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ABSTRACT

Analytical synthesis methods for the design of op-
timum, linear, constant coefficient, multivariable systems
are developed. Matrix methods are used to extend well-known
concepts in single variable systems to the treatment of
systems with multiple inputs and outputs. The performance
criterion used is a minimized weighted sum of the mean-
square errors between the set of actual outputs and a set
of ideal or desired outputs. Standard variational procedures

-

are used to show that the”optimization of linear, multi-
variable systems leads to a set of simultaneous Wiener-Hopf
equations. The derivation of these equations has been
achieved in two different ways. In one method the deriva-
tion is carried out strictly in the time domain. A proposéd
alternative method is used to show the advantage of working
only in the frequency domain. The resulting vector Wiener-
Hopf equation is then properly modified and is solved by a
combination of the "function method" and the "method of un-
determined coefficients." Two non-trivial, comprehensive
examples have been worked out in detail for illustrative
purposes. Analog computer simulation was used in this phase
of the work advantageously.
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SYNTHESIS OF OPTIMUM LINEAR MULTIVARIABLE SYSTEMS
CHAPTER I
INTRODUCTION

In recent years much has been done in the area of
multivariable control system synthesis and design. The
philosophy behind a design-by-synthesis problem is that of
cancellation compensation, i.e., the design of a controller
to cancel the undesired dynamics of the fixed element or
plant and to substitute the desired dynamics. If the de-
sired dynamics are properly chosen, this concept can be
applied and a satisfactory design achieved. However, if
the desired dynamics are not properly chosen, the resulting
design may yield a completely unsatisfactory system. There-
fore the crucial step in.this type of design is the choice
of the desired dynamics.

The purpose of this work is to find the elements
of the desired dynamic matrix using the minimized mean-

square sum of the weighted errors as the performance index.

General Optimization Problem

In an optimum synthesis problem, one, given an input
or a set of inputs and a desired output or a set of desired

1
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outputs, is required to determine the mathematical descrip-
tion of the system which minimizes or maximizes a given per-
formance index. The objective of using a performance index
is to encompass in a single number a quality measure for the
performance of the system. Typical performance indices used
are integral - square error for deterministic signals and
mean-square error for random or stochastic signals.

If analytical procedures are used in synthesis and
design, no explicit statement concerning the degree of sta-
bility of the system is required. All the solutions for the‘
optimum system include the twin requirements that the system
be stable and realizable in the sense of having an impulse
response that is zero for time less than zero. The degree
of stability is found as a part of the solution of the prob-
lem and is a function of other specifications.

At this point the classification of the problem must
be determined, that is, whether it is characterized by a
free configuration, a semi-free configuration, or a fixed
configuration. A problem is classified as a free configu-
ration if there is no specification for the configuration
of the system [N.2]. It is called a semi-free configuration
problem if part of the system (fixed elements) are specified
but there is no restriction on the configuration of the com-
pensating network. And finally a fixed configuration prob-
lem is one for which the design freedom is limited to the

adjustments of one or two parameters.
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Depending on either of these classifications, the
performance index is expressed in terms of the free param-
eters of the system. Then, using standard variational tech-
niques, the newly defined functional is minimized or maxi-
mized which in turn leads to the values of free parameters

which minimize or maximize the given performance index.

Statement of Problem

Multivariable systems are those systems in which one
or more input variables control one or more output variables.
In other words, multivariable systems are characterized by
coupling or interaction.

Consider a linear, time-invariant, multivariable
system such as shown in Figure 1-1 with inputs rl(t), .o
rp(t) and outputs cl(t), .o cq(t). The number of inputs,
p, and the number of outputs, g, are not necessarily egual.
Furthermore assume all signals to be stationary, stochastic,
continuous time functions with power spectra expressible as
a rational function of frequency. Let wij(t) be the impulse
response of the system measured at output terminal i due to

a unit impulse applied at jth input-terminal. Then:

rl (t) C.I (t)
Multivariable

— o ot — e —— —

- — System —

.rp(t) cq(Ef—

Figure 1~1. A Multivariable Time-Invariant
Linear System
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cis(e) =] wy(7) £y (e-T)ar (1-1)

-0

The total output at the ith terminal, when all the
inputs rl(t) through rp(t) act simultaneously, is
-+

P
cj(¢) =Z [

AN wij(r) rj(t-T)dT (1-2)

If wij(T) is zero for some pair, then there is simply no
connection between that input output pair [P.2].

In a synthesis-type problem one assumes knowledge
only of the input and the required output. The superposition
integral (1-1) provides the mathematical expression of the
manner in which the output cij(t)’ is explicitly related to
the input, rj(t-T), and the impulse response, wij(T), for
a linear time-invariant system. Contrary to the design-by-
analysis problem, for which this relationship is explicit,
the same expression, when employed for design-by-synthesis
problem, is implicit. Given the inputs and outputs the
solution to the synthesis problem is a wij(r) satisfying
(1-1). Solving (1-1) for csy given, w,. and rj is clearly

1]
an easier problem than solving for Wi given r. and c,

J J 1
[P.2]. 1Indeed, there may be even questions regarding
whether or not any wij function exists, satisfying (1-1),
for arbitrarily specified functions for rj and c,. The
difficulties in solving equations such as (1-1) constitute

a formidable problem in the field of mathematics covered by

the subject of integral equations [P.2].
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Suppose that di(t) is the desired total output at
the terminal i. The problem is to determine the elements
of the system matrix, wij(t)' such that the sum of the
weighted mean-square errors be minimized.

Before proceeding any further a few words with re-
gard to the choice of the mean—sduare error criterion is
in order. An ideal performance index should have the fol-

lowing properties
i) reliability
ii) ready applicability
iii) selectivity
While in the engineering literature non-mean-square error
criteria for predictors are often presented as physically
significant and then shunted aside because of mathematical
unmanageability, it has been shown [S.1] that, in the case
of Gaussian processes, all such criteria yield the same
predictor as the linear mean-square predictor of Wiener.
Therefore, despite the fact that there has been in the past
and there continues to exist a certain amount of controversy
regarding the selection of the mean-square error criterion,
it is to be used because it has the merit of lending itself
to analytical treatment and of being applicable to many
real problems.
In returning to the original problem one notes that
the problem, as specified, is of the free configuration

type since no restriction is imposed on the forms of wij(t)
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(other than physical realizability and stability). Note
also that when the input signals are the sum of messages
and noises, where the message part is the desired or infor-
mation signal and the noise is the background or unwanted
disturbance, and it is desired to recover the desired signals
from the total inputs in a mean-square sense, the problem
becomes one of determining an optimum linear filter. 1In
solving this type of optimization problem, three basic steps
are usually involved. 1) Expressing the performance index
in terms of the free parameters of the problem. 2) De-.
riving the necessary set of equations whose simultaneous
solutions are, if there exist such solutions, the required
weighting functions. 3) Solving these equations for the
solutions.

These three steps are followed closely in the chap-
ter dealing with the detailed presentation of the problem

and the method of approach to its solution.

Review of Previous Work

Historically, attempts to develop methods of syn-
thesis began with Wiener's theory for the optimum constant
coefficient system. The system obtained by Wiener's approach
is optimum in the sense that the time-average mean-square
error is minimum. Wiener's early approach embodies the some-
what restrictive condition that the statistical properties

of the signals, both messages and noise, be time-invariant.
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In 1951, Bootan [B.3] developed a generalization
of the Wiener theory which provides minimum mean-square
error at any time for linear time-varying systems with a
set of nonstationary inputs. Bootan's method resulted in
an integral equation which gives the solution as the im-
pulse response of the optimum system. The resulting in-
tegral equation did not lend itself to a general solution
and it was not until 1956 that Shinbrot [S.2] suggested an
approximate method, which from an engineering point of view,
"is extremely useful in a wide variety of practical prob-
lems® [p.2].

In 1961, Peterson [P.2] used the standard varia-
tional technique to develop Bootan's integral equation.
This integral equation is also referred to as a modified
Wiener-Hopf linear integral. Peterson then used Shinbrot's
method to solve the modified Wiener-Hopf equation for both
single-input single-output and multiple-input multiple-
output linear time-varying systems. Shinbrot's method had
the disadvantage that it required that the correlation
functions be approximated in a way that permits the integral
equation to be solved. It also required that the weighting
functions be separable with respect to the time of observa-
tion, t, and the time of application of unit impulse, T.

Through the introduction of the state variable con-
cept, Kalman [K.1l] approached the problem of linear filter-

ing and prediction in such a way to avoid attacking the
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vector Wiener-Hopf integral equation directly. A nonlinear
differential equation of the Riccati type is derived for the
covariance matrix of the optimum filtering error. Through
the duality principle* the optimal control problem with gen-
eralized quadratic error criterion is also solved. However,
the completion of the synthesis was also dependent on the
solution of Riccati equation. It is known that this equa-
tion can only be solved analytically in some simple and
special cases but in general numerical computation has to
be used to obtain the final answer.

With the application of matrix relationships to
describe the behavior of multidimensional linear systems,
Matyas [M.1], Amara [A.2] and Freeman [F.1] noted that the
optimum synthesis problem of free configuration or semi-
free configuration type leads to a vector Wiener-Hopf egqua-
tion. The main problem in performing any design in this
area is therefore the solution of this type of equation.

The method of undetermined coefficients was initially sug-
gested by Wiener [W.l1]. This method was later developed

by Amara [A.2] and Hsieh and Leondes [B.4]. Until recently
it was the only practical method of solving problems of this
type. 1Its chief disadvantagé is that it failed to give an

explicit solution so that auxiliary information, such as

*

Two systems are said to be-dual if the equations
which characterize one of them have the same mathematical
form as the equations that characterize the other.
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the mean-square error, is difficult to obtain and in addi-
tion it is poorly adapted to either hand or machine calcu-
lations.

In 1958 Wiener and Massani [B.4] presented an alter-
native method for solving these general equations. 1In a
rigorous mathematical style a method of spectral factori-
zation of matrices was developed which enabled them to ob-
tain an explicit solution to the discrete filtering problem.
Unfortunately their result is obtained in terms of an in-
finite series of matrices and, consequently, it is incon-
venient for many purposes [B.4]. 1In 1959 Amara [A.2]
extended Wiener's theory of optimum filter design to linear,
multivariable, constant coefficient systems. He presented
an implicit method of solving the vector Wiener-Hopf equa-
tion.

Recently, additional advances have been made in the
area of spectral factorization of rational matrices. Youla
[¥.1] developed an algebraic technique for spectral fac-
torization which has certain advantages over the Wiener-
Massani algorithm. Although this procedure always results
in a closed form solution, it is quite complex and even .
small systems require a great deal of computational labor.
A short time after Youla's work, Wong and Thomas [W.2]
presented an excellent discussion of the Wiener-Masoni work
and developed a third method of spectral factorization of

rational matrices. Unfortunately their results are given
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in terms of a set of simultaneous matrix equations which
are difficult to solve by any means [B.4].

In 1962 Brockett and Mesarovic [B.4] developed the
so-called "functional method" which completely circumvents
the problem of spectral factorization of matrices in the
process of solving a vector Wiener-Hopf equation. Unlike
previous techniques this method gives an explicit solution
without requiring the spectral factorization of matrices.
Contrary to the method of undetermined coefficient sug-
gested by Wiener and extended by Amara [A.2] the functional
method determines one complete column of the optimum weight-
ing function matrix each time it cycles through the suggested
steps.

In 1963 Hsieh [H.1] used the method of steepest-
descent in the Hilbert space to solve the optimum synthesis
of multivariable control systems with a generalized quad-
ratic error criterion. Apart from the conventional minimi-
zation techniques, his approach worked directly on the
error criterion functional itself so that the optimal solu-
tion can be determined through successive approximations
with the aid of a digital computer. Obviously thé method
has computational advantages. However, as noted by Dorato
[D.1] the disadvantage of such techniques, at least for
certain problems, is the open loop nature of the resulting
control law. Also as has been pointed out by the author

himself the main feature of this method is to synthesize
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an optimal control when the system weighting function
matrix is obtained experimentally.

In this work a method is suggested which is a com-
bination of the "functional method" by Brockett and Mesarovi
[B.4] and the "method of undetermined coefficients" devel-
oped by Amara [A.2]. The details of this method are cov-
ered in Chapter III. However, there are some mathematical
concepts and definitions which are the backbones of the
presentation of Chapter III and are to be treated in the

next chapter.



CHAPTER Il
FUNDAMENTAL MATHEMATICAL BACKGROUND

There are certain fundamental mathematical con-
cepts and definitions which are used extensively in the
next chapter, in particular, and througnout the rest of
thié work in general. These fundamental theories are re-
viewed in this chapter mostly without proof. 1In each case
an appropriate reference will be given for interested

readers.

