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CHAPTER I
PRELIMINARIES
Introduction

The central problem of linear programming: the optimization of a
linear, real-valued function under linear constraints, is commonly and
efficiently solved by means of the simplex method. However, the special
case in which variables of the linear function must take on only integer
values has not admitted a similar, efficient method of solution.

In 1958 R. Gomory (24) developed an algorithm for the solution of
the integer programming problem based on the idea of "cutting off" a
non-integral, optimal solution by means of an additional constraint.
Since that time, the focus of research in the area has centered on the
development of techniques to generate such cut constraints, and upon the
discovery of'algorithms to implement them.

One objective of this paper is to survey the development of tech-
niques for generating cuts. Another is to give descriptions of these
techniques motivated by their geometry and illuminated by means of ex-
amples. A third objective is to unify these cut techniques by showing
how they can be developed from a certain class of functionms.

This study will be limited by certain constraints. While several.

. algorithms for solving specific types of integer programming problems
have been developed, only methods used to solve general integer program-

ming problems will be discussed. Also, general-purpose methods other



than those using cut techniques will be excluded. Another limitation
involves the distinction between techniques used to generate cuts and
the algorithms which make use of these techniques. The literature in-
cludes surveys of the earlier algorithms (see (20)(5)(6)) while much
of the later research effort has involved finding new cut techniques to
be used in these algorithms. Therefore, while the nature of these al-
gorithms will be described, the focus of this paper will be upon the
techniques for cut generation.

As an illustration and a basis for discussion of the fundamentals
of integer linear programming consider the following example:

Example 1.1.1. A small computer training institute is considering

the addition of two courses to its curriculum. Course 1 requires eight
hours faculty time and one hour machine time per section per week. Course
2 reQuires three hours faculty time and one hour machine time per section.
per week..

The institute has available 27 hours of faculty time and five hours
of machine time per week. If Course 1 yields a net profit of $700 per
section (at capacity enrollment), and Course 2 yields a net profit of
$300 per section, how many sections of each course should be added in
order to maximize the school's profit?

This example can be set up as an integer linear programming problem
with two constraints and two variables. Let %y represent the number of
-sections of Course 1 added and x, the number of sections of Course 2»§dded.

The problem may then be stated:

maximize 700x1 + 300x2
subject to Bxl + 3x2 = 27
Xy + X, < .5, X, and X, 2 0 and integer.



Figure 1 is a graph of this problem. The vectors (xl,xz) which
satisfy the constraints of the problem are the lattice points bounded by
tﬁe axes and the lines: 8xl + 3x2 = 27 and X + x, = 5. The slope of
the produced line 700x1 + 300x2 is also shown.

Definitions and Conventions

An integer linear program (ILP) is a mathematical model which is
- designed to produce one or more vectors which optimize a given function
‘while satisfying a system of constraints. The function to be optimized,

the objective function, must be linear, and the optimization may be

either maximization or minimization. The system of constraints consists
of linear inequality, non-negativity, and integrality constraints.

‘In general any maximum integer linear program with m constraints and

n variables can be stated:

maximize CiXp Feoxy + ..o X } (1.2.1)
subject to a;1%; + a; %, + .. .+ aj X, < b1 (1.2.2)
a,1%y + 259X, + .. .+ a2nxn < b2

SR < ’
amlxl + am2x2 amnxn bm

x =0,

and ‘ xl, Xgs o o o5 X

X5 X5 o o o5 X integer.

This maximum ILP can be stated more succinctly in matrix form:
maximize xc
subject to Ax = b, x 2 0 and integer,
‘where‘x = (xl, Xps - ..., xn), c = (cl, Cos = o o cn), b = (bl, bz?";’bug’

20, i=1, 2, . . ., n, and x integer means X

i

A= (aij)’ x = 0 means Xy

integer, i =1, 2, . . ., n.



Slope of 700x; + 300x,

g—o—o—o—o

L o N ‘ X1

Figure 1. Graph of Example 1.1.1



The ILP of Example 1.1.1 can be written in matrix form:

maximize (xl,xz)-(700,300)

8 3 X 27
subject to = . (xl,xz) =2 0 and integer.
» 1 1 X, 5

It is sufficient to consider only the maximum ILP since any minimum
ILP can be written as a maximum problem. For example, consider the fol-
lowing minimum ILP:
minimize xc'
subject to A'x 2 b', x 2 0 and integer.
By setting ¢ = -¢', b = -b', and A = -A' this ILP can be written as:
ﬁaximize xc
subject to Ax = b, x 2 0 and integer.

The maximum ILP with inequality constraints (1.2.2) is said to be

in standard form. It is sometimes convenient to write these constraints

as equations rather than inequalities. To accomplish this a non-negati#e
variable must be added to the left-hand side of each inequality constraint.

The ILP resulting from this modification is said to be in canonical form.

This canonical form of the maximum ILP can be stated:

maximize c,Xx +¢c.X,+ .. .+cC

1 272 n’n

subject to a . x, + aj9%, +...+a

1151 X +x = b

1n'n n+l 1

alel + a,,X, + . . .+ aznxn + X 42 = b2

amlx1 + amzx2 + .. .+ amnxn + xn+m = bm

and =0 and x

Xis X o o o5 X0

10t x, integer.

The non-negative variables, x

a1’ Fnd2t 0 0 Xoam? added to each

inequality of the standard maximum ILP to form the m equations of the.



canonical form are referred to as slack variables. In the case of the

minimum ILP the left-hand side of each inequality is greater than or
equal to its right-hand side. Therefore, in order to transform the stan-
dard minimum ILP into a canonical problem negative slack variables should
be added to the left-hand side of each constraint. However, if the stan-
dard minimum ILP is first transformed into a standard maximum ILP, and
this_standard maximum problem is then written in canonical_form, negative
slack variableé can be eliminated.

The canonical maximum ILP can be written in matrix form:

maximize x'

c' . -~ (1.2.3)
subject to A'x' =b', x' =2 0 and (xl, Xy o o e xn) integer,
where x' = (xl, Xps =« o5 X5 X0y o 0 oy xnﬁﬂgﬂ c' = (cl, Chs + o =

oo 0, « . ., 0, 0b"= b, and A' = (A : I). Example 1.1.1 appears in
this form as:

maximize (xl, Xys Xg, xa)'(700, 300, 0, 0)

8 3 1 0 [ JT [27:,
subject to X,, X,y X,, X =
1 1 0 1 17 727 737 T4 5]°

(xl, xz; X35 x4) 2 0 and (xl, XZ) integer.

1Whilé the coefficients of c¢', b', and A' in (1.2.3) may take on real
values in ge;eral, the nature of the problem for which the.iLP.is a model
usually requires only ratiomal coefficients. Example 1.1.1 with its coef-
ficients representing hours of time and dollars of profit is typicél. Also,
the digital computers on which almost all ILP problems are evaluated admit
only rational values for input, output, and computation. Thus, the assump-
tion that the objective function and coﬁstraint coefficients be rational
is not limiting in any practical sense.

Furthermore, any equation (or inequality) with rational coefficients



can be written as an equation (or inequality) in iﬁtegral coefficients by
multiplying through by a common denominator. This mulfiplication does
not change the nature of theAconstraints. Their representation is altered,
but they remain the same. However, multiplying.the objective function by
a constant will change its nature. If the objective function x'c' of (1.2.3)
is maximized at X = (ii, ié, . . ;, §£+m) with value xc', tﬁen the function
kx;c', where k is a positive constant, will also be maxiﬁized at X, but
with a value of kxc'. Therefore, multiplying the objective function by a
positive constant will not change optimal solutions of the maximum ILP,
but will_cause a change in the value of the objective function. »Since
this new value will be the constant k times the previous value, the pre-
vious value can be determined with little difficuyty.

Thus, it can be assumed that any ILP can be written in the form of a
canonical maximum ILP with integer coefficients:

maximize xc v (1.2.4)
T

)" =b

subject to  (A:I)(x; X41® ¢t 00 Foam

and (x; ) 20 and x integer,

*n41? > *nim
where x and:c are n-vectors, b is an m-vector, I is the m X m identity
matfix;-A is an m X n coefficient matrix, and ¢, b, and A are integral.
It may be néted that while the slack variables X 10 Xpgos = 0 oo X o
are noﬁ required to be integer valued, they will take on integer values

in (1.2.4) when x is integer.

Several abplications of linear programming involve questions for

which the answers are of the nature "yes" or '"mo"; for example, an assign-
ment‘problen asking which worker should be assigned to which job in order

to maximize productivity. Such problems are usually formulated as linear

zl,

programs in these terms: a 'yes" answer corresponds to a value X



"no" to x, = 0. For this reason such problems are referred to as

and a i

zero-one or binary linear programs. A maximum binary linear program may

be stated:
maximize xC (1.2.5)
subject to Ax = b and X; = 0 or 1, i =1, 2, . . ., D,
where x and c¢ are n-vectors, b is an m-vector, and A is m X n.
It is possible to recast such a maximum binary linear program as a
ékandard maximum ILP by including inequality constraints which force the
x; to be no greater than 1. The binary problem (1.2.5) can then be stated:

maximize Xc

subject to A'x =b', x 2 0 and integer,

A
where A' = {--- and b' = (bju) where u is the n-vector (1, 1, . . ., 1).
I

The Associated Linear Program

If the integrality condition on the variables x, and X, of Example

1

1.1.1 is relaxed the resulting problem is a maximum linear program:

maximum 700x1 + 300x2 (1.3.1)
subject to 8x1 + 3x2 = 27 (1.3.2)
X, + X, < 5
and X1 Xy = 0.

The linear program (LP) associated with an ILP is called the associated
LP. The associated LP is also referred to as a relaxation of the ILP,
because the integrality constraint has been relaxed. The ILP, on the
other hand, is often referred to as a restriction of its associated LP.
The constraint system of the associated LP (in standard form) consists of

only the inequality and non-negativity constraints.



The collection of all vectors which satisfy the constraint system of

the associated LP is called the feasible set. A member of the feasible

set is called a feasible solution of the associated LP or just feasible.

If -the feasible set is empty the LP is said to be infeasible. In Example
1.1.1 the feasible set is the set of all vectors bounded by the axes and

- the lines: 8x1 + 3x2 = 27 and Xy + X, = 5. An example of a feasible so-
lution for Example 1.1.1 is the vector (3/2, 5/2).

The feasible set of Example 1.1.1 is closed and bounded and thus the
linear objective fuhction will be bounded on the feasible set and assumes :
its maximum there; that is, there is at least one vector, (ii,'ié), in
the feasible set such that 700xl + 300x2 = 700§i + 300§é for every vector
(xl, xz) in the feasible set. 1In general, the objective function of any
LP with a bounded feasible set will be optimal for at least one feasible

solution. Any such feasible solution (i.e., one which optimizes the ob-

jective function) is called an optimal solution of the LP.

An LP with an unbounded feasible set may not possess an optimal
solution. However, the feasible set of an associated LP mAy'be assumed
to be bounded. For if the feasible set is unbounded in the direction of
the uﬁit vector u,, a constraint: Xy < M (M arbitrarily large), may be
added to the LP.

Figure 2 shows the feasible set of the associated LP for Example 1.1.1,
along with a sequence of parallel lines representing various values of the
objective function. Any vector on a given line will give the same value
to the objective function. As the objective function increases in value
the correspoﬁding line ié pushed outward from the origin. The outermost

line passes tHrough the feasible solution x = (12/5, 13/5). Any line

representing a greater value will contain no feasible solution.
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‘:i*f:;‘xl + X9 =5

(12/5,13/5)

8x; + 3x, = 27

\ -\
\ A\ 1
700x; + 300x, = 0, 700, 2000, -~ 2700

| Figure 2. Graph of Associated LP of Example 1.1.1

* 1,3 w,m " 5,3
| | (12/5,13/5)

:1\‘/

Feasible set of

Associated LP
_5x2 = :N »

(1,2) * (2,2 * 62

-le =

Figure 3. .Graph of Example 1.1.1 with Additional Constraints



1

Thus, X = (12/5, 13/5) is an optimal solution of the associated LP. 1In
this case X is the only optimal solution. However, had the produced line

been parallel to the line 8x, + 3x2 = 27 any feasible solution on that

1
line would have been an optimal solution.

In general, the bounded feasible set for an LP with m coﬁstraints
and n variables is a convex polytope in Rn whose faces are contained in
the hyperplanes which represent the constraints of the LP. It can be
shown (36, p. 22) that any such LP will possess an optimal solution which
is an extreme point of this convex polytope. Thus, if only one optimai
solution to an associated LP exists (as in Example 1.1.1) it must be an
extreme point of the feasible set; and if an optimal solution is found
which is not an extreme point, another can be found which is.

A vector which satisfies all the constraints of the ILP (including

non-negativity and integrality) is said to be a feasible solution to the,

ILP or just ILP-feasible. The collection of all such vectors is called

the ILP-feasible set. Any ILP-feasible vector which optimizes the objec-

tive function of the TLP is said to be an optimal solution‘gg the ILP.

The ILP-feasible set is, therefore, a subset of the feasible set of
the associated LP. Thus, the maximum value of the objeétive function of
tﬁe ILP will be no greater than that of the associated LP. It may occur
that an optimal solution of tﬁe associated LP exists while the ILP-feasible
set is empty. As an example of this situation consider the ILP of Example
1.1.1 with the additional constrainté:

—le = -11
.—5x2 = ~11.
Figure 3 illustrates the feasible set of this associated LP and its optimal

solution. 1In such a case no optimal solution to the ILP exists.
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Approaches to Solving the ILP

There are two basic approaches to the problem of isolating an optimal
solution from among the vectors of the ILP-feasible set. The first approach
is based on the fact that the convex polytope representing the bounded
feasible set of the associated LP contains only a finite number of lattice
points (i.e., the ILP-feasible vectors). This approach, called enumeration,
attempts to list each ILP-feasible vector along with its objective function
value. An ILP-feasible vector whose objective function value is optimal
is, therefore, an optimal solution to the ILP.

To illustrate this approach consider Example 1.1.1. The 17 ILP-
feasible vectors are shown in Figure 1. An examination of these vectors
reveals that the vector (0, 0) gives the minimum value to the objective
function while the vector (3, 1) gives the maximum value. An optimal so-
lution to this ILP is thus x = (3, 1) with an optimal value of 24.

This type of enumeration is primitive in that all ILP—feasible vectors
‘are considered explicitly. Obviously, such a procedure would be of little
use with even a medium;sized problem such as oﬁe tested by G. T. Martin.(38):
a 42 city traveling salesman problem (i.e., a problem of finding the short-
_est route by which a salesman can tour the 42 cities). This problem in--
volved 84 constraints and 861 binary variables; and thus, on the order of
2861 ILP-feasible vectors. As a result most enumeration techniques employ
methods which implicitly enumerate as many ILP—feasible vectors as possible.

For example, the fact that the objective function of Example 1.1.1
has no negative coefficient would imply that the objective function value
of the vector (2, 2) is at least as great as that of (2, 1), (0, 1), (1, 2),
(l,'l), (1, 0) or (0, 0); and thus, that these vectors need not be listed

‘explicitly.
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The second basic approach to locating an optimal solution to an ILP
is based on the concept of generating an additional constraint for the
associated LP. First, an optimal solution for the associated LP is found.
If this.solution is non-integral an additional constraint is generated
which eliminates or ''cuts off" part of the feasible set including the
associated LP's optimal solution. This constraint must not, however,
eliminate anyFILP—feasible vector from the feasible set. Thus, a new,
smaller feasible set results which still contains all ILP-feasible vectors.
The objective function is now optimized over this smaller feasible set.

If the resulting LP optimal solution is integral, an optimal solution to
the ILP has been found; otherwise, the process is repeated.

Techniques which use this approach are called cutting-plane techniques

or cut techniques, and any new constraint added to the associated LP which

does not eliminate any ILP-feasible vector from the feasible set is termed

a valid cutting-plane or simply a valid cut.. In general, a cut should be

deep enough to eliminate the current LP optimal sdlution, but not so deep
as to cut off any ILP-feasible vector. In addition, the relationship be-
tween consecutive valid cuts should be such that the technique will con-
verge to an ILP optimal solution in a finite number of iterationms.

