
~!NEMATIC ANALYSIS AND SIMULATION STUDIES 

OF INTERVERTEBRAL MOTION 

By 

AVINASH GAJANAN PATWARDHAN 
~ 

Bachelor of Engineering 
Nagpur University 

Nagpur, India 
1972 

Master of Engineering 
Indian Institute of Science 

Bangalore, India 
1974 

Submitted to the Faculty of the Graduate College 
of the Oklahoma State University 

in partial fulfillment of the requirements 
for the Degree of 

DOCTOR OF PHILOSOPHY 
May, 1980 



Thesis 
19'BOD 

-:p ~~~k 
~f'~ 



KINEMATIC ANALYSIS AND SIMULATION STUDIES 

OF. INrERVEl~EBRAL MOTION 

Thesis Approved: 

Dean of the Graduate College 

ii 

• 



ACKNOWLEDGMENTS 

I take this opportunity to express my sincere gratitude to all who 

have helped in any way to make this study possible. In particular, I am 

grateful to Dr. A. H. Soni, chairman of my advisory committee, for his 

continuous encouragement and guidance which were instrumental in the suc

cessful completion of this research. I wish to express my sincere appre

ciation of his confidence in my ability and personal counsel throughout 

the course of my graduate study. I wish to thank Dr. J. Andy Sullivan, 

of the University of Oklahoma Health Sciences Center, for providing me 

with the necessary human spine specimens and for his willingness to spend 

several hours of his time with me during the experimental work. I am 

also thankful to my other committee members, Dr. R. L. Lowery, Dr. L. D. 

Zirkle, and Dr. P. F. Duvall, for their encouragement and helpful sugges

tions. 

I am thankful to my friends, br. Jack Lee, Dr. Amnon Vadasz, and Dr. 

Malladi Siddhanty, for providingencouragement during the early part of 

my graduate study. 

I wish to thank Mr. Preston Wilson and Mr. Arlen Harris of the 

Mechanical Engineering Laboratory for fabricating the experimental setup. 

Financial assistance from the School of Mechanical Engineering and 

the Orthopaedic Research and Education Foundation is gratefully acknow

ledged. 

iii 



I wish to thank Ms. Charlene Fries for doing an excellent job in 

typing this thesis, and Mr. Y. C. Tsai and Dr. T. S. Kale for drawing 

the figures for this thesis. 

I am particularly indebted to my parents, whose spiritual, materi

al, and inspirational encouragement made this goal possible. I am 

grateful to my wife Vandana whose love and understanding helped me pull 

through the last year of my work, and to my daughter Jennifer for let

ting me work during these past few months. 

iv 



TABLE OF CONTENTS 

Chapter 

I. INTRODUCTION 

1.1 Anatomy of the Human Spine o . o • 
lo2 Scope of Kinematic Research as Applied to the 

Human Spine • • . • • . • • • • • • 
1.3 Review of Literature . 
1.4 A Critical Analysis •. o •. 

II. RESEARCH OBJECTIVES . 
III. DESIGN OF EXPERIMENT AND DATA COLLECTION 

3.1 Design of Experiment 
3.2 Data Collection •.. 

IV. SIGNATURE ANALYSIS OF INTERVERTEBRAL MOTION 

4ol Calculation of Parameters of Instantaneous 

4.2 

4.3 

4.4 

4.5 
4.6 

Screw Axes . • • • • • • • . . . . . 
Calculation of Parameters of Screw Axes in the 

Anatomical Frame of Reference • • o o o o . . o 
Calculation of Paramet~rs of S£rew 823 Using the 

Parameters of Screw s12 and s13 • • o . • . . 
Analytical Formulation of the Axode of Inter

vertebral Motion o • • • • • o • • • • • • 
Interpolation Using the Axode Approximation . 
Kinematic Analysis of Experimental Data Describing 

Three-Dimensional Intervertebral Motion o . 

V. SIMULATION STUDIES OF THE HUMAN SPINE SUBJECTED TO 
STATIC LOADS • • • • • • • • • • • • • o • . • . • 

5.1 Development of a General Discrete Parameter Model 
of an Open Loop Kinematically Constrained 

. . . . 

. . . . 

. . . . 

. . . . 

Page 

1 

1 

2 
6 

10 

16 

19 

19 
31 

38 

39 

43 

48 

49 
56 

62 

84 

Elastic System . o • . • • • o • . • . • . • • . 85 
5.2 Verification of the Theoretical Simulation Model 

Using a Known Mechanical System • • • . . . • • 107 
5.3 Application of the Simulation Model to the Human 

Spine Subjected to Static Loads • • . • . • • . 117 

VI. CONCLUSIONS, APPLICATIONS, AND SCOPE FOR FURTHER WORK 147 

REFERENCES • . • . . • • o • • • . . . . . . . . . . . . 157 

v 



Chapter Page 

A?PENDIX A - LITERATURE REVIEW, TABLES IX THROUGH XIV . . • . • 164 

· APPENDIX B - DERIVATION OF SOME RELATIONSHIPS USED IN CHAPTER V . • 189 

APPENDIX C - DEFINITION OF COEFFICIENTS IN THE EQUILIBRIUM 
EQUATION (42) • . • • . . • . • . • . . . • • . . . . 199 

vi 



LIST OF TABLES 

Table Page 

I. Linkage Transducer Data •.• o •••••• 25 

' 
II. Specifications of the Rotary Potentiometers . 26 

III. Calibration Data of Potentiometers 27 

IV. Parameters of Screw Axes of Motion L2-L3 Specimen 2: 
Sagittal Plane, Extreme Extension to Extreme Flexion 64 

V. Data for Axode Approximation and Interpolation 80 

VI. Experimental Data for Axode Approximation and 
Interpolation . . o • • • • • 82 

VII. Classification of Physically Realizable Kinematic Pairs 
and Their Parameters • . . . . • . 120 

VIII. Location of Spherical Joint Using Least Square Cone Fit . . 124 

IX. Classification of References . 165 

X. Methodology of Experimental Data Collection: Analysis 
and Comparative Study . . o • • • • • • • o • 166 

XI. Summary of Experimental Investigation Into Mobility of 
Human Spine o o • • o • • • • • 

XII. Summary of Existing Mathematical Approaches for Kinematic 
Analysis of Human Spine . • . • • • . 

XIII. Comparison of Available Instrumentation Techniques to 

0 179 

. 185 

Measure In-Vitro Relative Motion of Synovial Joints . . . . 186 

XIV. Brief Analysis of the Motion Simulation Models for a 
Spine Subjected to Static Loads •..••....•.•.. 188 

vii 



LIST OF FIGURES 

Figure Page 

lo Components of an Intervertebral Joint o 3 

2o The Spine Fixture o 20 

3o Linkage Transducer 22 

4o Coordinate Systems on the Linkage Transducer 23 

5o A Typical Calibration Plot 30 

6o A Schematic Representation of the Experimental Setup 32 

7o Loading Frame for Stiffness Data Collection o o 36 

8o A Coordinate System for a Linkage With Revolute Pairs o 40 

9o Anatomical Reference System o o o 44 

10. A Coordinate System for the Hyperboloid of One Sheet 54 

llo Range of Motion as a Function of Plane of Motion 65 

12o Freebody Diagram of an Ith Body o o 86 

13. Flow Chart for the Simulation Model o 108 

14. Simulation of a Mechanical System • • 109 

15. Successive Equilibrium Configuration of the Mechanical 
System • • • • • • • . • • • • • • • • • • • • • • 118 

16. Calculation of Stiffness Coefficients • • 128 

17. Successive Equilibrium Configuration of the Intervertebral 
Joint • • • • • • . • • . . 0 • • • • • • 132 

18. An Example of Vertebral Fusion 150 

19. A Surrogate (Substitute) Spine 153 

20. Different Types of Linkage Transducers 155 

viii 



CHAPTER I 

INTRODUCTION 

1.1 Anatomy of the Human Spine 

The human spinal column consists of 24 mobile bones, called verte

brae. These vertebrae are designated symbolically from top to bottom 

as Cl-C7 (cervical or neck region), Tl-Tl2 (thoracic or chest region), 

and Ll-15 (lumbar or low back region). The skull articulates with Cl, 

and the column is supported on the fused vertebrae Sl-SS, constituting 

the sacrum which is part of the pelvis. An intervertebral disc joins 

two adjacent vertebrae. Each disc consists of a peripheral annulus 

fibrosus which surrounds a nucleus pulposus, capped on its superior and 

inferior aspects by the dome-shaped cartilaginous end plates. The pos

terior elements of the two vertebrae are joi"Q.ed together through articu

lar facet joints arising from the articular processes. In the sagittal 

plane (lateral view), the normal erect spine has .four curves. The cervi

cal and lumbar regions are curved convex anteriorly, and the thoracic and 

sacral regions are curved convex posteriorly. In the frontal plane, the 

normal erect spine appears straight and symmetrical with the exception of 

a slight right thoracic curve which is said to be due to the position of 

the aorta or right handedness. A motion segment which is constituted by 

two adjacent vertebrae and their intervening soft tissues can, in general, 

exhibit six components of motion, i.e., translation along and rotation 
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about three mutually perpendicular axes. Figure 1 shows the components 

of an intervertebral joint. 

1.2 Scope of Kinematic Research as 

Applied to the Human Spine 

During the period following World War II, an active interest was 

developed among researchers to study the phenomenon of pilot ejection 

which caused vertebral fractures in some of the pilots ejected from 

wrecked aircraft. It was then that the first mathematical model of a 

human spine was developed to study the accelerations and stresses in

duced in the spinal column due to the acceleration pulse of the seat. 

The study was motivated to predict the injuries to the vertebrae. With 

the advent of high speed ground transportation, a new class of problems 

is being faced. These include injuries to the thoracolumbar spine due 

to a sudden deceleration, the whiplash injury to the cervical spine, and 

the general gross motion study of the human body involved in a crash im

pact. The seriousness of these injuries cannot be overstated. For exam

ple [65, 66, 68] in a whiplash situation, injuries to the spinal column 

range from damage to the soft tissue only (ligaments, discs, etc.) to 

combined soft tissue and bony damage (fracture and dislocation). The 

nerve roots and spinal cord can be damaged in any injury which causes 

fracture or dislocation. The structural and physiological aspects of 

the spine also pose some interesting problems. Probably the most im

portant among these are related to the static deformity of the spine, 

known as scoliosis. Although a great deal of work has been done to-

ward identifying or classifying different types of these deformities 

and their treatment, the true nature of the causes leading to these 
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Figure 1. Components of an Intervertebral Joint 
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deformities has not been completely revealed. Application of kinematic 

research tools to the mechanics of the human spine has much to contri

bute in terms of the basic understanding of intervertebral motion char

acteristics which, in turn, will provide tools for understanding in

juries which occur in automobile crashes or sports, and will enable 

medical researchers to achieve a better insight into the mechanics of 

various deformities. 

The science of kinematics studies the relative motion of one rigid 

body relative to another rigid body. The manner in which the rigid body 

executes this relative motion defines the kinematic constraints. The 

relative motion of a rigid body may be described in terms of infinitesi

mal motion or finite motion. However, the science of kinematics places 

more emphasis on infinitesimal motion. This is due to the fact that all 

the higher order motion properties of the body can be examined with ease 

and can be directly related to the dynamic behavior of the rigid body. 

The first order kinematic properties tha,t describe a rigid body motion 

are the instantaneous screw axis (ISA) and its associated pitch value. 

The instantaneous screw axis is also the generator of the axode. The 

second order kinematic properties of the relative rigid body motion are 

the first order properties of the axode which is a ruled (geometric) 

surface. The second order properties of the axode generated by the ISA 

describe the third order properties of the rigid body motion. Any 

higher order motion of a rigid body can be studied by examining the 

higher order properties of the axode. The advantages of studying the 

axode properties to analyze the rigid body motion should be obvious. 

The motion is a time dependent quantity. The axode, on the other hand, 

is a geometric property. Thus, with the study of the axode, the motion 



is studied in an absolute frame of references where time dependency is 

eliminated. 
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A mechanical system may be considered as one or more rigid bodies 

connected together by one or both the following types of connectivities: 

(1) elastic or flexible connection which may consist of linear or non

linear elastic elements, and (2) mechanical joints or couplings which 

· govern the characteristics of the relative motion permitted between the 

connected rigid bodies. 

There are twelve well-accepted and physically realizable pairs with 

one or more degrees of freedom of motion. In building a mechanical sys

tem, the rigid bodies may be connected using these physically realizable 

kinematic pairs. Such a system of rigid bodies connected by kinematic 

pairs may have constrained or unconstrained relative motion. The manner 

in which connectivity is established between rigid bodies using the 

kinematic pairs will describe the degrees of freedom of the rigid-body 

motion. 

The biological system performing relative motion, however, is dif

ferent from the mechanical system. The rigid bodies in a biological 

system are in general deformable. The joints connecting the rigid 

bodies do not appear to conform to the well-defined geometry of mechani

cal kinematic pairs. Furthermore, there is usually a shock-absorber or 

a cushion imbedded in a biological joint. 

The scope of kinematic research in studying such biological joints 

may be visualized in the following two parts: 

1. Analysis of the relative motion at such joints using the ad

vanced kinematic theories without being concerned as to the mechanics 

of this motion; and 



6 

2. Synthesis of the actual relative motion at these joints by com

bining in a rational manner the kinematic constraints and motion charac

teristics of the joint with the elastic restraints of the biological 

tissue and other supporting structures. 

The following sections examine the state of the art in studying the 

intervertebral motion followed by a critical analysis and the existing 

methodology. 

1.3 Review of Literature 

There has been considerable interest in studying the kinematics of 

intervertebral motion of the human spine since the earliest significant 

contribution to the subject by Jacob Winslow. In the year 1730, he re

ported a scientific study meticulously describing the apophyseal facets 

of the vertebrae and their constrained motion during movements of the 

head, neck, and the rest of the spinal column. Since then, many inves

tigators have owrked with live subjects or autopsy specimens to deter

mine the range of motion, in terms of relative displacement due to 

intervertebral motion of the human spine. Significant contributions by 

several researchers are reported in References [1-40]. A brief analysis 

of the significant studies related to the kinematics of the human spine 

follows. 

There are four general categories that an investigator chooses from 

before he proceeds to study the kinematic behavior of intervertebral mo

tion. These four categories are type of study, segment of the spine, 

data collection procedure, and data analysis: 

1. Type of study: There are two reported ways to study the kine

matics of the human spine. These are either in-vivo study or in-vitro 
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study. The basic objective of such kinematic studies appears to be simi

lar. In an in-vitro kinematic study, the investigator is preferably aim

ing to extrapolate information on the kinematics of motion characterized 

by an in-vivo spine. 

2. Segment of the spine: The human spine consists of 24 vertebrae 

distributed in three segments: (a) cervical (c1 - c7), (b) thoracic 

(T1 - T12 ), and (c) lumbar (11 - 15). An investigator may either select 

any one of these three segments of the spine or investigate the entire 

spine. 

3. Data collection procedure: The data describing the kinematics 

of intervertebral motion are collected by designing a suitable labora

tory experiment. An in-vivo laboratory experiment and data collection 

involve utilization of bubble goniometer, shadow technique, and the 

roentgenograph technique for recording di.screte positions of the spine 

or the cineroentgenograph for recording continuous motion. An in-vitro 

experimental procedure for data collection appears to have more freedom 

to record detailed descriptions of the relative motion of the vertebrae. 

