


THE UNIVERSITY OF OKLAHOMA 

GRADUATE COLLEGE

E F F E C T S  OF LARGE-SCALE SUBSIDENCE ON CELLULAR 

CONVECTION IN THE ATM OSPHERE:

A NUMERICAL EX PERIM EN T

A DISSERTATION 

SUBMITTED TO THE GRADUATE FACULTY 

in  p a r t ia l  fu lfillm en t of the re q u ire m e n ts  fo r the 

- — d e g re e  of

DOCTOR OF PHILOSOPHY

BY

STANLEY LOUIS BARNES 

N orm an, O klahom a 

1967



E F F E C T S  OF LA RG E-SCA LE SUBSIDENCE ON CELLULA R 

CONVECTION IN THE ATM OSPHERE:

A NUMERICAL EX PERIM EN T

APPROVED BY

..'y. -  J  C-. ' — ......

DISSERTATION COMM ITTEE



ACKNOWLEDGEMENTS

The a u th o r 's  d eep es t g ra titu d e  is  extended to P ro f . Y. S asak i 

w hose co n cern , tim e ly  guidance, and en co u rag em en t w ere  p aram o u n t 

co n trib u tio n s to the acco m p lish m en t of th is  r e s e a rc h . A p p rec ia tio n  is 

a lso  extended to M rs. K athryn  B righam  fo r  h e r  a s s is ta n c e  in  typing 

the p ap er.

T his r e s e a rc h  w as p e rfo rm e d  un d er the sponsorship-jof the 

E n v iro n m en ta l Science S e rv ic e s  A d m in is tra tio n , G ran t WBG-57 aw ard 

ed to  the U n iv ersity  of O klahom a R e se a rc h  In s titu te  and w as in  co n n ec

tion  w ith  g raduate  study a t the U n iv e rs ity  of O klahom a.

I ll



TABLE OF CONTENTS

Page

LIST OF T A B L E S ................................................................................................. v

LIST OF IL L U S T R A T IO N S ............................................................................. v i

C hap ter

I. IN TR O D U C TIO N .................................................................................... 1

II, THE GOVERNING E Q U A T IO N S ......................................................6

III, THE NUMERICAL M O D E L ..........................................................13

IV, DESIGNATION OF THE EX PERIM ENTAL
P A R A M E T E R S ...................................................................................23

V, RESULTS AND D ISC U SSIO N ......................................................... 28

VI, C O N C L U S IO N S ..................................................................................54

BIBLIOGRAPHY..................................................................................................... 59

APPENDICES

A. DERIVATION OF THE GOVERNING
D IFFEREN TIA L EQUATIONS.......................................................... 62

B. DERIVATION OF BASIC-STATE TEM PERATURE . . .7 4

C. INVESTIGATION OF COMPUTATIONAL STABILITY . . 76

D. RECURSION FORMULA FOR i j j ( z , t ) ...................................... 80

IV



LIST OF TABLES

T able P age

1. N o m e n c la tu re ............................................................................................83

2. C onstan t P a r a m e t e r s .........................................................................86

3. P a ra m e te r s  V aried  fo r  Indiv idual C a s e s ....................................87



LIST OF ILLUSTRATIONS

Illu s tra tio n  P age

1. E x am p les  of c e llu la r  cloud p a tte rn s
photographed  fro m  NIMBUS I s a te l l i te .........................................88

2. B a s ic - s ta te  te m p e ra tu re  d is tr ib u tio n s  fo r
su b sid en ce  and n o n -su b sid en ce  c a s e s ......................................... 89

3. G row th of s tream fu n c tio n  fie ld  fo r
20-km  subsidence c a s e ........................................................................ 90

4. V a ria tio n  of w ith  t i m e ............................................................91

5. In itia l av a ilab le  p o ten tia l en e rg y ....................................................... 92

6. R atio  of to ta l en erg y  to in itia l en erg y  as
a function  of t i m e ...................................................................   93

7. S tream f unction  a t  t  = 6 h r  fo r  subsidence c a se s  . . . .  94

8. S tream f unction  a t  t  = 6 h r  fo r n o n -su b sid en ce  c a se s  . . 95

9. T im e v a r ia tio n  of ava ilab le  p o ten tia l en e rg y  and
k inetic  energy  fo r  50-km  c a s e s ..................................................... 96

10. C onvective h ea t t ra n s p o r t  fo r 50-km  c a s e s ...................... 97

11. S ources and s inks of to ta l en erg y  fo r  subsidence c a se s  . 98

12. S ources and s inks of to ta l en erg y  fo r  n o n -su b sid en ce
c a s e s 99

13. H o rizo n ta l v e lo c itie s  U and V as a function of
heigh t fo r  the 50-km  c a s e s ..........................................................100

V I



I llu s tra tio n

14.

15.

1 6 .

17.

18. 

19.

E x cess  te m p e ra tu re  and v e r t ic a l  m otion  as 
a function of h e ig h t fo r su bsidence  c a se s  .

E x cess  te m p e ra tu re  and v e r t ic a l  m otion  as 
a function of h e ig h t fo r  n o n -su b s id en ce  c a se s

Convective h e a t tra n s p o r t  fo r  5 -km  c a se s . 

Convective h e a t tra n s p o r t  fo r  20-km  c a se s

Ratio of h o riz o n ta l to v e r t ic a l  v e lo c ity  m ax im a

,2V ertic a l d is tr ib u tio n  of WT

20. Cum ulative e r r o r  in  evaluation  of to ta l energy  
i n t e g r a l ...........................................................................

21. E ffec t of C o rio lis

22. Subsidence e ffec t on ra tio  of cloudy to c le a r  a ir .

P age

. 101

. 102 

. 103 

. 104 

. 105 

. 106

. 107 

. 108 

. 109

Vll



E F F E C T S  OF LA RG E-SCALE SUBSIDENCE ON CELLULAR 

CONVECTION IN THE ATM OSPHERE:

A NUMERICAL EX PERIM EN T

CH A PTER I 

INTRODUCTION

The c e llu la r  n a tu re  of convective sy s te m s  h as been  o b serv ed  

fo r  m any decades. S tra tif ie d  flu ids w hich a tta in  a d eg ree  of bouyancy 

th rough  heating  of th e ir  lo w er lay e rs , o r  cooling th e ir  upper la y e rs ,w ill  

in itia te  c irc u la tio n  m odes in  w hich w a rm e r  p o rtio n s  of the flu id  r is e  

and co o le r  p o rtio n s  d escend . T his convective m otion  tak es  p lace  w ith 

v ary in g  d eg rees  of o rg an iza tio n . U nder c e r ta in  conditions, depending 

on the m o le c u la r  p ro p e r t ie s  of the flu id , the te m p e ra tu re  ex cess  a t the 

bo ttom , and the depth of the flu id , the convection  o rg an izes  into a d is 

tin c t c e llu la r  p a tte rn  w ith  reg io n s  of u p d ra ft and dow ndraft w hich a re  

e s se n tia lly  la m in a r  flow  (R ayleigh, 1916). U nder o th e r cond itions, if 

the heating  o ccu rs  too ra p id ly  o r  the m o lec u la r  v isc o s ity  and conduc

tiv ity  a r e  sm a ll, a  tu rb u len t reg im e  of bouyant e lem en ts  is  m an ifested  

w ith  no o rg an iza tio n  to the flow , a t le a s t  on the sc a le  w hich we can  

o b se rv e . In  g e n e ra l, the a tm o sp h e re  exh ib its  both tu rb u len t and la m in a r
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convection  su p erim p o sed  in vary ing  d e g rees  (Sutton, 1953). I t  is  the 

o rg an ized  c e llu la r  convection w hich is  of p r im a ry  co n cern  in  th is  p ap er.

B ecause  m otions in  the a tm o sp h ere  can  be o rg an ized  on an 

e x trem e ly  w ide range  of sca le  len g th s, the p a tte rn s  o b se rv e d  at e indeed 

v a r ie d  (se e , fo r  exam ple, L udlam  and S c o re r ,  1953). They ran g e  in  

ap p earan ce  fro m  s in g u la r bubbles (cum ulus clouds) to  je t - l ik e  p lu m es 

(sm o k e-s tack  effluents) to honeycom bed ce lls  (a ltocum ulus clouds). On 

a la r g e r  s c a le , the th u n d e rs to rm  cloud (cum ulonim bus) exh ib its  both 

b u b b le -lik e  (S co re r and L ud lam , 1953) and p lu m e-lik e  (S qu ires  and 

T u rn e r , 1962) c h a ra c te r is t ic s .  E ven  la r g e r  a re  the tra v e lin g  cyclones 

of the m id -la titu d e s  w hich have an o rg an ized  p a tte rn  of w eak  up-and 

dow n-m otions th a t a re  not the d ire c t  r e s u l t  of lo ca lized  hea tin g  as  in  

s im p le  c e llu la r  convective p a tte rn s . They a r e  m o re  a s so c ia te d  w ith 

la titu d in a l te m p e ra tu re  g ra d ie n ts  and a r e  typ ified  by h o r iz o n ta l co n v ec

tion  in w hich  the e a r th 's  ro ta tio n  p lays a la rg e  ro le  (se e , fo r  exam ple , 

H al tine r  and M artin , 1957).

D uring  the p a s t  seven  y e a r s ,  num erous ex am p les of the honey

com b c e ll  p a tte rn  have been  o b se rv ed  in  m e te o ro lo g ica l s a te lli te  pho to 

g rap h ic  da ta  on a  sca le  th e re to fo re  not an tic ip a ted . P r io r  to  th a t d is 

co v ery  (K ru eg er and F r i tz ,  1961), c e llu la r  convective p a tte rn s  in  w hich 

the up and down m otions took on the fo rm  of polygons had  been  o b se rv ed  

only in the la b o ra to ry  (B énard , 1901; A vsec, 1939) and in  c e r ta in  fo rm s  

of lim ite d  convective cloud la y e rs  such  as a lto cu m u lu s, s tra to c u m u lu s .



and c ir ro c u m u lu s . The c e llu la r  p a tte rn s  in  those cloud fo rm s  a r e  often 

a s so c ia te d  w ith  s tro n g  ra d ia tiv e  cooling.

The ex p e rim en ta l w ork  by B en ard  and the th e o re tic a l ap p ro ach  

by R ayleigh  and num erous l a te r  in v e s tig a to rs  rev e a le d  the c e lls  to be of 

a h e igh t-w id th  ra tio  of o rd e r  one. In the a tm o sp h e re , such  a ra tio  is  

app ro x im ated  only on the s c a le  of the indiv idual e lem en ts  in  the cloud 

la y e rs  m entioned  p rev io u sly . The c e llu la r  cloud p a tte rn s  o b se rv ed  by 

s a te ll i te s  o ccu r in  a la y e r  1 to 2 km  deep and a re  fro m  10 to 100 km  

a c ro s s ,  giving a he ig h t-w id th  ra tio  of o rd e r  l / 10 to l / 100 (Fig. 1).

The re a so n s  fo r  th a t ra tio  a re  no t yet co m p le te ly  understood .

In m o s t o th e r d e sc rip tiv e  a s p e c ts , the a tm o sp h e ric  c e lls  a re  s im ila r  

to those  of the la b o ra to ry  m odels  and of the th e o re tic a l in v estig a tio n s . 

When the flu id  is  h ea ted  slow ly  fro m  below , convective c u r re n ts  begin  

to r i s e  th rough a n e u tra lly  s tab le  env ironm ent and fin a lly  re a c h  an u pper 

boundary  (a conducting rig id  su rfac e  in  la b o ra to ry  ex p e rim en ts ; a  te m 

p e ra tu re  in v e rs io n  in  the a tm o sp h ere ). B ecause the sy s te m  is  c lo sed , 

re tu rn  c irc u la tio n s  develop u n d er the conditions of m a ss  continuity . 

(L ab o ra to ry  flu ids and the a tm o sp h e re  m ay  be co n s id e red  in c o m p re s s 

ib le  in  th ese  c a s e s . ) The e ffec t of ro ta tio n  about the v e r t ic a l  ax is 

(C o rio lis  in  the  a tm o sp h ere) is  to e longate the c e ll in  the v e r t ic a l  

(C h an d rasek h ar, 1953; C h an d rasek h a r and E lb e r t, 1955).

Only re c e n tly  have any r e a l is t ic  re su lts  been  obtained  showing 

a fav o rab le  fla tten ing  of the c e lls  in  the h o rizo n ta l d ire c tio n . Ray and



S c o re r  (1963) w ere  able to  obtain  f la t  c e lls  by assum ing  a v a r ia tio n  of 

eddy v isc o s ity  and conductiv ity  in  space. S asak i (1965) explained  the 

fla tten ing  of such c e lls  by co n s id e rin g  a m a th em atica l m odel in  which 

the upw ard tu rb u len t t ra n s p o r ts  of h ea t and m om entum  fro m  the su rfa ce  

boundary  la y e r  p lay  an im p o rtan t ro le . Betw een the su rface  boundary  

la y e r  and a  s tab le  la y e r  w hich lim its  the upw ard  tu rbu len t tra n s p o r ts ,  

a fu lly - tu rb u le n t reg io n  w as assu m ed  to ex is t. The re su ltin g  fa c to rs  

w hich he found to govern  the w ave length  of m axim um  am plifica tion  of 

d is tu rb an ce s  in the fu lly -tu rb u len t la y e r  w e re  the ra te  of upw ard  hea t 

flux fro m  the su rfa ce  boundary  la y e r ,  the depth and eddy co effic ien ts  

of the tu rb u len t la y e r , and the s ta tic  s tab ility  in  the upper boundary 

la y e r . F o r  re a so n a b le  values of those  p a ra m e te rs  a sso c ia ted  w ith 

c e llu la r  cloud p a tte rn s , the w ave length  m o st am plified  w as of o rd e r  

10 km . In an independent n u m e ric a l convection m odel, Lugt and 

S chw idersk i (1966) a lso  found th a t the c h a ra c te r is t ic  wave leng th  is 

dependent upon the in te n s ity  of the h ea t sou rce .

In th is  p a p e r  we sh a ll beg in  w ith  the hypothesis  th a t a  fla tten ed  

c e llu la r  convective p a tte rn  ex is ts  in  the a tm o sp h ere  on the sca le  o b se rv ed  

in sa te lli te  pho tographs. As in  S a sa k i's  tre a tm e n t, we sha ll im ply  the 

la y e r  below the capping te m p e ra tu re  in v e rs io n  to be fully  tu rb u len t, 

supplying h e a t to the base  of the in v e rs io n  a t a r a th e r  s teady  r a te  by the 

p ro c e s s  of tu rb u len t conduction. The reg ion  of in te re s t  w ill be the in v e r 

sion  la y e r  itse lf . W ith an  a ssu m e d  p e rio d ic  v a ria tio n  in  the h o riz o n ta l



te m p e ra tu re  d is tr ib u tio n  th roughou t the in v e rs io n , we sh a ll then  o b se rv e  

the flow  by a n u m e r ic a l so lu tion  of the governing equations. T he in 

fluence of a la r g e r - s c a le  dow nw ard m otion  (subsidence) upon th a t flow 

is  to be in v estig a ted . The m o d el a lso  includes the e ffec t of C o rio lis , 

of ra d ia tio n , and of tu rb u le n t tra n s p o r ts  of h ea t and m om entum .



CH A PTER II

THE GOVERNING EQUATIONS

The s e t  of equations w hich govern  th is  convective m odel is  

co m p rise d  of the N av ie r-S to k es  equations of m otion  w ritte n  in a 

C a r te s ia n  (x, y, z ,  t) sy s te m , the equation of m a ss  continuity  un d er 

the B o u ssin esq  ap p ro x im atio n  (v a ria tio n s  in  d en s ity  a re  neg lected  

excep t as  they m odify g rav ity  to  p roduce bouyancy), and the f i r s t  law  

of th erm o d y n am ics  w ritte n  fo r  a d iab a tic  p ro c e ss  but neg lecting  con 

tr ib u tio n s  due to ph ase  changes of w a te r  sub stan ce . M olecu lar v isc o 

s ity  and th e rm o m e tr ic  conductiv ity  a r e  n eg lec ted  in  co m p ariso n  to 

th e ir  eddy c o u n te rp a rts  w hich a re  a lso  co n s id e red  constan t in  space 

and tim e .

The P e r tu rb a t io n  E quations 

The equations a re  lin e a r iz e d  in re g a rd  to sm all p e r tu rb a tio n s  

fro m  the b as ic  s ta te . N o rm ally , th is  w ould allow  analy tic  so lu tions of 

the  s e t u n d er an  a p p ro p ria te  s e t  of boundary  conditions. H ow ever, 

b ecau se  the b a s ic - s ta te  te m p e ra tu re  is  a  function of heigh t, one of the 

co effic ien ts  in  the th e rm o d y n am ic  equation  is  not constan t. Although 

ap p ro x im a te  an a ly tic a l so lu tions could be obtained  in  th in  la y e rs  fo r

6



7

w hich the change of b a s ic -s ta te  te m p e ra tu re  is  co n s id e red  co n stan t w ith  

height, it w as fe lt th a t a m o re  s tra ig h t-fo rw a rd  so lu tion  by f in ite - 

d iffe ren ce  techn iques w ould y ie ld  m o re  in fo rm atio n , p a r t ic u la r ly  in 

view of the unknown re la tio n sh ip s  betw een the o th e r co effic ien ts  of the 

te rm s  in the equations.

The governing equations a re  d e riv ed  in Appendix A using  a 

sca le  an a ly s is  s im ila r  to th a t developed by O gura and P h illip s  (1962). 

The equations a re  in  n o n -d im en sio n a l fo rm  w ith the no tations as  defined  

in T able 1. U nder the b a s ic - s ta te  conditions u = v = 0, w -  co n stan t,

9 -  6 { ^ ,  and neg lecting  v a r ia tio n s  in the y -d ire c tio n , the following 

equations a re  ob ta ined .

9u' _
9t

—  9u' 
'  9z •  « .  è '

+  K g
9^u'

(1 )

9v'
9t

— 9v' 
■ ^  9 l

- au' + Kz
9^v' 
9 z 2  ' (2 )

| i  = -  w I I  -  w' I I  - A9' + U  + K,, 1 ^  . (5)

The p r im e s  re p re s e n t p e r tu rb a tio n  q u an tities; the o v e rb a rs  a r e  fo r 

b a s ic -s ta te  q u an tities. N on-d im ensional C o rio lis  p a ra m e te r  is  

re p re se n te d  by a. In  (5), -A0' is  the rad ia tio n  te rm  re p re s e n te d  to
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the sam e d eg ree  of app ro x im atio n  as  the r e s t  of the te rm s  (see  Appendix 

A). 6 and Ô' a re  te m p e ra tu re  dev ia tions fro m  that of an  ad iab a tic  a tm o 

sphere .

In s e t (1) th rough  (5), we have taken eddy v isc o s ity  and eddy 

conductiv ity  to be equal. The v a lid ity  of that ap p ro x im atio n  is  open to 

d iscu ssio n . Sutton (1953) and P r ie s t le y  (1959) have r e m a rk e d  about 

the dependency of the v e r t ic a l  h e a t and m om entum  eddy co effic ien ts  

upon the s tab ility  of the a tm o sp h e re . E x p e rim en ta l r e s u l ts  in d ica te  

the ra tio  of the co effic ien ts  v a r ie s  about one in  the a tm o sp h e r ic  boundary 

la y e r , depending upon the R ich ard so n  num ber. M ore re c e n tly , L illy  

(1962) obtained  n u m eric a l r e s u l ts  in convective m odels w hich  su g g est 

th a t the dependency of eddy v isc o s ity  upon the R ich ard so n  n u m b er is  

sm a ll excep t in  the in itia l s tag es  of developm ent and in  s ta b ly -s tra t i f ie d  

reg ions. H ow ever, lack ing  any quan tita tive  in fo rm atio n  f ro m  e ith e r  

ex p erim en t o r  th eo ry , w e have chosen  to equate the p ro c e s s e s  of eddy 

h ea t and eddy m om entum  exchange.

The re a d e r  w ill note the eddy coeffic ien ts  have been  w ritte n  

in two -com ponent fo rm : the h o riz o n ta l com ponent, and Kg the v e r tic a l

com ponent. P r ie s t le y  (1962) su g g ests  th a t the two com ponen ts a re  unequal 

under s tab le  s tra tif ic a tio n  and w ith  a ra tio  on the o rd e r  of 100, to Kg. 

We sh a ll m ake u se  of th a t suggestion  la te r .  H ow ever, the re s u l ts  ind icate  

th a t ra tio  is  som ew hat too sm a ll, a t le a s t  fo r the convection  m odeled  h e re .



The B asic  S tate

The a tm o sp h eric  env iro n m en t in w hich fla t c e llu la r  convection  

o ccu rs  has been  o bserved  by K ru e g e r and F r i t z  to be c h a ra c te r iz e d  by 

a la y e r  som e 1 to 2 km  deep having a n e u tra l  o r  s lig h tly  unstab le  s t r a t i 

f ica tio n  in the low er p o rtio n  and capped by a s tab le  la y e r  u su a lly  in the 

fo rm  of an in v ers io n  of te m p e ra tu re . The la y e r  is  heated  fro m  below 

and h as  li ttle  v e r tic a l sh e a r  of the w ind throughout. The te m p e ra tu re  

in v e rs io n  is  g en era lly  thought to be of the subsidence  type. T hat is , 

w eak u n ifo rm  downward m otion  m ain ta in s  the in v e rs io n  by ad iabatic  

w arm in g  ag a in s t the destru c tiv e  e ffec ts  of eddy conduction and rad ia tio n . 

