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ABSTRACT

The problem of radistive heat transfer from e metalized propellant
rocket exhaust is of current concern to the serospsce industry. The
problem involves the transfer of thermsl redistion from sn exisymmetric
dispersion of metsllic oxide psrticles and includes the effects of absorp-
tion, emission, end anisotropic scattering.

The present work differs from previous works in that sll of the
sbove mentioned effects are included in the snalysis. Specificelly this
work considers thermsl redistion to the bsse region of s finite cylindri-
cal cloud of sbsorbing, emitting snd snisotropicelly scattering particles;

A Monte Cerlo model of the problem is developed which permits the
radistion to orginste either within the cloud or from s bleck circulsr
surface st the base of the cloud. The emitted photon (bundle of energy)
is then followed through e series of probsble paths until it leaves the
cloud and hits or misses the base plene. Anisotropic scettering is in-
troduced through the scattering distribution function which is charsc-
teristic of aluminum oxide dispersions.

The model is run through some twenty-six different cases snd com-
psrisons are mede with regerd to veristions in such pasrameters ss opti~
cal diasmeter, height to dismeter rstio, esnd snisotropic versus isotropic

scattering.
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CHAPTER I
INTRODUCTION

For meny years physicsl scientists have concerned themselves with
the snalysis of radisnt energy transport through sbsorbing snd scatter-
ing media. Until recently, however, engineers considering thermsl ef-
fects have not been grestly involved with it. Now, lergely through the
impetus of aerospace requirements, engineers find themselves with s need
to accurstely predict radistive hesting through s variety of such medis
in diverse configurations.

One such engineering problem is the prediction of the rsdisnt hest-
ing of a spscecrsft structure which views s rocket exhsust plume. The
problem is pesrticularly significant in connection with the use of metsl-
ized solid propellsnt rocket motors. A detailed review of the theory of
thermsl raedistion as it relstes to rocket exhaust plumes has recently
been given by Rochelle (L). A less comprehensive but very clesr discus-
sion of the state of knowledge of the solid rocket problem is given by
Csrlson (2).

The current work is motiveted by the rocket exhsust hesting prob-
lem. However, in view of the existance of (1) end (2) no useful pur-
pose would be served by a detsiled review of the problem here. Hence,
the discussion will be confined to those srees necesssry to set the

stege for this work.
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The genersl formulation of the problem of rsdistive hest trensfer
in sbsorbing, emitting, snd scattering medis is thoroughly covered in
the litersture. The works of Love (3) and Sperrow end Cess (U4) sre
specific examples. An excellent treatment of electromagnetic scattering
is svailable in the work by Vsn de Hulst (5) and trestments of s variety
of the sspects of scettering sre contained in the work edited by Kerker
(6).

The specific problem to be treated in this work is the radistive
heat trensfer from a finite cylindrical cloud of psrticles which sbsorb,
emit and scatter radistion. The radistion can originate either within
the cloud or from a black circulsr surface st the base of the cloud.

There are several methods which have been spplied to relsted hest
transfer problems involving scattering. Among these are the method of
quadrstures used by Love (7) and Love snd Hsia (8), the numerical solu-
tion of Evens, Chu, snd Churchill (9), and the two step procedure de-
veloped by Edwerds snd Bobco in (10) end spplied by Bobco in (1l).

In (7) Love studied the effect of snisotropic scattering on the
heat transfer between plane diffuse weslls snd e medim which waes either
isothermal or in rsdistive equilibrium. The medium was infinite in ex-
tent in two dimensions and either finite or semi-infinite in the third.
The work of Love end Hsie (8) essentislly extended the previous work to
ceses in which < 5pecifieé tempersture distribution existed in the
medium. The quadrsture method involves replascing the scattering inte-
gral, sppesring in the integrodifferentisl equetion as written slong s
line of sight, by & Gsussian qusdrsture. This reduces the problem to
the solution of & set of first order non homogeneous differentiasl equae-

tions.
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In (9) Evens, Chu and Churchill consider snisotropic scettering in
perallel plesne dispersions of finite thickness. The dispersions have
free boundesries. The technique used involves s reduction of the inte-
grodifferentisl equation to a set of integrsl equations. The integral
equations are solved by numericsl iterstion using @ Gsussisn quadrature
for the integrsls. Scattering is limited to scettering functions which
can be spproximated by s very few terms of a series of Legendre polyno-
mials.

The method of Edwsrds end Bobco (10) obtesins a first order solu-
tion from the ordinsry diffusion spproximstion and boundary conditions
which sre satisfied in the mean. This solution is then used in the
"source term" (emission plus scsttering) of the formsl equation of trens-
fer along with the exact boundsry conditions to obtsin & second order
solution. In (11) Bobco spplies this method to obtsin solutions for s
two dimensionsl, semi-infinite slsb. Scettering is isotropic. In (12)
the method is epplied to a semi-infinite cone but the isotropic scatter-
ing restriction remsins.

All of the above mentioned techniques incorporste either plane
perallel geometry or Lsotropic scattering as s simplification. Mesns
by which these restrictions cen be removed and still permit s solution
are not obvious.

A fourth method of solution is the Monte Cerlo technique, which
hes recently been applied to radistive heat trensfer by Perlmutter and
Howell (13, 14, 15) snd Corlett (16). An excellent description is given
by Howell in (17). Although this method previously hsd not been spplied

to heat tresnsfer problems involving scsttering, the extension seemed
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tractable. The flexibility of the method seemed psrticulsrly sttrac--
tive.

The perticles in the cloud considered in this work are of aluminum
oxide snd were chosen to be in distributions believed typical of salumin-
ized propellsnt rocket exhausts. Experimentesl deta on the optical prop-
erties of slumine st rocket exhsust temperstures have been obtsined by~
Grywnek snd Burch (18), Garlson (19) snd Adsme (20). Mie theory calcu-
lations for sbsorption and scattering coefficients hsve t:en reported
by Bsuer snd Csrlson (21) snd Plsss (22, 23). Bsuer snd Carlson pre-
sent their calculations sversged over particle distributicns believed
typical of those occuring in rocket exhsusts. Plass gives values as s
function of perticle radius. The values obteined by Plass (23) using
the data of (18) are believed to be che most sccurste svailsble for alu-
mina (1). Bartky end Bsuer (24) present celculstions bssed on (18) end
averaged over suiteble perticle distributions. In eddition, they pre-
sent curves showing the snguler scattering for these particle distribu-
tions. For this work an angulsr scattering distribution is required
and the one chosen is besed on the shepe of those in (22). It should
be noted thet Love end Wheasler (25) snd Love and‘Beattie (26) have ex-
perimentally obteined similsrly shsped snguler scesttering distributions
for particle clouds of sluminum, cserbon, gless, silica and iron.

Among currently published prectical methods of calculsting radia-
tive heat transfer from metalized rocket plumes are the methods of
Fontenot (27), Morizumi end Cerpenter (28), Bertky snd Bsuer (24) snd
Edwards end Bobco (12). The first three esre thoroughly discussed in
both (1) end (2). Fontenot sssumes e single perticle size and neglects

8ll effects of scattering.
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Morizumi snd Carpenter use s neutron scattering snslogy in sn in-~
finite cylindrical cloud to relate pesrticle sbsorption to extinction
ratio and cloud emittance. Hest tresnsfer is calculated using an effec-
tive temperature and a configuration factor from surface elements of
the cloud to the point of interest. Scattering is isotropic.

Bartky and Bauer discuss the spplicestion of solutions of the iso-
thermal slab to the rocket exhaust problem. They indicate that a one
dimensional beam gpproximetion slong a line of sight offers promise for
hendling inhomogeneous plumes if the plume is divided into increments
in which the density, pressure snd tempersture do not chasnge apprecisbly.

The isotropic scattering restriction to the work of Edwards snd
Bobco has been previously mentioned.

In addition to redistion originasting from emission within the ex-
haust plume Cerlson (2) points out another complicstion which should be
considered. In (29) Carlson et al., show that "sesrchlight" emission,
"transport of chamber emitted radistion into the plume with subsequent

scattering by the particle cloud to the surroundings,"

may be important.
The inclusion of this effect in the above mentioned methods of solution
would appear to be extremely difficult.

In his closing remerks Howell (17) mskes the following conclusion.
"Monte Carlo appesrs to have s definite sdvantage over other radistive-
transfer calculation techniques when the difficulty of the problem being
treeted lies sbove some undefined level. Just where this level is can-
not be established, probsbly being a function of the experience, com-

petence, end prejudice of the individusl working the problem. However,

problems above this nebulous benchmark in complexity can be treated with
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grester flexibility, simplicity, and speed."
It is the opinion of this investigstor that cylindricsl geometry,
anisotropic scattering and searchlight effect combine to elevate this

problem sbove that "nebulous benchmerk".



CHAPTER II

MODEL DESCRIPTION

Genersl Description

The Monte Csrlo method is epplied to calculaste the radistive trans-
fer from a finite cylindricel cloud of perticles to the cylinder bsse
region. The redistion originates either from uniformly distributed iso-
tropic emission within the psrticle cloud or from s blaeck circulsr sur-
face at the base of the cloud. The redistive flux to & series of rings,
concentric with the cylinder and lying in the base plene, is calculated.
Directional properties of the cloud emittance are not determined.

The perticles sre sssumed to be uniformly distributed throughout
the cloud. Scattering is either lsotropic or snisotropic and multiple
scattering is included. The optical depth (dismeter), scattering to
extinction retio, particle mass and size distribution, cylinder height
to diasmeter, and scattering function sre chosen consistant with each
other and remein constent for a given calculation.

Continuum thermsl radietion from the surface or the particles is
the only mode of energy transport. The boundaries of the cylindrical

cloud sre considered free.

Monte Carlo Application

The Monte Cerlo method used in this work consists of following, one

T
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gt a time, 8 large number of photons, or bundles of energy, through a
cylindricel particle cloud from suitably chosen emission points slong
probable peths until they leeve the cloud snd either hit or miss the
base plane. At each decision point along the psth the subsequent direc-
tion end length of travel are selected in sccordance with the sppropri-
ate probaebility distribution functions (see Chapter ITI). In this model
8 photon is considered to be emitted from en sppropiilately chosen point
in 8 direction randomly chosen from a distribution representing either
isotropic emission if from a volumé element or diffuse emission if from
a surface elemenf. The meximum distance which & photon could travel
along this direction and remsin in the cloud is then calculated. This
maximum path length is compared with s probeble psth length chosen ran-
domly eccording to the appropriate distribution function. If the prob-
able psth length is greater than the msximum path length, the photon

is considered to exit the particle cloud. If the exit direction of trav-
el intersects the base plane, the impact redius is cslculated snd
recorded. If its direction of travel tekes it awsy from the base plane
it is recorded as a miss.

If the probable path length 1s less than the meximum peth length
the photon is scattered or sbsorbed. This 1s considered to take place
at a point which 1s 8 distance equal to the probsble path length slong
the meximum peth direction. The decision ss to whether the photon is
sbsorbed or scattered is besed on the scattering to extinction ratio.

If the photon 1s ebsorbed end the cloud 1s considered in redlstive
equilibrium e new photon is immedistely emitted from the same point in

an sppropriately determined direction since there cen be no hest sccu-
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mulstion in the cloud. If the photon is scettered, s direction of scet-
tering is chosen according to the scatteringlfunction. In either csse,
once the new direction is determined, the calculations proceed as before
and continue cycling until the photon leaves the cloud snd either hits
or misses the base plane. A new photon history is begun after each hit
or miss.

If the photon is absorbed and the cloud not considered in redistive
equilibrium, the photon history is terminated immedistely and 8 new

history begun.

Model Geometry

The geometry of the model used in this investigstion is depicted
in Figure 2-1. The model consists of & finite right circular cylinder
and the infinite plane through its bese. A cylindrical coordinate sys-
tem has its origin et the midpoint of the base of the cylinder with the
z axis coinciding with the exis of the cylinder. The reference direc-
tion from which the szimuthel coordinste angle 1s messured is taken as
the x direction of & right hended orthogonsl csrtesiasn system whSSe
origin and z axis coincide with those of the cylindricsl system. The
x direction is srbitrarily located end fixed. The direction of depsr-
ture from any given point (zl’ Ql’ rl) is glven in e sphericsl coordi-
nate system centered et the point end heving ass its reference for szi-
muthal engle (6) e direction parallel to the above mentioned x direc-
tion snd ss its reference for poler sngle (7)) e direction persllel to
the axis of the cylinder. The distance in the direction (8, T) from
the point (zl, 61, rl) to the surface of the cylinder 1s celled the

maximum peth length Lm' The probsble distence a photon would travel



General Geometry
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on any given trisl is called the probable path length Lp. If‘the prob-
sble path length is less then the meximum peth length , the photon is
assumed to trevel e distsnce Lp in the direction (8, 1) to & new point
(z2, 92, r2) at which a new direction of departure must be determined.

If the probable path length were greater than the meximum psth
length the photon would lesve the cloud snd would be considered to trev-
el in 8 straight line until it hit the base plene (1 > 90°) or be
counted as avmiss (n = 900).

To follow photons from point to point through the cloud one must

heve expressions for r §2 in terms of ry,z;, Ql’ LP, Lm' These

2.7 Z2,
are obtained next.
The projection of the internal geometry on the bsse plsne is shown

for several vslues of rys $ eond 6 in Figure 2-2. Note that for given

1

values of s Ql and O the trisngle with sides R, b, r, is completely

1
determined. Note slso that the sngle © cen be considered to be the sum
of the angle Ql and en angle { where it 1s understood that 6 is the
principle value of the angle represented by this sum. Therefore
(=06-%,08>8
g=0-% +om 0<®
The engle o is
@=|m-¢|
Since cos x = cos (-x)
cos @ = cos (mw - ()
or
cos @ = -cos ({)

Finelly, substituting for { gilves
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Projections of Internal Geometry
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cos & = -cos (6 - Ql) | (2-1)

Assuming for the moment thet the meximum yath length intersects
the verticel surface of the cylinder, the length b represents the pro-
Jjection of &m on the base plsne.

b= Lm sin M |

Since R, Ty end cos o sre known the velue of b cen be cslculsted

using the lasw of cosines.

2 2 2

RT=Dbp + - 2br., cos8 o

1l
or
v® - (2r, cos a)b + (r,° - R°) = 0
1 1
Applying the quadrstic formuls gives
b=r cosat (rl2 cosu + (R2 - rle))%

and since

L)
LAY
2]

this is of the form

b=a+ (a2 + m?)
Therefore since b is 8 scslsr length and must be positive it is neces-

ssry to choose the positive root.

b=r, cosat+(r 2 cosy + (R2 - 2))% (2-2)
1l 1 1
The meximum psth length is therefore
L, = b/sin 1) : (2-3)

If the direction of the peth tskes the photon out the top or bot-
tom of the cylinder the value for &m 88 calculated sbove will be too -
learge. The essiest way to determine whether this situation exists in
the csse of exit through the top is to compere the velue of zy + &m X

cos T end the height (H) of the cylinder. If z, + &m cos N is grester

1
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then the height of the cylinder then the path lesds through the top of
the cylinder. The correct value for‘Lm would then be
4, = (8 - zl),/ cos 1 (2-4)
If z + &m cos TN is negative, the psth leads through the bottom of
the cylinder. In this csse
4, = -zq / cos T (2-5)

m

It is impértant to notice that for given ﬁl,ve end Tys the direc-
tion of the projection of Lm on the bese plsne is fixed. Hence neither
the distence treveled aslong Lm nor the fect that &m intersects the top
or bottom of the cylinder will have any effect on the sngle a.

