(30 R sin (~ZQ, K=0,1,...,7,

Starting with K = 0, the basic question is asked of each of these.
circles until one is found containing the root Xj. Denoting the center

of this circle by C, completes step 1.

1

Step 2. Using C, as the origin, step 2 repeatedly halves-the

1

radius, R, until an annulus

Ry < |2 - ¢] < 2Ry

is found containing a zero while the inner circle of radius-Rl is free

of roots. Here

1 1 5R
R = (P, = @D
1 2K 1 2K 6
where K 1s a positive integer. ]Z - ClJ is the distance of a point Z

in the annulus from the center C Again this annulus can be covered

1°

by 8 overlapping circles each of radius r, = (%0R1 with centers at the

2

points

K=O’l’..°’7n

Note that T1s Tys Rl’ and R are related by the following:

= =5— . (5-1.1)



39

Beginning with K = 0, repeated application of the basic question to
each of these 8 circles determines one containing Xj' Due to over-
lapping, it is possible for two circles to contain Xj, in which case,
the circle correspondiﬁg to the smaller value of K is used. Denoting

the center of this circle by C, completes step 2.

2
After the completion of step M of this procedure, a circle with

center CM and radius r, is found containing the zero Xj. From repeated

M
application of the inequality (5-1.1), we obtain

' 5 M
Iy < Z(T-z- R.

Thus, by choosing M sufficiently large, a circle of sufficiently small
radius is found containing the zero Xj. The coordinates of CM with -
respect to the original origin, (0,0), of the complex plane is then
the desired approximation to the zero, Xj'

After the zero X, has been determined within the required degree

3
of accuracy, the multiplicity of'Xj is deFerminedvaS‘explained in
Chapter II, § 5. P(X) is .then deflated by synthetic division according
to Theporem 2.3 of Chapter II. This deflation removes\Xj, as a point,
from the complex plane, thus rendering Xj no longer available to be
recaptured on any succeeding application of the method in extracting
the remaining zeros. P(X) is then replaced by Pl(X) and the above
procedure applied to extract another root. Therefore, by successive
deflations, all the zeros of P(X) can be approximated.

Figure. .3 gives the geometric interpretation of Lehmer's method

through step 3 of the above procedure.
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Figure 3. Geometric Interpretation of Lehmer's Method

The dotted circles indicate the absence of gzeros within them. Cl’CZ’
and 03 are the centers of the resulting circles after completion of
steps 1, 2, and 3, respectively. The zero determining the first
annulus is Xj but Xi is captured by the process rather than Xj' Thus,
if two zeros have approximately the same modulus, the one with the
smaller argument is captured first. Lehmer's method extracts zeros
roughly in the order of increasing modulus.

In order to apply the above procedure, a machine orientated

method is needed to answer . the basic question:
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"Does P(X) have a zero inside the circle with center C and radius

p"; that is, the circle |X - C| = p?

By applying the transformation Z pZ which corresponds to a stretching

of the complex plane if p > 1 or a shrinking of the complex plane if
p < 1, and the translation Z = Z + C, the given circle, ]X - C] = p can

be replaced by the unit circle, ]Z] = 1, using the polynomial
G(Z) = P(pZ + C).

If Xj is a zero of P(X) then B = (Xj - C)/p is a zero of G(X) since

G(B) = P[p(-J'?)——) + c]

i
Lav]
~
>
~

Also |B]| < 1 if ana only if_JXj - C| < p; that is, B is a zero of G(X)
inside the unit circle if and only if Xj is a zero of P(X) inside the
circle |X - C] = p. Thus, the existence of the zero f implies the

existence of the zero Xj and conversely. Thus, the basic question is

equivalent to:
"Does G(X) have a zero inside the unit circle I'?"

In order to answer this question, a sequence of polynomials is con-

structed from G(X) as follows: Let G(X) be given by

1

_ N N- i
G(X) = b.X +b2x +"'+bNX+bN+ (5-2)

1 1

where bl and bN+l # 0 and the coefficients are complex. Note that G(X)
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is constructed from P(X) by the linear transformation X = pX + ¢ and
hence deg. G(X) = N = deg. P(X). Denoting the conjugate of bj =y + iv

*
by bj = u - iv, let G (X) be defined by

* R v
G (X) = bN+lx + b X + . + DX+ b,

*
that is, the coefficients of G (X) are the conjugates of those of G(X)

but ' in reverse order. Define the transformation T on G(X) by

T(GX) = b .GX) = blG*.(X).

N1

T(G(X)) is a polynomial of degree less than deg. G(X) since

_ N-1
HGQD-—IHﬁbX +bX J..+bﬁ-k%ﬁﬁ
— N , — N-1 - -
- bl(bN+lX + b X + oo+ DX 4 bl)
=5 b X 4D b +5.. . bX+5b. . b
TN+l 1 N+1P2% tee N+1 NX N+l N1
— N — N-1 - -
by by by b X "~ we. = by BX = by by
= (. b, -bb. )N+ @ -b B')XN—l-
N+1 1 1 N+1 N+1P2 1°N
+ ovee + (bN+le b b )x + (bN+l el blbl)
N-1 N-2
= ;X + t,X oot Xty
where
t b. b, b i=1,2,...,N,
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The constant term of T(G(X)) is

2

t, =Db b

- 2
N = Pwe1 Pygr " P1Bp t ]bN+1] - ]bll (5-3)

and is, therefore, real because the product of a complex number and its

conjugate is real. In fact,

T(G(0)) = by, byyq = by by

= IbN+1]2‘_ ]bl|2; (5-4)

If T(G(0)) # O, applying this transformation, T, to T(G(X)) gives
T?(G(X)) = TIT(C(X))] where deg. T2(G(X)) < deg. T(G(X)). -Continuing, we

obtain a sequence of polynomials

T(G(X)), T2(GEX)), TO(G(R)), ..y TR(G(X)) (5-5)
where

) = ittt e, 1= 2,... K.

Let deg. T (G (X)) ='di° Then N > d d, > «v. > dK > 0 since, from

17 9

above, it was shown that T reduces the degree of the polynomial by at

least one.
The polynomial Tl+l(G(X))-is obtained from Tl(G(X)) as follows.

Let TT(G(X)) be denoted by

. d, d, -1
THGX)) = r X * + r.X + ot r Xt
i

1 2 d.+1° .41 * O
i i

Then
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+ oo +T.X 4 1.,

@)1 =T
di+1 d 2 1

[
H
»
+
o
o

T applied to Ti(G(X)) gives

ey = ity

Tq,41 T

Lew) - o Irtemn1”

i
d.

i d,-j

= ;' r -r, X +

di+1 i+l 1 °d,.-j+1 '

3=l .

Since -deg. P(X) = N is finite, then in a finite number of steps (at
most N+1) a polynomial TK(GCX)) is obtained such that TK(G(O)) = 0,
This is due to the following reasoning. Ti(G(O)) is the constant, real
term of Ti(G(X)). If Ti(G(O)) = 0, we are done. If Ti(G(O)) # 0, then
in at most N steps, we obtain a polynomial TK_l(G(X)) of degree 0;
that is, TK—l(G(X)) = ¢ (constant). Then TK(G(X)) = cc - cc = 0.
Hence TK(G(O)) =0,

Finally, the question, '"Does the polynomial G(X) have a zero in-
side the unit circle I'?" can be answered by the following two

theorems.

Theorem 5.2. Let G(X) have no roots on the unit ecircle I'. Suppose
G(0) # 0. If for some h > 0, TF(G(D)) < O, then G(X). has at least one
zero inside I'. If, instead, Tl(G(O)) >0 for 1 < i <K and TK—l(G(X))

is a constant, then no roots of G(X) lie inside T.

The proof of this theorem can be found in [4, PP. 154-156]. The

Cauchy Integral Formula, Rouche's Theorem, and the Argument Principle
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from complex analysis are used in the proof of Theorem 5.2. Statements-
and proofs of these theorems can be found in [8, PP, 293-295],

[9, P. 145], and [9, PP. 142-143], respectively.

Theorem 5.3. Theorem 5.2 remains true if we weaken its hypothesis by
deleting its first sentence. Let G(X) be a polynomial with G(0) # O,
If for some h'> 0, Th(G(O)) < 0, then G(X) has at least one zero in-
side the unit circle I'. If, imstead, T'(G(0)) > O for 1 < i < K and

TK_l(G(X)) is a constant, then G(X) has no roots inside T.

This theorem is proved in [4, PP. 156-157].
It may accidentally happen in certain specially made polynomials
with integer coefficients that TK—l(G(X)) of Theorem 5.2 is not.a

constant. For example, consider the polynomial

6X) = 6X° - 35%° + 62%% ~ 35X + 6.

In this case.G*(X) = G(X) so that T(G{X)) vanishes identically. When
this happens, it is better to ask the basic question on a concentric.
circle of radius larger than the present one by a factor such as g‘
This also is good practice in case the value Ti(G(O)) is so small in
magnitude that the sign is uncertain due to roundoff error, or when
G(0) = 0.

To illustrate this algorithm, consider the following example. Let

G(X) be the polynomial

G(X) = (1L + L)X + 2X + (2 + 21).

Then



* ) .
G X)) = (2 -20)X +2X+ (1 - 1)

T(G(X)) = (2 - 21) G(X) - (L + 1) G (X)

(2 - 20)[(1 + )X + 2X + 2 + 21]

]

(1A D@2 -2 2%+ (L - D]

[(2 = 20)(1 + 1) - (1 + 1)(2 - 24)]%°

fl

+ [(2-21)2 - 1+ 1)2)X

+ [(2 - 2i)(2 + 2i) - (L + L)1 - 1)]

(2 -61)X+ 6
Thus, T(G(0)) = 6

T (G(X)) = 6X + (2 + 61)

T (G(X)) = TIT(C(X))]
- 6T(G(X)) - (2 - 61) T"(6(X)
=6[(2 -61)X+6] - (2 -61)[6X + (2 + 64)]

= [6(2 - 61) - (2 - 61)6]X + 36 - (2 - 61)(2 + 61)

= 36 - (4 + 36)
= 36 - 40
- -4

Thus, T2(G(0)) = -4.

Therefore, by Theorem 5.3, G(X) has at least one root inside T.

46
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2. Convergence of Lehmer's Method

Convergence of this searching technique is somewhat slower than
other methods but is somewhat that of the geometric progression of
ratio‘%z . It has been shown that after completion of step K, a circle
of radius less than 2R(%E K is obtained containing a root. Twenty-
seven steps give a radius of length less than R - 10-10, Hence, for
K large enough, the center of the circle is a good approximation to

the zero. If the valﬁe of P(X) at the center is sufficiently near

zero, then convergence is obtained.
3. " Determining Multiplicities

Multiplicities of the zeros are determined as described in

Chapter II, § 5.
4, Procedure for Lehmer's Method

The basic steps performed by Lehmer's method are listed sequen-

tially as follows:

1. Use Theorem 5.3 to determine if P(X) has a zero inside
the unit circle with center at the origin.
a. If the answer is yes, halve the radius until a
circle of radius R is found such that P(X) has

a zero inmside the circle |X| = 2R but none inside

b. If the answer is no, double the radius until

such an R is found.



2. Beginning with K = 0, translate the origin to the
point ¢ = (gBO(Cos(%E) + 1 Sin(%gb) using the

radius p =~(§9R. Call the resulting polynomial G(X).
6

3. Using Theorem 5.3 determine if G(X) has a zero inside
this circle,
a. If it does, go to step 4.
b. If it does not, increase K by 1 and go to step
2 with R replaced by p.
c. If Theorem 5.3 cannot be applied, replace R by

G%)R and return to step 2.

4, Save this center as the next approximation to the zero
and halve the radius until a circle of radius Rl is
found such that G(X) has a zero inside }X - cl = 2Rl

but none in ]X - c] = R.

5. Test for convergence. Is P(c) sufficiently near zero
to be called a root? If it is not, return to step 2.
If convergence is obtained, then
a. Save latest center as the approximation to
the zero. K
b. Deflate P(X) using (X - ¢), resulting in Pl(X).

c. Replace P(X) by Pl(X).

d. Return to step 1.

) . WM M-1 A
Given the polynomial F(X) = le + fZX + ... + fMX + fM+1’ the

sequence of steps to determine if F(X) has a zero inside a circle of

radius p and center c¢ is listed in the order performed below.
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Theorem 5.3 consists of steps 2 - 8.

Calculate G(X) = F(pX + c) where p>is the radius of the

circle and ¢ is its center.

G(X) = ngs + gZXS_l + ... +vng + 8oyl This replaces

the given circle .with the unit cirele I'. Theorem 5.3

is applied to this G(X). Set j = 1.

- 1f G(0) = 0, replace p by (%Dp and return to step 1,

If G(0) # 0, proceed to step 3.

S, — ,5-1

* _ — —
Calculate G (X) = 8oy Xt gg¥ +oout g, X+ 8-

5 -— %
Calculate TI(G(X)) = 8g4p C(X) - g G (0.

Find T (G(0)).
a. 1If T?(G(O)) is too small to determine sign,
replace ¢ by (gép and return to step l.

b, If T (G(0))

A

0, go to step 6,

c. If T3 (G(0))

0, go to step 7.

A\

d. vaTJ(G(O)) 0, go to step 8.

G(X) has a root inside T.

If TJ_l(G(X)) is a constant, G(X) has no root inside T.

T If TJ_l(G(X)) is not a constant, replace p by (%Dp and

return to step 1,

Replace G(X) by TJ(G(X)), increase j by 1 and return

to step 2.
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5. Conclusion of the Method

In applying the transformation T, the coefficients of TK(G(X)) may
become very la?ge or very small in absolute value. For exaﬁple, the
constant term of T(G(X)) is computed by equation (5-3). If the
magnitude of the constant term of G(X) is large compared to that of
the leading coefficient, then repeated application of the transformation
results in the constant term of Ti+l(G(X)) of sequence (5-5) having
magnitude approximately double that of the constant term of Ti(G(X)).
This prdbiem was encountered when the program was run on the IBM S/360
which permits magnitudes between 10-77 and 1077. The program could not

be run on the IBM 5/360 due to the limitation on the size of the

exponent permitted.



CHAPTER VI
QUOTIENI-DIFFERENCE METHOD
1. Derivation of the Algorithm

The quotient-difference (Q-D) method in [3, PP, 162-179] is an
iterative procedure producing simultaneous approximations to all zeros
of a polynomial with real or complex coefficients.  This method has the
particular advantage that no initial approximations to the zeros are
required, since no information is needed other than the degree of the
polynomial and its coefficients. Due to roundoff error and slow con-
vergence, the Q-D method is recommended only for the purpose of giving
initial approximations to the zeros. These initial approximations are
then used with another method, such as Newton's method, for obtaining
final results,

Let P(X) be a polynomial of degree N given by

N N-1
PX) = alX + a2X + o.. F aNX + axil (6-1)

where a; #0 # a1 and the coefficients are complex numbers. The
quotient-difference algorithm consists of comstructing, row after row,
a two dimensional array of numbers called the Q-D scheme arranged as
vindicated below for the case of N = 4, The notation here is chosen to
eliminate zero subscripts and does not agree with the notation in [3],

[10], or [11].

51
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Figure 3.1.

The entries in the array are related by the rhombus rules:

(®) _
n+l

(K _
en+l B

where n = 1,2,3,...

L

n

@S&D _ ,

(K)
Untl L
(RK-1) n
qn+l

be remembered as follows:

1. In a rhombus configuration with an e-element on top,

the product of the northeast pair is equal to the

o
(3 (4)
1 &1
(3)

N
(3) \\\\a<4)
2 2
:f\\\ (3;//

The Q-D Scheme

4+ q®

n (K =

XK = 2,3,...

product of the southwest pair.

ol
o

o

1,2,...

,N+1).

(5
KO

(5

»N)
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(6-2)

.As shown in the above diagram, these rules can
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2, In a rhombus configuration with a g-element on top, the
sum of the northeast pair is equal to the sum of the

southwest pair.

It is helpful to observe the following facts concerning the above

diagram:

1. There are 2N+1 columns.
2. The superscripts in each column are constant.

3. The subscripts in each row are constant.

Since each of the rhombus rules involves four adjacent elements, namely
the vertices of a rhombus in the array, then the first two rows, the
first column, and the last column must be known before the rules can be
applied to generate, row after row, the remainder of the array. The
first two rows are determined from the coefficients of the polynomial

as follows:

o

'az_/al ’
K,
qi )20 (®K=2,3,...,%

JE)

1 = e/

ay K=2,3,...,N).

Here it is assumed that the coefficients are non-zero. The case in
which some coefficients are zero will be treated later. The first and
last column consists -entirely of zeros:

S D)
n n



The array now appears as follows for
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_ 4 3 2
P(X) = alX + a2X + a3X + a4X + ag.
LW @ @ ) ) @ @ (5)
n n n n n n n o) n
a
-2 0 0 0
8
a a a
0 -—§- ._l.*.. = 0
a, a, a,
(1) (2) (3) (4)
q2 9, q, 4,
0 @ RS () 0
1) (2) (3 (4)
43 43 43 93
(2 (3) (4 ’
0 . e3 . ey . ey 0
Figure 3.2. Starting the Q-D Scheme
The rhombus rules can be obtained as in [11, PP. 36-38]. This is

accomplished as follows, keeping in mind that the notation is different

from that in [11]. Let P(X) be a polynomial of degree N given by

equation (6-1).

Assume for the present that the zeros,Xl,Xz,..,,XN
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are all simple and satisfy ]Xl] > ]XZ] > vee > ]XN] > 0. Assume further

that the coefficients are non-zero. P(X) can be expressed in the form

N
P(X) = a; H X - Xi}
i=1
or
1 _ 1
P(X) N :
3 || - xp
i=1"
Then-P%X) can be expressed as a sum of partial fractioms:
F%x) *xi\lx*x}—\zx-“""“*’xﬁN : (6-3)
1 5 Xy

To verify that this is true, it is only necessary to show that there

exists unique A sA. such that equation (6-3) holds. This is

1,A2,...

done as follows. Combining terms in (6-3) results in

N

—— —

N
Al[ (x—.xi)+...+Aj X-X) + . v A || X=X

N
I«

i=2 i= i=1
4]

-

1 _
P(X)

| =

—

| &x-x)
i=1
(6-4)

Substituting into the left hand side of equation (6-4) gives
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N N
Z Ay |l & - xp)
j=1 i=1
1 ) 1#4
5 N :
ap || &= xp) || &- %)
i=1 i=1

Consider %— as a polynomial of degree N-1 all of whose coefficients
1

1
are zero except the constant coefficient ik The right hand side is
1
also a polynomial of degree N-1 since each of the N terms is the product

of N-1 linear factors. Equating coefficients of these two polynomials

A

gives N simultaneous equations in the N unknowns Al,A " Solution

2’.!.’ NQ
of this system yields the result. The terms on the right hand side of

equation (6-~3) can be expanded in a geometric series.

r_ . .1
X—Xr X Xr
L-x
1 Xr Xi
= A [TH+=—=+-—=<+ ...
r (X X2 X3

for all X such that X > Xr’ since the sum of the geometric series

<

%
st
X

b=

: 2

P

is
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o
o]
(o}
2
2’ ——— e
— .
1l
+
H ~ e
o = =
o]
H +
u —N
> b >
A +
> —1 >4
S
[
3 —
m <
]
— ~
> >
—]~
A =¥
>
Yy
oo
w
=
K
T

+

ZVA.N _ 3X
+

SE R

>4

T o
+AN(

Let

Then




Computing the quotient between two consecutive coefficients gives

i+l 11, 4L, 141
W _ % M5 T A% T A e ANXN
i o. i
i Ale -+ AZXZ -+ A3X3 + e + ANXN

Multiplying both numerator and denominator by __iixf gives
A X

157
i+ 1 i1 ] 1 | i+1
A%y ( N Xi+l + A%, gL oo AKX N X1+1
(D . 15 1 1 1 1
i i 1
A%y )

1+l T ANXN 1+l

l 1

_ i+l
% 'l 5|\
A X : A X

1+ ‘ + ..
- 1\ 1\
i
1 A2 XZ AN XN'
o el ol B i \%
1 1\ 1\71,

But IXK/Xll <1 for K=2,3,...,N. Thus, as i + « the numerator

approaches 1 while the denominator approaches %— . Thus, we have
1
PRV ¢ R | _
l%mlt q; " = (E—j = Xl.
ol X,
1

Then:
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By combining terms in the numerator, combining like terms, and

59

factoring, the right hand side of the preceding equation becomes .

i 1+1
L4 2[5, ﬁi‘_N_._l_f‘_z_i‘_z_ %)
A TR\ 1% A \%
A
1+ 2
Ay
limit X,
o0
_ ) ) —
il A ) | L
A \X x| A X
= limit X -
. 1 i
i»oo X A
2 2
ol M
i 1]\ 1 N
;; X A [x \E ]
__g.l__2+.__:i__§. 1 - .ﬁ\]_
Ay ) A% %
= limit X ] - .
; 1
10 _ A2
L+ x|
l ——d
But IxK/le <1 for K = 3,4,...,N and ]XK/Xl] <1 for K = 2,3,...,N.
Thus
X qfl) A, ' X,
1imit = =x |-== {1 -2 (6-5)
) 1 |A X
iro X, 1 1
' 2
X

Similarly, replacing i by i+l:
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X -q
limit L ifl
10 X 1
2
X
A [x \it2 A XN1+2
2 (™2 N
l+-A-- X + . .+K—- x|
1 - 1\ 1\71
A [x i1 A XN1+1
2 |72 N
l+—— pemuad . +|.Q +—_ -
A% A \%y
= 1limit X
» 1 o L
) X
2
Xy
A (X i+l e i+l A [x \12 i+2
2172 N 2 %2
l+_A_—-}E— +..+—-—X— -1 -=1\% —. .
= limit X S L t\l
N ™M ) i i+l i+l
100 X A, [X 1:11 .Xﬂ
= limit X
1
{500
= l%mit Xl
1>

Thus




Subtracting equation (6-6) from equation (6=5) yields

q(l) - qgl) A X
- i+l i 2 2
limit = = (Xl - XZ) — - %
i+ X2 1 1
X
Similarly, as in deriving equations (6~5) and (6-6),
_ (L) 2
R T RN ki )
limit T = 1|5 1 - X
i X2 1 1 1
X
Then
(1 (D 4 2
pme 2701 D)t B
10 X, | 20 X4 X
X
Now let

(2) _ @) L
®i T 941 T Y -

Then

61

(6-6)
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(2) q(l) q(l)

limit. ](L'g = limit M
bre ey b a9y

(1) (L)

Qi+2 = Y341

. i
(fiz-.
Xl

= »llmlt _?IT~——-?IT

i+l
i
(i‘_z_
Xl
X2
X - =2
) 2 Xl~
Xl - X2
X
2
At
_ 1
X, - X,)
.2
Xl
Eliminating Xl we have
(2)
e
. i+l -
l%mlt B Xl X2
i e
Ne)
U o R C S B
l%mlt D) limit 4 X2.
ive e,
i
But
Lo (1) _ (1)
limit ;" = limit q 4 "

10 )
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Hence

2
(L
lifit (2) A347 = X

2.

Further, let
: (2
(2) 1+l (l)
941 K& 941 -
€1

Then we have the following:

limit qgl) = X
1o

limit. q( ) = limit qiz) = Xz,

=00 g -0

Let
(3) _ (2) _ (2) (2)
ey 9i41 ~ 94 0 ey e
Then as before
(3)
T
limit (3) i—
ise @) 2
i
(3)
1+l (2) - X

1lmlt NE G T %

(3)
Civ1 (2) _(®3)
(3) 9G+1 T Y41

Thus
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limit qiii = limit q(3)

{>o -0

i = X3.

Continuing by induction, the following results are established:

1. The rhombus rules have been obtained. They are

(K)

(K) _ (o (KH) _
n

941 n K=1,2,...,N)

eéK)) + q

¢9)
® _ %orl  ®
at1 T T(®-D &n
n+1

(K = 2,3,...,N+1)

where n = 1,2,3,... .

2. limit qéK) = X

n-—>°
2. Existence of the Q-D Scheme

The Q-D scheme described previously may fail to exist if one or

more of the divisors qéle) of the rhombus rules above is zero. It
appears to be difficult to give explicit necessary and sufficient
conditions for existence of the scheme in terms of the polynomial P(X).
One sufficient condition in terms of the zeros of P(X), given in

[3, P. 165], is ‘that the zeros Xl’xﬁ"'°’XN are simple and have distinct

absolute wvalues such that

x| > ]X2[ > vee > |X ] > 0.

l
3. Convergence Properties

Let the zeros Xl’XZ""’XN of P(X) be numbered in decreasing
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magnitude; that is,
|5 1 2 0%, | 2 oo 2 %]
Then [10, P. 571] gives the following theorems.

Theorem 6.1l. For every K such that IXK—II > ]XKI > lxK+l]’
limit &) = X, 3
n>e n

h

that is, the Kt column of the array converges to the Kth zero of P(X).

The proof of this theorem has already been established in the derivation

of the  algordithm.
Theorem 6.2, For every K such that ]XK] > ij+l|

limit e(K)
n

e

= 0.

Proof: From the rhombus rules for K = 1 we obtain

L _ @ _ @, @

qn+l n n n
limit e(z) = limit q(l) - limit q(l) + limit e(l).
n o+l n n
But'e(l) = 0 for all n and limit-q(K) = X _ implies that.
n - n K
n--o
Lo (2) o =
limit e -~Xl Xl +0=0.

) . o,

By induction we conclude that Limit-en
n->-o
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To this point, the existence of the scheme and convergence
properties have been established for the case where the coefficients

are non-zero and the zeros are simple.and satisfy
Ix, | > %] > ooo > [x| > 0.
The following observations should be noted:

1. The e-columns which approach zero (0) as a limit
divide the Q-D scheme into subtables,
2. All zeros whose subscripts agree with the superscripts

of the q-columns in a subtable have the same modulus.
Thus, if zero XK is the only zero of its modulus, then

limit er(lK) =0, limit eéK'*l) =0, limit q

n><e n-<e n--e

(K) _
n XK‘

4. Zeros of Equal Magniltude

Consider the case where M zeros, XK+1’XK+2""’XK+M’ have the same

modulus; that is,

I T B T LV L LSPWER L

As noted above, the q—columns.qéK+l), éK+2),...,qéK+M) will be in the
same subtable and the e-columns within that subtable, eéK+2),...,

e(K+M), will not tend to zero. The zeros XK+1’XK+2’;"’XK+M are then

obtained from the following theorem given in [3, P. 167]. A proof of

this result can be found in [12, PP. 42-43].

Theorem 6.3, Suppose P(X) has M zeros of equal moduli gatisfying
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el > [l = 1%l = ooe = IXeyl > I I

Construct sequences of polynomials PQJ)(X), j = K,K+1l,...,K+M by means

of the following recurrance relations:
PéK)(X) =1, n=1,2,3,...

K+1,...,K+M

P(i_l)(x) _ q(i)-Péi—l)(x) 1

(1) on _
Pn (x) =X n+l n

n=1,2,.. .

Then limit P£K+M)(X) =

(X - XK+1)(X - XK+2) eee (X- XK+M); that is,
e (K4M)
the coefficients of the polynomials Pn (X) tend, as n>», to the
coefficients of the polynomial with ‘zeros xK+l’XK+2""’xK+M and leading

coefficient 1.

These polynomials can be thought of as being arranged in a two
dimensional scheme, similar to the Q-D scheme as follows, where the
qéj)'s are obtained from the Q-D scheme.

The practical application of this theorem is as follows. Construct
the Q-D scheme for n sufficiently large to determine convergence or
non-convergence of the gq-columns; that is, to divide the Q~D scheme

into subtables. Convergence of a g-column corresponds to a -zero of
isolated absolute value. Divergence of M adjacent q-columns indicates
that there are M zeros of equal moduli. Also the e—-columns which
converge to zero divide the scheme into subtables. Beginning with the
first divergent q-column, one constructs the sequences of polynomials

K+ (), ..., 2 (g

(K)
Pn (X), Pn n



The roots XK+1""’XK+M are then found as the zeros of

limit P (KD 5y,

n+o
1 (K+l) ® p il_(+2) © ... (K+M) )
1 P§K+l)(x) (K+2)(x) o P§K+M) 0
(K+2)
L (1+1)( o m ) I(1K+M)( )
i
e
/X’/ .
(K+1)
1 N X) . .

Figure 3.3. Scheme for the Polynomials of Theorem 6.3

5. Zero Coefficients of the Polynomial P(X)

Finally consider the case in which some of the coefficients

*
8,58,5+015a, 0f P(X) are zero. ILet X =X - a, a # 0, for some
273 N

68

suitably chosen a (usually a = 1). Construct the polynomial of degree

Nevg otcas,
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* E3 *
P(X)=P(a+ X)
n 2 : €] N
= P(a) + Plfa) X+ sza) X 4.+ E—ﬁrﬁél X

whose coefficients are calculated by the following theorem, given in
[3, PP. 54-56}, which repeatedly uses Horner's method to obtain the

coefficients of the Taylor series expansion of P(X) about the point

X = a.
Theorem 6.4. Given the finite sequence of numbers b<l) (l),..., éii,,

and the number a, generate the sequences {bé )} for XK = 2,3,...,N+2

recursively by:

x) _ . @
by " =by

O N € R e R R S S T
k| h| j-1
Let B_(X) = b<1)x9 + bél)xn'l e + bé )y + b(l) (n=0,1,...,N).

(X)

Then the numbers bn determined above satisfy

(X) _ 1 (K 2)

i = W j+K-3 24400y N+3°K

b (), 3

K=2,...,N2

‘where P(O)(a) = P(a).

The above theorem indicates the following array for N = 4,
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bfl) bél) bél) bil) bél)
b b SCRN G Eéii
b(3 b2 b Eéii

b () b(®) Eéji

b () Eéii

10

Figure 3.4. Scheme for Removing Zero Coefficients

* %
The coefficients of the new polynomial P (X ) are the diagonal elements

underlined in the scheme above; that is,
£ ok (O) & (5 & W oxE 3 x L (2)
P X) = bl X + b2 X + b3 X +.b4 X + bS

where

LW (DL (D2 (1) (1)
P(X).—bl X'+ by X+ by 4 bR b

The coefficients of P*(X*) will all be non-zero for sufficiently small
values of a, since if a is not a zero of P(X) then the first N deriv-
atives of P(X) exist and are not zero at X = a. Once the zeros,

X e P @) n d, the (X%, of P(®)

XK K=1’ of P (X ) have been computed, the zeros, XK K=1? o] are

*
found from the formula XK = XK + a. As an example of . the above theorem,

let
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P(X) = 12X - 3%° + 7X + 10.

The coefficient of the X2 term is 0, so the Q-D scheme cannot be

started, With a = 1 we have for the above scheme

12 -3 0 7 10
12 9 9 16 26
12 | 21 30 46
12 33 63
12 45
12
Then
P (x") = 12x*4 + 45)(*’3 + 63X*2 + 46X + 26.
Let the zeros of P*(X*) be Xi,X:,X:,X*. Then the zeros of P(X) are

%
Xi = Xi + 1, 1 =1,2,3,4. This concludes the example.

All necessary cases have thus been considered. They are:

1. distinct zeros
2. zeros of equal magnitude

3. zero coefficients of the polynomial P(X).

Hence, the Quotient-Difference method can now be applied to the polyno-

N+ asz'l +...+aX+a

mial P(X) = a N N+1

where a; #0 ¢ ay

1 +1°

6. Procedure for the Q-D Method

The sequence of basic steps performed by this method are as

follows:
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1. Given coefficients aj,a,,...,ag ; of the Nth degree
~ polynomial, P(X), such that a; #0 ¢ L
2. Determine if any of the coefficients in step 1 are.
equal to zero. If not, proceed to step 3. If one or
‘more are zero, use Theorem 6.4 to comstruct-a polynomial
whose coefficients are all non-zero.
3. Begin the Q-D scheme by constructing the first two rows

with the formulas:

qil) - _aZ/al
qu) =0 K=2,3,...,N0)
eiK) = aK+l,aK (K = 2,3,;..,N){

Set -the first and last columns. to zero with

LD WD
n n

0.

4, Construct the Q-D scheme row after row by using the

rhombus rules:

b+ (L) 4 o ®

T (K)
®__ o+l (®)
Cntl (K-1) €n
n+l -

(K =2,3,...,N).

5. Test for convergence of the e-columns. Either of the

following tests may be used:

1
1 T 158 0
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b. -EPS leéK)l /|e§§)] ~-EPS where EPS is chosen
sufficiently small so that the test expression
will remain positive until the Kth e-column
has sufficiently converged. n is the number
of iterations and is an input value.

After the maximum number of iterations, determine which

e-columns have not converged. Then divide the Q-D

scheme into subtables. Proceeding from left to right

in the scheme, do step 7 or step 8 according to the
number of g-columns in the subtable until all sub-
tables have been considered.

If a subtable has two or more g-columsn in it; use

Theorem 6.3 to determine the zeros of that subtable,

If a subtable contains only one gq-column, then the

final element in the gq-column is the desired approxi-

mation of a zero of the polynomial,

Check the root count. If not all roots have been

found, divide out the zeros that have been found by

successively deflating P(X) using synthetic division.

Shift the variable in the resulting polynomial for

which no zeros were found by using Theorem 6.4.

Then return to step 1. See Theorem 2.3 for the

iteration formulas used to deflate a polynomial.

If it was necessary to use Theorem 6.4 in either

step 2 or 9, the zeros {X;}g=l found are the zeros

of the new polynomial P*(X*). Use XK = X; + a to

find the zeros {XK}g=l of P(X).
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7. Conclusion of the Method

As suggested earlier, it was decided to use the Q-D method for the
purpose of producing good initial approximations to the zeros which
would then be used with another method to produce final results. The
following difficulty was encountered. In order to program the Q-D
method to solve polynomials with maximum degree of twenty. five, the.
size of éore storage needed was considered and found to be quite large.
For M roots.of equal magnitude, Theorem . 6.3 generates M sequences of
polynomials having degrees '1,2,3,...,M. The number of terms needed in
each sequence to produce convergence is not known before hand. In
addition, M terms of the first sequence are necessary to compute the
first term of the Mth sequence since, as -seen from the scheme, the
Qequences are generated in a triangular manner. Therefore, in order to
get sufficient convergence of the_Mth sequence of polynomials, the
number of terms in the first few sequences could become -quite large.
For example, suppose in a polynomial of degree 25, 20 roots have equal
moduli. Then Theorem 6.3 calls for 20 sequences of polynomials to be
generated, the first of degree 1, the second of degree 2, ..., and the

th

20 of degree 20. Twenty terms of the first, 19 terms of the second,

and so on, would be necessary to calculate the first term of the 20th

sequence. Thus,

21

Z I(22--1I)

I=2

locations would be needed to store all coefficients. In general, for

M roots. of equal moduli,
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M+l

Z I+ 2 - T)

I=2

locations are needed to compute the first term of the'Mth sequence. An-
attempt was made to decrease the number of locations needed for storing
the polynomial sequences by computing the terms of each polynomial
sequence,. storing the last polynemial of each sequence and repeating in
order ‘to continue each sequence using the same storage area for each
repetition. However, this process of transferring polynemials, storing
polynomials, bringing in new q-columns from the Q-D scheme, and con- |
tinuing the polynomial sequences until convergence was obtained,
presented a programming problem of greater magnitude than had been
anticipated. Thus, considering the immediate purpose'of this method,
to give good initial approximations to the zeros, the sleow convergence,
and the lack of time, it was felt unprofitable to complete the pro-
gramming of the Q-D method. Also, storage location requirements for -
the elements of the e-columns and q-columns of the Q-D scheme could
become . quite large unless the scheme i1s generated a Téﬁ5wis'atJaw:
time. Teo de this would fﬁrther add te the problem of generating the

polynomial sequences using the g-columns.



CHAPTER VII
CONCLUSION

In order to compare Newton's, Muller's, and the greatest common
divisor. (g.c.d.) methods, consider the polynomials as being divided
into the following classes:.

1. polynomials with all distinct.roots

2. polynomials with multiple roots

3. polynomials with roots close together
By "close together" I mean distinct roots agreeing in at least the first
three significant digits. These roets will not be included in class 1.

" The comparisons in the following material, except where specif- |

ically noted, are results of tests made on the IBM S/360 mod. 50
computer which has a 32 bit word. The programs were successfully run
on-the CDC 6600 and the UNIVAC 1108 which have a 60 bit word and a 36
bit word respectively.' It was noted that the UNIVAC 1108 is about 15
times faster than the IBM S/360 mod. 50. The CDC 6600 is faster than
the UNIVAC 1108 but the;difference'isinot‘;g great as that between the

UNIVAC 1108 and the IBM S/360 mod. 50.
1. Polynomials With all Distinet Roots:

First consider the class of polynomials having distinct roots.
Newton's method is particularly .suited for this class of polynomials.

Its quadratic .convergence is very fast which can save time and money to

76
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the 'user. The accuracy obtained is excellent és shown. in exhibits ‘A
(12 sec.) and B (22 sec.) which present the zeros of a 15th degree
polynomial in single precision and”double'precision,'respec;ively. In
most cases, the method produces convergence for almost any initial -
approximation given.

Muller's method also produces good results on this class of poly-
nomials. The rate of convergence is, however, somewhat slower than
Newton's method. This fact is especially significant when working with
polynomials of high degree. The accuracy obtained by Muller's method
is comparable to, but does not exceed that of Newton's method. In most
cases, the accuracy of.the two methods does not differ by more than one
or two decimal places. Exhibdits C (17 sec.) and D (28 sec.). show
results of Muller's method for the polynomial of exhibits A and B. As-
in Newton's method, convergencé is prodﬁced,for almost any initiél
approximation given.

The g.c.d. method, whether used with Newton's or Mﬁller's method
as a supporting'method on this. class of polynomials, is ne better than
Newton's or Muller's method alone. Thé reason for this is that the
greatest common divisor of the polynomial, P(X), and its derivative is
1. Then H(X) = P(X)/g.c.d. P(X) = P(X); that is, the polynomial
solved by the supporting method ié.the_same as the original polynomial.
Thus, the g.c.d. method will require a considerable amount of extra
time to perform useless calculations and will not produce better
results than the ‘supporting method used alone. /

Thus, this class of polynomials presents no -difficulty to any of
these three methods. Newton's method, because of its speed, is there-

fore recommended,
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2. Polynomials With Multiple Roots

Next consider the class of polynomials containing multiple roots.
This class presents considerable .difficulty for Newton's method,
especially those polynomials containing roots of high multiplicity or.
containing a considerable number of multiple roots. The iteration

formula for Newton's method is

Xﬁ+1 = Xn - P(Xh)/P‘(Xn).

If ¢ is a multiple root. then P(c) = P!(c) = 0. Hence, as_.Xn > c,

P(Xn) - 0 and Pf(Xn) + 0 and the iteration formula may be unstable,
resulting in no convergence or bad accuracy. As the number of multiple
roots.increases, the polynomial becomes more ill-conditioned, convez-
gence .becomes more difficult, and.accuracy is lost: Thus, the possi-
bility of convergence decreases. This also holds true if the multi-
plicities of the ‘roots are increased. The rate of convergence of-
Newton's method is much slower.for multiple roots than for distinct
roots. Exhibits E (38 sec.) and F (34 sec,) show a polynomial con-
taining two multiple roéts solved in single precision and double

precision, respectively. Note the following from exhibit .F:.

1. Roots #2 and #3 are greatly improved by iterating on
the original polynomial. Distinct roots.are usually
improved. in this manner.

2. The time taken to solve this 60 degree equation with
multiple roots is greater than the time taken by the
same program to solve a 15th degree polynomial with

all distinct roots--(exhibit B).
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3. Root #2 did not pass the convergence test after 200
iterations even though it was improved. This is:
probably due to the fact that the polynomial from
which root 2 was extracted had only one multiple root
but the original polynemial from which it was extracted.
the second time had two multiple roots; that is, the
original polynomial is more ill-conditioned.

4, The-accuracy of the roots before.the attempt to improve
accruacy is very poor. Root #2 is accurate to only
three decimal places as compared to the 15 decimal
places in exhibit B for distinct roots. Root #3 is
especially bad, the imaginary part begin accurate to

only one decimal place.

As seen from these exhibits, single precision calculations do not
produce good results when multiple roots are invelved. The time for
exhibit E was 38 seconds. Compare this with exhibit A for the_lSth’
degree polynomial. Exhibit .G (14 sec.) is a polynomial containing two
multiple roots. Note thévp00r results obtained before the attempt to
improve  accuracy "and the improvement afterward.

In most cases involving roots.of high multiplicity or. several
multiple roots, Newton's method fails to determine the correct multi-
plicity of many of the roots even though all the roots have been
abtained.

In many cases, Newton's method fails to converge altogether. The
polynomial with roots (the number in parentheses indicates multiplicity)

24+ 21(3), 1+ 24 (2), -1 + .5%& (3) could not be solved using Newton's
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method with a maximum number of 200 iterations and a convergence
réquirement of‘lo-lo. This polynomial is given as number 25 in exhibit
H using Muller's method. ' Observe that this polynomial is polynomial #53
of exhibit F with the multiplicity of root -1 +..51 increased from 1 to
3.

Muller's method also encounters difficulty, although to a lesser
degree than Newton's method, ‘on this class of polynomials. In mest
cases, Muller's method produces convergence even when Newton's method
completely fails, Newton's method completely failed for polynomial #25
but convergence was obtained using Muller's-method as shown in exhibit.
H (40 sec.).  The- accuracy obtained by Muller's method is not good but
usually better than Newton's method using the same convergence require-
ment. ZCompare“exhibit;J (15 sec.) with exhibit G. The rate of conver-
gence of Muller's'method is considerably slower for multiple roots than
for distinct roots. . However, for multiple roots, Muller's method is as
fast or faster “than Newton's. - NeWtén's method appears to determine

multiplicities more.correctly than Muller's method. ©Note the following

from exhibit J:

1. Roots . #3, #4, and #5 are greatly improved by iterating
. on ‘the original polynomial, especially the distinct
root “#4.

2. The-accuracy obtained before the attempt to improve
accruacy is-very poor compared to the accuracy obtained
with all distinct roots. The accuracy.is, however,
better than Newton's method (exhibit G).:

3. The'ﬁﬁlfiplicities of the roots are not determined

correctly.
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Polynomial #46-in single precision is given in exhibit I. Similarly

as with Newton's'method, an increase in the number of multiple roots or
their multiplicities causes the polynomial to become more ill~condi—
tioned. As a result, accuracy is lost.

The g.c.d. method .is perfectly suited for polynomials with multiple .
roots.  All multiplé roots are removed leaving only a polynomial eof
class 1 (all distinct roots) to .be solved. This indicates that best -
results should be obtained by using Newton's methoed as the supporting
method, since Newton's method enjoys the advantage of speed over-
Muller's method for distinct roots. This has indeed proved to be true.
The accuracy of ‘the roots. obtained decreases, somewhat, when the number
of multiple roots 1s increased:. This is due to accuracy lost in
computing the-g:c.d. -and the quetient polynomial and not as a result
of the supporting method. The -accuraecy obtained using each supporting
method is about ‘the same.

Multiplicities are determined with excellent accufacy; The g.c.d.
method is not-as sénsitive to roots of high multiplicity or polynomials
containing a large number of multiple roots as are both Newton's and
Muller's.  The-gic.d, method is faster than either Newton's or Muller's
because multiple roots greatly.slow the rate of convergence.of the
latter two. Exhibits K (2 -sec.) and L (3 sec.) show polynomial #25 for
which Newton's method gave no convergence and Muller's method gave poor
convergence. Note that the execution time for double precision is con-
siderably less than for Muller's method alone. (exhibit H). The multi-
plicities are.correct. Exhibit M (3 sec.) is a polynomial containing
two roots each of multiplicity 6. . Newton's method used alone did not

produce convergence to any root of this polynomial and Muller's method
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gave bad accuracy. Note the accuracy and speed of the g.c.d. method on
this polynomial. Exhibit N (12 sec.) contains 6 multiple roots,
Observe that the - accuracy is not quite as good as in the preceding two
exhibits becasue there are more multiple roots. Note also that there.
is not much improvement. in the roots after the attempt to improve
accruacy. This is characteristic of Newton's.and Muller's accuracy on
distinct roots, "and further supports the conclusion that the loss of |
accuracy is a result of computing the g.c.d. polynomial. Again the.
multiplicities ‘are all correct.

The accuracy of multiple.roots obtained by the CDC 6600 is considerr
ably better than- the IBM S/360 mod. 50 while that obtained by the UNIVAC
1108 is only ‘a"little better than the IBM S/360 mod. 50,

Therefore; for polynomials with multiple roots, the order in which
the three methods-are recommended; beginning with the best -is: g.c.d.
with Newton's; Muller's, Newton's.

Since multiple roots. are obtained with less accuracy tﬁan distinct
roots,. lowering ‘the. convergence requirement produced convergence in
many cases where the higher convergence requirement fails to produce
convergence. ‘The accuracy is usually fair for a.polynomial with few
multiple roots“and decreases as the number of multiple roots increases.
In most cases; “the accuracy is sufficient to give a goed approximation
of the roots. ‘Exhibit O shows polynomial #25 as a result of using the
convergence requirement of 10_5.’ The roots after the attempt to
improve accurgcy-are. accurate to at least 4 decimal places with some
gaining accuracy to 6 or 7 decimal places. Recall that the convergence

requirement of lO_lO produced no convergence:
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3. Polynomials With Roots Cleose Together

Polynomials with distinct roots close together present considerable
difficulty for all three methods. Ability to converge and the accuracy
obtained depends on the number of these roots involved and their close-
ness. If care is not taken in choosing the multiplicity requirement,
roots very close'together may not be separated and, as a result, will
be obtained as multiple roots. Exhibit P (5 sec.) shows what happens
when the multiplicity requirement is too small, Note the follewing

from this exhibit:

1, Root 103 + .1031i was mot obtailned. -

2. Root:#2 has multiplicity 2 which is incorrect.

3. Root-#3, before the attempt to improve accuracy, is
entirely incorrect. This is the result of deflating
by an-incorrect root. The correct root was obtained
by iterating on the original poelynomial. This empha-
gizes the necessity of observing the results both

before and after the attempt to improve accuracy.

When the-resultskindicate that roots close  together are present, the
multiplicity requirement should be sufficiently increased to ééﬁéréte
the roots. "This was.done. on the above polynomial and the results and
are indicated in-exhibit Q ( 5 sec.). Note the reasonable accuracy of
these roots all of which agree'in the first two significant digits but
differ in the third. Newton's method failed to converge to any root on
polynomial #33 with roots, 1,010 + 1.020i, 1.011 + 1.021i,

1.012 + 1.,022i, 1.013 + 1.0231 within 200 iterations and using a
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convergence requirement of 10_19. Note that these roots. agree in the

first three sipnificant digits but differ in the fourth.

Polynomial #33 was solved with excellent accuracy by the CDC 6600.

The test for convergence was*lO—14

10—8.’ The roots, as found, were

and the test for multiplicities was

Root (1) = 1,0100000000000000D+00 + 1.0200000000000000D+00 I
Root (2) = 1.0110000000000000D+00 + 1.0210000000000000D+00 I
Root (3) = 1.0130000000000000D+00 + 1.0230000000000000D+00 I
Root (4) = 1.0120000000000000D+00  1,0220000000000000D+00 I

This polynomialfwas also gsolved by the UNIVAC 1108 using a test for con-
vergence of 10-8 and a test for multiplicities of 10_6. The results

were

Root (1) = ,1010000000884303+001 + ,1019999999482552+001 I
Root '(2) = 11011000000380731+001 + .1020999998517433+001 1
Root - (3) = .1012999998246209+001 + .1022999998494446+001 I
Root (4) .1012000001356113+001 + .1021999999747005+001 I

Compare these results with e#hibit V.

Muller's method is recommended for this class of polynomials
because it produces convergence in most cases where Newton's method
fails. When both methods produce convergence, the accuracy obtained by
Muller's method:is.és éood or better than that obtained by Newton's.
Compare exhibits R (20-sec.) and Q. Again, a multiplicity requirement
chosen too small produces incorrect results as in Newton's method."
Exhibit S gives polynomial #33 solved by Muller's method, Observe that

roots #2 and #4 obtained before.the attempt to improve accuracy
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converged to "the same root during the attempt to improve accuracy.
Recall that Newton's method failed to converge to any root of this
polynomial.

The g.c.d. method, as in the case of all distinct roots, is ne
better than the supporting method used. In many cases where very close.
roots are involved, the incorrect greatest common divisor may be
obtained by treating these as multiple roots. Thus, incorrect results
will be obtained. This occurs when the requirement check for zero
given to the ‘GCD:'routine is too low. This requirement can be increased
to correct the-error. However, if this requirement is made too high
when multiple ‘roots are involved, an incorrect g.c.d. may be.obtained.
Also, a multiplicity requirement too low will produce incorrect results.
- Exhibit T shows the result of both the epsilon check for zero in sub-
routine GCD and the epsilon check for multiplicities being too low.

Both the root and the multiplicity are incorrect. These requirements
were increased and the result given as exhibit U (7 sec.). Correct
results were obtained. Thus, as a result of having to carefully choose
both the epsilon- check in subroutine GCD and the multiplicity require-
ment, this method is not recommended for this class of polynomials.

As in the-case .of multiple roots, the convergence requirement may
be lowered ;o“obtain-convergence in most cases where a high convergence
requirement "causes failure to converge. Convergence was obtained for
polynomial #33 (exhibit V (4 sec.)) by lowering the convergence require-
ment from 1070 to 1078,

Another technique for obtaining convergence on ill-conditioned
polynomials is to add some, distinct roots which are not close together.

This is accomplished by multiplying the polynomial by several linear
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factors. As:an:example of this technique, consider polynomial #33 on

which Newton's method failed to converge. After multiplying the poly-
nomial by ‘the-factors (X - 4 + 2i) and (X - 3 - 5i), comnvergence was "

obtained as. indicated in exhibit W (24 sec.). The number of distinct

roots-added to obtain convergence depends on how bad the pelynomial is
ill~conditioned. -

For polynomials containing a combination of these three types of
roots, the method used to obtain best accuracy depends on the number of
each type involved. The g.c.d. method is usually best because distinct
and multiple roOté are obtained with good accuracy. Those roots
obtained with poor accuracy are probably roots very close together.
Increasing “the -test. for zero in subroutine GCD may separate these close
roots but multiple roots may not be obtained with good accuracy. If
roots close together are present, another method may be .used  to separate
these roots.. "Exhibit X (6 sec.) gives a polynomial with two multiple
roots, two distinct roots not close together, and two distinct roots
close together.  -This. polynomial was- first solved using the g.c.d.
method with Newton's method as the supporting method. Note that all
roots except the:roots. close together are reasonably accurate and their
multiplicities “correct. Using the results after the attempt to improve
accuracy as initial approximations, this polynomial was- solved by
Muller's method "as. indicated in exhibit Y (39 sec.). The multiplicity
requirement ‘was. increased considerably above normal to prevent -any
root, especially roots very close together, from being obtained as
multiple roots; This tends to separate the roots close together. Note

the -following:
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1. The two roots close together were obtained very
accurately before the attempt to improve. accuracy
but both converged to the same root later.

2. The accuracy of all roots is good.

Exhibit-Z (18 sec.) presents therresuits of solving this polyanomial by
Muller's method but letting the program genmerate its own. initial
approximations.: Note that the accuracy is not as good as that obtained
using the initial approximations close to the roots.

Thus, each method is particularly suited for a different type of.
polynomial. Newton's is best for polynomials with distinct roots not
too close together. The g.c.d. method is superior for polynomials
having multiple roots, while Muller's method is recommended for

extracting roots very close together.



'ﬁEHTONS“HETHUD“TO FIND ZEROS OF POLYNOMIALS
POLYNOMIAL NUMBER 7 QOF DEGREE 1%

THE COEFFICIENTS OF P{X) ARE

P{ 1) = 0.3000000E 01 + O.
PG 2} = ~0.1789999E 02 +

Pt 3} = 0.,2010001E. 02 +

P{ 4} = 0.1745000E 03 +

P{ 5) = —0.7594199E 03 +

P{ 6} =. 048274360E 03 +

PU T} = 0.1329084E 04 + O,
P( B8) = -0.5611859E 04 +

P{ 9F =  0.T224T58E 04 + -0.15482B8F 04
P(10) = -0.2276992E 04 + O.
P(111 = ~0.12414T2E 04 + -0.
P{12} = 0.5402B01F 04 +
P{13) = —~0.646B8336E 04 + 0.
P14} = 0.146T456E 0% +
P(15) = -0.1077120E 03 +
P(16} = 0.3456000€ 02 + O.

0.0000000E
-0.6575999€ 02
0.2843679E 03
043118081E 03
-0.3069040E 04

- ~0.16T45T6E 0%

0.1263488E

0.2272000E 02
-0.5475840E 03

0000000t 00
oo

4710625€ 04

3046320E 04
409728B1E 04
04
1236480E 04

e e L L Ll L L

1267200E 03

NUMBER GF INITIAL APPROXIMATIONS GIVEN. 0

- MAXTMUM NUMBER OF I1TERATIONS.

TEST FOR ‘CONVERGENCE.
TEST FOR MULTIPLICITIES.,
RADTUS TO START SEARCH.
RADIUS TO END SEARCH.

. BEFORE THE ATTEMPT TO IMPROVE

ZEROS OF P(X)

ROOT( 1) = 0.3000001E 00 # .
ROOT( 2) = 0.2000000E 00 .+
ROOT( 3) = -0,2000002€ 00 +
-ROOT( 4} = 0.1789849E-06 +
ROZT( 5) = —0.1000000€ 01 +
ROOT( 6} = —0.1000000E 01 +
ROCGT( 7) = -0.2310580E-06 +
ROOT( B8).= ~0.1999997E 01 +
ROGT{ 9) =  0.9999008BE 00 +
_ROOT(10Y = 0.2000046E 01 +
ROOT(11) = ©0.20001%3E 01 +
ROOT(12) = 0.2999989E 01 +
ROGT(13) = 0.3999991E 01 +
ROOT(14) = 0.9999154E 00 +
ROGT(15) = -0.3333335€ 01..¢
AFTER ~THE ATTEMPT 7O 'IMPROVE

200
0.10E-04
0.10€-01
0.00E 00

0.00E 00

ACCURACY, THE ZEROS OF P{X) ARE

0.6291682E~08
-0.2000002E 00

. '042000002E 00
0.1000000E O1 .

~0.3287970E~-06
-0.1000002E 01
-0+1000000E 01
~0.3000000E 01
-0.2495819E~03
-0.1000127E 01

0.3578651E-03
~0.5277649€~-04

0.4000009E 01

0. 1000066E 01

-=0.1112619E~05 ~

el g gt bt g P ok Pt h Pt i

MULTIPLICITIES

R e )

ACCURACY, THE ZEROS OF P(X) ARE

Exhibit A,

. INITIAL

0.4829629E
- 0« TOTLO6TE
0.3882295E

. =~0.51T6364E

=0.176T765E

" =0.2897776E

~0.3380741E
-0.2828430E
-0.1164691E
0.1294087E
0.3889081E
0.5795551E
0.6278520E
SOLVED

00
00
00
00
01
o1
38
01
128
0l
o1
o1
01

D R N N

APPROXIMATION

0.1294095E
0.7071068E
‘0.1448888E
0.1931851E
0.1767768E
0.7764602E
-0.905862TE
=042828424E
~0.4346664E
-0.4829631¢F
-0.3889092E

0.1682312€

8Y DIRECT METHOD

SOLVED BY DIRECT METHOO

~0.1552923E -

R ot ot B g bt Pt bt P Dt Dt Pt



ZERDS OF PLX).

ROOT( 1}
ROOT (. 21
ROOT( 3)
T RODTL &)
ROOT{ 5)
ROOT( 6)
ROOTE T)
RODT( 8}
_ ROOT( 9)
ROOT {10}
ROOT(11)
RODT(12)
. ROOT{13}
ROOT {14}
ROCT(15)

Exhibit .A. * Roots "A;re.: '

LR R B O TR T

0.3000001€ 00
0.2000000E 00
~0.2000000E 00
0.1446T84E-07
~0.1000000€ 01
~0.1000000E Ol
'041241104E~06
-0.2000000€ 01
0.1000000E 01
0.1999998E 01
0.2000008E 01
0.2999995€ 01
0.4000000E Ol
0.9999998E 00
«=043333334E 01

P Er e bR b r e e e

~0.9981129E-08

-0.2000000E 00
0.2000000E 00

0.100000CE 01
-~0.,2083993E-08

-0.1000000E 01-

-0.1000000€ O1
-0.3000000€ 01
0.1584821E-06
-0.1000001E 01
0.8055T6TE-06
0.2530969E~-05
0.4000002E 01
0.1000000E 01
0.4381855E-06

-10/3, .3, -1, 1,

-1 -4,

L e Pt g et P bt i Pl op Bt hid 8 el

“MULTIPLICTITIES

Pt o et et et b e b e e

INITEAL

0.4829629F
0.7071067¢
0.3882295E
~0.5176364E
-0.1767765E
—-0.2897776E

- =043380741E
- =02828430E
~0.1164691E "
. 041294087E

0.3889081E
0.5795551¢E
0.6278520¢E

00
00
00

00

01
o1
01

01 -

01
01
01

o1’

01

APPROXIMATION
+ 0.1294095E
+ 0.T7071068E
+ 0.1448888E
+ 0.1931851F
+ 0.1767768E
+ 0.7764602E
+ ~0.9058627E
+ =0.2828424E
¢ =0.4346664E
¢+ ~0.4829631E
4+ -0.3889092E
+

-0.1552923€

+

0.1682312€

SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOD

ottt gt ot Bt gyt Bt Bt et O Py

0



NEWTONS METHOD TO FIND ZEROS OF POLYNDMTALS
POLYNOMIAL NUMBER 7 OF OEGREE 15

THE COEFFICIENTS OF P{X}) ARE

P{ 1) = 0.30000000000000000 01! -+ C 00 I
P{ 2} = -0.17900000000000000 02 + -0.00000000000000000 00 I
P{ 3) = 0.20100000000000000 02 + -0.65760000000000010 02 1
Pt 4) = 0.17450000000000000 03 + 0.28436800000000000 03 I
P{ 5) = -0.759%2000000000000 03 + (0.31180800000000000 03 I
P{ 6) = 0.8274360000000000D0 03 + -0.30690400000000000 04 I
P{ 7} = 0.13290840000000000 04 + 0.47106240000000000 04 1
Pl B8) = -0.5611860000000000D0 04 + -0.1674576000000000D 04 I
Pl 9) = 0.7224756000000000D0 04 + —0.15482880000000000 04 I
P{10) = -0.2276992000000000D 04 + 0.3046320000000000D 04 I
P{11? = ~0.1241472000000000D 04 + —<0.4097280000000000D0 04 I
P(12} = 0.5402800000000001D 04 + 0.12634880000000000 04 I
P{13) = -0.6468336000000001D 04 + 0.1236480000000000D 04 I
P{l4) = 0.14674560000000000 04 + - 0.22720000000000000 02 I
P{15}) = -0.10771200000000000 03 + -0.54758400000000000 03 I
P{16) = 0.34560000000000000 02 + 0.126T7200000000000D0 03 [

0. 0000000000000000D

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OFf ITERATIONS.

TEST FOR CONVERGENCE.
TEST FOR MULTIPLICITIES.
RADIUS TO START SEARCH.
RADIUS TO END SEARCH.

200

0.10D-09
0.100-01
0.00D0 00
0.000 00

BEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF P{X} ARE

ROOTS OF P(X}

ROOT{ 1} = 0.3000000000000000D0 00
RDOTt 2} = 0.20000000000000000 20
ROOT{ 33 = -0.20000000000000000 00
ROOT{ &) = 0.2485026109655803D-17
. RDDT{ 5) = ~0.1000000000000000D 01
RODT{ 6} = -0.10000000000000000 01
ROOTL 7} = -0.3106918759280349D-15
- RDOT(. 8) = -0.2000000000000000D0 O1
ROOT( 93 = 0.1000000000000016D 01
RODT{10) = 0.20000000000000400 01
RODT(11} = 0.19999999999999800 01
f0O0T¢12) = 0.3000000000000001D 01
ROOT(13) = 0.3999999999999998D 01
RODT(14} = 0.9999999999999606D 00
ROOT(15) = -0,3333333333333334D 01

LI IR AR B I I B I

0.1609358115166531D-16
-0.2000000000000000D 00
0.20000000000000000 00
0.10000000000000000 01
-0.53219537064599460-16
-0.9999999999999998D 00
=~0.9999999999999994D 00
-0.,30000000000000000 01
—0.10097649963521000-12
-0.10000000000000320 01
0.1385507847222202D-12
~0.14175491574492190-13
0.4000000000000003D 01
0.10000000000000050 01
-0,1850371707708594D-15

P e L

MULTIPLICITIES

o s e e et gt B et et Bt et

Exhibit B.

