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DISCONJUGACY CRITERIA FOR SELF-ADJOINT

DIFFEEEHTIAL SYSTEMS

1« In tro d u c tio n . In  1948 H ille  [5 ] e s ta b lish ed  c r i t e r i a  fo r  non­

o s c i l la t io n  of the d i f f e r e n t ia l  equation

(1 . 1) y** + f (x )y  = 0 , fo r  0 < x  < co ,

w ith f  a  non-negative r e a l  valued function  on (0 ,oo )j h is  method of proof 

u t i l i z e d  the no n -lin ea r (R icca ti) in te g ra l  equation

(1 . 2) “  Jx f ( t ) d t .

In  a  subsequent study, S ternberg  [2 l]  extended c e r ta in  r e s u l ts  of H ille  

to  m atrix  d if f e r e n t ia l  equations of the form

(1.3) Y' = G(x)Z, Z» = -F(x)Y,

where G and F were nX n r e a l  symmetric m atrices w ith  G non-negative 

d e f in ite  and of constant rank. However, S ternberg obtained a r e la t io n ­

sh ip  between (1.3) and an analogue of (1.2) only in  the case of G non­

s in g u la r . In  S ection  4 we use a  g en e ra liza tio n  of the proof given by 

H ille  to  ob ta in  a corresponding r e s u l t  w ithout the assumption of non­

s in g u la r ity  of G. That r e s u l t ,  and a corresponding dual, are used to  

extend the necessary conditions fo r  n o n -o sc illa tio n  which were given by 

H ille  and S tem berg j a lso , th ere  are obtained re la tio n sh ip s  between 

boundary problem  involving system (1 . 3) and a  corresponding system w ith

G and F interchanged. Improvements of S ternberg ’s su ffic ien cy  c r i t e r i a
1



2

are  given  in  Section 5j f in a l ly ,  the re s u l ts  of Sections 4 and 5 are  

app lied  to  c e r ta in  even order equations in  Section 6 .

M atrix no ta tio n  i s  used throughout5 in  p a r t ic u la r ,  m atrices of one 

column are ca lled  v ec to rs, a l l  nx n , n ^  1 , id e n ti ty  m atrices are denoted 

by the common symbol E, and 0 i s  used in d isc rim in a te ly  fo r  the zero 

m atrix  o f any dimensions. The conjugate transpose of a  m atrix  H i s  de­

noted by H*, and H i s  ca lled  herm itian  whenever H* = Hi I f  H and K are  

nX n herm itian  m atrices, we w rite H ^  K, [H > K ] , 'to  in d ica te  th a t  H -  K 

i s  a non-negative, [p o s it iv e ] ,  d e f in ite  m atrix . The symbol X i s  used 

throughout to  denote a f ix ed  su b in te rv a l (a^ , 00 ) ,  a^ 2  > o f the re a l

l in e .  An nx n herm itian m atrix  H = H(x) on X w ill  be re fe rre d  to  as non­

decreasing , [ in c re a s in g ], whenever a^ < %̂  < Xg < 00 im plies H(x2)^H (x^), 

[H(xg) > H(x|j_)] . I f  X^ i s  a su b in te rv a l ' o f X, we say th a t  a  m atrix  has a 

property  o f boundedness, d i f f e r e n t ia b i l i ty ,  co n tin u ity , o r in te g ra b il i ty  

on X^ i f  and only i f  a l l  e n tr ie s  of the m atrix  have th a t  property  on X^j 

the c lasses  of a l l  m atrices which on a rb itra ry  compact sub in terva ls  of X  ̂

are Lebesgue in teg rab le , a .c .  (abso lu te ly  continuous), and measurable and 

e s s e n tia l ly  bounded, are re sp ec tiv e ly  denoted by jE(X^), CL(X^), and 

I t  i s  to  be noted th a t  th is  usage of these symbols d if fe r s  

from standard  conventions. N otations such as X ([a ,oo )> , ^ ° ° ( [ a ,b ] ) ,  

e t c . ,  are abridged to  JC[a,oo), X '^ C a ,!] , e tc .  I f  a  i s  an accumulation 

po in t of X, we say th a t  a  m atrix  H(x) on X has a l im it  K a t  a  whenever 

each en try  of H(x) has the corresponding en try  of K as a l im it  a t  a.

Also, H (t)d t i s  sa id  to  e x is t  whenever each en try  of H (t)d t has

a f in i t e  l im it  a t  00. A p a r tic u la r  condition i s  sa id  to  hold fo r  large x
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i f  and only i f  there  e x is ts  a po in t c e X such th a t  the condition  holds 

on [cjoo ) .

2 . Forrmilation of the problem. Consider a m atrix  d i f f e r e n t ia l  system

(2.1) U« = A(x)U + B(x)V, V  = C(x)U -  A*(x)V

on X; a^ < X < CD , %  ̂  -oo , where A (x), B (x), and C(x) are nx n complex

m atrices in  wÇ(X). I f  Ü and V are n x r  m atrices, r  > 1 , the symbol (U;V) 

w ill  denote the 2nX r p a r tit io n e d  m atrix  (U* V*)*. I f  U and V are n X r  

complex m atrices, then (TJ;V) w ill  be sa id  to  be a so lu tio n  of (2.1) when­

ever U and V are in  OL(X) and s a t is fy  (2 .1) a .e .  (almost everywhere) on X.

For a non-degenerate closed su b in te rv a l [a ,b ]  of X, the system (2.1) 

i s  sa id  to  be have abnormality of order q ^  [a ,b ]  i f  and only i f  the 

l in e a r  m anifold of 2nX 1 so lu tions of (2 .1) which are of the form (Ojv(x)) 

on [a ,b ]  has dimension q . We say th a t  (2.1) i s  normal on [a ,b ]  whenever

(2 .1 ) has abnorm ality of order 0 on [ a ,h ] .  For a  non-degenerate subin­

te rv a l  X^ of X, the system (2.1) i s  sa id  to  be id e n tic a l ly  normal on

i f  and only i f  (2.1) i s  normal oh every non-degenerate su b in te rv a l of X^.

Two d is t in c t  points x^ and Xg in  X are sa id  to  be con.iugate re la t iv e  

to  (2 .1) whenever there e x is ts  a 2 n X l so lu tio n  (ujv) of (2 .1 ) such th a t

u(x^) = 0 = u(xg) and u(x) i s  no t id e n tic a l ly  0 between x^ and x^. I f  X^

i s  a  non-degenerate su b in te rv a l of X, then (2 .1) i s  sa id  to  be d is con.iugate 

[23} pg. 368] ^  X^ whenever no two d is t in c t  poin ts of X  ̂ are conjugate 

re la t iv e  to  (2 ,1 ) .

I f  B(x) and C(x) are herm itian  and (B^}Vj^), ( i  = 1 ,2 ) , are so lu tions 

of ( 2 . 1) on X, then the m atrix  i s  a constant on X since i t

has zero d eriv a tiv e  a .e .  on X. Following Reid [13} pg. 376], a  so lu tio n
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(ü;V) of (2 . 1 ) i s  c a lled  a  m atrix  of connoined so lu tio n s  whenever 

U*V -  V*U = 0 on X. .

I f  D i s  a  fundamental m atrix  fo r

(2.2) D« = A(x)D

on X, then under the transform ation

(2 .3) U = DI, V =

the system (2 .1) reduces to

(2 .4) Y' = G(x)Z, Z» = -F(x)Y,

where G and F are the m atrices

(2 .5) G = F = -D*GD.

Since (2 .4) i s  a  sp e c ia l case of the form ally  more general system

( 2 . 1 ) j any d e f in itio n  made fo r  (2 .1) app lies to  (2 .4 ) .

For X^ a  generic non-degenerate su h in te rv a l of X, the follow ing 

hypotheses are s ta te d  fo r  fu tu re  re feren ce:

H (X ) : G.F e JC(X ) ,  and G* = G on X .0 0 ' o '  ----------  — o
H(XJ: H jX ^ ), andF *  = F on X^.

I f  G > 0 on X^ in  ad d itio n  to  hypothesis H^(X^), [H(X^)], the combined 

condition  i s  denoted by the symbol H^(G > 0 | X ^), [H(G 2  0 I X ^)]. The

condition  th a t  H(G 2  0 I 4^) holds and F > 0 on X^ i s  abbreviated by the

symbol H(G > 0; F > 0 I X^)j i f  X^ = X, then the n o ta tio n  **| X^" i s  

d e le ted  from these symbols.

I f  hypothesis H(X) ho lds, then the transform ation  (2 .2 ) , (2 .3 ) ,

(2 . 5) between systems (2 .1) and (2 .4) preserves conjoined so lu tio n s  and 

p a irs  of conjugate p o in ts , and fo r  each x e X the rank and index, th a t  i s .
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the number of p o s it iv e  proper va lu es , of B(x) are the same as those of

G(x) defined by (2«5).

An nx  n herm itian  non-negative d e f in ite  m atrix  K = K(x) in  i£(X) i s

sa id  to  s a t i s fy  condition (K) i f  and only i f  fo r  each p o in t x. e X,
p %

there e x is ts  an x^ 6 (x ^ ,0D ) such th a t  K(x)dx i s  p o s itiv e  d e f in ite .

I t  i s  to  be noted th a t  a  non-negative r e a l  valued fu n c tio n  f  £ X{^)  s a t i s ­

f ie s  condition  N^(f) i f  and only i f  f  does no t vanish  a .e .  fo r  large  x .

I f  i s  a  su b in te rv a l of X of the form [ a ,c ) ,  where a  < c < oo , and K(x)

i s  an nX n herm itian  non-negative d e f in ite  m atrix  in  X(X^), then  K i s
mX ” ■

s a id  to  s a t i s fy  condition  Ng(K | a) whenever K (t)d t i s  p o s itiv e  

d e f in ite  fo r  each x  £ ( a ,c ) .