The Simplest Problems in the Calculus of Variations

Definition: The problems concerned with the de-

termination of extreme values of integrals whose inte-
grands contain unknown functions belong to the calculus
of variations.

‘The simplest of such problems involves the deter-
mination of the unknown function y = y(x) for which the
integral

X
I = J‘ 1 F(XJYrY')dx (2-1)

X0
between two fixed points Po (xo.yo) and Pl (xl,yl) is a
minimum. Here, it is assumed that F as a function of its

12
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arguments, X, Yy, Y', is known and has partial derivatives
of the second order. It is also assumed that there exists
a curve y = y(x) with continuously turning tangent that

minimizes the integral.

Let h(x) be any function with continuous second

derivatives and

h(xo) = h(xl) =0 (2-2)

Then the function

y(x) = y(x) + c¢h(x) (2-3)

for &, a small parameter, represents a family of curves
passing through PO and Pl’ since y = y(x) passes through
these points and h(xo) = h(xl) = 0. This situation is

illustrated in Figure 2-1.

y(x) = y(x) + ch(x)

|
|
y =y |
I
|
l
|

Figure 2-1. An Illustration of the Simplest Problems
in the Calculus of Variations
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Here the deviation from the minimizing curve, y = y(x),
is indicated by ah(x).

Upon substituting (2-3) into (2-1) there results
*1
I(@) = [ * Flx,y(x) + ah(x), y'(x) + oh'(x)Jax (2-4)
X0
For = 0, (2-3) gives §(x) = y(x) and since y(x) minimizes

the integral, one concludes that I (&) must have minimum

for @ = 0. A necessary condition is therefore

4ar _ -
e =0 (2-5)
a=0

This same argument will be used in the presentation of

Chapter III.

The Fundamental Lemma of the Calculus of Variations

If a function ¢(x) is continuous in an interval
(xo.xl) and if

*1
/ T e(x) hix)ax =0 (2-6)

*o
for an arbitrary function h(x) (subject to some condition
of general character only), then ¢(x) = 0 throughout the
interval Xq £x s X, . The general conditions that h(x)
must satisfy are, for instance, that h(x) should have first
or higher order derivatives, should vanish at the end points

(xo,xl), and lh(x)l < € or both lh(x)l < ¢ and Ih'(x)l < €,

where ¢ is an arbitrary positive number [S.4].
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Some Fundamental Theorems and Definitions Related
to the Functions of a Complex Variable

Definition: Let f£(z) be analytic throughout the domain D
except for an isolated singularity at a certain finite
point 2, of D, then the integral
- [ £(z)dz (2-7)
273
C
will have the same value on all curves C on D which enclose

Z and no other singularity of f. This value is known as

the residue of £(z) at 2.y and is denoted by Res [f(zo). zo].

Cauchy's Residue Theorem

If £(z) is analytic in a domain D and C is a simple

closed curve in D within which £(2) is analytic except for

isolated singularities at Zyo o ees 2y then
3%§'f f(z)dz = Res [£(z), zlJ + e + Res [f(z),zk] (2-8)
C

For a proof of this theorem see reference [k.2].
Theorem. The residue of £(z) at a finite point 2, is
given by the equation

Res [f(z), zo] =a_; (2-9)

’
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is the Laurent expansion of f(z) at 2. For proof see
reference [K.2].
The following rules are useful in cases where one
is interested in the terms of (z - zo)-l form in the ex-
pansion.

Rule I. At a simple pole 2, (i.e., a pole of first order),

Res [f(z), 20] = lim

(z-zo)f(z) (2-11)
zZ =2

o

Rule II. At a pole z, of order N, (N =2, 3 ...)

(N-1)
Res [f(z), zo] = lim g":]féfl (2-12)
z-2 (N-1):

where g(z) = (z - zo)N £(z).
Theorem. Let £(z) be analytic in a domain D which includes
the real axis and all of the half-plane y > 0 except for
a finite number of points. If
je

m s
vim [ £(re?®) red®ap = 0

R—® 0
and

[ fx)ax

exists, then
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=]

f f(x)dx = 27j{Sum of residues of f(z) in the

-0

upper half-plane} (2-13)

Note that z = x + iy = ele.

Parseval's Theorem

If xl(t) and xz(t) are two Fourier transformable
functions and it is desired to find the integral of the
product of these two functions in the time domain, from
- ® to + ® directly in terms of this same integral in the

frequency domain, it can be shown [N.2]

[ = (0x,(0at = 553 j_jm x, (-8)x, (s)ds (2-14)

In particular if xl(t) = xz(t) then
® 2 1 I
J _xPwae = g5 [ x(-s)x(s)ds (2-15)
- —Jm

This result is known as Parseval's Theorem. This theorem
represents a very convenient way of expressing the integral-

square value of a time function in terms of its transform.

Some Well-Known Relations in Concise Forms

Superposition Integral

Let cij(s)' wij(s), and rj(s) be the Fourier trans-

forms of cij(t)' wij(t)"and rj(t) respectively, then Equa-

tion (1-1) in frequency domain may be written as
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cij(s) = wij(s)rj(s) (2-16)

and similarly Equation (1-2) may be written

ci(s) = wij(s)rj(s) (2-17)

u. p4'0

=1
In matrix notation this may be written as

C(s) = W(s) R(s) (2-18)
where C(s) is a g~dimensional column vector with ci(s)
as its ith component. W(s) is a g X p matrix with general

components wij(s) and R(s) is a p~dimensional column

vector with rj(s) as its jth component.

Autocorrelation and Cross-Correlation

Let ri(t) be a representative member of a stochastic
ensemble. The autocorrelation function is defined as the
ensemble average of the product of rl(t) and rl(t+T). Sym-

bolically this is expressed as

o (t,T) 8 x;(t)r, (t+7) (2-19)

where the symbols are used in the same sense as in refer-
ence [N.2].
When the stochastic signal is stationary; i.e.,

when the statistical properties of the signal are time
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independent then the ensemble average may be interchanged

with the time average. That is

oL (T) =T, (), (E+7) (2-20)
or equivalently,

(-}

oil(r) = [ (t)r (msm)at (2-21)

In this same sense cross-correlation functions are defined

as

o

efa(m) = [ rj(t)a(temdt (2-22)

Taking the Fourier transform of Equation (2-21)

one gets

o]

ii i -
o (s) =[] o (1) e

©

=J‘ dt j’_: ri(t) ri(t+'r) e ST

ar

@ ©

= f dt ri(t) eSt f ri(t+7) e-s(t+7) ar

ri(-s) ri(s)

Therefore:
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ii
¢%r(s) = ri(-s) ri(s) (2-23)

In matrix notation this may be written as

- .
¢%r(s) = R(-s)R™ (s) (2-24)

since R is a p-dimensional column vector or a p x 1 matrix.
Following the same argument the Fourier transform

of Equation (2-22), in matrix form, may be written as

o 4(8) = R(-s)DT (s) (2-25)

where, as usual, DT(s) is the transpose of D(s).

Note that the autocorrelation is an even function

¢%r(s) = d&r(-s) (2-26)
but
8 4(s) = & (-s) (2-27)

since cross-correlation is an odd function.

In concluding this chapter the following facts con-
cerning the fourier transform are worthy of mentioning.
The direct Fourier transform of a time function which is

zero for t < 0 will have all its poles in the left half
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plane. On the other hand a time function which is zero
for t > 0 will have all its poles in the right half plane.
A time function which is nonzero for all values of time
will have a transfer function with poles on both sides of
the imaginary axis. For more detail see Appendix A of

reference [N.2].



CHAPTER III

PRESENTATION OF THE METHOD OF OPTIMUM

DESIGN-BY SYNTHESIS

With the ideas of the preceding chapters in mind
it is now possible to give a more precise statement of the
problem and the proposed method of approach to its solution.

Assume that a set of random stationary inputs to a
system and a set of desired outputs for this system are
given. It is required to synthesize this system so that
the sum of the weighted mean-square of the differences be-
tween the set of actual outputs and the desired outputs is
minimized. There is no limit on the choice of the elements
of this system other than physical realizability. There-
fore this optimization problem is of "free configuration"
type. The system considered here is shown in Figure 3-1.
Solid lines are used to indicate the multiplicity of inputs
and outputs. The input, r(t), is a p-dimensional column
vector with its components, ri(t), being members of sta-
tionary stochastic processes. The output, c(t), is a g-
dimensional column vector and w(t) is a g x p weighting
function matrix. As shown in Figure 3-1 the error is the
difference between the desired output vector, d(t), and

22
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Actual Desired
I?PUt Multivariable Output Output
r(t) Control c(t) + -
T System d(t)
w(t)
€ (t)

Figure 3-1. Multivariable Control System,
Free Configuration

the actual output vector c(t). The objective is to minimize
the sum of the weighted mean—squaré value of the error by
properly choosing the elements of the weighting function
matrix.

The proposed method of solution of this problem has
two basic parts. First, an implicit solution is derived in
the form of the vector Wiener-Hopf equation. This equation
is equivalent to the Euler's eguation in the calculus of
variations. Therefore the solution to this equation is the
explicit description of the minimizing system in analogy
with the solution to Euler's equation which is the mini-
mizing curve. The derivation of the vector Wiener-Hopf
equation has been achieved in two different ways. In one

method the derivation is performed strictly in the time
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domain. This method is essentially the extension of the
ideas developed in reference [N.2] concerning the synthesis
of optimum linear constant parameter systems. The alterna-
tive method is used to show the advantage of working strictly
in the frequency domain. This approach is new and has not
appeared in the literature yet.

The second part of the problem deals with the methods
of solution of a vector Wiener-Hopf equation. The method
developed in this work is a combination of the "functional
method" presented in reference [B.4] and the "method of
undetermined coefficients" presented in reference [a.2].

Derivation of the Wiener-Hopf
Equation_in Vector Form

In this section the vector Wiener-Hopf equation is
derived using two different methods of analysis. The solu-
tions to the vector equation are the elements of the op-
timum weighting matrix. The steps followed in deriving
this equation are as follows: (1) the performance func-
tional is defined; (2) this functional is expressed in terms
of the weighting function matrix, the inputs, and the ideal
outputs; (3) standard variational procedure is employed and
the condition for minimization of the performance functional

is developed into the vector Wiener-Hopf equation.

The Performance Functional

Referring to Figure 3-1, the error is by definition

€(t) 4 c(t) - a(t) (3-1)
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The general error matrix is given by the autocorrelation
matrix, ¢€€(r) [N.1]. For reasons given previously it is
usual to consider a sum of the weighted individual errors.
This implies that the main terms of interest in the matrix
¢€€(T) are the diagonal terms. Therefore the performance

functional P is defined as

PAtr. (L wee(f)] (3-2)

where L is a diagonal matrix which weights the diagonal
elements of ¢€€(T)' For a particular case when the per-
formance criterion is the sum of the weighted mean-square

of the individual errors, P may be written as
P=tr. [L ¢€€(0)] (3-3)

since the autocorrelation evaluated at 7= 0 is precisely the
mean-square error. Equation (3-3) is essentially equivalent

to

P=¢l(t) L e(t) (3-4)

where € (t) is'q x 1 matrix and L is a @ x g diagonal matrix.

T

Note that P is a scalar and P = P~ since L is diagonal.

Minimization Method I
Using the definition of the € (t) given by Equation

(3-1) in Equation (3-4) yields
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P=cl(t) Lc(t) - [a(t) Lc(t) + cr(t) La(t)]

+ ar(t) L a(t) (3-5)

But note that the input-output relation, as expressed in

Equation (1-2), may be written in matrix notation as follows

c(t) = w(T)* r(t-7) (3-6)

where * means the convolution of appropriate components of

w(t) matrix and r(t) matrix. Knowing that
cT(t) = rT (t-T) * w (7) (3-7)

the first term on the right of Equation (3-5) may be written

as

cT(t) L c(t) = rl(t-T) * wi(r) L w(o) * r(t-o) (3-8)

Similarly

cT(t) L d(t) = rl(t-1) * wi(T) L d(t) (3-9)

Note also that

cT(t) L d(t) = X (t) L c(t) (3-10)

since L is diagonal and each element on the right of Equation

(3-5) is a scalar.
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Upon substituting Equations (3-8), (3-9), and (3-10)

into Equation (3-5) P becomes

P =rl(t-T) * wi(T) L w(0) * r(t-0)

(3-11)

- 2 rT(t-T) * wi(r) L d(t) + at(t) L d(t)

This equation given us the sum of the weighted mean-square
of the individual errors in terms of the weighting func-
tions, inputs, and ideal outputs.