INITIAL APPROXIMATION

0.48296291156562790 00
0.7071067553046346D 00
0.38822847926540560 00
-0+45176382551966724D 00
~0.1767767147080701D 01
~0.28977775830749900 01
-0.33807402483312290 01
-0.28284266071078960 01
-0.1164684801399899D 01
0.1294096345098645D 01
0.3889088292979509D 01
0.5795555393512303p 01
0.62785173577341250 01
SOLVED BY DIRECT HETHOD
SOLVED 8Y DIRECT METHOD

+
+
+
+
+
*
+
+
+
«
+
¥
+

0.1294055284438187D
0.7071068070684595D
0.1448888763117193D
0.19318516083687550
0.17677667588520150
0.7764567463987070D
-0.90586719408161600
~0.2828427642384390D
~0.43466664598733680D
~0.48296288314530270
-0.3889086300072258D
~0.1552912644268974D

© 0416823257082677520

Det G B et bt Pt g B et ot St Pt Bt

N&



AFTER

ROOTH
ROOTH
ROOT {
ROOTY
ROOTH
RODTH
ROOTH
ROOTH
ROOT(
ROQTL101}
REOTLL11}
RODTL12)
RODT(13)
ROOTI14)

© ROOTUIS}

Exhibit B. Roots.Are: -1 Q'i
-10/3, .3, -1, 1,

ROOTS OF PiX}

0.30000000000000000 00
0.20000000000000000 20
~0.20000000000000000 20
«~0.11260430437627530-17
-0.10000000000000000 01
-0.10000000000000000 21
0.6131869319379140D~16
-0.20000000000000000 01
0.10000000000000000 31
0.20000006000000010 01
0.20000000000230030 31
0.2999999999999997D 01
0.40000000000000000 01
0.99999999999999950 00
-0.3333333333333334D. 01

THE ATTEMPT TO IMPROVE ACCURACY,

PR SN AP I I A I A R A

THE ZEROS OF PiX} ARE

0.33289435377059130-16
~0.20000000000000000 00
0.2000000000000000D0 00
0.1000000000000000D 01
-0.1882478030550796D-~16
-0.1000000000000000D0 01
-0.1000000000000000D 01
-0.3000000000000000D 01
0.7287765480895064D-16
~0.99999999999999900 00
-0.3968039620811357D-14
0.28968896304378480~14
0.4000000000000001D 01
0.10000000000000000 01
~0.8998063670517638D~-16

e L

MULTIPLICITIES

- e 1 b e e e e e e e

INITIAL APPROXIMATION

0.4829629115656279D
0.70710675530463460
0.38822847926540560
=0,51763825519667240
+1767767147080701D
-0.2897777583074990D
-0.3380740248331229D
~0.28268426607107896D
~0e1164684801399899D
0.1294096345098645D
0.3889088292979509D
0.57955553935123030 01
0.62785173577341250 01
SOLVED BY ODIRECT METHOO
SOLVED BY DIRECY METRHOD

00
00 ¢
00 +
00 ¢
ol ¢
0l +
01 +
0l «
01 «
01 «
01 ¢

.

+

0.12940952844381870
0.70710680706845950
0.14488868763117193D
0.1931851608368755D
0.17677667588520150
0.77645674639870700
~0.905867194081616CD
~0.2828427642384390D
—0.43466664598733680
~0.468296288314530270
-0.386890863000722580
~0.1552912644268974D
0.16823257082477520

00
00
01
01
o1
00

[+3Y
01
o1
01
01
01

e Gt e Bt b Ot Bt B s P Bt



MULLERS METHOD FOR FINDING THE ZEROS OF ‘A POLYNOMIAL
POLYNOMIAL NUMBER 7 OF DEGREE 15

THE COEFFICIENTS OF P{X} ARE

P 1)
Pt 2}
P{ 3)
P 4)
P{ 5}
PL 63
PC T}
P{ 8)
Pt 9)
P{10}
P11}
P12}
PL13)
P14}
P{15)
PL16)

N e

0.3000000E 01 +
0.1789999E 02 +
0.2010001€E 02 +
0.1745000€ 03 +
0.7594199E 03 +
0.8274360E 03 +
C.1329084E 04 ¢
0.5611859E 04 +
0.7224758E 04 +
0.2276992E 04 +
0.1241472E 04 +
0.5402801E 04 +
0.6468336E 04 +
04 146T456E 04 +
0.1077120E 03 +
0.3456000E 02 +

~0.6575999E 02

-0.3069040E 04

-0.1674576E 04
=0.1548288E 04

-0.4097281E 04

-0.5475840E 03

0.0000000E 00
0.0000000E 00

0.2843679E€ 03
0.3118081€ 03

0.4710625E 04

0.3046320E 04

0.1263488E 04
0.1236480E 04
0.2272000E 02

ettt b et et i et R b b et

0.1267200€ 03

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE.
TEST FOR MULTIPLICITIES.
RAOIUS TO START SEARCH.
RAOIUS TO END SEARCH.

0.10E-04
0.10E-01
0.00E 00
0.00E 00

BEFORE ATTEMPT TO TMPROVE ACCURACY

ROOTS -OF P{X}

ROOT{
RDOTH{
ROOT{
ROOT{
RODT{
RODTH
ROOT
ROOTU
ROOT{
ROOT(1
RODT(1

9)
0)
1)

RODT{12}
RODT{13)
RODT{ 14}
ROOT (15}

LU T (T (O IO T I 1 1}

"0.3000001E 00
-0.2000000E 00
0.9999995E 00
0.9999982E 00
-0.1000000E 01
-0.3333335¢€ 01
-0.1000060E 01
-0.2000000E 01
0.2000399E 01
0.2999865E 01
0.1622662E-04
-0.2123728E-03
0.3999983€ 01
0.1999767E 01
0.2002156E 00

+
+
*
+
+
L d
+
+ -0,3000000E 01
+
L d
+
+
*
+
+

0.,2621618E-08
0.2000000E 00
0.1000000E Ol
-0.3130342E-05
~0.1000000€ 01
~0.233743BE-06
-0,2979267E-04

~0.2037037E-03
~0.7479227€E-04

0.9999509E 00
~0.1000231E 01

0.4000027€ 01
-0,1000011E 01
-0.1994236E 00

bt ot ot et et ot bt Pt e et g Pt et et

MULTIPLICITLES

1 ot 1St b s b et bt S et p et et

Exhibit C.

INITIAL APPROXIMATION

0.4829629E
0.7071067E
0.3882295E
=0.5176364E
~0.1767765E
~0.2897776E
=0.3380741E
~0.2828430E
=0.1164691E
0.1294087E
0.3889081F
0.5795551F
0.6278520€

4+
+
+
4+
+
+
+
+
*
*
*
L d

+

0.1294095E
0. T071068E
0.1448888E
0.1931851E
0.1767768E
0.7764602€
~0.9058627E
~0.2828424E
-0.4346664E
-0.4829631E
=0.3889092E
~0.,1552923F
0.1682312E

SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOD

it b b b bt bt b e

-



AFTER:YHE ATYEMPT :TO IMPROVE

RODTS OF PUX)

ROJITE 1)
ROOT ¢ 2)
RODTL 3)
RO3IT( &)
ROCTC 5%
ROATH &)
RO3JTL 7}
RO3T( 8}
ROJTL 9
ROOT (10}
RODT(11)
RDOT{12)
ROJT€13}
RODT {14}
RODT 1S}

R A B I S I B |

0.3000001E" 00
~0,2000000€ 00
0.9999996E€ 00
0.999999SE 00
-0.1000002E 01
-0.3333334E C1-
=-0.1000000E 01
-0.1999999€ 01
© 0.2000004E Q1
0.2999994E 01
C.%1445S2BE-07
0.1809455E-C6
0.3999998E 01
0.2000000E 01
0.2000000E 00

ACCURACY

0.2925553E-09
0.2000000E 00
0.1000000E 01
~0.45280336-08
-0.1000001E 01
0.1599741€-06
0.8811071E-08
-0.30000C0F 01
0.3921901E-06
0.459T4S1E-06
0.1000000E 01
-0,1000000€ 01
. 0.40C0003E 01
-0.1000001E 01
-0.2000000E 00

-t et bt o ettt e o bt

MULTIPLICITIES

b S et gt et Pt ok b ot (b bt bt

INITIAL APPROXIMATION

0.4829629E
0.7071067E
0.3882295¢€
“0.5176364E
-0.1T76T765E
=0.289T776E

© =0<3380T41E

-0.2828430¢
-0.1164691E
0.129408TE
0.3889081E
0.5795551¢E
D.562T8520€

00
00
00
00
¢33
01
01
01
01
01
01
01
01

Rooﬁs Are: -1 -4, 1 +1, -2 ~.3i, 2 ;
-i,.-10/3, .3, -1, 1, 4 + 4i, -2 + .21, .2 - .

»*
3
3
+
3
3
3
+
3
+
*
3

*

0.1294095E Q0
0.70T106RE 00

0.1448888E 01
0.1931851€ 01
C.1767T6BE 01

C.TT64602E 00
-0.9058627¢ 00.-

-0.2828424F 01
~0.4346664E 01
-0.4829631F 01
~0.3889092E 01
-0.1552923E 01

0.1682312€ 01
SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOD

e L

CH



MULLERS METHOD FOR FINDING THE ZEROS OF A POLYNOMIAL

POLYNOMIAL NUMBER

THE COEFFICIENTS OF P{X} ARE

P{ 1} = 0.3000000000000000D 01 +
P{ 2) = -0.17900000000000000 02 +
P{ 3} = 0.2010000000000000D 02 +
Pt 4) = 0.17450000000000000 03 +
P{ 5} = -0.75942000000000000 03 +
Pl 6} = 0.82743600000000000 03 +
P{ 73 = 0.13290840000000000 04 +
Pt 8) = -0.5611860000000000D0 04 +
P{ 9} = 0.72247560000000000 04 +
P10} = -0.22769920000000000 04 +
P{11} = -0.12414720000000000 04 +
P{12} = 0.5402800000000001D 04 +
P{13) = -0.6468336000000001D 04 +
P{l4) = 0.1467456000000000D0 04 +
P{15} = -0.10771200000000000 03 +
P{16} = .0.34560000000000000 02 +

7 OF DEGREE 15

0.000000000000C000D
-0.000000000000C000D
-0.65760000000000010
0.2843680000000000D
0.3118080000000000D
-0.30690400000000000
0.4710624000000000D
-0.1674576000000000D
-0.1548288000000000D
0.3046320000000000D
-0.4097280000000000D
0.12634880000000000
0.1236480000000G000
0.22720000000000000
-0.54758400000000000
0.1267200000000000D

NUMBER OF INITTAL APPROXIMATIONS GIVEN. 0
MAXTMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCES.

TEST FOR MULTIPLICITIES.

RADIUS TO

START SEARCH.

RADIUS TO END SEARCH.

200
0.100-09
0.100-01
0.00D 0O

[+10]
00
02
03
03
04
04
04
04
04

04
04
02
03
03

e b e o bt el b bt ey bt et

BEFORE ATTEMPT TO IMPROVE ACCURACY

ROOTS OF P{Xx}

0.000 00

0.33839987517518660-16

-0.2000000000C00000D 00

0.9999999999999997D 00
0.1000000000000000D 01
0.2531629277617640D-15

-0.2144722669087737D-15
-0.9999999999999661D 00
-0.3000000000000000D0 01
-0.1000000000000109D 01

ROJTt 1} = 0.30000000000000000 00
ROOT( 2} = 0.2000000000000000D OO
ROOT{ 3} = 0.9999999999999995D €0
ROOT{ 4} = -0.2389082408313382D-16
RODTt 5} = -0.100000000C00000CD 01
ROOT¢ 6} = -0.3333333333333334D 01
ROOT( 71 = -0.1000000000000008D O}
ROOT¢ B} = -0.2000000000000001D O1
ROSTE 9) = ~0.11388167309366500~12
RODT (10} = 0.1999999999999879D 01
RODT€11} = 0.2999999999999946D 01
RNOT(12} = 0.2000000000000122D0 01
RBOTL1I3) = . 0.3999999999999999D 01l
RDOT{14) = 0.10000060000002080 01
ROOT (15} = -0.2000000000000366D 00

-0.,9999999999999954D 00

0.1921891204439124D~14

-0.2254154879580170D~-12

0.40000000000000050 01
062297444641937337D-12
0.2000000000000595D GO

MULTIPLICITIES

o bt o bt et ot et et et et et Pt

Exhibit -D.

INITIAL APPROXIMATION

0.4829629115656279D
0.7071067553046346D
0.3882284792654056D
~0.5176382551966724D
-0.17677671470807010
-0.2897777583074990D
—-0.3380740248331229D
-0.2828426507107896D
-0.1164684801399899D
0.1294096345098645D
-0.38890882929795090D
0.5795555393512303D
0.6278517357734125D

SOLVED By DIRECT METHOD
SOLVED BY DIRECT METHOD

00
o¢
co
co
01
01
(38
o1
01
01
cl
01
cl

LR S R A

0.1294095284438187D
0.7071068070684595D
0.1448838763117193D
0.1931851608368755D
0.17677667588520150
0.77645674639870700
~0.9058671940816160D
~0.282842 76423843900
~0.4346666459873368D
-0.4829628831453027D
-0.3889086300072258D
-0.15529126442689740
0.1682325708247752D

0o
00
ol
0l
01
00
ee

01

ol
01
01
ol
01

s Gt otk S B e b Bt Bt gt et t

3



. AFTER THE "ATTEMPT TO TMPROVE ACCURATY

ROOTS OF PIX}

ROOT ¢
ROOTH
209711
ROOTY
ROOT(
ROOT (
R00T(
RODT(
ROQT¢
ROOT (10}
RODT (11}
ROOT(12)
ROCT(13)

1}

ROOT {14}
ROOT(15)

Exhibit D.

L N I T IO I T O I )

0.30000000000000000 ©0
0.20000000000020000 -00
0.9999999999999995D 00
0.1153775775153668D-16
-0.1000000000000000D 01
~0.3333333333333334D 01
-0.10000000000000000 O1
-0.200D00000000000000 01
0.55291352338277240~16
0.2000000000000002D 01
0.2999999999999996D 01
0.20000000000000020 €1
0.40000000000000000 01
0.1000000000000000D 01
-0.2000000000000000D DO

Roots Are:
1, 4 + 41,

0.3376739462083244D-16 I
=0.20000000000000000 00 1
0.100000000000000CD 01 1
0.10000000000000000 01 -1
-0.9935626030016848D-17 1
-C.19191253971536640~15 1
~0.99999999999999980 00 I
-0.3D000000000000000 01 I
-0.10000000000000000 01 I
-0.99999999999999860 00. 1
0.2439477372911144D-14 "}
-0.41020504900166570-14 1
0.40000000000000010 01 I
0.76824382838570700-16 1
0.2000000000000000D 00 1

MULTIPLICITIES

R

INITIAL A

0.48296291156562790
0. 70710675530463460
0.3882Z84792654056D
-0.51763825519667240
~0.1767767147080701D
~0.2897777583074990D
~0.33B80740248331229D
-0.2828426607107896D
~0.1164684B8013998990
0.1294096345098645D
0.38890882929795090
0.57955%5393512303D0 01
0.62785173577341252 01
SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOO

00
00
[s]o]
oo
01
o1
0l
o1
01
o1
01

PPROXIMATION

+ 0.1294095284438187D
+ 0,70710680706845950
+ 0.144BRBB763117193D
+ 0.1931851608368755D
¢ 0.1767766758852015D
+ 0.77645674639870700
+ -0.90586719408161600
+ ~0.28284276423843900
+ ~0,43466664598733680
+ =0,4829628831453027D
¢ -0.3889086300072258D
4+ =0.1552912644268974D
+ 0.16823257082477520

oo
00
]}
o1
01
00
co
01
01
ol
o4
0l
01

- st ot ko ko b e



NENTUNS METHOD TO FIND ZERQOS OF POLYNOMIALS
POLYNOMIAL NUMBER 53 OF DEGREE 6

THE COEFFICIENTS -OF PIX)} ARE

LU I )

0.1000000E 01
~0.7000000E 01
~0.2800000E 02

0.1710000E 03
-0.7300000E 02
-0.22B0000E 03

0.7200000E 02

P

0.0000000E 0O
-0.1050000E 02
0.5800000E 02
0.1500000E 01
-0.2510000€E 03
0.1040000E 03
0.1040000E 03

-t et et bt et

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RADIUS TO START SEARCH.
RADIUS TO END SEARCH.

BEFORE THE ATTEMPT 'TO IMPROVE ACCUR

ZEROS OF P{Xx}

ROOT{
ROOT
ROOT ¢
ROOT{
ROOT{

11
2}
3)
4}
5}

LU I )

200
0.10€8-04
0.10E-01
0.00E 00
0.00E 00

ACY, THE ZERDS OF PIX} ARE N

MULTIPLICETIES INITIAL APPROXIMATION
0.994D745E 00 + 0.2009475E 01 1 2 0.4B29629E 00 + 0.1294095E 00 1
0.1814509E 01 + 0.1788034E Ol I 1 0.7071067E 00 ¢+ 0.7071068E 00 I
0.2229694E 01 + 0.1938903E 01 1 1 0.38B2295E 00 + 0.1448888BE 01 I
0.1968111E 01 + 0.2254501t 01 1 1 SOLVED BY DIRECT METHOO
-0.1000464E 01 + 0.4996119E 00 1 1 SOLVED BY DIRECT METHOD

Iﬁ THE ATTEMPT TO IMPROVE ACCURACY,
THE PRESENT APPROXIMATION AFTER 200

IN THE ATTEMPT TO IMPROVE ACCURACY,
. THE PRESENT APPROXIMATION AFTER 200

IN THE ATTEMPT TO IMPROVE ACCURACY,
THE PRESENT APPROXIMATION AFTER 200

AFTER THE ATTEMPT TO IMPROVE

ZEROS OF PiX}

ROOT t
ROOT {
ROOT(
RDOT(
ROOT (

1}
2)
3}
43
5}

RN

0.5940745€ 00
0.2049402€ 01
.0.1937237€ 01
0.1941931E 01
~0.9999999E 00

R

Exhibit E. Roots Ar

ROOT{ 2} = 0.1814509E 01 + 0.1788034E 01 1 DID NOT CONVERGE.
ITERATIONS ‘IS PRINTED BELOW. .

ROOTU 3} = 0.2229694E 01 + 0.1938903E 01 1 DID NOT CONVERGE.
ITERATIONS IS -PRINTED BELOW.

ROOTt 4} = D.1968111E 01 + 0.2254501E 01 I DID NOT CONVERGE.
ITERATIONS IS PRINTED BELOW.

ACCURACY, THE ZERDS OF P{X) ARE

MULTIPLICITIES INITIAL APPROXIMAT ION

0.2009475€E 01 1 2 0,4829629E 00 ¢+ 0.1294095E 00 I
0,2042129E 01 1 1 0.7071067E 00 ¢+ 0.7071068E 00 1
0. 2044566E 01 [ 1 0.3B82295E 00 + 0,1448888E 0} 1
0.2030631E 01 I 1 SOLVEO 8Y DIRECT METHOD
0,4999999E 00 1 1 SOLVED BY DIRECT METHOD

er 2421 (3), 1+ 2i (2), -1+ .51 (1).



NEWTONS METHOD TO FIND ZEROS OF PULYNUH!ALS
POLYNOMIAL NUMBER 53 OF DEGREE 6

THE COEFFICIENTS OF P{X} ARE

Pt 1}
PL 2}
P{ 3)
Pl 4}
Pl 5)
Pt 6}
Pt T

e

0.1000000000000000D
-0.7000000000000001D
-0.28000000000000000
0.17100000000000000
~0.73000000000000000
~0..22800000000000000
0.7200000000000001D

+ 0.00000000000000000 0O
+ ~0.1050000000000000D 02 -
+ 0.5800000000000001D 02
+ 0.1500000000000000D 01
+ ~0.25100000000000000 03
+ 0.10400000000000000 03
+ 0.1040000000000000D 03

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXTMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCE.

TEST EDR MULTIPLICITIES.

RADIUS TD
RADIUS TO

BEFORE THE ATTEMPT TO ‘IMPROVE ACCURACY,y

RDOTS OF

ROOT{ 1)
RIOTE¢ 2}
ROOT{ 3}

START SEARCH.
END SEARCH.

PEX)

= 0.99999988361250190 00 +
= 0.1996737810257486D 01 +
= <~0.99021319799746240 00 +«

200
0.100-09

© 0.100-01

0..000 00
0.000 00

k]

THE ZEROS OF ‘P(X) ARE

HULTIbLICITIES INITIAL APPROXIMATION

0.2000000052138284D 01 I
-0419952538211436840 01 1
0f51623§43229238120 00 I-

2 0.4829629115656279D 00 + 0.129409528443B1870 00 I
3 © 0.7071067553046346D 00 ¢+ 0.7071068070684595D 00 I
1 SOLVED BY DIRECT METHOD

IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT{( 2) =" .0.1996737810257486D 01 + 0.1995253821143684D 01 1. DIO NOT CONVERGE.
- THE PRESENT APPROXIMATION AFTER 200 ITERATIONS IS PRINTED BELOW.

AFTER THE.ATTEMPT TO IMPROVE ACCURACY,

" . RDOTS DF

" ROOTE L)
RODTC 2)
ROOT{ 31

PIX}

= 0.999999883612501%D 00 +
‘= 0.19999929075063309D 01 +
= =0.9999999999999998D 00 +

Exhibit F.

Roots Are:

THE ZEROS OF PIX} ARE

0.2000000052138284D 01 1
0.1999959474DD16890 01 [

MULTIPLICITIES - - " INITIAL APPROXIMATION
2 0.48296291156562790 00 + 0.12940952844381870 00 I
3 0.70710675530463460 0C ¢+ . 0,7071068070684595D0 00 I
1 SOLVED BY DIRECT METHQD '

0.5000000000000000D 00 I

2+ 24 (3),

1+2i (2), -1+ .54 (1).



NEWTONS METHOD TO FIND ZEROS OF POLYNOMIALS .
POLYNOMIAL NUMBER 46 OF DEGREE 8

THE COEFFICIENTS OF P{X} ARE

Pt
Pt
P
P(
Pt
Ld
P
Pl
P(

R RENEE RN

0.1000000000000000D
Oe
-0.12000000000000000
0.40000000000000000D
0.6000000000000001D
~0.1600000000000000D
-0.12800000000000000
0..0000000000000000D
[e28

433
00
02
ol
02
02
03
bo
02

0000000000000000D

PR RIS N Y

6400000000000001D

0.00000000000060000D
«0.30000000000000000
~0.2000000000000000D
0.2800000000000000D
0.00000000000000000
~0.11600000000000000D
0.8000000000000000D
0. 1440000000000000D
-0.3200000000000000D

00
ol
oL
02
00
03
01
03
02

St gt bt pom pnh gt e e g

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0

MAXIMUM NUMBER DF ITERATIONS. 200
TEST FOR CONVERGENCE. 0.10D-04
TEST FOR MULTIPLICITIES. 0.100~01
RADIUS TO START SEARCH. 0.D0D 00
RADIUS, TO.END SEARCH. 0.00D 00

BEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF PIX) ARE

RDOTS OF P(X}

RDOT{
R3OT(
ROOT(
RDDT(
ROOTH{

AFTER

THE

o onH

0.9999080132939515D
-0.1856970314887275D
~0.204B84437822356510
0.1999808633077203D
~0.2094026589130082D

oD
o1
01
01
0ol

+ 0499990502660325820 00
+. 0.28612498141841280-01
+ =0.1319376429987634D 00
+ «0499985752682256860D 00
+ 0.,10356256526645750 00

ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF P(X) ARE

ROOTS OF‘P(X)

ROOTH

ROOT ¢
RODT{
ROOT {

ROOT{

1)
21}
3}
4)
51

vu NN R

0.9998985119617400D0 00
-0.1999961557953157D 01
-0.20000079869280540 01

0.20000000000000410 O}
-0.20000178494000970 01

Exhibit G.

+ 0.7862362479129184D-05
+ -0.28791534036524090-04
+ -0.99999999999999820 00
+ 0,2356567534440272D-04

Roots Are:

+ 0.9999213371300168D 00 .-

ittt oy bt

[ R

MULTIPLICITIES

-

MULTIPLICITIES

————

INITIAL APPROXIMATION

0.48296291156562790 00 +
0.70710675530463460 00 +
0.3882284792654056D 00 +
SOLVED 8Y DIRECT METHOD
SOLVED 8Y DIRECT METHOD

D.1294095284438187D 00 1
0.7071068070684595D 00 I
0.1448888763117193D 01 -1

INITIAL APPROXIMATION

0.4829629115656279D 00 +
0.70710675530463460 00 +
0.3882284792654056D 00 +
SOLVED BY DIRECLT METHOD
SOLVED 8Y DIRECT METHOD

1+1i¢4), -2 (3), 2 -1 (1).

0.12940952846438187D 00 1

0.7071068070684595D 00 I
0.1448888763117193D O} ¢



. MULLERS METHOO FOR FINDING THE ZERDS OF A POLYNOMIAL

POLYNOMIAL NUMBER 25 OF DEGREE

THE COEFFICIENTS OF P{X} ARE

e
P
Py

pi
L$
[

Y

P
Pt

1
2}
3}
4}
51
6)
k4
8}
9}

0.10000000000000000
-0.50000000000000010
~0.5175000000000001D

0.15725000000000000

0.30750000000000000
-0.49525000000000000
-0.58575000000000010

0.1810000000000000D

0.15800000000000000D

8

01
01
02
03
03
03
03
03
03

L2 K K B 2P 3 28 2N J

0.0000000000000000D
~0.11500000000000000
0.43000000000000010
0.14462500000000000
-0.34750000000000000
-0+ 49487500000000000
0.42475000000000010
0.4420000000000001D
0.6000000000000001D

NUMBER DF INITIAL APPROXIMATIONS GIVEN. 0

Exhibit H.

o
w
ettt et

MAXIMUM NUMBER OF ITERATIONS. 200

TEST FOR CONVERGENCE. 0.100-09

TEST FOR MULTIPLICITIES. 0.100-01

RADIUS TO START SEARCH. 0,000 00

RADIUS TO END SEARCH. 0.000 00

BEFORE ATTEMPT TO IMPROVE ACCURACY

_ROOTS OF PIX}
RODT( 1} = 0.20000422028730180 01 + 0.2000028743998294D 01
ROOTL 2} = 0.1000563806908988D 01l + 0.198D63895256B216D 01
ROOT( 3} = -0.1063528418749844D 01 + 0.4942372379199120D 00
RODT{ 4} = -0.9722122516869824D 00 + 0.56037974579731250 00
RODT{ 5) =. 0.99943706805064100 00 + 0.2019094286928692D 01
RODT{ 6} = -0.,96438681314185650 00 + 0.4455635447909865D.00

AFTER THE ATTEMPT TO IMPROVE ACCURACY

ROOTS OF PIX}
ROOT{ 1) = 0.2000042175889591D 01 + 0,20000287507138950 01
ROOT{ 2) = 0.1000000023165255D 01 + 0,19999998057777000 01
ROOT{ 3) = =0.10000065941223140 01 + 0,49999528211260520 00
RIOT( 4) = -0.1000000972571865D 01 + 0.50000841757266510 00
ROOT( 5) = 0.9999999168409400D DO + 0.20000001001326590 01
REOT{ 61 = =0,9999925738129557D 00 + 0.49999628183377030

00

Roots Are:

-

-y

MULTIPLICITIES

- e

MULTIPLICITIES

e e W)

[

INITIAL APPROXIMATION

0.4829629115656279D 00
0.70710675530463460 00
0.3882284792654056D 00
-0.5176382551966724D 00

+ 4+ + e

SOLVED BY ODIRECT METHOD

SOLVED BY DIRECT

METHOD

0.1294095284438187D
0.7071068070684595D
0.14488887631171930
0.1931B516083687550

INITIAL APPROX1MATION

‘0.4829629115656279D 00

0.T7071067553046346D 00

0.38822847926540560 00

-0.5176382551966724D 00

SOLVED BY DIRECT METHOD
SDLVED . BY DIRECT -METHOD

+ 4+

2 421 (3), 1L+ 2i (2), -1+

10.129409528443 81870

0.70T1068070684595D
0.14488887631171930
0,1931851608368755D

.51 (3).

oo
00
01
o1

00
oc
01
01

P

ot e -,



MULLERS. METHOO FOR FINDING THE ZERGS OF. A POLYNOMIAL

POLYNOMIAL NUMBER 46 OF DEGREE B

THE COEFFICIENTS OF P(X} ARE

Pt 1) = 0.1000000E 01 + 0.0000000E 00 |
P{ 2) = 0.0000000E 00 + ~0.3000000E O1 1I
P{ 3) = -0.1200000E 02 + -0.2000000E 01 1
P{ 4} = 0.4000000E 01 + 0.2800000E 02 1
P{ 5) = 0.6000000E 02 + 0.0000000E 00 I
P{ 6) = -0.,1600000E 02 + -0.1160000E 03 I
P{ 7)) = -0.1280000E 03 + 0.8000000E O1 I
P{ 8) = 0.0000000E 00 + 0.1440000FE 03 I
Pt 95 = 0.6400000E 02 + -0.3200000E 02 ¥

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0

MAXIMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE. 0.10E-04
TEST FOR MULTIPLICITIES. 0.10E-01
RADIUS TO START SEARCH. 0.00E 0O
RAOIUS TO END SEARCH. 0.00E 00

BEFORE ATTEMPT TO IMPROVE ACCURACY

ROOTS OF P{x}

0.1016063E 01

ROJT( 1} = 0.1023019E C1 +

RODT{ 2) = 0.1000158E O1 + 0.9504023E 00
ROOT{ 3) = 0,9538472E 00 + 0.1017488E 01
ROOT{ &)} = -0,1973325E 01 + -0.2449C18E-01
ROOT{ 5) = ~0.2033645E 01 + -0.1098356E-01
ROITL 6) = 0.1999992E C1 + -0.9999957E 00
ROOT( 7} = -0.1993066E 01 + 0.3545329E-01

AFTER THE ATTEMPT TO IMPROVE ACCURACY

ROOTS OF P(Xx}

RODTL 11}

= 0.1023855E Q1 + 0.1017007€ Ol
ROOT( 2) = 0.1004420E 01 + 0.9757368E 00
ROOTE 3) = 0.9693815E 00 + 0.101706%E 01
RODT( 4) = -0.1988549E C1 + -0.1451340E~02
ROOT{ S) = -0.2006490E 01 + -0.9744499E-02
ROOT( 6} = (C.20000C0E 01 + ~0.1C00000F 01
ROOT{ 7} = -0.2004362E 01 + 0.1135974E-01

Exhibit I. Roots Are:

et bt et bt et et ot

R

MULTIPLICITIES

- e b = N

MULTIPLICITIES

- N

INITIAL APPROXIMATION

0.4829629E 00

0.7071067E 00

0.3882295E 00 0.1448BB8E 01
=0.5176364E 00 0.1931851E 01
~0.1767765E 01 + 0.17677&8E 01

SOLVED BY DIRECT METHOD

SOLVED BY DIRECY METHOD

0.1294095E 00
0.7071068E 00

+e e+

INITIAL APPROXIMATION

0.4B29629E 00

0.7071067E 00

0.3882295€ 00
-0.517¢364E 00 0.,1931851E 01
~0.1767765E 01 0.1767768E 01

SOLVED B8Y DIRECY METHOD

SOLVED 8Y DIRECYT METHOO

C+1294095E 00
0.7071068E 0O
0.1448888E 01

LI SN

1+1 (4), =2 (3), 2 -1 (1),

— ot b

e et et

MNOT



MULLERS ‘METHOD FOR FINDING THE ZERDS OF A POLYNOMIAL
POLYNOMIAL NUMBER 46 OF DEGREE 8

THE COEFFICIENTS OF P(X} ARE

0.00000000000000000 00

P{ 1) =  0.10000000000000000 01 + 1
P( 2} = 0.0000000000000000D 00 + ~0.3000000000000000D 01 I
- P{ 3) = ~0.1200000000000000D0 02 + -0.2000000000000000D 01 I
P{ 4) = 0.40000000000000000 01 + 0,28000000000000000 02 I
Pt 5) = 0.60000000000000010 02 + 0.0000000000000000D 00 I
P{ 6) = ~0.16000000000000000 02 + ~0.11600000000000000 03 1
P{ T) = -0.12800000000000000 03 + 0.8000000000000000D0 01 1
P( 8) =. .0.00000000000000000 00 + 0.14400000000000000 03 I
P{ 9) = 0.6400000000000001D 02 + -0,3200000000000000D 02 I
NUMBER OF INITIAL APPROXIMATIONS GIVEN., O
MAXIMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE. 0.100-04
TEST FOR MULTIPLICITIES. 0.100-01
RADIUS TO START SEARCH. 0.00D 00
RADIUS TO END SEARCH. 0.000 DO
BEFORE ATTEMPT TD IMPROVE ACCURACY
RODTS OF P{X} MULTIPLICITIES INITIAL APPROXIMATION
ROOT( 13 = 0.9999385361441768D 00 + 0,9999014841207898D 00 1 3 0.4829629115656279D 00 + 0.1294095284438187D 00 I
CROITL 2 = 0.10001B4367790518D C1 + 0.1000295472219798D 01 1 1 0.7071067553046346D 00 + 0.7071068070684595D 00 1
ROOT{ 3} = -0.1995508869249228D 01 + 0.25978790649949830~02 1 2 0.3882284792654056D 00 + 0,1448888763117193D OI I
ROAT( 4) = 0.19999946179286090 01 + -0.1000018753040607D 01 I 1 SOLVED BY DIRECT METHOD : ’
ROOT( 5} = -0.20089768556532020 01 + -0.51769296T1550160D0~02 1 1 SOLVED BY DIRECT METHOD
AFTER THE ATTEMPT TO IMPROVE ACCURACY
ROOTS OF PtX} R : ‘MULTIPLICITIES : INITIAL APPROXIMATION
RDOT{ 1) = 0.1000179194957145D 01 + 0.1000267071195324D 01 1 3 0.4829629115656279D0 00 + 0.12940952844381870 00 1
RODT( 2} = 0.10001521455623120 01 + 0.1000254437829650D 01 1 1 "0.707T1067553046346D 00 ¢ 0.T7071068070684595D 00 1
RODT( 3} = =0.1999984369889545D C1 + =0.3932859075256354D-04 1 2 0.38822847926540560 00 + 0.1448888763117193D 01 I
ROOT( 43 = 0,20000000000000000 01 + —0.9999999999999998D 00 1 1 SOLVED BY DIRECT METHDD
ROOTY 5) = + 0.3663652712672905D-05 1 1 SOLVED BY DIRECT METHOD

=0.2000036150881542D 01

Exhibit J. Roots Are: 1 + 1 (4), -2 (3), 2 -1 (1).



GREATEST COHHDN‘DIVISOR METHOD USED WITH NEQTONS METHOD TO FI“D ZERQS OF POLYNOMIALS -
POLYNOMIAL NUMBER 25 OF DEGREE 8 - .

THE COEFFICIENTS OF P{X} ARE

Pt 1} = 0.1000000E- Ol ¢« 0.0000000E .00 1
Pt 2) = -0.,5000000F O1.+ -0.115C000E .02 1
P{ 3) = -0.5175000E 02 + O0.4300000E 02 1
Pl &) = O0.1572500€ 03 ¢ 0.1446250E 03 1 ~
Pt 5% = 0.3075000E 03 ¢ -0.3475000E 03 1
Pl 6) = —0.4952500E 03 ¢+ -0.4948750FE 03 1
PL T} = =0,5857500€ 03 ¢ 0.4247500€E 03 I
P{ 8} = 0.1810000€ 03 ¢ . 0.4420000E 03 1
P{ 9) = 0,1580000€ 03 + 0,6000000€ Ol 1

NUMBER. OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OF ITERATIONS. 200
TEST FOR ZERO IN SUBROUTINE GCO 0.10E-01

TEST FOR CONVERGENCE. 0.10E-04
TEST FOR MULTIPLICITIES. 0.10E 00
RADIUS TO START SEARCH. 0.00E 00

QADIUS TO END SEARCH. 0.00€ 00

THE COEFFICIENTS OF HIX} = PiX}/G.C.D. ARE

H{ 1} = 0,1000000E 01 ¢ 0.,0000000€ 00 1

- H{ 2) = -0,2000005€ Ol ¢ ~0.449988B0Ff 01 I
Hl 3) = -0.T000046E 01 + 0.3500016E 01 | .
HE &) = + 0.6999649E 01' I -

"0.9995270€ 00

BEFORE THE -ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF P{X} ARE

2EROS OF PiX) . . MULTIPLICIVIES INITIAL APPROXIMATION
ROOTt 1} = 0.9994B11€ 00 ¢ 0.1999989E 01 I 1 0.4B829629E 00 ¢ 0.1294095E 00 I
RJIDOT( .2}. = 0.2000473E 01 ¢ 0.1999909€ 01 1 | : ) S SOLVED RY QOIRECT METHOO
CRODTE 3) = —0.9999509€ 00 + 0.4999B19E 00 [ -~ A U o - SOLVED BY DIRECT METHOD

AFTER~ THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF P{X} ARE

ROOTS OF Ptx) . - . L . MULTIPLICITIES . INITIAL APPROXIMATION

0.4829629E 00 ¢ 0.1294095E GO 1
SOLVED BY DIRECT METHOD
SOLVEC BY DIRECT METHOD

ROOTVL 1} = 0.9994814E 00_+_ 0,1999988E 01 i
ROOTL 2} = 0,2000475E.01 ¢ 0.1999910E 01 1
ROOTE 3} = -0.9999515E 00 » 0,4999818E 00 I

ww N

Exhibit K. Roots Are: 2+ 2i (3), 1+ 2i (2), -1 + .54 (3).



CGREATEST COMMON DIVISOR METHOD USED WITH NEWMTONS METHOD TD FIND ZEROS OF :POLYNOMIALS
POLYNOMIAL NUMBER 25 OF DEGREE B .

THE COEFFICIENTS DF P{X} ARE

Pt 113

*. 0.10000000000000000 01 + 0.0000000000000000D 00 1
P{ 2} = -0.5000000000000001D 01 ¢ -0.1150000000000000D0 02 1§
PL 3) = -~0.51750000000000010 02 ¢« 0.4300000000000001D0 02 1
PL &) = 0.1572500000000000D 03 + 0.14462500000000000 03 Y
Pt S5} = 0.30750000000000000 03 + ~D.34750000000000000 03 ¢
P{ 6) = -~0.49525000000000000 03 + -0.4948750000000000D0 03 |
PL. TF = -0.5857500000000001D 03 + 0.424750000000000tD 03 I
Pt 8} = 0.1810000000000000D €03 +  0.4420000000000001D 03 I
P{ 9} = 0.15800000000000000 03 + 0.6000000000000001D 01 1
NUMBER OF {NITIAL APPROXIMATIONS GIVEN. 0
MaxyMUm NUMBER DF ITERATIONS. 200
TEST FOR ZERO IN SUBROUTINE GCD 0.100-02
TEST FOR CONVERGENCE. 0.100-09
TEST FOR MULTIPLICITIES. 0.100-01
RADIUS TO START SEARCH. 0.00D 00
RAOIUS TD END SEARCH. 0.00D0 00
THE COEFFICLIENTS OF H{X) = P{X}/G.C.D. ARE
HU 1} = 0.10000000000000000 01 + Q.0000000000000000D0 00 1 .
Ht 2) = -0,20000000000002730 01 ¢+ -0.4500000000000275D0 O1 I
H{ 3} = -0.70000000000009350 01 + 0.3500000000000472D 01 1
H{ 4} = "0,9999999999993925D 00 +. - 0.7000000000000508D 01 1

BEFORE THE ATTEMPT TO‘IHPRDVE ACCURACY, THE ZEROS OF P{X) ARE

RODYS OF PUX) ) ' MULTIPLICITIES INITIAL APPROXIMATION

ROOT{ .1} =  0.99999999999954140 0D + 0.19999999999997670 01 1 1
RJOTU 2) =  0.2000000000000671D 01 + -0.200C00000000053CD 0 1 1 SOLVED B8Y DIRECT NETHOD
ROOT¢ 3} = =0.99999999999994020 00 + 0.4999999999999780D 00 I 1 "SDLVED BY DIRECT METHOD

AFTER THE ATTEMPT TD IMPROVE ACCURACY, THE ZEROS O# P{X) ARE

ROOTS OF P(X} . T ’ MULTIPLICITIES . : INITIAL APPROXIMATION
{ROGT( 11 = 0.909§Q99999995A160 00 '+ (0.19999999939997670 .01 1 .2 . 0.48296291156562730 00 ¢ 0.12940952844381870 00 I
ROOTL 2} -= 0.,20000000C00006713 Ol + . 0.20000000000005310 01 1 3 SOLVED BY DIRECT METHQD .
=

ROOTE 3} -0+,99999999999994030 00 ¢ .0.49999999999997800 00 1! 3 . SOLVED BY DIRECT RMETHOD

Exhibit L. Roots Are: 2+ 2i.(3), 1 + 21i.(2), -1+ .51 -(3).

0.4829629115656279D 00 + 0.12940952844381870 00 1!

NT



GREATEST COMMON DIVISOR

POLYNOMIAL NUMBER 9

" THE COEFFICIENTS OF P{X} ARE

Pt 1)
P{ 2}
Pt 3}
Pl &1
»C 5)
PL 6}
LAN 2]
P( 8)
Pt 91
rL10)
Pe1ld
PL12}
PLLYY

0,1000000000000000D
~0.12000000000000000
0.720000000C000001D
~0.28000000000000000
0.7800000000000000D
=0.16320000000000000
0.2624000000000000D
~0+3264000000000000D
0.31200000000000000
-0.22400000000000000
£.11520000000000000
~0.3840000C000000000
0.64000000000C0001D

of

01
02
02
03
03
(23
04
04
[«23
04
04
03
02

METHOD USED WITH NEWTONS METHOD TG FIND ZERDS OF POLYNOMIALS

DEGREE 12

+ 0,0000000000000000D
+ =0.0000000000000000D
¢ 0.0000000000000000D
¢ =0.00000000000000000
+ 0.0000000000000000D
+ -0.00000000000000000
+ 0.0000000000000000D
+ -0.0000000000000000D
+ 0.0000000000000000D0
+ ~-0.0000000000000000D
+ 0.0000000000000000D
+ -0.0000000000000000D
+ 0.00000000000000000

NUMBER DF INITIAL APPROXIMATIONS GIVEN. - O
MAXIMUM NUMBER OF ITERATIONS.

TEST FDR ZERO IN SUBROUTINE GCD

TEST-FOR CONVERGENCE.
TESY FOR MULTIPLICITIES.
RAQTUS YO START SEARCH.
RADIUS YO END SEARCH.

THE COEFFICIENTS DF H{X}

= PIX}/G.Cas ARE

HE 10 = “0.10000000000000000 01
H{ 2} =--0.2000000000000015D0 O1
R 3F = 0.19999999999998300 01

ZEROS OF PIX)

ROOT{ "1} = .

Exhibit M.

6.10000000C00000070

200
0.10D-02
0.100-09
0.100-01
0.000 00
0.000 00

+  0.0000000000000000D

+ =0,0000000000000000D0 00
oo

+ . 0.0000000000000000D

00
00
00
00
oo
00
[2]¢]
00
00
00
00
oo
00

oo

01 + 0.9999999999999074D
C ROOT(. 23 .=-.0.1000000000000007D 01 + =0.99999999999990740

ot et Pt s b a b e

s i -

MULTIPLECITIES

6
6

SOLVED BY DIRECT METHON
SOLVED BY DIRECT METHOD

Roots Are: 1 + i (6), 1 - 1 (6).

20T



GREATEST COMMON DIVISOR METHOD USED WITH MULLERS METHOD TO FIND ZERQS OF "POLYNOMIALS
POLYNDMIAL NUMBER 12 OF DEGREE 15 .

THE COEFFICIENTS DF P{X} ARE

P{ 1} = 0,.48000000000C00000 02 ¢+ 0.0000000000000000D 0O 1
P{ 2} = ©.2557120000000000D 03 ¢ —-0.38400CC000000000D ©3 I
PL 3) = -0.7353556800000000D 02 + -C.21896960000000000 04 I
Pl 4} = ~C,3R55565695000000D 04 + -0G.6946851456000001D 04 1
P{ 51 = -0.17333864648000000 05 ¢ -0.1420625972B00000D 05 }
Pt 61 = -0.,4967989270400001D 05 + -0.1765857464000000D 05 1
PL 7} = -0.1022394522130000D 06 + —0.6030664232000001D C4 I
P{ B) = -0,164274220056C0000 06 ¢ C.4137366230400000D 05 § -
Pt 9) = -0.20366258884200000 06 + 0.10938992276700000 06 §
PELOY = -C.1871255780CICCO0D 06 ¢ 0.1929865%403300000 06 !
P(11} = -0,1274997298590000D 06 ¢+ 0.2171341227420000D 06 I
PL12} = -0.2814692716800000D 05 + 0.19284897279600000 06 I .
PL13) = D.13294344348000000 05 ¢ 0.1038130226550000D0 06 1 N
PL14) = 0.30539007747000000 05 ¢ 0.2998989141300000D0 05 I "
P{15) = -0.1835899C20CCOCOCO 03 « -0.18276321600000000 €3 1
PL16) = 0.275562C0000000000 00 ¢ 0.2755620000000000D0 OC }
NUMRER OF INITIAL APPROXIMATIDONS GIVEN. [+
MAXTMUM NUMBER OF ITERATIONS. 200
TESY FOR ZERO IN SUBROUTINE GCO 0.10D-02
TEST FOR CONVERGENCE. 0.10D-09
TEST FOR MULTIPLICITIES. 0.100~-01
RADIYS T START SEARCH. 0.000 0O
RA0OTUS TO END SEARCH. 0.000 00
THE COEFFICIENTS DF HiX} = P{Xx}/G.C.D. ARE
H{ 1) = 0.48000000000C0000D 02 « 0.000000000000C000D 00 1
H{ 2} = (C.1598559999959083D 03 + -0.144000000001B463D 03 I
Ht 3} = 0.26751999998662870 03 + -0,52756800000682380 €3 |
Kt 4) = 0.32719599997819040 03 + -0.9144160000075942D 03 f
HE 53 = C.23015999960445130 02 + -0.15212520000037680 C4 -1
HL 61 = -0,.T20720C0047995570 02 ¢ -0.13274279999966610 0& I
HU 7} = ~0,7557840CC05414110 03 + -0.7520040000332157D 03 1
Ht 8) = 0.22680CC1335456840 0L 4+ 0.2267999925897489D 01 I P
BEFQRE ATTEMPT YO IMPROVE ACCURACY
ROUTS QF PIXx} MULTIPLICITIES INITIAL APPROXIMATION
ROOTE 1} = 0.3000000038688574D-C2 + -0.13700603048406570-09 I 1 0.48296291156562790 G0 ¢ 0.12940952844381670 0C 1

ROJTE 23 = 0.14653693928885120-09 ¢+ 0.1000000000302531D Q1 1 1 . 0.70710575530453460 00 ¢ 0.TOTIC6R0T06945950 €O 1

Exhibit N.

™ rT



ROOT(
ROOTH
ROOT(
ROOT {
ROOT(

-0

=0

-
-
s -0
-
-

-0

«16253810614B49380-09

0.11404100544591550-09

«11672736851172280-10

+
.
«+2333333333340885D0 01 +
.
»1000000000032260D 01 +

-0.15000000000067680 01
~0.99999999998559170 00

0.14999999998070650 01!
0. 30000000000539460 01
0.4287264124730616D-11

"0.3B822847926540560 00 ¢ 0.144886887631171930 01 1§

=0451763825519667240 00 ¢« 0.1931851608368755D0 01 ¢

~0.1T6TT6714T0807010 01 ¢ OC.17677667588520150 01 |
SOLVED BY ODIRECT METHOD

. SOLVED BY DIRECT METHOD

[
(SO

IN THE ATTEMPT TO IMPROVE ACCURACY, RODT( 1) = 0.300000003863857&0—05‘3 =0.13700603048406570-09 1
DID NOT CONVERGE AFTER 200 ITERATIONS - o
THE PRESENT APPROXIMATION TS 0.30030000001034520-02 + -0.13714303475065150-09 1

AFTER:YNE ATTEMPY TO IMPROVE -ACCURACY

ROOTS OF PUX)

_RODTY
JURODTHL
“ROOTL
ROAT(

T ROOTE-

ROOT Y

=0.23333333333408850 Ol

-0

COMPILE TIME=

. COMPILE TIME=

0.}‘6536905‘1911180-09'
~0.1625379402623 06 TD~09

-
-

} = 0
=
=
=

«1140410804253790D0-09

+116721022726836800-10
«10000000000322600 01

R R R R 3

. ‘MULTIPLICTIYIES . N INITIAL APPROX] MAT 1ON
0.1000000000302531D 01 1 2 0.70710675530463460 00 ¢ 0.707106B070684595D 00 !
0.1499999999807065D O} I .2 - 043BB22B4792654056D0 00 ¢ 0.1448B88763117193D 01 !
0.30000000000539460D 01-1 3 .=0.5176382551966724D 00 ¢+ 0.19318516083687550 01 1
0. 42876650757297920-11 1 1 “0.17677671470807010 01 ¢ 0.1767766758852015D0 O1 |

«0.15000000000067670 01 '} 2 SOLVEOC BY DIRECY METHDD
~0.99999999996559420 00 -1 :3 SOLVED BY DIRECT METHOOD

'18.25 SECJEXECUTION TIME= - . 11.78. SEC,OBJECT CODE=. - 35720 BYVES.ARRAY. AREA=" 10440 BYTES,UNUSED® . 23840 BYTES

0.09 SEC,EXECUTION TIME= - 0,00 SEC,DBJECT COOE= © 35720 BYfES.AR&AV_AREA: "10;40 BYTES yUNUSED= 23840 BYTES

$STOP

Exhibit N.

Roots Are: -2.33 (1), .003 (2), i (2),
1.54 (2), -1.51 (2), 3i (3), -1 - i (3).

N\ T



NEHTONS METHOD YO FIND ZEROS OF POLYNOMIALS
POLYNOMI AL NUMBER 25 OF DEGREE . 8

THE COEFFICIENTS OF P{X} ARE

PL 1}
Pt 2}
PL 3)
PL &)
Pt .5)
Pl 6}
Pt T)
PL 8)
PL 91

0.1000000000000000D
~0.50000000000000010
=-0.51750000000000010
0.15725000000000000
0.30750000000000000
~-0.49525000000000000
-0.58575000000000010
0.1810000000000000D
0.15800000000000000

01
01

03
03
03
03
03
03

L L B A B R 2 2

0.0000000000000000D
-0.11500000000000000
0.43000000000000010
0.14462500000000000
~0434750000000000000
~0449487500000000000
0.42475000000000010
0.44200000000000010
0.60000000000000010

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OF [TERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RAOIUS TO START SEARCH.
RADIUS TO.END SEARCH.

BEFORE THE ATTEMPT TO IMPROVE ACCURACY,

ROOTS OF P(X]}

RIOTE
ROOTH
RDOT(
ROOTH
RJIOTH
ROOT ¢

AFTER

THE

ATTEMPT TO IMPROVE ACCURACY,

0.99999395980181380
=0s9842537455963138D
0.20009317781427920
~0.1010774799262452D
0.1998962333644498D
-0.10057852646749430

ROOTS OF P{X}

cRIJTH
ROOTH
RDOTI
RODTL

" ROOTLS

ROOTH

S owomon

0.99999698109077968D
-0.9999B441512125260
0.2000000315627777D
~0.1000004212475928D
0.1999944180478862D
~0.1000002264912354D

Exhibit 0.

200
0.100-04
0.100-01
0.000 00

00

02

02

03
03
03

03,

01

0.000 00

[+]]
00
ol
o1
ol
o1

00
00
01
01
31
01

PR R

L IR S A 1

Roots Are:

e o

THE ZEROS OF P{X)} ARE

0.1999987697338104D
0.5054907465038476D
0.19774929769036070
0.53828182384544560
0.2044677936624986D
0.45658B814454229950

01
00
4]}
00
01
Do

THE ZEROS OF P(X} ARE

0.19999938490897910
0.50000531974058520
0.19999403726276780
0.5000176446164558D
0.2000011983188549D
0.4999799648375523D

01
00
01

01
00

LR g

-

MULTIPLICITIES

-

MULTIPLICITIES

g N

2+ 21 (3), 1 + 21 (2),

INITIAL APPROXIMATION

0.48296291156562790 00
0.7071D0675530463460 DO
0.38822847926540560 00
-0.51763825519667240 00
SOLVED BY DIRECT METHOD

LR R ]

SOLVED BY DIRECT METHOD

0412940952844381870
0.707106B07066845950
0.1448888763117193D
0.19318516083687550

INITIAL APPROXIMATION

0.48296291156562790 00
0.7071067553046 346D 00
0.38B822847926540560 00
~0.5176382551966724D 00
SOLVED BY DIRECT METHOD
SOLVED 8Y DIRECT METHOD

R K 2

0.1294095284438187D
0.70710680706845550
0.1448888763117193D
0.1931851608368755D

-1 + .51 (3).

00
00
o1
01

00
00
ol
01

S



NEWTONS METHOD TO FIND ZEROS OF POLYNOMIALS N ) e n

POLYNOMIAL NUMBER 2T OF DEGREE . & -

THE COEFFICIENTS OF P(X). ARE

P{
P{
Pt
Pt
P{

0.10000000000000000 01 +
-044100000000000000D 00 +
~0.00000000000000000 00 ¢

0.86140999999999980-02 ¢+
-0.44142009600000000-03 ¢

0.0000000000000000D0 00
-0.41000000000000000 00
0.12607000000000000 00
-0.86140999999999980~02
~0.00000000000000000 0D

- -

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0

MAXIMUM NUMBER OF ITERATIONS. 200

TEST FOR CONVERGENCE. 0.100-09 .

TEST FOR MULTIPLICITIES. 0.10D-01 . X . - -
RADIUS TO START SEARCH. 0.000 00

RADIUS TD END SEARCH.

BEFORE THE ATTEMPT TO IMPROVE ACCURACYs

" RDOTS OF P{X)

ROOTE 1} = 0.101999999962T143D 00 ¢

ROOTE 2} =

0.10399999998699890 00 +

ROOTE 3} =  0.10000000006328800 00 ¢

AFTER THE ATYEMPT TO lﬁ?RDVE ACCURACY .

ROOTS OF PUX)

RDOOTE 11 = 0.1019999999711846D 0D
ROOT( 2} = 0.10399999998728120 00
RIOTL 33 = - 0.10100000000315340 00

Exhibit P. Roots Are:

®

0.000 0D

THE ZERQS OF P{X) ARE

CMULTIPLICITIES © - T/INITIAL APPROXTMATION
0.10199999995993400 00 1. 1 0.4829629115656279D DO + 0.12940952844381870 00 I
0.10399999998594 790 00 I 2 © 0-70710675530463460 00 + 0,707106807T06845950 00 I
0.10000000006817020 00 1 1 o

SOLVED BY- OIRECT METHDO
THE ZERQS OF P{X) ‘ARE

MULTIPLICITIES | . INITIAL APPROXIMATION

0.10199999995146360D OO-I 1 0.48296291156562790 00 + 0.12940952844381870 00 1§
0.10399999998566560 00 1 2 "0.70710675530463460 00 ¢ 0.70710680706845950 00 I
0210099999999679770 0D 1 1 SOLVED BY DIRECT METHOO

101 + L1011, .102 + L1021, .103 + 1031, 104 + . 1041.

P gpa—



NEWTONS METHOD TO FIND ZEROS OF POLYNOMIALS
POLYNOMIAL NUMBER 27 OF DEGREE & .

THE COEFFICIENTS OF PIX) ARE

P{ 13 = 0,10000000000000000 01 + 0.00000000000000000 00 I
Pt 2} = ~0.41000000000000000 00 + =0.41000000000000000 00 I
P{ 3} = -0.0000000000000000D 00 + 0.1260700000000000D 00 I
Pl &)} = 0.86140999999999980-02 + -0.8614099999999998D-02 |
P{ 5) = -D.44142009600000000-03 + =0.0000000000000000D Q0 I

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0

KAXTMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE. - 0410D0-09
TESY FOR MULTIPLICITIES. 0.100-17
RADIUS TO START SEARCH, 0.00D 00

IADIUS TD END SEARCH. 0.00D 00

BEFDRE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS OF P{X} ARE

RODTS OF PEX} X MULTIPLICITIES INITIAL APPROXIMATION
ROGTE 1) = 0.10199999996271430 00 +. 0.10199999995993400 00 1 1 0.48296291156562790 00 + 0.12940952844381870 00 1
ROOT{ 2) = 0.1039999999869989D 00 -+ 0,1039999999859479D 00 I 1 0.7071067553046346D 00 + 0.70710680706845950 00 I
RDDT{ 3) = 0.1030000000381370D0 OO ¢ 0.10300000004110390 00 1 1 SOLVED BY OIRECT METHOD
RODT{ &) = 0.10100000001214980 00 + 0.10100000001301420 00 I 1 SOLVED BY DIRECT METHOO

AFTER ~ THE ATTEMPT TO IMPROVE ACCURACY, THE ZERDS OF PIX) ARE

ROOTS DF PIX} . ) - ; o - MULTIPLICITIES ) ' INIT1AL APPROXIMATION
RODTL 1) = 0.10199999997118460 00 ¢ 0.10199999995146360 00 I 1- 0.4829629115656279D 00 ¢ 0,12940952846381870 00 I
RODT( 2) = 0.1039999999872812D 90 ¢ .0.10399999998566560 00 1 1 0.70710675530663460 00 + 0.70710680706845950 00 I
RODTC 3) = D0.10300000001823170 00 + 0.1030000000339041D 00 1 1 SOLVED BY DIRECT METHOOD
RODT{ 4) = 0.10099999999690320 00 ¢ 0.10099999999663820 00 1 1 SOLVED BY DIRECT KETHDD

Exhibit Q. Roots Are: .101 + .101i, .102 + .1021i, .103 + .103i, .104 + .104i.

CNT



MULLERS METHOD FOR FINOING THE ZEROS OF A POLYNOMIAL
POLYNOMIAL NUMBER 27 OF OEGREE 4

THE

43
P
P
Pl
Pt

COEFFICIENTS OF P(X) ARE

n
2)
31
L3
53

=
=
= -0.,00000000000000000 00
-
-

0.1000000000000000D 01
-0.41000000000000000 00

0.8614099999999998D-02
-0.44142009600000000-03

re e

0.00000000000000000 00
0.41000000000000000 00

0.12606700000000000D 00"

0.8614099999999998D-02
0.00000000000000000 00

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAXIMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RADIUS TO START SEARCH.
RADIUS TO ENO SEARCH.

BEFORE ‘ATTEMPT TO IMPROVE ACCURACY

ROOTS OF Pix)

RooT¢
ROOT{
ROOT(
ROOT (L

0.10399999998692660 00
0.1030000000382713D 00
0.1019999999626628D 00
0.1010000000121392D 00

0.
0.
0.
0.

teo e

AFTER THE ATTEMPT TO IMPROVE ACCURACY

ROOTS OF P{X}

' ROOTY
ROITL
ROOT ¢
ROOTY

Exhibi

= " 0.1039999999869295D 00
= D.1D300000002449830 00
‘= 0.1019999999829168D 00
= . 0.1010000000055776D 00

t R. Roots Are:

200
10D~09
100-17
000 0O
00D 0O

0.1039999999874569D
0.1030000000366408D
0410199999996433260
0.10100000001156950

0.1039999999874673D
0.103C000000151221D
0.10199999997173300
0.10100000000557030

<101 + .1014

(o] o]
00
o0
00

00
00
00
00

s

.

- e

. e

MULTIPLICITIES
1 0.4829629115656279D 00 o
1 0.7071067553046346D 00 ¢
1 SOLVED BY DIRECT METHOD
1 SOLVED 8Y DIRECT METHOD
MULTIPLICLTIES .
1 0.48296291156562790 00 ¢
1 0.70710675530463460 00 +
1 SOLYED BY DIRECT METHOD
1

SOLVED BY DIRECT METHOD

.102 + .1024, .103 + .1031i,

INITIAL APPROXIMATION

0.1294095284438187D 00 1
0.70710680706645950 00 .{

INITIAL APPROXIMATION

0,12940952844381870 00 I
0. 7071068070664595D 00 1

<104 + (1041,

OTT



MULLERS METHOD FOR FINDING THE ZEROS OF A POLYNONIAL

POLYNOMIAL NUMBER 33 OF DEGREE &
THME COEFFICIENTS OF P(X) ARE
P 1) = 0.1000000000000000D 01 ¢ 0.0000000000000000D 00 I
P{ 2} = -0.4046000000000000D Ol + —0.4086000000000000D0 01 I
P{ 3} = -0.12198000000000000 00 + 0.12398962000000000 02 1
P{ 4} = 0.85259414920000000 01 + -0.82779582520000000 O} I
Pl S} = ~0,42699758771600000 01 + ~0.8402356471999999D-01 |
NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0O
HAXIMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE. 0.100-09
TEST FOR MULTIPLICITIES. 0.10D-17
RADIUS TO START SEARCH, 0.00D 00
RADIUS TO ENO SEARCH. 0.00D 00
BEFORE ATTEMPT TG IMPROVE ACCURACY
ROOTS OF PIX) MULTIPLICITIES
ROOT( 11 = - 0.10100000136414220 O1 ¢+ 0.10199999971567140 O1 1 1
SROJT( 2) = 0.10109999590082210 Ol + 0.10210000085163440 01 I 1
RODT( 3) = 0.1012999986290457D 0l + 0,10230000028351640 Ol I 1
RGIT( 4} = 0.10120000410599000 Q1 ¢ 0,10219999914897790 D1 1 1
AFTER THE ATTEMPT TO IMPROVE.ACCURACY
200TS DF PEX} MULTIPLICITIES
TROITC 1) = 0,10109999390306150 01 + 0.1021000048991936D 01 1 1
RGIT( 2} = .0.10119999924546350 01 ¢ 0.10220000106465050 O1 I 1
ROOT{ 31 = 0.10129999947770020 Ol + 0.10229999945378290 01 I 1
ROOT( 4} = 0.1012000096743678D O1 + C.10220000436170030 01 1 1
Exhibit S. Roots Are: 1.010 + 1.020i
.
1.012 + 1.0224i, 1.013 + 1.

