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CHAPTER I 

INTRODUCTION 

1.1 General Literature Review 

Variable-speed adjustable-frequency (VSAF) [1] power systems have 

many attractive practical applications. They can serve as variable-vol

tage variable-frequency power supplies for electric drives and in ground 

transportation, deriving their mechanical input from an unregulated shaft 

[2, 3]. Operated as variable-speed constant-frequency (VSCF) systems, 

they can be used with non-synchronous prime-movers such as aeroturbines 

[4-7], aircraft engines and in other vehicles for power generation [8, 

9]. VSCF systems have been suggested as an alternative in engineering 

systems for harnessing renewable energy sources such as geothermal and 

wind. In addition, they are ideally suited as interfacesbetween fly

wheel energy storage systeras and conventional utility grids [10]. Re

cently, VSCF systems have been recommended as an alternative power gener

ation scheme for application in dispersed solar-thermal-electric power 

systems employing "parabolic-dish electric-transport 11 [11]. Over the 

past tlt1o decades, several variable-speed adjustable (constant)-frequency 

systems have been proposed. The approaches used generally fall into two 

broad categories, namely (i) differential methods, and (ii) non-differ

ential methods. 

Mechanical techniques employing variable ratio gears [12], and 

electrical techniques involving the feeding of slip frequency power to 
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rotor [13, 14], to obtain constant speed and/or frequency, belong to the 

first category. 

Static frequency changers such as AC-DC-AC conversion systems [15], 

purely rotary devices (without any solid-state switching) such as AC com

mutator generators [16, 17], and combinations of rotating machines and 

solid-state switching devices such as diodes and thyristors [18, 19], come 

under the second category. Numerous applications of solid state devices 

in electrical power and other industries have been discussed in detail 

in the literature [20]. 

Judicious synthesis of rotating machines with solid-state switching 

devices and the use of field modulation and demodulation techniques com

bined with low frequency switching have resulted in a new variable speed 

adjustable frequency power system known as the Field Modulated Generator 

System (FMGS) [21]. This system has been under development at OklahoMa 

State University since 1970. 

1.2 Background 

The term 'field modulation• refers to varying the magnetic field in 

the air-gap of a rotating machine as desired by varying the excitation 

current to obtain a variety of desired outputs. The concept of employing 

field modulation techniques to control the output frequency of a genera

tor has been disscussed in the literature for at least twenty years [22-

25]. However, most of the early attempts were not highly successful 

either for the lack of high-speed high-powered solid-state switching 

devices at that time or due to low overall efficiencies resulting from 

line-to-line short circuits at the machine terminals during colllTlutation 

or both. 
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With the availability of economical high-powered solid-state 

switching devices such as thyristors and diodes, and with the introduc

tion of a new rectifier connection scheme known as the Parallel-Bridge 

Rectifier Syste111 (PBRS) [26], interest in field modulation techniques 

was revived in the early seventies [27]. 

The field modulated generator system consists of a specially de

signed three-phase high-frequency alternator operating in conjunction 

with solid-state electronic circuitry to provide single-phase output at 

the desired low frequency. The field coil is excited with alternating 

current at the desired low frequency instead of the conventional direct 

current. The outputs from the three stator phases are processed using a 

parallel-bridge rectifier system and a four thyristor inverter followed 

by a low-pass filter network [28]. 

With sinusoidal ac excitation of the field coil at modulation fre

quency, a parallel-bridge rectifier system connected across the machine 

stator terminals yields an output which consists primarily of a full-wave 

rectified sine wave at the frequency of modulation; in addit1·on there is 

a small ripple at six times the basic machine frequency and a small de 

component. If the ratio of the basic electrical rotational frequency to 

the modulation frequency is greater than ten, the ripple and the addi

tional de component become negligibly small. 

In general, incorporating solid-state power conditioning devices at 

the outputs of conventional rotating machines distorts the waveforms and 

introduces harmonics in various parts of the system. As such, analysis 

and modeling of FMGS is complicated by the inherent rectification, inver

sion and filtering processes involved and the manner in which their 

effects are reflected back into the machine and affect its behavior. 
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Presence of stator tuning capacitors complicates the problem by providing 

closed paths for harmonic currents to circulate. The FMGS has been anal

yzed and a mathematical model for it has been developed based on the 

idealizing assumption that all waveforms are sinusoidal and by consider

ing only fundamental components in the analysis [29]. Results based on 

this theory have been experimentally verified and the correlation was 

well within acceptable limits [30]. 

The H1GS has been under developr.~ent at Oklahoma State University for 

the past nine years. Several prototypes have been designed, fabricated, 

and successfully tested. During this process, it was observed that cer

tain variations in the magnetic circuit design of the FMGS yielded signi

ficant dividends by way of reducing the excit~tion requirements and 

improving the overall efficiency and power output capability. The vari

ations primarily consist of changing the no-load field-form (flux distri

bution in the airgap), which, in turn, alters the induced voltage wave 

form in the stator windings under both loaded and no-load conditions. In 

particular, a slotted rotor with magnetic neutral planes in the centers 

of alternate teeth (instead of being in centers of slots) [31] corre

sponding to a no-load induced voltage waveform which is flat topped 

(essentially a rectangular pulse) and extends slightly over one half of 

the half-period resulted in the best performance, manifested in terms of 

high efficiency, improved waveform (less filtering) and decreased exci

tation requirements. This phenomenon has not yet been studied from the 

theoretical point of view. 

1.3 Problem Statement 

The prinary objective of this thesis research is to study the effect 
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of non-sinusoidal, especially flat-topped, waveforms on the operation of 

the FMGS. Since the nucleus of the field modulated generator system is 

an alternator feeding into a PBRS, the first step in achieving the objec

tive will be to study the influence of carefully selected flat-topped 

waveforms on the operation of the parallel-bridge rectifier system. The 

results of this analysis can then be employed to study the effect of 

flat-topped waveforms on the performance of the FMGS. Clearly, the 

results of this work are applicable and can be extended to any system 

that utilizes the PBRS as the key component in its operation. 

1.4 Outline of the f~ethod of Study 

The parallel-bridge rectifier system consists of three full-wave 

bridges, connected one each across the three isolated phases of a three

phase power system. The outputs of the three bridges are tied in paral

lel across the load. The waveform of the voltages induced in the stator 

windings of an alternator changes depending on the load and the associ

ated armature reaction effects. l\ rigorous analysis of the PBRS-alter

nator combination, based on the initial source voltage waveform and its 

dependence on load, is extremely complicated. rn this thesis, as a first 

step, some judicious approximations are made to understand the basic 

behavior of the PBRS with such non-sinusoidal waveforms. 

It was observed from the oscillograms obtained from experimental 

prototypes that, in the absence of bridge-input capacitors [32], the 

induced voltage waveform closely approximated a rectangular pulse. Con

sequently, the PBRS is first analyzed with a rectangular pulse waveform 

as input and with a resistive load. 
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The use of proper stator tuning capacitors decreases the excitation 

requirements and improves the efficiency of an alternator. Similar ad

vantages are observed with FMGS also. The induced voltage waveform under 

full load conditions with bridge-input capacitors and resistive load is 

very close to a symmetric trapezoid with top width approximately equal to 

one third of the half-period. This is a consequence of the no-load 

field-form, magnetic circuit configuration and armature reaction effects. 

Therefore the PBRS with bridge-input capacitors and resistive load is 

analyzed next with this trapezoidal waveform as input. 

In order to develop certain design guidelines for the FMGS, a rela

tionship between the average voltage across the load and the amplitude 

of the source voltage is derived for different values of circuit param

eter ratios. The results of the PBRS study di 1rected towards analyzing 

waveform effects under de excitation are extended to the field modulated 

case by using proper modulation factors. Finally, a set of experiments 

are conducted using the available experimental prototype to establish 

the validity of the results of the theoretical analyses. 

In the following paragraphs, brief descriptions of the procedures 

followed and the manner in which the results are brought together are 

given. 

1.4.1 Operation of the PBRS with Rectangular

Pulse Source Voltage Wave-forms (Without Bridge

Input Capacitors) 

In order to develop the background necessary to study the effect of 

non-sinusoidal waveforms on the operation of the PBRS and the FMGS, a 

thorough study of the PBRS without bridge-input capacitors and with 
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rectangular pulse source voltage waveforms of variable width is under

taken. Circuit differential equations are set up for various voltages 

and currents in the idealized model and solved using proper initial 

values and boundary conditions. In the analysis, two angles, a and s, 

related to the 11 0n 11 and 11 0ff 11 conditions of various diodes, play a key 

role. Values of these angles are numerically evaluated by solving a set 

of non-linear algebraic equations obtained by the application of proper 

boundary conditions. The non-sinusoidal nature of the input waveform 

necessitates the development of current and voltage expressions during. 

different portions of a half-cycle. In order to determine the relation

ship between the circuit parameter ratio (XL/R~), the ratio (K) of the 

input pulse width to the half-period, angles a and s, it is necessary to 

consider different ranges of values for angle~ a and s due to the over

lapping of current and voltage waveforms. Theoretical values of a and s 

are presented with non-dimensional circuit constant (XL/R1 ) and pulse 

width ratio (K) as parameters. Theoretical waveforms of different vol

tages and currents are derived and shown for a specific value of the 

pulse width ratio (K} to illustrate the nature of the results obtained. 

1.4.2 Operation gf the PBRS with Trapezoidal 

Source Voltage ~~aveforms (With Bridge-LIJQt:~_t 

Capacitorli 

The induced voltage waveform under full load conditions with bridge

input capacitors and resistive load is a synunetric trapezoid with the top 

width approximately equal to one third of the half-period. The PBRS with 

bridge-input capacitors and resistive load is therefore analyzed next 

with this waveform as input. With flat-topped source voltages, the 



bridge-input voltage is not expected to vary much during the conduction 

duration of that bridge and consequently the capacitor current during 

this period will be small compared to the load component of the bridge

input current and hence neglected in the analysis. 

8 

The approach used in the analysis is similar to the one used in the 

previous section. Differential equations relating the various voltages 

and currents in the model are set up and solved using proper boundary 

conditions. Two angles, y and s, related to the 11 0n 11 and 11 off 11 states 

of various diodes are evaluated by solving appropriate non-linear alge

braic equations. Different ranges for the sum of angles y and s need to 

be considered to cover the practical range of circuit parameter ratios. 

Theoretical values of y and s are presented with non-dimensional circuit 

constants (XL/Rt) and XL/Xc) as parameters. Theoretical waveforms of 

various voltages and currents are plotted for the cases considered and 

the results are discussed. 

1.4.3 Waveform Effects on the Operation of the 

FMGS and Development of Design Guidelines 

The different waveform effects studied in Steps 1.4.1 and 1.4.2 are 

valid for an alternator-PBRS combination under de excitation. From the 

results of the study of trapezoidal waveform effects on PBRS, a relation

ship between normalized (with respect to the maximum value of the induced 

voltage in the stator winding of each phase) load voltage and the circuit 

parameters can be derived. The PBRS studies for conditions of de excita

tion can be extended to the field modulated (ac excitation) case by using 

proper modulation factors. The relationship between the load voltage, 

the maximum value of the induced source voltage and the circuit 
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parameters provides a starting point for the development of certain basic 

design guidelines for the FMGS. 

1.4.4 Experimental Investigation 

As a final step, a set of experiments are performed using the avail

able experimental prototype to establish the validity of the theoretical 

analyses. The different current and voltage waveforms and the angles y 

and S obtained from experimental results are compared with their theoret

ical counterparts and an attempt is made to explain the discrepancies. 

1.5 Organization of the Thesis 

Chapter II presents a theoretical analysis of the operation of the 

PBRS with rectangular-pulse source voltage waveforms and without bridge

input capacitors. Values of key angles a and s are presented in the form 

of a family of plots, plotted against (XL/R£) and (K) as parameters. 

Theoretical waveforms of different voltages and currents are presented 

and discussed. 

Chapter III presents a theoretical analysis of the operation of the 

PBRS with bridge-input capacitors, when the source voltage waveforms are 

trapezoidal. Relationships between key angles y and sand circuit param

eter ratios are derived and presented in the form of a family of plots. 

Theoretical waveforms for different voltages and currents are obtained 

and the results are discussed. 

Chapter IV employs the results of Chapter III to obtain a relation

ship between the normalized value of the average (de) load voltage and 

the maximum value of voltage induced in the stator windings for different 

values of circuit parameters. Extension of the PBRS studies to the field 
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modulated case is discussed and some design guidelines of practical sig

nificance are developed in terms of the system output parameters. 

Chapter V documents the results of experimental investigations con

ducted to establish the validity of the theoretical analyses. Experi

mental procedures employed and the resulting oscillograms are recorded. 

Theoretical and experimental results are compared and sources of errors 

are discussed. 

The thesis concludes with a summary of the results and suggestions 

for further work in Chapter VI. 



CHAPTER II 

EFFECT OF RECTANGULAR PULSE WAVEFORM ON THE 

OPERATION OF THE PARALLEL-BRIDGE 

RECTIFIER SYSTEM 

2.1 Introduction 

Rectification systems have been under study since the beginning of · 

this century. With the availability of economic high-powered solid state 

switching devices such as thyristors and diodes, their application in 

rectification, inversion, control and frequency conversion is continuing 

to interest researchers. The parallel-bridge rectifier system consists 

of three full-wave bridges, connected one each across the three isolated 

phases of a three-phase power source, with their outputs tied in parallel 

across the load. Ramakumar et al. [33] have presented a detailed anal

ysis of the parallel-bridge rectifier system for both resistive and 

inductive load conditions for the case of sinusoidal source voltage wave

forms and without capacitors at bridge-inputs. Operation of alternators 

with parallel-bridge rectifier systems [34] without bridge-input capaci

tors has also been studied in detail for the case of sinusoidal source 

voltage waveforms. It has been observed in practice that a flat-topped 

waveform which extends slightly over one half of the half-period improves 

the performance of devices that employ the parallel-bridge rectifier 

system. 

11 



In order to develop an understanding of the effect of flat-topped 

waveforms on the operation of devices employing the PBRS, as a first 

step, operation with a rectangular pulse waveform of variable width is 

studied in detail. 

12 

This chapter presents the results of a detailed theoretical analysis 

of the PBRS without capacitors at bridge inputs under resistive load con

ditions for a rectangular pulse source voltage waveform [35]. The 

approach consists of setting up differential equations relating the vari

ous voltages and currents in the idealized model of the system and solv

ing them with proper initial and boundary conditions. In the analysis, 

two angles, a and B, related to the 110n" and "off 11 conditions of various 

diodes play a key role. These angles, which in turn are related to the 

circuit parameter ratio (XL/Rt) and the ratio (K) of the input pulse 

width to the half-period, are evaluated by solving appropriate non-linear 

algebraic equations using an IBJ~ 370 digital computer. 

Section 2.2 begins with the circuit model of the PBRS and the ideal

izing assumptions involved in. its formulation. The general nature of the 

waveforms is discussed to illustrate the circuit interactions within the 

model. In this study, the ratio (K) of the input pulse width to the 

half-period is limited to the range given by 0 < K ~ (2/3). This appears 

to be the realistic range for most of the practical cases of interest. 

Different ranges of values for angles a and B are considered in the 

analysis due to the overlapping of current and voltage waveforms. 

Section 2.3 presents the formulation of circuit differential equa

tions and their solution using proper boundary conditions. The non-sinu

soidal nature of the input waveform requires splitting the conduction 

duration into a number of segments for analysis. The key angles a and S 
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are introduced and evaluated. Theoretical values of a and B are pre

sented with non-dimensional circuit constant (XL/Rt) and the pulse width 

ratio ( K) as parameters. Theoreti ca 1 waveforms of different voltages 

and currents for a chosen value of K are shown for specific parameter 

ratios (XL/Rt) to illustrate the nature of the results obtained. 

Section 2.4 summarizes the theoretical results obtained and dis

cusses the various current and voltage waveforms for different values of 

the parameter ratio (XL/R£). 

2.2 Idealized PBRS Model 

An idealized circuit model of the parallel-bridge rectifier system 

under study is shown in Figure 1. The assumptions involved in the devel

opment of this circuit model are listed below. 

1. All solid state devices are ideal; zero forward voltage drop 

and zero reverse current. 

2. Power source impedance is purely reactive. 

3. Each phase of the source is modeled as an ideal voltage source 

in series with a commutating inductance L. 

4. The source voltage waveform is a rectangular pulse. 

Figure 2(a) shows the three rectangular pulse voltage waveforms and 

their relationship to the corresponding phase currents. The value of 

the pulse width ratio (K) is chosen as 0.4 for the purpose of illustra

tion. The general nature of the load current waveform is shown in Fig

ure 2(b). The load current is periodic with a period of (n/3). The non

sinusoidal nature of the input waveform requires splitting the conduction 

duration into a number of segments as shown in Figure 2(a) for the pur

pose of analysis. The conduction duration of each bridge depends on the 
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width of the input pulse, the energy stored in the commutating induc

tance, and the voltage across the load. For a given pulse width ratio 

(K), and for small values of the parameter ratio (XL/R1 ), the conduction 

duration {a/w) of each bridge is small. If the parameter ratio (XL/R1 ) 

is sufficiently large, the conduction of each bridge continues through

out the entire half-cycle, resulting in an effective phase difference a 

between the source voltage and the phase current. This is shown in 

Figure 3(a). The general nature of the load current waveform for this 

case is shown in Figure 3{b}. The load current is once again periodic 

with a period of (n/3). 

The significance of the angles •a• and •s• is evident from Figures 

2(a) and 3(a}. The conduction angle a determines the number of phases 
I 

conducting simultaneously through the load and the angle a deter~ines 

the stagger between the zeros of the source voltage and the corresponding 

phase current for a given circuit parameter ratio (XL/R1 ) and pulse width 

ratio (K). 

In order to determine the relationship between a, S, the circuit 

parameter ratio (XL/R1 ) and the pulse width ratio (K), it is necessary to 

consider different ranges of values for angles •a• and •a• due to the 

overlapping of current and voltage waveforms. 