A lthough th e re  a re  no d ire c t  m e a su re m e n ts  of v e r t ic a l  m otions on the 

sca le  of co n cern  (g re a te r  than 100 to 200 km ), the subsidence is  im plied  

b ecau se  of the som ew hat p e r s is te n t  n a tu re  of such in v e rs io n s .

The b asic  s ta te  of the s tab le  la y e r  is ,  th e re fo re , reg a rd ed  as 

having no h o riz o n ta l m otion, w eak  but u n ifo rm  dow nw ard m otion, and 

a te m p e ra tu re  d is tr ib u tio n  w hich is  s teady , re su ltin g  fro m  a balance 

betw een ad iabatic  w arm ing  and v e r t ic a l  eddy conduction. (The rad ia tiv e  

e ffec ts  tu rn  out to be neg lig ib le  w hen co n s id e rin g  the conditions app licab le  

to the p re s e n t  m odel. The conditions u n d er w hich rad ia tio n  w ould becom e 

im p o rtan t, th a t is , the p re se n c e  of a th ick  cloud la y e r  o r an ex tre m e ly  

sh a rp  in v e rs io n  (M bller, 1951), a re  not re le v a n t to the m o d el.)

Since we a re  m aking the s im p lif ica tio n  th a t the eddy co effic ien ts  

a re  co n s ta n ts , the v e r tic a l  b as ic  te m p e ra tu re  p ro file  m u st th e re fo re  be
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such th a t the m agnitude of its  c u rv a tu re  is  suffic ien t to balance the 

w arm in g  effect of subsidence. The equation governing the b a s ic - s ta te  

te m p e ra tu re  p ro file  is  d e riv ed  in  A ppendix B. The re su lt  is  no ted  h e re .

exp(w /K z)z - exp(w/Kz)
. 1 - exp(w/Kg ) _

0 i  z = 1. (6)

T hus, the o v e ra ll s ta b ility  w ith in  the la y e r  depends upon the ch o ices of 

w and Kg. Once sp ec ified , re la tio n sh ip  (6) w ill a s su re  th a t the c u rv a 

tu re  of the p ro file  is  su ffic ien t to  m a in ta in  the steady condition. In th is  

re g a rd , we m u st be guided in our ch o ices of w and Kg so as  not to re q u ire  

too m uch of the c u rv a tu re . As the ra tio  v /K g  in c re a se s , the p ro file  

ap p ro ach es  th a t of an in fin ite s im a lly  th in  te m p e ra tu re  in v ers io n . W hile 

such la y e rs  a re  so m etim es  o b se rv ed  in the a tm o sp h ere  (p a r tic u la r ly  in 

s tro n g  su bsidence  reg io n s), i t  is  the p u rp o se  of th is  in v estig a tio n  to  study 

the d e ta ils  of the flow in  the in v e rs io n . We m u st th e re fo re  chose w/Kg 

so th a t the p o rtio n  of the m odel la y e r  w hich has an in v erted  te m p e ra tu re  

lap se  is  su ffic ien tly  th ick . The a c tu a l va lues chosen w ill be d isc u sse d  

in C h ap te r IV,

R efo rm u la tio n  of the P e r tu rb a tio n  Equations 

It is  com m on in n u m e ric a l m odels of th is  n a tu re  to  s im p lify  the 

governing  equations by e lim inating  the p e rtu rb a tio n  p re s s u re  f ro m  the 

equations. T his is  acco m p lish ed  by c ro ss -d if fe re n tia tin g  (1) and (3), 

then  su b trac tin g  to fo rm  the v o r tic ity  equation:
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8ti' 9n ' 9v ' 39' 3^r\' d^x]'
â r  = - » t e  - + %  + + K ^ â i z .  m

In th is  c a se , the v o r tic ity  is  about a h o riz o n ta l ax is  n o rm a l to  the x -z  

p lane and is  defined  by the ex p ress io n

V  = I f '  -  I f -  <»'

F u r th e r ,  s ince  the flow is  e s se n tia lly  in c o m p re ss ib le , we m ay  define 

a s tream fu n c tio n  such  th a t

u' = - , W = ^  , (9)
9z 9x

and

-n' = v V  (10)

w h ere  the L ap lac ian  is  tw o -d im en sio n a l in  x and z.

Now, s in ce  the p e r tu rb a tio n s  w ith  w hich we a r e  co n cern ed  a re  

p erio d ic  in h o riz o n ta l sp ace  (see F ig . 1), we sh a ll a s su m e  a convenient 

fo rm  fo r the dependent v a r ia b le s :

u' = U (z ,t)  s in  kx; 9'  = -T (z ,t)  cos k x ;

v' = -V (z, t) s in  kx; Tj' = H (z ,t)  s in  kx;
( 11)

w' = -W (z ,t)  cos kx; i t '  = II(z ,t)  cos kx;

i|j' = -i)j{z, t) s in  kx .

In se rtin g  (11) in to  (7), (2), and (5), we obtain  the fin a l fo rm  

of the  governing d if fe re n tia l equations:
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= - ^ | f  + , (12)

ËZ = - w f y  + aU - k^K V + K ^ — Y , (13)
9t 9k X 9z2

- k ^ T  + K , | ; F .  (14)

V o rtic ity  equation (10) tak es  the fo rm

H = k^4j - 1^2 • (15)

F ro m  a given se t of in itia l  conditions, we m ay  com pute new 

v a lu es  of H, V, and T using  (12) th rough  (14). Eq. (15) is  then  so lved  

u n d er su itab le  boundary  conditions to obtain  a fie ld  of i); w hich d e te rm in e s  

U and W by the follow ing re la tio n sh ip s :

U = ^ ,  (16)
dz

W = k4i. (17)

T he p ro c e ss  is  re p e a ted  fo r  the  nex t tim e step , and so on u n til the 

te rm in a tio n  of the ca lcu la tio n .



CH A PTER III

THE NUMERICAL MODEL

E quations (12) th rough  (17) of C hap ter II a re  app lied  to study 

the effec ts  of la rg e -s c a le  u n ifo rm  subsidence  upon c e llu la r  convection 

w hich o ccu rs  in a s ta b ly -s tra t i f ie d  la y e r  to w hich h ea t is  con tinually  

added fro m  the bo ttom  by tu rb u le n t conduction. The depth  of the s tab le  

la y e r  is  taken  to be 1 km . The la y e r  is  equally  divided into fo rty  su b 

la y e rs  by a sy s tem  of fo rty -o n e  g r id  po in ts a t 25 -m  in te rv a ls .

The governing  equations a re  ap p ro x im ated  in f in ite -d iffe ren c e  

fo rm  using  fo rw ard  tim e  d iffe ren ce s  and c e n te re d  space  d iffe ren ces  to 

evaluate  the d e r iv a tiv e s  (except a t  the u p p er and low er boundary  points 

w h ere  u n cen te red  sp ace  d iffe ren ce s  a r e  used).

The F in ite -D iffe re n c e  E quations 

The fo rw a rd - tim e -s te p  m ethod of so lu tion  is  su b jec t to com p

u ta tio n a l in s ta b ility  if too la rg e  a tim e  in c re m e n t is  u sed  in co m p ariso n  

to the space  in c re m e n t and o th e r p a ra m e te rs  (Dingle and Young, 1965),

In g e n e ra l, spec ific  s tab ility  c r i te r ia  have been  developed only fo r s im p le  

d iffe ren tia l equations of the p a ra b o lic , e llip tic , o r  hy p erb o lic  types.

13
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T h e re fo re , an an a ly s is  w ill be n e c e s s a ry  in  o rd e r  to d e te rm in e  the 

re q u ire m e n ts  fo r the s tab ility  of the m o re  com p lica ted  se t of equations 

used  in  th is  m odel (see Appendix C).

C o rresp o n d in g  to (12), (13), and (14), the f in ite  -d iffe ren ce  

equations app licab le  to the m^^ g rid  po in t (exclusive  of the boundary  

points) and to the n tim e s tep  a re  as  follow s:

H (m ,n+1) a [ 1 - k ^ K ^ t  - 2K2At/(Az)^ ] H(m , n)

+ [ KgAt/(Az)^ - wAt/ZAz] H (m + l,n )

+ [ KgAt/(Az)^ + wAt/ZAz] H (m -l,n )

+ kAt T (m , n)

+ (oAt/ZAz) [ V(m+1, n) - V (m -l,n )]  ; (18)

V (m ,n+1) = [ 1 - k^KjjAt - 2KzAt/(Az)2 ] V(m, n)

+ [ KgAt/(Az) ̂  - wAt/2Az ] V (m +1, n)

+ [ KgAt/(Az)^ + wAt/2Az ] V (m -1 , n)

+ oAt U(m , n); (19)

T (m ,n+1) = [ 1 - k ^ K ^ t  - 2KgAt/(Az)^ - A A t]T (m ,n)

+ [ KgAt/ (Az) ̂  - wAt/2Az ] T (m +1, n)

+ [ KgAt/(Az)^ + wAt/2Az] T (m -1 , n)

- P(m)At W(m, n); (20)

w ith  m  = 2, 3, . . . , M-1 and n = 1, 2, 3, . . . . The s ta tic

s ta b ility  d B / d z  is  re p re se n te d  by P(m) in  (20) and is  e x p re sse d  as
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P{m) =
^ p (w /K j 

_ 1 - exp(w /K g)_
exp(w (m -l)A z/K g) (21)

w ith m = l , 2 , 3 ,  M. It w ill be noted th a t the co e ffic ien ts  in

(18), (19), and (20) have been  chosen  a r b i tr a r i ly  co n stan t ex cep t fo r 

P(m) w hich v a r ie s  w ith  heigh t. Since those  equations a re  a ll  of the 

sam e fo rm  and sin ce  the te m p e ra tu re  p e rtu rb a tio n  is  the d riv in g  fo rce  

fo r the m odel, we sh a ll l im it  our d iscu ss io n  of the com pu tational 

s ta b ility  to (20). T ha t d iscu ss io n  is  found in A ppendix C.

C om pleting the s e t  of fin ite -d iffe ren ce  equations, w e have a 

re c u rs io n  fo rm u la  fo r  the v o r tic ity  equation (15) w hich r e q u ire s  only 

knowledge of H (m ,n) and boundary  values of 4 (̂1, n) and i|j(M, n).

ip(m, n) = [S (m - l)  i|;(m+l, n) + R(m)] /S (m ) (22)

w ith

S(m) = [2  + (kAz)^] S (m -l)  - S ( m - 2 )

and

R(m) = S (m -l)  H (m ,n) (Az)^ + R (m -l)

fo r m  = 2, 3, 4, . . . , M -1 and under the conditions 5(0) = 0,

8(1) = 1, and R (l) = i)j(l,n). F o rm u la  (22) is d e riv ed  in  A ppendix D.

The so lu tion  of (22) fo r the th irty -n in e  in te r io r  g r id  po in ts  is  

acco m p lish ed  by f i r s t  evaluating  S(m) and R(m) w ith  m =  2, 3, 4, . . . , 

M-1 and then , w ith  the u p p er boundary value of i|j sp ec ified  as  z e ro , 

so lving (22) fo r m  = M -1, M -2 , , . . , 3, 2. The low er boundary  value
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of is d e te rm in ed  fro m  the condition  on W (see (24) and the d iscu ss io n  

of the boundary  conditions in the next sec tio n , sp ec ifica lly  (27)),

With 4̂ so d e te rm in e d , we m ay  then ca lcu la te  (l6) and (17) by

and

U (m ,n) = [ 4j(m +l,n) - i|j(m -1, n)]/2A z (23)

W (m, n) = kv|j(m ,n) , (24)

B oundary  C onditions 

The boundary cond itions in  th is  m odel a re  decided ly  d iffe re n t 

fro m  those  u su a lly  taken  in  such  s tu d ies . In  R ay le igh 's  in itia l th e o re 

t ic a l  app roach , he confined the convective la y e r  betw een f re e ,  co n d u ct

ing su rfa c e s  a t the top and bottom . A " fre e "  boundary is  one w hich  has 

z e ro  m om entum  flux  betw een i t  and the flu id . T hus, no k ine tic  en erg y  

g e n e ra ted  by bouyancy is  lo s t  to the b o u n d aries . F re e  boundary  cond i

tions have been c r i t ic iz e d  by J e f f re y s  (1926) and by P e llew  and Southw ell 

(1940) as  being u n re a lis t ic  (excep t in  the a tm osphere) and not app licab le  

fo r  la b o ra to ry  ex p erim en ta tio n . T hose  in v es tig a to rs  have re q u ire d  a t 

le a s t  one of the h o riz o n ta l b o u n d aries  to be r ig id  and have found the 

c r i t ic a l  R ayleigh n u m b er to be a function of the boundary  cond itions. 

M ore rec en tly , D e a rd o rff  ( 1964) finds th a t the fre e  boundary  condition 

p ro d u ces  co n s id e rab ly  m o re  upw ard  h ea t flux  than is  ob tainab le  in 

la b o ra to ry  m odels fo r w hich the  boundary  conditions a re  r ig id . W hile 

the r ig id  condition is  adequate  fo r  the an a ly tica l study of la b o ra to ry
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m o d e ls , it is  not app licab le  to  both bou n d aries  in  the m e teo ro lo g ic a l 

p ro b le m , p a r tic u la r ly  to  the p ro b le m  confron ted  in th is  p ap e r.

B ecause we in tend  to study the flow in the s tab le  la y e r  w hich 

caps the tu rb u len t reg io n  below , we a re  not a t l ib e r ty  to c lo se  the low er 

boundary , fo r  i t  is  th rough  th a t boundary  th a t the tu rb u len t en erg y  w hich 

d r iv e s  the c e llu la r  m otions m u st e n te r . On the o th er hand, s ince  the 

top of the m odel is  s e v e ra l  h u n d red  m e te r s  above the te m p e ra tu re  

in v e rs io n , i t  w as fe l t  th a t a  s ig n ifican t p o rtio n  of the convective en e rg y  

w ould not re a c h  th a t boundary . A r ig id  top boundary  w as chosen  w ith  

U = V = W = O a t th a t lev e l. As the re s u l ts  la te r  ind ica te , how ever, 

a f re e  upper boundary  condition  p ro b ab ly  should have been  chosen.

In addition to the k in em a tic  boundary  cond itions, som e co n 

s tr a in ts  upon te m p e ra tu re  m u s t be spec ified . G en era lly  speaking , we 

m ay  choose the b o u n d aries  to be e ith e r  conducting o r  in su la tin g . Only 

the fo rm e r  is  app licab le  to  the study of q u a s i-s te a d y  convection  c e l ls ,  

fo r  a s  P e llew  and Southw ell po in t out, ". . . u n le ss  the te m p e ra tu re  a t 

each  su rface  is  kep t co n stan t a t  som e c o s t in  h e a t tra n sm is s io n , any 

in s ta b ility  d isco v e re d  in  a n a ly s is  m u st r e la te  to som e te m p o ra ry  d i s 

trib u tio n  of te m p e ra tu re , and w ill be succeeded  by som e m otion having 

(u ltim ately) the n a tu re  of a  dam ped  o sc illa tio n  . . . . " T hus, we sh a ll 

a s su m e  in  the m odel th a t the te m p e ra tu re  p e r tu rb a tio n  is  z e ro  a t  the 

u p p er boundary and p o s itiv e  co n s ta n t a t the lo w er boundary  fo r a ll  tim e .

B ecause we have re la x e d  the c o n s tra in t on W a t the low er
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boundary  in  an  a ttem pt to ap p ro x im ate  a p h y s ica lly  r e a l  m odel, we m ust 

now im pose  fu r th e r  c o n s tra in t on the te m p e ra tu re  d is tr ib u tio n , T (z ,t) . 

Upon se ttin g  the le ft-h an d  side of (14) equal z e ro  fo r  the low er boundary 

condition  on T , we a re  le f t w ith the n e c e s s ity  of balancing  the rem ain ing  

te rm s  of the equation. In o th er w o rd s , the te m p e ra tu re  changes by 

advection  f ro m  both the b as ic  and p e r tu rb a tio n  v e r tic a l  v e lo c itie s , the 

h o riz o n ta l and v e r tic a l eddy conductions and the rad ia tiv e  changes m u st 

a ll  cancel.

Since the la y e r  is  w a rm e r  a t the bo ttom  than  a t the top, 9 T / 9 z 

w ill n e c e s s a r i ly  be negative  a t the low er boundary . Com bined w ith  a 

subsid ing  b a s ic  flow (w< 0), the advective  h e a t change due to the f i r s t  

te rm  on the r ig h t of (14) is a  cooling e ffec t. S im ila rly , w ith  T positive  

co n sta n t a t the  low er boundary , the h o r iz o n ta l eddy d iffusion  and the 

ra d ia tio n  te rm  (th ird  and fourth  te rm s)  co n trib u te  to cooling. The only 

te rm s  in  (14) w hich m ay  co n trib u te  to w arm in g  a t the low er boundary 

a re  the  advective  change due to p e r tu rb a tio n  m otion  (second te rm ) and 

the v e r t ic a l  eddy conduction by v ir tu e  of a p o sitiv e  c u rv a tu re  of the 

T -p ro f ile  (fifth  te rm ). We a r e  ta c itly  assu m in g  th a t and Kg can 

n ev e r  be negative . S ince we do no t w ish  to r e s t r i c t  the sign  of W to be 

only negative  a t  the o u tse t, we m u s t d e te rm in e  an in itia l  T -d is tr ib u tio n  

w hich allow s su ffic ien t w arm ing  to take p lace  to co u n te r the cooling 

e ffec ts  m en tioned  above. T hus, th e re  m u s t e x is t in itia lly  a  d ivergence 

of h e a t flux  of the negative sen se  a t  the lo w er boundary.
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N orm ally , the h ea t flux is sp ec ified  BT/8z equals  a constan t 

a t the boundary . (See, for exam ple, J e f f re y s , 1926 ) H ow ever, u se  

of such a condition h e re  would y ield  only W<0 a t the boundary  s in ce  the 

v e r t ic a l  eddy conduction te rm  would d rop  out. We would then be le ft 

w ith  the p h y sica lly  u n re a lis tic  r e s u l t  of a w a rm  te m p e ra tu re  p e r tu rb a 

tion  producing  a negative a cc e le ra tio n .

We m ay  sa tis fy  the upper and lo w er boundary  conditions as  

w ell as  the c o n s tra in t d iscu ssed  above by choosing the following fo rm  

fo r in itia l  T:

T(z, 0) = T q exp(-yz); y>0. (25)

S ubstitu tion  of (25) into (14) w hile noting th a t W (0,0) = 0 y ields a so lu tion  

fo r y:

y = [ -w t  (w^ + 4Kg(k^Kx + A)) ] /2K g (26)

fro m  w hich we e x tra c t the po sitiv e  ro o t in  o rd e r  to  sa tis fy  y>0. We

fVim ay  now u se  (14) and (26) to solve fo r  a boundary  value of W a t the n 

tim e  step .

W (l,n )  = [(K^y^ - k%Kx - A + w/A z)T q -  (w/A z)T (2, n )]/p ( l) . (27)

Eq. (27) w ith (24) se rv e s  to com plete  the boundary  conditions.

W hile (27) does not g u aran tee  W( 1, n) >0 fo r  a ll tim e , i t  w ill 

allow  upw ard  m otion to occur u n til the cooling e ffec ts  becom e la rg e r
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than the h ea ting  due to eddy conduction. T ha t im b alan ce  m ay  o ccu r as  

a r e s u l t  of the  changing T -p ro file .

F in a lly , opening the low er boundary  in tro d u ces  a new en erg y  

sink  no t u su a lly  found in  c la s s ic a l  convective m o d els. N o n -h y d ro s ta tic  

p r e s s u re s  a t  the  low er boundary m ay now w ork  a g a in s t the convective 

m otions in  the s tab le  la y e r .

The E nergy  In te g ra l 

The equations ex p ress in g  the ra te  of change of k in e tic  and 

av a ilab le  p o ten tia l e n e rg ie s  a re  obtained fro m  s e t  (1) th rough  (5). By 

m ultip ly ing  (1) by u ' , (2) by v ' , and (3) by w ', then  adding, one ob tains

a(KE) _ -  9(KE) a(u'TT«) 9(w'ir') . f  d n ' . 9w '\ ^
- d F -  -  ■ '^ " 9 i ---------- 9̂ -̂-------- 9 r ~

+
L - é ' - ' É ?

u' + V* + w' È l f
. 9z 2 dz^  9 z 2 _

(28)

w h ere  KE = (u '^  + v '^  + w '^ ) /2 . N ote th a t the fo u rth  te rm  on the r ig h t 

of (28) is  z e ro  by v ir tu e  of (4), and the k in e tic  en e rg y  of the co n stan t 

b a s ic  flow is  no t co n s id e red . Since the sy s tem  of equations is  l in e a r ,  

th e re  can  be no en e rg y  exchanges betw een the p e r tu rb a tio n  and the 

b a s ic  flow s.

S im ila r ly , if we m ultip ly  (5) by 0* and d ivide by p, we obtain  

an e x p re ss io n  fo r  av a ilab le  po ten tia l energy:
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a (PE) _ 
8t

w 80 '^  0*820' 0*820*
2P  9 l  -  T  8 ^ 2  + K z  p 9 ^ 2 (29)

w h ere  P E  = 0*^/zp. The av a ilab le  p o ten tia l en erg y  is  dependent only 

upon the m a ss  d is tr ib u tio n  o r ,  in  the ca se  of an in co m p re ss ib le  flu id , 

the te m p e ra tu re  d is tr ib u tio n  (J_iorenz, 1955). A lso , av a ilab le  p o ten tia l 

en erg y  is  alw ays re g a rd e d  a s  p o s itiv e  fo r  te m p e ra tu re  p e rtu rb a tio n s  of 

e ith e r  s ign , hence the 0* ^ fo rm .