INITIAL APPROXIMATION

0.48296291156562790 00 +
0.7071067553046346D 00 +
SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOD

0.1294095284438187D 00 1
0.,70710680706845950 00 1

INTTIAL APPROXIMATION

0.4829629115656279D0 €O +
0.7071067553046346D 00 +
SOLVED BY OIRECT METHOD
SOLVED BY DIRECT METHOD

0.12940952844381870 CO I
0.70710680706845950 00 1

01l + 1.021i,

TTT



GREATEST COMMON 'OTVISOR" METHOO “USED “WITH NEWTONS "NMETHOD TOLFiND'iﬁﬂos'OF'FOLVNDH!ALS
POLYNOMTAL NUMBER 27 OF DEGREE 4 . : g - :

THE COEFFICIENTS OF P{X} ARE -

P{ 1} = 0.1000000000CC0000D O ¢« 0.00000000000000000 00 .1 .
P{ 2) = -0.4100000000000000D 00 ¢ -0.4100000000000000D0 00 [
P{ 3} = -0.0000000000000000D0 00 ¢ 0.]12607000000000000°00 1
P{ 4} = 0.8614099999999998D-02 + -0.8614099999999998D-02 |
Pt 5} = -0.44142009600000000-03 + -0.00000000000000000 00 I

NUMBER OF INITIAL APPROXIMATIONS GIVEN, O
MAXTMUM NUMBER OF ITERATIONS. 200
TEST FOR ZERO IN SUBROUTINE GCD 0.100-02

TESY FOR CONVERGENCE. 0.100-09
TESY -FOR MULTIPLICITIES. 0.100-0%1
RADIUS YO START SEARCH. 0.D000 DO

RADIUS TO END SEARCH. 0.000 0O

THE COEFFICIENTS OF HIX) = P(X)/G.C.D. ARE

H{- 1} = 0,.1000000000000000D0 O1.+ 0.00000000000000000 00 i
H{ 2} = -0.1025000000000000D 00 + ~0.10250000000000000 00 1

2EROS OF PIX) : B - MULTIPLICITIES

ROOTE 1} = 0.1025000000000000D0 DO + D,.10250000000000000 00 I “ SOLVED BY DIRECY METHOD

Exhibit T. Roots Are: .101 + .101i, .102 + .102i,
.103 + .103i, .104 + .104i.

————_



GREATEST COMMON DIVISOR

METHOD USED WITH NEWT

ONS METHOD TO FIND 2ERQOS OF- POLYNOMIALS

POLYNOMIAL™ NUMBER 27 OF DEGREE 4 .
THE COEFFICIENTS OF PIX) ARE
PU 1) = 0.1000000600000000D 01 + _0.0000000000000000D 00 § .
Pt 2} = -0.4100000000000000D 00 + =0.41000000000000009 0C |
P( 33 = -0.00000000000000000 00 + 0.12607000000000000 00 1
Pl 4} = 0.88614099999999998D-02 + ~0.8614099999999998D~02 1
PL 5) = -0.4#14200960000000D-03 + -0.000000DO00000000D 00 §

NUMBER OF INITIAL APPROXIMATIONS GIVEN.' [o]
MAXIMUM NUMSER OF ITERATIONS. 200

TEST FOR 2ERD IN SUBROUTINE GLD 0.100-19
TEST FOR CONVERGENCE. 0.100-09 -
TEST FOR MULTIPLICITIES. 0.100-09
RADIUS YO START SEARCH, 0.000 00
RADIUS TO END SEARCH. 0.00D 00

THE COEFFICTIENTS OF H{Xx} = P{X}/6.C.D. ARE

0.10000000000000000 O1-

HU 1) = + 0.0000000000000D00D 00 I
H{ 2} = -C.41000000000000000 00 « -0.41000000000000000 00 1
H{ 3} = ~0.0000000000000000D 00 + 0.12607000C0000000D OC 1!
H{ 4) = 0.86140999999999980-02 + ~0.86140999999999980-02 1
H{ 5) = -0.%4162009600000000-03 ¢+ ~0,0000000000000000D 00

BEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE 2EROS OF Pix} ARE

ROATS OF P{X}-

“RIOTE 11 7= 0.10199999997118460 00
RODT(_2)_=: 0.10399929998728120 00
- ROOTE 3) =
RODT( &3 = 0.10099999999690320 02

Exhibit U.

0.1030000000182317D0 CO

Roots Are:

0.1019999999514636D 00
0.10399999998566560 00

0.1030000000339041D 00
0.10099999999663820 GO

<101 + .101i,

-

MULTIPLICITIES

ot g

a00TS OF P{X) - . MULTIPLICITIES INITIAL APPROXIMATION
ROOTt 1} = 0.1019999999627143D 00 ¢ 0.10199999995993400 00 1 1 0.,48296291156562790 00 + 0.,12940952844381870 00 1
ROOY{ 2} = 0.1039999999869989D 00 + 0.10399999998594790 00 I 1 " 0.7071067553046346D 00 + 0.70710680706845950 00 1
RDOT{ 3} = 0.10300000003813700 00 + 0.10300000004110390 00 1 SOLVED BY DIRECT METHOD
ROOTL 4} = 0.1010000000121498D 00 + 0.1010000000130142D0 00 I 1 SOLVED BY DIRECT METHOD
. AFTER THE ATTEMPY TO IMPROVE ACCURACY, THME ZERDS OF PUX) ARE

INITIAL APPROXIMATION

0.4B296291156562790 00 +
0.70710675530463460 00 +
SOLVED 8Y OIRECT METHOD
SOLYED BY OIRECT METHOD

.102 + .1023, .103 + .1031i,

0.1294095284438187D 0C 1
0.7C710680705684595D 00 1

<104 + .1044.

cCTT



NEWTONS METHOO TO FIND 2EROS OF POLYNOMEIALS
POLYNOMIAL NUMBER 33 OF OEGREE &

THE COEFFICIENTS 6F b(x) ARE

Pt
Pt
Pt
Py
Pt

11
2}
3)
4}
5}

0.10000000000000000 0} + 0.00000000000000000 00
<0.40460000000000000 01 ¢ ~0.40860000000000000 01
-0.12198000000000000 00 ¢ 0.12398962000000000 02

0.8525941492000000D0 01 + ~0.82779582520000000 01}
~0.42699758771600000 01 '+ ~0.84023564719999990-01

—

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0

MAXIMUM NUMBER DF ITERATIONS. 200
TEST FOR CONVERGENCE. - 0.100-07
YEST FOR MULTIPLICITIES. 0.100-06
RAOIUS TO START SEARCH. 0.000 00

RAQIUS TO ENO SEARCH. 0.000 00

BEFORE THE ATVEMPT TO IMPROVE ACCURACYs THE ZERDS OF P(X} ARE

ROOTS OF P{X}

RODTH{
R3OT{
RODTY
ROOT(

1}
23
3)
L3

= 0.10100000202424100 01 + 0.1020000000258103p 01 1 1
= 0.10109999391999520 01 + 0.1020999999178984D 01 1 1
= 0.10129999796825210 01 + 0.10229999996972740 O1 I 1
= " 0,1012000060875117D O1.+ 1 1

0.1022000000865640D0 01

AFTER THE ATTEMPT 10 IMPROVE 'ACCURACY, THE 2EROS OF P{X) ARE

ROOTS OF . P{X)

. ROOTY
RODTH¢

RODTH .

RODTL

= ' 0.1010000013301666D 0L ¢+ 0.10200000071950400 01 1} 1
= 0.1010999960033530D0 01 + 0.1020999978369735D 01 I 1
= 0.10129999866214230 01 ‘¢ .0.1022999992757863D 01 1 1
‘e 04101200006065623440-01 -+ 1

041021999966196982D 01 I -

Exhibit V. Roots Are: 1.010 +
1.012 + 1.,02241i, 1.01

MULTIPLICITIES

MULTIPLICITIES

INITIAL APPROXIMATION

0:48296291156562790 00 ¢ 0.12940952844381870 00 I
0.7071067553046346D 00 + 0.7071068070684595D 00 1
SOLVED BY DIRECT METHOO
SOLVED BY OIRECT METHOD

INITIAL APPROXIMATION

- 0.48296291156562790 00 + 0.12940952844381870 00 I
0.70710675530456346D 00 + 0,7071068070684595D DG |
SOLVED BY DIRECT.METHOD )

SOLVED BY DIRECT METHOD

011 + 1.021i,

d= T T



NEWYONS METHOD TO FIND ZEROS OF PDLYNOMIALS
POLYNOMIAL NUMBER 37 OF DEGREE 6

THE CDEFFICIENTS OF PiX) ARE

Pt 1} = 0.17000000000000000 01 « 0.0000000G0O0000000D 00 1
Pt 2¥ = ~0,11046000090000000 02 + —0.70860000000000010 01 |
Pt 3} = 0.37942020000000000 02 « _0.6713896200000001D 02 ¢ _
Pt 4) = D.14T6868749200000D 02 ¢ -0.2412407522520000D 03 I
P 5) = -0.2650544690771600D 03 ¢ 0.3033533037232799D 03 [
PL 63 = 0.33309988B79795990 €3 4 -0.4935380807147997D 02 ¥
= . 1

Pt Th -0.9276313939143995D 02 -0.6162618070408000D 02

NUMBER DF INITIAL APPRDXIMATIDNS GIVEN. 0

wAX[MUM NUMBER OF JTERATIONS. 200 . -
TEST FOR CONVERGENCE. 0.10D-09

TEST FOR MULTIPLICITIES. 0.100-17

RADIUS YD STARY SEARCH. 0.00D 0O

RADIUS TD END SEARCH. 0.00D 00

N CONVERGENCE FOR THE FOLLOWING APPROXIMAYIONS AFTER 200 ITERATIONS.

0.4829629115656279D 00 ¢ 0.12940952644381870 00 1 -INITIAL APPROXIMATION
-0.4829629115656279D 00 ¢ -0.129409528443E81870 0D 1 . ALTERED APPROXTMATION

BEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZERQOS OF ‘P{X) ARE : B

RDDTS OF PeX) . - HMULTIPLICITIES -~ INITIAL APPROXIMATION -
ROOT( 1V-= 0.1009999396981447D-01 ¢ 0.10199999515615020 01 1 1 0.1294094930684686D 00 ¢ 0.48296292103506440 00
R33TL 23 = 0.1011001615251888D O1 + 0.10210001452244170 O1 'I o1 0.7071067553046346D 00 + 0.70710680706845950 00
ROOT( 3} = 0.10119981BD643081D 01 « 0.10219998533336280 D1 1 1 0.38822847926540560 00 ¢ 0.1448BB8763117193D 01
ROOT! 43 = 0.10130006071135860 Ol + (.102300004988D457D 011 i ~0.5176382551966724D DO ¢ 0.19318516083667550 01

. RDOTL 51 =  0.3999999999999999D 01 -+ —0.200C0000000000010 01 1 1 SOLVED BY DIRECT METHOD

. RIBTC 6) = 0,3000000000000001D 01 +  0.49999999999999980 O 1 1 SOLVED 8Y DIRECT METHOD

. AFTER THE. ATTEMPT TO IMPROVE ACCURACY, THE 2ERDS OF PIX)} -ARE.

R0DTS DF PEX} MULTIPLICETIES . . . INITIAL APPROXIMATION

. RIATL 1) & - 0.10099993969314470D D1 *+ 0.10199999515615020 01 1 1 0.1294094930B34686D 0D ¢ 0.48296292103906440 00 I
RIOTC 23 = 0.1011001€73767642D 31 ¢ 0.10210003981987280 03 1 1 _D.T0T1067553046346D 00 * 0.7071068070684595D 00 1
ROJTE 31 = 0.1011993062406218D 01 ¢ 0.10219995T21433720 01° 1 1 D.3882284792654056D 00 « 0.1448888763117193D 01 I
RODTE &) = C.1013C0C626481528D 01 + 0.102300C085343989D D1 1 1 ~0.5176382551966724D 00 + 0.19318516083687550 01 1
RAOT( S5} = 0.4000000CCO03C0O0LD OL.+ ~0.20000000DC0O0CADIID O 1 1 SOLVED BY DIRECT METHOO

= 0.3000000000000000D 01 ¢ 0,50000C0000CO0001D 01 1 1

ROOT L &1 SOLVED BY DIRECT HETHOD

§

‘Exhibit W. Roots Are: 1.010 + 1.02
1,013 + 1.0234, &4 - 2

J011 + 1.021i, 1,012 + 1.0224,

ot o
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GPEATEST COMMCON DiVISOR METHOO USED WITH NEWTONS METHOD TO FINO 2ZEROS OF POLYNOMIALS
POLYNOMIAL NUBER 55 OF DEGREE 9

THE COEFFICIENTS OF PIX)} ARE .

P¢ 1} = €.10000000C0000000D O1 ¢ 0.0000000000000000D 00 §

P 24 = £.132023000000C000D 02 + -0.2403000000000000D0 00 I

PL 3} = [,556256953CCC00010 02 ¢ -0.121482043400000CD 02 1

Pl €1 = 0,4450453890200001D €2 ¢ =0.1268725824200000D0 03 I

P 5) = -0,3230T724C61600D000D C3-+ -0,4B8655879372000000 03 §

Pl 61 = =0.13482646779280000D 04 + =0.6694374018400001D 03 | :

PL 7} = ~D.2678658554260C000 04 ¢ —-0.1648687451800000D £3 ¥

PL 8} = -0.229918959B5000C0D 04 + 0.262228C045000000D 03 1

Pl 9) = —0,4124338580000C00D 03 + 0.4266134510000001D 03 I

PL10) = D.128164000CO00CO0D 01 ¢ 0.43587270D000000ID 02 1
NUMBER OF INITIAL APPROXTHMATIONS GIVEN. 0
MAXT®UM NUMBER OF ITERATIDNS. 200
TEST FOR ZERQ IN SUARDUTINE GLD 0.100-02 .
TEST FOR CONVERGENCE. 0.100-09 .
TEST FOR MULTIPLICITIES. 0.100-01 -
RADIUS T SYARY SEARCH. 0.000 00
RADIUS TO END SEARCH. 0.000 00
THE COEFFICTENTS OF H{X} = PIX}/G.C.De ARE S

®{ 11 = £.1C00000000000C00D O1 <. 0.00000000000Q0000D 0O 1

Hi 2} = 0.610}149994286120D 01 + ~0.21201499%6474013D 01 1

H{ 3] = -0.983570001579R032D 0 + ~0.136B2899969470170 02 I

HE &) = —D.37573¢4988763747D 02 ¢ ~0.51134499415088150 01 !

H{ 5} = =C.5414099672072969D £2 + 0.5369949985430600D 02 1

Hi 61 = (.9500003341688850D 00 ¢ 0.1106499937561766D 02 1

REFORE THE ATTEMPT TO YMPROVE ACCURACY, THE ZERDS OF P(X) ARE

RODTS OF PUX} - R MULTIPLICETIES INITIAL APPROXIMATION
RODT( 1) = -0.1011499923894657D €O « 0.1201499951350621D 00 1 1 0.4B25629115656279D 00 + 0.12540952844381670 0C 1
ROJTC 2) = -0.14AB6143908794770-08 -+ 0.20000000002308530 01 1 1 0.7071067553046346D 00 + 0,707106B0T0684595D GO 1
RONT{ 3) = -0.20000000022648610 01 « ~0.99999999893403730 00 I 1 D.3882284792654056D 00 + 0.14438887631171930 01 1
ROUTE &)} = 0.2999999999770455D 01 + 0.9999999999898534D 00 1 1 SOLVED BY DIRECT METHOO
ROOTE S} » -0.4999999999915633D 01 + 0.5225084631880847D~-10 3 SDLVED BY DIRECT METHOO

"AFTER THE ATTEMPT TD IMPROVE ACCURACY, THE ZEROS OF P{X} ARE

ROOTS OF PIX} - . RULTIPLICITIES ) INITIAL APPROXIMATION
RIMTC 1) = -0.1011499923894657D 00 + 0.1201499951350621D 00 1 2 0.4829629115656279D 00 + 0,1294C6528443A187D 00 1
POIT( 2) = -0.14R86143759515140-038 « 0.20000000002308530 01 | 1 0.70710675530663460 00 + 0.70710680706845950 00 I
233T¢ 3) = £0.20000000032648610 01 + ~0.9999999985340374D 00§ 3 0.38822847926540560 00 + 0,144B838763117193D 01 1
RIITL /) = 0.2999959993770455D 0} + 0.9999999599898546D 00 ! ¥ SOLYED BY QIRECT HMETHOD . .
RJOT{ 5} = ~0.49999999699156340 0 e 1 2 SOLVED 8Y DIRECT METHOD

0,5228C390015853360~10

Exhibit X. Roots Are: -2 -1 (3), =5 (2), 3 + i, 2i,
-0.1011 + .12014i, -.1012 + .1202i,



MULLERS METHOD FOR” FINDING THE 2ERGS OF A POLYNOMIAL

POLYNDMTAL NUuBER 55 DF DEGREE 9
THE CDEFFECIENTS OF PIX) ARE

Pt 1) = 0.30000000000C0000D 01 +
e( 2) = 0.1320230C00000000D 02 ¢
Pt 3} © C.5562569530C00001D 02 +
Pl 4) = {$.44504538900000010 02 =+
Pt 5) = ~0.3230724061600000D 03 +
Pt 6} = ~0,13482667792800000 04 «
Bl 71 = -0.267B6585542500D0D 04 +
©{ A} = =-0.22991885985000000 04 +
P{ 9} = ~-C.4124338680C00C00D 03 «
P10} = 0.128164000CC00000D O1 «

NUMBER OF INITIAL - APPROXIYATIONS GIVEN.

MAXTHMUM NUMBER OF ITERATIONS.

TESY FOR CDNVERGENCE.
TEST FOR MULTIPLICITIES.
RADIUS TO STARY SEARCH,
RADIUS YO END SEARCH.

.0.00000000000000000
~0.2403000000000C00D
~0.12148206340000000
-0.12697258242000000
—-0.4B86558793720C0000
-0.669437401684000010
-0.1648687451800000D

0.26222800450000000

0+42661345100000010

0.435872 70000000010

9
00

0.100-C9
0.10D-12
0.000 00
0.000 Q0

00
00
02
03
03
03
03
03
03
02

v e ettt e s P

- BEFDRE ATTEMPT TO IMPROVE ACCURACY

RODTS. DF PIX}

-0.10119999999698180 CO

RODTL 11 =

RDIT( 2) = -0.10110000000C0182D 00
ROTTL 3} = ~0.2754555594079078D~15
ROITE &) = -0,20000001246055280 01
RODTL 53 &« =0.1999999953794536D C1
ROJTL 6) = ~0.19999999215999280 Ol
ROOY{ 71 = 0.3000000C000000000 01
RONT! B) = ~0.4999999964575374D Ol
RIJTL ©) = ~0.50000000354246330 01

00
oo
o1
00
(133

0.1202000000000116D
0412009999999998840
0.2000C0C000C0C000D
-0.9999999638510141D
-0,10000001561591884D
-0.99999987455709920 00
0.100C000000000000D O
0-1C068112174994380-06
~0.10068112455325690-06

AULYIPLICITIES

gt ot gt s

INITIAL APPROXIMATIDN

=0.10114999238946570 00
-~0.31011499923B946570 00
~0.14886143759515140~-08
~0.2000000000264861D 01
-0.20000C0000264861D 01
=0.20000C0000264861D C1
0.2999999999770455D 01
SOLVED BY DIRECY METHOD
SOLVED B8Y DIRECT METHOD

IN THE ATTEMPT TO IMPROVE. ACCURACY. RODTY¢ 7) = 0.3000000000000000D 01 + -  0.1000000000000000D0 O ¥
01D NDT CONVERGE AFTER 200 ITERATIONS
THE PRESENT APPROXIMATION IS 0.30029999613761900 0! ¢ 0.10009999871253970 01 I

AFTVER THE ATYEHPT TO IMPRDVE ACCURACY

/00TS OF Pex3 -

RONTL 1) £ ~0.10119999999997250 OO
RADT{ 2} = «0.10119999599997960 €O
ROITL 2} =--0.1951126761795227D0-15
PANTL 43 = -0,20000001253194240 017
QADTE- 5 w ~0.19999999559438530 C1
RIJTL 6} = ~0.2C00000012069415D 01
ROQTE 71 # ~0.49999999651660740 01
ROOTE 8} = ~0.5000000035616385D 01

Exhibit Y.

<
-
+
-
K
-+
£y
+

0.1202000000000043D
©.12020000000000460
0.2000000C00000000D
999999963411 78420
-0.100000C1627090500 01
-0.999999828501 97650 0O
D.1005693673791196D-C6
-0,1005712562663813D-D6

00
oo
o1
oo

b e b et e

HULTIPLICITIES

[

+
e
*
+
-
+
+

0212014999513506210
0.12014999513506210
0.200009CC00230853D
~0.99999999893403740
~0.9999999989340374N
~0.9999999989340374D
0.99999999998985460

INITIAL APPROKIKATION

=~0+1011459923894657D 00
~0.1011499923894657D 0O
=0.148B6143759515140~08
~0.2060C0C00CN2648610 O}
=-0.200000000D264851D 01
-0.20000C0C00264B861D 01
SOLVED BY DIRECT METHNDD
SOLVED BY OJRECT METHOD

0.12D1499951350621D
0.12014999513506210
0.20C00000000236AS30
~0.99999995893403740D
~D.99999999893403740
=D.9999899989340374D

Roots Are: -2 - i (3), =5 (2), 3 + i, 2i,
-,1011 + .1201i, -.1012 + .1202%.

o]¢]
oc
01
oc
o0
00
oe

00
o0
01

fele]
co

[



HULLERS MEYMOD FOR FINDING THE ZERQS OF A PODLYNOMIAL
°

POLYNOMEAL NUMBFR 55 DF DEGREE

JHE COEFFICIENTS UF P{X} ARE

P13
PL 23
PL
P &3
Pt 51
Pt 6}
P
L 8)

0.1000000C000000000 01 + ©0.0000000C000000000
€.132023€0000000000 02 ¢+ ~0.2403000000000C000
0.5562569530000001D 02 + -0.12148206340000009
0.45504538200000010 02 + ~0.126B87258242000000
~0.32307240616000000 03 ¢ ~0.4865587937200000D
~C.13482667792800000 04 2 =0.66943740184C0001D
-N.26786585542600C00 04 ¢ ~D.16486874518000000
-L.2299188598500000D 04 ¢+ 0.262228C045000000%
-0.41243386:800000000 03 4 0.62661345100000010
0.12B16400000000000 0} ¢ 0.43567270000000010

NUMEER OF INITIAL APPROXIMATIONS GIVEN. [}
“AXTMUM NUMBER OF ITERATIONS.
TESY FOR CONVERGENCE.

TEST FNR MULTIPLICITIES.
RADIUS TO STARY SEARCH.
TLAGIUS TO END SEARCH.

BFFORE ATTEMPT TO I®PROVE ACCURACY

®0OOTS OF P{x}

RO3TE
ROOY{
POOYL
RNITL
ROOT
AT
@Jar{
ROOT ¢
ROJTL -

IR RN

-0.10110000000002030
-0.101199939999797D

00
oc

~0.199522688193216800D-15

-0.20000071547436883
~0.49999999555569450
~0.19999815332027960
~0.20000113120535080

0.2000000000000C00D
~0.50000000444430864D

01
(33
1
01
o1
01

200
0.100-09
0.10D-11
0.000 00
0.000 00

LR R

00
00
02
03
03

03
03
e3
02

[ T

0.1201000000000003D 00
0.12019999999999980 00
0.20000000000000000 01
~0.99998280654370140 00
0.11273075327520090~06
-0.10000024004715540 01
-0.10000147929847410 01
0.9999999999999989D 00
~0.11273075617435070-06

NULTEPLICITIES

Yot s bt gt pet Btk el et

INITIAL APPROXTMATION

0.4829629115656279D
0.7D71067553046346D
D-38822B47926540560
—0.51763825519667240
—0.17677671470807010
-0.28977T77583074990D
-0.3380740248331229D

(o]¢]
00
00
00
01
01
[+33

sras b

SOLVED BY DIRECT METHOO
SOLVED BY DIRECT METHDO

IN THE ATTEMPT TO IMPROVE ACCURACY, ROOTI 4) = -0.20000071547436880 01 + --0.99998280654370140 00 1
010 NOT CONVERGE AFTER 200 ITERATIONS

THE PRESENY APPROXIMATION IS =0.20D0008660261324D 01 + -0.99998387548751470 00 1

AFTER THE ATTEMPT TO IMPROVE ACCURACY -

2007S OF Pix}

ROITL
RUITH
RIITL
/TOT L
[T
’naT Y
RODTH
ROOTH

IR

-0.1011999999999823D
~0.10119999999998020

00
co

+~0.23689481830847T40-15

~0.499999995676B3640
~0.1999992781479C6TD
-0.20802070368753570

0.3C0000CCO000D000D
~0.5000000044052519D

Exhibit Z.

ot
(33
c1
(31
01

+ 483040

Roots Are:

0.1202000000000t 76D 00
0,12G1959999999995D 00O
0.20C00003002€000CD 01
"0.11799049030959890~06
~0,999996C391562971D 00
-0.10C0015580846282D 01
0.10G0000000C000200 D1
~0,1131737422202264D-08

~2
i

MULTIPLICITIES

[ RN

0.12940952844381B70
0.7071068B0706R45950
0.144888B763117193D
0.19318516083687550
0.1T67766758852015D
0.776456T463987070D
~0.9058671940816160D

- INITIAL APPROXIMATION

0.4B296291156562790
0.70710675530463460
0.38822B47926540560
=0.17677671470B07010
-0+2B977775830749900
~0.33807402483311229D

SOLVED 8Y DIRECT HETHOD
SOLVED BY DIRECT METHOD

o]
2]
oc
01
o1
01

s tro e

0.12940952844381870
C.T071C6B070664595D
0.144888BT63117193D
0.1767766758852015D
0.776456746393767CD
~0.9058671940816160D

i (3, -5 (2), 3+ 41, 24,
-.1011 4+ .1201ii, -.101i2 + .12021i.

00
00
ot
[}
01
00
co

oe
00
Q1
01
o0
[o]o]

[T

[P
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APPENDIX A
SPECIAL FEATURES OF THE PROGRAMS

Several special features' have beén provided in each program as an
aid to the user and to improve accuracy of the results. These are

expiained and illustrated'belownl
1. Generéting Approximations

If the user does not have initial approximations available, sub-
routine GENAPP ‘can systematically generate, for an Nth degree poly—
nomial, N initial approximations of increasing magnitude, beginning
with the magnitude specified by XSTART. If XSTART is 0., XSTART is
automatically initialized to 0.5 to avoid the approximation 0. + 0.i.

The approximations are. generated according to the formula:
XK = (XSTART + 0.5K) (Cos B + i Sin R)
where

p= 4 K% , K =0,1,2,...

To accomplish this, the user defined the number of initial approxima-

tions to be read (NIAP) on the control card to be zero (0) or these

1 , ; . .

These illustrations are representative .of Newton's method in
double precision. Control cards for single precision and other methods
should be prepared accordingly.

120
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columns (7-8) may . be left blank. If XSTART is left blank, it is inter-

preted as 0.

For example, a portion of a control card which generates initial
approximations beginning at the origin for a seventh degree polynomial

is shown in example 1.

— Variable Name

Card Columms
[ \K 6 71 17 7 T8
12 4 5 7.8 4 0] 12 8 10
N
0 N
—=| P N I XSTART
0 Ay
L P
Y
El7 \
Example
Example -1

The -approximations are generated in a spiral configuration as illustrated

in figure 4.  Exhibit B of Chapter VII is an example of output resulting

from generated approximations. |
Example 2 shows a portion of a control card which generated initial

approximations beginning at a magnitude of 25.0 for a sixth degree

polynomial.
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6 T 17 8

12| (45 |78 4 o |2 0

N,

0 N

Pl | X I XSTART

0 A

L P

Y

1 6 /) 2.5D + 01

Example 2

Note that if the approximations are generated beginning at the
origin, the order in which the roots are found will probably be of

increasing magnitude. Roots obtained in thils way are usually more

accurate.

2. Altering Approximations

If an initial approximation, X , does not produce convergence to

a root within the maximum number of iterations, it is systematically

altered a maximum of five times until convergence is possibly obtained

according to the following formulas:

If the number of the alteration is odd: (§ = 1,3)

Xj+l = IXOI (Cos B + i Sin B) where
Im X
. R R e
B = Tan Re Xo + K 35 K=11if 3 1, 2 if j 3.

If the number of the alteration is even: (j = 0,2,4)
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Each altered approximation is then taken as a starting approximatien.
Each initial or altered approximation which does not produce convergence
is printed as in Exhibit AA, If none of the six starting approximations
produce convergence, the next inditial .approximation is taken, and the
process ‘repeated. The six approximations are spaced 60 degrees apart

on a circle of radius ]XO[ centered at the origin as illustrated in

figure 5.
3. Searching the Complex Plane

By use of initial approximations and the altering technique, any
region of the complex plane in the form of an annulus centered at the
origin can be searched for roots. This procedure can be accomplished
in two ways.

The first way is more versatile but requires more effort on the
part of the user, Spgcifically‘selected initial approximations can be
used to ‘define particular regions to be searched. For example, if the
roots of a particular polynomial are known.to have magnitudes between
20 and 40, an ahnulus of inner radius 20 and outer radius 40 could be
searched by using the initial approximatiéns 20, + i, 23, + 1, 26, + 1,
29. + i, 32. 41, 35, + i, 38. + i, 40. + 1i.

By generating initial approximations internally, the program can
search an annulus centered at the origin of inner radius XSTART and
outer radius XEND. Values for XSTART and XEND are supplied on the
control card by the user. Example 3 shows a portion of a control card

to search the above annulus of inner radius 20.0 and outer radius 40.0.
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6 7 7l |8

12 |45 78 4 0 8 10

N

0 N

P N I XSTART XEND

0 A

L P

Y

1 7 2.0D + 01 4.,0D + 01

Example 3

Note that ‘since not less than N initial approximations can be

generated at one time, the outer radius of the annulus actually

searched may be greater than XEND but not greater than XEND + .5N,

Example 4 shows a control card to search a circle of radius 13,

6 7 7 |8

12| |45 |78 4 0 g o

N

0 N

P N I XSTART - XEND

0 A

L P

Y

2 7 / / 1.5D + 0

Example 4

Figure 6 shows the distribution of initial and altered approxima-

tions for an annulus of width 2 and inner radius a.
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4, Improving Zeros Found

After the ‘zeros of a polynomial are found, they are printed under
the héading "Before the Attempt to Improve Accuracy." They are then
used as initial approximations with Newton's (Muller's) method applied
each time to the full (undeflated) polynomial, In most cases, zeros
that have lost accuracy due to roundoff error in the deflation process
are improved. The improved‘zeros are then printed under the heading
"After the Atteﬁptyto Improve Accuracy." Since. each root is used as .an
approximation to. the original (undeflated) polynomi;l, it is possible
that the root may converge to an entirely different root, As an example,
see exhibit S of Chapter VII. This is especially true where several
zeros are closetogether, Therefore, the user should check both lists
of zeros to determine whether or not this has occurred, An example of

improved roots is given in exhibilt .G of Chapter VII.
5. Solving Quadratic Polynomial

After ‘N=2-roots of an Nth degree polynomial have been extracted,

the remaining quadratic, aX2 + bX + ¢, is solved using the quadratic.

formula

= -b +./ 52 - ,4at;:

paahe 2a

for the two remaining roots. These are indicated by the words '"Solved
By Direct Method" in the initial approximation column, If only a poly~
nomial of degree .l is to be solved, the solutien 1s found directly as -

(X -C) =0 implies X = C.
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6. Missing Roots

If not -all N roots of an Nth‘degree polynomial are found, the
coefficients of the remaining deflated polynomial are printed under
the heading "Coefficients of Deflated Polynomial For Which No Zeros
Were Found," ‘The user may then work with this polynomial in an attempt
to find the remaining roots. The coefficient of the highest degree

term will be printed first (exhibit BB).
7. Miscellaneous

By using various. combinations of values for NIAP, XSTART, and
XEND, the user has several options available as illustrated below.

Example 5'shows‘the'control card for é seventh degree polynomial.
Three initial approximations are supplied By the user. At most three.
distinctirothfwill be -found and the remaining deflated polynomial will

be printed (exhibit BB). -

' \ \ 6 71 |7 71 18

12 |45 |78 4 o |2 8|_lo

N

0 N|

P N I XSTART XEND

0 A

L P

Y

1 7 3 |

Example 5
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Note that if -several roots are known to the user, they may be
"divided out' -of the original polynomial by using this procedure.

Example 6 indicates that 2 initial approximations are supplied by
the user to a 7th degree polynomial. After these approximations are

used the circle or radius 15 will be searched for the remaining roots.

| | 6 1A 1RE

12 las5 (78 4 o |2 8|0

N}

0 N

P N I XSTART XEND

0 A

L| P

Yl

1 7 2f /) 1.5D + 01

Example 6

By defining XSTART between O. and 15. an annulus instead of the

circle will be searched  (exhibit CC).
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NEWTONS METHOD TO FIND.ZEROS OF POLYNOMIAL:
POLYNOMIAL NUMBER 2 OF DEGREE 3

THE COEFFICIENTS OF PiX) ARE

P{ 1) =
Pt 2) =

0.10000000000000000 01
0.20000000000000000 01

P( 3} = -0.10000000000000000 01
Pt &) = -0.2000000000000000D 01

-

*
+*
*

0.00000000000000000. 00 1
0.00000000000000000 00 1
~0.00000000000000000 00 1
-0.00000000000000000 00

NUMBER OF INITIAL APPROXIMATIONS GIVEN. 0
MAX IMUM NUMBER OF ITERATIDNS. 3

TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.

RAQIUS YO START SEARCH.

RAOIUS TO ENO SEARCH.

0.100-03
0.10D-01
0.00D 00
10.00D 00

NO CONVERGENCE FOR THE FOLLOWENG APPRO!{NATIDNS AFTER 3 ITERATIONS.

0.4829629115656279D0

. 00 + '0.12940952844381870 00 I
-0.4B296291156562790 00 + -0.12940952844381870 00 1
0. 12940949308846860 00 ¢+ 0.4829629210390644D 00 I
~0.1294094930884686D 00 + -0.4829629210390644D 00 I
-0.35355342941614020 00 +. 0.35355335177040300 001
0.3535534294161402D - 00 ¢+ ~0.3535533517704030D0 00 1
- 0,70710675530463460 0D ¢+ 0.70710680706845950 00 I
~0.70710675530463460 00 + -0.7071068070684595D 00 ‘1
-0.2588191275983359D 00 ¢+ 0.9659258041843774D 00 1
0.258B191275983359D 00 + -0.9659258041843774D 00 1’
- =0.96592586102499680 00 + .0.25881891546623570 001
0.96592586102499680 00 ¢ -0.25881891546623570 00 1
0.38822B47926540560 00 + ' 0.1448888763117193D:01"1
-0.3882284792654056D 00 + ~0.14488887631171930 01
~0.1060660288248421D 01 + 0.10606600553112090 01 1
0.1060660288248421D- 01 + -0.10606600553112090 01 I
~0.144B8BB677856240D 01 + ~0.38822879746355020 00 I -
01+ 00 1.

0.14488BB677856240D

o~

COEFFICIENTS OF DEFLATED POLYNOMTAL

1)

- DU 3)
Ot 4}

0.10900000005000000 o1

-0.1000000000000000D 01
'=0..2000000000000000D0 01

0.38B22879746355020

Exhibit AA.

FOR WHICH ‘NO :ZERDS. WERE-FOUND

-=0.00000000000000000 00 {
~=0+00000000000000000 00 I

CINITIAL APPROXIMATION

ALTERED "APPROXIMATION
-ALTERED APPROXIMATION
ALTERED APPRDXIMATION

-ALTERED APPROXIMATION

ALTERED APPROX1IMATION

INITIAL APPROXIMATION
ALTERED APPROXIMATION
ALTERED APPROXIMATION
ALTERED APPROXIMATION
ALTEREO APPROXIMATION
ALTERED APPROXTMATIDN

" “INIT1AL APPROX IMATION

ALTERED APPROXIMATION
ALTERED APPROXIMATJON
ALTERED APPROXIMATION
ALTERED APPROXIMATION

"'ALTERED APPROX IMATIDN

= + - 0.00000000000000000..00 1
Dt 2) = 0.20000000000000000 01 +. 0.00000000000000000 DO ‘1
= +
= +

TTCT



NEWTONS METHOD TO FIND ZEROS OF POLYNORIALS
7

‘POLYNOMI AL NUMBER

THE COEFFICIENTS OF PiX}. ARE

Pt 1)
Pt 2)
Pt 3}
P{ &)
Pt St
Pt 6)
Pt T)
Pt B8Y

NaReRnwR

NUMBER OF INITIAL

0.1000000000000000D 01
-0410000000000000000 01}
-0.59000000000000010 02

0.19500000000000000 03

0. 70000000000000010 02
~0416240000000000000 04

0.19220000000000000 04

0.15960000000000000 0%

MAX TMUM NUMBER OF STERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RADIUS TO START SEARCH. -
RADIUS TO END SEARCH.

Per e et e

1 OF OEGREE

0.00000000000000000 00
0..11000000000000000 02
~0,29000000000000000 02
~0.16900000000000000. 03
.0.72300000000000000 03
-0.69600000000000010 03
-0.18320000000000000 04
0.16920000000000000 04

APPROXIMATIONS GIVEN. 3

200
0.10D-09
0.100-01

‘0,000 00

0.00D0 00

(R PR T PO

BEFORE TME ATTEMPT TO 1MPROVE ACCURACY, THE ZERDS -OF -PUX} &RE

‘ROQTS OF F1XJ‘

RODTL 1) = =0.2999999999999997D 01 + -0.30000000000000020 01 1

© RODTL 21 = '0.20000000000000000 01 +

0.20000000000000000 01 1

RODT{ 3} = -0.99999999999999620 30 + ~0.39999999999999940 01 I

AFTER 'THE lTTEﬁPT TO TMPROVE ACCURACY, THE ZEROS OF PiX) ARE

ROOYS -OF P(X}

_ROOTIL 11 = ~0.2999999999999996D 01 + -0.30000000000000010

“ROOT{ 2) = 0.20000000000000000 01 +

0.20000000000000000

© RDOTL 3} = ~0.99999999999999740 00 + ~0.39999999999999960

COEFFICIENTS OF DEFLATED POLYNOAIAL

.0t 1} =. 0.10000000000000000, 01

Exhibit BB.

=0+29999999999999930 01
~0.2000000000000005D 02
0.41000000000000030 02
0.2300000000000000D 02

Roots Are:

*
+
.
°*
+

FOR .WHICK NO ZERDS -WERE

0.0000000000000000D 00
0.60000000000000050 01

=0.18999999999999990 02

-0.22000000000000080 02
0.4100000000000009D 02

-1 -4

3

iy

-2

MULTIPLICITIES

INITEAL KPPﬁOXlHATIQN

-0.35000000000000000 01 + ~0.3500000000000000D 01 1
0,25000000000000000 01 +
~0.15000000000000000 01 ¢ -0.45000000000000010 01 §

T MULTIPLICIVI1ES

011

‘0k-1

o1 1 .

FOUND

-

- 3i,

-3

INITIAL APPROXIMAVION

0.25000000000000000 O1 1

~0+35000000000000000 01 v =0.35000000000000000 01 I
0.25000000000000000 01 +

0.2500000000C000000 O1 I

© =0.15000000000000000 01 * -0.45000000000000010 01 I



NEMTONS METHOD TO FIND ZERDS OF POLYNOMIALS - .
POLYNOMI AL NUMBER 1 DF DEGREE 7 B

THE COEFFICIENTS OF P(X} ARE

Pt 11

= 0.10000000000000000 01 * 00 1
= ~0.10000000000000000 01 + . 0.11000000000000000 .02 1
* =0.59000000000000010 02 ¢ ~D.29000000000000000 02 1
.* 0.19500000000000000 03 ¢ -0.,16900000000000000 03 T
= 0.70000000000000010 02 ¢ 0.72300000000000000 03 1
= ~0.16240000000000000 0% ¢ -0.6960000000000001D 03 ¥
=  0419220000000000000 04 ¢ -0.1832000000000000D 04 1
= .0.15960000000000000 0% ¢ 0.16920000000000000 04 |

0.00000000000000000

NUMBER OF INITLAL APPROXIMAYIONS GIVEN. ) 2

MAXIMUN NUMBER DF ITERATIONS. 200
TEST FOR CONVERGENCE. 0.100-09
TESYT FDR MULTIPLICITIES. 0.100-01
RADIUS TO STARY SEARCH. 0.700 01
RADLUS TD END SEARCH. 0.150 02

BEFORE YHE ATYEMPY YO IMPROVE ACCURACY, THE ZEROS OF P(X] ARE

Exhibit CC.

RDOYS OF PUX} MULY FPUICITIES - INITIAL APPROXIMAYION
RODT( 1} = ~0.299999399999999970 01 + -0.30000000000000020 01 T 1 -0.35600000000000000 01 ¢ =0.35000000000000000 01 1
- ROOT{ 21 = 0.20000000000000000 01 ¢ 0.2000000000000000p 01 1 1 0.25000000000000000 01 ¢ 0.25000000000000000 01 I
ROOT( 3) = 0.40000000000000010 31 ¢ ~0.10000000000000010 01 I -1 0.67614807619187910 01 +. 0.1811733398213462D 01 1
RDOT( &) = - 0.1999999999999997D Ol ¢ —0.9999999999999976D 00 1 1 0.53033006647847600 01 ¢ 0.53033010530134470 01 [
ROOT¢ 5) = =0.9999999999999998D 00 ¢ ~0.1000000000000004D 01 I 1 0.2070551889415497D 01 ¢ 0.77274067366250320 01 1
ROOTL 6} = =0,9999999999999976D 00 ¢ =0.3999999999999995D O1 I 1 SOLVED BY DIRECY METHOD
ROOT{ 7) = =0.2000000000000004D 01 ¢ -~0.3000000000000001D 01 I 1 SOLVED BY DIRECY METHDD
__ AFYER .THE ATTEMPT TO IMPROVE ACCURACY. THE ZERODS DF -PUX):ARE:
"RDOTS DF P(X} .- MULTIPLICITIES INIYTAL APPROXIMAYION.
ROOTE 11 = =0.2999999999999996D 01 + -0.30000000000000010 01 1 1 ~0,35000000000000000 01 ¢ =0.35000000000000000 01 1
ROOT( 2) = .0.2000000000000000D 01 ¢ 0.20000000000000000 01 I o1 0.2500000000000000D0 01 + 0.25000000000000000 01 |
ROOT{ 3} = 0.40000000000000010 D1 + -0.1000000000000001D 01 { 1 "~ 0.67614807619187910 Ol -« 0.18117333982134620 Ol I
ROOT¢ &3 = 0.20000000000C00000 01 + -0.9999999999999998D 00 i 1 0.53033006647847600 01 + - 0.5303301053013447D 01 1
_ RODTS 5) = -0.9999999999999997D 30 ¢ -0.10000000000000000 O1 1 kS 0.20705518894154970 01 -+ 0a77274067366250320 01 I
‘RODY( 6V = =-0.99999999999999820 00 ¢ -0.40000000000000000 O1 1 1 SOLVED BY OIRECT METHOD :
ROOT( 71 = =0.2000000000009003D 01 '+ =-0.30000000000000070 01 1 1 SOLVED BY- DIRECT "METHGD -
COMPILE TIME= 14.39 SEC,EXECUTIDN TTMEx  103.77 SEC,0BJECT CODEx 18880 BYTES,ARRAY AREA® 3400 BYTES,UNUSEDs 47720 BYYES

Roots Are:



APPENDIX B
NEWION'S METHOD
1, Use of the Programs

Two programs using Newton's method are presented here. The first
is the single precision program. The -second program is in double pre-
cision and is:designed to perform double precision complex arithmetic.
These programs are written for use on any computer uéing FORTRAN ' IV
language. ‘They have been tested onvthe:IBM S/360 mod. 50 -computer
which has a 32 -bit word. However, it may be necessary to change the
system functions as described below. The single precision program may.
be chaﬁged'to‘double precision as described below.

After selecting the -desired program, the input data should be
prepared as described in section 2,

Each program in designed to solve polynomials of degree .25 or less.
Both the coefficient of the highest degree term and the constant
coefficient should be non-zero. In order to solve polynomials of
degree .N, where N > 25, certain array dimensions must be .changed.
These are listed 'in Table I for the main pregram and subprograms in

both single precision and double precision.
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Single Precision

A(N+1)
B(N+1)
C(N+1)

D (N+1)
COEF (N+1)
MULT (N)
XZERO(N)
X(N)
XINIT(N)

A(N+1)
B(N+1)
C(N+1)

XZERO(N)
X(N)
A(N+1)
COEF (N+1)
C(N+1)
B(N+1)

APP(N)

A(N+1)
ROOT (N)
MULTI (N)

TABLE I
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PROGRAM CHANGES FOR SOLVING POLYNOMIALS
OF DEGREE GREATER THAN 25
"+ "BY NEWTON'S METHOD

Main Program

Subroutine HORNER

Subroutine BETTER

Subroutine GENAPP

Subroutine QUAD

Double Precision

RA(N+1), VA(N+1)
RB(N+1), VB(N+1)
RC(N+1), VC(N+1)
RD(N+1), VD(N+1)
RCOEF(N+1), VCOEF(N+1)
MULT(N)

RXZERO(N), VXZERO(N)
RX(N), VX(N)
RXINIT(N), VXINIT(N)

RA(N+1), VA(N+1)
RB(N+1), VB(N+1)
RC(N+1), VC(N+1)

RXZERO(N), VXZERO (N)
RX(N), VX(N) .
RA(N+1)', VA(N+1)
RCOEF(N+1), VCOEF(N+1)
RC(N+1), VC(N+1)
RB(N+1), VB(N+1)

APPR(N), APPI(N)

TA(N+1) , VA(N+1)
UROOT(N), VROOT (N)
MULTI (N)

Certain computers may require that the following system functions

in the single precision and double precision programs be changed:

A HCH
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mplex number and an ''r'" denotes a real number.
B MR : L ’ o

denotes-a.

TABLE II

'SYSTEM FUNCTIONS USED IN NEWTON'S METHOD

Single Precision ' ‘ Double_Precision
CABS(c) - obtain absolute value - DABS(x)

CoS(x) ~ obtain cosine of angle .- DCOS(r)

SIN(x) - obtain sine of angle - DSIN(x)
CMPLX(rl,rZ) - express two real numbers in complex form
AIMAG(c) - obtain imaginary part

REAL (c) - obtain real part

ATANZ(rl,rz) - arctangent of rl/r2 - DATAN2(rl,r2)
CSQRT (c) — square root - DSQRT(r)

When used on the IBM S/360 with the WATFOR complier for FORTRAN IV,
the system functions in Table II-A must be typed in a declaration state-
ment. These also appear in the program listing. For use without the
WATFOR compiler or on other computers, these system functions might
have to be removed. A "c¢'" denotes a complex number and an "r'" denotes
a real number.

The single precision program may be converted to double precision
for use on machines equipped to perform double precision complex
arithmetic provided the following changes or their equivalent are made

and the system functions of Table III are used and typed in a declara-

tion statement where necessary.” The changes presented below are those
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1n_.n

required for the IBM S/360. A "c" denotes a complex number and an 'r
denotes a real number. The format statements should be changed from
E-type to D-type.

In the main program and each subprogram change COMPLEX C1sCgsene tO

COMPLEX*16 c gatee and add IMPLICIT REAL*8(A-H,0-Z).

1*¢

TABLE II-A

SYSTEM FUNCTIONS IN NEWTON'S METHOD TO BE TYPED
WHEN THE WATFOR COMPILER IS USED

Single Precision Double Precision

Main Program and Subroutines
NEWION, CHECK, and BETTER

square root - DSQRT(r)

Subroutine GENAPP

CMPLX(rl,rz) - express in complex form
cosine of angle - DCAS(x)
sine of angle - DSIN(x)

Subroutine ALTER

CMPLX(rl,rZ) - express in complex form
cosine of angle - DCOS (x)
sine of angle - DSIN(r)
arctangent of rl/r2 - DATANZ(rl,rZ)
square root - DSQRT(r)
Subroutine QUAD
CSQRT (c) - square root - DSQRT(x)
Subroutine COMSQT
absolute value - DABS (r)

square root - DSQRT(x)



TABLE -IIT

138

SYSTEM FUNCTIONS FOR CONVERTING SINGLE PRECISION
- .. NEWION'S METHOD TO DOUBLE PRECISION™"

Single Precision

CABS(c)

COS(r)
SIN(r)

CMPLX(rl,rz)

CMPLX(r1,T
AIMAG(c)
REAL(c)
ATANZ(rl,r
€cos(r)
SIN(zr)

2)

CSQRT (c)

2)

changed to

Double Precision -

Main Program and Subroutines NEWION,

CHECK, BETTER, ALTER, and
- absolute wvalue -
Subroutine GENAPP

- cosine of angle -
- sine of angle -
- express in complex form -

' Subroutine ALTER"

Add
- express in complex .form -
- obtain imaginary part -
- obtain real part -
- arctangent of rl/r2 -
~ cosine of angle -
- sine of angle -

Subroutine QUAD

- square root -

QUAD

CDABS (c)

DCOS (1)
DSIN(r)
DCMPLX(rl,rz)

COMPLEX*8 SXOLD
DCMPLX(r],12)

ATMAG(c) (single precision)
REAL(c) (single precision)
DATANZ(rl,rz)

DCOS(r)

DSIN(r)

CDSQRT (c)

2. Input Data for Newton's Method

The input . data for Newton's method is grouped into polynomial data

sets.

Each polynomial data set consists of the data for one and only

one polynomial. As many polynomials as the user desires may be solved

by placing the polynomial data sets one behind the other.

Each poly-

nomial data set consists of three kinds of information placed in the

following order:
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1. Control information
2, Coefficients of the polynomial
3. Initial approximations. These may be omitted as

described in Appendix A, § 1,

An end card follows- the entire collection of data sets. It indicates
that there is no more data to follow and terminates execution of the
program. This information is displayed in Figure 7 and described below.
For single precision data, the E-type specification should be used;
while for double-precision data, the D-type specification should be
used. All data should be right justified. The recommendations given
in Table IV are those found to give best results on the IBM S/360 mod.
50 computer which has a 32 bit word. The entry in parentheses is the

double precision equivalent.

Control Information

The control card is the first card of the polynomial data set and

contains the information given in Table IV. See Figure 8.

TABLE IV

CONTROL DATA FOR NEWTON'S METHOD

i

Variable Name Card Columns Descrigtion
NOPOLY C.Co 1=2 Number of the polynomial.
Integer.

Right justified.

N c.cs 4-5 Degree of the polynomial.
Integer.
Right justified.



Variable Name
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TABLE IV (Continued)

Card Columns

NIAP

EPSCNV

EPSQ

EPSMUL

XSTART

XEND

KCHECK

c.c. 7-8
CeCo 19—21
c.c. 30-35
c.c. 37-42
c.c. 44-49
c.c. 64-70
c.c. 72-78"
c.c. 80

Description

Number of imitial approxi-
mations to be read.
Integer.

If no approximations are
given, this should be left
blank.

Maximum number of iteratios.
Integer.

Right justified.

200 is recommended.

Convergence requirement.
Real.

Right justify.

1.E-05 (1.D-10) is
recommended.

Tolerance check for zero
(0) in subroutine QUAD.
Real.

Right justify.

1.E-10 (1.D-20) is
recommended.

Multiplicity requirement.
Real.

Right justify.

1.E-01 (1.D-02) is
recommended.

Magnitude at which to begin
generating initial approxi-
mations.,

Real.

Right justify.

This is a special feature
of the program and may be
omitted.

Magnitude at which to end
the generating of initial
approximations.

Real.

Right justify.

This is a special feature
of the program and may be
omitted.,

This should be left blank.
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Coefficients of the Polynomial

The coefficient: cards follow the control card. For an Nth degree
polynomial, N+1 coefficients must be entered one per card. The
coefficient of the highest degree term is entered first. For example,
if the polynomial X5 + 3X4 + 2X + 5 were to be solved, the order in
which the coefficients would be entered is: 1, 3, 0, 0, 2, 5. Each

real or complex coefficient is entered, one per card, as described in

Table V and illustrated in Figure 9.

TABLE V

COEFFICIENT DATA FOR NEWTON'S METHOD

Variable Name Card Columns Description

A (RA) c.c., 1-30 Real part of complex
coefficient.
Real.

Right justify.
If none, leave blank or
enter 0.0E00 (0.0D0O).

A (VA) c.c. 31-60 Imaginary part of complex
number.
Real.
Right justify.
If none, leave blank or
enter 0,0E00 (0.0D00).

Initial Approximations

The initial approximation cards follow the set of coefficient

cards. The number of initial approximations read must be the number
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specified on the control card and are entered, one per card, as given

in Table VI and illustrated in Figure 10.

TABLE VI

INITIAL APPROXIMATION DATA FOR NEWTON'S METHOD

Variable Name Card Columns Description
XZERO (RXZERO) c.c. 1-30 Real part of complex number.
Real.

Right justify.
If none, leave blank or
enter 0.0E00 (0.0D0O).

XZERO (VXZERO) c.c. 31-60 Imaginary part of complex
’ number,
Real.
Right justify.

If none, leave blank or
enter 0,0EQ0 (0.0D0O).

End Card

The end card is the last card of the input data to the program. It
indicates that there is no more data to be read. When this card is
read, program execution is terminated. This card is described in

Table VII and illustrated in Figure 11.
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TABLE VII

DATA TO FND EXECUITON OF NEWION'S METHOD

Variable Name Card Columns Descrigtion
KCHECK c.c. 80 Must contain the number 1.
Integer.

3. Variables Used in Newton's Method

The definitions at the major variables used in Newton's method are

given in Table VIII. The symbols used to indicate type are:

R - real variable

I - integer variable
C ~ complex variable
L - logical variable

A - alphanumeric variable

When two variables are listed, the one on the left is the real part of
the corresponding single precision variable; the one on the right is

the imaginary part. The symbols used to indicate disposition are:

entered

E -
R - returned

ECR - entered, changed, and returned
C - variable in common
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End Card

Init. Approx. Cav‘dg\

Coefficient Cam!.a\

"Gontrol Gard |
Init, Approx, Cavds\

Coefficient Govds\\

(C ontrol Cavd

Figure 7. Sequence of Input Data for Newton's Method



Variable Name

Card Columns

1234567890123456 7890123456789

00{000/000011111111112202222222233333333334444{44444 455555555556 66 6666666 7
0123450678901 231456 789012345678901234567890

7

2345678

7777777E

[

N

WS o

EPSCNV] | ESPQ | [EPSMUL

[XSTART

XEND

— RN O mo R,

—=l 1 7] 7 200

1.0-101.D-20) 1.D-02

1.E-05|1.E-10 [1.E-01

1.0D+01

1. 0E+0L

5.0D+02

5. 0E+02

[j; y 74| 7 200

Example for Single Precision

t——EFExample for Double Precision

Figure 8,

Control Card for Newton's Method



000000000111111111122222222223
123456789012345678901234567890

333333333444444444455555555556
123456789012345678901234567890

66666666677777777778
12345678901234567890

A (RA)

A (VA) .

0.621735D+01

-0.132714D-02

0.621735E+01]

-0.132714E-02

Figure 9. Coefficient Card for Newton's Method




000000000111111111122222222223
123456789012345678901234567890[123456789012345678901234567890

33333333344444444445555555555@66666666677777777778

12345678901234567890

XZERO (RXZERO)

XZERO (VXZERO)

0.15Dp+01 ~0.25D-00

0.15E+01 -0.25E-00

Figure 10. Initial Approximation Card for Newton's Method

00000000011111111112222222222333333333344444444445555555555666666666677777777778
1234567890123456789012345678901234567890123456789012345678901234567890123456789%0

= =] N G G AN

Figure 11,

End Card for Newton's Method



TABLE VIII

VARIABLES USED IN NEWTON'S METHOD

- Single Precision Double Precision  Disposition
Variable Type Variable Type of Argument Description

Main Program

NOPQLY I NOPOLY I Number of the polynomial

N I N I Degree of the polynomial

NIAP I NIAP 1 Number of initial approximations to be read

MAX I MAX I Maximum number of iterations to be performed

EPSCNV R EPSCNV R Tolerance check for convergence

EPSMUL R EPSMUL- R Tolerance check for multiplicities

EPSQ R EPSQ R Tolerance check for zero in subroutine QUAD

XSTART R XSTART R Magnitude from which to begin the search for zeros

XEND R XEND R Magnitude to end the search for zeros

KCHECK 1 KCHECK I Program Control. When KCHECK = 1, program will
terminate execution.

NA I NA I Number of coefficients or original polynomial

A C RA,VA R Array containing the coefficients of original
polynomial P(X)

NDEF I NDEF I Degree of current deflated polynomial

L I L -1 Counter for number of initial approximations used

ITER I ITER I Counter for number of iterations

NROOT I NROOT I Counter for number of roots found (counting
multiplicities)

IALTER I IALTER I Counter for number of alterations of each initial
approximation

ITIME I ITIME I Program control

K I K I Counter for number of distinct roots found

ND I ND I Program control & number of coefficient of deflated
polynomial for which no zeros were found



Double Precision

Single Precision Disposition
Variable Type Variable Type of Argument
X0 C RX0, VX0 R
COEF C RCOEF,VCOEF R
DPX C RDPX, VDPX R
PX C RPX, VPX R
XZERO C RXZERO, R
VXZERO
XNEW C RXNEW,VXNEW R
KANS I KANS I
MULT I MULT I
X C RX,VX R
XINIT - C RXINIT, R
VXINIT
NUM I NUM I
B C RB,VB R
IROOT I IROOT I
D C RD,VD R
101 I I01 I
102 I 102 I
C C RC,VC R
EPSCHK R EPSCHK R

TABLE VIII (Continued)

Description

Current approximation (X,) to root

Working array containing coefficients of current
deflated polynomial '

Derivative of P(X) at some value X

Value of P(X) at some point X

Array containing the initial approximations

New approximation (X,4;) obtained from old approximation
(Xp) by Newton's -Algorithm

KANS = 1 implies convergence, KANS = 0 implies no
convergence-

Array containing the number of multiplicities of each
root.

Array containing the zeros of P(X)

Array containing the initial or altered approximations
which produced convergence to each root

Number of coefficients of current deflated polynomial

Array containing the coefficients of newly deflated
polynomial

Number of distinct roots found by Newton's method, i.e.
not solved for directly by subroutine QUAD

Array containing the coefficients of deflated polynomial
for which no zeros were found

Unit number of input device

Unit number of output device

Array containing sequence of values leading to the
derivative

Current tolerance. for checking convergence ox
multiplicity



Single Precision

Double Precision

Variable Type Variable
A C RA,VA

B C RB,VB
NDEF I NDEF

NUM I NUM

X0 c RX0,VX0
PX C RPX,VPX
DPX C RDPX, VDPX
C C RC,VC

PX C RPX,VPX
DPX C - RDPX,VDPX
X0 C RX0,VX0
XNEW . C RXNEW , VXNEW
EPSLON R EPS

PX c RPX,VPX
DPX C RDPX,VDPX
X0 C RX0,VX0
102 I 102

KANS I KANS

Type

HHHX®

o o

HH®X®X XWX

TABLE VIII (Continued)

Disposition

of Argument

ol s i e i e | W =3 I8~ v I e

AomEEO

Description

Subroutine HORNER

Array of coefficients of polynomial

Array of coefficients of deflated polynomial

Degree of polynomial

Number of coefficients of polynomial

Point (X,) at which to evaluate the polynomial and its
derivative. Also current approximation (Xp+1) used
to deflate the polynomial

Value of polynomial at Xp

Value of the derivative of polynomial at X,

Array of containing sequence of values leading to the
derivative

Subroutine NEWTON

Value of polynomial at X,
Derivative of polynomial at Xp
Current approximation (X,) to root
New approximation (Xh+l) to root

A Subroutine CHECK

Tolerance for convergence or multiplicity check

Value of P(X) at X,

Derivative of P(X) at X,

Current approximations (Xp4+1) to root

Unit number of output device

KANS = 1 implies convergence, KANS = 0 implies no
convergence



TABLE VIII (Continued)

Single Precision Double Precision Disposition
Variable Type- Variable Type of Argument Description

Subroutine BETTER

102 I 102 I C Unit number of output device
XZERO C RXZERO, R E ' Array of approximations
VXZERO
X C RX,VX R ECR Array of roots
A C RA,VA R E Coefficients of original (undeflated) polynomial, P(X)
COEF C RCOEF,VCOEF R E A Working array for coefficients of polynomial
NA I NA I E Number of coefficients of original polynomial
X0 C RX0,VX0 R Current approximation (Xp) to root
DPX C RDPX,VDPX R Derivative of P(X) at Xp
PX C RPX,VPX R Value of P(X) at X
KANS I KANS I KANS = 1 implies convergence; KANS = 0 implies no
convergence -
ITER I ITER I Counter for number of iteratioms
XNEW C RXNEW,VXNEW R New approximation (Xp+j) to root:
NN I NN I Degree of polynomial
C C RC,VC R E Array containing the sequence of values leading to the
derivative
K I K I E Number of distinct roots of P(X) found
N I N I E Degree of polynomial P (X)
B C RB,VB R E Array of coefficients of deflated polynomial
MAX I MAX I C Maximum number of iterations permitted
EPSCHK R EPS R G Tolerance . for checking convergence:
. Subroutine GENAPP
APP G APPR,APPI R R Array containing initial approximations

NAPP I NAPP I : E Number of initial approximations to be generated



TABLE VIII (Continued)

Description

Magnitude at which to begin generating approximations;

also magnitude of the approximation being generated
Argument of -the complex approximation being generated
Real part of complex approximation ’
Imaginary part. of complex approximation

Subroutine ALTER

Single Precision Double Precision Disposition
Variable Type Variable Type of Argument
XSTART R XSTART R ECR
BETA R BETA R

U R APPR(I) R

A R APPI(I) R

XOLD: C XOLDR,XOLDI R ECR
- NALTER I NALTER I ECR
ITIME I ITIME I E-
MAX I MAX I C
Y R XOLDI R

X R XOLDR R

R R R R

BETA . R BETA R

XOLDR R XOLDR R

XOLDI R X0LDI R

102 I 102 I C

A C UA,VA R E
NA I NA I E
ROOT C UROOT,VROOT - R ECR
NROOT I NROOT 1 ECR

0ld approximation to be altered to new approximation

Number of alterations performed on an initial
approximation

Program control

Maximum number of iterations permitted .