If s photon is scsttered or sbsorbed et some point (r2, §2, zz) on
ite psth from (rl, Ql, zl), it will be as a result of the value'Lp,
which is obteined from probebility considerstions, being less than Lm.
The path will be in the given direction, however, and its projection on
the base plene will be shorter but coincide with b. This projection is
shown 88 ¢ in Figure 2-3. It will have the value

c = Lp sin 1 (2-6)

The values c, cos o, and T completely determine the trisngle with

sides rys Tps O Hence the vslue of r. can be calculated using the lsw

2

of cosines.
1

r, = + (c2 + 112- 2crl cos a)g (2-7)

The velue of z,. is simply the sum of the 2, velue of the starting

2
point end the verticsl component of Lp. (Figure 2-1)

22=Zl

The azimuthsl angles-Q1 and 62 sre relested through the sngle B be-

+ Lp cos 1 (2-8)

tween ry and Ty Figure 2-3 shows B. From the lew of cosines
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Figure 2-3. Projections of Internal Geometry



L (2 2 2y
er ¥y

cos B =
and from the lsw of sines
sin B = (c/ra) sin &
In principle B could be celculsted from either of the sbove equstions.
However, since some computer programming langusges do not incorporste
the inverse sine and inverse cosine functions but dc recognize the in-

verse tangent it is convenient to calculste B from

g = — (sin B / cos B)

B = tan'l((-Ecr sin @) / (c2 N 2)] (2-9)
A 1 1 2

The principle values of the angle genersted by the srctangent function

in 8 computer lie between dn/2 end +m/2. Since B hes the range

0s B <witis necessary to edd m to the angle genersted by the com-

puter if it is negestive.

The velue of §2 cen be cslculated from

_ <, < -
§2-§l+a oO=gSm (2-10)
or
b, =8 - n<gseon (2-11)
where it understood thet §2 is the principle value of the angle.
(058, < om)
The redius to impsct is derived from Figures 2-4 snd 2-5 as
R = (02 + rl2 - 2cr; cos a)% (2-12)

where

¢ =z, ten (m-1) = -z, tan 1) (2-13)
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CHAPTER III

THE DISTRIBUTION FUNCTIONS

Emission Point Selection

A differentisl volume element of 8 right circuler cylinder can be

expressed ss
av = r dr 4% dz

To select emission points in such s fashion that they will be uni-
formly distributed throughout the cylindrical cloud requires that the
retio of the number of points in dV to the totel number of points
selected be the same s8s the ratio of dV to the cylinder volume.
Hence

fgz _rdradadz
Np nRoH

The fsct thst

gnd that

mekes f(r, &, z) the joint probsbility density function. Since

f(r, &, z) dr d¢ dz cen be writien as
2rdr. d®, dz
(=) G (F)

18
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r, 8, z sre independent vsrisbles in the probsbility sense. Hence

their individusl distribution functions are
T

2
Fr) = | Zar =5
r ;{ R2 r R2
$
Rz)= § &2
6}}1 H

It is shown in Appendix B that the required probability distribu-
tion cen be satisfied by teking the distribution function equal to s

large number of random numbers. Therefore

r = R/R, (3-1)
& = o Ry (3-2)
z = HR (3-3)

where Rx denotes s rsndom number for x.
The selection of emission points uniformly distributed over the

base of the cylinder is sccomplished by setting z = 0.

Direction of Emission from s Volume Element

For isotropic emission from s volume element the number of photons
reasching an element of the surface sres of s unit sphere surrounding
the vclume element must be proportionsl to the sres of the surface ele-
ment. Hence the retio of the number hitting s differentisl surface
element to the totsl number of photons hitting the sphere must equsl
the retio of the sres of the differentiel element to the sres of the

sphere. From Figure 3-1
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The fact thst
arm
([ sin M an ae =1
gd M
snd
sin a a1 de 20
™
and

sin N 4N 49 _ (sin il d'ﬂ)(_d__e_)
by N 2 2

shows that the probsbility density functions for T end 6 are

£(n) = 221 | ge) = &

These cen be sstisfied by setting the corresponding distribution
functions equal to rsndom numbers. Hence

1 - 2Ry (3-4)

2nRy (3-5)

cos T

1

e

Direction of Emission of s Photon from s Diffuse Surfsce

In the case of a diffuse emission from e surfsce the intensity (I)
of the radistion is independent of direction. The geometry under con-
siderstion is shown in Figure 3-2. * Since the intensity is not s func-
tion of direction the energy per unit time incident on s differential
surface element of 8 unit hemisphere above dA csn be expressed as

dE = I cos | dwdA = I s8in T cos T 47} d6 dA
The total energy per unit time incident on the surface of the

hemisphere 1s then
o n/2
E=EG.E=G.AISE sin M cos T 4N 46
en 00O
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gin2 m/2
E =2 dA [: 5 'J = dAL

The frection of the totel number of photons or bundles of equsl

energy emitted by dA which strike ds, e differentisl surface element

is
H@E _4E I sinT cos T 41 46 4A
N B mIdA
T
N .
ds _sin T cos T 41 46
NT n
Noting thst
e WZQ
K sin 1) cos T 41 48 _ 1
J ™
end that
sin T cos T > 0
- Z

gives the probability density functions for 1) end © as

£(M) = 2 sin 1 cos 1

-
Hence
-8
F(e) = -
and
F(1) = sin'
These cen be sstisfied by teking
® = 2nRy (3-6)

end
einan = R.n
Sincehsinan =1 - coszﬂ.one could selso. teke

cos | = /Tf:-ﬁi
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or since 1 - R,q is just snother set of rsndom numbers

eos M = W (3-7)

Probgble Pasth Length

In traversing s psth through en sbsorbing snd scattering medium a
beam of photons is attenusted in proportion to its intensity and the
optical depth of the path.

Let N %be the nuﬁber of photons at. length 4

No be the number of photons st 4 =
B Dbe the msss extinction coefficient
p be the mass density of the particle cloud
Then
dy = -pgNdt

Integreting between o end 4, assuming pB constant gives

and
In (N/N,) = -pBL

The fraction of the number of photons originslly incident which

remein at 4 is then
N/N, = e PP
The fraction removed et or prior to 4 1s thus
1- N/ =1 - o PRL

This cen be thought of as the probebility thet the pasth length will

be less than or equal to 4, snd as such is the distribution function for

L.
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L) =1 - e-pBL
Hence one may choose velues of probsble path length Lp from

R, = 1 - e-pBLP

P
giving
1
4 =-«=1n (1L -R
by pB ( L )
1Y
or since 1 - R& is simply snother set of uniformly distributed rsndom
P
numbers
1
= - = 1In R -8
&p oB n Lp (3-8)

In this work 8 principle parsmeter is the optical dismeter of the
cylinder. The cylinder is given s physicsl dismeter of two. Thus
pBD = TAU = 2pB

Substituting in (3-8) for pB gives

2

L, = - g 1 Ry (3-9)

P
It should be noted .thst this represents the psth length in s uni-
form medium. Since the cylinder hss definite but free boundsries, if
&p is greater than the distance to the cylinder boundsries, the photon

is congidered to exit the cloud.

Scattering Direction

The scattering function s(n,e) is defined such that the probebility
of s photon, which 1s scattered by a particle, leaving in a direction
conteined in the solid sngle dw' sbout s direction (1M,0) with respect
to the direction of incidence is given by

dw'
8(1,9) g (3-10)

The geometry 1s illustreted in Figure 3-3. Expression (3-10) can be
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written as
L%E s(1,8) sin T 47 e
vhich can be written
(3 s(n) sin M aN)(Z; a8) (3-11)
for the ax;symmetric scattering functions used in this work. In view

of (3-11) and since (3-10) integreted over Um is equsl to one,
1

£n) = 3 s(M) sin M
1
f(9) = o

are probsbility density functions for T and 6 respectively.
Thus

L
o

0
Ry = E a8 = —2?; (3-12)

(o]

snd

s(M) sin M 4N (3-13)

Ry =3

For isotropic scattering s(7) = L so thet

Rn =

Oc‘—qj

ol

1
r sin

T an
S

or
cos | =1 - 2R.n (3-14)
which is the seme &s (3-4) for volumetric emission.

As an epproximstion to the anisotropic case, one can plot the grsph
of 8(M) ein 1 for 0 £ N € w es in Figure 3-4 snd spproximete the greph
by trisngles end rectangles ss in Figure 3-5. The sum of the aress of
the triengles snd rectangles 1is the totsl ares (AT) under the curve.

Hence one cen let

A(M) = Ry Ay
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and solve for the T which gives the correct value for A. This is the

approach used. in this work.



CHAPTER IV

ANISOTROPIC SCATTERING

Coordinate Transformgtion for Anisotropic Scattering

For anisotropic scattéfing the scattering function is symmetric
with respect to the incident direction of the photon snd csn be describ-
ed in termes of a polsr angle (1) messured with respect to the incident
direction. Since the incident direction will not normally coincide
with: the verticsl it is necessary to obtein relstions for the polsr and
azimuthal sngles (nl,el) of the direction of scatter as messured in the
ususl reference coordinste system in terms of the direction of scstter
(M,9) messured in the snisotropic scattering system and the direction
of incidence (no,eo) measured in the reference system. The sngles
involved sre illustrsted in Figure L-1.

Consider e unit vector in the direction of scetter (P). Let Rx’
Ry, RZ be its components in the scattering coordinstes snd RX’ Ry, RZ

be its components in the reference coordinstes.

Then
Rx = gin T cos ©
Ry = gin 1) sin © (4-1)
Rz = cos T

snd

28
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Figure 4-1. Anisotropic Scattering Coordinate Systems
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= + + -
Ry R _&in @ Ry cos T cos 8 R, sin M, cos 6 (L-2)
= - + +
RY Rx cos eo Ry cos no sin eo RZ sin ﬂo sin 60
= - +
RZ Ry sin no Rz cos no
In equetions (4-2) use has been made of the Eulerian sngles for
‘locating one set of Cartesien coordinetes with reference to snother set
having the same origin.
The components in the reference system csn also be expressed se
Rx = gin nl cos el
Ry = sin T, sin 8, (4-3)
RZ = CcOos “1
Hence from (4-3), using the relstion
ten x = sin x / cos x

one obtsins

8, = ton™t (R/R)) (b-b)

M, = ten " [R/(R, cos 0))] (k-5)
The solution is obtained by solving equations (L4-1l) end (4-2) for

Ry» By, end R, end using these velues in (4-4) end (4-5).

Approximetion Technique

The method of spproximeting the distribution function for eniso-
tropic scettering is outlined in the last section of Chapter III. This
section is devoted to the derivetion of specific expressions for the
poler sngle T|.

The expressions used for celculating T in the spproximstion for
snisotropic scattering sre derived with the sid of Figure 4-2. By

compering the value of the product of the total ares (AT) and the ran-
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dom number (Rﬂ) with the psrtisl sums of the individuel sress in Figure
L-2a one csn determine the points between which T must lie. The prob-
lem thus is reduced to deriving sn expression for T corresponding to
each of the conditions in Figure 4-2b, c, 4, e.

Consider Figure 4-2b. & is the sres of s triangle.

1,2
Bpbp =31

s

and since 0 £ |

1
a\2
+ — -
1 (2 Ry Ap 3 (4-6)
Equation (4-6) gives the correct value for 1 less then s.
The expressions for T| between @ snd b, b end c, and c snd 4 will
be similar. The expression valid for a < | < b is derived below.

Consider Figure 4-2c. The sres & is the sum of the sress of a

triangle and a rectengle. Hence

s =Ry Ap - =30 - (30 @B, + (5 - D

a 8

= -5 (%—:—g)ﬂ
Therefore

0,2 - 20 G2Pm, + 2GRy Ay - 2)) = 0
Letting
=(b-8)/(J-n)
gives
1 2. 23sM +2s8, (R.A,-2,)=0

a 2'a 2 Rﬂ T 1

Applying the quedretic formula gives
TIB = 382 + [(382)2 - 282 (Rn AT - al)]% ()4__7>

Now
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b~
3 -

_ 8 b -8y _ . _
382"3( h)>J( J )'—b 8
And since
o<1, s (b - 8)
One must choose the negstive root in Equation (4-T).
Thus
> 3
M=2e+ Jjs, - [(jse) - 25, (R,n Ag - al)] (4-8)
is the expression sought.

For b<MN<e¢e

1
M=7b+hs, - [(hsu)e - Esu(Rn A - cl)]E (4-9)
5), = (¢ ~1p) /(b - g)
cl = al + 32 + 83
Fore<N<a
n=c+g%-[@%ﬁ-2%<%AT-%ﬁf (4-10)

s6=(d-c)/(g-f)

= + + + +
C2 al 82 83 8,+ 8

p)
The expression for d < N < e is derived using Figure 4-2d. The

ares(s) is sgein considered ss the sum of the sress of a8 rectsngle and

a triangle.
Defining 03 = 02 + 8¢ + 87
- - 1 i-7
s = R,n AT - c3 = naf + 5 na (e - d) na
or
2
M,~ + 2f sg M, - 28g (Rﬂ An - c3) =0 (4-11)
where

sg=(e-4a)/(1-1)
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Solving (4-11) for M, &ives
1
- - 2 _ 2
M, = -f8g + [(fs8) + 28g (FZ.n Aq c3)] (k-12)
where the positive root is required becesuse of the negative first term

and the necessity for positive ﬂa.

Thus
Ry

M=da- fsg+ [(fs8)2 + 2sg (R.n Ay - 03)]2 (k-13)
The final expression for e < T < mw comes frbm Figure L-2e.
p=g(m-M) iy (M- M) = (1 - Ry
(m - MZ = 2w - e)(1 - Ryday/s

N=m- [2(11 - e)(1 - Rn)AT/i]%

Defining
1
2
810 = [Q(n - e)AT/1]

(TIPS R (4oLt

The Anisotropic Scéttering Function

The snisotropilc scattering function used in this work is believed
to be representative of the scattering function of a distribution of slu-
minum oxide particles in a rocket exhsust. Bartky and Bsuer in refer-
ence (24) present scattering function curves for two representative
particle distributions at a temperature of 1700o C and for several wsve-
lengths of radistion. The curves all have the same general shape.

The scattering function chosen for this work has the same general
shape as those of Bsrtky and Bsuer and is shown in Figure L4-3. The

shepe is assumed not to vary with temperature or wavelength of radiation.
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The  secattering function epproximstion as described in the preced-
ing section is applied (see Figure 4-U4) giving the following values for

“the spproximetion psrameters.