Planar motion data on the intervertebral joint motion were obtained 

[37-39] using single roentgenograph measurement. Simultaneous data from 

two roentgenographs taken in intersecting planes were used [20, 21, 40, 

48] to measure the spatial motion of vertebrae. Externally applied elec

tronic transducer systems were used [18, 20] to measure axial rotation of 

vertebral bodies. Their study represents a single component of motion 

measurement. An electro-mechanical motion transducer system was develop

ed [36] to measure the motion of the lumbar spine using liquid mercury

filled tubes as strain elements. Motion transducer systems to measure 

space motion have been also used in studies of other anatomical joints. 
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For example, a multiloop instrument system was used [41] to measure jaw 

motion. An instrumented linkage was developed [42] to study the mandi

bular motion. Single and multiloop linkage instrumented measurement 

techniques were developed [43-45] to measure the spatial motion of the 

canine shoulder and the human knee joint [46]. Cineradiography was used 

[47] to measure the motion at the wrist. 

4. Data analysis: Many of the data analysis procedures depend 

upon the way the data are collected. The reported studies on kinematics 

of the human spine may be distributed into one of the following six 

groups: (a) simple observation on the range of motion, (b) simple sta

tistical analysis giving mean and standard deviations of the range of 

motion, (c) location of instant centers of velocity assuming that the 

motion is a planar motion especially in the sagittal plane, (d) locating 

instantaneous screw axes (in a limited sense), and (e) developing a 

mathematical procedure to determine centroidal curvature or calculating 

relative displacements of the vertebrae. 

Distribution of the reported research studies, classified into 

twelve groups based on the analysis above, is presented in Table IX.* 

Table X presents the methodology and data collection procedures utilized 

by these investigators. Table XI presents the summary of results of 

their investigations. The isolated attempts made on determining t;he 

spine configuration under static mode and with non-kinematic tools are 

summarized in Table XII. Table XIII presents an analysis of the instru

mentation techniques for collecting the in-vitro data on the relative 

motion of synovial joints. 

, *Tables IX through XIV are included in Appendix A. 
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The significance of motion simulation models as research tools in 

contributing to physiological research on the human spine has been recog

nized in the literature. A three-dimensional elasto-static model of the 

thoraco lumbar spine has been proposed and its application demonstrated 

on the response of the spine to compressive and lateral loads [52]. 

Functions of individual cervical muscles were analyzed to study their 

effectiveness in producing specified head motion by a three-dimensional 

elasto-static model of the cervical spine [54]. A three-dimensional 

model was developed [53] to calculate forces in muscles and reactions at 

intervertebral joints in static postures. A comprehensive three

dimensional elasto-static model simulating the thoraco-lumbar spine with 

interactive role of sacrum, sternum and ribs was developed to study the 

response of the rib cage to lateral compressive and bending loads, and 

to study the stabilizing effect of the rib cage on the vertebral column 

[55, 56]. 

Table XIV sununarize:s the state of the art in some of the key motion 

simulation models of a spine subjected to static loading conditions. 

These motion-simulation models have the following attributes: 

1. Intervertebral motion is simulated in three dimensions using 

either an isolated spinal segment [52, 53, 54] or using the entire 

thoracic cage [55, 56]. 

2. The elements of the intervertebral joint, such as disc and 

ligaments, are :represented by using springs and beam elements [52, 55]. 

3. The vertebrae are treated as rigid bodies. 

4. The equations of equilibrium of forces are written using the 

stiffness matrix approach [52, 56] or using the reaction forces [53]. 
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5. The motion simulation models are validated using the available 

data in the literature. 

6. These models are developed using the discrete parameter approach. 

1.4 A Critical Analysis 

The instant center location as reported in References [7, 8, 10, 18, 

21, 22, 24, 26] is achieved by obtaining two finitely separated positions 

of a vertebra moving relative to another vertebra.· The motion about this 

instant center is expected to describe the instantaneous velocities of 

any point within the vertebra. But the "instant center" obtained by 

.finite position analysis only provides a pole point--which approximates 

the higher-order infinitesimal motion properties using finite motion 

theories. Therefore, much of the. inf.ormat·1on based on the present way 

of obtaining the instant cente:r is approximate and must be analyzed or 

interpreted with care before conducting the. kinematic studies on the 

mobility of the human spine. The locus of the instant center, when it 

is located in an instantaneous kinematic sense, will provide a centrode. 

The relative motion of two vertebrae can then be described truly with 

mathematical precision by means of the centrode and its conjugate cen

trode• On the other hand, the instant center, as reported in the refer

ences cited above, represents a pole; the locus of such pole points will 

descri.be a polode which is not capable of describing the true relative 

motion of the vertebrae. 

The concept of instant.center location to describe vertebral motion 

assumes a planar motion of the vertebrae. However, it is well known 

that intervertebral motion is truly a three-dimensional spatial motion 

having all six components of motion. 
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The intervertebral motion in three dimensions can be described by 

locating instantaneous screws, obtaining the axodes and conjugate axodes 

as the locus of the instantaneous screws. However, as in the case of in-

stant center location, the instantaneous screws have been located [22, 

24] using the finitely separated positions of the moving vertebrae. Fur-

thermore, no attempt is made to establish the relationship between the 

true location of the instantaneous screw and the approximately located 

instantaneous screw. Also, the screw by itself does not provide a com-

plete kinematic criterion for conducting comparative study as it is 

stated by Panjabi and White (24]. The screw contributes only first-order 

property of rigid-body motion, provided it is obtained using infinitesi-

mally separated positions of the rigid body. 

With the basic deficiency in applying instrumentation techniques 

and data collection in the past, it has not been possible to locate the 

instant centers or instantaneous screw axes and centrodes or axodes in 

their true instantaneous kinematic sense. The date. collected via roent-

genographs are for the finite positions of the vertebrae. As a conse-

I 
quence, the data analysis follows the basic drawbacks of the data collec-

tion technique. Since at present there is no reported study that will 

predict the error involved in extrapolating information from finite-

position motion to instantaneous motion, there is no theoretical basis 

for the number of roentgenographs needed and the incremental values of 

angular positions of the spine necessary for the follow-up data analysis 

to: (1) best approximate the motion at every instant, and (2) provide 

techniques to interpolate information corresponding to vertebral posi-

. tions for which no roentgenograms are available. Due to this lack of 

suitable developments in data collection and analysis, one cannot 
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evaluate and compare the characteristic motion (position, velocity, and 

acceleration of the vertebrae) in an absolute frame of reference. 

The analysis above and the data summarized in Tables IX through XIV 

(Appendix A) show that the three-dimensional kinematic theories have not 

been fully applied in mobility studies of the human spine beyond deter

mining "instantaneous centers" of velocity or locating "instantaneous 

screws" based on a discrete set of observations. 

The geometry of the facet joint has an important bearing on several 

physiological aspects of the human spine. The location and orientation 

of facets and the geometry of the surface of contact at each facet joint 

govern the· components of motion and the functional relationships between 

these components of motion at each facet joint. These geometric charac

teristics of the facet joint interact with the stiffness properties of 

the individual ligaments and intervertebral disc to generate a specific 

pattern of motion at each intervertebral joint due to a mode of motion 

of the entire human spine. The role of these geometrical characteris

tics of facet joints in contributing to the physiological aspects of the 

human spine has been recognized in the literature. The variation in 

range and pattern of intervertebral motion at the lumbar, thoracic, and 

cervical spine has been attributed to the location and orientation of 

the facets at these vertebral levels [1]. A reversed coupling between 

the lateral bending and axial rotation sometimes found in the thoraco 

lumbar region has been cited [24] as a probable cause of scoliotic de

formity of the spine caused by the imbalance of motion components in 

that region. A deviation from the normal geometric characteristics of 

facet joints in the lower lumbar region has been thought of as a cause 

of above normal torsional strain leading to the degeneration of 
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intervertebral discs [20]. There has been an extensive experimental 

work [21] on the partial or total fusion of facet joints at various ver

tebral levels in order to investigate the effect of fusion on the range 

and pattern of motion of intervertebral joints and the entire spine. 

However, even today theoretical models are not available to predict the 

change in the intervertebral motion and the motion of the entire spine 

due to partial or total fusion without going through the extensive ex

perimental work. 

In order to investigate on a scientific basis the characteristic 

motion of intervertebral joints and the kinematic function of the facet 

joints at each vertebral level, we need to develop human spine-motion 

simulation model which incorporates the total kinematic influence along 

with the stiffness properties of the vertebral joints. Such a motion 

simulation model must be developed using the following criteria: 

1. The simulation model must predict within acceptable tolerance 

limits the three-dimensional motion response of a human spine subjected 

to static loading conditions. 

2. The simulation model must incorporate the kinematic as well as 

geometric characteristics (e.g., location, orientation, surface proper

ties) of the facet joints at each vertebral level. 

3. The simulation model must identify and include the kinematical

ly equivalent intervertebral joint. 

4. The kinematic equivalent of intervertebral joint must incor

porate parameters that permit one to examine the function of facet 

joints in controlling the characteristic intervertebral motion • 

. The existing simulation models [52-56] do not incorporate the above 

features which are very essential in studying the spinal motion under a 
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variety of loading conditions. Some of the reasons for this inadequacy 

are presented below: 

1. The equivalent stiffness matrix representation [58] of the coup

ling effect created by the functional relationships induced by the facet 

joints on the intervertebral motion is inadequate because it represents 

the constraints, at the most, at a few discrete positions. 

2. The technique of representing the articular facet joint by two 

springs--one of high stiffness perpendicular to the plane of the joint 

and the other a spring of low stiffness along the facet [52, 60]--

also fails to provide the appropriate functional description of the 

joint. This technique has two drawbacks: (a) there is no kinematic 

representation of the three-dimensional curvature of the facets, and (b) 

it does not ensure a continuous contact between the superior and inferior 

facet elements. 

3. The significance of the kinematic influence of facet joints in 

governing intervertebral motion is recognized to a degree [54, 59]; how

ever, no kinematic thoery is developed to describe the three-dimensional 

motion of the joint by an equivalent kinematic pair capable of describing 

the exact intervertebral motion in three dimensions. 

4. A systematic kinematic approach which involves determining 

degrees of freedom, components of motion, and their functional relation

ships has not been developed to model the spinal joint on the basis of 

its experimental data. 

An examination of the reported studies and their analysis reveals 

that the importance of the three-dimensional kinematic theories for de

scribing kinematically equivalent intervertebral joints has been recog

nized [54, 59] but has not been fully exploited in developing motion 
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simulation models of the human spine. Hence some of the key questions 

on the mobility of the intervertebral joint and spine still remain to be 

answered. For example, such questions are: 

1. How to describe quantitatively the intervertebral motion and 

develop procedures to compare the motion characteristics? 

2. How many degrees of freedom do the facet joints have at each 

vertebral level? 

3. What are the components of motion of the facet joints associ

ated with each pair of vertebrae? 

4. What are the functional relationships between t!le components of 

motion of the facet joints at each vertebral level? 

5. How to develop a systematic, kinematic approach that will per

mit one to synthesize mathematically the equivalent kinematic pair that 

will simulate the intervertebral motion at each vertebral level? 

6. How to integrate the function of the equivalent kinematic pair 

along with the stiffness properties of disc and ligaments at each verte

bral level in developing a motion simulation model? 

In the present work, methodology is developed for data collection 

and data analysis which attempts to answer some of the key questions 

raised above. The next chapter presents the specific research objec

tives of this research program. 



CHAPTER II 

RESEARCH OBJECTIVES 

It is proposed to develop a methodology to perform a three

dimensional kineto-elasto-static analysis of the human spine by testing 

cadaver specimens of the lumbar spine. The specific objectives of this 

proposed research are presented below: 

1. To develop a methodology to describe quantitatively the three

dimensional intervertebral motion. The activities to meet this aim in

clude the development of stepwise procedures for: 

a. Data collection of: the three-dimensional intervertebral 

relative motion of each vertebra as the spine executes 

motion in. sagittal plane, frontal plane, and planes in 

between. 

b. Calculation of parameters of instantaneous screws of mo

tion. These parameters include the direction cosines of 

the screw axes, the location of these axes, and the pitch 

values associated with them. 

c. Determination of an analytical form of axode. Such an 

axode will be a mathematical ruled surface which will 

approximate the locus of the instantaneous screw axes as 

the vertebra executes a mode of relative motion with 

reference to a fixed frame of reference. 

d. Interpolation on the parameters of the instantaneous screw 

16 



axes. The axode approximation as developed in section 

l(c) above will be used as a mathematical basis for the 

interpolation procedure. 

17 

2. To develop a methodology for the purpose of conducting simula

tion studies on the three-dimensional intervertebral motion of a human 

spine subjected to static loading conditions. This research objective 

will be met by undertaking the following activities: 

a. Development of a discrete parameter model simulating the 

three-dimensional relative motion of rigid bodies which 

constitute an open loop kinematically constrained elastic 

system. The simulation model developed in this section 

will be a generalized model which will simulate the motion 

characteristics of a given system with known parameters 

describing the elastic and kinematic constraints of the 

system. 

b. Development of a stepwise procedure to adapt the generaliz

ed simulation model developed in section 2(a) above to the 

biological system consisting of intervertebral joints. 

This will involve evaluating, for the human spine, the 

parameters describing the elastic and kinematic constraints 

at each intervertebral joint. The activities to meet this 

aim will require the development of stepwise procedures to: 

(1) Determine experimentally the stiffness matrix at each 

intervertebral joint. 

(2) Simulate the kinematic constraints of the interverte

bral joint by selecting a kinemat~c pair from the set 

of 12 physically realizable kinematic pairs (joints). 
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(3) Determine the parameters describing (in the best 

possible manner) the kinematic constraints at each of 

the intervertebral joints. The relative merit of a 

kinematic pair simulating the actual facet joint will 

be evaluated by combining an experimentally deter- · 

mined stiffness matrix (2.b(l)) with the motion char

acteristics of a kinematic pair (2.b(2)) selected one 

at a time. By comparing with the experimental data, 

the motion performance of the human spine as predicted 

by each combination, the parameters which come closest 

to describing the kinematic constraints of the inter

vertebral joints will be determined. 

The methodology to carry out the proposed research objectives is 

presented in the following chapters. 



CHAPTER III 

DESIGN OF EXPERIMENT AND DATA COLLECTION 

3.1 Design of Experi~ent 

In order to meet the objectives of this research program, it is re~ 

quired to collect data describing the three-dimensional intervertebral 

motion under a controlled set of conditions. The equipment designed es

pecially for the purpose of collecting such data include: (1) a spine 

fixture, and (2) a linkage transducer. 

In the following abrief functional.description of the spine fixture 

and the linkage transducer is presented. 