Imaginary part of original initial approximation
(unaltered)

Real part of original unaltered initial approximation

Magnitude of original unaltered initial approximation

Argument of new approximation

Real part of new approximation

Imaginary part of new approximation

Unit number of output device-

Subroutine QUAD

Coefficients of polynomial te be solved

Degree of polynomial

Array of roots.of P(X) (original polynomial)

Number of distinet roots of P(X) (the original.
polynomial) .



TABLE VIII (Continued)

Single Precision Double Precision Disposition

Variable Type  Variable Type  of Argument Description

MULTI I MULTI I ECR Array containing multiplicities of each root

EPST R EPST R E Tolerance check for the number zero

DISC C UDISC,VDISC R Value of the discriminate (b2 - 4ac) of Quadratic

Subroutine COMSQT

UX,VX R E Complex number for which the square root is désired
Uy ,vy R R Square root of the complex number

2
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4., Description of Program Output

The output from Newton's method programs consist of the following
information.

The number and degree of the polynomial arevprinted in the heading ':
(exhibit B, Chapter VII).

The coefficients are printed under the heading "THE COEFFICIENTS
OF P(X) ARE." The coefficient of the highest degree term is listed
first (exhibit ‘B, Chapter VII).

As ‘an aid to ensure the control information is correct, the number
of initial approximations given, maximum number of iterations, test for
convergence, test for multiplicities, radius to start search, and radius
to end search are printed as read from the control card (exhibit B,
Chapter VII).

The zeroé found before and after the attempt to improve accuracy
are printed. See Apepndix A, § 4 for further explanation (exhibit B,
Chapter VII).

If not all zeros of the polynomial are found, the coefficients of
the remaining unsolved polynomial will be printed, with coefficient of
highest degree term first, under the heading "COEFFICIENTS OF DEFLATED
POLYNOMIAL FOR WHICH NO ZEROS WERE FOUND." See Appendix A, § 6. This-
is illustrated in exhibit BB of Appendix A.

The multiplicity of each zero is given under the title "MULTIPLI-
CITIES" (exhibit B, Chapter VII).

The initial approximation producing convergence to a root is
printed to the right of the corresponding root and headed by "INITIAL

APPROXIMATION." The initial approximations may be those supplied by the
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user, or generated by the program, or a combination of both {(exhibit CC,
Appendix A). See Appendix A, § 1 and § 2 for discussion of approxima-
tions. The message ''SOLVED BY DIRECT METHOD" indicates that the |
corresponding root or roots was obtained by Subroutine QUAD. See:
Appendix A, § 5.

If an approximation does not produce convergence within the maxi-
mum number of iterations, it is printed under the heading '"NO CONVER-
GENCE FOR THE FOLLOWING APPROXIMATIONS AFTER XXX ITERATIONS." XXX is
replaced by the maximum number of iterations. The type of the approxi-
mation, that is, initial approximation or altered approximations is
given (exhibit AA, Appendix A). See Appendix A, § 1 and § 2 for

discussion of approximations.
5. Informative and Error Messages

The output may contain informative or error messages. These are

intended as an aid to the user and are described as follows:

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY DID NOT CONVERGE.

THE PRESENT APPROXIMATION AFTER ZZZ ITERATIONS IS PRINTED BELOW." X is
the number of the zero, YYY is the value of the zero before the attempt.
to improve accuracy, ZZZ is the maximum number of iterations. This
message indicates that a zero found before attempting to improve
accuracy did not converge sufficiently when being used as an initial
approximation on the full (undeflated) polynomial. The current approxi-
mation is printed in the list of improved zeres. In many cases, this
failure to converge is a result of an ill-conditioned polynomial and
this current approximation of the root may be better than its approxi-

mation before the attempt to improve accuracy. In most cases, the
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polynomial from which this root was first extracted had fewer multiple

roots, due to deflations, than the original polyﬁomiala
"THE VALUE OF THE DERIVATIVE AT X0 = XXX IS ZERO."

This message is printed as a result of the value of the derivative
of the original polynomial at an approximation, XXX, being zero (0).
It:@ccurred in the attempt to improve the accuracy of a .zero. The

previous message is then printed.
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TABLE VIII-A

SINGLE PRECISION PROGRAM FOR NEWTON'S METHOD

$J08 10414

c tttttttttttttttttttttttttttt##ttttttttttttttt#t#ttt#ttt*tttt#tt#tttt###ttt##
c * N L *
Cc * SINGLE PRECISION PROGRAM FOR NEWTON®S - METHOD *
c * i *
cC = . ) . : . IR *
C * NEWTONS METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A o *
C * POLYNOMIAL OF MAXIMUM DEGREE 25 BY COMPUTING A SEQUENCE OF APPROX- - S I
Cc * IMATIONS CONVERGING TO A ZERO OF THE POLYNOMIAL US[NG THE ITERATION *
C * FORMULA ’ *
C * XINt1) = X{IN}- PlX(N))IP'(X(N)B. *
c * : *
c tt#t#ttttttttttttt#ttttt#ttt####t*#tttttttttttttttttttt#ttt*#ttttttttttt*tt#

COMPLEX: A¢XZERO¢ByCOEF ¢ Xy XINIT¢CoD¢PX+DPXy XNEW, XO
DIMENSION A(Zb)|B(26)'C(26).D(ZbDoCOEF(26)pMULTI25) XlERO(ZS)aX(ZS

1) XINIT(25)

COMMON EPSCHK,MAX, 102 ERRRER Sonoat Sl
101=5 _ : R ,lﬂf,' 3‘ 112
102=6 . 116

1 READ(10141000) NOPOLY, NeNlAP,HAX.EPSCNV EPSQ.EPSHUL'XSTARI.XEND.KC
LHECK
- IF(KCHECK.EQ.1) STOP : R R t;v; _-- S
NA=N+1 o ‘ Lol T 130
READ(I01,1010) (A(l).l 1oNAD S e T T 132
"WRITE(102,1030).- NOPOLY;N Co . LT I ASERSEC Ry
WRITE(102,1040) (I.A(I»,l 1,NA}
WRITE(102+2060)
WRITE{102,2000) NIAP
WRITE(102,2010) MAX
WRITE(10242020) EPSCNV S coL T e
WRITE(102,2030) EPSMUL : : AT SRERRROEY
WRITE(102,2040) XSTART B SR o
WRITE(102,2050) XEND
IF(NIAP.NE.O) GO TO 3
NIAP=N S
CALL GENAPP{XZERO.NIAP,XSTART)
GO TO 4 .
3 READ(101,1020) {XZERO(I),1= l-NlAPD
4 NDEF=N

i152

L=1 ‘ -

ITER=0 . 154

NROOT=0 160

IROOT=0 _ ,

IALTER=0 164

ITIME=0 L

~ ND=0 : :

K=0 168

X0=XZERO(L) 180

DO S I=1,NA 188
5 COEF(I}=A(I) ©190
10 cALL HORNER(COEF.B.PX.DPX,NDEF.XO.CU_ : P

ABPX=CABS(PX) ‘

ABDPX=CABS(DPX) .

IF(ABDPX,NE.0.0) GO TO 20

IF{ABPX.EQ.0.0) GO TO 70

GO TO 110 B
20 CALL NEWTON(PX,DPX X0y XNEW) P o198

ITER=ITER+1 & 200

X0=XNEW . 204




40

60
65
70

80

105

107
110

113

115

130

140
147
150

TABLE VIII-A (Continued)

EPSCHK=EPSCNV

CALL CHECK{PX,DPXqXDsKANS)
IF(KANS.EQ.1) GO TO 70
IF(ITER.GE.MAX} GO TO 40

G0 TO 10

CALL ALTER(XZERO(L},IALTER,ITIME}:
IFIIALTER.GT,.5) GO TO 110
X0=X2ZERO{L)

ITER=0

GO TO 10

ND=NDEF +]

DO 65 J=1,ND

D(J)=COEF (J)

GO TO 140

NROOT=NROOT+1

K=K+1

MULT(K) =1

X(K)=X0

XINIT(K)=XZERO(L)

CALL HORNER(COEF ¢8yPXyDPXyNDEF 4 X0,C}
IFINRODT.GE.N} GO TO 147
NDEF=NDEF-1

NUM=NDEF +1

D0 105 I=1,NUM

COEF{i)=B(1])

CALL HORNER(COEF,8,PXyDPXyNDEF 4 X0,C) -
ABPX=CABS (PX)

ABDPX=CABS (DPX}

IF(ABDPX.NE.0.0) GO YO 107

. IF(ABPX.EQ.0.0) GO TO 130

G0 TO 110

CONT INUE

EPSCHK=EPSMUL

CALL CHECK(PX,DPX,X0yKANS)
IF(KANS.EQ.1} GO TO 130
IF(NDEF.GT.2) GO TO 113

IROOT=K

CALL QUAD(COEF,NDEF,X,K, MULTEPSQ)
GO TO 150

IF(L.LT.NIAP} GO TO 115

IF (XEND.EQ.0.0) GO TO 60-
IF(XSTART.GT.XEND) GO TO 60
NIAP=N

CALL GENAPP({XZERQ,NIAP,XSTART!

L=0

L=L+1

X0=XZERO(L)

ITER=0

IALTER=0

G0 TO 10

MULTOK) =MULT(K)+1 "

NROOT=NROOT+1

GO TO 80

IF(K.EQ.0) GO TO 160

IROOT=K

WRITE(102,1025)

WRITE( 02,1050}

WRITE(102,1060) (XeX(I), MULT(!).XINIT(I)-! l'lRODT)
KKK=TROOT+1
IF{IROGT.LT.K} WRITE{102,1062) (l.X(l) MULT(I),I=KK

164

194

" 208

Y 173
248

268
212

276"

s 2800
- 288 .

L2947
L2967

- 300

- 312
- 316

320
324
328
332
336
338

380



105
106
107
108
109
110
111
112
113
114
115
116
117
118
‘119

120
121
122
123
124
‘125
126
127
128
129

130
131
132
133
134

135
136

160

170

1000
1010
1030

1040
2000

"o2010
.2020

2030
2040
2050
2060
1020

1025
10F P({X) ARE) :

1050

1060

1062

1065

1075
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TABLE VIII-A (antinued)

EPSCHK=EPSCNV

CALL BETTER(KyXZEROyXsNAgAsCOEFsN,CWsB) : i
IF(K.EQ.0) GO TO 170 378
WRITE(102,1065) . : '
WRITEU{I02,1050)

WRITE(10291060) {T,X¢I)MULT{I}XINITII),I=1,ROOT)

KKK=TROOT+1

IF(IROOT.LTK} WRITE(1D02,1062) (0, X{I),MULTLID,I=KKK,K)

IF(ND.EQ.0) GO TO 1

WRITE(102,1070) - 396
WRITE(I02,1075) {JyD(J)pJ=1,ND) o :

GO TO 1 . 444
FORMATE3(I2,1X) 49Xy 139BX93(E6.051X)913X92(ET.0p1X),01)

FORMAT{2E30.0)

FORMAT { LH1, 8X,43HNEWTONS METHOD TO FIND ZEROS OF POLYNOMIALS/9X,18

LHPOLYNOMIAL NUMBER ,12,11H OF DEGREE ,12+////1X,28HTHE COEFFICIENT
2S OF P(X) ARE/)
FORMAT{3X2HP{512s4H) = (EL14.7s3H ¢ ¢EL14.792H I}

FORMAT(1X4s41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 412}
FORMAT(1Xy29HMAXTMUM NUMBER OF ITERATIONS.,»11X,13) .
FORMAT{1X,2YHTEST FOR CONVERGENCE.y13X,E9.2)
FORMAT(1X¢24HTEST FOR MULTIPLICITIES.y10Xe£9.2}
FORMAT{1X,23HRADIUS TO START SEARCH.,11X,E9.2)
FORMAT(1X,21HRADIUS TO END SEARCH. 13X +£9.2)
FORMAT{(//1X)

FORMAT(2E30.0)

FORMAT(///1X,61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS

1

FORMAT(///1X,13HZERDOS OF P{X)y3BXy14HMULTIPLICITIES»11Xs21HINITIAL

1 APPROXIMATION/)

FORMAT(3XySHROOT (4 1244H) = ¢E144T93H ¢ ¢E14aTo2H 149X, 12912XsEL4.7

193H + 4EL4.T42H I)

FORMAT{3X,5HROOT{,1244H) = yE14.7y3H ¢+ 2E14.T92H 1,9X,12,13X,23HSO

ILVED BY DIRECT METHOD)

FORMAT(///1%X,61HAFTER THE ATTEMPY TO IMPROVE ACCURACY, THE ZEROS

10F P{X) ARE)
1070 FORMAT(///1X%X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO Z
1EROS WERE FOUND/)

FORMAT(3X,2HD(+12,4H) = ,EL4.7,3H + ,E14.752H 1) ’
END : . 450
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138
139
140
141
142
143
144
145
146
147
148
149
150
“ 151

152

153
154
155
156
157
158

OO0

OO0 OO0O0

TABLE

SUBROUTINE HORNERLA,B,
Rk kORI ok Rk ok K
*

* ITS DERIVATIVE AT D.

* POLYNOMIAL BY DIVIDING
*
Rk ok Rk R ok Rk

166

VIII-A (Continued)

PXy DPXyNDEF, X04C)
AR R KRR KR ERR IR RRERREE R RR Rk Rk
' *

* HORNER®S METHOD COMPUTES THE VALUE OF A POLYNOMIAL P(X) AT A POINT D AND * ‘
*

SYNTHETIC DIVISION IS USED TO DEFLATE THES .

OUT THE FACTOR {X-D). R
‘ t

t#t*#*t*t####t*t#t##tt*#t##**ttt*t##*t*#tt#*###*###*

COMPLEX A¢ByPXysDPXyX0sC 504 -

DIMENSION Al26),B(26),
8{11=A(1)
NUM=NDEF+1
DO 10 [=2,NUM
10 BLId=ALI)+B{I~1)*X0
PX=8(NUM)
Ct1¥=8(1)
IF{NDEF.LT.2) GO TO 25
DA 20 J=2,NDEF
20 CLI=BJ)+CLI-1)1%X0
25 DPX=C{NDEF)
RETURN
END

SUBROUTINE NEWTON{PX+D

CL26)

516
520
524
528
532
540

544"
548"

572
580

PX ¢ X0y XNEW) 600

D

* %
* THIS SUBROUTINE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX- *
* IMATION BY USING THE ITERATION FORMULA *
* X{N+1) = X{N}- P(X(Nll/P'(X(Nll. . ) i *
* *

sl e koo e ok e ok gk ok ok K

COMPLEX PXysDPX¢XO9XNEW

DDD=CABS(DPX}
IF(DDD.EQ.0.0) RETURN
XNEW=X0-{PX/DPX)
RETURN

END

###t#tt*t#*t*###*##ttt#tt*##t*###ttt#tt#**t###*###*#
604

612
616
620
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160
161
162
163
164
165
166
167
168
169
170
171
172

OOOOO0O0O0

167

TABLE VIII-A (Continued)

SUBROUTINE CHECKIPX,DPXsXO»KANS)
#*###***#**#**#**#*tt*##*tt******#*###*#*#**#*#t*#t##t*#t*#**t###*****t#*##*

*
# THIS SUBROUTINE CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX-
* IMATIONS B8Y TESTING THE EXPRESSION

* ABSOLUTE VALUE OF (P(XIN))/P*({X{N)))/ABSOLUTE VALUE OF X(Nfl)a

* WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS OBTAINED. )

*

*

K 2F B 3K B

t#*t******t*****#****t#*t*******t**t##*******#****t*****t##*t#****t#**tt**#
COMPLEX PX4DPXyX0O - , R . T48
COMMON EPSLON,MAX, 02 . .
IF{CABS{X0).EQ.0.) GO TO 25

DDD=CABS{DPX)

1IF({DDD.EQ.0.0) GO TO 25

IF(CABS (PX/DPX)/CABS{X0) .LT.EPSLON) GO TO 10 P i
KANS=0 C o 760

RETURN . : . L o 164
10 KANS=1 i v s R o 768

RETURN o IR ST e L TR
25 KANS=0 : S : :

RETURN , . o o

END L : © . 780



173

174

375
1T6
177

178

179
180

JEEET T
Llre2
©183

184

185

186
‘187
188

189"

190
191
192
193
‘194
195
196
197
198
199
200
201
202
203
204

205
206

207

sNaNeNeNaNakel

TABLE VIII-~A (Continued)

SUBROUTINE BETTER{KyXZEROsXsNAoACOEF4NyC,yB)

168

**##########tt##t#*##*#t**k##**#######**t##*#t###*##*##*###*#*##**#t*####**t

SUBROUTINE BEYTER ATTEMPYS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND
BY USING THEM AS INITIAL APPROXIMATIONS WITH NEWTON?S METHOD APPL!ED To

*
*
* THE FULL, UNDEFLATED POLYNOMIAL.
*
*

TR R

##***#*###*##*##**#####*##**##***#**#****#*#**####**t#*t##ﬁtt###*#######*#*

COMPLEX XZEROyXyAyCOEF,CoB,XD, PX,DPX, XNEW
DIMENSION XZERO(25),X(25),A(26),COEFI26),CE26},8(26}
COMMON EPSCHK s MAX, 102
DO 10 I=1,K
10 XZERO(I)=X{1}
DO 20 1=1,NA
20 COEFII}=A(1)
DO 50 J=1+K
X0=XZERO(J)
NN=N
ITER=0
30 CALL HORNER{COEF ,BoPXoDPXy NNy X0, C)
ABPX=CABS{PX)
ABDPX=CABS (DPX)
IF(ABDPX.NE.0.0) GO TO 33 R
IF(ABPX.EQ.0.0} GO TO 40 : :
GO TO 34
33 CALL NEWTON(PX,DPX,X0pXNEW)
ITER=ITER+]
XO=XNEW
CALL CHECK(PX,DPX,X0,KANS)
IF(KANS.EQ.1) GO TD 40
IF{ITERL,GE.MAX) GO TO 35
G0 TO 30
34 WRITE(1I02,1112) X0
35 WRITE(1024100) J,XZERO{J}
WRITE{102,200) MAX
40 X{J)=X0
50 CONTINUE _ _
RETURN ‘ ‘
1112 FORMAT(1HO436HTHE VALUE OF THE DERIVATIVE AT XD = ,El4.7,3H ¢
1.7,2H 1,100 IS ZERD.) S
100 FORMAT(42HOIN THE ATTEMPT TO IMPROVE ACCURACY, ROOT €, 12,4H) =
1.T93H + EL4.7,2H I,18H DID NOT CONVERGE.)
200 FORMAT(33H THE PRESENT APPROXIMATION AFTER 13,294 lTERAIIONS
LRINTED BELOW.)
END

o El4

WEL&

Is P

804

812
815
820
824

828

832
834
836

856

860
844

864

8e8
8712
876

880
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209
210
211
212
213
214
215
216
217
218
219
220
221
222

223

224
225
226
227
228
229

230

231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249

250
251

(sRalsNelaNel

aNeNaNelalel
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TABLE VIII-A (Continued)

SUBROUTINE GENAPP{APP,NAPP,XSTART}

Ak aok ki ko kkkk ko kk kR kR kb bk kR ko kR kR kb Rk kb
* ) *
* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N I$ THE . &
* DEGREE OF THE ORIGINAL POLYNOMIAL. i L3N
* *«

t**t***4*&*********t*t#*tt#**:t*t*rtttaxat#tt**t#*##v****vs**ttt*t***#*tv**u
COMPLEX APP
COMPLEX CMPLX
DIMENSION APP(25)
COMMON DUMMY 4y MAX, 102
IF{XSTART.EQ.0.0) XSTART=0.5
BETA=0.2617994
DO 10 I=1,NAPP
. U=XSTART#COS(BETA)
V=XSTART*SIN(BETA)
APP{T)=CMPLX(U,V?}
BETA=BETA+0,5235988

10 XSTART=XSTART+0.5
RETURN
END

SUBROUTINE ALTER(XOLD,NALTER,ITIME)

#####*##**#*#######t**##t####*####**t#t*#####*#*#t#t3*##*######*##***!#&*#&#
* *®
* SUBROUT]NE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE ND *
* CONVERGENCE TO A ZERO., THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH RGDT, *
* *

##****###**####*###*#t*#*#*###*#*‘*#**t‘t#***#######tt#*###***##***tt#t#*#*#
COMPLEX XOLD
COMPLEX CMPLX
COMMON DUMMY yMAX,102
IF(ITIME. NE 0) GO 70 S
ITIME=]
WRITE(102,1010) MAX
5 IF(NALTER.EQ.0)} GO 70 10
WRITE(102,1000) X0LD :
60 YO 20
10 Y=AIMAG{XOLD)
X=REAL (XOLD)
R=CABS{XOLD}
BETA=ATAN2(Y,X} . ‘ . . _ Lo
WRITE{102,1020) XOLD ) : - S
20 NALTER=NALTER+] L
IF(NALTER.GT.5) RETURN
GO YO (30,40430,40,30),NALTER
30 XOLDb=-XO0LD '
60 10 50
40 BETA=BETA+1.0471976
XOLDR=R*COS{BETA)
XOLDI=R*SIN(BETA)
X0LD=CMPLX({XOLDR, XOLDI)
50 RETURN
1000 FORMAT(1X+E14.T793H + ,E14.752H lulOX.ZlHALTERED APPROXIHAT[ON)
1010 FORMAT(///1X,54HNO CONVERGENCE FOR THE FOLLOH!NG APPRGX!MATIONS AF
ITER 213,12H ITERATIONS.//) :
1020 FORMAT(/1XsE14.7,3H + .E14.7o2H IrlOXleHINlTlAL APPROX!MATHOND
. END . T
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253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274

275

276
277
278
279
280
281

OO O0O0

*
X
*
*
*
*

10

50

$ENTRY

TABLE VIII-A (Continued)

SUBROUTINE QUAD{A,NA,ROOT+NROOT MULTI,EPST)
####*####*#****#t*###********#*#*###**#***#***#*t*t#*#*#*t#*****#####*t**tt#'v

170

SUBROUTINE QUAD SOLVES DIRECTLY FOR THE 2EROS AND THEIR MULT!PLICITEES

OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR.
QUADRATIC IS DONE USING THE QUADRATIC FORMULA.

COMPLEX A,DISC,ROOT,DUMMY ¢AAA
COMPLEX CSQRT

DIMENSION A(26) 4RO0T{25) ,MULTI{25)
IF(NALEQ.2) GO TO 7

IF(NA.EQ.1) GO TO 5
ROOT{NROOT+1)=0.0

MULTI (NROOT+1}=1

NROOT=NROOT+}

GO TO 50

ROOT (NROOT+1)==A(2)/AL1)

MULTI (NROOT+1}=1

NROOT=NROOT+1

G0 TO 50
DISC=A(2)%A{2)-{4.0%A(L)*A(3))
BRB=CABS(DISC)

IF(BBB.LT.EPST) GO TO 10
DUMMY=CSQRT(DISC)

AAA=2.0%A(1)

ROOT (NROOT+1)={~- A(2)+DUMMV)/AAA
RDOT (NROOT+2) = (-A(2} - —DUMMY } /AAA
MULTI(NROOT+1)=1

MULTY (NROOT+2) =1

NROOT=NROOT+2

GO TO 50

ROOT (NROOT+} ) =(~ A2))1712.0%AL1))
MULTI (NROOT+1)=2 -
NROOT=NROOT+1

RETURN

END

&

*

SOLUTION OF THE *
. ' : *

*

*

##*****t*#*#**#*********#**t****#**#***#*t**##**t#*#**tt*##*t##ttt*t*#*#**
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TABLE VIII-B

DOUBLE PRECISION PROGRAM FOR NEWTON'S METHOD

171

$J0B 10414
c oo e geole et etk e o e 3eoke e el ok ool oo Ao e ool e ook e ok ot ok ot o ok o deiole & e ok ok oo S okl
c * . i
c * DOUBLE PRECISION PROGRAM FOR NEWTON'S METHOD L
c L *
c & : *
c % NEWTONS METHOD EXTRACYS THE ZEROS AND THEIR MULTIPLICITIES OF A &
c * POLYNOMIAL OF MAXIMUM DEGREE 25 BY COMPUTING A SEQUENCE QF APPROX- *
c * [MATIONS CONVERGING TO A ZEROD OF THE POLYNOMIAL USING THE ITERATION *
c * FORMULA *
c * XIN+¥1) = X(NI=P{XI(N)})/P® (X(N)), *
c * *
C e e e e ok o X 2k o ae ol ok ae dk ae o ok 3k o a0 A e ok ae e ade o e e ok ae ok o ok o s ak ke ok ke ok s o ae o ade ok o a ae ofe e o ok ae ok ae o e o e o ok o ok ok ok e ok Xk A
DOUBLE PRECISION RAyVA,RXZEROyVXZERO+RByVB+RCOEF,VCOEF,RXy VXs RXINI
1T, VXINITyRCyVCyRD s VD4 RPXy VPXyRDPXyVDPXyRXNEW) VXNEW 4RXOsVX0EPSCHK,
2EPSCNV,EPSQ.sEPSMUL ¢ XSTART s XENDs ABPX,ABDPX
DOUBLE PRECISION DSQRT
DIMENSTION RA(26),VA(26)+RB(26),VB(26),RC{26), VC(26).RDiZb)pVD(26),
1RCOEF(26) yVCOEF{26)yMULT(25) yRXZERO(25) ;VXZERD(25) sRX{25),VX(25):R
2XINIT{25) 4, VXINIT(25)}
COMMON EPSCHK ,MAX,102
101=5 112
102=6 116
1 READ(I01,1000) NOPOLYsNsNIAP,MAXyEPSCNV,EPSQyEPSMUL s XSTART s XEND4KC
1HECK
IF{KCHECK.EQs1) STOP
NA=N+1 130
READ{I01,1010) (RA{I),VA(I),I=14NA) 132
WRITE{I02,1030) NOPOLY,N
WRITE(102,1040) (I4RA{I),VALI)yI=1,NA)
WRITE(102,2060)
WRITE(I02,2000) NI1AP
WRITE(102,2010} MAX
WRITE{(102,2020) EPSCNV
WRITE(102,2030) EPSMUL
WRITE(ID2,42040) XSTART
WRITE(I02,2050) XEND
IF{NIAP.NE.O) GO TO 3
NIAP=N
CALL GENAPP{RXZEROyVXZERD)NIAP4XSTART)
GO TO 4
3 READ(101,1020) {(RXZERO(I),VXZERO(I) I=1,NIAP}
4 NDEF=N
L=1 ) 152
ITER=0 b 154
NROQOT=0 160
IROGT=0
ITIME=0
ND=0
IALTER=0 164
K=0 168
RXO=RXZERO(L) 180
VX0=VXZERO(L) 181
DO 5 1=1,NA 188
RCOEF(I)=RA(I} 190
5 VCOEF(I)=VA{I) 191

1)
ABPX=DSQRY(RPX*RPX+VPX*VPX)

10 CALL HORNER(RCOEF,VCOEF+RXDsVX0y NDEF'RBpVB RC.VC,RPX,VPX,RDPX,VDPX i



41
42
43
44
45
46
47
48

49

50
51
52
53
54

55.

56
57
58
59
60
61
C 62
63
64
65
66

68
59
70
71
72
73
14
75
76
17
78
79

80
Bl
82
83
B4
85
86
87
88
89
90
91
92
93
94
95
96
97
98

TABLE VIII-B (Continued)

ABDPX=DSQRT(RDPX*RDPX+VDPX*YDPX }

~ IF(ABDPX.NE.0.0) GO TO 20

20

40

60

65

70

80

105

107

110

113

IF(ABPX.EQ.0.0) GO TO 70
G0 TO 110

CALL NEWTON(RPX o VPXyRDPXyVDPXoRXDsVXOpRAXMEW, YXNEW )
ITER=ITER+]

RXO=RXNEW

VXD=VXNEW

EPSCHK=EPSCNV

CALL CHECKIRPX,VPX,RDPX,VDPX,RX0,VX0sKANS)
IF{KANS.EQ.1)} GO TO 70

IFCITER.GE.MAX) GD TO 40

GO TO 1o

CALL ALTER{RXZERD{L)VXZERO!IL)»IALTERITIME}
tF{IALTER.GT.5) GO TD 110

RX0=RXZERDIL)

VXO=VXZERQ(L)

ITER=0

GO TO 10

ND=NDEF+]

DO 65 J=1,ND

RD{J)=RCOEF(J)

VD{J)=VCOEF(Y)

GO TO 140

NROOT=NROOT+1

K=K+1

MULT(K)=1

RX(K)=RXO0.

VX (K)=VX0 o
RXENIT(K)=RXZERO(L) :
VXINET{K)I=VXZERO(L)

CALL HORNER(RCOEF.VCOEF.Rxo.vxo.NDEF,RB,VBoRc,vc RPx.vpx.Ron,vopx
1)

IF(NRDOT.GE.N) GO TO 147

NDEF=NDEF-1
- NUM=NDEF+1

DO 105 I=1,NUM.

RCOEF{1)=RB{I)

VCOEFIT)=VB(I).

CALL HDRNtR(RCDEF.VCOEF.RXO VXO;NDEF RByVBsRCy VC.RPX.VPX RDPX VDPX‘

1)

ABPX=DSQRT(RPX#RPX+VPX#VPX ).
ABDPX=DSQRT(RDP X#RDP X+VDP X#VDP X )
IF(ABDPX.NE.0.0) GO TO 107
IF(ABPX.EQ.0.0) GD TO 130 o : o
G0 TO 110 o T
CONTINUE . R
EPSCHK=EPSMUL

CALL CHECK(RPX, VPXvRDPX'VDPX,RXD,VXO,KANSD

IF(KANS.EQ.1) GO TO 130

IF{NDEF.GT.2} GO TO 113

1ROOT=K

CALL QUAD(RCOEF ;VCOEF sNDEF yRXs VX oKy MULT 4EPSQ)

GO TD 150

IF({L.LT.NIAP) GO TO 115

IF¢ XEND .EQ.0.0) GO TO 60

IF{XSTART.GT.XEND) GO TO .60

_NIAP=N

CALL GENAPP{RX2ERD,VXZERD,NIAP, XSTARTD

L=0

172

200

204
205

194

208

244
244

268

L2712

276
280 .
281

“288
289

294

296
297

300
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108
109
110
111
112

113
114
115
116

117
118
119
120

121
122
123
124
125
126
127
128
129

130
131
132

133

135

136

138
139
140
141
142
143
144
145
146
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TABLE VIII-B (Continued)

115 L=L+1
RX0O=RXZERO(L} L 312
VX0=VXZERD(L) : 313
ITER=Q 316
IALTER=0 320
GO0 TO 10 324

130 MULT(K}I=MULT(K)+1 328
NROOT=NROOT+1 332
GO TO 80 : : 336

140 IF(K.EQ.0) GO TO 160 338
147 1RO0OT=K -
150 WRITE({102,1025)
WRITE(I02,1050)"
WRITE(102,1060) (14RXUI},YX(I)eMULT (X} sRXINITE I g VXINITII) 4121, 1RO
10T)
KKK=IRDOT+1 ;
[F{IROOT.LT.K) WRITE(10251062) (1sRX(I)eVX{T) MULTET},I=KKK K}
EPSCHK=EPSCNV
CALL BETTER{K,RXZERD,VXZEROsRXsVXsNAsRAsVA,RCOEF, vcoEF,N.Rc,vc RB,
1v8)
160 IF{K.EQ.0) GO TO 170
WRITE(102,1065)
WRITE(102,1050) , : '
WRITE{I02¢1060% (I4RX(IIoVXOI}gMULTEOD) RXINITEE) JVXINITUIY »1=1,1R0
107} :
KKK=1ROOT+1 :
IF{IROOT.LT.K) WRITE(IOZ51062) (IRX(I}sVX(I)4MULT(T),1=KKKsK]
170 IF(ND.EQ.0) 6O TO 1

WRITE(102,1070) ) ' 396
WRITE{I02,1075) (J4RD(J)sVD(I)yJ=1,ND) :

G0 TO 1 444

1000 FORMAT(3(12,1X}49X,13y8Xs3(D6.051X)513X,2(D7.041X)411) -

1010 FORMAT{2030.0)

1030 FORMAT(1HLy6X,43HNEWTONS METHOD TO FIND ZEROS OF POLYNOMIALS/9X,18
LHPOLYNOMIAL NUMBER ,12411H OF DEGREE 1124////1Xy28HTHE COEFFICIENT
2S OF P(X) ARE/}

1040 FORMAT(3Xy2HP{+12:4H} = oD23,1643H + ,D23.16,2H 1)

1020 FQRMAT{2D30.0)

1025 FORMAT(///1Xy61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
10F P(X) ARE}

1050 FORMAT(///2%,13HROOTS OF P(X)y52Xy14HMULT IPLICITIES 17Xy 2LHINITIAL
1 APPROXIMATION//)

1060 FORMAT (3XySHROOT (4 12,4H) = 4D23.1653H + ,D23.1642H 147X41247X,023,
11643H + 4D23.16,2H I}

1062 FORMAT(3X,5HROOT(,12,4H) = ,D23¢1693H + ,023,16,2H [,7X,12,8X,23HS
1OLVED 8Y DIRECT METHOD) A

1065 FORMAT(///1X,61HAFTER THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
10F P(X} ARE}

1070 FORMAT(///1X165HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO Z
1EROS WERE FOUND/)

1075 FORMAT(3X:2HD(y1244H) = 4023.16,3H + ,D23.16,2H I) i

2000 FORMAT (1X,4LHNUMBER OF INITIAL APPROXIMATIONS GIVEN: 412)

2010 FORMAT(1X,29HMAXIMUM NUMBER OF [TERATIONS..11X,13)

2020 FORMAT(1X,21HTEST FOR CONVERGENCE.,13X,D09.2)

2030 FORMAT{1Xy24HTEST FOR MULTIPLICITIES«s10X,09.21

2040 FORMAT(1X,23HRADIUS TO START SEARCH.,11X;D9.2}

2050 FORMAT{1X,21HRADIUS TO END SEARCH.,IBX,D9 2)

2060 FORMAT(//1X} o S
END R » v 450
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148
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161

162
163
164
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167
168
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180
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184
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c
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s NelaEsNaXs]

*

" % SUBROUTINE GENAPP GENERATES N INITIAL APPROXTMATIONS,

TABLE VIII-B (Continued)

SUBROUTINE GENAPP{APPRsAPPI,NAPPyXSTART)
#****#t*#*t***#*t*t***##*t&#t*#*#t***##t#*##*###*#**##tt&***###*#t#*#t#**##*

* DEGREE OF THE ORIGINAL POLYNOMIAL.,

*

WHERE N IS IBE

174

*
P
*
*

AR RRKE RIS R AR RO R R R R B Ak SRR AR SR SRR SRS
DOUBLE PRECISION APPRyAPPIyXSYTART,DUMMY,BETA

DOUBLE PRECISION DCOS,DSIN
DIMENSION APPR(25) 4APPI{25)
COMMON DUMMY ,MAX, 102
IF(XSTART.EQ.0.0) XSTART=0.5

10

£ 3

* CONVERGENCE TO A ZERO.

*

BETA=0.2617994
DO 10 I=14NAPP

APPREIV=XSTART*DCOS(BETA}
APPILI)=XSTART*DSINIBETA)
BETA=BETA+0.5235988
XSTART=XSTART+0.5

RETURN
END

SUBROUTINE ALTER(XOLDR,XOLDIsNALTER, [TIME}

o e o e oo ol e ol o o e oo e e e e o ol o e ool oo e ool o s o b sl e e o o ode o e i ok ke e e ol e o o ol oo e ot g e e o

¥ SUBROUTINE ALTER ALTERS THE INITIAL APPROXTMATIONS WHICH PRODUCE ND‘
THIS IS DONE A NAXIMUM OF 5 TIMES FOR EACH ROOT.

&
*
*
'

#****#*####*#####*#*#####t###*x*t###*###******##*t*****#*#*###*****####*###*
DOUBLE PRECISION XOLDRyXOLDI»DUMMYsABXOLD,.BETA
DouBLE PRECISION DCOSyDSIN,DATAN2

DOUBLE PRECISION DSQRT

COMMON DUMMY 4MAX, 102

IF(ITIME.NE.O) GO TO 5

10

20

30

40

50
1000

1010 FORMAT(///1%X454HNO CONVERGENCE FOR- THE FOLLOWING APPROXIHATIONS AF.:-
1TER 413,12H ITERATIONS.//)

ITIME =1

WRITE(I02,1010} MAX
IF{NALTER.EQ.O) GO TO 10
WRITE{102,1000) XOLDR,XOLDI

GO TOo 20

ABXOLD=DSQRT{XOLDR*XOLDR#XOLDI*X0OLDI)
BETA=DATAN2(XOLDI 4 XOLDR)
WRITE(T02,1020) XOLDRy XOLDY

NALTER=NALTER+1

IFINALTER.GT.5) RETURN
GO0 1O (301#0.30,40,30),NALTER

XOLDR=~XOLDR
XOLDI==X0LDI
G0 TO 50

BETA=BETA+1.0471976
XOLDR=ABXOLD*DCOS(BETA)
XOLDI=ABXOLD*DSINI(BETA}

RETURN

FORMAT (1X4D23.1643H ¢+ ,023.1642H" lleX'ZlHALTERED APPROXIMAT!ON)

1020 FORMAT(/1XsD23.4164,3H + 4D23.16,42H IglOXyZlHlVlTlAL APPROXIHATIDNB

END
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TABLE VIII-B {(Continued)

SUBROUTINE QUAD(UA,VA,NA,UROOT,VROOT, NROOQT,MULTI,EPST)

e e e o ok ot RO O e R e R A R A A R R R R RO R R R ek B s el ok

*
*
&
*
*

SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEEIR MULTIPLICITIES L
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR., SOLUTION OF THE *
QUADRATIC IS DONE USING THE QUADRATIC FORMULA. %*
*
&

e e e e e e e s e e e she g e e e e afe e o afe ek ek e s afe e o sfeale o of e e el ok ok e el X e e 3 e A ool ok ok oK e ool ok

10

50

DOUBLE PRECISION UA,VA.URDOOT, VRODT-BBBnUAAApVAAAoUD!SCaVDISC;UDUMM
1Y, VDUMMY yRDUMMY , SDUMMY ,EPST ,uBBB,VBBB

DOUBLE PRECISION DSQRT

DIMENSION UAI(26),VA{26),URDOTE25),VROOT £25) 4MULTE{25}
IFI{NA.EQ.2) GO TO 7

IF{NA.EQ.1) GO TO 5

URDOT (NROOT#1)=0.0

VROOT (NROOT+1)=0.0

MULTI (NROOT+1)=1

NROOT=NROOT#1

GO 7O 50

BBB=UA(L)*UA{L }+VALL)*VA(L)
URCOT{NROOT+1)=(-UA{2)*UA(1)-VA{2}&VA(1l})/BBB
VROOT(NROOT+1)={(- VA(Z)*UA(l)fUA(ZD*VA(l))/BBB
MULTI {NROOT+1)=1

NROOT=NROOT+1

GO 7O 50
UDISC={UAL2)}%UA(23-VAL2}XVA{2) 1~ (4. 0% {UALLI*UALI)-VALL)*VA(3} )}
VDISC={VA{2) *UA{2) *UAL 2} %VA(2) ) - {4 0 {VALT ) *UA(IILUALLI*VA(3)})}
BBB=DSQRT{UDISC*UDISC+VDISC*VDISC)
[F(BBB.LTLEPST) GO TO 10

CALL COMSQT(UDISC,VDISC ,UDUMMY o VDUMMY }
UBBB=~-UA(2)}+UDUMMY

VBBB=~VA{2}+VDUMMY

RDUMMY=—UA{2)-UDUMMY

SDUMMY=~VA{2)-VDUMMY

UAAA=2,0%UALL)

VAAA=2,0%VA(l)

BAB=UAAA*UAAA+VAAARVAAA

URDOT (NROOT#+1)={UBBB*UAAA+VBBB*VAAA}/BBB
VROOT{NROOT+1)=(VvBBB*UAAA-UBBB*VAAA)/BBB
URDOT{NROOT+2}=(RDUMMY*UAAA+SDUMMY*VAAA) /BBB
VROOT (NROOT+2)={SDUMMY*UAAA-RDUMMY*VAAA) /BBB
MULTI (NROOT#+1) =1

MULTI{NROOT+2)=1

NROOT=NROOT +2

G0 1O 50

UAAA=2,0%UA(L)

VAAA=2.0%VALl)

BBB=UAAA*UAAA+VAAAXVAAA
URGOTI{NROOT+1)=(-UA( 2} *UAAA~-VA{2)*VAAA}/BBB
VROOT{NROOT+1}=(-VA[2) *UAAA+UA(2)%VAAA)/BBB
MULTI (NROOT+1}=2

NROOY=NROOT+1

RE TURN

END
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TABLE VIII-B (Centinued).

SUBROUT INE COMSQT (UXe VX2 UY,VY)

* THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER., *

Ak ke o gl kool ok ok g Rk ok ook R ok ek ek kol Aokt ROl e ek ok e ke ok K

*

&

R ok e ook ok kR ok R R O R R R R e ok R OR S otk ok ok o ok o
DOUBLE PRECISION UX,VXsUY,VYaDUMMY Ry AAA,BBB

DOUBLE PRECISION DSQRT,DABS

R=DSQRT (UX*UX+VX%VX)

AAA=DSQRT{DABS { (R+UX)/2.0}}

BBB=DSQRT{DABS{{R-UX)/2.0)}

10

20
30

40

50

60

100

TF{VX) 10,20,30
UY=AAA
VY=-1.0%BB8

GO TO 100
IF{UX) 40,50,60
UY=AAA

VY=BBB

GO TO 100
DUMMY=DABS{UX)
uy=0.,0
VY=DSQRT{DUMMY}
G0 YO 100
uy=0.0

vVY=0.0

GU TO 100
DUMMY=DABS{UX}
UY=DSQRT {DUMMY)
vVY=0,0

RE TURN

END

- SUBROUTINE HORNER{RA,VA,RXO,VXOsNDEFsRByVBoRCyVCyRPXyVPXsRDPX,VOPX
o e e o Rk e e ogoR e o ok kR ok oo gk ok ok kR R R o ok S ol ko kR

*
*
%
*
]

HORNER®S METHOD

*
COMPUTES THE VALUE DF A POLYNOMIAL P(X) AT A POINT D AND ¥

ITS DERIVATIVE AT D. SYNTHETIC DIVISION IS USED TO DEFLATE THE *
POLYNOMIAL BY DIVIDING OUT THE FACTOR (X-D). ) . *

*

##****t****#****###*****#t*##t********#*#**«*#t**###*******t##*v**#*v**t**t*

10

20
25

1)

DOUBLE PRECISION VDPXyRXOyVXOyRBeVB4RCsVCIRPX,VPXyRDPXyRA, VA

DIMENSION RA(Zé).VA(Zb)cRB(Zﬁ)vVB(26)-RC(26).VC(26)

RBE1Y=RA{1}
VBIL)=VALL}
NUM=NDEF +1
DO 10 I=2,NUM

' " 516
517
520
524

RB{I}=RA(I)+(RBUI-1)*RX0-VB{I~-1}*VYX0D)
VBL{I)=VA{T)+{VB(I-)1)*RXO+RB(I-1)*VXO0}

RPX=RB{ NUM)
VPX=VB{NUM}
RC{1)=RB{1L)
VC(Ll)=VB{1l)

IFINDEF.LT.2) GO TO 25

DO 20 J=24NDEF

RC{JI=RB(II+(RCLJ~1)¥RXO~-VC (I~ li*VXOD

‘532
533
540
541

-

VC{J)=VBLJI+{VCII-1) *RXO+RC(JI~1 )%V XD)

RDPX=RC {NDEF }
VDPX=VC{NDEF )
RETURN

. 553
. 572
580
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TABLE VIII-B (Continued)

282 SUBROUTINE NEWTON{RPX,VPXsRDPX VDPXsRX0s VXD yRXNEW, YXNEW) 500
C e 3 e 2 Ax o X afe e e e e e e oA e e B ok e e e o e ok ko 3 e w0k 2 ol ot 1 o o o o 2 o ol o e e R oK s o e a8 ode o o o e e ol o R A e ot o 0K ook o
C * L]
c * THIS SUBROUTINE CALCULATES A NEW APPROXIMATION FROM THE Gi.D APPROX- &
c * IMATION BY USING THE ITERATION FORMULA #
c ¥ X{N+1) = XIN)=P{XIN))/PtL{X{N)D. - #
C * &
C e s i e o ol e oo e e e Ak a4 e ol ok A A ok e ok a4 ok e ik % ok e ade o e e age X e e ad ade o o 3k e o o o 3 3k ade ok o e ek e e o gl e gl ol o e AR RO R R K R ol

283 DOUBLE PRECISION RPX;VPXsRDPXsVDPXoRXO VX0 sRXNEW s VXNEW, ARG -

284 DOUBLE PRECISION DSQRT

285 DOUBLE PRECISION DDD

286 ARG=ROPX*ROPX+VOPX*VOPX

287 DDD=DSQRY (ARG}

288 IF{DDD.£Q.0.0) RETURN

289 RXMEW=RX0~- L {RPX*RDPX +VPX*VDPX)/ARG?}

290 VXNEW=VX0-{ { VPX*ROPX~RPX*YDOPX) /ARG)

291 RETURN 616

292 END 620

293 SUBROUYINE CHECK{RPX,VPXsRDPXy VDPXsRX0,VX0O,KANS)
C e o e e e e e g e s e o W o ook e o ok o o s e e e a o ke ik e ook i e 3k gk e o e e e ke e ke o e o ol o ok o o ik ok e o ol 3k o o ko oo ol R R R
C x . %*
C % THIS SUBROUTINE CHECKS FOR CONVERGENCE OF THE -SEQUENCE OF APPROX- *
c * IMATIONS BY TESTING THE EXPRESSION *
o * ABSOLUTE VALUE OF (PUX(N)}}/P*{X{N}})/ABSOLUTE VALUE OF X{N+1l}., *
c * WHEN IT IS AS SMALL AS DESTIRED, CONVERGENCE IS OBTAINED. *
C * %
C 2o 3 Jfe e o de e e oo s o o e o e e e ofe ek e e e e 2k e Kol o e 3R ode ade e ok o e e e e e e ok oK ode e %ok 3k e e e e 2K e ok e 2 ol e 23k e ok o o o kg ok

294 DOUBLE PRECISION RPX,VPXsRDPX, VOPXyRX0,VX0,ABSX0O,ABSQUO, RDUMMY , VDU 749

1MMY,EPS - 750

295 . DOUBLE PRECISION ARG )

296 DOUBLE PRECISION DSQRT

297 DOUBLE PRECISION DDD

298 COMMON EPS,MAX,102 .

299 ABSX0=DSQRT{RXO*RX0+VX0*VX0)

300 IF(ABSX0.EQ.0.) GO TO 25 :

301 ARG=RDP X*RDP X+ VDPX*VOP X

302 DDD=DSQRT { ARG)

303 IF{DDD.EQ.0.0} GO ¥O 25

304 RDUMMY=(RPX*RDPX+VPX*VDPX) /ARG

305 VDUMMY={VPX*RDPX-RPX *¥VDPX) /ARG

306 ‘ ABSQUO=DSQRT{ RDUMMY*RDUMMY+VDUMMY* VDUMMY }

307 IF{ABSQUO/ABSX0.LTLEPS} 60 TO 10 :

308 KANS=0 : : 760

309 RETURN : s - 164

310 10 KANS=1 . o . . les

311 RETURN ) o o E . " 772

312 25 KANS=0 . - . :

313 RETURN

314 END - ‘ o 780



319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353

354
355

356

OO OOOO

10

20

30

23

34
35

40
50
1112
100

200

SENTR

#*
]
¥
*.
&
*

TABLE VIII-B (Continued)

SUBROUTINE BETTEREKyRXZERD, VXZERDSRX ) VA NAyRA, VA RCOEF»WCOEF,NyRC,
LVC+RB,VB)

THE FULL, UNDEFLATED POLYNDMIAL.

DOUBLE PRECISION RXZERO,VX ZERDRXsYXyRAyY¥As RCOEF, YCOEF,RC ) VC o R 5 VB
LoRXy VXOyRPXsVPXsRDPX s VDPX yRXNEW o Y XNEW , EPS

DOUBLE PRECISION DSQRT

DIMENSION RXZERG{25) yVXZERO(25),RX1258,¥XI25) ;RA(26),VAL261,RCOEFL
1260 VCOEF (26) s RCL263 ,VCE26) 4RBA26) ,VBE26)

DOUBLE PRECISION ABPX,ABDPX

COMMON EPS,MAX,102

DO 10 I=1,K

RXZERGLI1=RX (1}

VXZERD(L)I=¥X{ 1)

DO 20 I=1,NA

RCOEF LT I=RA()

VCOEF{ I1=VAL1)

B 50 J=1,K

RXB=RXZERO{J}

YXO=YXZERD(J)

NN=N

1TER=0

CALL HORNER(RCOEF 4 VCOEF (RXD,YX0sNNsRB5YBoRCoVC o RPX s VPK s JRDPX,¥DPX )
ABPX=DSQRT [RPXERPX+VPX*VPX 1 .
ABDPX=DSQRT{RDPX*RDPX+VDPX%*VYDPX}

IF{ABDPX.NE.0.0} GO TO 33

IE{ABPX.EQ.0.0) GO TO 40

GO TO 34

CALL NEWTON(RPX,VPX, RDPXuVDPX,RXG,VXUgRXNEN.VXNEHh

ITER=[TER+)

RXO=RXNEW

YXD=YXNEW

CALL CHECK{RPX,VPX¢RDPX,VDPXRXOsY X0y KANS b

IFIKANS.EQ.1} GO TO 40

IF(ITER.GE.MAX)} GO TO 35

G0 TO 30

WRITE{I02,1112) RXO,VXO .

WRITE{102,1001 JsRXZERO(J) ,VXZERDL S)

WRITE{102,200) MAX

RX{JI=RX0

VX(J)=yX0 . i
CONTINUE .

RETURN

FORMAT{1HO,36HTHE VALUE OF THE DERIVATIVE AT X0 = ,D23.1653H ¢ ,02
13.16,2H I,10H IS ZERO.) ‘ ‘ ‘
FORMAT{42HOIN THE ATTEMPT TO IMPROVE ACCURACY, ROOT{,I2,4H}.= ,D23
1e16,3H + ,D23.1652H 1,184 DID NOT CONVERGE.} : o
FORMAT(33H THE PRESENT APPROXIMATION AFTER ,13,29H ITERATIONS IS .¢
LRINTED BELOW.)

END

Y

SUBROUTINE BETTER ATTEMPTS TC IMPROVE THE ACCURACY OF THE ZEROS FOUND
BY USING THEM AS INITIAL APPROXIMATIONS WITH NEWTON®S METHOD APPLIED TO
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APPENDIX C
MULLER'S METHOD
1. Use of the Programs

Two programs using Muller's method are presented here. The first
is the single precision program. The second program is in double pre-~
cision and i1s desigend to perform double precision complex afithmetic°
These programsrare written for use on any computer using FORTRAN IV
language. They have been tested on the IBM $/360 mod. 50 computer
which has a 32 bit word. However, it may be necessary to change the
éystem functions as described below. The single precision program
may be changed to double precision as described below;

After selecting the desired program, the input data should be
prepared as described in section 2.

Each program is designed to solve polynomials of degree 25 or
less. Both the coefficient of the highest degree term and the constant
coefficient ﬁhould be non-zero. In order to solve polynomials of
degree N, where N > 25, certain array dimensions must be changed.
These are listed in Table IX for the main program and subprograms in

both single precision and double precision.
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Siggle Precision

ROOT (N)
MULT(N)
APP (N, 3)
“WORK (N+1)
B(N+1)
" A(N+L)
RAPP (N, 3)

ROOT (N)
A(N+1)
BAPP (N, 3)
B(N+1)
ROOTS (N)
RAPP (N, 3)
MULT (N)

APP (N, 3)

A(N+L)
B(N+1)

A(N+1)
ROOT(N)
MULTI (N)

TABLE IX
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PROGRAM CHANGES FOR SOLVING POLYNOMIALS OF

DEGREE GREATER THAN 25

BY MULLER'S METHOD

Main Program

Subroutine BETTER

Subroutine GENAPP

- Subroutine HORNER

Subroutine QUAD

Double Precision

UROOT (N) , VROOT (N)
MULT (N) -
UAPP (N, 3) ,VAPP (N, 3)
UWORK (M+1) , VWORK (N+1)
UB (N+1) , VB (N+1)

VA (N+1) ,VA(N+1)

URAPP (N, 3) , VRAPP (N, 3)

UROOT (N) , VROOT (N)
UA(N+1) ,VA(N+1)

UBAPP (N, 3) ,VBAPP (N, 3)
UB (N+1) ,VB (N+1)
UROOTS (N) , VROOTS (N)
URAPP (N,3) ,VRAPP(N, 3)
MULT(N)

APPR(N,3) ,APPI(N,3)

UA(N+1) , VA (N+1)
UB (N+1) , VB (N+1)

UA(N+1) ,VA(MNHL)
UROOT (N) , VROOT (N)
MULTI (N)

Certain computers may require that the system functions of Table

X be changed in the single precision and double precision programs. A
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"e" denotes a complex number and an "'r" denotes a real number.

TABLE X

SYSTEM' FUNCTIONS USED IN MULLER'S METHOD

Single Precision Double Precision
"CABS(c) - obtain absolute value - DABS(r)

AIMAG(c) - obtain imaginary part |

REAL(c) - obtain real part

ATANZ(rl,rz) ~ arctangent of rl/r2 - DATANZ(rl,rz)
SQRT(r) - square root - DSQRT(f)
CMPLX(rl,rz) - express two real numbers in complex form.
Ccos(r) - cosine of angle - DCOS(r)

SIN(r) ~ sine of angle - DSIN(r)

CSQRT(c) - square root - DSQRT(r)

When used on the IBM S/360 with the WATFOR complier for FORTRAN IV,
the system functions in Table X-A must be typed in a declaration state-
ment. These also appear in the program listing. For use without the
WATFOR compiler or on other machines, these system functions .might have

to be removed. A "c'" denotes a complex number and an "r'" denotes a

real number.
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TABLE X-A
SYSTEM FUNCTIONS IN MULLER'S METHOD TO BE TYPED
WHEN THE WATFOR COMPILER IS USED

Single Precision Douple Precision

Main Program and Subroutine TEST

square root - DSQRT ()
Subroutine CALC
CMPLX(rl,rZ) express in complex form
arctangent of rj/ry - DATANZ(rl,rz)
cosine of angle - DCOS(r)
sine of angle - DSIN(r)
square root - DSQRT(r)
Subroutine GENAPP
CMPLX(rl,rZ) express in complex form
cosine of angle - DCOS (1)
sine of angle - DSIN(r)
Subroutine ALTER
CMPLX(rl,rZ) express in complex form
cosine of angle - DCOS ()
sine of angle - DSIN(r)
square root - DSQRT(r)
arctangent of rl/r2 - DATANZ(rl,rZ)
Subroutine QUAD
CSQRT (c) square root - DSQRT (r)

Subroutine COMSQT

square root -
absolute value -

DSQRT (r)
DABS ()

The single precision program may be converted to double precision

for use on machines equipped to perform double precision complex arith-

metic provided the following changes or .their equivalent are made and
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the system functions of Table XI are used and typed in a declaration
statement where necessary. The changes presentéd below are those
required for the IBM S/360. A "c¢" denotes a comples number and an "'r"
denotes a real number. The format statemenfs should be changed from
E-type to D-type.

In the main program and each‘subprogram change COMPLEX CisCosees

to COMPLEX*16 c ... and add IMPLICIT REAL*8(A-H,0-Z).

l,cz’

TABLE XI

SYSTEM FUNCTIONS -FOR CONVERTING SINGLE PRECISION
MULLER'S METHOD TO DOUBLE PRECISION

Single Precision changed to Double Precision

Main Program and Subroutines TEST and QUAD

CABS(c) - absolute value - CDABS (c)

Subroutine CALC

Add COMPLEX*8 SISC

CABS (c) ~ absolute value - CDABS (c)
ATMAG(e) - obtain imaginary part - AIMAG(c) (single precision)
REAL(c) - obtZin real part - REAL(c) (single precision)
ATANZ(rl,rZ) - arctangent of rl/r2 - DATANZ(rl,rz)
SQRT(r) - square root - DSQRT (r)
CMPLX(rl,rZ) - express in complex form - 'DCMPLX(rl,rZ)
COS(xr) - cosine of angle - DCOS (r)
SIN(r) ~ sine of angle. - DSIN(r)

Subroutine GENAPP
CoS(r) - cosine of éngle.— DCOS(r)
SIN(r) - sine of angle - DSIN(r)
CMELX(rl,rz) - express in complex form - DCMPLX(rl,rz)

Subroutine ALTER

Add COMPLEX*8 SX2
AIMAG(c) - obtain imaginary part -~ AIMAG(c) (single precision)
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TABLE XI (Continued)

Single Precision changed to Double Precision

REAL (c) K ~ obtain real part - REAL(c) (single precision)
CABS(c) - absolute value - CDABS (c)

ATAN2(r1,r2) - arctangent of rj/ry - DATAN2 (r;,15)

COS(r) - cosine of angle - DCOS (r)

"SIN(1) - sine of angle - DSIN(r)

CMPLX(rl,rz) ~ express in complex form- DCMPLX(rl,rZ)

Subroutine QUAD

CSQRT (c) -~ square root - CDSQRT (c)

2. Input Data for Muller's Method

The input data for Muller's_method is identical to the input data
for Newton's method as described in Appendix B, § 2 except for the
variable names. The correspondence of input variable names is given
in Table XII. Only one (not three) initial approximation, XO’ is given
for each root. The‘other two required by Muller's method are con-

structed within the program and are e9XO and 1"1X0'

3. Variables Used in Muller's Method

The definitions of the major variables used in Muller's method are
given in Table XIII. For definitions of wvariables not listed in this
table see the definitions of variables for the corresponding subroutine
in Table VIII of Appendix B. The notation and symbols used here are

the same as for table VIII and are described in Appendix B, § 3.
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TABLE XII

CORRESPONDENCE OF NEWION'S AND MULLER'S
INPUT DATA VARIABLES

Newton's Method - Muller's Method

Control Card

NOPOLY B ' NOPOLY
N ' NP
NIAP NAPP
MAX MAX
EPSCNV EPS
EPSQ EPSO
EPSMUL EPSM
XSTART XSTART
XEND XEND

KCHECK KCHECK -
Coefficient Card

A (RA) A (UA)
A (VA) A (VA)

Initial Approximation Card

XZERO (RXZERO) APP (UAPP)

XZERO (VXZERO) APP (VAPP)
End  Card

KCHECK KCHECK

4, Description of Program Output

The output from Muller's method is the same as that for Newton's
method as described in Appendix . B, § 4. Only one initial approximation,
Z, (not three) is printed for each root. It is either that supplied by
the user or-fenerated by the progrdm. The other two approximations

used were 0.9Z and 1.1Z.
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5. Informative and Error Messages

The output may contain informative messages printed as an aid to

the user. These are:
""NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX."

XX is the number of the polynomial. This message is printed if no roots

of the polynomial were found.

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY
DID NOT CONVERGE AFTER ZZZ ITERATIONS

THE PRESENT APPROXIMATION IS AAA"

X is the number of the root before the attempt to improve accuracy, YYY
is the value of the root before attempt to improve accuracy, ZZZ is the
maximum. number of iterations, and AAA is the current approximation
after the maximum number of iterations. This message has’the.same

meaning as .the corresponding message in Appendix B, § 5.