- a = 8 f = 1
b o= 20 g = 20
c = 60 h = Lo
d = 120 i = 12
e = 170 j = 80

Rayleigh Scattering Approximstion

The Rayleigh scattering function is commonly expressed s
%(l + coszﬂ) where T is the polar angle between the direction of inci-
dence end the direction of scstter. For this scattering function the
probability density function for 1| is
£(n) = g(l + coseﬂ) sin 1 (4-15)
Applying the scettering approximstion to (4-15), see Figure 4-5,

gives the following values for the aspproximetion parameters.

a = U5 f = .98
P o= l+5.01l g = 1.1395l
¢ = Ls.o2t h = 1.1397"
a = 90 1 = L.1%0
e = 135 J = 1.1k

 hese velues are essentially 4S5 or 1.140., They sre used to elim-
inate two.sets of triangles and rectangles from the spproximation with-
out encountering internal difficulties which would occur in the computer
progrem 1f b = c =8 end g =h = J.
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CHAPTER V
NUMERICAL DATA

The numericel date presented in this section consists of the compu-
ter output for the various cases considered. The dats is presented in
tabular (computer printout) and graphicsl form.

The computer output listings asre largely self explsnstory. The
values indicated for A through J sre the psremeters for the snisotropic
scattering approximstion described in Chepter IV. The number of emis-
sions corresponds to the number of photons traced from originsl emission
to exit from the cloud. The number "OUTSIDE" is the number of hits in
the bese plane outside the srea covered by the rings.

In the cese of emission from the surface the value given for each
ring is the rstio of the number of hits per unit sreas in the nth ring
divided by the number of emissiones per unit srea from the base surface.
This corresponds to spectrsl flux incident on ring n divided by the
spectral flux emitted by the surface. It will be calle& flux retio.

For emission from the cloud the value given for the nth ring is
the number of hits in ring n divided by the product of the number of
originsl emissions snd a factor (2n - 1). Flux cslculations require
the (2n - 1) factor. The retio of hits in ring n to the number of orig-

insl emissions corresponds to the spectrsl energy incident on ring n

38
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divided by the spectrsl energy leaving the cloud. It will be called
energy ratio.

The grephicel presentations sre flux retio vs redius rastio snd en-
ergy ratio ve redius ratio. The redius ratio is the radius in the base
plene, from the center of the cloud to the point considered, divided by
the radius of the cloud. The point for each ring is plotted st a radius
ratio c6§}eéponding to the rsdius of the aresl bisector of the ring.
The curve through the points is the suthor's estimste of best fit. The
cases considered sre listed inTebles V-1 snd V-2.

TABLE V-1

CASES CONSIDERED FOR EMISSION
FROM CYLINDRICAL CLOUD

T H/D o/B SCAT Pages
.5 5 1 I 41,67

1 5 1 I k2,67
2 5 1 I 43,68
2 10 1 I 4,68
2 20 1 I 45,69
2 5 1 A 46,69
5 5 1 I 47,70
5 p 1 A 48,71
10 5 1 I 49,72




CASES CONSIDERED FOR EMISSION FROM BLACK SURFACE
AT BASE OF CYLINDER

Lo

TABLE V-2

H/D o/B SCAT RADEQ Pages

5 1 I - 50,73

5 1 A - 51,74

1 5 1 I - 52,75

1 5 1 A - 53,76

1 5 1 R - Sk, TT

2 > 1 I - 55,78

2 5 1 A - 56,79

2 5 1 R - 57,80

2 10 1 I - 58,81

2 10 1 A - 59,82

2 20 1 I - 60,83

2 5 .5 I No 61,84

2 p 5 A Yes 62,85

p) 5 1 I - 63,86

5 5 1 A - 64,87

10 5 1 I - 65,88
10 5 1 A - 66,89




BEMISSION FROM CYLINDRICAL CIOUD

CYLINDER OPTICAL DEPTH 0.500
HEIGHT TQ CIAMETER RATIO 5.000
BASE HEIGHT TO DIAMETER RATIO -0.000

SCATTERING TO EXTINCTION RATIO 1.000
ISQTRCPIC SCATYERING :

EMISSIONS REEMISSIONS - ABSORPTIONS SCATTERINGS MISSES CUTSIDE
200000 0 0 719228 100144 32173

HITSIENISSIONS/(ZN-I,;BING HIDTH= 0.50R

[ %4

1 0.01501000

2 0.,01291500

3 0.00545300

4 C.0031471%

5 0.00215389
9 0.00081765
13 0.00039420

6 0.00158182
10 0.00066000
14 0,00036537

17 0.00023894
21 0.00015500
25 0.00010949

7 0.00125923
11 0.00054690
15 0 897

18 0.00020643
22 0.00014558
26 0.0000932¢

19 0.00020149
23 0.00012444.
<7 0.00009019

8 0.00098800
12 0.00047804

2C 0.00017551
24 0.00012074

28 0.00007891

29 0.00007842

30 0.00006864



EMISSIOR FROM CYLIRDRICAL CLOUD

CYLINCER OPTICAL DEPTH 1.000
HEIGHT TO DIAMETER RATIO 5.000
BASE HEIGHT TO DIAMETER RATIO -0.000
SCATTERING TO EXTINCTION RATIO 1.000

ISCTRCPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES
200000 0 0 160497 1€0330
HITS/EMISSIONS/{2N~1), RING WIDTH= 0.50R

1 0.01430500 2 0.01209666 3 0.00460400
5 0.00197500 6 0.00144682 7 0.00117615
¢ 0.00077559 10 0.00065868 11 0.00055857
13- 0.00039800 14 0.00036241 15 0.00030172
17 0.00024803 18 0.00021843 19 0.00020203
21 0.00015610 22 0.00015419 23 0.C001310¢C
2% 0.00012041 26 0.00010224 27 0.0C008604
2% 0.00007561 30 0.00007492" :

CUTSIDE
34578

4 0.00278286

8 0.00094067
12 C.00047609
16 0.00027387
2G 0.00017718
24 0.00012191
28 €.00008355



EMISSTON FROM CYLINDRICAL CIOUD

CYLINDER OPTICAL CEPTH
HEIGHT TQ CDIAMETER RATIO

BASE HEIGHT TO DIAMETER RATIO
SCATTERING TC EXTINCTION RATIO

ISOTRCPIC SCATTERING

EMISSIONS

100000

G

REEMISSIONS

ABSORPTIONS SCATTERINGS
173681

0

HITS/EMISSIONS/ (2N-1), RING WIDTH=

13
17
21
25
29

0.01425000
0.00176333
0.00071412
0.00039800
0.00023697
0.00016000
0.00010980
0.00008088

10
14

22
26
30

0.01260000
¢.00137182
0.00065316
0.00035889
C.00022314
0.00014977
0.00069902
0.000C7203

2.00C
5.00C

-0.000

1.000

C.50R

11
15
19
23
27

50022

0.00446400
0.C0112769
0.00054095
c.0C031172
0.00020081
0.00013556
€.0C005849

MISSES

CUTSIDE

17948

12
16
2C

28

0.00273143
0.00086133
C.00047217
0.00027419
C.00017231
0.00012489
€.00009200



EMISSION FROM CYLINDRICAL CLOUD

CYLINDER OPTICAL DEPTH 2.000
HEIGMT TO DIAMETER RATIO 10.000
BASE HEIGHT TO DIAMETER RATIO -0.000
SCATTERING TO EXTINCTION RATIO 1.000

ISOTRGPIC SCATTERING

EFISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES  OUTSIDE
200000 0 0 370953 100079 $7700

HITS/EMISSIONS/{2N-1) ,RING WIOTH= 0.50R

1 0.00684500 2 0.00593166 3 0.00213900 4 0.90131500

5 0.00098611 6 0.00076455 7 0.00065192 8 0.00053667

9 0.00045765 10 0.00040816 11 0.00033952 12 0.00030696
13 0.00029100 14 0.00026389 15 0.00022793 16 0.00020952
17 0.00018439 16 0.00017714 19 0.00016162 2C 0.00015090
21 0.00014829 22 0.00012442 23 0.0C012211 24 0.00010585
25 0.00010918 26 _0.00010451 27 0.00008934 28 0.00008191

29 0.00008421 30 0.00008059



EMISSION FROM CYLINDRICAL CIOUD

CYLINDER OPTICAL DEPTH 2.000
HEIGHT TO DIAMETER RATIO 20.000 ) R
BASE HEIGHT TO DIAMETER RATIO -0.000
SCATTERING TO EXTINCTION RATIO 1.000

__ISOTROPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
| 200000 0 0 381086 99948 71558

HITS/EMISSIONS/(2N~-1) ,RING WIDTH= 0.50R

1 0.00471500 2 0.00392667 3 0.00142500 4 0.00089500

5 0.00061278 6 0.00048409 770.00039000 8 0.00034467

9 0.00029294 10 0.00025395 11 0.00022619 12 0.00020630
13 0.00018520 14 0.00017370 15 0.00014621 16 0.00013597
17 0.00013409 18 0.00011086 19 0.00011824 20 0.00011013
21 0.00009634 22 0.00008442 23 0.00008989 24 0.00008415
25 0.00007857 26 0.00007029 27 0.00007038 28 0.00006582

sy

T 729 0.00006465 30 0.00005771



EMISSION FROM CYLINDRICAL CLOUD

CYLINDER OPTICAL DEPTH 2.000
HEIGHT TO DIAMETER RATIO 5.000
BASE HEIGHT TO DIAMETER RATIO ~0.000
SCATTERING TO EXTINCTION RATIO 1.000
ANISOTROPIC SCATTERING
A= 8.0000 8= 20.000 C= 60,000 D=120.000 E=170.000
F= 1.0000 G= 20.000 H= 40.000. I= 12.000 J= 80.000
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
100000 0 o 149866 49773 16671
HITS/EMISSIONS/(2N-1 ), RING WIDTH= 0.50R
1 0.01324000 2 0.01388000 3 0.00501000 4 0.00286857
5 0.00203222 6 0.00154455 7 0.00118462 8 0.00105267
9 0.00079882 10 0.00064737 11 0.00058667 12 0.00045957
13 0.00042080 14 0,00035778 15 0.00033172 16 0.00028097
17 0.00023394 18 0.00022143 19 0.00020946 20 0.00017667
21 0.,00015537 22 0.00014419 23 0.00012444% 24 0.00012511
25 0.00010510 26 0.00009412 27 0.00009132 28 0.00008691
29 0.,00007140 30 0,00006780

97



EMISSION FROM CYLIRDRICAL CILOUD

CYLINCER CPTICAL DEPTH 5.00C
HEIGHT TO DIAMETER RATIO 5,000
BASE HEIGHT TO DIAMETER RATIO -0.000
SCATTERING TO EXTINCTION RATIO 1.000

-ISOTRCPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES  OUTSIDE
100600 0 o 561246 49936 16082
__HITS/EMISSICNSZ(2N=1), RING WIDTH= 0,50R _ _
3 1 0.01672000 2 0.01487333 3 0.00386000 4 G.00213714
5 0.00154889 6 C.00121091 7 0.0€0933¢8 € 0.00074800
9 0.00065059 10 0.00058632 11 0.00049714 12 0.00042000
13 0.00037560 14 0.00033644 15 0400029586 16 0.00026548
17 0.00023939 13 0.00022914 19 0.00019784 2C C.00016897
21 0.00016537 0.00014535 23 0.0C014000 24 C.00012851
25 0.00011878 ge 0.00011333 27 0.0C009849 28 0,00009455

29 0.00007895

20 0.00007390

LY



EMISSTON FROM CYLIRDRICAL CLOUD

CYLINDER OPTICAL DEPTH

. HEIGHT TO DIAMETER RATIO

BASE HEIGHT TO DIAMETER RATIO

SCATTERING TO EXTINCTION RATIO
ANISOTROPIC SCATTERING . .

"EMISSIONS REEMISSTIONS ABSORPTIONS SCATTERINGS
415554

A= 8,0000

- F= 1.0000

100000

B= 20.000

0

HITS/EMISSIONS/(2N-1), RING WIDTH=

1

5

9
13
17
21
25

0.01288000

0.00173778
0.00073647

0.00039320

0.00024515
0.00014805

..-25.9.00011510
29 0.00007368

10
14

18

22

26

30

0.01537666

0.00131818

0.00065053
0.00036519

0.00021457

€.00014209
0.00010078

0.00007610

5.000
5.000

-0.000

1.000

- C= 60.000

G= 20.000  H= 40.000

0.50R

11

15

19
23
27

0=120.000

I= 12.000

49927

0.00424200
0.00103923
0.00052333
0.00031621
0.00019108
0.00013533
0.00009340

MISSES

E=170.000

J= 80.000

OUTSIDE
17941

4 0.00245714
g 0.00088733
12 0.00044522
16 0.00028065
20 0.00019436
24 0.00012255
28 0.00008309

8%



EMISSTON FROM CYLINDRICAL CLOUD

CYLINDER OPTICAL DEPTH
HEIGHY TO DIAMETER RATIO

10. 000
5.000

BASE HEIGHT TO DIAMETER RATIO
SCATTERING TO EXTINCTION RATIO

"EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS
1555672

ISOTROPIC SCATTERING

100000

=-0. 000
1.000

0

HITS/EMISSIONS/(2N-1), RING WIDTH= 0.50R

13
17
21
25
29

0.02101000
9.00147778
J.00063765
J.00034480

‘0.00022212

0.00015585
0.00010204
0.00008000

2

10
14

- 18

22
26

30

0.02093000

'0.00107727

0.00052632
0.00031778
0.00020143
0.00014256
0.00009745
0.00007102

3
7
11
15

13
23
27

0.00361200

0.00084692
0.00044381
0.00028552

0.00018730

0.00013178

0.00008906

"MISSES
49826

_OUTSIDE
18637

% 0.00193429

8 0.000724&67
12 0.00039913
16 0.00025355
20 0.00017179
2& 0.00011915
28 0.00008655

6%



EMISSICN FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 0.500

HEIGHT TO DIAMETER RATIO ; 5,000
SCATTERING TO EXTINCTION RATIO 1.000

ISOTRCPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES QUTSIODE
200000 o 0 . - 107194 157435 4489 ’

FLUX RATIO,RING WIDTH= O0.50R

1 0.10465998 . 2 0-07785330 3 0.01905199 4 0.00806000

5 0,00424000 6 0.,00280909 7 0.00195846 8 0.00137867
9 0.00096706 10 0.00082737 11 0.00069048 12 C.00054261
13 0.00040720 14 0.00036815 15 0.00029724 16 0.00023226
7 0,00 343 19 919 » '
21 C.00011024 22 0.00010930 23 0.00009200 24 0.00008213

25 0.00007143 26 0.00006980 27 0.00006038 28 0.00005564
29 0,00005228 30 _0,00005966 . . - : :

09



EFISSICN FRCF BLACK SURFACE AT BASE OF CYLINDER

CYLINCER CPTICAL CEPTH 0.500

HEIGHY YO CIAMETER RATIQ
SCATTERING TC EXTINCTION RATIO 1.000

ANISCTRCPIC SCATTERING

4= 8.0000 &= 20.000 C= 60.000° C=12C.000 | e-lro‘éoc

F= 1.0000 6= 20.000 H= 40.0CO I= 12.000 J= 8C.CCC

EMISSICNS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES _ CUTISIDE
20C00C . 0 0 114252 179193 2255

FLUX RATIC,RING WIDTH= (Q.350R

1 0.05189999 2 0.04146665 3 €.01631200 4 €.00402000
5 0.00209111 6 0,00121636 7 €.CCCT8462 € C.0C0561323
9 0.00045529 10 0.00023158 11 0.CCC29143 12 €.00019217
13 0.00016960 14 0.00013233 " 15 0.0€C12000 16 €.00009097
17 _0.00008364 9 0.00006811 2¢-0.00006154
21 0.00005317 22 0.000C4372 23 €.0CCC3911 24 €.00003787
25 0.00002265 26 0.000C2431 27 C.CCCC2264 2€ €.00002473