A lthough en erg y  is  no t co n se rv ed  in  th is  m odel, i t  w ill be u s e 

ful to look a t the en erg y  in te g ra l o v er a su itab le  volum e of the m odel. 

S ince o u r m odel is  com posed  of p e rio d ic  h o riz o n ta l v a ria tio n s  and is 

l in e a r ,  in te g ra tio n  o v er one w ave length  and then o v er the depth of the 

la y e r  is  su ffic ien t. (V aria tions in  the y -d ire c tio n  a re  ignored ; in te g ra 

tion  o v er a un it d is tan ce  in  y is  im plied . ) S ubstitu ting  u*, v*, e tc . from  

(11) into (28) and (29) and c a rry in g  out the volum e in te g ra tio n s , w e have

and

= w(KE)g^o - W (0,n) n (0 ,n )  + WT - 2k^K^(KE)

+ Kj 8^U 82y 82-W
8^2

8 (PE) 
8t

w
2

1 8t 2 [ a t ^I
LP 8z _ - WT - _ P  _

(30)

2k^K^(PE) + K. T 82t (31)
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The double b a r  above a te rm  ind ica tes  a v e rtic a lly -a v e ra g e d  quantity .

In (30), k in e tic  en e rg y  is  lo s t due to subsidence  (w<0) advecting  it 

th rough  the lo w er boundary  ( f ir s t  te rm  on the r ig h t) , due to w orking 

a g a in s t the p r e s s u re  fo rc e s  ac ting  along the lo w er boundary  (second 

te rm ) , and due to h o riz o n ta l tu rb u len t d iffusion  (fourth  te rm ). The 

v e r t ic a l  d iffusion  (fifth te rm ) m ay  ac t as e ith e r  a  so u rc e  o r  sink. The 

p r in c ip a l so u rce  of k in e tic  en erg y  ap p ea rs  in  the WT te rm  w hich links 

the changes in  k in e tic  en erg y  to the changes in p o ten tia l e n e rg y  in (31). 

Of c o u rse , k in e tic  en erg y  m ay a lso  be tra n s fo rm e d  in to  p o ten tia l energy  

in w hich  c a se  the th ird  te rm  in (30) ac ts  as  a sink.

In the p o ten tia l en erg y  equation (31), we again  find s inks due 

to su b sid en ce  ( f ir s t  te rm ) , h o r iz o n ta l  d iffusion  (fourth  te rm ) , and a lso  

ra d ia tio n  (th ird  te rm ). The fifth  te rm  w hich  is  re la te d  to the v e r t ic a l  

d iffusion  of p o ten tia l en e rg y  m ay again  be e ith e r  a so u rc e  o r sink, 

depending upon the d is tr ib u tio n  of T in the la y e r .

The tru n c a tio n  e r r o r  of the n u m e r ic a l so lu tion  of h y d ro - 

d y n am ica l m odels is  not g e n e ra lly  known, a p r io r i . The to ta l en erg y  

in te g ra l is  u su a lly  a m eans of es tim a tin g  the tru n c a tio n  in the f in i te - 

d iffe ren ce  equations. The to ta l energy  in te g ra l is  the sum  of (30) and 

(31). Although the en erg y  is  not co n serv ed  in  the m odel, the te rm s  of 

the to ta l en erg y  in te g ra l m ay  be evaluated  and, id ea lly , should sum  to 

z e ro . N o n -ze ro  sum m ation  m ay  be taken a s  a guide to the tru n c a tio n  

e r r o r .  A d isc u ss io n  of the tru n ca tio n  e r r o r s  is  found in  C h ap te r V.



CHAPTER IV

DESIGNATION OF THE EX PERIM EN TA L PARAM ETERS

F o r  the s im p lic ity  of no tation  and fo r  p u rp o ses  of co m p ariso n  

in th is  and the follow ing c h a p te rs , we sh a ll r e f e r  to the p a ra m e te rs  

and v a r ia b le s  in  (18) th rough  (24) by th e ir  d im en sio n le ss  no ta tion  (i. e. , 

w ithout a s te r is k s ) ,  but w hen dealing w ith  th e ir  n u m e ric a l va lu es  we 

sh a ll give the d im en sio n a l values excep t w h ere  noted. The c h a r a c te r 

is t ic  tim e , leng th  and v e lo c ity  sc a le s  a re  34. 7 sec , 1 km , and 29 m  

sec  \  re sp e c tiv e ly .

A fter the in itia l choice of the p a ra m e te r s ,  the only ones w hich 

w e re  v a r ie d  fro m  case  to case  w ere  h o riz o n ta l wave n u m b er, k, and 

the b as ic  su b sid en ce  flow, w. Of c o u rse , as  a  re s u l t  of v ary in g  k  and 

w, the in itia l te m p e ra tu re  d is tr ib u tio n s  v a r ie d  fro m  ca se  to c a se  and 

hence the av a ilab le  p o ten tia l energy . A lso , v a r ia tio n  of w cau sed  a 

v a ria tio n  in  the s ta tic  s ta b ility , p. As a cau tion  ag a in s t com putational 

in s ta b ility  and tru n c a tio n  e r r o r ,  the tim e  in c re m e n t w as d e c re a se d  

fo r c a se s  involving s h o r te r  h o riz o n ta l w ave leng ths. A lis tin g  of the 

co n stan t p a ra m e te r s  is  found in T able 2, and in  T able 3 a re  found the 

v a rio u s  c a se s  stud ied  along w ith the p a ra m e te r s  w hich v a ried .

23



24

Six ex p erim en ts  w ere  run  fo r vary ing  h o riz o n ta l wave lengths:

1, 5, 10, 20, 50, and 100 km . Then, in  an  e ffo rt to b e tte r  de lineate  

the effec ts  of subsidence on the convection , the 5 - , 10-, 20 -, 50 -, and 

100-km  ca se s  w e re  run  again  w ith w~0, m aking a  to ta l of e leven  e x p e r i

m en ts.

The v e r t ic a l  m esh  length  w as 25 m  in a ll  c a se s . The tim e in 

c re m e n t v a ried  fro m  12 sec  fo r the lo n g er w ave leng ths to 6 sec  fo r 

w ave lengths 20 km  o r  le s s ,  excep t 2 sec  fo r the 1 -km  case . The m a x i

m um  allow able tim e step  depends upon the w ave length  and v a rie d  fro m  

about 24 sec to 57 sec  based  on the an a ly s is  of com putational s tab ility  

in Appendix C. The to ta l running tim e  fo r the ex p erim en ts  v a rie d  fro m  

6 h r  fo r wave leng ths le s s  than  50 km  to 12 h r  fo r the 50- and 100-km  

c a s e s , w ith two excep tions. The 20 -km  su b sidence  case  w as run  fo r 

12 h r  and the 1-km  ca se  w as run  fo r  4 h r .

L a rg e -sc a le  v e r t ic a l  v e lo c itie s  in  the subsidence la y e rs  of the

-1
low er a tm o sp h ere  a re  p ro b ab ly  no g r e a te r  than  -10 cm  sec . Even 

a t th a t ra te , an in v e rs io n  la y e r  w ould descen d  o v e r 1 km  in only 3 h r  

in the absence of any h ea t so u rc e s  o r  s in k s . T his d eg ree  of d escen t is  

ap p aren tly  ex cess iv e  based  on w hat is  o b se rv ed  in  soundings of te m p e r 

a tu re  in  the a tm o sp h e re . Subsidence of 1 km in 24 h r  is  m o re  n e a r ly  

w hat is  observed . The value w = -1. 5 cm  sec  is  chosen to re f le c t 

th a t m agnitude of subsidence.

In the ex p e rim en ts  w ithout su b sid en ce , in s tead  of taking w
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-3 _i
l i te ra l ly  z e ro , we assig n ed  a value of w r  -1 . 5 x  10 cm  sec , The 

effec t is  as  though we had re ta in ed  the rad ia tio n  te rm  in the exponential 

govern ing  the b asic  te m p e ra tu re  p ro file  (6), W hen w has a r e a l is t ic a l ly  

la rg e  value, the rad ia tio n  effec t is  neg lig ib le  in  determ in ing  the b a s ic  

te m p e ra tu re  p ro file .

R eca ll, a lso , .:;hat the b a s ic - te m p e ra tu re  d is tr ib u tio n  is  m a in 

ta ined  by a balance betw een c o m p re ss io n a l heating  due to subsidence 

and eddy conduction w hich cools the la y e r . In (6), once the ra tio  w/K ^  

h as  been e s ta b lish ed , the balance  re q u ire m e n t governs the c u rv a tu re  of 

the 0 - p ro file . To ob tain  a ra th e r  g rad u a l change of 0 w ith height fo r 

the benefit of c la rify ing  the re s u l ts  w ith in  the te m p e ra tu re  in v e rs io n  

and to co n tro l tru n ca tio n  e r r o r s ,  we do not w ish  to re q u ire  the p ro file  

c u rv a tu re  to m ake up o rd e r  of m agnitude d iffe ren ces  in the ra tio  w/K ^ .

In o th e r w o rd s , if w/K^, is  sm a ll (m uch le s s  than  1), the 0 -d is tr ib u tio n  

ap p ro ach es  tha t of an iso th e rm a l la y e r  (F ig. 2). On the o th e r hand, 

if w/K ^  is  v e ry  la rg e  (m uch g re a te r  than 1), the 0 -d is tribu tion  a p p ro a c h 

es th a t of a z e ro -o rd e r  d iscon tinu ity . The choice of Kg is lim ited , then , 

by the o rd e r  of the m agnitude of w and the d e s ir e  fo r a g rad u ally  ch an g 

ing te m p e ra tu re  in v e rs io n  as a b as ic  s ta te . Since the depth of the m o -

5 4 2 “ fde l is  10 cm , we choose = 5 x  10 cm  sec  m aking the ra tio

w/Kg = -3 w ith 0 as shown in F ig . 2.

The chosen  value of Kg is  only s lig h tly  g re a te r  than  the m in i

m um  effective  value d e te rm in e d  by O gura (1963) in a n u m eric a l e x p e r i

m en t on cum ulus convection. T his is  p e rh ap s  d e s ira b le  in view of o u r
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in co m p le te  knowledge of the eddy exchange p ro c e s s e s  on the sca le  of 

m o tion  d ea lt w ith in the  m odel. We do not w ish  to overw helm  the r a th e r  

su b tle  e ffects  w hich su b sid en ce  m ay  im pose upon convective m o tio n s. 

F u r th e rm o re , we a re  som ew hat lim ited  in the choice of b ecau se  of 

i ts  ap p earan ce  in  the condition fo r  com putational s tab ility  (see  A ppendix 

C). An in c re a se  in  by an o rd e r  of ten  would re q u ire  a tim e  s tep  

le s s  than  3 sec  fo r  the s m a lle r  w ave len g th s. W hile th is is  no t eco n o m i

c a lly  im p ra c tic a l w ith  p re s e n t  g en era tio n  co m p u te rs , a la rg e r  tim e  

s tep  w as c e r ta in ly  m o re  d e s ira b le .

F o r  a choice of the h o r iz o n ta l eddy coeffic ien t of d iffusion , K^, 

we m u s t again  be guided m o re  by in tu ition  than  by knowledge of the fun

d am en ta l p hysics  of the p ro c e s s .  M any in v e s tig a to rs  have taken  and 

Kg to be the sam e fo r  lack  of any  b e tte r  e s tim a te . On the o th e r hand , 

v a lu es  a s  la rg e  as 10^^ cm ^ se c   ̂ have been  deduced as app licab le  

in  s tab le  la y e rs  b ased  on the a b ility  of g ra v ity  w aves to d isp e rs e  h e a t 

and m om entum  a t speeds on the o rd e r  of 100 m  sec   ̂ (Sasaki, 1964). 

S im ple sc a le  co n s id e ra tio n s  w h ereb y  Kx is  e s tim a te d  as p ro p o rtio n a l

to  a re p re s e n ta tiv e  leng th  tim e s  a re p re se n ta tiv e  ve locity  y ie ld s a 

8 2 “1
of o rd e r  10 cm  sec  fo r th is  m odel. T h is la t te r  value is  a lso  co n 

s is te n t  w ith  S a sa k i's  e s tim a te  (1965) fo r the fu lly  tu rb u len t reg io n  below 

the  s tab le  la y e r . P r ie s t le y  (1962) su g g ests  th a t a ra tio  K ^ K g  equal 

to  100 is  n e c e s sa ry  to  p roduce the  h o riz o n ta l elongation of the c e llu la r  

cloud p a tte rn s  th rough  a n iso tro p ic  tu rb u len t tra n sp o r t. Since th a t
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e s tim a te ^ iv e s  the m o s t co n se rv a tiv e  value fo r d iffe ren t f ro m  K^,

6 2 - 1we s h a ll  adopt = 5 x  10 cm  sec  as  the value in o u r m odel.

As d isc u sse d  in  A ppendix A, the ra d ia tio n  e ffec t w hich we a re  

m odeling  is  a la rg e -s c a le  effect. T hat i s ,  it is  the re s u l t  of te m p e ra 

tu re  d is tr ib u tio n s  w hose v a r ia tio n s  o ccu r over a m uch la rg e r  sca le  

than  the  p e r tu rb a tio n  sca le  in  the m odel. W hile th e re  is  p o ss ib ly  an 

o rd e r  of m agnitude am bigu ity  in  the  e s tim a tio n  of the m ean  f re e  path  

of ra d ia tio n , K, G oody's (1956) va lue  of 2 x  10“ cm " app licab le  fo r 

w a te r  v apor a t  S. T. P . m ay  be c o n s id e re d  an ab so lu te  m axim um  fo r  

the a tm o sp h e re  w hich u su a lly  con ta in s only a few p a r ts  w a te r  v ap o r 

in  a thousand  p a r ts  of a ir .  T hus, the la r g e s t  e ffec t of la rg e - s c a le  

ra d ia tio n  on the p e r tu rb a tio n  te m p e ra tu re  fie ld  m ay  be e s tim a te d  as 

A = l6/cô® ^/s = 4 X 10 ^ sec  \

D esignation  of the o th e r p a ra m e te r s  in Table 2 is  le s s  u n c e r -

-4  -1ta in . The C o rio lis  p a ra m e te r ,  a , is  known to be of o rd e r  10 sec  

in  a ll  bu t eq u a to ria l la titu d e s . T he dev iation  of b a s ic - s ta te  te m p e ra 

tu re  0 fro m  ® a t  the b ase  of the in v e rs io n  is  a r b i t r a r y  w ith in  the l im its  

th a t A0/® is  of o rd e r  0. 1. S ince ®~300K, our choice of 0(0) = -IOC is  

w e ll w ith in  the re q u ire m e n t. The te m p e ra tu re  p e r tu rb a tio n  a t the 

lo w er boundary  is  a lso  a r b i t r a r y  w ith in  the above re q u ire m e n t. T^

= 3C is  p h y sica lly  r e a l is t ic  to  the convection  m odeled.



CH A PTER V 

RESULTS AND DISCUSSION

The P h y s ic a l P ic tu re  

B efo re  view ing the r e s u l ts ,  le t  us e lab o ra te  the p h y s ica l p ic 

tu re  d e sc rib e d  by th is  convective  m odel. T yp ica lly , c e llu la r  cloud 

p a tte rn s  a re  o b se rv ed  to o ccu r above a h ea ted  p o rtio n  of the e a r th 's  

su rfa c e  w h ere  th e re  e x is ts  a th e rm a l cap o r s tab le  la y e r  ( te m p e ra 

tu re  inversion ) a t an a ltitu d e  of 1 to 2 km . As su rfa c e  a i r  is  w arm ed  

i t  r is e s  in sm a ll convective  e lem en ts  th rough  a la y e r  having n e a r ly  

n e u tra l  s tra tif ic a tio n . T hose  convective e lem en ts  have the fo rm s  of 

bubb les, p lu m es , and co lum ns w hich , b ecause  of the n e u tra l  en v iro n 

m en t, m ix  th a t la y e r  tho rough ly  p roducing  a fu lly -tu rb u le n t reg im e .

On top of th a t th e rm a lly -m ix e d  la y e r  is  a s ta b ly -s tra tif ie d  la y e r  w hich 

p rev e n ts  the convective e lem en ts  fro m  p en e tra tin g  the a tm o sp h e re  f u r 

th e r .  (O ccasionally , ind iv idual e lem en ts  o r  g roups of e lem en ts  do 

p e n e tra te  the s tab le  la y e r  if they  p o s se s s  su ffic ien t bouyant en erg y  

o r  if a l a r g e r - s c a le  m otion  te m p o ra r ily  w eakens the in v e rs io n . T hese  

c a s e s  a re  no t of d ire c t  c o n ce rn  in  th is  study, although they  a re  an im 

p o rta n t c la s s  of convection . We sh a ll confine o u r d isc u ss io n  to  the

28
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w e ak e r, m o re  g rad u a l convective  w arm ing  fo r w hich the r ig id  boundary  

condition is  m o re  ap p licab le . )

On the w hole, th e re  is  a n e t tra n sp o r t  of h ea t upw ard  fro m  the 

e a r th 's  su rface  to the b ase  of the s tab le  la y e r  v ia  the tu rb u len t co n v ec

tive  e lem en ts . (T urbu len t e lem en ts  a re  taken to m ean  th o se  w hich p r o 

duce eddy-like  exchanges on a sc a le  below the s m a lle s t s c a le  d e s c r ib -  

able by the m odel. ) The m agn itude and du ra tion  of the w arm in g  a re  

governed  by the su rfa ce  te m p e ra tu re  ex cess  and conditions in  the su rface  

boundary  la y e r  (the f i r s t  s e v e ra l  hundred  m e te rs  of a i r  ad jacen t to the 

e a r th 's  su rface ). O ver land  s u r fa c e s ,  th is  heating  n o rm a lly  has d iu rn a l 

v a ria tio n , although u n d er som e conditions in cold a ir  m a s s e s  i t  m ay 

continue throughout the night. O ver o ceans, the heating  m ay  continue 

fo r p e rio d s  longer than 24 h r  depending only on the s e a - a i r  te m p e ra tu re  

d iffe ren ce . In any c a s e , fo r  the  w ell-developed  c e llu la r  convection  of 

the type consideced  h e re ,  the hea ting  would continue in  a m o re  o r  le s s  

s tead y  m an n er o v er a p e r io d  of a t le a s t  6 to 12 h r .  In  the m odel, the 

effec t of th is  s teady  upw ard  h e a t flux  is  approx im ated  by holding the 

te m p e ra tu re  a t the lo w er b oundary  constan t. H ow ever, la rg e - s c a le  

subsidence  th rough  the in v e rs io n  tends to d im in ish  te m p e ra tu re  e x c e s s 

es . T h e re fo re , a d iv e rg en ce  of tu rb u len t h ea t flux a t the bo ttom  of the 

s tab le  la y e r  is  n e c e s s a ry  to  s a tis fy  the boundary condition.

T he p ro c e s s e s  w hich e s ta b lish  a te m p e ra tu re  e x c e ss  th ro u g h 

out the s tab le  la y e r  a re  no t m odeled . Supposedly, the accu m u la tio n  of



30

h e a t n e a r  the base of the s tab le  la y e r  w ould g rad u ally  sp re ad  upw ard  

th rough  the la y e r  by p ro c e s s e s  of eddy exchange and rad ia tio n  of a  m o re  

lo c a liz ed  type than th a t w hich is c o n s id e re d  in  the m odel. P ro b a b ly , as 

the ex cess  te m p e ra tu re  d is tr ib u tio n  becom es la rg e r ,  a c r i t ic a l  po in t is 

re a ch ed  w hereby  the eddy e ffec ts  cannot m ain ta in  su ffic ien t h e a t t r a n s 

p o r t  through the la y e r , and a la m in a r  convective flow w ill develop  in  a 

m an n e r analogous to the c la s s ic a l  R ay le igh-type m odels. The p re s e n t 

m odel is  not d ire c tly  co n cern ed  w ith  e s tab lish in g  the p a ra m e tr ic  r e l a 

tio n sh ip s governing the o n se t of the  convective flow. R a th e r we have 

a ssu m ed  th a t the conditions p roducing  such  a flow have a lre a d y  been  

sa tis f ie d , and we have u n d ertak en  to d e te rm in e  any p re fe re n c e  of sca le  

fo r  th a t flow and the effects  of la rg e - s c a le  subsidence.

To acco m p lish  th a t a im , we beg in  w ith an in itia l ex ce ss  te m 

p e ra tu re  d is tr ib u tio n  w hich is  s in u so id a l h o rizo n ta lly  and d im in ish ing  

exponentially  tow ard  the top of the la y e r . The developm ent of the co n 

v ective  flow is  then "p re d ic te d "  by a n u m e ric a l so lu tion  of the govern ing  

equations. The top of the la y e r  is  held  r ig id  and the bottom  le f t  open. 

Both boundaries a r e  conducting.

The G row th of the C onvective C ell 

The developm ent of a  ty p ica l convective ce ll under the in fluence 

of subsidence is  shown in  F ig . 3 w hich d ep ic ts  the s tream fu n c tio n  fie ld  

a t h o u rly  in te rv a ls  fo r the f i r s t  s ix  h o u rs  o v er ha lf the 20-k m  c e ll.