Ranges of values for angles 'a' and •a•: 

(a) For the range of the pulse width ratio (K) given by 1/3 < K 2 

2/3, the following ranges for angles a and s exist, requiring separate 

treatment. 

Case (i) 

Case (ii) 

Case (iii) 

Kn < a < {2n/3) 

(2n/3) < a < (Kn + n/3) 

(Kn + n/3) < a < n 
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Case (iv) 

Case (v) 

0 < S < (Kn - n/3) 

(Kn - n/3) < B < (Kn/2) 

(b) For the range of the pulse width ratio (K) given by 0 < K .:_ 

1/3, the following ranges for angles a and B should be considered. 

Case (vi) Kn < a < (Kn + n/3) -

Case (vii) (Kn + n/3) < a < (2n/3) -

Case (viii ) (2n/3) < a < (Kn + 2n/3) -

Case ( i X) (Kn + 2n/3) < a < 1T -

Case (x) 0 < B < (Kn/2) -
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The phase angle •s• reaches a maximum value of (Kn/2) when the parameter 

ratio (XL/R2 ) goes to infinity, corresponding to the short circuit con

dition. Figure 2(a) corresponds to Case (i) and Figure 3(a) corresponds 

to Case (iv). Figures 4(a), 5(a), and 6(a) correspond to Cases (ii), 

{iii), and (v), respectively. The load current waveforms corresponding 

to these cases are shown in Figures 4(b), 5(b), and 6(b). 

Each of the above-mentioned cases need to be analyzed separately in 

order to derive the relationships between the parameter ratio (Xi../R2 ), 

K and angles a and e, over a range of values for K given by 0 < K ~ 2/3. 

In the next section, only Cases (i) and (iv) with the range forK 

given by l/3 < K .:_ 2/3 will be considered in detail. This covers the 

most useful range for the practical cases of interest. Similar analyses 

(not detailed here) can be undertaken for the other cases mentioned 

above. However, the plots for angles a and e are presented to include 

all the cases mentioned. 
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2.3 Circuit Analysis 

2.3.1 Case (i) Kn < a ~ (2n/3) 

Figure 2(a} illustrates the source voltage and source current wave

forms for the case under consideration. The conduction duration (a/w} 

is divided into five segments and the quantities corresponding to these 

intervals are designated with subscripts 1 through 5, respectively. As 

a matter of convenience, the circuit of phase-a is considered. ria veforms 

for phases b and c will be similar, except for the inherent phase differ

ences of ±(2n/3). 

Expressions for load current and phase current will be derived dur

ing each of the time intervals t 1 through t 5 with the restriction that 

there can be no jump in the flow of current through the commutating in

ductance L. Since the load current is periodic with a period of (n/3}, 

the different expressions obtained for load current during this period 

will be used in the evaluation of the load current during other corres

ponding durations with a change in the time variable. Time zero is cho-
+ sen such that at t = 0 , diode pair 1 (see Figure 1} starts conducting. 

2.3.1.1 Derivation of the Load Current it· During the time inter
+ val 0 ~ t 1 ~ (Kn - n/3)/w, only the bridges connected to phase-a and 

phase-b conduct through the load as shown in Figure 2(a). Assuming ideal 

diodes, circuit equations for phases a and b are given as follows. 

(2.3.1) 

(2.3.2) 
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Using the relationship between phase currents and load current, the 

following differential equation is obtained for i R.l' 

di t 1 2RR. . 2E 
"""df1 + -L- 1 R.l = L 

Solution of (2.3.3) is 

-2Rt t 1 

; t 1 ( tl ) = it + (I ( 0) t - iJ e l 

(2.3.3) 

(2.3.4) 

where I(O)R. is the load current at wt1 = 0. The load current at wt1 = 

(Kn - n/3} is given by 

I R. 1 (2.3.5) 

During the interval (Kn- n/3) ~ e ~(a- n/3), define a new time vari

able t 2 such that 

wt2 = [0 - (Kn - n/3)] 

and the time interval is now given by 0 ~ t2~ (a - Kn)/w. Phases a and 

b conduct through the load during this duration and the ne\'1 circuit 

equations are given below. 

di 
E - L _21. = i £2 Rt dt2 

(2.3.6) 

0 
dib2 

i R.2 Rt +L~ = 
2 

(2.3.7) 

Substituting the relationship between phase currents and load current, 

the following differential equation is obtained for iR.2. 
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Solution of (2.3.8) with the initial condition i 12 (o+) = 111 is 

E = 2R1 

I -2R1 (K1r - TI/3) 

+ _E_ + (1 ( 0) 1 - !_ ) e wl 
2R1 R1 

(2.3.9) 

The load current at wt2 = (a - K1r) is given by 

[ 
-2R.1(a-

E wl 
= ~ 1 + e 

1 
112 

-2R1(a- TI/3) 

+ [l(o)• - :J e wl (2.3.10) 

During the interval (a - TI/3) ~ e ~ (TI/3) define another new time 

variable t 3 such that 

wt3 = [8 - (a - TI/3)] 

and the time interval is now given by 0 ~ t 3 .:. (21T/3 - a)/w. Only phase

a conducts through the load during this period and the circuit equation 

is 

(2.3.11) 
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Using the relationship between phase current and load current, the fol

lowing differential equation is obtained for i£3. 

Solution of (2.3.12) with the initial condition i£3(0+) = I£2 is 

-2R£ (a - 1T/3)] 

+ (I( 0 )t - :J e wl 

• e 

The load current at wt3 = (2·rr/3 - a) is given by 

-R£ (21T/3 - a) 
wl 

-R£(a- 2K1T + 21T/3) 
E wl 

+ 2R e 
£ 

-R a 
t 

+ (I ( 0) t - :Q, ) e --wL 

(2.3.12) 

(2.3.13) 

(2.3.14) 

Due to the symmetry of the input voltage and phase current wave

forms, the load current it is periodic with a period of (1T/3). Therefore 

the load current at e = (1T/3) should be equal to the load current at 



e = 0. Equating IR-3 given by (2.3.14) to I(O)R., an expression for the 

load current at e = 0 is obtained. 

I (Oh = E 
2RR. 
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(2.3.15) 

2.3.1.2 Derivation of Phase Current i . At t = 0+, phase-a circuit 

starts conducting through the load with zero initial current in the 

inductor as shown in Figure 2(a). + During the time interval 0 ~ t 1 ~ 

(K1r - 1T/3)/w, the circuit equation for phase-a is 

(2.3.16) 

Substituting for i.fl.l from equation (2.3.4) into (2.3.16) and solving for 

ial with the initial condition ial = 0 at wt1 = 0 yields 

. ( t ) = (-E- _ I ( 0) t ) ( l 
1al 1 2R.fl. 2 

-2R 
R, 

-L- tl) 
- e . (2.3.17) 

The phase-a current at wt1 = (Kn - n/3) is given by 

-2R 

( E I'O't)( --[: (K1r - n/3)) 
Ial = 2RR. - ~·-- 1 - e w (2.3.18) 

During the time interval 0 ~ t 2 ~(a - K1r)/w the circuit equation for 

phase-a is 



di 
E- L~ 

dt2 
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(2.3.19) 

Substituting for ;~2 from (2.3.9) into (2.3.19), the solution for ;a2 

with the initial condition ia2(0+) = Ial is obtained as 

= ~ t2 + _E_ _ I ( 0) R-

2L 4RR. 2 

-2RR. (K1r - 1T/3) 

+ _E_ + (I(O)R, __ E_) e wl 
4R1 2 2RR. 

. e (2.3.20) 

The phase-a current at wt2 = (a - K1r) is 

E (a - Kn) + _E_ _ I ( 0) J1, 

2Lw 4R1 2 

-2RJI, (a - n/3) I 
+ ( I ( 0) 1 _ _L) e wl 

2 2R1 
(2.3.21) 

During the time interval 0 ~ t 3 ~ (2n/3 - a)/w, the circuit equation for 

phase-a is 

(2.3.22) 

Substituting for i 13 from (2.3.13) into (2.3.22), the solution for ia3 
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+ with the initial condition ia3(0 ) = Ia2 is 

= E(a - Kn) + _E_ (l 
2Lw 4Rt 

~2Rt (a - Kn}) 
_ e wl 

-2RJI.(a- K'IT) 

E wl we 
Jl. 

-2RQ,(a- n/3) l] 
+ (1 ( 0) t - :J e wl I 

(2.3.23) 

The phase-a current at wt3 = (2'1T/3 - a) is given by 

( 
-2RJI.(a- Krr)) 

= E(a - K'IT) + __ E_ 1 _ e wl 
2Lw 4R£ 

+ (-E _ I ( 0) t) [l 
2Rt 2 

-2R (a- 1T/3) -R a] Jl. .Q, 

+ e wl - 2 e --;;;r-

[ 
-RJl. (a- 2Kn + 2n/3) 

+ E wL 2R e 
Jl. 

-RJl. (2n/3- a)] 
_ e wL 

(2.3.24) 

During the time interval 0 ~ t 4 ~ (Kn - 1T/3}/w the circuit equation for 

phase-a is 



dia4 
E- L ~ = i~4 R~ 

4 
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(2.3.25} 

Due to the periodicity of the load current, the expression for i~4 is the 

same as i~ 1 , with a change in time variable from t 1 to t 4. Substituting 

for it4 in (2.3.25}, the solution for ia 4 with the initial condition 

ia4(o+} = 1a3 is 

-R~a) 
2e wl 

+ E(a- K1r} + _L(l 
2Lw 4R~ 

-2Rt(a - K1r}) 
_ e wl 

-R~ (27T/3- a)] 
_ e wl 

(2.3.26) 

The phase-a current at wt4 = (K·rr - 7T/3) is given by 

I = (-E __ I(O}~) 
a4 2R~ 2 

[ 
-2R~ (a- 7T/3) 

• 2 + e wl 

-2R~ (Kw- 7T/3) -R~a~ 

_ e wl _ 2e wl J 

( 
-2R~(a- K1r)) 

+ E(a - K1r) + _1_ 1 _ e wl 
2Lw 4Rt 
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[ 
=RR, (a- 2Kn + 2n/3) -RR, (2n/3 - a)] 

+ _E_ e wL _ e wL 
2R£ 

(2.3.27) 

During the time interval 0 ::_ t 5 ::_ (a - Kn)/w, the circuit equation for 

phase-a is 

(2.3.28) 

The expression for load current i 25 is obtained from (2.3.9) by replacing 

t 2 with t 5. Substituting for i 25 in (2.3.28), the solution for ia5 with 

initial condition ia5(o+) = Ia4 is 

= 
_ct 

L. 5 
2L 

-2R2 (Kn- n/3) ! .-2R2 t 5 
+ _E_+ (1(0)£ __ E_)e wl e L 

4R2 2 2R2 

. [ -RR,(a- 2Kn + 2n/3) 

+ l e wl 
2RJI 

-Ri (2n/3 - a)] 
wl · 

- e 

+ (-E _ I (0)2)[2 _ 
2R 2 -

R, 

- R 2 a _-2_R_£ (_a--:-:---n 1_3_) ] 

2e wl + e wl 

+ E (a - Kn} _ _E_ e 
2L(J.) 4R£ 

(2.3.29) 

The phase-a current Ia5 at wt5 = (a- Kn), obtained by substituting for 

1(0)£ from (2.3.15) is equal to zero. This satisfies the requirement 

that at 0 = a; ia5 = 0. 
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2.3.1.3 Evaluation of Angle 'a'. The load current I(O)~ at wt1 = 

0 is represented in Figure 2(a) by 

(2.3.30} 

From the symmetry of the circuit, it is observed from Figure 2(a} that 

(2.3.31) 

Equating the expressions for currents obtained in Equations (2.3.15) and 

(2.3.24), a transcendental expression involving a, the circuit parameter 

ratio (XL/R£) and K is obtained as follows. 

3 = e wl 2R£ a 2R2 Kn 
+-----wl wl 

(2.3.32) 

The non-linear algebraic equation (2.3.32) involving angle a is solved for 

different parameter ratios (XL/R£) and K by an iterative process on an 

IBI·4 370 digital computer. The value of K is varied between (1/3) and 

(2/3). A set of values for angle a is obtained by varying the ratio 

(XL/R2) for each value of K chosen. Since the equations in this case are 

valid for the range of a given by Kn <a~ (2n/3), the maximum value a 

can have in each iteration is limited to (2n/3). 

A similar procedure is followed for the evaluation of conduction 

angle 'a' for different ranges of K and a, as mentioned earlier. The 

maximum value of conduction angle a is obviously equal to n. 



Theoretical values of a are presented in Figure 7 as a family of 

curves for different parameter ratios (XL/R~) and K. 
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The waveforms of phase-a bridge input voltage va' phase current ia 

and load current i~ for K = 0.4, (XL/R1 ) = 0.5 and angle a = 107.18° 

are plotted in Figure 8. 

2.3.2 Case {iv) 0 < S < (Kn - n/3) 

Figure 3(a) shows the source voltage and source current waveforms 

in the three phases for this case. The conduction duration of each 

bridge is divided into nine segments and the quantities corresponding to 

these intervals are designated with subscripts 1 through 9, respectively. 

As a matter of convenience, the half-cycle corresponding to phase-a is 

considered. ~Javeforms for phases b and c wi 111 be simi 1 ar except for the 

inherent phase differences of ±(2n/3). 

Expressions for load current and phase current will be derived dur

ing each of the time intervals t 1 through t 9 while maintaining a smooth 

flow of current through the inductance L. Time zero is chosen such 

that at t = 0+, diode pair 2 stops conducting and diode pair 1 starts 

conducting. 

2.3.2.1 Derivation of the Load Current i 1 . During the time inter

val 0+ ~ t 1 ~ (Kn - B - n/3)/w, bridges across phases a, b1 and c conduct 

through the load as shown in Figure 3(a). Assuming ideal diodes, circuit 

equations for phases a, b, and c are given as follows. 

E - L dial = 
dt1 ill R1 (2.3.33) 
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di 
E+L_El = 

dtl 

dicl 
0 - L dt = 

1 
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(2.3.34) 

(2.3.35) 

Using the relationship between phase currents and load current, the 

following differential equation is obtained for i £l. 

Solution of (2.3.36) is 

in which I(O)£ is the load current at wt1 = 0. 

The load current at wt1 = (Kn - B - n/3) is 

(2.3.36) 

(2.3.37) 

-3R (Kn - 8 - n/3) 
9.. 

wl 

(2.3.38) 

During the interval (Kn - s - ·rr/3) _:so _:s (n/3 - B) define a new time 

variable t 2 such that 

wt2 = [o - (Kn - B - n/3)] 

with the time interval given by 0 ~ t 2 ~ (2n/3 - Kn)/w. The circuit 

equations for phases a, b, and c during this time interval are 

(2.3.39) 
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di 
0 + L ____Q£ 

dt2 = it2 Rt (2.3.40) 

0 -
dic2 

i 9-2 Rt Lcrt = 
2 

(2.3.41) 

Substituting the relationship between phase currents and load current, 

the following differential equation is obtained for ;£2. 

di£2 3Rt . E 
dt2 + -L-, t2 = L (2.3.42) 

Solution of (2.3.42) with the initial condition ii2(0+) = Iil yields 

-3R (Krr- S- TI/3) 

+I _E_ + (I(O)i _ _IT_)e i wl 
3Ri 3Rt 

(2.3.43) 

The load current at wt2 = (2TI/3 - KTI) is 

wl 
(2.3.44) 

During the interval (TI/3 - S) ~ o ~ (TI/3) define a time variable t 3 such 

that 



wt = [e - (n/3 - s)] 
3 

. 37 

with the time interval given by 0 .::_ t 3 .::_ (8/w). The circuit equations 

for phases a, b, and c during this time interval are 

dia3 
E-Lcrt = 

3 
i Q.3 R9- (2.3.45) 

(2.3.46) 

(2.3.47) 

Using the relationship between phase currents and load current, the 

following differential equation is obtained for i9-3. 

(2.3.48) 

Solution of (2.3.48) with the initial condition iQ,3(0+) = 19,2 yields 

+ (r(Ol• 

(2.3.49) 

The load current at wt3 = a is given by 



-R 1T 
£ 
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+ (I(O)t- _IT_)e~ 
3Rt 

(2.3.50) 

Due to symmetry, the load current at e = 0 should be equal to the load 

current ate= (1r/J). Equating I£3 given by (2.3.50) to I(O)t, an 

expression for the load current at e = 0 is obtained. 

I(O)t = ( 3~£) 

( 
-R 1T) 

1 - e w~ 
(2.3.51) 

2.3.2.2 Derivation of Phase Current i . At t = 0+, diode pair 2 

stops conducting and diode pair 1 starts conducting with zero initial 
+ current in Las shown in Figure 3(a). During the time interval 0 ~ t 1 

~ (K1r - a - 'lf/3)/w, the circuit equation for phase-a is 

(2.3.52) 

Substituting for i 21 from (2.3.37) into (2.3.52) and solving for ial with 

the initial condition ial = 0 at wt1 = 0 gives 
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i (t) = Etl + [ . .ff_- 1(0)~]~- e-3:<tl) (2 3) 
al 1 3L 9R~ 3 ~ .3.5 

The phase-a current at wt1 = (Kn - S - n/3) is given by 

= E(Kn - S - n/3) 
1al 3Lw 

+[1I_- 1(0)~]~ 
9R~ 3 \ 1 

-3R~ (Kn - S - 'lr/3)) 
_ e wl 

(2.3.54) 

During the time interval 0 ~ t 2 ~ (2n/3 - Kn)/w, the circuit equation for 

phase-a is 

dia2 
E- Len:- = i~2 R~ 

2 
(2.3.55) 

Substituting for i~ 2 from (2.3.43) into (2.3.55), the solution for ia2 

with the initial condition ia2(o+) = Ial is given by 

= 2Et2 
3L 

-3R~(Kn- S- n/3) 

+ _E + (1(0)~ _ 1L) wl j 
9R~ 3 9R~ e 

-3R~ t 2 

• e L + E(Kn - S - n/3) + _E __ 
3Lw 9RR-

I (0)£ 
3 

(2.3.56) 

The phase-a current at wt2 = (2n/3 - Kn) is given by 



= E(w - Kw - e) + __ E ___ I(O)t 
Ia2 3Lw 9Rt 3 

-3R (2w/3 -t 
wl 

Kw) 

-3Rt(w/3 - e) 

+ ( I ( 0} t _ 1I__ ) wl 
3 9R e 

t 
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(2.3.57) 

During the time interval 0 ~ t 3 ~ (B/w), the circuit equation for phase-a 

is 

(2.3.58) 

Substituting for it3 from (2.3.49) into (2.3.58), the solution for ia3 

with the initial condition ia3(0+) = Ia2 is given by 

Kw) 

-3R£(n/3- e)] 
+ ( I ( 0) £ _ 1I__) wl 

3 9R e e 
£ 

+ E(w- Kw} _ I(O)t EB 
3Lw 3 - 3Lw (2.3.59) 

The phase-a current at wt3 = e is given by 

E 
Ia3 = Jwl [w + 2B - Kw] (2.3.60) 
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During the time interva.l 0 .::_ t 4 .::_ (K1r - t3 - lT/3)/w, the circuit equation 

for phase-a is 

(2.3.61) 

Due to the periodicity of load current, the expression for load current 

iRA is the same as i£l with a change in time variable from t 1 to t 4. 