1. The spine fixture: The fixture, shown in Figure 2, holds the 

spine specimen centrally with the lowest vertebral body clamped in a re

movable cup. The clamping method is designed such that it allows easy 

mounting and dismounting of the spine specimen. The specially designed 

spine fixture has the following functional features: 

a. The spine specimen is able to execute its normal mode of 

motion in the sagittal plane, the frontal plane, and in any 

other plane in between. 

b. The gross motion of the entire spine specimen in any of the 

planes mentioned above can be tracked as a function of an 

independent parameter, namely the angular rotation of a vec

tor joining the center of the clamped vertebra with the cen

ter of the topmost vertebra. 
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Figure 2. The Spine Fixture 



c. A known amount of axial twist can be imparted to the top

most vertebra. 
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d. External static loads can be applied in known increments to 

any one or more vertebrae. These loads include three forces 

and three moments along and about a set of three mutually 

perpendicular axes, which constitute the fixed frame of 

reference. Reference axes are located on the frame of the 

fixture at the center of the cup which holds the spine 

specimen. 

2. The linkage transducer: A linkage transducer with seven links 

and six rotary potentiometers, as shown in Figure 3, is designed to mea

sure the three-dimensional intervertebral motion. The design require

ments for the linkage transducer included: 

a. Minimum weight of the transducer so as· not to load and 

interfere with the actual intervertebral motion to be mea

sured. 

b. Ease of fabrication and installation on the spine specimen. 

c. Small overall size of the transducer so that it can be 

mounted within the limited space available. Four such link

age transducers are required to collect data describing the 

three-dimensional intervertebral motion of the lumbar spine 

(L1-·L5). 

The coordinate systems,located on·each of the seven links of the 

spatial linkage transducer are shown in Figure 4. The coordinate system 

1 is attached to the upper vertebra and coordinate system 7 is attached 

to the lower vertebra. The axes of the coordinate systems 1 and 7 are 

ali~ned and located with respect to the reference blocks used for 
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Figure 3. Linkage Transducer 
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P1 TO P6 : ROTARY POTENTIOMETERS 

Figure 4. Coordinate Systems on the Linkage Transducer 

23 



24 

mounting the linkage transducer between the two vertebral bodies. The 

parameter Ai is the perpendicular distance between the axes Zi and Zi+l 

and is positive if measured in the positive direction of Xi. The twist 

angle ai is the rotation about the Xi axis that is required to make the 

zi axis parallel to the zi+l axis. si is the distance along the zi+l 

axis from the origin oi to oi+l' The variable ei is the angle of rota

tion about the Zi+l axis required to make the Xi axis parallel to the 

Xi+l axis. Since the linkage transducer is instrumented to measure only 

angular rotations at the six joints, ai, Ai' and Si (i = 1, 6) are con

stants. Table I presents these data for the four linkage transducers 

used in this research program. 

The small size of the linkage transducer imposes a constraint on 

the design of rotary potentiometers that are expected to measure the 

relative angular displacements of the links of the spatial linkage. 

Such small angular-displacement potentiometers were fabricated by a com

merical producer according to a given set of specifications, listed in 

Table II. The mounting design for the potentiometers on the linkage 

transducer provided an additional bushing with a tolerance of +0.001 

inch, to offset the effect of radial and end play in the shaft of each 

potentiometer. 

Each potentiometer was calibrated using a special fixture. This 

setup allowed the potentiometer shaft to be rotated through one-half 

(0.5) degree rotation each time. A D.C. voltage of 10.000 (+0.001) 

volts was maintained at the supply terminals on the potentiometer. A 

least square technique was used to fit a straight line to the voltage 

versus angular rotation data obtained for each potentiometer. Table 

III presents for each potentiometer the results of this analysis in 
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TABLE I 

LINKAGE TRANSDUCER DATA 

Transducer a(I), I- 1, 6 A(l)' I = 1, 6 S (I), I = 1, 6 
No. Degrees Inches Inches 

0.0 0.0 0.0 
270.0 0.0 -0.786 

1 270.0 2. 715 0.99 
90.0 2.415 0.793 
90.0 0.0 0.769 
90.0 0.0 0.0 

0.0 0.0 0.0 
270.0 0.0 -0.82 

2 270.0 2.876 0.875 
90.0 2.519 1.031 
90.0 0.0 o. 772 
90.0 0.0 0.0 

0.0 0.0 0.0 
270.0 0.0 -0.801 

3 270.0 2. 762 0.902 
. 90.0 2.412 0.799 

90.0 0.0 0.789 
90.0 0.0 0.0 

0.0 0.0 0.0 
270.0 o.o -0.787 

4 270.0 2.663 0.886 
90.0 2.412 0.746 
90.0 0.0 0.744 
90.0 o.o 0.0 



TABLE II 

SPECIFICATIONS OF THE ROTARY POTENTIOMETERS 
(MANUFACTURED BY MAUREY INSTRUMENT 

CORPORATION, CHICAGO, ILLINOIS) 

Type 37-M 42 

Linearity (independent) ±1% 

Weight < 1 gm 

Diameter 0.375 inch 

Height 0.28125 inch 

Length of Shaft 0.625 inch, 10-32 bushing 

Shaft Diameter 0.125 inch ±0.001 

Starting Torque < 1.0 oz-inch 

Power 0.02 watt 

Electrical Travel (Theoretical) 

Mechanical Travel 360° continuous 

Total Resistance 5 K-ohms ±10% 
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Life 20,000 revolutions at 40 RPM 
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TABLE III 

CALIBRATION DATA OF POTENTIOMETERS 

POT Calibration Constant Linear Range Linearity 
No. (V/8) in Voltage ± Degrees 

1 0.028300 0.50-9.50 +1.17 
-1.15 

2 0.029197 0.25-9.50 +1.13 
-0.93 

3 0.029221 0.50-9.80 +0. 72 
-0.76 

4 0.028909 0. 50-9.75 +1.17 
-1.12 

5 0.028579 0.50-9.75 +1.03 
-1.00 

6 0.029156 0.25-7.50 +1.21 
-0.75 

7 0.028733 0.60-9.75 +1.12 
-0.93 

8 0.028787 6.75-9.50 +0.96 
-0.32 

9 0.028917 1. 30-9.50 +1.15 
-0.92 

10 0.028760 0.25-9.60 +0.91 
-0.98 

11 0.028606 0.50-4.50 +0.61 
-0.96 

12 0.028273 2.25-7.25 +0.92 
-1.40 

13 0.029239 0.25-7.50 +0.64 
-0.56 

14 0.029048 0.75-9.50 +0.99 
-1.03 

15 0.028800 2.25-9.50 +0.85 
-0.83 

16 0.028501 0.50-9.85 +0.65 
-0.89 

17 0.028982 0.75-9.90 +0.63 
-0.96 

18 0.029589 2.50-9.80 +0.67 
-0.91 
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TABLE III (Continued) 

POT Calibration Constant Linear Range Linearity 
No. (V/8) in Voltage ± Degrees 

19 0.028302 2.00-9.40 +0.88 
-0.77 

20 0.028824 1.15-6 .so +1.02 
-0.84 

21 0.028177 3.00-7.00 +0. 71 
-0.73 

22 0.028733 0.20-8.20 +0.92 
-0.78 

23 0.029814 2.50-9.85 +1.03 
-0.95 

24 0.029335 3.50-8.80 +0.57 
-0.90 

25 0.029311 0.25-9.50 +0.83 
-0.41 

26 0.029241 0.25-9.75 +0.62 
-0.17 
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terms of the calibration constant, linear range of operation in voltage, 

and the linearity of the calibration curve. Figure 5 shows a typical 

plot of voltage versus angle of rotation data for a potentiometer. 

After mounting the potentiometers on the linkage transducer, each 

potentiometer was initialized. This involved measuring the voltage at 

each potentiometer corresponding to the known values of the angles (pre

ferably multiples of 90°). Potentiometers 1 through 24 were used for 

measuring relative angular displacements in the linkage transducers (six 

potentiometers per linkage transducer). The error analysis of the linkage 

transducer showed that the error in the measurement of motion components 

is a function of the overall configuration of the linkage transducer. 

The maximum error in the measurement of rotational motion of a vertebra 

was found to be ±0.3 degrees. 

3. Preparation of the spine specimen: The following procedure was 

used in the preparation of the specimen: 

a. Store the spine specimen in the deep freeze at -20° to pre

serve the physical properties of the specimen. 

b. Prior to performing the experiment, thaw the specimen at 

20°C. 

c. Relative humidity of 96 percent should be maintained while 

performing the experiment. This was accomplished by spray

ing saline solution on the specimen every hour. 

d. X-rays in the AP (frontal), lateral (sagittal), and oblique 

planes should be taken for checking the quality of the speci-

men. 

e. Remove the majority of the paraspinous muscle mass, keeping 

the ligaments and facet capsules intact. Leave a small 
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ROTATION ANGLE THETA IN DEGREES X1~2 

Figure 5; A Typic&! Calibration Plot 



amount of tissue as an additional protection against de

hydration of the deeper structure. 

3.2 Data Collection 
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In order to meet the objectives of this research program, the fol

lowing experimental data were collected: 

1. Data describing the three-dimensional intervertebral relative 

motion as the spine specimen executes. its normal mode of motion in the 

sagittal plane, frontal plane, and planes in between. 

2. Data describing the stiffness properties of ligaments, disc, 

and supporting structure at each intervertebral joint. 

3. Data describing the three-dimensional intervertebral relative 

motion as the spine executes a mode of motion caused by a set of static 

loads applied in increments. 

Figure 6 shows schematically the entire setup used for the experi

mental data collection. The output from the linkage transducers is fed 

into a 32-channel analog-to-digital converter device which converts the 

voltage output in digital form. The digitized data are stored on a mag

netic disc for later use and are also printed on the line printer for 

user interaction. The data collection procedure is controlled by the 

mini-computer with interaction from the user. In the following a step

wise procedure is presented which was used to collect the three types of 

data mentioned above: 

1. Data describing the three-dimensional intervertebral motion in 

the normal mode of motion: 

a. Mount the spi.ne specimen on the spine fixture with the 

bottom vertebral body fixed rigidly in the cup. 
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Figure 6. A Schematic Representation of the Experimental Setup 
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b. Locate the spine specimen in its sagittal plane. 

c. Keep the twist angle of the top vertebra at zero value. 

d. Move the spine specimen from its extreme extension position 

to its extreme flexion position in small increments. At 

each increment, collect voltage data from the potentio

meters of the linkage transducer. 

e. Rotate the vertical plane of motion of the spine specimen 

through an increment of 15° and repeat step d. 

f. Repeat steps d and e until the entire mobility range of the 

spine specimen is exhausted. 

g. Give a small increment to the twist angle of the top verte

bra and repeat steps d through f. 

h. Repeat steps d through g until maximum left axial-rotation 

is achieved for the top vertebra. Repeat for the maximum 

right axial-rotation. 

2. Data describing the stiffnes.s properties at each intervertebral 

joint. 

Consider a pair of vertebrae, say Ll - 12, for which the stiffness 

matrix is to be determined. For the vertebra Ll, the system coordinates 

are defined as ul, u2, ••. , u6, which represent the possible six compo

nents of relative motion of body Ll with respect to body 12. If P1 , P2 , 

•.. , P 6 are the system forces along the system coordinates, then the 

force deflection relationship is given by the matrix below. The matrix 

[A] is called the flexibility matrix. The following stepwise procedure 

will be used to obtain the flexibility matrix experimentally for each 

pair of vertebrae: 
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ul I all 8 12 8 16 l pl 

u2 a21 a22 a26 p2 I ! I 

I I 
= I I 

I 
I i I 

l l I I 
I 

J l p6 i 

u6 J a61 a62 a66 i 
I -

a. Isolate a pair of vertebrae and fix the bottom vertebra to the 

fixture. Cut the facet joint off the vertebral body, so that stiffness 

matrix data reflect only the elastic constraints of the ligaments and 

intervertebral disc. 

b. Attach a linkage transducer between the pair of vertebrae. 

c. Identify the system coordinates u1 , u2 , ..• , u6 for the moving 

vertebra. ul, u2, u3 define the translations along, and u4' us, u6 de

fine the rotation about three mutually perpendicular system axes. 

d. Apply a unit load P1 = 1 along coordinate u1 and measure the 

displacements u1 , u2 , ••• , u6 • This yields the first column of the 

flexibility matrix. Alternatively, the coefficients a11 , a 21 , ... , a61 

are the slopes of the straight lines approximating the P1 versus u1 , 

P1 versus u2 , .•• ,P1 versus u6 curves, respectively. 

e. Repeat the procedure in item d with Pk = 1 and Pi= 0, i :I k 

to obtain the kth column of the flexibility matrix. 

Having obtained the flexibility matrix [A], the stiffness matrix 

can be determined by [K] = [A]-1 . 

3. Data describing the equilibrium configuration of the spine sub-

jected to a set of static loads. 

The three-dimensional intervertebral motion data describing the 
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successive equilibrium configuration of the specimen subjected to speci

fied loading conditions is collected using the following procedure: 

a. Choose a system of external static forces. 

b. Attach the loading hook to each of the vertebrae to be 

subjected to external loads. 

c. Attach steel wires to the loading hook and pass them over a 

set of adjustable pulleys which can be fixed on the loading frame of the 

spine fixture (Figure 7). 

d. Place static weights at the other ends of the steel wires 

to simulate the system of forces. 

e. After the spine attains an equilibrium position, collect 

the voltage data from the potentiometers of the linkage transducers. 

f. Repeat steps d and e with known increments of loads to ob

tain the data describing the successive equilibrium configuration of the 

spine specimen subjected to the chosen system of static loads. 

4. Data describing the geometry of components of the spine system. 

In addition to the three types of data described above, the follow

ing geometric data are needed: 

a. Data describing the location and direction cosines of the 

fixed frame of reference with respect to the coordinate sys

tem 7 of each linkage transducer. 

b. Coordinates of the point of application of loads used to 

evaluate the stiffness matrix of each intervertebral joint. 

These coordinates are located in the coordinate system 7 of 

each linkage transducer. 

c. Coordinates of the points of application of loads used to 

evaluate the stiffness matrix of each intervertebral joint. 



Figure 7. Loading Frame for Stiffness 
Data Collection 
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These coordinates are located in the coordinate system 7 of 

each linkage transducer. 

d. Coordinates of the center of the facet joint for each inter

vertebral joint. These coordinates are located in the coor

dinate system 7 of each linkage transducer. 

e. Data describing the direction cosines of a set of reference 

axes erected at the center of each facet joint. These data 

are collected with reference to the coordinate system 7 of 

each linkage transducer. 

In order to locate a point in the reference system 7 of the linkage 

transducer, a pointer must be affixed to the coordinate system 1 of the 

transducer. The coordinates of the pointer are known in the reference 

system 1. The data from the potentiometers of the linkage transducers 

are collected when the end of the pointer is coincident with the point 

to be located. Using the matrix transformation (Equation 2, Chapter 

IV), the coordinates of the point can be calculated in the reference 

system 7 of the linkage transducer. 

In order to locate a line in the reference system 7 of the linkage 

transducer, the coordinates of any two points on this line must be calcu

lated in reference system 7 using the procedure described above. The 

principles of three-dimensional coordinate geometry can then be used to 

determine the direction cosines of the line in coordinate system 7 of 

the linkage transducer. 

The next chapter presents in detail the methodology of kinematic 

analysis of the data describing the three-dimensional intervertebral 

motion of the human spine. 



CHAPTER IV 

SIGNATURE ANALYSIS OF INTERVERTEBRAL MOTION 

The relative motion of a vertebra with respect to a fixed frame of 

reference can be described using an instantaneous screw of motion which 

is described by a line and associated pitch value. The locus of instan

taneous screw obtained as a result of intervertebral motion in a finite 

range is called an axode. The axode is a mathematical ruled surface. 