Figure 4 shows the feasible set and an optimal solution of the asso-
ciated LP of. Example 1.1.1 along with a v#lid cut:

2x1 + X, < 7. (1.4.1)

If this cut comstraint is appended to the problem, a new.optimal solution
" to the associated LP results. This solution, (3, 1), being integral, must
be an optimal solution to the ILP.

The cut (1.4.1) passes through two ILP-feasible. vectors. In general

this will not be the case; a valid cut need not pass through any ILP- .

feasible vector. However, cuts like (l.4.1) are desirable because they



Slope of

. . ° 700x3 + 300x3
(3,1)
: 8xy + 3xp = 27
, - - .
- Figure 4. Graph of Example 1.1.1 with a Valid Cut
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are coincident with a face of the convex hull of the ILP-feasible set,
and therefore cut as deeply as possible into the feasible set without
cutting off an ILP-feasible vector.

It may be noted that (3, 1), the optimal solution found for the ILP
of Example 1.1.1, is not the closest ILP-feasible vector to the initial
LP optimal solution, (12/5, 13/5). 1In fact there are five ILP-feasible
vectors éloser to (12/5, 13/5) than is (3, 1). This situation is.not un-
typical and demonstrates the need for techniques designed specifically |
for the solution of the ILP. A. Story and H. Wagner (41) list several
examples of scheduling problems solved by means of an ILP for which the
ILP-feasible veétor nearest the'optimal solution of the associated LP

gives an objective function value far'from the optimal value of the ILP.
The Simplex Method

. The discussion of cutting-plane methods disclosed the fact that a
solution to the associated LP is required at possibly several points in
the process of solving an ILP by means of a cut technique. This is also
true of several of the enumeration methods. There exists an intimate
relationship between integer and linear programming. For this reason the
- simplex method, the basic gechnique used to solve linear programs, will
be reviewed.

Consider the associated LP of Example 1.1.1:

maximize 700x1 + 300x2'
subject to 8xl + 3x2 + X4 . =27
x, + X +x, =

1 2 X, = 5, and xl, X, = 0.
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This canonical maximum linear program can be written in the form:

maximize Xy = Cp¥p + . ' : (1.5.1)
subject to BxB + NxN =b
and Xgs Xy =0,

3 1 8 0 X X 300 700
where B , N= > Xp = 2 T 1 > ¢p = > Sy = .
1 O 1 1 X X 0 0
L 3 4
aﬁd 27}
b =l.5 .
0 1

Since B-l exists and equals[ ], a solution to (1.5.1) can be found
1 -3

be setting x, = 0 and then

oL )

The vector x = (xB; xN) = (xz, X35 Xg» x4) = (5,12; 0, 0) is called a basic

N

solution to the linear program, and the matrix B = [3 1}
1 0

is called a basis matrix to the LP. In general, when the columns of any
canonical LP in the form Ax = b are arranged so that A = (B, N) where B-

is an m X m, non-singular matrix, then B is called a basis matrix for the

LP. A solution x = (xB, xN), where Xp = B—lb and Xy = 0, is called a

basic solution. If the basic solution is also in the feasible set it is

called a basic feasible solution. The variables of the vector Xp are
those associated with the columns of the basis matrix B, and are there-

fore called basic variables. Likewise, the variables of the vector Xy

associated with the columns of N are called nonbasic variables.

A fundamental result in linear programming is the following: 1If a
LP has an optimal solution, it has a basic optimal solution. (See for

example D. Gale [18, p.84]). This implies that for a bounded LP, for
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which an optimal solution exists, a basic feasible solution exists which
is optimal. Thus, at least one basic feasible solution exists along with
its basis matrix B. In most cases more than one basis matrix can be found.
~In fact it is possible that up to (3) different basis matrices could be
found since each basis matrix is made up of n columns of A taken m at a
time.

Table 1 gives the six basis matrices.for the LP of Example 1.1.1 along
with the inverse of each and the value of Xp of the-corresponding basic
solution. Figure 5 represents a graph of the feasible set of the LP and
the Xy» xz—coordinates of the six basic solutions. It can be seen that
the basic feasible solutions on the graph correspond to extreme points’

- (0, 0), (0, 5), (12/5, 13/5), and (27/8, 0) of the‘convex polytope rep-
resgnting the féasible set. In fact it can be shown that a feasibleivector
corresponds to an extreme point if and only if it is a bésic solution (see
_ D.>Luenberger‘[36, p. 21])). 1In that light it can be seen that the previous
statement that the existence of an optimal solution implieé the existence
of an optimal extreme point solution is the geometric'equivaleht of the
staFement that the existence of an optimal solution implies the existence
of a basic optimal solution. |

The plan of the simplex method, in geometric térms, is to find an
extreme point of the convex polytope of the feasible set of the bounded,
maximum LP, and then move from extreme point to adjacent extreme point in-
cfeasing the value of the objective function with each move until an optimal
éolqtion is reached. The fact that the convex polytope has only a finite
numbef of extreme points guarantees a local optimal solution ﬁill be reached
in a finite number of moves.

The simplex method can also be described in élgebraic terms. First

a basic feasible solution is found; then an "adjacent" basic feasible
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solution which increases the value of the objective function is found.
This second basic feasible solution is adjacent to the first in the sense
that it has the same basic variables but one. The. process is continued
until the objective function value cannot be improved by any adjacent basic
feasiblé solution. The fact that there are no more than (3) basic feasi-
ble solutions, together with the fact that improvement in the objective
function value occurs at each iteration implies a local optimal solution
will be found in a finite number of iteratioms.

A result from classical optimization (12), sometimes referred to as
"The Fundamental Theorem of Convex Programming', states that ény local
maximum (or minimum) of a convex programming problem is a global maximum
(or minimum). A convex programming problem is one in which a concave
function is maximized over a convex set or a convex function is minimized
over a convex set. Since every LP is either a maximization or a minimi-
zation of a linear function (which is both convex and concave) over a cén—
vex feasible set, then any local optimum found by the simplex method will
be global. Thus, the simplex method will converge in a finite number of
mbves.

While it is true that for each extreme point of the convex polytopé
representing the feasible set of a bounded LP there exists a correspond-
. ing basic feasible solution, the correspondence is nof one-to-one., There
.may be more than one basic feasible solution at a particular extreme point.
This situation, described here in geometric terms, is referred to as

degeneracy. A degenerate basic solution is one in which at least one basic

variable has a value of zero. Thus, in moving from a degenerate basic
feasible solution to an adjacent degenerate basic feasible solution, two
basic variables with value zero may be interchanged leaving the objective

function value unchanged. Consider the following example:
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.Example 1.5.1 maximize 2xl + 5x

2
subject to Xy + 2x2 + X, =2
3x1 + X, + X, = 6,

>
X15 X5 X3, X, Z 0.
The two degenerate basic feasible solutions,

X 2 X 2
X, 0 X 0

3

both give a value of four to the objective function, and they both lie on
the same extreme point of the feasible set, (xl, x2) = (2, 0). The sim-
plex method as described algebraically could possibly alternate between
these two basic solutions without ever getting to a solution which wbuld
' increase the value of the objective function. |

What is needed is a method to prevent the selection of a basic solu-
tion with variables of the same value as those of the current basic solu-

tion. The method commonly uéed is based upon the concept of lexicographic

ordering. A vector is lexicographically positive if its first non-zero

entry is positive. A vector x is lexicographically greater than a vector
y if the vector x - y is lexicographically positive. The simplex pro-
cedure can be modified so that choices of departing variables depend upon
lexicographic ordering of vectors thus preventing the interchange of two
'1exicographically equal degenerate. vectors.

The simplex method can be written in terms of an algorithm. But
before that can be done some notation must be introduced. Suppose that
a canonical méximum LP:

maximize xc (1.5.2)

subject to Ax = b, x 20,

is to be solved. If the basis matrix, B, corresponding to a basic feasible
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solution exists then the LP (1.5.2) can be written:

maximize Xy = cp¥Xp + XN (1.5.3)
subject to BxB + NxN = b, Xy =0, Xy = 0. (1.5.4)

. -1 . . -1 -1 : .
Since B ~ exists, (1.5.4) implies that Xg = B"b~-3B NxN. Using this

) | -1
expression for Xps (1.5.3) can be written Xy = cBB b - (cBB N cN)xN.
These results can be recorded in matrix form as:

-1 1

X, cBB b cBB N - Cy (1.5.5)
i -1 ) -1 W
Xp B b BN
To simplify this notation define
-1
cBB b Y00 |
Yo = = y s
0 -1 . }0
B b H i
Ym0
-1
cBB aj - Cj yoj .
y. = _ = Yqs > = X, ( s > ) = s
j B 1 aj :!.J xBO 0 xBl XBm *B
Yﬁj

aj as the jth column of N, and R as the index set for the colummns of N.

With this notation (1.5.5) can be written:

prOH [ Yoo (Vo3 |

xBl Y10 Y13

x; = yéo - ;E: y;j . xj; : (1.5.6)
T . JER . '

ENEESY Yo |

(1.5.6) contains all the necessary information for each basic feasible
solution to (1.5.2). By setting Xj =0 in (1.5.6) for all j in R (i.e.,

by setting Xy = 0) the value of the basic feasible solution corresponding
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to the basis matrix B can be determined along with Xy» the value of the
objective function. When a move is made to an adjacent basic feasible
solution equation (1.5.6) reflects this by replacing XB (the departing
variable) with X (the entering variable) in the matrlx on its left-hand
side.

Equation (1.5.6) is usually represented in the form of a table called

a simplex tableau. Table II is a simplex tableau which represents (1.5.6)

by assuming an equal sign after the column of basic variables, plus signs
after each of the remaining columns (except the last), and that each col-
umn with a nombasic variable above it is multiplied by that variable.
Given this notation, the simplex algorithm for finding an optimal
solution for (1.5.2) by means of‘finding improved basic feasible solutions
can be summarized:
STEP 1. (Initialization.) Find an initial basic feasible solution

with basis matrix B. Go to STEP 2.

STEP 2. (Test for optimality.) If Y03 2 0 for every j in R then
the current basic feasible solution is optimal. 1If yOj < 0 for some

j in R, go to STEP 3.

STEP 3. (Choosing an entering variable which will improve the ob-
jective function value.) Select any variable X k in R, to enter

the basis so long as yOk < 0. Go to STEP 4.

STEP 4. (Choosing a departing variable so as to keep the basic

solution feasible.) If Yik =0 foralli=1, . . ., m then no op-
timal solution exists because of thé unboundedness of the feasible
get. Otherwise, find minimum, i =1, . . ., m-[yio/yik | Vi 0}.

If i = r gives the minimum, choose Xp to leave the basis. Go to
r
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TABLE Il

THE INITIAL SIMPLEX TABLEAU

Nohbasic Variables

.
LI BN ) xi L N xk L ]
X0 | Yoo ~ Yoj Yok
Easic . . - o R ‘ .
*B, | Y10 Y1y Yik
Variables ° * ‘ o * ' ¢
+xBr Yro yrj Yrk
. L] ' L ] [ ]
"Bm Ym0 T Yuk
TABLE III
THE SECOND SIMPLEX TABLEAU
Nonbasic Variables
-X ' -X,
® e 0 j LN ﬁr L ]
X | Yooo CowYro/Yex) Yo37 Cow¥ri/ V) Vox/Yrk
Basic . . . ) . A . °
Yio~ (V0¥ /Y1) Voim GeuFouly) v ly
Variables "Bi 10~ “Yik'ro’ Ik 137 YVik¥ry Yk ik’ Trk
| Yeo/ Yk Vey / Yo 1/ v
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STEP 5.

STEP 5. (Pivoting to rewrite the tableau in tefms of the new set of
basic variables.)
(i) Divide the rth row of the tableau by y?k, the pivot
element.
(ii) Multiply the new rth row by Yik and subtract it from
the ith row for i =0, 1, . . ., m; i # r.
(iii)' Replace the old kth coiumn by its negative divided
by Y e except that Yok itself is replaced by l/yrk'
Go to STEP 2. |
Table III represents Table II after ome iteration of the simplex algorithm
(i.e, one pass through steps 1 through 5).
For an example of the simplex algorithm'applied to an LP recall the
1 -0
| [o 1]'
Therefore, X4 and x, are basic variables, X and x, are nonbasic, the

initial basic feasible solution is (xB; xN) = (x3, X5 %5 x2) = (27, 5;05,0),

associated LP to Example 1.1.1. Choose as a basis matrix B

and the initial objective function value is Xg = 0.

Figure 6 lists the initial tableau and succeeding tableaux for each
iteration of the simplex algorithm. Arrows indicate the variables enter-
ing and departing from the basis. The pivot element is the element whose
row and column both have arrows. The pivot element for the first itera-.
tion is Yo = Yoo = 1. Basic variables after the first iteration are X3
and Xy the corresponding basic feasible solution is (xB; xN) = (x3,'x2;
15 x4) = (12, 5; 0, 0), and the objective function value is Xy = 1500.
Since Yo1 = ~400 is negative, the optimal value has not been reached.

The pivot element for the second iteration is Yo = Y11 5. The

11

basis variables are Xy and X, after the second itefation, the corresponding
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_ _+
X) X,
X, 0 -700 -300
Xq 27 8 3
+x4 5 1 1
Initial Tableau
—-+ —
X )
X, 1500 =400 300
+x3 12 | 5 -3
x2 5 1 1
Second Tableau
—X3 "X4
X 2460 80 60
xl' 12/5 1/5 -3/5
%, 13/5 -=1/5 8/5

Final Tableau

Figure 6. Tableaux for
the Simplex Algorithm
Applied to the LP of
Example 1.1.1
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basic feasible solution is (xB; xN) = (Xl’ X3 #3, x4) = (12/5, 13/5; 0,0),
and the objective funciton value is 2460. Since yOj 20 for j =3, 4 thisv
represents an optimal solution to the LP.

In terms of the graph of this LP in Figure 2, the simplex algorithm
corresponds to beginning with the initial extreme point (xl, x2)~= (0, 0),
moving (by means of the first iteration) to the adjacent extreme point

(xl, xz) = (0, 5), and finally to (xl, X,) = (12/5, 13/5).

)

In the previous example an initial basic feasible solution (xB; xN) =
(x3, X5 Xy xz) = (27, 5; 0, 0) was apparent; but this may not always be
the case. Fortunately, the simplex proce&ure itself can be used to locate
an initial basic feasible solution. The problem is to find a basic non-
negative solution of:

. Ax = b. ‘ (1.5.7)

This can be set up as a maximization problem:

maximize w(=-u) (1.5.8)

subject to [A'% ImJ . [X] =b', x, w=0,

: \J4
where w is an m-vector, u is the vector (1, 1, . . ., 1) in Rm, and A'
and b' correspond to A and b in (1.5.7), but with signs changed so that

b' 2 0. This problem (1.5.8) is called the corresponding problem to

(1.5.7).

Now, (1.5.7) will have a non-negative solution if and only if the
maximum value of (1.5.8) is zero, in which case the value of w will be
zero and the value of x will solve (1.5.7), and thus be the desired in-
itial basic feasible solution.

To illustrate this point consider the problem of finding an iﬁitial

basic feasible solution to the LP of the following example:
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Example 1.5.1

maximize 2xl + X,
subject to —2x1 + 2x2 + 2x3 = -4
5x1 + 3x2 + 2x4 = 15
and X1 Xy5 Xg, X, = 0.

The .corresponding problem (1.5.8) may be written:
maximize (wl, wz)'(—l, -1)

2 2 -2 0 1 0 T |*
subject to ) (Xl’ Xg» %3 Xy Vpo WZ) 7~5'

5 3 6o 2 0 1

>
and Xps Koy Xgy Xy Wiy Wy 2 0.
4 1 0
Since b' =[;5] is non-negative, it is seen that taking 0 1 for a basis
matrix, and thus, vy and v, for basic variables, will result in a basic

feasible solution for the corresponding problem. ‘Therefore, this corre-

4éponding problem can be solved by the simplex algorithm yielding an opti~
mal solution (xl, Xys Xgs Xy Wi, w2) = (2, 0, 0, 5/2, 0, 0). Therefore,
the vector (xl,vxz, X35 x4) = (2, 0, 0, 5/2) represents an initial basic

feasible solution to the original LP.