Single Precision

TABLE XIII

VARIABLES USED IN MULLER'S METHOD

Double Precision Dispesition

Array containing coefficients of deflated polynomial
Array containing coefficients of original polynomial,

Array of initial or altered appreoximations for which

Array containing the multiplicities of each:root found

Variable Type. Variable Type. of Argument Description
Main Program
NP I NP I Degree of polynomial P(X)
NROOT I NROOT I- Number of distinct roots found
NOMULT I NOMULT I Number of roots (counting multiplicities)
ROOT C UROOT,VROOT R Array containing the roots
NAPP I NAPP I Number of initial approximations. to be read in
APP C UAPP,VAPP R Array of initial approximations.
WORK C UWORK,VWORK. R Working array containing coefficients of current
polynomial
B C UB,VB R
A C UA,VA R
P(X)
RAPP C URAPP,VRAPP R
convergence was obtained
X1 C UX1,vXl R One of three current approximations to a root
X2 C UX2,VX2. R One of three current approximations to a root
X3 C UX3,VX3 R One of three current approximations to a root -
PX1 C UPX1,VPX1l R Value of polynomial P(X) at X1
PX2 C UPX2,VPX2 R Value of polynomial P(X) at X2
PX3 C UPX3,VPX3 R Value of polynomial P(X) at X3
X4 C UX4 , VX4 R Newest approximation (X,4+31) to root
PX4 C UPX4,VPX4 R Value of polynomial P(X) at X4
MULT I MULT I
ITER I ITER I Counter for iterations
101 I 101 I Unit number of Input device.
102 I 102 I Unit - number of output device



TABLE XIII (Continued)

Single Precision Double Precision Disposition

Variable Type Variable Type of Argument Description
EPSRT R EPSRT R Number used in subroutine BETTER to generate two

approximations from the one given

NOPOLY I NOPOLY I Number of the polynomial

MAX I MAX I Maximum number of iterations

EPS R EPS R Tolerance check for convergence

EPSO R EPSO R Tolerance check for zero (0)

EPSM R EPSM R Tolerance check for multiplicities

KCHECK I KCHECK I Program control, KCHECK = 1 stops execution of program

XSTART R XSTART R Magnitude at which to start generating initial
approximations :

XEND R XEND R Magnitude at which to end generating initial
approximations

NWORK I NWORK I Degree of current deflated polynomial whose coefficients
are in WORK

ITIME I ITIME I Program control

NALTER I NALTER I Number of alterations which have been performed on an

’ ' initial approximation

IAPP I IAPP I Counter for number of initial approximations used

CoNv L CONV L When CONV is true, convergence has been obtained

IROOT I IROOT I Number of distinct roots solved by Muller's method, i.e.
not solved directly by subroutine QUAD

Subroutine HORNER

A C UA,VA R E Array of current polynomial coefficients (to be deflated
or evaluated) :

NA I NA I E Degree of polynomial to be deflated or evaluated

X - C UX,vX R E Approximation at which to evaluate or deflate the

polynomial



TABLE XIII (Continued)

Single Precision Double Precision Disposition

Variable @~ Type  Variable Type of Argument Description

B C UB,VB R R Array containing the coefficients of the deflated
polynomial

PX C UPX,VPX R R Value of the polynomial at X

NUM I NUM I R Number of -coefficients of polynomial to be deflated

Subroutine TEST

X3 C. UX3,VX3 R E Approximation to Root (old) (Xj)

X4 C UX4 , VX4 R E New approximation to root (X;41)

CONV L CONV L R CONV = t¥ue implies convergence has been obtained

EPS R EPS R C Tolerance for convergence-test

EPSO R EPSO R C Tolerance check for zero (0)

DENOM R DENOM R Magnitude of new-appreximation, (Xn+l)

Subroutine BETTER:

MULT I MULT I ECR Array of multiplicities of each root

A C UA,VA R E Array of coefficients of original undeflated polynomial

NP I NP I E Degree of original polynomial

ROOT C UROOT ,VROOT R ECR Array of roots

NROOT I NROOT I ECR Number of roots stored in rodt:

BAPP o UBAPP,VBAPP R . E Array of initial approximations (old roots)

IROOT I IROOT I ECR Number of roots solved by the iterative process (Not
QUAD)

ROOTS C UROOTS,VROOTS R Temporary storage for new: (better) roots

L I L I Number of roots found by BETTER

EPSRT R EPSRT R C A small number used to generate two of the three
approximations when given one.

ITER I ITER I C Counter for number of iterations



TABLE XIII (Continued)

Single Precision Double Precision Disposition
Variable Type Variable Type = of Argument
B o UB,VB R

X1 C UX1,VX1 R

X2 c UX2,VX2 R

X3 c UX3,VX3 R

PX1- c UPX1,VPX1 R

PX2 c UPX2,VPX2 R

PX3 o UPX3,VPX3 R

CONV L CONV L

X4 C UX4 ,VX4 R

J I J . I

MAX - I MAX I C

102 I 102 I C

X1 C - XIR,X1I R ECR

X2 C X2R,X21 R ECR
X3 o X3R,X31 R ECR
X2R R X2R R

X21 R X21 R

EPST R EPST R E

Description

Array containing coefficients of deflated polynomial

One of three approximations.to the root

One of three approximations to the root

One of three approximations. to the root

Value of polynomial (P(X)) at X1

Value of polynomial (P(X)) at X2

Value of polynomial (P(X)) at X3

CONV = true implies convergence has been obtained

Newest approximation to root

Program control =-counts the number of roots used as.
initial approximations

Maximum number of iterations permitted

Unit number of output device

Subroutine ALTER

One of the three approximations to be altered
One of the three approximations to be altered -
One of the three approximations to be altered
Real part of complex approximation.

Imaginary part of complex approximation

Subroutine QUAD

Tolerance check for zero (0)

Subroutine CALC:

These variables are dummy variables used for temporary storage and thus, are not defined.
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CALL HORNER
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;
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Flow Charts for Muller's Method
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SINGLE PRECISION PROGRAM FOR MULLER'S METHOD
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*
R
*
*
*
*
*

5

MULLER®S METHOD EXTRACTS THE ZEROQS
POLYNOMIAL OF MAXIMUM DEGREE 25.

POLYNOMIAL IS APPROXIMATED BY A QUADRATIC.

CLOSEST. 70 THE OLD APPROXIMATION I
IN THIS MANNER A SEQUENCE IS 0BTA!

SINGLE PRECISION PROGRAM FOR MULLER®S METHOD

AND THEIR MULTIPLICITIES OF A
THROUGH THREE GIVEN POINTS THE

THE ZERO OF THE QUADRATIC
S TAKEN AS THE NEW APPROXIMATSON.
NED CONVERGING TO A ZERO.

PR Y

T T L R P E N e s
COMPLEX PX34PX2¢RO0T9sXLoAPP sX2 sWORK9X3¢ByX49AyPX1oRAPP¢PX4yHI,Q4
DIMENSION ROOT{25)sMULT(25)4APP(25,3) ,WORK{261,B126), A(Zb)nRAPPdZS

1,3)
DATA PNAME,DNAME/2HP {,2HD{/ -
LOGICAL CONV

. COMMON EPSRT:EPSDoEPSoIUZoHAX

10.

101=5

‘102=6
EPSRT=0.999
NROOT=0
IROOT=0
IPATH=1
NALTER=0"

. ETIME=0

NOMULT=0
1APP=]
ITER=}

READ( 01,1000} NOPDLY,NP.NAPP'NAX EPS,EPSO EPSN,XSTART,XEND KCHECK e

IF(KCHECK +EQ.1) STOP-

KKK=NP+1

" WRITE(102,1035)

15

20

4]

27

30

READI101,1010) (A(lltl’llKKKl
"WRITE(1D02,1020) NOPOLY,NP '

(PNA"E, 'A(lﬂulzln
WRITE(102,2060)
WRITE{102,2000}
WRITE(102,2010}
WRITE(102,2020)
WRITEL102,2030)
WRITE(102,2040) XSTART
WRITE(102,205Q0) XEND

IFINP.GT.2} GD TO 15

NAPP
MAX
EPS
EPSM

KKKD

CALL QUAD(AsNP,; RODT.NRODT-MULT;EPSD!

WRITE{102,1037}

WRITE(102,1086) leROOTGlD.MULT(I)
GO0 TO 10
IF{NAPP.NE.O)
NAPP=NP

CALL GENAPP(APP, NAPP'XSTARTD

G0 TO 27 3

READ(10151030} {APP{I+2},[=14NAPP)
.DO 25 I=1,NAPP
APP(L41)=0.9%APP(1,42)
APP{143)=1.1%APP(1,2)

"KKK=NP+1

DO 30 I=1,KKK

WORK(I)=A(1)

GO TO 20

il= loNRDDTD




46

48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

66

67
68
69
70
71
12
73

- 14
75

‘16
77
78
79

. 80
8L .

.82
83

84
85
86

87
88
89
90
91
92
93
94
95
96
97
98
99

100

10t

102

103

104

105

40

50

55-

60

15

- 70

80

81

82

83

85

87

90

100

120

TABLE XIII-A (Continued)

NWORK=NP

X1=APP{IAPP,1}

X2=APP{IAPP2)

X3=APP(IAPP,3)

CALL HORNER(NWORK WORKs;X19ByPX1)
CALL HORNER(NWORKjs;WORK4X24B,PX2)
CALL HORNER{NWORK WORKX3,B,PX3}
CALL CALCIX19X24X35PX1aPX2pPX34X45Q4,H3)
CALL. HORNER(NHDRK,HDRK,X4,BgPX4D
AB1=CABS{PX3)

IF(AB1.EQ.0.0} GO TO 60
QQO=CABS{PX4) /CABSIPX3)
IF(QQQ.LE.10.,) GO TD 60
Q4=0,5%Q4

X4=X3+H3%Q4

GO TO 55

CALL TESTEX3¢X4,CONV)

IF{CONV) GO TO 120
IFCITER.LT,MAX) GO TO 110

CALL ALTER(APP(IAPP-ID'APP(IAPP.ZBQAPPKIAPP,3BpNALTERaETlMED

IFINALTER.GT.5} GO ro 15

ITER=1"

GO TO 40

IF(IAPPLLT.NAPP} GO TO 100
IF(XEND,EQ.0.0) GO TO 70
IF(XSTART.GT.XEND) GO TO 70

NAPP=NP

CALL GENAPP(APP,NAPP,XSTART)

1APP=0Q

GO TO 100

WRITE(102,1090}

KKK=NWORK+1

WRITE{102,1035) [DNAME;J4HORK(JY sJ=1 KKK}
1F(NROOT.EQ.0) GO ¥O 90

WRITE(102,1060)

IF{IPATH;EQ.1) GO ¥O 82

IPATH=2

CALL BETTER(A,NP,ROOT,NROOT, RAPP.!RUOI.MULT)
WRITE(102,1200)

IE (NRDOT.EQ.0)GO TO 90

IF(1ROOT.EQ.0) GO TO 85

WRITE(102,1080)

DD 83 I=1,!RAOT

WRITE(102,1085) u.Roorﬁln,MuLT(l».RAPP«x,zn
IF {IRODT.LT.NROOT) GO TO 85

GO TO 87

KKK=[RDOT+1

WRITE(102,1086) (1,R00T(I1)MULT(I) 1= KKK.NROOID
IF{1PATH.EQ.1) GO.TO 81

GO TD 10

WRITE(102,1070) NOPOLY

GO T0 10

1APP=1APP+1

ITER=1

NALTER=0

G0 TO 40

NROOT=NROOT+1

IROOT=NROOT

MULT(NRODTI=1

NOMUL T=NOMULT+1
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107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
i28
129

130

131
132
133
134

135 -
135

137
138

139

140
141
142
143

144

145
146
147
148
149
150
151
152
153
154
155

TABLE XIII-A (Continued)

ROOT(NROQT}=X4
RAPP (NROOT, 1}=APP{ IAPP,41)
RAPP{NROOT 42 )=APP(IAPP,2}
RAPP(NROOT-3!=APP(IAPP,BB
125 IF(NOMULT,.LT.NP) GO TO 130
GO 1O 8o
130 CALL HORNER(NHORK,HORK,X4,B,PX4!
NWORK=NWORK~1
KKK=NWORK+1
DO 140 1=1,KKK
140 WORK{I)=BL(I)
CALL HORNER{NWORK jMORKyX4oBy PX#D
CCC=CABS{PX4)
IF(CCC.LTL.EPSM) GO TO 150
IF{NWORK.GT.2) GO TO 75
TROOT=NROOT
CALL QUAD{WORK ,NWORK, ROOT,NROOT,MULT,EPSOB
GO TO 80
150 MULT{NROOT)=MULT{NROOT )+l
~ NOMULT=NOMULT+1
60 TO 125 :
110 X1=X2
X2=X3
X3=X4
PX1=PX2
PX2=PX3
PX3=PX4&
ITER=ITER+}
GO Y0 50

1010 FORMAT{2(E30.0)?

1020 FORMAT{1H1,1X,52HMULLERS METHOD FOR FINDING THE ZEROS OF A POLYNOM
1IAL/1H 41Xy1BHPOLYNOMIAL NUMBER ,I2,11H OF DEGREE 212///70H 41Xy28H
2THE COEFFICYENTS OF P(X) ARE//) ' o

1030 FORMAT{2(E30.0))

1090 FORMATY///41X+65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
1ZEROS WERE FOUND//) -

1080. FORMAT(///1X413HROOYS OF P(Xlu37X,14HHULT!PL!C!T!ES,ILX,ZLH!N!T[AL'

1 APPROXIMATION//}
1070 FORMAT(///1X442HNO ZEROS WERE FOUND FOR POLYNOMEAL NUMBER 412}
1037 FORMAT(///41Xs13HZERDS OF PUX) 437Xy 14HMULTIPLICETIES//)

‘, 1035 FORMAT(3X,A2¢12¢4H) = 4E14.T¢3H + ,E14.7+2H [}

1085 FORMAT{2Xs 5HROOT (91244H) = yE144743H + ,EL4.T92H 1,10X, l2910XgE14e
1743H + 4E14.T74y2H I}

1086 FORMATE2XySHROOT(s1244H) = ¢E14e793H + 4EL4aTps2H [410XyI2901X,23HS
10LVED BY DIRECY METHOD}

1000 FORMATI3{I242X) +s9X91348Xe3(E6.044X)y13Xy2{ET.041X)y112

2000 FDRMAT(1X:41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 412}

2010 FORMAT{1Xy29HMAXIMUM NUMBER OF ITERATIONS.s11X,I13)

2020 FORMAT{1Xs21HTEST FOR CONVERGENCE«. 13X4E9.2)

2030 FORMAT(1X,24HTEST FOR MULTIPLICITIES«+10X,E9.2)

2040 FORMAT{1X,23HRADIUS TO START SEARCH.,11X,E9.2}

2050 FORMAT(1X,21HRADIUS TO END SEARCH.,13X,E9.2)

2060 FORMAT(//1X)

1060 FORMAT(///35H BEFORE ATTEMPT TO IMPROVE ACCURACY}

1200 FORMAT{///1X,3THAFTER THE ATTEMPT TO IMPROVE ACCURACY)
END
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157

158
159

160
161
162

163 .

164
165
166

167

168
169
170
171
172
173
174

175 -

176
177
178
179
180
181
2182
183
184
185
186
187
188
189
190
191

S 192

193
194
195
196
197
198
199
200

: 201

202
203
204
205
206
207
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TABLE XIII-A (Continued)

SUBROUTINE BETTER(A,NP,ROOT,NROOT,RAPP,IROOT,MULT}

200

P2 X222 S 2 22222 222222222 222 222222222 22222 R s 2 R 2 2 R Rttt

*
*
*
*
*

gk ok kR ok Rk ok ok ok R kR Rk R R R ko ok R o ok ok ko ok
- COMPLEX ROOT,A,BAPP,x1.xZ,xa.PxL,PXZ,PXB.B,RDDTS.X#,RAPP.Q#.HS

10

20

30

33

34
35

40

50

100

110

120

SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND .
BY USING THEM AS INITIAL APPROXEMATIONS WITH MULLER®S METHOD APPLLIED TO

THE'FULL, UNDEFLATED POLYNOMEAL,

LOGEICAL CONV

DIMENSION ROOT (25} ,A126), BAPP(ZS'BDpB(26)pRDUTS(ZSDgRAPP(ZS.SDpHUL
1T(25)

COMMON EPSRT,EPSO,EPS, 102, MAX
IFENROOT.LE.1}) RETURN

L=0

00 10 I=1+NROOT
BAPP(I,13}=ROOT(I)*EPSRT
BAPPILI,2)=ROOT{I)
BAPP{1,3)=ROOT{I)*(2,0-EPSRT)
DO 100 J=1,NROOT
X1=BAPP{J,»1)

X2=BAPP{J,2)

X3=BAPP{J,3)

ITER=]

CALL HORNER(NPyAyX1,yB,yPX1)
CALL HORNER(NP,A,X2,B,PX2)
CALL HORNER{NP,AyX3,B,PX3)
CALL CALCIX13X25X3¢PXLoPX29PX3 X4 9QbeH3)
CALL TEST(X34X4+CONV)
IF{CONY) GO TO S50
IFLITER.LT.MAX) GO TO 40
WRITEL{ 10291000} J,RO0YEJ) 4 MAX
WRITE(102,1010) X4
IF(J.LT.IROOT) GO TO 33
IF(J.EQ. IROOT)Y GO TO 35
GO TO 100

KKK=IROOT-1

DO 34 K=JyKKK
RAPP{Ky1)=RAPP{K+L,1)
RAPP{K42)=RAPP{K#+1,2)
RAPP{Ky3)=RAPPI{K+1,3]}
IROOT=IROOT~1

GO TO 100

X1=X2

X2=X3

X3=X4

PX1=PX2

PX2=PX3

ITER=ITER+L

GO TO 20

L=L+1

ROOTS{LY=X4
MULTIL)=MULTLS?

CONTINUE

IF(L.EQ.O0) GO TO 120

DO 110 I=1,L
ROCT(I)=ROOTS(I)

NROOT=L

RETURN

NROOT=0

*
*
.
*
*
@
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209

210

211

212

213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233

234 .

235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
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1000

1010

10

50

60

201

TABLE XIII-A (Continued)

RETURN :

FORMAT(/7/42H IN THE ATTEMPT TO. IMPROVE ACCURACY, ROOT{y1244H} = ,
1E14+743H ¢ sEL14.792H 1,24H DID NOT CONVERGE AFTER ,13,11H ITERATID
2NS}

FORMAT({30H THE PRESENT APPROXIMATION IS sEl4&.To3H & ,ER4.T,2H 1/7)
END

SUBROUTINE CALCUXL9X2yX39PX1y PX24PX3 X4 yQ%,H3)

####*###*####**#*#*######*#######*#***#**#**#*#**t*##***#*##**#**##*#*t****&

GIVEN THREE APPROXIMATIONS X(N-23, X{N-1), AND XIND}» SUBROUTINE CALC
APPROXIMATES THE POLYNOMIAL BY A QUADRATIC AND SOLVES FOR THE ZERQ OF

X{N+Ll) TO THE ZERD OF THE POLYNOMIAL.

* x
* *
& ®
* THE QUADRATIC CLOSEST TQ XI(N). THIS ZERO IS THE NEW APPRUXIMAIRUN *
& T
% *
* *

*****#*#########t#***t##**##*##****#***##t#####*#****###*###t#####**##***#
COMPLEX PX3,PX24X19X2yX30PX14H32H21Q3104B4CoDISCoDENLoBEN2¢ Q4o X4
COMPLEX TEST,CCC
COMPLEX - CMPLX
COMMON EPSRT,EPSO,EPS,!DZ,MAX
H3=X3-X2
H2=X2-X1
Q3=H3/H2
D=Q3%(PX3-{1.0¢Q3}%PX2)+{Q3*PX1))
B={{{2,0%03)+1.,0)*PX3)~{(1.0+Q3)*(1,0+Q3)*PX2}+{Q3*Q3*PX1}
C=(1.0+0Q3)*PX3
DISC={B%B)~{4,0%D%C)

AAA=CABS(DISC)

IF{AAA.EQ.0.0) GO TO 5
GO TO 7 .
THETA=0.0

60 TO 9 -
DYSCI=AIMAG{DISC)

DISCR=REAL{DISC)

THETA=ATAN2(DISCI,DISCR)}
RAD=SQRT{ AAA)

ANGLE=THETA/2.0
CCC=CMPLX{COS{ANGLE) +S IN{ANGLE )}
TEST=RAD#CCC
DEN1=B+TEST
DEN2=B~TEST
AAA=CABS{DEN1}

B8BB=CABS(DEN2} ‘
1IE(AAALLTLBBB) GO TO 10
IF{AAALEQ.0.0) GO TO 60

Q4=(~2,0%C) /DEN]

G0 10 50
1F(BBB.EQ.0.0} GO TO 60
Q4=(=24,0%C}/DEN2
G0 TO 50
X4=X3+(H3%Q4) :

RETURN ‘

Q4=01.0,0.0}

GO T0 50
END
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TABLE XIII-A (Continued)

SUBROUTINE GENAPP(APP;NAPP,XSTART)

202

L2222 a2 R 2ttt 2222 R s R R R E 2 22 s LR RSt s s R T )]

*

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIHATIONSoVHHERE N IS THE
* DEGREE OF THE ORIGINAL POLYNOMIAL.

*

*
.

*

2 e o o e e e o o s ofe o e e e e o e e o o o e e e o e oo e ok afealk e ol kol o e e o o o ol ot ool ool etk s ekl ok ek

10

20

COMPLEX APP
COMPLEX CMPLX
DIMENSION APP(25,3)

COMMON EPSL1,EPS2,EPS3,102,MAX
IF{XSTART.EQ.0.0) XSTART=0.5

BETA=0,2617994

DO 10 TI=1,NAPP
U=XSTART*COS(BETA}
V=XSTART*SIN(BETA)
APPET,2)=CMPLX{U, V)
BETA=BETA+0.5235988
XSTART=XSTART+0.5

DO 20 I=1¢NAPP
APPL{I41)=0.9%APP(],2)
APP(1,3}=1.1%APP{,2)
RETURN .
END
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TABLE XIII-A (Continued)

. 270 " SUBROUTINE ALTER(X1,X29X3sNALTER,ITIME?
.- C FhkkhkkkkRk kR kh Rk kh kR kkkk ko kkkkkhk Rk hkkg ko i kok ke kg kR Rk
C * . *
C % SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO *
o # CONVERGENLE TO A ZERO, THIS IS DONE A MAXIMUM OF 5 YIMES FOR EACH ROOT. *
C * *
- C Ak ol 3o ok ook o ok ook ok oK ok ook Kok kol R ook ok kK kR R ok ok ok ok ok kR ok ok ek kR ok
271 COMPLEX X1 4X29X3
272 COMPLEX CMPLX
273 COMMON EPS1,EPS2,EPS3,102,MAX
- 274 IFLITIME.NE,O) GO YO 5

2715 ITIME=1

276 . WRITE(I02,3010) MAX

2717 - 5 IF{NALTER.EQ.O0} GO TO 10

2187 WRITEL 102, 1000} X1yX2,X3

279 GO TO 20

. 280 10 Y=AIMAG(X2}

281 X=REAL (X2}

282 R=CABSIX2)

283 " BETA=ATAN2(Y,X)

284 WRITE(ID2,1020) X14X2,X3

285 20 NALTER=NALTER+1

286 IF {NALTER.GT.5) RETURN

287 GO TO {30s40430,40,30)4NALTER

288 ’ 30 X2=-X2

289 GO Y0 50

290 40 BETA=BETA*1.0471976

291 X2R=R*COS{BETA)

292 X2I=R*SIN{BETA)

293 X2=CMPLXI{X2R¢X21)

294 50 X1=0.9%X2

- 295 X3=1.1%X2
- 296 RETURN

297 1010 FORMAT({///1X,54HND CONVERGENCE FOR THE FOLLOH!NG APPROX!MATIDNS AF
ITER »13,12H ITERATIONS.//)

298 1000 FORMAT{LXy5HXL = 4EL4.Ty3H ¢ ,El4.T,2H !.10X922HALTERED APPROXIMAT
LEONS/1Xy5HX2 = 9ELl4aTy3H + 2E14oTy2H I/1X45HX3 = 4E14.743H + ,Elﬁy
27,2H 1/) S :

299 1020 FORMAT(L1HOy5HXL = ¢El44793H + 4E144742H T+10X,22HINITIAL APPROXIMA
LTIONS/1Xs5HX2 = 4E14.793H + 9EL4aTp2H I/1X,5HX3 = 2E14,743H * LELl4
2.T¢2H 1/} ' ’ o o

300 END
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TABLE XIII-A (Continued)

SUBROUTINE TEST{X3,4X4,CONV}
t#***#*##*#*##t**#*#*##**#*#****#*###*#*#*#*###*#*##*#*t##****v#t#*#*#######

* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- &
* IMATIONS BY TESTING THE EXPRESSTON . *
* ABSOLUTE VALUE OF {(X{Nt1)}-X(N)}/ABSOLUTE VALUE OF X{(N+l}. *
* WHEN IT IS AS SMALL AS DESIREDs CONVERGENCE IS OBTAINED. &
* . &
* *

Bk e s ook ol ok adcok ook o o 0 o o ok ol oo e o e e o o o ool o o e e o sl ol o ol aeale o o kol o ok ke o ol o o o ko e o OB Koo
COMPLEX X3,X4
LOGICAL CONV
COMMON EPSRT,EPSO,EPS, 102,MAX
AAA=CABSIX4~X3)
DENOM=CABS{X4)
IF{DENOM.LT.EPSO) GO 7O 20
IF{AAA/DENOM.LT.EPS) GO TO 10
5 CONV=.FALSE.

GO TO 100

10 CONV=,TRUE,
GD TO 100

20 TF{AAA.LYLEPSD) GO TO 10
GO TO 5

100 RETURN
END

SUBROUTINE HORNER{NA,;A;X,B,PX) ’ o
#*#####*##*###*##########*#*##t#####*###*###########*#*###**###*##*#t**#*###
*
*+ HORNER®S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P(X)} AT A POINT D. *
% SYNTHETIC DIVISION IS USED TO DEFLATE THE POLYNOMIAL BY DIVIDING OUT THE *
* FACTOR (X-DJ). ‘ , *
* *
#####*#*##**####*######################*##t#*####**###**###*#####**##&**##**
COMPLEX X,PXyB;A
DIMENSION A(26),B8(26}
B(1)=AC1)
NUM=NA+1
DO 10 §=2,NUM
10 BUI}=ALL)¢B(I-1)%X
PX=B (NUM}
RETURN
END
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327 SUBROUTINE QUAD(AsNAROOT,NROOT,MULTE,EPST)
C LA R S RAR IRl et a2 A R ARl Rl bl s iRl s s
[ %* *
C * SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTYIPLICITIES *
[« * OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTYOR. SOLUTION DOF THE *
c * QUADRATIC IS DONE USING THE QUADRATIC FORMULA. ) %
[ * X *
C e A o e e e e e o e o o X e e ke ke o o e o e e e o ok e o o e o ok e ook oo e e ool ol 2o o e o o e o e e o oo e e o e e R R e oA
328 COMPLEX A.DISC,RO0T,DUMMY,AAA
329 ' COMPLEX CSQRT
330 DIMENSION A{26),RO0T{25)MULTI{25}
331 IF{NA.EQ.2} GO TO 7
332 IFINA.EQ.1Y GO TO 5
333 ROOTI{NROOT+1}=0,0
334 MULTI{NROOT#1)=1
335 NROOT=NROOT+1
336 - GO TO 50
337 5 ROOT{NROOT¢1d=—A(2}/A01}
338 MULTI{NROOT+L1j=1
339 NROOT=NROOT+1
340 GO TO 50
_ " 341 7 DISC=AL2)*A(2)-(4,0%A{1)*A(3))
o 342 : 888=CABS{DISC) .
T 343 IF{BBB.LT,.EPST) GO TO 10
344 DUMMY=CSQRY(DISC}
345 AAA=2,0%A(1)
346 ROOT(NROOT+1)=(-A(2}+DUMMY)/AAA
347 ROOTE{NROOT#2)=(-A(2)-DUMMY }/AAA
348 N MULTI(NROOT+1}=1
349 MULTI(NROOT#2) =1
350 NROOT=NROOT+2
351 G0 TO 50
352 10 ROCT{NROOT+1}=¢(-A{2)}/(2.,0%A{1})
353 MULTEI (NROOT+L)=2
354 NROQT=NROOT+1
355 50 RETURN
356 END

$ENTRY



10

15

20

TABLE XIII-B

DOUBLE PRECISION PROGRAM FOR MULLER'S METHOD

DOUBLE PRECISION UPX3,VPX3,UPX2,VYPX2,UR00T,VROOT»UX1,VX1lyUAPP,VAPP
Lo UX29 VX2, UWORK , VWORK y UX3y VX3 pUB» VB o UX4 s VX4 9 UA» VAL UPXL ,VPX1,URAPP,V
2RAPPyUPX4 o VPX 4, EPSRT pEPSO,EPS,CCCoEPSMy UHI 4 VH3 . UQ4 ,VQ4 , ABP X4, ABPX3
3,QQ0+ XSTART» XEND

DOUBLE PRECISION DSQRT

DIMENSION UROOT(25),VROOT§253, MULT{25) 4 UAPP (25,3, VAPPLE25,3) IJWORK
1826} s VWORK (26} ,UB{26),VBL26),UAL26),VAL26)URAPP(25,3),VRAPP(25,3)
DATA PNAME,DNAME/2HP {42HD{/

LOGICAL CONV

COMMDN EPSRT EPSO,EPS,I02,MAX

I0l=5

102=6

EPSRT=0,999

NROOT=0

TROOT=0

[PATH=1

NOMULT=0

NALTER=0

ITIME=0

1APP=)

ITER=1

READ{10141000) NOPOLY NPsNAPP yMAX,EPS,EPSO,EPSMpXSTART » XEND o KCHECK
IF(KCHECK.EQ.1 ) STOP

KKK=NP+1 :
READ{I01,1010) SUA(I) VALLD},I=1,KKK?
WRITE(I02,1020} NOPOLY,NP

WRITE{I02,1035}) (PNAME, [IoUALE) VALE) »E=0 KKK}
WRITE(I02,2060)

WRITE{102,2000) NAPP

WRITE(I02,2010) MAX

WRITEL102,2020) EPS

WRITE(102,2030) EPSM

WRITE(102,2040) XSTART

WRITE{(I02,2050) XEND

IF(NP.GT.2) GO TO 15

CALL QUAD{UA,VA NP ,UROOTsVROOT yNROOT s MULT,EPSO?
WRITE{102,1037)

WRITE(102,1086} (I,URODT4K),YROOT{I)  MULTL ), I=01,NRCOT}
G0 TO 10

IF{NAPP.NE.O} GO.TO 20

NAPP=NP

CALL GENAPP(UAPP,VAPP NAPP, XSTART}

G0 T0 27

READ{101,1030) (UAPP(£,2),VAPP{T,2), =1,NAPP}

DO 25 I=1,NAPP
UAPP{I,1)=0,9%UAPP([,2)

206
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[ dkgkkhkkk kg ko kb kR Rk R ks kR kRt ok Rk o o R ok ok e ok R
[ * . *
C * DOUBLE PRECISEION PROGRAM FOR MULLER®S METHOD *
¥ * L]
C L4 . *
C * MULLER®S METHOD EXTRACTS THE ZERQOS AND THEIR MULTEIPLICITIES OF A #*
C % POLYNOMIAL OF MAXTMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE *
C * POLYNOMIAL IS APPROXIMATED BY A QUADRATIC., THE ZERO OF YHE QUADRATIC =
C * CLOSEST YO THE OLD APPROXIMATION IS TAKEN AS THE NEW APPROXIMATION. *
C * IN THES MANNER A SEQUENCE IS OBTAINED CONVERGING TO A ZERO. #
[ « x
[ e ol o e o e ool o sofe e B gk ol el e ol o g ol oo o ol e o e ok Ao B o ol ok ook Ao ol ol Atk o kR kol
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77
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TABLE XIII-B (Continued)

VAPP{I,1}=0.9%VAPP(I,2)
UAPP(T,3)=1,1%UAPP([,2}

- 25 VAPPI1,3)=1.1%VAPP(],2)

27 KKK=NP+1
DO 30 I=1,KKK
UWORK{ 1) =UA( T}
30 VWORK(I}=VA(1)
NWORK=NP
40 UX1=UAPPIIAPP,1)
VX1=VAPP(IAPP,1)
UX2=UAPP({APP,2)
 VX2=VAPP(IAPP,2)
UX3=UAPP[1APP43)
VX3=VAPP(1APP,3)
CALL HORNER(NWORK, UNORK » VWORK sUX 14 VX1, UB, VB UPX1 o VPXLE
CALL HORNER (NWORK ¢ UNORK s VWORK 4 UX25 VX2 UBy VB UPX2,VPX21)
CALL HORNER({NWORK ; UNORK s VWORK 4 UX3, VX3 UByVB,UPX3,VPX3}
50 CALL CALC(UX1oVXLyUX2,VX2oUX3sVX3,UPX1sVPXL,UPX2VPX2,UPX3,VPX3,LX
145 VX4 ,UQ4 yVQ4y UH3, VH3)
60 CALL HORNER{NWORK,UWORKyVWORK UX4 o VXbsUBy VB UPX4 o VPX4)
ABPX4=DSQRT(UPX4*UPX4 +VPX4#VPX4)
"ABPX3=DSQRT(UPX3*UPX3 +YPX3*VPX3)
IF(ABPX3,EQ.0,0) GO TG 70
QQQ=ABPX4/ABPX3
IF{QQQ.LE.10,} GO TO 70 ‘
UQ4=0.5%UQ%
VQ4=0.5%VQ4
UX4=UX3+ ( UH3*UQ4~VH3*VQ4)
VX4=VX 3+ { VH3*UQ4 +UH3 %VQ4)
GO TO 60
70 CALL TEST(UX3,VX3,UX4 VX4, CONV)
IF(CONV} GO TO 120
IF(ITER.LTL.MAX) GO TO 110
CALL ALTER(UAPPUEAPP1),VAPPIIAPPy L) UAPPIIAPP 2} sVAPPEIAPP,2)4UAP
1PLIAPP,3),VAPP(TAPP,3) ,NALTER, ITIME) »
IF(NALTER.GT.5) GO TO 75
ITER=1
60 TO 40 .
75 IF(IAPP.LT.NAPP} GO TO 100
IF(XEND.EQ.0.0) GC TQ 77
IF (XSTART.GT.XEND) GO TO 77
NAPP=NP
CALL GENAPP{UAPP,VAPP,NAPP,XSTART}
1APP=0
GO TO 100
77 WRITE(102,1090}
KKK=NWORK+}
WRITE(102,1035) (DNAMEsJyUNORKE ) s VWORKES Yy J=1 yKKK)
BO IF{NROOT.EQ.0) GO ¥O 90
WRITE(102,1060)
IF(IPATH.EQ.1) GO TO 82
81 IPATH=2
CALL BETTER{UA,VA,NP,UROOT , VROOT 4NROOT , URAPP , vRAPP,anor,MULI»
WRITE(10241200)
82 IF(NROOT.EQ.0)GO TO 90
IF (LROOT.EQ.0) GO TO 85
WRITE(ID2,1080)
DO 55 I=1,1R0O0T o
55 WRITE(102,1085) [,UROOT(1),VROOT(1}, MULTII)gURAPP(!.Z),VRAPP(I'ZD i
1F{ IROOT.LT.NROOT} GO TO 85 :
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TABLE XITII-B (Continued)

GO TO 87

KKK=IROOT+1
WRETE(102,1086) (I,URCOTCEY,VRODTEE),MULTE L}, I=KKK,NROOT)
IFUIPATHLEQ.L) GO TO 81
60 TO 10
WREITE(102,1070) NOPOLY
G0 TO 10 '
TAPP=1APP+}

ITER=1

NALTER=0

GO TO 40

NROOT=NROOT+1
IROOT=NROOT

" MULT{NROOT}=1

125

130

140

150

110

1010

1020 FORMATU{1HL,1X,52HMULLERS METHOD FOR FINDING THE ZERQOS oF A ‘POLYNOM
LIAL/IH ,1X,18HPOLYNOMIAL NUMBER ,12,11H OF DEGREE o12///1H »1X,28K

1030

NOMUL T=NOMULT+1

UROOT ENROOTI=UX4

VROOT (NROOT ) =VX4

URAPP (NROOT 5 1) =UAPP{IAPP,1)
VRAPP (NRODT+ 1)=VAPP(LAPP, 1)
URAPP (NRODT,2}=UAPP{ T1APP 2}
VRAPP [NROOT,2) =VAPP{ TAPP,2)
URAPP {NROOT» 31 =UAPPITAPP,3}
VRAPP(NROOT,3}=VAPPIIAPP,3]
IF{NOMULT.LT.NP} GO TQ 130G
GO TO 80 ,

CALL HORNER{MWORK s UNORK » YWORK 5 UXé» VK4 5 UB s VB s UP X4 s VPX 4}
NWORK=NWORK-1

KKK=NWORK+1

DO 140 I=1,KKK

UWORK( I)=UB{ 1)
VWORK L T)=VB(I}

CALL HORNER(NWORK » UWORK s VHORK s UX4 » VX4 ¢ UBy VB o UPX 4 o VPX4
CCC=DSQRT (UPX4*UPX4+VPXGHYPX4)
IF(CCCLLTLEPSM) GO TO 150
IF(NWORK.GT.2) GO TB 75
IROOT=NROOT

CALL QUAD{UWORK,VWORK,NWORK,UROOT,VYROOT, NRODT, MULT,EPSO}
G0 TO 80
MULT(NROGT)=MULT(NROGT }+1
NOMUL T=NOMULT+1

GO TO 125

UX1=UX2

VX1=VX2

UX2=UX3

VX2=VX3

UX3=UX4

VX3=VX4

UPX1=UPX2

VPXL=VPX2

UPX2=UPX3

VPX2=vPX3

UPX3=UPX4

VPX3=VPX4

ITER=ITER+L

GO TO 50

FORMAT {2D30.0!

2THE COEFFICIENTS OF P(X) ARE//}
FORMAT(2D30.0}

208
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TABLE XIII-B (Continued)

1090 FORMAT(///4 X+65HCOEFFICIENTS OF DEFLATED POLYNOMEAL FDR WHICH NO
LZERGS WERE FOUND//)

1080 FORMATL(///1Xs13HROOTS OF PﬂXD;SZX'14HMULT!PL[CIT[ESgl7X521HlN!TIAL
1 APPROXEIMATION//)

1070 FORMAT({//+43H NO ZERQOS WERE FOUND FOR POLYNOMEAL NUMBER ,12}

1086 FORMAT(2X,5HROOTI21244H) = 4D2341633H + yD23.1642H T98XeL299%X»23HS
10LVED BY DIRECT MEYHOD)

1037 FORMAT(///+1X,13HLERQS OF P(X)o51Xpl4HMULT!PLlClT!ES//)

1035 FORMAT(3X,A240244H) = 4D23,16+3H + 4D23.16,2H I}

1085 FORMAT{2X,S5HROOT(,124,4H) = sD23.1643H + 4D23.16,2H F+BXe12,8X,D23,
11643H + 4,D23.1642H I) :

1000 FORMAT(3(I2,1X}s9Xs13,B8Xs3(D6.041X)¢13Xs2{D7.0,1X},11)

1060 FORMAT{///35H BEFORE ATTEMPT TO IMPROVE ACCURACY)

1200 FORMAT(///1X+3THAFTER THE ATTEMPT YO IMPROVE ACCURACY)

2000 FORMAT{1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 12}

2010 FORMAT(1X,29HMAXIMUM NUMBER OF ITERATIONS.,l1X,13)

2020 FORMAT{1Xy2LHTEST FOR CONVERGENCE.13X¢D9.2)

2030 FORMAT{1X,24HTYEST FOR MULTIPLICITIES.»10X4D9.2)

2040 FORMAT{1X,23HRADIUS TO START SEARCH.,11%X,4D9.2)

2050 FORMAT(1X,21HRADIUS TO END SEARCH.'13XgD9 2)

2060 FORMAT{//1X)
END
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177 ’ SUBROUTINE ALTER{XAIRX1IsX2R,X2T ¢X3RyX3 I, NALTER, XTIME)
[+ s g deodofe ok ot ot o ok o gl e e ok o o e ok ok o e ok ool gt ok o ool o ok ook ok A o R ok
c * : : *
C #* SUBROUTINE ALTER ALTERS THE INITIAL APPROX EMAT IONS WHICH PRODUCE NO *
C * CONVERGENCE YD A ZERO., THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH ROOT,  *
c * . *
c ok gk e o ool o o o Aol ok ol o el s o SR ot e s ol ol o o oo o el A e K ok B kR fol
178 DOUBLE PRECISION X1IRyX1IyX2Rp X213 X3Rp X3T,EPSL,EPS2,EPS3,R,BETA
179 DOUBLE PRECISION DCOS,DSIN
180 DOUBLE PRECESION DSQRY
181 DOUBLE PRECISION DATAN2
182 COMMON EPS1,EPS2,EPS3, 102, MAX
i83 IF(ITIME.NE.O}) GO TO 5
184 ) ITIME=1
185 WRITE(ED02,1010) MAX
186 5 IF{NALTER.EQ.0}) GO TO 10
187 WRITE(102,1000) XIR,X1IoX2RsX2E9X3RpX3I
188 GO 1o 20
189 10 R=DSQRTIX2R&X2R+ X2 %*X21}
190 BETA=DATAN2IX201,X2R}
191 WRITE(ID2,1020) XIR,X1I,X2R,X2K,4X3R,X3]
192 20 NALTER=NALTER*+1
193 IF{NALTER.GT+5) RETURN
194 GO TO €30,40030940,30),NALTER
19% 30 X2R=-X2R
196 X23¥=-%X21
197 . GO T 50
198 40 BETA=BETA+1.0471976
- 199 X2R=R*DCOS{BETA)
200 X21=R%*DSIN{BETA)
201 50 X1R=0,9%X2R
202 X11I=0,9%X21
203 X3R=1,1%X2R
204 X3[=1.1%X2¢L . ) .
205 : RETURN
206 1000 FORMAT{LXs5HXL = ¢D23,16,3H + ,D23.36,2H 1,10X422HALTERED APPROXIM
LATIONS/1Xy5HX2 = 4D23.1653H ¢ ,D23.06:2H 1/1X95HX3 = 4023,1653H +
24D23.,1642H 1/}
207 1020 FORMAT{1HO,5HX1 1D23,16¢3H ¢+ 4D023.16,2H [ 410X, 22HINITIAL APPROXE

IMATIONS/1X,5HX2 = ,023,1693H + ,D23416¢2H I1/1Xy5HX3 = 4yD23.1643H +
2 ¢D23.1642H 1/} )
208 1010 FORMATI(///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMAYIONS AF
1TER ,13,12H ETERATIONS.//)
209 END
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SUBRGUTINE GENAPP{APPR,APPI,NAPP,XSTART)

211

**#*#######t##*###*#****#***#**t*#####*####ﬂ*#&$¢#$#$#***##&#####**###**##**

*
*
&
#

SUBROUTENE GENAPP GENERATES N INITIAL APPROXIMATIONS,
DEGREE OF THE ORIGIMNAL POLYNOMIAL.

WHERE N IS THE

* .
&
*
.

A ok d ok Ao ok ook ok S ok e ol ok ookl ko ok ok R R R Rk R R R R E Rk A kR R Rk

i0

20

DOUBLE PRECISION APPR,APPI o XSTART,EPSL,EPS2,ERSIHBETA
DOUBLE PRECISIGN DCOS,DSIN

DIMENSION APPR(25,3) ,APPI(25,3}

COMMON EPS1,EPS2,EPS3, 02, MAX

< FF{XSTART.EQ.0.0) XSTART=0,.5

BETA=0.2617994

DO 10 I=1yNAPP

APPREI 22 )=XSTART*DCOS{BETA)
APPIET,2)=XSTART#DSIN(BETA}
BETA=BETA+0.5235988

XSTAR T=XSTART+0.5

DO 20 I=1,NAPP
APPR{E,11=0,9%APPR{E,2}
APPIL T2 )=0,9%APPILL,42}
APPR{T+3}=1,1%APPR{1,2}
APPE{T ¢ A2=1,R%APPIIT,2)

RE TURN

END
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229 SUBROUTINE BETTER{UA,VA NP sURDOT , VRODT oNROOT 1URAPP s VRAPP 4 IRCOT o UL
1T) .
0 o o e o s ol o el et o e e e el o e ek e e e g e ol ke ook o e ok e e o ke e e ###*#!*##*t&#ﬁ**#**#*## .
#*
* SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACV OF THE ZERDS FOUND =
# BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER®S METHOD APPLEED TO  *
# THE FULL, UNDEFLATED POLYNDMIAL. .
* : e
e ok afe A o A g o ofe e e koo Aok kol dk ok #**#*#*####*@*##*##*##*##**’9‘##*#*#*### Tk Ehkd gk iy
230 DOUBLE PRECISION URDOT,VROOT,UAy YA, UBAPP,VBAPP jUX1, VXL, UKX2,VX2,UX3
1:VX3.UPX1oVPXlgUPXZpVPXZvUPX3'VPX3'UBoVB.URDOFS,VRDOISgEPSRFnUX4eV
: 2X4,URAPP y VRAPP »EPSD,EPSpU04%,VQ4 s UHI, VH3
231 LOGICAL CONV

el NeEsNaNaNal

232 DIMENSION URDOT(25),VROOT (250 ,UAL26),VAIZ6)UBAPR {25530, VBAPPE25,3

\ 1»,UB(26DVVB(263,URODTS&ZSB,VRODTSdZS»gURAPP625.3DDVRAPPGZSOSDuMULU
3(25)

233 COMMON EPSRT ,EPSO,EPS, 102 MAX

234 IF(NROOT.LE-L) RETURN

235 L=0 -

236 DO 10 1=1,NROOT

237 UBAPP{1,1)=UROOT{ I I=EPSRT

238 VBAPP{],1)=VYRDOT () }*EPSRT

239 UBAPPLT ,2) =URCOTEI)

240 VBAPP(1,2)=VRAOT(I}

241 UBAPP{T,3)=UROOT{1)%{2,0~EPSRT}

242 10 VBAPP(!,3}=VROOT{I}*{2,0-EPSRT)

243 DG 100 J=1,NROOT

264 UX1=UBAPP{J,s1)

245 VX1=VBAPP{J,1) %

246 UX2=UBAPP(J,2} o

247 YX2=VBAPP (J42} ;

248 ‘ UX3=UBAPP {J,3) 9

249 VX3=VBAPP{J, 3)

250 1TER=1

251 CALL HORNERENP yUAs VA JUXE 1VX1oUB o VByUPXL,VPX1)

252 © CALL HORNER{NP,UA4VA,UX2,¥X24UB,VB,UPX2,VPX2} _

253 20 CALL HDRNER(NP.UA.VA UX3,¥YX3,UBs¥B,UPX3,VPX3) :

254" CALL CALC{UXL, ¥X1sUX24VX2,UX3,¥X3,UPX1, vpxxvupxz.vaz,upxavVan,ux

144V X4y UQ4 y VQ4%y UH3 p VH3 } :

255 30 CALL TESTOUX3,YX3,UX4%pVX4yCONV)

256 IFLCONV)Y GO YO 50 : Lo

257 IF(ITER.LT.MAX) GO TQ 40 : e,

258 WRITE{102,1000) J,URDOT1J) ,YROOT £ SD yMAX : -

259 WRITEL102,10%0) UX4,VX4

260 IF{J.LY.IROOT) GO TO 33

261 IF{J.EQ. {ROOT) GO TO 35

262 GO TO 100

263 33 KKK=[ROOT~1

264 . DO 34 K=JoKKK

265 URAPP (K51 }=URAPP{K 1,1}

266 VRAPP {Ky1 ) =VRAPP{K#) ,1)

267 URAPP (K, 2)=URAPP{K+1,2}

268 VRAPP [Ks2)=VRAPP (K41 02}

269 . URAPP{K,3)=URAPP{K+1,3}

270 34 VRAPP{K,3)=YRAPP{K+1,3)

271 35 [ROOT=1RO0T~1

272 . G0 TQ 100

273 40 UX1=UX2

274 VAL=VX2

275 UxX2=Ux3
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¥X2=VX3

UX3=UX4

VX3=VX4

UPX1=UPX2
VYPX1=VPX2
UPX2=UPX3
VPX2=VPX3
ITER=ITER+L

G0 TO 20

=L +]
UROOTS{L)=UX4
VROGTS(L}=VX4
MULTELI=MULT D)
CONTINUE
IFIL.EQ.0) GO TO 120
D0 110 I=1,L

UROOT (1)=UROOTSLE Y
VROGT {1 }=YROOTS({I)
NROOT=L

RETURN

NROOT=0

RETURN

1000 FORMAT{///42H XN THE ATTEMPT TO EIMPROVE ACCURACY, ROOT(,12,4H} = ,

1D023.1693H + 4D23.16,2H 1/24H DID NOT CONVERGE AFTER 4I3,31H ITERAT

2I0NS})

' 1010 FORMAT(30H THE PRESENT APPRDXEMAI[ON s

17}
END

#023,1603H ¢ D23.16,2H 1/
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TABLE XIII-B {Continued)

SUBROUTINE CALC{UXLpVXLaUX2sVX29UX3 VX3 4UPXLoVPX1sUPX2sVPH2,UPA3 oY
1PX3,UX4 3 VX40UQ4 VQ4yUH3,VH3 ) ‘ .
ok ok R XK ORI XK AR KR Kol Tl o ok ok SO B ol SO R R A

#*
GIVEN THREE APPROXIMATIONS X{N-2)}, X{N-1), AND X{N)s SUBROUTINE CALC %
APPROXIMATES THE POLYNOMIAL BY A QUADRATIC AND SOLVES FOR THE ZERQ OF *
THE QUADRATIC CLOSEST YO X(N}. THIS ZERO IS THE NEW APPROXIMATION *
X{N+1) TO THE ZERO OF THE POLYNOMIAL. g . *

-]

*

a0 e e o e e e 2ok ok e A ool e o ok o e o ol ke a2 ok oo ol ade e oo o 6 o e 4 s o o ol e ke afe s o o ool ok afe Ak ool ot g o of o o o R e o ok ol Kok K
DOUBLE PRECISION ARGL,ARG2

DOUBLE PRECISTION UPX3,VPX3,UPX2,VPX2,UXLsVX1,UX2,VX2,U%3sVX3,UPX] ,
1VPX1 4 UH3,VH3 ,UH2 ,VH2 ,UQ3,V Q3 UDy VD, UB¢ VB4 UC , VC , UDTSC 4 VD E SC4 UCCCy VC
2CC +UDENL o VDEN] s UDEN2 y VDENZ yUQ4 s VQ4 s UX4% ; VX4 s EPSRT yEPS04 EPS ,UDDD, VDD
30D,AAA,BBB,RAD, UAAA,VAAA,UBBB,VBBB

DOUBLE PRECTISION THETA,ANGLE,UTEST,VTEST

OOUBLE PRECISION DATAN2,DCOS,DSIN,DSQRT

COMMON EPSRT,EPSO,EPS,102,MAX

UH3=UX3-UX2

VH3=YX3-VX2

UH2=UX2-UX1

VH2=VX2-VX1

BBB=UH2¥UH2$VH2%VH2

UQ3= (UH3*UH2+VH3*VH2 ) /BBB

VQ3={ VH3*UH2~UH3%VH2 ) /BSB

UDPD=1.0+UQ3

vDDD=VQ3

UD={ UPX3~ (UDDD*UPX 2-VDDD*VPX2} ) + {UQ3*UPX1-VQ3*VPX1}

VD={VPX3- (VDDD*UPX2+UDDD*VPX2)D+(VQB*UPX1*U03*VPXID

UAAA=2,0%0UQ3

VAAA=2,0%V03

UAAA=UAAA+1.0

UBBB=UDDD*UDDD-VDDD*VDDD

VBBB=VDDD*UDDD+UDDD*YDDO

UCCC=UQ3*UQ3~VQ3*V03

VCCC=VQ3%UQ3+UN3%*V03

UB=( (UAAA*UPX3~VAAAXYPX3)~{ UBBB*UPX2-YBBB*VPX2) ) +{UCCCHUPX 1~ vccc*v
1PX1)

VB={{ VAAAXUPX3+UAAARVPX3) - AVBBB*UPXZ+UBBB*VPXZQ)+lVCCC*UPX1+UCCC#V
1PX1)

UC=UDDD#UPX3-VDDD*VPX3

VC=VDDD*UPX3+UDDD*VP X3

UDISC=({UB*UB-VB*VB )~ (4.0 %{ UD*UC-VD*VC )}

VDISC={2.0%({VBXUBY)~(4,0%( VD*UC+UD*VC))
AAA=DSQRT{UDISC*UDISC+VDISC*VDISC)

IF(AAA.EQ.0.0) GO TD 5

GO TO 7

THETA=0.0

GO TO 9

THETA=DATAN2 {VDISC ,UDISC}

RAD=DSQORT (AAA)

ANGLE=THETA/2.0

UTEST=RAD*DCOS ( ANGLE)

VTEST=RAD*DS IN{ ANGLE }

UDEN1=UB+UTEST

VDEN1=VB+VTEST

UDEN2=UB-UTEST

VDEN2=VB-VTEST

ARG1=UDENL#*UDEN1+VDEN1%VDENI

ARG2=UDEN2*UDEN2+VDEN2*VDEN2
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TABLE XIII-B (Continued)

AAA=DSQRYT { ARG1)
BBB=DSQRT{ARG2)
IF(AAA.LT.BBB) GO TO 10
IF{AAA.EQ.0.0} GO TO 60
UAAA=-2.0%UC
VAAA=-2,0%VC
UQ4= (UAAAXUDEN 1 +VAAAXVDENL ) JARG]
VQ4=(VAAA*UDENL-UAAA¥VDENL } /ARGY
GD TO 50

10 IF{BBB.EQ.0.0) GO TO 60
UAAA=-2,0%UC
VAAA=-2,0%VYC
UQ4={UAAA*UDEN2+VAAA*VDEN2 ) /ARG2
VQ4={VAAAXUDEN2-UAAA*VDEN2 )} /ARG2
GO TO 50

50 UX4=UX3+{UH3*UQ4~VH3I*VQ4)
VX4&=VYX3+{VH3I*UQ4+UH3 ¥V Q4 }
RETURN

60 UQ4=1.0
¥Q4=0,0
GO0 10 SO
END ’

SUBROUTINE TEST{UX34VX3,UX4,VX4sCONV)

L R T e e R AL e L L T2 PR T T
& &
* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- #
* IMATIONS BY TESTING THE EXPRESSION 5
* ABSOLUTE VALUE OF {X{N+#1)-X(N})/ABSOLUTE VALUE OF X(N+l}. *
* WHEN IT IS AS SMALL AS DESIRED: CONVERGENCE IS OBTAINED. ®
* : *
B T T T T T A TR A A R T P S e
DOUBLE PRECESION DSQRT
DOUBLE PRECISION UX3,VX3,UX4 VX4 EPSRYEPSO.EPS, AAA  UDUMMY o VDUMMY o
LDENOM o
LOGICAL CONV ' :
COMMON EPSRT,EPSO,EPS, 024MAX
UDUMMY =X 4-UX3
VDUMMY=VX4-VX3
AAA=DSQRT (UDUMMY*UDUMMY +VOUMMY *VDUMMY }
DENOM=DSQRT{UX4*UX4+VX4%VX4)
IF(DENOM.LT.EPSO) GO TO 20
IF{AAA/DENOM.LT.EPS} GO TO 10
5 CONV=,FALSE,
GO 710 100
10 CONV=.TRUE.
GO TO 100
20 IF(AAA.LTLEPSO) GO TO 10
G0 10 5
‘100 RETURN
END
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TABLE XIII-B (Continued)

SUBROUTINE HORNER(NA,UA;VAoUXs VX UBy VB, UPXoVPX )

216

#******#*#***#******#**#**#*###*t#t##**t#tt**#*#*#t###*&#tv#t#t*####*t&t#*##

*

* HORNER®S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P(X) AT A POINT D.

*
*
&

kR d ke kR kR kR ko ok ok ko Rk kol Rk kR Rk kR Rk ok

10

*
*

SYNTHETIC DIVISION IS USED VO DEFLATE THE POLYNOMIAL BY DIVIDING DQUT THE #

FACTOR ({X~D).

DOUBLE PRECISION UXsVXysUPXsVPXoUB, VB, UA,VA
DIMENSION UAL26),VA{26),UB(26),VBL26)
UB(1)=UA(})

VB{1)=VAll)

NUM=NA+1

DO 10 I=2,NUM
UBLT)=UA(T)+(UB(I-1)3UX-YBL{I-1)%*VYX}

VBiI})= VA(!)+(VB([—1)*UX*UB(! 1) *yX}
UPX=UB{ NUM}

- VPX=VB{ NUM}

RETURN
END

i
%
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TABLE XIII-B (Continued)

SUBROUTINE QUAD{UA,VA¢NA,URDOT¢VROOT s NROOT 4MULTE,EPST)

217

##**#***#l**#****#**‘*“t“‘#‘#‘#“‘t“‘“‘#t#t‘#“‘t##‘t‘*“O**ﬂ##*‘*****#*

‘
*
*
*
*

10

50

SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE

QUADRATIC IS DONE USING THE QUADRATIC FORMULA.

AEERRR R RE AR KRR R E AR ERR AR R SRR AR R N H ok Bk
DOUBLE PRECISION UA,VA,UROOT,VROOT,BBBsUAAA,YVAAA,UDESC,VYDESCUDUMM

LY s VOUMMY » RDUMMY 4 SOUMMY , EPST ,UBBB,VBBB

DOUBLE PRECISION DSQRT

DIMENSION UAL26),VAL26),UROOT(25),VROOT{25) 4MULTEL25)
IF{NA.EQ.2) GO TO 7

IF(NA.EQ.1} GO 10 5

URDOT (NROOT+1)=0.0

VROOT (NROOT+1 )=0,0

MULTI({NROOT+1)=1

NROOT=NROOT+1

GO TO 50

BBB=UA(L)*UA(LI+VALL1D®VA(L)

UROOT {NROOT+1)=(-UA(2)*UA({1)-VA(2)*VA{1))/BBB

VROOT (NROOT+1)=(~-VA(2)*UALL)+UAL2)*VA(1))/BBB

MULTI(NROOT#1)=1

NROOT= NROOT+1

GO TO 50
UDISC=(UA(21%UA(2)~-VA(2)*VA(2) )~ (4. 0% LUALL)I*UA(3)~VA{L)*VA(3)))
VDISC=(VA{2)*UA(2)+UAL2)#VA(2) )14 0%(VALL)*UALI)+UALL)}*VAL3}))
BBB=DSQRT(UDISC*UDISC+VDISC*VDISC)
IF{BBB.LT.EPST) GO TO 10

CALL COMSQT(UDISC,VDISC,UDUMMY,VDUMMY)
UBBB=<UA(2)+UDUMMY

VBBB=~VA(2)+YDUMMY

ROUMMY=-UA(2)-UDUMMY

SDUMMY=-VA(2)-VDUMMY

UAAA=2,0%UA(1)

VAAA=2.0%VA(1l)

BBB=UAAA*UAAA+VAAAXVAAA
UROOT{NROOT+1)=(UBBB*UAAA+VBBB*VAAA)/BBB
VROOT (NROOT+1) ={VBBB*UAAA~UBBB*VAAA)/BBB
UROOT (NROOT+2)={RDUMMY *UAAA+SDUMMY*VAAA)/BBB
VROOT {NROOT+2)=(SDUMMY*UAAA~RDUMMY *VAAA) /BBB
MULTI(NROOT+1} =1

MULTI{NROOT+2)=1

NROOT=NROOT+2

G0 TO 50

UAAA=2,0%UA(1)

VAAA=2,0%VA{l)

BBB=UAAA¥JAAA+VAAAXVAAA
UROOT(NROOT+1}={-UA(2)*UAAA-VA{ 2)*VAAA)/BBB
VROOTINROOT#1) ={(- VA(2!*UAAA+UA(2)‘VAAA)/BBB
MULTI{NROOT+1)=2

NROOT=NROOT+1

RETURN
END

A

*
*
*”
*
*
#*
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- TABLE XIII-B (Continued)

SUBROUTINE COMSQT(UX,VX,UY VY]
ttttttttt#ttttt#tttttt‘#tttttttttt#ttt##t#tttttttttt#t#t##tt##ttt###ttt&tttt

* THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER o

IFL(VX) 10+20,30
UY=AAA
Y=-1.0%BBB

GO TO 100
IF(UX) 40.50460

UY=AAA

Vy=BB8

GO TO 100
DUMMY=DABS (UX)
uY=0.0
VY=DSQRT{ DUMMY )
GO TO 100
uy=0.0

vY=0.0

GO TO 100

DUMMY=DABS (UX)
UY=DSQRT(DUMMY)
Yy=0.0

RETURN

. END

SENTRY |
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tt#####t#t#t##t##t####t#t######tt##tt##t#tt###tttt####tt##tt#tttttttt#tttt#t
DOUBLE PRECISION UXyVXsUY4sVY,DUMMY,RyAAA,BBB

DOUBLE PRECISION DSQRT,DABS

R=DSQRT (UX*UX +VX*VX}

AAA=DSQRT(DABS ((R+UX)/2.0))

BBB=DSQRT(DABS((R-UX}/2.0}}



APPENDIX D
G.C.D. - NEWTON'S METHOD
1. TUse of the Programs

Two programs using the greatest common divisor method supported
by Newton's method are presented here. The first is the single
precision program. The second program is in double precision and is
désigned to perform double precision complex arithmetic. These
programs are written for use on any computer using FORTRAN IV language.
They have been tested on the IBM S/360 mod. 50 computer which has a
32 bit word. However, it may be necessary to change the system func-
tions as described below. The single precision program may be changed .
to double precision as described below.

After selecting the desired program, the input data should be
prepared as described in section 2.

Each program is designed to solve polynomﬁals of degree 25 or
less. Both the coefficient of the highest degree term and the constant
coefficient should be non-zero. 1In order to solve polynomials of
degree N; where N > 25, certain array dimensions must be changed.

These are listed in Table XIV for the main program and subprograms in

both single precision and double precision.

219
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TABLE XIV
PROGRAM CHANGES FOR SOLVING POLYNOMIALS

OF DEGREE GREATER THAN 25 BY G.C.D. -
NEWTON'S METHOD

Single Precision Double Precision

Main Program

P (N+1) UP (N+1) ,VP (N+1)

OIAPP (N) UOIAPP(N) , VOIAPP(N)
ROOT (N) UROOT (N) ,VROOT(N)

MULTI (N) MULTI (N)

DP (N+1) UDP (N+1) ,VDP (N+1)
RK(N+1) URK (N+1) , VRK (N+1)

RIAPP (N) URIAPP (N) , VRIAPP (N)
H(N+1) UH (N+1) , VH (N+1)

DPOLY (N+1) UDPOLY (N+1) , VDPOLY (N+1)

Subroutine MEfHOD
See main program of Table I in Appendix B.
7Subroutines GENAPP, HORNER, BETTER, and QUAD
See corresponding part of Table I in Appendix B.
Subroutine DERIV

A(N+1) UA(N+1) , VA(N+1)
B (N+1) UB(N+1) , VB (N+1)

Subroutine DIVIDE

F(N+1) UF (1) ,VF(N+1)
G(N+1) UG(N+1) ,VG(N+1)
H(N+1) UH (N+1) , VH (1)
C(N+1) UC(N+1) ,VC(N+1)

Sﬁbroutine GCD

R1(N+1) URL (N+1),VRL (N+1)
R2(N+1) UR2(N+1) ,VR2 (N+1)
T(N+1) UT(N+1) , VI (N+1)
RK (N+1) . URK (N+1) , VRR (N+1)
P(N+1) UP (N+1) ,VP(N+1)

DP (N+1) UDP (N+1) ,VDP (N+1)
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TABLE XIV (Continued)

Single Precision Double -Precision

Subroutine MULTIP

A(N+1) UA (N+1) , VA (N+1)

ROOT (N) UROOT (N) , VROOT (N)
WORK (N+1) UWORK (N+1) , VWORK (N+1)
MULTI (N) MULTI.(N)

B(N+1) UB (N+1) , VB (N+1)
C(N+1) UC (N+1) , VC (N+1)

Certain computers may require that the system functions of Table:
II in Appendix B be changed in the single precision and double precision
programs.