Associated with the ruled surface are the characteristic scalar para

meters which describe the geometric properties of the ruled surface. 

These characteristic parameters of the ruled surface or of the axode due 

to the relative intervertebral motion provide the data for signature 

analysis of the intervertebral motion. By performing the signature analy

sis in this manner, it becomes possible to compare on a quantitative 

basis the intervertebral motion within a given spine or between two spine 

specimens. However, since in reality such axode data for intervertebral 

motion are available in discrete form, a method needs to be developed to 

fit a ruled surface having an nth degree approximation with the continu

ous axode generated by a pair of vertebrae. Once such a functional form 

of axode is available, it becomes possible to interpolate and obtain 

characteristic parameters describing the instantaneous kinematic proper

ties of the intervertebral motion at any desired location of the vertebra. 

This chapter presents in detail the methodology developed for: 

1. Calculat:ion of parameters of instantaneous screw axes. 
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2. Analytical formulation of the axode of intervertebral motion. 

3. Interpolation using the axode approximation. 

4.1 Calculation of Parameters of 

Instantaneous Screw Axes 

Motion of a rigid body ~ from a position 1:1 to a position ~ 2 in a 

fixed frame of reference can be uniquely defined by a screw s12 . A 

total of six parameters is required to define this displacement. These 

include the two parameters required to define the location of the screw 

axis, two more to define its direction, and the translation T and the 

rotation 4>· 
T 

The pitch of the screw is given by p = ~· If we consider 

the vertebra as a 'rigid body, then the motion of a vertebra relative to 

the vertebra fixed to the reference system is obtained in terms of the 

geometric parameters of the spatial linkage transducer attached between 

the two vertebrae. It therefore becomes necessary to obtain the para-

meters of screw s12 from such geometric data of the linkage transducer 

using successive transformation of coordinates. For the coordinate sys-

tern shown in Figure 8, the matrix of transformation from the Kth to the 

(K + l)th coordinate system is [47]: 

1 0 0 0 

akcosek cosek cosaksinek sinaksin8k 
[B I ] (1) 

aksinek -sinek cosakcosek sinakcosek 

-s k 0 -sinak cosak 

where ak and Sk are the linear geometric parameters of the Kth link of 



Figure 8. A Coordinate System for a Linkage 
With Revolute Pairs 
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the mechanism, and ek is the rotation angle as measured by the rotary 

potentiometer at the joint corresponding to the Zk+l axis. For position 

r 1 of the rigid body, the overall transformation matrix from the moving 

to the fixed coordinate system is given by: 

[B') • [B'] [B'] [B'] [B'] [B'] [B'] 1 6 5 4 3 2 1 
(2) 

Two consecutive positions of the moving vertebl'a with respect to the 

fixed one would be defined by matrices [B']1 , [B'] 2. This displacement 

of the moving vertebra can be represented by a rotation about and a 

translation along a screw axis located in the fixed vertebra. The 

matrix defining this screw displacement is obtained as: 

1 0 0 0 

s all a12 al3 
[B' f 1 = 

X 

[A']= [B'] (3) 
2 1 s 

y a21 8 22 a23 

s 8 31 8 32 a33 z 

From this matrix [A'], the required information to define screw s12 is 

obtained in the following manner: 

(4) 

cos~ • (a - ~~ 2 )/(1 - ]..12) 
~ 11 ~X X (5) 
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(6) 

where 

s x·a31 a31•a12 !£~·:a21 - sy (a11-1)] 
e3 c: - s - (a32 - ) 

[(a22-l)(all-l)-a12•a21] all-1 z all-1 

a31"J.lx a31• a12 [JJ •(a -1) - ~ •a ] 
d - (a32 -

y 11 X 21 
ll - a11-1 - . ) 

[(a22-l)(all-l)-a12.a21] 3 z a11-1 

gy .. d •-r + e - c23. 8z 2 . 2 

gx .. d ., + e - c • g - c13.gz 1 1 12 y 
(7) 

c12 = 
a12 

(a11-1) 

= [J.ly•(a11-l)- J.lx"a21] 

dz [(a22-l)(a11-1)- a12.a21] 

-s 
e = ..,...---=.x:..,..,.. 

1 (a11-1) 

1J , ll , 1J are the direction cosines of the screw axis, and g , g , g 
X Y Z X y Z 

locate this axis in the fixed reference system. T is the translation 



43 

along and $ is the rotation about this screw axis. Hence, Equations (1) 

through (7) define completely the parameters of screw 812 . If the two 

positions E1 and r2 of the rigid body are taken sufficiently close to

gether, they can be treated as infinitesimally separated and the screw 

812 becomes the instantaneous velocity screw 8 at position r1 . The in

stant pitch of this instantaneous screw is then defined as: 

S = i A~/At 
I. p. T = A$/ At 

At 
"'- = p-

A$ sl2 

4.2 Calculation of Parameters of Screw Axes 

in the Anatomical Frame of Reference 

Equations (1) through (7) of section 4.1 can be used to calculate 

the parameters of screw axes of m~tion. These parameters are, however, 

defined in the reference system x7y7z7 of the linkage transducer used to 

collect motion data between an intervertebral joint. In order to obtain 

the components of this relative motion in terms of the flexion angle, 

lateral bending, and axial twist, an.anatomical re£erence system, 

x y z is defined as shown in Figure 9. o o o' The plane x z defines the 
0 0 

sagittal plane, the plane y z defines the frontal plane, and the plane 
0 0 

x0 y0 defines the horizontal plane of the human spine. The x0 axis of 

this anatomical reference system is pointed posteriorly and the y0 axis 

is pointed to the right, looking posteriorly at the spine. The refer-

ence system x y z is a right-handed reference system. The rotation 
0 0 0 

about axis y0 is called the flexion angle, the rotation about axis x0 is 

called the lateral bending, and the rotation about axis z is called the 
0 

axial twist. In order to obtain the components of the intervertebral 

relative motion about the axes of the anatomical reference system, the 
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z. 

Figure 9. Anatomical Reference System 



transformation from the transducer reference x7Y7z7 to the anatomical 

reference X Y Z must be known. As explained in Chapter III, voltage 
0 0 0 
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data describing, in the reference system X7Y7z7 , the location of two 

points (P1 and P2) on the X0 axis and two points (P 3 and P4) on the Y0 

axis was obtained during the experimental data collection for each pair 

of vertebrae. If the coordinates of the pointer P in the x1Y1z1 refer

ence of the transducer are X , Y , Z , then using the transformation 
p p p 

[B'] (Equation (2), Chapter IV), we can write the following: 

1 1 

X X 
Pi p 

y • [B'] y i = 1, 4 
Pi p 

z z 
Pi p 

where [B']i is a function of the voltage data corresponding to the loca-

tion of the pith point. Then the direction cosines of the axes X and 
0 

Y0 with respect to the reference system x7Y7z7 can be obtained by the 

following relationships: 

R-7 = (x - x )/r 
X Pz pl X 

0 

m7 = (y - Y )/r 
X Pz pl X 

0 

n7 = (z - z ) /r 
X Pz pl X 

0 

R-7 ... (x - x )/r 
Yo 

p4 p3 y 

m7 - (y - y )/r 
Yo p4 p3 y 



46 

where 

r ,. 
X 

[ (x - x ) 2 + ( P P yp 
2 1 2 

and 

The direction cosines of the Z axis can be obtained by taking the cross 
0 

product: 

" u z 
0 

The transformation matrix from the coordinate system x7Y7z7 to the ana

tomical reference X Y Z is given by the following relationship: 
0 0 0 

9.,7 m7 n7 
X X X 

0 0 0 

[F] "" '),7 m7 n7 
Yo Yo Yo 

9.,7 m7 n7 
z z z 

0 0 0 

Using the above transformation, the parameters of the screw axis 

can now be transformed from the transducer reference x7Y7z7 to the ana

tomical reference X Y Z by the following equations: 
0 0 0 

J.i' 
X 

J.l' ... [F] 
y 
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gl g - X 
X X c 

gl = [F] g - yc y y 

gl g - z 
z z c 

where x , y ,z are the coordinates of the origin of X Y Z reference in 
c c c 0 0 0 

the x7Y7z7 coordinate system. ~~' ~~' ~~ are the direction cosines of 

h i d I I I th di t f , t th t e screw ax s, an gx' gy, gz are e coor na es o a po1n on e 

screw axis referred to the anatomical reference X Y Z • The magnitude 
0 0 0 

of the translation T and the rotation ~ about the screw axis remains in-

variant during the above transformation. Using the newly defined direc-

tion cosines (~ 1 ), the components of the intervertebral relative motion 

about the axes of the anatomical reference system can be obtained as 

follows: 

e :: ~I o <I> 
X X 

0 

e : ~I o <I> 

Yo y 

e z: ~~·<!> 
z z 

0 

"C -~'·T 
X X 

0 

T "" ~I • T 
yo y 

T = ~I • T 
z z 

0 

where e is the flexion angle, e is the lateral bending, and e is 
Yo xo zo 

the axial twist. 



4.3 Calculation of Parameters of Screw 823 Using 

the Parameters of Screw s12 and 813 
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The data describing the three-dimensional intervertebral motion may 

be analyzed in two ways to obtain the parameters of: 

1. Successive screws s1 , 2; s2 , 3; S(n-l),n; describing the motion 

of a vertebra with respect to its previous position, or 

2. Screws s1 , 2 ; s1 , 3; s1 ,n; describing the motion of a vertebra 

with respect to its first position. 

Due to limitations on the accuracy of the data collection procedure, 

errors are introduced in the data describing the location of a vertebra 

in its positions 1, 2, . , n. In order to analyze such data, it 

therefore becomes necessary to refer to a common reference, namely, the 

first position of the vertebra, and calculate the screws s1 , 2 ; s1 , 3 ; 

... ; s1 . The parameters of the successive screws must, however, be ,n 

calculated not from the original vertebral position data, but from the 

parameters of the screws sl,2; sl,3; s1 • It is therefore ,n 

necessary to devise a mathematical procedure to calculate the parameters 

of screw 82, 3 using the screws s1 , 2 and s1 , 3 ; and so on. 

The matrix [A'] 21 (Equation 3) defines the screw displacement of a 

vertebra moving from position 1 to 2. If a matrix [D] is formulated us-

ing augmented vectors as columns, whose components define the coordinates 

of four non-coplanar points in the vertebral reference system, then 

(Sa) 

where 
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1 1 1 1 

(1) (2) (3) (4) 
[D] "' 

X X X X 

y (1) y 
(2) 

y (3) y (4) 

z (1) 
z 

(2) 
z (3) z (4) 

The components of matrix [D] 2 define in the fixed reference system the 

coordinates of the four non-coplanar points on the moving vertebra in 

its second position. Using the same principle, the following equations 

can be written: 

[D]3 = [A']31 [D]l 

[D]3 = [A']32 [D]2 

Equations (8a), (8b), ~nd (8c) yield: 

(8b) 

(8c) 

(9) 

Equation (9) defines the screw displacement matrix [A'] 32 which can be 

used to calculate the parameters of screw s2, 3 using the methodology 

presented in section 4.1. 

4.4 Analytical Formulation of the Axode 

of Intervertebral Motion 

The choice of a mathematical ruled surface used for approximating 

the axode of motion between two or more finitely separated positions of 

a vertebra depends upon the kinematic boundary conditions to be satis

fied at these positions. For this investigation, it was decided to 

formulate a generalized analytical form of the axode which would satisfy 

any .of the following three boundary conditdons: 
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1. Velocity of the vertebra at three finitely separated positions: 

(V-V-V). 

2. Velocity and acceleration of the vertebra at position 1 and 

velocity at position 2: (V, A-V). 

3. Velocity at position 1, and velocity and acceleration at posi-

t ion 2 : (V-V, A) • 

In order to satisfy any of the above boundary conditions; the gener-

alized axode must pass through three instantaneous (or velocity) screws 

of motion. Once such a generalized form is available, the boundary con-

dition 2, (V, A-V), can be satisfied by choosing two consecutive vela-

city screws at position 1 and the third velocity screw at position 2. 

In the same manner, the boundary condition 3, (V-V, A), can be satis-

fiedby the generalized axode which will pass through a velocity screw 

at position 1 and two consecutive velocity screws at position 2. 

Among the second degree ruled surfaces, the most general one is the 

hyperboloid of one sheet which can be completely specified by three non-

intersecting lines. In the following the details of a methodology is 

presented which can be used to obtain a generalized form of the axode 

passing through three velocity or instantaneous screw axes. 

1. The three instantaneous screw axes are defined in a fixed frame 

of reference (X Y Z) by their direction cosines (~., mi, ni) and by the 
0 0 0 1 

coordinates (ai' Si' yi) of a point lying on each screw axis: 

a. Sl: ~1' ~' nl; al' 61' Y1 

2. Coordinate system for the hyperboloid of one sheet: Define a 



plane passing through axes 1 and.p-artilel ·to aas .2. The equation to 

this plane is giv~n by .. [84].:. 

In general, the equation to a plane (Pij) containing line i and 

parallel to line j is given by: 
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ax + by + cz = d (10) 

where 

a ... 

b • R.inj - R..1ni 

R.jmi - mj'£-i c -

If three axes are not parallel to the same plane, planes drawn 

through each axis parallel to the other two form a parallelepiped. For 

the six planes of the parallelopiped, Eq.u!:!;tion (10) can be wr-itten as: 

pl2: a1x + b1y + c1z - d 1 

Pl3: a2x + b2y + c2z • d 
2 

p23: a3x + b3y + c z "" 3 d3 

p21: a1x + b1y + c1z "' d 4 

p31: a2x + b2y + c2z = d 
5 

p 32: a3x + b3y + c 3z "" d 
6 
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Since the planes P12 and P21 are parallel to each other, the coeffi

cients in the equations defining the two planes are identical, and so on. 

The plane parallel to P12 and P21 and halfway between them is given 

by: 

dl + d4 
PP12-21: a1x + b1y + c1z = 2 

. = el (11) 

Similarly, 

d2 + d5 
ppl3-31: a2x + b2y + c2z = = e2 2 

and 

d3 + d6 
PP23-32: a3x + b3y + c 3z • 2 = e3 

The three planes defined by Equation (11) intersect at a point c 

which is the center of the parallelopiped. The coordinates of this 

point of intersection c in the fixed frame of reference are given by: 

-1 
X al bl cl el c 

yc = a2 b2 c2 e2 (12) 

z a3 b3 c3 e3 c 

The center c of the parallelopiped is now chosen as the origin of 

a new coordinate system. The ex', cy', and cz' axes of the new coordi

nate system are taken parallel to the edges 1, 2, and 3 of the parallelo

piped, respectively. The direction cosines of the new reference axes 

are then defined in the fixed frame of refe~ence as: 
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Figure 10 shows the coordinate system for the hyperboloid of one sheet. 

The coordinate system cx'y'x' is an oblique coordinate system. 

3. Analytical form of axode: The lengths of the three sides of 

the parallelopiped are given by [84]: 

a.i - a.j' si- sJ' y i - y j 

2i mi ni 

2j mj nj 

hij ... (13a) 
21 ml nl 

22 m2 n2 

23 m3 n3 

where hij is the distance between axes i and j, and is measured along a 

line parallel to the third axis. 