Substituting for i 14 in (2.3.61), the solution for ia4 with the initial 

condition ia4(0+) = Ia3 is 

+ E(1r + 2S - K1r) 
3wl 

The phase-a current at wt4 = (K1r - t3 - lT/3) is given by 

+ E(s + 21T/3) 
3wl 

- e 

-3R (K1r - t3 
£ 

wl 

(2.3.62) 

- lT/3)] 

(2.3.63) 

During the time interval 0 ~ t 5 .::_ (21T/3 - K1T)/w, the circuit equation 

for phase-a is 

(2.3.64) 

The expression for load current i 15 is obtained by replacing t 2 with t 5 

in equation (2.3.43). Substituting for i 15 in (2.3.64), the solution 

for ia5 with initial condition ia5(o+) = Ia4 is 



= _ Et5 
3L 

+ _E_ + ( I(O)t _ ~) 
9Rt 3 9Rt e 

The phase current at wt5 = (2n/3 - Kn) is 

-3Rt (2n/3 - Kn) 
E wl = 9R e 

t 
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-3R (Kn - B - n/3) Q, 

wl 

I(O)t 
3 

(2.3.65) 

-3Rt ( n/3 - B) 

+ ( l(O)t _ ~) e wl + E(Kn + B) 
3 9Rt 3wL 

+-E __ I(O)t 
9Rt 3 

(2.3.66) 

During the time interval 0 ~ t 6 ~ (8/w), the circuit equation for phase-a 

is 

(2.3.67) 

The expression for load current i£6 is obtained by replacing t 3 with t6 

in equation (2.3.49). Substituting for it6 in (2.3.67), the solution 

for iaG with initial condition ia6(0+) = las is 
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ia6(t6) 

-3R,Q,(1T/3- s) 

+ ( I ( 0) ,Q, _ __ff_) e wl 
3 9R,Q, 

+ E(s + K1T) _ I(O)t 
3wl 3 (2.3.68) 

The phase-a current at wt6 = s is 

E 
1a6 = 3wl [K7T + S] (2.3.69) 

During the time interval 0 ~ t 7 ~ (K7T - S - 'IT/3)/w, the circuit equation 

for phase-a is 

(2.3.70) 

The expression for i£7 is obtained by replacing t 1 with t 7 in equation 

(2.3.37). Substituting for i£7 in (2.3.70), the solution for ia7 with 

the initial condition ia7(o+) = Ia6 is 

+ E(s + K1r) 
3wl (2.3.71) 

The phase-a current at wt7 = (K7T - s - 7T/3) is obtained as 

= (__ff_ - I (0)£)(1 - e 
9R£ 3 

-3R (K1T - S - 7r/3) 
t wL ) 



+ E(3S + 2n/3 - K1r) 
3wl 
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(2.3.72) 

During the time interval 0 ~ t8 ~ (2n/3 - Kn)/w, the circuit equation 

for phase-a is 

diaa 
0- Len;- = i~8 R~ 

8 
(2.3.73) 

The expression for load current i~8 is obtained by replacing t 2 with t 8 

in equation (2.3.43). Substituting for i~8 in (2.3.73), the solution 

for ias with initial condition ia8 (o+) = Ia7 is 

-3R (Kn - S - n/3) ~-3R t ~ ~ 8 
+(I (0)~ _ 1£_) e wl L 

3 9R e 
~ 

+ E(s - Kn/3 + 2n/9) + __ E ___ I(O)t 
wl 9Ri 3 

(2.3.74) 

The phase current las at wt8 = (2n/3 - Kn) is 

( 
-3R~(n/3- S) 

= ~ + I(O)~ e wl 
wl 3 

-3R~ (n/3- s)J 
- 2e wl 

(2.3.75) 

During the time interval 0 ~ t 9 ~ (s/w), the circuit equation for phase-a 
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is 

(2.3.76) 

The expression for i~9 is obtained from equation (2.3.49) by replacing 

t 3 with t 9. Substituting for i~9 in equation (2.3.76), the solution for 

1a9 with the initial condition ia9(o+) = Ia8 is 

-3P.~(1T/3 - a) 

+ ( -~l.QJ..&_ _ 1L) e wl 
3 9R~ 

e 

+ EB _ I(Oh 
wl 3 (2.3.77) 

The phase current Ia9 at wt9 = 8 is equal to zero as shown in Figure 3(a) 

at 0 = 1r. 

2.3.2.3 Evaluation of Angle •s•. The load current 1(0)1 at wt1 = 

0 is given by equation (2.3.51). The load current I(O)~ can be repre

sented by 

(2.3.78) 

From the symmetry of phase voltages and phase currents, it can be 

observed from Figure 3(a) that 

(2.3.79) 

(2.3.80) 
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Substituting the expressions already obtained for Ia 3 and Ia6 in equation 

(2.3.78), a transcendental expression involving s, the circuit parameter 

ratio (XL/R2 ) and pulse width ratio (K) is obtained and it is given 

below. 

-3R2s ( 
e wl 1 

lfR2 (3K-2)) ( )-R21r R 1r 3R S --
+ e wl + _t_ + _t_ "'" 2 e wl 

wL wL 

-( :f ) -c:~B ) = 0 (2.3.81) 

Equation (2.3.81) involving angle 's' was solved by an iterative process 

using an IBM 370 digital computer. The value of K was varied within the. 

range (1/3) < K ~ (2/3). A set of values for angle 'S' was obtained by 

varying the ratio (XL/R2 ) for each value of K.chosen. 
I 

The equations in this section are valid for the rangesof K and s 

given by (l/3) < K < (2/3) and 0 _::.. s _::.. (K1r- lf/3). In the evaluation of 

angle 's', its maximum value in each iteration is limited to (K1r - lf/3). 

Similar analyses can be undertaken for the evaluation of the angle 

s for the different cases mentioned earlier. The maximum value of s is 

(Klf/2) corresponding to (XL/R~) = oo, or the short circuit condition . 

. Theoretical results are presented in Figure 9 as a family of curves 

showing the values of s as a function of (XL/R2) for different values of 

K. 

The waveforms of phase-a bridge input voltage va' phase current ia, 

and load current i 2 forK= 0.4 and (XL/R2 ) = 3.0 with the angle S = 

1.19° are shown in Figure 10. 

2.4 Results and Discussion 

Theoretical values of a are shown in Figure 7 as a function of the 
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circuit parameter ratio (XL/Rt) for different values of K. For values 

of K < (l/3) and with a~ {n/3), only one bridge conducts through the 

load at any time, with the other two bridges remaining open. Such an 

operation will have the lowest utilization of components and therefore 

is uneconomical. As such, the case of a< (n/3) is not considered in 

detail. 
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It can be observed from the plots obtained that for a given pulse 

width ratio K, as (XL/Rt) increases, the conduction duration represented 

by angle •a• increases. For known values of (XL/Rt) and K, the conduc

tion angle a can be determined. Based on the value of the conduction 

angle •a•, the number of phases conducting and delivering power to the 

load can be determined. For example, when a= (2n/3), only two bridges 

conduct through the load simultaneously at all the time and with a = n, 

all three bridges conduct through the load simultaneously. Bridge-input 

current and voltage have coincident zeros for all values of a~ n, even 

though there is a reactive element in the circuit. For values of K < 

(l/3), the wavy nature of the variation of a is a consequence of the 

increased number of time intervals needed in the analysis. However, the 

variation in a is smooth without jumps. 

It can be observed from the plots that when the conduction angle a 

is equal to n, the bridge conducts for the entire half-period. This 

corresponds to the angle 8 being zero. Therefore, for a given pulse 

width ratio K, the parameter ratio (XL/Rt) corresponding to the cases 

of a = n and B = 0 should be the same. This has been verified for dif

ferent values of K, by setting separately a = n and 8 = 0 in the respec

tive non-linear algebraic equations involving a and B (see Figures 7 and 

9b). 
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Figure 9 shows a family of curves depicting the variation of the 

angle S with (XL/Rt) and K. As (XL/Rt) increases, S increases for a 

given K. The plots become asymptotic to (Kn/2) as the parameter ratio 

(XL/Rt) approaches infinity corresponding to the short circuit condition. 

Then, the phase angle S reaches a maximum value given by (Kn/2). For all 

values of angle s, all the three phases conduct through the load simul

taneously. 

The phase-a bridge input voltage v , the phase current i , and the a a 

load current it waveforms are shown in Figures 8 and 10 for cases (i) 

and (iv) respectively. 

For case (i), with K = 0.4 and (XL/Rt) = 0.5, the conduction angle 

a is determined as 107.18°. With ideal diodes, the bridge input voltage 

va waveform is the same as the load ·voltage vt waveform as long as the 

bridge conducts. When diode pair 1 stops conducting at 0 = a, the bridge 

input voltage va and phase current ia simultaneously go to zero. How

ever, the load current and voltage are periodic with a period of (n/3). 

For case (iv), with K = 0.4 and (XL/R£) = 3.0, the angles is deter

mined as 1.19°. Each diode pair conducts through the load for the entire 

half-period and the bridge input voltage va waveform and the load voltage 

v£ waveform are similar over the half-period as shown in Figure 10. The 

bridge input voltage v and phase current i simultaneously go to zero a a 
when the diode pair 1 stops conducting. The load current is periodic 

with a period of (n/3). 

For a given pulse width ratio K, as the parameter ratio (XL/Rt) is 

increased, angles a and s increase, but the amplitudes of load current 

it' phase current ia and the value of initial load current I(O)t at 0 = 

0 decrease. It is observed that as the parameter ratio (XL/Rt) 



increases, the load current waveform becomes more and more flat. With 

K = 0.4 and (XL/R1 ) = 3.0, the variation in the load current is within 

6% of its peak value. 
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CHAPTER III 

EFFECT OF TRAPEZOIDAL WAVEFORM ON THE OPERATION 

OF THE PARALLEL-BRIDGE RECTIFIER SYSTEM 

WITH BRIDGE-INPUT CAPACITORS 

3.1 Introduction 

It is well known that the use of proper capacitors across stator 

windings will decrease the excitation requirements [36] and improve the 

efficiency of an alternator. An alternator feeding into a parallel-bridge 
I 

rectifier system with stator tuning capacitors exhibits similar advantages 

as well [37]. Tsung [38] analyzed the parallel-bridge rectifier system 

with capacitors at bridge input terminals and resistive loads for the case 

of sinusoidal source voltage waveforms. Results of this analysis have 

been applied successfully to develop an idealized model for the field mod

ulated generator system [39]. 

With non-sinusoidal field forms, an exact analysis of the parallel

bridge rectifier system with bridge input capacitors which includes the 

dependence of the field form on load becomes extremely complicated. In 

this chapter, some judicious approximations are made to analyze the basic 

behavior of the PBRS with bridge input capacitors when the source voltage 

waveforms are non-sinusoidal of the type employed in the successful experi

mental prototypes. In the FMGS experimental prototype, under the combined 

effect of armature reaction, rotor excitation and the magnetic circuit 

configuration, the voltages induced in the stator windings have a waveform 
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which can be closely approximated by a symnetric trapezoid with the top 

width equal to one third of the half-period, under full load conditions. 

The central role played by the PBRS with bridge input capacitors in 

the overal performance of the FMGS suggests that this circuit be studied 

first in detail with trapezoidal source voltage waveforn1s. This chapter 

presents the results of such a study. The approach taken is very similar 

to the one used in Chapter II. Differential equations relating the vari

ious voltages and currents in the idealized model are set up and solved 

with proper boundary conditions. Two angles, y and 8, are introduced 

relating the "on" and ''off" conditions of various diodes. These angles 

are evaluated by solving appropriate non-linear algebraic equations 

using an IBM 370 digital computer. 

Section 3.2 begins with a description of the circuit model, the 

assumptions involved and the general nature of the waveforms. The need 

to consider different ranges of values for (y + 8) is discussed. 

In Section 3.3 the circuit differential equations are formulated 

and solved using proper boundary conditions. The non-sinusoidal nature 

of the input waveforms requires splitting the half-period into a number 

of segments for the purpose of analysis. Theoretical values of the two 

key angles y and 8 are evaluated and plotted with non-dimensional cir

cuit constants (XL/Rt) and (XL/XC) as parameters. Appropriate voltage 

and current waveforms are presented for the cases considered. 

Section 3.4 surnnarizes the results and discusses the relationship 

between angles y, B and the non-dimensional circuit parameter ratios 

(XL/Rt) and (XL/XC). The relationship between various voltages and cur

rents are also discussed. 
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3.2 Idealized Model and Assumptions 

The parallel-bridge rectifier system considered in the present study 

consists of three full-wave bridges with a capacitor across each pair of 

bridge input terminals, each combination of full-wave bridge and capacitor 

being connected to one of the three isolated phases of a three phase power 

source, with their outputs tied in parallel across the load. Figure 11 

shows an idealized PBRS model. The following assumptions are made in the 

development and analysis of the model. 

1. All diodes are assumed to be ideal switches with zero for

ward voltage drops and zero reverse currents. 

2. The source impedance is assumed to be purely reactive. This 

is a reasonable approximation COITII1lonly used in! the study of practical sys

tems. For a three-phase alternator used as the source, the inductance L 

will represent the effective commutating inductance of the machine per 

phase. 

3. Each phase of the source is modeled as an ideal voltage 

source in series with a commutating inductance. 

4. The source voltage waveform is a symmetric trapezoid with 

the top width equal to one third of the half-period. 

5. With flat-topped source voltages, the bridge input voltage 

is not expected to vary much during the conduction duration of a bridge 

and consequently the capacitor current during this period will be small 

compared to the load component of the bridge-input current. Therefore, 

the current through the capacitor during the conduction duration of the 

corresponding bridge is neglected in the analysis. 

6. As a direct consequence of the assumption that no current 

flows through the bridge-input capacitor whenever the corresponding bridge 



Figure 11. Idealized PBRS Model with Bridge-Input 
Capacitors 
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is delivering power to the load, the initial current through the commuta

ting inductance L of phase •a• at t = 0- when diode pair 2-2 stops con

duction is zero. Similar statements can be made for the other two 

phases. 

Figure 12(a) shows the three trapezoidal source voltage waveforms 

and their relationship to various currents and bridge-input voltages. 

The general nature of the load current waveform is shown in Figure 12(b). 

The load current is periodic with a period of (n/3). Within this period, 

it consists of two specific parts. The first part corresponds to the 

duration when only two bridges are conducting with the third decoupled 

from the load, and the second part is the result of simultaneous conduc

tion of all three bridges. Whenever a bridge-input voltage falls below 

the load voltage, the corresponding bridge gets decoupled from the load 

and conduction will then be through the series circuit consisting of the 

commutating inductance and the bridge input capacitor. When a bridge

input voltage becomes equal to the load voltage, the corresponding bridge 

starts conducting through the load. At this instant, there is an instan

taneous transfer of current from the capacitor to the load in order to 

maintain the continuity of current through the commutating inductance. 

The duration of current flow through the capacitor is determined by the 

energy stored in the commutating inductance, the bridge-input capaci

tance, load voltage and the source voltage. For values of (XL/R£) and 

(XL/Xc) in the vicinity of 1.3 and 0.04 respectively, the angles y and a 

will be small with their sum less than (n/3). For values of (XL/R£) and 

(XL/Xc) in the vicinity of 2.0 and 0.18 respectively, the sum of angles 

y and a will be greater than (n/3). This latter case is shown in Figure 

13(a). The general nature of the associated load current waveform is 



shown in Fig~re 13(b). The load current is once again periodic with a 

period of (n/3). 

The significance of angles y and s is evident from Figure 12(a). 
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The transfer of conduction from one diode pair to the other of any one 

bridge is associated with a decoupling of that bridge from the other two 

for a duration given by {y/w). The angle S determines the time dif

ference {equal to S/w) between the zeros of the sourc~ voltage and the 

corresponding phase-current for given circuit parameter ratios (XL/R1 ) 

and (XL/Xc). The non-sinusoidal nature of the input waveform requires 

splitting the half-period into a number of segments as shown in Figure 

12(a) for the purpose of analysis. Time intervals t 1, t 4 and t 7 in 

Figure 12(a) correspond to decoupling durations of phases a, c and b; 

time intervals t 2, t 3, t 5, t6, t8 and t 9 corre$pond to simultaneous con

duction of all three bridges. 

Two ranges of values for the sum (y + s) are identified for the pur

pose of analysis. They are: 

Case (A) 

Case (B) 

0 < (y + s) < (n/3); see Ftgure 12(a) 

(n/3) < (y + s) < (2n/3); see Figure 13(a) 

In Case (B), the start of the decoupling duration of a particular 

phase is assumed to be within the ramp portion of the corresponding source 

voltage waveform. This is reasonable for the normal operating range of 

circuit parameter ratios. 