29 0.00002246 _ 20 0.00001932

TS



EMISSICN FROM BLACK SURFACE AT BASE OF CYLINDER

'CYLINDER OPTICAL DEPTH , 1.000

HEIGHT TO OIAMETER RATIO 5.000
SCATTERING TO EXTINCTION RATIO 1.000

ISOTRCPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES CUTSIDE
200000 0 0 188310 135867 4991

FLUX RATIO,RING WIDTH= 0.50R

1 0.H7527996 2 0.13817994 ' 3 0.02981199 ‘ 0.01163428

5 0.00645778 6 0.00395273 7 0.00273077 e 0.00188000
9 0.00140588 10 0.00109684 11 0.00081143 12 0.00066348
13 0.00054560 14 0.00042667 15 0.00038133 16 0.00030839
17 0.00026545 18 0.00021657 19 0.00019784 2C 0.00016718
21 0.00014732 22 0.00013256 23 0.00011556 24 0.00010340

25 0.00009388 26 0.00009020 27 0.00007019 28 0.00005527 -
29 0.00006561 30 0.000C4610 : ‘

4%



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 1.000
_ HEIGHY _TO DIAMETER RATIO 5.000
SCATTERING TO EXTINCTION RATIO 1.000
ANISOTROPIC SCATTERING
A= 8.0000 8= 20;000 C= 60.000 D=120.000 E=170.C00
F= 1.0000 H= 40.000 I= 12.000 J= 80.C00

G= 20.000

EMISSIONS REEMIS

125000

0

102950

SIONS ABSORPTIONS _SCATYERINGS _ MISSES  QUTSIDE
0 127418

2C65

FLUX RATIQ,RING WIDTH= O0.50R
1 0.08636799 2 0.07289598 3 0.01807359 4 0.00661486
5 0,00352355 6 0.00210909 7 0.00146215 8 0.00104960
9 0,00068518 10 0.00050189 11 0.00050590 12 0.00036313
13 0.00032000 14 0.00026667 15 0.00018759 16 0.00017858
17 0.00014352 18 0.000:3349 19 0.00010724 20 0.00008862
21 0.,00007180 22 0.00007144 23 0.00006258 24 0.00006672
25 0.00005224 26 0.00005145 27 0.00004106 28 0.00003258
29 0.00004042 30 0.00002603

€9



EMISSION FROM BLACK SURFACE AT 3ASE OF CYLINDER

CYLINDER OPTICAL DEPTH 1.000
HEIGHT TO OIAMETER RATIO 5.000
SCATTERING TO EXTINCTION RATIO 1.000
ANISOTROPIC SCATTERING
A=45.0000 B= 45.010 C= 45.020 D= 90.000 E=135,.000
F= 0.9800 G=x 1.140 H= 1.140 I= 1.140 J= 1.140
EMISSIONS REEMISSIONS - ABSORPTIONS SCATTERINGS MISSES - OUTSIDE
100000 : 0 ' 0 91812 68837 2163
FLUX RATIO,RING WIDTH= 0.50R
1 0.16735998 2‘0.13099997 3 0.03224799 & 0.01235428
5 0.00667555 6 0.00410182 7 0.00264308 8 0.00188267
9 0.00138353 10 0.00097895 11. 0.00080190 12 0.
13 0.0005104D 14 0.00037185 15 0.00033931 16 0.00027484
17 0.000270320 18 0.00021600 - 19 0.00017730 20 0.00015793
21 0.,00016098 22 0.00010791 23 0.00009333 24
25 ).00009143 26 0.00007373 27 0.00005509 28 0.00005018
29 0.00005895 30 0.00004407

7



EFMISSICN

FRCM BLACK SURFACE AT BASE OF CYLINDER

CYLINCER CPTICAL CEPTH

__ HEIGFT _TO CIA¥ETER RATIC

SCATTERING TC EXTINCTION RATIO

ISCTRCPIC SCATTERING

2.CCC
5.00

T 1.CCC

EVMISSICNS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES CLISIDE
100000 c 0 16743C 5565C . 226C
FLUX RATIC,RINEG WICTF= C.50R
1 0.27855997 2 C.22B8%54662 3 C.0429119S8 4 C.01506285
5 0.00782111 6 C.00449818 7T C.CC210461 € C.00216800
9 C.C0161412 10 C.CC113547 11 C.CCCE5714 12 C.0C072348
13 €.00055840 14 C.CCC43111 15 C.CCC4C4a14 1€ C.CCO31871
17 0.00025212 18 C.CCC21610 19 C.CCC1S135 2C C.00018462
21 G.00017073 22 C.00013209 ¢3 C.0€011733 24 C.00009191
25 €C.C0009959 26 C.COCC7843 27 C.cCCcC5887 2€ C.00006545
26 C.C0004421 30 _C.000C5288

14



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 2.000
HEIGHT TO DIAMETER RATIO 5.000
SCATTERING TO EXTINCTION RATIO 1.000

ANISOTROPIC SCATTERING

A= 88,0000 8= 20.000 C= 60.000 D0=120.000 E=170.000

F= 1.,0000 6= 20.000 H= 40.000 I= 12.000 J= 80.000

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS ®ISSES OUTSIDE
100000 . 0 (] 179094 72180 1990

FLUX RAVIO,RING WIDTH= 0.50R

1 0.14275998 2 0.12681330 3 0.02935199 4 0.01032571

5 0.00520444 6 0.00341454 7 0.00226769 8 0.00165867
9 0.00113176 10 0.00080211 11 0.00060000 12 0.00053043
13 0.00039360 14 0.00032444 15 0.00029379 16 0.00020387
17 0.00022182 18 0.00017829 19 0.00012541 20 0.00012718
21 0.00010927 22 0.00009209 23 0.00011467 24 0.00007689
25 0.00007102 26 0.00006902 27 0.00006340 28 0.00005964

29 J.00004982 30 0.00004610

99



EMISSION FROM BLACK SURFACE AT BA

SE OF CYLINDER

CYLINDER OPTICAL DEPTH 2.000
HEIGHT TO DIAMETER RATIO 5.000
SCATTERING TO EXTINCTION RATIO 1.000 _ .
ANISOTROPIC SCATTERING
- A=45.0000 B= 45.010 C= 45.020 D= 90.000 E=135.000
F= 0.9800 G= 1.140 H= 1.140 I= 1.140 J= 1.140
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES  OUTSIDE

100002 0 0

2162121 5%7077 .. __ 2020 @@

4 0.01641142
8 0.00215467
ie12 000060174
16 0.00026968
20 0.00015282 .

2% 0.,00008170 '

FLUX RATIO,RING WIDTH= 0.50R
1 J.26939997 2 0.21307995 3 0.04475199
5 0.00800444 6 0.00471636 7 0.00307385
9 0.00149176 10 0.00120421 11 0.00095048
13 0.00056320 14 0.00043111 15 0.00036276
17 3.00024485 18 0.00022629 19 -0.00016541
21 0.00013268 22 0.00010512 23 0.00009067
25 0.00008735 26 0.00006980 27 0.00006717

29 0.00005474 30 0.00004407

28 0.000Q5309‘

LS



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 2.000
- MHEIGHT TO DIAMETER RATIO 10,000
SCATTERING TO EXTINCTION RATID 1.000

ISOTROPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
100000 o 0 167086 55433 2286
FLUX RATIO,RING WIDTH= 0,50R
1 0.28471996 2 0.22905328 3 0.06224799 4 0.01552000
5 0.00797778 6 0.00496727 7 _0.00301538 8 0.00216000
9 0.00149412 10 0.00113053 11 0.00086095 12 0.00073913
13 0.000%6320 14 0.00049926 15 0.00036966 16 G.00033806 .
17 0.00028121 18 0.00018514 19 0.00017730 20 0.00016410
21 0.00015415 22 0.00012465 23 0.00010489 - 24 0.00008426
25 G.00009143 26 0.00008000 27 0.00007396 28 0.00007127
29 0.00004842 30 0.00004203 : :

89



EMISSION FROM BLACK SURFACE AT BASE OF CVYLINDER

 CYLINDER OPTICAL OEPTH 2.000

__HEIGHY TO OIAMETER RATIO 160000 = __
SCATTERING TO EXTINCTION RATIO  1.000

ANISOTROPIC SCATTERING

A= 8.0000 8= 20.000 C= 60.000 ©0=120.000 E=170.000

F= 1.0000 6= 20.000 H= 40.000 I= 12.000 J= 80.000

. _EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS _ MISSES = OQUTSIDE
100000 : 0 0 178357 T2319 2014

FLUX RATIO,RING WIDTH= 0.5CR

1 0.14027998 2 0.12733330 3 0.02862399 4 0.01030285

5 0.00530222 6 0.00337818 7 0,00220000 8 0.00144267
9 0.00112471 10 0.00087368 11 0.00067810 12 0.00052522
13 0.00042560 14 0.00032741 15 0.00029379 16 0.00025935
17T 0.00019394 18 0.00017600 19 0.00013946 20 0.00011795
21 0.00010146 22 0.00008930 23 0.00008889 . 2& 0.00008170
25 0.00005959 26 0.00006353 27 0.00006340 28 0.00004873

29 0.00005474 30 _0.00004203

65



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 2.000
HEIGHY TO DIAMETER RATIO 20.000
_SCATTERING TO EXTINCTION RATIO 1.000 . e .

" ISOTROPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MI SSES OUTSIDE
100002 0 0 167004 _ 55517 2273

FLUX RATIO,RING WIDTH= 0.50R

27807996 2 0.22769328 3 0.04293599 4 0.01589143

1 J.:

5 0.00806666 6 0.00475273 7 0.00316615 8 0.00217333
.9 0.00148941 10 0.00117895 11 _0.00093714 = 12 0.00064522
13 0.00057120 14 0.00040889 15 0.00036000 16 0.00036258
17 2.00025818 18 0.00022743 19 0.00020757 20 0.00016513
21 0.00015415 _ 22 0.00013860 23 0.00011467 = 24 0.00008641
25 J0.00008653 26 0.,00008235 27 0.00006264 28 0.00006691
29 0.00005193 30 0.00004949



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DOEPTH 2.000
HEIGHT TO DIAMETER RATIO 5.000
SCATTERING YO EXTINCYION RAY{O 0.500 S

 ISOTROPIC SCATTERING

EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MI SSES OUTSIDE
200000 _ 0 99120 99166 71987 ..1078

" FLUX RATIO,RING WIDTH= 0.50R

1 0.10563998 2 0.08237997 3 0.01364399 4 0.00454857
5 0.00227555 6 0.00122727 7 0.00084154 8 0.00062533
9 0.00038706 10 0.00031579 11 0.00021048 = = 12 0.00018087 .
13 0.00015440 14 0.00010519 15 0.00009241 16 0.00006710
17 0.00006000 18 0.00005029 19 0.00004162 20 0.00003641
21 0.00003220 22 0.00003721 23 0.00002756 . ... .24.0.000022]13

25 0.00002082 26 0.00001725 27 0.00001170 28 0.00000945
29 0.00001474 30 0.00001288

19



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 2.200
HEIGHT TO DIAMETER RATIO 5.000
__SCATTERING TO EXTINCTION RATIOD 0.500

ANISOTROPIC SCATTERING

A= 8.0000 8= 20,000 C= 60.000 0=120.000 E=170.000

F= 1.0000

G= 20.

000

H= 40,000

I= 12.000

J= 80.000

EMISSIONS REEMISSIONS

ABSORPTIONS SCATTERINGS

- MISSES

OUTSIDE

_.100000 86508 86508 B66L3 62447 2259
FLUX RATIO,RING WIDTH= 0.50R
1 0.21771997 2 0.18015995 3 0.03852799 4 0.01364000
5 0.00689333 6 0.00422545 7 0.00287077 8 0.00200800
9 J).00149882 10 0.00106526 11 0.00076762 12 0.00066957
13 0.00050560 14 0.00042222 15 0.00037241 16 0.00030065
17 0.00025576 18 0.00021600 19 0.00020216 20 0.00015897
21 0.00013366 22 0.00012000 23 0.00010311 24 0.00008766
25 3.00007347 26 0.00007373 27 0.00005887 28 0.00004873
29 0.00005754 30 0.00004339

9



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH
HEIGHT TO DIAMETER RATIO

5.000

5.000

SCATTERING TO EXTINCTION RATIO
ISOTROPIC SCATTERING

1.060

_EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS  MISSES  QUTSIDE
100000 0 0 381580 38750 1548
FLUX RATIO,RING WIDTH= 0.50R
1 0.45983995 2 0.39354657 3 0.05428799 4 0.01691428
..5.0.00801333 6 0.00480000 7 0.00278769 . _8 0.00190933
9 0.00139529 10 0.00099789 11 0.00081333 12 0.00050087
13 0.00048160 14 0.00035407 15 0.00031034 - 16 0.00024645
..17.0.00023394 18 0.00019771 19 0.00014703 20 0.00011385
21 0.00010927 22 0.00009953 23 0.00009956 24 0.00008851
25 0.00006122 26 0.00006431 27 0.00006189 28 0.00004364
29 0.00003579 30 0.00004271

€9



FROM BLACK SURFACE AT BASE OF CYLINDER

EMISSICN
CYLINDER CPTICAL DEPTH 5.000 o o -
HEIGHT TO CIAMETER RATIO 5,000
SCATTERING TC EXTINCTION RATIO 1.000
___ANISCTROPIC SCATTERING
A= 8.0000 B= 20.000 C= 60.0C0 D=120.000 E=170.C00
_ F=_1.0000 G= 20.000 H= 40,000 I= 12,000 J= 80.C0C
" ENISSICONS REEMISSIONS ABSORPTIONS SCATTERINGS  MISSES  OUTSIDE
100000 0 ) 391879 - 54511 2047
FLUX RATIO,RING WIDTH= 0.50R N
i 1 0.24175997 2 £+25447994 3 0.04777599 = 4 0.01563428
T0.00778666 6 0.00484727 7 0.60316000 "8 0.00206i33
9 0.00147765 10 C.00108421 11 0.00077333 12 0.00063130
13 0.00052320 14 0.00042519 15 0.00038897 16 0.00029032
17 0.00026182 18 0.00021371 19 0.00017946 2C 0.00014769
21 0.00014341 22 0.C0010419 23 0.0C010311 24 0.00009106
25 0.00008327 26 0.00006431 27 0.00006642 28 0.00005600
29 0.00005754 30 0.00004068



EFISSICN FRCM BLACK SURFACE AT BASE OF CYLINDER

CYLINCER COPTICAL CEPTH 10.000

HEIGHT TO CIAMETER RATIO 5.000 . . - —
SCATTERING TC EXTINCTICN RATIO 1.000

ISCTRCPIC SCATTERING

ENISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES CLYSIDE
100000 A o 0 734169 27548 1€07

FLUX RATIG,RING WIDTH= 0.50R
1 0.57603991 2 0.54925320 3 0.05518399
5 0.00642667 6 0.00335273 -1 0.00216923 .
0.00100235 10 0.00078947 11 0.00056762
13 0.00031840 14 0.00026074 15 0.00018759
17 0.00014303 18 _0.00013829 19 0.00010054
21 0.00007415 22 0.00006140 23 0.00006222
25 0.00004245 26 0.00004863 27 0.00004000

29 0.00002526 30 _0.00002034

4 0.01389143

12

1¢
. 2€

24
28

e 8.0000138933

0.00037391
G.00018581

G.00008205
0.00005617 .
0.00002545 -

59



EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

CYLINDER OPTICAL DEPTH 10.000

HEIGHT TO DIAMETER RATIO 5. 000
~_SCATTERING TO EXTINCTION RATID 1.000 o

ANISOTROPIC SCATTERING

|

A= 8.0000 B= 20.000 C= 60.000 D=120.000 E=170.000

F= 1.0000 G= 20.000 H= &£0.000 I= 12.000

J= 80.000

EMISSIONS REEMISSIONS ABSORPTIONS SCATTER‘NGS MISSES CUTSIDE
100000 0 0- 138399 41393 1534

FLUX RATIOyRING WIDTH= 0.50R

1 7.32595997 2 0.39343990 3 0.05994399

4 0.01710285
8 0.00191733
12 0.00056000
16 0.00024645
20 0.00013538
24 0.00009532

5 0.00843555 6 0.00468727 7 0.00296308
9 0.00126118 10 0.00096842 11 _0.00074095
13 0.00046400 - 14 0.00036444 15 0.00031724
17 J.00019636 - 18 0.00016114 19 0.00014270
21 0.00011220 ¢ 22 0.00012093 23 0.00007556
25 0.00007347 26 0.00004863 27 0.00005736

29 0.00003860 30 0.00003458

28 0.00003927
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‘ENERG¥~RATIO<VS RADIUS RATIO .