The standard maximum LP:

maximize XC
subject to Ax =< b : (1.5.9)
and x =20,

is related in a special way to the minimum LP:

minimize vb
subject to vA = ¢ (1.5.10)
and v 20.

The maximum LP (1.5.9) is called the primal problem and the minimum prob-

lem is célled,the_dual problem.
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The unique relationship between these two LP's is demonstrated by

the Fundamental Theorem of Duality which was first noted by J. von
Neumann (39).

If the primal and dual problems both have feasible solutions then
they both have optimal solutions and their optimal objective function
values are the same. If either problem has no feasible solution, then
neither has an optimal solution.

As an illustration, consider the primal LP associated with Example
1.1.1:

maximize (700, 300)x

- 8 3 27
subject to x = and x = 0.
1 1 5 ‘

The corresponding dual problem is:

minimize (27, 5)v

8 3 700 _
subject to ve and v = 0.
1 1 | 300

If this dual problem is rewritten as a standard maximum LP and solved

v

by the simplex procedure, an optimal solution-V = (80, 60) ié found. The
resulting optimal objective function value is (27, 5)v = (27, 5)(80, 60) =
2460. As indicated by the Fundamental Theorem of Duality this value is
the same as the optimal objective function value of the primal problem:

(700, 300)x

(700, 300)(12/5, 13/5) = 2460.

It might be observed that the values 80 énd 60 appear in the first
row of the final tableau of Figure 6. This is no accident. Just.as the
current basic feasible solution of the primal problem can be determined
from the first column of each tableau, a corresponding current basic so-
lution to the dual problem can be determined from the first row. The

initial tableau of Figure 6 implies an initial dual basic solution
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(v3, V43 Vps v2) = (-700, -300; 0, 0) with an objective function value of
0, and the second tableau implies a dual basic solution (v3, Vo3 vy v4) =
( - 400, 300, 0, 0) with an objective function value of 1500. Except for
that of the final tableau, these basic solutions of the dual are not fea-
sible and their objective function values are both less than'the minimum
of 2460.

These facts suggest an alternative way of viewing the simplex proc-
ess. The simplex algorithm can be described as a procedure which searches
for an optimal solution while maintaining feasibility for the primal, but
the same process from the point of view of the dual problem is one of
searching for a basic feasible solution while maintaining the optimality.
Is it possible then to define an algorithm for the solution of the primal
which begiﬁs with a basic solution which is not necessarily feasible, but
does satisfy the optimality conditions of the simplex algorithm (i.e.,
ij 2 0 for every j in R) and then. searches for a feasible solution by
bringing new variables into the basis?

Such a procedure has been developed by C. Lemke (34) and is named
the dual simplex method. This method can be summarized in terms of the
previously developed notation:

STEP 1. (Initialization.) Find a bassis B such that ij = 0 for

every j in R (i.e., the optimality conditions of the simplex algorithm

are satisfied). Go to STEP 2.

STEP 2. (Testing for primal feasibility.) If Yi0 >0 for i =1,
.., m then the current basic solution is feasible and therefore,
since it also satisfies ij > 0, must be optimal. If not, go to

STEP 3.
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STEP 3. (Choosing a departing variable to 'improve" feasibility.)

Select any variable x to leave the basis so long as Y0 < 0. Go

B
T

to STEP 4.
STEP 4. (Choosing an entering variable to maintain optimality
conditions.) If yrj > 0 for all j in R then no optimal solution

exists due to the primal. problem being infeasible. . Otherwise, find
j 1y

choose xk to enter the basis. Go to STEP 5.

maximum {yoj/yr . < 0}. Suppose j = k gives the minimum. Then

r]

STEP 5. (Pivoting to rewrite the tableau in terms of the new set
of basic variables.) Pivot as in STEP 5 of the simplex algorithm.

Go to STEP 2. !

As an illustration of the dual simplex method consider the following
_example:

Example 1.5.2:

minimize Xy + X,
subjecﬁ to 2xl + X, = 4
X + 2x2 =25
and xl, x2 = 0.

This problem can be restated as a canonical maximum problem:

maximize X T X,
subject to —2x1 - x2 + x3 = -4
Xy - 2x + X, = -5
and Xy X, = 0.

The initial basis matrix B = 12 with basic variables x3 and x4

to be a straightforward choice. However, the corresponding basic solution

seems

(XB’ X5 Xys x2) = (-4, -5; 0, 0) is not feasible. Thus, the dual simplex‘
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method may solve this problem more efficiently than the simplex method.

The initial dual simplex tableau is:

*1 2

Xq 0 1 1
“xy | -4 -2 -1
x, | -5 -1 -2

Note that Vo1 = 1 and Yo2 = 1 are both non-negative as required. Since

Y10 = -4 and Yoo = -5 are both negative, either x, or X, could be chosen

3

to be the departing variable. If Xy is chosen, the entering variable must

be Xy since the maximum {1/(-2), 1/(-1)} = 1/(-2) implying that the pivot

element is Y11 = -2. After pivoting the second tableau. can be written:
- %
*3 2
X -2 1/2 1/2
x) 2 -1/2 1/2
X, -3 -1/2 -3/2

The departing variable chosen is x, since Y20 is negative, and the enter-

4
since the maximum {(1/2)/(-1/2), (1/2)/(-3/2)} =

ing variable is X,

(1/2)/(-3/2). After pivoting on Yoo = -3/2 the next tableau can be written:

~Xg X,
X -3 1/3 - 1/3
Xy 1 -2/3 1/3
x, 2 1/3 -2/3

Since Yo1 > 0 and Yoo = 0 this tableau represents an optimal solution

(xl, X3 Xg, x4) = (1, 2; 0, 0) with objective function value of -3.
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As in the example above the dual simplex method is useful when an
initial basic matrix is not apparent. However, its chief use in integer

programming is as a component in some of the cutting-plane algorithms.



CHAPTER II
THE DEVELOPMENT OF THE EARLY CUT TECHNIQUES
Relationshilp to Linear Programming

One relationship between integer linear programming and linear
programming involves the use of the dual simplex method in certain cut-
ting-~plane algorithms. To demonstrate this use of the dual éiﬁplex method
consider Example 1.1.1. Figure 4, a graph of this problem, shows the
feasible set for the associated LP along with a cdt (1.4.1). The final
simplex tableau for this LP (Fig;re 65 gives an oﬁtimal solution (xl,xz) =
(12/5, 13/5). The addition of the constraint (1.4.1) to the LP cuts this
optimal solution from the feasible set. Thus, the addition of the con-
straint (1.4.1) to the final tableau of Figure 6.produces a new LP, and
an initial basic solution which satisfies the optimality coﬁditions (yojzo

for every j in R) but is not feasible:

X, = (2.1.1)
Xy | 2460 80 60
x, | 12/5 1/5 -3/5
x, | 13/5 ~1/5 8/5
sy | -2/5 ~1/5 -2/5

The last row of the tableau (2.1.1) is a representation of &thke con-

straint (1.4.1) in terms of the nonbasic variables x3 and xa'and a new

slack variable 8y . The constraint (l.4.1) can be written in the form

34



35

2x1 + 32 + s, = 7 (2.1.2)
where sl > 0. The second and third rows of tableau (2.1.1) represent
equations for X and X, which can be substituted into (2.1.2) to give

sy = —2/5.+ 1/5x3 + 2/5x4 (2.1.3)

Equation_(2.1.3) is then represented in the last row of the tableau.

The basic solution of tableau (2.1.1) suggests the use of the dual
simplex method because it satisfies the two requisites for an initial
basic solution of the dual method: the optimality conditions are satisfied
and the solution is infeasible. After one dual simplex iteration, pivot-

ing on the lower right-hand corner element, tableau (2,1.1l) becomes:

—X3 "'Sl | (201-4)
XO 2400 50 150
X, 3 1/2 -3/2
X2 J »l ’ -1 4
X, | 1 1/2 -5/2

The basic solution represented by (2.1.4), (xl, Xys X5 Xg, sl) = (3,1,1;0,0),
"satisfies both optimality and feasibility requirements and is consequently
aﬁ 6ptimal'solution to the new LP. Furthermore, since the éolution is al-
so integral it is an optimal solution of the ILP of Example 1.1.1.
The cut (1.4.1) which led to an optimal solution of the example was
produced by inspecting the geometry of the ILP. In general this will not
be possible. Thus a question central to this paper arises: 1Is it pos-
sible to generate cuts like (1.4.1) for any ILP, which will eventually
lead to a solution of the problem? And, if so, how? The remaining sec-
tions of this chapter sketch the development of techniques which generate

such cuts.
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Before looking at'special techniques to solve the ILP it is reason-
able to ask whether it is possible to identify an ILP problem whose opti-
mal solutions are identical to those of its associated LP. Such a problem
could be solved by the simplex method without additional work. Certainly
any ILP whose associated LP had a feasible set with itegral extreme points
(i.e., extreme points with all coefficients integral) wouid be a problem
of this class. A. Hoffman and J. Kruskal (31) have given a characteriza—.
tion of convex polytopes with integral extreme points in terms of the con-
-straint coefficient matrix. This characterization involves a property

known as unimodularity. A square integer matrix is said to be unimodular

if its determinant is unity. An m X n integer matrix is said to be totally
unimodular if every square, non-singular submatrix is unimodular. Hoffman
and Kruskal have shown the following:

Theorem 2.1.1. Every extreme point of the convex polytope

P={x| Ax < b and x = 0}
is integral if A is totally unimodular.

Thus, the constraint coefficient matrix of an ILP can be examined to
determine whether or not special techniques will be necessary in order to
obtain a solution. G. Dantzig (13) noted that a:particular property of
the constraint coefficient matrix of the transportation problem permits
an essential reduction of the computational procedure. I. Heller and
C. Tompkins (30) have shown that this particular property of the constraint
coefficient matrix implies'that the matrix is totally unimodular, and,
moreover, that this property also holds for the constraint coefficient
matricies of the transshipment, assignment, maximum flow and shortest
path problems.

Therefore, a large collection of ILP problems can be solved without
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resorting to enumeratioﬁ or cutting—plane techniques. However, there re-
main many ILP problems whose solution can be found only by resorting to
methods such as those discussed in this paper. Examples of particular
types of such problems appear in a later chapter. The remainder of this
chapter and the next consist of an historical devglopment of the cutting-

plane techniques used to solve such problems.
Early Uses of the Cutting-Plane

The idea of adding inequalities to a linear programming problem to.
progress toward an integer solution was first advanced in a 1954 paper by
G. Dantzig, R. Fulkerson, and S. Johnson (16). This paper dealt with the
solution of a large-scale (49 cities) traveling sdlesman problem. In a
traveling salesman problem a linear objective function X is to be mini-
mized over a finite set F (the ILP-feasible set). The solution proposed

can be summarized in the form of an algorithm.

Algorithm 2.2.1. (16)

STEP 1. Choose by guessing an x in F to optimize x Call it x'.

0
Go to STEP 2.

STEP 2. Formulate an LP with objective function x, and feasible set

0
" C' such that C' contains F. Go to STEP 3.

STEP 3. Determine by means of the simplex method an optimal vector
x'" for the LP with feasible set C'. If xo(x‘) = xo(x")'then x' is

optimal in C' and a fortiori in F: stop. Otherwise, go to STEP 4.

STEP 4. 1If x" is in F then x" is optimal in F: stop. Otherwise go

- to STEP 5.
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STEP 5. Find a linear constraint not satisfied by x" but satisfied
by each vector of F. This constraint used to cut off the non-inte-

gral optimum x" is the first cutting-plane. Go to STEP 6.

STEP 6. Add the comstraint of STEP 5 to C' giving a new LP feasible

set C". Replace C' by C". Go to STEP 3.

Several comments can be made about this procedure. First, the feasi—‘
ble set C' is not necessarily the feasible set of the associated LP of
the traveling salesman ILP. Second, the cutting—plane of STEP 5 is not
generated automatically from the simplex tableau, but is derived from
characteristics unique to the traveling salesman problem. Third, no proof
.is given that the algorithm wil; converge to a solution in a finite number

of iterations. That is to say, it is not shown to be a finife algorithm.

finally, the significance of the procedure is its use of the additional
LP constraint —- the cut.

The next use of cuts to solve an ILP was given in a 1957 paper of
H. Markowitz and A. Manne (37). The authors emphasized that the paper
presented no automatic algorithm for the solution of the ILP problem, but
rather "a general approach susceptible to individual variations, depend-
ing upon the problem and the judgment of the user'. The algorithm pro-
posed by Markowitz and Manne is essentially the same as thét of Dantzig,
Fulkerson, and Johnson. The‘aspects in which the later method differs
from the earlier foreshadow those of methods which follow it. One dif-
ference is that the ﬁethod of Markowitz and Manne is intended to be a
general algorithm, one which will work for any ILP. A second difference
is that this method uses both the simplex and the dual simplex methods to

optimize the LP. (Lemke's [Sék dual simplex method had:-been introduced
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in 1954.) Finally, this method generates cuts by examining the current,
non-integral optimal solution in an unsystematic way rather than by using
characteri;tics unique to the problem.

This trial and error method of generating cuts is the weak point of
the algorithm. As Dantzig (14) noted in a 1957 survey paper on discrete
programming, "The procedure would be straightforward except that the pro-
cedure for generating the complete set of additional comnstraints is not

known."
The Cutting-Plane Methods of Gomory

In May of 1958 A. W. Tucker communicated to the American Mathematical

. Society an "Outline of an Algorithm for Integer Solutions to Linear Programs"
by.Ralph E. Gomory (24) of Princeton University. ‘This paper announced an
algorithm, referred to as Gomory's Method of Integer Forms, which was sim-
ilar to that of Markowitz and Manne, but with three fundamental exceptions.
First, Gomory's method would converge to a solution in a finite number of
iterations. Second, it began by solving the associated LP, not just any

LP whose feasible set included the ILP-feasible set. Finall&, it provided

a method of systematically generating cuts using the final simplex tableau

of the LP.

Because Gomory's Method of Integer Forms is basic to neafly every later
cutting-plane algorithm it will be developed in some detail. First, the
algorithm will be described .In detail, along with examples. Next, the basic
cut will be derived from the geometry of the ILP. and its associated LP.
Finally, the conditions for a finite algorithm will be discussed. The
following theorem will facilitate the discussion of Gomory's Method of

Integer Forms and later techniques:



40

Theorem 2.3.1. (Gomory (26)) Given the ILP

maximize cx (2.3.1)
subject to Ax = b, x = 0 and integer,
and a representation (as in a simplex tableau) of the associated LP to

(2.3.1) given by

xB = Yio - Z yi' X" i = 0’ 1, . . LY m (2.3-2)
i jer 3

so that the basic solution determined by (2,3.2) is Xp
i

= Yi0° i=20,1,...,m,
xj = (0, j in R; then the ineduality

%uhl vy - vy 1) =, = [h] vy = Dbyl

J

where h is any non-zero real number and [d] means the greatest integer not

greater than d, is a valid cut for (2.3.1).

Proof of Theorem 2.3.1. Muitiplying (2.3.2) by h gives

j€R

and since x = 0 and 4 = [4d]

[h] xBi + :E: [hyij] X = hy, g (2.3.4)
jER

Since x is required to be integer in (2.3.1) the left-hand side of (2.3.4)
must be'integer so that
+ < [h . (2.3,
[h] x, 2{: [hy, ) x, = [hy ] (2.3.5)
i .
JjER .
Multiplying (2.3.2) by [h] and subtracting (2.3.5) gives

J€R
Therefore, any (integral) solution x to (2.3.1) satisfies (2.3.6) making

that constraint a valid cut for any non-zero value of h.

If h is set to 1, (2.3.6) yields :E: (yij - [yij]) X Z 350 - [y ol
§€R
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. PO . - . - +
If, in addition, fractions fij are introduced such that yij [yij] fij’

then the cut (2.3.6) can be further reduced to the form

ZE: fijxj 2 £, (2.3.7)
jER

or in terms of a slack variable s,

s = ~f,,+ :E: fijxj, s >0, (2.3.8)

Gomory's Method of Integer Forms can now be stated in &lgorithm form.