In the new coordinate system defined for the hyperboloid of one 

sheet, the three instantaneous (velocity) screw axes can be redefined 

as: 

where 

a. y' • b, z' = -c 

b. z' = c, x' = -a 

c. x' = a, y' = -b 

a .. h23/2 

b .. hl3/2 

c = hl2/2 (13b) 

The analytical form of axode approximated by the hyperboloid of one 
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sheet (a second degree ruled surface) passing through these three axes 

is given by: 
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ay'z' + bz'x' + cx'y' +abc = 0 (14) 

· 4. Stepwise procedure: The following stepwise procedure, based 

upon the methodology developed above, should be used to formulate the 

analytical form of axode approximated by a second degree ruled surface 

passing through three non-intersecting screw axes: 

a. Using the direction cosines of the three screw axes, and 

the coordinates of a p.oint lying on eacl't screw axis, evalu

ate coefiicients a1 - a 3, h1 - b3:;:c1 -' c3 ,and e1 - e3 of 

Equation (11). 

b. Calculate the coordinates of the center c of the parallele

piped using Equation (12). These coordinates are defined 

in the fixed frame of reference OXYZ. 

c. Define an oblique coordinate system CX'Y'Z' for the ruled 

surface (hyperboloid of one sheet). The origin C of this 

new coordinate system coincides with the center of the 

parallelepiped. The direction cosines of the oblique axes 

CX', CY', CZ' referred to the rectangular frame of refer

ence OXYZ are t 1 , m1 , n1 ; t 2 , m2 , n2 ; t 3 , m3, n3• 

d. Calculate the lengths h12 , h13 , h23 of the three sides (or 

edges) of the parallelepiped by solving Equation (13a). 

e. In the new coordinate system CX'Y'Z', redefine the three 

screw axes using Equation (13b) : 

(1) y' ~ b, z' m -c 

(2) z' = c, x' =-a 

(3) x' = a, y' = -b. 



f. In the new coordinate system CX'Y'Z', the analytical form 

of the axode approximated by the hyperboloid of one sheet 

(a second degree ruled surface) passing through the three 

screw axes redefined in step e is then given by: 

ay'z' + bz'x' + cx'y' +abc= 0 

4.5 Interpolation Using the Axode Approximation 
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The analytical form of the axode as derived in section 4.4 approxi

mates the true axode of intervertebral motion by a second degree ruled 

surface. In the following, a methodology is developed which utilizes 

this second degree ruled surface to interpolate on the direction cosines 

of the instantaneous screw axis of motion; 

1. The coordinates of a point on the screw axis referred to the 

hyperboloid coordinate system: The new coordinate system (CX'Y'Z') de

fined for the hyperboloid of one sheet is an oblique coordinate system. 

The direction cosines of the axes CX', CY', CZ' referred to the fixed 

frame of reference (OXYZ) are t 1 , m1 , n1 ; t 2 , m2, n2 ; t 3, m3 , n3. The 

angles y'cz', x'cz', x'cy' are A,~, v, where 

cos A • t 2t 3 + m2m3 + n2n3 

cos ~ • £1£3 + m1m3 + n1n3 

cos v • £1 ~2 + m1m2 + n1rt2 
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[
a.'] [ 1 cos v cos '1.1]-l [r cos el 
f3' .. cos v 1 cos A r cos cp (15) 

where 

y' cos lJ cos A 1 r cos 1)J 

cos a - i •i + m •m + nr~nl r 1 r 1 

cos 1)J • i ·~ + m •m + n •n r 3 r 3 r 3 

(a. - X ) t = ___ .;:.c_ 
r r 

m • 
r r 

(y - z ) 
c n • ...._ __ .;;;.._ 

r r 

2. Condition for a line to lie entirely on the ruled surface: Let 

R.', m', n' be the direction cosines of a line referred to the oblique 

coordinate system CX'Y'Z'. Let Pi(a.', S', y') be the coordinates of a 

point on this line. Let P2(x', y', z') be another point on the same 

line, and let the measure P' P' be r. Then the coordinates x', y', z' 
1 2 

are 'given by: 

X' a.' ell c12 cl3 R.'r 

Y' - S' + c21 c22 c23 m'r (16) 

Z' y' c31 c32 c33 n'r 

where 
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-1 
1 cos \) cos ~ 

[C] .. cos v 1 cos A 

cos ~ cos A 1 

The point P2 (x', y', z') will lie on the ruled surface (hyperboloid of 

one sheet defined by Equation (14)) if the following condition is satis-

fied: 

+abc""O 

If the above equation holds good for all values of r, then the en-

tire line(~', m', n') will lie on the ruled surface. This yields the 

f~llowing three conditions: 

aa I Y I + by I 0. I + C(l I a I + a b C a Q (17) 

uR.'+um'+un' .. O (18) 1 2 . 3 

where 

ul .. a(e'c31 + y'C21 ) + b(y'Cl1 + a'C31) + c(a'c21 + B'Cll) 

u2 -a(S'C32 + y'C22) + b(y'Cl2 + a'C32) + c(a'c22 + e•c12) 

u3 ... a(S'C33 + y'Cz3) + b(y'C13 + a'C33) + c(a'c23 + 8'Cl3) 

vl "" aC21C31 + bC31Cll + C•C11C21 
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v • 
3 

v = 4 

v .. 
5 

3. Relationship between the direction cosines ~ 1 , m1 , n 1 : Since 

~ 1 , m', n 1 are the direction cosines of a line referred to the oblique 

set of axes ex', cy'' CZ I' the following relationship [84] must be 

satisfied by the direction cosines (~', m, n 1 ): 

1 cos\) cos J.l ~· 

cos\) 1 cos A m' 
.. 0 

cos J.l cos A 1 n' 

~I m' nl 1 

which yields the following equation: 

2 2 2 2 2 2 
~~ (1 - cos A) + m' (1 - cos u) + n' (1 - cos v) 

-2~'m'(cosv- cosA casu)- 2m'n'(cos).- cosu cosv) 

2 2 2 
-2~'n'(cosu- cosA cosv) • (1- cos).- cos u- cos v 

+ 2cos). cosu cosv) (20) 

4. Direction cosines of the interpolated screw axis in the fixed 

frame of reference (OXYZ): Equations (18), (19), and (20) define the 
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direction cosines (~', m', n') of a line passing through a point a.', S', 

and y' and lying entirely on the ruled surface (hyperboloid of one 

sheet), referred to the oblique coordinate system CX'Y'Z'. As mentioned 

earlier in section 4.5, the direction cosines of the axes CX', CY', CZ' 

referred to the fixed frame of reference OXYZ are £1 , m1 , n1 ; ~ 2 , m2, 

n2; 9.. 3, m3 , n3• If Pi (a', S', y') and P2 are two points on the line 

(~', m', n') such that the measure PiPz along this line is unity, then 

the coordinates (Xpl' Ypl' Zpl) and (Xp2 , YpZ' zp2) of these two points 

referred to the fixed frame OXYZ are given by: 

a.' 

... S' 

y' 

-1 

xp2 9.,1 ~2 9.,3 1 COSV COSlJ t' xpl 

yp2 "" m1 m2 m3 COS\) 1 COSA m' + ypl 

zp2 nl n2 n3 COSlJ COSA 1 n' zpl 

If R., m, n are the direction cosines of the same line referred to the 

fixed frame of reference OXYZ, then 

-1 
.!!. ~1 9.,2 9.,3 1 COS\) COSlJ ~I 

m - ml m2 m3 cosv 1 COSA m' (21) 

n nl n2 n3 COSlJ COSA 1 n' 

5. Stepwise procedure: The following stepwise procedure, based 

· upon the methodology developed above, should be used to interpolate on 

the direction cosines of the instantaneous screw axis of motion passing 
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through a point a, S, y. 

a. Using the oblique coordinate system CX'Y'Z' as determined 

in section 4.4 and Equation (15), calculate the coordinates 

(a', S', y') of the point referred to CX'Y'Z'. 

b. Since the actual axode of motion is approximated by a 

second degree ruled surface, the point (a', S', A1 ) may not 

lie on the ruled surface. Therefore, using Equation (17) 

(condition for a point to lie on the ruled surface), locate 

a point (a*, 13*, y*) on the ruled surface such that the new 

point is closest to the actual point (a', S', y'). Rede

fine a' • a*, 13' • B*, y' • Y*· 

c. Using the redefined coordinates a', S', y', solve Equations 

(18), (19), and (20) to ob~ain the direction cosines (R.', 

m', n') of the interpolated screw axis passing through the 

point (a', S', y') referred to the oblique coordinate sys

tem CX'Y'Z'. There are two families of straight lines 

which can generate the same ruled surface. Therefore, the 

correct set must be identified which is consistent with the 

original three screw axes of motion. 

d. Calculate the direction cosines of·the interpolated screw 

axis referred to the fixed frame of reference OXYZ, by 

using Equation (21). 

The methodology developed in sections 4.1 thro~gh 4.5 can now be 

applied to perform kinematic analysis of data describing three

dimensional intervertebral motion. The next section presents demonstra

tive examples of such kinematic analysis of the experimental data. 



4.6 Kinematic Analysis of Experimental Data 

Describing Three-Dimensional 

Intervertebral Motion 
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In sections 4.1 through 4.5 a methodology was developed to perform 

analysis of the data describing the three-dimensional intervertebral 

motion of the spine. Using the mathematical procedures presented in the 

above sections, the intervertebral motion data can be analyzed to obtain: 

1. Parameters of the screw axes of motion as the intervertebral 

joint executes a mode of relative motion. 

2. Analytical form of the axode approximating the locus of the in

stantaneous screw axes as the intervertebral joint executes a mode of 

relative motion. 

3. Interpolation on the parameters of the instantaneous screw axes 

using the axode approximation developed above. 

The methodology for kinematic data analysis or signature analysis 

of intervertebral motion was applied to the experimental data collected 

by testing four human spine specimens consisting of lumbar segments Ll 

through LS. The results of this kinematic analysis of intervertebral 

motion are presented in the following. 

4.6.1 Range and Pattern of Motion of 

Intervertebral Joints 

As a spine executes a mode of motion, there is relative motion at 

each intervertebral joint of the spine, The parameters of the succes

sive screws of this motion describe the pattern of motion of the inter

vertebral joint for the particular mode of spine motion. The limiting 

values of this intervertebral relative motion in terms of the rotational 
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and translational components describe the range of motion of the inter-

vertebral joint for the particular mode of spine motion. 

Table IV presents a sample of the results of the kinematic analysis 

performed on the experimental data describing the parameters of the screw 

axes of motion. Intervertebral motion data were collected for each spine 

specimen as the spine was flexed from full extension·to full flexion in 

th itt 1 1 f t 1 1 d i 1 i b tw (15° apart). e sag a p ane, ron a p ane, an n p anes n e een 

Figure 11(a) through (m) shows the plots of range of motion as a function 

of plane of motion. After careful examination of these plots, the follow~ 

ing observations were made: 

1. The flexion angle (6 ) 
Yo 

from the sagittal plane (6 = 0) 
p 

decreases as the plane of motion shifts 

0 to the frontal plane (6 = 90 ) and 
p 

then it increases again as the plane shifts to the sagittal plane (8 = 
p 

2. The angle of lateral bending 

motion shifts from the sagittal plane 

(8 ) increases as the plane of 
X 

0 

(6 • 0) to the frontal plane 
p 

(6 = 90°) and then it reduces again as the plane shifts to the sagit
p 

tal plane (6 • 180°). 
p 

3. The axial twist increases as the plane of motion shifts from 

the sagittal plane to the frontal plane. 

4. Eliminating the governing effect of the facet joints increased, 

in general, the total intervertebral relative motion. 

5. Some intervertebral joints displayed somewhat symmetric behav-

ior as the plane of motion was shifted from sagittal (6 = 0) to frontal 
p 

(6P = 90°) and from frontal to sagittal (ep = 180°). 



TABLE IV 

PARAMETERS OF SCREW AXES OF MOTION L2-L3 SPECIMEN 2: SAGITTAL PLANE, 
EXTREME EXTENSION TO EXTREME FLEXION 

Rotation Translation 

Direction Cosines of Screw 
About 
Screw 

Along 
Coordinates of a Point 

Screw 
llx ~y llz (Degrees) (Inches) gx gy 

0.392 0.916 0.089 -1.317 0.007 -0.349 0.479 

0.227 0.957 -0.182 -1.358 0.008 o. 771 1.852 

0.087 0.991 -0.099 -2.853 0.010 0.492 1. 567 

0.035 0.993 -0.113 -4.186 0.051 -0.142 0.796 

0.134 0.990 -0.041 -4.725 0.061 -0.219 0. 719 

0.141 0.979 -0.145 -5.213 0.047 -0.599 0.218 

on Screw 

gz 

1. 570 

1.201 

1.530 

1.772 

1.870 

1.857 
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INTERVERTEBRAL MOTION: L 1- L2 • SPECIMEN 2 
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INTERVERTEBRAL MOTION: L3- L4, SPECIMEN 2 
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INTERVERTEBRAL MOTION: L4 - L~, SPECIMEN 2 
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INTERVERTEBRAL MOTION: L2- L3 , SPECIMEN 3 
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The results of the range of motion study performed on the spine 

specimen are subject to the following limitations: 
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1. The motion (from full extension to full flexion) of the spine 

specimen in each plane was produced by loads applied to the specimen by 

hand. Human judgment was employed to determine whether the spine had 

reached its limiting range of motion in any given plane of motion. 

2. The gross motion of the spine specimen in a given plane was en

sured by a special guiding fixture. However, because of the initial 

curvature of the spine specimen (which was quite pronounced in some 

cases), some out-of-plane forces may have been applied to the spine, 

thus affecting the resultant motion. 

3. The spine specimen did not belong to a close age group. 

4. Each spine specimen was physiologically different from the 

other. Some of the specimens belonged to normal human beings, while 

others had undergone arthritic degeneration. 

The above limitations must be kept in mind while interpreting the 

results of this study of the range of motion of intervertebral joints. 

The sources of error in the above kinematic analysis are: 

1. Limited resolution of the rotary potentiometers to measure 

small rotations. 

2. Error in measuring the parameters (ai, ai, Si) of the trans

ducers. 

3. Interference to the normal motion of the spine due to the link

age transducer. 

4. Error in locating the anatomical frame of reference. 
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An examination of the results of the kinematic analysis showed that 

the translational component of the intervertebral motion is very small 

as compared to the rotational components for all the intervertebral 

joints examined in this study. This may be attributed to the following 

two reasons: 

1. The intervertebral joints of the lumbar segment of a human 

spine have very small translatory motion. Their major contribution to 

the gross motion of the spine is the rotational motion about the three 

anatomical axes. 

2. Insensitivity of the linkage transducer to measure small trans

latory components of motion. 

The latter of the two reasons mentioned above will be discussed in 

Chapter VI. Since for the present study experimental data were collect

ed only on the lumbar segment of the human spine, it was decided to con

sider only the rotational components of the intervertebral relative 

motion for further analysis. 

4.6.2 Axode Approximation and Interpolation 

The methodology developed in sections 4.4 and 4.5 provides stepwise 

procedures for formulating a mathematical ruled surface approximating 

the locus of instantaneous screw axes of motion, and to interpolate, 

using this axode approximation, on the parameters of the screw axis of 

motion. This section presents two example problems demonstrating the 

application of the above methodology. 