I f  [a ,b ]  i s  a  non-degenerate su b in te rv a l of X and (O jz(x)) i s  a 

2 n X l so lu tio n  of (2.4-) on [ a ,b ] ,  then z(x) i s  constan t on [ a ,b ] ,  and 

hence we have the follow ing c h a ra c te r iz a tio n  of abnorm ality.

LEMMA 2 .1 . I f  hypothesis ^  0 | [ a , b ] )  h o ld s . then the follow ing 

conditions are eq u iv a len t;

( i)  The system (2.4) has abnnrm alitv of order q on [ a ,b ] .

" ( i i )  The l in e a r  m anifold of constan t n-v ec to rs  n such th a t  G(x) it = 0

a .e .  on [a ,b ]  has dimension q .

( i i i )  The rank of G(x)dx i s  n -  q .

Consequently, i f  X^ i s  a non-degenerate su b in te rv a l of X which i s  

open on the r ig h t  and such th a t  hypothesis H^(G 2 0 I X^) ho ld s, then (2.4) 

i s  id e n tic a l ly  normal on X^ i f  and only i f  condition  Ng(G| s) holds fo r  

every s £ X^.

For X  ̂ an a rb itra ry  su b in te rv a l of X, and fo r  n X n herm itian  

m atrices W(x) in  Q.(X^), l e t  K^(W), ( i  = 1 ,2 ) ,  be the R ic ca ti m atrix



d if f e r e n t ia l  operators defined, by

K^[W] =  W* + WGW + F

E g[W ] =  W» + G + WFW.

I t  i s  to  be noted th a t  an nx n herm itian  nonsingular m atrix  W in  (%(Z )o
s a t i s f ie s  K^[W] = 0 on i f  and only i f  = -W ^ s a t i s f ie s  Kg[W^] -  0

on X_. 
0

For a non-degenerate closed sub in te rv a l [a ,b ]  of X, l e t  JCT^^[a,b] 

denote the c la ss  of n-dimensional v ecto r functions rj in  Q.[a,b] w ith 

7|(a) = 0, and fo r  which there  e x is ts  a  v ec to r C E X'^La-jb] such th a t  

r|' = G(x)C a .e .  on [ a ,b ] .  Let ^ ^ ^ [a ,b ]  be the c la ss  of functions in  

J5’i^ [a ,b ]  such th a t  »j(b) = 0. The symbol P^^[a,b] denotes the condition  

th a t  the fu n c tio n a l
mb

l [T i:a ,b ]  =  -  r)*Frj]dx

i s  p o sitiv e  d e f in ite  on ^ ^ [ a , b ] ;  th a t  i s ,  l[ r j :a ,b ]  > 0 fo r  E ^ ^ [ a , b ] ,  

w ith e q u a lity  holding only i f  r^(x) = 0 on [ a ,b ] .  Correspondingly, 

P ^ [a ,b ]  denotes the condition th a t  l[ ï j :a ,b ]  i s  p o s itiv e  d e f in ite  on

The fundamental theorem concerning disconjugacy on [a ,b ]  i s  the f o l ­

lowing r e s u l t  (see , fo r  example, Reid [ l8 ;  pg, X15], and the remarks in

[ 14; pp . 7 4 0 - 7 4 1 ] ) .

THEOREM 2 .1 . I f  hvpothesis H ([a,b]) ho lds. then P^^[a,b] holds i f  

and only i f  G ^  0 holds on [ a ,b ] ,  together with one of the fo llow ing;

( i)  ( 2 , 4 ) i s  discon.iugate on [a ,b ] j

.(ü ) there  e x is ts  a  2nx n m atrix  of conjoined so lu tions ( l(x )  jZ(x)) 

of ( 2 . 4) w ith l (x )  nonsingular on [ a ,b ] j

( i i i )  there  e x is ts  an nx n a .c .  herm itian  m atrix  W(x) on [a ,b ]



which s a t i s f ie s  K [̂W] = 0 a.e« on [ a ,b ] .

Let the proper values of an n x n  herm itian m atrix  H be ordered 

A(H) = A^(H) < . . .  < A^(H) = ^(H ). For fu tu re  reference we s ta te  the 

follow ing well-known p ro p ertie s  of herm itian  m atrice s .

( l° )  [ l6 j  pg, 99] .  I f  H = H(x) i s  an n x n  herm itian  non-decreasing 

7na.tri.x on X, then,A(H(x)) -> 0 0  as x  co i f  and only i f  f o r  every non­

t r i v i a l  constant n-v ec to r ti, we have Tr*H(x)TT -> 0 0  aS. x <d .

(2°) I f  H = H(x) i s  an nx n herm itian  m atrix  on X and k i s  a  r e a l  

number, then the follow ing conditions are eq u iv a len t;

( i )  H(x ) kS as X 00 .

( i i )  A(H(x)) k and )i (H(x)) ->  k as x 00 ,

( i i i )  Tr*H(x)TT —> krr*rr as x 00 , fo r  every constant v ec to r t t . 

(3°) [3 j pg. 115]» I f  H and K are herm itian  m atrices w ith H > K,

[H > K], t o  Aj(E) > Aj(X); [Aj(H) > A^.(K)], ( j  = l , . . . , n ) .

(4°) [20j pp. 265-268], I f  H i s  a non-negative d e f in ite  herm itian  

m atrix , then H has a unique non-negative d e f in ite  herm itian  square ro o t 

and -permutes w ith any m atrix  th a t  permutes w ith H. Also i f

H > 0, then > 0 aM  (H^^^)"^ = (h“^ )^ /^ .

(5°) [2 j pg. 634] .  I f  H and K are nX n herm itian  m atrices such 

th a t  H ^  K > 0, then k“^ ^  h"^ > 0,

3 . Frelimina.rv disconjugacy c r i t e r i a . For f ix e d  s e X; a^ < x < oo, 

l e t  (Y(x , s ) jZ (x ,s))  and (T ^(x js)jZ ^(x ,s)) denote the respective  so lu tio n s  

of (2 . 4 ) which s a t is fy  (Y(s , s ) 5Z (s ,s ))  = (OjE) and (Y ^ (s ,s )jZ ^ (s ,s ))  = 

(E5O). I t  i s  to  be observed th a t  i f  hypothesis H(X) holds and s e X then 

each of the m atrices (Y (x ,s ) ;Z (x ,s )) and (Y ^(x ,s);Z ^(x ;s)) i s  a  m atrix  of 

conjoined so lu tions of (2^4). I f  hypbthesis H(G > O) holds, and there
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e x is ts  a p o in t a  in  X such, th a t  Ng(Cr | a) ho lds, then Lemma 2.1 im plies 

th a t  ( 2 . 4 ) i s  normal on [ a ,b ] ,  fo r  every p o in t b > a ,  and the po in ts  of 

( a ,00) which are conjugate to  a  are ch arac te rized  by the values of x  fo r  

which Y(x ,a) i s  s in g u la r . These f a c ts ,  to g eth er w ith Theorem 2 .1 , give 

the following-theorem .

THEOREM 3 .1 . .  Let [a ,c )  te  a  su b in te rv a l of X w ith  a < c < od .  

hypotheses H(G > 0 | [ a ,c ) )  Ng(G | a) h o ld , then (2.4) i s  disconjugate

on [a ,c )  i f  aM  oiÜY i f  Y(x,a) i s  nonsingular on ( a ,c ) .

THEOREM 3 .2 . Suppose th a t  hypothesis H(G ^  OjF ^  O) h o ld s . a  £ X, 

while c i s  such th a t  a  < c < co and Z(x,a) i s  nonsingular on ( a ,c ) .  Then

rank [ l ( x ,a ) ]  > rank G ( t)d t] ,  fo r  x £ ( a ,c ) .

I f , in  a d d itio n . ^^(G | a) ho lds, then Y(x,a) i s  nonsingular on ( a ,c ) .

Indeed, i f  W(x) = Y(x,a)Z“^(x ,a ) on [ a ,c ) ,  then  W i s  herm itian , 

s a t i s f i e s  K^L-W] = 0  on [ a ,c ) ,  and

W(x) = G (t)d t + j J w ( t )F ( t )W ( t)d t  > J J G ( t ) d t  > 0 ,

f o r  X £ [ a ,c ) .  Therefore, the re la tio n s

rank [Y (x ,a)] = rank [W(x)] > rank [J^  G (t)d t]

are s a t i s f ie d  on [ a ,c ) .

The follow ing theorem gives conditions under which nonsingu larity  

of Y(x,a) on (a,oo) im plies n o n sin g u la rity  of Z (x ,a ). This r e s u l t  was 

e s s e n t ia l ly  obtained by Reid [ l 6 j C orollary  1 , pg. 100] fo r  id e n tic a lly  

normal systems (2.4) w ith G(x) of constant rank. In  a recen t paper of 

Reid [ l9 j  S ection  5 ], conditions ( i)  and (v) have teen  re la te d  to  the 

l e a s t  proper value of an asso c ia ted  boundary value problem w ithout the 

assumption th a t  G i s  of constan t rank.
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THEOREM 3 .3 . Sur>T30se th a t  hypotheses H(G > 0;F ^  O) and N^(F) ho ld . 

Suppose a lso  th a t  there  e x is ts  a  po in t a  e X such th a t  A (j^ G (t)d t) oo

as X 00, and hypothesis Hg(G | a) ho lds. Then the follotJing conditions,

are eq u iv a len t;

( i )  (2 .x) i s  d is conjugate o n fa .o p ) ;

( i i )  ï ( x ,a )  i s  nonsingular on (a,oo ) ;

( i i i )  Z (x,a) i s  nonsingular on (a ,o o ).

I f ,  in  a d d itio n . (2 .4) i£  id e n tic a l ly  normal on [a,oo ) ,  each of conditions. 