Algorithm 2.3.1. (Gomory [26])

STEP 1. Solve the associated LP to (2.3.1) using the simplex method,

giving the following final simplex tableau:

—xj —xkl. (2.3.9)
*o 1 Yoo Y03 Yok ’
XBi' Y10 Yij Yik
me Ym0 ymj Ymk

Go to STEP 2.

STEP 2. 1f the solution of the LP is integral, it is an optimal
solution to (2.3.1): stop. Otherwise, go to STEP 3.

> 0 and append cut

0
(2.3.8) with i = r to tableau (2.3.9) giving the following tableau:

STEP 3. Choose any row r of (2.3.9) with fr
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—gJ ~Xy - . (2.3.10)
*o | Yoo Y03 Yok * * ¢
xBi Yi0 Yij ik *
Xp Ym0 « e ymj SR AN
m
s B SEITITIE SUTEPERI:

Go to STEP 4.

STEP 4. Optimize (2.3.10) using the dual simplex method. Go to

STEP 2.

Note that in STEP 3 a row was chosen with fr 3 0.

0
the addition of the cut would cause the tableau (2.3.10) to represent an

This was done so that

infeasible solution to the new LP. In other words, the optimal solution
to the initial LP has been cut off from the present feasible set.
As an illustration consider Algorithm 2.3.1 applied to the ILP of

Example 1.1.1.

Example 2.3.1. STEP 1. The final simplex tableau for the associated

LP of Example 1.1.1 is :

-X -X

3 4
X 2460 80 60
Xy 12/5 1/5 -3/5
X, 13/5 -1/5 8/5 .

This corresponds to tableau (2.3.9).
STEP 2. The LP optimal solution (xl, Xy5 Xg, x4) = (12/5, 13/5; 0, 0)

is not integral so go to STEP 3,
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Either row 1 or row 2 could be chosen to generate the cut.

Therefore, £

24

_ 20
= 8/5 - [8/5] = 3/5. The cut (2.3.8) then becomes

= 13/5 - [13/5] = 3/5, fq = -1/5 - [-1/5]=

= ~3/5 + 4/5x3 + 3/5x4. The tableau (2.3.10) becomes:

~x 4

3 4

x, | 2460 80 60

x, | 12/5 1/5 -3/5

x, | 13/5 -1/5 8/5
s, | -3/5 ~4/5 -3/5 .

STEP 4. One iteration of the dual simplex method yields the tableau:

! !
Xy 2400 0 100
x) 3 -3/5 -1
x, 1 -7/3 8/3.
x, 1 4/3 -5/3 .

STEP 2. The solution (xl, Xy5 Xg, x4) = (3, 1; 0, 1) is integral and

thus optimizes the ILP (2.3.1).

The cut of STEP 3 can be written, following the procedure used to
generate equation (2.1.2), in terms of the variables x, and x, as

7xl + 3x, < 24. (2.3.11)

9 =
Figure 7 shows how this constraint can be seen to cut off the optimal
solution (xl, x2) = (12/5, 13/5), but no ILP-feasible solution.

The cut for the Method of Integer Forms can be explained in terms
of the geometry of the problem. A useful cut, such as the one above, is
one which cuts off the old LP optimal solution while retaining all ILP-

feasible vectors. Such a cut can be generated by producing a hyperplane
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which (i) contains the current LP optimal solution, (ii) does not contain
any interior point of the feasible set, and (iii) can be pushed into the
feasible set parallel to itself and stopped before it cuts off any ILP-
feasible vector. Figure 7 shows a hyperplane through the optimal solution
(12/5, 13/5) and a second hyperplane (the cut 2.3,11) which results from
pushing the first hyperplane into the feasible set and stopping it before
it cuts off an ILP-feasible vector. Any such hyperplane, one which sat-
isfies (i) and (ii) above, is said to support the feasible set at the
extreme point representing the LP optimal solution.

The problem then is to find an equation for a hyperplane, such és
that of Figure 7, which supports the feasible set at the current LP optimal

solution and contains some type of indicator which can signal ité being

pushed into an ILP-feasible vector. Furthermore, 'such an equation must
be obtainable from the LP tableau.

Consider the equation from row 1 of the final simplex tableau for
Example 1.1.1:

= 13/5 - 1/5(—x3) + 8/5(=x (2.3.12)

% 4"

From this equation determine another involving Xys X4

holds at (Xl’ x2) = (12/5, 13/5). One possibility is

, and X, which also

x, + ¢ = 13/5 + [-1/5] (—x3) + [8/5] (—xa) (2.3.13)

where c takes on the proper non-negative value. Eliminate x, in equations

2
(2.3.12) and (2.3.13) giving the equation

c = 4/5x3 + 3/5x4. (2.3.14)
Note that ¢ = 0 when X3 = X, = 0. Equation (2.3.14) can be written in
terms of Xy and x, as
7xl + 3x2 = 123/5 - c. (2.3.15)



7xq + 3xp = 24, HYPERPLANE
\\ CORRESPONDING ‘TO " (2.3.11)

ﬂ/ \ (12/5,13/5)
OPTIMAL LP SOLUTION

FEASIBLE SET

® 7x1 + 3x, = 123/5

Figure 7. Feasible Set and Hyperplanes (Cuts) for Example 2.3.1

45
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The expression on the left-hand side of (2.3.15) is a linear inﬁeger form
in the variables Xy and X,- When ¢ = 0, as in the optimal solution

(xl, Xy5 Xg5 x4) = (12/5, 13/5; 0, 0), (2.3.15) represents a hyperplane
which supports the feasible set at this optimal solution. As the value of
¢ increases the hyperplane (2.3.15) moves into the feasible set.

The right-hand side of (2.3.15) does not become integral until c = 3/5.
Therefore, because the left-hand side is an intéger form, no lattice péint
will be encountered before cv= 3/5. 1In other words the hyperplane (2.3.15)'
can be pushed toward the origin until its right—hand side becomes integral.
The cut corresponding to ¢ = 3/5 in (2.3.14) is

4/5x3 + 3/5x4 = 3/5.

. This is the same as that found by means of (2.3.7).

In general the cut (2.3.7) will correspond to a hyperplane

:{: f,.x, =0 (2.3.16)
jer W

satisfying the three conditions listed above. The hyperplane (2.3.16)
will pass through the current optimal solution (i), since at that point

xj = 0 for all j in R. The hyperplane (2.3.16) is a supporting hyperplane
at the current optimal extreme point solution (ii). For amy vector in-
terior to the feasible set all variables (slack and otherwise) must be
positive. Therefore, all nonbasic variables, xj, j in R, will have pos-
itive values at such an interior point. But since fijo is positive for
some jO in R (otherwise fij = 0 for all j in R and (2.3.16) fails-to-rep-
resent a hyperplane) no such interior pdint can satisfy (2.3.16). .The
integrality indicator (iii) is the integer form of the left-hand side of

the equation which results from equation (2.3.16) being written in terms

of the basic variables. Gomory (26) has shown that such an integer form
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will always arise from (2.3.16). As in Example 2.3.1, if the right-hand
side of {2.3.16) is increased from zero the first possible value to. give

the integer form an integer value is precisely £ iving the cut of

10 &
(2.3.7).

It should be noted that an integer value for this integer form is
necessary but not sufficient indication that the hyperplane has reached
an ILP-feasible point. It may stop short of any such vector, but it will
néver cut one off.

Gomory (26) has shown that the Method of Integer Forms will find an
optimal solution in a finite number of iterations provided STEP 3 is mod-
ified so that:

(1) the choice of row from tableau (2.3.9) maintains the columns
of tableau (2.3.10) as lexicographicaily positive (i.e., the first non-
zero component is positive);

(2) the row chosen is the topmost row with f > 0

i0

(3) any row which corresponds to a slack variable from a cut and
had become non-basic is deleted on becoming basic again.

The finiteness of this algorithm is of course critical in terms of
its utility. The Method of Integer Forms uses a type of cut which insures
that the method will be finite. The same algorithm, but with a different
type cut may not prove finite. |

In June of 1958, shortly after Gomory had announced his Methpd of
Integer Forms, a paper by George Dantzig (15) appeared. This paper pre-
sented a different type of cut for Gomory's algorithm. As Dantzig stated
in the paper, "The procedure given here is not tﬁe same as Gomory's for

adding additional constraints; indeed it is known to be weaker. It is

worth noting because it is easy to see why the relationship holds and
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because the relationship has a simple form."

Dantzig's replacement for the cut (2.3.8) was simply

2

jER

n
]

Using (2.3.17) in place of (2.3

x, 21, or
J

(2.3.17)

-1 + ZZ: X

j€r 3

.8) in the algorithm (2.3.1) for the solu-

tion of Example (2.3.1) gives the following example:

Example 2.3.2.

STEP 1. The final LP tableau:

-x3 —X4
'xo | 2460 80 60
X, 12/5 1/5 -3/5
X, 13/5 -1/5 8/5 ’

STEP 2. This solution is not integral. Thus:

STEP 3. Choose row 2 to generate the cut. The cut (2.3.17) becomes

3
The tableau (2.3.10) becomes:

x,. + x4 zlor s, =-1+x_+x,.

1 3 4

—x3 *Xa
%, 2460 80 60
x; 12/5 1/5 -3/5
X, 13/5 -1/5 8/5
s -1 -1 -1

STEP 4. One dual simplex iteration of the above tableau yields:



49

—x.3 X,
xo 2400 20 60
X 3 4/5 -3/5
x, 1 -9/5 8/5
x4 1 1 -1 .

STEP 2. This solution is integral and thus optimizes the ILP of
Example (2.3.1).

The cut STEP 3 can be written in terms of the variables xl and x2

in the following way:
9xl + 4x2 < 31.
Dantzig explains how the cut (2.3.17) is useful and valid. His reasoning,

adapted to the ILP of Example (2.3.2), follows. Since Xq and x, are both

zero in the current LP solution (xl, X,3 Xq, xa) = (12/5, 13/5; 0, 0) then

3

this extreme point obviously cannot satisfy x, + X, > 1. Any non-degenerate

3
solution of the associated LP other than (12/5, 13/5; 0, 0) must have either

Xy OT X, basic and therefore positive so that x, + x, > 0. But if the

3 4
solution is required to be integral Xg and x4 must be integer valued so
that X3 + X, = 1 must be satisfied.
Ralph Gomory and H. Hoffman (28) showkthat this cut of Dantzig's will
not always make Algorithm (2.3.1) finite. To see this consider the follow-

ing example:

Example 2.3.3.

maximize X, + x
subject to 2x + x =3
2x +x, =3

X5 Xy Xy X, =0, X and X, integer.
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Let x = (xi, xé, xé, xa) be any non-degenerate basic feasible solution to
the associated LP of the above ILP. Let x" = minimum {xi, xé, xé, xA}.'
Let Sy denote the slack variable associated with the kth added constraint
| of the form (2.3.17). 1If x" = 1, then 8k > x" for all k. This follows

from the fact that if xé and x& are two nonbasic variables associated with

the solution x then the cut (2.3.17) becomes x; + xé > 1 or s, = x; + x& - 1.
But since x" is no greater than either x; or xé and x" 21, sy = x' + xé -1z
2x" -1 =x"+ (x" - 1) 2 x". A similar argument shows that s, = x'' for

k =
any k.

Now if x = (xi, xé, xé, X .y sk) is an optimal solution

A, 15 Sy -

to the above ILP then two of these k + 4 variables must be nonbasic and

therefore zero. But if x", the smallest of xi, xg, xé, xi, satisfies

x" = 1, then all the slack variables generated by Dantzig cuts along with

. the three other original variables must be no smaller than x" and thus

none can be zero. The optimal solution for the above ILP can be éeen by

inspection to be (xl, Xp5 Xq5 x4) = (1, 1, 1, 1) so that x" = 1; and

thefefore no non-dégenerate, basic feasible solution generated by a Dantzig

cut for this problem can be optimal. |
In 1960 Gomory (25) developed two cutting-plane methods distiﬁct.from

the Method of Integer Forms. The first of these was a method for the mixed

integer linear program. A mixed integer linear program is a linear ﬁrogram—

ming problem for which some but not all of the variables are constrained to
be integer. This type of programming problem is, in a sense, a general-
ization of tﬁe ILP. It can be thought of as an LP técke& onto an ILP.
‘Gomory derived a generalization of the cut (2.3.8) which when used in the
algorithm of the Method of Integer Forms (Algorithm 2.3.1) in its pla;e

solves the mixed integer linear program.
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The second of these cutting-plane methodsvié called the All-Integer
Method. It was first described in the paper (27). This method like the
Method of Integer Forms is an algorfithm for the solution of the ILP. Its
chiéf'advantage over the earlier method lies in its exclusive use of inr
teger entries in the tableaux and thus the elimination of rounding errors
in the machine computation of the problem.

If an inifial solution such as that of Table II is all-integer the
succeeding tableau will also be all—integer'if the pivot element Yk has
magnitude one. The All-Integer Method uses this fact in the following way.
An initial solution is found which satisfies the optimality conditions

(i.e., ij > 0 for j in R in the initial tableau) and is all—infeger.‘ If
this soiution is also feasible (?.e., yiO >0 for!every i) then it must be
an optimal solutién to the ILP. :If not, a dual s£hp1ex iteration is per-
formed yielding a new solution closer to feasibility (i.e., a smaller ob-
.jective function value). If the pivot element of this iteration is

yr£= 11 the tableau will remain integral fofcing the new solution to be
integral. But the only way a pivot element of Yo = *1 can be‘guaranteed
ié by adding a row containing the necessary pivot element. |

Such a row can be generated from the constraint (2.3.6) by choosing
a proper value for ﬁ. If h is chosen so that 0 < h < 1 then (2.3.6) be-

comes

§§£ - [ hyrj ] Xy ! hy o ], or

s + :E: [hy ., 1 x. =[ hy 1. (2.3.18)
je M r0

In general h'must be chosen so that some [ hyrj ]} of (2.3.18) has magni-
tude one and satisfies the conditions for a pivot element in the dual sim-

plex method. Gomory (27) has proved the following theorem concerning the
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choice of h and its relationship to the final simplex tableau of the
associated LP.

Theorem 2.3.2. If the following inequality holds

h < miniﬁum { (—l/yrj) [yDj/yOk] | j in Rr 1, A (2‘3f19)

where k is the pivot column and Rr = {j [ yrj <0, jin R},‘then 0<h<«<1,
[hyrk] = -1, and [hyrk] satisfies the conditions for a dual simplex pivot
element (i.e., Yeo i negative and yok = minimum {yoj l j in Rr} ).

These ideas lead to the following algorithm for the All-Integer Method.

Algorithm 2.3.2. (Gomory [27])

STEP 1. Begin with a tableau representing a basic solution

.'.,_xj P S (2.3.20)
X, Yoo . . .‘yoj SREEIS /S TIE
xBr Yo 0ot yrj SN AN
me Imo ymj Yk

The tableau must also be all-integer (yij integral for i = 0, 1,...,m;

j in R) and satisfy the optimality conditions (yoj > 0, for j in R).

STEP 2. 1If the solution in STEP 1 is feasible (i.e., Y40 =0,
i=1, . . ., m) then it is an optimal solution to the ILP. If not,

go to STEP 3.

STEP 3. Choose a row 1 = r # 0 such that Y0 < 0, and a column

j = k # 0 such that Yok = minimum ij' Compute h according to (2.3.19).
j in R v
Add the cut (2.3.18) with the computed value of h to the tableau (2.3.20)
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giving the following tableau:

-x %
. i .. . k . .
% 1 Yoo . yOj Ce e Yor v
xBr Y0 .. yrj SIS S
X2 | Yoo c e ymj IR A
m
“s; [her] - '[hyrj] .. [hyrk] ..

STEP 4. Execute a dual simplex iteration, piﬁoting on the element
in the row of sy and the column k. The value of h in (2.3.18) was
chosen so that this pivot eleﬁent would have a value -1. This will

produce a new basic solution. Go to STEP 2.