The next step is to determine the system functions
that minimize this functional. This is the same type of
problem as the simplest problem in the calculus of varia-
tions which was treated in the early part of Chapter II.
Therefore, the same method of solution is followed. To do
this, it is assumed that such solutions do exist and is
denoted by a q x p matrix Wﬁ(t). Corresponding to Equa-

tion (2-3) we construct

w(t) = wm(t) + ah(t) (3-12)

Here wm(t) is the assumed solution, h(t) is any physically
realizable weighting function matrix and « is a parameter
which may vary to test whether wh(t) is the solution.
Substitution of Equation (3-12) into the right member of
Equation (3-11) makes the performance functional P a func-
tion of the parameter a. By setting the derivative of P

with respect to & evaluated at @ = 0 equal to zero; i.e.
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4. p(a)

aa (3-13)

I
o

a=0

the necessary condition for wh(t) which must be satisfied,

in order for it to be the solution, is arrived.
Substituting Equation (3-12) into the right hand

side of Equation (3-11) and performing the operation sug-

gested by Equation (3-13) gives

rT (t-T) * wg(r) L h(o) * r(t-0)

+ rT(t=T) * KT (T) L w_(0) * r(t-0)

-2 :F(t-‘r) * hT(‘r) Ld(t) =0 (3-14)

In tensor notation Equation (3-14) may be written as

rjl(t-f) * wkj(r) 1kk hki(c) * ril(t-c)

+ ril(t-r) * hki(r) 1kk wkj(o) rjl(t-a)

- 27, (67T * h (1) L & (€) =0 (3-15)

Here it is understood that the repeated indices mean sum-
mation. Also the index m on w(t) was dropped to avoid con-

*
fusion with dummy indices.

*
For further detail see Appendix A.
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Recalling the definitions of autocorrelation and
the cross-correlation functions as given by Equation (2-20),

(2-21), and (2-22), Equation (3-15) may be written as

Lk f_m drwy 5 (1) f-w h; (0) ¢gi(f—a)do
+ [ ar hy ; (7) [ wkj(c) wgi(r—c)do

-2 _ Py (1) mig(f)dr =0 (3-16)

Because of the even property of autocorrelation function

of stationary signals, we know that
Py (T-0) =0 (0-7) (3-17)
This equation implies that

S ) ar wkj(T) J ) h, ; (0) ¢gi(r-c)da

= _armm [ w0 o1 (r-0)do (3-18)

since we can change the order of integration and inter-
change the variables of integration with the result that
the only difference between the two sides will be in the
sign of the autocorrelation variable. Using Equation (3-18)

in Equation (3-16) yields
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2 1kk [I-m dar hki(r) {wkj(o) * wzi(T—O) - ¢i§(r)}] =0

(3-19)
Now the elements of the h(t) matrix are physically realizable
weighting functions but other than that are perfectly arbi-
trary. Therefore the only way that Equation (3-19) can be
satisfied for values of T equal or greater than zero is
for the factor inside the inner bracket to be equal to zero.

Thus we are led to the condition

ji, . _ _ ik _ _
w5 (0) * o (t o) - q(t) =0 (3-20)
for
t=20
k=1, 2, ..... q
all
i=1 2, ..... P

In matrix notation, this equation may be written as

0, (t-0) * wi(o) - @_s(t) =0 for t =0 (3-21)

rr

The integral equation of the form of Equation (3-21) is
known as the vector form of the Wiener-Hopf equation [B.4].
The system weighting function matrix, wm(t), that minimizes
the sum of the weighted mean-square of the individual errors
must satisfy this condition.

Strictly speaking, the condition expressed by the

Equation (3-21) is a necessary but not sufficient to ensure
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a minimum of P. To show that the solution obtained from
Equation (3~21) yields a minimum of P, the second derivative
of P with respect to « is e#amined. Substitute Equation

(3-12) into Equation (3-11) to obtain

P=r'(t-1) * [wi(r) + ah"(1) ] L [w_(0) + ah(o)] * r(t-o)

- 2 rT(t-7) * [w(r) + an™(r)] L a(t) + aT(t) L d(t)

(3-22)

The first derivative of Equation (3-22) with respect to «

is

€L = rT(t-1) * nT(r) L [w_(0) + eh(0)] * r(t-0)

-

+ rT(t-r) + [wﬁ(r) + ahT(T)] L h(o) * r(t-o)

- 2 rT(t=1) * KT (1) (3-23)

The second derivative of P with respect to &« is given by

-~

2
AP _ 5 Tie-r) * hT(7) L h(o) * r(t-0) (3-24)
da? |

But according to Equation (3-8) the right hand side of

Equation (3-24) is proportional to CT(t) L ¢(t). Therefore
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2
i—g =2cT(t) L c(t)
da

(3-25)

where C(t) is the output of the system shown in Figure 3-1
with w(t) being replaced by h(t). The physical interpre-
tation of Equation (3-25) is that the second derivative of
P is nothing more than a sum of the weighted mean-square
values of the set of filtered input functions obtained by
passing this input set through a system having a weighting
functions matrix h(t). Since this summation is always
greater than zero, it is shown that the second derivative
of P with respect to @ is always positive. However, in
strict mathematical terms, the necessary and sufficient

*%*
conditions for a functional of the form

b
Jlyl = [ F(x, y, y')ax, y(@) =2, y() =B
a
(3-26)

to have a strong extremum for the curve y = y(x) are
1) y(x) should satisfy Euler's equation
2) the strengthened Legendre condition
3) the strengthened Jacobi condition

4) the Weierstrass condition

But on the other hand, P, the functional in the above ar-

gument, is not of the type expressed by Equation (3-26)

*
See reference [G.1] for more details.



33

(for example P involves double integrations and, contrary
to F in Equation (3-26), does not have derivative of the
minimizing curve as the argument of its integrand). There-
fore it is quite plausible to consider conditions expressed
by Equations (3-21) and (3-25) as necessary and sufficient
conditions that the solutions obtained from Equation (3-21)
do yield a minimum.

With Equation (3-21) satisfied one can proceed to
find an expression for the minimum P. To do this Equation

(3-11) may be written in tensor notation; i.e.

(=]

| "
P=1;; [ arwg(r) {w;(0) ¢ ) (1-0)}

-0

©

-2 I_

ji ii
¢rd(r) wij(f)dr + wdd(o)

©

Substituting the result of Equation (3-21) into this equa-

tion yields

@

Puin, = Lis [033(0) - ] el () W, (1)ar] (3-27)

In matrix notation Equation (3-27) may be written as

@

o
il

tr. [L gg4(0) - ] u w (1) o 4(T)arT]  (3-28)

min . -0

where tr. [...] denotes the trace of matrix.
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The derivation of the vector Wiener-Hopf equation
is therefore complete. As was pointed out earlier in this
chapter, the development of this method was based on the
extension of the procedures presented by reference [N.2]
for the case of single-input single-output systems. The
derivation was performed strictly in the time domain. 1In
the next section it is shown that transformation to the
frequency domain at the early stages of the derivation

helps to simplify the operations involved considerably.

Minimization Method II

The general error matrix, wee(r), is by definition
Occ (T) & €(t) € (t+) (3-29)
but
€(t) = c(t) - d(t)
Therefore
Pee (T) = 034(T) = 043.(T) = 04(T) + 0, (T) (3-30)

Denote G(s) with proper subscripts as the spectral density
of the function represented by the subscript. For example
let Gee(s) be the spectral density of € (t) and Grr(s) the
spectral density for r(t), etc. Thus corresponding- te

Equation (3-30) one has



35

Gee(s) = Gdd(s) - Gdc(s) - ch(s) + Gcc(s) (3-31)

By definition

-]

T

Geels) = [ cp“(r)e's ar (3-32)

Similarly

Gaels) = [ 0gc(T)e 2Tar (3-33)

But

Pac(™) = alt)e (t+1) = [ w(r)) oy (r-T))ar,  (3-34)

since
(-]

c(t) = [ wi(r)) r(t-r))ar, (3-35)

-0

Here no physical realizability condition is imposed upon
w(t). Upon taking the Fourier transform of Equation (3-34),

using Equation (3~33) there results

«©

Ggels) =) ar ™™ I_Q w(r)) gg. (T-T )7

= _ ary w(ry) f-w ¢§r(r-11) e

"S(7°Ty) 78Ty ar
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@ [+<]

-sST T -s
f w(Tl) e 1 d'rl f-m ¢dr(t) e

- GO

t g

= W(s) Ggr (s) (3-36)

Following the same procedure it can be shown that

ch(s) = W(s) Grd(s) (3-37)

and

Goo(s) =W(s) G__(s) We (s) (3-38)

where W(s) = W(-s).
Substituting Equations (3-36) through (3-38) into
Equation (3-31) yields

G () = Ggq(s) - W(s) Ggr(s) - W(s) G_4(s)

+ ¥ (s) G__(s) Wwe (s) (3-39)

Using the result of Parseval's Theorem it can be

shown that

30

p=tr. [Lo/(0) =-2’1r—j‘]‘ _ tr. [Le_(s)]as (3-40)
-Jm

Now at 7 =0

tr. [W(s) Gy (s)] = tr. [W(s) G, 4(s)] (3-41)
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since W(s) G'gr(s) = Gy (s) and W(s) G_4(s) = G4(s) are

the spectral densities of

x

0go(T) = [ ) d(t) c(t+1)dt

and

@©
Pog T = [ c(t) a(t+n)at
bt - -
and at T = 0 one notes that mdc(O) = wcd(O). With the in-
troduction of Equations (3-31) and (3-41) into Eguation

(3-40) one may write

P =-5%JT j‘-jw tr. [L Ggy(s) - 2L W(s) G 4(s)
+ L (s) 6 (s) We (s) Jds (3-42)

The next step is to determine the system transfer
matrix, W(s), which minimizes P. Here again standard vari-
ational techniques, presented in Chapter II and used in the
preceding section of this chapter, are followed. Construct

a transfer matrix in the variational form
W(s) = Wm(s) + 0H (s) (3-43)

Substituting Equation (3-43) in Equation (3-42), differen-

tiating with respect to a, and setting the result,
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%*
evaluated at @ = 0, equal to zero yields

355 J’_jm tr. [Lf(s) G__(s) W.(s)

+ LW (s) G__(s) HY (s) - 2L H(s) G 4(s)1as = 0
(3-44)

Note that the trace of each of the matrix terms in the
bracket under the integral is a scalar. Interchanging Wm(s)
with H(s) in the second term in the bracket corresponds to
interchanging the order of integration and the labeling of
the integration variables in time domain with the net re-
sult being the sign change of the autocorrelation variable
and corresponding change of Grr(s) to Grr(-s). It implies
that Equation (3-38) may be written as
300

3%3 I-jw tr. (21 H(s) {Grr(s) Wg(s) - Grd(s)}]ds = 0

(3-45)
since érr(s) = Grr(s). Now H(s) is an arbitrary matrix
and L a diagonal matrix with non-zero diagonal elements
proving the only way in which Equation (3-45) can be
satisfied is for the factor in the inner bracket to be

equal to zero. Thus

G, (s) W:;(s) - G 4(s) = 0 (3-46)

*
See Appendix B for details.
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Up to this point no physical realizability condition
has been imposed on H(s). If it is required that H(s) to
satisfy this condition then Equation (3-46) becomes

[Grr(s) W::(s) = [Grd(s) (3-47)

+ +

where [.....]+ is used in the same sense as suggested in
reference [N.2]. That is, [G(s)]+ is defined as the com-
ponents of G(s) which has all its poles in the left half-
plane (ILHP) and stems from the fact that the direct trans-
form of a time function which is zero for negative time
will have all its poles in the IHP. Note that Equation
(3-47) is independent of matrix L and hence the resulting
Wh(t) is independent of the diagonal weighting matrix L.
Substituting Equation (3-46) into Equation (3-42)
gives
joo
Pegpy ) | tr. [LGggls) - Li(s) G 4(s)las (3-48)
-y
where L, as defined before, is a diagonal weighting matrix.
Note that Equations (3-47) and (3-48) are the counterparts

of the Equations (3~21) and (3-28) in the frequency domain.