In the following sections, analysis of Case (A) is presented in 

detail. For the sake of brevity, only the specific differences between 

the analyses of Case (A) and Case (B) are summarized next. However, plots 

of theoretical vaules of angles y and s, current and voltage waveforms are 

presented for both cases. 
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PHASE a 

PHASE b 

.,. 

PHASE c 

----~+-~--~~--~----~~~~~--~5~.,.-----z~.,.~~e 

~ 

a.) e, v, and i waveforms in the three phases 

b.) L~ad current waveform 

Figure 12. Voltage and Current Waveforms for (y+S) < w/3 
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PHASE a 

PHASE b 

P~ASE c 

a.) e, v, and i waveforms in the three phases 

----~r-~~~----~~t-----~~----~4~~----~~~~------2~~~8 
3 3 3 

b.) Load current waveform 

Figure 13. Voltage and Current Waveforms for (y+S) > ~/3 
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3.3 Analysis 

3.3.1 Case (A) 0 < (y +B)~ (n/3) 

Figure 14 illustrates the voltage and current waveforms for the case 

under consideration. In the analysis, one need to consider only one half 

of a cycle (e = 0 to n) corresponding to the source frequency. This is 

subdivided into nine segments and the quantities associated with these 

intervals are designated with subscripts 1 through 9 respectively. For 

convenience, the circuit of phase-a is considered. Waveforms for phases 

b and c will be similar, except for the inherent phase differences of 

±(27T/3). 

Expressions for various voltages and currents will be derived during 

each of the time intervals t 1 through t 9 with the restriction that there 

can be no jump in the current through the commutating inductance L. Since 

the load current is periodic with a period of (n/3), the different expres-

sions obtained for load current during this period can be used for the 

evaluation of the load current during other corresponding durations with 

a change in the time variable. Time zero is chosen such that at t = 0-, 

diode pair 2 (in Figure 11) stops conducting. 

+ 
3.3.1.1 Derivation of i 11!1) for 0 ~ t 1 ~ {y/w-). At the instant 

t = 0, phase-a circuit becomes decoupled from the other two (iatl = 0) 

with zero initial current in L and with an initial voltage of -V0 across 

Cas sh01:m in Figure 15. During this time interval the circuit equation 

is 

Es Ewtl dial 1 J 
- + --- L -d-- -c ial dtl e1 o1 t 1 

= 0 (3.3.1) 



Figure 14. Illustrating the General Nature of Case (A) 
Waveforms for Phase-a, (XL/XC ~ 0.08) 
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L 

Figure 15. Illustrating the Status of Phase-a 
Circuit at t = o+ 

I • I 
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Solving (3.1.1) with proper initial conditions yields 

The phase-a current at t 1 = {y/w-) is 

1al = (vo + ~)tr sin r 
1 e L wiLC 1 

- -cos + EwC ( l . 
el r ) 

wiLC 

The bridge-input voltage during this period is given by 
I 

and the bridge input voltage at t 1 = {y/w-) is 

EwiLC 
8 sin r 
1 wiLC 
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(3.3.2) 

(3.3.3) 

(3.3.4) 

(3.3.5) 

3.3.1.2 Derivation of the Load Current. During the time interval 

a+~ t 1 ~ {y/w-), only the bridges connected to phase-b and phase-c con

duct through the load with phase-a decoupled from the load as shown in 

Figuare 16. Assuming ideal diodes, circuit equations for phases band c 

are given as follows: 

di 
E+L__Ql = 

dtl 
(3.3.6) 



• 
'a.l 

Figure 16. 

L 

c 

Illustrating the Assumed Status of the System During 
o+ < e < r-
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(3.3.7) 

fhe load current i 11 (t1) is given by 

(3.3.8) 

Adding (3.3.6) and (3.3.7) and using (3.3.8), the following differential 

equation is obtained for 111 . 

di R-l 2RR. . 2E Es Ewtl 
(3.3.9) <ftl + -L- 1 R-1 = T- Le1 - L01 

Solution of (3.3.9) is 

- 2RR. t 1 

i £1 ( tl ) = I(O)R- e L 

(3.3.10) 

where 1(0}1 is the load current at wt1 = 0. The load current at wt1 = 
(y-} is given by 

-2Rt y 

I 11- = I ( 0) 1 e wl 
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(3.3.11) 

At t 1 = (y/w+), phase-a starts conducting through the load. Therefore, 

the total load current I£1 at t 1 = (y/w+), which includes the current 

transferred from the capacitor branch, is given by 

(3.3.12) 

Substituting for I£1- and Ial from (3.3.11) and (3.3.3} respectively in 

(3.3.12}, the expression for I£l is obtained as follo.-~s: 

-2R£y 

I£ l = I ( 0} £ e wL 

-2R y 
£ 

+ (.L-
R£ 

e wL ) 

Ey + ( V o + ~) J~ sin Y 
2o1 R" 1 e1 lL ;;,.-LC 

"' Wv'LL 

+ EwC (1 - cos Y ) 
81 wiCC 

(3.3.13) 

During the interval y ~ 0 ~ (n/3- B), define a new time variable t 2 such 

that 

wt2 = ( 8 - y) 

and the time interval of interest then becomes 0 ~ t 2 ~ (n/3 - B - y)/w. 

All three phases conduct through the load during this duration and the 

new circuit equations are given below. 
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E E - (~ + y} +- wt 
(;)1 EJ 2 1 

dia2 
i Q.2 RQ. L~ = 

2 
(3.3.14) 

di 
E + L ____Q_?_ = i Q.2 RQ. 

dt2 
(3.3.15} 

E E - - (s + y} 
el 

Ewt2 ----
01 

(3.3.16) 

Substituting the relationship between phase currents and load current, 

the following differential equation is obtained for iQ.2 . 

(3.3.17) 

Solution of (3.3.17) with the initial condition i Q.2(o+) = IQ.l is 

- 3RQ. t 2 - 3RQ. t 2 

i <2 ( t2) = It 1 e L + ;:Jl - e L ) (3.3.18) 

The load current at wt2 = (n/3- B- y) is given by 

( =~:Q, (n/3- S- y)) 
= IQ.l e 

( 
-3R 
__ Q. (n/3 -

+ 1l_ 1 - e wl 
3RQ. 

(3.3.19) 
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During the interval (1T/3 - a) .2_ e .2. (1T/3), define a new time variable 

t 3 such that 

w t 3 = [<;> - ( 1T I 3 - s ) J 

and the time interval becomes 0 ~ t 3 ~ (S/w). Phases a, b and c conduct 

through the load and the circuit equations are 

dia3 
E- L(ft" = 

3 

E dib3 
E - -- wt + L -- = 

(~1 3 dt3 

(3.3.20) 

(3.3.21) 

(3.3.22) 

Substituting the relationship between phase currents and load current, 

the follmiing differential equation is obtained for i £3. 

di £3 + 3R 9, . 
dt3 -L- 1 £3 = (3.3.23) 

Solution of (3.3.23) with the initial condition i£3(0+) = I£2 is given 

be 1 ON. 

(3.3.24) 

The load current at wt3 = B is given by 
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-3Rtf3 

1"3 = I e wl + (1!_ + 2Ewl )(l 
~ £2 3Rt 9R 20 

R, 1 

(3.3.25) 

Due to the symmetry of the source voltage and phase current wave

forms, the load current it is periodic with a period (~/3). Therefore 

the load current at e = (~/3) should be equal to the load current at e = 

0. Equating (3.3.25) to I(O)t and substituting for 1£2 and ltl the 

expressions already obtained, the following equation is obtained. 

__ £ (n/3 - y) ( 
-3R 

• e wl 

+ (vo_ + ~)Jf 
1 e l[ 

1 

EwC (l +- - cos o, 

sin Y 
w/LC 

-3R 
__ £ (~/3- y) 

e wL 

-3R 

) 
_£_ (n/3 - y) 

y e wl 

w/LC 

( 
-3R 13 -3R ) 

2E w~ wl£ (n/ 3 - y) 
+3'"fr e - e 

£ 



in which 

and 

+ (l.S_ + 2Ewl )(1 
3RQ, 9R 2e 

Jl, 1 

0 = n/3 1 
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(3.3.26) 

+ 3.3.1.3 Derivation of Phase-a Current fort> (y/w ). At the 

instant tl = {y/w+), phase-a briqge starts conducting through the load, 
I 

and simultaneously all the current through the capacitor circuit is di

verted to the load circuit. With ideal diodes, the bridge input voltage 

should be equal to the load voltage when a pair of diodes conduct. Dur

ing the time interval 0+ ~ t 2 ~ (n/3 - B - y)/w, the PBRS circuit is 

shown in Figure 17 and the circuit equation for phase-a is 

-~ (y + B) e 
1 

(3.3.27) 

Substituting for i£2 from (3.3.18) in (3.3.27) and solving for ia2 with 

the initial condition ia2(o+) = Ial yields 



Figure 17. Illustrating the Assumed Status of the System During 
y ~ 8 ~ (w/3 - B) 
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The phase-a current at wt2 = (~13 - e - y) is given by 

-3Rt 
IJ!.l -L- (~/3- e- y) 

+ -e w 
3 

-3R 
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_ 1tl + 1l_ 
3 9Rt 

(3.3.28) 

_ 2E (( ~13 - e .:.. y) + 

.('_ 
-- (-rr/3 -

e wl 
~ -y}) 

3 wl 

{3.3.29) 

During the time interval 0 ~ t 3 ~ (S/w), the circuit equation for phase-a 

is 

(3.3.30) 

Substituting for iJ/.3 from (3.3.24) in (3.3.30), the solution for ia3 with 

the initial condition ia3(0+) = 132 is given by 



The phase-a current at wt3 = B is given by 

-3R£B 
= li + I £2 e wl 

wl 3 

-3R B £ 
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(3.3.31) 

2E + 2Ewl B + e w + EB ( )( L ) · 2 
- 3 9R£ e1 ~L 3R£ 3e1 L w 

I 

I 
+ I _ _g + _lS_ + 2Ewl 

a2 3 9R 2 £ 27e1R£ 
(3.3.32) 

During the time interval 0 ~ t 4 ~ (y/w), the circuit equation for phase-a 

is 

dia4 
E - L -dt = i R 4 liA !L 

(3.3.33) 

Since the load current is periodic with a period (n/3), the expression for 

load current i£4 is the same as i£l with a change in time variable from t 1 

to t 4. Substituting for i£4 in (3.3.33), the solution for ia4 with the 

initial condition ia4(0+) = Ia3 is 
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-2R.P.t4 

-( f - 2~1 + 4~~U( :4 + ..;;_e --=2-=-~-.P. -) 

The phase-a current at wt4 = y is given by 

-2RJI,y 

= h + I(Q)JI, wl 
wl 2 e 

-2R y 
Jl, 

( E EB + EwL )(.l + e wL 
- T- 201 4e1RJI, wl 2RJI, 

(3.3.34) 

) 

(3. 3.35) 

During the time interval 0 ~ t 5 ~ (n/3 - B - y)/w, the circuit equation 

for phase-a is 

(3.3.36) 

The expression for load current ;JI,5 is obtained by replacing t 2 with t 5 

in equation (3.3.18). Substituting for iJI,5 in (3.3.36), the solution 

for ia5 with initial condition ia5(0+) = ra4 is 
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I 
+I _ __!l+li_ 

a4 3 9R.v, 
(3.3.37) 

The phase-a current at wt5 = (~/3 - B - y) is 

-3R (~/3 - B - y) 
I ___ £ __ ~------

I = E(~/3 - B - y) + _!1 e wl 
a5 wl 3 

-3R (n/3 - B - y} 9, 

_ _IT((n/3- B-y) +-=-e ___ =-wL __ -'---) 
3 wl 3R9, 

- I.Q,l +_IT_ 
+ 1a4 3 9R 

9, 
(3.3.38) 

During the interval 0 ~ t 6 ~ (B/w), the circuit equation for phase-a is 

(3.3.39) 

The expression for load current ;9,6 is obtained by replacing t 3 with t 6 

in equation (3.3.24). Substituting for i£6 in (3.3.39), the solution 

is obtained for ia6 with initial condition ia6(0+) = Ia5. 



I 
I _ _g + 1I_ + 2Ewl 

+ a5 3 9R~ 270 R 2 

The phase-a current at wt6 = 8 is 

1 ~ 

-3R 8 Q, 

_ (~ + 2Ewl )(_f_ + e wl 
3 9RR-el wl 3RR-

I 
+ I _ _g + 1I_ + 2Ewl 

a5 3 9Rn 2 )(, 27e1R£ 

I 
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(3.3.40) 

(3.3.41} 

During the interval 0 ~ t 7 2 (y/w), the phase-a circuit equation is 

(3.3.42} 

The expression for iR-7 is obtained by replacing t 1 with t 7 in (3.3.10). 

Substituting for iQ,7 in (3.3.42}, the solution for ia7 with the initial 

condition ia7(o+} = Ia6 to maintain smooth flow of current through L is 

obtained as follows: 



-------- ------

+ Ewl 
80 R 2 

1 Q_ 

The phase-a current at wt7 = y is 

+ Ewl 
80 R 2 

1 Q_ 

-2Rt y 
2 

Ey + I(O)t e wl 
201Lw 2 
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(3.3.43) 

) 

(3.3.44) 

During the time interval 0 ~ t8 ~ (n/3 - s - y)/w, the circuit equation 

for phase-a is 

E _ E{y+e) 
01 

{3.3.45) 

The expression for itS is the same as i£2 with a change in time variable 

from t 2 to t 8. ·Substituting for it8 in (3.3.45) the solution for iaS is 

obtained with the initial condition ia8(0+) = Ia7 as 

= 
Et8 
-L--

E(y + s)t8 
G L 
1 
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-3R t 
2 8 

2E (t8 e L 
- 3 T + 3R2 

(3.3.46) 

The phase-a current at wt8 = (n/3 - B - y) is 

= E(n/3 - S - y) _ E(y + S)(n/3 - S - y) 
wl ellw 

-3R (n/3 - S - y) 
2 I --~2 --~------E(n/3 - S - y) + _!1 e wl 

2e1Lw 3 

_ 2E ((n/3 - S - y) + e 
3 wl 

-3R (n/3 - S - y) 
2 wl \ 

3R2 1 

(3.3.47) 

During the time interval 0 ~ t 9 ~ (s/w), the circuit equation for phase

a is 

(3.3.48) 

The expression for i 19 is the same as i 13 with a change in time variable 

from t 3 to t 9. Substituting for i 19 in (3.3.48) and solving for iag 

with the initial condition ia9(o+) = laB yields 
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I 
I _ _g_+ll_+ 

+ a8 3 9R~ (3.3.49) 

The phase-a current at wt9 = B is 

-3R~B 

EB 2 I ~2 L 
-=----'--...,-- + - e w 
2s1Lw 3 

(3.3.50) 

The phase current Iag at wt9 = s is equal to zero as shown in Figure 

12(a) at G = n. 

3.3.1.4 Determination of Angles 'y' and •s•. To evaluate the two 

angles •y• and •s•, the following two boundary conditions are applied. 

i£1(0+) = -ibl(O+) + icl(O+) {3.3.51) 

(3.3.52) 

The load current at (J)t1 = 0 given by I(O)~ can be determined from (3.3. 

26) and is represented by 

(3.3.53) 
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From the symmetry of current and voltage waveforms, it can be observed 

from Figure 12(a) that 

-ibl(O+) = 1a3 (3.3.54) 

. (0+} 
1cl = 1a6 (3.3.55) 

Therefore, 

(3.3.56) 

Substituting the expressions obtained for Ia3 and Ia6 in (3.3.56}, an 

expression involving load current I(O)£ at wt1 = 0 is obtained as 

follows: 

( 
-2RJI. y) 

I ( 0) Jl. 1 + e wl = l_ ~ + L + L + 4{x + sHtr/3 - s - y) [ 
2 i 2 

wl 1 01 201 . 01 

+ 2(tr/3 - s - y) 2 - 2(tr/3 - s - y) + h] 
o1 1 01 

(3.3.57} 

where V0 = I(O)JI. RJI.. 

Substituting for I(O)JI. from equation (3.3.26) into (3.3.57}, the 

following relationship involving circuit parameter ratios (XL/RJI.), 
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(XL/XC) and angles y and 8 is obtained. 

. 2 2 
= £§. + L + _Y_ + 4(y + e)(TT/3 - e - y) 

1 e1 2e1 e1 

( 2 . + 2 TT/3- fl -____x_L_- 2(TT/3- B ... y) 
e · 1 
1 

(3.3.58) 

in which 
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+ xL:xc (1 - cos --;,::=;=-;;=-) - 2:x1 ~" - ~~~] 
-, 1\IXc "" "" 

• e 

0 = 1f/3 
l 

-3RR-(1f/3- y) 

XL 

and Xc = 1/wC 

(, -

(3.3.59) 

+ At wt1 = {y ), phase-a starts conducting through the load. There-

fore at wt1 = y+, the bridge-input voltage Val is equal to the load vol

tage IQ,l RQ,. 

Substituting for Val and IQ,l from equations (3.3.5) and (3.3.13) 

into (3.3.60) and substituting for I(O)Q, from equation {3.3.26), a 

transcendental expression involving angles y, s and circuit parameter 

ratios (XL/RQ,) and (XL/XC) is obtained and it is given below. 



where 

= ( S + y) - __§_ COS _ _,_Y_ 

01 °1 I IX 

G = lT/3 1 

\ = wl 

Xc = 1/wC and 

vXL C 

sin _ _,_Y_ 

/XL/XC 

84 

(3.3.61) 



sin --'Y'--_ 

IXL/Xc 

- ~) 8 1 
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(3.3.62) 

The non-linear equations (3.3.58) and (3.3.61) involving the two unknown 

angles y and B are solved simultaneously using standard sub-routines [40] 

and an IBM 370/158 digital computer. A set of values for angles y and s 

is obtained by varying the parameter ratios (XL/R~) and (XL/Xc)· The 

equations in this section are valid for the range of {y + 8) given by 

0 ~ {y + s) ~ (n/3). In the evaluation of angles y and s, the maximum 

value for the sum of angles y and s in each iteration is limited to 

(n/3). 