Emission From Cloud

Optical Depth 2
‘Height/Diameter 2

Scattering/Extinction = 1

Isotropic Scattering

ENERGY RATIO VS RADIUS RATIO

Emission From Cloud

Optical Depth 2
.Height/Diameter @ ' 5
Scattering/Extinction 1

Anisotropic Scattering

1'

I |




05

004

03

«02:

01

TO
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CHAPTER VI
ERROR ANALYSIS

For a given ring (ring r) the Monte Cerlo snslysis csn be viewed
as 8 large number of independent triasls with only two possible outcomes;
a photon hits ring r or it does not. From physicel asspects of the prob-
lem it is reasonsble to assume that for s lasrge sequence of emissions
the reletive frequency of hits in ring r will spprosch & limit. This
limit -

P, = (hits in ring r) / (n emissions)

n—

is the probsbility that s photon will hit ring r or the probsbility of
success in sn independent Bernoulli trisl.

A rsndom experiment coneisting of such trisls with probsbility p
for success and 1 - p = q for failure is governed by the binomisl prob-
ability lew which csn be spproximated by the normal probability lew
(34). The probebility thst s random experiment will heve an observed
value between given limits msy be had by integrstion of the normsl
probability lew over the sppropriste intervel. This cen be transleted
into the probebility that the observed value of s random experiment
sfter n trisls will differ by e smell number ¢ from its true probsbility
p. The result for m successes in n triels (see (36) snd (25) equetion

2h) is thet the probsbility of the inequality

90
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as n becomes lsrge is given epproximstely by

P = erf X (6-2)
/2
where
t=e [E (6-3)
ba

It should be noted thet the true probsbility for s hit in ring r is
not known. However, s best estimste for P. is svailsble after n emis-
sions from the retio of hits to emissions. The use of this best estimste
in the error snalysis is the ususl practice (25).

To obtain velues of P, from the numericel dsta given it ie neces-
sery to multiply by (2r - 1)/4 if emission is from the surfsce or by
(2r - 1) if emission is from the cloud.

Considering rings one through twelve, the vslues of D, ere of order
.001 or grester in sll casses celculsted and the number of emissions is
10° or grester. Therefore equation (6-2) should ensble one to obtain s
good working estimete of the probeble error sssociated with the Monte
Cerlo numericsl results of this work.

Using (6-2) gives the following estimstes.

P, Confidence Error
.001 .95k 20%
.00L .68 10%
.0l .998 10%
.01 .888 5%

These error limits hold for the individusl points caelculsted. In the
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gbsence of e systemetic error in the progrsm it is expected that there
is equal likelihood for the individusl velue to be high or-low. Thus 8
smooth curve through the points should be close to the true values.

Figure 6-1 showe the varistion of Monte Carlo numericel results as
a function of the number of original emissions for a8 typicsl case. The
relatively smooth behavior indicsted lends further support to the belief
that the finsl values do not differ greatly from the true values. A%
the lesst, one would anticipste that the values obtained suffice to
indicate the important trends.

Figure 6-2 shows the result on s linear scale for ring eight stsrt-
ing with two different sets of initial rendom numbers. The answers are

within ten per cent of each other after one hundred thousand emissions.
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Tllustration of the varistion of the Monbe Cerlo numericsl results’

Values are for rings 1(top) through 12 (bottom). The optical
diameter is two. ‘Scattering is isotropic.
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" Illustration of the variation of the Monte Carlo numerical result
‘for two different sets of inital random numbers. The graph is
formed by connecting the values of flux ratio for increments of
five thousand emissions: by stiraight lines. The values are for
ring eight, the optical diametlsr is: two, emission is from the

. base surface, and the scattering is anisotropic. The arrows

* indicate the area of overlap of ten per cent error for the two
cases, There 18 a 38,264 probability that the correct value lies
within these limits., The ¢ircle is the value obtained from a
smooth curve through points for rings one through twelve.



CHAPTER VII

HEAT TRANSFER CALCULATIONS

Spectral Flux from s Black Surface

The intensity of rediation of a black body is given by

Ibb(T) = §, Ibv(T)dv

where

Toy(T) = 2] n [ hv/k‘I' 1]

is Plsnck's expression for monochromatic intensity. To convert to

spectral intensity one must define IbA(T) such thst

| T, (Mar| =] 1, (Tav]
since the sam: ensrgy is being represented (3). The relationship be-

tween frequency snd wsvelength is

A= c/v
so that
an = - (c/vg)dv
Therefore
e 2hv5n ]

I(T) = T Tpy(0) = [ h\)/kT s

or
2h
T\ (1) = in [hc/km 1]

95
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Also

[o]
(M) = [ =1 (1) (‘—‘1-2-)dx
Tow J 2 T o

or

Typ(T) = j, be(T)dk

The flux leaving the surface of a black body is

qbb(T) = j‘ Ibb(T) cos 6 dw
w

where 6 is the polar angle between the outward surface normsl and the

central direction of the solid sngle dw. Substituting for Ibb(T) gives

q—bb(T) = E [5‘ Ib)‘(T)dk] cos 8 dw
w O

Noting thst (T) is not s function of € and integreting over the
A

hemispherical solid angle sbove the surface gives
©

OBRR RO
o}

Define spectral flux th(T) such thet

@

ap(® = | @
(o]

Then by comparison
qbk(T)dl =1 Ibk(T)dk (7-1)

is the energy per unit srea per unit time conteined in the wavelength
interval A to A + dA which lesves the surfsce.
The spectrsl flux can slso be thought of as the number of bundles

of energy or photons corresponding to wavelengths between A end A + dA
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which lesve surface & per unit time divided by the surface sres and mul-
tiplied by the energy of each bundle

(T)ar = N(s,\) &= an (7-2)

a:
DA 8

Flux Incident on Ring n from e Blsck Surface st the Base of the Cloud

The spectrsl flux incident on en sres n per unit srea and time cen
be defined similerly to equation (7-2). Thus

ax = N(n,\) = axr
a0, (T) (n )An

so that

(T =5 x qu(T)

Defining flux retio

A
£(n,8,0) = ot i (7-3)
gives
0, (T) = £(n,8,0) w I, (T) (7-4)

8s the spectrel flux et surface n ss & result of emission from the black
surface s.
If the spectrsl flux to & surface n from s black: surfece s 1s given

by equetion (T7-U4) then the totel flux msy be calculeted from

@

q_n(T) = E qm(T)dA =m £(n,s,A) Im('r)d'x
0

OC—-_D 8

Assuming the index of refrection of the medis between surfaces to.be

unity
ne2 -he/XAT
qn)\(T) 2rrJ f(n,s,\) —5- ——Wm—dl

This cen be evalusted following the lesd of Love (3).
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Let
= he/TAT A = he/kxT  a\ = (-he/kx°T)dx

Then

q (T) = em j £(n,s,x) = (kTL [ e” x] ax
(o]

The Reiz quadrasture can be used to evaluate

(-]

M
[ _
Je $(x)dx —;;lepé(xp)

(o)

where apand xP are weighting coefficients snd quadrature points

respectively.
Hence
Iy L 2xp3kn
q (T) =nT Z_ispf(n,s,xp) > =
p noc(1 - e P)
or
. M
q (T) = nT leApf(n,s,)\P) (7-5)
where
28_x 3k&
A = PP (7-6)
P 32 *p
c(L~-e %)
and - .
KP = hc/kxpT (7-7)

The AP'B and kp’s have been celculsted by Love (3) for M = 5 and by
Hickok (30) for M = 6, 7. Hickok showed thet M = 7 gave improved
values for hest transfer cslculaetions. Therefore use M = T.

Thus T

- .
a (1) = nT p;Apf<n,s,xp) (7-8)
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where
Al = 0.1h4125
A2 = 5,98749
Aq = 22.65796

Ah = 20.53423

A5 = L4.93863

Ag = .27503

A,{. = .00194
7

E; A, = 54.53653
n=

A= 13.41488

Ay = 2.52236

x3 = 1.00846

xu = .52845

XS = .31649

k6 = .20336

xT = .13351

x 10 (BTU £t~ 2L og~H

x 10

(10%/7)  (T1in°R, A in microns)
(10%/1)
(10%/1)
(10%/7)
(10*/m)
(10%/1)
(10%/1)

Emission from g Volume Element

The following development persllels that of Love (3). Other deri-

vations sre svailuble in the litersture. (For example Jekob (31))

Experimentsl studies have shown that the intensity of rsdisnt ener-

gy traversing & semi-trsnspsrent medium is decressed by ebsorption in

proportion to the intensity end length of psth. This experimentsl fact

is commonly called Beer's Lew end 1s methemsticslly expressed as

a1

v_.-
ax P *

I (7-9)
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where Iv is the monochromstic intensity in direction x, Pe is the den-
sity of the cloud or medium being trsversed, snd ", is the monochromstic
mess sbsorption coefficient.
Equetion (T7-9) wes originslly developed for the sttenustion of
besms of light snd contsins no term sccounting for locsl emission of
thermsl rsdistion. Hence sn sdditionsl term must be sdded to sccount

for such emission when it exists.

al

v=— -
a&x Pe *y Iv Y, (7-10)

For s medium in thermodynemic equilibrium the intensity of rsdis-
tion will not chenge slong s psth so thst dIv/dx is zero. Thus

JV = pC N'\) I\)

For a medium in which rspid chemicsl changes sre not taking plsce
a "locsl thermodynsmic equilibrium" is spproximsted so that the emission
from an elemental volume in sny direction mey be taken ss pcnvIVdV, (3).
Integration over all directions gives

Lgr P %, L, 4V

for the monochromstic emission of e volume element. In & medium in ther-
modynamic equilibrium, heving e refractive index n, the intensity of
radistion is n2 times the intensity of rsdistion of 8 black body et the
temperature of the medium. Hence the monochromstic emiseion (n = 1)
becomes

brr Po %y Ib’v(T) av
This may slso be expressed in spectrsl quentitiles ss

brr Pe %y Ib’K(T) av (7-11)



101

where

r(n) = 2hc®n® (]
A KS ehc/k}\T Y
Integration over the complete wavelength besnd csn be accomplished using

the Reiz quedrsture ss in the preceding section

Thus

M
energy per unit 7 O Iy [ ] )
time per unit volumel v = hmp T P=Ap "\p av (7-12)

where the Ap and xp are the welighting functions snd quadrsture points

given in the preceding section.

The Apparent Emittsnce of the Psrticle Cloud, ss Viewed in the

Base Plasne, Resulting from Emission within the Cloud

The deta presented in Chepter V for emission from the psrticle
cloud gives the number of originsl emissions (NE), the number of scet-

terings (NS) and 8 velue for each ring n of an defined ss

N 1
5 = B (7-13)

n\ Nﬁ

where NHn is the number of hits in ring n. The values sre for & given
T, %, H/D, and scsttering function. If the cloud is considered to be

in redistive equilibrium then the dstes for % = L can be used for any
velue of %, with isotropic scattering, by calculsting the number of pho-

tons absorbed snd hence the number of photons reemitted (NR) from
= -9y - ) -
N, = N, (1 B) N & (7-14)
For & uniform isothermel cloud of volume V the total. energy emitted,

which is equsl to the sum of the originsl emissions and the reemissions

l'l‘he tebular dete for cloud emission hes en sdditionsl fsctor (2n-1).
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multiplied by the energy of each emission, csn be obtained from equa-

tion (7-11) as
M
A -
(NE + E;)edh = bmp, Vit IbK(T) dx (7-15)

In (7-15) it hes been sssumed that the reemissions sre uniformly distrib-
uted throughout the cloud (see sppendix D).

The spectrsl energy hitting ring n is NHnedk which can be obtasined
from equstions (7-13) end (7-15) es

Ymr Po My be(T) V N, én an

3
A
s BX)

Now if the cloud is considered to be & diffuse cylindrical surface

(7-16)

Enkdh = NHnedx =

(NE+N

of the same size and tempersture as the psrticle cloud the energy Enkdx

could be expressed as

E ,d\ = eanbK(T) A F, d\ (7-17)

where A is the surface ares snd F2n is the configurstion factor from the

cylinder to ring n. Equeting (7-16) end (7-17) end substituting nR2H
for the cylinder volume snd 2nRH for the surface sres gives
) 2pc "

Fop (Ng + N

2 B8 3

€
A ﬁl)
sBA

or setting T\ = 2pc BX R

eK = (7'18)

Using the Reiz quadreture end & similer development glves
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2n Pe RN
e E ZA ..__)\__2?.‘._‘ (7-19)
=1 +N —_—
y 5 By P

The Appsrent Emittence of the Particle Cloud, as Viewed in the

Base Plane, Resulting from Energy FEmitted by s Black

Surface at the Base of the Cloud

The scattering, by a rocket exhsust plume, of energy radisted to
the plume from s high temperature combustion chamber motivates this
derivation.

The spectrsl flux incident on ring n ss 8 result of scsttering of
energy emitted by 8 black surface covering the base of the cloud is
(equation T-U4) |

qdh = £(n,8,\) ﬂIbk(Ts) ar (7-20)

The value of f(n,s,\) is presented in the numerical dsta as flux ratio
for given H/D, T, %, and scettering function.

Considering the cloud ss a diffuse cylinder at tempersture Tc, the
spectral flux on ring n would be

andl - ek TTIb)\(Tc) F2n(Acyl/An) dx (7-21)

Now Acyl = 2rRH

il

A w(.5R)% (2n - 1)

so thet from (7-20) and (T-21)

£(n,s,1) ToalTe) (2n -
T (nFen : T (%) ( % 12 it (7-22)

If f(n,s,\) is not & function of wavelength
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b
ki T
o @ )

(7-23)

=21 1w}

e:

&)
L

Tt should be remembered thst f(n,s) is for s given optical dismeter (1),
cylinder geometry (H/D), scattering to extinction ratio (%) snd scatter-
ing function. In addition it should be noted thet some combinations of
TS/Tc could provide values for aeppsrent emissivity which would be grester

than 1.