Note: if the initial basic solution does not satisfy the optimality
conditions a superfluous constraint of the form 8y = M - 2;;.x. cén be
appended to the tableau, and a dual simplex iteration per%ormed. This -
constraint with M an arbitrarily large integer comstant will not cut into
thevfeasible set, but wiil provide a pivot element with value of 1. Sucﬁ
‘a constraint forces the sum of the nonbasic variables ( Y. x.) to be lérge
and positive. Since the top row of the tableau (xo-= yoie5 ;%% yojxj)
represents an equation for the objective function value whici must decrease
in a dual simplex iteration, a large value of 2: x, would tend to eliminate
negative values of the ij’ thus producing a sgiﬁtion satisfying the optimal-

ity conditions.
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Consider Algorithm 2.3.2 applied to the ILP of Example 1.1.1.

Example 2.3.4.

STEP 1. The initial tableau for this ILP is
¥

= X,
X 0 ~700 -300
Xq 27 8 -3
“x, 5 1 1

Since this tableau represents a solution which does not satisfy the

optimality conditions, a constraint of the form s, = M - (x1 + xz)

0
could be appended. But if 5 is a large enough value for M, such

a constraint already exists in the last row of the present tableau.
Pivoting on element Vo1 = 1, brihging X into the basis and removing

X, gives the following tableau representing a basic solution, as in

tableau (2.3.20):

—x4 ~x2
X 3500 700 400
x3 -13 -8 -5
xl 5 1 1

STEP 2. Since Xy = -13 the previous tableau represents an infeasible

solution. Go to STEP 3.

STEP 3. Choose row 3 since Y10 = =13 < 0 and column 2 since Yo2 =
minimum {700, 400}. Compute h < minimum { (~1/-8) [700/400], (-1/-5)
[400/400]} = 1/8. Add the cut from (2.3.18):

s; + [-8/8] x, + [-5/8] x, = [-13/8] ,

to the last tableau of STEP 1 giving the following tableau:
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X, X,
X 3500 700 400
Xq -13 -8 -5
Xy 5 1 1
+sl -2 -1 -1
STEP 4. Pivoting on the element -1 of row S, and column 2 yields:.
~X, ~s;
Xq 2700 300 400
X4 -3 -3 -5
Xy 3 0 1
X 2 1 -1

STEP 2. The solution of STEP 4 is not feasible. Go to STEP 3.
STEP 3. Choose row 3 again since Y10 = -3 < 0 and column 4 since
Yoy = minimum {300, 400}. Compute h < minimum {(-1/-3) [300/300],
(-1/-5)[400/300]} = 1/5. Add the cut from (2.3.18):

s, + [-3/5] %, + [-5/5] s, = [-3/5],

to the tableau of STEP 4 giving:

% -s

4 1

X 2700 300 400

Xg -3 -3 ~5

X 3 0 1

X,y 2 1 -1
*s, -1 -1 -1 .

STEP 4.  Pivoting on the element -1 of row s column.x4 yields:

2
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-S =S

2 1
X, 2400 300 »100
X3 0 -3 -2
X, 3 0 1
X, 1 1 -2
X, 1 -1 1 .

This tableau represents a basic solution (xl, Xys X35 X5 Sps SZ) =

(3, 1, 0, 1; 0, 0).

STEP 2. Since the solution of STEP 4 is feasible, satisfies the

optimality requirements, and is integral it must be an optimal so-

lution to the ILP.

The geometry of the cut (2.3.18) is similar to that of the cuf (2.2.8)
of the Method of Integer Forms. An equation is developed for a hyperplane
passing through the current basic solution. This hyperplane is pushéd
toward the origin until it begins to cut into the feasible set, and stops
upon encountering a lattice point after cutting off part of the feasible
set. This hyperplane passing through the first basic (infeasible) solu-
_tion of STEP 1 of Example 2.3.4, (xl, Xy3 Xgs x4) = (5, 0; -13, 0), can
be developed by beginning with the source row

Xq = -13 + (-8) (- 4) + (—5)(-x2).

Multiplying by h # 0 gives

hx, = -13h + (-8h) (-x,) + (-5h) (-x,) .  (2.3.21)

Since X, and X, are zero at the current solution, equation (2.3.21) with

any coefficient substituted for (-8h) and (-5h) will yield an equation
for a hyperplane passing through the current basic solution (xl, Xy3 X5 x4) =
(5, 0; -13, 0). The equation

hx, = -13h + [—8h](—x4) + [-5h](—x (2.3.22)

3 2)
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is therefore the equation of a hyperplane passing through the current
basic solution which can be easily derived from the final LP tableau.
However, the coefficient of X, might not be an integer. Since [h] = h

hx

and X3 = 0 before feasibility is reached, [h]x3 2 hx3 or‘[h]x3 -c

where ¢ Z 0 when X, = 0. So that from (2.3.22):

[h]x3 - c = =13h + [8h](—x4) + [-5h](-x ,(2.3.23)

2)'
If 0 < h <1, as is the case in the All-Integer Method, equation (2.3.23)

can be written

¢ - 13h = [—8h]x4 + [—Sh]xz, (2.3.24)
which can be written in terms of the variables xl and x, as
¢ - 13h - 5[-8h] = —[—8h]x1 + ([-5h] - [-8h])x2. (2.3.25)

For h = 1/8, equation (2.3.25) becomes ‘

I

c -13/8 +5 =x (2.3.26)

1
When ¢ = 13/8 this h&perplane (2.3.26) passes through the current
basic solution as can be seen in Figure 8. When ¢ = 0 (2.3.26) represents

a supporting hyperplane to the feasible set. And when ¢ = -3/8 (2.3.26)

will for the first time pass through an ILP-feasible vector. Note that
when ¢ = 5/8 the hyperplane (2.3.26) contains lattice points, but these
are not ILP-feasible vectors since the hyperplane has not yet encountered
the feasible éet (at ¢ = 0).

Thus, the first cut of Example 2.3.4 is generated from (2.3.26) when
¢ = -3/8, that is, when (2.3.24) becomes [-13h] = [—8h]x4 + [-5h]x2, the
equation of the hyperplane corresponding to the cut of (2.3.18). Figure 9
illustrates this same process generating the second cut of Example 2.3.4.
A hyperplane is generated from equation (2.3.25) by choosing an appro-

priate value for h. This hyperplane passes through the current basic

solution, (Xl,xz;x3,X4,sl) = (3, 2; -3, 0, 0). The hyperplane is then
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HYPERPLANES FROM (2.3.25):
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pushed toward the feasible set until it intercepts an extreme point (at

Il

c = 0). It is then pushed into the feasible set until the integer form
comprising the right-hand side of (2.3.25) takes on an integer value,
that is, until the hyperplane has (possibly) encountered a lattice point.
At this point the hyperplane (2.3.25) with ¢ = -2/5 corresponds to the
second cut of Example 2.3.4: 2x. + x, = 7, or in terms of the nqnbasic

1 2

variables: Sy = -1 + X, + sq -

As with the Method of Integer Forms the All-Integer Method is a finite
algorithm when certain similar precautions are taken. While the All-
Integer Method overcomes the problem of round-off error, it is prone to
problems with degeneracy; and while degeneracy is itself overcome by the
use of lexicographic ordering, iﬁ can often cause a marked increase in
the number of iterations necessary for a solution (see, for example,

C. Trauth and R. Woolsey [42]).

In a letter to the editor of Operations Research dated July 7, 1966,

Robert Wilson (44) gave a modification of the All-Integer Method cut which
produces "stronger" cuts than equation (2.3.18) with a value of h chosenv
by means of (2.3.19). The term "stronger" in relation to cutting-planes
can be defined in the following way: |

Definition 2.3.1. The cut

1 > ‘
g%%fjxj ~ Mo (2.3.27)
is a strengthening of the cut
ZE:‘”-X- zZ (2.3.28)
: i3] 0
JER .

if W3 = Wj for every j in R and ﬂé = Mo Alternatively, the cut (2.3.28)

is a weakening of (2.3.27).
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(x1,x2) = (3,1)

SECOND BASIC SOLUTION:
(x1,x2)' = (3,2)
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Figure 9.
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Basic Solutions and Cut-Generating Hyperplanes for Example

2.3.4, Second Iteration
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11 x = 0 satisfies (2.3.27) it will also satisfy (2.3.28) since

. - . Z >Z > ot >
"ij z "jxj for all j in R implies jer ﬂJxJ iR vaj T ﬂo This

shows that any feasible vector which satisfies a strengthening of a given
cut will also satisfy the cut itself. For example, the cut (2.1.2) rep-

resented in terms of the variables X3 and x4
terms of definition 2.3.1 the cut 1/5x3 + l/Sx4 = 3/5 is a strengthening

is 1/5x3 + 2/5x4 Z22/5. 1In

of (2.1.2). This strengthened cut can be represented in terms of X and

X, as 9xl + 4x2 = 29. This strengthened cut lops off more of the feasible

set than does (2.1.2). However, it also cuts off the ILP-feasible vectors

-(xl, XZ) = (3, 1) and (x = (2, 3) making it unusable for integer

1° XZ)
programming.
Wilson's refinement of the All-Integer Metho¢ can be demonstrated by

means of an example:

Example 2.3.5. (R. Wilson): Consider an ILP problem with the fol-

lowing tableau corresponding to (2.3.20) of Algorithm 2.3.2

—Xl "XZ "XB -'X4
X, 20 1 2 3 4
X ~20 -7 -8 -15 18

Note that r =5, R= {1, 2, 3, 4}, R_=Ry = {j | ¥5; <0, jin R} =

{1, 2, 3}. Column 1 is the pivot column since 1 = y.. = minimum {yoj | 3 is

01
in RS} = minimum {1, 2, 3}. The All-Integer cut from (2.3.18) is then

sy + :E: [hySJ]x = [her]’ or in this case
Jer

s; + [-7h]x; + [-8hlx, + [—15h]x3 + [18h]x, = [-20h], (2.3.29)

1
where h is defined as in (2.3.19). From (2.3.19) h can be calculated:

h minimum’{(—llysj)[yoj/YOI] | j is in RS} = minimum {1/7, 2/8, 3/15}= 1/7.
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With h = 1/7 the cut (2.3.29) becomes:

s + [—7/7]x1 + [--8/7]x2 + [—15/7]x3 + [18/7]x4 = [-20/7], (2.3.30)

or in simpler terms

- > ,
Xy + 2x2 + 3x3 2x4 Z 3. (2.3.31)

Note that a smaller positive value of h will not affect the value of the
coefficient bf X3 it may reduce the values of the coefficients of X, and
X, and the constant; and it may increase the value of the coefficient of
x, in (2.3.29). Any cut which serves as a strengthening of (2.3.31) must

have smaller (or equal) values of the coefficients of X1 Xps X and X,

3’
and must have a larger (or equal) value for the constant. To accomplish
this, the values h can assume are (term by term):

for x X, X 0=h=1/7
1’ 27, /i’

57
for x4: 1/9<h=1/7,

for the constant term: 1/(10 - €) < h< 1/7, where € > 0 is small. Thus,

h* = maximum {1/(10 - €), 1/9} 1/9 may produce a stronger cut for (2.3.29)

‘than h = 1/7. In fact with h*

1/9, (2.3.29) yields

xl + X, + 2x3 - 2x4 > 3.

In genefal a choice for h in (2.3.18) which would yield a strength-
ened cut would be h* = minimum {h, maximum {hj | j is not in Rr}}, where
h is calculated as in (2.3.19); and hj = [hyrj]/yrj"j > 1, ho =
1+ [her])/(er - g). If all yrj < 0 so that R = Rr, then h* may be
taken arbitrarily close to zero and positive. Note that while the cut
(2.3.18) with h* substituted for h may be stronger, it will, unlike the
cut of the example, remain valid since (2.3.18) is a special case of (2.3.6)

which is a valid cut for any non-zero h.



CHAPTER III
THE DEVELOPMENT OF THE LATER CUT TECHNIQUES
. Primal Methods

A major disadvantage of the methods of Chapter II lies in the fadt
that of all the basic solutions involved in the process only the final
solution is ILP-feasible. Thus, if a machine implementation of the él—
gorithm terminates prematurely the non-optimal solution returned is usé-
less. If, however, an algorithmcould be devised which proceeded from one
- ILP-feasible solution to another with each iteration improving the value
of the objective function, then premature termination would produce at
least an approximate td an optimal solution; and one which would be ILP-
feasible.

In a 1962 Belgian paper A. Ben-Israel and A. Charnes (40) ﬁresented
an algorithm they called a "Direct Algorithm" for the solution of the ILP.
According to H. Salkin (40) this method involved cutting—planes'and.the
movement from one ILP-feasible solution to another, but was very difficult
to implement. Later, in a 1965 paper, R. Young (45) described a "Rudimen-
tary Primal Algorithm" for the solution of the ILP. This method, different
from that of Ben-Israel and Charnes in its details, wés similar in that it
bused cutting-planes to move from one ILP-feasible to another. Itlwas de-
scribed as a "Primal" algofithm because it was based on Dantzig'é (Pfimal)
Siﬁplex Method rather than the dual simplex method of the Gomory algorithms.

In 1967 F. Glover (21) published a paper giving a '"pseudo-primal
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algorithm" for solving ILP's. This algorithm represented a fundamentally
different approach to a primal ILP method. Building upon this paper and
Young's 1965 paper, Young (46) and Glover (22) brought out papers simul-
taneously in 1968 describing a simplified primal ILP algorithm. This
algorithm‘in its basic form can be seen to be a direct modification of
the simplex algorithm.

Algorithm 3.1.1. (Young and Glover)

STEP 1. Find an initial basic feasible integral solution. If one
is not apparent a method similar to that of Example 1.5.1 may be
used. The only adjustment to that method would be that the cor-

responding LP becomes a corresponding ILP. Go to STEP 2.

STEP 2. If ij > 0 for every j in R then the current basic feasible
(integral) solution is optimal. If yOj < 0 for some j in R, go to

STEP 3.

STEP 3. Select any variable X s k in R, to enter the basis so long

as Yo < 0. Go to STEP 4.

STEP 4. 1If y,, <=0 for alli=1, . . ., m, then no optimal solution
- ik
exists because of the unboundedness of the feasible set. Otherwise,
. . . -
find the minimum {yiO/yik | Yy 21 i=1, .. ., m}. Note that
Yik 2 0 since the tableau consists of integer entries only. If i =r
gives the minimum and Y = 1, choose Xp to leave the basis. Go to

r
STEP 6. 1If i = r gives the minimum and Yo > 1, go to STEP 5.

STEP 5. Append the cut

s + Z [yrj/yrk]xj = [er/yrk] s (3.1.1)
J€R
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where s 2 0. Choose s to leave the basis. Go to STEP 6.

STEP 6. Execute a simplex bivot as in STEP 5 of the simplex algo-

rithm. Go to STEP 2.

The cut (3.1.1) is derived from the cut (2.3.18) by setting h = l/yrk;
Then 0 < h < 1 since Yok >1. Since X is the variable entering the basis
and s is the departing variable, the pivot element of the tableau is
[yrk/yrk]' Since this element has magnituée 1, any all-integer tableau
will remain all-integer after pivoting. |

To illustrate this algorithm consider the following example:

Example 3.1.1. (from Example 1.1.1)

méximize 700x» + 300x

1 2
subject to 8x1 + 3x2 = 27
>
X + X, ? 5, X and X, = 0 and integer.

STEP. 1. An initial basic feasible integer solution is obvious and

can be seen in the initial tableau:

= -X,
X 0 | -700 | =300
Xg- - 27 | 8 3
X, 5 '_1 o 1 .

STEP 2. Since Yo1 = -700 and Yo2 = -300 the current basic feasib1e>‘

(integral) solution is not optimal. Go to STEP 3.
STEP 3. Either x, or x, may come into the basis. Select x,.

STEP 4. The minimum {yio 21,i=1, . . ., m} =

Mg | Vg

minimum {ylo } = minimum {27/8, 571} = 27/8. Therefore,

/y11’ yzo/y21
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Yk =Y = 8
STEP 5. Append the cut:

s + g;% [yrj/yrk]xj = [er/yrk], that is

s; + [yll/yll]x1 + [ylzlylllx2 = [ylo/ylll, or

s, +x, + 0 =3, to the initial tableau.

1 1
This results in the tableau: (the appended constraint is in parenthesis}

% ~x

1 2

X 0 -700 -300

Xq 27 o 8 3

X, 5 1 ‘1

8y 3 1 0

(s, +x, + 0= 3 or x, = 3).