A Method of Solution of the Vector
Wiener-Hopf Equation

As was pointed out early in this chapter the second

part of the problem discussed herein deals with the solution
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of the vector Wiener-Hopf equation. The method presented
in this section is a modified, combined form of the two
recent methods which appeared in the literature, namely
the method of "undetermined coefficients" presented by
reference [A.2] and the "functional method" developed in
reference [B.4].“ However, before proceeding further along
this line a change of notation is in order to simplify and

ease manipulation of Equation (3-46). Let

A = Grr(s) be a p X p matrix
X = WT(s) be a p X g matrix (3-49)
C = Grd(s) be a p x g matrix

In terms of these new notations Equation (3-41) may be

written as

[ax] = [c] (3-50)
+ +
Note that for each column of matrix C, say CK' the following
matrix relation holds.
[AxKJ = [cK]+ k=1, ... q (3-51)

+

where XK is the kth column of matrix X.

The objective is to solve for the components of
the column vector XK with the column vector cK and matrix
A given. Once this is done the whole procedure is repeated

g times until all of the components of matrix X are found.
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The first step in the solution of Equation (3-51)
is to factor matrix A into two matrices P' and P such that
A = P' P and P is stable. This is always possible since
A, being a spectral density matrix, is a rational, Hermitian

matrix; i.e.,

Different authors have developed methods of factorization
of this type of matrix. The most recent ones are that of
Kavanagh [K.32] and Youla [Y.1]. The method developed by
Youla was further modified by Brockett and Mesarovic [B.4].
Their work has been summarized in Appendix C for easy ref-
erence and has been used to modify Equation (3-51) into

the following form

i

(p'px,] = [c,] K=1, ... q (3-52)
*x + Ky
where

p' = BT

Theorem 2 of reference [B.4] states that if P' contains no
stgble poles then
(p'p] = [p'[D] ] (3-53)
+ + +

Now the result of this theorem is used to define

alptcd (3-54)

D
K +
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Inside the bracket Equation (3-52) is premultiplied by

1 and then the definition for D, is used so that

T pr
P' P K

1, ... g (3-55)

[p prJ+ = [p* DK]+ K

Using Theorem 2 of reference [B.4] again, it can be shown

that Equation (3-55) is equivalent to

tp' [p xK]+]+ = [p [DK]+]+ (3-56)

since P, Xk. and D, are assumed to have stable poles only.

K
On the other hand, P' has only unstable poles. Therefore
if the operation represented by [ ] is peformed, P' can
only modify the residues of the stabIe poles on each side
of Equation (3-56). This implies that as far as stable

poles are concerned one can write

[PxK] = [nK]+ -~ (3-57)
or
[x,] =[] ]
Ky K:I+ +
-1
= [p DK]+ (3-58)

As a result of performing the operation suggested by Equa-
tion (3-58) all of the probable stable poles of the system

are determined. The next step is to modify the residues of
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these poles by taking into account the effect of P' on
each pole. At this point one can use the method of undeter-
mined coefficients, as worked out in reference [A.2], to
determine the modified partial fraction expansion coefficient
of each stable pole.

The significance of the modified method presented
in this section is that, contrary to the method of unde-
termined coefficient presented in reference [A.2], it is
not necessary to find the "natural" poles by solving the
determinant of Grr(s) and then add to it the "forced" poles
if there are any. This is automatically taken care of in
the process of determining the unknown coefficients of the
probable poles. Vanishing df any of these coefficients
means the cancellation of the corresponding poles and hence
the modification of probable poles into actual poles of the
system matrix. The method differs from the functional
method, presented in reference [B.4], in the sense that it
results in stable system directly and does not require
that the poles of eacua member of the system matrix be the
same as those of all other elements as required by the
method of undetermined coefficients presented in reference

[A.2]. These points will be clarified in the next chapter.

Summary of the Derivation

The procedure for solving an equation of the form

represented by Equation (3-50) is summarized as follows:

.
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Step 1. Factorize A into P' and P using the steps sug-
gested in Appendix C.
Step 2. Use Equation (3-54) to find column vectors DK'
Step 3. Perform the operation suggested by Equation (3-58)
and determine the system's probable stable poles. It is
not necessary to find the coefficients of the expansion at
this point.
Step 4. To each pole assign an unknown coefficient aij
where i =1, ..., p, and j =1, ..., m (m being the number
of stable poles). Now substitute the resulting solution
for XK into Equation (3-51) and determine the aij coeffi~
cients.
Step 5. Repeat steps 3 and 4 g times.
Step 6. Use Equation (3-48) to find the numerical value
for Pmin.’

A formalized block diagram of these steps is shown

in Figure 3-2.

A Method of Generating Minimum P

In cases where elements of wh(t) are physically

realizable functions, Equation (3-23) may be written as

P

. p t .
ii _ ji
min. Lis 9aa(® = T 135 ] wig(e) eqltrae

q
=X
i= j=1

i=1
(3-59)
Equation (3-59) is shown in block diagram form in

Figure 3-3.
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FIND THE SPECTRAL DENSITY MATRICES
OF INPUTS, ®, (s}, and INPUT-DESIRED

OUTPUTS, ®,4(s)

v '

. EXAMINE &, (s) and FIND la. FACTORIZE 70. DEFINE
THE LOWEST COMMON | g(s) INTO f(s) SYSTEM MATRIX
DENOMINATOR g(s). and fls) W(s) AS W'(s)= X(s)

2. FIND G(s) AS GIVEN BY
G(s)=g(s) @ (s)

60. DEFINE : ¥ 3
MATRIX C AS 7. FIND X, AS GIVEN BY
y C(s) = ¢rd(S)

[xx]+=[P-|PK]e

3. FIND THE UPPER

TRIANGULAR MATRIX F
8. FIND THE COEFFICIENTS
K. -
A~ USING [AxKL-[cKL_
4. FIND MATRIX : AS 40. FIND THE B and THE METHOD OF
GIVEN BY P = —L ] INVERSE OF [ | UNDE TERMINED
Pt P_MATRIX COEFFICIENTS
5. FIND P' AS GIVEN BY 50. FIND THE
o s BT () > INVERSE OF
il s P' MATRIX
I
y 2
6. FIND COLUMN VECTOR No /THAN q THE
Dk AS_GIVEN BY NUMBER OF
oy = [P Cll]-l- OUTPUTS

4
10. FIND THE NUMERICAL VALUE OF THE
MINIMUM MEAN-SQUARE ERROR,

€2(1), AS GIVEN BY EQUATION (3-48)
min.

Figure 3-2. Formalized Block Diagram of the Proposed
Method of Solution of Vector Wiener-Hopf
Equation.
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Figure 3-3.

Block Diagram Representation of Equation (3-59).



CHAPTER IV
APPLICATIONS

In this chapter the results of the previous chapter
are applied to two illustrative examples. Each example is
solved by two different methods. First the functional method
is used. A summary of the steps involved in this method is
repeated in Appendix D for easy reference. Then the method
suggested in Chapter III is applied. The first example
solved is the one cited-by Amara [A.2]. This solution is
carried out to provide a base for comparison of the various
methods. The second example is more comprehensive and ié
being carried out in detail for illustrative purposes. In
each case an analog computer is used to simulate the result-
ing optimum system and generate the minimized mean-square er-
ror. Finally the results are tabulated for easy comparison.
Example 1 -

Given: The system under consideration is diagram-
matically shown in Figure 4-1. Each of the inputs, r., is
composed of message, m; , corrupted with white noise, n,.

The noises are uncorrelated with each other and with each
message, while the message at the second input is related
to the message at the first input.

47



Required:

48

It is desired to extract the best mes-

sage my (in a mean-square sense) by operating on the inputs

T

2
11 7-s
ry 4-32

rlml+nl

and r, simultaneously.

W, (s)

3s

12, .
Grr(s)"4_52

r2='m2+n2

2
22 4-4g
rr 4_52

Figure 4-1.

Solution:

Wpp(s) Wy,(s)

+

d1=m

1 Géé(s)=

Diagrammatic Representation of Example 1

3
4-s

From the information given in the prob-

lem and shown on Figure 4-1, one obtains the following:

2
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% 3
11 12
Xl = ’ C]_ =
% -3s
21 P

The weighting matrix L is assumed to be the identity matrix.

Corresponding to Equation (3-51),

(ax.] = [ec,] , (3-51)
1 + 1 +
one has
r— —

7-s 3s X 3

4-52 4-52 11 4~52

-3s 4-4s2 x -3s
4-52 4-52 2l . | 4-s2 |+

Modification Steps

The first step in the solution of this problem is
the factorization of matrix A into two matrices P and P'
such that P is stable. To perform this operation the
steps presented in Appendix C are followed.

Step 1. The lowest common denominator of matrix A is

g(s) = 4-52
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Step 2. The newly defined matrix G then becomes

G =gA

-3s 4-4s2

Step 3. Function g(s) may now be factored as

g(s) = (2-s) (2+s) = E(s)£(s)

Step 4. The elements of the upper triangular matrix F

then becomes

£,,(s) = (7-s2)" = /7-s
3s 3s
f.,(s) = —— = ; £,.(s) =0
12°° (7-s%)*  /74s 217
+
£,,(s) = (4-4s%) - —38  _=3s

(V7+s) (V/7-s)

_ (245) (/7425)
(V7+s)

Step 5. The matrix P(s) then becomes

1
£(s)

P(s) = F(s)
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J/71-s 3s
2+s (V/+s) (2+s)
0 /1+2s

J7+s

and the matrix P'(s) is

P'(s) = P (s)
V7+s 0
2-s
-3s /71-2s
(V/7-s) (2-s) /1-s

The inverses of P and P' are calculated to be respectively

2+s -3s
/1-s (V7-s) (V7+2s)
P l(s) =
0 J/7+s
V/74+2s
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2—S 0
/7+s
(s =
3s J/1-8s
(V/7+s) (/7-2s) /7-2s

Using Equation (3-54) the column vector D

-1
D. = [P' ~C,]
1l 1l +
I 2-s
/7+s
3s
(/7+s) (/7-2s)

3
(V+s) (2+s)

1
/7+s

0 32
4-g
/-8 -3s
/71-2s 4-52

- ——

1 is found Lo be

(3-54)

At this point the modification steps are concluded.

In the next section the functional method presented in

reference [B.4] is used to solve the modified form of the

vector Wiener-Hopf equation for this example.
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Functional Method Steps

The steps involved in the functional method are
summarized in Appendix D. Originally only six steps were
suggested in reference [B.4]. Step 6 of the original ref-
erence has to be modified to guarantee the stability of
the elements of the resulting system matrix. Step 7 has
2

been added to include calculation of e

min.(t) in each case.

At some points corrections have been made to take care of
the misprints and/or mistakes contained in the original
paper [B.4].

Step 1. lP(s)l = 0 has only one nonminimum phase zero

in this case. Therefore

m=1, z, = /7, 2 = (zl + zl)_l .
2/7
Step 2. The adjoint of P(s) is found to be
/71428 -3s
/T+s (V7+s) (2+s)
Aipy (8) =
0 /1-8
2+s

The first row of the above matrix is chosen to construct

the B matrix

V7422 -3zl

/1+2z (/7+zl)(2+zl)
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-3
2(2+/7)

1]
ojw

which is a 1 x 2 matrix in contrast to a 2 x 1 matrix as
suggested in reference [B.4].

Step 3. The matrix F is defined as F = BBT and is computed

to be

3
2
F = BB® = l% —
2 (2+/7)
=3
2(2+/7)

9 [ (z+/7)2+1]
41 (2072

The matrix H is defined as the Schur product [B.1] of F

and Z; i.e.,

hij = £i5%i5
Therefore
g o |o(L2vmia) 1
41 21?2 | 2/
and hence
il |42l ),y
9 2
(2+/7) “+1
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Step 4. The components of column vector Vl denoted by

Vi are computed from
Ykl T BKDK (2g)

where, of course, BK means Kth row of matrix B and DK denotes

the Kth column of the matrix D. Then

3
2/7(24/7)

vo. = |3 —=3

11 2 2 (24/7)
1
2/7

=% L - 0.122
2/7+/7
In this particular case
V, =V = 0.122

Step 5. Column vector Uy is defined as H-lvl and matrix

Iy

components of column vector Ul' Therefore

is a diagonal matrix whose elements Yii are the ith

[ (2+/7z ]2 . 3
(2+/7) +1 2(2/7+/7)

0.274
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and
=1
Matrix Ry is defined as
0.411
R, = B'T, =
-0.088

Step 6. The column vector Yx is defined as

K K K

where S is a vector whose ith component is given by

(s+zi)—l. Therefore
S = 1
/7+s
and
3 0.411
(V7+s) (2+s) JT+s
Y, = -
1 -0.088
/T+s /7+s

3~-0.411(2+s)
/7+s) (2+4s)
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Now the column vector Xl is calculated from

(x.] =[p 1y
1 + 1 +
or
[ 2+8 -3s 3-0.411(2+s) ]
/1-s (V/7-s) (V7+2s) (V+s) (2+s)
Xl=
0 /7+s 1.088
V7428 /748
- s
0.411 -
s+1.32
0.544
s+1.32

which is in complete agreement with the corresponding re-
sults obtained by Amara [A.2].