Flux Incident on Ring n from Emission within the Cloud

The spectral energy incident on ring n is given by equation (7-16).
The area of the nth ring for ring width of .5R is given by
= (.5R)% m (2n - 1)
Substituting nRzH for the volume of the cloud and dividing (T7-16) by A

gives
16m Pg #y LbX(T) H N & ,dA

T = "
(NE + N, -B_h)(2n -1)

167 ELEn (T) N, & .an
B, D be n\
= (7"214')
(NE + N )(2n -1)

Using the Reiz quadrsture to integrate over wavelength gives

16m H T N M ™ B,\
- D(zan - 15 Zl ( )xp (7-25)
Bx
or for s gray cloud " H L
) 167 = & ap¥go T (1-26)
" %)(2n - 1) e
(NE N g (20 -

The equations derived in this section are subject to the same limite-

tions ss equation (7-18). See Appendix D.



CHAPTER VIII
DISCUSSION OF RESULTS

Some quelitastive results of this investigetion sre presented in
Figures 8-1 through 8-12. The curves used in the compsrisons sre teken
from Chepter V.

Figures 8-1 through 8-8 concern the cese of emission from the sur-
face at the base of the cloud. In Figures 8-1 through 8-5 the effect of
isotropic snd aniso£ropic scattering on the flux scattered back to the
base plane by the pesrticle cloud is compsred. The comperison is made
at five different values of opticsl dismeter (t). If one examines the
curves st some given redius ratio (r/R = 4) snd sssumes that the flux
emitted by the bese surface is constent then the following effects can
be noted. At sn opticel dismeter of .5 the isotropic scesttering result
is 150 percent greater than the anisotropic result. This difference
decresses to 100 percent et v = 1 and to 50 percent et v = 2. The
Rayleigh scattering result, which wes calculated st v = 1 snd 7 =2,
coincides with the isotropic result. At T = 5 the result is essentislly
the seme for isotropic snd snisotropic scettering. At v = 10 the sniso-
tropic result provides the greater flux, being some 30 percent higher
then for isotropic scettering.

Figures 8-6 through 8-8 show the effect of other parsmeters on the

105
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flux scattered back to the base plane.

Figure 8-6 shows the effect of the height to diameter rstio for
isotropic scesttering snd v = 2. The effect is negligible.

Figure 8-T shows the effect of scattering to extinction ratio for
radiative equilibrium and non radistive equilibrium. It shoulld be remem-
bered that radilastive equilibrium with isotropic scettering is independent
of scattering to extinction ratio. The curves show thst radistive equi-
librium with snisotropic scattering moves the solution toward thst of
isotropic scattering as expected. Non radistive equilibrium gives a
substantisl reduction in flux. For example the flux is reduced by a
factor of four st & radius ratio of four.

The effect of optical dismeter is indicated in Figure 8-8.

Figures 8-9 through 8-12 concern the case of emission within the
cloud. The original emissions sre uniformly distributed throughout the
cloud. The energy retio is the ratio of the energy hitting st radius
ratio r/R to the energy leaving the cloud end ss such cen be considered
a qussi configuration factor.

Figure 8-9 shows the effect of optical dismeter while Figure 8-10
shows the effect of height to dismeter ratio st v = 2. Figures 8-11 and
8-12 compere the effects of snisotropic scettering end isotropic scat-
tering. It 1s shown thet for v = 2 snd 5 anisotropic scattering gives
higher velues than isotropic scattering. This would correspond to a
higher emittsnce for the snisotropic scattering cloud which agrees with
the general observations of Rochelle (24).

In Figure 8-13 the appesrent emittance of the particle cloud is com-

pered with epperent emittance veslues of other perticle clouds s present-
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ed in the literature. Since the suthor knows of no other solution for
finite cylindricsl systems s strict compsrison cesnnot be mede. The
spproximate nsture of equstion T7-18 slso mekes & true compasrison diffi-
cult. Nevertheless, some indication of the velidity of the current
solution may be sfforded by 8 compsrison with other relasted results.
Hence, Figure 8-13.

The finite cylinder which is used in the comparison has s height to
diameter ratio of five, isotropic scettering and is srbitrarily viewed
from 8 radius ratio of four. The emittance is presented for three velues
of absorption to extinction ratio snd is shown in curves 3, T, end 8.
Curve 4 reflects the correction spplied to curve 3 ss described in Appen-
dix D.

Curves 1, 5, snd 6 sre tsken from (24) snd sre for sn infinite slab
of finite thickness. Curve 2 is tsken from (28) snd is for sn infinite
cylinder of finite dlsmeter. Point 9 is tsken from (12) for s ten
degree semi-infinite cone st a rsdius rastio of 2.

In (37, 38) Tien end Abu-Romis present curves for the "spectral
apperent emissivity" in the base plene of a semi-infinite cylindricel
gas body. The ges is sssumed to be uniform snd isothermsl. As defined
in (37), the "spectrsl sppsrent emissivity" ie the rstio of the mono-
chromstic radistive flux incident on s surface element to that which
would leave the surfece element if it were blsck snd at the ssme temper-
ature ss the cloud. This definition of emissivity is somewhst unususl
end is not sn spperent emittence of the cylindricel cloud. Nevertheless
it is instructive to compsre the values of "spectral spperent emissivity"

as calculasted from this work with those of (37).
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The sppropriste values for the comperison sre obtained by multi-
plying those from equaetion (7-18) by the fsctor anAcyl/An.

ison is made for & redius ratio of 1.25. This corresponds to the mid-

The compsr-

point of ring three which is close to the bsse of the cylinder snd from
which the finite cloud snd the semi-infinite cloud should sppesr much
the same. The results, shown connected by a smooth curve in Figure
8-14, seem to be in very good sgreement.

As a quantitetive illustration of the methods of this work it seems
appropriste to conslder an example problem. Suppose one desires to know
the value of redisnt flux et & point in the base plane of s finite cylin-
dricsl particle cloud and surface system with the following charscteris-
tics:

Cylinder Opticel Dismeter «+ = 2

Perticle Cloud Tempersture T = 4500°R

Base Surface Tempersture Ts = TEOOOR

Retio of Absorption to Extinction /B = .005

Flux is desired at r/R = 3.75

Both isotropic end anisotropic scattering are to be

considered.

The surfece is blsck snd the cloud gray.

Height to dismeter raetio H/D = 5
Consider first the flux resulting from radistion emitted by the bsse
surface end scettered by the particle cloud. Equation (7-8) spplies
and becomes

qn(Ts) = Tsh £ 0

for a gray cloud. Since u/B is very smsll it is ressonable to consider
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the scattering to extinction ratio as unity for this portion of the
problem. Thus from page T8 fn = ,00215 for isotropic scattering snd
from page T9 fn = .00l45 for snisotropic scattering (essuming the sniso-
tropic scattering function to be the one described in Chapter IV). The

1

flux from the surfsce to the point is thus 9880 BTU Hr Ft ™2 for iso-

L #"2 for enisotropic scattering.

tropic scaettering snd 6670 BTU Hr
The flux resulting from emission within the cloud is found using
equetion (7-26). It should be noted that the radius ratio chosen for
this problem corresponds to the midpoint of ring number eightl. Using
n = 8 and dete of pages 68, 69, 43 and 46 gives fluxes of U483 BTU ot

1 Ft2 for anisotropic scat-

Fﬁézfor isotropic scettering snd 525 BTU Hr
tering.

The paremeters of the above problem were chosen to be somewhat
representative of those of & metalized propellant rocket with the base
surface representing the high tempersture combustion chamber radiating
to the psrticle cloud. Of course sllowsnce must be msde for nozzle ex-~
pansion retio. This could be done in the program by reducing the radius
of the emitting surfece. 1In the absence of deta for that condition,
however, en spproximetion can be made by simply reducing the flux by s
factor equal to the expsnsion ratio. If sn expansion ratio of twenty

-is assumed then the flux components from the surface and from the cloud

become of the same order of magnitude for the temperatures considered.

lIt should be evident thet the need for such s choice exists only

becsuse of the formuletion of equation (7-26). It would be quite possi-
ble to combine & end (2n - 1) in a fsctor plotted es a function of redi-
ue ratio. This wes not done in this work becsuse of the need for &

elone in equation (7-18) end the lack of physicel significence of slich

8 factor.
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Thus both sre importent contributions to the totsl hest flux snd sttempts
to determine the appsrent emittence of rocket exhsust plumes from effec-
tive temperstures, configurstion factors and hesting rates (i.e., eg =

qeb/cTauEba)‘as wes done in (20) must include both considerstions.



CHAPTER IX
CONCLUSIONS AND CLOSURE

The Monto Csrlo method has been shown to be & feasible method for
snalyzing the radistive heat trensfer to the base region of a cylindri-
cal particle cloud. The effects of anisotropic scattering cen be in-
cluded through use of the spproximetion developed in Chapter IV.

The computer progrsm presented in Appendix A is believed to be s
useful tool for the investigstion of certsin sspects of radisnt heating
by metalized propellant rocket exhausts. Specifically, the importance
of anisotropic scettering and sesrchlight effect on base heating could
be fruitfully examined.

There does not seem to.be any reason why the combined effects of
gas-particle emission could not be exsmined in this wey. It would ap-
pesr to be 8 metter of simply specifying en sppropriste emissive power
distribution, rather than the uniform source used in this work, and sum-
ming over the applicable wevelength intervals. The same can be ssid for
specified tempersture distributions in the cloud ss long as the extine-
tion coefficient does not very significantly with tempersture.

A severe limitetion exists in regerd to other thsn uniform particle
distributions. The suthor believes it is infessible to consider distri-

butions in which the extinction coefficient veries continuously slong
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the photon path slthough it mey be possible to section the cloud snd
permit different opticsl properties in each section. The difficulty
arises in the need to determine the optical depth from sny point in the
cloud to the cloud surface slong sny direction. This limitetion would
not exist in plsne parellel geometry so the method would seem to have

even more promise for anisotropic scettering snalyses in that geometry.
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APPENDIX A
THE COMPUTER PROGRAMS

The computer programs, end their imput formsts, used in this work
sre listed in this sppendix. The progrsms were originally written in
FORTRAN II-D and converted to be compstible with the FORTRAN IV, IBM
TO4O system st AFRPL. Subsequent modifications used FORTRAN IV. The
random number generator was availsble and is presented for information
only. It is listed in MAP.

The running times for these programs were slmost & linear function
of the opticel diameter. Table A-1 gives an indication of the time re-
quired on the AFRPL TO4LO per 10,000 photon histories.

TABLE A-1
COMPUTER EXECUTION TIME

Emission Optical Type Time per
Source Diameter Scattering 10,000 Histories
Cloud 2 I 5 (min.)

" 2 A T
" 5 T 12
! p) A 17
Surface 2 I 5
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Surface 2 A 6

! 5 I 9

" 5 A 16
The Input Variables

Varisble Description

IPHIL The number of printouts desired. The progrsm prints
results after completion of s fixed number (N) of
photon histories. IPHIL determines the number of
times the program will trace N photon histories.

Thus IPHIL times N is the number of histories traced.

IREQ Flag for non radistive equilibrium. If the value is
other then zero or blank the cloud will not be in rsdi-
ative equilibrium.

HTOD The height to dismeter ratio of the cloud.

TAU The cylinder optical dismeter.

SIGBET The scattering to extinction rstio.

N The number of histories traced between printouts.

IS0 Flag for scattering. If the velue is other than blank
or zero the cloud will use the snisotropic scatter-
ing spproximestion.

NR The number of rings on which hits are to be recorded.

RW The ratio of the width of a ring to the redius of
the cloud.

BHD The height of the base of the cloud above the plene

on which hits are recorded divided by the cloud
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dismeter. It 1s used only when emission is from
the cloud and is normslly zero (blank).
SA, SB, ..., SJ Perameters of the snisotropic scattering espproxims-

tion 8s described in Chapter IV.

Input Format

Cerd Number Columns Format Verisble
1 1-5 I5 IPHIL
5-10 Is | IREQ

2 1-10 F10.2 HTOD
11-20 F10.2 TAU
21-30 F10.2 SIGBET
31-35 I5 N
36-40 I5 IS0
b1-U45 I5 NR
46-60 F15.2 RW
61-T0 F10.2 BHD

3 1-50 5 F10.2 SA, ..., SE

4 1-50 5 F10.2 SD, ..., 8J



4003
899

99

337
901

991

THEMAL RADIATION FROM A FINITE CYLINDRICAL. CLOUD OF ABSORBING,

EMITTING AND SCATTERING -PARTICLES
OIMENSIONA(125)

DIMENSION ARRING(125)
READ899,IPHIL,IREQ

FORMAT(215) .

READ99,HTODTAU,SIGBET¢Ny ISCoNRyRW,BHOD -

FORMAT(3F10.2431I54F15.2,F10.2)

- UA=.98765431

UB=.91827363
UC=.45678913
UD=.645638417
UE=.48407195
UF=.47362935
UG=.54397841
UH=.67374981
UI=.49178433
UJ=.32721983
UK=.79321459
PI=.314159265E+4+01
R=1.0

H=2.0#HTOD

DO 337 I=1oNR

RIN=]
ARRING(I)=2.#RIN-1.0
IF{150)901,902,901
READ 991,SA,SB,SC,SD,SE
READ 991,SF,SG:SH,SI1.:SJ
FORMAT(5F10.2)
SA=SA/180.05P1
SB=S8/180.0%P1
SC=S8€/7180,02P1
SD=S0/7180.0+P1
SE=SE/180.02P]
Al=.5#S5A=SJ

EET



902

A2=.53(SB-SA)#{SJ-SH) .