( i ) ,  ( i i ) ,  ( i i i )  i s  equ iva len t to  each of the fo llow ing :

(iv ) f o r  each p o in t b in  (a,oo ) ,  the m atrix  I^ (x ,b )  i s  nonsingular

an [ a ,b ] ;

(v) fo r  each po in t b in  ( a ,œ ) ,  condition  a ,b l  ho lds.

Because of Theorems 3 .1  and 3 .2 , conditions ( i ) , ( i i ) ,  and ( i i i )  are 

equ ivalen t i f  ( i i )  im plies ( i i i ) ,  and we s h a ll  proceed to  e s ta b lis h  th is  

r e s u l t .

Suppose th a t  l ( x ,a )  i s  nonsingular on (a,oo) and l e t  W(x) =

Z(x,a)Y ^ (x ,a ) on (a ,o o ) . Then ¥(x) i s  herm itian , s a t i s f i e s  K^[W] = 0 on 

(a ,o o ) , and i f  a < x^ < x^ < oo, then

(3.1) W(xj_) -  W(xg) = F ( t ) d t  + W (t)G(t)W (t)dt > 0.

Hence, W(x) i s  non-increasing , and condition  H^(F) implj.es th a t  fo r  each 

po in t x^ in  (a ,o o ) , th ere  e x is ts  an x^ in  (x^,oo) such th a t  W(x^) > W(xg). 

Since a l l  proper values of W(x) are non-increasing , and, by property  (3°) 

above, no proper value of W(x) can be constant on any in te rv a l  of the 

form (b ,o o ), i t  follow s th a t  there  e x is ts  a  r e a l  number c in  ( a ,œ )  such 

th a t  a l l  proper values of W(x) are non-zero on (c,oo ) .  Let W^(x) E ¥ ^(x).
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fo r  X £ ( c ,œ ) .  Then W^(x) i s  herm itian , s a t i s f i e s  = 0 on (c,oo),

and i f  c < x^ < Xg < 00, then î ie have

(3.2) W^(xg) -  W^(x^) = G (t)d t + Ï  ^ ¥ ^ (t)F (t)W ^ (t)d t > 0.

Therefore, i s  non-decreasing on (c,oo) and tt*¥^(x)tt ->  oo as x ->  oo, 

fo r  every n o n - tr iv ia l  constant v ec to r tr. From property  ( l° )  we have th a t  

A(W^(x )) 00 as X 00 , and there  e x is ts  a  r e a l  number d in  (c,oo)

such th a t  W^(x) i s  p o sitiv e  d e f in ite  on (d,oo ) .  The m atrix  W(x) i s  a lso  

p o sitiv e  d e f in ite  on (d ,o o ), and consequently W(x) i s  p o s itiv e  d e f in ite  

on ( a ,00 ) since W(x) i s  non-increasing on (a ,o o ) . Hence Z(x,a) i s  non­

s in g u la r on (a ,o o ).

The equivalence of ( i ) ,  ( iv ) ,  and (v) w il l  be shown by proving the

follow ing sequence of statem ents; (a) ( i )  => ( iv ) ; (b) (iv ) => (v )j

(c) (v) => ( i ) .

Suppose th a t  ( i)  holds and there  e x is t  po in ts b and c such th a t

a ^  c < b < 00 and I^ (c ,b )  i s  s in g u la r . Then there  e x is ts  a n o n - tr iv ia l

constant v ec to r it such th a t  I^(c,b)Tt = 0. The so lu tio n  (y (x );z (x ))  = 

(T^(x,b)TT;Z^(x;b)iT) has (y (b )jz (b ))  = (tt;0) and (y (c ) jz (c ))  = (0;Z^(c,b)Tr). 

Due to  the uniqueness of so lu tio n s of (2@A) which pass through 

(OjZ^(c,b)iT) a t  c , the vec to r Z^(c,b)Ti i s  n o n tr iv ia l  and the r e la t io n

(3.3) (y (x )jz (x ) )  = (l(x,c)Z^(c,b)TT;Z(x,c)Z^(c,b)Ti)

holds on [ c ,b ] j  consequently Z(b,c) i s  s in g u la r . However, (2 .A) i s  d is -  

conjugate on [c,oo ) ,  and from the comment folloTving Lemma 2 .1 , i t  follow s 

th a t  condition ^^(G | c) holds ; moreover, Z(x,c) i s  nonsingular on (c,oo) 

from condition ( i i i )  of Theorem 3 .3 . Therefore statem ent (a) must hold. 

Statement (b) follows from re la tio n s  (5 .2 ) , (5 .3) of Reid [ l7 j
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pp. 678- 679] j in  tu rn , the re la t io n  C <£TQ^[a,b] and Theorem 2»1

y ie ld  (0) .

The follow ing g en e ra liza tio n  of Theorem 5.1 of Hunt [9 j pg. 958] i s  

of the nature of the separa tion  theorems of c la s s ic a l  Sturm theory  [se e , 

fo r  example, Morse [ l2 ] ] .  For convenience in  wording, we say th a t  an nX n 

m atrix H has a  s in g u la r i ty  of order k , O ^ k ^ n ,  whenever H has rank n - k .

THEOREM 3 . 4 . Suppose th a t  (a ,c )  i s  a  su b in te rv a l o f X w ith c < 00 

such th a t  hypothesis H(G > OjF > 0 | (a ,c ) )  h o ld s . and condition  Hg(F| s) 

holds fo r  each s e ( a ,c ) .  I f  (Y(x) jZ(x))  i s  a  2nX n m atrix  of con.ioined 

so lu tio n s of ( 2 . 4) on (a ,c )  such th a t  Y(x) i s  nonsingular on ( a ,c ) ,  then 

there are a t  most n s in g u la r i t ie s  of the m atrix  Z(x) on ( a ,c ) , where 

s in g u la r i t ie s  of order k are counted k tim es.

I f  W(x) = Z(x )Y ^(x) on ( a ,c ) ,  then W(x) i s  herm itian  and s a t i s f i e s

(3 .1 ) ,  fo r  a < x ^ < X g < c .  Hence W(x) i s  decreasing on ( a ,c ) ,  and due 

to  property  (3°) each proper value of W(x) can have a t  most one zero on 

( a ,c ) .  Theorem 3 .4  follow s immediately upon noting th a t  ¥(x) has rank 

n - k ,  k  > 0, whenever k o f i t s  proper values are zero a t  x . An improve­

ment of the above mentioned r e s u l t  o f Hunt i s  given by choosing 

(Y(x);Z(x)) = (Y(x,a) ;Z (x ,a )) . The follow ing r e s u l t  may be obtained by an 

analogous proof j however, w ith the a id  of the d iscussion  which w il l  be 

given a f te r  Theorem 4*6, i t  follows th a t  th is  r e s u l t  may be deduced as a 

co ro lla ry  to  the above Theorem 3 .4 .

COROLLAEÏY. Suppose th a t  (a ,c )  i s  a  su b in te rv a l of X w ith c ^  00 

such th a t  hypothesis H(G > 0;P 0 | (a ,c ) )  holds and (2 .4) i s  id e n tic a l ly

normal on ( a ,c ) . I f  (Y(x ) ;Z(x) ) i s  a  2nX n m atrix  of conn oined so lu tio n s  

of (2 .4) on (a ,c )  such th a t  Z(x) i s  nonsingular on ( a ,c ) ,  then th ere  are
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a t  most n s in g u la r i t ie s  of the m atrix  Y(x) on ( a , c ) , where s in g u la r i t ie s  

of o rder k are counted k tim es a

The above p a ir  of r e s u l ts  a lso  extend Theorem 1,3 of Etgen [4;, pg«292|.

Tests fo r  discon.iugacv f o r  la rg e  x .  The followizig theorem i s  an 

ex tension  of re s u l ts  of H ille  [5 j pg. 243] and S ternberg [21; pg. 316],

THEOREM 4-.1* Suppose th a t  hypotheses H(G 2  ^  0) and N^(F) ho ld .

Suppose a lso  th a t  th e re  e x is ts  a  po in t a e X such th a t  (2*4) i s  id e n tic a l ly  

normal on [a ,o o ) , and G (t)d t) g o  as x oo. Then (2*4) i s  d is ­

con.iugate fo r  la rg e  x i f  and only i f  the improper matri-y in te g ra l  

F ( t ) d t  e x i s t s . and fo r  la rg e  x  there  e x is ts  a continuous nx n 

herm itian  m atrix  W = W(x) such th a t  fo r  la rg e  x  the in te g ra l
n 00
^x e x is ts  and

Jioo poo
^  F ( t ) d t  + W (t)G (t)W (t)dt.

In  p a r t ic u la ry i f  (2 .4) i s  disconiugate on [a ,o o ) , and id e n t ic a l  norm ality 

on [a ,o o ) i s  re laxed  to  condition  Hg(G | a ) ,  then W(x) = Z (x ,a ) l ^ (x ,a ) has 

the above p ro p e rtie s  on (a,oo) and s a t i s f ie s  the in e q u a li t ie s
nOO p X

(4 .2) 0 < F ( t)d t  ^  W(x) < G (t)d t]  , fo r  x e (a ,o o ) .

I t  i s  to  be remarked th a t  ex istence of F ( t ) d t  as a necessary con­

d itio n  fo r  disconjugacy of (2 .4) fo r  la rg e  x under the hypotheses of 

Theorem 4«1 has been shown e a r l i e r ;  indeed, as a consequence of Theorem 3*3 

of Reid [ l6 ] ,  i t  follows th a t  th is  condition i s  n e cessa ry ’w ithout the 

assumption N^(F).

Suppose th a t  a  i s  such th a t  hypothesis Ng(G I a) holds,

A(Ja G (t)d t) -^ 0 0  as X ->  00 , and (2.4) i s  disconjugate on [ a ,œ  ) .  In
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th is  case Z(x,a) i s  nonsingular on [a ,oo) by condition ( i i i )  of Theorem 

3 .3 ; and i f  W^(x) E Y (x;a)Z"^(x,a) on [a ,o o ) , then W^(a) = 0, and W^(x) 

i s  herm itian  and s a t i s f ie s  KgC-W ]̂ = 0 on [a ,o o ) .