W hile the stage of grow th a t  any p a r t ic u la r  tim e  v a r ie s  w ith  the h o r i -
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zon ta l s c a le  of the d is tu rb a n c e , the p a tte rn  of developm ent is  e s se n tia lly  

the sam e fo r the v a rio u s  w ave lengths te s te d , w ith the excep tion  of the 

1- and 5 -k m  c e lls .

We see  in F ig . 3a th a t the ce ll f il ls  the e n tire  depth  of the s tab le  

la y e r  a t the  end of the f i r s t  h o u r of grow th. (The h o riz o n ta l sc a le  of the 

fig u re  is  10 km  giving a v e r t ic a l  d is to r tio n  of 20 to 1 in  th is  c a s e .)  At 

the lo w er boundary , negative  v e r tic a l  m otion  has developed in  re sp o n se  

to  the boundary  condition on T. That w as a g e n e ra l r e s u l t  in  the c a se s  

w ith  su b sid en ce . The w eak dow nw ard flow a t the low er boundary  had 

li t t le  ap p a re n t e ffect w ith in  the r e s t  of the la y e r  and n e v e r  involved m o re  

than  the lo w er 50 m . Since th e re  is  no rea so n  to be lieve  th a t fe a tu re  of 

the flow re p re s e n ts  a r e a l  a tm o sp h e ric  condition, we sh a ll d isp o se  of 

i t  as s im p ly  an  in co n seq u en tia l boundary effect.

By the end of the second  hour (F ig . 3b), the c irc u la tio n  c e n te r  

descen d s  fro m  about 250 m  to  around  175 m , and the e n tire  c e ll  f la tte n s . 

The m agnitude of the c irc u la tio n  d im in ish es  a lso . S till, the s in g le  c e ll 

f ills  the e n tire  depth of the la y e r .

D uring  the th ird  h o u r, a seco n d ary , r e v e rs e  c irc u la tio n  c e ll 

develops in  the u p p er half of the la y e r  (F ig. 3c). The low er c e ll  s inks 

fu r th e r  in  the la y e r  to  about 150 m  and begins to in ten sify  again . The 

in te n sif ica tio n  of the low er c e ll  continues during  the fo u rth , fifth , and 

six th  h o u rs  (F ig . 3d, e, and f). The upper c e ll m eanw hile d e c re a s e s  

in ten s ity  a t f i r s t ,  then  in c re a s e s .
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In g e n e ra l, the developm en t of the convective c e lls  la r g e r  

than  5 km  exhib ited  th is  o s c il la to ry  grow th p a tte rn . W hile the d ev e lo p 

m en t of the u p p er c e ll is  p ro b ab ly  due to the influence of the r ig id  up p er 

boundary , i t  is  n o n e th e less  c o n s id e re d  to be a phy sica lly  r e a l is t ic  

phenom enon. In the ac tu a l a tm o sp h e re , the u ltim ate  u p p er boundary  

is  e s se n tia lly  the tro p o p au se . Had i t  been  u sed  as the u p p er boundary , 

the c e n te r  of the u p p er c e ll lik e ly  w ould have been ju s t  d isp lace d  to  

som e h ig h e r lev e l.

The ex p e rim en ts  w ithout subsidence exhibited  s im ila r  g row th  

p a tte rn s  excep t th a t the m agn itùdés of the c irc u la tio n s  w e re  g r e a te r  

than  in the co rre sp o n d in g  su b sid en ce  c a se s .

V aria tio n s  in  the G row th P a t te rn s  w ith  H orizon ta l Wave Length

As m entioned  in  the l a s t  sec tio n , the grow th of convective 

c e lls  la r g e r  than  5 km  is  s im ila r  ex cep t fo r m agnitude and grow th  ra te . 

T h is is  ev iden t in  F ig . 4 w hich show s the v a ria tio n  w ith  tim e  of the 

m axim um  W in  the lo w er c e ll fo r  each  ca se . In F ig . 4a a r e  the c a s e s  

w ith  su bsidence  and in  F ig . 4b the c a s e s  w ithout.

The o sc il la to ry  grow th  p a t te rn  is  ev ident in  a ll c a s e s  excep t 

the two s h o r te s t  w ave leng ths. In the 1- and 5 -km  c e lls ,  the  v e r t ic a l  

m otion quickly  re a c h e s  a m axim um  and then rem a in s  s teady . In the 

10- and 20-km  c e lls ,  the v e r t ic a l  v e lo c itie s  a re  s t i l l  in c re a s in g  a t  the 

end of s ix  h o u rs  and even a t the  end of tw elve hours  in the 20-km  n on

su bsidence  c a se  shown in  F ig . 4b.



The v e r t ic a l  m otions in the 50- and 100-km  ce lls  re a c h  an 

e a r ly  m axim um  and slow ly d im in ish  in  an  o sc illa to ry  m ode. The 

d iffe ren ces  in  m agnitudes of the v e r t ic a l  v e lo c itie s  betw een the su b 

sidence and n o n -subsidence  c a se s  can  be a ttrib u ted  to two fa c to rs .

The in itia l p o ten tia l energy  is  g r e a te r  in  each  of the n o n -su b sid en ce  

c a se s  (see F ig . 5), and the b a s ic - s ta te  s ta tic  s ta b ility  in  those  c a se s  

is m uch le s s  in  the low er p o rtio n  of the la y e r  (see F ig . 2). The non

subsidence b as ic  s ta te  is  n e a r ly  iso th e rm a l w hile a te m p e ra tu re  in 

v e rs io n  of n e a r ly  3.5C in 500 m  o c c u rs  w ith the subsidence case .

The am p lifica tio n  p re fe re n c e  fo r  the wave leng ths 10 to 20 km  

is even m o re  g rap h ica lly  d em o n stra ted  w hen view ed as the ra te  of 

in c re a se  of to ta l energy . B ecause  the in itia l  av ailab le  p o ten tia l en e rg y  

v a rie d  fro m  ca se  to c a se , we have re p re s e n te d  in F ig . 6 the grow th 

c u rv es  fo r the ra tio  of to ta l en e rg y  to in itia l  energy . F ig . 6a is  fo r 

the subsidence c a se s . In the e a r ly  s ta g e s , the 10-km  grow th ra te  

exceeds th a t of any o th e r wave leng th , although a t t  = 6 h r  i t  is  beginning 

to lev e l off. The 20-km  cu rv es  show a g re a te r  am p lifica tio n  a t t  s  6 h r  

than any o th e r wave length. The s ta b ility  of the grow th of the 1- and 

5-km  ce lls  is  quite evident.

The ap p earan ce  of a p r e fe r r e d  sc a le  of am p lifica tio n  w as 

p red ic ted  in th e o re tic a l ap p ro ach es  by S asak i (1964 and 1965), In  the 

f i r s t  p ap e r he found the p re fe r r e d  grow th sca le  to lie  betw een 5 and 

400 km . The second p ap e r y ie lded  m ax im um  grow th a t 10 km  in c re a s in g
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to infin ity  as in  the tu rb u len t reg io n  below the s tab le  la y e r  w as

Q n  I
in c re a se d  to a value of 10 cm  s e c “ ^.

T ha t we have obtained  an id e n tic a l sca le  of p r e fe r r e d  w ave 

length  but w ith K% = 5 x 10^ cm ^ sec"^  m ay  be a ttr ib u te d  to any o r  a ll 

of the following: the h o riz o n ta l eddy conductiv ity  d e c re a se s  m o re  than

an o rd e r  of ten  in  p a ss in g  fro m  the fu lly  tu rb u len t reg io n  into the s tab le  

la y e r; o r the m odels a r e  su ffic ien tly  d iffe ren t in  the am ount of h ea t 

energy  supplied (Sasaki found a dependency of in c re a s in g  w ave leng th  

w ith  in c reas in g  upw ard  h e a t flux); o r  the choice of a sm a ll in  th is 

m odel w as o ffse t by a la r g e r  than  n o rm a l tu rb u len t h ea t t r a n s p o r t  to 

the low er boundary. S a sa k i's  la te s t  m odel n eg lec ts  the e ffec ts  of 

C o rio lis  and v e r t ic a l  m om entum  flux. H ow ever, i t  is  fe lt  th a t th ese  

fa c to rs  cannot exp la in  the d isc rep an cy . As we sh a ll poin t out in  la te r  

d iscu ss io n , th e re  is  su ffic ien t ev idence fro m  the evaluation  of the te rm s  

of the energy  in te g ra l to su g g est th a t o u r choice of w as of in su ffic ie n t 

m agnitude. It is a lso  lik e ly  th a t we have re q u ire d  too la rg e  a tu rb u len t 

h e a t flux th rough  the lo w er boundary  (the fac t th a t a dow nw ard p e r tu r 

bation  flow w as re q u ire d  to m a in ta in  the co n stan t te m p e ra tu re  is  in 

d ica tive  of th a t p o ss ib ility ). I t  w ould seem , th e re fo re , th a t the th ird  

of the above m en tioned  a lte rn a tiv e s  is the m o st lik e ly  re a so n  fo r  the 

coincidence betw een o u r re s u l ts  and S a sa k i's .

A nother co m p a riso n  betw een th is  and e a r l i e r  m odels is  in 

o rd e r . O b serv a tio n  and ex p e rim en ta tio n  have shown th a t w hen cum ulus



o r  o th e r bubble-type convective c e lls  of s iz e  1 to 5 km  re a c h  a s tab le  

la y e r , they  a re  qu ickly  dam ped out. Y et in  the p re se n t m odel, those  

s c a le s  of d is tu rb an ce  re a c h  a s tead y  s ta te . The d iffe ren ce  is  th a t the 

cum ulus give a t ra n s ie n t  w arm ing  a t  the b ase  of the s tab le  la y e r  w h ereas  

ou r m odel is  governed  by a s tead y  h e a t so u rc e . T hus, the 1- and 5 -km  

sc a le s  of convection  in th is  m odel a re  m o re  n e a r ly  analogous to plum e 

o r  co lu m n ar convection  such  as  the h o t g a se s  f ro m  a la rg e  con flag ra tio n  

a t  the su rfac e . In  s t i l l  a i r ,  such convection  r is e s  v e r tic a lly  over the 

so u rce  and m ech an ica l m ixing is  m in im a l as  i t  is  in  our m odel.

The s te a d in e ss  of the 1 -km  c e l lu la r  flow is  ev iden t in  F ig . 7a. 

w hich shows the s tream fu n c tio n  p a tte rn  fo r  the subsidence  c a se . The 

p a tte rn  shown developed a f te r  only 10 m in  and continued unchanged to 

the end of the ru n , 4 h r  la te r .  A 1 -k m  n o n -su b sid en ce  c a se  w as not 

ru n  b ecau se  of the e x trem e  s te a d in e ss  of th is  re su lt .

The o th e r p a tte rn s  in  F ig . 7 show the c irc u la tio n  c e lls  a t 

t  = 6 h r  fo r  the o th e r w ave leng ths. A s in d ica ted  b e fo re , a ll the c a se s  

fro m  10 to  100 km  w ent th rough  s im ila r  g row th  p a tte rn s , d iffering  only 

in  m agnitude and tim ing . The 5 -km  c e ll  in  F ig . 7b does not exhib it the 

o s c illa to ry  behav io r. I t has  re ta in e d  the  in d ica ted  p a tte rn  and m ag n i

tude of c irc u la tio n  th rough  the p rev io u s  3 h r .  The 50-k m  case  in  F ig .

7f a p p e a rs  to be le s s  developed a t t  = 6 h r  than  the o th e r am plifying 

c a s e s . I t  is ,  how ever, s im p ly  p ass in g  a t  th a t tim e  th rough  a m in im um  

in  i ts  o sc illa to ry  grow th w hich is  co m p arab le  to the 20-k m  c a se  a t  t=2 h r .
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F ig . 8a th rough  Be in d ica te  the t = 6 h r  s tream fu n c tio n s  fo r 

the c a se s  w ithout subs idence. C om paring  th ese  w ith the su bsidence  

c a s e s  in F ig . 7, i t  a p p ea rs  th a t the c e lls  a re  fu r th e r  along in  th e ir  

developm ent. F o r  exam ple, in  the 50-km  ca se  (Fig. 8d), the r e v e r s e  

c e ll  h as  ap p eared  in  the up p er p a r t  of the la y e r , w hereas  in  the su b 

sidence  c a se  (F ig. 7e) i t  h as  y e t to ap p ea r. A lso , the m axim um  value 

of the s tream fu n c tio n  is  g e n e ra lly  la r g e r  in the n o n -subsidence  c a s e s . 

H ow ever, the n o n -su b sid en ce  c a s e s  a ll  s ta r te d  w ith la rg e r  in it ia l  a v a i l 

ab le  p o ten tia l en e rg ie s  (see  F ig . 5 ) . If we look again  a t the grow th 

r a te s  fo r to ta l en erg y  in  F ig . 6 a and 6b, we note that the to ta l en e rg y  

in  the 50-km  subsidence ca se  h as  in c re a se d  e -fo ld  in 4.5 h r  w hile a 

co rresp o n d in g  in c re a se  in the n o n -su b sid en ce  50-km  case  tak es  o v e r 

6 h r .  A s im ila r  re la tio n sh ip  holds fo r a l l  the o ther wave leng ths. The 

re a so n  fo r such behav io r becom es a p p a re n t w hen we look a t the in d iv id 

ua l te rm s  in  the en erg y  in te g ra ls  (30) and (31) in  C hapter III.

E n e rg y  R ela tio n sh ip s 

F o r  p u rp o ses  of d iscu ss io n  we sh a ll designate  the follow ing 

no ta tion  fo r the te rm s  on the r ig h t of (30) and (31):

ADKE = w (KE)^_q; PRES = W (0,n) E (0 ,n );

HDIF = 2k^Kx(KE + P E ); ADPE = j î  RAD =
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VDIF = Kg 9̂ u â v â w 
U 3^2 + V 9^2 + w  ^ 2  +

T  a 2 T l
J d ^ j

In F ig . 9 we have se p a ra ted  the to ta l energy  changes fo r  the 

50-km  c a se s  in to  av a ilab le  p o ten tia l en erg y  and k in e tic  en erg y  p a r ts .  

A gain, becau se  the in itia l  e n e rg ie s  in the two cases  w e re  d iffe re n t, we 

p re se n t the r e s u l ts  as fra c tio n s  of th e ir  in itia l  e n e rg ie s . In the k in e tic  

en erg y  cu rv es  we again  note th a t the subsidence ca se  has am plified  

e-fo ld  q u ick er th an  the n o n -su b sid en ce  case . We m ay  conclude th a t 

the am p lifica tio n  of the to ta l en erg y  (F ig , 6) re f le c ts  in  the sam e sen se  

the grow th of k in e tic  en e rg y  of the convection. T hat is  to  say , by t  = 6 

h r ,  the 5 0 -km  c e ll w ith  subsidence  has  u tilized  its  av a ilab le  p o ten tia l 

en erg y  in  a m o re  e ffic ien t m an n er. T his o b se rv a tio n  is  su b stan tia ted  

in  the p o ten tia l en erg y  cu rv e s  of F ig . 9. The 50-km  subsidence ca se  

has  ex p e rien ced  le s s  dep le tion  of av a ilab le  p o ten tia l en erg y  a t t  = 6 h r  

than  has  the n o n -su b sid en ce  case .

The exp lanation  m ay  be found by a c lo se r  an a ly s is  of the  p e rio d  

betw een t = 2 h r  and t = 4 h r  in F ig . 9. when the k in e tic  en erg y  grow th  

ra te  d im in ish ed  c o n s id e rab ly  in  the n o n -su b sid en ce  c a se  co m p ared  to 

the subsidence  c a se . C o inciden ta lly , the availab le  p o ten tia l en erg y  

in c re a se d  du ring  th is  sam e  p e rio d  in both c a s e s , although the phasing  

is  s lig h tly  d iffe ren t. T his w ould su g g est th a t k inetic  en erg y  w as being 

tra n s fo rm e d  d ire c tly  in to  p o ten tia l en erg y  during  th is  tim e p e rio d .

Indeed , such w as the ca se , a s  the p lo t of WT v e r if ie s  in  F ig . 10.



38

A fte r a 2 -h r  p e rio d  d u rin g  w hich  p o ten tia l en erg y  w as being co n v erted  

into k in e tic , WT changes s ign  and the en e rg y  tra n sfo rm a tio n  is  r e v e rs e d  

in  both c a se s . The ou tstand ing  question  is  why the k ine tic  en erg y  

grow th ra te  d ropped  off s ig n ifican tly  in  the non -subs idence c a se .

The tim e  change in  the v a rio u s  te rm s  of the to ta l en erg y  

in te g ra l a re  shown in F ig . l i d  and 12d fo r the two 50-km  c a se s . The 

d iffe ren ce  in the k in e tic  en e rg y  b eh av io r cannot be a ttrib u te d  to the 

s in k s  ADKE, ADPE, PRES , RAD , o r  HDIF . A ll but the la s t  w e re  

ineffec tive  in  the n o n -su b s id en ce  c a s e , and HDIF w as e s se n tia lly  the 

sam e in the two c a s e s . The a n sw e r m u st lie  w ithin  the rem ain in g  

te rm  in the energy  in te g ra l,  VDIF .

U nfo rtunate ly , the co m p u te r w as not p ro g ram m ed  to d isp lay  

se p a ra te ly  the v e r t ic a l  d iffu sion  of k in e tic  and po ten tia l e n e rg ie s . 

H ow ever, we can  ob ta in  a q u a lita tiv e  a p p ra is a l  of the two e ffec ts  by 

looking a t the v e r t ic a l  p ro f i le s  of U, V, W, and T fo r the two 50-km  

c a s e s . F ig . 13 in d ic a te s  the U and V p ro file s  fo r t  = 3 h r .  E x cep t 

fo r  a sm a ll reg io n  n e a r  the lo w er boundary  on the U -c u rv e s , the 

p ro file s  in d ica te  p o s itiv e  c u rv a tu re  th roughout and of s im ila r  o rd e r  

of m agnitude along both  c u rv e s . L ik ew ise , the V -cu rv es  have s im ila r  

c u rv a tu re . Since the p o s itiv e  and n egative  va lues of U and V a re  

n e a r ly  equally  d is tr ib u te d  in  both  c a s e s ,  i t  is  co n s id e red  doubtful th a t 

th e se  com ponents, av e rag e d  v e r t ic a lly , w ould con tribu te  s ig n ifican tly  

to  the d iffe ren ce  in en e rg y  changes betw een  the two c a se s .
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The p ro file s  of W and T a re  found in  F ig . 14 and 15 fo r  a ll  

c a se s  and a t 3-h r  in te rv a ls . A tten tion  is  f i r s t  d ire c te d  to the 50-km  

W -p ro file s  in  both F ig . 14 and 15. In both c a se s  the p ro file s  exh ib it 

negative c u rv a tu re  a t t  = 3 h r ,  and as W is  p o sitiv e  (except fo r  a  th in  

la y e r  n e a r  the low er boundary  in the subsidence ca se ), the a v e rag e  of 

th is  com ponent to the v e r t ic a l  k ine tic  en erg y  d iffusion  is  defin ite  n e g a 

tive in both c a s e s .

Now co n s id e r  the ’'e r t ic a l  p o ten tia l en erg y  d iffusion  in  the 

n o n -su b sid en ce  c a se  (F ig . 15). A t t  = 3 h r ,  the T -p ro f ile  h as  p o sitiv e  

c u rv a tu re  throughout and is  g r e a te s t  w h ere  T is m axim um  n eg ativ e .

T hus, av e rag ed  v e r tic a lly , th is  co n trib u tio n  is  m o s t like ly  a s in k  fo r 

po ten tia l energy . A hand ca lcu la tio n  b ased  on the output v a lu es  of 

T a t  25 -m  in c re m en ts  in d ica ted  the d iffusion  te rm  is  only s lig h tly  

negative in  th is  case .

The T -p ro file  fo r  the subsidence 50-km  c a se  (F ig . 14) has  

a decided ly  d iffe re n t shape a t  t  = 3 h r .  In the reg io n  of negative  T , 

the c u rv a tu re  goes negative  in  the u p p er lev e ls  w hich c o n tr ib u te s  to 

an in c re a se  in  p o ten tia l e n e rg y  th rough  d iffusion. A hand ca lcu la tio n  

based  on the output d a ta  show s the v e r t ic a lly -a v e ra g e d  d iffusion  te rm  

is  d efin ite  p o s itiv e  by a c o n s id e rab le  m agnitude.

T hus, the m a rk e d  d iffe ren ce s  w hich w e re  noted in  the k in e tic  

en erg y  grow th  r a te s  du ring  th e  p e rio d  t  = 2 to 4 h r  fo r  the 50-k m  c a se s  

p robab ly  can  be a ttr ib u te d  to the d iffe ren t co n trib u tio n s  fro m  the v e r t ic a l
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d iffusion  of po ten tia l en e rg y  w hich o c c u rre d  during  th a t tim e . In the 

non -su b sid en ce  ca se , the noted  in c re a se  in  ava ilab le  p o ten tia l en erg y  

w as obtained by a d e c re a se  in  the k ine tic  energy . In the subsidence 

c a se , s ince the averag ed  v e r t ic a l  d iffusion  of p o ten tia l en e rg y  w as 

ac ting  as  a so u rce  a t th a t tim e , the av erag e  av a ilab le  p o ten tia l en erg y  

w as able to in c re a se  w ithou t as  m uch d e c re a se  in  the av e rag e  k ine tic  

energy .

The P h y sic a l Role of Subsidence in the G row th P ro c e s s

In view of the r e s u l ts  d isc u sse d  in  the l a s t  sec tio n , we m ay 

now a ttem p t to draw  co n c lu s io n s  reg a rd in g  the p h y s ica l ro le  of s u b s i

dence and v e r tic a l  d iffusion  of en erg y  in the m odel.