The first example problem takes a system of three non-intersecting 

lines to formulate the equation of the second degree ruled surface pass~ 

ing through them. The validity of the methodology for interpolation is 
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checked by interpolating on the direction cosines of one of the known 

lines using the equation of the ruled surface. The data for this exam-

· ple problem are as follows: 

1. Direction cosines of three generators and coordinates of a 

point on each generator are listed in Table V. 

TABLE V 

DATA FOR AXODE APPROXIMATION AND INTERPOLATION 

m n X· y z 
p p p 

0.0 1.0 0.0 4.0 o.o 0.0 

0.0 o.o 1.0 0.0 2.0 0.0 

0.8660254 0.0 0.5 2.0 0.0 0.0 

2. Coordinates of the point P to be used for interpolating the 

direction cosines of the line passing through that point and lying on 

the ruled surface are: 2.0, 0.0, 0.0. 

Using Equations (12), (13a),.and (13b) of section 4.4, the coeffi-

cients a, b, and c of Equation (14) defining.the second degree ruled 

surface (hyperboloid of one sheet) are evaluated: 

a~ 1.0, b = 0.577350, c = 2.309401 

Hence the equation of the ruled surface passing through the three lines 

is given by: 

Y'Z' + 0.577350 Z'X' + 2.309401 X'Y' + 1.333333 0 
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This equation is defined in an oblique frame of reference CX'Y'Z'. The 

coordinates of the origin .c of this oblique frame are: 

X = 2.0, Y = 1.0, Z = -0.577350 c c c 

The direction cosines of the axes of the oblique frame CX'Y'Z' referred 

to the rectangular frame of reference OXYZ are (0, 1, 0); (0, 0, 1); 

(0.8660254, 0, 0.5). 

Using Equation (15), the coordinates of point Preferred to the 

oblique reference frame CX'Y'Z' are calculated. These coordinates are: 

a' ~ -1.0, 8' = 0.577350, y' a 0.0 

Using the redefined coordinates a', 8', y', Equations (18), (19), 

and (20) are solved to obtain the ratios (~'/n'), (m'/n') of the inter-

polated line passing through the point (a', 8', y') referred to the 

oblique coordinate system CX'Y'Z'. There are two families of generators 

that can generate the same ruled surface. The ratios of the direction 

cosines of the interpolated generator belonging to the set of three 

given lines are obtained as: 

1'/n' ~ 0.0, m'/n' = 0.5 

The direction cosines of the interpolated generator referred to the 

rectangular frame of reference OXYZ are obtained by solving Equation 

(21). These direction cosines are: 

~ • 0.8660254, m • 0.0, n ~ 0.5 

The above example problem proves the validity of the methodology devel-

oped in sections 4.4 and 4.5. 

The above procedure is now applied to the actual data describing 

the intervertebral relative motion. 



1. Direction cosines of three generators and coordinates of a 

point on each generator are listed in Table VI. 

TABLE VI 

EXPERIMENTAL DATA FOR AXODE'APPROXIMATION AND INTERPOLATION 

-0.929006 

-0.933871 

-0.943458 

m 

0.296382 

0.309166 

0.290690 

n 

0.221597 

0.179733 

0.159332 

X 
p 

10.405794 

18.234073 

23.395055 

y 
p 

-2.876803 

-5.726150 

-6.793991 

2. Coordinates of point P used for interpolation: 

X = 16.1253884, Y -4.7300684, Z = 0.0 
p p p 
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z 
p 

0.0 

0.0 

0.0 

3. Equation of the axode passing through the three screw axes is: 

-3.085799 Y'Z' - 7.202464 Z'X' + 2.468024 X'Y' + 54.852712 

= 0 

4. The above equation of the axode is defined in the oblique frame 

CX'Y'Z'. The coordinates of the center Care: 

XC~ -13.72086, Yc ~ 4.7649, ZC = 6.227071 

5. The direction cosines of the interpolated screw axis passing 

through the point P are: 

~ = -0.932318, m c 0.301409, n = 0.195864 
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Since the actual axode of motion is approximated by a second degree 

ruled surface, the point p (a', a', y') may not lie on the ruled surface. 

A new point P* (a*, S*, y*) on the ruled surface is chosen such that it 

is closest to the actual point P. The interpolation is actually per

formed using this new point P* instead of P. ·Because of this approxima

tion, an error is introduced in interpolation of the parameters of the 

screw axis. Thus the accuracy of the interpolated parameters is a 

strong function of the degree of the true axode of motion. 



CHAPTER V 

SIMULATION STUDIES OF THE HUMAN SPINE 

SUBJECTED TO STATIC LOADS 

The components of an intervertebral joint can be classified accord

ing to their functional role into three categories: 

1. The vertebral bodies can be treated as rigid bodies. 

2. The intervertebral disc, ligaments, and soft tissues behave as 

. elastic elements contributing internal elastic forces towards the equili

brium of the intervertebral joint system subjected to external static 

forces. 

3. The facet joint and the intervertebral disc together provide 

kinematic constraints to the intervertebral motion, thus governing the 

motion characteristics of this relative motion. The kinematic con

straints imposed by the facet joint are a function of the orientation of 

the facets, the surface geometry of the facets, and the type of contact 

between the two facets of a facet joint. 

The motion response of an intervertebral joint to a set of external

ly applied static forces can therefore be studied as the combined re

sponse of the elastic elements such as the intervertebral disc, ligaments, 

soft tissues, etc., and the kinematic constraints of the facet joint. A 

human spine with N number of vertebrae is functionally equivalent to an 

open loop elastic system consisting of N number of rigid bodies connected 

to each other through elastic and kinematic constraints. 

84 
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The methodology for the development of a motion simulation model of 

the human spine subjected to static loads consists of two steps: 

1. Development of a general discrete parameter model simulating 

the three-dimensional relative motion of an open loop kinematically con-

strained elastic system consisting of N rigid bodies connected together 

by (N - 1) joints, and elastic (spring) elements. 

2. Application of the above theoretical simulation model to pre-

diet the response of a human spine subjected to external static loads. 

5.1 Development of a General Discrete Parameter 

Model of an Open Loop Kinematically 

Constrained Elastic System 

Consider an open loop mechanical system consisting of N number of 

rigid bodies. The connectivity at each pair of rigid bodies consists 

of: 

1. Equivalent springs which constitute the equivalent stiffness 

matrix between the pair of rigid bodies. 

2. A kinematic pair whose class and type govern the characteris-

tics of the relative motion between the pair of rigid bodies. 

Figure 12 shows two pairs of rigid bodies denoted by (i + 1), (i), 

and (i- 1). A body reference system Xi Yi Zi is embedded .in the ith 

body. The geometry of the rigid body i can be defined in the local 

+ 
reference system Xi Yi Zi. Let Vi be the vector locating in the refer-

ence system xi yi zi the point at which the equivalent internal elastic 

reactions between pair (i) and (i - 1) would occur when the system is 

subjected to external static forces. + 
Let aik be the vector locating, 

+ 
in xi yi zi, the point of application of the external static force pik 
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(i+ I)TH BODY 

X!i+ll 

-;;;I 

I TH BODY 

XI 

( i-1) TH BODY 

Zo 

0 Xo 

Figure 12. Freebody Diagram of an Ith Body 



applied to the ith body. Let r 1i be the vector locating, in Xi Yi Zi, 

the center of the kinematic pair between bodies (i) and (i- 1). Let 
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r 2i be the vector locating, in (XYZ)i, the point of contact at the kine

matic pair between bodies (i) and (i + 1) in the current configuration. 

The reaction forces due to physical contact between two bodies at each 

kinematic pair are assumed to act at the center of each kinematic pair. 

The ith body is in a state of equilibrium under the influence of 

the following external forces and internal reactions: 

1. Rj ; j • 1, • • • , 6: The six possible reaction forces 
(i-1) 

(three forces and three moments) due to the physical contact at the 

kinematic pair between the ith and (i- l)th rigid bodies. These reac-

tion forces are defined in the reference system (XYZ)(i-l)' which is a 

local reference system in body (i- 1). 

2. Rj ; j = 1, •.• , 6: The six possible reaction forces due to 
i 

the physical contact at the kinematic pair between the ith and (i + 1) th 

rigid bodies. These reaction forces are defined in the reference system 

(XYZ)i, which is a local reference system in body i. 

3. Sj ; j ., 1, . • • , 6: The six possible internal elastic 
(i-1) 

forces (three forces and three moments) due to the stiffness properties 

of the joint between bodies i and (i- 1). These elastic reaction forces 

are defined in (XYZ) (i _ l). 

4. Sj ; j • 1, ••• , 6: The six possible internal elastic forces 
i 

due to the stiffness properties of the joint between bodies i and (i+l). 

These elastic reaction forces are defined in (XYZ) 1 • 

5. Pi,k; k .. 1, ••• , NPi: The set of external static forces 

applied to the rigid body i. 
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6, Ti,k; k = 1, ... , NTi: The set of external moments applied to 

the rigid body i. 

Let 0 X Y Z be the fixed frame of reference. The direction 
0 0 0 0 

cosines of the axis Oi Xi, Oi Yi, Oi, Zi referred to the fixed frame of 

reference 0 X Y Z are 1 , m , n ; 1 m n · 1 
o o o o oxi oxi oxi oyi' oyi' oyi'' ozi 

m , n • 
ozi oz1 

The configuration of rigid bodies will be defined complete-

ly in the fixed frame of reference once these direction cosines are 

known for a given configuration. 

Since the body i is in a state of equilibrium, the following six 

equations of static equilibrium can be written in the reference system 

(XYZ) (i- 1) • 

EFX(i-l) ""0: 

R1 - 81 + Rli + R2i + R3i 
(i-1) (i-1) x(i-l) x(i-1) x(i-l) 

NPi 

+ 811 + 821 + 83i + L Pk 
x(i-1) x(i-1) x(i-1) k=1 x(i-1) 

=0 (22) 

EF • 0: 
y(i-1) 

R - s + R1i + R2i + R3i 2 (i-1) 2 (i-1) y(i-1) Y(1-1) y(i-1) 
NPi 

+ 811 + 82i + 83i + I pk 0 

y (i-1) y (i-1) y(i-1) k=l y (i-1) 

(23) 

EF - 0: 
z(i-1) 

R - s + Rli + R2i + R3i 3(1-1) 3(1-1) z(i-1) z(i-1) z(i-1) 



+ 811 
z(i-1) 

EM • 0: 
x(i-1) 

EM = 0: 
y(i-1) 
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NPi 

+ 821 
z(i-1) 

+ I pk = 0 

k=1 z(i-1) 

- S + R + R 
4(1-1) 4 (1-1) 41 

x(i-1) 

(25) 

+ R1(i-1) z(i-1)r1 + R1 x(i-1) 
i z(i-1) r2i 

s. 
~ 

z (i-1) 



EM • 0: 
z (i-1) 

+ Rs 
i 

z (i-1) 

+ R6 
i 
y (i-1) 

+ R6 
i 
z(i-1) 

+ 84 
i 

y (i-1) 

+ s 
si 

si 
Y(i-1) 

90 

y (i-1) 

(26) 

(27) 
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The terms in Equations (22) through (27) represent the components, 

along the (XYZ)(i-l) reference system, of the external forces, internal 

reactions~ and moments due to these external forces and internal reac-

tions. 

The internal reactions and applied forces can be expressed as func-

tiona of direction cosines of axes (XYZ)i and (XYZ)(i~l) referred to the 

fixed reference cystem X Y Z • These functional relationships (which 
0 0 0 

are derived in Appendix B) may be expressed as: 

where 

cl = -R J/, - R J/, - R 
li 0 2i 0 3i Ri xi yi 

cz "' -R m - R m - R 
li 0 2i 0 3i Ri xi yi 

c3 .. -R n - R n - R 
li 0 2i 0 31 Ri xi yi 

si = L \li L + s2 0 0 

s (i-1) r.;(i-1) xi 

+M (sl Mo + 0 

l;(i-1) i xi 

+N (sl No + 
0 

I; (i-1) i x1 

0 0 + N N ) 
xi r;;(i-1) 

J/, 
0 

m 
0 

n 
0 

i 

s2 

82 

zi 

zi 

zi 

N 
0 

l;(i-1) 

L + s3. Lo ) 0 
yi l. z. 

l. 

M + s3. Mo ) 0 i yi l. z. 
l. 

N + s3. Nazi) 0 i yi l. 

(28) 

(29) 
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R2 • -R (L L +M M 
2 0 0 0 0 i i yi r;(i-1) yi l; (i-1) r,;(i-1) 

0 0 + N N ) 
yi r,;(i-1) 

R3 = -R (L L +M M 
3i 0 0 0 0 i zi r,; (i-1) zi r,;(i-1) r,;(i-1) 

+ N N 
0 z; (i-1)) 

0 
zi 

R4 • -R (L L +M M 
41 0 0 0 0 i xi r;(i-1) xi r,;(i-1) r,;(i-1) 

+N N 
0 z;(i~l)) 0 

xi 

Rs =- -R (L L +M M 5 0 0 0 0 i . i yi r,;(i-1) yi l; (i-1) r;;(i-1) 

+ N N 
0 r,;(i-1)) 

0 
yi 

R6 • -R (L L +M M 
6i 0 0 0 0 i . zi r;(i-1) zi l; (i-1) r;(i-1) 

+ N 
N ) ozi or;(i-1) (30) 

Similar equations can be written for components of the internal 

elastic forces sl ' ••• ' s6 • 
i i 

pk = pk ( 1o 1o + Mo Mo + No No ) 
r,;(i-1). pk r,;(i-1) pk r;;(i-1) pk z;(i-1) 

(31) 

0 0 0 0 
+M M +N N ) 

Tk z;(i-1) Tk z;(i-1) 

(32) 
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The dummy variable ~ in Equations (28) through (32) can be replaced 

by X, Y, andZ successively, thus yielding the components of internal 

reactions, external forces, and moments along the axes of the reference 

system (XYZ)(i-l). 
+ 

The components of the vector .vi locating the point of application 

of the internal elastic forces between bodies i and (i-1) are given by: 

(33) 

where 

+ are the components of vector vi referred to the local reference system 

(XYZ)i of body i. 

+ The components of the vector ak' locating the point of application 

of force Pk on body i, are given by: 
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+ M (M Xi + M yi +M zi ) 0 0 0 0 
~(i-1) xi ak Yi ak zi ak 

+ N 
(No xi 

xi + N yi + N z. ) 0 0 0 ~ak 
r;; (i-1) ~ yi ak z. 

~ 

(34) 

where 

xi • ~·Li 
ak ak 

yi = a •M k i 
ak ~ 

zi • ~·Ni 
ak ak 

+ 
are the components of vector ak referred to the body reference system 

(XYZ)i of body i. 

+ The components of the vector r 1 , locating the center of the kine-
i 

matic pair between bodies i and (i-1), are given by: 

I; (i-1) '"' 1o (Lo Xi + 1o yi + 1 o 
r1i r;;(i-1) . xi rli yi rli zi 

where 

I 

+ M (M Xi + M Yi 0 0 0 
r;;(i-1) xi r1 Yi rl 

i ·i 

+ N (N Xi + N Yi 0 0 0 
r;;(i-1) xi r1 Yi rl 

i i 

• r •L 
li i 

r1 
i 

+M 

+ N 

0 
z. 
~ 

0 z. 
~ 

(35) 



95 

.. r •M 
li i 

rl 
i 

+ 
are the components of vector r 1 referred to the local reference system 

i 
(XYZ)(i) of body i. 