Step 7. In this step the numerical value of the minimum
mean-square error, eiih_(t) for the example cited here, is

found. From the derivation of the results of the func-

tional method, as presented in reference [B.4], one obtains

2 _
€nin. (8) = d19 + @4
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where

o

a10 =507 J | ltr.lGgy(s)] - Bl(s) D (s)}as

J -je

and
T
q; =U;V;
Therefore
g =L j“[ 3 13-8® }ds
10 7215 Vol 3oa2 T (7-62) (a-s2)
ER el J‘ I® 8-252 ds
213 Y _je (s2-7) (s%-4)

*
Performing this integration using the residue theorem it

can be shown that

Now qlis given by

(0.274) (0.122) = 0.0334

Hence

2

€s. (t) =0.378 + 0.0334 = 0.411
min. .

*
See Chapter II or reference [K.2] for more detail.
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which again aérees with the result calculated by Amara
[A.2]. This completes the solution of this problem using
the functional method. 1In the next section the proposed
alternative method of solution of the vector Wiener-Hopf

equation is applied to the same example cited above.

Proposed Alternative Method Steps

A summary of the steps involved in this method was
given in Chapter III. A reference to this summary shows
that the first two steps are modifiers in nature therefore
the same modification steps taken early in the present
chapter still are valid.

Step 3. To determine the system's probable stable poles
Equation (3-58),

(x] =I[r1p] ., (3-58)
+ +

is utilized. There results

| 2+s -3s 3
/1-s (V7-s) (/7+2s) (V/7+s) (2+s)
[x,] =
1 +
0 V7+s 1
/o 7+2s J/7+s
| . —+
211
J/7+2s
a1
/7+2s
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Step 4. With X, as defined above, Equation (3-51)

(ax.] = [c,] , (3-51)
17, 17,
becomes
7-g° 3s 311 B
4—52 4-52 J/7+2s 4-52
-3s 4-4s> 31
4-s2 4-52 /7+2s + L J +

Performing the matrix multiplication and eqguating the cor-

responding elements on each side results

7-¢2 211 3s 251 3
- + . ——— - 2

4—32 J/7+2s 4-52 J7+2s 4-s

The operation [..... ] implies that the resides of similar
+
stable poles on each side of the above equation must be

equal. In other words the following two equations must

hold.
(7-4)a11 - 6a21 _3
4(/7-4) 4
7
-4 -3
(74ayy - 7721 _

2
(4-3)
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from which one obtains

all 0.822

a21 = 1.09

which are the same results as before.

Step 5. This step is not needed for this particular prob-
lem.

Step 6. The numerical value for the minimum mean-square

error is given by Equation (3-48); i.e.,

—_ jo -
eiin.(t) = 5%3 f . tr. [Gdd(s) - W(s)Grd(s)]ds
_JCD
i -
=~§%§ I—jw [Géé(s) - {Wll(s)Gié(s)

+ ﬁlz(s)Gié(s)}]ds

2mj 2 1.32-s 1l.32-s

joo
! [4 3_ (- Q4L 0.545s)]ds
-jw -

1 3% 2.73-1.365s
2m] Y 5o (4-82) (1.32-s)

ds

= 0.411

which again agrees with the previous result. This completes

the solution.
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A comparison of the proposed alternative method
of solution of the vector Wiener-Hopf equation, used in
this section, with the functional method utilized in the
previous section shows that the method presented in this
section is more direct and fewer computations are neces-
sary.

In the next section a technique for generating

2

min (t) on an analog computer is applied to the present

€

example.

Generating ‘ii (t) on an Analog Computer

9]

The minimum sum of the weighted mean-square error,

2

min (t), in the time domain is given by

€

-0

(t) = tr. [L 03q(0) - [ L w(t) @ _4(t)dat] (3-28)

-0

62
min.

For this particular example the above equation is expanded

to give

2

€min.

' t
() = pgg() = [ Luyy () oLt (r)ar

t
- fo wy 5 (7) wﬁc]i('r)dr

since the elements of the diagonal matrix L are all equal

to unity. It can be shown that in this example

11, _3
P33 ) =7
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_ -1.32t . _ -1.32t
wll(t) = 0.411 e ; wlz(t) 0.544 e

-2t

|
b fw
0]

11 21 3
(Drd(t) (Drd(t) > e
Although in this particular case the solution is simple,

it is generated for illustrative purposes. The analog

computer program for this problem is shown in Figure 4-2.

Do

-0.41¢ 3%
e MUL.
-—3- e-Zf
O:lvs
N -
| e2(t)
_ min.
3 e-21
e "2
@ MUL.
@ -0.544¢ 321

Figure 4-2. Analog Computer Program for Generating eiin
' for Example 1. )

(t)
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- Example 2 -

Given: The system under consideration in this
case is shown in Figure 4-3. Again each of the inputs,
£, is composed of message m corrupted with white noise
n,. The noises are uncorrelated with each other and with
each message. The two messages are statistically indepen-

dent random variables.

2
11, , 6-s
Grr(s)"4_52
W (s)
Y., =m,+n W,.(s) W,,(s) d, =m Gll(s)= 2
17 11 12187 ] 171 “aa 4s
Hir L |
(2-s) (1+s) 1
. 22, ,_ 1
r,=m,+n, Wzl(s) sz(s)‘ d,=m Gdd(s)— -
+_
2
22 2-s
G (s)="—=
rr 1_52 €2

Figure 4-3. Diagrammatic Representation of Example 2

Required: It is desired to extract the best my
and the best derivative of m, (in a mean-square sense) by

operating on the inputs r. and r, simultaneously.

1
Solution: From the information given in the prob-

lem and shown in Figure 4-3 one obtains the following
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6-82. -/2
4-52 (2-s) (1+s)
A =
-/2 2-52
(2+s) (1-s) 1-52
xll(s) Xlz(s)
X =
Xy, (s) X5, (s)
2 1
4-s° (2-s) (L+s)
Gaqls) =
1 1
(2+s) (1-8) 1-s2
2 -/2
4-52 (2-s) (1+s)
C =
-/2 -1
(2+s) (1-s) 1-82

The weighting matrix L is again assumed to be an

identity matrix. Corresponding to Equation (3-51),

[ax] = [c]
+ +
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-2

(2-s) (1+s)

L

Modification Steps

Step

Step

Step

(2+4s) (1-s)

(2-s) (1+s)

Xll(s)

Xy, (s)

1. The lowest common denominator of matrix A is

g(s) = (4-5?) (1-52)

2. The newly defined matrix G then becomes

G =

1]

(1-s2) (6-s%)

-/2 (1+s) (2-s)

-/2 (1-s) (2+s)

(2-52) (4-52)

3. Function g(s) may now be factored as

where

g(s) = £(s) £(s)
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£(s) = (2-s) (1-s)

£ (s) (2+s) (1+s)

Step 4. The elements of the upper triangular matrix F then

becomes

fll(s) = (1-s) (/6-5s)

-/2(2+s) (1-s)
£..(8) = = ; f,.(s) =0
12 (1+s) (V/6+8) 21

2,\+
£,,(8) = [(2-%) (a-s?) - 2{&2)
6-s

2+s) (a+s) (b+s
(Vé+s)

where a2 = 4+/6 and b2 = 4-/6.

Step 5. The matrices P and P' then become

P(s) = —%;7 F(s)

£
(1-s) (/6-5) -/2(1-s)
(2+s) (1+s) (1+s) % (V6+s)
0 (a+s) (b+s)
(1+s) (/6+s)

P'(s) = B (s)
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(1+s) (V/6+s) 0
(2-s) (1-s)

-/2(1+s) (a-s) (b-s)
(1-s) 2 (/6-s) (1-s) (/6-s)

The inverses of P and P' are calculated to be respectively

(2+s) (1+s) /2(2+s)
(1-s) (/6-5s) (a+s) (b+s) (/6-s)
pl(s) =
0 (1+s) (/6+s)
(a+s) (b+s)
(1-s) (2-s) 0
(1+8) (/6+s)
pl(s) =
/2 (2-s) (1-s) (/6-s)
(a-s) (b-s) (/6+s) (a-s) (b-s)

Using Equation (3-54) the columns of matrix D are found

to be
D.(s) = [p'-lcl]+ (3-54)
I (1-s) (2-s) 0 2 3
(1+s) (/6+s) ' 4-g2
J/2(2-8) (1-s) (/6-s) -/2
(a-8) (b-s) (/6+s) (a-s) (b-s) (1-s) (2+s)
L A+
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2(1-s)
(1+s) (/6+s) (2+s)

-0.3408
/6+s

and

D,(s) = [t el

2
I (2-8) (1-8) 0 -/2 ¥
(1+s) (V/6+s) (2-s) (1+s)
/2 (2-s) (1-s) (/6-5) -1
(a-s) (b-s) (/6+s) (a-s) (b-s) 1-s2 .
-/2(1-s)
(1+s) 2 (/6+s)
0.0747 _ 0.6076
V/6+s (1+s)
Functional Method Steps
Step 1. |P(s)| = 0 has two nonminimum phase zeroes in this

case. Therefore

The matrix Z then is
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1 1
2 1+/6
2 =
1 1
1+/6 2/6

Step 2. The adjoint of P(s) is found to be

(a+s) (b+s) V2 (1-s)
(1+s) (/6+5) (1+s) 2 (/6+s)
Aipy (8) =
0 . (1-s) (/6-5)
(2+s) (1+s)

The first row of A(p)(s) is chosen to construct the B

matrix; i.e.,

oK _ (a+zK)(b+zK) /2(1-zK)
(ZK) = 2
(l+ZK)G/6+zK) (l+zK) (/B+zK)
Hence
Bl(l) = | {a+l) (b+1) 0
(1+1) (V6+1)
BZ(JB) _ | (a+/6) (b+/6) V6 (1-/6)
- 2
(1+/6) (V/6+/6) (1+/6)“ (V/6+/6)
Thence
1.152 0

1.092 -0.0352
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Step 3. The matrix F is defined as

F = BBL
1.152 0 1.152 1.092
= 1.092 -0.0352 | | o ~0.0352
1.33 1.26
= 1.26 1.194

The matrix H, being a Schur product [B.l] of F and 2,

becomes
0.665 0.365
H =
0.365 0.244
-1
and H becomes
8.41 -12.59
-12.59 22.93

Step 4-1. The components of column vector Vl' denoted

by Vgy are computed from
VKl = BKDl(zK)

Then:
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_ -1
Vi1 = B Dl(l)
= 1.152 0 0
=0
=0.34
/6+1
and
v., = B%D, (/6)
21 1l
2(1-/6)
(1+/6) (2/6) (2+/6)
= 1.092 -0.0352
-0.34
2/6
= =0.0445
Hence
0
Vl =
-0.0445
1

Step 5-1. Column vector U, is defined as H V, and matrix
Pl is a diagonal matrix whose elements Y;; are the ith

components of column vector Ul' Therefore

8.41 -12.59 0

Ul =
-12.59 22.93 -0.0445
0.56

-1.02



T
1 =B

o
|

1.152

0

0.645

Step 6-1. The column vector Y.