A3=(SB—-SA}sSH
A4=.5#(SC~-SB)*#(SH-5G)
AS5=(SC~-SB)=S6

A6=.5%(SD-SC)#{SG-SF) _

A7={SD-SC)=aSF
A8=,5%#(SE-SD)=(SI-SF)
A9=(SE-SD)sSF
AlO=,5#({PI-SE)=S]
Cl=A1+A2+A3
C2=C1l+A4+AS5
C3=C2+A6+A7
C4=C3+A8+A9
AK=C4+A10
S1=2.0%AK&SA/SJ
$2=(SB-SA)/(SJ-SH)
$3=S2#S2sS5JsSJ
S$4=(SC~SB)/(SH-S6)
$5=S4#S4#SHaSH
S6={SD-SC)/(SG-SF)
S7=S6%56#5G%56
S$8={SE-SD)/(SI-SF)
$9=S8#S8sSFsSF
C1K=C1/AK
C2K=C2/AK
C3K=C3/AK
C4K=C4/AK
AlK=A1/AK

SEY INITIAL VALUES
ISCAT=0

KABS=0 :

IREM=0 -

M=0

IMISS=0 -

iGuT=0 -

weT
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65

66

DO 903 I=1,NR

At1)=0

DO 5001 IPHM=1,IPHIL

DO 100 -I=1,N

PICK  EMISSION POINT
U=RANDI1 (UA)

UA=U
AZ1=U#».628318530E-01+P1/5.0
U=RAND1 {uB)

us=u

Z1=U=H

U=RAND1(UK)

UK=U

R1=R&SQRT(UY)

PICK EMISSION DIRECTION
U=RAND1{UC)

uc=u

THETA=2.0#Pl =y

U=RAND1 (UD)

ub=u

COET=1.0~-2.0=Y

CALCULATE MAXIMUM INTERNAL PATH LENGTH
COAL=-COS(AZ1-THETA)
E=R1#COAL
ELS=E+SQRT{E#E+R#R-R1=R1) .
SIET=1.0-COET#COET
ELMAX=ELS/SIET
IF(H~Z1-ELMAX#COET)5,6406
ELMAX=(H~-Z1)/COET

GOT066
IF(Z1+ELMAX®COET)65,66466
ELMAX=-Z1/COET

CALCULATE PROBABLE PATH LENGTH
U=RAND1 (UE)

UE=U

GET



15
16

21
22
23
24
25

26
55

56
281
57

ELP=—AL0OG(U) /TAU*2.0 -
DETERMINE IF PHOTON ESCAPES
IF{ELMAX—ELP)60,60,7
DETERMINE SCATYERING OR ABSORBING: POINT
C=ELS#ELP/ELMAX
R2=SQRT(C#C+R1%R1-2.0#E=C)
22=721+COET+*ELP
SIBET=C/R2#SQRT(1.0-COAL*COAL)
COBET==-{CsC-R1#R1-R2#R2)/{2.0aR]12R2)
BETA=ATAN(SIBET/COBET)
IF{(BETA)15,16,16

BETA=BETA+PI

YAW=THETA-AZ1l

IF(YAN)21,22,22
YAWN=YAW+2.0#P]
IF(YAU-PI)23,25,25
AZ2=AZ1+4BEYA
IF(AZ2-2.02P1)55,55,24
AZ22=A22-2.0%2P]

607055

AZ2=AZ1-BETA

IF{AZ2)26¢55,55

AZ22=A22+2.0=P]

AZ1=A22

R1l=R2

21=12

DETERMINE IF SCATTERED OR ABSORBED
=RAND1{UF)

UF=U

IF{U-SIGBET)57+56456

KABS=KABS+1

" IF{IREQ) 100,281,100 :

IREM=IREM+1
607102

ISCAT=ISCAT+1 .

9tT



- 904

700
701

702
703

704

705
106

PICK ‘SCATTERING -DIRECTION
IF{1S0)904,28,904
ANISOTROPIC SCATTERING
U=RAND1 (UG) -

uG=u

IF(U-A1K) 700,701,702

-ETAD=SQRT(S1=U)

6070905

ETAD=SA

6670905
IF{U-C1K)703,704,4705
PM213=(S3-2.0s({U#AK-Al1)#%52)
IFIPM213.LT.0.0) PM213=0.0
ETAD=SA+S2&SJ-SQRT(PM213)
GOT0905

ETAD=S8

GOT0905
IF(U-C2K)T06,707,708
PM213=(S5-2.0%(UsAK~C1l)*54)

- IF(PM213.1T.0.0) PM213=0.0

707

708
709

710

711
712

ETAD=SB#+S4#SH-SQRT(PM213)
60T0905

ETAD=SC

6070905
IF(U-C3K)709,710,711 .
PM213=(S7-2.0*(U=AK-C2)#56)
IF(PM213.LT.0.0) PM213=0.0:
ETAD=SC+S6%SG-SQRT(PM213)
GOT0905

-ETAD=SD

6070905
IFIU=C4K)T12,713,714
PM213={S9+2.0=({U#AK=-C3)=S8)
IF(PM213.LT7.0.0) PM213=0.0 -
ETAD=SD-S8#SF+SQRT{PM213)

LET



713

714
905

112

113
114
115

G0T0905

ETAD=SE

6070905
ETAD=PI-SQRT(AK#(1.0-U)=2.0#(PI-SE)/SI)
U=RAND1 (UH)

UH=U

THETD=2.0=P[ &y

COETD=COS(ETAD)

SIETD=SIN(ETAD)

COTHD=COS(THETD)

SITHD=SIN{THETD)

SITH=SINITHETA)

COTH=COS(THETA)

REX=SIETD=*COTHD

REY=SIETD=SITHD

REZ=COETD
RX=REX#SITH+REY#COET#COTH+REZ*SIET*COTH
RY=—REX#COTH+REY#COET#SITH+REZ#SIET=SITH
RZ=—REY#SIET+REZ#COET -
THETA=ATAN{(RY/RX)

IF(RX}112,113,113

THETA=THETA+PI -

6070115
IF(THETA)114,5115,115
THETA=THETA+2.0#P1
COET=RZ

60703

- ISOYROPIC SCATTERING

28

U=RAND1 (UI)
ul=u
THETA=2.0%PI=y
U=RAND1 (UJ)
uJd=u
COET=1.0~2.0%U
6Ga703

BET



C

60 -

61 .

DOES IT HIT THE PLANE
IF{COET)62,61,61
IMISS=IMISS+1
6070100 -

C. CALCULATE AND REGISTER RADIUS OF HITS ON REFERENCE PLANE

62

69
715
100 :
101

98

Z21=721+2.0#BHD
==2Z1«SIET/COET

R2=SQRT(CaC+R1#R1-2.0%E=C)

RAT=R2/R/RW

IRAT=RAT+1.0

IFCIRAT- NR)715:715,69
IOUT=I0UT+1

G0T0100
A{IRAT)=ALIRAT)+1.0 -
M=M+l

RM=M

DO101 I=1,NR

ACL)=A(I)/RM/ARRING(I)

ouTPUT

PRINT98,TAU
FORMAT(1H1,14X,22HCYLINDER OPTICAL DEPTH,F18.3)

- PRINT97,HTOD

97
977
89

130 -
92

FORMAT(15X,24HHEIGHT TO DIAMETER RATIO,F16.3)
PRINT977,8HD

FORMAT(15X,29HBASE HEIGHT TO DIAMETER RATIO,F1ll.3)
PRINT89,SIGBET

FORMAT(15X,30HSCATTERING TO EXTINCTION RATIO,F10.3)
IF{1S0)130,131,130 -

PRINT92.

FORMAT{15X,22HANISOTROPIC SCATTERING//)
SA=SA#180.0/P1

SB8=SB#180.0/P1

SC=SC#180.07P1

SD=S0#180.0/P1

SE=SE#*180.0/P1

6ET



91 .

PRINT91,SA,SB¢SC5SD,SE
FORMAT(20X 4 2HA=9F 74 93X 3. 2HB=yF7e3¢3X2HC=9F7e393Xo2HD=3FT.343X,

12HE=4F7.3//}

911 .

PRINTO114SFsSG,SHS1,S4
FORMAT{20X 9 2HF=gF 7 493X 3 2HG=9FTe3931 9 2HH=qFTe393X42HI=9FT.3393Xy

12HJ=4F7.3777)

131

90 -

132
96

60TO132

PRINTS0 -

FORMAT (15X, 20HISOTROPIC SCATTERING////77)

PRINT96

FORMAT{15X,6THEMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS M

LISSES OUTSIDE) .

95
93
94

5000 :

5050 -

5001

PRINTOS5 M, IREM,KABS ISCAT, IMISS, ICUT

FORMAT{120,3113,19,110/777)

PRINTO93,RNW.

FORMATIL15X o 21HHITS/EMISSIONS/Z/{2N-1)413H RING WNIDTH= 4F5.241HR//)
PRINTO944(1,A(1)51I=1,NR)

FORMATILIOX 3 I35F11.895X9134F11.8¢5X9134F11.8,5X,13,F11.8)

DO 5000 -1=1,NR

A(L)=A{I)=*RM#ARRING(I)

IF{1S0)5050+5001,5050

SA=SA/1805:0+P]

SB=58/180.0#P]

SC=SC7180.0+P]

SD=50/180,0+P1 —
SE=SE/180:,02P1

CONTINUE

GO T0 4003

END

i

ontT



4003 .
899

99

337

THERMAL -RADIATION SCATTERED BY A FINITE CYLINDRICAL CLOUD :OF
PARTICLES. EMISSION: IS FROM A BLACK SURFACE AT THE CLOUD BASE.
DIMENSIONA(125)

DIMENSION APAR({125)
READS899, IPHIL : IREQ

FORMAT(215)

READ99 HTOD s TAUSSIGBET oN3s ISO4NR,RW
FORMAT(3F10.29,315,F15.2,F10.2)
UA=,.98765431

UB=.91827363

UC=.45678913

UD=,64563847

UE=.48407195

UF=,4T7362935 .

UG=.54397841

UH= ,6T7374981

UI=.49178433

UJ=.32721983

PI=.314159265E+01

R=l «0

H=2.0#HTOD

DO 337: I=1,NR

RIN=}
APAR(I)=1./(RH#RH=(2.2RIN-1.))

- IFL180)901,902,901

901
991

READ 991,SA,SBoSCeSDySE
READ 991+SF9eSGsSHeSISJ
FORMAT{5F10.2)
SA=SA/180.08PT -
$8=S8/180.0#P]
SC=SC/180.0%PI
S0=50/180.0P1I
SE=SE/180.0#P1
Al=.5eSAeS]
A2=.58(SB-SA) ¢ {SJ-SH)

™HT
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A3={SB-SA)«SH
A4=.5#(SC~-SB)#(SH~-SG)
AS5={SC-58)=SG
A6=.5#{SD~-SC1={SG~SF)
AT={SD-SC)=SF -
AB=.5#(SE-SD)#(SI-SF)
A9=(SE-SD)sSF
AlO=,5#{PI~-SE)»S1
Cl=A1+A2+A3
C2=Cl+A4+AS5
C3=C2+A6+A7
C4=C3+A8+A9
AK=C4+A10 :
S1=2.02AKaSA/SJ
$2=tSB=SA)/(SJ-SH)
$3=S2=#S52s53sSJ
$4={SC-SB}/(SH-SG)
$5=S4eS4eSHeSH
S6={SD-SC)/7{SG~SF)
S7=S64S5645G=S6
S8=(SE-SD}/(SI-SF) .
S9=38#S8aSFaSF :
C1K=C1/AK

C2K=C2/AK -

C3K=C3/AK

C4K=C4/AK

AlK=A1/AK

SET INITIAL :VALUES

ISCAT=0 -

KABS=0
IREN=0 -

M=0 :

IMISS=0
10UT=0 -

DG 903 I=1,NR

ehT
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&5

66

A(1)=0

DO 5001 IPHM=1,IPHIL

DO 100 :I=1,N

PICK: EMISSION POINT
U=RAND1{UA)

ua=U
AZ1=U».628318530E-01+P1/5.0 :
Z1=0:

U=RAND1 (UB)

us=u

R1=SQRT (U)

PICK EMISSION DIRECTION
U=RAND1 (UC)

uc=u

THETA=2.0%PIsU

U=RAND1 (UD)

uD=u

COET=SQRT(U)

CALCULATE MAXIMUM INTERNAL PATH LENGTH .

COAL=~COS (AZ1~THETA)
E=R1#COAL
ELS=E+SQRT{E#E+R#R-R1#R1)
SIET=1.0-COET#*COET
ELMAX=ELS/SIET
IF(H-Z1-ELMAX#COET) 5,646
ELMAX=(H~Z1)/COET

60T066

IF(Z1+ELMAX®COET) 65466466

ELNAX=-21/COET

CALCULATE. PROBABLE: PATH LENGTH
U=RAND1(UE}

ue=u

ELP==ALOGIU}/TAU#2.0 -
DETERMINE IF :PHOTON ESCAPES
IF(ELMAX-ELP) 6046047

EqT



15
16

21

22

23
2&
25

26
55

56
281

57

DETERMINE SCATVTERING OR ABSORBING: POINT
C=ELS#ELP/ELMAX
R2=SQRT(C=C+R1#R1-2.0%E=()
12=21+COET=ELP
SIBET=C/R2=SQRT{1.0-COAL=#COAL)
COBET=—{C#C—-R1%R1-R2=R2)/(2.0sR]1#R2}
BETA=ATAN(SIBEY/COBET)

- IF(BETA)15416,416

BETA=BETA+P1
YAW=THETA-AZl
IF(YAW)21,22,22
YAW=YAN+2.0=P1
IF(YAWN-PI)23+25425

-AZ2=AZ1+BETA

IFtAZ2-2.02P1)55,55424
AZ2=AZ2-2.0#P1

GOT055

AZ2=A11-BETA
IFtAZ2)26+55455

‘AZ2=A22+2.0#P1]

AZ1=A22

R1=R2

721=22

DETERMINE: IF SCATTERED OR ABSORBED
U=RAND1 (UF)

UF=U

IF{U-SIGBET)57,+56,56

‘KABS=KABS+1

IF{IREQ)100,281,100
IREM=1REM¢1

GOT028

ISCAT=ISCAT+1

PICK SCATTERING .OIRECTION

- IF11S0)1904,28,904

ANISOTROPIC SCATTERING -

T



904

700
701

702

703

704

705
- 706

- 707

708.
709

710

T11.
PM213=(S9+2.0%» (U#AK~C3)=S8)

712

713

‘U=RAND1 (UG)

uG=u
IF(U-A1K) 700,702,702

-ETAD=SQRT(S1=U)

6070905

ETAD=SA

6070905

IFtU-C1K) 703,704,705
PM213=(S3-2.0=(U=AK-A1)=S2)
IF(PN213.LT.0.0) PM213=0.0 :
ETAD=SA+52#SJ-SQRT{PN213)
6070905

ETAD=SB

G0T0905
IFtU-C2K)T06470%,708

PM213=(S55-2.0%(UAK~CL)=S4&)

IF{PM213.LT.0.0) PM213=0.0 "
ETAD=S8+S4sSH-SQRT(PM213)
6070905

‘ETAD=SC

6070905
IFtU=C3K)709,710,711

PM213=(ST-2.08{UsAK-C2)%S6) .
- IF{PM213.LT.0.0} PM213=0.0 -

ETAD=SC#S6a256-SART(PM213)
G0Y0905

-ETAD=SD

6070905 .
IF(U-C4K)T12,713,714

IF{RM213.L7.0.0} PMN213=0.0 -
ETAD=SD-S8aSF+SQRT{PM213)
GOT0905

ETAD=SE

6070905

ot



714
905

ETAD=PI-SQRT(AK#(1.0-U)»2,.0»(PI-SE)/SI)
U=RAND1 (UH) .