As the convective m otion  in itia lly  develops fro m  the low er 

boundary , i t  r is e s  upw ard  due to i ts  po sitiv e  bouyancy. Since the 

env ironm en t is  s tab ly  s tra t if ie d , the convective m o tion  w ill even tua lly  

re a c h  a lev e l of n e u tra l bouyancy and, b ecau se  of its  m om entum , o v e r 

shoot th a t lev e l c rea tin g  a pool of co ld er a i r  a t a  h ig h e r e levation . In 

a bubb le-type convective s itu a tio n  w here  the only ex c e ss  h ea t in  the 

la y e r  is  th a t in itia lly  d esig n a ted , the cold pool of a i r  would then  begin  

to d escen d  in  re sp o n se  to i ts  negative  bouyancy. I t  w ould even tually  

o v ersh o o t the n e u tra l bouyancy lev e l trav e lin g  dow nw ard w h ere  it would 

again  be w a rm e r  than  its  env ironm ent. And so on u n til the bouyancy of 

the convective ce ll w as d es tro y e d  by tu rb u len t exchanges w ith  i ts  en 

v ironm en t. This d e sc rip tio n  is  based  on the th e o re tic a l co n s id e ra tio n s
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of the p a rc e l m ethod w h ere in  the frequency  of o sc illa tio n  of the bubble 

about the neu tral-bouyancy  le v e l is  the B ru n t-V a isa la  frequency .

In th is  m odel, how ever, h ea t is  continually  added a t the lo w er 

boundary. T hus, the a i r  a t  h ig h e r  lev e ls  w ith  a d efic it te m p e ra tu re  

(negative bouyancy) cannot sink  back  to the n e u tra l lev e l b ecau se  of 

the r is in g  a ir  com ing up fro m  the low er boundary. The only re c o u rs e  

fo r the cold a ir  " trap p ed "  in  the upper lev e ls  is  to begin a r e v e rs e  

c ircu la tio n  w hich m u st be m a in ta in ed  a t the expense of the en erg y  in  

the low er cell. Since no d i r e c t  in te ra c tio n s  betw een the upper and low er 

c e lls  a re  po ssib le  in th is  lin e a r iz e d  m odel, the energy  tra n s p o r t  m u st 

take  place through eddy d iffuoion, m ain ly  th a t of eddy m om entum  

tra n sp o r t.

A fter the two c e lls  a r e  w ell d e v e lo p e d , th e re  seem s to be no 

p ro b lem  in m ain tain ing  su ffic ien t eddy m om entum  tra n s p o r t  to d riv e  

the upper ce ll. T h is  is  a p p a re n t in F ig . l i d  and 12d w hich show VDIF 

ac tu a lly  becom ing a so u rce  of to ta l en e rg y  a f te r  about 9 h r . H ow ever, 

in  the e a r ly  s tag es of developm en t w hile the eddy m om entum  tra n s p o r t  

is  s t i l l  sm all, the k ine tic  en e rg y  d is tr ib u tio n  ap p aren tly  gets out of 

balance w ith the ava ilab le  p o ten tia l en e rg y  d is tr ib u tio n  and m u st d im in ish  

p e rio d ic a lly  w hile the p o ten tia l en e rg y  becom es ad justed . T his is  the 

m o s t like ly  cause  of the o s c il la to ry  c h a ra c te r  of the re su lts .

L a rg e -s c a le  su b sid en ce  red u ces  the te m p e ra tu re  v a r ia n c e , 

p a r t ic u la r ly  in  the upper le v e ls  aw ay fro m  the so u rce  of h ea t. T h is  h as
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two e ffec ts  on the upper c e ll. By reducing  the am ount of negative  

bouyancy of th a t a i r ,  i t  d im in ish es  the tendency fo r the u p p er c e ll  to 

fo rm  in the f i r s t  p lace . Secondly, it  c o n cen tra te s  the av a ilab le  p o te n 

tia l  en erg y  in the low er le v e ls . T h is  allow s the eddy h ea t t r a n s p o r t  

to  becom e la rg e  enough to supply  the up p er c e ll w ith  p o ten tia l en e rg y  

in s te ad  of m aking the eddy m om entum  tra n s p o r t  the m a jo r  su p p lie r  a t 

the expense of the k ine tic  en e rg y  of the low er cell.

Subsidence h as  y e t an o th e r effect on the convective sy s te m  

as  a w hole. Note in  F ig . 9 th a t a f te r  about 8 h r  the k ine tic  en e rg y  in 

the n o n -su b sid en ce  c a se  beg ins to exceed  th a t of the subsidence c a se . 

T h is  w as a g e n e ra l r e s u l t  fo r  the am plifying wave leng ths as a c o m p a r i

son of F ig . 6a w ith  6b d e m o n s tra te s . The re a so n  is  found in F ig . 11 

and 12. In the n o n -su b s id en ce  c a s e s , the only im p o rtan t en e rg y  sinks 

w e re  the h o riz o n ta l and v e r t ic a l  d iffusions. In the subsidence c a s e s ,  

not only w as en e rg y  rem o v ed  th rough  the low er boundary  by the la rg e -  

sc a le  v e r t ic a l  m otion, but the convective sy s tem  lo s t  en erg y  by w ork ing  

ag a in s t the p r e s s u re  fo rc e s  along the low er boundary. As tim e  p r o 

g re s s e d , f i r s t  the p r e s s u re  sin k  and then the advective sink  b ecam e  

dom inant, c re a tin g  a  som ew hat continuous b rak e  on the developm ent.

T hus, subsidence  p lay s  a r a th e r  incongruous dual ro le : it 

a id s  the e a r ly  developm ent of the convection  only to  dam p the d ev e lo p 

m en t a t a la te r  tim e.

The e ffec t of su bsidence  on the c e lls  le s s  than 10-km  w ave
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length  a p p ea rs  to be m o re  s im p le . In both of the 5 -km  c a se s  the 

s tea d in e ss  of the flow a f te r  about 3 h r  (F ig. 6) is  ap p aren tly  due to 

the p red o m in an t e ffec t of h o riz o n ta l eddy d iffusion (F ig. 1 la  and 12a). 

Indeed, in  the subsidence  c a se  a f te r  t  s  1 h r  when WT goes negative 

and rem a in s  s teady  (F ig . 16), the c irc u la tio n  is  m ain ta in ed  e n tire ly  

through v e r t ic a l  eddy d iffusion  (F ig. 11a).

The an a ly s is  of the en e rg y  tra n s fo rm a tio n s  in  the 20-km  

ca se s  is  s im ila r  to  th a t.o f  the 50-km  c a s e s , except th a t WT rem a in s  

a t a g re a te r  negative  value o v er a lo n g er p e rio d  of tim e  (F ig. 17).

Since the v e r t ic a l  eddy d iffusion  of to ta l en erg y  w as a n e t sink  in  

the 20-km  c a s e s  (F ig . 11c and 12c), we m u st conclude th a t the v e r tic a l  

eddy d iffusion  of av a ilab le  p o ten tia l en e rg y  w as a la rg e  so u rce  in both 

c a se s  acco rd in g  to the a rg u m en t developed p rev iously .

C om m ents on the Eddy E xchange C oefficients 

C onsidering  the en e rg y  tra n s fo rm a tio n s  fo r  a ll  the wave leng ths 

te s te d , i t  is  ap p a re n t fro m  F ig . 11 and 12 th a t the re la tiv e  im p o rtan ce  

of h o riz o n ta l d iffusion  in the m odel is  sc a le  dependent, being v e ry  la rg e  

fo r s m a ll- s c a le  c irc u la tio n s  and neg lig ib le  fo r  sc a le s  of o rd e r  100 km . 

H ow ever, th is  is  not n e c e s s a r i ly  re p re se n ta tiv e  of the a tm o sp h e re  

under the conditions d e sc rib e d  by the m odel.

We can  be f a ir ly  c e r ta in  th a t the tu rb u len t d iffusion  of energy  

in a s ta b ly -s tra t if ie d  reg io n  is  not iso tro p ic . N or w ould we expect the 

energy  d iffused  v e r t ic a lly  to  be an o rd e r  of m agnitude la r g e r  than the
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h o riz o n ta l com ponent. The m odel re s u l ts  seem  to ind ica te  th a t we have 

chosen  too sm a ll re la tiv e  to  by a t le a s t  an o rd e r  of m agnitude.

Kg w as a ss ig n e d  its  value m ain ly  on the b a s is  of e m p ir ic a l c o n s id e ra tio n s . 

We b a lanced  subsidence heating  w ith  eddy cooling in  m ain ta in ing  a co n 

s ta n t b a s ic - s ta te  te m p e ra tu re . L a rg e - s c a le  subsidence is  lim ited  to 

o rd e r  1 cm  sec"^ . O ur choice of Kg p ro d u ced  a te m p e ra tu re  p ro file  

c lo se  to th a t of a "m ean" s tab le  la y e r  r a th e r  than  an ex trem e ly  sh a rp  

in v e rs io n  o r  an  iso th e rm a l la y e r . T h e re  does not ap p ea r to  be any 

ju s tif ic a tio n  fo r  choosing a la r g e r  Kg, a t le a s t  in  the con tex t of the 

p re s e n t  m odel.

It a p p ea rs  we have chosen  K ^ n u m e ric a lly  too sm all. An 

in c re a s e  in K% fro m  5 x 10^ cm ^ sec"^  to 5 x  10^ cm ^ sec"^  would 

have m ad e HDIF the p red o m in an t s ink  in a l l  c a se s  and m ay  have s ta b i

lized  the grow th  ra te s  of the w ave leng ths g r e a te r  than 10 km . Such 

a  r e s u l t  w ould have been  m o re  in  lin e  w ith  w hat one m ight in tu itive ly  

deduce a s  the e ffec t of a su b s tan tia l s tab le  la y e r  upon w eak, m e so sc a le  

convective sy s te m s . The ap p a ren t n e c e s s ity  of the la rg e r  m agnitude 

fo r  K^ lends su p p o rt to  the value 10® cm ^ sec"^  suggested  by Sasak i.

And if o u r r e s t r ic t io n  on K^ h as  any r e a l  p h y s ica l s ig n ifican ce , then  it  

ap p e a rs  th a t P r ie s t le y 's  ra tio  of K ^/K g = 100 is  too sm a ll u n d er th ese  

c irc u m sta n c e s .

In s e v e ra l  p rev ious in v e stig a tio n s  in to  the p ro b lem  of d e te rm in 

ing why a tm o sp h e ric  c e llu la r  convection  h a s  a w id th -h e ig h t ra tio  on the
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o rd e r  of 10 to 1 o r  100 to  1, m ention  h as been m ade of the d iffe re n c e s  

in  h o r iz o n ta l and v e r t ic a l  coeffic ien ts  of eddy exchange (P r ie s t le y , 1962; 

Ray and S c o re r ,  1963). The la t te r  au tho rs  tre a te d  the eddy conduction  

co effic ien t as a  function  of te m p e ra tu re  which v a r ie d  h o riz o n ta lly . They 

a lso  c o n s id e red  the h o riz o n ta l eddy exchange of m om entum  to be n e g l i 

g ib le in  c e llu la r  p a t te rn s ,  and obtained re su lts  fro m  a c la s s ic a l- ty p e  

m odel w hich  in d ica ted  a fla tten ing  of the convective ce ll. W hile w e do 

not in tend  to  p re s e n t  h e re  a d isc u ss io n  of th e ir  ap p roach , w e a r e  ab le  

to d e m o n s tra te  how subsidence  m ay enhance the fla tten in g  of the c e l ls  

th rough  i ts  effect on the h o riz o n ta l m om entum  exchanges.

In  a s im p le  d im en sio n a l approach  to the exchange co e ffic ien ts , 

they  a re  u su a lly  equated  to the p roduct of a c h a ra c te r is t ic  leng th  tim e s  

a c h a ra c te r is t ic  ve locity . T hus, fo r exam ple.

in  o u r m odel. O ur co m p ariso n  h e re  w ill apply to c h a ra c te r is t ic  len g th s  

w hich  a re  the sam e , c a se  by c a se , so we sh a ll ig n o re  the leng th  and  

re g a rd  the exchange co effic ien ts  to be p ro p o rtio n a l to  the v e lo c itie s . 

A lso , we sh a ll c o n s id e r  a tw o-d im ensional h o riz o n ta l co effic ien t, K.

In view  of the above, we have

K  . .  ( U ^ a x  + v i a x ) ' / 2_  oC  p j- j  (33)
^ z  I ^ m a x
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as a m ea su re  of the ra tio  of h o riz o n ta l to v e r t ic a l  eddy exchange 

co effic ien ts . We have ca lcu la ted  ra tio  (33) fo r the v a rio u s  c a se s  

d isc u sse d  in the m odel and co m p ared  the subsidence ca se s  w ith  the 

n o n -subsidence  c a se s . The r e s u l t  is  shown in  F ig . 18. Subsidence 

effec tive ly  fla tten s  the k in e tic  en e rg y  d is tr ib u tio n  in  the convective 

c e lls . H ow ever, the d is tr ib u tio n  of k in e tic  en e rg y  is  only about 20 

p e r  cen t f la tte r  in  the su b sid en ce  c a s e s . T h e re fo re , subsidence alone 

cannot account fo r  the fla tten e d  ap p earan ce  of the a tm o sp h eric  co n v ec 

tive c e lls , but it is  p ro b ab ly  a co n tribu ting  fa c to r  of s ig n ifican t value.

No a ttem p t h as been  m ade h e re  to u se  (33) as  a defin ition  of 

the ra tio  K /K ^. Such sim p le  re la tio n sh ip s  have l i t t le  g e n e ra l a p p lic a 

tion  to the a tm o sp h ere . In  fa c t, i t  is easy  to d em o n stra te  th a t the 

m ixing - length hypo thesis  is  of l i t t le  u se  in defin ing the eddy exchange 

p ro c e s s e s  in a m odel even  as  s im p le  as  th is  lin e a r iz e d  one.

D eard o rff (1966) h as  app roached  the p ro b lem  of explaining 

c o u n te r-g ra d ie n t h e a t fluxes in  the a tm o sp h e re  on the b a s is  of a  th e rm a l 

v a r ian ce  equation w hich is  s im ila r  to (31), but w hich includes nortlinear 

e ffec ts . W hile o u r re s u l ts  do no t b e a r  d ire c tly  upon D e a rd o rff  s a n a ly 

s is ,  we a re  in  a p o sitio n  to  com m ent upon the g en e ra lity  of h is  d e f in i

tion  of a m odified  co effic ien t of eddy conduction:

K\ r  = - W T /(9 9 /9 z  - r . )  (34)

w h ere
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Limit = y= (90 /9^ )upper lim it = 9 ^ ^ ^  ' (3*)

The s ing le  o v e rb a r  denotes h e re  a h o riz o n ta lly -av e ra g e d  value. Of 

c o u rse , h o rizo n ta lly -av erag ed  û is  the sam e as  our b a s ic -s ta te  

te m p e ra tu re .

F ro m  the m ix in g -len g th  h y p o th esis , the u su a l defin ition  of Kj^

is  ___  _
K y  = - W T / ( d d / d z )  (36)

w hich h as no m eaning if WT and 9 0 /9z  a re  of the sam e sign. H ence 

the defin ition  (34). In th is  m odel, 9 6 /9z is  alw ays p o sitiv e  and WT 

m ay  take on e ith e r  po sitiv e  o r  n egative  va lu es . F o r  exam ple, note 

the d is tr ib u tio n  of WT in F ig . 14 fo r the 20-km  subsidence ca se  a t 

t  = 6 h r .  The m ix in g -len g th  defin ition  (36) is  obviously in su ffic ien t if 

we re q u ire  K y to be p o sitiv e .

Now le t  us c o n s id e r  D e a rd o rf f  s defin ition  (34) w hich we a re  

ad m itted ly  applying ou tside  the con tex t of h is  an a ly s is  ju s t  to see  how 

g e n e ra l the re la tio n sh ip  m igh t be. We ca lcu la ted  the p a ra m e te r  WT^ 

fo r  the 20-km  subsidence ca se  and obtained  the d is tr ib u tio n  shown in 

F ig . 19. Above z = 0.5 km , 9 (W T ^ /2 )/9 z  <0. Although WT is  only 

sm a ll p o sitiv e  in th a t reg ion , i t  is  ap p a ren t th a t Fj, w ill be m uch le s s  

than  9 0 /9 z  (about 3C k m “ ^), and is  in  d an g er of evaluating  n egative . 

On the o th er hand, o u r evalua tion  of Fg is  obtained  fro m
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d is tr ib u tio n s  of W and T w hich do not include the effect of eddy tra n s p o r t  

of h ea t by the eddies th e m se lv e s , (the n o n lin ear o r t r ip le -c o r re la t io n  

te rm s  in the te m p e ra tu re  v a r ia n c e  equation). C lea rly , a m o re  e lab o ra te  

n o n lin ea r m odel should be in v es tig a ted  b e fo re  draw ing any conclusions as 

to the quan tita tive  accu ra cy  of (34). H ow ever, on the b a s is  of the re su lts  

a t hand, we su sp ec t th a t (34) w ill not p ro v e  to be a g e n e ra l re la tio n sh ip .

The P r e s s u r e ,  A dvective , and R adiative Sinks 

The w ork  done by the convective ce ll ag a in s t the p r e s s u re  f o r 

ces a t the low er boundary  is  a con tinual sink  of energy  fo r  a ll  wave 

len g th s , but i t  is la r g e r  fo r the lo n g e r wave lengths (F ig. 11). L ikew ise , 

the advective  tra n sp o r ts  of k in e tic  and p o ten tia l en e rg ie s  th rough  the low 

e r  boundary  by w a re  a lso  s in k s . N a tu ra lly  those  sinks a re  ab sen t in 

the n o n -su b sid en ce  c a se s  (F ig . 12).

F ig . 11 and 12 a lso  in d ica te  the neg lig ib le  ro le  w hich la rg e -  

sca le  rad ia tiv e  effec ts  have on th is  type of convection. Even w ith  an 

in c re a s e  in  the o rd e r  of m agn itude of A (equivalent to 25C cooling p e r  

day), RAD would have a s ig n ifican t e ffec t only on the 50- and 100-km  

c e lls .

T ru n ca tio n  E r r o r s  

In re g a rd  to the u se  of the to ta l en erg y  in te g ra l as a guide fo r 

e s tim a tin g  the tru n c a tio n  e r r o r  involved in  the d iffe rencing  sch em e, it 

fa iled . The changes in  k in e tic  and p o ten tia l en e rg ie s  w e re  ca lcu la ted .
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added  to the so u rc e s  and s in k s , and equated  to a  re s id u a l ca lled  the 

" tru n c a tio n  e r r o r .  " The m agnitude of the " e r r o r "  w as found to  be as 

la rg e  as som e of the so u rc e -s in k  te rm s .  Y et, the sm oo thness of the 

n u m e r ic a l  r e s u l ts  su g g ests  a  v e ry  sm a ll tru n c a tio n  e r r o r .

The c au ses  of the la rg e  re s id u a ls  a re  o b sc u re , although two 

a r e  su g g estiv e . The f in ite -d iffe re n c e  fo rm  of (30) and (31) sum m ed  

w as u sed  to ca lcu la te  the " e r r o r l ' The en e rg y  in te g ra l  fo rm ed  fro m  

th e  f in ite -d iffe re n c e  s e t  (18) th rough  (24) w ould p e rh ap s  have been  

m o re  a p p ro p ria te . D e a rd o rff  (1964) no tes a s im ila r  p ro b le m  w ith  the 

f in ite -d if fe re n c e  fo rm u la tio n  of the en e rg y  in te g ra l.

A lso , ap p lica tio n  of the lo w er boundary  condition  (T = constan t) 

to  (31) does no t p roduce a co n s ta n t av a ilab le  p o ten tia l en e rg y  a t  the 

boundary . S ince no d ire c t  u se  w as m ade of the en e rg y  in te g ra ls  in  the 

tim e  so lu tio n s of the govern ing  s e t ,  th is  fa c t does not a ffec t the re s u lts  

o b ta ined , bu t i t  does in fluence the re s id u a l  to the to ta l en e rg y  in te g ra l.

If  we a ssu m e  the r e a l  tru n c a tio n  e r r o r  is  som e s m a lle r  p a r t  of 

the  c a lcu la te d  re s id u a l,  we m ay  c o n s id e r  o u r r e s u l ts  v a lid  p rov ided  

the cum ulative  re s id u a l (e r ro r )  does not ap p ro ach  the m agnitude of the 

to ta l en e rg y  in  the sy s te m  a t  any given tim e . F ig . 20 shows the cu m u 

la tiv e  e r r o r  e x p re s se d  as  a f ra c tio n  of the  to ta l en e rg y  fo r  the s u b s i

dence c a s e s .  A t t  = 6 h r ,  the  in fluence of the cum ula tive  e r r o r s  a p p e a rs  

to  be lev e lin g  off a t  a value le s s  than  0. 1 S ince the governing  s e t of 

equations allow s a  m ax im um  p e r tu rb a tio n  ( re a l  p lus e r ro r )  of 10 p e r
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cen t (A0/©~O. 1), i t  is  ap p a ren t th a t we have not exceeded  the lim its  of 

u se fu ln ess  of the n u m e ric a l m odel. S im ila r  cum ulative  e r r o r s  w ere  

ob tained  in the n o n -su b s id en ce  c a se s .