From r e la t io n  (3 .2 ) ,  i t  follow s th a t

(4.3) ' W^(x) > G (t)d t > 0 , fo r  x  e (a ,o o ) ,

and, th e re fo re , A[W^(x)] œ as x  -> oo. I f  W(x) = ^ (x ) , fo r

X 8 ( a , 00 ) ,  then  Vr(x) i s  p o s itiv e  d e f in ite  on (a,oo ) and we have th a t 

W(x) - > O a s x - > o o , b y  property  (2 ° ). For a < x^ < x^, we have

W(x^) > W(x^) -  W(xg) = F ( t)d t  + W (t)G (t)W (t)dt.

As a  fu n c tio n  of Xg each of the in te g ra ls  i s  bounded above and non­

decreasing , and hence, equation (4 .1) follow s upon le t t in g  Xg oo . The 

converse statem ent follow s immediately from Theorem 2 .1  upon d if fe re n tia ­

t io n  of each member of (4 .1 ) .  Since (4.3) i s  equ ivalen t to  the condition

0 < W(x) ^  [ J  G ( t)d t]“^ , fo r  X 6 (a ,c o ) , ..

and from (4«l) and condition N^(F) we have the in e q u a lit ie s
poo

W(x) > F ( t ) d t  > 0 , fo r  X 8 (a ,o o ) ,

i t  follow s th a t  r e la t io n  (4 .2) holds on (a ,o o ) .

One may note th a t  under the hypotheses of Theorem 3 .3 , in e q u a li t ie s

(4.2) imply th a t  the conditions

(4.4) F ( t)d t) ] [A ^ _ .+ ^ ( jJ G ( t)d t) ]  ^ 1 ,  ( i  = l , . . . , n ) ,

are necessary fo r  disconjugacy of (2.4) on [a ,o o ) . However, the u sefu l­

ness o f c r i t e r i a  (4 .4) as t e s t s  fo r  disconjugacy fo r  la rg e  x i s  lim ited

by the f a c t  th a t  f a i lu re  of (2 .4) to  be d is conjugate on [a,oo) does not



14

preclude disconjugacy fo r  la rge  x .

The follow ing discourse deals w ith the  d e riv a tio n  of t e s t s  fo r  d is ­

conjugacy fo r  large  x which are extensions o f c r i t e r i a  of H ille  [5 jp g .243] 

and Sternberg [21; pp. 316-318] to  systems (2 .^ ) in  which G i s  no t assumed 

to  be of rank n*

I f  a  i s  a  po in t of X, an ordered p a ir  (9 , 6) of r e a l  valued func­

tio n s  on ( a ,00). w il l  be ca lled  an acceptable p a ir  on (a,oo ) i f  cp(x) and 

6 (x) are p o s itiv e , continuous, non-decreasing on ( a ,00) ,  cp(x) 00 as 

X  ->  00 , ©(x)/cp(x) 0 as X  00 , and J*̂  6 (t)d [-(< p(t)) ^] e x is ts  fo r

large  x . For an acceptable p a ir  (9 , 6 ) on ( a ,00) ,  l e t

p(x j9 , 0 ) = [ j ^  0 ( t ) d ( - ( 9 ( t ) )  ^ ) ]“^ , f o r  x e ( a ,00) .

LEMMâ, Suppose th a t  hypotheses H(G > 0 ;F > O) and N^(F) hold, and

fo r  large x the system (2.4) i â  discon.iugate and id e n tic a l ly  normal. Sup­

pose also  th a t  th ere  i s  a po in t a  e X, to g e th e r w ith an acceptable p a ir

(9 , 0 ) on ( a , 00 ) ,  such th a t  fo r  each b e (a,co ) there  e x is ts  a  po in t

c e [b,oo ) ^jith G (t)d t) > 9 (x ) , fo r  x e (c ,o o ) . Then fo r  la rg e  x  the 
rt 00

in te g ra l  9 ( t)F ( t)d t  e x is t s , and

(4.5) p (x |9 , 0)J*“  e ( t ) F ( t ) d t  ^  E.

Suppose th a t  (2,4) i s  disconjugate and id e n tic a l ly  normal on [b ,o o ). 

Then we may assume th a t  b > a , and consequently, there e x is ts  a  p o in t c in

[ b , Q o )  such th a t  A(J^ G (t)d t) > 9 (x) on (c ,o o ) . From Theorem 4 .1 , the 

herm itian m atrix  W(x) = Z (x ,b )l“^(x ,b) s a t i s f i e s  the in e q u a li t ie s  

0 < W(x) < (9 (x)) ^  on (c ,o o ) . Now K^[W(x)] = 0 a .e ,  on (c ,c o ) , and 

hence fo r  c < x^ < we have
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0 < ©(x)F(x)dx ^  0(x)W«(x)dx

i  9(x^)W(x^) + W(x)d(e(x))
'TL

i  [ 0 (x^)/cj)(x^) + J ^ ( c p ( x ) ) “^d(0 (x ))]B .

Upon in te g ra tio n  by p a r ts ,  th is  l a t t e r  q u an tity  i s  seen to  be equal to

[e (x 2)/(p(xg) + e(x)d(-(cp(x))“^)]E,

and the conclusions of the Lemma follow  upon le t t in g  Xg ® •

THEOREM 4 ,2 , Suppose th a t  hypotheses H(G > 0 ;F > O) and N^(F) hold ,

and fo r  large  x the system (2,4) i s  discon.iugate and id e n tic a l ly  normal. 

Suppose a lso  th a t  there e x is ts  a po in t a  e X, together w ith an acceptable 

p a ir  (9 ,0 ) on (a,Qo ) ,  such th a t  fo r  each po in t b e (a,oo ) ,  there  are

poin ts c^j ( i  = 1 , , , . ) ,  in  [b ,oo) with

(4 . 6) A(J*  ̂ G (t)d t) > i 9 ( x ) / ( i + l ) ,  fo r  x  e (c^ ,co ).

Then 0 ( t ) F ( t ) d t  e x is ts  fo r  la rg e  x , and

(4 . 7 ) Urn sup ji[p (x j9 , 0 ) f 0 ( t)F ( t)d t]  < 1.
X ->00

For each p o sitiv e  in te g e r  j , ap p lica tio n  of the above Lemma w ith the 

acceptable p a ir  ( j 9/ ( j  + l ) ,0 )  im plies th a t  the l e f t  member of (4*7) i s  no 

la rg e r  than ( j + l ) / j . I t  i s  to  be observed th a t  i f  hypotheses H^(G > O) 

and Ng(G | a) hold, and G (t)d t) œ sis x  00, then (A(J^ G (t)d t) ,l)  

co n s titu te s  an acceptable p a ir  on ( a ,00) of the type considered in  Theorem
p X pX

4 .2  w ith p(xjA(jg^ G (t)d t) , 1 ) = A (j^ G (t)d t) , fo r  x e (a ,o o ) .

To see th a t  r e la t io n  (4*7) reduces to  a c r i te r io n  of the type given 

by H ille  and Sternberg in  the sp e c ia l cases considered by those au thors.
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suppose th a t  th ere  e x is ts  a r e a l  number q.  > - 1  such th a t  G ( x )  > fo r

larg e  x . I f  r  i s  any r e a l  number such th a t  0  < r  < 1  + q , and 

(cp(x),0(x)) = (x^ '^V (l+ q)jX ^) fo r  X e (0 ,o o ), then (cp,6) c o n s titu te s  an 

acceptable p a ir  on (0 ,o o ). For each s u f f ic ie n t ly  la rg e  b e X, we have the 

in eq u a lity

A(J^ G (t)d t) > (q + l)"^ x ^ ^ ^ [l -  (b /x )^^^],

and consequently, there  e x is t  po in ts e ( b ,® ) ,  ( i  = 1 , . . . ) ,  such th a t  

r e la t io n  (X«6) ho lds. In eq u a lity  (X«7) becomes

(4,8) lim  sup J  t^ F ( t)d t]  < ( l  + q ) ^ / ( l  + q -  r ) ,
X ->00

which in  the case r  = 0, q = -p  y ie ld s  the in e q u a lity  involving l im it  

su p erio r given in  r e la t io n  (5,1) of S ternberg [21j pg, 318], For the case 

n = l ,  r  = 0 = q ,  r e la t io n  (4.8) reduces to  a  c r i te r io n  of H ille  [5; pg. 243].

I t  should be poin ted  out th a t  the proof given fo r  Theorem 4 .1  i s  a 

g en e ra liza tio n  of th a t  used by H ille  in  the sc a la r  case. Although H ille  

[5j pp. 241- 243] uses the condition  N^(F), the g en e ra liza tio n  due to  

Sternberg [21} pp. 316-318] does not requ ire  th a t  condition . However, by 

p lacing our hypotheses on G (t)d t we may allow G to  be s in g u la r , whereas 

S ternberg demands non sin g u larity  of G in  h is  Theorems 4.4-and 5 .1 . A 

sp e c ific  example in  which G i s  s in g u la r, and Theorems 4 .1  and 4 .2  are 

ap p licab le , w il l  be considered in  Section  6.

The nex t two theorems are duals of Theorems 4 . I  and 4 .2 .

THEOKEM 4 . 3 . Suppose th a t  hypotheses H(G 2 OjF > O) and N^(G) ho ld . 

and there  e x is ts  a po in t a  e X such th a t  A (j^ F ( t)d t)  -> 0 0  as x  ->  00 .
pCD

Then (2 ,4 ) i s  disconiugate fo r  large  x i f  and only i f  G (t)d t e x i s t s . 

and fo r  la rg e  x there  e x is ts  a  continuous nX n herm itian  nonsingular
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m atrix  W = W(x) such th a t  fo r  la rg e  x the in te g ra l  W (t)F(t)W (t)dt

e x is ts  and
I œ ftoo

W (t)F(t)W (t)dt +
A CD ftCD

(4 . 9) W(x) = W (t)F(t)W (t)dt + G (t)d t.