When used on the‘IBM S/360 with the WATFOR coﬁpiler for FORTIRAN IV,
the system functions in Table XIV-A must be:typed in a declaration
statement. These also appear in the program listing. For use without
the WATFOR compiler or on other computers, these system functions might
have to be removed. A "c" dendtes a comples number and an "r" denotes

a real number., For -subroutines not listed, see the corresponding

subroutine of Table II-A in Appendix B.

TABLE XIV-A

SYSTEM FUNCTIONS IN THE G.C.D. - NEWTON'S METHOD
TO BE TYPED WHEN THE WATFOR COMPILER IS USED

Single Precision Double Precision

Subroutines- METHOD, GCD, and MULTIP

Square root - DSQRT (r)
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The single precision program may be converted to double precision
for use on machines equipped to perform double precision complex
arithmetic provided the following changes or their equivalent are made
and the system functions of Table XV are used and typed in a declaration
statement where necessary. The changes presented below are those
required for the IBM S/360. A "c" denotes a complex number and an ''r"
denotes a real number. The format statements should be changed from
E-type to D-type.

In the main program and each subprogram change COMPLEX C1sCosoce

to COMPLEX*16 c and add IMPLICIT REAL#*8(A-H,0-Z).

192G e

TABLE XV

SYSTEM FUNCTIONS FOR CONVERTING SINGLE PRECISION G.C.D. -
NEWION'S METHOD TO DOUBLE PRECISION

Single Precision Double Precision

Subroutines METHOD, ALTER, NEWTON, CHECK,
BETTER, QUAD, GCD, and MULTIP

CABS (c) - absolute value - CDABS(c)
Subroutines GENAPP, ALTER, and QUAD

See corresponding part of Table III in Appendix B.

2. Input Data for G.C.D. - Newton's Method

The input data for the G.C,D. - Newton's method is prepared as

described in Appendix B, § 2 except for some of the variable names and
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one added item to the control card. The control card is. described in
Table XVI and illustrated in Figure 13. The correspondence of variable
names for the coefficient data, initial approximation data, and end

card are given.in Table XVII.

TABLE XVI-

CONTROL DATA FOR G,C.D., - NEWTION'S METHOD

Variable Name Card Columns Description
NOPOLY c.c, 1-2 Number of the polynomial.
Integer.

Right justified.

NP S c.c, 4=5 Degree of the polynomial.
Integer.
Right justified.

NIAP c.c. 7-8 Number of initial approximations to
be read.
Integer.
Right justified.
If no initial approximations are
given, leave blank.

MAX cecs 19-21 Maximum number of iteratioms.
Integer.
Right justified.
200 is recommended.

EPSG c.c., 23-28 Test for zero in subroutine GCD.
Real.

Right justify.

1.E~02 (1.D-03) is recommended.

EPSCNV c.c. 30-35 Convergence requirement.
Real.
Right justify. :
1.E-05 (1.D-10) is recommended.

EPSQ c.c. 37-42 Test for zero in subroutine QUAD.
Real. :
Right justify.
1.E-10 (1.D-20) is recommended.



Variable Name

EPSMUL

XSTART

XEND

KCHECK

Newton's Method

A(RA)
A(VA)

XZERO (RXZERO)
XZERO (VXZERO)

KCHECK

224

TABLE XVI (Continued)

Card: Columns

Description

c.c. 44-49 Multiplicity requirement.
Real,
Right -justify.
~1.E-01 (1.D-02) is recommended.
csC. 64-70 Magnitude at which to begin gen-
erating initial approximations.
Real.
Right justify.
This is a special feature of the
program and may be omitted.
c.c. 72-78 Magnitude at which to end the gen-
erating of initial approximations.
Real,
Right justify.
This is a special feature of the
program and may be omitted.
c.c. 80 This should be left blank.
TABLE XVII

CORRESPONDENCE OF NEWTON'S AND G.C.D. -
NEWTON'S INPUT DATA VARIABLES

G.C.D., — Newton's Method

Coefficient Card

Initial Approximation Card

End Card

.- & KCHECK



00000E11111111ﬂ12 2zzz§F33333 3133344 44444455555555556666666666777777777@8
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N N K
0 I | C
Pl || Al MAX] | EPSG | [EPSCNY] | EPSQ | [EPSMUL XSTART || XEND | H
0 P : | B
L e
Y K
1 7 200| [1.E-02| {1.E-05| [L.E-10] [L. E-01] 1.0E+01] 2.0E+0]

| 1 7l 200| [1.D-03} [1.D-10| L. D-20] [1.D~02 1.0D+01 2.0D+01

Figure 13. Control Card for G.C.D. - Newton's Method
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3, Variables Used in G.C.D, - Newton's Method

The definitions of the major variables used in the G.C.D. -
Newton's method are given in Table XVIII. For definitions of variables
not listed in this table see the definitions of variables for the
corresponding subyoutine in Table VIII of Appendix B. The symbols and
notation used here are the same as for Table VIII of Appendix B and

are described in Appendix B, § 3.
4, Description of Program Output

The output from the G.C.D. - Newton's method is the same as for
Newton's method as described in Appendix B, § 4 in addition to the
following. The polynomial containing only simple roots; that is, after
all multiple roots have been removed, is printed, coefficient of high-
est degree term first, under the heading "THE COEFFICLENTS OF
H(X) = P(X)/G.C.D. ARE" (Exhibit L). Also the test for zero in sub-

routine GCD is printed as read from the control card.
5. Informative and Error Messages

The output may contain informative messages printed as an aid to

the user. These are:

""THE EPSILON (XXX) CHECK IN SUBROUTINE MULTIP INDICATES THAT ROOT(YY) =
227 IS NOT CLOSE ENOUGH TO BE A TRUE ROOT. IT IS PRINTED BELOW WITH
MULTIPLICITY 0." XXX is the multipiicity requirement, YY is the num-
ber of the root obtained after the attempt to improve accuracy, and

ZZZ is the value of the root after the attempt to improve accuracy.

This message indicates that the value of the polynomial at the root
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does not meet the requirement for multiplicities. The root, however,
is usually a good approximation to the true root since convergence was

obtained both before and after the attempt to improve accuracy.

"NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX." XX is the number of
the polynomial. The message indicates that Newton's method did not

converge to any root of this polynomial.

For a description of other messages see thoseé of Newton's method

given in Appendix B, §.5.



TABLE XVIII

VARIABLES USED IN THE G.C.D. - NEWTON'S METHOD

Single Precision Double Precision  Disposition
Variable Type Variable Type of Argument Description

Main Program

101 I I01 I Unit number of input device

102 I 102 I Unit number of output device

NOPOLY I  NOPOLY I Number of the polynomial P(X)

NP I NP I Degree of P(X)

" ANAME A ANAME A Name of method used (NEWTONS)

MAX I MAX I Maximum number of iterations permitted

NIAP I NIAP I Number of initial approximations to be read

EPSG R EPSG R Tolerance check for zero (0) in Subroutine GCD

KCHECK I KCHECK I Program control - KCHECK = 1 terminates execution

P C Up,VP R Array of coefficients of original polynomial, (P(X))

OIAPP C UOIAPP,VOIAPP R Array of initial approximations

NROOT 1 NROOT 1 Number of distinct roots found

IROOT I IROOT I Number of -distinct roots found by the iterative process
i.e. not as a result of Subroutine QUAD

EPSCNV R EPSCNV R Tolerance -check for convergence

EPSQ R EPSQ R Tolerance check-for zero (0) in QUAD

EPSMUL R EPSMUL R Tolerance check for multiplicities

XSTART R XSTART R Magnitude at which to begin generating approximations
(initial)

XEND R XEND R Magnitude at which to end the generating of initial
approximations

ROOT c UROOT,VROOT R Array of roots found .

DP C UDP,VDP R Array of coefficients ?f’derivative,P'(X% of ‘P(X)

NDP I NDP I Degree of derivative P (X)



Single Precision

Double Precision

TABLE XVII (Continued)

Disposition -

Variable Type Variable Type of Argument
RK C  URK,VRK R

NRK- I NRK I

H C  UH,VH R

NH I NH I

RIAPP C URIAPP,VRIAPP R

DPOLY C UDPOLY,VDPOLY R

MULTI I MULTI I

ND I ND I-

P C  UP,VP R E
NP I NP I E
DP C UDP , VDP R E
NDP I NDP I E
RL C  URL,VRL R

R2 C  UR2,VR2 R

N1 I N1 I

N2 I N2 I

T C  UT,VT R

U cC  UU,VU R

M I M I

Description

Array of coefficients of the greatest common divisor of
P(X) and P'(X)

Degree of g.c.d. of P(X) and P'(X)

Array of coefficients of quotient polynomial i.e.
P(X)/g.c.d. ,

Degree of quotient polynomial P(X)/g.c.d.

Array of approximations (initial or altered) producing
convergence '

Array of coefficients of deflated polynomial for which
no roots were. found

Array of multiplicities of each root

Program contrel and number of coefficients of deflated
polynomial for which no zeros were found

Subroutine GCD

Array of coefficients of P(X)

Degree of P(X) .

Array of coefficients of P (X)

Degree of P (X)

Array of coefficients of dividend polynomial

Array of coefficients of divisor polynomial

Degree of dividend polynomial (R1)

Degree of divisor polynomial (R2)

Array of coefficients-of difference polynomial
(R1 - U(R2))

Quotient (R11/R27)

Degree of difference polynomial (T)

— —



TABLE XVIII (Continued)

Single Precision Double Precision  Disposition

Variable Type Variable Type of Argument Description

RK C URK, VRK R R Array of coefficients of greatest common divisor of P(X)
and P'(X) .

NK I NK I R Degree of g.c.d. of P(X) and P (X)

EPSG ’ R EPSG R E Tolerance check for zero (0)

Subroutine DERIV

A C UA,VA R E Array of coefficients of polynomial, P(X)

NA I NA I E Degree of P(X)

B C UB,VB R R Array of coefficients of derivative, P (X)

NB I NB I R Degree of P (X)

Subroutine MULTIP

A C UA,VA R E Array of coefficients of original polynomial, P(X)

NA I NA I E Degree of original polynomial, P(X)

ROOT C UROOT, VROOT R E Array of roots of P(X)

NR I NR I E Number of roots (distinct) in array ROOT

EPSPX R EPSPX R E Tolerance check for multiplicities

MULTI I  MULTI I R Array of multiplicities of each root

WORK C UWORK,VWORK R Working array for coefficients of current polynomial

NWORK I NWORK I Degree of polynomial whose coefficients are in WORK
i.e. the current polynomial

B C UB,VB R Array of coefficients of newly deflated polynomial

C uc,ve R Array containing sequence of values leading to the

derivative

PX C UPX,VPX R Value of the polynomial at a point

DPX C UDPX, VDPX R . Derivative of the polynomial at a point



Single Precision

Double Precision

Variable Type Variable
KANS I KANS

102 I 102

F C UF,VF

NF I NF

G C UG,VG

NG I NG

H C UH,VH

NH I NH

TERM C UTERM, VTERM
NNF I NNF

X ¢ UX,X

C C uc,ve

PX C UPX,VPX-
DPX C UDPX,VDPX

Type
I

I

WO R H W MW W

TABLE XVIII (Continued)

b R o I ol e i e

Disposition

of Argument

Description

KANS = 1 implies convergence; KANS = 0 implies no
convergence :
Unit number of output device .

Subroutine DIVIDE

Array of. coefficients of dividend polynomial
Degree of. dividend polynomial

Array of coefficients of divisor polynomial -
Degree of divisor polynomial

Array of coefficients.of quotient polynomial
Degree of quotient polynomial

Dummy variable used for temporary storage.
Degree of dividend polynomial to be deflated
Value at which to deflate polynomial F(X)
Array of sequence.of values. leading to the derivative
Value of polynomial at the point X

. Derivative of the polynomial -at the point X

-
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TABLE XVIII-A

SINGLE PRECISION PROGRAM FOR G.C.D. - NEWTON'S METHOD

'$J0B 10414

OO0 O00

########‘#######*##*‘t#‘*###t##t##*tf##*#####tt#####*##tt##*####ﬁ#*#tt###tt#

SINGLE PRECYSION PROGRAM FOR GeCsDe — NEWTON!S METHOD

*

*

*

*

* THE G+CoD. METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A

* POLYNOMIAL OF MAXIMUM DEGREE 25. ALL MULTIPLE ROOTS ARE REMOVED 8Y

* DIVIDING THE POLYNOMIAL BY THE GREATEST COMMON DIVISOR OF THE POLYNOMIAL
* AND ITS DERIVATIVE. THE ZEROS OF THE RESULTING POLYNOMIAL ‘ARE EXTRACTED.
* AND THElR MULTIPLICITIES DETERMINED.

*
*

###*i*#*%&%

o X g 2 2 e e e ok ok o ofe o ade ok e 2 ok e e 2 afe e o e e o o o o e s oo oo o ol ol o ool e ek e ok oo e e o e e ke o ek
COMPLEX P,O01APP,ROOT 40P ,RK{RIAPP,HsAPPNO,DPOLY
DIMENSION P(26),01APP(25),R0O0T(25)sMULTI(25),DP{26),RKL26),RIAPP(2

15) 4H(26),DPOLY (26),ANAMEL2)

COMMON EPSCHK, 102 ,MAX
DATA PNAME,HNAME, DNAME/ 2HP (4 2HH( 4 2HD( /
DATA ANAME{1),ANAME{2)/4HNEWT, 4HONS /7
101=5
102=6

10 NROOT=0 .
READ(I01,1000) NOPOLYsNPoNIAPyMAXoEPSGoEPSCNV,EPSQ)EPSMULy XSTART X
1END, KCHECK
IF(KCHECK.EQ.1) STOP
KKK=NP+1
READLIOLy 1010} (P{1)yI=1,KKK)}
IFINIAP.EQ.,0) GO TO 20
READ(101,1020) (OIAPP(I),I=1,NIAP)

20 KKK=NP+1

WRITE(102,1030) ANAME(1),ANAME (2)4NOPOLY (NP
WRITE{ID2,1035) {(PNAME,IP{I},1=1,KKK)
WRITE(102,2060)

WRITE(102,2000) NIAP
WRITE{102,2010) MAX
WRITE({102,2070) EPSG
WRITE(102,2020) EPSCNV
WRITE(1ID2,2030) EPSMUL
WRITE(102,2040) XSTART
WRITE(102,2050) XEND
IF(NP.GT.2) GO TO 90
CALL QUADIP4NP,ROOT,NROOT,MULTI,EPSQ)
85 WRITE(102,1037)
WRITE(102,1086) (I,RO0T(I},MULTI(I),1=1,NROOT)
G0 YO 10
90 CALL DERIV(P4NP,DP,NDP)
CALL GCD{(P,NP,DPyNDP,RK,NRK,EPSG)
CALL DIVIDE(P yNPyRKyNRK,H,NH)
KKK=NH+1
WRITE(102,1060}
WRITE(102,1035) (HNAMEsI+H(I)yI=1,KKK)
IF{NH.GT.2) GO TO 150
CALL QUAD(H,NHsRO0T,NROOT,MULT [,EPSQ)
CALL MULTIP(P,NP,ROOT,NRODT+MULTT,EPSMUL)
G0 TO 85
150 CALL METHOD{H,NH,CIAPP,NIAP,ROOT, NROOT.R!APP DPOLY.MULT!.ND.[ROOT.

LEPSQ, XSTART, XEND,EPSCNV,EPSMUL) e
1F{NROOT.NE.O) GO TO 170
WRITE{102,1070) NOPOLY



56
57
58

59
60

61"

170

. 200
230

1080

1085

" 1000

1010
1020
1030

1035
2000
2010
2020
2030
2040
2050
2060
2070
1037
1060
1070
1065

1090

243

TABLE XVITI-A (Continued)

GO TO 200

CALL MULTIP(P,NP,ROOT, NRUOT,MULT!cEPSMULD

WRITELIO2,1065)

WRITEL102,10801)

WRITE(102,1085) (I1,ROOT{I) MULTI(T),RIAPP(I),I=1,1R00T}
KKK=1ROOT+1 ’ :
IF(IROOT.LT.NROOT} WRITE(102,1086} (I,RO0T(Y),MULTI(IY,I=KKK,NROOT

1)

IF(ND.EQ.O0) GO TO 10

WRITE(102,1090)

WRITE(102,1035) (DNAME,J,DPOLY{J),JI=14ND)

GO TO 10 .
FORMAT(///1X,13HRO0OTS OF PEX)}y3TXy14HMULTIPLICITIES,)L11Xs21HINITHAL

1 APPROXIMATION//}

FORMAT(2X,SHROOT (9 1294H) = 3EL4a793H + 4EL4a742H I410Xy12410XoEL%

1T93H + 4El4.7,2H I)
1086
1OLVED BY DIRECT METHOD)

FORMAT(2XySHROOT(+1244H) = 4E14.T93H + 4E14.792H 1,10Xs12511Xs23HS

FORMAT(3(I2,1X} 49X, E3,1Xp4(E6.0451X)513Xe2(ET.0,1X)},11)

FORMAT (2E30.0)

FORMAT(2E30.0)

FORMAT(1H1,10Xs41HGREATEST COMMON DIVISOR METHOD USED WITH ,2{A4},

135HMETHOD TO FIND ZEROS OF POLYNOMIALS/11X,18HPOLYNOMIAL NUMBER ,I
22,11H OF DEGREE ,12////1X.28HTHE COEFFICIENTS OF P{X} ARE//}

FORMAT (3X,A2,41244H) = jEL14.T,3H + ,EL4.T42H I)
FORMAT(1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 412}
FORMAT(1Xy29HMAXTMUM NUMBER OF ITERATIONS.,11X413)
FORMAT{1X,21HTEST FOR CONVERGENCE.13X,E9.2)

FORMAT (1X24HTEST FOR MULTIPLICITIES.»10X4E9.2)
FORMAT{1X,23HRADIUS TO START SEARCH.s11X,E9.2}
FORMAT(1X,21HRADIUS TO END SEARCH.,13X, E9.2)

FORMAT (//1X)

FORMAT(1X,31HTEST FOR ZERO IN SUBROUTINE GCDy3X4E9.2)
FORMAT(///+,1Xs13HZEROS OF P{X),37Xy14HMULTIPLICEITIES//}
FORMAT(///1Xy42HTHE COEFFICIENTS OF H{X) = P(X)/G.C.D. ARE//}
FORMAT(///1X142HNO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER 121
FORMAT(///1X,61HAFTER THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS

10F P(X) ARE)

FORMAT(///+1X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO

1ZEROS WERE FOUND//)

END



17

78
79

80
81
82
83
B84
85
86
87
88
89
90

92
93
94
95

97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117

118"

119
120
121
122
123
124
125
126

o000

TABLE XVIII-A (Continued)

SUBROUTINE METHOD(AyNyXZEROWNIAP, X Ky XINIT,D,MULT,ND, IROOT,EPSQ XS
LTART, XEND,EPSCNV,EPSMUL)

244
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*
*®
*
*
%
*
*

20

40

60
65

70

80

THIS SUBROUTINE USES NEWTON®S METHOD TO EXTRACT THE ZEROS OF A
POLYNOMIAL. A SEQUENCE OF APPROXIMATIONS IS CONSTRUCTED CONVERGING TO A
ZERO OF THE POLYNOMIAL BY USING THE ITERATION FORMULA

X{N+1} = XUINI=PUX{N))/P'"{XIN)}).

ool ek ok ok e ol o ke ot o Aok ko ol Aol o g Aol ot o ok ok ok ol Rk ok R oo ol R ok ek
COMPLEX AyXZERO,ByCOEF¢XsXINIT,CyDyPX,DPXyXNEW,X0

DIMENSTON AL26)4B(261,C{26),D126),COEF{26)+MULT(25),XZERO(25)4X(25

L), XINIT(25)

COMMON EPSCHK,1024MAX
IF(NIAP.NE.O) GO TO 1
NTAP=N

CALL GENAPP{XZERO,NIAP,XSTART}
NA=N+1

NDEF=N

L=1

ITER=0

NROODT=0

IRNOT=0

TALTER=0

ITIME=O

ND=0

K=0

X0=XZERO(L)

DO 5 I=1,NA

COEF(1)=A(T1}

CALL HORNER(COEF B,PX4DPXyNDEF,X0,C}
ABPX=CABS({PX]}

ABDPX=CABS (DPX)
IF{ABDPX.NE.O.0) GO TO 20
IF{ABPX.EQ.0.0) GO TO 70
60 TO 110

CALL NEWTON{(PX,DPXyX0,XNEW)
ITER=ITER+1

XO=XNEW

EPSCHK=EPSCNV

CALL CHECK(PX,DPX,XOsKANS)
IF{KANS.EQ.1) GO TO 70
IF{ITER.GE.MAX) GO TO 40

GO TO 10

CALL ALTER(XZERO(L),TALTER,ITIME)
{F{IALTER.GT.5) GO TO 110
X0=XZERO(L)

ITER=0

GO TO 10

ND=NDEF+1

DO 65 J=1,ND

D{J)=COFF(J)

GO TO 140

NROOT=NROOT+1

K=K+1

MULT{K}=1

X{K)=X0

XINIT(K)=XZERO (L)

CALL HORNER(COEFB4yPX,DPXyNDEF ,X04C)
IF{NROOT.GE.N} GO TO 147

*
*
x
*
*
*
*

130

152
154
160

164

168
180
188
190

198
200
204

194

208

244
248

268
272
276 .
280
288



127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169

TABLE XVIII-A (Continued)

NDEF=NDEF-1
NUM=NDEF+1
DO 105 I=1,NUM
105 COEF(I1)=R(1)
CALL HORNER(COEF 4B ,PXsDPXyNDEF +X04C)
ABPX=CABS (PX)
ABDPX=CABS(DPX}
IF(ABDPX.NE.0.0) GO TO 107
IF(ABPX.EQ.0.0) GO TO 130
GO TO 110
107 CONTINUE
EPSCHK=EPSMUL
CALL CHECKI(PX,DPXyX0sKANS)
IF(KANS.EQ.1) GO TO 130
110 IF(NDEF.GT.2) GO TO 113
IROOT=K .
CALL QUAD(CDEF 4NDEF,XyK,MULT,EPSQ)
GO TO 150
113 IF(L.LT.NIAP) GO TO 115
IF(XEND.EQ.0.0) GO TO 60
IF(XSTART.GT.XEND) GO TO 60
NIAP=N
CALL GENAPP(XZERQ,NIAP,XSTART}
L=0
115 L=tL+1
X0=XZERO(L}
ITER=0
IALTER=0
GO TO 10
130 MULT(K)=MULT(K)+1
NROOT=NROOT+1 )
GO TO 80
140 IF(K.EQ.Q0) GO TO 160
147 1ROOT=K
150 WRITE(102,1025)
WRITE(102,1050)
WRITE(T02,10603 (I,X(1),MULT(I),XINIT(I),I=1,IR00T)
KKK=IROOT+1
TF(TROOT.LT.K) WRITE(I02:1062) (14X(I1)4MULTIT) 4 I=KKK¢K)
EPSCHK=EPSCNV
© CALL BETTER(K,XZEROyXyNAsA,COEF,N,CsB)
160 RETURN
1025 FORMAT(///1X,61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
10F P(X} ARE)
1050 FORMAT(///1X,13HZERGS OF P(X),38Xs 14HMULTIPLICITIES»11X,21HINITIAL
1 APPROXIMATION/) o
1060 FORMAT(3X,5HROO0T( 1254H) = E14.743H + 5El4eTy2H 1,9X412,12X,ELl4.7
143H + sE14.T792H 1)
1062 FORMAT(3X,5HRO0T (,12,4H)
1LVED BY DIRECT METHGD)
END

1EL4.743H + ,El4.7,2H 1,9X,12412X,23HS0

245

294
296

300

- 312

316
320
324
328
332
336
338

450



175
176
177
178
179
180
181

182 -

183
184
185
186
187
188

189

190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215

216
217

OOOOO0O0

OO0 O00
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TABLE XVIII-A (Continued)

SUBROUTINE GENAPP(APPyNAPP 4 XSTART)
R e A o A g ok ok et dol ek o6 ok etk ok e et ot oo e ok ol el ol ok okl el ok ook ok ookl ol o

*

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N IS THE

* DEGREE OF THE ORIGINAL
*

PODLYNDOMIAL .«

*
*
*
*
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COMPLEX APP

COMPLEX CMPLX
DIMENSION APP(25)
COMMON DUMMY, 102 ,MAX

[F{XSTART,EQ.0.0) XSTART=0.5

BETA=0.2617994

DO 10 I=1,NAPP

U=XSTART*COS{BETA)

V=XSTART*SIN(BETA}

APP(I)=CMPLX(U,V}

BETA=BETA+0.5235988
10 XSTART=XSTART+0.5

RETURN

END

SUBROUTINE ALTER{XOLD,NALTER,ITIME)
ool ol ot o0 oo o 0 o e o o o e R e e o e e el el ol ol e ol R KK o e

*

* SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO

* CONVERGENCE TD A ZERO.
™

THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH ROOT.

#
*

Do

*

o o o o o ot ol ool o 0 o 0 ot o ol o oo s o o oo o e e oo e e o ok ok o e ke e ol el e e A Ol

COMPLEX XOLD
COMPLEX CMPLX
COMMON DUMMY,102,MAX

IF(ITIME.NE.O) GO TO 5

ITIME=1
WRITE(102,1010) MAX

5 IFINALTER.EQ.0) GO TO
WRITE(102,1000) XOLD
GO TO 20

10 Y=AIMAGU{XOLD)
X=REAL{XOLD)
R=CABS(XOLD)
BETA=ATAN2(Y,X)
WRITE(ID2,1020) XOLD

20 NALTER=NALTER+1

IF(NALTER.GT.51 RETURN

GO TO {(30440,30,40430)
30 XOLD=-XOLD
60 TO 50
" 40 BETA=BETA+1.0471976
XOLDR=R*COS{BETA}
XOLDI=R*SIN{BETA)
XOLD=CMPLX{XOLDR,XOLDI
50 RETURN

10

y NALTER ?

)

1000 FORMAT{1X,E14.7,3H + ,E14.7+2H ¥,10X,21HALTERED APPROXIMATION]}
1010 FORMAT(///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
1TER 413412H ITERATIONS.//)

1020 FORMAT(/1XyELl4e743H +
END

eELl4.T742H 1,10Xy21HINITTAL APPROXIMATION)



219
220
221
222
223
224
225
226
227
228
229
230
231
232
233

234

235
236
237
238
239
240

[aNeNaNaNelalel

OO0 0O0

TABLE XVIII-A (Continued)

SUBROUTINE HORNER(AyByPX4DPXyNDEF,X0,C)

247
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HORNER'S METHOD COMPUTES THE VALUE OF A POLYNOMIAL P(X} AT A POINT D AND

*
*
* [TS DERIVATIVE AT D. SYNTHETIC DIVISION IS USED TO DEFLATE THE
* POLYNOMIAL BY DIVIDING OUT THE FACTOR (X-D).
i
*

LR

%
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COMPLEX AsByPXyDPXyX0sC
DIMENSION A{26),B(26),C(26)}
COMMCN EPS,102,MAX
B{1)=A(1)
NUM=NDEF+1
DO 10 I=2,NUM

10 BUI)=A{I)+8(I-1)%X0
PX=B{NUM)
Cl1)=8(1)
IF(NDEF.LT.2) GO TO 25
DO 20 J=2,NDEF

20 CLII=BLI)I+CtI-1)%X0

25 DPX=C{NDEF)
RETURN
END

SUBROUTINE NEWTONIPX,OPXysXOyXNEW}
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*
* TH{S SUBROUTINE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX-
* [MATION BY USING THE ITERATION FORMULA

* . X{N+L} = XIENI=P(X(N)}/P?P{X{N}).
%

*
%*
*
4
*
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COMPLEX PXyDPXyXO¢XNEW
DDD=CABS(DPX)
IF(DDD.EQ.0.0) RETURN
XNEW= XG0~ (PX/DPX)
RETURN

END

604

612
616
620
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SUBROUTINE CHECK(PXyDPXyX0yKANS}
ot ot o o gl oo ok e e kgt e ek Aok ek ke o e kcode o e oo e R oo ok b e e o e ok Ok o Rt o g ok O ROl ROk R R R o

*
%* THES SUBROUTINE CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX~
* IMATIONS BY TESTING THE EXPRESSION

* ABSOLUTE VALUE OF (PIX(N))/P*(X{N)))/ABSOLUTE VALUE OF X(N+1).,

*

*

*

#* % ¥ ¥

WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS OBTAINED, _
.
e He e 2 e e e e e 3 ke e e e o ade ek ol ok e e e ofe ok Aol ak gk e ok ok e o ool dk e o o e e e ale e ok o e ook ok e e e o e ol e e o ool ke o o e Kol
COMPLEX PX4DPX ;X0 748
COMMON EPS,102,MAX

IF(CABS{X0).EQ.0.) GO FO 25

DDD=CA8S{DPX)

IF(DDD.EQ.0.0) GO TO 25

IF (CABSIPX/DPX)/CABS(X0).LT.EPS) GO TO 10

KANS=0 760

RETURN 164
10 KANS=1 768

RETURN 772
25 KANS=0

RETURN

END 780
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255 SUBROUTINE BETTER{KyXZEROyXyNAyAyCOEF4N,C,B}
[ 0ok ook e ok ok o o ok o o e o o o R AR o OR XR HOR ORI IR R ok ol 0 ol o ok o o e e e ok K R i
[ * *
c * SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZERGS FOUND *
c * BY USING THEM AS INITIAL APPROXIMATIONS WITH NEWTON®S METHOD APPLIED YO *
C * THE FULL, UNDEFLATED POLYNOMIAL. *
c * x
c o0 o o b o o ook Rl ROl oo R o o B ok o B o o o o o o o ol ol e e o o b s ol o ok s e ot ol o o
256 COMPLEX XZERO,X»AyCOEF¢CyBy X0y PXyDPXyXNEW 804
257 DIMENSION XZERO{25),X(25),A(26),CO0EF{26),C{26),B126}
258 COMMON EPSy1024MAX
259 DO 10 I=1,K ) 812
260 10 XZERO(I)=x{1) 815
261 DO 20 I=1,NA 820
262 20 COEF(I)=A(1) 824
263 DO 50 J=1,K . 828
264 X0=XZERO{J) 832
265 NN=N 834
266 ITER=0 836
267 30 CALL HORNER{(COEF,BsPX4sDPXsNNyX0,CH
268 ABPX=CABS(PX)
269 ABDPX=CABS{DPX)
270 IF(ABDPX.NE.O.0} GO TO 33
271 IF{ABPX.EQ.0.0} GO TO 40
272 GG T 34
273 33 CALL NEWTON{PX¢DPXsX3ysXNEW)
274 ITER=ITER+1 856
275 X0=XNEW ’ 860
276 CALL CHECKI{PX,DPX4X0yKANS)
217 IF{KANS.EQ.l} GO TO 40 844
278 IF{ITER.GE.MAX) GO TO 35
279 GO TO 30 T 864
280 34 WRITE{102,1112} XO
281 35 WRITE{102,100) J,XZERO{J}
282 WRITE(IO2,200} MAX
283 40 X{J3)=x0 868
284 50 CONTINUE 872
285 RETURN 876
286 1112 FORMAT{1HO436HTHE VALUE OF THE DERIVATIVE AT X0 = ,El4.7,3H + ,£l4
le7¢2H 1,10H IS ZERO.} .
287 100 FORMAT{42HOIN THE ATTEMPT TO IMPROVE ACCURACY, ROOTU{,I2,4H) = ,E1l4
le743H + 4El4.742H 1,18H DID NOT CONVERGE.)
288 200 FORMAT(33H THE PRESENT APPROXIMATION AFTER ,13,29H ITERATIONS IS P

IRINTED BELOW.)
289 END ’ 880
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SUBROUTINE DERIV(A,NA,B,NB)
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*
*
*
*

GIVEN A POLYNOMIAL P(X), SUBROUTINE DERIV COMPUTES THE COEFFICIENTS OF

ITS DERIVATIVE P*(X).

-
*
"
*
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20

30

40
50

COMPLEX A,B
DIMENSTION A(26),B(26])
IF{NA.GE.2) GO TO 30
IF{NA.EQ.1) GO TO 20
B(1)=0.0

NB=-1

GO TO 50

B(1)=A(1}

NB=0

GO TO 50

NB=NA-1

DO 40 T=1,NA
BBB=NA~1+1]
B(1)=BBB*A{I)

RETURN

END

SUBROUTINE DIVIDE(F,NFyGyNGyHyNH)

a3 3 e 7k o e o ok e ok sl ool ofe e o e e Ak o ok ode ke e ook s o o o e ok ok s e o o oo e o o e o e 3 ade a8 ol oo o ol e e ool e e ol kol e e R ok

*

* GIVEN TWO POLYNOMIALS F(X) AND GU(X),

*
%*

QUOTIENT POLYNOMIAL

SUBROUTINE DIVIDE COMPUTES THE

HIX} = FIX)/GIX).

&«
*
%
*

22 e o o o e e o8 o e s o e e e e o o 2l o 2 2 o e o agc oo e 2 o e o o g o o o ot v o e o o e ol ol e e o ke ok ke e e ko ok R Xk R

20

30

60

70

90
100

COMPLEX F4GoHyXsCyPX,DPX,yTERM

DIMENSION F(26),G(26),H{26),C{26)

COMMON EPS,102,MAX
IFING.GE.2) GO TO 60
IF(NG.EQ.1} GO TO 30
NH=NF

KKK=NF+1

DO 20 I=1,KKK
H{TIY=FL{I1)/G(1)

GO TO 100
X=-G(2)/G(1}

NNF=NF

CALL HORNER{F,HyPXsDPXyNNF 4 XsC)
NH=NNF-1

GO TO 100~

NH=NF-NG
H{1)=F{1)/G(1)
KKK=NH+1

DO 90 I=2,KKK
TERM=F(1)

J=2

K=1-1 .
TERM=TERM~G(J) *H(K)
IF(J.EQ.I) GO TO 90
[F{J.GE.NG+1) GO TO 90
J=J+l

K=K~-1

GO TO 70
HOE)=TERM/G(1)

RE TURN

END
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SUBROUTINE QUAD(A,NA,ROOT,NROOT,MULTI,EPST]
o0t o ol o o oo o o o o ok oo oo o o o e o o oo e e ol o oo o o o o o R R e

*

* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
* OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR, SOLUTION OF THE
* QUADRATIC IS DONE USING THE QUADRATIC FORMULA.
*
*

#* O R ¥ W
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COMPLEX A,DISC4RO0OT,DUMMY,AAA
COMPLEX CSQRT
DIMENSION A{26) +RO0OT(25),MULTI(25)
IF{NA.EQ.2) GO TO 7
IF(NALEQ.1) GO TO 5
ROOT(NROOT+1)=0.0
MULTI{NROOT+1)=1
NROOT=NROOT+1
GO TO S50

5 ROOT(NROOT+1)}=-A{2)/A(1)
MULTI(NROOT+1)=1
NROOT=NROOT+1
GO0 Ta 50

T DISC=A(2)%A(2)-1{4,0%A(1)%*A(3))
B338=CABS(DISC)
[F(BBB.LT.EPST) GO TO 10
DUMMY=CSQRT(DISC)
AAA=2,0%A(1)
ROOT(NROOT+1)=(~A(2) +DUMMY}/AAA
ROGT(NROOT+2) =(~Al2)-DUMMY)/AAA
MULTI(NROOT+1)=1
MULTI (NROOT+2}=1
NROOT=NROOT+2
Ga TO S0

10 ROQTINROOT+1)=(~-A(2))/(2.0%A(1))
MULT! (NROOT+1)=2 i
NRDOT=NROOT+1

50 RETURN
END
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SUBROUTINE GCD{P,NPyDP4NDP,RKyNK,EPSG)
LR L S S T et S RS S e P e S S I R P T LIy 2o

*
GIVEN POLYNOMIALS P(X) AND DP(X) WHERE DEG. DP(X) IS LESS THAN DEG. *
P(X), SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVISOR OF P(X) AND *
DPIX). *

. *

SRR FEE R REExkRRRkkE kkpkkrRkkR kkkk k sk kkkkk R ok kk ke R kkk Rk Rak rkk k kkak AX
COMPLEX R14R2,RK UsT,P,0DP
DIMENSION R1{26),R2(26),T{26)4RKI26),P(26),DP126)

COMMON EPS,102,MAX ’
N1=NP

N2=NDP

KKK=N1+1

DO 10 I=1,KKK
RILL}=P(I)

KKK=N2+1

DO 20 1=1,KKK
R2(1)=DP(1)
U=R1(1)/R2(1)
KKK=N2+1

DO 70 I=1,KKK
T)=RL{I)~U%R2(T)
T(1)=0.0

IFINL.EQ.N2) GO TO 90
KKK=N1+1

NNN=N2+2

DN 80 1=NNN,KKK
TLI)=RL(I)

KKK=N1+1

DO 100 I=}1,KKK
BBB=CABS(TII))
IF(BBR.GT.EPSG) GO TO 120
CANTINUE

NK=N2

KKK=NK+1

DD 110 I=2,KKK
RK{I)=R2(I)/R2(1}
RK(1}=1.0

GO TO 200
M=N1+1~1
IF(M.LT.N2) GO TO 160
N1=M
KKK=N1+1
NNN=1-1
DD 150 J=14KKK
R1{JI=T{NNN+J)

G0 TO 50

N1=N2

KKK=N1+1

DO 170 J=1,KKK
R1{JI=R2(J)
N2=M

KKK=N2+1
NNN=1-1

DO 180 J=1,KKK
R2UJI=T(NNN+J)
GO TO 50
RETURN

END
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SUBROUTINE MULTIP{A,NA,ROOT4NR,MULTI,EPSPX)

GIVEN NR ZEROS OF A POLYNOMIAL, SUBROUTINE MULTIP COMPUTES THEIR
MULTIPLICITIES.

COMPLEX A, ROOT ¢WORK4Co4PX,DPX,8B

DIMENSION A(26),RO0T(25) yWORK{26),MULTI(25),B126),C(26)
COMMON EPS,1024MAX

DO 50 I=1,NR

MULTI(I}=0

KKK=NA+1

DO 20 J=1,KKK

WORK (J)=A(J)

NWORK=NA

CALL HORNER{WORK,B,PX,DPXyNWORK,ROOT{I),C)
NWORK=NWORK~1

B88B8=CABSI(PX)

IF{BBB.GY.EPSPX) GO YO 45
MULTI(I)=MULTI{L)+1

IF(NWORK.LT.1} GO TO 50

KKK=NWORK+1

D0 40 J=1,KKK

WORK( J)=B(J)

GO 10 25

IF{MULTI(]I)}.EQ.O} NRlTE(lOZ.lOOOI EPSPXyI4ROOT(I}
CONTINUE

RETURN

FORMAT(///14H THE EPSILON lo514 7+49H) CHECK IN SUBROUTINE MULTIP
1INDICATES THAT ROOT{,12,4H) = 4E144793H + ,E14.7,2H 1/80H 1S NOT C
2LOSE ENOUGH TO BE A TRUE ROOT. KT IS PRINTED BELOW WITH MULTIPLIC
31TY 0//)

END

Y
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TABLE XVIII-B

DOUBLE PRECISION PROGRAM FOR G.C.D. - NEWTON'S METHOD

$J0B 10414

[ e b e o o e o e o ool o okt ek bt o R ok o o e Rk ol kR bl gl okl R e e o ool
c : *
C  * DOUBLE PRECISION PROGRAM FOR G.C.D. ~ NEWTON'S METHOD *
[ * *
c * *
C * THE G.C.D. METHOD EXTRACYS THE ZEROS AND THEIR MULYIPLICITIES OF A *
C * POLYNOMIAL OF MAXIMUM DEGREE 25. ALL MULTIPLE ROOYS ARE REMOVED BY *
C * DIVIDING THE POLYNOMIAL 8Y THE GREATEST COMMON DIVISOR OF THE POLYNOMIAL *
C * AND ITS DERIVAYIVE. THE ZEROS OF THE RESULYING POLYNOMIAL ARE EXTRACTED *
C * AND THEIR MULTIPLICITIES DETERMINED. *
[o * *
o oo e e o 2ol et e o e o o A ok ool s e K o e o el oo o o O e e o e e kR R R R

DOUBLE PRECISION UP,VP,UOIAPP,VOIAPP,UROOT,VROOT yUDP,VDP4URKy VRK,U
1RIAPP VRIAPP yUHyVH,UDPOLY ,VDPOLY » EPSCHK yUDUMMY s VDUMMY 4 EPSQ4EPSMUL
2EPSGEPSCNV,XSTARTyXEND

DIMENSION ANAME(2),UP(26),VP(26),UD1APP(25),VOIAPP(25),URDOT(25),V
1R0O0T (25),UDP(26) ,VDP(26]), URK(Zb).VRK(Zb).UR[APP(25):VR[APP(25)eUH€
226} s VH{26) ,UDPOLY (26) ,VDPOLY (26),MULTI(25)

COMMON EPSCHK,102,MAX

DATA PNAME HNAME,DNAME/2HP {4 2HH{,2HD(/

DAYA ANAME (1) ANAME( 2} /4HNEWT 4HONS /

101=5

102=6

10 NROOT=0

READ(101,1000) NOPOLY NP yNIAP ¢yMAX,EPSGyEPSCNV,EPSQyEPSMUL y XSTART s X
1END,KCHECK

IF(KCHECK.EQ. L1} STOP

KKK=NP+1

READ(I0)1,1010) {UP(I)yVP{T),1=],KKK)

IFINIAP.EQ.O) GD YO 20

. READ{I01,1020) (UOIAPP(I),VOIAPP(I),I=1,NIAP)
20 KKK=NP+)

WRITE(102,1030) ANAME(1),ANAME(2},NOPOLY,NP

WRITELI02,1035) {PNAME, I, ,UP{I},VP{I),I=1,KKK)

WRITELI02,2060)

WRITE(102,2000) NIAP

WRITE(102,2010) MAX

WRIYE(102,2070) EPSG

WRITE(ID2,2020) EPSCNV

WRITE(02,2030) EPSMUL

WRITE(102,2040) XSTART

WRITE(I02,2050) XEND

IFINP.GT.2)} GO TO 90

CALL QUAD(UP,VP NP ,UROOT, VROOT yMULTI,EPSQ)

85 WRITE(ID2,1037)
WRITE(102,1086) (I,URCOT{I},VROOT(I)MULTI{(T},I=1,NROOT}
GO TO 10

90 CALL DERIV(UP,VP,NP,UDP,VDP,NDP)

CALL GCD(UP,VP,NP,UDP,VDP 4NDP,URK,VRKyNRKyEPSG)

CALL DIVIDE{UP,VPyNP,URKVRKyNRKyUHyVHyNH)

KKK=NH+1

WRITE(IQ2,1060)

WRITE({102,1035) (HNAME, LyUH{E) s VH{ 1)y I=1sKKK)

IF{NH.GT.2) GO TO 150

CALL QUAD{UH,VHyNH,UROQT,VROOT yNROOT, MULTI,EPSQ)

CALL MULTIP(UP,VP,NP,UROOT,VROOT NROOT MULTI,EPSMUL)

GO TO 85

150 CALL METHOD{UH,VH,NH,UOIAPP,VOIAPPNIAP,UROOY, VROOT«NROOT, URIAPP,V
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IRIAPP,UDPOLY,VDPOLY MULTI,ND,IRDOT,EPSQyXSTART  XEND ;EPSCNV, EPSMUL }
IF(NROOT.NE.O) GO TO 170
WRITE(102,1070) NOPOLY
GO TO 200
170 CALL MULTIP(UP,VP,NP,URQOT ,VROOT,NROOY 4MULT I,EPSMUL }
WRITE(102,1065)
WRITE(102,1080)
WRITE(102,1085) (1,UROOT{I),VROOT{I)sMULTI(I),URTAPP(E) VRIAPP(E},
11=1,1R0OOT)
KKK=1ROOT+1
IF{IROOT.LT.NROOT) WRIYEL1I02,1086) {I,UROOT(I},VROOT(!}4MULTE(T), o}
1=KKK y NROOT)
200 IF{ND.EQ.O0} GO YO 10
230 WRITE(102,1090)
WRITE(102,1035) {DNAME,J,UDPOLY (J)}4VDPOLY(J),J=1,ND)
GO TO 10
1000 FORMAT(3{12,1X) 49Xy 13, 1Xs4{D6.041X)¢13X,2(DT7.0451X),11)
1010 FORMAT(2D30.0}
1020 FORMAT(2D30.0)
1030 FORMATU{1H1,10X,41HGREATEST COMMON DIVISOR METHOD USED WITH ,2{A4},
. 13SHMETHOD TD FIND ZEROS OF POLYNOMIALS/11X,18HPOLYNOMIAL NUMBER i
224,11H OF DEGREE ,12////1X,28HTHE COEFFICIENTS OF P{X) ARE//)
1035 FORMAT(3X,A2412,4H} = ,D23,16,3H + 4D23.16,2H 1)
1037 FORMAT(///1X,13HZERDS OF P(X) 55X 14HMULTIPLICITIES//)
1086 FORMAT(3X,5HROOT(y1244H) = 4D23,1643H + ,023.1652H 1,7Xs1258%,23HS
10LVED BY DIRECT METHOD)
1060 FORMAT(///1X,42HTHE COEFFICIENTS OF HUX) = P(X}/G.CuaD. ARE//)
1070 FORMAT(///1X,42HNO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER ,12)
1065 FORMAT(///1X+61HAFTER THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
10F P(X) ARE} ) i
1085 FORMAT(3X,5HROOT(y12,4H) = 4D23,1643H + ,023,1642H [+7Xe12,7X,D23,
. 11643H + ,D23.16,2H 1} :
1090 FORMAT(///,1X,65HCOEEFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH ND
LZEROS WERE FOUND//) o

1080 FORMAT{///1Xy13HROOTS OF PUX) 52Xy 14HMULTIPLICITIESy TX 21 HINITIAL |

1 APPROXIMATION//)
2000 FORMAT(1X41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. sI2}
2010 FORMAT(1X,29HMAXIMUM NUMBER OF ITERATIONS.,11X,13}
2020 FORMAT({1X,21HTEST FOR CONVERGENCE.y13X,D09.2)
2030 FORMAT(1X,24HTEST FOR MULTIPLICITIES. +10X,D9,2)
2040 FORMAT(1X,23HRAOIUS TGO START SEARCH.y11X4D9.2)
2050 FORMAT(1X921HRADIUS TO END SEARCH.y13X,D9.2)
2060 FORMAT(//71X)
2070 FORMAT(1X,31HTEST FOR ZERO IN SUBROUTINE GCD:3X4D9.2)
END

i

255
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TABLE XVIII-B (Continued)

SUBROUTINE METHOD{RAyVAyNyRXZERO)VXZEROSNIAP ,RXyVXsKeRXENIT,VXINIT
1,RDyVDyMULT,ND, IROOT 4 EPSQy XSTART yXENDyEPSCNV, EPSMUL)
Sk kR R R R R R R R o X R Kk Ak kR Rk ok ok ok

* *
* THIS SUBROUTINE USES NEWTON'S METHOD TO EXTRACT THE ZEROS OF A *
* POLYNOMIAL. A SEQUENCE OF APPROXIMATIONS IS CONSTRUCTED CONVERGING TO A *
* ZERO OF THE POLYNOMIAL BY USING THE ITERATION FORMULA *
* X{N+1) = XUIN}-P(X(N}}/P'(XIN)). %
* | *
* *

e e o o o s e s e s e o s o s e o e o ok o o e o e ek ol o ol o ol e e e o o e o el o s oo ofe e ol o ol e o o e o o o oo sl ool ol ok
DOUBLE PRECISION RA,VA,RXZEROyVXZERO4RByVByRCOEF4VCOEF4RXy VX, RXINI
1Ty VXINIT,RCyVCyROsVD,RPXy VPXyRDP X, VOP X yRXNE Wy VXNEWyRXO VX0, EPSCHK,
2EPSCNV4.EPSQyEPSMUL,XSTART ¢ XEND 4 ABPX 4 ABDPX

DOUBLE PRECISION DSQRT

DIMENSION RA(26),VA(26)4RB(26),VB(26)yRCL26)+VC(26),4,RD(26),VD(26),
LRCOEF(26) yVCOEF(26),MULT (25}, RXZERD(ZS).VXZERO(ZS).RX(25).VX(?5).R
2XINIT{25) 4 VXINIT(25)

COMMON EPSCHK, 102,y MAX

IF(NIAP.NE.O) GO 7O 1

NIAP=N
CALL GENAPP(RXZERO,VXZERD,NIAP,XSTART)
1 NA=N+1 : 130
NDEF=N ’ v .
L=1 : : 152
ITER=0 ‘ _ » : 154
NROOT=0 : 160 °
1ROOT=0 R
ITIME=0
ND=0 : . : v
1ALTER=0 : o S T 164
K=0 : : : ‘ : 168
RXO=RXZEROIL) : : - 180
VXO=VXZEROIL) . : 181
DO 5 I=1,NA , C ’ 188
RCOEF(T1)=RA(I) . 190
5 VCOEF{1)=VA(T) 191
L0 CALL HORNER(RCOEF,VCOEF 4RX0, VX0, NDEF RByVBRC s VCyRPXsVPX,RDPX, VOPX
1

ABPX=DSQRT(RPX*RPX+VPX*VPX)
ABOPX=DSQRT(RDPX*RDPX+VDPX%VDPX)
JF{ABDPX.NE.0.0) GO TO 20
IF(ABPX.EQ.0.0} GO TO 70

GO TO 110

20 CALL NEWTON(RPX,VPX,RDPX,VOPX,RX0,VXO0, RXNEW s VXNEW ) v :
CITFR=ITER+1 . i 200
RXO=RXNEW » , : 204

VXD=YXNEW - - _ . . 205
EPSCHK=EPSCNV ’ o
CALL CHECK (RPXyVPX,RDPXyVDPX,RX05 VX0 yKANS)

IF(KANS.EQ.1} GO TO 70 . : : ; . . 194
IF(ITER.GE.MAX) GO TO 40 » o : A )
GO TO 10 L R ) 208

40 CALL ALTER(RXZERO(L),YXZERG(L), IALTER, ITIME)
IF(IALTER.GT.5) GO TO 110
RXO0=RXZERO(L)
VX0=VXZERO(L) : U T T T, '
ITER=0 o v . S 244
G0 TO 10 S DL Tl M 248
60 ND=NDEF+1 : : R L :
DO 65 J=1,ND




123
124
125
126
127
128
129
130
131
132
133

134
135
136
137
138
139
140

141
142
“143
144

145

146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173

174
175
176
177

65

70

80

105

107

110

113

115

130

140
147
150

160

TABLE XVIII-B (Continued)

RD(J)=RCOEF(J)

VD{J)=VCOEF(J)

GO TO 140

NROOT=NROOT+1

K=K +1

MULT (KD =1

RX(K)=RX0

VXKD =VX0

RXINIT(K)=RXZERO(L )

VXINITIK)=VXZERO(L)

CALL HORNER{RCOEF,VCOEF,RX0,VX0yNDEFyRByVByRCsVCyRPXsVPXyRDPX,VDPX
1)

IF (NROOT.GE.N) GO TO 147

NDEF=NDEF~1

NUM=NDEF +1

DO 105 I=1,NUM

RCOEF(1)=RBI(I}

VCOEF (11=VBLI)

CALL HORNER(RCOEFVCOEF yRXOyYX Oy NDEF RByVB yRCyVC sRPXyVP Ky ROPXe VDPX

1)

ABPX=DSQRTIRPX%*RPX+VPX*VPX )

ABDPX=DSQRT (RDPX#*RDPX +VDPX*VDPX}

IF(ABDPX.NF.0.0) GO TO 107

IF{ABPX.EQ.0.0) GO TO 130

GO TO 110

CONTINUE

EPSCHK=EPSMUL

CALL CHECK{RPXyVPX,RDPXyVDPXRX0,VX0sKANS)

IF(KANS.EQ.1) GO TO 130

IF(NDEF.GT.2) GO TO 113

IROOT=K

CALL QUADIRCOEF,VCOEF,NDEFsRXy VX 1Ko MULT 1 EPSQ)

GO TO 150 o 2
IF(L.LT.NIAP) GO TO 115

IF{XEND.EQ.0.0) GO TO 60

IF{XSTART.GT.XEND) GO TO 60

NIAP=N

CALL GENAPP{RXZERQ,VXZERD,NIAP XSTART)

L=0

L=L+1

RXO=RXZERO(L)

VXO=VXZEROIL}

ITER=0

TALTER=0

GO T0 10

MULT(K)=MULT(K) +1

NROOT=NROOT+1

GO TO 80 » coT ;
IF(KEQ.0) GO TO 160 ST sy
IRODT=K - | o
WRITE(102,1025) _ . o R
WRITE( 02,1050} :
WRITE(102,1060) (I.RX(I).VX(I) MULT (1D, RXINIT(!).VXINIT(I).I l'lRO
10T}

KKK=IROOT+1

[F(IROOT.LT.K) WRITE(102,1062) 1, RX(l).VX(ll.MULT(I)-l =KKK ¢ Kl
EPSCHK=EPSCNV

1vB)
RE TURN

CALL BETTER(K, RXZERO'VXZERO RXy VX NA.RA.VA RCOEF VCOEF.N RC,VC'RBp

257
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272
276
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288
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312
313
316
320

© 324

328
332
336

. 338
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TABLE XVIII-B (Continued)

1025 FORMAY{///1X+61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZERDS
10F P{X} ARE)

1050 FORMAT{///2X,13HROOTS OF P{X) ;52X 14HMULT IPLICITIES, 17X, 21HINITTAL
1 APPROXIMATION//)

1060 FORMAT{3X,5HRO0OT {5 12,4H) = 3D23c1643H + 4D23.1642H [1,TXy12,7X,D23.
11693H + 4,D23,16,42H 1)

1062 FORMAT(3X,5HRODT{,12,4H) = 4D23.1643H + ,D23.1642H 1,7Xs[2,8%X,23HS
10LVED BY DIRECT METHOD}
END

SUBROUTINE GENAPP({APPR,APPI,NAPP,XSTART}

258

450

****####t*#**#*#****#*#*#*****#****##*#**#*##********##**##*##***t#*###***#*

%

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N IS THE

* DEGREE OF THE ORIGINAL POLYNOMIAL.
*

%
*
*
*

0k o o o g o Koo e A5 o o o o oo o o 0o A o o oo o o ok o o KR

" DOUBLE PRECISION APPR,APPI,XSTART,DUMMY,B8ETA
DOUBLE PRECISION DCOSyDSIN
DIMENSION APPR{25),APPI{25)
COMMON DUMMY, 102,MAX
IF{XSTART.EQR. 0.0} XSTART=0.5
BETA=0.2617994
DO 10 I=1,NAPP

“APPRETI=XSTART*DCOS{BETA)
APPI{I)=XSTART2DSIN{BETA)
BETA=BETA+0,5235988

10 XSTART=XSTART+0.5
RETURN
END
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TABLE XVIII-B (Continued)

SUBROUTINE ALTERIXOLDR,XOLDI,NALTER,ITIME)

259

L T T T e T P L e g L e e T3

*

* SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NQ
CONVERGENCE YO A ZERO. THIS IS DONE A MAXIMUM OF 5 YTIMES FOR EACH ROOT.

%
*«

&
&
&
&

e oot ol oo ol o oo e oo e o o o e et o e e R kel gl ol ool ook ROk AR oK

10

20

30

40

50
1000

1020

DOUBLE PRECISION XOLDR,XOLDI,DUMMY,ABXQOLD,BETA

DOUBLE PRECISION DCOS,DSIN
DOUBLE PRECISION DATAN2
DOUBLE PRECISTION DSQRT
COMMON DUMMY, 102,MAX
IF(ITIME.NE.O) GO TO 5
ITIME =1

WRITE(102,1010} MAX
IF(NALTER.EQ.0) GO TO 10
WRITE(ID2,1000) XOLDR,XOLDI
GO TO 20

ABXOLD=DSQRT( XOLDR *XOLDR+XOLDI*XOLDT)

BETA=DATAN2(XOLDI,XOLDR)
WRITE(102,1020) XOLDR,X0OLDI
NALTER=NALTER+1
IF{NALTER,GT,.5) RETURN

GO TO (30,40,+30,40,930)yNALTER
XOLDR==~XOLDR

XOLDI=-X0LD!

GO TO 50
BETA=BETA+1.,0471976
XOLDR=ABXOLD*DCOS{BETA})
XOLDI=ABXOLD*DSIN(BETA)
RETURN

FORMAT{1X4D2341643H + 4D23,1692H [,10X,21HALTERED APPROXIMATION)
1010 FORMAT{///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF

ITER ,13,12H ITERATIONS.//)

FORMAT(/1X¢D23.1643H + ,D23.1642H T,10X,21HINITIAL APPROXIMATION}

END



229
230
2131
2132
233
234
235
236
237
238
239
240
241
242
2473
244
245
246
2aT
248
249
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253
254
255
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257
258
259
260
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263
264
265
266
267
268
269
270
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TABLE XVIII-B (Continued)

SUBROUTINE QUAD(UA VA NA,UROOT,VROOT,NROOT ,MULT1,EPST)
*##t***t*##t##**#t*###**######*v**#*#ﬁ#**v***#**#***####**##***v#*#t#*«#t#v#

*
* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES "
* OF CITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR, SOLUTION OF THE =
% QUADRATIC IS DONE USING THE QUADRATIC FORMULA. *
1 : *
# %

A o0 e RO o A K o e e ol o o o o s o o e ol o e g ol o K
DOUBLE PRECISTON UAVALURDQT, VROOT ,BRB , UAAAZVAAALUDISC,VDISC,UDUMM
1Y, VOUMMY , RDUMMY 4 SDUMMY , EPST UBARB,VBRH
NDOUBLE PRECISION DSQRT
DIMENSION UA({26) ,VA(26) ,URODT(25),VROOT(25) ,MULTI(25)
IFINA.EQ.2)Y GO TO 7
IF{NA.EQ.,1) GO YO 5
URODOYINROOT+1)=0,0
VROOT(NROOT¢11=0,0
MULTIINROOT+1) =1
NROOT=NROOT+1
GO 10 50
5 BBB=UACLY®UALLI+VALL)*VALL)
UROOTINROOT#1 Y= (~UAL2 1 *UALL)-VA(2)12VA( 1))} /DB
VROOTINROOT+1Y=(~=VA(2)*UALL) +UA(2)%VALL1)) /BB
MULTT INRODT#1) =1
NROOT=NRODT+1
GO TO 50
T UDISC=LUALZ2Y*UAL2E=VA(2):VA({2))~14. 0% (UALLI*UA{3)-VA(L)*VAL3
VOISC=IVAL2IRUAL2 Y HUAC2)RVAL2)I)={4, 0% (VAL LI *UALI ) ¢UA(L) *VAL(3
BRB=DSORTIUDISCHUDISC+VDISC*VDISC)
IF{BBRB.LT.EPST) GO TO 10
CALL COMSQTLUDISC,VDISC,UNUMMY , VOUMMY )
UBBB=-UA{2) +UDUMMY
VBBB=~VA({2) +VDUMMY
ROUMMY=~UA(2)~UDUMMY
SOUMMY =-VA {2 )~ VDUMMY
UAAA=2,0%UA(L)
VAAA=2,08VALL)
BOB=UAAARUAAACVAAAXVAAA
UROOTINROOT #11=(UBRB*UAAA+VBBAXVAAA) /BBD
VROOTINROOT+1 Y ={VBBAXUAAA~UBBD XVAAA)/BBH
URDOT (NROOT+2 )} ={RDUMMY*UAAA ¢SDUMMY *VAAA) /8BB
VROOTENRDOT#2) = { SDUMMY®*UAAA-RDUMMY *VAAA)/DBBB
MULTI{NRODOT+1)=1
MULTIENRODT+2) =1
NROOT=NROOT+2
GO YO %0
10 UAAA=2,0%UA( LY}
VAAA=2,0%VA(L)
BB =UAAASUAAA+VAAASRVAAA
UROODTI(NRODOT+ L) ={~UAL 2V 2UAAA=VAL2)%VAAA) /BBB
VROOTINROOT+1 ) =(~VA{2) *UAAACUA(2)*VAAAY/BDB
MULTI(NRUOT#1Y =2
NROOGT=NROOT+1
50 RETURN
END

i)
|B R

)
}
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261

TABLE XVIII-B (Continued)

SUBROUTINE HORNER(RA.VA.RXO,VXD.NDEF.RB.VB,RC.VCgRPX,VPX.RDPX,VDPX

1)

****#*#**##*#**##*##***######**#####**#***#****###***#*#*##*#*#*#*###**##t*#

*
*
*
*
-3
*

10

20
25

HORNER®*S METHOD COMPUTES THE VALUE OF A POLYNOMIAL P{X) AT A POINY D AND

ITS DERIVATIVE AT D.

POLYNOMIAL BY DIVIDING OUT THE FACTOR

[X-D).