UH=U

THETD=2.0#PI=U

COETD=COS(ETAD)

" SIETD=SIN(ETAD)

112

113
114
115

28

60
61

COTHD=COS(THETD)
SITHD=SIN{THETD)
SITH=SINI(THETA)
COTH=COS(THETA)
REX=SIETD=COTHD
REY=SIETD=SITHD
REZ=COETD
RX=REX#SITH+REY«COET®#COTH+REZ*SIET*COTH
RY=—REX#COTH#REY®COET*SITH+REZ*SIET«SITH
RZ=-REY#SIET+REZ*COET
THETA=ATAN(RY/RX)
IF{RX)T12,113,113
THETA=THETA+PI
6070115

~ITFLTHETA) 114,115,115
- THETA=THETA+2.0#P1
COET=RZ

60703

ISOTROPIC SCATTERING
U=RAND1 (UI)

VI=V

THETA=2.0#PIsy"
U=RAND1 (UJ)

UJ=u

COE‘.:l .0."2.0.0

60T03

DOES: IT HITY THE. PLANE
~ITFECOET ) 62961561

" IMISS=IMISS+1

ot



C CAL
62

69

715
100

101

976 FORMAT{1H1,14X,4THEMISSION FROM BLACK SURFACE AT BASE OF CYLINDER

98
97
89

130
92

91 FORMAT(20Xe2HA=3FTe493Xs 2HB=9FTe393X92HC=9FT72e393Xy2HD=4F7.3+¢3X,

GOTO100
CULATE AND: REGISTER RADIUS OF ‘HITS ON REFERENCE PLANE
C=~Z1=SIET/CRET
R2=SQRT{C#C+R1#R1-2.0=E=()
RAT=R2/R/RW

IRAT=RAT+1.0

IFCIRAT- NR)715,4715,69
I0UT=I0UT+]

6070100
A(IRAT)=A(IRAT)+1.0

M=M+1

RM=HM

00101 I=1,NR
ACT)=A(I)})/RM=APAR(I)
guUTPUT

PRINTO76

1/77)

PRINT98,TAU

FORMAT(15X,22HCYLINDER OPYICAL DEPTH,F18.3)
PRINTI97,HTOD

FORMAT (15X, 24HHEIGHT TO DIAMETER RATIO,F16.3)
PRINT89,SIGBET

FORMAT{15X30HSCATTERING TO EXTINCTION RATIO,F10.3) .
IF({IS0)130,131,130 -

-PRINT92

FORMAT(15X 4 22HANISOTROPIC SCATTERING//)
SA=SA#180.,0/P1

SB=S8#180.0/P1

SC=SC=180.0/P1

SD=SD#*180.0/P1

SE=SE#180,.0/PI

PRINT91,SA,SB,SC,SD,SE

12HE=¢F7.37/)

Int



911

131
90
132
96
95
93
94
5000

- 5050

5001

"A{I)=A{1)=RM/APAR{I)

PRINTO11,SF,;SGsSHsSI¢SJ
FORMAT { 20X s 2HF= 3 F7 o %9 3Xg 2HG=gF 7o 393X 2HH=gFT70353X» 2HI=2F 7.3 43X,

12HI=4F7.3777)

6070132
PRINTSO -

-FORMAT{ 15X, 20HISOTROPIC SCATTERING///7/7/)

PRINT9S6
FORMAT(15X 6 THEMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS M

1LISSES OUTSIDE) ‘

PRINTO5 M, IREM,KABSy ISCAT,IMISS, IOUT
FORMAT(120,3113,19,110/77)
PRINT93 +RH

‘FORMAT (15X 10HFLUX RATIOs13H RING WIDTH= 4F5.291HR7//)

PRINT944({I4sA(L)4I=14NR)
FORMAT{15X s 139F11.895XyI3,F11.8:5Xy134F11.845Xy13,F11.8)
DG 5000 -I=14NR

ght

IF(1S0)505045001,5050

:SA=SA/180.0#P1

SB=S8/180.0»P1
SC=SC/180.0#P]
SD=SD/180.0*PI
SE=SE/180.0»P]
CONTINUE

60 70 4003

END



RANDOM NUMBER GENERATOR

RAND1

A4

A2

A5
A3
ERM

LOAD
AB

P2E
SXA
LAC
CLAs
T2E
STO
sSSP
LRS
SuB
PAX
™I
TXH
STA
PXD
LLS
TRA

TXH .

STA
PXD
LRS
TRA
TSX
PZE
TRA
8CI
L0Q
MPY
sTQ

- CLA

LBT
ADD
STO
ARS
ORA

s
AXTl+4
RAND1,4
2¢4
LOAD
COMMON

27

Al

0.4

A2
A344,35
A4

040

e

A8
A3+4434
A5

0.0

L 1]

A8
S<XPRT,4
ERMy 9 24
S.JXIT ,
4 o ARGUMENT OUT OF RANGE
RD

57013
DuM1
DUM1

FX1
RD

8 -
200C

6hT



AXT1

200C
57013
RD

FX1

Al
COMMON
DUM1

FAD
AXT

TRA=

ocT
DEC
DEC
DEC
ocT
BSS
PLZE
END

200C

L 1 PR A

RAND1
200000000000
1220703125
5117

1

200 -

1

05T



APPENDIX B
PROBABILITY CONSIDERATIONS

It is not the purpose of thils section to develop the relstions or
prove the theorems of the theory of probesbility. It is, rather, to con-
cisely state the relastions and theorems which sre used so that terminol-
ogy will not be misunderstood, to indicate how these reletions sre sap-
plied, and to show the vslidity of the method of spplicstion. References
17, 34, 35, 36 were used in prerarstion of this sppendix.

The term "rsndom verisble" is used to denote 8 real number whose
value is determined by the outcome of & rendom experiment.

A "random experiment"

is an empericel experiment cheracterized Dby
the property thet its outcome under s given set of circumstences is not
always the same but rather differs in such s way that numbers exist be-
tween 0 snd 1l which represent the relative frequency with which the dif-
ferent possible outcomes (events) occur in s long series of independent
trisls of the expeiiment.

A "random event" 1s one whose reletive frequency of occurrence, in
8 very long sequence of trisls of the rsndom experiment in which the
eveﬁt may occur, spproasches a stable limit vslue as the number of observa-
tions 1s increased toward infinity.

The "probability" of & rendom event is the limit velue of its rele-

tive frequency of occurrence.



152
A "probebility function" is a8 rule defined over the complete sample
space S of a randcm experiment which ssgsigns to every event A, s subset
of the ssmple space S, 8 non negative resl number denoted by P(A) and
conforming to the following axioms
(1) P(a)2o0
(2) P(8) =1
(3) For s series of mutually exclusive events Ays A2’ ceey An
P(AlUAaU UAn) = P(Al) + P(A2) + eee + P(An)
A "numerical valued random experiment" is a rsndom experiment whose
sample description space 1s the set of sll reasl numbers from - o to + =,
The "distribution function", F(x), of a numericsl valued random ex-
periment is defined ss having ss its value st eny resl number x, the
probability that an outcome of a trial of the experiment will be less
than or equal to the number x. In addition
Lim F(x) = 0 Lim F(x) = 1
X = - X - to
and for this work F(x) must be continuous monotone increasing between
the velues O snd 1 for 0 € x § +w

The "probsbility density function" is defined ss

f(x) = d ngz

dx
Since F(x) is continuous end monotone incressing
£(x) Z 0
and F(x) is continuous (except perhaps at & finite number of points).

In addition
4

X .
B(x) = j #(x) ax 5 £(x) dx = 1

-0 -0
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Jointly distributed rsndom variables are independent if their Joint
distribution function can be written ss the product of their individusl
distribution functions.

| F(x,¥,2) = Fy(x) Fp(y) Fy(z)

Jointly distributed rsndom variables are independent if their Jjoint
probability density function can be written as the product of their in-
~dividual probability density functions.

£(x,y,2) = £,(x) £,(y) £5(2)

In general, given any Joint probability density function f(xl,xe,

x3) the individusl density of any variste may be found by integrating

the function with respect to 8ll other variates between the limits -e

to +w . Thus +oo

f(xl) = j, f(xlxa) dx,

In this work velues for the various verisbles must be chosen at de-
cision points along the photon path. These values sre to.be chosen ran-
domly but the distribution of values used for sny one variable, after s
large number of values have been chosen, must conform to the probability
density function for that wveriable. Hence one must trest the selection
of values for each variable as & numerical valued random .experiment. The
random event which occurs is that the value chosen will lie within some
intervel (i.e., between x and x + Ax). The probability function is de-
fined in terms of the probability density functions. For exaemple the
probability that & value of x will lie between 8 and b is

b
Pla<xSb) = 5' f(x)ax = F(b) - F(a) (B-1)
a
Probaebility zero is assigned to those events defined on intervals of the
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sample description space which are not physically possible (i.e.,
probability of negetive length is zero).

In selecting the values of the variaﬁles use is mede of psuedo ran-
dom numbers (32). For this work a psuedo random number, here sfter call-
ed random number, is defined to be a number between zero and one which
is a member of a methemstically generated set of numbers uniformly dis-
tributed over.the interval zero to one. That is to say, if a large
number of random numbers are plotted as points on a line of length one,
and the line is subsequently divided into equal subintervaels, no matter
‘how small, there will be about the same number of points in every inter-
val. The random numbers can be reproduced es desired. It should be
noted that "a large number" of rendom numbers is stressed. There is no
implication that a small number will be evenly spaced on the interval
zero to one.

Consider equation (B-1l) end let @ = x, b = x + Ax. Then
‘ x + Ax
P(x < x; Sx +Ax) = ’5 £(x)ax (B-2)
which, as a consequence of the continuity of f(x) end the mean value
theorem can be expressed ss
P(x < xy s x + &x) = £{§)dx (B-3)

where € lies between x and x + Ax. As Ax becomes very small then

P(x < x; £ x +8x) = £(x) bx (B-4)
Ax -+ O

Hence the limit value of the relative frequency of occurance of values
of X lying between x and x + Ax is expressed by £(x)Ax. This can be

interpreted es the fraction of the total number of values of x selected
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which lie between x and x + Ax. This is expressed as
1\[(&1:\_[_611 = £(x)bx (B-5)
T

Two convenient methods of insuring thet vslues chosen correspond to
(B-5) will be discussed. The first is illustrated using Figure B-1.
The procedure would be to generate a large number of psirs of rsndom num-
bers (Rx’Ry)' The numbers would be considered points on the rectangulsr
area of the figure, (Note x = 2Rx), end sll of the points lying sbove
the graph f(x) would be discarded. This would leave a2 uniform distribu-
tion of points covering the sres under f£(x). The x coordinstes of these
points would be the values selected for x. The shaded srea is represent-

ed by the expression f(xl)Ax and, since the points sre uniformly distri-

buted, the fraction of the total number of points which lie in f(xl)Ax,

and hence the fraction of values of x between xl and xl + Ax is
N(x, ,Ax) £(x, )ax
L = L = f(x, )Ax
NT Area Under f£(x) 1

This is the distribution desired in order to satisfy equation (B-5).
The second method is to simply set the distribution function equal
to 8 rendom number snd solve for the varisble.
F(x) =R ’
That this procedure satisfies equation (B-5) sfter s lsrge number of
values heave been determined can be shown with the sid of Figure B-2.

Suppose N, values of R sre used as F(x). The Ny values will be uniformly

T
distributed slong the ordinate between zero end one. To find the number
of velues of x chosen between x snd x + Ax, consider the number of values

of R which lie between F(x) end F(x + Ax). Since the values sre uniform-
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ly distributed, the number between F(x) snd F(x + Ax) is simply the
total number multiplied by the length of the intervsl, N,I[F(x + Ax) -
F(x)]. Since F(x) is monotone incressing between zero and one, there
is & unique value of x for every value of R. Therefore the number of
values of x lying between x snd x + Ax is Ni[F(x + Ax) - F(x)]. Hence

the frection of values lying between x snd x + Ax is

N F(x + &%) - F(x)] I
°TE

NT T
or
N(xﬁix) _ [F(x + Q%i - F(El,Ax (B-6)

As Ax goes to zero and NT becomes lsrge

Flx + Ax) - F(x) _ ar(x) _ /.
AxLEmO Ax T ooax £(x)

Thus 8s N, becomes large (B-6) becomes a good spproximetion to (B-5).

This latter method is employed throughout this work.
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Zf():.)-:%c » sx€2
= 0 otherwise

) X, ' /4
Figure B-1. Graph of f£(x)
J
A
/
F(x+a%
Fx)
o —3— X

o X X+4aX
Figure B-2. Graph of F(x)



APPENDIX C

CONFIGURATION FACTORS FROM A FINITE RIGHT CIRCULAR CYLINDER

TO SURROUNDING BASE RINGS

The configuration factors desired are indicated in Figure C-1.
They sre from the outside surface of the cylinder to the individusl
base rings (i.e., ng).

Hemilton and Morgen (33) present values for the configuretion fact-
ors in concentric finite cylinders (Figure C-2). In their work surface

A, 1s the interior of the outer cylinder, surface A2 is the exterior of

1
the inner cylinder and surface A3 is the base srea between cylinders.
Trey specifically present values for F12'
Using configuration factor slgebra one obtains
A
Ly oL
Fpg = 5(1 i, Fl2)
or
=1 -3 -
Fo3 = 3(1 - 7 Fpp) (c-1)
Continuing with the notation of Hemilton end Morgen let D = d/r
and L = 4/r.

For use in this work r = 1 and 4 = 10. From Hamilton and Morgen

and equation (C-1) the following values are obtained.
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D 12 Te3
1.5 641 .0193
2 pan .0360
2.5 .358 .0525
3 .288 .0680
3.5 —_— .0830%
L .201 .0980
4.5 — .1115%
5 .150 .1250
5.5 S .1385%
6 .116 .1520

¥Interpolated values
Using the summation rule of configurstion factors one obtains the

following configuretion factors for the bsse rings.

F,3 = -0193
Py, = L0167
Fpg = .0165
Fog = -0155
Fop = -0150
Fog = -0150
Fpg = -0135
Fp_10 = -0135
Fyqp = +0135
F = ,0135

2-12



160

b.5.4.3

3,4,5.6,

Figure C-1, Configuration Factor Geometry
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Figure C~2,. Configuration Factor Geometry




AFPPENDIX D

JSOTHERMAL CLOUD APPROXIMATION

The assumption of en isothermal cloud implies that the emissive
power of the cloud is the same throughout its volume. For the cases
examined in this work, uniform source in & cloud in radiative equili-
brium, the emissive power distribution depends on the optical diameter
of the cloud. An indication of the effect of optical depth on emissive
power can be had from the works of Howell and Perlmutter (13) and Perl-
mutter end Howell (14%). In (13) the solution for the emissive power
distribution of a gas between infinite non reflecting psrallel plates
is presented. It is shown that the distribution between the plates is
flat (isothermel) for low opticel depth but becomes markedly srched
with its high point midway between the pletes for optical depths above
two. In (14) the distribution for concentric infinite cylinders is
given. For the limiting case of no inner cylinder it is shown thet the
distribution of emissive power is symmetrical about the outer cylinder
-axis.

In Chapter VII en expression is derived for the apparent emissivity
of the particle cloud resulting from emission within the cloud. The
derivetion assumes thet emissions and reemissions sre uniformly distrib-

uted throughout the cloud. Since the works cited ebove indicate that
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there is a marked departure from this condition for optical dismeters
above two, it seems appropriate to obtein a correction to the expression
for the larger opticel diesmeters. This is done as follows:

The distributions from (25) for optical depths of five and ten are
assumed to apply along a cylinder dismeter.

It is assumed that the radiétion leaving the cloud is characteristic
of radiation within one photon mean free path of the surface.

An average emissive power is determined for the portion of the cloud
within one mean free path of the surface.

The ratio of the number of emissions and reemissions occuring if
this average emissive power were uvaiformly distributed through the cloud
to the number occuring for the uniform source caese is determined.

The reciprocal of this ratio is a multiplicative correction factor
t0 the emittance calculated by equation (T7-18).

Approximate values for these correction factors sre

T Correction

5 1.2

10 1.7