+ 
The components of the vector r 2 , locating the point of contact at 

i 
the kinematic pair between bodies i and (i + 1) in the current configura-

tion, are given by: 

where 

xi .. r •L 
2i i 

r2 
i 

yi .. r •M 
2i i 

r2 
i 

zi = r •N 
2i i 

r2 
i 

r2 
i 

r2 
i 

r2 
i 

+M 

+N 

0 z. 
1 

0 
z. 

1 

(36) 

Note that the point of contact on body i at the kinematic pair be-

tween bodies i and (i + 1) may change in each configuration due to the 

translation (if any) at that kinematic pair. On the other hand, the 
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the point of contact on body i at the kinematic pair between bodies i 

and (i-1) remains at the center of that kinematic pair. 

+ 
-.The components of the vector rt , locating the points of applica-
. . i 

tion of the internal elastic reactions between bodies i and (i + 1) , are 

given by: 

where 

where 

= r;; (i-1) 
r2 

i 

- r;; (i-1) 
r 

1 (i+l) 

r; (i-1) • 1o (Lo X(i+l) + 1o . y (i+l) 
rl(i+l) r;(i-1) x(i+l) rl Y (i+l) rl 

y (i+l) 
rl 

+ 1o z(i+l) ) 
z(i+l) rl 

+ No Z (i+l) .) 
z (i+l) rl 

• r L 
l(i+l) (i+l)r 

1 (i+l) 

(37) 



2(i+l) 
rl 
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+ are the components of vector r 1 referred to the local reference sys-
(i+l) 

tern (XYZ) (i+l) of body (i + 1); and 

~ (i-1) • 1o ( 1o x(i+l) 
v (i+l) z;(i-1) x(i+l) v (i+l) 

+ 1o Y (i+l) + 1o 2 (i+l) ) 
Y(i+l) v(i+l) z(i+l) v(i+l) 

+ Mo ( Mo X(i+l) 
z; (i-1) x(i+l) v (i+l) 

+ Mo Y (i+l) + Mo Z (i+l) ) 
Y(i+l) v(i+l) z(i+l) v(i+l) 

+ No y (i+l) + No 2 (i+l) \ 
y (i+l) v (i+l) z (i+l) v (i+l)) 

(38) 

The dummy variable z; in Equations (33) through (38) can be replaced 

by X, Y, and Z successively, thus yielding the equations defining the 

components of 
+ + + + + 

the geometric vectors r 1i, r 2i, rti' vi' and ~ referred to 

the reference system (XYZ) (i-l)' An examination of Equations (28) 

through (38) shows that the terms appearing in Equations (22) through 

(27) are functions of the direction cosines of reference systems 

(XYZ)(i+l)' (XYZ)i' and (XYZ)(i-l) referred to the fixed frame of refer

ence 0 X Y Z . The location and orientation of reference system 
0 0 0 0 

(XYZ)i can be uniquely defined in reference system (XYZ)(i-l) by a set 

of generalized coordinates whose number may vary from 1 to 6 depending 



98 

upon the kinematic degrees of freedom between the two rigid bodies i and 

(i-1). However, since the pair of rigid bodies is assumed to be kine-

matically constrained due to a kinematic pair between them, these gener-

alized coordinates are nothing but the parameters of the kinematic pair, 

and equal the number of degrees of freedom of the kinematic pair. There-

fore, in order to incorporate the parameters of the kinematic pair in the 

equations of static equilibrium of the ith rigid body, the terms in Equa-

tions (22) through (27) must be !IU!tde functions of direction cosines referred 

to reference system (XYZ)(i-l) and so on. This is accomplished by using 

the following relationships (derived in Appendix B) between the direction 

cosines: 

L .. 1 (i-l)r,; L + M(i-1) L 
or; 0 0 

i i x(i-1) r,;i y (i-1) 

+ N(i-1) L 
0 

z;i z(i-1) 

M 
.. 1 (i-1)z:; M + M(i-1) M 

or,; 0 0 

i i x(i-1) l,;i y (i-1) 

+ N(i-1) M 
0 

z;i z(i-1) 

N 
• 1 (i-1)1,; N + M(i-1) N 

01; 0 0 

i i x(i-1) l;i Y(i-1) 

+ N(i-1) N 
0 

r,;i z(i-1) (39) 

The dummy variable r,; in Equation (39) can be replaced by X, Y, and 

Z to obtain relationships for the direction cosines of axes oix1 , OiYi, 

and oizi. 
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referred to the reference system (XYZ)(i-l) are functions only of the 

parameters of the kinematic pair between rigid bodies i and (i - 1) • Let 

the reference system (XYZ)i be connected to the reference system 

(XYZ) (i-l) through a kinematic pair which has an instantaneous sc;re.w 

axis of rotation denoted by ~r. If the direction cosines of the axis 

of rotation, ~r, referred to the reference system (XYZ)(i-l) are 

L(i-1) , M(i-l) , and N(i-l) , then (as shown in Appendix C) we may 
ur ," ur · ur 

write: 

£1M(i-1) • (N(i-1) • L(i-l)r - 1 (i-1) • N(i-1) ) £1qr 
r,;i ur ~i ur r,;i 

£1N(i-l) = (-M(i-1) • L(i-l)r + L(i-1) • M(i-1) ) £1qr 
r,;i ur ~i ur r;;i · 

(40) 

where 6q is a rotation about ~r. The dunnny variable z; in Equation (40) r 

can be replaced by X, Y, and Z to obtain the small change in the direc

tion cosines of OiXi' OiYi' and oizi axes, referred to the (XYZ)(i-1) 

reference system, as a result of a small rotation 6q about the instan-
r 

taneous axis of rotation ur at the kinematic pair between the rigid 

bodies i and (i- 1). 

Application of Equation (40) to Equation (39) yields the following 

relationships: 

6L 
0 

y (i-1) 
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+ N (i-1) b.L + ( Lo A(i-1) 0 
l;i z(i-1) x(i-1) l;i 

+L B(i-l)z; + L C (i-1) ) b.qr 0 0 

Y(i-1) i z(i-1) l;i 

liM .., L(i-1) liM + M(i-1) b.M 
0 0 or; z; 

i x(i-1) l;i y (i-1) i 

+ N (i-1) b.M +(M A(i-1)1';. 0 
ox(i-1) r;i z(i-1) l. 

+M B(i-l)l; +M C (i-1) ) b.qr 0 0 

Y(i-1) i z (i-1) l;i 

N "" L(i-1) AN + M(i-1) AN 
0 l; r; 0 0 

i i x(i-1) z;i y (i-1) 

+ N(i-1) b.N +( N A(i-l)z; 0 
ox(i-1) r;i z(i-1) i 

+N B(i-1)1'; + N c(i-1) ) b.qr (41) 
0 0 

Y(i-1) i z(i-1) l:;i 

where 

B (i-1),.. ,. N (i-1) • L (i-1),.. - L (i-1) • M(i-1) 
~i ur ,i ur l:;i 

C (i-1) r = -M(i-1) • L (i-1) + L (i-1) • M(i-1) 
?i ur z;i ur l;i 

In order to incorporate the parameters of the kinematic pair into 

the equations of static equilibrium, the variational principle is applied 

to Equations (22) through (27) and small variations of each variable 

quantity is taken with reference to the fixed frame of reference 
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0 X Y Z • By using Equations (28) through (41), Equations (22) through 
0 0 0 0 

(27) may be transformed into the following set of six simultaneous 

linear equations: 

[C] [UV] = 
(6x9) (9xl) 

[d] 
(6 X 1) 

where the coefficients.of [C] and [d] describe the known quantities 

(42) 

·which are functions of a known configuration of the system. The defini-

tiona of the coefficients Cij and di are presented in Appendix C. 

unknownvector [UV] contains the following nine unknowns: 

The 

[UV]T = [aRl ' 6R2 ' 6R3 ' 6R4(i-l)' 6RS(l"-l)' 
(i-1) (i-1) (i-1) 

r T T 6R6 , 6q , Aq , 6q J 
(i-1) (i-1) l(i-1) 2(i-l) 

R1 , ••• , R6 are the reactions at the kinematic pair be-
(i-1) (i-1) 

tween bodies i and (i-1) referred to the reference system (XYZ)(i-l). 

qr(i-l)' q'l(i-l)' and q,2 (i-l) are the generalized coordinates or the 

parameters of the kinematic pair representing, respectively, the rota-

tional degree of freedom (about an instantaneous axis of rotation) and 

two possible translatory degrees of freedom. Since for a kinematic pair 

the number of degrees of freedom and the number of constraints .add up to 

six, it is clear that the number of reaction forces (due to constraints 

of the kinematic pair) and the number of generalized coordinates (q's) 

will always add up to six. 

Hence, Equation (42) can be degenerated into a set of six linear 

equations in six unknowns by a simple transformation of coordinate sys-

tems. Let (X'Y'Z')(i-l) be the characteristic frame of reference for a 

kinematic pair between rigid bodies i and (i- 1). The axes O'X', O'Y', 
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and 0 1 Z1 are the principal axes of the kinematic pair. For example, in 

the case of a revolute pair constraining motion in the X'Y' plane, the 

principal axis O'Z 1 is aligned with the axis of rotation passing through 

the center of the revolute pair. The transformation between the refer-

ence system (XYZ)(i-l) and (X'Y'Z')(i-l) is given by Equation (43) below. 

Using the transformation (43), Equation (42) can be written as: 

[ C 1 ] [UV 1 ] "" (d' ] (44) 

where the unknown vector UV 1 is given by: 

fiR 1 6 , liq 1 . , liq , flq ] 
(i-1) r(i-1) Tl(i-1) T2(i-l) 

Since Equation (44) is referred to the characteristic frame of 

reference (X'Y 1 Z')(i-l) of the kinematic pair between bodies i and 

(i- 1) , the relationship between the number of degrees of freedom and 

number of constraints of the kinematic pair can be applied to degenerate 

Equation (44) into a set of linear equations whose number always equals 

the number of unknowns. For example, in the case of a revolute pair 

where the 0 1 Z1 axis of the characteristic frame of reference 

(X'Y 1 Z')(i-l) is aligned with the axis of rotation, the unknown vector 

[UV'.] will contain the following three unknowns: 

Rl 
2 (i-1) 

and Equation (44) will degenerate into: 



AR L(i-1) L(i-1)y' L (i-1) 0 0 0 AR' 
1 (i-1) x' z' 1(i-1) 

AR M(i-1) M(i-1) M(i-1) 0 0 0 L'iR' 
2 (i-1) x' y' z' 2 (i-1) 

L'iR N (i-1) N (i-1) N (i-1) 0 0 0 AR' 
3 (i-1) x' y' z' 3 (i-1) 

L'iR 0 0 0 L(i-1) L (i-1) L(i-1) C.R' I 
4 (i-l) x' y' z' 4 (i-1) 

AR 0 0 0 M(i-1) M(i-1) M(i-1) L'iR' 
5 (i-1) x' y' z' 5 (i-1) 

L'iR 0 0 0 N (i-1) N (i-1) N (i-1) L'iR' 
6 (i-1) x' y' z I 6 (i-1) 

...; 

(43) 
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Cil ci2 Ci7 L1R' 
1 (i-l) 

d' 
1 

CZl C' CZl L1R I = d' 
22 2 (i-1) 2 

c;,l C' c;,7 !1q .. d' 
62 r(i-1) 3 

The constants [dil are functions of small increments in the exter

nally applied forces and moments, and the geometric parameter of the 

current configuration of the rigid bodies (i + 1), (i), and (i - 1) • The 

coefficients [C'ij] are functions of the geometric parameters of the 

kinematic pair and also the geometric parameters of the current configur-

ation of the rigid bodies. These geometric parameters are expressed in 

terms of the direction cosines of the reference system (XYZ)(i-l) re

ferred to the fixed frame of reference 0 X Y Z . 
0 0 0 0 

It is important to note that in Equation (41) the increments !1L0 , 

z.;i 
L1M0 , and L1N0 were decomposed into two stages: 

z.;i z;i 

and 

The increments !1L(i-l) , !1M(i-l) , and !1N(i-l) were then related by 
z;i z;i z.;i 

Equation (40) to the increments in the generalized coordinates or para-

meters of the kinematic pair between bodies i and (i- 1). However, the 

increments L1Lor , L1Mor , and L1Nor were assumed to be con-
~(i-1) ~(i-1) ~(i-1) 

stants •. This assumption is a critical step in the development of an 

iterative procedure which simplifies to a great extent the formulation 
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of equations of equilibrium for a system with N rigid bodies. With the 

aid of this assumption, the equation of equilibrium for an ith rigid 

body contains only the unknown generalized coordinates (or variable 

parameters) of the kinematic pair between bodies i and (i- 1), thus sim-

plifying the task of developing analytically the equations of equilibrium 

as well as reducing the order (from N x N to a maximum of 6 x 6) of the set 

of linear equations to be solved to evaluate the increments in general-

ized coordinates as a result of increments in the external forces and 

moments.· 

In order to obtain a generalized simulation model for a system con-

sisting of N rigid bodies,the following iterative process is developed. 

For a small increment in the externally applied forces and moments: 

1. Set the increments 6L0 , 6M0 , 6N0 to zero for 
~(i-1) ~(i-1) ~(i-1) 

i= 1, N. This initialization will decouple all the bodies in the sense 

that equations of equilibrium can be written for the ith body referred 

to the (X'Y'Z')(i-l) reference system associated with the (i-l)th body 

and further assuming that the (X'Y'Z')(i-l) reference system is invari

ant or fixed. 

2. Calculate, using Equation (44), the increments in the general-

ized coordinates (or parameters) of the kinematic pair between bodies i 

and (i- 1) due to increments in the external forces and moments applied 

to body i, where i = N, N - 1, N - 2, ••• , 1. Since the equations of 

equilibrium for the ith body require data describing the configuration 

of the (i + 1) th body, the iterative procedure must be started from the 

Nth body. 

3. Using the increments of the generalized coordinate of the kine-

matic pair at each joint as calculated in step 2 above, evaluate, using 
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Equation (41), the increments iu the direction cosines L.\10 , L.\Mo , 
l;;i l;;i 

and L.\N0 ,.. for.i.., 1, N. For i •1, L.\10 , L.\Mo , and L.\N0 are 
~i l;;(i-1) l;;(i-1) l;;(i-1) 

zero, since the (i- l)th reference system is the fixed reference X Y Z • 
0 0 0 

4. Calculate the differences 

L.\M(j) - L.\M(j-1) 
o,.. 0 
~i l;;i 

for ia:l, •.• , N, where (j) denotes the current iteration. 

5. If the differences as calculated in step 5 above are within an 

allowable tolerance limit, stop the iteration. Otherwise, repeat steps 

2 through 5 for the (j + l)th iteration. Note that in the (j + l)th itera-

tion for the Nth body, 

L.\L = L.\1 (j) 
0 01;; 

l;;(n-1) i 

with i = (n-1) 

L.\M = L.\M(j) 
0 01;; 

l;;(n-1) i 

with i = (n- 1) 

L.\N = L.\N(j) 
0 01;; 

l;;(n-1) i 

with i = (n- 1) 

and so on. 