*
*
SYNTHEYIC DIVISION IS USED TO DEFLATE THE *
*
*
*

e ool o e ok ok e ok e e o e e ok e ik s e o ok o e e e 3 o o seafe de e s ROkl e e o e e ool ok e goage e e el ol A Xk e ok e e ol e e e fk ke ok e ok

DOUBLE PRECISION VDPX,RX(O,VX0,RBsVByRCyVCRPX,VPX;RDPXsRA, VA
DIMENSION RA(261},VAL26),RB{26),VBI26)4RCI26),VC(26)

RB{1)=RA(1)

VB(1}=VA(l}

NUM=NDEF+1

DO 10 [=2,NUM
RB{II=RA(I)I+(RB{I-1)*RX0O-VBII-1)*VX0)
VB(I)=VA(D)+(VB(I-1)*RXO+RB{I-1)*VX0)
RPX=RB{NUM}

VPX=VB(NUM}

RC(1)=RB{1)

VC{1)=va(l)

[F{NDEF.LY.2) GO TO 25

DO 20 J=2,NDEF
RCUJI=RBLIV+(RC LI~ ) *RXO-VC (J—1) %VXO)
VCIJ)=VB LI+ (VC{I-1) %*RXO+RC (J-1)%*VXO)
RDOPX=RC(NDEF}

VDPX=VC (NDEF)

RETURN

END

SUBROUTINE NEWTON{RPX,VPX4sRDPX,VOPX4RX0sVXOsRXNEW, VXNEW)

516
517
520
524

532
533
540
541

544
552
553

572
' 580

600

2 e o e e 3 e e ook e kel o ol e e ke e o e ok ol e o ke s o e e e ok el ok ok e 3ok s 3 e ok ok e e e e e ok e e ol g e e o o xR ke

*

*

* THIS SUBROUTINE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX-

*
* [MATION BY USING THE ITERATION FORMULA . *
XIN)=P{XINY} /Pt (X(N)}). hd
*
%*

%
%

X({N+1) =

A ol ol o gl A e ROk e e R AR e A o R R AR R R R g R ol e e ok o ok
DOUBLE PRECISION RPX,VPXsROPX, VOPX;RXOsVXOsRXNE W, VXNEW,ARG

DOUBLE PRECISION DSQRT

DOUBLE PRECISION DDD

ARG=ROP X*RDPX+VDPX*VYDPX
DDD=DSQRT ( ARG}

IF(DDD.EQ.0.0) RETURN

RXNEW=RX0- ( {RPX*RDPX+VPX*VYDPX}/ARG}
VXNEW=VXO0~( (VPX*RDPX~RPX*VDPX)}/ARG)

-RETURN

END

616
620
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TABLE XVIII-B (Continued)

SUBROUTINE CHECK(RPX4VPX,RDPXyVDPX,RX0y VXO,KANS)

262
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*
*
*
*
*
*
*

10

25

THIS SUBROUTINE CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX-—

IMATIONS 8Y TESTING THE EXPRESSION

ABSOLUTE VALUE OF (P(XIN))/P*{X(N)))/ABSOLUTE VALUE OF X({N#1l).
WHEN IT IS AS SMALL AS ODESIREDs CONVERGENCE IS OBTAINED.

DOUBLE PRECISION DDO

DOUBLE PRECISION ARG

DOUBLE PRECISION DSQRT

COMMON EPS,102,MAX
ABSXO=DSQRT(RXO*RX0+VX0*VXQ)
IF(ABSX0.EQ.0.) GO TO 25
ARG=RDPX*RDPX+VDPX*VDPX
DDD=DSQRT{ ARG)

IF(DDD.EQ.0.0)} GO TO 25

ROUMMY= { RPX*RNPX+VPX%*VDPX) /ARG
VDUMMY=(VPX%*RDPX-RPX*VOPX) /ARG
ABSQUO=DSQRT (RDUMMY*RDUMMY +VDUMMY*VDUMMY )
IF{ABSQUO/ABSXQ.LTL.EPS) GO TO 10
KANS=0 l
RETURN

KANS=1

RE TURN

KANS=0

RETURN

END

* o 3 3 &

%*

Ao g oK ool gk Aok o gl o ok ek gl koK o R oK ol ok ok oK okl ok e ok ool ool ok ok ok
DOUBLE PRECISION RPX,VPX,RDPXy VDOPX,RX0yVX0OsABSXO,ABSQUOsRDUMMY , VOU
LMMY,EPS
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TABLE XVIII-B (Continued)

SUBROUTINE BETTER{KyRXZERO,VXZEROyRXyVXsNA,RAyVA,RCOEF, VCOEF4N4RC
1VCyRB,yVB)

263

800
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*
*
*
*
*
*

10

20
30

33

34
35

40
50

1112

100

200

SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND
BY USING THEM AS INITIAL APPROXIMATIONS WITH NEWTON®*S METHOD APPLIED TO

THE FULL, UNDEFLATED POLYNOMIAL.

1:RX0, VX0 RPXy VPXyRDOPX s VDPX yRXNE W+ VXNEW,EPS
DOUBLE PRECISION ABPX,ABDPX

DOUBLE PRECISION DSQRT

DIMENSION RXZERQ(25),VXZERD{25)4RX(25),VX{25),RA{26),VA(26) 4RCOEF
126),VCOEF(26),RC{26),VC(26),RB{26),VB(26)

COMMON EPS,102,MAX

DO 10 I=1,K

RXZERQ(I)=RX(1)

VXZEROLI)=VXLI)

DO 20 I=1,NA

RCOEF(1)=RA(I}

VCOEF(T)=VAL])

DO 50 J=1,K

RXO=RXZERO(J)

VXO=VXZERD(J)

NN=N

1TER=0 .

CALL HORNER(RCOEF ,VCOEF ,RX0,VXOsNNyRBVByRCsVCyRPXyVPX,ROPX,VDPX}
ABPX=DSQRT (RPX¥RPX+VPX%VPX }

ABDPX=DSQRT{RDPX*RDP X+ VDPX*VDPX)

IF(ABDPX.NE.0.0) GO TO 33

IF(ABPX.EQ.0.0) GO TO 40

60 TO 34

CALL NEWTON{RPX,VPXoRDPXsVOPXoRXOyVXOyRXNEWy VXNEW)
ITER=ITER+1]

RXO=RXNEW

VX0=VXNEW

CALL CHECK(RPXyVPXRDPXy VDPXyRXOyVX0y»KANS)
[F{KANS.EQ.1} GO TO 40

IF(ITER.GE.MAX) GO TO 35

GO TO 30

WRITE(102,1112) RXO,VXQ

WRITE(102,100) J,RXZERO(J)yVXZERD(J)}
WRITE(102,200) MAX

RX{J¥=RX0

VX{J)=VX0

CONTINUE

RETURN

FORMAT (1HO,36HTHE VALUE OF THE DERIVATIVE AT XO = ,D23.16,3H + .02
13.1642H4 [,10H TS ZERO.)

FORMAY (42HOIN THE ATTEMPT TO IMPROVE ACCURACYs ROOT(,1244H}) = ,023
ls1643H + 4D23.1642H [,18H DID NOT CONVERGE.)

FORMAT{33H THE PRESENT APPROXIMATION AFTER ,13,29H ITERATIONS IS P
IRINTED BELOW.)

END

# % 5 3t

o

e 2000 o ot o e o e o e o 00 oo o 6 o e o oo ol e ot e e e b o o o o e e o e ol ol ok ook o e el R K e R e o
DOUBLE PRECISION RXZERO,VXZERO,RXyVXyRA,VA,RCOEF,VCOEF,RC,VC,RB,VB

B80S
806

808

812
815
816

824
825
828
832
833
834
836

856
860
B61

844

864

870
a7y
B72
876
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370
371
372
373
374
375
376

377

378
379
380
381
382
383
384
385
386

387"

388
389
390
391

392

393
394

396
397
398
399
400
401
402
403
404
405
406
407
408
4«09
410
411
412
413
414
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TABLE XVIII-B (Continued)

‘SUBROUTINE COMSQT{UX,VX,UY,VY)
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¥ THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER,
*
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DOUBLE PRECISION UXyVX,UY,VY,DUMMY,R,AAA,BBB
DOUBLE PRECISION DSQRT4DABS
R=DSQRT(UX*UX+VX*VX}
AAA=DSQRT{DABS((R+UX}/2.0)}
BBB=DSQRT(DABS{(R-UX}/2.0))

10

20
30

40

50

60

100

*

IF(VX) 10,20,30
UY=AAA
VY=-1.0%B88

G0 TO 100
IF{UX} 40,50,60
UY=AAA

VY=BRA

60 TO 100
DUMMY=DABS (UX)
UY=0.0
VY=DSORT (DUMMY)
60 TO 100
Uy=0.0

V¥=0.0

60 TO 100
DUMMY=DABS (UX)
UY=DSQRT (DUMMY)
VY=0.0

RE TURN

END

SUBROUTINE DERIV{UA,VA,NA,UB,VBsNB) .
o g ek ok 08 A ol o A e o e K R K o R OR A R o R

* GIVEN A POLYNOMIAL P(X}, SUBROUTINE DERIV COMPUTES THE CODEFFICIENTS OF
* ITS DERIVATIVE P*(X), :

*

*
*
*
*
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DOUBLE PRECISION UA,VA,UB,VB i '
DIMENSION UA(26)+VA(26)4,UB(26),VB(26)
IF(NA.GE.2) GO TO 30 :

IF(NA.EQ.1) GO TO 20

20
30

40
50

END

uB(l)=0.0
VA(1)=0,0

NB=-1

GO TO 50
UB{1})=UA(1l)
vB(1l)=VA(l}
NB=0

GO YO0 50
NB=NA~-1

DO 40 I=1,NA
BAB=NA-[+1
UB{I1=BRB*UA(T)
vB({I1=BRB*VA(I)
RETURN
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416

417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
415
436
437
438
439
440
441
442
443
444
445
446
447
448

449

450
451
452
453
454
455
456

457

458
459
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TABLE XVIII-B (Continued)

SUBROUTINE DIVIDE{UF,VFyNF UG, VGyNG,UHVHsNH)
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*

* GIVEN TWO POLYNOMIALS FU(X) AND G(X), SUBROUTINE DIVIDE COMPUTES THE

*
]

20

30

60

70

90

95
100

QUOTIENY POLYNOMIAL HUX) = F(X)/G(X).
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DOUBLE PRECISION UFysVFyUGyVGyUHsVH UXoVX9UC4VC,UP X3 VPXUDPX,VDPX U

1TERM, VTERM,UDUMMY , VDUMMY, EPS
DOUBLE PRECISION DENOM

DIMENSION UF{26) +VF{26),UG(26),VG{26),UH(26),VHI26),UC(26),VC(26)

COMMON EPS,102,yMAX

IF(NG.GE.2) GO TO 60

IFING.EQ.1) GO TO 30

NH=NF

KKK=NF+1

D0 20 I=1,KKK
DENOM=UG(1)*UG(1)+VG(1)*VG (1)

UHCT Y= (UFCI)*UGLLI+VFL T} %VG( 1) } /DENOM
VHUIY=(VFII)*UG(L1)-UF( 1)*VGI1))/DENOM
GO TO 100

UDUMMY=-1,0%*UG(2)

VOUMMY==1,0%VG(2)

DENOM=UGL11*UG(1) +VG(1)*VG(1)
UX={UDUMMY*UG( 1 )+VDUMMY*VG(1))/DENOM
VX=(VOUMMY*UG( 1 )~UDUMMY*VG (1)) /DENOM
NNF=NF

CALL HORNER(UF 4VFyUX9VXoNNF¢UHyVHyUC,VC,UPXVPX4UDPX,VDPX)

NH=NNF~1

GO 7O 100

NH=NF-NG

DENOM=UGLLI*UG(1) +VG(1)*VG (1)
UHUL)=(UF(1)*UGLLY+VF(L1)*VG(1))/DENOM

VHIL1)=(VF(1)*UG(1)-UF(1)*VG(1)}/DENOM

KKK=NH+1

D0 95 [=2,KKK

UTERM=UF(1)

VTERM=VF (1)

J=2

K=1-1
UTERM=UTERM= (UG {J) *UHIK}=VG {J) *VHIK))
VTERM=VTERM=(VG{J)*UH{K) +UG(J) ¥VH(K))
IF(J.EQ.1) GO TO 90

IF(J.GE.NG+¥1) GO TO 90

J=J+l

K=K-1

GO TO 70
DENOM=UG( L) *UGI 1) +VG{ 1)1 #VG {1}
UH{T)=(UTERM*UG(1)+VTERM*VGI1 ) )/DENOM
VH(I)=(VTERM*UG{1)—-UTERM#VG(1))/DENOM
RETURN

END

*
*
*
*
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470
471
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480
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490
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505
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TABLE XVIII-B (Continued)

]

SUBROUTINE GCD(UP4VP NP ,UDPVDP,NDPyURK,VRKsNK4EPSG}
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GIVEN POLYNOMIALS P(X) AND DP(X)} WHERE DEG.
P(X)y SUBROUTINE GCD COMPUTES THE GREATESY COMMON DIVISOR OF P(X) AND

DP{X}e
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DOUBLE PRECISION EPSGsUPsVP,UDP4VDP 4URKyVRKyURL 4VR] UR2,VR2,UT VT,

1UU,VU,BBB,EPS
DOUBLE PRECISION DENOM
DOUBLE PRECISION DSQRT

DP(X) 1S LESS THAN DEG.

&
*
&
&
*
*

DIMENSION UR1(26),VRL(26)4UR2(26),VR2(26),UTI26)VT(26),URK{26),VR

LK(26) sUP(26)4+VP(26)4UDP(26),VDP(26)
COMMON EPS»I1024MAX

N1=NP

N2=NDP

KKK=N1+1

DO 10 TI=1,KKK

©“URL(I)=UP(I)

10

20
50

70

80
90

100

110

120

VRL{I)=VP(I)

KKK=N2+1

D3 20 I=1,KKK

UR2(T1)=uDP(I)

VR2(11=vDP(I])
DENOM=UR2 (1) *UR2(1)+VR2{1) %VR2{1)
UU=(URL(LI*UR2{1I+VRL(1)*VR2(1))/DENOM
VU= (VR1(1Y*UR2{1}-URL(1)*VR2(1))/DENOM
KKK=N2+1 c

DO 70 I=1,KKK :
UT(T)=URL(I)=(UU*UR2(T)-VUXVR2(1)
VI(I)=VRL{I}=-(VU*UR2( 1) +UU*VR2 (I}
ut(1)=0.0

VT(1)=0.0

IF(NL.EQ.N2) GO TO 90

KKK=N1+1

NNN=N2+2 .

DO 80 TI=NNN,KKK

UT(I=URLL(IT)

VI(I)=VR1(I)

KKK=N1+1

DO 100 I=1,KKK
BBB=DSQRTIUT(I)*UT(I)+VTII)*VT(I))
IF(BBB.GT.EPSG) GO TO 120

CONTINUE

NK=N2

KKK=NK+1

DO 110 [=2,KKK
DENOM=URZ (1) *UR2(1)+VR2 (1) *VR2(1)
URK{I)=(UR2(I)*UR2(1)+VR2(I)*VR2(1))/DENOM
VRK(I)={VR2( 1) *UR2(1)~UR2([)*VR2(1))/DENOM
URK(1)=1.0

VRKI(1)=0,.0

G0 TO 200

M=NL+1-1

[F(M.LT.N2) GO TO 160

N1l=M

KKK=N1+1

NNN=[-1

DD 150 J=1,4KKK



511
512
513
514
515
516
517
518
519
520
521
522
523
524
. 525
526
527

529

530
531

532
533
534
535
536
537
538
539
540

541
542
543
544
545
546
547
548
549
550
551
552
553
554

555

150

160

170

180

200

x
*
*
*
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20

25

40

TABLE XVIII-B {(Continued)

URL1(J)=UT(NNN+J)
VR1{J)=VT{NNN+J}
GO .TO 50

Ni=N2

KKK=Ni+1

DN 170 J=1,KKK
UR1(JI=UR2(J}
VRI(J)=VR2(J}
N2=M

KKK=N2+1

NNN=1-1

DO 180 J=14KKK
UR2{JY=UT(NNN+J)
VR2{J)I=VTINNN+J)
GO TO 50

RETURN

END

SUBROUTINE MULTIP(UA,VA,NA,URDOT,VROOTyNRyMULTI,EPSPX)

e s 2 e ik o 3k ok o e ok o K o o o ok ol a8 o e o ok e e o o e ol oo o ok o o ol e e ode o ke ok ol e o e e o e e e o e o o oke e o o ol e o o e R R R ROl

GIVEN NR ZEROS OF A POLYNOMIAL, SUBROUTINE MULTIP COMPUTES THEIR
MULTIPLYICITIES,
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DOUBLE PRECISION UA, VA;UROOT;VRODT,EPSPX.UNURK,VWDRK.UB VBsUC,VC,sU
1PX VP X,UDP X, VDPX4BBB,EPS
DOUBLE PRECISICN DSQRT

DIMENSION UAL26)4VAL26),URDOT{25), VRODT(ZS)'UHORK(Z6)aVNDRKl26).MU‘

ILTI(25),UB{26),VB(26),UCL126),VC{26)
COMMON EPSy102yMAX

DO 50 I=1,NR

MULTI(1)=20

KKK=NA+1

DO 20 J=14KKK

UWORK { J1=UA( J)

VWORK(JY=VA(J)

NWORK=NA

CALL HORNER(UNORK'VNORK'UROOT(ll VROOT (1) yNWORK yUB ¢ VB UC s VC 4 UPX, VP
1X,UDPX,VDPX)

NWORK=NWORK-1

BBB=DSQRT (UPX*UPX+VPX*VPX)
1F(BBB.GT.EPSPX) GO TO 45
MULTI({1)=MULTI(I}+1

IF(NWORK.LT.,1} GO TO 50

KKK=NWORK+1

DO 40 J=1,KKK

UWORK(J}=UB(J}

VWORK{J)=VB{J)

~ GD 10 25

45
50
100
1000

IF{MULTI(I).EQ,0) WRITE(102,1000) EPSPX,1,UROOT(I),VROOT(I)
CONTINUE

RETURN v _

FORMAT{(///14H THE EPSILON (,D10.03,49H) CHECK IN SUBROUTINE MULTIP
1 INDICATES THAT ROOT(,12,4H) = 4D23,1643H + ,023,16,2H 1/80H IS NO
2T CLOSE ENOUGH TO BE A TRUE ROOT. IT 1S PRINTED BELOW WITH MULYIP
3LICITY 0//) »

END

$ENTRY

{
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APPENDIX E .
G.C.D. - MULLER'S METHOD
1. TUse of the Programs

Two programs using the grestest common divisor method supported
by Muller's method are presented here. The first is the single.
precision program. The second program is in double precision and is
designed to perform double precision complex arithmetic. These pro-
grams are written for use on any computer using FORTRAN IV language.
They have been tested on the IBM S/360 mod. 50 computer which has a
32 bit word. However, it may be necessary’to change the system func-
tions as described below. The single precision program may be changed
to double precision as described below.

After selecting the desired program, the input data should be.
prepared .as -described in section 2.

Each program is designed to solve polynomials of degree 25 or
less. Botﬁ'the coefficient of the highest degree term and the constant
coefficient should be mon-zero. In order to solve polynomials of
degree N where N > 25, certain array dimensions must be changed.

These are listed in Table XIX;

268
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TABLE XIX

PROGRAM CHANGES FOR SOLVING POLYNOMIALS OF DEGREE
GREATER THAN 25 BY G.C.D. - MULLER'S METHOD

Single Precision ' Double Precision

Main Program

P(N+1) UP(N+1) ,VP(N+1)
OIAPP (N) UOIAPP(N) ,VOIAPP (N)
ROOT(N) UROOT (N) , VROOT (N)
MULTI (N) MULTI (N)

DP (N+1) UDP (N+1), VDP (N+1)
RK (N+1) URK (N+1) , VRK(N+1)
H(N+1) UH(N+1) ,VH(N+1)

Subroutine MULTIP

A(N+1) UA(N+1) ,VA(N+1)
ROOT(N) ) UROOT(N) , VROOT ()
WORK (N+1) UWORK (N+1) , VWORK (N+1)
MULTI (N) MULTI (N)

B(N+1) UB (N+1) , VB (N+1)

Subroutines DERIV, DIVIDE, and GCD
See corresponding subroutines of Table XIV in Appendix D,

Subroutines MULLER, BETTER, GENAPP,
HORNER and QUAD

See Main Program or corresponding subprograms of Table IX in Appendix C.

Certain computers may require that the system functions of Table X
in Appendix C be changed invboth\the single precision and double pre-
cision programs. -

‘When used on the IBM S/360 with the WATFOR compiler for FORTRAN IV,
the system functions given in Tables X-A of Appendix C and XIV-A of
Appendix D must be typed in a declaration statement. These also appear

in the program listing. For use without the WATFOR compiler or omn
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other computers, these system functions might have to be removed.,

The single precision program may be converted to double pfecision
fbr use on machines equipped to perform double precision complex arith=
metic provided the following changes or their equivalent are made and
the system functions of Table XX are used and typed in a declaration
statement where necessary. The changes presented below are those
required for the IBM S/360. A "c" denotes a complex number and an "r"
denotes a real number. The format statements should be changed from
E-type to D-type.

In the main program and each subprogram change COMPLEX Cl,Cz,uoo

to COMPLEX#*16 C,,C

15Cys+ o and add IMPLICIT REAL*8(A-H,0-Z).

TABLE XX

SYSTEM FUNCTIONS FOR CONVERTING SINGLE PRECISION G.C.D., =
MULLER'S METHOD TO DOUBLE PRECISION

Single Precision changed to Double Precision

Subroutines GCD, MULTIP, MULLER,
TEST, and QUAD

CABS(c) - absolute value - CDABS (c)

" Subroutines CALC, GENAPP,
‘ ALTER, and QUAD

See corresponding subprograms of Table XI in Appendix C.

2. Input Data for G.C.D. - Muller's Method

1

The input data for G.C.D. - Muller's method is prepared exactly as
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that for G.C.D. - Newton's method as described in Appendix D, § 2.
3. Variables Used_iﬁ G.C.D, - Muller's Method

The definitions of the major variables used in the G.C.D. -
Muller's Method are referenced in Table XXI. The symbols used in the
referenced tables are described in Appendix B, § 3. For variables not

listed see the corresponding subprogram of Table VIII in Appendix B.

TABLE XXI
VARIABLES USED IN G.C.D. - MULLER'S METHOD
Main Program and Subroutines DERIV,
DIVIDE, GCD, and MULTIP
' See corresponding subprogram of Table XVIII in Appendix D.

Subroutines MULLER, BETTER, TEST,
ALTER, HORNER, and QUAD

See Main Program or corresponding subprogram of Table XIII in Appendix C.

4, Description of Program Output

The output from the G.C.D. - Muller's method is the same as that

for G.C.D. - Newton's method as described in Appendix D, § 4.
5. Informative and Error Messages

The informative and error messages are the same as those for

G.C.D. - Newton's method as described in Appendix D, § 5.



MAIN PROGRAM

V

CoOMMON

DUMI, EP5Q,EPSCNY, 102, MAX

DATA
PNAME«~ p(
HNAME +— n¢
DNRME «— O(
|PNRME ~—NEwroNE

oie~ s
ros+¢
NRooT & 0

NOPOLY, NP, NLAP, MR,

!PSQ, EPSCAY, EPSQ, EPSMUL,
ASTAR (4.1

NopoLy ,aP, |4

P“n-'l;m“

fchwe_auad
P,nP, RooT,
NROOT, MULTT

!

Root, :-o Root, 0

MULTE, o MULTE,

% .
Soived by divect

methed ¥

\/
ChLL QUAD

M, NN, ROOT,
NROOT, MULTY,
(14 7%

AV
CAWL MULTIP
{1 P, wp, RoorT,
NROOT, MULTL

EPSMUL

CALL DERIV
F\NP, 0P, NOP)

!

CALL GCO

P,NP, 0P, NOP,
Rx, NR¥, EFSQ

|

Chit DIVIDE

P, NP, RK,NRK,
H,NH

CALL MULLER
W, HH, ovare,
NIAP, XSTART,
XEND,SEIMUL P,

Figure 13.2. ¥Flow Charts for G.C.D, -

Muller's Method
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A NP, OXAPP,NAPP,
XSTART, X6ND,
£PSM, 6, NPEG,

PATA
PNANE ¢ P(
DNAME + O

CommoN

EPSAT \EPSa,
£95,708 ,MAX |

i £ unprl

MULLER

§PSATE- 999
NRoor ¢~ ¢
YRoot ¢ ©
IPATH |
NALTER ¢ O
ITIME <0
NOMULT ¢~ 0O
IAPP & |
ITER & |

RAPL & OXAPP.
i O1AP £

CRLL HOANER

WoRk, 8, #x2,
WWORR X1

|

CALL HORNER

WORK , 8, PAS,
NwoRAK, X3

&

CRLL CALL

1,52, %3, P,
PAZ,Px3, X¢,
Q#, H3
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¢,

(]
(!

PP, ,"— I-l‘ AL

arp, .‘9— o nn'.,l
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P
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e
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CRLL HORNER

WORK, 8, Pix,
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IT, 9

NWORK NP

M= MI;‘”"

-—
% n'{er,l.
X3 € APF,

/

1APP, 3

CRLL HoRnen
WOAK, B, PXI,
NWORN, XI

Figure 13.2. (Continued)
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Figure 13.2. (Continued)

274



275

\(
.09, NP, NOP,
EPLQ
et
Semn ’
feih ——pl‘ LUt 1 l
Bl np é
KL+ Mpp M- P“ 9 £95G fe2
\
Te s . \
ieai | ML
fein ’
‘ ) e
? y | | |
} ‘ Nt
+ ¢
BRI~ B i x
LeNEt .
(g 2]
¥
o ] -
§ 1 i~
) . - {amity
U+ A/, lm, 0P I § iefn
$ ) T
i ) ) Rij < A2
SaNLs) —
i in L T, o

i
1 |

E‘"‘;‘”‘“‘t ' ) Cm-u; . I )
- - é 7 A ‘\“
fe-wzti ienen (£
: femn
ie i
? T
\
T, Ay

Figure 13.2. (Continued)



BETTER

oLy,
A,NP,ROOT , NROOT,
RAPP, TROOT,

L& L
HDDTSLO- e
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HORNER

R,NA, X

V
Bl‘. n'
NUM & NAH]

lu

IROOT & FROOT ~1

. 4& ‘

Figure 13.2,

. ULT *— MUt
common P ] =
EPSAT, £PSO,
EPS,T02, MAX
X X2
L X2 X3
X3 ¢~ X8
F Root; ,MAx, x4, Pra<-px3
“No converg- ITER¢ TSR+
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(Continued)
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MULTIP

A,¥8, Roor,
N, EPSPY

START

‘ — 7 oS
. N ML
g+ o 4—'@ - o,;,n)__Dl B — NA~I i _ EFS, 103, piax
NG — ~i e '

¥ ! \ '
v ey
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S fu Q_®
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e

- 7y
Hoﬂni - A Jedn

LALL HORNER

WORX, RooTy

NWOAK, 8, PX,C
P X

NWoRk ¢ wwoRx-i

MULTL, ¢ s+

NWORK < na

“ No convevgena
message”
5950, AoOT,

Figure 13.2. (Continued)
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CALC ‘ : - TEST

W,%2, X3, P0),
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TABLE XXI-A

SINGLE PRECISION PROGRAM FOR G.C.D. - MULLER'S METHOD

'saba'io414

i t*#tttttttttttt*tt*ttttttttttttttttttttttttttttttttittttt###tﬁ#t*tt#tt##tt**
*
SINGLE PRECISION PROGRAM FOR GeCoeDe ~ MULLER'S METHOD

*
*
* *
& . : . . *
* THE G.C.D. METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A *
* POLYNOMIAL OF MAXIMUM DEGREE 25, ALL MULTIPLE ROOTS ARE REMOVED BY *
* DIVIDING THE POLYNOMIAL BY THE GREATEST COMMON DIVISOR OF THE POLYNOMIAL *
# AND ITS DERIVATIVE. THE 2EROS OF THE RESULTING POLYNOMIAL ARE EXTRACTED *
* AND THElR MULTIPLICITIES DETERMINED, *
* *
* *

tttt*tttttttttttttt*t*tt#tt#*#tt#t#tt*ttttttttttttt#tt*tttt##tttt#tt*#tﬁtt
COMPLEX P,O1APP,ROOT ;DOP,RK,sH
- DIMENSION ‘P{26)+0TAPP{25),RO0T (25}, MULTI(ZS)-DP(Z&I»RK(Z&)
DIMENSION H(26) ,ANAME(2)
COMMON DUM1,EPSQyEPSCNV,[024MAX
DATA PNAME ;HNAME y ONAME/2HP (4 2HH( 4 2HD(/
‘DATA ANAME(!),ANAME(ZD/QHHULL 4HERS 7/
1019 .
10256
10 NRGOT=0 S B
"READIIO! 1000} NOPOLYyNPyNIAP ;MAX(EPSGsEPSCNV)EPSQ)EPSMUL s XSTART, X
lEND.KCHECK : : S
o IFUKCHECK:EQ+1) STOP.
" KKK=NP+1:.
RsAo(lnx.lolo) (Pll)yl= l'KKKI . o
IF(NIAPJ,EQ,0) GO TO 20 . N
. READ( 101,1020) (0!APP(I):I=1.NIAP)
20 KKKaNP+1
WRITE(102,1030) ANAME(l).ANAHElZ).NDPOLY.NP
WRITE(10241035) (PNAME,[4P{I),1=14KKK).
WRITE(102,2060) - ) :
WRITE(102,2000) NIAP
WRITEL[0Z2,2010) MAX
WRITE(102,2070) EPSG
WRITE(10242020) ERSCNV
WRITE(102,2030) EPSMUL
WRITE{1D2,2040) XSTART
WRITE(102,2050) XEND
IFINP.GT.2) GO TO 90
© . CALL QUAD(P,NP;RDOT,NROOT, MULTI.EPSQ)
85 WRITE(102;1037)
WRITE(IN2:¢1086) (14+ROOT(I),MULTI{I},I=1,NROOT)
GO TO 10
90 CALL OERIV(P#NP;DPiNDP)
CALL GCD(P,NPyDP4NDP,RK,NRK4EPSG)
CALL DTVIDE(PR +NPyRKyNRK¢HyNH)
KKK=NH+1
WRITE(102,1060)
HWRITE(102y1035) (HNAME, 1 iH(1),1= l-KKK)
IF(NH.GT.2) GO TO 150
CALL QUAD(H,NHsRODT,NROOT,MULTI EPSQ)
" CALL MULTIP(PoNP,ROOT4NROOT ¢MULT I, EPSMUL ;NOPOLY)
GO TO 85
150 CALL MULLER(H, NH,OLAPP, NlAP.XSTART.XEND.EPSHUL. +NP;NOPOLY)
GO 1010
1086 FORMAT(2X,5HRO0T(412;6H) = jEl4+7y3H + (E14.7,2H 1,410%X12;11X,23HS
1OLVED -8Y DIRECT. METHOD)



45
. 46
47
48

- 49
50
51

52.
53
54

55

56

57

58

59
60

61

62
63
64
65
66
67

. 68

69
70
71
T2
73
T4
75
716
77

" 1000

1010
1020
1030

‘1035

QOOOO0

2000
2010
2020
2030
2040
2050
2060
2070
1037
1060
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TABLE XXI-A (Continued)

FDRMAT(B(IZ:IX)v9XplBleo4(E6 [/ 1) 1XI513Xp2(E7 0.1X).ll)
FORMAT (2E30.0) )

FORMAT{2E30.0) et e
FORMAT(1H1,10X ,41HGREATEST COMMON OIVISOR METHOD USED HlTH 120A4)
135HMETHOD TO FIND ZERGS OF POLYNOMIALS/11X.18HPOLYNOMIAL NUMBER -l"
-.22411H OF DEGREE 412////1X,28HTHE COEFFICIENTS OF P (X} ARE//) :
FORMAT (3X4A291254H) = 4EL4aT93H & 4ELl4eT92H 1) L
FORMAT{1Xy41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. - ,12) -
FORMAT{1X, 29HMAXIMUM NUMBER OF ITERATIONS.s11X,13) ' S
FORMAT(1Xy21HTEST FOR CONVERGENCE.,13X,E9.2) )

FORMAT{1X324HTEST FOR MULTIPLICITIES. »10X4E9.2)

FORMAT(1X423HRADIUS TO START SEARCH.»11XsE9.2) -

FORMAT(1X,21HRADIUS TO END SEARCH.,13XsE9.2)

FORMAT(//1X)

FORMAT{1X,31HTEST FOR.ZERO IN SUBROUT INE GCDs3X,yE9.2)

FORMAT{///+1Xs L3HZEROS OF P(X) 437Xy 14HMULTIPLICITIES//)
FDRMAT(///IX.42HTHE COEFFICIENTS OF H{X) = P{X)/G«C.D. ARE//}

END

SUBROUT[NE DERIV(A,NA,ByNB)

##***tt#####t#t#t#t#t##t*ttt##*#ttt##t*#*t#ttt**t##t**#t######t#ﬁ#####*tt*t#

*
*
*
*

*
GIVEN A POLYNOMIAL P(X), SUBROUTINE DERlV COMPUTES THE CDEFFlCIENTS OF *
ITS DER IVATIVE. P*(X), s . . ) s L *
: S . A . x

.#t***t*#######*######*t#t##*t###*#t#t***##**#t###t#*#t#*#t#t##*#*###*#######

20

30

40
50

COMPLEX A,B
DIMENSION A{26),B(26)
IF(NA.GE.2) GO TO 30
IF(NA.EQ.1) GO TO 20 R L PR L
B(1)=0.0 R e T
NB=-1 ce - ST 5 e T
GO TO 50

B(1)=A(1) . - L W B
NB=0 o Tan e Con
60 TO 50 T e e :
NB=NA-1

DO 40 I=1,NA

BBB=NA-1+1

B(I)=BBB*A(L)

RE TURN

END
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TABLE XXI-A (Continued)

‘SUBROUTINE DIVIDE(FyNF,GyNG,y

HeNH?
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a2 4 ot ook ook ol ool o o ol ok o ok o ok abe o s o o e e o ko o e o o e e bl o o o e (e e o o g e e o o o o e ok R R K

*

*
%

QUOTIENT POLYNOMIAL HUX) =

*® GIVEN TWO POLYNOMIALS F(X) AND G(X), SUBROUTINE DIVIDE COMPUTES THE

FIX)/GIXD)o

*x
*
*
*

A 20 o e o 2o A o0 200 o e 0 o e ok e a9 o e e o o e 26 e 3 ok o ke o o o ke e o ok 0k o oG ok g ke e e e e ok e ok o o R o ol s ok kol ok 3ok e o o ok

20

‘30

COMPLEX FoGyHyXyPX,TERM
DIMENSION F(26),6126),H(26)
COMMON DUM1,DUM2, EPS 1024 MAX
IF(NG.GE.2} GO TO &0
1IF(NG.EQ.1) GO TO 30

NH=NF

KKK=NF+1

DO 20 I=1,KKK
HUI)=F{I)/G{1)

GO TO 100

X=~G{2}/G(1)

NNF=NF

. CALL HORNER{NNF 4F 4 Xy HyPX)

60

70

30
100

NH=NNF~1

GO TO 100

NH=NF ~NG
H1)=F(1)/G(1)
KKK=NH+1

DO 90 I=2,KKK
TERM=F (1)

=2

K=[~-1
TERM=TERM=G{J )} *H(K)
IF(J.EQ.I) GO TO 90
IF(J.GELNG+1} GO TO 90
J=J+l

K=K=1

GO TO 70
H{T1)=TERM/GI1)
RETURN

END



111
112

113

114
115
116
117
118
119

. 120
121
122 -

123
124
125
126
127
128
129
130
131
132
133
134

135 |

136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
i55
156
157
158
159
160
161
162

'ﬁﬁﬁﬁﬁﬁﬁ

TABLE XXI-A (Continued)

' SUBROUTINE GCD{P4NP,DP,NDP,RK,NKyEPSG)
LR RSP 2 S RS PR P TR R e El P e R RS RS e e R L R P e e R Sl

*

% GIVEN POLYNOMIALS P(X) AND DP(X) WHERE DEG.

B J
*
*

10

20
50

70
‘80
90
100

110

120

150

160

170

180
200

PUX)y SUBROUTINE GCD COMPUTES *THE GREATEST COMMON DIVISOR OF P{X) AND

OP{X).

COMPLEX R14R29RK UT+P,DP
DIMENSION R1{26),R2(26),TL26)4RK(26)4P(26),0P126)
COMMON DUM1,DUM2,EPS,102,MAX

N1=NP

N2=NDP
KKK=N1+1

D0 10 I=1,KKK
RLEDD=P(I)
KKK=N2+1

D0 20 1=1,KKK
R2(1)=DP(1)
U=R1{1)/R2(1}
KKK=N2+1

DO 70 I=1,KKK

TOI)=R1(L)=U*R2(I)

T(1)=0.0

IF (N1,EQ.N2) GO
KKK=N1+1
NNN=N2+2 ‘
DO 80 I=NNN,KKK
T(=R1LT)
KKK=N1+1"

DO 100 Ix],KKK

BBB=CABSIT(I)) .

IF{BBB.GT.EPSG)
CONTINUE

NK=N2

KKK=NK+1

DO 110 1=2,KKK

T0 90 '

Go ¥0 120

RK(1)=R2(1)/R2(1)

RK(1)=1.0
GO TO 200
M=N1+1-1

IF{M.LT.N2) GO TO 160

N1=M

KKK=N1+1

NNN=T -1

DO 150 J=1,KKK
R1{J)=TE{NNN+J)
GO TO 50
N1=N2

-KKK=N1+1

PO 170 J=1,KKK
R1{J)=R2(J)
N2=M

KKK=N2+1
NNN=1-1

DO 180 J=1,KKK
R2{J)=T(NNN+J)
GO TO 50
RETURN

END

DP{X) IS LESS THAN DEG.

###**#tt#tt*t##*#t##***tt*##*#**#*#####*###**##t**t#*#*###*####**t##t##***#

285

*
*
*
*
*
t



163

164
165

166 .
167

168
169
170
171
172
173

174

175
176
171

178

179

180
181
182

183 -

184

a5 o
;186

187

OOO00O0

*
*
*
*
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TABLE XXI-A (Continued)

SUBROUTINE MULTIP(A,NA,ROOToNRyMULTI,EPSPX)
#t#***t#**##t#tt*#######t######**####tt####tt###t##v######t#tt*####*###t###

*
GIVEN NR ZEROS OF A POLYNOMIAL, SUBROUTINE MULTIP COMPUTES THEIR *

MULTIPLICITIES. : *
. M

##tt####t##&########i##t#####‘###‘##‘#“#“###########t######tt###**###*##t#

20

25

40

45
. 50
100
1000

COMPLEX A,ROOT;WORK;PX,DPXsB

DIMENSION At26),RO0T{25) ¢WORK{26},MULTI(25),B(26)

COMMON DUML ¢DUM24EPS,102,MAX

DO 50 I=1,NR

MULTI(I)=0

KKK=NA+1

DO 20 J=1,KKK

WORK {J)=ALJ)

NWORK=NA -

CALL . HORNER{NWORK y WORK ; ROOT {1} +B¢PX)

NWORK=NWORK-1

-BBB=CABS{PX)

IF{BBB.GT.EPSPX) GO TO 45

MULTICI)=MULTI(])+]1 )

[F{NWORK.LT.1) GO TO 50

KKK=NWORK+1

DO 40 J=14+KKK

WORK(J}=B(J}

GO TO 25

IFIMULTI(I).EQ.O) NRlTE(IOquOOO) EPSPlenRODT(ll

CONTINUE

RETURN

FORMAT(///14H THE EPSILON (4El4.7449H) CHECK IN SUBROUTINE MULT!P
LINDICATES THAT ROOT(,1244H) = yE14e7¢3H + 4EL4.T92H 1/80H. IS NOT C
" 2LOSE ENOUGH TO BE A TRUE ROOT. IT IS PRINTED BELOW WITH MULTIPLIC
31TY 0/7) . : :

END



188

189

190
191

192
193
194
195

196

197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216

217

218

219

220
221
222
223
224
225
226
2217
228
229
230
231
232
233
234
235
236
237

[slsNsNelaNaNaNalel

TABLE XXI-A (Continued)

SUBROUTINE- MULLER{A,NP,O1APP,NAPPyXSTART ¢ XEND,EPSM,P,NDEG,NOPOLY}

287

##t#tt#ttttttttttt##*tt##*#t###t#t###tt####t#tt###**#t##t#*#ttt##t#t*#*####t

*
*
*
*
*
*
*
*

18
20

.25
217

30
40

‘50
55

60

MULLER'S METHOD EXTRACTS THE Z2ERQS AND THEIR MULT!PLICITIES OF &
POLYNOMIAL OF MAXIMUM DEGREE 25. THROUGH THREE GIVEN -POINTS THE
POLYNOMIAL IS APPROXIMATED BY A QUADRATIC. THE ZER0 OF THE QUADRATIC
CLOSEST TO THE OLD APPROXIMATION IS TAKEN AS THE NEW APPROXTMATION.

IN THIS MANNER A SEQUENCE IS OBTAINED CONVERGING TO A ZERO.

#t####tt#t###t##tt#####!##########t#t##!!######t#######tt*#t####t#tvt##### )
COMPLEX PX34PX2,RO0T yX1,APP X2 yWORK X3 ¢BeX49A,PX1yRAPP,PX44H3,Q4 )

COMPLEX Ol1APP,P

DIMENSION ROOT {25) ¢MULT(25) s APP{25,3 ) ,WORKI{26),B{26),A(26),RAPP(25

143}

DIMENSION OLAPP{25),P{26)

DATA PNAME ,DNAME/2HP (,2HDL/
LOGICAL CONV

COMMON EPSRT,EPSO,EPS, 1024 MAX
EPSRT=0,999

NRDOOT=0 -

1ROOT=0

IPATH=1

NALTER=0

ITIME=0

NOMUL T=0

1APP=1

ITER=1 .

IFINAPP.NE,O} GO YO I8

NAPP=NP

CALL GENAPP(APP,NAPP,XSTART]

GO TO 27

DO 20 I=1,NAPP

APP(1,2)=01APP(I)

DO 25 I=1,NAPP
APP(I411=0.9%APP(14+2)
APP(1,3)=1.1%APP([,2)

KKK=NP+1

DO 30 I[=1,KKK

WORK (13=A(T1)

NWORK=NP

X1=APP(IAPP,1)

X2=APP{IAPP,2]

X3=APP(IAPP,3)

CALL HORNER(NWORK yWORK s X19BPX1}
CALL HORNER(NWORK s WORK ;X2 ¢B¢PX2)
CALL HORNER(NWORK;WORK yX3,8,PX3)
CALL CALCIX1yX24X34PXLyPX2,PX3,X4yQ4sH3)
CALL HORNER{NWORK s WORK ¢X45B ¢ PX%)
ABL=CABS{PX3) o
IF(AB1.£Q.0,0) GD TO 60
QQR=CABS(PX4} /CABS(PX3)
IF(QOQ.LE.10.) GO TO 60
Q4=0.5%Q4 -

X4=X3+H3%Q4

GO TO 55 _ o
CALL TESTI(X3,X4,CONV) . ;
IF(CONY) GO TO 120 '
IF(ITER.LT.MAX) GO TO 110

CALL ALTER(APP(IAPP.II.APP(lAPP-ZIpAPP(lAPP.B).NALTER;ITlMEli}*

IF(NALTER.GT.5) GO TO 75

L

L]
%
*
*
-
*
*
*



238

239
240
241
242
243
244
245
246
247

248,

249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
2758
276
217
278

279

280

281.

282
283
284
285
286
287
288
289
290
291
292
293

294 .

295
296
297

75

70

80

81

82

83

-85
87

90

100

120

125
130

140

150

TABLE XXI-A (Continued)

ITER=1

GO TO 40

IF{TIAPP.LT.NAPP) GO TO 100
IF(XEND.EQ.0.0) GO TO 70
IF{XSTART.GT.XEND) GO TO 70
NAPP=NP

CALL GENAPPLAPP,NAPP,XSTART}

. TAPP=0

GO TO 100
WRITE(T1O02,1090)
KKK=NWORK+1

"WRITE{102,1035) (DNAME,JyWORK(J)sd=1,KKK)

IF (NROOT.EQ.0} GO TO 90

WRITE(102,1060)

IF(IPATH.EQ.1) GO TO 82

IPATH=2 .

CALL BETTER(A,NP,ROOT,NROOT,RAPP, IROOT yHULT)
WRITE(102,1200)

CALL MULTIP(P,NDEG,ROOT,NROOT,MULT,EPSM)

IF (NRODT.EQ.0}GO TO 90

IF({IROOT.EQ.0} GO TO B85

WRITE(102,1080)

DO 83 1=1,IRO0T

WRITE (102,1085) 1,RO0T(1),HULTIT),RAPP(1,2)
IF{IROOT.LT.NROOT) GO TO 85

G0 TO 87

KKK=IROOT+1

WRITE(102,1086) (I1,4ROOT(1)4MULTII) s I=KKKyNROOT?)

IF(IPATH.EQ.1) GO TO 81

RETURN

WRITE(102,1070) NOPOLY

RE TURN

IAPP=1APP+1

ITER=1

NALTER=0

GO TQ 40

NROOT=NROOT+1

IROOT=NROQT

MULT{NROOT)=1

NOMUL T=NOMULT+1

ROOT (NROOT)=X4

RAPP {NROOT »1)=APP(1APP,1)
RAPP{NROOT,21=APP(1APP,2)
RAPP(NROOT,3)=APP(1APP,3)
IF(NOMULT.LT.NP) GO TO 130

G0 TO 80

CALL HORNER(NWORK (WORK yX&yB¢PX4)
NWORK=NWORK=1

KKK=NWORK+1 A ,
DO 140 I=1,KKK . o .
WORK(I)=B(1) :
CALL HORNER(NWORK yWORKyX4yB,PX4)
CCC=CABS(PX4)

IF(CCC,LT.EPSM) GO TO 150
IF(NWORK.GT.2) GO TO 75

IROOT=NROQT

CALL QUAD(WORK yNWORK +ROOTyNROOT (MULT,EPSO)
GO TO 80

MULT{NROOT }=MULT (NROOT ) +1

NOMUL T=NOMULT+1

288



298
299

300 -

301
302
303
304
305
306
307

308

309
310
31

312
313

314
315

TABLE XXI-A (Continued)

GO TO 125

110 X1=X2
X2=X3
X3=X4
PX1=PX2
PX2=PX3
PX3=PX4
ITER=ITER+1
G0. TO 50

1090 FORMAT(///+1X¢65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO

1ZEROS WERE FOUND//)

1080 FORMAT{///1X,13HROOTS OF P(Xl.37X,IQHMULTIPLIClTlES'llX'ZlHlNlTlAL:

1 APPROXIMATION//)
1070 FORMAT(///1X442HNO ZEROS WERE FOUND FOR POLYNOMIAL ‘NUMBER ,12)

- 1035 FORMAT(3X,A2,1294H)} = 4E14.T43H + 4E14eTy2H [} :
1085 FORMATI2Xs5HROOT{412,4H) = 4ELl44Ty3H + 4E14eT92H 1,10X,12410X4ELl4,

17+43H + 4E14.7y2H 1)

1086 FORMAT(2Xy5HROOT{41244H) = 4E14aT93H + 9E14eT92H [410X982,511X923HS

10LVED B8Y DIRECT METHOD)

1060 FORMAT(///35H BEFORE ATTEMPT TO IMPROVE ACCURACY)

1200 FDRMAT(///le37HAFTER THE ATTEMPT TO IMPROVE ACCURACY)
END

289



316

317
318

319

320
321
. 322
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TABLE XXI-A (Continued)

SUBROUTINE BETTER{AyNP,ROOTyNROOT,RAPP, IROOT,MULT}
SRR RERRRRRRRE AR AR R Rk Rk Rk Rk kR R R R R R Rk
* i .

* SUBROUTINE BETTER ATTEMPYS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND *
* BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER'S METHOD APPLIED TO =
* THE FULL, UNDEFLATED POLYNOMIAL. *
* e
* *

o 20k o o a0 age ol o il ol ook e o o oo e afe o o o o o ol el e o0 ol o i o o o ol o e oo o ook skl afe o ok o e o ok e e ol e e o ol ke o o ek e ok o ok ok
COMPLEX ROOTyAyBAPPyX1yX2yX33PX1,PX2,PX3,B,ROOTS X4 ,RAPP ,Q4yH3
LOGICAL CONV '
DIMENSION ROOT(25),A026) 4BAPP{25,3),B(26) ,RO0TS(25) yRAPP(25453) ,MUL

1T(25) :
COMMON EPSRT,EPSO,EPS, 102, MAX
IF(NROOT.LE.L) RETURN
L=0 .

DO 10 I=1,NROOT
BAPP(I,1)=ROOT(1)*EPSRT
BAPP(1,2)=ROOT(T)

10 BAPP(1,3)=ROOT(I)*(2,0~EPSRT)
DO 100 J=1,NROOT '
X1=BAPP(J)1)

X2=BAPP(J,2)

X3=BAPP(J,3)

ITER=1

CALL HORNER(NP Ay X1,B,PX1)
CALL HORNER{NP,AyX2,B,PX2)

20 CALL HORNER(NPyAyX3,B,PX3)
CALL 'CALC{X14X2,X3,PX1¢PX2,PX34X4Q4,H3)

30 CALL TEST(X3,X4,CONV)
IF(CONV) GO TO 50
IF{ITER.LT.MAX) GO TO 40
WRITE(10241000) J,ROOT (J),MAX
WRITE(102,1010) X4

_IF(J.LT.IROOT) GO TO 33
IF(J.EQ.IROOT) GO TO 35
GO TO 100

33 KKK=IROOT-1
DO 34 K=JyKKK
RAPP(Ky1)=RAPP(K+1,1) .

RAPP(Ky2)=RAPP(K#1,2)

34 RAPP(Ky3)=RAPP{K¢1,3)

35 [ROOT=IROQT-1 B

G0 TO 100 :

40 X1=X2
X2=X3
X3=X4
PX1=PX2
PX2=PX3
ITER=ITER+]

60 TO 20

50 L=L¢1
ROOTS(L)=X4
MULTLL)=MULT{J)

100 CONTINUE
IF(L.EQ.0) GO TO 120
DO 110 I=1,L.

110 ROOT(I)=ROOTS(I)
NRUOT=L
RETURN

120 NRODT=0
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TABLE XXI-A (Continued)

RETURN

1000 FORMAT(///42H IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(,12,4H} = ,

LEL4.743H + 4EL4.7y2H 1424H DID NOT CONVERGE AFTER ,13,11H ITERATIO
2NS}) .

1010 FORMAT(30H THE PRESENT APPROXIMATION IS ¢E14.753H + 4EL4.7,2H 1//)

*
*
*
¥

e
*

END

SUBROUTINE CALCUX1yX29sX3yPX1yPX2yPX34X4yQ4,yH3)
###*#t#t#*###**tttttt**ttttttt#t#t#t#t#ttt#ttttt####t##t*######t#*#*###t*#*#

GIVEN THREE APPROXIMATIONS X(N-2),

X{N-1), AND X(N)}, SUBROUTINE CALC

APPROXIMATES THE POLYNOMIAL BY.A QUADRATIC AND SOLVES FOR THE ZERO OF

X(N+1) TO THE ZERO OF THE POLYNOMIAL.

™
»*
*
THE QUADRATIC CLOSEST TO X(N). THIS ZERO IS THE NEW APPROXIMATION »
%
»*
&

R OOR AR ORI RO R R R R KK AR ORGSR O R X ok
COMPLEX PX34PX2yX1¢X29X3,PX1yH34H2,Q3,DsB4C,y01SC,DENLyDEN2,Q4 X4

10

50

60

COMPLEX TEST,CCC

COMPLEX CMPLX

COMMON EPSRT.EPSO.EPS.IOZ MAX
H3=X3-X2

H2=X2-X1

Q3=H3/H2

D=Q3* (PX3-((1,0+Q3)%PX2})+(Q3*PX1)}

B=({(2,0%Q3)+1.0)%PX3)-((1.0+Q3)%(1. 0+Q3)*PX2)*(Q3*QB*PX1)

C=(1.0+Q3)%PX3
DISC=(B*B)-(4.0%D*C}
AAA=CABS(DISC)
IF(AAA.EQ.0.0) GO TO 5
GO TO 7

THETA=0.0

GO TO ¢
DISCI=AIMAG{DISC)
DISCR=REAL(DISC)
THETA=ATAN2(DISCI,DISCR}
RAD=SQRT{ AAA)
ANGLE=THETA/2.0

CCC= CMPLX(COS(ANGLE)pSlN(ANGLE))
TEST=RAD*CCC

DEN1=B+TEST

DEN2=B-TEST
AAA=CABS{DEN1)
BBB=CABS(DEN2)
IF(AAA.LT.BBB) GO TD 10
IF(AAA,EQ.0.0) GO TO 60

"Q4=(-2.0%C) /DEN1

GO T0O 50

IF(BBB.EQ.0.0) GO TO 60
Q4=(-2.0%C)/DEN2

GO TO 50 .
X4=X3+(H3*Q4)

RETURN

Q4=(1.040.0)

60 YO 50

END
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TABLE XXI-A (Continued)

SUBROUTINE GENAPPLAPP,NAPP,XSTART)

292

#######t########################################################*###########

*

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N IS THE
* DEGREE OF THE ORIGINAL POLYNUMIAL.

*

*x
%
s
*

ko kg kR ko kR k kR xRk Rk Rk xRk R ok g kg ko ok ok ko ko kK ok ke

10

20

COMPLEX APP
COMPLEX CMPLX
DIMENSION APP(25,3)

COMMON EPS1,EPS2,EPS3,y1024MAX
IF{XSTART.EQ.0.0} XSTART=0.5

BETA=0,2617994

DD 10 I=1,NAPP
U=XSTART*COS{BETA)
V=XSTART*#SIN(BETA)
APP{1,2)=CMPLX{U,V)
BETA=BETA+0.5235988
XSTART=XSTART+0,.5

DO 20 I=1,.NAPP
APPL{I,1)=0.9%APP(1,2)
APP{I1,43)=1.1%APP(1,2)
RETURN

END
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TABLE XXI-A (Continued)

430 ' SUBROUTINE ALTER(X1yX2yX34NALTERGITIME)

c kkdhhhkbhkd ok kk kb kkkkkkiokkdokkkkk Rk kR kkkkbdokok ok ok ko kk ok k ook ok ko
c * . *
c * SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PROOUCE NO *
c * CONVERGENCE TO A ZERO. THIS IS ODONE A MAXIMUM OF S TIMES FOR EACH ROOT, *
c * ’ . *
c B Y T T T T T R T T s P T e s
431 COMPLEX X1yX24X3
432 COMPLEX CMPLX
433 ' COMMON EPS1,EPS24EPS3,102,MAX
434 IFLITIMEL.NE.O) GO TO 5
435 ITIME=1
436 WRITE(ID02,1010) MAX
437 S IF{NALTER.EQ.0) GO TO 10
438 WRITE(ID2,1000) X14X2,X3
439 GO 1O 20 '
440 10 Y=AIMAG(X2}
441 X=REAL(X2)
442 R=CABS(X2)
443 BETA=ATAN2{Y,X} )
444 WRITE{IN2,1020) X14X2,X3
445 20 NALTER=NALTER+1
446 IF(NALTER.GT.5} RETURN
447 GO TO (30,40,30440430)(NALTER
448 . 30 X2=-X2
449 . GO TO SO
450 40 BETA=BETA+1.,0471976
451" X2R=R*COS(BETA)
452 X2I=R*SIN(BETA} |
453 X2=CMPLX(X2RsX21)
454 50 X1=0.9%X2
455 X3=1,1%X2 )
456 RE TURN .
457 1010 FORMAT{///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
‘ 1TER ,13,12H ITERATIONS.//) :
458 1000 FORMAT{1X¢5HX]l = 4El4sTy3H ¢ ,E14,742H 1,10X,22HALTERED APPROXIMAT
LIONS/1X35HX2 = 4 El4.T93H + 3E14.742H [/1Xp5HX3 = ,E144793H + ,E14.
2742H 17} ’ g :
459 1020 FORMAT(1HO35HX1 = 4E14,7¢3H + 4E14.742H [410X,22HINITIAL APPROXIMA
LITIONS/1Xy5HX2 = ¢E14.T743H ¢ 4E1447,2H I/1Xe5HX3 = ,ELl4.Ty3H ¢ ,El4
2.7y2H 17)

460 END
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TABLE XXI-A (Continued)

SUBROUTINE TEST(X3,X4,CONV)

tttttttttt#tt‘t*ttt#tt*#t*#t*t#tt***t##*#ttttt**#**t*ttt**##t**#*##tt##t####
*
* SUBROUT[NE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- ®
*# IMATIONS BY TESTING THE EXPRESSION %
* ABSOLUTE VALUE OF (X(N#1)-X{(N))/ABSOLUTE VALUE OF X{N+1). %
* WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS OBTAINED. *
* *
e Aok gt et ol o e e o o Rt ol ol o o g ol ok o kol o e e ol e ol ol el e
COMPLEX X3,X4
LOGICAL CONV . . 5
COMMON EPSRT,EPSO,EPS,102,MAX )
AAA=CABS(X4-X3)
- DENGM=CABS (X4)
~ IFIDENOM.LT.EPSO) GO TO 20
IF(AAA/DENOM.LT.EPS) GO TO 10
% CONV=.FALSE. ~
*- GO. TO 100
10 CONV=.TRUE.
G0 TO 100
20 1F(AAALLT.EPSO) GO TO 10
GO TO 5 -
100 RETURN
END
SUBROUTINE HORNER(NA,A,X;B,PX)
Aok ok ol e ok ox *#tv#***#*t*#**t#***#*#t#t**t**t*#&*tt#t*##*#########v##tt##
* «
* HORNER'S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P(X) AT A POINY D, *
* SYNTHETIC DIVISION IS USED TO DEFLATE THE POLYNOMIAL BY DIVIDING QUY THE *
# FACTOR (X-D). o , x
*
*########vv##*##t####t#t#*#t###*t#t#t*t##*#t#######*###*ttt#v#####v#####a#*#

COMPLEX X4PXyByA
DIMENSION A(26),B(26)
Bli1)=A(1l)
NUM=NA+1
DO 10 I=2,NUM

10 B{IV=ALT1)+BlI-1)%X
PX=B{(NUM}
RETURN
END
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TABLE XXI-A (Continued)

SUBROUTINE QUAD{A,NA,ROOT,NROOT,MULTI,EPST)
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#t#t###############################t#t######t#####t###t##########*#*###****t

*

* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
* DF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTDR.
* QUADRATIC IS DONE USING THE QUADRATIC FORMULA.

*

o s e e e e oo o afe i e ol o e ke o ol e oo o e e e ol o o e o o o oo e e e o ol ol o e o ek o e R oot e e o ke o ek g ol okl

10

50

COMPLEX A4DISC,RO0T,DUMMY,AAA
COMPLEX CSQRT

DIMENSION A(26).RODT(25).MULTI(25)

IF(NA.EQ.2) GO TO 7

IF{NAL.EQ.1l) GO TO 5

ROOT (NROOT+1)=0.0

MULTI (NROOT+1) =1

NROOQT=NROOT+1

GO T0 50
ROOT(NROOT*I)=~A(2)IA(1)
MULTI(NROOT+1)=1

NROOT=NROOT+1

GO TO 50

DISC=A(2)*A(2)-14. 0*A(ll*A(3))
BBB=CABS(DISC)

IF(BBB.LTLEPST) GO TO 10
DUMMY=CSQRT(DISC)

AAA=2.0%A(1}
ROOT(NROOT*Il-(-A(Z)*DUMHY)IAAA
ROOT (NROOT+2)=(~A(2}=DUMMY }/AAA
MULTI(NROOT+1)=1

MULTI (NROOT+2)=1

NROOT=NROOT+2

GO TO 50
ROOT(NRODT+1)={-A(2})/(2.0%A(1))
MULTI(NROOT+1) =2

NROOT=NROOT+1}

RETURN

END

SOLUTION OF THE

*
*«
%
%
*x
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TABLE XXI-B

DOUBLE PRECISION PROGRAM FOR G,C.D. - MULLER'S METHOD

$J08 10414

ko kkk kR koo Rk ok kR Rk kR ok kR ok Rk ok rokokokok ok ok ok ok o el ek el ol
) *

DOUBLE PRECISION PROGRAM FOR G.C.D. - MULLER®*S METHOD

THE G.C.D. METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A
POLYNOMIAL OF MAXIMUM DEGREE 25, ALL MULTIPLE ROOTS ARE REMOVED BY

*
*
* *
* *
* x*
* *
* DIVIDING THE POLYNOMIAL BY THE GREATEST COMMON DIVISOR OF THE POLYNOMIAL *
*
*
*
*

+*

AND ITS DERIVATIVE. THE 2EROS OF THE RESULTING POLYNOMIAL ARE EXTRACTED

* AND THEIR MULTIPLICITIES DETERMINED.