73

1.092

-0.0352

-1.114

0.036

K

K K
where
1
l+s
1
/6+s
Then:
0.645 -1.114
RlS =
0 0.036
0.645 _ 1.114
1+s /6+s
0.036
/6+s

0.56

0

-1.02

is defined as
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and

2 (1-s) 0.645 _ 1.114
(1+s) (V6+s) (2+s) 1l+s J6+s
-0.34 0.036
/6+s V6+s

0.469(2.251§L(1.Q;§:$
(1+s) (/6+s) (2+s)

-0.3768
/6+s

At this point reference [B.4] suggests that the column

vector X, be calculated from X, = P-lyl. However, if

one requires that the components of X matrix have stable
poles only then Xl should be calculated from the fol-

lowing equation

[x,] = [p7'y,]

+ +

since the fact that P has stable poles does not guarantee

that its inverse be stable. Therefore

-1
X, =[P ~y,]
1=,
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| (2+s) (1+s) /2 (2+s) 0.469 (2.25-s) (1.014-s)
(1-s) (/6-5) (a+s) (b+s) (V6-s) (1+s) (/6+s) (2+s)
0 (1+s) (/6+s) =0.3768
(a+s) (b+s) /6+s

0.494 _ 0.07
a+s b+s

-0.448 + 0.0713
a+s b+s

But Xl is only the first column of matrix X. To

determine the second column; X2, of matrix X steps 4

through 6 are repeated with column vector D1 being re-
placed by D2.
Step 4-2. The components of column vector V2, denoted by

Vgor are computed from
Vg = BD, ()
Then:
_ o1
Vip = B D2(l)
0
=|1.152 0

0.0747 _ 0.6076
/6+1 1+1
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and
v.. = B%D. (/6)
22 2
0.035
= |1.09 ~0.0352
~0.1608
= 0.0326
Hen ce
0
V2 =
0.0326

Step 5-2. Column vector U, is defined as H_lv2 and matrix
F2 is a diagonal matrix whose elements Y;i are the ith

components of column vector U2. Therefore

8.41 -12.59 0
U2 =

-12.59 22.93 0.0326
-0.410
0.748

and
-0.410 0
. =

0 0.748
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Matrix R2 is defined as
T
R2 = B Ib
1.152 1.092 -0.410 0
0 -0.0352 0] 0.748
-0.472 0.817
0 -0.026

Step 6-2. The column vector YK is defined as

YK = DK - RKS

where again

1
1+s
S=
1
J/6+8
Then:
1
-0.472 0.817 Tis
RZS =
0 - -0.026| |z
0.817 _ 0.472
/6+s 1+s
-0.026
/6+s
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and

-/2(1-s) 0.817 _ 0.472
(1+s)2(/5+s) /6+s l+s

0.0747 _ 0.0607 - =0.026
/6+s l+s /6+s

-0.345(3.11-4.08s+s°

(1+s) 2 (/+s)

~0.5076(2.74+s)
(1+s) (/6+s)

Now the column vector X2 is calculated from

x, = [p"1y,]
2 2 +
[| (2+s) (1+s) /2 (2+5) ~0.345(3.11-4.08s+s>)
(1-s) (/6-s) (a+s) (b+s) (/6-5s) (l+s)2(/5+s)
0 §l+s)§/5+s) -0.5076(2.74+s)
(a+s) (b+s) (1+s) (/6+s)

-0.0876 0.574 0.945
a+s b+s l+s

0.0784 _ 0.586
a+s b+s
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At this point the determination of matrix X is complete.
Step 7. The numerical value of the minimum mean-square

error at the first output is given by

€min. (&) =0 *+ @

where
q = = i) * [Git(s) - D7 (s)D, (s) Jds
10 P ad 1 1
_1 o2 4(1-s2) (0. 34) 2
= 2 2 5, 2 7.+ 3 ds
J " —qel g-g (1-s°) (6-8°) (4-5°) 6-s
= 0.3845

and q; is given by

9 =0"
0
= |o.56 ~1.02
~0.0445
= 0.0454

Hence the numerical value of the minimum mean-square
error at the first output is

2

min.(t) = 0.345 + 0.0454

€

= 0.4299
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. 2 _
Similarly at the second output Gmin.(t) = dyg + q, where
joo

5%5 f_jw [Ggg(s) - D;T(s) Dz(s)]ds

930

jo
1 R -0.6076 . 0.0747
273 ) [ 2 ( 2 * ( +

-j= L1l-s 6-s 1-s /6-s

(-0.6076 . 0.0747))] ds
1+s /6+s

Applying the result of residue theorem the value of 450 is

found to be

9y = 0.2216
Now q, is given by
T
4 U V)
0
= |-0.41 0.748
0.0326
= 0.0244
Hence the numerical value of eiin (t) at the second output
is
€. (t) = 0.2216 + 0.0244
min.

0.246
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This completes the solution of the second example using
the functional method. 1In the next section the proposed

alternative method is applied to Example 2.

Proposed Alternative Method Steps

Steps 1 and 2 of this method have already been
taken in the early part of the solution of the second ex-
ample. Therefore the results of the Modification Steps
are used in the following:
Step 3. To determine probable stable poles of the system

Equation (3-58)
- o-1L
[xK] = [p DK]+ ) (3-58)

is used. There results

p1 D, _

(24s) (1+s) /2 (2+s) 2(1-s)
(1-s) (V/6-5) (a+s) (b+s) (/6-5) (1+s) (/6+s) (2+s)

X! =
1
0 (1+s) (/6+s) -0.34
(a+s) (b+s) /6+s
Al Al Al
11 + 12 + 13

a+s b+s
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and
| (2+s) (1+8) V2 (2+8)
(1-s) (V/6~s) (a+s) (b+s) (/6-5s)
X2 =
0 (1+s) (/6+s)
(a+s) (b+s)
B. B. B. B.
_ll'+._l2 s 23, 14
a+s b+s 1l+s /6+s
Bl Bl
21 22
a+s bfs_._

-/2(1-s)

(1+s) 2 (/6+s)

0.0747 _ 0.6076

J6+s

(1+s)

Now the coefficients Aij and Bij must be modified by con-

sidering the effect of matrix P'.

efficients be Aij

Step 4 and 5.

[ax] = [c]
+ +
becomes
) A(s) Xl(s)
6-s° __ =2 (|Pa, P2,
4-g2  (2-8) (1+s) a+s  Db+s
/2 2sl a1, 22
(2+s) (1-8)  1-s2 ats bts

and Bij respectively.

13

A
J6+s

Let the modified co-

With matrix X defined, Equation (3-51)

(3-51)

Cl(S)

4-52

-/2

(}-5)22+s)
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and
A(s) Xz(s) | Cz(s)
I 2 B,, B.. B.. B, || r _
6-52 -/2 ll| 12I l3I 14 V2
4-s (2-s) (1+s) a+s b+s l+s /6+s (1+s) (2-s)
2 B B
-/2 25 21 B2 -1
(2+s) (1-s) l-s a+s b+s ', L l-s

Since the residue of similar stable poles on each side of
the above two matrix equations must be equal then a set of
simultaneous equations may be written in terms of the un-
known coefficients Aij and Bij' From the simultaneous

solution of these equations the following numerical values

] 1 o
for Aij s and Bij s are determined

All = 0.49, AlZ = -0.0694, Al3 =0

A2l = -0.448, A22 = 0.071

Bll = -0.0871, By = 0.5746, B13 = -0.9427, B14 =0
Byy = 0.079, 322 = -0.586

These coefficients are almost the same as the corresponding
coefficients found using the functional method. Note also
how the vanishing of coefficients Al3 and Bl4-resulted in
the cancellation of the corresponding poles in xl(s) and
Xz(s) such that the optimal system matrix for this par-

ticular example becomes
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W(s) = X (s)
0.49 0.069 -0.448 + 0.071
a+s b+s a+s b+s
~-0.087 + 0.575 _ 0.943 0.079 _ 0.588
a+s b+s 1+s l+s b+s
where

a=2.54 ;: b=1.245
Step 6. The minimum mean-square error at the first output,
using the coefficient values found by the functional method,

is given by

S R 1 j”[ 2 (0.494(b-s)-o.0698(5-s) 2 )
. (t) = _. — - °
“min. 7n3 J 4-g2 (a-s) (b-s) 4-52

_joo

_ (-0.448(b-§)+0.0.0713(a-s) =2
(a=-s) (b-s) (1-s) (2+s)

P

[ 2 [z a-s) (b-s) (1-8) =2 (1-s) [0.494 (b-s)=0.0698 (a-s
-je (4-s2) (a-s) (b-5) (1-s)

1
27j

. /2(2-8)[-O.448(b-s)+0.07l3(a-s)]] ds
(4-s2) (a-s) (b-s) (1-5)

= 0.4254

Similarly the minimum mean-square error at the second out-

put is found to be
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-/2

2 1, I [ 1 (0.0876(b—s)(1f§L
. (t) === +
“min. 2m I 1-52 (a~s) (b-s) (1-s)

I e (L+s) (2-3)

. (0.574(a-s)j;7s)-0.945(a-s)(b-s)) /2
(a=-s) (b-s) (1-s) (1+s) (2-s)

_ (0.0734(b-s)-o.586(a-§1 1 ] ds
(b-s) (a-s) 1-s°

= 0.296

Generating the Total Sum of ‘iin (t)

on_an Analog Computer

The simulation equation in this case is given by

e @ =T oii) - 2 jt w, . (t) @3t (t)at
(T)min. i=1 dd 5=1 ‘0 ij rd
where
- 22 -
ollie) =v2 et p22(r) = o7t
1 -2 -t
ollie) =v2 72t ol2(r) = - 2
21 =2t 22 1l -t
oty = - L2 P2 =-3e
wy () = (0.49 e72-3%F _ 0 0694 e71-24°F)
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wy,(t) = (-0.448 e72-34% 4 0 071 &71-24°Y
wyy (£) = (-0.0871 e 2-34 4 0,575 &71-245F _ g 943 7%
Wy, (t) = (0.079 e 2-34F - o 588 &71-243%,

The analog program for this problem is shown in Figure 4-4.

A summary of the results of this chapter is tabulated in

Table 1.
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MUL.

-2t

MUL.

MUL.

b V'

Figure 4-4. Generating e

MUL.

2
(T)min.

(1+42)
e2m
(T} min.
a=2.54
b=1.245

(t) on Analog Computer.



TABLE 1

A SUMMARY OF THE RESULTS

METHOD OF UNDETERMINED FUNCTIONAL PROPOSED ALTERNATIVE
COEFFICIENTS METHOD METHOD
81w, (e 0.411 0.411 0.a11
HE 11 s+1.32 S+1.32 s+i.32
0 S
“ B= |y (s) 0.545 0.544 0.545
, 4 12'8 s+1.32 s+1.32 s+1.32
2 u%
mw
53]
w1
[N
g 3
(5] v_
=4
3 0.41 0.411 0.411
=
¥
v 0.494 _ _0.07 0.49 _ _0.069
118} 5+2.54 ~ 5+1.245 5+2.54" S+1.245
8
<79 4
SE | wy,(s) -0.448 . 0.0713 -0.448 , 0.071
e 5+2.54  5+1.245 5+2.54 © s+1.245
~ B
: 28 |y (g -0.0876 , _0.574 _ -0.087 , _0.575_ _ 0.943
g Ha 21 s+2.54 ' S+1.245 s+2.54 * 241.245 T s+l
mw
A w... (s) 0.0784 _ _0.586 0.079 _ _0.588
E 22 s+2.54  s+1.245 s+2.54 ~ s+1.245
]

(t)

2

€min.

0.676

0.7214

88



CHAPTER V
SUMMARY AND CONCLUSIONS

Through the use of matrix relationships the well-
known concepts in linear, time-invariant, single input-
single output system synthesis can be extended to solve
the design-by-synthesis problems for systems with a multi-
plicity of inputs and outputs. Because of their practical
significance, systems with random inputs are considered.
The proposed method of approach, as presented in Chapter
III, has basically two parts.

First, the derivation of an implicit solution to
the synthesis problem in the form of vector Wiener-Hopf
equation. The derivation of this type of equation has
been achieved in two different ways. In one method the
derivation has been performed strictly in the time domain.
This method is an extension of the ideas developed in ref-
erence [N.2] concerning the synthesis of optimum linear
constant parameter systems with a single input and output.
In the alternative method the derivation has been performed
strictly in the frequency domain. The frequency domain
approach, as presented in Chapter III, is new and has not
been cited in the existing literature. A comparison of

89
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these two methods shows that transformation from time to
frequency domain at the early stages of optimization pro-
cedure facilitates algebraically the derivation of the
vector Wiener-Hopf equation.

Although a sum of the weighted mean-square errors
is used as a performance functional, it has been shown
that the implicit solution to the minimization problem
is independent of the weighting matrix L.*

The main difficulty in the optimization problem
is to find the explicit solution to the vector Wiener-~-Hopf
equation. The second part of the presentation of Chapter
III deals with the methods of solution of a vector Wiener-
Hopf equation. The method presented in that chapter is a
combination of the "functional method" presented in ref-
erence [B.4] and the "method of undetermined coefficients"
presented in reference [A.2].

Two hypothetical, illustrative examples are treated
in Chapter IV. Each problem is solved first by functional
method and then by the proposed alternative method developed
in this work and presented in Chapter III. It has been
shown that the functional method as presented in reference
(B.4] may result in system matrix with some unstable poles.
Therefore an operation is presented that should be performed
on the final system as obtained by the functional method to

guarantee the stability of the system poles.** The proposed

%*
See Equation (3-21) or equivalently Equation (3-46).