Calculated results are presented in Figure 18 as a family of curves 

showing the values of y and B for different parameter ratios (XL/R£) 

and (XL/Xc). The ratio (XL/Xc) approaching zero corresponds to the case 

C = 0. For this case, the angle y should be zero. The waveforms of 

phase-a bridge-input voltage va, phase current ia and load current i~ 

for {\/R,Q) = 2.2; (XL/XC) = 0.08 (with corresponding angles a= 33.4° 

and y = 26.4°) are shown in Figure 19. The two components of phase 
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Figure 18. Theoretical Values of y and 8 
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l(o).l l(oU 

----~-o+-~~~------~2rv------v+------4+v------5~v~--~-2+v~~e 

3 T 3 

Figure 19. ea' va' ia' and i~ Waveforms for XL/R~ = 2.2, 
XL/Xc = 0.08 and {y+S) < (n/3) 
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current, namely the capacitor current and the bridge input current, are 

shown separately for the purpose of illustration in Figure 20 along with 

phase current ia. 

3.3.2 Case (B) (n/3) < (y + s). < (2n/3) 

Figure 13 shows the general nature of the voltage and current wave-

forms for this case. The start of the decoupling of a particular phase 

is assumed to be within the ramp portion of the source voltage waveform. 

This is a valid assumption for the normal operating range of the circuit 

parameter ratios (XL/R1 ) and (XL/XC). The range for s in this case is 

given by 0 < s ~ (n/3). It can be seen from Figure 21 that the decoupled 

duration of phase-a continues well within the flat portion of the source 

voltage waveform. Intervals 1-2, 4-5 and 7-8 correspond to the decoup

ling durations of phases a, c and b respectively. Intervals 3, 6 and 9 

correspond to simultaneous conduction of all three bridges. During the 

period a bridge is decoupled from the other two, the series circuit con

sisting of comnutating inductance L and the bridge-input capacitor C 

provides the closed path necessary for current flow. The voltage across 

the capacitor changes from -V0 to va2 during the decoupled duration. At 

0 = y the bridge input voltage is equal to the load voltage and the 

bridge starts conducting through the load with the current through the 

capacitor instantaneously transferred to the load. This accounts for 

the jump in the load current (see Figure 13(b)) at 0 = y. It can be 

observed that though there is a jump in the load current at the instant 

the decoupled bridge starts conducting, the current flow through the 

commutating inductance L remains continuous. The non-sinusoidal nature 

of the input waveform requires subdividing the half-period (0 to n) into 
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Figure 20. Theoretical Waveforms of Phase-current ia' Capacitor 
Current ial and Bridge-Input Current ia1for Case (A) 
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Figure 21. Typical Phase-a Waveforms for Case (B),(XL/XC~O.l4) 
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nine segments as before for the purpose of analysis. The analysis for 

this case is very similar to the one presented for case (A). 

After obtaining the expressions for load current it and phase cur

rent ia over one half-period, the following boundary conditions are 

applied to obtain the two equations necessary to evaluate the angles y 

and 8. 

itl(O+) = -ibl(O+) + icl(O+) (3.3.63) 

it2(ylw+) R9. = va2(ylw-) (3.3.64) 

i9.l(O+) = i9.3(nl3w-) (3.3.65) 

vo = i9.l(O+) Rt (3.3.66) 

The two equations to be solved simultaneously to obtain y and 8 for this 

case are given below. 

sin ~) 
sin y 

= 8 R ~ [( n I 3 - y) 2 - 2 ( y + 8 - 1i I 3 )( n I 3 - y) 
1 L 

2 
+ (nl3 - 8) + 8(n/3 - 8) 

2 

+ 4{y + S)(nl3 - y) 



+ sin (lT/3 - s) 

IXL/Xc 

+ (y + s - lT/3) -- + --( Rt 1 ) 
XL e1 

-2R y 

( s . XL ) X~ 
+ 1 - 20 + 48 R e 

1 1 .Q, 
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(3.3.67) 

_ sin (n/3 - s) sin (y + s - lT/3) 

/XL/XC /XL/Xc 

-2Rt(y + S - lT/3) 

+ COS (n/3 - B) COS (y + B - n/3) (lT/3 - s) . XL 
20 e 

/XL/Xc /XL/X(- 1 
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-2Rt(y + S - ~/3) 

(1 - e XL ) - {y + a - "I 3) I e1 

sin _..:._Y_ 

Q _cos (~/3- s)) cos {y + s- ~/3) +sin (~/3- s) sin(y +s- ~/3) 

. IXL/Xc IXL/Xc IXL/Xc I \IXc 

where 

= 1 + .L sin (~/3 - 8) sin (y + s - ~/3) 
01 IXL/Xc IXL/Xc 

+ 1\IXc (l _ cos (~/3 - S)) 
01 1\!Xc 

• sin (y + s - ~/3) 

IXL/Xc 

s cos (n-/3- s) cos {y + s- 1T/3) 

- 01 IXL/Xc IXL/Xc 

/XL/XC sin (~/3 - 8) cos (y + S - ~/3) 
01 IXL/Xc IXL/Xc 

(3.3.68) 

G = (1 - _S + XL ) 
1 201 401 Rt 

Rt(y- ~/3 - 28) R (y - 1r) 

"(e . XL - e t XL ) 



(TI/3 - f3) 
- 2 e 0 1 

(y + S - TI/3' - ~e e, 

) _ 2(TI/3 ..; y) 
3e1 

sin --'-Y- e 
/XL/XC 
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COS (TI/3 -

/XL/XC 

cos (y+ B- TI/3) 

IXL/Xc 

+ sin (n/3 - B) sin (y + S - TI/3) l 
/xL/Xc /xL/Xc f 

(3.3.69) 
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0 = n/3 1 

XL = wL 

and xc = 1/wC 

The non-linear algebraic equations (3.3.67) and (3.3.68) involving y and 

s are solved using standard sub-routines and an IBM 370 digital computer. 

A set of values for angles y and S is obtained by varying the parameter 

ratio (XL/R~) and (XL/Xc)· The equations in the present analysis are 

valid for the range of {y + S) given by n/3 ~ (y + s) ~ (2n/3) and for 

values of B between 0 and (n/3). 

Calculated results are plotted in Figure 18 as a family of curves 

for (y + S) > n/3 showing the values of y and~B for different parameter 
I 

ratios (XL/R~) and (XL/Xc). The waveforms of phase-a bridge input vol-

tage va' phase current ia and load current i 2 for (XL/R2) = 3.0 and 

(XL/XC)= 0.14 (with corresponding angles B = 45.5° andy= 30.6°) are 

shown in Figure 22. 

3.4 Results and Discussion 

Theoretical values of angles y and Bare plotted in Figure 18 as a 

function of the circuit parameter ratios (XL/R2 ) and (XL/XC). Two ranges 

of values for the sum of angles y and S, given by 0 < {y + B) ~ (n/3) and 

(n/3) ~ {y +B)~ (2n/3), have been considered. In the analysis of the 

range for {y +B) given by ·n/3 ~ (y +B)~ (2n/3), the beginning of de

coupling of a phase is assumed to be within the ramp portion of the 

source voltage waveform. Therefore, the variation of B in this case is 

limited to the range bounded by 0 and (n/3). 
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0.5448RJ T 

I (all I (o)R. 

Figure 22. ea, va' ia' and i 2 Waveforms for {XL/R.fl.) = 3.0, 

(XL/XC)= 0.14 and {y+S)>(n/3) 
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The "on" and 11 0ff" durations of various diode pairs depend on the 

angles •y• and •a•, which in turn depend on the load resistance R~, the 

comrnutating inductance L, the bridge-input capacitance C and the source 

voltage frequency f. For values of (XL/R~) and (XL/XC) in the vicinity 

of 1.3 and 0.04 respectively, the sum of angles y and swill be less than 

(n/3). In this region it can be observed from Figure 18 that angle s 

increases with a decrease in load resistance R~ and decreases with an 

increase in capacitance C. For a given parameter ratio (XL/R~), a vari

ation in (XL/Xc) gives different values for y and s. Around the region 

(y + S) = (n/3), it can be seen from Figure 18 that the variation of s 

with parameter ratio (XL/XC) is minimum. A minimum value for a, for a 

given parameter ratio (XL/R~) occurs in the region where (y + a) is 
I 

approximately equal to (n/3). 

For values of (XL/R~) and (XL/XC) in the vicinity of 2.0 and 0.18 

respectively, the sum of angles y and 13 will be greater than (1T/3). In 

this region, angle B increases with an increase in capacitance C and 

decreases with an increase in load resistance R~. 

The angle y increases with an increasing value of load resistance 

Ri and an increasing value of capacitance C. 

For a given parameter ratio (XL/R~), the parameter ratio (XL/Xc) 

corresponding to the cases (A) and (B) for (y + s) = n/3 should be the 

same. This has been verified for different ratios of (XL/R~) by sepa

rately setting {y + B) = n/3 in the respective non-linear algebraic 

equations. The ratio (XL/Xc) approaching zero corresponds to the case 

C = 0. For this case, y = 0. It can also be seen that with (XL/R~) = 

0.9, the maximum allowable ratio for {XL/Xc) is 0.13 to keep y and s 

pas iti ve. 
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The phase-a bridge-input voltage va' source voltage ea' phase current 

ia and the load current ig_ waveforms are shown in Figures 19 and 22 for 

the cases (A} and (B) respectively. The effect of adding capacitors at 

bridge inputs on the bridge-input voltage va can be seen by comparing the 

bridge-input voltage waveforms in Figure 10 and in Figure 19. With no 

capacitors, conduction is transferred from diode pair 2 to diode pair 1 

at the instant of switching. This results in a bridge input voltage which 

is essentially a rectangular wave. But with capacitors present, when con

duction in diodes 2-2 stops at t = 0-, phase-a gets decoupled from the 

other two phases. The transfer of conduction from one diode pair to the 

other of any one bridge is associated with decoupling of that bridge from 

the other two for a duration denoted as (y/w). The bridge-input voltage 
i 

changes from -V0 to Val or va2 [depending on Case (A) or case (B)] during 

the decoupled duration of phase-a. The bridge-input voltage will swing 

above and below the source voltage under light load conditions (large Rt) 

and/or for large value of capacitance. Similar behavior was observed 

with sinusoidal source voltage waveforms also [41]. With (XL/Rt) = 1.0 

and (XL/Xc) = 0.2, the bridge-input voltage value at e = 0 is determined 

as 1.519 times the peak value of source voltage. 

The capacitor current waveform for case (A) is shown in Figure 20. 

The duration of capacitor current increases with an increase in the de-

coupled duration {y/w). When the decoupled duration (y/w) becomes equal 

to (7r/3), only two of the three bridges conduct through the load at any 

one time. 

The influence of bridge-input capacitors on the source current can 

be seen in the phase current (ia) waveform. The provision of an addi

tional path through the capacitor for current flow contributes to the 
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formation of an additional crest (during 0 ~ 0 ~ y) in the phase current 

waveform. 

The load current it effectively remains constant during the decoupled 

duration of any phase. Therefore, the bridge-input capacitor current in 

the conducting phases during this duration is negligibly small. At 0 = 

y, diode pair 1 starts to conduct. At this instant there is an instan-

taneous transfer of current from the capacitor to the load. This ju1np in 

the bridge-input current iat and load current it at 0 = y is evident in 

Figures 20 and 19 respectively for phase-a. 

For case (A), with (XL/Rt) = 2.2 and (XL/XC) = 0.09, the angles s 

and y are determined as 33.4° and 26.4° respectively. The bridge-input 

voltage va waveform is the same as the load current vt waveform as long 

as the bridge conducts. The phase current i continues to increase until . a 

the source voltage is equal to the bridge input voltage. 

For case (B), with (XL/Rt) = 3.0 and (XL/XC) = 0. 14, the angles s 

andy are determined as 45.5° and 30.6°. The general character of i , a 
it and va waveforms is similar to the corresponding waveforms in case 

(A). The peak amplitude of the capacitor current in this case is higher 

than in case (A) due to a higher value of y. The initial value of the 

load current at 0 = 0 and the amplitude of the load current in this case 

are smaller than in case (A). 



CHAPTER IV 

WAVEFORM EFFECTS ON THE OPERATION OF THE FIELD 

MODULATED GENERATOR SYSTEM AND DEVELOPMENT 

OF DESIGN GUIDELINES 

4.1 Introduction 

This chapter deals with the task of studying the waveform effects 

on the operation of the field modulated generator system, leading to the 

development of some basic design guidelines. The parallel-bridge recti-
1 

fier system with bridge-input capacitors and resistive loads has been 

analyzed in Chapter III for trapezoidal source voltage waveforms. The 

results of this analysis are employed to derive a relationship between 

the average (de) value of the load voltage (normalized with respect to 

the maximum value of the source voltage per phase) and the various cir-

cuit parameter ratios. Appropriate modulation factors are used to ex-

tend the results to the field modulated (ac excitatinn) case. Finally, 

some design guidelines of practical significance are developed for the 

FMGS in terms of its output specifications on the assumption that the 

machine is operating with non-sinusoidal waveforms of the type dis

cussed. The general design approach is illustrated with an example. 

Section 4.2 presents the analysis leading to the relationship be

tween the normalized average (de) load voltage and the different cir-

cuit parameter ratios under de excitation. 

Section 4.3 details the assumptions and the procedure involved in 

100 
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the extension of the parallel-bridge rectifier system studies made under · 

de excitation to the field modulated case (ac excitation). 

Section 4.4 deals with the development of some basic design guide

lines of practical importance. They are based on the relationship be

tween the load voltage, induced voltage in the stator windings and cir

cuit parameter values for given output specifications. A numerical 

example is used to illustrate the design procecture. 

4.2 Relationship Between Vd and E 

With de Excitation 

Expressions for various currents anrl voltages have been obtained in 

Chapter III for the parallel-bridge rectifier system with bridge-input 

capacitors and resistive loads for trapezoidal source voltage waveforms. 

It can be seen in Figures 19 and 22 that the load current waveform 

(which is the same as the load voltage waveform for resistive loads) is 

essentially de. The average value of the load voltage can be determined 

from the output voltage waveform. 

In the system shown in Figure 11, thP. output of t~e three stator

phases of a high-frequency alternator is processed using a parallel

bridge rectifier system with bridge-input capacitors to obtain a de out

put. A relationship between the average load voltage, peak value of the 

source voltage (which is the same as the peak value of the induced vol

tage in the alternator windings per phase) and different circuit para

meter ratios is essential to develop design guidelines for the Ft!,GS. In 

this section such a relationship is derived. 

Since the load current is periodic with a period of (n/3), it is 

sufficient to compute the average voltage across the load over the inter

val t = 0 tot= (n/3w). This duration is divided into three segments 
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and the expression for the load current during each segment is obtained 

from the analysis of Chapter III for different cases. 

Case (A): 0 < {y + S) ~ (n/3) 

The voltage across the load for this case during the time interval 

0~ t 1 < {y/wf is given by (see Equation (3.3.10)) 

vtl(tl) = I(O)~Rt e-2R~tl/L + (t- 2~S + 4~w~ )(1 - e-2Rttl/L) 
1 1 t 

(4.2.1) 

The voltage across the load during the time interval 0 s t 2 s 

(n/3 - s - y)/w is given by (see Equation (3.3.18)) 

The voltage across the load during the time interval 0 ~ t 3 ~ (S/w) 

is given by (see Equation (3.3.24)) 

2Ewt3 
3G 1 

(4.2.3) 

The expressions for I(O)t, 1~ 1 and It2 are given by Equations 

(3.3.26), (3.3. 13) and (3.3. 19), respectively. The area under the load 

voltage curve from e = 0 to n/3 is obtained by integrating the three ex

pressions given above between proper time limits and adding the results. 

The average (de) value of the load voltage can then be obtained by 

dividing the area under the load voltage curve from 0 to (n/3) by the 
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time duration (~/3oo). The expression for the average load voltage Vd 

for Case (A) is given below. 

V = ll !(0)2 ooL (1 -2R2y/wL 
. d ~ 2 - e ) 

L 1.. wL -2R2y/wl 
+ (I - ___IIi + Eoo ) [ 1 + 2 R ( e - 1 ) ] 

1 2e 1 4e 1 R~ ~ 

~ I~l wL -3R2 (~/3 ~ S - y)/wL 
- 3_ + 3 - (1 - e ) 4e 1 

2E ooL -3R2/wL(~/3 - 13 - y) 
+-- [(K- S- y) + ---3R (e - 1)] 

3 3 ~ 

I 22 wl -3R2s/wL 
+ 3 · (1 - e ) 

-3~ 8/wl 2 
+ (2E + 2Ewl)r·s + wl (e I R, 1)]" EB 

3 gR e 3R - - 3e1· R, 1 R, 

(4.2.4) 

Case (B): (~/3) ~ {y + 8) ~ (2~/3) 

The approach to determine the average voltage across the load in 

this case is very similar to the one used for Case (A). The expression 

for the average voltage across the load Vd in this case is: 

3 I(O)t wL -2R2/ool{~/3 - 8) 
vd - i - 2 (1 - e ) 

E(~/3 - s) 2 
4e1 

+ (f- ~ + Ewl ) [~ - o wl -2Rt/ooL{n/3 - S) 
1 20 1 4e 1R1 3 p + 2R2 (e - 1)] 

+ 111 wl (1 _ e-2R1/ool(y + S- n/3)) _ E(y + 8 _ n/3)2 
2 2e 1 

+ (f + _Ewl )[( + ~ ool -2R2/wl{y+ S- n/3) 
y B - -3) + -2R (e -1}] 2 2e1R1 2 



I£2 wL -3R£/wL(n/3 - y) 
+ 3 (1 - e ) 

+ (4E _ 2E(y + ~) 
3 3o 1 

+ 2EwL )[ ( 2!. _ y) 
9R£ e1 3 

- y) I - l)] 

2 E(n/3 - x) 
3e1 
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(4.2.5) 

After substituting for I(O)t, I11 and r12 , the respective expres

sions for the corresponding cases in Equations (4.2.4) and (4.2.5), an 

expression for the average (de) value of the load voltage (normalized 

with respect to the maximum value of the induced voltage in the stator 

windings} in terms of circuit parameter ratios (XL/R1 ), (XL/XC) and 

angles y and 6 can be obtained. The values f~r angles y and 6 are 
I 

determined from Figure 18 for chosen values of (XL/R1 ) and (XL/XC). The 

ratio (Vd/E) is evaluated in both cases for different values of para

meter ratios. 