1 1 1~

Choose sl to leave the basis.

STEP 6. Execute a simplex iteration bringing xy into the basis and

taking ) out. Since the pivot element is 1, the new tableau will

also be integral.

The following tableaux represent the results of iterations one through
four. The appended cut constraint is shown in parenthesis in its derived

form and also in terms of xl and x2 alone.



SECOND TABLEAU

-s %

1 2

xy | 2100 - 700 -300
X4 3 -8 3
X, 2 -1 1
x; 3 1 0
+s2 1 -3 1

(32 -~ 3s, +x, =1 or 3xl + x, < 10).

THIRD TABLEAU

v
~51 “%2

x, 2400 ~200 300
+x3 0 1 -3
x, 1 2 -1
%) 3 1 0
Xy 1 -3 1

(No cut since the pivot is already 1).
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FOURTH TABLEAU

~x -%

3 2

Xg 2400 200 -300
) 0 1 -3
X, 1 -2 5
Xy 3 -1 3
X,y 1 3 -8
84 0 -1 1

(33 - X4 + s, = 0 or 5xl + 2x2 < 17).

FIFTH TABLEAU

¥
~*3 ~°3
X 2400 -100 300
81 0 -2 3
X, 1 3 -5
Xy 3 2 -3
%, 1 -5 8
8y 0 -1 1
“s, 0 1 -2

(s4 + Xy - 253 = 0 or 2x1 + x, <=7).
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SIXTH TABLEAU

=S, | =83
X 2400 100 100
8y 0 2 -1
X, 1 -3 1
Xy 3 -2 1
X, 1 5 -2
Sy 0 1 -1
X3 0 1 -2 .

The third tableau represents an optimal solution. However, the opti-
mality conditions are not satisfied until the six%h tableau. One inter--
pretation of this situation is that the solutions represented in tableaux
three through six are degenerate, and in each case a basic variable with
value zero leaves the basis and is replaced by a variable with value zero.

For examplé, in proceeding from the third to the fourth tableau x, (value

3
zerb) leaves the basis only to be replaced by 5y (vaiue zero). Nomne of
'these> exchanges causes a change in the objective function value since
none of the zero-value variables contributed to its value in the first
place.

‘An analysis of the geometry of this example helps t6 explain why the
method of Young and Glover often requires additional iterations after an
optimal solution is reached. As Figure 10 illustrates, the method funs
through six differentbbasic feasible solutions while encountering only
three extreme points. The solution of the first tableau corresponds.to
the extreme point (xl, xz) = (0, 0). Since x, is chosen to enter the basis

1
(and become poéitive) the second basic feasible solution to the associated
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LP would correspond to the extreme point (xl, xz)‘= (27/8, 0). However,
cut 1 (x, = 3) is appended to the_aSsociated LP before pivoting so as to
force the second basic feasible solution to be integral. The value of Xy
will now increase from zero to 3 rather thaﬁ from zero to 27/8.

In general, if the cut (3.1.1) were modified so that the right-hand
side were er/yrk instead of [er/yrk]’ then it would pass through the
(possibly non-integral) extreme point solution of the associated LP. But
the use of [yrolyrk] causes the cut constraint to be pushed into the feasi-
ble set until it encounters an ILP-feasible vector: in this case, the
vector (xl, x2) = (3, 0).

The second tableau represents this basic, feasible, all-integer so-
lution. It also shows that X,y should'enter the b%sis. The execution of
a simplex iteration without the addition of a cut‘would result in a new
basic feasible solution (xl, xz) = (3, 1) which is integral. However,
since the pivot element Yig = 3 would not have magnitude 1 the method
could not have‘predicted this before pivoting. Therefore, Cut 2 le + xiﬁ
10) is appended and a pivot performed. Since Cut 2 does not cut off any
of the feasible set, it represents a redundant constraint through the
‘extreme point (xl, XZ) = (3, 1), and the pivot operation leads to a de-
generate solution as shown in the third tableau.
| Since the pivot elemegt of the simplex procedure is y1Sl = 1 in the
third tableau, no appended cut constraint is necessary. But since a Basic
variable with value zero is exchanged for a non-basic variable with value
‘zero the value of the objective funétion remains the same. The redundant
constraint allows the existance of more than one basic feasible solution

at the given extreme point. Since Cuts 3 and 4 also represent redundant

constraints through (xl, xz) = (3, 1) the solutions found in the remaining



X2

Cut 4: 2x1 + Xy = 7

S

-, - <
Cut 3: 5x1 + 2x2 < 17

Cut 2: 3xy + xp < 10

¢ .
[ »
Tableaux 3 - 6
® o >
Tableau 1 Tableau 2
- ) AR S
Figure 10. Solutions and Cuts of Example 3.1.1
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tableaux are also degenerate.
The four cuts of this example seem to pivot in a counter-clockwise
direction about (xl, x2) = (3, 1) until the last strikes the ILP-feasible
vector (xl, xz) = (2, 3). Since the current extreme point solution (xl, x2)=
+ x

(3, 1) lies on the original constraint 8x1 + 3x 27, and no other

2 7 ¥3 7
ILP-feasible solution lies on this constraint then the only possibility

for an improved integral solution lies off the line 8x1 + 3x3 = 27,

that is where Xq is positive. However, X5 must be integral when X and
.XZ are integral. Therefore, no possibility of moving to an improved ILP-
feasible solution exists until a cut is found which would allow X3 to be
both positive and integral. For this reason the optimality‘conditions
are not satisfied until Cut 4 is' introduced. In a sense, the method can-

not know that its present solution is optimal until is is able to proceed

to a new ILP-feasible solution.
Deep Cuts

In a 1969 paper (9) V. Bowman and G. Nemhauser proposed a method for
strengthening cuts generated by other methods. The authors referred to
these strengthened cuts as '"deep cuts'. While the idea of strengthening-
cuts had been used by Wilson with cuts of the All-Integer Method, no gén—
eral cut strengthening method had been produced prior to that of Bowman
and Nemhauser. Their technique will be illustrated first as applied to
Gomory's Method of Integer Forms and then in terms of his All-Integer
Method.

Recall that the cut of the Method of Integer Forms (2.3.7) can be

written:

;é% fijxj > in’ where fij = yij - [yij]'
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While this cut will not exclude any ILP-feasible vector it may contain

2t ox =t

1€R F13%

However, if the cut (2.3.7) does not contain an ILP-feasible vector, then

one (i.e., there exists some ILP-feasible vector x such that io).
it may be strengthened in the sense of Definition 2.3.1.. That is, there

will exist some t > fi such that

0 .
dofox =zt R (3.2.1)
jer 137

is a valid cut.

The strongest valid cut of the form (3.2.1) can be found by locating '
the largest t such that (3.2.1) is valid; or, alternatively, by finding
the smallest t such that g%; fijxj = t is satisfied by some ILP-feasible

vector. If the ILP-feasible region is non-empty there will always exist

such a t, call it t*. Thus, t* = minimum { 'xj | x € s}, where S

jJER fij
is the ILP-feasible region. Unfortunately, finding t* by means of this
process is, accor&ing to Bowman and Nemhauser "about as difficult as solving
the original ILP". However, a trade-off can be made between the strength

of the cut and the ease of finding it.

. Definition 3.2.1. For any finite Q 2 S, where S is the ILP-feasible

region, define t(Q) = minimum {}%% fijxj | x € Q}. Since t(Q) is the
ﬁinimum value over a set containing S, then t(Q) < t*, and thus while re-
placing t* by t(Q) in (3.2.1) will preserve the cut as valid, the cut
will be weaker. The choice of the set Q is made by balancing the ease of
finding t(Q) with the strength of the resulting cut. As Q approaches S

the corresponding cuts will stronger and t(Q) more difficult to find.

Suppose a canonical maximum ILP

maximize cx

subject to Ax = b, x > 0 and integer
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is being solved by the Method of Integer Forms. The basis for the current
iteration is B, and the index set for the current set of non-basic variables
is R. Also, the cut (2.3.7) has been derived from the rth row of the tableau

(i.e., i =1). Let Q=Q, = {x | Ax = b, x, 20 and integer for j in R,

3

g integer}. In other words Qy is the ILP-feasible region S with the in-
T

tegrality and non-negativity constraints on the basic variables relaxed,

except for integrality on the basic variable Xp - The rth tableau con-

T
straint can be written:

%750 T D gty T fro Dol < 20 g%y T D) gy

j€R jER j€R
And thus,
-F ot jz: £i%5 = g + Iy ol - j{:g[yrj] x;. 0 (3.2.2)
j€R - f jJER . -

If x is in Q0 then the right-hand side, and thus the left-hand side of

(3.2.2) is integer valued. Therefore, —frO + j€R frjxj = p, an integer.

Also, since frj Z0, %y 20 for j in R, and 0 < fo< 1 then p 2 0. So
= i € = * % -
that t(Q,) = minimum {;;% fijxj | x QO} f o * p*, where p* is the

smallest non-negative integer such that iR frjxj

=p + frO has a non-
negative integer solution in the xj, j in R. Thus, t(QO) is found with
much greater ease than is t*.

Example 3.2.1. (from Example 2.3.1) 1In STEP 3 of Example 2.3.1 the

2 . ' s aye
cut {eR frij > frO was derived from the X, TOW giving 4/5x3 + 3/5x4 =z 3/5.

The constant in the Bowman-Nemhauser cut replacing fr0'=_3/5 is

t(Qy) = minimum {p + 3/5 | 4/5x4 + 3/5x, = p + 3/5 has

)},

a non-negative integer solution (x3, x4

0, then an appropriate solution exists: Xq = o, X, = 1. Thus,

it

Let p

1

t(QO) 0 + 3/5 = 3/5, and the Bowman-Nemhauser cut is identical to the
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cut of Example 2.3.1. This situatidn is implied by the fact, as shown in
Figure 7, that the original cut of Example 2.3.1 contains an ILP-feasible
vector, and thus cannot be strengthened by increasing the right-hand con-

stant f ., = 3/5.
T

0

Exaﬁple 3.2.2. (from Example 2.3.1) Consider the ILP of Example

2.3.1 with the constraint 8x, + 3x, < 27 modified to 8x, = 2x, < 27. This

1 2 1 2

modification gives the ILP:

maximize 700xl + 300x2
subject to - 8x1 + 2x2 = 27
< > .
X + X, = 5, X and Xy = 0 and integer.

The simplex method applied to the associated LP of this problem gives a

final tableau: !

1
i

Xy F
x, | 7900/3 400/6  1000/6
%, 17/6 1/6 -2/6
%, 13/6 -1/6 8/6

Since the LP optimal solution is not integral, a cut of-the form (2.3.7)
can be derived from either the X, Or X, rows. If the X, row is chosen the
cut (2.3.7) becomes:

5/6x3 + 2/6x4 > 1/6. (3.2.3)
Now t(QO) = minimum {p + 1/6 | 5/6x3 +v2/6x4 = p + 1/6 has a non-negative
integer solution (x3, x4)]. If p = 0, it can be seen that no non-negative
integral solution exists. But if p = 1, a solution (x3, x4) = (1? 1) exists.
Therefore, t(QO) = 7/6 and the cut (3.2.3) is strengthened to :

5/6x3 + 2/6x4 2 7/6. (3.2.4)

Figure 11 shows the feasible regions along with the cut (3.2.3) énd

the strengthened cut (3.2.4). It can be seen that (3.2.3) does not contain
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an ILP-feasible vector while (352.4) does. Also, thé "deeper" cut (3.2.4)
can be seen to cut off more of the feasible region of the associated LP
 than the cut (3.2.3). The two cuts can also be seen to be parallel.

If the set Q is further restricted from Q.0 to Ql c Qo, where Q1 s,

then t(Ql) zZ t(Qo), and a (possibly) stronger cut results. Let

Q= {x | Ax = b, X 2 0 and integer for j in R U {Br}}.

Then Q1 ¢ QO since'Ql is Q0 with the added constraint that Xp be non-

r
negative. The set Ql can be written as {x I x satisfies the constraints

(L.5.6), i.e., Xpg = VY0 2: yijxj’ i=0, ..., my and Xp s xj.Z 0 and
i j€R : r

. integer, j in R}. But since Xp may take on any value for i # r the only
' i
constraint from (1.5.6) which is binding is:

X = Yo T D Yry¥y
r j€R
= i Z E = A >
Thus, t(Ql) minimum {jER frjxj | xBr + {R yrjxj Y03 xBr, X 0 and
integer; j in R}. The problem of finding t(Ql) can now be seen to be equiv-
alent to solving a one-constraint ILP whose variables are Xg and xj, j in
o
R. Thus, if the coefficient matrix A in the definition of Ql is m X n, the

number of variables in the one-constraint ILP will ben - m + 1.

Example 3.2.3. (Bowman and Nemhauser). Suppose the cut corresponding

to (2.3.7) is derived from the following row of an ILP tableau:
Xy = 8/10 - 6/10x1 + 13/10x2. (3.2.6)
The cut derived from this constraint will be:
| 6/10x1 + 7/10x2 Z 8/10. (3.2.7)
Now t(QO) = minimum {p + 8/10 | 6/lbxl + 7/10x2 = p + 8/10 has a non-
negative integer solution}. Thus, t(QO) = 18/10, and the corresponding

strengthening of the cut (3.2.7) will be:

6/10x1 + 7/10x2 =z 18/10.



\ \ Cut (3.2.4), A "deep cut"

S

Cut (3.2.3)

27

Figure 11. Feasible Region and Cuts of Example 3.2.2
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Further, t(Q;) = minimum {6/10x, +.7/10x, [ Xy + 6/10x, - 13/10x, + 8/10,
X5 xz; Xq > 0 and integer}. Thus, t(Ql) can be found by inspection to
be t(Ql) = 28/10, and the corresponding strengthening of (3.2.7) and thus
(3.2.6) will be:

6/10x, + 7/10x2 > 28/10.

1

Bowman and Nembauser have called cuts derived using t(QO) zero-
constrained cufs, and cuts derived using t(Ql) one-constrained cuts. InA
general, k-constrained cuts are possible where k < m, the number of con-
straints in the original ILP. However, the problem of findiné t(Qk) be~
comes increasingly more difficult as k approaches m.

The one-constraint cut has been applied to Gomory's All-Integer Method
|

with the following modification:

Definition 3.2.2. For any finite Q @ S and 0 < h < 1, define s(Q) =

minimum {;%%_— [hyrj]xj ] x in Q}. The object here minimized is the left-
hand side of the cut (2.3.18) from the All-Integer Method when h is chosen
as in (2.3.19). |

With s(Q) replacing t(Q) the cut of the All-Integer Method can (possibly)
be strengthened in the same manner as those of the Method of Integer Forms.
The following example illustrates the procedure:

Example 3.2.4. (Bowman and Nemhauser). Suppose the following two

rows are found in the tableau at some iteration in the All-Integer Method:

X, = =1 + 2%, - x, + 5x,, + x (3.2.8)

5 1 2 3 4

Xe =-10 - 3xl - 5x2 + 6x3 +'4x4 (3.2.9)

With h = 1/2 the cut (2.3.18) can be derived from the row (3.2.8) as:

x, +3x, +x, 21. (3.2.10)

1 3 4

1f Xp = Xe is required to be a non-negative integer then t(Ql) =
r .
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minimum {xl + 3x3 +x, | --3x1 - 5%, + 6x3 + 4x4 - % = 10, X5 Xy, Xg, Xy,
X > 0 and integer}. A minimum can be found (in this case by inspection,
although the ILP could be solved formally) with X, =X, =x3 =0, x, =3,
and Xg = 2. The resulting value of t(Ql) is 3. Thus, the strengthened
cut is:

X + 3x3 + X, z 3.

It may be noted that the strengthened cuts of Bowman and Nemhauser
are found by increasing the constant in tﬁe cut constraint, while those
of Wilson are gotten be changing the value of h in (2.3.18), thué'decreas—
. ing the vlaues of the coefficients of the xj wﬁile leaving the constgnt
unchanged. It therefore may be possible to combine the two methods to
produce even stronger cufs for the All-Integer Method.