I f  a  i s  such th a t  tlie s e t  of po in ts  of (a,oo) which are con.iugate to  a 

i s  e i th e r  empty o r bounded above. then there  e x is ts  a  r e a l  number b in  

[a ,oo ) such th a t  Y(x,a) i s  nonsingular on (b ,o o ), system (2 . 4) i s  d is ­

coniugate on (b ,o o )j th e re  e x is ts  a  r e a l  number c in  (b,oo) to g e th er w ith 

a  constant herm itian  m atrix  M such th a t  Z(x,a) i s  nonsingular on [c ,o o ) j 

and i f  W(x) = -Y(x,a)Z ^ (x ,a )  f o r  x  8 [c ,o o ) , then  on th is  in te rv a l  W(x) 

i s  h erm itian . p o s itiv e  d e f in i te . s a t i s f i e s  (4 . 9) ,  and

(4.10) E < M + j ^ F ( t ) d t  ^  W"^(x) ^  [ / % ( t ) d t ] " \

R ela tion  (4.10) i s  a  g en era liza tio n  of a r e s u l t  obtained by B a rre tt  

[ i j  C orollary  3 .1 .1 ,  pg. 557].

I f  W(x) i s  a  nonsingular herm itian  element of CL(b,oo) which s a t i s ­

f ie s  (4 .9) on (b ,c o ) , then  W s a t i s f ie s  the re la tio n s  Kg[W] = 0 , K^[-W ^] = 0

a .e .  on (b ,o o ), and by Theorem 2.1 equation (2.4) i s  disconjugate on (b,oo).

Suppose th a t  a  i s  a  p o in t of X such th a t  there e x is ts  a  po in t 

b 8 [a ,oo) w ith no p o in t of (bjoo) conjugate to  a , and G (t)d t i s  

p o s itiv e  d e f in ite  on (b ,oo) .  Then I (x ,a )  i s  nonsingular on (b ,o o ), and 

Theorem 2 ,1  im plies th a t  (2 .4) i s  disconjugate on (b ,oo ). Suppose th a t  

W^(x) = -Z(x,a)Y ^ (x ,a ) ,  fo r  x  on (b ,o o ). Then i s  herm itian and s a t i s ­

f ie s  K^[-W^] = 0 on th is  in te rv a l .  I f  d i s  a po in t in  (b ,oo ), then

W^(x) = T(x) + H(x), fo r  x  e (b ,oo),
f,X md nX

where T(x) = W^(d) + ¥^(t)G (t)W ^(t)d t -  F ( t ) d t ,  and H(x) = F ( t)d t

on (b ,o o ). Since T(x) i s  non-decreasing, we have W.̂  (x) > T(d) + H(x) on
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[d jo o ). Choose c such th a t  c > d and H(x) > E -  T(d) on [cjO o). For

every n o n - tr iv ia l  constant v ecto r ti we have th a t  TT'*Ŵ (x)Tr oo as

X 00 5 and since W^(x) i s  non-decreasing, property  ( l° )- im p lie s  th a t  

A(W^(x)) 00 as X 00 . Then W(x) E Ŵ “^ (x ) , fo r  x e (c ,o o ) , s a t i s f i e s

the equation Kg[W] = 0 on [c ,o o ) , W(x) > 0 on [c,oo ) ,  and W(x) ->  0 as

X 00 hy property (2 ° ), I f  c < x^ < Xg, then we have

W(x^) = W(xg) + W (t)F (t)¥ ( t)d t + G (t)d t

> W (t)F(t)W (t)dt + G (t)d t.
^  x^

As a  function  of Xg each of the in te g ra ls  i s  bounded above and non­

decreasing, and hence, equation (4*9 ) follow s upon le t t in g  Xg oo . 

R elation  (4-.10) follows w ith the choice M = T(d).

THEOREM 4-«A» Suppose th a t  hypotheses H(G > 0;F > O) and N^(G) hold . 

and (2»4) i s  disconiugate fo r  la rg e  x . Suppose a lso  th a t  there e x is ts  a 

po in t a e  X, to g e th er w ith  an acceptable p a ir  (cp,6) on (a ,c o ) , such th a t  

fo r  each b e (a ,c o ) , there  are po in ts c^ , ( i  = 1 , . . , ) ,  in  [b,oo ) xAth

(4.11) A(J^ F ( t)d t)  > icp (x )/(i + 1 ) , fo r  X e ( c ^ ,œ ) .
«00

Then j  0 ( t)G ( t)d t e x is ts  fo r  large x , and

(4.12) lim  sup p[p(x;m G)jL 0 ( t)G (t)d t]  ^  1.
X - > C 0  o x

In  view of the device used in  e s ta b lish in g  Theorem 4*2, i t  \A11 

su ffice  to  e s ta b lis h  th a t  r e la t io n  (4*12) holds under the s tronger hypoth­

e s is , th a t  fo r  each b e [a ,oo) there  i s  a  po in t c e (b ,co) with 

A (|b F ( t)d t)  2  cp(x) fo r  X  e (c ,o o ) . Suppose th a t  a^ i s  a po in t of (a,oo ) 

such th a t  (2 , 4) i s  disconjugate on [a^ ,o o ). By Theorem 4*3 there  e x is ts  

a r e a l  number b^ in  (a^ ,o o ), to g e th er w ith a constant herm itian  m atrix  M,
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such th a t  l(x,SL^) and Z(x,a^) are nonsingular on [b^joo) and W(x) = 

i^)Z”^(x ,a^•Y(xja^)Z ^ (x ,a  ) ,  fo r  x  S [b ^ ,o o ), s a t i s f ie s  E < M + H(x) <, W ^(x) on

[b ^ jo o ), where H(x) = F ( t ) d t .  Let N(x) = cp"" (̂x)M + E on [b ^ ,o o ),

and l e t  c be such th a t  c > b^, and A(H(x)) > cp(x) on (0 , 00) .  Since

ïï{x) ->  E as X ->  00, p roperty  (2°) im plies th a t  th ere  e x is t  po in ts d^,

( i  = 1 , . . , ) ,  in  (cjco) such th a t  N(x) > i E / ( i + l )  holds on (d^ ,oo ). Since

9 (x)N(x) = M + cp(x)E ^ M + H(x) ^ W (̂x)

holds on (c ,o o ) , then due to  (5°) we have

0 < W(x) ^  ( i  + l)E /(icp (x )), fo r  x E (d^ ,oo).

Hence 0(x)W(x) 0 as x 00, and by an argument s im ila r  to  th a t  used

in  the proof o f Theorem 4*1, i t  follows- th a t  i f  d  ̂ < x^ < x^ then

e(x )G (x )dx^  [ ( j  + l) / j] [e (% 2 )9"'^(%2 ) 0 (x )d (-9" \ x ) ) ] E .

Consequently, the l e f t  member of (4.12) does no t exceed ( j  + l ) / j  fo r  

j = 1 , 2 , . . , ,  and th ere fo re  (4 . 12) ho lds.

THEOREM 4 . 5 . Suppose th a t  hypotheses H(G ^  G;F 2  O) and N^(G) ho ld . 

and ( 2 . 4 ) i s  discon.iugate fo r  la rg e  x . Suppose a lso  th a t  there  e x is ts  a 

continuous r e a l  valued fu n ctio n  i[) oq X such th a t  F(x) ^  ^(x)E > 0 a .e .  fo r  

la rg e  x , and th ere  e x is ts  a  po in t a  e X such th a t  i|)(x)dx = oo . I£  6 

i s  any r e a l  valued function  on ( a ,00) such th a t  (cp(x),©(x)) =

(J*a ^ (t)d t,© (x ))  cons t i -fautes an acceptable p a ir  on ( a , 00 ) ,  then the in -
nCD

•faegral j  @ (t)G (t)dt e x is ts  f o r  la rg e  x , and fo r  every constant u n it

vecto r TT, we have

(4 . I 3 ) ' lim  sup [p(x;cp,©)'n->*-( f © (t)G (t)d t)ir] < 1 ,
x -^ o o

and
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[cp(x)ti*( ]’
X - >  00

Theorem 4-e4- assures th a t  0 ( t)G ( t)d t  e x is ts  fo r  la rg e  x and in ­

eq u a lity  (4-»13) ho lds. From Theorem 4*3 i t  follow s th a t  th ere  e x is ts  a 

po in t b e [ a ,c o ) ,  together w ith herm itian  m atrices W(x) > 0 and M such 

th a t  re la t io n s  (4.9) and (4.IO) hold on [b ,o o ) , and consequently there
(1 X

e x is ts  a p o in t c e [b,oo) such th a t  cp(x)E ^  F ( t) d t  and 

W^'^^(x)MW^^^(x) + cp(x)W(x) ^  E, fo r  x  £  [ c , g o ) ,

1/2where W (x) i s  as in  (4 ° ). l e t  ti be a f ix e d  constan t u n i t  v ec to r . Then

k E lim in f  cp(x) it*W(x)tt ^  1,
X OD

and from the Schwarz in eq u a lity  we have

n̂ WFWn > i|)TT'*ŴTT ^  Tl)(ir*Wn)  ̂ on [c ,o o ) .