Figure 23 shows the ratio (Vd/E) plotted against (XL/R1 ) for differ

ent values of (XL/XC). It can be observed from the plots that for a 

given value of (XL/XC)' as (XL/R1 ) increases, the ratio (Vd/E) decreases. 

The plots tend to converge as (XL/R1 ) increases, indicating less and 

less dependence on (XL/XC) under heavy load conditions (small R1 ) .. For 

the range of (y + s) given by 0 < (y + 6) ~ n/3 which corresponds to 

Case (A), the dependence of (Vd/E) on (XL/R1 ) for a given (XL/XC) is al

most linear. For the range of (y + s) given by n/3 ~ (y + s) ~ (2n/3) 

corresponding to Case (B), the dependence of (Vd/E) on (XL/R1 ) for a 

given (XL/Xc) is nonlinear. The ratio (Vd/E) is not determined for 

values of (XL/R£) < 0.9 and (XL/Xc) > 0.14, since angles becomes nega

tive for these parameter ratios. Figure 23 gives a direct relationship 



105 

1.1 (y+/3)>(7r/3) 
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(~) 0.8 
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Figure 23. Theoretical Values of (Vd/E) 



between the average load voltage and the maximum induced voltage per 

phase in the stator winding for different circuit parameter values. 

4.3 Extension of PBRS Studies to the 

Field Modulated Case 
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Field modulation techniques use an electromaqnetic modulator in the 

form of exciting the rotating field coil of an alternator with alternat

ing current at the required low frequency to obtain a variety of desired 

output. When a conventional three-phase synchronous machine of basic 

frequency f is excited with a sinusoidal alternating current of frequency 

fm' f > fm' induced voltages in the stator of frequencies (f + fm) and 

(f- f ) result. When such three-phase voltages are individually full-m 
wave rectified and their output tied in parallel, an output voltage 

across the PBRS containing a fullwave rectified ac corresponding to the 

frequency fm along with a ripple of frequency six times the basic machine 

frequency results. The ripple in the output voltage across the PBRS will 

be small for values of (f/fm) greater than ten. In addition, flat topped 

induced voltage waveforms in the stator windings also contribute to 

ripple reduction. The ripple can be filtered out of the FMGS output 

using a low-pass filter. 

The waveforms and the results obtained in Chapters II and III are 

valid for an alternator-PBRS combination under de excitation. Based on 

these, the field modulated generator system waveforms under resistive 

loads and sinusoidal ac excitation (field modulation) can be approxi

mated by using proper modulation factors. In this section the assump

tions and the procedure involved in the extension of PBRS studies to the 

field modulated case are discussed. 
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The following assumptions are made in considering the field modula

tion effects. 

1. The modulation frequency is much smaller (less than ten percent) 

than the basic rotational frequency of the machine throughout the operat-

ing speed range. 

2. Transformer voltages are neglected as small in comparison with 

the speed voltages in the stator windings. 

3. The maximum values of bridge-input voltage and load voltage 

occur at the same instant of time. 

4. Stator and rotor winding resistances are negligibly small. 

5. Saturation effects are neglected. 

6. Ideal filtering conditions are assumed at the output of the 

PBRS. 

In the expressions derived in Chapters II and III with de excitation, 

the alternator electrical angular frequency w corresponding to the basic 

rotational machine frequency was used in determining reactances and asso-

ciated angles. When the field is (modulated) excited with an alternating 

current of frequency fm, all electrical angles at the machine frequency 

will be sea 1 ed down by the factor "m" when viewed from the (rotor) 1 m'l-

frequency side. The factor "m," called the modulation frequency ratio, 

is the ratio of the basic machine frequency to the field modulation fre-

quency. 

Let the sinusoidal voltage applied to the excitation coil of an 

alternator at the modulation angular frequency wm be 

v = -v sin w t f f m (4.3.1) 

Assuming the excitation coil to be purely inductive, the excitation cur-

rent will then be given by 
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(4.3.2) 

in which Vf and If are the peak values of the excitation voltage and 

current, respectively. In any rotating electrical machine, under loaded 

conditions, the resultant flux distribution in the air-gap is set up by 

the interaction of the field magneto-motive-force (MMF) and the armature 

MMF. The voltages induced in the stator windings are due to this resul

tant flux distribution in the air-gap. As discussed earlier, in the 

case of the FMGS with the special magnetic circuit, the resultant field-

form under full-load conditions with bridge-input capacitors and resis

tive loads with de excitation is very close to a symmetric trapezoid 

with top width equal to one-third of the half-period. Therefore, with 

field modulation, the voltages induced in thei stator windings will be 

sinusoidally-modulated trapezoidal waveforms of the type shown in Figure 

24(a). It can be seen that, with de excitation, the modulation frequency 

is zero and therefore the amplitude of the trapezoidal waveform remains 

constant, as shown in Figure 24(b). Neglecting transformer voltages, 

the instantaneous value of the induced voltage in each phase with field-

modulation under full load conditions can be obtained by using the modu-

lation factor cos wmt. If ea, eb and ec represent the instantaneous 

values of the induced voltages in the three stator phases a, b and c, 

respectively, under full load conditions with de excitation, then the 

expressions for the instantaneous values of the induced voltages (e , am 
ebm and ecm) with field-modulation in the three stator windings will 

take the form given below: 

(4.3.3) 

(4.3.4) 



a.) Sinusoidally-modulated trapezoidal wavefonn 

b.) Trapezoidal waveform 

Figure 24. Modulated and On-modulated Trapezoidal 
Waveforms 
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(4.3.5) 

The expressions for the currents in the three phases can be determined 

from the PBRS analysis by considering the induced voltages as given 

above as the source voltages. In essence, the effect of modulation can 

be considered as the equivalent of a slowly-varying de. 

4.4 Design Guidelines 

The starting point in the design of any electrical machine is the 

output specifications which the machine must meet. The field modulated 

generator system is a variable speed adjustable frequency electrical 

power system. Depending on the type of electrical output desired at the 
I 

application end, the specifications for the FMGS vary. If the electrical 

output desired at the application end is constant-voltage constant

frequency utility grade ac for direct insertion into an existing grid 

(without an intermediate energy storage and reconversion system), then 

the output voltage and frequency of the FMGS are fixed corresponding to 

normal utility grade ac specifications. If direct coupling of the field 

modulated generator to prime-movers operating in the variable-speed mode 

is required, then the power rating should be specified over the entire 

operating speed range. 

In general, the rating of an electrical machine will vary almost 

nearly linearly with the rotor speed. Since the field modulated gener-

ator system operates with rotor speeds varying over a range of values, 

the output specifications must be met at both ends of the speed range. 

The requirement that the modulation frequency ratio "m" be at least 10, 

therefore, must be satisfied at the lowest speed of operation. The 

choice of the number of poles is thus determined by "m" and the lowest 
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speed of operation. The field modulated generator must be designed such 

that the output voltage and the output power specifications are met at 

the lowest speed. This means the number of turns per phase in the sta

tor winding and the main dimensions of the machine are determined based 

on the lowest speed. However, the cross sectional area of the conductors 

in the stator windings, the winding insulation, and the peripheral speed 

limitations need to be determined by the rating corresponding to the 

highest speed of operation. In effect, the design must satisfy the out

put specifications at the lowest speed and should be able to deliver the 

higher output at the highest operating speed. In other words, the.amount 

of iron and rotor copper in the machine are determined by the 1 owest 

speed of operation and the amount of stator copper is determined by the 

highest speed of operation. Therefore, at no speed will the iron and 

copper be subject to full utilization. Any electrical apparatus designed 

to operate over a range of speeds will have this drawback. As such, com

promises are necessary in designing the magnetic and the electrical cir~ 

cuits in the machine. 

Since the circuit parameter ratios depend on the speed of operation 

of the machine, the angles a. and s which determine the conduction dura

tion of the diodes and the time differences between the zero crossovers 

of source voltages and currents and the angle y which determines the de

coupled duration of a bridge vary with the speed of operation of the 

FMGS. 

The overall physical size of a field-modulated generator will be a 

little larger than a conventional alternator operating at the same speed 

and output specifications. The reason for this is the field modulation 

and the resulting inefficient utilization of the magnetic circuit as can 
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be understood by referring to Figure 24 in which a sinusoidally modu-

lated trapezoidal wave and a regular trapezoidal wave are shown. Assum

ing the waveforms represent the flux distribution in the air-gap under 

full load conditions for the field modulated and de excitation cases, it 

can be observed that the average value of the flux density in the air

gap with modulated wave is less when compared with the regular trapezoid

al wave. Since the peak flux density in a machine is fixed by the mag-

netic circuit characteristics, it is obvious that the magnetic circuit 

utilization is not as good with field modulation as it is with de excita

tion. In order to compensate for the lower value of the average flux 

density in the air-gap with field-modulation, the physical size of the 

machine should be increased appropriately. 
\ 

With modulated current waveforms, the robt-mean-square (rms) value 

of the current is lower than the rms value of the current for the un-

modulated current wave. Therefore, with the same maximum peak current 

density and conductor size, the copper losses in the stator are less 

with field modulation. Thus the effect of poor magnetic circuit utiliza-

tion is partly compensated by the fact that higher peak currents and 

correspondingly higher output can be allowed without exceeding the limit 

on the stator copper losses. Rotor iron losses in the field modulated 

generator ( FMG) wi 11 be s 1 i ghtly higher due to ac excitation. These 

facts, coupled with the employment of proper stator and rotor tuning 

capacitors, result in high efficiencies for the FMGS without substantial 

penalties in size. 

The procedure for the determination of the main dimensions of the 

field modulated generator is very similar to that of a conventional 

three-phase synchronous machine. However, the effect of field modulation 
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must be carefully incorporated. In the following paragraphs a brief de-

scription of the design procedure is given. 

4.4.1 Main Dimensions 

The output coefficient of a rotating electrical machine is propor-

tional to the volt-ampere output per unit volume of the stator bore per 

revolution. It can be evaluated by choosing proper values for the speci

fic magnetic loading, specific electric loading, form factor for the air

gap flux distribution, and the winding factor for the stator winding. 

The o2Lc product for the machine can be evaluated once the output coeffi

cient is determined. As discussed earlier, the magnetic circuit utiliza

tion is poor with field modulation. The o2Lc product obtained is based 

on the specific magnetic loading, which is simply the average value of 

the flux density in the air-gap. Since the peak flux density in a 

machine is tied to the magnetic circuit characteristics, the FMG must be 

designed to operate at the same values of peak flux density as a conven

tional machine. With reference to the specific electric loading, the 

presence of modulated current waveforms will result in a reduction of 

conductor cross sectional area in the stator or an increase in the out-

put power capability without exceeding the limit on stator copper losses. 

One approach to incorporate the sinusoidal field modulation effect 

on the magnetic circuit and on the D2Lc product is to increase the value 

obtained by the conventional approach by the ratio (peak value/average 

value) corresponding to a sinusoidal waveform. To include the differ

ence in the rms values of unmodulated and modulated stator currents, an 

additional factor is warranted. This factor will obviously be between 

1 and (l/12"), the latter being the ratio of the rms values of the 
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unmodulated and modulated waveforms having the same maximum peak value. 

Thus, these two effects considered together yielrl a factor which is be

tween {1T/2) and (1T/212) or between 1.57 and 1.11. The realistic value 

will be closer to l. 11, especially because of the transfer of some of 

the rotor copper losses to the stator by the use of stator tuning capa-

citors. Based on this discussion, it is suggested to use a value in the 

··range of 1.15 to 1.2 in the preliminary design calculations. 

After choosing a value for the modulation frequency ratio "m" 

greater than ten, the basic rotational frequency for the FMG is obtain

ed. The number of poles in the machine is determined from the lowest 

speed of operation and the minimum basic rotational frequency required. 

For high-speed machines, a nearly square pole with pole pitch equal to 
I 

90 percent of the core length gives good electrical design [42]. 

The use of PBRS eliminates line-to-line short circuits and tends to 

present a balanced load to three-phase power sources with high commutat

ing reactances. In order to take advantage of this characteristic, the 

FMG is designed in such a way as to increase the commutating reactance, 

which is very nearly equal to the leakage reactance. Provision of deep 

slots and larger winding overhangs in the stator are some of the design 

features that can lead to the required goal. 

From the improved o2LC product (to include field modulation effect), 

the expression for pole pitch and the number of poles required, the dia

meter of the stator bore and core length can be determined. The flux 

per pole based on specific magnetic loading and pole area, the length of 

the air-gap and the peripheral speed of the rotor are determined next. 

For high speed machines with rotating windings, the peripheral speed of 

the rotor should not exceed 150 meters per second. 
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4.4.2 Induced Voltage and Turns Per Phase 

The commutating inductance L of a properly designed field modulated 

generator is expected to be slightly larger than that of an alternator 

having the same physical size and output power. However, due to the 

high basic machine frequency, the commutating reactance is large in the 

case of field modulated generators. In order to pick an initial value 

for the commutating inductance L for the FMG, the normal value of the 

commutating inductance per phase for a conventional alternator of the 

same physical size and power output can be chosen. The load resistance 

under full-load conditions can be calculated from the machine rating and 

the output voltage, assuming the load to be purely resistive. 

In general, the use of capacitors at the
1 

bridge-input terminals im

p~oves the regulation. However, with too large a value of capacitance, 

under light loads (large load resistance), resonance conditions may 

occur, leading to overvoltages. Therefore, the initial value of the 

bridge-input capacitance C should be chosen judiciously. It has been 

observed in practice that, for satisfactory operation of the FMGS, the 

normal range with most of the practical machines, for the ratio (XL/XC) 

is 0.02 to 0.2. 

Once the values of L and C are c~osen and the value of R1 is deter

mined, the parameter ratios (XL/R1 ) and (XL/XC) corresponding to an 

average basic machine angular frequency can be calculated. The peak 

value of the output voltage can be determined from the output voltage 

specification. 

In order to get a relationship between the peak value of the output 

voltage and the corresponding maximum peak value of the induced voltage 

per phase required in the stator winding, the effect of modulation 
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can be considered as equivalent to a slowly-varying de. A relationship 

between circuit parameter ratios (XL/Rt)' (XL/XC) and the ratio of aver

age (de) value of the load voltage Vd to the maximum value of the in

duced voltage per phase E has already been obtained in section 4.2 for 

de excitation. Therefore, to obtain the maiimum peak induced voltage 

per phase required in the stator for a given peak output voltage and. 

circuit parameter ratios, the peak output voltage is correlated with the 

average (de) value of the load voltage Vd discussed earlier for de ex-

c ita ti on. 

With the parameter ratios (XL/R~) and (XL/XC) known, the ratio 

(V/E) is determined from Figure 23. Associating the peak output vol

tage to the average (de) voltage Vd' the maximum peak value of the in

duced voltage per phase required under full load conditions can be 

determined. The number of turns per phase required in the stator can 

now be calculated using the voltage induced per turn. 

The design procedure to be followed after obtaining the main dimen-

sions and the number of turns per phase in the stator is well established 

for alternators. A similar design procedure can be followed to complete 

the rest of the field modulated generator design. 

4.4.3 Design Pr~c~dur~ 

The basic design procedure discussed in sections 4.4.1 and 4.4.2 

for the FMGS is formulated in the form of equations in the following 

paragraphs. 

Speci fi cations: 

f = modulating frequency, Hz; 
m 

N =minimum speed of operation, r/min; 



P0 = power output, kW; 

Vrms = rms value of output voltage, V; 

Nomenclature: 

B = specific magnetic loading, Wb/m2; 
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C = stator tuning (bridge-input) capacitance per phase, F; 

D = stator bore diameter, m; 

E = maximum peak induced voltage/phase in stator, V; 

Eph = induced rms voltage/phase, V; 

f = basic machine frequency, Hz; 

G = output coefficient, KW-second/m3; 

Ip = phase current (rms), A; 

Kf = form factor; 

Kff = filter factor; 

Kv = ratio of Vd to E read from Figure 23; 

Kw = winding factor; 

L = stator commutating inductance per phase; H; 

Lc = stator core length, m; 

1g = radial air-gap length, m; 

m =modulation frequency ratio (f/fm); 

n = minimum rotor speed, rjs; 

2p = total number of poles; 

q = specific electric loading, ampere-conductors/m; 

R! = load resistance, n; 

T = turns per phase in stator; 

u = rotor peripheral speed, meters per second; 

Vd = average (de) load voltage for PBRS model, V; 

Vp = peak value of output voltage, V; 

XC = capacitive reactance of bridge-input capacitor, n; 



XL = corrunutating reactance of stator per phase, n; 

V =pole pitch (~D/2p), m; 

~ = magnetic flux per pole, Wb; 
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wa = average machine electrical angular frequency, rad/s. 

4.4.3.1 Main Dimensions. The D2Lc product is obtained first by 

the procedures of conventional three-phase machine ~esign. Then the 

modulation effect is incorporated and an improved value is determined 

for the field modulated generator. Assuming a trapezoidal flux distri-

bution in the air-gap as shown in Figure 25, the rms value of the in-

duced voltage in the stator phase is given by 

(4.4.1) 

The form factor for any periodic waveform is 

Kf = (rms value/average value) (4.4.2) 

The form factor for the trapezoidal wave shown in Figure 25 is obtained 

as 1. 12. The output of all three phases, each carrying an rms current 

of Ip amperes with resistive loads, is given by 

P = 3 E I 10-3 
0 ph p (4.4.3) 

Substituting for Eph from Equation (4.4.1) in Equation (4.4.3) and writ-

ing 

I T = q nD/6 
p 

The output of a three-phase machine can be written as 

(4.4.4) 

(4.4.5) 

(4.4.6) 



+E 

-E 

41T 
3. 