The Primal Method of Young and Glover generaées a cut containing an
ILP-feasible vector. Thus, the cuts of that method cannot be improved by
using the techniques developed by Bowman and Nemhauser. Furthermore, any
technique similar to that of Wilson for adjusting the value of h in (2.3.18)
would be limited by the need for maintaining an all-integer tableau. Thus,

the cuts of Young and Glover's Primal Method are the strongest possible

given their objective of moving from one ILP~-feasible solution to another.
Intersection Cuts

A 1969 paper by Egon Balas (2) described a new type of cut which he
called the intersection cut. Unlike previous cuts, intersection cuts
were motivated entirely by geometric considerations. In the paper, Balas
noted that '"the message of this paper lies, not so much in the particular
cuts that it proposes, as in the basically new approach to integer pro-

gramming that these cuts typify." As a result, this work of Balas' was
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extended in two 1970 papers: one published jointly by Balas, V.'T. Bowmah;
F. Glover, and D. Sommer (3), and another by F. Glover(23).

The concept of intersection cuts will be introduced by an example
solved by the original method of Balas. After that the concept will be
diséussed in the more general framework of the later papers. Finally,
an improvement of the 6riginal technique which emerges from the general
discussion will be described.

Example 3.3.1. (From Example 1.1.1) The ILP

4 maximize 700x, + 300x

1 2
subject to '8xl + 3x2 < 27
>
x; + Xy =5, X Xy = 0 and integer

can be solved by Gomory's Method of Integer Formst(Algorithm 2.3.1) with
the cut of that method replaced by an intersection cut derived in the
following manner:

Pass a circle through the four lattice points defining a unit square
containing the current basic feasible solution. This circle will interseét
thé boundary of the feasible region at two feasible points. The line
through these tﬁo point defines an intersection cut. The optimal solution
(xl, xz) = (12/5, 13/5} of Example 1.1.1 is shown in the following Fableau

‘and in Figure 12:

"'X3 —X4
X 2460 80 60
X 12/5 1/5 -3/5
x, | 13/5 -1/5 8/5 .

The four lattice points defining a square containing (12/5, 13/5) are (3,3)

(2, 3), (2, 2), and (3, 2). The circle passing through these four points



81
has the equation (xl - 5/2)2 + (x2 - 5/2)2 = 1/2. This circle interseéts
the boundary of the feasible region at (2,3) and ((357 + 3V€Z§)/ 146,
(362 - 8»523)/146). The second of the two points can be approximated by
the ratioﬁal vector (27/10, 18/10). The intersection cut through the two

points is therefore

X, + l7/10xl < 64/10.

2

This cut can be represented in terms of the current non-basic variables

Xq and X, and slack variable 8y as

sy = l4x3 + 58x4 - 28. (3.3.1)

Appending this constraint to the previous dual simplex tableau gives:

3 >4
x, | 2460 80 60
x| 12/5 1/5 -3/5
x, | 13/5 -1/5 8/5
5, -28 14 -58

And after one dual simplex iteration:

3 !
x, | 141000/58 3800/58  60/58
X, 156/58  20/58 =-3/290
', 106/58  -34/58  8/290
X, 28/58  14/58 -1/58 .

The new extreme point solution (xl, x2) = (156/58, 106/58) lies in-
side a square formed by the lattice points (2,1), (3, 1), (3, 2), and (2, 2).
The circle passing thfough these four points has the equation (xl - 5/2)2 +
(x2 - 3/2)2 = 1/2. This circle intersects the boundary of the new feasible

set at the point (3, 1) and at a point with irrational coordinates which
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can be approximated by (247/100, 221/100). The resulting cut is

| X, + 2.283xl = 7.849.
This cut can be represented in terms of the current non-basic variables
as

8y = 152/((3)(58)) Xy + 1/585l - 30/58. (3.3.2)

The previous tableau with (3.3.2) appended can be written as:

~*3 !
x, |141000/58 3800/58  60/58
x, 156/58  20/58  -3/290
x, 106/58 -34/58  8/290
X, 28/58  14/58  -1/58
s, _30/58 -152/174  -1/58

After one dual simplex itreation this tableau is replaced byf

~*3 ~S
xy | 2400 760/58 60
X, 3 252/290 -3/5
X,, 1 -115/58 8/5
X, 1 194/174 -1
s, 30 152/3 -58

This tableau represents an optimal solution of the associated LP, and
éince it is integral, an optimal solution to the ILP.
Balas (2) has shown that when the coefficient matrix A is m by n + m

(2 by 4 in the example) the intersection cut can be given by

:E: AA)x; = 1, (3.3.3)
JER

where the Aj are computed from the intersections of the hypersphere in r®



intersection cut 3.3.1

intersection cut 3.3.2

<

° first LP optimal
solution
second LP optimal
solution
[
final optimal
solution
°
. -8 »- \ 'y N *1
Figure 12,

Intersection Cuts for Example 3.3.1
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with the feasible region.

The replacement qf the Gomory cut with the intersection cut has not
improved.the method. 1In fact several problems have been created. One
problem is that the algorithm with the intersécfion cut is not guaranteed
to converge. Balas in (2) shows how this problem may be overcome. How~
ever, there are two other related problems. First, the intersection cut
is difficult to derive from the current extreme point solution; and second,
the cut coefficients may be irrationmal.

These difficulties have led to the modification of Balas' method.

In these modifications the hypersphere is replaced by some other convex
set with the hope of getting a stronger, more easily computed cut. The
following theorem gives conditions under which such a convex set wili
yield a valid cut:

Theorem 3.3.1. Given an ILP maximization problem with ILP-feasible

_ 2 - . .
set S {x | j€R aijxj = bi’ xj > 0 and integer, j =1, . . ., n} and an

associated LP with final simplex tableau represented by

= - X, 3.3.4
<=0 - ¥ oy .36

where x = (Xl’ SREER xn), y. = (ylj’ . v ey ynj) for all j, and Yo =

3 |
(ylo, .. .s yno), and any closed and bounded convex set K in RP satisfying:

Yo € K - Kb’ where Kb is the boundary of K, (3.3.6)
(K-K)NS =4, (3.3.7)
then for any real Aj > 0 such that Yo - yjAj € R the cut
1/A0)x, =21 (3.3.5)
2 A= | |
JER

eliminates the current LP optimal solution Yo while retaining all the vec-

tors in S.
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Proof of Theorem 3.3.1. Let K be a closed and bounded set satisfying

(3.3.6) and (3.3.7), and let A; >0, j € Rbe given so that P = {pj |

Pj =Yy " yjAj, j € R} ¢ K. Let T be the convex hull of P U {y0}4 That

is, T = {x I X = aoyo + 57 o,P,, ao, aj'i 0 and o, + aj =1}. Let

J¢R 7374 0 ° jER
Ty = {x | x € T and ix uj <1}, Let U= {x |x = Yo T {eR V¥ ¥y > 0},
and let Uy = {x | x € U and & (1/X.)xJ < 1}. Then T, € U, since if
x € T0 then x = aoyo jer J(y0 J J) = yo(a + ;%%. j) - j%%.aJAJyJ =
Yo = jg%.yj(ajxj)' But (ajkj) > 0, so that x € U. And since 13 aj <1,
then iR (llkj)(ajlj) < 1 so that x € UO. |
Also,.U0 C T0 since if x € U0 then x = Yo - ;%%.y X,, where xj =20

and }g% (llkj)xj < 1. Set ai = (xj)/(kj) for j € R, then aj 2 0 and
jeR aj < 1l. Let ay = 1- ik uj, then x = Yo = JER yJ 5 =Yy - j€r yja A=

jer aj) _‘jéR yJaJAj = ®Y, + 3 o, (y0 -y, Aj) where A +

h|
=20 < .
aO, aj 0 and je€R aj 1 Therefore, x € T

(% * Ry T b

0°

.Now U0 = T0 c (K - Kb)' This can be seen by noting that any x € To

is a convex combination of Yo and some point y from the convex hull of P.
Since P € K then y € K. A standard result from convexity theory [43, p.34]
states that if Yo is in the interior of a convex set K and y is in the
cloéure of K, then any convex combination of y and Yo will bg in the inf
‘terior of K or will be y itself. Therefore, x € (K - Kb) or x = y. But

if x = y then % = 0 and ;%%.aj = 1, contradicting the fact that x € TO.

If x € S, then x § (K - Kb) since the interior of K contains no
lattice point. But if x € S, then by its construction x € U. Therefore,

since U0 c (K - Kb), x ¢ UO. In other words, if x € S then jER a/x )xj- 1,

so that the cut (3.3.5) is valid for S. Also, since Yo = Yo " J€R yj 52
= 1 E <
where Xy 0 for every j € R, then Yo € Y, and thus satisfies fer (1/A xj 1,

so that the cut (3.3.5) cuts off the LP feasible solution Yo+
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This theorem shows that an intersection cut of the form (3.3.5),
where the Aj > 0 are chosen so the (y0 - yjkj) € K, can be éonstructed
from any closed and bounded convex set K provided K satisfies (3.3.6) and
(3;3.7). However, a convex set which contains more of the feasible region
will generally produce a stronger cut.

Balas' ofiginal cut is constructed in R" from the convex closed ball
K, = {x € & [x ~(Iyy] + e/2) ll, s V&/2}, where fixl, = (& [x, )%,

X = (xl, e e ey xn), and e = (1, ; .« s 1). If the tl norm instead of the
' 12 in R® is used the following convex set is obtained:

K, = {x ¢ Rp| e - ([yO] + e/2) “l < n/2,}
where ”x“l = 55 |x. .

i
i=1 ,
"The relationship between the two convex sets'K2 and K. can be seen

1
with the aid of Figure 13. Each set contains Yo in its interior, and the
boundary of each set contains the vertices of a hypercube containing Yo+
But since K2 c Kl the intersection of the (y0 - ijj) and the boundary of

Kl will produce a stronger cut than that produced by K In addition,

2.
since the boundary of K1 consists of hyperplanes, rather than the surface
of a hypersphere, the coefficients of the cut are eaiser to compute.

This intersection cut produced by the Kl norm in R is described>in

the paper (3). Other papers describe intersection cuts developed from

other norms (10), ellipsoids(1ll), polytopes (4), and other comnvex sets (1).



Figure 13. The Relationéhip between K; and K,
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Figure 14. Illustration for the Proof of Theorem 3.3.1
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CHAPTER 1V
A CHARACTERIZATION OF CUTS
Definitions and Examples

In a 1977 paper R. Jeroslow (33) showed that it could be possible to
characterize valid cuté in terms of a certain class of functipns called
subadditive functions. The purpose of this chépter is to characterize
the cuts described in previous chapters using these functions and to show

how the application of this idea leads to new cuts.

Definifion 4.1.1. A monoid is a set togethef with a binary operation
on thaﬁ set which is associative and contains an identity element. 1In
the framework of this paper, the set will be some subset of Rp, the binary
operation will be vector addition, and the identity element will be zero.

Definition 4.1.2. A subadditive function is a real-valued function

defined on a monoid, M, such that F(a + b) = F(a) + F(b) for every a and
b in M.

The following examples will serve to illustrate thevidea of a sub-
additive function on a moniod, and also to demonstrate tﬁatbcertain func-
tions appeafing in later sections are subadditive:

Example 4.1.1. Let the monoid M be R and define

‘0 if v =20,

F(v) = for every v € M. (4.1.1)

ll if v # 0,

Now, F(a + b) > F(a) + F(b) only if (a + b) # 0 while a = b = 0. Since

89
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this cannot happen, F(a + b) < F(a) + F(b), and thus the function is sub-
additive.

Example 4.1.2. Let M = Rl and for any real number ‘'h define

Fh(v) = [h] v - [vh] (4.1.2)
fBr every v € R;. 1f h, x, and y € Rl let m = [hx] and n = [hy]. There-
fore, there exist p and q such that 0 = p< land 0 = qg< 1l and hx = m + p
and hy = n+ q. Since [m+n+p+q]l=m+nif 0 <p + q< 1, and
[m+n+p+ql=m+n+1if 1 5 p+4q< 2, then [m+ n+p+ q] Zm + n.
Therefore, [hx + hyl] = [m+n+p+q]l 2m+ n = [hx] + [hy],.and thus
—[hx + hy]} < -[hx] - [hy]. The addition of [h] ° (x + y) to both sides of
the previous inequality gives [h](x + y) - [hx + hy] = [h]x - [hx] + [hly -
[hy], so that F(x + y) < F(x) + F(y) for every x and y in M.

" Example 4.1.3. Let M R" and let C be a convex set im R- containing

]

the prigin in its interior. Define
Fo(v) = inf {X >0 | v/x € c}, (4.1.3)

for every v ¢ M. This function is known as the Minkowski functional with
respect to C. As noted in (35) this function has several interestingbprop—
erties. It can be seen from the definition that FC(O) = (0, and that FC(V)‘<1
for every v in the interior of C, and FC(V) > 1 otherwise. 1In fact, if C
.is a closed and bounded convex set, FC(v) = 1 for every v on the boundary
Qf C. | |

It>can be seen thatlFC(av) = uFC(v) for every real o > 0 since Fc(av) =
inf (A > 0 | (av)/A € C} = inf {\ > 0 | v/(A\/a) € ¢} = inf {a(A/a) > 0 |
v/(\o) € ¢} = ainf {Aa > 0 | v/(Ma) € €} = aF (v).

Finally, FC(v) is subadditive for every v ¢ M. Let € > 0 be given
énd let x, y € M. Choose r and s such that FC(x)<:r‘< FC(x) + € and

FC(y)-< s < Fc(y) + ¢. From properties listed above, Fc(x/r)< 1 and
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FC(y/s) < 1. And so x/r and y/s are in C. Let q = r + s. Since C is
convex (r/q)(x/r) + (s/q)(y/s) = (x + y)/q € C; so that F.((x +y)/q) = 1.
Thus, Fc(x +y)<q=r+sc< FC(x) + FC(y) + 2. Since £ is an érbitrary

positive real then FC(x +y) =< Fc(x) + FC(y).

Example 4.1.4. Let M be the set of lattice points in the non-negative
orthant of R2 under vector addition and define

‘1 if v, + v, is an odd integer,

F(v) = (4.1.4)

10 if 4] +-v2 is an even integer,
where v = (vl, v2). This function is subadditive since F(v + w) > F(v)+F(w)
only if vy + Vo + Wy + w, is odd while both vy + v, and Wy + w, are even,

which is impossible.
Jeroslow's Theorems

The following two theorems of R. Jeroslow (33) show that valid cuts
can be characterized by a class of subadditive functions in the sense
that, given an ILP-feasible set,'S, any subadditive functiqn of the class
generates a.valid cut for S, and any valid cut for S is a weakening of a
cut generated by some subadditive function of the class. Statements of
tﬁese theorems (but not the proofs) can be found in (33).

Theorem 4.2.1. Given a non-empty ILP-feasible set S = {x ¢ R® | Ax = b,

x =2 0 and integer} and any subadditive function on the monoid M = {v | v = Ax

for some x = 0 and integer} with F(0) = 0, then

n
Z F(ay)x, = F(b) (4.2.1)
j=1

holds for every x € S (i.e., (4.2.1) is a valid cut for S). The a; are the
columns of the matrix A and x = (xl, e . ey xn).

Proof of Theorem 4.2.1. Since x, is a non-negative integer, themn for

3
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each j =1, . . ., n; F(aj)xj = F(ajxj) by the subadditivity of F if

x, > 0. If x, =0, then F(a.)x, = F(a.x
nj N ’ ( i’ ( i3
J

2: F(a.)x, = . F(a.x.). Applying the subadditivity of F to the right-
- F( J) j % 5= ( j J) pplying d y 0 g

) since F(0) = 0. Therefore,

hand s%?e of the previous inequality yields = F(ajxj) z FSj=l ajxj .

Now, a.x,
n°’ j=1 "j7j

= A%, and Ax = b for every x € S, therefore, g;l F(aj)xj >
z: F(a.x,) =2 F Z: a.x,
j=1 ( k| J) (J=1 J J)

F(Ax) = F(b), for every x € S.

Theorem 4.2.2. If § ={x | Ax = b, x 2 0 and integer} is non-empty

and bounded then any valid cut

™ Z m ' (4.2.2)
for S is a weakening of a cut
n
> Fa,)x, = F(b) (4.2.3)
=t 1 | |

for a suitable subadditive function F on the moniod M = {v | Ax = b for
some integer vector x = 0} with F(0) = 0.