**See solution to Example 2 for more detail.
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method of this work, on the other hand, is developed in
such a wa?ﬂfhat it always results (with less computational
effort) in systems with stable poles. The advantage of
this method over the one suggested by reference [A.2]

is that here it is not necessary to find the "natural"
poles by solving the determinant G,,(s) and then add the
"forced" poles if there are any. In this technique this
is automatically taken care of in the process of determin-
ing the unknown coefficients of the probable poles. Van-
ishing of any of these coefficients means the cancellation
of the corresponding poles and hence modification of proba-
ble poles into actual poles of the system matrix.* The
method results in stable system directly and does not re-
quire that the poles of each member of the system matrix
be the same as those of all other elements.

None of the existing methods of solution of the
vector Wiener-Hopf equation including the one presented in
this work are fully adaptable to digital computation unless
a specialized program is written that can handle the func-
tional operation properly. The method of generating the
minimum mean-square error on an analog computer enables the
designer to find the value of the performance functional,
once the system matrix is determined.

A summary of the results obtained in Chapter IV

are tabulated in Table I. Comparison of these results

*See solution to Example 2 for more detail.
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reveals some interesting findings. However before pro-
ceeding to the discussion of these findings a few words
are in order regarding the selection of the particular
types of input messages used as representative of random
input functions.

Many writers such as Lanning and Battin [L.1] have
noted the presence of damped exponential-cosine or expo-
nential processes. Bendat [B.2] studied different mathe-
matical-physical sources and assumptions under which ex-
ponential autocorrelation functions occur. The net result
of his studies is a strong appreciation for the exponen-
tial cosine and exponential autocorrelation function as a
means of describing much of the random noise phenomena of
interest. Calculation of these correlation functions or
their associated spectral density functions are carried
out in detail in references [B.2], [L.1], and [S.5]. A
summary of the results of these derivations is given in
Appendix E. These results are used as a justification
for the type of input signals ﬁsed particularly in the
second example.

In going back to the discussion of the results of
the examples, the first interesting point is that when the
inputs to the system are somehow related to each other,
i.e., when one is, for instance, the derivative of the
other, etc., the solution matrix will have all its elements
with identical, stable-only poles. And furthermore, the

numerical value of the minimum mean-square error at the
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first output is the same as the partial fraction expansion
coefficient of the pole of the first element in the system
matrix. In this case each element of the system matrix has
only one pole; i.e., the interconnecting'sub-systems are
first order systems.* The functional method without modi-
fication will produce the same resulting system matrix as
the method developed in this work namely the proposed alter-
native method. These points are shown in Example I.

However, when the inputs are not related such as in
Example II, the elements of system matrix may not have iden-
tical poles and the system resulting from the application of
functional method must be modified to obtain the desired sta-
ble system matrix.** The resulting sub-systems (coupling
systems) are of 2nd and 3rd order. As is the case in free
configuration type of synthesis, the choice of the system
is dictated by the nature of the inputs and the desired out-
puts subject to the physical realizability condition.

In conclusion it may be added that although the op-
timization procedure is carried out for free configuration
case, the semi-free configuration type problem can be han-
dled by modifying the system matrix W such that it includes

the fixed plant matrix by using proper feedback loops.

*
See Table I.

**See the solution to Example II.
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Recommendation for Future Work

In Chapter III the necessary and sufficient condi-
tions for the existence of a strong extremum for a function-
al were enumerated. It is worthwhile to study and investi-
gate just how close a functional of the form of Eqﬁation
(3-11) will satisfy the necessary and sufficient conditions
mentioned previously. The first step in this direction
should be the modification of these conditions since Equa-
tion (3-11) is not quite of the same form as Equation (3-26).

In the optimization method presented in this work
constant parameter linear systems are used. Time-varying
systems do occur in practical problems so often that an
attempt to optimize such systems, using perhaps an exten-
sion of the present work, should prove worthwhile. There
has been some work done along this line. Reference [P.2]
gives a good account by using the method which was developed
by Shinbrot [S.2] to solve the modified vector Wiener-Hopf
equation. However, this method of solution is based on the
assumptions that the system impulse response is separable
and that the random input functions have a particular type
of autocorrelation function. A more general and less re-
strictive method of solution of the modified vector Wiener-
Hopf equation is desirable.

The technique of generating mean-square errors at
the output of linear time-varying systems which was developed
in reference [M.4] may be used to generate minimum mean-

square error when dealing with time-varying systems.



A.2

B.1l

B.2

B.4

C.1

BIBLIOGRAPHY

Alexandro, F. J., Jr. "Compensation of Plant Varia-
tions in Optimal Control Systems," IEEE Trans.
on Automatic Control, Vol. AC-10, No. 3,
pp. 275-280, July 1965.

Amara, R+ C. "The Linear Least Square Synthesis of
Multi-Variable Control Systems," AIEE Trans. on

Applications and Industry, pt. II, Vol. 78,
pp. 115-120, May 1959.

Athanas, M. and Flab, P. L. Optimal Control. New
York: McGraw-Hill Book Co., 1966.

Bellman, R. E. Introduction to Matrix Analysis.
New York: McGraw-Hill Book Co., 1960.

Bendat, J. S. Principles and Applications of Random
Noise Theory. New York: John Wiley & Sons, Inc.,
1958.

Bootan, R. C., Jr. "An Optimization Theory for Time-
Varying Linear Systems with Non-Stationary Sta-
tistical Inputs," IRE Proc., Vol. 40, pp. 977-
981, August 1952.

Brockett, R. W. and Mesarovic, M. D. "Synthesis of
Multi~-variable Systems," AIEE Trans. on Appli-
cations and Industry, pp. 216-221, Sept. 1963.

Chang, S. S. L. Synthesis of Optimum Control Systems.
New York: McGraw-Hill Book Co., 1961.

Curzy, J. B., Jr. and Perkins, W. R. "A New Approach
to the Sensitivity Problem in Multivariable Feed-
back System Design," IEEE Trans. on Automatic
Control, Vol. AC-9, pp. 216-223, July 1964.

Dorato, P. Discussion of Reference H.1.

Elsgolts, L. S. Calculus of Variations. Reading,
Mass.: Addison-Wesley Publishing Co., 1962.

95



96

F.1 Freeman, H. "A Synthesis Method of Multipole Control

Systems, " AIEE Trans. on Applications and In-
dustry, Vol. 76, pt. II, pp. 28-31, March 1957.

G.1 Gelfand, I. M. and Fomin, S. V. Calculus of Varia-
tions. Englewood Cliffs, New Jersey: Prentice-
Hall, Inc., 1963.

G.2 Graham, D. and Lathrop, R. C. "The Synthesis of
Optimum Transient Response: Criteria and Standard

Forms," AIEE Trans. on Applications and Industry,
Vol. 72, pt. II, pp. 273-288, November 1953.

G.21 Graham, D. and Lathrop, R. C. "The Performance of
Servomechanisms with Derivative and Integral

Control," AIEE Trans. on Applications and In-
dustry, Vol. 73, pt. II, pp. 10-17, March 1954.

G.3 Graham, D. "The Influence of Time Scale and Gain
on Criteria for Servomechanisms Performance,"
AIEE Trans. on Applications and Industry, Vol.
73, pt. 1II, pp. 153-158, July 1954.

H.1 Hsieh, H. C. "Synthesis of Optimum Multivariable
Control Systems by the Method of Steepest
Descent," IEEE Trans. on Applications and In-
dustry, Vol. 82, pp. 125-130, May 1963.

H.2 Horowitz, I. M. Synthesis of Feedback Systems.
New York: Academic Press, 1963.

J.1l James, H. M., Nicholas, N. B. and Phillips, R. S.

Theory of Servomechanism. New York: McGraw-
Hill Book Co., 1947.

K.l Kalman, R. E. "A New Approach to Linear Filtering
and Prediction Problem," ASME Trans., Series D,

Journal of Basic Engineering, pp. 35-45, March
1960.

K.2 Kaplan, W. Advanced Calculus. Reading, Mass.:
Addison-Wesley Publishing Co., Inc., 1952.

K.31 Kavanagh, R. J. "Multivariable Control Systems
Synthesis," AIEE Trans. on Applications and
Industry, Vol. 77, pp. 425-429, November 1958.

K.32 Kavanagh, R. J. "A Note on Optimum Linear Multi-
variable Filters," Proc. Institute of Electrical
Engineers, London, England, Vol. 108, pt. C,
pp. 412-417, September 1961.



K.4

L.l

M.21

M.22

97

Kipiniak, W. Dynamic Optimization and Control.
New York: M.I.T. and John Wiley & Sons, Inc.,
1961.

Lanning, J. H., Jr., and Battin, R. H. Random
Process in Automatic Control. New York:
McGraw-Hill Book Co., 1956.

Liu, S. H. and Thaler, G. J. "An Analytical Method
for Analysis and Design of Control Systems,"
IEEE Trans. on Automatic Control, Vol. AC-10,
No. 1, pp. 49-59, January 1965.

Matyas, J. and Silhanek, Y. "The Description of
Multidimensional Linear Systems in Matrix
Form," Automation and Remote Control, Vol. 22,
No. 7, pp. 768-777, July 196l.

Mesarovic, M. D. The Control of Multivariable
Systems. New York: The Technology Press of
M.I.T. and John Wiley & Sons, Inc., 1960.

Mesarovic, M. D. Foundation for a Control Theory

of a Multivariable System. New York: John
Wiley & Sons, Inc., 1960.

McBride, L. E., Jr., and Narendra, K. S. "Optimi-
zation of Time-Varying Systems," IEEE Trans. on
Automatic Control, Vol. AC-10, No. 3, pp. 289~
294, July 1965.

Mofeez, S. M. "Measurement of the Mean-Square Error
at the Output of a Certain Class of Linear Sys-
tems with Noise Input Using Analog Computer
Techniques," M. S. Thesis, The University of
Oklahoma, 1966.

Morgan, B. S. "Multivariable Systems," IEEE In-
ternational Convention Record, Vol. 13, pt. 6,
pp. 87-95, 1965.

Narendra, K. S. and Goldwyn, R. M. "Application
of Matrix Methods to the Optimum Synthesis of
Multivariable System Subject to Constraints,”
AIEE Trans. on Applications and Industry,
Vol. 81, pt. II, pp. 151-157, July 1962.

Newton, G. C., Jr., Gould, L. A. and Kaiser, J. K.

Analytical Design of Linear Feedback Controls.
New York: John Wiley & Sons, Inc., 1957.



98

Papoulis, A. The Fourier Integral and Its Appli-
cations. New York: McGraw-Hill Book Co., 1962.

Peterson, E. L. Statistical Analysis of Optimi-
zation of Systems. New York: John Wiley and
Sons, Inc., 1961.

Povejsil, D. J. and Fucls, A. M. "A Method for
Preliminary Synthesis of a Complex Multiple
Control System," AIEE Trans. on Applications
and Industry, Vol. 74, pt. II, pp. 129-134,
July 1955.

Sherman, S. "Non-Mean Square Error Criteria," IRE
Trans. on Information Theory, Vol. 1T-4, No. 3,
pp. 125-126, September 1959.

Shinbrot, M. "A Generalization of a Method for the
Solution of Integral Equations Arising in Op-
timization of Time~-Varying Linear Systems with
Nonstationary Inputs,” IRE Trans. on_Information
Theory, Vol. 1T-3, No. 4, pp. 220-224, December
1957.

Shinners, S. M. Control System Design. New York:
John Wiley & Sons, Inc., 1964.

Sokolnikoff, I. S. and Reaheffer, R. M. Mathematics

of Physics and Modern Engineering. New York:
McGraw-Hill Book Co., 1958.

Solodnikov, V. V. Introduction to the Statistical

Dynamics of Automatic Control Systems. New York:
Dover Publications, Inc., 1960.

Thiede, E. C. and Stubberud, A. R. "Control System
Synthesis Usir3 Linear Transformation," IEEE
Trans. on Automatic Control, Vol. AC-10, No. 2,
pp. 172-177, April 1965.

Tou, J. . Modern Control Theory. New York: McGraw-
Hill Book Co., 1964.

Tyler, J. S., Jr., and Tuteur, F. B. "The Use of
a Quadratic Performance Index to Design Multi-
variable Control System," IEEE Trans. on Auto-
matic Control, Vol. AC-11l, No. 1, pp. 84-92,
1966.

Wiener, N. The Extrapolation, Interpolation and
Smoothing of Stationary Time Series with Engi-
neering Applications. New York: John Wiley &
Sons, Inc., 1949.




99

W.2 Wong, E. and Thomas, J. B. "On the Multidimensional
Prediction and Filtering Problem and the Fac-
torization of Spectral Matrices," Journal, The
Franklin Institute, Vol. B, pp. 87-99, August
1961.