I f  0 < < k , then there  e x is ts  a  p o in t x^ in  [c ,o o ) such th a t

tt*W(x)tt ^  k^  (^l)(t)/9^ ( t ) ) d t  + Ti*(j^ G(t)dt)Ti

holds on (x^jOo), and since cp' = i|) we have the in e q u a li t ie s

lim  in f  [9 (x)tt*(J* G(t)dt)Ti] < k -  k^ 1 /4 «
X ->00 ^

I t  i s  to  be noted th a t  in  the case of Q(t) E 1, Theorem 4 .5  has a 

dual which may be obtained by in terchanging the ro le s  of G and F vdthout 

the assumption N^(F). That r e s u l t ,  which i s  a g en e ra liza tio n  of Theorem 5 

of H ille  [5 ; pg. 243], may be e s ta b lish ed  by employing Theorem 4*4, & 

c r i te r io n  of Reid [ l4 ;  pg. 747], and the method of proof used by Sternberg 

[ 21j pp. 316-319].

THEOREM 4 . 6 . Suppose th a t  hvpotheses H(G > 0;F ^  O) and N^(F) ho ld . 

Suppose a lso  th a t  (2 .4) i s  id e n tic a l ly  normal and G  ̂ E F, F^ = G on X.
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I f  th e re  e x is ts  a p o in t a e X such th a t  A( G (t)d t) oo as x oo , 

then (2 . 4) i s  discon.iugate fo r  large  x i f  and only i f

(4.15) Ï* = G^Z, Zt = -F^Y

i s  discon.iugate fo r  la rge  x.

I t  i s  to  be observed th a t  to  assume the hypotheses of Theorem 4*6 i s  

equ iva len t to  req u irin g  th a t  (4.15) s a t i s f ie s  hypotheses H(G^ > OjF^ > O), 

K^(G^, ^^(F^I s) holds fo r  every s e X, and th a t  there e x is ts  a  po in t aeX  

such th a t  A( F ^ (t)d t)  00 as x 00. A m atrix  (TjZ) i s  a so lu tio n  of

( 2 . 4 ) i f  and only i f  (-ZjY) i s  a  so lu tio n  of (4 .15 ). For fix ed  s e X, l e t

( l^ (x ,s )} Z ^ (x ,s ))  = (-Z (x ,s) jT (x ,s))  and ( Ï 2(x ,s )  jZ2 (x ,s) ) = 

( -Z ^ (x ,s ) ; I ^ (x ,s ) ) .

I f  (2 . 4) i s  disoonjugate on [b ,o o ) , then Theorem 3.3 im plies th a t  

Z(x,b) = -y^(x ,b ) i s  nonsingular on [b,oo ) and (4.15) i s  disconjugate on 

[b ,oo) by Theorem 2 .1 , since (l^ (x ,b ) ;Z^(x,b)) c o n s titu te s  a  2hXn m atrix  

of conjoined so lu tio n s  of (4.15) w ith Y^(x,b) nonsingular on [b ,o o ) .

I f  (4 . 15) i s  disconjugate on [b ,o o ), then by Theorem 4,3 there  e x is ts  

a  p o in t c e (b,oo) such th a t  ZgXx/b) = I^ (x ,b )  i s  nonsingular on [c,oo) and 

th e re fo re  (2 .4) i s  disconjugate on [c ,o o ) .

By in terchanging  the ro le s  of (2,4) and (4.15) in  Theorem 4»6, we 

have the follow ing c o ro lla ry .

COROLLARY. Suppose th a t  hypotheses H(G 2. 0;F 2  O) and N^(G) hold . 

Suppose a lso  th a t  G  ̂ = F, F^ = G on X, and fo r  each s e X, condition 

Ng(F I s) ho lds. I f  th e re  e x is ts  a po in t a  e X such th a t  A (J ^ F ( t)d t)  ->00 

as X ->  00 ; then  (2 .4) i s  discon.iugate fo r  large  x i f  and only i f  (4*15) 

i s  disconjugate f o r  la rg e  x . '

¥e say th a t  a  e X has b, a < b , [a  > b ], as a  r ig h t , [ l e f t ] ,  fo ca l



22

po in t -with re sp ec t to  (2 . 4) i f  there e x is ts  a n o n - tr iv ia l  2n X l  so lu tio n  

(y jz) of (2 .4) such th a t  z(a) = 0 = y (h ). As a consequence of Theorem 4*6 

and i t s  C oro llary , together w ith conditions ( i i i )  and (iv ) of Theorem 3 .3 j 

we have the following re la tio n sh ip  between fo c a l po in t and conjugate 

po in t problems.

THEOREM 4*7. Suppose th a t  hypothesis H(G 2  2  O) ho lds. and

there  e x is ts  an a e X such th a t  G (t)d t and F ( t ) d t  are increasing
rt X

m atrix  functions of x on [a ,œ  ) .  Suppose a lso  th a t  A (j^ G (t)d t) oo,

[A(Jg^ F ( t)d t)  ->  00 ] ,  as X  00 , ar^d G  ̂ = F , F^ = G on X. Then

follow ing conditions are eq u iv a len t;

( i )  ( 2 . 4 ) i s  disconjugate fo r  la rg e  x;

( i i )  (4.15) i s  disconjugate fo r  la rg e  x;

( i i i )  th ere  e x is ts  a  po in t b e X such th a t  re la t iv e  to  system (2 .4 ) , 

r system (4 .1 5 )] , no po in t of (b,oo) has b as a  l e f t  fo ca l p o in t;

(iv ) th ere  e x is ts  a  po in t b e X such th a t  r e la t iv e  to  system (2 .4 ) ,

r system (4 .1 5 )] , no po in t of (b,oo ) has a l e f t  fo c a l po in t in  [b,oo ) .

Since a  i s  a l e f t  fo c a l po in t of b re la t iv e  to  system (2.4) when­

ever b i s  a  r ig h t  fo c a l po in t of a  re la t iv e  to  system (4 .1 5 ), conditions

( i i i )  and (iv ) may be s ta te d  in  terms of r ig h t  fo c a l po in ts by in te r ­

changing the ro le s  of systems (2.4) and (4 .15 ).

THEOREM 4 .8 . Under the hypotheses of Theorem 4*7, the follow ing 

conditions are  necessary fo r  each of conditions ( i ) , ( i i ) , ( i i i ) , (iv ) 

of Theorem 4 .7 , w ith the a l te m a tiv e s  respective  of the a lte rn a tiv e s  in  

the hypotheses of Theorem 4 .7:
,00 . . _ ft 00

( i )  F ( t ) d t ,[ J ^  G ( t)d t] , e x is t s ;

( i i )  th e re  e x is ts  a  po in t b e [a ,oo) such t h a t .
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F ( t) d t  ^  G (t)d t)"^ , [ J ^  G (t)d t ^  (J^  F ( t ) d t ) " ^ ] ,  f o r  x  £ (b ,oo);

( i i i )  each products )

[A^(j^ F (t)d t)A ^ _ i^ l(J^  G ( t)d t) ] ,  ( i  = l , . . . , n ) ,  i s  bounded on [ a , 00)5

(iv ) lim  sup (A(J* G (t)dt)p .(J' F ( t ) d t ) )  ^  1, 
z  ->ob ^ ^

, '^ F ( t ) d t ) |i ( j ’̂[1dm sup (A(J F ( t)d t) |i(T  G (t)d t) )  ^  l ] ,
X  -> C D

Suppose th a t  A(J^  ̂ G (t)d t) ->  00 as x  -> œ ,  and b e [a,oo ) i s  such 

th a t  ( 2 . A) i s  disconjugate on [b ,o o ) . Then conclusions ( i )  and ( i i )  

follow  from Theorem A*l. Moreover,

\ ( j J  G (t)d t) = A^(j*^ G (t)d t + j J G ( t ) d t )

^  G (t)d t)E  + J j  G ( t)d t) ,

fo r  X > b , ( i  = l , . . « , n ) ;  and th is  l a t t e r  q u a n tity  i s  equal to  

p ( G ( t ) d t )  + Aj (̂j"  ̂ G ( t)d t) .  Conclusion ( i i i )  i s  a  r e s u l t  of the 

in e q u a lity

which follow s from the above remarks and the d iscussion  follow ing the 

proof of Theorem A .I. Theorem A* 2 w ith

p (x ;A ( j^ G ( t)d t ) , l )  = A ( j^  G (t)d t)

y ie ld s  ( iv ) .  In  the case A( F ( t)d t)  ->  oo as x  oo, we have
-X

A(Ja G ^(t)d t) -> 0 0  as X ->  00 , and due to  the equivalence of conditions

( i)  and ( i i )  in  Theorem A»7, ap p lica tio n  of the above r e s u l ts  to  system

(A»15) gives the a lte rn a te  s ta tem ents. I t  i s  to  be observed th a t  the

d u a lity  between the a l te rn a tiv e s  in  condition  ( i i )  of Theorem A»8 i s  more

complete than th a t  between re la tio n s  (A«2) and (A#10) of Theorems A»1 

and A«3, re sp e c tiv e ly .
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5. S u f f ic ie n t conditions f o r  disoon-iugacv. Whereas in  S ection  4- we

considered only systems (2«4-) in  which both G and F were non-negative

d e f in ite ,  the follow ing theorem gives s u f f ic ie n t  conditions fo r  d iscon-

jugacy w ithout req u irin g  th a t  F i s  non-negative d e f in ite ,

THEOREM 5 .1 . Suooose th a t  X i s  a  su b in te rv a l of X: a  < x  < œ .■ o — ~ ——————— 0

e i th e r  of the ■ form [a ,d ]  w ith  a  < d < œ , o t of the form [a ,c )  w ith 

a < c < 00 . I f  hypothesis H(G > 0 \ X^) h o lds. and th ere  e x is ts  a r e a l  

valued fu n ctio n  a of c lass  C* on X  ̂ w ith a(x) non-zero and a ’ (x) p o s itiv e  

on X^, to g eth er w ith a  constan t herm itian  m atrix  H such th a t  fo r  M(x) =

H -  a ( t ) F ( t ) d t  X^ e i th e r

M(x) > 0 and a '(x )G (x) > G(x)M(x)G(x) a .e .  on X^,

or

M(x) > 0 and a ’ (x)G(x) > G(x)M(x)G(x) a .e .  on X^. 

then ( 2. 4 ) i§  disconjugate on X^.