Influence of C o rio lis

The C o rio lis  e ffec t is  the p r im a ry  so u rce  of v -m o tio n  in  (2),

w h e re a s  u -m o tio n  (1) is  d riv en  by both p r e s s u re  g rad ie n t and C o rio lis

fo rc e s . An in d ica tio n  of the e ffec tiv en ess  of C o rio lis  in  the c e llu la r

convective m otions m odeled  is  p re se n te d  in  F ig . 21 w hich shows the

ra tio  IV i ,lu I a t t = 6 h r  fo r  the v a rio u s  wave leng ths.
' m a x '/ ' m ax '

The re s u l ts  a r e  s im ila r  in  both the subsidence  and n o n -su b 

sid en ce  c a s e s . F o r  w ave leng ths 5 km  and le s s ,  the e a r th 's  ro ta tio n  

h as  neg lig ib le  e ffec t on the convective m otions and m ay ju s tif ia b ly  be 

o m itted  fro m  the eq u a tio n s. F o r  w ave leng ths 20 km  and g re a te r ,  

how ever, the m otions p roduced  by C o rio lis  a re  a t  le a s t  a s  la rg e  as 

those  p roduced  by p r e s s u re  fo rc e s . I t is  ap p a ren t th a t any study of the 

h o r iz o n ta l flow in  m e so sc a le  d is tu rb a n c e s  should include the C o rio lis  

effect.

The fa llin g  off of the p ro file s  in F ig . 21 betw een 50 to  100 km  

is  ap p a ren tly  the r e s u l t  of the o sc illa to ry  grow th b eh av io r of the c e lls . 

A check  of the ra t io  fo r  100 km  a t t = 12 h r  y ie ld s values of 3. 50 in  the 

su bsidence  c a se  and 6. 35 in  the n o n -su b sid en ce  ca se .
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C ontribu tion  of Subsidence to the C e llu la r  Cloud P a tte rn s

A p rin c ip a l c h a ra c te r is t ic  of the c e llu la r  cloud p a tte rn s  shown 

in  F ig . 1 is  th e ir  p e rio d ic ity  in space . The p e rio d ic  n a tu re  on the sca le  

ten  to  a few hundred  k ilo m e te rs  h as  been  explained  a t le a s t  p a r tia lly  

by S asak i as a n a tu ra l consequence of the tu rb u len t s tru c tu re  and up

w ard  h e a t flux found in  the a tm o sp h ere  betw een the e a r th 's  su rfac e  and 

the b ase  of the s tab le  la y e r  capping the convective m otions.

A lso note in F ig . 1, the v a r ia tio n  in  the ra tio  of cloudy to c le a r  

a ir^  in  the o v e ra ll p a tte rn . The sm a lle r  the sca le  of the convective 

c e l ls ,  the m o re  n e a r ly  the ra tio  of cloudy to c le a r  a i r  is  equal to one. 

Som e of the la r g e r - s c a le  convective c e lls  g e n e ra lly  have m uch g re a te r  

c le a r  a r e a  than  cloudy. T hese  a re  the "hollow " o r  "doughnut" cloud 

p a tte rn s  f i r s t  re p o rte d  by K ru eg e r and F r i tz .

F ig . 22 shows how the m odel re s u lts  m ay  accoun t fo r  such  a 

d is tr ib u tio n . In th a t f ig u re  we have p re se n te d  one and o n e -h a lf  cycles 

of the a ssu m ed  x -v a r ia tio n  in  w' (re tu rn in g  to o u r o r ig in a l notation) 

fo r  ty p ica l r e s u l ts  in the 50-100 km  and 10-20 km  s c a le s . S uperposed , 

w is  re p re s e n te d  fo r  the subsidence c a se , and the o rd in a te  is  labe led  

fo r the n e t o r  to ta l v e r t ic a l  m otion  w = w + w' in cm  sec  \  If we

^The d a rk  p o rtio n s  of the sa te lli te  photographs a re  taken  to 
be c le a r  sk ie s . H ow ever, s c a tte re d  cloud e lem en ts  too sm a ll to  be 
re so lv e d  by the c a m e ra  m ay  be p re s e n t th e re .
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equate w > 0 as  in d ica tiv e  of a cloudy reg ion  and w < 0 fo r  a c le a r  reg io n , 

we see  on the 50-100 km  sca le  (which exh ib its re la tiv e ly  sm a ll va lues 

of w ') th a t the ra tio  of cloudy to  c le a r  is  s ign ifican tly  le s s  than one.

On the 10-20 km  sca le  (for w hich w' re a c h e s  m uch h ig h e r  va lues 

than  on the la r g e r  sca le ), the ra tio  of cloudy to  c le a r  is  v e ry  n e a r ly  one. 

Of c o u rse , the m agnitude of subsidence v a r ie s  in space and tim e , but 

the e ffec t is  no tab ly  the sam e sen se  as  ind icated . The s m a lle r ,  m o re  

v igo rous c e lls  w ill have a la rg e r  cloudy to c le a r  ra tio  than  the la r g e r  

c e lls  w hich have w eak er p e r tu rb a tio n  v e r t ic a l  v e lo c itie s . The n o n -su b 

s idence  c a s e s  w ould show a cloudy to c le a r  ra t io  n e a r ly  equal to one 

fo r  any sca le .

N a tu ra lly , the sp a tia lly  p e rio d ic  v a ria tio n s  of te m p e ra tu re  

w hich a re  a s so c ia te d  w ith  such c e llu la r  p a tte rn s  in  the a tm o sp h e re  a re  

not p u re  h a rm o n ic s  w hich p robab ly  accounts in  som e p a r t  fo r  the w ide 

v a r ie ty  of c e ll  s iz e s  seen  in F ig . 1. This idea is  s im ila r  to th a t of 

F re n z e n  (1962) who view s the c e llu la r  cloud p a tte rn  a s  the r e s u l t  of a 

kind of "b ea t-freq u en cy "  m ech an ism  cau sed  by in te ra c tio n s  betw een  

the v a rio u s  sc a le s  of m otion.

Som e of the  c e llu la r  p a tte rn s  in  F ig . 1 exh ib it a m o re  cloudy 

o r so lid  c e ll  c e n te r . I t is  tem pting  to sp ecu la te  w h eth er o r  no t th is 

is  s im p ly  the m i r r o r  im age of the  ca se  shown in  the u p p er p a r t  of F ig .

21 w ith  w > 0. Although the re s u l ts  of h is  synoptic d a ta  s tu d ies  w ere  

som ew hat in co n c lu siv e , M itchell (1967) found som e c a s e s  of th ese
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so lid , c lo u d -filled  c e lls  a s so c ia te d  w ith ap p aren t, la r g e r - s c a le  u p 

w ard  m otion .

The a sp ec ts  of c e llu la r  convection in a f ie ld  of la rg e -s c a le  

slow  a sc e n t is  an e n tire ly  d iffe re n t m odeling p ro b le m , n e c e s sa r i ly  

n o n lin ea r in  n a tu re . T h e re  is  no p h y sica l m ech an ism  fo r m ain tain ing  

a s tea d y  b a s ic - te m p e ra tu re  d is tr ib u tio n  in an  ascending  stab le  la y e r . 

In add ition , it then  becom es n e c e s s a ry  to include in  som e m an n er the 

r e le a s e  of la te n t h e a t en e rg y , not only in  the p e r tu rb a tio n  but a lso  in 

the b a s ic  flow. In view  of the com plex ities  of a "b as ic  a sc e n t flow" 

m odel, w e can  do l i t t le  m o re  than specu la te  on the so lid -c e n te r  c e l 

lu la r  p a tte rn s .



CH A PTER VI 

CONCLUSIONS

The n u m e ric a l m odel developed in th is  in v estig a tio n  h as  d ea lt 

w ith the r a th e r  w eak, th e rm a l convection  a sso c ia te d  w ith c e llu la r  

(honeycombed) cloud p a tte rn s  o b se rv ed  by m e teo ro lo g ica l s a te lli te s . 

Those cloud p a tte rn s  a re  ty p ica lly  d riv e n  by su rface  heating  and c a p 

ped by a s tab le  la y e r  of a i r  som e 1 to 2 km  above the su rfa c e . If 

convective h e a t t r a n s p o r t  is  la rg e  enough o r p e r s is ts  fo r  a long period  

beneath  a s tab le  la y e r ,  i t  m ay  ev en tu a lly  d e s tro y  the la y e r  and p en e

t r a te  upw ard. In o rd e r  to  m a in ta in  such  a s tab le  la y e r  u n d er such 

conditions o v er a p e rio d  of s e v e ra l  h o u rs , a r a th e r  g rad u a l, g en e ra l 

sinking of the a i r  is  r e q u ire d  to fu rn ish  the n e c e s s a ry  h e a t to o ffset 

the erod ing  e ffec ts  of the convective  e lem en ts . The n u m e ric a l m odel 

has been  co n cern ed  w ith  the e ffec ts  w hich g e n e ra l su b sidence  has on 

the fo rced  convection  en te rin g  the  b ase  of the s tab le  la y e r .

F o r  such  a study involving slow , r a th e r  shallow  convection, 

p e r tu rb a tio n  so lu tions of the equations of m otion, con tinu ity , and the 

f i r s t  law of th e rm o d y n am ics , m odified  to e lim in a te  aco u s tic  freq u en c ie s , 

have p roven  adequate . The fo rm u la tio n  of the m odel d iffe rs  from
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p rev io u s  n u m e ric a l s tu d ies  of R ayleigh-type convection  in  the bound

a ry  cond itions, in  the tre a tm e n t of the eddy co effic ien ts  fo r  h ea t and 

m om untum  tra n s p o r t ,  and in  the la rg e -s c a le  subsidence  of the b as ic  

flow. A la rg e - s c a le  rad ia tio n  fa c to r  w as a lso  included.

Although the convective cloud e lem en ts  w hich  m ake up the 

o b se rv ed  c e llu la r  p a tte rn s  a r e  governed  by the m o is t-a d ia b a tic  p r o 

c e s s ,  the l a r g e r - s c a le  flow w hich o rg an izes  the cloud p a tte rn  is  e s 

se n tia lly  a d ry -a d ia b a tic  p ro c e s s , e sp ec ia lly  in view  of the subsidence 

effect. We h av e , th e re fo re , neg lected  the co n trib u tio n  of la te n t h ea t.

The m odel w as m ade tw o-d im ensional in  x -z  space fo r  s im 

p lic ity  only. The effec t of the e a r th 's  ro ta tio n  w as re ta in e d , how ever, 

by allow ing developm ent of m otion p e rp e n d ic u la r  to  the x -z  p lane.

The u p p er boundary  w as r ig id  and a p e r fe c t  co n ducto r, a l 

though F ig . 13 su g g ests  a f re e  o r " s lip "  condition  w ould have been  

m o re  a p p ro p ria te . The la te r a l  boundaries  w e re  c y c lic a l, and the 

low er boundary  w as open and held  a t co n stan t te m p e ra tu re , m ain ly  

by a b a lan ce  betw een  advective  cooling due to la rg e - s c a le  subsidence 

and hea ting  due to  a d iv erg en ce  of v e r t ic a l  tu rb u len t h e a t flux. The 

b a s ic - s ta te  te m p e ra tu re  w as held  co n stan t and w as s tab ly  s tra tif ie d . 

The in itia l  te m p e ra tu re  ex cess  a t the base  d im in ish ed  exponen tia lly  

w ith  he igh t. W ave leng ths of the a ssu m ed  h o riz o n ta lly -p e rio d ic  te m 

p e ra tu re  p e r tu rb a tio n  ranged  fro m  1 to 100 km . C a se s  w ith  and w ith 

out subsidence  w ere  in v estig a ted  fo r co m p ariso n  p u rp o se s .



56

The sign ifican t re s u l ts  w e re  these :

1) The c ircu la tio n  of the grow ing convective c e ll f i r s t  f il ls  the 

e n tire  la y e r  then  fo rm s into two c e l ls ,  one th e rm a lly -d r iv e n  in  the 

low er p a r t  of the la y e r  and the o th e r a r e v e rs e  c ircu la tio n  w hich  fo rm s  

in  the u p p er p a r t .  The upper c e l l  is  d riv en  m ainly  a t the expense  of 

the k in e tic  en erg y  of the low er c e ll  w hich t ra n s fe rs  upw ard th ro u g h  the 

v e r t ic a l  eddy diffusion  p ro c e s s  (but see  p a ra g ra p h  4 below). The g row th  

p ro c e s s  behaves in  a dam ped o s c il la to ry  m an n er, but w ith the to ta l 

en e rg y  in  the sy stem  in c re a s in g  in  tim e  (except fo r  the c u m u lu s -sc a le  

w ave leng ths),

2) C onvective p e r tu rb a tio n s  of 10 to 20 km  h o riz o n ta l sca le  

w e re  m o s t am plified , w ith o r w ithou t subsidence. This su p p o rts  S a s a k i 's  

conclusion  (1965) th a t the sc a le  of the am plified  d is tu rb an ce  is  m ain ly

a function  of the m agnitude of h e a t  flux  fro m  the su rface  boundary  la y e r  

and the h o r iz o n ta l eddy conductiv ity  in  the tu rb u len t reg ion  below the 

s tab le  la y e r .

3) P e r tu rb a tio n s  le s s  than  10 km  w ere  am plified  a t  f i r s t ,  bu t 

soon re a c h e d  a steady s ta te  in v e lo c ity  and te m p e ra tu re  d is tr ib u tio n .

In effec t, th e se  w aves w ere  dam ped  w hich is  a lso  co n s is ten t w ith  e a r l i e r  

in v estig a tio n s .

4) Subsidence aids the developm ent of the growing p e r tu rb a tio n  

in  the e a r ly  s ta g e s , but it h as  an inh ib iting  effect a few h o u rs  la te r .  In 

re g a rd  to  the e a r ly  grow th, the v e r t ic a l  d iffusion of ava ilab le  p o ten tia l
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en erg y  p lays an im p o rtan t ro le  in  c re a tin g  an  add itional so u rce  of en erg y  

fo r the c irc u la tio n  in  the upper p a r t  of the la y e r , thus d im in ish ing  the 

n e c e s s ity  fo r  a la rg e  eddy tra n s p o r t  of k in e tic  en e rg y  v e rtic a lly .

5) N u m erica l com putation  of the re la tio n sh ip  betw een the 

v a rio u s  so u rc e s  and sinks in the energy  in te g ra l ind icate  th a t the h o r i 

zon ta l exchange coeffic ien t w as chosen  too sm a ll (5 x 10^ cm ^ sec"^ ).

I t  is  su g g ested , though not p roven  by n u m e ric a l exam ple, th a t a value 

c lo s e r  to S a sa k i 's  10® cm ^ s e c “  ̂ app licab le  fo r  g rav ita tio n a l d isp e rs io n  

of en e rg y  in  a s tab le  la y e r  would have s ta b iliz e d  the grow th ra te s  and 

p e rh ap s  dam ped the o sc illa to ry  grow th c h a ra c te r  of the ce lls .

6) Subsidence tends to f la tten  the d is tr ib u tio n  of k ine tic  energy  

in  the c e lls ,  although it cannot be re g a rd e d  a s  the p r im a ry  cause  of the 

la rg e  w idth to  h e ig h t ra tio  o b se rv ed  in c e llu la r  cloud p a tte rn s .

7) The m ix ing -leng th  defin ition  of eddy conductiv ity  is  not 

v a lid  even fo r  th is  s im p lified  l in e a r  m odel. H eat flux  coun ter to the 

g rad ie n t of b a s ic - s ta te  te m p e ra tu re  p e r s is te d  in  p o rtio n s  of the s tab le  

la y e r  fo r ev e ry  c a se  te s ted .

8) L a rg e -s c a le  rad ia tio n  is  ineffec tive  as a h ea t s ink  over a ll 

w ave leng ths te s te d .

9) C o rio lis  is  u n im p o rtan t fo r h o r iz o n ta l s c a le s  m uch le s s  

than  10 km , but becom es s ig n ifican t fo r d is tu rb a n c e s  g re a te r  than 

about 20 km fo r w hich the m otions p ro d u ced  by C o rio lis  fo rce  a re  a t 

le a s t  a s  la rg e  as  the m otions due to h o r iz o n ta l p re s s u re -g ra d ie n t fo rce .



58

10) Subsidence m ay con tribu te  im p o rtan tly  to the ra tio  of 

cloudy to c le a r  a i r  w ith in  the o b se rv ed  c e llu la r  cloud p a tte rn s .

A lo g ica l ex tension  of th is study is  the developm ent of a  no n 

lin e a r  m odel and fu r th e r  testin g  of the re la tio n sh ip s  betw een h o riz o n ta l 

and v e r t ic a l  eddy exchange co effic ien ts . A lso , the ex p lic it eddy en erg y  

tra n s fo rm a tio n s  need  fu r th e r  c la r if ic a tio n  w hich only a n o n lin ea r m odel 

can  supply. Then, p e rh ap s  w ith  a g ro s  s ly -s im p lif ie d  tre a tm e n t of the 

m o is t-a d ia b a tic  p ro c e s s ,  the m odel m ay be app lied  to the study of the 

p ro c e s s  by w hich m o is t convection p e n e tra te s  a s tab le  la y e r  in  an  a t 

m o sp h e re  w hich is  a t r e s t  and in one w hich h as a b as ic  a sc e n t flow.
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APPENDIX A

DERIVATION OF THE GOVERNING D IFFEREN TIA L EQUATIONS

The d e riv a tio n  of the s e t  of d iffe re n tia l equations governing th is  

m odel of a shallow , c e llu la r  convective sy s tem  follow s the s tep s  of a  

sca le  a n a ly s is  f i r s t  p e rfo rm ed  fo r a tm o sp h e ric  convection by O gura and 

P h illip s  (1963). The coord inate  sy s tem  is  a  re la tiv e  C a r te s ia n  sy stem , 

tangen t a t the o rg in  to the e a r th 's  su rfa c e  (i. e. , a  leve l su rface  along 

w hich g rav ity  has  no com ponent). The p o sitiv e  x -a x is  is  ea s tw ard  along 

the lo ca l p a ra l le l ,  the positive  y -ax is  is  n o rth w ard  along the lo ca l m e r i-  

dion, and the p o sitiv e  z -a x is  is  p e rp e n d ic u la r  to a  lev e l su rface  (along 

the lo ca l plum b line).

F o r  the sca le  of m otions co n s id e red  in  the m odel (1 to 100 km ), 

the e ffec ts  of tid a l fo rc e s  and the dev ia tions of the tangen t-p lane sy s tem  

fro m  a s p h e ric a l e a r th  a re  com plete ly  neg lig ib le  (H altiner and M artin , 

1957). F u r th e rm o re , we sh a ll n eg lec t m o lec u la r  v isco s ity  and th e rm o 

m e tr ic  conductiv ity  of a i r  in  co m p ariso n  to th e ir  eddy c o u n te rp a rts .

The fo rm e r  a re  of o rd e r  10"^ cm ^ s e c ”  ̂ w hile the la t te r  a r e  of o rd e r  

10^ cm ^ s e c " l  o r  la rg e r  (Sutton, 1953).

Although the eddy coeffic ien ts  of v isc o s ity , conductiv ity , and
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d iffusiv ity  m ay v a ry  s ig n ifican tly  in space and tim e , th e re  e x is ts  l i t t le  

conclusive  in fo rm ation , e i th e r  th e o re tic a l o r  ex p erim en ta l, a s  to w hat 

governs th e ir  va lues. F o r  s im p lic ity , we sh a ll co n s id e r the eddy co e f

fic ie n ts  as abso lu te  co n s ta n ts . H ow ever, s ince the c e llu la r  convection  

to be studied h as  a c h a ra c te r is t ic  w idth m uch g re a te r  than  its  heigh t, 

we sh a ll co n s id e r the h o r iz o n ta l and v e r tic a l com ponents of the eddy 

co effic ien ts  to be d iffe ren t in  value.

B ecause  the c e l lu la r  convection  w hich we a re  studying is  

e s se n tia lly  sy m m e tr ic a l about the v e r t ic a l  ax is, we m ight have chosen 

a cy lin d ric a l co o rd in a te  sy s te m . H ow ever, we can  sim plify  the equations 

som ew hat by neg lecting  a ll  v a ria tio n s  in  the y -d ire c tio n , th e re b y  m aking 

the d e sc rip tio n  of the m odel tw o-d im ensional w ithout any g re a t  lo ss  in 

g en e ra lity . We sh a ll, h o w ev er, re ta in  the C o rio lis  effect even though 

the sca le  of m otion  is  re la t iv e ly  sm all.

U nder the cond itions and s im p lifica tio n s s ta ted  above, the 

N av ie r-S to k es  equations of m otion  a re  w ritten

+ + + (A .: ,

-  «‘ u .  .  K . | i 3  t  K | | i ; J ,  (A -2 )

<A-3,

The equation of m a ss  con tinu ity  is  ex p ressed
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1  ÉP* _ + ÈY* . (a -4)
p* d t*  8x* ^ 9z* ' '

F ro m  the f i r s t  law of th e rm o d y n am ics  w ith  rad ia tio n  and eddy conduc

tion  a s  sinks o r so u rce s ,

= i f  + K-i. ^ ;  + K*dt* s* ^  9x*Z  ̂9z*Z (A-5)

w here  p o ten tia l te m p e ra tu re , 0*, is  defined

0* = T *(1000/p*)^*^^P  ; (A-6)

p* being in m ill ib a rs .  A l i s t  of sym bols used  in (A-1) th rough  (A-6) is  

found in T able  1. The a s te r i s k s  in d ica te  the p a ra m e te rs  have th e ir  

u su a l d im en sio n s . The ra d ia tio n  te rm  in  (A-5) is  e x p re sse d  in  the 

m an n e r u sed  by Goody (1956):

R ela tionsh ip  (A-7) ho lds fo r  c a se s  in w hich the ra d ia tio n  does 

not v a ry  m uch over d is ta n c e s  co m p arab le  to the c e ll d im en sio n s . By 

applying (A -7), we a re  then  looking only a t the la rg e -s c a le  a sp e c ts  of 

the ra d ia tio n  influence. By v ir tu e  of th is  s im p lifica tio n , we cannot 

expect to le a rn  anything co n cern in g  rad ia tiv e  in fluences w ith in  the 

convective c e lls  th em se lv e s .