*

e e d e o o ode s o o ok e o e o oo ode o ook e e e e ol e o ol e o oo e ol o o o o o e o o e o e e e ol o e o e e ook o ke ol o kel e e ok
DOUBLE PRECISION UP,VP,UOIAPP,VOIAPP,URDOQOT,VROOT ,,UDP4VDPyURK,VRK

2 DOUBLE PRECISION UHvVH.EPSCHK UDUMMY ., VOUMMY , EPSQyEPSMUL, EPSG.EPSCN

1V, XSTART, XEND

o000 0OO0O0

—

3 DOUBLE PRECISION DuM1
4 DIMENSION ANAME(Z).UP(Zb)vVP(Zb).UOIAPP(25)'V01APP(25)aUROOT(ZSl-
LROOT(25) ,UDP{26),VDP(26) ,URKL{26) 4VRK(26}; UH(Z6).VHI26).MULT1I25)

5 - COMMON DUM1 4EPSQ,EPSCNV, 102, MAX

6 DATA PNAME HNAME , DNAME/2HP (4 2HH{ 42HD(/

7 DATA ANAME(I)'ANAME(Z)/4HMULL 4HERS /

8 I101=5

9 102=6

10 10 NROOT=0

11 READ{ I01,1000) NOPOLV NP.NIAP.MAX.EPSG.EPSCNV EPSQ.EPSMUL'XSTART,

. 1END,KCHECK

12 IF(KCHECK.EQ.1) STOP

13 KKK=NP+1 ) .

14 READ(101,1010) lUP(l).VP(l)vl‘l'KKK)

15 . IF(NIAP¢EQ.0) GO TO 20

16 . READ{I01,1020) (UO[APP(I).VO[APP(I).[~1 NIAP}

17 20 KKK=NP#+1

18 WRITE(IND2,1030) ANAME(1),ANAME(2),NOPOLY,NP

19 WRITE(102,1035) (PNAME, I,UP(I),VPUI)yI=1,KKK)

20 WRITE(102,42060) .

21 WRITE(102,2000) NIAP

22 WRITE(I02,2010) MAX
23 WRITE({102,2070) EPSG

24 WRITE(102,2020) EPSCNV

25 WRITE(102,2030) EPSMUL

26 WRITE(102,2040) XSTART

27 WRITE(102,2050) XEND

28 IF(NP.GT.2) GO TO 90
29 CALL QUAD(UP,VP,NP,UROOT,VROOTMULTI+EPSQ)

30 85 WRITE(I02,1037) . .

31 WRITE(102,1086) (I.UROOT([)'VROOT(llvMULTI(l)-l=lvNR00T)
32 GO TO 10 .

33 90 CALL DERIV(UP,VP, NP.UDP VDP NDP)

34 CALL GCD{UP4VPyNP4UDP,VDP ¢y NDP4URK)VRKyNRK, EPSGl

35 CALL- DIVIDE(UP VP NP, URK VRK yNRKy UHyVH.NHl

36 KKK=NH+1

37 . WRITE(102,41060)

38 WRITE(I02,1035) (HNAMEsT,UH(I), VHIl)vl I.KKK)
39 IF(NH.GT.2) GO TO 150 C
40 - CALL QUAD(UHsVHyNH,UROOT +VROOT4NROOTsMULTI,EPSQ) -
41 CALL MULTIP(UP,VP NPy UROOT.VROOT.NROOT.MULTI.EPSMUL)
42 GO TO 85

43 150 CALL MULLER(UH¢VH4yNH,UOIAPP,VOEAPP, NIAP XSTART'XEND EPSMUL UP P
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TABLE XXI-B (Continued)

1P,NOPOLY)

GO 1O 10
1000 FORMAT(3(I1241X) 99Xy 1391X94(D64041X)413Xe2(D7,041X)y11)
1010 FORMAT(2D30,.0)
1020 FORMAT(2D30.0)

1030 FORMAT(1H1,10X»4LHGREATEST COMMON DIVISOR METHOD USED WITH .2(A4|1

135HMETHOD TO FIND ZEROS OF POLYNOMIALS/11X,18HPOLYNOMIAL NUMBER ,1
. 224y11H OF DEGREE 412//7/1X428HTHE COEFFICIENTS OF P(X) ARE//)
1035 FORMAT (3X,A2,1244H) = 4,023,1643H + 4023.16,42H 1)
1037 FORMAT(///1X413HZEROS OF PIUX) 55X, L4HMULTIPLICITIES//) .
1086 FORMAT(3X,5HROOT(y12,4H) = 4,D23.,164y3H. + 4D23.1642H 1,7X,12,8X,23HS
10LVED 8Y DIRECT METHOD)
1060 FORMAT(///1X442HTHE COEFFICIENTS OF H(X) = P(X)}/G.CeDs ARE//}
2000 FORMAT(1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. ,12)
2010 FORMAT{1Xy29HMAXIMUM NUMBER OF ITERATIONS.s11X,13}
2020 FORMAT(1X;21HTEST FOR CONVERGENCE.,13X,D9.2}
2030 FORMAT (1X,24HTEST FOR MULTIPLICITIES. +10X4D9.2)
2040 FORMAT({1X,23HRADIUS TO START SEARCH.,11X,09.2)
2050 FORMAT{1X,21HRADIUS TO END SEARCH.,13X,09.2)
2060 FORMAT(//1X)
2070 FORMATU1X,31HTEST FOR ZERO IN SUBROUTINE GCD-BX D9.2)
END

SUBROUTINE DERIVIUA, VA NA,UB,VB,NB)
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#*######**####t#*###*##**#**#*#t###*t*##****###***#*t*t**t#t##*#*#***###****

*

* GIVEN A POLYNOMIAL P(Xi. SUBROUT INE DERIV COMPUTES THE COEFFICIENTS. OF

* ITS DERIVATIVE P*(X).
*

DOUBLE PRECISION UA,VA,UB,vB-
DIMENSION UA(26),VA(26),UB(26),VB(26)
IFINA.GE.2) GO TO 30
IF(NA.EQ.1) GO TO 20
UB(1)=0.0
vB(11=0.0
NB=~1
G0 TO 50
20 UB(1)=UA(1)
VBI1)=VA(L)
NB=0
GO TO 50
30 NB=NA-1
DO 40 I=1,NA
BBB=NA-I+1
© yUB(I)=BBB*UA(I)
40 VB(1)=BBR&VA(I}
50 RETURN
END

s e e e ook ok et gk ok ok ko e ok kR ok ok ek ok kR kR kR R KRR R kR Rk R ok kR R R A
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TABLE XXI-B (Continued)

SUBROUTINE DIVIDE(UF-VF.NF.UG VGyNGyUH s VHNH}

###*##****##****#*#*##*#**#***##**t***t#*#**###*#*#####**##****##**#####t#**

*
*
*
*

. %
GIVEN TWO POLYNOMIALS F(X} AND G{(X), SUBROUTINE DIVIDE COMPUTES THE *
QUOTIENT POLYNOMEAL H(X) = FIX)/G(X). *

*

#**######****###*#*#*####*###**#**#***####*####*######t*######¢###*##*#t#*t#

20

30

60

70

30

95
100

DOUALE PRECISION UF,VFyUGyVGyUHy VHy UX s VX UPX,VPXUTERMy VTERM,UDUMH
1Y, VDUMMY,EPS

DOUBLE PRECISION DUML,DUM2

ODOUBLE PRECISION DENOM

DIMENSION UF(26),VF{26),UGL26),VG(26),4,UH(26),VH(26)
COMMON DUM1 ,0UM2,EPS,102,MAX
IFING.GE.2) GO TO 60

IF{NG.EQ.1) GO TO 30

NH=NF

KKK=NF+1

D0 20 I=1,KKK

DENOM= UG(l)*uctl)fvc(li*VG(li
UH(T)I=(UF(T)*UG(L)+VF(T)*VG(1))/DENGOM
VHOI)=(VF(I)*UG(L)-UF(T1)%VG(1))/DENOM
GO TO 100

UDUMMY=-1.0%UG{2)

VOUMMY=~1,0%VG(2)
DENOM=UG(1)*UG(1)+VGI1)*VG (1)
UX=(UDUMMY*UG( 1 )+VDUMMY%VG(1))/DENOM
VX=(VDUMMY*UGL 1 )-UDUMMY*VG (1)} /DENOM
NNF=NF

CALL HORNER(NNF, UF.VF UXyVXyUHyVH, UPX,VPX)
NH=NNF-1

GO TO 100

NH=NF-NG

DENOM=UG(L)*UGI1) +VvGl1)*VG(1)
UHCL)=(UE(1)*UG(L) +VF(1)*VG(1))/DENOM
VHU1)=(VF(1)*UG(1)-UF{1)*VG(1))}/DENOM
KKK=NH+1

DO 95 [=2,KKK

UTERM=UF(TI)

VTERM=VFI(1)

J=2

K=1-1
UTERM=UTERM-(UG(J)*UH(K)~-VG(J)*VHIK))
VTERM=VTERM-(VG(J)} *UH(K)+UG(J) =VH(K))
IF(J.EQ.I) GO TO 90

IF(J.GENG#+1) GO TO 90

J=Jd+1

K=K-1

GO TO 70
DENOM=UG{ 1 }*UGLL)+VG(1)*VG(1)
UH(I)=(UTERM*UG(L1)+VTERM*YG (1)} /DENOM
VHEI)=(VTERM®*UG(1)-UTERM*VG(1))/DENOM
RETURN

END
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TABLE XXI-B (Continued)

SUBROUTINE QUAD(UA,VA,NAyUROQT,VROOT,NROOT4MULTI,EPST)

299
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*
&
%*
*
*

10

50

SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE

QUADRATIC IS DONE USING THE QUADRATIC FORMULA.

g ok e oo e e o ol o e K R Rl el ool ok 0k K HOR SORORORO ko e dO sl ol k
DOUBLE PRECISION UA,VA,UROOT,VROOT,BBB,UAAAsVAAA,UDISC,VDISC,UDUMM

1Y, VDUMMY ,RDUMMY , SDUMMY, EPST,UBBB,VBBB

DOUBLE PRECISION DSQRT

DIMENSION UA(26),VA{26),UROOT{25),VROOT(25),MULTI(25)
IF(NA.EQ.2) GO TO 7

IFINALEQ.1) GO TO 5

UROOT (NROOT+11=0.0

VROOT{NROOT+1}=0.0

MULTI (NROOT+1)=1

NROOT=NROOT+1

GO TO 50

BBB=UALL)*UA(L)+VA(L}%VA(L)

UROOT (NROOT+1)={~UAl2}*UAL1)-VA(2)%VA(1))/BBS
VROOT(NROOT+11={~VAI 2} *UA{ 1) +UA{2)%*VAL1))/BBB
MULTI{NROOT+1}=1

NROOT=NROOT+1

GO TO 50

UDISC=(UAL2)%*UA(2) VA(Z)*VA(Z))—(4 O (UA(L)*UAL31~VA(1)%VA(3))
VDISC=(VA(2)*UA(2)+UA(2)*VA{2) }~14,0%(VA(L)*UA{3)+UA{1)*VA(3))
BBA=DSQRT (UDISC*UDISC+VDISCHVDISC)
IF(BAR.LTLEPST) GO TO 10

CALL COMSQT(UDISC,VDISCyUDUMMY,VDUMMY}
UBBB==~UA(2)+UDUMMY

VBBB=~VA(2) +VOUMMY

RDUMMY=-UA(2) —UDUMMY

SDUMMY==VA (2] -VDUMMY

UAAA=2,0%UA(1)

VAAA=2.0%VA(1}

BOB=UAAAXUAAA+VAAARVAAA

URODT (NROOT+1 )= (UBBB*UAAA+VBBB*VAAA)/BBB
VROOT (NROOT+1) =(VBBB*UAAA-UBBB*VAAA) /BBB
URCOT {NROOT+2) = (RDUMMY*UAAA +SDUMMY#VAAA) /BBS
VROOT (NROOT+2) = ( SDUMMY *UAAA-RDUMMY *VAAA) /BBB
MULTI{NROOT+1)=1

MULTI {NROOT+23}=1

NROOT=NROOT+2

60 TO 50

UAAA=2.0%UA(1)

VAAA=2,0%VA(1)

BBB=UAAAKXUAAA+VAAAXVAAA

URODT {NROOT+1 )= (~UA(2 ) KUAAA=VA (2)%VAAA) /BB8
VROOT(NROOT+1)=(~VA(2)*UAAA+UA(2)*VAAA) /BAB
MULTI (NROOT#1)=2

NROOT=NROOT+1

RETURN

END

)
}

*
*
%
»
&
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TABLE XXI-B (Continued)

SUBROUTINE GCD(UP,VP,NP,UDP,VDP, NDP.URK'VRK'NK EPSG)

300

*#*#****#**#*********#***#**#*t#********#*#**#***#********#**t#****t#####***

*
*
*
*
*
*

10

20
50

70

80
90

100

110

120

GIVEN POLVNOMIALS P{X} AND DP{X) WHERE DEG. DP(X) ‘IS LESS THAN DEG.
PE{X)y SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVISOR OF P{X) AND

DP{X) s

R RO R e R R ol R R AR R o R T o R e B o
DOUBLE PRECISION EPSG,UP, VP-UDP'VDP,URK,VRK'URI.VRI.URZ.VRZ UT,VT,

1UUsVU,BBBLEPS

DOUBLE PRECISION DUM1,DUM2 .
DOUBLE PRECISION DOENOM

. DOUBLE PRECISION DSQRT

DIMENSION UR1(26)'VR1(26).UR2l26)'VR2(26),UT(26).VT(26).URK(26)-VR

1K(26),UP{26),VP(26),UDP(26},VDP(26)
COMMON DUMlyDUMZ.EPS.IOZ.MAX

N1=NP

N2=NDP

KKK=N1+1

00 10 I=1,KKK

URL({I)=UPL(T)

VRI{I)=VP(1}

CKKK=N2+1

DD 20 1=1,KKK

UR2(T)=UDPLT)

VR2(I)=VOP{1)

DENOM=UR2 [ 1) *UR2(1)+VR2( 1) #VR2(1)
UU=(URLILI*URZ (1) +VR1{1}#VR2(1))/DENOH
VU= (VRLUL)*UR2(1)=URLL11*VR2L1}) /DENOM
KKK=N2+]

PO 70 I=1,KKK

UT(TI=URL (1) -{UUKUR2 (1 1-VUSVR2 (1)
VTUI)=VRLUT) = {VUSUR2 (T 1+UU*YR2( 1)
UT(1)=0.0

VT(1)=0.0 :

I[F(N1.EQ.N2) GO TO 90

KKK=N1+1

NNN=N2+2

DO 80 [=NNN, KKK

UTLIY=URLLI)

VT{I)=VRILT)

KKK=N1+1

DO 100 I=1,KKK -
B868= DSQRT(UT(l)*UT(l)fVT(l)*VT(I))
IF(RBB.GT.EPSG) GO TO 120 R
CONTINUE :

NK=N2

KKK=NK+1

DD 110 1=2,KKK

DENOM=UR2 (1) ¥UR2{1)+VR2{ 1) *VR2( 1) i
URK(T)=(UR2 (1) *URZ (1) +VR2 (11#VR2 (1)) /DENOM
VRK{D)={VR2(1}=UR2(L)-UR2(I)*VR2{111/DENOH
URK(1)=1.,0 :
VRK(11=0.0

GO TO 200

M=N1+1-1

IF(M.LT.N2) GO TO 160
N1=M

KKK=Nl+1

NNN=I-1

)
}

*
*
Ty
Sk
.
*
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TABLE XXI-B (Continued)

© DO 150 J=1,KKK
URL(J Y =UT INNN+J)
150 VR1(J}=VTINNN+J)
: GO TO 50
160 N1=N2
KKK=N1+1
DO 170 J=1,KKK
URL(JY=URZ(J)
170 VR1(J)=VR2{J)
N2=M
KKK=N2+1
NNN=1-1
DO 180 J=1,KKK
URZ(J)=UT {NNN+J)
180 VR2(J)=VT (NNN+J)
GO TO 50
200 RETURN
END

SUBROUTiNE MULTIP{UA,VA,NA,URCOT,VROOT yNRyMULTI,EPSPX}

*

% GIVEN NR ZEROS OF A POLYNOMIAL,
* MULTIPLICITIES.
*

SUBROUTINE MULTIP COMPUTES THEIR

301
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#*#t#####*###*####t##################t*###*####t*##t#######*##t#############
DOUBLE PRECISION UA, VA, UROOT,VROOT 4EPSPX,UWORK y VWORK UB, VB
DOUBLE PRECISION UPX,VPX,UDPX,VDPX,BBB,EPS

DOUBLE PRECISION DUM1,DUM2
DOUBLE PRECISION DSQRT

DIMENSION UA(26).VA(26)'UROOTKZS).VROOT(ZS)'UNORK(Zb).VNDRK(26)|MU

ILTI(25),UB(26),VB(26}
COMMON DUML yDUM2,EPS,102,MAX
DO 50 I=1,NR
MULTI(I)=0
KKK=NA+1
DO 20 J=14KKK
UWORK (J1=UA(J)
20 VWORK{(J)=VA{J)
NWORK=NA

25 CALL HORNER(NWORK,UWORK VWORK, UROOT(I).VRDOT([)-UB'VB UPX VPX{

NWORK=NWORK-1
BBB=DSQRT (UPX*UPX+VPX*VPX)
IF{BBB.GT.EPSPX) GO 'TO 45
MULTI(I)=MULTI(I)+]
IF(NWORK.LT.1) GO TO 50
KKK=NWORK+1 '
DO 40 J=1,KKK
UWORK (J)=UB(J)

40 VWORK(J)=VB{J)
GO TCQ 25

45 IF(MULTI(I).EQ.O) WRITE(IO2, 1000)

50 CONTINUE
100 RETURN
1000 FORMAT(///14H THE EPSILON
1 INDICATES THAT RODT(,12,4H) =

2T CLOSE ENOUGH TO BE A TRUE ROOT.

A3LICITY. 0//)
END

Epspx,x;unqor;()ivhodrtx) jf“‘

a0

(,D10:03,49H)" CHECK "IN SUBROUTINE. MULTIP -
_ - 023.16,2H 1/80H 1S NO. . -
IT 15 PRINTED ‘BELOW. WITH MULTIP.

1D23.16,3H +°
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TABLE XXI-B (Continued)

213 SUBROUTINE MULLER{UAsVA;NPUOTAPP, VDlAPP,NAPP,XSTART.XEND,EPSM UP,
LVP s NDEG,NOPOLY) Co
###*#*ti###########*#*tt#*#*##t*####t#####**t#***#**######*t###*####t####**#‘

*
* MULLER®*S METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLIC[TIES OF A *

* POLYNOMIAL OF MAXIMUM DEGREE 25, THROUGH THREE GIVEN POINTS THE *

* POLYNOMIAL IS APPROXIMATED BY A QUADRATIC. THE ZERO OF THF QUADRATIC - ¥

¥ CLOSEST TO THE OLD APPROXIMATION IS TAKEN AS THE NEW APPROXIMATION, = EE
* IN THIS MANNER- A SEQUENCE IS OBTAINED CONVERGING TD A ZERG., - . ®
* . . *

¥ *

sEzialalzNalaNaNal

P T T R T P T T TR TR T T P R T o e P T P P T PR A T PR T T T

274 DOUBLE PRECISION UPX3,VPX3yUPX2, VPX2,URDOTyVROGT,UX1yVX14UAPP,VAPP

1o UX2, VX2 UHORK y VWORK y UX3 VX3, UB, VB yUX4y VX4 9 UA, VA UPXL,VPX1 4 URAPP,V

2RAPP UPX4 s VPX4 y EPSRT s EPSO4EPS ¢CCCo EPSMaUH3 ¢ VH3,,UQ4y VQ4.ABPX4.ABPX3
3,QQQyXSTART , XEND

215 DOUBLE PRECISION DSQRT
216 DUOUBLE PRECISION UOIAPP,YOEAPP
211 DOUBLE PRECISION UP,VP
278 DIMENSION URDATI25) 4 VROOT(25) yMULT(25)  UAPP(2543), VAPP(ZE 3) yUWORK
10261y VWORK(26), UB(26|.VB(Z&).UA(Z&!-VA(Zbl.URAPP(ZE.3|.VRAPP[25.3)
279 DIMENSION UOIAPP(25) ,VOIAPP(25)
260 DIMENSION UP{26)+VP(26)- ) .
281 DATA PNAME,DNAME/2HP (4 2HD{/ v R
282 LOGICAL CONV : ‘ e
283 COMMON EPSRT,EPSO,EPS 102 )MAX o
244 EPSRT=0,999
285 NROOT=0
286 1ROOT=0
287 IPATH=1
288 NOMUL T=0
289 NALTER=0
290 I TIME=0
291 1APP=1
292 ITER=1
293 IF(NAPP.NE.O) GO TO 18
294 NAPP=NP
295 CALL GENAPPIUAPP,VAPP, NAPP.XSIART)
296 GO TO 27
297 18 DO 20 I=1,NAPP.
298 UAPP(1452)=UOIAPP(I)
299. 20 VAPPL{,2)=VOIAPP(I)
300 DO 25 [=1,NAPP .
101 UAPP(1,1)=0.,9%UAPP(],2)
302 VAPP{ 1y11=0.,9%VAPP(],2})
303 UAPP{T,3)=1.1%UAPP(],2)
304 25 VAPP(143)=1,1%VAPP(],2)
305 27 KKK=NP+1
3086 DO 30 I=1,KKK
307 UWORK (T )=UALT)
308 30 VWORK{I)=VALI)
309 NWORK=NP
310 40 UX1=UAPP{IAPPy1)
31l CVXL=VAPP(IAPP,1)
312 4T UX2=UAPPLIAPP+2)
313 VX2=VAPP{IAPP,2)
“ 314 UX3=UAPP(1APP,3)
s’ VX3=VAPP{IAPP,3) g ' S
3le CALL HORNER{NHWORK, uwoax,vwonx ux1.vx1 ua.ve UPleVPXlIgm
7 CALL HORNERINWORK,UWORK ¢ VWORK yUX2 VX2 4UBy VB, UPX2,VPX2)

3ii8 CALL HORNER(NHDRK.UHORK VHDRK.UXB.VXS'UG VB.UPXB.VPXBI:L&
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TABLE XXI-B (Continued)

319 50 CALL CALC{UXL VX1 yUX2,VX24UX3VX3,UPX14VPX1,UPX2,VPX2,UPX3,VPX3,UX
149 VX4, uo«.vo«.una.vna)

320 . 60 CALL HORNER{NWORK.UWORK,VHORK)UX4sVX49UByVB,UPX4,VPX4)

321 ABPX4=DSQRT{UPX4*UPX4+VPX4*VPX4)

322 ABPX3=DSQRT{UPX3%UPX3+VPX3%VPX3)

323 IF{ABPX3.£Q.0.0) GO TQ 70

324 QQQ=ABPX4/ABPX3

325 IF(QQQ.LE.10.) GO TO 70

326 UQ4=0.5%UQ4

327 VQ4=0.5%VQ4

328 UX4=UX3+(UH3*UQ4-VHI*VQ4)

329 VX4=VX3+(VH3*UQ4+UH3%VQ4 )

330 GO TO 60

331 70 CALL TEST(UX3,VX3,UX4VX4,CONY)

332 . IF(CONV)} GO TO 120

333 IF(ITER.LT.MAX) GO TO 110

334 CALL ALTERIUAPP(IAPP,I).VAPP(lAPP.l).UAPP(lAPP.Z).VAPP(lAPP,Z)pUAP, 
~ 1P(IAPP,3),VAPP{TAPP,3) yNALTER, ITIME} . : o

335 IF(NALTER.GT.5) GO TQO 75

336 1TER=1

337 " GO TO 40

338 75 IF(IAPP,.LT.NAPP) GO TO 100

339 IF(XEND.EQ.0.C) GO TO 77

340 1F{XSTART.GT.XEND) GO TQ 77

341 NAPP=NP

342 CALL GENAPP(UAPP,VAPP,NAPP,XSTART)

343 IAPP=0

344 GO TO 100

345 77 WRITE{102,1090)

346 KKK=NWORK+1 .

347 WRITE(IN2,1035) (DNAMEJyUWORK(J ), VWORK(J)yJd=1,KKK)

348 80 IF(NROOT.EQ.0) GO TO 90

349 WRITE{102,1060)

350 IF(IPATH.EQ.1) GO TO 82

351 81 IPATH=?

352 CALL BETTER{UA,VA,NP,URODT, VROOT.NROUT.URAPP-VRAPP.IRUUT MULT)

353 WRITE(102,1200)

354 CALL MULTIP(UP,VP,NDEGyURDOYVRQOOTNROOTyMULT,EPSM) |

355 82 IFINRDOT.EQ.0)GO TO 90

356 IF(IROOT.EQ.0) GO TO 85

357 WRITE(102,1080)

358 D0 55 I=1,IR0OT ' . b

359 55 WRITE(102,1085) I,UROUT(I).VROOT([).MULTII).URAPP(I.Z).VRAPP(K'ZD-

360 IF(IROOT.LT.NROOT) GO TQ 85

361 GO TO 87 .

362 85 KKK=IROOT+1 S e

363 WRITE(1D2,1086) (l'URDDT(l).VRDOT(l).MULT(l).l KKK.NROOT)>‘:».”

364 87 IF(IPATH.EQ.1) GO TO 81

365 RETURN

366 90 WRITE(102,1070} NOPOLY

367 RETURN

368 100 IAPP=[APP+1

369 ITER=1

370 5 NALTER=0

371 GO TO 40

372 120 NRODT=NROOT+1

373 IROQT=NROOT

374 MUL T{NROOT)=1

375 NOMULT=NOMULT+1

376 UROOT (NROOT) =UX4
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TABLE XXI-B (Continued)

VROOT (NRODT ) =VX4
URAPP (NROOT,1)=UAPP{IAPP,1}
VRAPP (NROQT, 1) =VAPP(IAPP,1)
URAPP(NROOT ,2)=UAPP( IAPP,2)
VRAPP (NROOT ,2) =VAPP( IAPP,2)
URAPP (NROOT, 3)=UAPP{ IAPP,3)
VRAPP (NROOT,3)=VAPP( IAPP,3)

125 IF(NOMULT.LT.NP} GO TO 130
G0 TO 80

130 CALL HORNER(NWORKyUHORK s VWORK sUX4 3 VX UB s VB, UPX4 3 VPX4)
NWORK=NWORK-1
KKK=NWORK +1 ‘
DO 140 I=1,KKK : :
UWORK ([)=UB( 1) ‘

140 VWORK(I)=VB(I)
CALL HORNER(NWORK , UNORK  VHORK s UX4 VX4 9 UB s VB3 UPX4 » VPX4 )
CCC=DSQRT(UPX4*UPX4+VP X4 VP X4)
“IF(CCC.LT.EPSM) GO TO 150
IF (NWORK.GT.2) GO TO 75
IROOT=NROOT
CALL QUAD(UHORKoVNORK-NNORK,UROOT,VROOT,NROOT.MULTyEPSOD
GO TO 80

150 MULT(NRODT)=MULT{NROOT)+1
NOMULT=NOMULT+1
GO TO 125

110 UX1=UxX2
VX1=VX2
UX2=Ux3
VX2=VX3
UX3=UX4
VX3=VX4
UPX1=UPX2
VPX1=VPX2
UPX2=UPX3
VPX2=VPX3
UPX3=UP X4
VPX3=VPX4
ITER=ITER+]
GO TO 50.

1090 FORMAT(///41Xs65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
1ZEROS WERE FOUND//)

1080 FORMAT(///1X,13HROOTS OF PUX) 52X, 14HMULTIPLICITIES, LTX,2LHINITIAL
1 APPROXIMATION//)

1070 FORMAT(//,43H ND ZEROS WERE FOUND FOR POLYNOMIAL NUMBER ,12)

1086 FORMAT(2X,5HRO0T(412,4H) = 4D23.1643H f 1023.1642H [48Xs1299X423HS

10LVED BY DIRECT METHOD) .

‘1035 FORMAT(3X,A24012,4H) = 4D23.1643H + 4D23.1642H [}

1085 FORMAT(2X,5HROOT(,1244H) = 4D23.16,3H + #D23.1642H l,BXplZ'BX'DZB.
11693H + 4D23.16,2H )

1000 FORMAT(3([241X)s9Xe13,8Xy3(D64091X)s13X42(DT7.041X)s1L)

1060 FORMAT(///35H BEFORE ATTEMPT.TO IMPROVE ACCURACY)

1200 FDRMAT(///IX,37HAFTER THE ATTEMPT TO IMPROVE ACCURACY)
END

304
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TABLE XXI-B (Continued)

426 SUBROUTINE ALTER(XIR¢X1I,X2RyX21 yX3R¢X314NALTER, ITIME)
[o ###t##ttt##t#t##tt#t#######t*###t#######*#t#####t#t#t########t##############
(o * oo
c * SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO *
C % CONVERGENCE TO A ZERO. THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH ROOT. ¥
[o * ' *
C Resfe e e s o e e o o ok o e e ok e e e ol o o o ok o ol a0k o e e 2 ook ol ok o oo o e o e e e ool e o o ook o e e ok e ek e e e ol ol ok
427 DOUBLE PRECISION X1R¢X1I,X2RyX2I9X3RyX31,EPS1,EPS2, EPSB'R BETA :
428 DOUBLE PRECISION DCOS,DSIN
429 ODOUBLE PRECISION DATAN2
430 . DOUBLE PRECISION DSQRT
431 COMMON. EPS14EPS2,EPS3, 102, MAX
432 IF{ITIME.NE.O) GO TO & . o .
433 ITIME=] : : ] S .
434 WRITE{102,1010) MAX : i -
435 5 IFUNALTER.EQ.0) GD TGO 10
436 WRITE(102,1000) X1R,X1E¢X2RoX214X3RoX31
437 G0.TO 20 ‘
438 10 R=DSQRT{X2R¥X2R+X2 [%#X21)
439 BETA=DATANZ( X21,X2R)
440 WRITE (102,1020) X1R,X1I, xzn,xZI'xaa.xal_
441 20 NALTER=NALTER+1 . ’
442 IF{NALTER,GT.5) RETURN
443 60 TO (30, 40.30.40.30).NALTER
444 30 X2R=-X2R
445 X21=~x21" : R S S R
446 - 60 TO 50 B i SR T L C
447 40 BETA=BETA+1.,0471976 S . E ' :
448 X2R=R*DCOS(BETA)
449 X2I=R*DSIN(BETA)
450 50 X1R=0.9%X2R
451 X11=0,9%X21
452 X3R=1.,1%X2R
453 X3I=1,1%X21
454 _ RETURN
455 1000 FORMAT{1X,5HX1 .023 16,3H + ,D23. 16.2H I.lOX.ZZHALTERED APPROXIM

LATIONS/1X;5HX2 = (D23.1643H + 4023416s2H 1/1X,5HX3 = ,023,16,3H +
2,023.16,2H 1/) R

456 1020 FORMAT(LHO,5HX1 = ,D23,1643H + ,D23.1642H 1,10Xs22HINITIAL APPROXI
IMATIONS/1Xs5HX2 = 4D23.1643H + 1023.1642H 1/1Xs5HX3 = 1D23.16y3H +
2 4D23.1642H 1/}

457 1010 FORMAT{///1X,54HNO CONVERGENCE FOR THE ‘FOLLOWING APPROXIMATIONS AF
1TER ,13,12H KTERATIONS.//)

458 END
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TABLE XXI-B (Continued)

SUBROUTTNE GENAPP{APPR APPI,NAPP,yXSTART)

306
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*

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS,

*
*

10

20

DEGREE OF THE ORIGINAL POLYNOMIAL.

DOUBLE PRECISION APPR,APPI¢XSTART4EPSL4EPS2,EPS3,BETA
DOUBLE PRECISION DCOS#DSIN
OIMENSION APPR(25,3)4APPIL25,3)
COMMON EPS1,EPS2,EPS3,102,MAX
IF(XSTART.EQ.0.0) XSTART=0.5
BETA=0.2617994

DO 10 [=1,NAPP .
APPR(I,2}=XSTART*DCOS(BETA)
APPI(1,2)=XSTART#DSIN(BETA)
BETA=BETA+0,5235988
XSTART=XSTART+0.5

DO 20 I=1.NAPP
APPRII,11=0.9%APPRI(I,2)
APPI(Io1)=0.9%APPI(1,+2)
APPR(I+35=L.L%APPR(I,2)
APPI(I+3)=1.1%APPI(I,2)

RETURN

END

WHERE N IS THE.

*
*
*
¥
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*

* SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND
* BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER®'S. METHOD APPLIED TO
THE FULL, UNDEFLATED POLYNOMIAL, .

*
*
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TABLE XXI-B (Continued)

SUBROUT INE BETTERIUA.VA.NP.URDDT.VROOT.NROOT.URAPP.VRAPP.lROOT MUL

1T)

*#*##########*#*#*###*##*#*#*####*****##*#**#*#*####*###***t#i*#‘****###*#*

##*####*#*#**#*#******#***#******#**#**#****#*‘*#****#*****#****#***###t#*#t

*
&
*
*
%*

DOUBLE PRECISION URQOOT yVROOTyUAy VA, UBAPP o VBAPP yUX1 VX1 ,UX24VX2,UX3
1y VX3, UPX1,VPX1,UPX2,VPX2,UPX3,VPX3,UB,VBsUROOTS,VROOTS, EPSRT'UX4,V
2X4sURAPP,VRAPP, EPSO, EPS.UQ4.VQ4'UH3'VH3

LOGICAL CONV

DIMENSION UROUT(ZS)'VROOT(25)'UA(Zb)'VA(26)yUBAPP(25-3)'VBAPP(25n3
1)'UB(26).VB(Zb)yUROOTSlZS) VROOTS!25) y URAPP{25,3), VRAPP(25.3),MULT

3(251)

COMMON EPSRT,EPSO,EPS,102,MAX
IF{NROOT.LE.1) RETURN :
L=0

DO 10 I=1,NROOT
UBAPP(l.l)-UROUT(l)*EPSRT
VBAPP(1,1)=VROOT(1)*EPSRT
UBAPP(1,2)=URQOT(I)
VBAPP(1,2)=VROOT(])
UBAPP(I,3)=UROOT(I1*(2.0-EPSRT)
VRAPP (1,43)=VROOT(I)*(2.,0-EPSRT)
DO 100 J=1,NROOT

UX1=UBAPP(J,1)

VX1=VBAPP(J,1)

UX2=UBAPP (J,2)

VX2=VBAPP(J,2)

UX3=UBAPP(J,3)

VX3=VBAPP(J,y3)

ITER=1

CALL HORNER({NP,UA,VA,UX1,VX1yUB,VB,

UPX1,VPX1)

CALL HORNER(NP,UAsVA,UX24VX2,UByVB,UPX2,VPX2)
CALL HORNER({NP 4UA,VA,UX3,VX3,UB,VB,UPX3,VPX3).
CALL CALC(UXLyVXLl,yUX2,VX2,UX3,VX3,UPX1, VPchUPXZ.VPX2;UPX3.VPX31UX

144 VX4,UQ4,4VQ4,yUH3,VH3)

CALL TEST(UX3,VX3,UX4,VX4yCONV)
IF(CONV) GO TO 50
IF(ITER.LT.MAX) GO TO 40

WRITE(102,1000) JyUROOT(J) VROOT(J).MAX

WRITE(I02,1010) UX4,VX4
IF(J.LT.IROOT) GO TO 33
IF(J.EQ.IRDQT) GO TO 35
GO TO 100

KKK=TROOT~1

DO 34 K=J5KKK

URAPP (K1) =URAPP(K+1,41)
VRAPP (K, 1)=VRAPP(K+1l,1)
URAPP (K 2)=URAPP(K+1,2)
VRAPP (K,2) =VRAPP(K+1,2}
URAPP (K,3)=URAPP{K+1,3) -
VRAPP(K,3)=VRAPP(K+L43)
IRONT=1ROOT~1

G0 TO 100

UX1=Ux2

VX1=VX2

UX2=UX3
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TABLE XXI-B (Continued)

vX2=VX3
UX3=UX4
VX3=VX4
uPX1=UPX2
VPX1=VPX2
Upx2=UPXx3
VPX2=VPX3
ITER=ITER¢]
60 YO 20
L=L¢l
"URDOOTSIL)=UX4
VROOTS(L)=VX4

CMULTIL)=MULT(S)

100

110

120

1000 FORMAT(///42H EN THE ATTEMPT TQ IMPROV
iN23.16,3H + 4D23.1642H 1/24H DID NOT CONVERGE AFTER 4I3,411H ITERAT

1010 FORMAT(30H THE PRES

CONTINUE

IF(L.EQ.0) GO TO 120
DO 110 I=1,L

UROOT (1)=URNOTS{I)
VROOT t1)=VROOTS(1)
NROOT=L

RETURN

NROOT=0

RETURN

210NS) .

1/)
END

E ACCURACY,y ROOT(412,4H)

A

ENT APPROXIMATION IS 4D23.1643H + 4D23.1642H I/
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TABLE XXI-B (Continued)

SUBROUTINE CALCIUX1 VX1 4UX2yVX23UX3 VX3 yUPXL s VPX1y UPX24VPX2,UPX3,VY

IPX34UX44VX4yUQ4yVQ4byUH3,VH3)

309

‘#*###‘#“‘#t“#‘tt#“"““*tttt#‘ttttt&tt#ttt#t#t*t##tt#ttt‘t#t####t*#tt##'

*
*

GIVEN THREE APPROXIMATIONS X{N=-2), X(N-ll. AND X(N}, SUBROUTINE CALC’
APPROXIMATES THE POLYNOMIAL 8Y A QUADRATIC AND SOLVES FOR THE ZERO OF
THE QUADRATIC CLOSEST TO X(N). THIS ZERO IS THE NEW APPRDX[MATION

X{N+1) TO THE ZERO OF THE POLYNOHIAL-

DOUBLE PRECISION ARG1l4ARG2

DOUBLE PRECISION UPX3vVPX3vUPXZ'VPXZ,UXI'VXI'UXZ'VXZ'UXB'VX3'UPX1'»
1VPX1yUH3,yVH3 yUH2,VH2,UQ34VQ34UD,VD+UB4VB,UCHVC+UDISC.VDISC,UCCC,VC
2CC,UDEN1,VDEN1, UDEN2 s VDEN2 ¢ UQ4yVQ4UX4 ¢ VX4 4EPSRT,EPSO,EPS,UDDD,VDD

3D,AAAsBBB,RADy UAAA,VAAA,UBBB,VBBB :
DOUBLE PRECISION THETA,ANGLE,UTEST,VTEST
DOUBLE PRECISION DATAN2,DCOSyDSINsDSQRT -
COMMON EPSRT.EPSO4EPS, 102 4MAX

UH3=UX3-UX2

VH3=VX3-VX2

UH2=UX2-UX1

VH2=VX2-VX1

BBB= UHZ*UH2+VH2*VH2
UQ3=(UH3*UH2+VH3%*VH2) /BBB
“VQ3={VH3I*UN2~UH3*VH2)/BBS

ubDN=1,0+UQ3

vDDD=vQ3

UD=(UPX3~(UDDD*UPX2~ VDDD‘Vszl)+(UQ3*UPX1-VQ3*VPX1)
vo-(vpxa-(voootupxz+uoootvpx2))o(voatupx1+u03tvpx1)
UAAA=2,0%UQ3

VAAA=2,0%VQ3

UAAA=UAAA+1,0

UBBB=UDDD*UNDD-VDDD*VDDD
VBBB=VDDD*UDDD+UDDD*VDDD
UCCC=UQ3*UQ3-VvQ3*vQ3

VCCC=vQ3*UQ3+uQ3*VvQ3

UB={ (UAAA*UP X3~ VAAA*VPXB)-(UBBB*UPXZ*VBBB*VPXZ))+(UCCC*UPX1 VCCC*Vv'

1PX1)

vB= llVAAA*UPXBOUAAA*VPXB)-(VBBB*UPXZfUBBB*VPXZ))*lVCCC*UPXl#UCCC*V

1PX1)

UC=UDDD*UPX3-VDDD*VPX3
VC=VDDD*UPX3+UDDD*VPX3
UDISC=(UB*UB-VB*VB)~(4.0%(UD*UC~-VD*VC)}
VDISC=(2.0%(VB*UB) )=(4.0%( VD*UC+UD*VC))
AAA= DSQRT(UDISC*UDlSC#VDlSC*VDlSC) -
IF(AAA.EQ.0.0) GO TO 5 ' :

GO TO 7

THETA=0.0

GO TO 9

THETA=DATANZ2(VDISC,UDISC)

RAD=DSQRT (AAA)

ANGLE=THETA/2.0

UTEST=RAD*DCOS (ANGLE)

VTEST=RAD*DS IN(ANGLE)

UDEN1=UB+UTEST

VDEN1=VB+VTEST

UDEN2=UB~UTEST

VDEN2=VB-VTEST

ARG1= UDENl*UDENl#VDENl*VDENl
ARG2=UDEN2*UDEN2+VDEN2%*VDEN2

*
*
*
*
&
i
*

tttttttt##tt#t####ttt###tt#t###tt‘#t##*‘ttt#t*ttt#ttt#t#t##tt#t##t#tt###### S
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TABLE XXI-B (Continued)

AAA=DSQRT { ARG1)
BBB=DSQRT{ARG2)
IF(AAA.LT.BBB) GO TO 10
IF(AAA.EQ.0.0) GO TG 60
UAAA=-2,0%*UC
VAAA=-2,0%VC
UQ4=(UAAA®XUDENL +VAAA#VDENL ) /ARG
VQ4={VAAA*UDEN1-UAAA*VDEN] } /ARG1
. 60 TO 50
10 IF(BBB.EQ.0.0} GO TD 60
UAAA=-2,0%UC
VAAA=-2,0%VC Lo
UQ4=(UAAA®XUDEN2+VAAA*VDEN2 ) /ARG2 ’ . DT )
VQ4=(VAAA*UDEN2-UAAA*VDEN2) /ARG2 ) .
GO TO 50
50 UX4=UX3+(UH3*UQ4~VH3I*VQ4)
VX4=VX3+({ VH3*UQ4+UH3*VQ4)
RETURN
60 UR4=1.0"
VQ4=0.0
GO TO 50
END

SUBROUTINE TEST{UX3,VX3,UX4,VX4sCONV) o ‘
**#t#v*##*###*t##t###t#t*###t*t*###*##*tt#t**tt*********t**t**#t##*tt#t###t*

*
* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- *
% IMATIONS BY TESTING THE EXPRESSION ! *
* ABSOLUTE VALUE OF (X(N+1)-X{N))}/ABSOLUTE VALUE OF X(Nfl)g S *
* WHEN IT IS AS SMALL AS DESIREDy CONVERGENCE IS OBTAINED. : *
* x
* #

*t##$#######t####*tt#*#*#‘###*###*#t##t**##‘#*tt*t*#**‘*############*#*##*
DOUBLE PRECISION UX3,VX34UX&G VX4 EPSRT, EPSO,EPS'AAA'UDUMMY'VDUMMY.
1DENOM

DOUBLE PRECISION DSQRT

LOGICAL CONV

COMMON EPSRYLEPSO, EPS;[OZ;MAX

UDUMMY =UX4-UX3

"VDUMMY=VX4-VX3

AAA= DSQRT(UDUMMY*UDUMMY#VDUMMY*VDUMMYl
DENOM=DSQRT{UX4*UX4+VX4%VX4)

IF(DENOM.LT.EPSO) GO TO 20

IFCAAA/DENOM.LT.EPS) GO TO lO

- 5 CONV=,FALSE.

i GO TO 100
10 CONV=.TRUE,
GO TO 100
20 IF(AAA.LT.EPSO) GO TO 10’
GO TO 5
100 RETURN
END
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TABLE XXI-B (Continued)

637 ’ SUBROUTINE HORNER{NAJUAsVAUX,VX,UB,sVByUPX,VPX)

c dokokokok ok ok ko R ok Rk ok ok ok ko ok ok Kk Rk ok ok ok ok &k ook ok ko ok ok
c * *
c * HORNER®S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL PE{X) AT A POINT D. =*
c * SYNTHETIC DIVISION-IS USED TO DEFLATE THE POLYNOMIAL BY DIVIDING OUT THE *
C % FACTOR (X-D). *
c * *
. C . dkkokdokdedok deax sk ook ok ook okl s o Aok ok ool ookl e o i o e o s oo s ool g ok ok ot o ool ook o e o

638 DOUBLE PRECISION UXoe VX UPX,VPXsUByVB,yUA,VA

639 DIMENSTON UA(26),VAL26),UB{26),VB{26)

640 UB{1)=UA(1l}

641 VB{1)=VA(l)

642 NUM=NA+1

643 DO 10 1=2,NUM

644 UB({T)=UALI)+(UB(I-1)*UX~VB(I~-1)*VX)

645 10 VBUI)=VA(IY+({VB(I-1)*UX+UB{(I-1)%*VX)

646 UPX=UB (NUM)

647 VPX=VB(NUM}

648 RETURN

649 END

650 SUBROUTINE COMSQT{UX VX UYaVY) .
c g g ok o ool ool ok e o o ko ok ok ok e o ook e ko o o o e e o s e e o o ko i o ok o ok o e ook ok ol ok R
c * *
c * THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER. ' %
C * *
c e ke e ok o o ok ol ol o ok o o e o e e o ko ol e g o el ko o o o o K K R Ko R K

651 DOUBLE PRECISION UXyVXsUY,VY,DUMMY,R,AAA,BBB

652 DOUBLE PRECISION DSQRT,.DABS

653 R=DSQRT (UX*UX+VX*VX)

654 AAA=DSQRT(DABS({R+UX)/2.0))

655 ' BBB=DSQRT(DABS{(R~UX1/2.0})

656 IF{VX} 10,20,30

657 10 UY=AAA

658 VY¥=-~1,0%8BB

659 GO TO 100

660 20 IF(UX) 40,50,60

661 30 UY=AAA

662 VvyY=BB8

663 G0 TO 100

664 40 DUMMY=DABS(UX}

665 uy=0.0

666 VY=DSQRT(DUMMY)

667 GO TO 100

668 50 UY=0.0

669 VY=0.0

670 < GO 70O 100

671 60 DUMMY=DABS(UX)

6712 UY=DSQRT (DUMMY}

673 vY=0.0

674 100 RETURN

675 END

$ENTRY



APPENDIX F
POLYNOMIAL GENERATOR
1. TUse of the Programs

Given N linear factors of the form (AX + B) where A and B are
complex numbers, the polynomial generator program computes their product.
resulting in a polynomial of degree N of the form

N N-1
P(X) = alX + a2X + ... + aNX + I

Note that if (AX + B) is a factor of the polynomial P(X), then :% is a
zero of P(X).

Two programs of the polynomial generator are preseﬁted here. The
first is the single precision program. The second program is in double
precision and is designed to perform double precision complex arith-
metic. These programs are written for use on any computer using
FORTRAN IV language. They have been tested on the IBM S/360 mod. 50
computer which has a 32 bit word,

Each program>is designed to construct polynomials of degree 25 or
less. 1In order to consturct polynomials of degree N where N > 25, the

array dimensions must be changed as listed in Table XXII for both

single precision and double precision programs.

312



313

TABLE XXII

ARRAYS USED IN THE POLYNOMIAL GENERATOR

Single Precision Double Precision

Main Program

FACTOR(N,2) FACTOR(N,2) ,FACTOI(N,2)
C(N+1) CR(N+1),CI (N+1)

Subroutine POLY

FACTOR(N, 2) FACTOR(N,2) ,FACTOI (N, 2)
C(N+1) CR(M1) ,CT (N+1)
D(2) DR(2),DI(2)

The single precision program may be converted to double precision
for use on machines equipped to perform double precision complex arith-
metic provided the following changes or their equivalent are made:

The changes presented below are those required for the IBM S/360.

1. The format statements should be changed from E-~type to
D-type.
2. Change COMPLEX cl’CZ"“' to COMPLEX*16 Cl,CZ,..,‘

where Cl’CZ"" are complex variables.

3. Add IMPLICIT REAL*8(A-H,0-~Z)

After selecting the desired program, the input data should be

prepared as described in section 2.
2. Input Data for the Polynomial Generator

The input data for the polynomial generator is grouped into
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polynomial data sets. Each polynomial data set consists of the data to
generate one and only one polynomial. As many polynomials as the user
desires may be generated by p%acing the polynomial data sets one behind
the other. Each polynomial data set consists of two kinds of informa-

tion placed in the following order:

1. Control information

2. Factors of the polynomial

An end card follows the entire collection of data sets. It indicates
that there is no more data to follow and terminates execution of the
program. -This information is displayed in figure 17 and described
below. For single preciSion data, the E~type specification should be
used, while for double precision data, the D-type specification should

be used. All data should be right justified.

Control Information

The control card is the first card of the polynomial data set and

contains the information given in Table XXIII. See figure 14,

TABLE XXIII

CONTROL -DATA FOR THE POLYNOMIAL GENERATOR

Variable.Name Card quumns \ Description
N v v c.c. 1-2 Number of linear factors to be
multiplied together.
Integer.

Right justify.

KCHECK c.c. 80 This should be left blank.



Factors of the Polynomial

315

The factors to be read in should be of the form (AX + B) where A

and B are non-zero complex numbers.

The coefficient of the X term, A,

is entered first. Both coefficients of a factor are entered on the

same card as described in Table XXIV and illustrated in figure 15, The

variable in parentheses is the double precision equivalent. The example

in figure 15 is X + (2.5 - 7i).

TABLE XXIV

FACTOR DATA FOR THE POLYNOMIAL GENERATOR

Variable Name

FACTOR(I,1)
(FACTOR(I,1))

FACTOR(I,1)
(FACTOI(I,1))

FACTOR(I,2)
(FACTOR(I,2))

FACTOR(I,2)
(FACTOI(I,2))

End Card

The end card

Card Columns

c.c. 1-20
c.c. 21-40
c.c. 41-60
c.c. 61-80

Description

Real part of the complex number A.
Real.
Right justify.

Imaginary part of the complex
number A.

Real.

Right justify.

Real part of the complex number B.
Real.,
Right justify.

Imaginary part of the complex
number B.

Real.

Right justify.

is the last card of the input data to the program.
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It indicates that there is no more data to be read. When this card is
read, program execution is terminated, This card is described in

Table XXV and illustrated in figure 16.

TABLE XXV

DATA TO END EXECUTION OF THE POLYNOMIAL GENERATOR

Variable Name Card Columns Descrigtion
KCHECK c.c. 80 Must contain the number 1.
Integer.

3. Variables Used in the Polynomial Generator

The definitions of the major variables used in the polynomial
generator are given in Table XXVI. The notation and symbols used are
described in Appendix . B, § 3. VariableS‘not listed are dummy variables

used for temporary storage of computations.
4, Description of Program Output

The output from the polynomial generator consists of the following
information and is illustrated in Exhibit DD.

The linear factors are printed, in the order read, uﬁder the head-
ing "THE XX FACTORS OF THE POLYNOMIAL TO BE GENERATED ARE." XX is the
number of linear factors given. The form of each factor is AX + B.

The coefficients of the resulting polynomial are printed,
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coefficient of highest degree term first, under the heading "THE
POLYNOMIAL OF DEGREE XX GENERATED FROM THE ABOVE FACTORS IS." XX is

the degree of the polynomial,



Variable Name

Card Columns

000000000111111111122222222223333333333444444444455555555556666666666777777 7777|g
1234567890123456789012345678901234567890123456789012345678901234567890123456789

Q|

ﬁ.-_7-
7

l_;Examp].e for Single Precision

Example for Double Precision

Figure 1l4. Control Card for the Polynomial Generator



000000000111111111122222222223333333333444444444455555555556

66666666677777777778

12345678901234567890112345678901234567890012345678901234567890(12345678901234567890
FACTOR(I,1) FACTOR(I,1) FACTOR(I,2) FACTOR(I,2)
(FACTOR(I,1)) (FACTOI(I,1)) (FACTOR(I,2)) (FACTOI(I,2))
0.1D+0]] 0. 0D+00 0.25D+01 -0.7D+01
0.1E+0] 0.0E+00 0.25E+01 -0.7E+01
Figure 15. Factor Card for the Polynomial Generator




O0000000011111111112222222222333333333344444444445555555555666666666677777777718
1234567890123456789012345678901234567890123456789012345678901234567890123456789

txi

Figure 16. End Card for the Polynomial Generator

End Cavd

s Factor Cords
IIIIiiLii’liﬂﬂﬂﬂlﬂﬁhhg
II'I' Control Card |

Figure 17. Sequence of Input Data for
the Polynomial Generator




TABLE XXVI

VARIABLES USED IN THE POLYNOMIAL GENERATOR

Single Precision Double Precision Disposition
Variable - Type. Variable Type of Argument Description

Main Program

Unit number of the input device .

I01 I 101 I

102 I 102 I Unit number of the output device

N I N I Number of factors to be read

KCHECK 1 KCHECK 1 KCHECK = 1 implies that execution will be terminated

FACTOR C FACTOR,FACTOIL R Array containing the coefficients of the linear factors

C C CR,CIL R Array containing coefficients of the polynomial
Subroutine POLY

NC I NC I Counter

C C CR,CI R R Array of coefficients of polynomial

FACTOR C FACTOR ,FACTOI R E Array of factors

N I N I E Number of factors to be multiplied



THE ~7 FACTORS OF THE POLYNOMIAL YD “BE

Facror¢
FACTORY
FACTNRY
FaCTORS
FACTORE
FACTORY
FACTORE

0.10000000000000000
0.1000000000000000D
0.100000000000000CD
0.10000000000000000
0.1000000G00000000D
0.10000000000000000
0.10000000C0000000D

01
ol
o1
ol
01
01
‘01

tesree s

GENERATED ARE

0.00000000000000000
0.0000000000000000D
. 0.0000070000000000D
0.0000000000000000D
0.0000000000000000D
0.00000000000000000
0.00000000000000000

00
00
00
00
00
00
00

ey et o

THE POLYNDMIAL OF OEGREE 7T GENERATED  FROR THE ABOVE FACTORS IS

COMPILE

" COMPILE

(2]
-
*»
-
AR NN RR NN

0.10000000000000000
0.3000000000C00009D
' 0.8D000000000C000000
0.2399999999999999D
0.7799999999999998D
0.7999999999999998D
0.6799999999999999D
0.4800000000050000D0

TIMEs
TINES

" ssTOP -

it DD.

ol
oy
01
02
02
02
02

02

+
+
+
.
.
.
.
.

1.96 SEC,EXECUTION TIME=

0.00000000000000000
=0410000000000000C0D
0.9000000000000002D
0.160000000C000C0O0D
. 0.18000000000000000
-0.28000000000C0001D
-0.11200C0000000000D
~0.72000000000000010

. Linear Factors Are:

X+ (3-3i), X+ (1

00’

[:2%
01
02
02
02
03
02

X
+

O L )

LR R

0.49 SEC,DBJECT CODE=

0.11 SEC,EXECUTION TIME= 0.00. SEC,OBJECT CODE=

+ (-
i,

1
X

LIPS

=0.1000000000000000D
=0.20000000000000000
0.10002000000000000
. 0.0000000000000000D
0.30000000000000000
0.1000000000000000D
0.1000000000000000D

3472 BYTES.ARRAY AREA=

01
ol
o1
00
01
01
01

+ -0.10000000000000000 01’
+ 0.3000000000C000000 01
+ 0.0000000000000000D 00
+ ~0.20000000C00000000 01
+ =0.30000000200000000 01
+ ©.10000000000000000 01
+ 0.1000000C00000000D O1

RS

1248 BYTESsUNUSED= 65280 BYTES

3472 BYTES,ARRAY AREA= 1268 BYTES,UNUSED= 65280 BYTES

1), X+ (-2 + 38), X+ 1, X + (-24),
TF 1+ 1i). '

v d ol
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MAIN PROGRAM ~ poLY

FACTOR

NC &~ |
Lol 6 : ' . *\ ¢, +- FACTOR, ,

cl —F RCTORI' "

fe-2

»
RCHECH

(Lot LN DR

-
0, € FactoR, |

o n,«—fnn‘on"
.y , $TORE¢—c,.5)
$AcTon s FACIOR '
W, H L1
e Wi
v ie2
- . . £{fenen)
uguq:.. Facton | - o . je i
m;_op_.. JFhcron, , | Co R ' @f T
) TEAn “eohics LY
- _ ) &, ¢ SToRs
CALL POLY o ‘ : STORE « TeRM
FAcTOR , 4, ‘ ' '
T e
L N g Cuced™ e B
_—
- ) ) Cocet— STORE
v f' 0 M.c.f-Nc-H
TRRR N .

Figure 18. Flow Charts for the Polynomial Generator
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TABLE XXVII

SINGLE PRECISION PROGRAM FOR THE POLYNOMIAL GENERATOR

COMPLEX FACTOR,C
- DIMENSION FACTORE25,2),C{26}
i01=5
102=6
1 READ(101,1000} NoKCHECK
IF{KCHECK.EQ.1) STOP
READ(101,1010) (FACTOR{I,1},FACTOREL,2)i=LyN)
WRITE(102,1020) N
WRITE(102,1030) (I,FACYOR(I,1), FACTOR!!-Z):! 14N}
CALL POLY(FACTOR N,C)
WRITE(102,1040) N
KKK=N+1
WRITE(102,2050) (1,C(1},1=1,KKK)}
G0 70 1
1000 FORMAT{12,77X,11)
1010 FORMAT(4E20.0)
1020 FORMAT{1HL ,4HTHE »12446H FACTORS OF THE POLVNOM!AL TO BE GENERATED
1 ARE//}

1030 FORMAT (X, THEACTOR {4 12, 4t} = VEL4.T,3H + .514.1.5H 1 x.wu fo’ e

LE14.T7y3H + 4EL14.792H 1) .
1040 FORMAY{///1X,25HTHE POLYNOMIAL OF DEGREE 912.36H ‘GENERATED FROM TH

LE ABOVE FACTORS 15//7) . -
1050 FORMATI1Xs2HCEs0254H) = 4EL14e793H ¢+ oEl4aT42H )

END : . . :

SUBROUTINE POLY(FACTORsN+C)

*

# SUBROUTINE POLY FORMS THEIR PRODUCT.

connOon

COMPLEX FACTOR,C,D¢STORE, TERM
DIMENSION FACTOR(25,2),C(26),D(2}
NC=1
C{1)=FACTOR(1,1}
C{2)=FACTOR(1,2) o S
DO 50 I=2,N - R
D(1)=FACTOR{I,1) C
D{2)=FACTOR([,2)
STORE=C(1}%Dt1)
KKK=NC+1
DO 20 J=2,KKK
TERM=1C(J)¥D(1)1+(CLJ-1)%D(2})
C§J~11)=STORE
20 STORE=TERM
CANC+2}=CINC+1)*D(2}
CINC+1)=STORE
50 NC=NC+1
RETURN
END

* GIVEN N LINEAR FACTORS OF THE FORM {AX+B) HHERE A AND 8 ARE COMPLEX,
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TABLE XXVIII

DOUBLE PRECISION PROGRAM FOR THE POLYNOMIAL GENERATOR

JOB 10414 .

tttttt#tttt#tttttt##t#ttt##t#tt##t*##tt*#t#ttt#tttt#t####t#####ttt#tt*#t##t#
* *
* DOUBLE PRECISION PROGRAM FOR THE POLYNOMIAL GENERATOR. R
* : *
P . . %
* THIS PROGRAM CONSTRUCTS THE N-TH DEGREE POLYNOMIAL FORMED BY' * .
* MULTIPLYING N GIVEN LINEAR FACTORS TOGETHER. . .
* E o #
*
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DOUBLE PRECISION FACTOR,FACTOI,CR,CI :

DIMENSION FAGTOR({25,2) sFACTOI(2552)+CR(26},C1026)

101=5

102=6

‘1 READ(101,1000) N,KCHECK
. IF(KCHECK.EQ.1) STOP

READ(101,1010) (FACTOR(I, 1).FACTOI(I.l).FACTOR(!.ZD.FACTOl(lpZ),!-

11,N)

WRI1TE(102,1020) N

WRITE (102,1030) (1,FACTOR{I,1),FACTOI(I, ID.FACTOR(l.Zl FACTOI(E.Z)

1L I=1,N)

CALL POLY(FACTOR,FACTOI,NsCR,CI)

WRITE(102,1040} N

KKK=N+1

WRITE(10241050) {1,CRETI,CEELD, I=1,KKK)

6o 10 1
1000 FORMAT(I12,77Xy11) o R S
1010 FORMAT (4D20.0) ‘ P
1020 FORMAT{1H1 s4HTHE o 12,46H FACTORS OF THE POLYNOH!AL TO BE GENERATED :

1 ARE//)
1030 FORMAT(1X,THFACTOR(,12,4H) = 4D23.16,3H + 1D23.1645H I' XeTH +

1 +D23.16,3H + ,D23.1642H )
1040 FORMAT(///1X25HTHE POLYNOMIAL OF DEGREE .12.36H GENERATED_FROM TH

LE ABOVE FACTORS 1S//1) :
1050 FORMAT(1X,2HC(,12,4H) = 4D23,1643H + ,023.1652H 1) -

END
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TABLE XXVIII (Continued)

SUBROUTINE POLY{FACTOR,FACTOI,N,CR,CI)

* GIVEN N LINEAR FACTORS OF THE FORM (AX+B} WHERE A AND 8 ARE CDHPLEX,

SUBROUTINE POLY FORMS THEIR PRODUCT.

Tk kR R Rk Rk R R R Rk Rk kR Rk Rk kR kb kR kR

DOUBLE PRECISION FACTDR:FACTGI1CRaClgSTORFR.STOREl,TERMR,TERMI.DR,
DI

DIMENSION FACTOR(25,2),FACTOE!25,2),CRE26),4CIE26},DR(2),DF(2)
NC=1 :
CRU1}=FACTOR{1,1}

CI(1)=FACTOI(1,1)}

CR(2)=FACTOR(1,2)

CI(2)=FACTOI(1,2)

DO 50 I1=2,N

DRU1)=FACTOR{I,1}

DI{1)=FACTOL(I,1)

DR(2)=FACTOR(1,2}

DI(2)=FACTOI(I,2)

STORER=CR(1)*DR{1)- Clll!*Dl(lB

" STOREI= Cl(l)*DR(l)+CR(1)*DI(l)

20

50

SENTRY

KKK=NC+1

DO 20 J=2,KKK
TERMR=(CR(JI*DRIL)-CT{JI*DI{2}DI4+(CR(J~-1I*DR{2)~-CI( I~ 1)*0!(2))
TERMI={CI(J)*DRELI+CRIII*DLC(LIIH(CELS- 1)*DRKZ)GCR(J-1)#DI(2))
CR(J-1)=STORER

CItJ-1)=STOREI

STORER=TERMR

STOREI=TERMI

CRINC+2)=CRINC+1)*DR{2)~CI(NC+1)%DI(2)

CI{NC+2)= CI(NC+1)*DR(2)+CR(NC+1)*DI(Z)

CRINC+1)=STORER

CI(NC+1)=STOREI

NC=NC¢1

RETURN

END
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