Y.l Youla, D. C. "The Factorization of Rational
Matrices," IRE Trans. on Information Theory,
Vol. 1T-7, No. 3, pp. 172-189, July 1961.

Z.1l Zadeh, L. A. and Desoer, C. A. Linear System
Theory. New York: McGraw-Hill Book Co., 1963.



APPENDICES



APPENDIX A
EXPANSION OF EQUATIONS (3-14)

Equation (3-14) may be written in the following

equivalent form with the averaging operation understood.

wg(r) L
_ R -
wll"’wkl"'wa lll
L (£-7)
*
[rll"'rjl"'rklj wlj"'wkj"'wqj lkk X
co oW
wlk"'wkp ap qu
h (o) r (t-o)
- — L
hype-eByy---hyg Ty
heyes ot | % Ey
hql"'hqi' .hqp rkl
L — L _
hT(r) L
hll...hkl...hql 19,
T (t-T)
+[rll...ril...rk1]* hli...hki...hqi Lk x
h, ...h, _...h 1
1lp hkp qp Qg
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Now since each term on the LHS of Equation (A-1l) is a

scalar it may be written as
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rjl(t_r)*wkj(T)lkkhki(o)*ril(t-o)

+ 15, (t-7) *hki (1) lkkwkj (o) *rjl (t-0o)

- 2ril(t-T)*hki(T)lkkdkl(t) =0 (a-2)

which is Equation (3-15) with summation on repeated indices

understood.



APPENDIX B
DERIVATION OF EQUATION (3-44)

Substitute Equation (3-43) in Equation (3-42) to
get

b b - -
P = 57-1;3- j‘_jm tr.[L Gaq(s) - 2LLR (s) + ofi(s) ]G 4(s)

+ L[ﬁm(S) + MTI(S)JGrr(S) [WIT‘(S) + ag’ (S)]] ds (B-1)

Differentiation of Equation (B-1l) with respect to « gives

j® -
% - 3-111—3 j‘_jw tr. [-2 L fi(s) G_4(s)
~ T T
+ L H(s) 6. (s) [W (s) + oH" (s)] (B-2)

+ L[ﬁm(s) + aﬁ(s)]Grr(s) HT(s)] ds

Set Equation (B-2), evaluated at a@ = 0, equal to zero to get

joo -
2713. J’_jm tr. [[L H(s)G, (s) w:;(s) (B-3)

+ L ﬁm(s)err(s) Hi(s) - 2 L ﬁ(s)Grd(s)] d(s) =0

which is the desired result; i.e., Equation (3-44).
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APPENDIX C

STEPS INVOLVED IN FACTORIZATION OF A

HERMITIAN MATRIX

The problem considered in this appendix can be
formulated as follows:

Given a rational, Hermitian matrix A, find P' and
P such that A = P' P and P be stable.

This problem has been treated in the literature by
several different authors such as Youla [Y.l], Kavanagh
[K.32], and Brockett-Mesarovic [B.4]. The latter authors
presented a simplified version of the work done by
Youla. The summary of their presentation is as follows:

Step 1. Find the lowest common denominator of
matrix A and call it g.

Step 2. Define a new matrix G such that
G=gaA

with the result that elements of G, gij(s), all become
polynomials of s.

- Step 3. Factor g into f£' and £ such that

g=f'f
105
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where £'(s) = f£(-s) = E(s).
Step 4. Construct an upper triangular matrix F,

with fij as elements, such that

fll(s) = (gll(s))—

g,.(s)
£,4(s) e j>1
’ (91, ()
fij(s) =0 i>3
i-1 - +
fii(s) = gii(s) - ji fji(s) fji(s) i>1
n-1 -
Gi() = I £;08) E5 (9
£;(s) = JE = i>n
S
nn

Wwhere (.....) denotes the factors of the argument which
contains all the right half-plane poles and zeroes and
(eeese )+ means the factors of tﬁe-érgument which contains
all the left half-plane poles and zeroes.

Step 5. Define
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and

This completes the factorization steps.



APPENDIX D

STEPS INVOLVED IN USING FUNCTIONAL

METHOD OF SOLUTION

The procedure for solving an equation of the form
[P'PX]+ = [P'D]+ where P and D are stable is summarized.
Originally only six steps were suggested in the litera-

ture. Step 7 has been added to include calculation of

2
min.

been made to take care of the misprints and/or mistakes

€ (t) in each case. At some points corrections have

that appeared in the original paper [B.4].

Steps suggested are as follows:

Step 1. Find the right half-plane (non-minimum
phase) zeroes of the determinantial equation lP(s)l =0

and label them zK. Assume there are m such zeroes.

Define zjK as (zj + zK)

whose elements are zjK'

Step 2. Compute any nonzero row of the adjoint

1 and form the m x m matrix Z

of P(zK) and label this row vector BK. Form the m x n
(not n x m as suggested'in the original paper) B matrix

whose Kth row is the row vector BK.
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Step 3. Compute the m x m matrix BBT and call it

F. Define H as the Schur product [B.l1] of matrices F and

1

Z; i.e., let h., = (f. Compute H .

s = Fr?ix) -
Step 4. Compute the inner product BKDi(zK) and

label it v,.. The column vector whose components are

K1
vKi 1s written as VK'
Step 5. Define Uy as H-lVK and define Ik’to be a

diagonal matrix whose diagonal terms Y;i are equal to the

us of the vector U, and whose off-diagonal terms are zero.

K
. T
Define Ry to be B rk.
Step 6. Define a column vector S whose ith com-

ponent is (s+zi)-l. If Y is defined as D-RS then X is

given by P_lY and the mean-square error, d, is given by UTV.
At this point the steps suggested by reference [B.4]
are exhausted. However, if one requires that the components

of X matrix have stable poles only then X should be cal-

culated from the following equation
(x], =[P 11!]+

since the fact that P has stable poles does not guarantee
that its inverse be stable. To determine the individual
errors, ¢, one must use Equation (25) of the reference

[B.4] instead of Equation (39) which is suggested by the

authors of that paper, i.e.
qi - Rlz(Rl)T

where Rl is the ith row of matrix R.
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In discussing the filter design problem the authors
of reference [B.4] denoted the autocorrelation of the
desired output as c. They later defined qye in Equation
(20), as

1 +iew
qO =-5T-r—i' J‘—ico (C'C - D'D)ds

This seems confusing. To avoid this confusion a change
of notation was made as follows:
Let d(s) be a column vector corresponding to the

Fourier transform of c(t) then define

1 Je
qo = 2“,"3' I-jm (a'd - p'D)ds

U S L - Nt
=753 f_jm {tr. (64q] - D'Dlds

where Gdd(s) is the spectral density matrix corresponding

to mcc(t).

Step 7. Define
2. () =q +dq
min. (o)

where
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1

Jeo
G = 25 Iy (tr-[ogq(e)] - D'D] as

and



APPENDIX E

SOME SPECTRAL DENSITIES OF WELL-KNOWN

RANDOM SIGNALS

Spectral densities of some of the well-known random
signals are mentioned here. For details of derivations
the readers are referred to the references [B2], [Ll], and

[s5].

1 - Telegraph Signals

where:

i = average number of sign reversal
per unit time
a = constant amplitude of the signal

2 - Typical Signal at the Input of a Servomechanism

r(t)

< P; —— |}23 €

=R
2

 J

Figure E-1. A Square Wave with Random Width and Amplitude
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where:

r(t) = a stationary random input

_ 1
u =T
T
a2 = r(t) r(t+r)
n T

3 - Thermal Noise in Electric Circuits

a) At the Output of an L-R Circuit

n(t) S R |v(t)

Figure E-2. An R-L Network

Gy (8) =-:—§_‘?
where
K =G__(s)
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b) At the Output of An L-R-C Circuit

L
NS G A0 ( § ) N

n(t) @ (o — v(t)

R
VAV VAVAV,V.V, VW v

Figure E-3. An L-R-C Network

Gy (s) ='?;§+szf§f4bzsz
where
2ol
2b = R/L
K = Gnn(s)

4 - Random Impact of Particles in Brownian Motion
Let x(t) be a random variable with its mean value
equal to zero and its variance equal to 02 then

02=C)\
where )\ is uniform average density of point distribution

along time axis and C is a constant. For this type of input

Gxx(s) = C
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5 - Atmospheric Turbulence Phenomena

2

]
+c2)sz+(k2+c2)2

(k2+c2) - 5
2

G__(s) = Ak
rr [54-2(k

where A, k, and ¢ are some constant.



C(s)

c

c(t)
cg(t)
c..(t)

ij
cij(S)

APPENDIX F
NOMENCLATURE

A spectral density matrix (40), a constant (32)*
Constant coefficients (8l)

Adjoint of matrix P(s) (53)

A constant (32)

Coefficients of expansion (15,59)’

A matrix (53), a constant (32)

A raw vector (55)

Constant coefficients (82)

A constant (32)

A closed curve (15) spectral matrix (40)
capacitor (114)

A column vector of matrix C (40)

Laplace transform of c(t) (18)

A constant (115)

Total output matrix (22)

Total output of gth terminal (3)

Output at terminal j due to ith input (4)

Laplace transform of cij(t) (17)

*The numbers in parentheses at the end of each
definition refer to the page number where the symbol was
defined or first appeared.
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a(t)
a, (£)
2

emin.(t)

e
F

F(s,y.,y")

£,%5,

£(z)
G

G(s)
€€

g(z)
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A domain (15), a matrix (41)
A column vector (42)
Desired output column vector (22)
ith components of d(t) (5)
Minimum mean-square error (30)
Base of Naperian logarithms, 2.71812 (17)
A matrix (15)
A function of x, y, yv' (12)
Convolution of £; and fz (26)
A function of complex variable z (15)
A matrix (45)

An error spectral density matrix (34)

A function of complex variable z (16)

A matrix (54) |

Inverse of H (54)

An arbitrary matrix (27)

An arbitrary function of x (13)

Derivative of h(x) with respect to x (14)
Element of h(t) (28)

Element of H (54)

An integer used as subscript or superscript (3)
An integer used as subscript or superscript (3)
an imaginary number /-1 (15)

An integer used as subscript or superscript (28)
a constant (115)

A diagonal matrix (25), inductance (113)



LHS

r(t)
r. ()

rj(s)
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Left hand side (103)
A diagonal element of L (28)
An integer (53)
Input message (47)
An integer (15)
Noise input (47)
A performance functional (25), a matrix with
stable poles (41)
Transposed - conjugate of P matrix (41)
Inverse of P matrix (42)

Fixed points with coordinate x_, y_ and x, vy
o" ‘o 1, ‘1

respectively (12)

An integer used as subscript (3)

An integer used as subscript (3) mean-square
error (57)

Mean-square error modifier (57)

Radius (16), resistance (113) a matrix (56)
Right hand side (104)

Laplace transform of r(t) (18)

A column input vector (22)

ith component of r(t) (3)

jth component of R(s) (17)

ri(t)riit+¢) = Ensemble average (18)

ri(t)ri1t+¢) = Time average (19)

S

A column vector (56)

Laplace transform variable (17)



W(s)
wij(S)
w(t)
w, (t)

wij(t)
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Time (7)
Trace of a matrix (25)
A column vector (55)
A column vector (55)
ith component of vector Vj(55)
Laplace transform of W(t) (18)
Element of W(s) (17)
Matrix of weighting functions (22)
Optimum weighting function matrix (27)
Element of w(t) (3)
A matrix with unknown elements (40)
kth column of X (40)
An independent variable (12)
A fepresentative of an ensemble of random
input (114)
A column vector (56)
A dependent variable (12)
Derivative of y (13)
A family of curves (13)
A square matrix (53)
A complex variable (15)

Zeroes of a polynomial (53)

Greek Letters
A parameter (13)
A constant defined by R/L. (113)

Lagrange multiplier matrix (55)
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Error function (23)

e(t) =

€ = A small positive number (14)

ez(t) = Mean-square error (57)

) = An angular variable (16)

A = Uniform average density (114)

m = Average number of sign reversal per unit time (112)

™ = 3.1416 (15)

o = Time variable (26)

02 = Variance (114)

T = Time variable (7)

o (x) = A function of x (14)

¢€E(T) = General error matrix (24)

mii(t,T) = Autocorrelation of ri(t) when it is non-
stationary random time function (18)

mii(T) = Autocorrelation of ri(t), a stationary random
time function (19)

Py = Matrix of auto and cross correlation functions
(20)

er(s) = Laplace transform of wrr(T) (20)

iii(s) = Diagonal eiements of er(s) (19)

mrd(T) = Crosscorrelation matrix (20)

@ig(T) = General element of wrd(w) (19)

ird(s) = Laplace transform of ¢rd(7) (20)