E quations (A-1) th ro u g h  (A-5) contain  so lu tions e x p re ss in g  the 

m otions fo r  a la rg e  sp e c tru m  of w av es , from  v e ry  s h o r t aco u s tic  w aves
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to u ltra - lo n g  p la n e ta ry  w aves. F o r  the p ro b lem  a t hand, acoustic  w aves 

a re  of no co n cern  and m ay be c o n s id e re d  n o ise . T h e re  a re  s e v e ra l  p r o 

c ed u re s  availab le  fo r f ilte r in g  aco u stic  f req u en c ie s  fro m  the so lu tions.

One m ethod is  p e rfo rm in g  a sca le  a n a ly s is  on the equations. In o rd e r  

to acco m p lish  tha t, we f i r s t  w r ite  (A-1) th rough  (A-5) in a n o n -d im en sio n a l 

fo rm  usin g  the follow ing defin itions:

/ /c  ̂
TT = (p»/P*) P ; T* = ®ir0;

u* = u (d /r ) ;  X* = xd;

V* = v (d /r ) ;  z* = zd;
(A-8)

w* = w(d/r ) ; t* = t r ;

K * = K ^ (d V r) ;  ■ g* = g(d/T^);

K | = K g(d^/T); f* = a / r ;

w h ere  P* is  a re fe re n c e  p r e s s u re ,  d is  the depth of the m odel la y e r , 

and T is  a re p re se n ta tiv e  tim e  sca le  to be defined  la te r .

S ubstitu tion  of (A-8) into (A-1) th rough  (A-5) y ie lds the non- 

d im en sio n a l se t

f  = (A-9,

dv 9^v . 9^v
d t -  - + K xâ;[2  + Kz , (A-10)

<A-n,
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[( 1 - c^ /R *) In TT + l n 0 ] s | ^  + ^  : (A-12)

w h ere  now only the p a ra m e te rs  ®, c*, R*, r ,  and d have d im en sio n s.

In the low er a tm o sp h e re  the v a ria tio n  of p o ten tia l te m p e ra tu re  

f ro m  a constan t value is  g e n e ra lly  sm a ll, u su a lly  no m o re  than  30K. 

T h is  is only about o n e-ten th  the m ean  value of p o ten tia l te m p e ra tu re  

in  th a t reg ion . We m ake u se  of th a t fa c t by defining

0 = 1 +  0 (e) (A -14)

w h ere

€ = A 0 * /0  ~ l/ lO . (A-15)

It w ill be convenient to have the rad ia tio n  te rm  a lso  e x p re sse d  in 

p o ten tia l te m p e ra tu re . L e t us d e te rm in e  how m uch e r r o r  is  in troduced  

if we su b stitu te  0* fo r T* in the f i r s t  te r m  of (A-5). F ro m  (A-8) we 

m ay  e s tim a te  the value of i t  fo r th is  m odel w hich is  app lied  to m otions 

in a la y e r  1 km  th ick  n e a r  the bo ttom  of the a tm o sp h e re , say , betw een 

900 and 800 mb. F o r  such a la y e r , i t  = 0.97 = 1 + 0 (6 ). T hus,

T* = ®0( 1 + 0 (6 )), (A-16)

o r  n o n -d im en sio n a l te m p e ra tu re  is

T = T*/®  = 0( 1 + 0(6)). (A-17)

Since 6 ~ l / 100, we see th a t n o n -d im en sio n a l te m p e ra tu re  is equal to
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0 to a c lo se r  d eg ree  of a c c u ra c y  than is  6 equal to one. T his equ ivalence 

of te m p e ra tu re  and p o ten tia l te m p e ra tu re  in shallow  la y e rs  w ill be d i s 

cu ssed  la te r  on in  connection w ith  the e n tire  se t of equations. Upon 

m aking the substitu tion  of 9 fo r  T in (A-7) and in se rtin g  the r e s u l t  in 

(A-13), we have

= -4/ccr® ^0V s + (A-18)

O gura and P h illip s , along w ith o th e r in v e s tig a to rs , have shown 

th a t h ig h -freq u en cy  aco u stic  w aves a re  effectively  e lim in a ted  f ro m  the 

so lu tions of the governing  equations by the p ro p e r  choice of tim e  sca le ,

T. T hat choice is  d e te rm in ed  by the B ru n t-V a isa la  freq u en cy  w hich is 

the ra te  a t w hich a d is tu rb ed  p a rc e l  of a i r  w ill o sc illa te  v e r t ic a lly  about 

its  m ean  p osition  in a s ta b ly -s tra t i f ie d  environm ent. The e x p re ss io n  of 

th a t frequency  is

Ç  • (A -.9 ,

Since the depth of o u r m odel is  d = 1 km , the tim e sc a le  n e c e s s a ry  to 

e lim in a te  acoustic  w aves is

T = « (d /g*e)^^^  « 35 sec. (A-20)

We define fo r convenience

p = g*d/c*®  = d,4i (A -2 1)
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w here  h = c*® /g* is the depth of an  is en tro p ie  a tm o sp h e re  of p o ten tia l 

te m p e ra tu re  ®. F o r  ty p ica l ® in the tro p o sp h e re , h  is  ap p ro x im a te ly  

30 km.

With su b stitu tio n s  (A-20) and (A-21), we m ay  now w r ite  (A-9) 

through (A -11) as

du 9tt __ 9^u 9^u
dF = - ^ 9F +

dv 9^v 9^v ,
efi ^  = - £pau + efAKxg^^Z + €pKg g^Z ' (A-23)

^  +  c w c * ! ; "  +  ( A - » * )

We now expand the dependent v a r ia b le s  a s  pow er s e r ie s  in £ :

u = Uq + £ u j + £^U2 + . . .

V = Vq + £ v^ + £^V2 + . . .

w = Wq + £Wj + £^Wo + . . . (A-Z5)

Zir = TTo + £ ttj + £ it2 + . . .

6 = 6 q + £6 2 + £ @2 + • . • •

By in se r tin g  (A-Z5) in to  (A-ZZ) th rough  (A-24), we g e t a  s e t  of z e ro -  

o rd e r  equations w hich is  id en tica l to  that d e riv e d  by O gura  and P h illip s . 

T hat is ,  the z e r o -o r d e r  te rm s  e x p re ss  the p r e s s u re  d is tr ib u tio n  in  a 

h y d ro s ta tic  a tm o sp h e re  of un ifo rm  p o ten tia l te m p e ra tu re  ®;

iro(z) = Tro(O) - M-z, (A-26)
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w h ere  ngfO) is  a co n stan t p re s s u re  taken , fo r  convenience, to be equal 

to one a t  the low er boundary. A lso,

(c*/R *) - 1
Pq = (P*/R*@) TTg P . (A-27)

W ith (A-26) and (A-27), the z e ro -o rd e r  te rm s  of the equation of co n 

tin u ity  (A -12) m ay  be w ritte n

i t o )  + È i ÿ r n )  .  0. (A-Z8)
9x 9z ' '

The f i r s t - o r d e r  te rm s  of € in  (A-22) through (A-24) y ield

= - >̂““ 0 + (A-30)

^ (A-31,

w here

d 9 9 9
dT = IT  + "0  + '"0  3 Ï  •

(A-32)

In the therm odynam ic equation  (A-18), the z e ro -o rd e r  te rm s  

of € a r e  id en tica lly  equal to ze ro . Upon expanding the fourth  pow er of 

0 in  a  s e r ie s  and co llec ting  the f i r s t - o r d e r  te rm s  in  p., we have

1 ^ 1 ,  (A-33)
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Inclusion  of the f i r s t  te rm  on the r ig h t in  (A-33) is  cau tionary . It m ay  

have the sam e m agnitude a s  €. Goody h as  e s tim a te d  /C = 2 x 10 ^ cm "^  

fo r w a te r  vapor a t S. T. P . w hile adm itting  an o rd e r  of m agnitude un 

c e rta in ty . Since w a te r  vapor is  the p r in c ip a l a b so rb e r  of rad ia tio n  

w ith in  the low er a tm o sp h e re , we m ay apply  th a t value of "C to e s tim a te  

the m ax im um  value of the f i r s t  te rm . Upon in se rtin g  the known values 

of o, s , and ©, we find the f i r s t  te rm  equals 0 .16 w hich is  co m p arab le  

to e . T h e re fo re , we sh a ll c a r ry  th a t te rm  u n til we can find b e tte r  

ju s tif ic a tio n  fo r neg lecting  it.

Equations (A-28) th rough  (A-31) and (A-33) fo rm  w hat is  known 

as  an  " a n e la s tic "  o r  soundproof s e t  by v ir tu e  of the fac t th a t the en erg y  

in te g ra l fo rm ed  fro m  them  is  devoid of e la s tic  energy.

The n a tu re  of the p ro b le m  being a ttack ed  allow s fu r th e r  s im p li

fica tio n  of the governing equations. B ecause  the convection is  confined 

to a shallow  la y e r  in  the a tm o sp h e re  (d = 1 km ), we m ay m ake use  of 

the fac t th a t [x = d /h  «  1. We expand the dependent v a ria b le s  in a 

s e r ie s  in  p:

^0 ~ ^00 ^ 1 ^ ' (A-34)

w ith  s im ila r  ex p re ss io n s  fo r v^, w^ , 0^, ir^, ir^, and p^. Upon the 

îjubstitu tion  of those  expansions into (A-26) and then (A-27), we obtain

and 00 ’ 01 (A-35)
Poo = (P*/R*® ) = co n stan t.
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The z e ro -o rd e r  te rm s  of (A-29) th rough  (A-31) give tt̂ q equal to a 

co n stan t w hich w e sh a ll take as z e ro  fo r  convenience. The f i r s t - o r d e r  

te rm s  of (A-29) th rough  (A-31) fo rm  the se t

f»» = -  ̂-00 + + K. 0 » “ ■

^ 0  ^ - aupg + K j j | ^ 0 0 +  K ^ I^ O O , (A-37)

^ 0 0 . .  . f i l l ,  .  K ^ I ^ O O ,  K ^ I^ O O . <A-3B,

B ecause  of (A-35), the con tinu ity  equation  (A-28) red u ces  to

iüOO + ^ 0 0  = 0, (A-39)
OX 9z

and (A-33) becom es

w h ere

B = 4 K a ® ^ / e s
and (A-41)

A = 16ko® ^ /s = 4€B.

The o p e ra to r  d /d t  is  now defined

d 9 9 9 IA A7\
dT = at" " 0 0  g j  + » o o



72

O gura and P h illip s  poin t out th a t in the re su lta n t se t of governing 

equations, is  the dev ia tion  of p r e s s u re  fro m  th a t of an ad iab a tic  a tm o 

sp h ere , and 0 is  the dev ia tion  of te m p e ra tu re  fro m  th a t of an ad iab atic  

a tm o sp h ere . T his is  e a s ily  v e r if ie d  by expanding the defin itions of i t  and 

T* given in  (A-8) along w ith  (A -14) and the equation  of s ta te , p = pRT, in 

te rm s  of e and p.

The se t of equations (A-36) th rough  (A-38) a re  s im ila r  in fo rm  

to those  of the in c o m p re ss ib le  B o u ssin esq  sy s te m  used  in m any s tu d ies  

of s m a ll- s c a le  convection  in w hich d en s ity  v a ria tio n s  a re  n eg lec ted  excep t 

as  they m odify the in fluence of g ra v ity  in p roducing  bouyancy. A lso , 

because  we have no t co n sid e red  the r e le a s e  of la te n t h ea t in the th e rm o 

dynam ic equation , so lu tio n s fo r m ay  be obtained. When m o is tu re  is 

included in  a convective m odel, an im p lic it re la tio n sh ip  e x is ts  betw een  

6 y and TTp and the r a te  of re le a s e  of la te n t hea t. F o r  shallow , m o is t 

convection, the equations m ay  be so lved  b ecau se  (actual te m p e ra tu re )  

is  independent of ttj j (the dynam ic p re s s u re ) .  H ow ever, in c lu sio n  of 

m o is tu re  in  the p re s e n t  m odel, w hile ev en tu a lly  d e s ira b le  w ould only 

se rv e  to co m p lica te  the e ffec ts  of la r g e - s c a le  subsidence on the co n v ec

tion.

We now l in e a r iz e  the s e t of govern ing  equations by the u su a l 

p e r tu rb a tio n  technique. T hat is ,  we a ssu m e  the to ta l v a ria tio n  of the 

dependent v a r ia b le s  can  be re p re s e n te d  by a m ean  o r b as ic  value p lus 

som e sm a ll dev ia tio n  fro m  th a t m ean. By th is  we m ay n eg lec t p ro d u c ts
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of p e rtu rb a tio n  quan tities  on the b a s is  of th e ir  m agnitudes. To le s s e n

com plication  of the no tation , we sh a ll d rop  a ll the su b sc rip ts  in w ritin g

(A-36) through (A-40) in  p e rtu rb a tio n  fo rm , so th a t

u = u + u ' ,

V  =  V  +  v ' ,

w = w + w ', (A-43)

TT =  IT  +  Tt '  ,

0 = 0  + 0 ' .

F u r th e rm o re , to f it the m odel being s tud ied , we sha ll specify

u = 0,

V  = 0,

w = co n s ta n t, (A-44)

TT =  1t ( z ) ,

0 = 0(z).

U sing the expansions in  (A-42) and (A-43) u n d er the conditions (A-44), 

the governing s e t (A-36) through (A-40) red u ce  to equations (1) th rough  

(5) in C hap ter II.
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DERIVATION OF BASIC-STATE TEM PERATURE

The condition  im posed  upon the te m p e ra tu re  d is tr ib u tio n  in  the 

b a s ic  s ta te  is  th a t i t  re m a in  constan t in  tim e. P h y sica lly , in a la y e r  

throughout w hich ad iab a tic  w arm ing  is  taking p lace due to u n ifo rm  su b 

sidence of a i r ,  su ffic ien t cooling m u st o ccu r via tu rb u len t exchanges of 

h ea t and by rad ia tio n . U nder th ese  conditions we m ay obtain  an equation  

specifying the b a s ic  te m p e ra tu re  d is tr ib u tio n  from  (A -40), (A -42), and 

(A-43):

d^0 -  d0 -
^ z d i 2  - - A0 = B. (B-1)

Since (B-1) is an  o rd in a ry  se c o n d -o rd e r  d iffe ren tia l equation  w ith  co n 

s ta n t co e ffic ien ts , i t  h as  a g en e ra l so lution

"  ■ - f  •  ■ ]

. C, .1 . (B-a

U nder d ry  a tm o sp h e ric  conditions, the u su a l rad ia tiv e  cooling
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ra te  in  the low er a tm o sp h e re  is  of the o rd e r  1 to 5C d a y ”  ̂ (M oller, 

1951), R ecalling  th a t 0 is  a dev iation  te m p e ra tu re , we e s tim a te  its  

m agnitude in  the la y e r  to be 3C, F o r  a cooling ra te  of 2.5C day"^ ,

B = 1 0  s e c ' l .  Then by (A -41), A = 4 x 10 ^ s e c “ ^.

An e s tim a te  of the heating  effect due to subsidence in  the la y e r  

is  obtained by noting th a t the u su a l m agnitudes of w a re  of o rd e r  1 to 

5 cm  sec   ̂ w hile ty p ica l te m p e ra tu re  in v e rs io n s  have g rad ien ts  of 

1 to IOC km ~^. T h is  is  an  o rd e r  of m agnitude la rg e r  than the ra d ia tio n  

effect and in d ic a te s  th a t the m a jo r  cooling com es from  the eddy conduc

tion te rm . T h e re fo re , in s te a d  of using the com plete so lu tion  (B-2) to 

d e te rm in e  9,  we m ay  ju s tif ia b ly  n eg lec t the rad ia tio n  effec t and choose 

a s im p le r  fo rm : th a t is .

bz b' e - e
1 -  e b

0 < z i  1, (B-3)

w ith b = w /K g and w < 0. Eq. (B-3) is  the solution of (B-1) w ith  A =

B = 0 and u n d er the boundary  conditions th a t 9 = 9 ^  a t z = 0; 0 = 0 a t 

z = 1, N u m erica lly , w ith  w = - 1,5 cm  sec"^  and = 5 x  10^ cm ^ 

sec"  , the d is tr ib u tio n s  of 0 ca lcu la ted  fro m  (B-2) and (B-3) a re  n e a r ly  

id en tica l save fo r the co n stan t B /A , Since 0q is an a r b i t r a r y  cho ice , 

no g e n e ra lity  is  lo s t  by neg lec tin g  B and A h e re .



APPENDIX C 

INVESTIGATION OF COMPUTATIONAL STABILITY

Since e x c e ss  te m p e ra tu re  is  the d riv ing  fo rce  fo r the co n v ec

tive  m odel, we sh a ll u se  (20) to in v estig a te  the re q u ire m e n ts  fo r  co m 

p u ta tio n a l s tab ility . The o th e r  governing equations a re  of s im ila r  fo rm , 

so the re s u lts  of the in v estig a tio n  should be app licab le  to the e n tire  se t.

We a ssu m e  th a t

T(m ,n+1) = G T ( m , n )  (C-1)

w h ere  G is  an unknown am p lifica tio n  fac to r w hich m u st be le s s  than  o r  

equal to one fo r  co m pu ta tional s tab ility . We fu r th e r  a ssu m e  so lu tions 

to (20) of the fo rm

T (m ,n ) ± E ( t )  e^^™ ^ (C-2)

and

ijmAz
W( m, n)  = F ( t )  e (C-3)

fo r  m  = 0, 1, 2, . , . , M. In (C-2) and (C -3), i  = (-1)^^^ and j is  a 

v e r t ic a l  in teg e r  w ave num ber.

By u se  of the above re la tio n sh ip s , we m ay w rite  (20) as

G = a + - c ( e ' ^  - (C-4)
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w here

a = 1 - ( k ^ K ^ t  + 2b + AAt + pAtF/E)

= 1 - ^ , | « 1 ,  (C-5)

b = K^At/(Az)2, (C-6)

c s wAt/ZAz . (C-7)

R everting  to the trig o n o m e tr ic  fo rm s ,

G = a + 2b cos jAz - i2c sin  jAz . (C-8)

We see  th a t G is an im ag in a ry  num ber w hose m agnitude m u st be le s s

than o r  equal to one. T hus, we req u ire

G^ = (a + 2b cos jAz)^ + 4c^ sin^ jAz = 1. (C-9)

C onsider those  so lu tion  fo r w hich cos JAz = t  1. Then, s in  jAz

= 0, and

(a t  2b)Z - 1 = 0. (C-10)

By substitu ting  fo r a f ro m  (C -5), expanding, and re w ritin g , (C-10) 

becom es

( s  ;  2b)Z = 2 ( e - 2 b ) .  ( c - i i )

E x trac tin g  the tim e in c re m e n t. At, fro m  both s id es  y ie lds

At = /  \  • (C-12)

Since b o th | and b a re  p o s itiv e , (C-12) h as a s m a lle s t value w hen the 

po sitiv e  sign  is  taken  in  the p a re n th e se s . H ence, an e s tim a te  of the 

re q u ire m e n t fo r the com pu ta tional s tab ility  of (20) is  obtained  fro m

At 1 2 /(k^K x + 4K z/(A z)2 +A + P F /E ) (C-13)
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by using  the values of the b ra c k e te d  p a ra m e te rs  a ssig n ed  in  T ab le  2 

w ith Pjnax d e te rm in ed  f ro m  (6):

Pmax «  30 X 10 cm~^.  (C-14)

F o r  100-km  wave leng th , k^ a 40 x 10"^^ c m “^ and F /E  ~  

w ' / 0 '~  10. T hus, the re q u ire m e n t fo r  At is  e s tim a te d  as

At = 57 sec . (C-15)

S ince the s ta b ility  re q u ire m e n t is  w ave-leng th  dependent, we should 

be guided by the s m a lle s t  expected  value of the r ig h t side of (C-13) in  

the m odel app lica tion . E va lu a tin g  (C-14) fo r the 1-km  w ave length  w ith  

k^ = 40 X 10 cm~^ and f / E ~ w ' / ^ ' '~ ’ 100 gives a

At S 24 sec . (C- l6)

As an add itional check , we m ay look a t those so lu tions of (C-9)

fo r  w hich s in  jAz = t  1 and cos jAz = 0, Then

a^ + 4c 2 < 1, (C-17)

o r , using (C -5),

(1 - ê )^  = 1 - 4c^ . (C-18)

By m aking u se  of the b in o m ia l expansion  of the le ft s ide  of (C -18), we 

m ay  w rite

1 -  Z Î  i  1 - 4c2 , (C-19)

o r

c 2 < S/ 2 .  (C-20)

T hus,

2K,  ̂ A .  PF 
(Az)<

(C-21)
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F o r  the la rg e s t  sca le  (100 km ), the rig h t side of (C-21) h as  i ts  s m a lle s t 

m agnitude, and the s ta b ility  re q u ire m e n t is

At = 1.1 X  10^ sec ; (C-22)

a condition e a s ily  sa tis f ied .