I t  i s  to  be observed th a t  under the change of independent v a riab le  

T = a(x) the system ( 2 , 4 ) on X^ becomes

(5 .1) dX^/dc = G^(t;)Z^, dZ^/drv = -F^(t)Y ^, fo r  t  e X^ = a(X^), 

where (Y^(n;);Z^(T)) = (Y (a " V ) )  jZ(a“^(T;)), G^(T) = [a '(a " ^ ( 'i :) ) r^ G (a ’“̂ ('i;)) 

and F^(t;) = [a*(a"^(Tr))]  ^ ( a ’*^('x:)) on X^, Wow M(a ^(t:)) =

H "  C ( s )  sF3_(s)ds and

[G^(t:) -  G^(i;)M(a"’̂ (T;))G^(T:)][a*(a"^(T;))]^

= a*(a“^('T))G(a"^('c)) -  G(a"^(T:) )M(a"^(T:) )G(a“^(T) ) ,  

fo r  t  e X^, and X^ i s  an in te i-va l of the type considered in  Theorem 5.1 

which does no t contain  zero . Consequently, i t  w il l  su ff ic e  to  e s ta b lis h  

Theorem 5*1 fo r  a(x) = x  on X^, although the theorem may be proved
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d ire c t ly  by the same general type of argument.

Suppose th a t  b i s  a po in t of which i s  d is t in c t  from a , and 

y; e «G^^[a,b]. Since

(t~^*MT|)* = -t"*^Tj^7| + t""\*'M!|^ -  + t""\*Mr)',

and (t""\^*Mi|) 'd t  = 0, we have

I[7j :a ,b ]  = lK.*GK -  t"^*«My\ -  t" \^ Y |«  + t""%i%;]dt

= cfa [C*(G -  GMG)C + (%*' -  t"\*)M (7)' -  t"^ ï))]d t,

fo r  any Z e ^ ° ° [a ,b ]  such th a t  Y|* = GC on [a ,b ] .  Hence condition 

P^^[ajb] holds fo r  every b > a in  and (2 . 4 ) i s  disconjugate on X  ̂

by Theorem 2 .1 .

COROLLARY 1. Suppose th a t  hypothesis H(G > O) ho lds, and there 

e x is ts  a  po in t a £ X together w ith a r e a l  valued function  a of c lass C* 

on [a ,oo) w ith a(x) non-zero. a*(x) p o sitiv e  on [a ,o o ) , such th a t

a(x)F(x)dx e x is ts  and G /a' i s  e s se n tia l ly  bounded on [ a ,œ ) .  I f  F^(x) 

i s  any nX n herm itian m atrix  on X such th a t  each en try  of F^(x) i s  of the

form S c ..F . .(x ) . where the c . .* s  are complex constan ts , then the 
  i j  i j  ’ --------------I D --------------  '

system _

(5.2) Ï» = GZ, 2* = -F Y

is  discon.iugate fo r  la rg e  x

Ji 00 poo
^  a(x)F(x)dx im plies ex istence of a(x)F^(x)dx,

i t  w ill  su ffice  to  e s ta b lish  C orollary  1 fo r  F^ = F . Suppose th a t  h i s  a

p o s itiv e  constant such th a t  G /a’ ^  h ^  a .e ,  on [a ,o o ) . Because 

J  a ( t ) F ( t ) d t  0 as x oo, i t  follows from property  (2°) th a t  there
,00 

'X
e x is ts  a  p o in t b e [a ,oo) such th a t
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-(h /2 )E  < a ( t ) F ( t ) d t  < (b/2)E , fo r  x e [b ,o o ) .
ft 00 fl X

I f  H = a ( t ) F ( t ) d t  + (h/2)E and M(x) = H -  a ( t ) F ( t ) d t ,  then M s a t i s ­

f ie s  0 < M(x) < HE on [b,oo)o Since G > 0 , the r e la t io n

GMG ^  hG  ̂ ^  a»G

holds on [b ,o o ), and (2.4.) i s  disconjugate on [b,oo ) by Theorem 5 .1 .

Under the choice F^ = pF where p i s  a r e a l  number, C orollary  1 gives 

a s u f f ic ie n t  condition  fo r  what in  the s c a la r  case has been ca lled  (see , 

fo r  example, [ l3 j  pg. 429] ) ,  "strong  n o n -o sc illa tio n  of (2.4.)

The symbol Ĝ  w ill  be used to  denote the general re c ip ro c a l of G in  

the sense of E. H, Moore, (see , fo r  example, Reid [ l8 j  S ection  V l] ) .  The 

r e la t io n  G = G(f G, and the choice of the m atrix  H in  Theorem 5 .1  as
pOO , , , .

K + Ja  a ( t ) F ( t ) d t ,  y ie ld  the follow ing r e s u l t .

COROLLARY 2, Suppose th a t  hypothesis H(G ^  O) ho lds. and there  

e x is t  a po in t a  e X and a r e a l  valued fun ctio n  a of c lass  C' m  [a ,œ  ) 

w ith a(x) non-zero and a '(x )  > 0 ^  [a ,œ  ) such th a t  a ( t ) F ( t ) d t  e x is t s . 

I f  there  e x is ts  a constant herm itian  m atrix  K such th a t  e i th e r  

0 < K + f a ( t ) F ( t ) d t  < a*(x)G^(x), a .e .  ra  [a ,o o ) ,
,œ 
I X

or

0 ^  K + J  a ( t ) F ( t ) d t  < a '(x )G ^(x ), a .e .  on [a ,oo ).
,CD

^x

then (2.4) i s  discon.iugate on [a ,o o ) .
pb

The choice of H = K + a ( t ) F ( t ) d t  gives a r e s u l t  fo r  an in te rv a l

[a ,b ]  which corresponds to  the r e s u l t  of C orollary  2.

COROLLARY 3 . Suppose th a t  f  and g are po sitiv e  continuous r e a l  

valued functions on X^, a su b in te rv a l of X as in  Theorem 5 .1 . Suppose 

also  th a t  there  e x is ts  a p o s it iv e . f non-negative 1. function  w on X^ such
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th a t  u and u ' / f  have continuons d e riv a tiv es  on w ith u ’ (x) non-vanishing 

and ( w '/ f ) '  + gw n o n -n o sitiv e . Fn e e a tiv e l . on X^, Then the s c a la r  equa­

tio n  (yVg) ’ + fy  = 0 i s  disconjugate on X^.

C orollary  3 follow s re a d ily  from Theorem 5 .1  by choosing a = - w '/ f

and H = u (a ) .

THEOREM 5 ,2 . Suppose th a t  there  e x is ts  a  p o in t a e X, to g eth er w ith 

a p o s itiv e  r e a l  valued fu n c tio n  a on [a,oo ) which has a continuous posi­

tiv e  d eriv a tiv e  on (a,oo ) such th a t  the follow ing hypotheses are s a t i s f i e d ;

( i)  H(G > 0;F ^  0 I [a ,o o ))5

( i i )  G /a’ i s  R sse n tja lly  bounded fo r  la rg e  x;

( i i i )  F ( t ) d t  e x is t s *.

(iv ) th ere  e x is ts  an nX n herm itian  non-negative d e f in ite  m atrix

H = H(x) in  X [a ,co ) such th a t  a ( t)H ( t)d t  e x i s t s . and

J ;j^ F (t)d t :< H (t)d t f o r  la rg e  x .

nOO
Then J a ( t ) F ( t ) d t  e x is ts  and the conclusion of Corollary 1 ^  Theorem 5 .1

Since H (t)d t £  ( ] / a ( a ) ) j ^  a ( t )H ( t)d t ,  fo r  x  > a , i t  follow s th a t
0 00 mOO nCO

j  H (t)d t e x is ts .  I f  b £ (a ,o o ) i s  such th a t  J F ( t ) d t  ^  J  H (t)d t
,00  nOO

.a  ................ - .......... - - ' '  . i

holds on [b jo o ), then fo r  x ^  ^ 'w® have the re la t io n s

a ( t ) F ( t ) d t  + a (x ) j^  F ( t ) d t  = a (b )j^  F (s)d s  + a ’ ( t ) [ j ^  F (s )d s]d t

^  o(h)J'^ H(s)ds + a ’ ( t ) [ J ^  H (s)d s]d t.

Since a (x )J^  F ( t) d t  > 0, and

a(b )j’̂ H (s )d s  +J^ a ’ ( t ) [ J ^  H (s)ds]d t = a (x ) j^  H (t)d t + J^  o ( t)H (t)d t

mCD , ^
^  j b  o ( t ) E ( t ) d t ,
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«X rtOO pOO
we have a ( t ) F ( t ) d t  <, a ( t )H ( t)d t .  Consequently, a ( t ) F ( t ) d t  

e x is ts  and C orollary  1 to  Theorem 5.1 ap p lie s .

Suppose th a t  p i s  a  non-negative r e a l  valued fu n c tio n  in  ^ [ a ,o o )  

such th a t  p ( t ) d t  e x is ts ,  and a s Cf[a,oo) i s  such th a t  both a(x) and 

a ’ (x) are p o s itiv e  on [a ,o o ) . Then one p a r t ic u la r  choice o f the m atrix  

H in  Theorem 5.2 i s  (p /a)E , With th is  form of H, i f  a and p are  defined 

by a(x) = x^, p(x) = k(V + e)x”^"'^, fo r  k ,*p , e p o s itiv e  co n s tan ts , then 

we ob tain  the follow ing extension  of the s u f f ic ie n t  condition  given in  

Theorem 5.5 of S ternberg  [21; pg. 3 2 l] ,

COROLLARY. Suppose th a t  hypothesis H(G ^  0;F ^  O) h o ld s , and 

^  F ( t ) d t  e x is ts  f o r  la rg e  x . I f  there  e x is t  p o s itiv e  r e a l  constan ts V 

and e such th a t  fo r  la rg e  x  the m atrices x^ ^C(x) âüà F ( t) d t

are e s s e n tia l ly  bounded, then  the conclusion of C oro llary  1 to  Theorem 

5 .1  h o lds.