Figure 25. Idealized Field lorm Under Full Load 
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The output coefficient G is defined as 

G = P/D2LC n (4.4. 7) 

The output coefficient can be expressed in terms of specific 1 oadi ngs , 

Kf and Kw, as follows: 

G = 9.87 Kf Kw B q 10-3 (4.4.8) 

Normally the value of B varies between 0.4 and 0.5 Wb/m2 and q varies be

tween 15000 and 45000 ampere-conductors/m [43]. For uniformly distri

buted windings with full-pitch coils and three slots per pole per phase, 

the winding factor is 0.955. Choosing proper values for Band q within 

the ranges mentioned, the output coefficient and the D2Lc product can be 

determined for a given output rating of the machine. 
2 To include the field modulation effect, the D Lc product is increas-

ed by a factor 1.2 as discussed earlier. Therefore, the improved o2Lc 

product is given by 

(4.4.9) 

The requirement that the modulation frequency ratio "m" be greater than 

ten for satisfactory operation of FMGS fixes the basic machine frequency 

f and is given by 

f = m f m (4.4.10) 

Based on the basic machine frequency and the lowest rotor speed, the 

number of poles for the machine is given by 

2p = 2f/n (4.4.11) 

Choosing roughly square poles, the core length Lc is determined as 
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Lc = 1. 1 1TD/2p (4.4.12) 

Substituting for Lc in Equation (4.4.9) from Equation (4.4.12) the 

values for 0 and Lc can be determined. 

The pole pitch Y is given by 

(4.4.13) 

The flux per pole ~ in the modulated case should correspond to the peak 

excitation current and can be determined from the following expression. 

(4.4.14) 

The air-gap length for small machines is given by 

(4.4.15) 

The rotor diameter is (D - 2R-g) and the peripheral speed of the rotor is 

given by 

(4.4.16) 

Typically, the peripheral speed should not exceed a value of 150 meters 

per second. 

4.4.3.2 Stator Induced Voltage and Turns Per Phase. A field modu

lated generator system takes the three-phase high-frequency electrical 

output of a machine and provides single-phase power output at the re-

quired low frequency. Thus the load resistance under full-load condi-

tions can be determined from the output power and voltage and is given 

by 

(4.4.17) 

After choosing the values of L and C and determining the average basic 
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machine angular frequency wa' the inductive and capacitive reactances 

can be determined. 

(4.4.18) 

(4.4.19) 

For sinusoidal output voltage, the peak value of the output voltage is 

obtained as 

v = 12 v p rms (4.4.20) 

For chosen parameter ratios (XL/R1 ) and (XL/XC)' the ratio (Vd/E) is ob

tained from Figure 23 and is defined as 

(4.4.21}. 

I 

With the peak output voltage correlated with the average (de) value of 

the load voltage under de excitation, the relationship between Vd and VP 

is given by 

(4.4.22) 

Substituting for Vd in Equation (4.4.21) from Equation (4.4.22}, the ex

pression for the maximum peak value of the induced voltage per phase 

under full load conditions is given by 

(4.4.23) 

The maximum peak value of the induced voltage in each phase under full 

load conditions corresponds to maximum excitation current in the field 

coil with field modulation. Since the flux per pole ~with field modula-

tion corresponds to the peak excitation current in the rotor field coil, 

the number of turns in series per phase required in the stator, in terms 
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of the flux per pole, basic machine frequency, form factor, and winding 

factor for a maximum peak induced voltage E in the stator is given by 

( 4. 4·. 24) 

4.4.4 Example 

Determination of the main dimensions and stator turns per phase for 

a field-modulated generator rated at 10 kW and operating at a minimum 

speed of 7000 r/min (with 12 kW at maximum speed of 8500 r/min), single 

phase, 220V, with output at a frequency of 60 Hz. 

4.4.4.1 Main Dimensions. Choosing 

Kf = 1.12 

Kw = 0.955 

B = 0.43 Wb/m2 

q = 20000 ampere-conductors/m 

the output coefficient G from Equation (4.4.8) is obtained as 

G = 90.789 kW-sectm3 

The o2Lc product from Equation (4.4.9) is obtained as 

Choosing a value of m between 15 and 16, the basic machine frequency f 

from Equation (4.4. 10) is obtained as 

f = 930 Hz 

The number of poles for the field-modulated generator is obtained using 

Equation (4.4. 11). 
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2p = 16 

Making the core length Lc equal to 1.1 times the pole pitch, the values 

(rounded off) for the diameter and core length of the stator bore are 

D = 0.17 m 

Lc = 0.04 m 

The pole pitch, the flux per pole corresponding to peak excitation cur

rent, the length of the air-gap, and rotor peripheral speed (for the 

maximum operating speed) are obtained next. 

y = 0.03338 m 

</> = 0.5741 m Wb 

Q,g = 3 x 10-4 m 

u = 75 meters per second 

4.4.4.2 Stator Induced Voltage and Turns Per Phase. 

V = 220 volts rms 

vp = 220/2volts 

The load resistance using Equation (4.4. 17) is obtained as 

Rt = 4.84 ohms 

Choosing L = 0.69 mH and C = 5~F, the circuit parameter ratio values 

are 

\/R£ = 0. 925 

XL/XC = 0.14 



From Figure 23 the ratio (Vd/E) is obtained as 0.945 for the chosen 

parameter ratios. Therefore, 

Kv = 0.945 
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Assuming Kff = 1 corresponding to ideal filtering, the maximum peak 

value of the induced voltage per phase in stator using Equation (4.4.23) 

is obtained as 

E = 330 volts 

The number of turns per phase using Equation (4.4.24) is obtained as 

T = 145 

The main dimensions obtained and the number of turns per phase 

determined for the 10 kW, 220 V, 60Hz, 7000 r/min field-modulated 

generator are in close agreement with the corresponding values for the 

experimental prototype H1GS built for the same rating at Oklahoma State 

University. 

Figure 26 shows (not to scale) the rotor and stator laminations for 

the 10 kW prototype. A flat topped field form is obtained by designing a 

uniformly slotted round rotor with a winding arrangement that resulted 

in magnetic neutral planes in the centers of teeth rather than in the 

centers of slots. The no-load field form which represents a rectangular 

pulse as a consequence of the magnetic circuit design of the machine is 

shown in Figure 26. Unlike conventional alternators, the stator and 

rotor slots in the field-modulated generator are made deep to increase 

the commutating reactance, so that the advantages of PBRS operation in 

conjunction with hi9h reactance machines can be fully realized. 
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Figure 26. Illustrating the Stator and Rotor Laminations 
and the No-Load Field Form for the Experi
mental Prototype FMG 
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CHAPTER V 

EXPERH1ENTAL VERIFICATION 

5.1 Introduction 

Theoretical developments related to the idealized parallel-bridge 

rectifier system model, the basis for the selection of specific flat-

topped source voltage waveforms both under no-load and full-load condi

tions and the results of Chapter III corresponding to the PBRS operation 

with bridge-input capacitors and resistive loads--all of these require 
i 

some experimental verification to assess the ~a 1 i dity of the assumptions 

made and to establish the useful~ess of the theoretical results. The 

purpose of this chapter is to present the results of the experimental 

investigations undertaken using the available experimental prototype 

field modulated generator system and to discuss the results. 

Experimental investigations are designed to: 

l. Verify the validity of the flat-topped source voltage waveforms 

chosen under no-1 oad and full-1 oad conditions for the H1GS, compare the 

current and voltage waveforms at different points in the parallel-bridge 

rectifier system with the theoretical waveforms obtained, and study the 

effect of varying the load resistance on the current and voltage wave-

forms. 

2. Establish an indirect method of determining the effective com

mutating reactance (XL) of the field modulated generator by measuring 

the angles y and a in the bridge-input voltage oscillograms. 
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3. Compare the experimental and theoretical values of angles y and 

B for different values of load resistance and compare the theoretical 

Values of the bridge-input voltage va at 8 = y for different loads (based 

on the design guidelines developed) with the experimental results. 

The laboratory setup and testing methods are described and the 

oscillograms are recorded for each investigation. Sample calculations 

to obtain the value of the commutating reactance and the theoretical 

value of the bridge-input voltage are presented. A general discussion 

of the experimental results obtained is presented in the end. 

Section 5.2 describes the experiments performed for the verifica-

tion of the voltage and the current waveforms in the PBRS analysis. An 

.indirect method of determining the co11Tl1utating reactance is presented. 
I 

A comparison of the experimental and theoretital values of angles y, B 

and the bridge-input voltage va at 8 = y for different values of load 

resistance is also presented. 

The chapter concludes with an overall discussion of the experimental 

results in section 5.3. 

5.2 Description of the Experiments and 

the Results Obtained 

5.2.1 Experimental Setup 

A 10 kW, 220 volt, 16 pole, 7000 revolutions per minute, experimen

tal prototype field modulated generator system belt driven by a 20 hp 

induction motor is used in the experimental investigations. The sinu

soidal excitation voltage and current are at the modulation frequ~ncy of 

60 hertz for the tests. Therefore, the output of the system is also at 

the same frequency. It can be seen that, with field modulation at 60 
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Hz, the modulation frequency ratio is at least 15, well above the mini

mum value of ten desirable for satisfactory operation. Appropriate 

Shunts were installed at various points in the circuitry to observe and 

record current waveforms. With trapezoidal source voltage waveforms 

under full load conditions and field modulation, the bridge-input vol

tages are sinusoidally-modulated trapezoids. The output of the PBRS 

with field modulation is nearly a full wave rectified sine wave at the 

modulation frequency with some ripple (lowest order being at six times 

the basic machine frequency) superimposed. Since the idealized model 

assumes ideal solid state switching and filtering, the effect of the 

load connected across the PBRS or across the filter should be the same. 

However, in the experimental prototype FMGS, the load is connected 

across the filter. A lamp bank is used as the load in the experiments. 

A general view of the laboratory setup is shown in Figure 27. 

5.2.2 Experimental Procedure 

A full-pitch search coil located in the stator slots can be used to 

observe the waveform of the induced voltage in the stator windings. The 

search coil voltage oscillograms have been recorded (see Reference [32]) 

under no-load conditions without bridge-input capacitors and under full

load conditions with bridge-input capacitors. The bridge-input voltage 

and the FMGS output voltage oscillograms were also recorded under full

load conditions. 

For a fixed value of the bridge-input capacitance (five micro 

farads), the load was varied by changing the number of light bulbs (6 

through 10 bulbs; each rated at 1500 watts at 120 volts} in the lamp 

bank. The bulbs were connected in pairs to match the output voltage 
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Figure 27. General View of the Experimental Setup 
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rating. With a load of 33A, oscillograms of bridge-input voltage, capa

citor current, stator winding current and bridge-input current were re

Cbrded. The angles y and s can be determined from the bridge input vol

tage waveform. In order to improve the accuracy of the values of y and 

s, oscillograms of bridge-input voltage were recorded for two different 

time scales. Under full-load conditions (with a load current of 45A}, 

oscillograms of bridge-input voltage, capacitor current and phase current 

were recorded. In the overload case (with a load current of 54A), the 

bridge-input voltage oscillograms were recorded for three different time 

scales for accurate determination of the angles y and s. 

5.2.3 Experimental Results 

The basic high-frequency voltage waveform generated by the machine 

with no bridge-input capacitors and de excitation is shown in Figure 

28(a). The no-load induced voltage waveform can be represented by a 

series of positive and negative rectangular pulses. With field modula

tion, the no-load induced voltage waveform will be a sinusoidally

modulated rectangular pulse train. 

Figure 28(b) shows the voltage induced in the search coil under 

full-load conditions with field modulation for a bridge-input capaci

tance of five micro farads. It can be seen that, in the presence of 

bridge-input capacitors, under full-load conditions, the source voltage 

waveform can be approximated by a symmetric trapezoid. ll.s discussed 

earlier, this is the result of the special magnetic circuit design (with 

magnetic neutral planes in the centers of the teeth instead of in the 

centers of the slots) and armature reaction effects. Analysis of the 



a.) High frequency voltage waveform for de 
excitation with no bridge input 
capacitors 

b.) Search coil voltage under full load conditions with 
field modulation and C = SpF 

Figure 28. Search Coil Voltage Without and With Bridge Input 
Capacitors Under de Excitation and Field Modu
lation, Respectively 
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PBRS with bridge-input capacitors and trapezoidal source voltage wave

forms was presente~ in Chapter III. 

With trapezoidal source voltage waveforms under full-load condi

tions, the bridge-input voltage with sinusoidal field modulation will 

be approximately a sinusoidally-modulated trapezoid. An ,oscillogram of 

the bridge-input voltage waveform is shown in Figure 29(a), which justi

fies the statement just made. The output voltage waveform of the FMGS 

is a sinusoid at the modulation frequency as shown in Figure 29(b). 

Figure 30 shows the oscillograms of phase-a bridge-input voltage 

(v ), capacitor current (i ), phase current (i ), and bridge-input cur-a ac a 

rent (ia 2 ) for a load current of 33A. The bridge-input voltage waveform 

is shown for two different time scales to improve the accuracy in the 

determination of the angles y and s. 

The bridge-input voltage (va) waveform is a trapezoid with very 

small voltage variations in the flat portion. The sloping edges of the 

trapezoid correspond to the decoupled (from the load) durations of a 

phase. During these durations, conduction of a phase is through the 

series circuit consisting of the commutating inductance and the bridge

input capacitor (see Figure 15). A significant capacitor current flows 

during this duration as shown in the oscillogram of the capacitor cur

rent iac· The current through the capacitor during the rest of the time 

is small. Whenever a bridge is decoupled, the bridge-input current (ia2) 

is zero. When a bridge starts conducting through the load, there is an 

instantaneous transfer of current from the capacitor to the load. This 

instantaneous transfer can be seen in the oscillogram of ia2 and a simul

taneous sudden drop in the capacitor current can also be seen in the 

oscillogram of iac As required, the current flow through the 



v envelope for I = 45A a t 
Scales x : O.Ol . ms/cm; y : lOOV/cm 

a.) Sinusoidally modulated trapezoidal bridge 
input voltage waveform 

(\ (\ /\ 
I \ I \ I ' 
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v V V' 
Vrms for I1 = 45A 

Scales x : 5ms/cm; y : 50V/cm 

b.) Sinusoidal output voltage waveform of 
the FMGS 

Figure 29. Bridge Input Voltage Envelope and 
Output Sinusoidal Waveform 
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v a for I , = 33A iac for 11 = 33A 
<".c.ult~~ ~ fi.t. ms/nu ~ .V '(j[PJ/ull Scales x: O.lms/cm ; y: lOA/em 

11a for l t " 33A 

Scales 1 : 0. 1 ms/cm; y l OOV/cm 

ia for lg_ = 33A 

Scales x: 0.2ms/cm ; y: lOA/em 

ia~ for It = 33A 
Scales x: 0.2ms/cm ; y: lOA/em 

Figure 30. va' iac' ia and iat Oscillograms for It = 33A 
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commutating inductance (ia)' which is the sum of iac and iat' is smooth 

and without jumps as shown in the oscillogram of ia. Theoretical wave

forms of phase current, capacitor current and bridge-input current are 

shown in Figure 20. The sudden transfer of capacitor current to the 

load gives rise to a small jump in the bridge-input voltage as seen in 

the oscillograms of va. The decoupled duration {y/w) of a phase can be 

obtained from the sloping edge of the trapezoid. The sum of the de

coupled duration and the duration of the first hump in the bridge-input 

voltage should be equal to (~/3w). 

Figure 31 shows the oscillograms of v , i and i under full-load a ac a 
conditions (load current = 45A). The oscillograms for bridge-input vol-

tage are shown for two different time scales. A substantial amount of 

capacitor current flows only during the decoupled duration of that phase. 

The bridge-input voltage waveforms are sinusoidally modulated trapezoidal 

waves. The phase current waveform is smooth as expected. Figure 32 

s~ows the oscillograms of the bridge-input voltage for three different 

time scales with a load current of 54A. 

It can be observed from the oscillograms that as the load current 

increases (which corresponds to a decrease in the load resistance), the 

ratio (XL/Rt) increases and the angle y representing the decoupled dura

tion of a phase decreases. The angle s increases with a decrease in the 

load resistance. The amplitude of the bridge input voltage decreases 

with an increase in the load current, indicating larger voltage drops in 

the commutating reactance. The peak value of the capacitor current in-

creases with an increase in the load current. The humps in the bridge

input voltage become more prominent with an increase in the load current. 
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v for 1 - 4SA 
" ' Scales • : 0.2 ms / t ~ : J • l ~DV r ' " 1 ' I 11 • • ; 1 'V• ('1 

va for I , = 45A i a for I , = 45A 

Scales x : 0.1 ms/cm; y lOOV/ c" Scales x: O.lms/cm; y: lOA/em 

Figure 31. va' iac' and ia Osci11ograms for 11 = 45A 
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Scales x : C. 1 ms/cm; y : lOOVcm 

v a for I ~ = 54A 

Scale~ x : 0.05 ms/cm; y : lOOV/cm 

Figure 32. va Oscillograms With Different Time Scales for 11 = 54A 
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5.2.4 Determination of the Commutating Reactance 

The angles y and B can be determined from the bridge-input voltage 

oscillogram shown in Figure 31 under full-load conditions. The angle y 

corresponds to the decoupled duration of a bridge. This can also be ob

tained from the capacitor current waveform. The decoupled duration of a 

bridge and the duration of the first hump in the bridge-input voltage 

should sum up to (~/3w). From the theoretical waveforms obtained for 

the bridge-input voltage va (see Figure 19), with (y +B)< ~/3, the 

duration (~/3w) is divided into three segments--(y/w), (B/w) and 

((~/3) - B - y)/w. Comparing the general theoretical bridge-input vol

tage waveform with the bridge-input voltage oscillogram, the angles y 

and B are obtained as 0.74 radian and 0.055 r~dian, respectively. 