W hile (C-13) is  only an  e s tim a te  of the s ta b ility  re q u ire m e n ts  

fo r the n u m e ric a l so lu tio n s , i t  is  only sligh tly  m o re  r e s t r ic t iv e  than  the 

re q u ire m e n t fo r a c la s s ic a l  d iffusion  equation (see  D ingle and Young, 

1965); th a t is .

At i  (Az)^/ 2Kg. (C-23)

A co n se rv a tiv e  a ss ig n m en t of At le s s  than half th a t re q u ire d  by (C-13) 

should in su re  s tab le  so lu tions w ith  sm a ll tru n c a tio n  e r r o r s .
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RECURSION FORM ULA FO R iji(z, t)

The so lu tion  of (10) u su a lly  re q u ire s  tw o-d im en sio n a l re lax a tio n  

techniques under su itab le  boundary  conditions. H ow ever, b ecau se  of the 

h o riz o n ta l p e rio d ic ity  of o u r m odel, (10) red u ces  to (15) w hich  is  solved 

by a s im p le  s e t of a lg e b ra ic  r e c u rs io n  fo rm u las .

F o r  s im p lic ity , we sh a ll c o n s id e r  h e re  a o n e -d im en sio n a l fo rm  

of (15) denoted by

H(z) = k^4^(z) - 1 ^ 7 ^  . (D-1)

A c e n te re d -d iffe re n c e  sch em e is  u sed  fo r the f in ite -d iffe ren ce  fo rm  of 

(D-1):

H(m) = k^i)j(m) - [i);(m+l) + ip(m-l) - 2i|i(m)]/(Az)^ (D-2) 

w h ere  m  = 2, 3, . . . , M -1; the to ta l num ber of g rid  po in ts  being M. 

R ea rran g in g  (D -2),

ai|j(m) = i|j(m+l) + v|)(m-l) + bH(m) (D-3)

w ith  a = 2 + bk^ and b = (Az)^ .

C o n sid er now th a t m  is  fixed  a t its  sm a lle s t  value such  th a t 

iji(m-l) in (D-3) is  the known lo w er boundary  value. The H(m) have been

80
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p rev io u s ly  d e te rm in e d  by the s tep -w ise  in te g ra tio n  of (18), (19), and 

(20). The only unknowns in  (D-3) a re  i|;(m) and 4^(m+l).

We now w r ite  (D-3) fo r the m+1^^ g r id  point:

avjj(m+l) = i|j(m+2) + ip(m) + bH (m +l). (D-4)

Upon e lim inating  i|;(m) betw een  (D-3) and (D-4), we get

(a^ - 1) i|j(m+l) = ai|;(m+2) + abH (m +l) + bH(m) + il>(m-l). (D-5)

L e t us now fo r  convenience d es ig n a te  the co effic ien t of i|j(m+l) as  

S(m+1) = (a^ - 1). F u r th e r ,  we w ill d esig n a te  R(m) = bH(m) + i|;(m+l). 

Then (D-5) m ay  be w ritte n

S(m+1) i)j(m+l) = S(m) ijj(m+2) + S(m )bH(m +l) + R(m ). (D-6)

Since the la s t  two te rm s  of (D-6) con tain  only known p a ra m e te rs ,  we

f*Vïsh a ll sym bolize them  by R(m+1). We now w rite  (D-3) fo r the m+2 

g rid  point,

ai|j(m+2) = i|i(m+3) + 4^(m+l) + bH(m+2), (D-7)

and e lim in a te  i|;(m+l) betw een  (D-6) and (D-7) w ith  the re s u l t  

(aS(m +l) - S(m)) i|j(m+2) = S(m+1) ip(m+3)

+ S(m+l)bH(m +2) + R(m+1), (D-8)

o r

S(m+2) i|;(m+2) = S(m+1) i|;(m+3) + R(m+2). (D-9)

By continuing the p ro c e ss , one can  see  th a t the coeffic ien ts  of 

the le ft-h an d  side of (D-9) fo r  any given m  w ill alw ays be of the fo rm

S(m) = aS (m -l)  - S (m -2), (D-10)

and the te rm s  on the r ig h t w hich depend on H(m) fo r th e ir  value can  be
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w ritte n  in  the g e n e ra l fo rm

R(m) = S (m -l)bH (m ) + R (m -l) . (D-11)

E quations (D-10) and (D-11) a re  g e n e ra l p rov ided  we m ake 

allow ances fo r the c a se  w hen m  = 2. F ro m  (D -3), it is ev iden t th a t 

the se t of equations w ill be s a tis f ie d  p rov ided  we take $(1) = 1, S(0) = 0, 

and R( 1) = i)j(l), the lo w er boundary  value. U nder those cond itions,

(D-9) m ay  be put in the g e n e ra l fo rm

4>(m) = (S (m -l) 4>(m+l) + R (m )) /S (m ), (D-12)

m  = 2, 3, 4, . . . , M -1.

The so lu tion  of (D-12) is  convenien tly  begun a t m  = M -1 w ith 

i|j(m+l) = 4j(M), the u p p er boundary  value w hich  is  taken a s  ze ro  in  th is  

m odel. P r io r  to th a t ca lcu la tio n , how ever, i t  is  n e c e s s a ry  to d e te rm in e  

the values of S and R by s ta r tin g  w ith  m  = 2 and p roceed ing  upw ard.
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T ab le  1

N o m en cla tu re

Note: An a s te r is k  m ean s the p a ra m e te r  h as  i ts  u su a l d im en sio n s . A ll 
o th e r  p a ra m e te rs  a r e  n o n -d im en sio n a l u n le ss  s ta ted  c o n tra r iw ise . 
A lso , an o v e rb a r  d e s ig n a te s  the b a s ic - s ta te  p a ra m e te rs  and a p r im e  
the p e r tu rb a tio n  p a ra m e te rs .

A C oefficien t of rad ia tiv e  cooling due to te m p e ra tu re  d ev ia tion
fro m  th a t of an a tm o sp h e re  of co n stan t p o ten tia l te m p e ra tu re .

ADKE The change in  v o lu m e-a v e rag e d  k in e tic  en erg y  by advection
through the low er boundary ,

A DPE The change in v o lu m e -a v e ra g ed  av a ilab le  p o ten tia l en e rg y  by
advection  th rough  the lo w er boundary .

B R adiative te m p e ra tu re  change fo r  a tm o sp h ere  w ith  co n s tan t
p o ten tia l te m p e ra tu re .

C D eg rees  C e ls iu s .

c*, c^  Specific h e a t c ap a c itie s  of a i r  a t  co n stan t p r e s s u re  and volum e, 
re sp ec tiv e ly .

d D im ensional depth of the convective la y e r  m odeled.

f* C o rio lis  p a ra m e te r  equal to tw ice the an g u lar ve loc ity  of the
ea rth  tim e s  the s ine  of the  la titu d e .

g*, g A cce le ra tio n  due to g rav ity .

H A m plitude of h o riz o n ta l v o r tic ity  p e rtu rb a tio n .

h H eight of an  a tm o sp h e re  w ith  co n stan t p o ten tia l te m p e ra tu re .

HDIF V o lu m e-av erag ed  h o r iz o n ta l d iffusion  of to ta l energy .

K D eg rees  K elvin; g e n e ra l h o riz o n ta l eddy coeffic ien t fo r
tu rb u len t exchanges.
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Table 1 (continued)

K^, Kjj H orizo n ta l eddÿ co effic ien t fo r  tu rb u len t b e a t and m om entum  
exchange.

K |,  Kg V e rtic a l eddy co effic ien t fo r  tu rb u len t h ea t and m om entum  
exchange.

k H orizon ta l w ave num ber.

L H orizo n ta l w ave length.

M N um ber of g rid  po in ts in  the v e r t ic a l  d ire c tio n .

N B ru n t-V a isa la  frequency .

P*, p* R eferen ce  p r e s s u re  and a c tu a l p r e s s u re  of a tm o sp h e re , 
re sp ec tiv e ly .

PRES W ork done by the p e r tu rb a tio n  m otion  ag a in s t p re s s u re  
fo rc e s  along the low er boundary.

R Sum m ation p a ra m e te r  in  re c u rs io n  fo rm u la  fo r  solu tion  of
4j(z,t); n o n -d im en sio n a l gas constan t fo r d ry  a ir .

R* Gas constan t fo r  d ry  a ir .

RAD V olu m e-av erag ed  ra d ia tiv e  dep le tion  of energy .

S Sum m ation p a ra m e te r  in  re c u rs io n  fo rm u la  fo r so lu tion  of
4j(z,t).

s* , s H eat content of a i r  p e r  un it volum e p e r  d e g re e  (=p*c*).

T A m plitude of h o riz o n ta l te m p e ra tu re  p e rtu rb a tio n .

T* A bsolute a i r  te m p e ra tu re .

t* . t  T im e.

At T im e in c rem en t fo r  n u m e ric a l so lu tions.

u*, u  E a stw ard  (x) com ponent of w ind ve loc ity . U is  am plitude of
Ü, u', U h o rizo n ta l p e rtu rb a tio n .
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Table 1 (continued)

V*, V N orthw ard  (y) com ponent of wind ve loc ity . V is  am plitude of 
V ,  v', V h o riz o n ta l p e rtu rb a tio n ,

VDIF V o lu m e-av erag ed  v e r tic a l  d iffusion  of to ta l energy .

w*, w V e rtic a l (z) com ponent of w ind velocity . W is am plitude of 
w , w ', W h o riz o n ta l p e rtu rb a tio n .

^  C oord inate  axes along eas tw ard , n o rth w ard , and v e r tic a l 
d ire c tio n s , re sp ec tiv e ly .

z*, z

Az V e rtic a l m esh  size  fo r n u m e ric a l so lu tions.

a N on-d im ensional C o rio lis  p a ra m e te r .

P S ta tic  s ta b ility  of b as ic  s ta te  (= 90/9z).

€ The o rd e r  of allow able deviations of the dependent v a riab le s
fro m  th e ir  values in  an a tm o sp h ere  w ith  co n stan t po ten tia l 
te m p e ra tu re  (=A 0/© ).

T|' V o rtic ity  p e r tu rb a tio n  about the negative  y -ax is .

0  C onstan t d im en sio n a l p o ten tia l te m p e ra tu re  re p re se n ta tiv e
of the m odel la y e r .

0*, B P o te n tia l te m p e ra tu re .

6,  9' T e m p e ra tu re  dev ia tion  fro m  th a t in  an  a tm o sp h e re  of constan t 
po ten tia l te m p e ra tu re .

/C*, K C oefficien t of ab so rp tio n  p e r  unit volum e.

H R atio  of depth of m odel la y e r , d, to h e igh t, h, of a tm o sp h ere
w ith  co n stan t p o ten tia l te m p e ra tu re .

TT, TT P r e s s u r e  dev iation  fro m  th a t in  an  a tm o sp h e re  w ith  constan t
t t ' ,  n  p o ten tia l te m p e ra tu re . II is  am plitude of h o riz o n ta l p e r tu r 

bation.

p*, p A ir density .
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Table 1 (continued)

cr*, or S te fan 's  constan t.

T D im en sio n a l sca le  tim e  n e c e s s a ry  fo r  the e lim in a tio n  of
aco u stic  freq u en c ie s  fro m  so lu tions of the governing 
d iffe re n tia l equations.

0 * , $  R ad ia tive  cooling ra te  of a i r  p e r  unit volum e.

i)j', il' S tream fu n c tio n  in the x z p lane and am plitude of h o riz o n ta l
p e r tu rb a tio n , re sp e c tiv e ly .

Table 2

C onstan t P a ra m e te r s

^ -6 -1
A = 4 X 10 sec

d = 1 km

Kx = 5 X 10^ cm ^ sec

Kz = 5 X
2cm  sec

To = 30

Az = 25 m

a = 10"^ sec -1

® = 300K

9 q - - IOC

T = 34.7 sec
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Table 3

P a ra m e te r s  V aried  fo r  Indiv idual C ases

L  (km) 1 5 10 20 1 50 100

w
(cm
s e c ' l

-1 .5 -1.5 -1 .5 -1 .5 -1. 5 -1.5

-1.5

x lO '^

-1 .5
-3

xlO

-1 .5
-3

xlO

-1.5 -1.5
-3

xlO

At
(sec) 2 6 6 6 12 12

T otal
run
tim e
(hr)

4 6 6

6

12 12

12
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^ Q ' ' k f  •- '■'■̂ '’-'Vn - * '■ 'A/ i-s v >1'.̂-' -<•'•■.?T 5  A/ ■" ' ^''' *

1 3 0 0  GMT 14 SE
r
P 6 4

F ig . 1. E x am p les  of c e llu la r  convective  c loud  p a tte rn s  pho tographed  
f ro m  NIMBUS I s a te l li te .
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(km) A

/
i

- 1 0  - 8  " 6  “ 4  - 2  0

- >  ê  (C)

F ig . 2. B a s ic -S ta te  te m p e ra tu re  d is tr ib u tio n s  fo r  su b sid en ce  and non - 
subsidence  c a s e s .  A b sc is sa  is  dev ia tio n  of b a s ic  s ta te  fro m  
the  te m p e ra tu re  in  a  la y e r  w ith  co n s ta n t p o te n tia l te m p e ra tu re  
O . D ashed  lin e s  show o r ie n ta tio n  of ab so lu te  is o th e rm s .
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(a) (b) (c)

(km)

lOxio'

8» 10'

- 2

Bxltf

(d) (e) ( f )

(km)

I2«I0'

L/2
-» X

- 2

8 » .

F ig . 3. G row th  of stream fxm ction  f ie ld  du ring  f i r s t  s ix  h o u rs  fo r  w ave 
len g th  L  = 20 km  w ith  su b sid en ce . U nits a r e  10® cm ^ s e c " ^ .  
N u m b er in  u p p e r  r ig h t  of each  d ia g ra m  in d ic a te s  tim e  in  h o u rs .
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(a)

K)km

2 0  km 
,5km: I kmi

T 5 0  km

100 km

TIME (hr)

(b )

20  km

10 km

6»

5  km

50  km

100 km

TIME (hr)

F ig .  4 . V a ria tio n  of W j^ax  w ith  tim e  fo r  d if fe re n t c a se s  a) w ith  su b 
s id e n c e  and b) w ithou t su b sid en ce .
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7 t

6
>-
O
oc
UJz
UJ

<

Lo
Q.

Z
w < 0

50  ICO20
Wave Length (km)

F ig . 5. In i t ia l  a v a ila b le  p o te n tia l en e rg y  in  a r b i t r a r y  u n its  fo r  c a s e s  
w ith  and w ith o u t su b s id en ce .
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(a )

40
w < 0

3 0

5 0  km
20km

10 km

5
KX)km

5km

I km

TIME (hr)

(b)
2 0  km50

4 0

3 0

5 0  km

10 km
100 km

5  km

1.0 C 
0.»  
OB

TIME (hr)

F ig . 6. R atio  of to ta l  e n e rg y  to  in i t ia l  en e rg y  a s  a fu n ctio n  of tim e  fo r  
a) su b sid en ce  c a s e s  and b) n o n -su b sid e n ce  c a s e s .
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w <0 I Km

0.8

0.6

N  0 . 4

0.2
0.2X10

0.4
0.6

(b) ( c )

w<0 5 Km

—0

w<0 10 Km

2 x 1 0

- 0

(d)
0

w<0 20 Km

0.8

I 0.6
i _ ■ 0

N  0 . 4 2x10

0.2

-00
*1L /2K

( e ) ( f )

50  Kmw<0

-0
*1L/2K •I

w<0 lOOKm

—0

L /2 M

F ig . 7. S tream fu n c tio n  a t  t  = 6 h r  f o r  su b sid en ce  c a s e s .  U nits a r e  
10® cm2 sec“L
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(o)
5 Km

0.8

----- 0

0.2
4X10

( b )

lOKm

4x10

20

20 Km

0.8

---- 0

4x10

0.2
32

L/2 *1I*

(d) ( e )

50 Km

L /2 *1

w~0 100 Km

4X10

20  •

22

L/2 *1K

F ig . 8. S tream func tion  a t  t  = 6 h r  fo r  n o n -su b s id e n ce  c a s e s .  U nits 
a r e  10® cm 2 s e c 'L
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(a)
1.0

0.1
0 2 4 6 8 10 12

T I M E  ( h r  ) 

( b )
30

10

.0

0.1
4  6

T I M E  ( h r )

10 12

F ig . 9. T im e v a r ia t io n  of a) av a ilab le  p o te n tia l en e rg y  and b) k in e tic  
en e rg y  e x p re s s e d  a s  a fra c tio n  of the in it ia l  en e rg y  fo r  the 
50-k m  c a s e s .  Solid  lin e s  a re  fo r  subsidence  c a se ; d ash ed  
lin es  fo r  n o n -su b s id e n ce  c a se .
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2.0

Iu0>
m
O

E
u /  -

- 0 . 5

KE PE

4  6
TI ME  ( h r )

8 10 12

F ig . 10. V e r tic a lly -a v e ra g e d  co n v ec tiv e  h e a t  t r a n s p o r t  fo r  the 50-km  
c a s e s .  S o lid  lin e  fo r  su b sid en ce  c a se ; dashed  lin e  fo r  n o n 
su b sid en ce  c a s e .  P o s itiv e  v a lu es  in d ic a te  p o te n tia l en e rg y  
is  co n v e rtin g  to  k in e tic  en e rg y .
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-4
-3
-2
-I

0
1
2 
3

(a) ( b )
----- 1------1 1 ------r— r

R A D ^ O -

A D PE
A D K E -
P R E S

V D IF

- H D IF = - 9 . 4 7

1 1 1 1 I I

-

R A D ~ 0 V D IF-5
-4

 H D IF
 PRES"
 ADKE.

— .A D P E

T I M E  ( h r  )T I M E  ( h r )

R A D ~ 0-4

V D IF

 PRES
— • ADKE-
 H D IF
— 'A D P E -

0 2 6 84
T I M E  ( h r )  

( d )
- 4

RAD <0 .1

-2 ADKE

PRES

ADPE

V D IF

T I M E  ( h r )

e
-4

.  RAD < 0 .1

ADKE

PRES'
A D PE

H D IF  < 0.1 V D IF

2 4 6 8
T I M E  ( h r )  -

10 12 14

F ig . 11. S o u rces and s in k s of to ta l  en e rg y  fo r  su b sid en ce  c a s e s  e x p re s se d  
a s  a  f ra c tio n  of the to ta l  en e rg y : a) 5 k m , b) 10 k m , c) 20 km , 
d) 50 k m , and  e) 100 k m . N egative  values in d ica te  s in k s . See 
te x t fo r  exp lanation  o f a b b re v ia tio n s .
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-3
-2

( a )
T 1--- 1--- 1--- 1--- 1— r

L ADKE 
A D P E  

- I  L P R E S  
RAD

0
1
2
3
4

H D I F  = - 9 . 4 7

/
—  ------------ -— " VDI F

0 2 4 6
TIME ( h r )  »

- 6

V D I F .-4

HDI F
AD KE
A D P E
P R E S
RAD

(c )
TIME (hr)

- 6
A D K E
A D P E  ~ 0  
P R E S
RAD ~  0.01

"4 -

VDI F

HDI F
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F ig . 12. S o u rces  and s in k s of to ta l  energy  fo r  non -su b sid en ce  c a s e s .  
See F ig .  11.
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F ig . 13. H o rizo n ta l v e lo c itie s  U and Y a s  a  function  of he igh t fo r  50-k m  
c a s e s  a t  t  = 3 h r :  a) su b sid en ce  c a s e ;  b) non -su b sid en ce  c a s e .
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14. E x c e s s  te m p e ra tu re  and v e r t ic a l  m otion  a s  a  function  of h e ig h t 
fo r  su b sid en ce  c a se s  a t  se le c te d  tim e s  in d ica ted  by the  n u m b e r 
on th e  c u rv e s  (in h o u rs ).
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F ig . 15. S am e a s  F ig .  14, b u t fo r  n o n -su b sid e n ce  c a s e s .  Note change 
in  sc a le  o f  W in  th e  10- and 20-k m  ca se s .
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F ig . 16. V ertica lly -averaged  convective h e a t tra n sp o rt fo r the 5-km
case s . See F ig . 10 fo r explanation.
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F ig . 17. V ertica lly -averaged  convective h ea t t ra n s p o r t fo r the 20-km
cases . See F ig . 10 fo r  explanation.
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F ig . 18. R atio  o f h o r iz o n ta l to  v e r t ic a l  v e lo c ity  m a x im a  a t  t  = 6 h r  fo r  
su b s id en ce  and  n o n -su b sid e n ce  c a s e s .
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F ig . 19. V e r tic a l d is tr ib u tio n  o f  WT^ a t  t  = 6 h r  fo r  th e  20-k m  subsidence 
c a se .
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F ig . 20. R atio  of cu m u la tiv e  e r r o r  in  ev a lu a tio n  of to ta l e n e rg y  in te g ra l 
to  to ta l en e rg y  fo r  su b sid en ce  c a s e s .
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F ig . 21. E ffe c t of C o rio lis  fo r  su b sid en ce  and  n o n -su b sid e n ce  c a se s . 
C u rv es  show ra tio  /  I “ m a x  I a t  t  = 6 h r .
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F ig .  22. S ubsidence effec t on r a t io  of cloudy to  c le a r  a i r  in  s m a ll- s c a le  
(10 to  20 km ) and la r g e - s c a le  (50 to  100 km) p e r tu rb a tio n s .