Proof of Theorem 4.2.2. Given the cut (4.2.2) valid for x € S define

ba function F by

F(v) = inf {mx | Ax = v, x 2 0 and integer}. (4.2.4)
Now S #‘¢ and Ax = b for x € S so that b € M. Since S is bounded and
finite it follows that F(b) = inf {7x | Ax = b, x = 0 and integer} is a
finite real nﬁmber.

The next step in the proof is to show that F(0) = 0. Let S0 =

{y | Ay =0, y 20 and integer}. Choose b0 so that Ab0 = b and bO 20

and integer. Then A(b, +y) = Ab, + Ay = b for each y € Sy+ Thus,

0
F(b) < 'n(b0 +y) = b0 + 7y, and so F(b) - ﬂbo < my for each y € SO.

]

Thérefore, F(b) - ﬂbo < inf {my l y € So} F(0), and so F(0) is a finite

real number. Now since y € S, implies 2y € SO, F(0) = inf {my l y € So} =

, 0
Linf {m(2y) | y € sO} > %inf {m(2y) | (2y) € so} = %F(0), so that F(0) = 0.
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But F(0) < 0 since 0 € SO’ so that F(0) = O.

The next step in the proof is to show that F(v) is finite for.every
veEM Letve M; then if F(v) = r where r ¢ {mx l AXx = v, x 2 0 and
integer}, there exists a'sequence of infinitely many distinct vectors,

(1) (1) (1) (i +1) (1)

X , such that x

(1)

2 0 and integer, Ax = v, and Tx < TXx

for every x in the sequence. Since there are infinitely many distinct
vectors in this sequence from the finite-dimensional spacebRp there éxiéﬁs
some pair x(p), x(q) with x(p) - x(q) 20 and p >q. Sety= x(p) - x(q).
Since y 2 0 and Ay = A(x(p) - x(q)) =v-v=0and ny = ﬂ(x(p) —'x(q))<.0;;
then F(0) = inf {mx l Ax = 0, x 2 0 and integer} < 0, which contradicts
the conclusion above. Therefore, F(v) = r e {mx | A = v, X é 0 and
integer}, so that F(v) is finite for all v € M and the "inf" in the def-
inition of F can be replaced by "minimumﬁ.

Next, it can be shown that (4.2.3) is a strengthening of (4.2.2).
Note that aj € M for every j = 1, SR n since the jth uniﬁ vector, uj,

is non-negative and integer and Auj = aj. For every j =1, . . ., n,

F(aj) = min {7x | Ax = a5, X > 0 and integer} =< ﬂuj ='ﬂj. F(b) = min {mx |

Ax =b, x 20 and integer} = min {7x | x €S } = Mo since mx = To is valid

for every x € S.

The final step in.the proof involves showing the function F to be
subadditive on M. Let v' and v" belong to M. Choose x' so that F(v') =
ﬂx', and choose Tx" so that F(v") = x". Thus, Ax' = v' and Ax" = v", so

.Tthat A(x" + x") = v' + v". Therefore, F(v') + F(v") = m(x' + x") =
" min {x I Ax = (v' + v"), x 2 0 and integer} = F(v' + v").

These two theorems not only demonstrate how the cuts of chapters two

and‘three might be characterized but also provide a method for generating

new cuts. For example, consider the function
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}1 if 2 + v, is odd,

F(v) = (4.2.4)

'0 if v1 + v2 is even,

of Example 4.1.4 applied to the ILP of Example 1.1.1 whose ILP-feasible

set is described by

(8310) (27)
x = » X = (X, X,, Xy, X,) 20
110 1 5 R

and integer. The cut (4.2.1) with F as above would be

F((8, 1)x; + F((3, 1)x, + F((1, 0)x, + F((0, 1))x, = F((27, 5)),

or
>
%y + x3 + x4 >0
or in terms of xl and x2 alone
4xi + X, < 16. (4.2.5)

This cut (as shown in Figure 15) is valid, but not very effective.
If the subadditive function for the cut (4.2.1) is the function Fh
of Example 4.1.2 with h = %, then another cut can be constructed from

the feasible region of Example 1.1.1l. Let F(v) = F((vl, VZ)) = Fh(vl) =

F

P(vl) = [’4,]v1 - [%vl],'for every v € M. Then the cut (4.2.1) becomes
4

(4] 8 - [8/41)x) + ([%] 3 - [3/4D)x, + ([%] - 4Dz,

+ (%] 0 - [0Dx, = [%] 27 - [27/4],
or, in terms of x, and x,:

1 2

= 3.

1

As these examples demonstrate, a cut generated by a subadditive
function may nof be useful even though it does not cut off any ILP-feas-
ible vector. The problem, then, is to determine which function to uée‘
giveﬁ the nature of the ILP-feasible set and the current LP optimal so-

lution. As R. Jeroslow (32) noted, '"The key issue of the suba&ditive
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cut (4.2.5)

Figure. 15. Subadditive Cuts for Example 1.1,1.
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approach is the construction of suitable subadditive functions." 1In ad-
dition to unifying the cuts presented in previous chapters, the character-
ization of those cuts may lead to further insight concerning which types

of subadditive functions are useful.
Characterization of the Cuts

The cuts bf chapters two and three can be placed in a unified éetting
by developing them in terms of their associated subadditive functionms.
Theorems 4.2.1 and 4.2.2 indicate that subadditive functions can be found
which characterize these cuts. The purpose of this section is to present _
such functions and show how they lead to the corresponding cuts.

The previous cuts were developed from the constraints representing
the ILP-feasible region of the given problem (the set {x IrAx =b, x20
and integer} Theorem 4.2.2). However, the constraint set actually used

to get the cut was in the form of the simplex tableau, i.e.,

Xy = Vg = 2o V¥ (4.3.1)
jer 1

" Here x, represents the vector of basic variables (xB s e s X ) and
B 1 m

Yo = (le, e v ey ynO)’ the current LP-optimal solution. Also, yj =
(yli’ . e ey ynj)’ represents the column vectors of the tableau, and R
is the index set of the nonbasic variables. Thus, the subadditive func-
tions used in this section to generate those cuts will be applied to the

constraints in the form (4.3.1).

Gomory's Method of Integer Forms (Algorithm 2.3.1) The cut for this

method can be derived.by using the subadditive function of Example 4.1.2
applied to the constraints (4.3.1) in the form

Xy + :Z: ijj =Yy | (4ﬁ3'2)
j€R
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In other words, the system of constraints, Ax = b, of Theorem 4.2.2 would
be

(Uys o o oy W3 Fas o o o5 V) (%3 )T = s (4.3.3)

1 m’ Y1 o’ “¥BP W Yo
where the uj are the unit vectors in Rm, thé:yj are the n column vectors of the
- simplex tableau, X3 is the vector of the m basic variablés, and Xy is
the vector of the n nonbasic variables. Therefore, the aj of Theorem 4.2.2
'gre the ujvand yj of (4.3.3) and the b corresponds to Yo+
Choose the ith row of the tableau from which to construct the cut.

Let F(v) = Fh(vi)’ where Fh = F1 is the function of Example 4.1.2, and

v, is the ith entry of the column v, so that F(v) = vy - [vi]. The cut

(4.2.1) generated by this subadditive function applied to (4.3.3) is

| \ |
DoCuyy = lug Dxk 3 vy - Iy Dxy 2y, - [ygpls (4.3.4)

JER j€R
but since uij = 0 or 1, this cut simplifies to
Z (yiJ [yij])x -yio - [yiO]’ (4.3.5)
jeR

which is the cut of Gomory's Method of Integer Forms, equation (2.3.7).
Note that F(0) =

Gomory's All-Integer Method (Algorithm 2.3.2) The cut for this

method can be derived by using the subadditive function of Example 4.1.2
applied in exactly the same manner as in the derivation above. The only
difference being that instead of h = 1, h = min {(-1/yrj)[y6j/y0k]’ j € R}
as in the algorithm. Since Theorem‘2.3,2 notes that 0 < h< 1, the func-
tion Fh of Example 4.1.2 becomes

Fh(v) = [h]v - [vh] = -[vh]. ' (4.3.6)
Thus, the cut of the form (4.2.1) generated by‘applying this function to

(4.3.3) can be written as
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Z - [huij]xj + Z - [hyij]xj z - [hy, 1. (4.3.7)
jER j€R

And since uij =0 or 1, the cut can be simplified to

> - [y dx, 2 - Thyl,
JER

which is the cut of the All-Integer Method as in equation (2.3.18). Note
again that F(0) = 0.

Wilson's Modification of the All-Integer Cut (Example 2.3.5) For

Wilson's modification the subadditive function chosen is (4.3.6) above
with h* replacing h, where h* is chosen as in Example 2.3.5. Since h*
is chosen in such a way that 0 < h* < 1, (4.3.6) will correspond to the

subadditive function of Example 4.1.2.
I 1

The Primal All-Integer Method (Algorithm 3.1.1) The cut for Young
and Glover's All-Integer Primal ﬁethod can be derived using the subaddi-~
tive function of Example 4.1.2 applied in the same manner as above. How-
ever,.as in the Primal algorithm, h = 1/yrk. Since Yo > 1 tﬁen 0< h< 1
‘and

F(v) = [h]v - [vh] = ~[vh].

Thus, this function applied to the constraints (4.3.3) yields

> - [huy Jx, + 3" - [hy; Jx, = - [hy,),
j€R ’ jER

or, since 0 < h< 1 and h = llyrk,
- > -
| [yij/yrk]xj 2 [yio/yrk].
which is the cut (3.1.1) of the Primal Method.

Dantzig's Cut (Equation (2.3.17)) To comstruct Dantzig'z cut from

a subadditive function first write the constraints of the tableau in the

form

;R ijj = yO - xB. ) (4.3.8)
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Therefore, the coefficient matrix, A, of Theorem 4.2.2 becomes (yl,. . .,yn)

and b becomes (y0 - xB). Let the subadditive function be that of Example

4.1.1, i.e.,

0 if v=20,
F(v) = (4.3.9)
1if v # 0.
The resulting cut is
Z F(yj)xj z Flyy - %x5)- - (4.3.10)

j€R

- x_) = 0 only if the current LP optimal solution Yo» is equal

Now, (yO B

to x,, and thus integral; in which case no cut is needed. Therefore,
F(y0 - xB) = 1 for all but redundant cuts and F(yj) = 0 or 1, so that
Dantzig's cut, ;%% xj =1, is a weakening of,(4.3110).

Deep Cuts (Chapter 3, section 2) A deep cut of the method of Bowm;n

and Nemhauser is found by taking the cut of the Method of Integer Forms

>
'S“ fiJ ;2 £i0° - (4.3.11)
JER
where fij = yij - [yij]’ and increasing the right-hand side (if possible)
to obtain a strengthened cut. The resulting deep cut can be written
. >
Z fijxj 2 t(Qq)» (4.3.12)
j€R

where t(QO) = min'[jga £, x I Ax = b, x 2 0 and integer, j € R, Xy

interger}.
This cut can be characterized by a subadditive function similar to

that defined in the proof of Theorem 4.2.2. Let F(v) = min {jZE:R fijxj |

Ax = v, x 2 0 and integer}. Then F(b) = min { | Ax = b, x20

2 ¢
j€R T13%3

‘and integer} = min {32: f..x. | Ax = b, X > 0 and integer for j € R, Xp

integer}, since the second minimum is taken over a set which contains

that of~§he first minimum. Also, F(aj) = min {;gi fijxj | Ax = ay» X 2 Q
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159 = fij‘for every j € R.
Thus, t(QO) < F(b) and_fij 5

(4.3.12) 1is a weakening of the cut (4.2.1) with the function F taken to

and integer} = ! f

=z F(a,) for every j € R so that the cut

be that of the proof to Theorem 4.2.2.

Balas' Intersection Cut (Equation (3.3.3)) As was noted in the

third section of Chapter 3, Balas' original intersection cut is given

by
2, Andx =1, (4.3.13)
j€R
where the Aj are chosen so that pj = ¥y~ yﬁ Aj are the (unique) points
of intersection of Kb’ the boundary of the closed ball K, and the -
Yo T Y%yt ‘ |
This cut can be described in terms of a subadditive function on the
ILP-constraint set (4.3.1) in the form ~j€R ijj =X - Yy .Thus, the
Ax = b of Theorem 4.2.2 is given by
(—Y1’ d e —yn)xN = (xB - yo)- (4.3.14)
To construct a suitable subadditive function let K be the closed ball
in R* whose boundary Kb contains the vertices of a hypercube containing
yo. Let C be the translate of K by Yo» i.e., C={x I x + Yo € K}. Thus,
C is a closed ball containing the origin in its interior (see Figure 16).
Let FC be the Minkowski functional of Example 4.3.1 with respect to the
closed convex set C. Then,
Fo(v) = inf {} >0 | x/x € c}. (4.3.15)
F. is a subadditive function defined on all of R" with F(0) = 0. Since
C is a closed ball then for every v ¢ R" there exists A > 0 such that
. Fb(v) =.X, where (v/}) a,Cb, the boundary of C. If v is one of the colummns

of the coefficient matrix in (4.3.14) (i.e., v = --yj for some j € R) theﬁ
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. Figure 16. ‘The Convex Balls K and C in Rz.
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—yj/X5 € C - But if —yjlxs e Cy theﬁ (y0 - yjlis) € K . However, the
unique point of in;ersection of Yo yjkj an@ Kb is pj =Yy - Ajyj'
Therefore, Aj = 1/?3, and so 1/}\j ='Xj = FC(-yj) for every j € R. Thus,
j%% (1/Aj)xj = ;%% FC(-yj)xj. In other words, the left-hand sides of
Balas' intersection cut and the subadditive cut formed using the
Minkowski functional with respect to C,
:Z: Fo(-y )% 2 Folmg = yp), (4.3.16)
JER
are identical. TFor the subadditive cut (4.3.16) to be a streﬂgthening
of Balas' cut (4.3.13) then, it must be true that the right-hand side of
(4.3.16) be greater than or equal to that of (4.3.13). It can be seen
‘that (xB - yO) does not lie in the interior of C, for if so Xps an in-
.teger vector would lie in the interior of K. But K, by_its‘construction,
contains no lattice poimtsT Now since, as noted in‘Ekamﬁle_4.l.3, for
‘évery point v ¢ (C - Cb), FC(V) > 1, then FC(xB - yo) >1 sovthaF the.

 subadditive cut (4.3.16) is a strengthening of the cut (4.3.13).

General Intersection Cuts (Theorem 3.1.1) As shown in Thedrem 3.1.1

and closed and bounded convex set K satisfying conditions (3.3.6) and

(3.3.7) can be used to produce a valid intersection cut of the form

:z: (1/A)x, 21, (4.3.17)
3773 _
j€R
whefe the Ai are such that (y0 - yjAj) € Kb’ the boundary of the convex
set. As in Example 4.1.3, if C is the translate of the convex set K by
Yoo then there exists a Minkowski functional F, associated with the set

C
' C, and therefore by Theorem 4.2.1, a valid cut

:Z: Fo(-y )% 2 Flxg = yp) - o '(4.3.18)
JER
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Since C is closed and bounded there exists Aj > 0 such that FC(—yj) =-Xj’
where (lllj)(—yj) € Cb' Therefore, (y0 - (llkj)yj) £ Kb' But since the
(y0 - ijj) intersect Kb'at only one point (as can be seen in the proof

of Theorem 3.3.1) then llis = A Thus, as with Balas' original cut the

5
left-hand sides of the subadditive cut (4.3.18) and the intersection cut
(4.3.17) are identical.

Also, as with Balas' cut, the left-hand side of (4.3.18) will be
~greater than or equal to the left-hand side of (4.3.17) since Xg g (K - Kb)
implies that (xB - fo) f{ (c - Cb), and thus Fc(xB - yo) >1. |

' Therefore, any intersection cut produced by intersecting a closed
and Bounded convex set wﬁose interior conﬁains the LP-optimal solution
Yo but no lattice point with the edges of the LP-feasible region (yo - ijj

can be characterized as a weakening of a cut produced by applying a (sub-

additive) Minkowski function to the columns of the simplex tableau.
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