Corresponding to these values of y and B, the ratios (XL/R~) and (XL/Xc) 

are read from Figure 18 as 

XL/R~ = 0.91 

XL/XC= 0.114 

The value of the load resistance R~ under full load is 4.66 ohms. The 

value of XC at the machine frequency of 900 Hz and a capacitance value 

of five microfarad is 35.36 ohms. 

The value of XL derived from the ratio (XL/R~) is 4.24 ohms and the 

value of XL obtained from the ratio (XL/XC) is 4.03 ohms. Taking an 

average of these two values of XL' the commutating reactance of the field 

modulated generator is estimated as 4.1 ohms. Accordingly, the commutat

ing inductance L per-phase of the stator winding (with a basic machine 

frequency of 900Hz) is 0.73 mH. 



5.2.5 Comparison of Theoretical and Experimental 

Values of y, B and va (at e = y) 
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For three different values of the load resistance Rt' with a con

stant bridge-input capacitance value of 5 ~F, and from the computed 

value of the commutating reactance XL' the parameter ratios (XL/Rt) and 

(XL/XC) were computed. The theoretical values of y and B corresponding 

to the calculated parameter ratios were obtained from Figure 18. The 

experimental values for y and B were determined from the oscillograms as 

mentioned in an earlier section. Theoretical and experimental values of 

y and B are listed in Table I. Maximum deviations in the magnitudes of 

y and Bare 13.8 and 11.1 percent, respectively. 

At e = y, the decoupled bridge of phase-a starts conducting through 

the load. Whenever a bridge conducts, assuming ideal diodes, the bridge 

input voltage is equal to the load voltage. The load current Itl at 

e = y with {y + S) < (TI/3), is given by Equation (3.3.13). With the value 

of Rt known, the voltage across the load resistance can be determined in 

terms of the maximum peak value of the voltage induced per phase (E) in 

the stator winding. 

For a given rms output voltage Vrms of the FMGS, the peak value of 

the output voltage Vp for sinusoidal waveform was determined. The rela

tionship between VP and Vd (the load voltage normalized with respect to 

the maximum peak induced voltage per phase (E) in the stator) is given by 

where the filtering factor Kff is unity for ideal filtering conditions. 

For given parameter ratios (XL/R2) and (XL/XC)' the ratio (Vd/E) 

was determined from Figure 23. The value of E and thus the theoretical 



TABLE I 

THEORETICAL AND EXPERIMENTAL VALUES OF 
y, SAND Va (AT e = y) 

Number of Lamps in Parallel 
at 1500 kW, 120 V 6 8 

C ( 11F) 5 5 

I A 
R-rms 

33 45 

vrms v 200 210 

RQ, (ohm) 6.06 4.66 

XL/RQ, 0 .. 68 0.89 

XL/XC 0. 11 0.11 

Theoretical Value of Angle y 
(degree) 43.50 43.00 

Experimental Value of Angle y 
(degree) 48. 10 42.00 

Deviation in y (percent) -9.56 +2.38 

Theoretical Value of Angle 8 
(degree) 0.028 1. 95 

Experimental Value of Angle s 
(degree) 0. 031 2.15 

Deviation in B (percent) -9.67 -9.30 

Theoretical Value of va 
(ate=y),V 388 382 

Experimental Value of V 
(ate=y),V a 370 350 

Deviation in va (percent) 4.86 9.14 
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10 

5 

54 

210 

3.88 

1.06 

0.11 

41.00 

36.00 

+13.80 

5.73 

6.45 

-11.10 

380 

345 

10.14 



142 

value of the bridge-input voltage at e = y was determined. The experi

mental values of the bridge input voltage at e = y were obtained from 

the oscillograms. Theoretical and experimental values of the bridge

input voltage va at e = y for different loads are listed in Table I. It 

can be seen that the maximum deviation is 10.14 percent. 

The primary conclusions drawn from this experimental study are 

listed below: 

1. The nonsinusoidal source voltage waveforms for which the PBRS 

has been analyzed in Chapters II and III agree fairly well with the 

source voltage waveforms obtained with the special magnetic circuit em

ployed in the FMGS. 

2. The general character of the capacitpr current, the bridge

input current, the phase current, and the bridge-input voltage wave

forms obtained from the experimental study agree well with the corre

sponding theoretical waveforms, thereby validating the assumptions made 

in the analysis. 

3. The theoretical and experimental values of angles y and s agree 

well and the maximum deviation is less than 14 percent. 

4. With (XL/XC) constant, decreasing the load resistance decreases 

y and increases e. 

5. The bridge input voltage decreases with an increase in the load 

current. The humps in the bridge-input voltage become more prominent 

with an increase in the load current. This is due to the increase in 

the peak value of the capacitor current associated with an increase in 

the load current. 

6. Determination of the commutating reactance by conventional 

methods is difficult and not completely valid because of the 
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nonsinusoidal nature of the voltage and current waveforms. An indirect 

and experimental method of determining the commutating reactance has 

been suggested. 

7. The bridge-input voltage values obtained at e = y for different 

loads using the theoretical analysis and the design guidelines developed 

agree fairly well with the experimental values, thereby validating the 

design approach. 

These conclusions taken in total appear to confirm the theoretical 

analysis presented in Chapter III and the design guidelines developed in 

Chapter IV. 

5.3 Discussion 

I 
The series of experimental investigation~ was designed on the basis 

of the study of the operation of the PBRS with bridge-input capacitors 

under resistive loads for nonsinusoidal source voltage waveforms. The 

experimental results obtained confirmed the theoretical predictions and 

the assumptions made in the analysis. Theoretical and experimental cur

rent and voltage waveforms at different locations in the PBRS circuit 

agree fairly well, except for the additional ripple due to the harmonic 

effects not included in the analysis. The basic assumptions made are 

justified by the experimental results. Experimental values of angles y, 

s and the bridge-input voltage va (at e = y) agree fairly well with the 

theoretical values, with maximum deviations of 13.8, 11.1 and 10.14 per

cent, respectively. 

The main sources of disparity are: (1) the assumption that the 

source voltage waveform is a perfect trapezoid under full-1 oad condi

tions; (2) harmonics in the machine (source) waveform·; (3) neglecting 
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the capacitor current during the conduction duration of a bridge; (4) 

the assumption that filtering conditions are ideal; (5) errors involved 

in the determination of the angles y and a from the oscillograms re

corded; (6) numerical errors inherent in the evaluation of angles y and 

s; (7) instrumentation and measurement errors; and (8) errors irherent 

in the other idealizing assumptions. 

In spite of the many sources of errors, correlation between theory 

and experiment is reasonably good and the departures are within accep

table limits. 



CHAPTER VI 

SUMt·1ARY AND CONCLUSIONS 

6.1 Summary of Results and Conclusions 

The primary objective of this thesis research was to study the in

fluence of non-sinusoidal (especially flat-topped) source voltage wave

forms on the operation of the parallel-bridge rectifier system and the 

field modulated generator system, leading to the development of some 

practical design guidelines for the FMGS. 

During the past nine years, several prototype FMGS have been de

signed, fabricated and successfully tested at Oklahoma State University. 

It was observed during this process that, certain variations in the 

magnetic circuit design yielded significant advantages by way of reduc

ing the excitation requirements and improving the overall efficiency and 

power output capability. The variations in the magnetic circuit design 

changed the induced voltage waveform in the stator windings under both 

no-load and loaded conditions. In particular, a round (slotted) rotor 

with magnetic neutra 1 planes i.n the centers of a 1 ternate teeth (instead 

of being in centers of slots) corresponding to a no-load induced voltage 

waveform which is flat topped (esentially a rectangular pulse) resulted 

in the best performance, manifested in terms of high efficiency, improv

ed output voltage waveform (less filtering) and decreased excitation 

requirements. Absence of any previous theoretical study based on this 

phenomenon prompted this research. 
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The waveform of the voltage induced in the stator windings of an 

alternator changes with the load due to the associated armature reaction 

effects. Incorporation of solid-state power-conditioning devices at the 

outputs of rotating machines further distorts the waveforms and intro

duces harmonics in different parts of the system. In addition, the 

presence of stator tuning capacitors provides closed paths for harmonic 

currents to circulate. A rigorous analysis of the PBRS - alternator 

combination based on the initial source voltage waveform and its depend

ence on the load is extremely involved. Therefore, in this thesis, as 

a first step, some judicious approximations are made to enable the study 

of the basic behavior of the PBRS and the FMGS with non-sinusoidal flat-

topped waveforms. 
I 

In the absence of bridge input capacitor~, the induced voltage 

waveform in the stator windings of the FMGS is essentially a rectangular 

pulse. Thi.s suggested the first step in the theoretical development-

namely the analysis of the parallel-bridge rectifier system with rectan

gular-pulse source-waveform and resistive load. The induced voltage 

waveform in the stator windings under full-load conditions wi.th bridge

input capacitors and resistive load is very close to a symmetric trape-

zoid with top width approximately equal to one-third of the half-period. 

This is the net result of the no-load field form, magnetic cfrcuit con

figuration and armature reaction effects. Hence the PBRS is analyzed 

next with such trapezoidal source voltages, bridge-input capacitors 

and resistive loads. 

From the results of the PBRS analysis with trapezoidal source volt ... 

ages, a relationship between the normalized (with respect to the maximum 

source voltage) load voltage and circuit parameters is derived, Using 
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this as the starting point and by considering the low-frequency output 

as equivalent to a slowly-varying de, extension of the PBRS studies to 

the field modulated case is discussed. Although the basic design ap

proach for the field modulated generator is similar to that of a conven

tional three-phase synchronous machine, the effect of field modulation 

and operation at different speeds must be carefully incorporated in the 

machine design. These topics are discussed in detai1. 

Experimental investigations conducted using an available prototype 

show good agreement with the theoretical results. Deviations are vlithin 

allowable limits, in spite of the many idealizing assumptions made. Thus 

the results of this research have led to the development of sound design 

guidelines for the FMGS and have laid a viable foundation for further 

work. 

Chapter II considers the effect of rectangular-pulse source~voltage 

waveforms on the operation of the parallel-bridge rectifier system with

out bridge .. input capacitors. The two angles a and 8 related to the on 

and off conditions of various diodes determine the number of phases 

conducting simultaneously through the load and the stagger between the 

zeros of the source voltage and the corresponding phase current. Numer~ 

ical values of these angles are obtained as functions of the circuit 

parameter ratio (XL/R1 ) and the pulse width ratio (K). The non-sinusoidal 

nature of the input waveform requires splitting the conduction duration 

into a number of segments for the purpose of analysis, Different ranges 

of values for the angles a and 8 must be considered due to the overlapp

ing of current and voltage waveforms. The dependence of a and 8 on 

(XL/R1 ) and K is observed to be smooth and without jumps. Theoretical 

waveforms of different voltages and currents are obtained for specific 



148 

values of K and the parameter ratio {XL/RR.). For a given pulse width 

ratio K, as {XL/RR.) increases, both the angles a and B increase but the 

peak amplitudes of the load current and the phase current decrease. 

Chapter III introduces the assumptions made in the analysis of the 

PBRS with bridge-input capacitors and resistive loads for symmetric 

trapezoidal source voltages with top width equal to one-third of the 

half-period. The key assumption that simplifies the analysis involves 

the capacitor current during the conduction duration of a bridge. It is 

neglected as small in comparison with the load component of the bridge-· 

input current. In this case, the angles y and B determine the decoupl

ed duration of a bridge and the time difference between the zeros of the 

source voltage and the corresponding phase current, respectively. Two 

ranges of values for the sum {yts) are idendfted to include most of 

the practical cases of interest. Standard subroutines for the solution 

of simultaneous non-linear algebraic equations are employed tn the 

determination of the angles y and e. Numerical values of y and B are 

presented as functions of the ci.rcui t constant t"atios lXL/1\ l and 

(XL/Xc). Typical theoretical curt"ent and voltage waveforms are shown 

for a set of parameter ratios chosen. 

The parameter ratios (XL/RR.) and (XL/Xc) play a vital role in de

termining the on and off durations of the bridges. The transfer of con

duction from one diode pair to the other of any one bridge is associated 

with a decoupling of that bridge for a duration (y/w). During the de~ 

coupled duration of a bridge, the current flow is completed through the 

series circuit consisting of the co11111utating inductance and the bri·dge ... 

input capacitance. With large values of the bridge-input capacitance 

and the load resistance, over-voltages occur at the bridge-input termi-
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nals. With {y+S}<n/3, the angle s increases with a decrease in the load 

resistance and with a decrease in the bridge-input capacitance. In the 

region {y+s}>TI/3, the angle t3 increases with a decrease in the load 

resistance and with an increase in the bridge-input capacitance. The 

angle y increases with increases in the load resistance and capacitance. 

The peak amplitude of the capacitor current increases with an increase· 

in the load current. This has a tendency to make the humps in the 

bridge input voltage prominent. For given parameter ratios (XL/Ri) and 

(XL/Xc), the angles y and s obtained with trapezoidal source voltage 

waveform are a little larger than the corresponding values obtai'ned with 

sinusoidal source-voltage waveforms. 

Chapter IV discusses the assumptions involved in the extension of 

the PBRS studies to the field modulated case. The results of Chapter III 

are first employed to derive a relationship between E, Vd and the circuit 

parameter ratios (XL/Ri} and (XL/Xc). Assuming that the low-frequency 

output can be considered as equivalent to a slowly-varying de, the re~ 

sults of Chapter III are then extended to the field modulated case. 

Because of the modulation of the field, the magnetic circuit util

ization is poor in the FMGS. With the same peak value, the rms value 

of the currents with field modulation is lower than the rms value of 

the currents for the unmodulated case. Therefore, with the same max-

imum peak current density and conductor size, the copper losses in the 

stator will be less with field modulation. Thus the effect of poor 

magnetic circuit utilization is partly compensated by the fact that 

higher peak currents and correspondingly higher outputs can be allowed 

without exceeding the limit on the stator copper lossses in the field 

modulated generator. 
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It is appropriate at this point to formulate a rule-of-thumb to in

corporate the field modulation effect in the determination of the main 

dimensions for the field modulated generator. If it is possible to ar

rive at a factor by which the D2L product obtained by the conventional c 
machine design approach could be multiplied to include the modulation 

effects, then the design ~rocedure will be considerably simplified. 

The two effects, namely, the poor magnetic circuit utilization and the 

capability to carry higher peak currents, considered together, yield 

a factor which is between n/2 and n/212. A realistic value for the 

factor will be closer to n/21:2 especially because of the transfer of 

some of the rotor copper losses to the stator by the use of stator 

tuning capacitors. A value in the range of 1.15 to 1.2 is suggested in 

this thesis for this factor. 

The magnetic circuit and the excitation coil of the FMG should be 

designed on the basis nf the peak value of the output voltage. In order 

to develop a relationship between the peak value of the output voltage 

and the corresponding maximum value of the induced voltage per phase in· 

the stator winding, the effect of modulation can be considered as equiv-

alent to a slowly-varying de. Then the number of turns per phase in the 

stator can be determined based on the relationship between E, Vd' (XL/R£) 

and (XL/XC). A numerical example is included in Chapter IV to illustrate 

the design procedure. 

Chapter V starts with a description of the experimental investiga

tions conducted with the available lOkW, 220V, 7000r/min, 60Hz prototype 

field modulated generator system. The objective of the investigations 

was to determine the effect of varying the load resistance on the various 

current and voltage waveforms under resistive load conditions. An in-
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direct method for the determination of the commutating reactance by using 

a combination of theoretical and experimental results was developed. 

Three values of load resistance were employed to correlate the experi

menta 1 and the theoreti ca 1 va 1 ues of y, t3 and v: at at e? Y ) • ~lax i mum de

viations in y, t3 and va(at e=y) were 13.8, 11.1 and 10.14 percent re

spectively. All the oscillograms taken are documented, sample calcula

tions are presented and the sources of errors are discussed in detail. 

Finally, the good overall agreement between the theoretical and the 

experimental results confirms the validity of the assumptions made in 

the theoretical analysis presented and in the design guidelines 

developed. 

6.2 Scope for Further Work 

Extension of this thesis research is recommended in several areas. 

Symmetric trapezoidal source-voltage waveform effects on the operation 

of tne parallel-bridge rectifier system wi.th bridge-input capacitors and 

resistive loads should be extended to include; a) non-resistive (both 

inductive and capacitive) loads to encompass situations that will occur 

in practice; b) the effect of varying the top-width ·of the trapezoid on 

angles y, B and the output voltage; c) the effect of considering the 

harmonic content in the various voltages and currents of interest; and 

d) effects of non-ideal solid state devices and non-.ideal swi.tcning. 

The :design guidelines developed to include fie.ld modulation effects 

should be extended to the rotor and the magnetic circuit design, 

It has been observed during the experimental investigations that 

the source voltage waveform under 1 ight 1 oad condi.ttons does not remain 

a trapezoid and is highly distorted. Therefore studies on the PBRS with 
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bridge input capacitors should be carried out in detail to include light 

load conditions. 

Relaxation of the idealizing assumptions should start with the de

velopment of a method to include magnetic circuit saturation. One 

possible approach is to consider the commutating reactance to be a func

tion of the load and to introduce approporiate variations in the effect-

. ive rotor reactance. The effective commutating reactance of the FMGS 

with the special magnetic circuit should be expressed in terms of the 

machine physical characteristics to develop guidelines for future de

signs. Effects of phase shifts in the modulation envelopes on the opera

tion of the system--especially on the timing of the triggering signals 

required, should b~ investigated. Consequences of including the trans~ 
I 

. I 

former voltages in the machine stator windings and the development of a 

realistic model for the filter circuit are some of the refinements that 

require additional work. Extensive opportunities for further research 

exist in the areas of output filtering, transient behavior, stability, 

control and application aspects of the FMGS operating independently or 

in conjunction with utility grids. 
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