6 . A pplications to  se lf-ad n o in t s c a la r  q u a s i-d if fe re n t ia l  equations 

of even o rder. Suppose th a t  c i s  a  constant n -v ec to r, n > 1 , w ith  r e a l  

components c ^ , . . . , c ^ ,  while r (x ) ,p ^ (x ) , «. . ,p^(x) are r e a l  valued functions 

in  ^(X) vjith r(x ) p o s itiv e  on X: a^ < x  < oo . Let the nX n m atrices A(x), 

B ( x ) ,  and C(x) in  (2 ,1) have ^+^(x) = 1 , ( i  = l , , . . , n - l ) ,  B ^ (x )  = r ( x ) ,  

C^^(%) = > ( i  = l , . . . , n ) ,  w ith a l l  o ther e n tr ie s  id e n t i ­

c a lly  zero . Then the system (2.1) becomes

U. * “  ^i+1 ) "  1 ) . . . ; #  —l ) .

(6 .1) *n ' = r? n '

? ! '  = -*nPn*l'

^ i '  “  " ° n - i+ l^ n - i+ l \  “  "^i-1’ “  2 , . , . , n ) .
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A 2 n y l  vector (u,v) i s  a so lu tio n  of (6.1) on X i f  and only i f  there  

e x is ts  a sc a la r  function  w s m th  e (X(X), to g e th er w ith

sc a la r  functions v^ e 6L(X), (j = l , . . . , n ) ;  which s a tis fy

(j = l , . . . , n ) ,

w^^) = rv
(6. 2) /

T^-j+1 = -G jPj" "  -  7 n - j ' ( j  = 1,

^ i ’ = - W '

For the above functions r , p ^ , . . . , p ^  and constant vecto r c , l e t  

(k = n , . . . ; 2 n )  be the following opera to rs , (see Reid [ l6 ;  pg. 102]),

= (V r)D^

( 6 ,3 )  = DD<B+i-l> + (_^ )i+ l^ ^ p_jjn -i^  = i , .

j)<2n> _ QQ<2n-l> + p d°
X I

0 c ' 'n^nr ’

where D i s  the usual derivative  operator.

The system (6.2) i s  equivalent to  the q u a s i-d if fe re n tia l  equation

(6.4) D ^ ^ w  = 0.

Two d is t in c t  p o in ts , x^ and of X are sa id  to  be conjugate re la t iv e  to  

equation (6.4) i f  and only i f  there  e x is ts  a so lu tio n  w of equation (6.4) 

such th a t  we have

(6.5) w (j" l)(z^ ) = 0 , ( i  = 1 ,2 ; j = l , . . . , n ) ,

w ith w(x) jË 0 between x^ and x^j and equation (6.4) i s  sa id  to  be discon­

jugate on a sub in terva l X  ̂ of X whenever X^ contains no p a irs  of conjugate 

p o in ts .

One p a r tic u la r  fundamental m atrix  D of D’ = AD has fL j(x) = 

x^”V ( j - i ) l  fo r  i  ^  j and D^j(x) = 0 fo r  i  > j ,  so th a t  the in v erse .



30

m atrix  D ^ i s  given by (x) = (-l)^'*'^'x^ V (ô  “ i )  1 fo r  i  < j  and

I f  TT i s  a constant n -vecto r and Ç ( x ; ti) =  D ( x ) tt,  then

D“̂  (x) = 0 fo r  i  > 3

and

n
Ç.CxjTr) = .2_(x^“ T T ./(3 -i) i)>  ( i  = 

j= i J

The follow ing theorem includes Theorem A of Kaufman and Sternberg 

[lO j pg. 527] under the choice of a(x) E x  on X,

THEOREM 6 ,1 . I f  there  e x is ts  a  po in t a e X to g e th er w ith a r e a l  

valued function  a of c la ss  O' on [ a , 0D ) w ith a(x) > 0 and a '(x )  > 0 , fo r  

X £ (a ,o o ) , such th a t  r ( x ) x ^  ^ /a ’ (x) i s  e s s e n tia l ly  bounded on (a + l ,o o )
A 00 2 n ̂ 2

and each of the in te g ra ls  a(x)p^.(x)x *'*’ dx, ( j = 1 , . . .  ,n ) , converges, 

then  fo r  every constant n-v ec to r c with r e a l  components. equation (6«4.) i s  

disconjugate fo r  large  x.

Since A bel's theorem fo r  improper in te g ra ls  assures th a t  each of the 

in te g ra ls  a(x)Pj(x)x^dX) ( i  = 0 , . . . , 2 j - 2 ) ,  e x is t s ,  and because the 

e n tr ie s  of G (x)/r(x) are polynomials of degree not exceeding 2n- 2,

Theorem 6 .1  follow s from C orollary  1 to  Theorem 5 .1 .

The re s u l ts  of S ection  4- w ill  now be app lied  to  equation (6 .A) iu  

the sp e c ia l case n = 2, c^ = c^ = I j  th a t  i s ,

(6 ,6) ( (w " /r) ' + p^w ')' -  pgW = 0,

THEOREM 6 .2 . Suppose th a t  p^ and pg are non-negative r e a l  valued 

functions in  X(X) and condition  ^^(pg) ho lds. Suppose a lso  th a t  (6 ,6) 

i s  disconjugate fo r  large  x , and there  e x is ts  a r e a l  number 6 < 1 such 

th a t  r(x ) 2. holds a .e ,  fo r  large x . I f  V i s  any r e a l  number such
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th a t  0 ^  V < 1 -  ô, then [tX^^PgCt) + t^ p ^ ( t ) ]d t  e x is t s  fo r  l% ge x , 

and we have

(6.7) lim  sup [c  x^“ "̂''̂  J* + i^p.(t))dt]  < 1,
X ->CD °

where = ( l  -  6) ^(2 -  8) ^ ( l  -  6 - V ) ,

R esults of th is  type have been obtained by various au tho rs, ([22; 

pg. 416], [11 ; pp. 34-9-351], [7 ; p g .  306], [16; pg. 105], [2 ; pg. 633],.

[9 ; pg, 961] ,  [6 ; pg. 136] ) ,  although none of those r e s u l ts  e x p l ic i t ly  

contains Theorem 6 .2 .

Suppose th a t  a  i s  a p o s itiv e  p o in t of X such th a t  r(x ) > x  ̂ on 

[a,CD ) . I f  b i s  a  po in t of [ a , 00 ) ,  then

A(J’̂ G ( t )d t )  >A(H (x)) - j i (H (b ) ) ,

where H ,.(x ) = ( - l)^ * j(5  -  i  -  j -  6) ^x^ i  ( i , j  = 1 ,2 ) .  Gonse-

quen tly , th ere  e x is ts  a  r e a l  valued function  k(x) on [ a , 00) such th a t  

k(x) 1 as X ->  00 and A(H(x)) = k(x)cp(x) on [b ,c o ) ,  where ^(x) =

(1  -  6)”^(2  -  0) ^x^"^ on [b ,o o ). Hence A(J.|  ̂ G (t)d t) 2  h(x)cp(x) on (b,oo), 

where

h(x) = k(x) -  [p (H (b ))]/(ç (x ).

Since h(x) ->  1 as x  00 , there  e x is t  po in ts  c^, ( i  = 1 , . . . ) ,  in  (b,œ ) 

such th a t  h(x) > i / ( i + l )  on (c^ ,o o ). Because condition  N^(F) follow s 

from condition  N^(P2 ) ? the conclusions of Theorem 6 ,2  follow  by applying 

Theorem 4»2 w ith @(x) = x ^  and the above choice of cp(x).

A dual of Theorem 6 .2 , which may be obtained by changing the hypoth­

e s is  r(x ) 2  x"^ to  Pg(x) 2  x"^; rep lac ing  F by G and changing the in te -  

grands to  t  r ( t ) ,  follow s re a d ily  from Theorem 4*4 by the type of proof 

used fo r  Theorem 6 .2 , a f te r  noting th a t  F(x) does n o t increase i f  p^(x)
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i s  reduced to  zero , and the m atrix  which corresponds to  the above H(x) has

the same c h a ra c te r is t ic  equation as H(x) . These theorems may a lso  be

s ta te d  in  terms of functions 0(x) such th a t  (x^ ^,©(x)) c o n s titu te s  an

acceptable p a ir .  I t  i s  perhaps of more in te r e s t  to  note the follow ing

"H ille  type" c r i te r io n .

THEOREM 6 .3 . I f  (6 .6) i s  discon.iugate fo r  la rg e  x and th ere

e x is ts  a  r e a l  valued function  k(x) in  oC(X) such th a t  p^(x) > k(x) > 0,

( i  = 1 ,2 ) ,  holds a .e .  fo r  la rg e  x , agâ t" ^ k ( t ) d t  = oo f o r .large  x , 
rt CD 2

then  t  r ( t ) d t  e x is ts  f o r  la rg e  x , and fo r  every p o s itiv e  po in t

lim  sup

(6-3) ijtn f 1 t r̂(t)dt] i  I
X - >  00

Since i t  follow s re ad ily  th a t  th e re  e x is t  po in ts c^, ( i = l , . . . ) ,  

in  X such th a t  A(F(x)) > ix ”\ ( x ) / ( i  +1) on (c^ ,o o ), r e la t io n  (6.8) f o l ­

lows by ap p lic a tio n  of Theorem 4-*5 w ith ij>(x) = ix ” \ ( x ) / ( i +  1) and le t t in g  

i  00 . I t  should be noted, however, th a t  the dual o f  Theorem A.5 i s  not 

app licab le  to  equation (6 .6 ) .
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