With the successful completion of the check on the increment of 

direction cosines: 

L.\L (j) - L.\L(j-1) 
.::: € 

or; 01;; 
i i 

L.\M(j) - L.\M(j-1) 
.::: € 

0 or; l.:i i 

L.\N(j) - L.\N(j-1) 
.::: € 

oz;; oz;; 
i i 
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the iterations are terminated. Update values of the direction cosines 

L (j) 
or;i' 

M(j) 
Ol;i' 

and N(j) 
Ol;i 

for i = 1, N using the following equation: 

L (j) = L (j-1) + L\L (j) 
01; 

i 
01; 

i 
01; 

i 

M(j) = M(j-1) + L\M(j) 
01; 

i 
01; 

i 
01; 

i 

N(j) .. N(j-1) + L\N (j) 
01; 

i 
01; 

i 
01; 

i (45) 

The updated values of the direction cosines 10 , M0 , and N0 define 
l;i l;i Si 

the equilibrium configuration of the system with N rigid bodies subjected 

to the incremental external forces and moments L\Pi ,L\Ti . Figure 13 
k k 

shows a flow chart explaining the comprehensive iterative procedure in-

volved in the methdology of determining the successive equilibrium con-

figuration of a kinematically constrained elastic system consisting of N 

rigid bodies subjected to a set of externally applied static forces and 

moments. 

5.2 Verification of the Theoretical Simulation 

Model Using a Known Mechanical System 

Let us consider a mechanical system consisting of three bodies con-

nected together by two cylinder pairs as shown in Figure 14. X.Y.Z. 
1 1 1 

constitutes a body reference system for the ith body. Since body 1 is 

held fixed, the reference system X1Y1z1 becomes the fixed reference for 

this mechanical system. A cylinder pair Ci connects two consecutive 

bodies i and i + 1. A system of characteristic axes (X Y Z ). is p p p 1 
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4-

--------
READ DATA: N, c, Vi' r 1 , Ok., PF , TF 

i 1 ki ki 

Ru-n , 'm(i-1) ,• 0 (1-1) ' ~ (i-1) 'm(i-1) ' 0 (i-1) 
I; r, l;' ur ur ur 

For i • 1, ... n 
-----===-~-----------=*=·-----------J 

Initialize: R2 ' 
(i-1) 

R ' 
3 (i-1) 

R4 ,R5 ,R 
(i-1) (i-1) 6(i-1) 

R ' 1(i-1) 

s ' 1(1-1) 
s ' 

2 (i-1) 83(i..:1)' 84 ' s ' 
(i-1) 5 (i-1) 

External Forces and Moments 

Pk = P + APk ' 
i ki i 

c Tl + ATk , i = 1, N 
'i i 

J=1: FIRST ITERATION 

= o, t.m = o, lin = o for 1=1, N set M 
0 

t(:l.-1) 0 1;(1-1) 0 1;(1-1) 

---. 
For a given inerement t.Pk , L'lTk 

i i 

Calculate [uv~ = [c ·J-1 [d~ 
For i'*N, N-l, N-2, 

' 1 

[-·--------·-. ------
Calculate Af , L\m , M using c~quations (41} for i•1, 

l) () 0. 
r:i 1;: J. ~'i 

t-----

I (.1) (J-l) I I (j) (J -1) I I (j) (j-1) I ClmCK AR - AR. ::L:; t~m - flm <c· 1'10 - Nl <c 
()- 0 0 0 - ' 0 0 -

(.i. r.i r,i t;i l;i r,i 

,.--·------ NO ..1, YES.J, 

Nl 

Update 1\1 ' 
Am 

' I Update i ' m ' n 
01; 01; 01; 

using equations 
0 0 

l;(i-1) l;(i-1) i 'i 'i 

(45) j 
An ' for i = 1, N, set !Print Equilibrium configuration for L'lPk, liTk J 

0 

r, (1-l) 1 j, 

I Check p < PF and Tk. < r, ' i=l, N ~ j .. j+l ki ki 1 ki 
YES 

Figure 13. Flow Chart for the Simulation Model 
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Figure 14. Simulation of' a Mechanical System 
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associated with the cylinder pair Ci and is defined in the body refer-

ence (XYZ)i of body i. The X axis is aligned with the axis of the 
pi 

cylinder pair Ci. The system is subjected to a set of external static 

loads applied to the third body as shown in Figure 14. In order to pre-

diet, using the theoretical simulation model, the equilibrium configura-

tion achieved by such a system under the influence of the external loads, 

the following data must be prepared: 

1. NBODY, TOL, NSTEP: 

3, 0.001, 100 

The external loads are applied in small increments of one hundredths of 

the total load. For each set of incremental loads the equilibrium con-

figuration is evaluated using an iterative procedure until the check on 

the direction cosines defining the configuration is satisfied. The 

tolerance data (0.001) controls the number of it.erations at each incre-

mental stage. 

2. V(I), ELIV(I), EMIV(I), ENIV(I), I= 2, NBODY: 
+ 
V. defines the 

l 

point of application of internal elastic reactions in the body reference 

(XYZ)i due to relative motion between bodies i and i-1. For the system 

defined in Figure 14, we can write the following data: 

o.o, o.o, o.o, o.o 

0.0, o.o, 0.0, 0.0 

3. RRl(I), ELIRRl(I), EMIRRl(I), ENIRRl(I), I= 2, NBODY: + 
r 1 . de-

1 

fines the center of a kinematic pair between bodies i and i-1. 

defined in body reference (XYZ)i of body i. 

0.0, 0.0, 0.0, 0.0 

0.0, o.o, o.o, o.o 



111 

4. NROTL (I), IROTDR(I), ELUR(I), EMUR(I), IENUK(I), I = 1, 

(NBODY-1): NROTL(I) defines the number of rotational degrees of freedom 

at the kinematic pair between bodies i and i-1. IROTDR(I) selects the 

axis of rotation from the set of characteristic axes associated with the 

kinematic pair. 

IROTDR: 1; Axis of Rotation: X p 

2; y 
p 

3; z 
p 

ELUR(I), EMUR(I), ENUR(I) define the direction cosines of the axis of 

rotation of the kinematic pair between bodies i and i-1 with respect to 

the body reference (XYZ)i-l' Thus for the system under consideration, 

the following data can be written: 

1, 1, 0.5, 0.8660254, 0.0 

1, 1, 0.8660254, 0.0, 0.5 

5. NTRAN(I); I= 1, NBODY-1: NTRAN(I) defines the number of trans-

lational degrees of freedom of the kinematic pair between bodies i and 

(i-1). 

1, 1 

6. ITAUDR(I, K); K = 1, NTRAN(I), I= 1, NBODY-1: ITAUDR(I, K) 

defines the axis of translation from the set of characteristic axes of 

the kinematic pair: 

1 

1 

7. ELIMUT (I, K), EMIMUT (I, K), ENHfiJT (I, K) , K = 1, NTRM1 (I) , 

I = 1, NBODY-1: define the direction cosines of the axis of translation 
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of the kinematic pair with respect to the body reference (XYZ) (i-l) of 

body (i-1). 

0.5, 0.8660254, o.o 

0.8660254, 0.0, 0.5 

8. IOPLN(I), IPPLN(I), I= 1, NBODY-1: 

IOPLN = 0: Three-dimensional motion 

1: Motion in the XY plane 

2: Motion in the yz plane 

3: Motion in the xz plane 

IPPLN = 0: Three-dimensional motion 

1: Motion in the XY plane p p 

2: Motion in the y z plane p p 

3: Motion in the X Z plane p p 

For the system under consideration, we have 

0, 0 

o, 0 

9. ELIMXP(I), EMIMXP(I), ENI}~(I), I= 1, NBODY-1: defines in 

the (XYZ)(i-l) reference system the direction cosines of the axes XP 

associated with the kinematic pair between bodies i and (i-1). Thus we 

have the data: 

0.5, 0.8660254, 0.0 

0.8660254, 0.0, 0.5 

In the same manner the following data can be written. 

10. ELIMYP(I), EMIMYP(I), ENIMYP(I), I= 1, NBODY-1: 



-0.8660254, 0.5, 0.0 

0.5, 0.0, -0.8660254 

11. ELIMZP(I), EMIMZP(I), ENIMZP(I), I= 1, NBODY-1: 

o.o, 0.0, 1.0 

0.0, 1.0, 0.0 
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12. AK(I, J, K); K = 1, 6; J = 1, 6; I= 1, NBODY-1: defines the 

stiffness matrix between bodies i and (i-1). The stiffness matrix is 

defined with respect to the body reference (XYZ)i-l of body (i-1). Thus 

we have the following data: 

10.0, 0.0, 0.0, 0.0, 0.0, 0.0 

o.o, 20.0, 0.0, 0.0, 0.0, 0.0 

o.o, o.o, 0.0, 0.0, 0.0, o.o 

0.0, 0.0, 0.0, 572.9578, 0.0, 0.0 

o.o, 0.0, 0.0, 0.0, 286.4789, o.o 

0.0, 0.0, 0.0, 0.0, 0.0, 0.0 

20.0, 0.0, 0.0, 0.0, 0.0, 0.0 

0.0, 0.0, o.o, 0.0, o.o, 0.0 

0.0, 0.0, 10.0, 0.0, 0.0, 0.0 

o.o, 0.0, 0.0, 286.4789, 0.0, o.o 

0.0, o.o, 0.0, 0.0, o.o, 0.0 

0.0, o.o, 0.0, 0.0, 0.0, 572.9578 

13. NP(I), NT(I); I= 2, NBODY: define the number of external 

forces and moments acting on each body. 

0, 0 

2, 0 
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14. PF(I, K), ELlP(I, K), EMlP(I, K), ENlP(I, K); K = 1, ~W(I); 

I = 2, NBODY: PF(I, K) is the magnitude of the applied Kth load on the 

ith body. ELlP(I, K), EMlP(I, K), and ENlP(I, K) define the direction 

of the load in the fixed reference system. 

o.o, o.o, 0.0, 0.0 

10.0, 1.0, 0.0, 0.0 

20.0, 0.0, -1.0, 0.0 

15. A(I, K), ELIA(I, K), EMIA(I, K), ENIA(I, K); K = 1, NPI, I= 2, 

-+ 
NBODY: A(l, K) defines the location of point of application of external 

loads in the body reference (XYZ)i of body i. 

0.0, o.o, 0.0, 0.0 

5.0, 1.0, o.o, o.o 

5.0, 1.0, 0.0, o.o 

In the same manner one can write the following data regarding the 

external moments. 

16. TF(I, K), ELlT(I, K), EMlT(I, K), ENlT(I, K); K = 1, NT.(I); 

I = 2, NBODY: 

o.o, o.o, o.o, 0.0 

0.0, 0.0, o.o, o.o 

17. Rl(I), R2(I), R3(I), R4(I), R5(I), R6(I), I= 1, NBODY-1: de-

fine the values of internal reactions at the kinematic pair between 

bodies i and (i-1) in the initial configuration. 

0.0, o.o, o.o, o.o, o.o, o.o 

o.o, 0.0, o.o, o.o, o.o, o.o 
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18. Sl(I), S2(I), S3(I), S4(I), 85(!), S6(I); I= 1, NBODY-1: de-

fine the internal elastic reactions between bodies i and i-1 in the ini-

tial configuration. 

0.0, 0.0, 0.0, o.o, 0.0, 0.0 

0.0, 0.0, 0.0, 0.0, O.D, 0.0 

-+ 
19. RR2(I), XIRR2(I), YIRR2(I), ZIRR2(I); I= 2, NBODY: vector r 2 . 

1 

defines the location of the kinematic pair between bodies i and i+l with 

respect to the body reference (XYZ)i of body i. 

5.0, o.o, 5.0, 0.0 

0.0, 0.0, o.o, 0.0 

20. ELIMX(I), EHIMX(I), ENIMX(I); I= 2, NBODY: define the direc-

tion cosines of the x1 (body reference of body i) axis with respect to 

the reference system (XYZ)i-l of body (i-1). 

0.0, 1.0, o.o 

0.0, 1.0, 0.0 

In the same manner we can write the following data. 

21. ELIMY(I), EMIMY(I), ENIMY(I); I = 2, NBODY: 

o.o, 0.0, 1.0 

0.0, 0.0, 1.0 

22. ELIMZ(I), EMIMZ(I), ENIMZ(I); I= 2, NBODY: 

1.0, o.o, 0.0 

1.0, 0.0, 0.0 

23. QR(I), QTRAN(I, 1), QTRAN(I, 2); I= 1, NBODY-1: define the 

initial values of the generalized coordinates of the kinematic pair be-

tween bodies i and (i-1). 
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0.0, 0.0, 0.0 

0.0, o.o, 0.0 

The simulation analysis of such a mechanical system yields incremen-

tal equilibrium configurations which shows the successive positions 

through which the three bodies move under the influence of external sta-

tic loads before reaching the final equilibrium configuration. 

The resultant equilibrium configuration of the above system was 

found to be: 

ql ... 19.5757456 deg. 

q2 -12.7353072 de g. 

'1 - -0.5334272 in. 

'2 - -0.7040290 in. 

The internal reactions at the kinematic pair between bodies 1 and 2 and 

between bodies 2 and 3 in the final equilibrium configuration were found 

to be, respectively: 

Rl(l) = 0.0 lbs Rl(2) = 0.0 lbs 

R2(1) = 0.5959802 lbs R2(2) = 14.6103786 lbs 

R3(1) == 16.5120698 lbs R3(2) = -5.9710634 lbs 

R4(1) ,.. 0.0 in.-lbs R4(2) = 0. 0 in.-lbs 

R5 (1) = -70.2024452 in.-lbs; R5 (2) 32.5868525 in.-lbs 

R6(1) a 51.6903911 in.-lbs ; R6(2) - 13.4596755 in.-lbs 

It should be noted that these reaction forces are applied at the 

kinematic pair and are defined with respect to the characteristic axes 

X Y Z of the kinematic pairs. Since the cylinder pair has two degrees p p p 

of freedom, namely the rotational and translational motion along its 

axis, the reaction force along and the reaction moment about this axis 
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must be zero. This informat.ibn may be checked from the above results. 

The validity of the above solution can easily be demonstrated by 

checking the equations of static equilibrium of bodies 2 and 3 in their 

resultant equilibrium configuration. 

A graphical representation of the results of the above simulation 

analysis is shown in Figure 15. The figure shows the successive equili

brium configurations of bodies 2 and 3 in terms of rotation and transla

tion along the axes of the cylinder pairs as a function of the incremen

tal loads applied to body 3. It is important to note that the system is 

treated as linear during each increment of the externally applied static 

loads. However, an examination of the overall load versus displacement 

curve shows nonlinearity. This is due to the fact that as the system 

undergoes successive equilibrium configurations, the relative geometry 

between the rigid bodies changes due to the rotational and translational 

motion at kinematic pairs between the rigid bodies. This, in turn, 

changes the moment arms of the externally applied forces and the point 

of application of internal reactions between bodies 2 and 3, thus induc

ing the nonlinearity in the overall response of bodies 2 and 3 subjected 

to external forces. 

5.3 Application of the Simulation Model to the 

Human Spine Subjected to Static Loads 

5.3.1 A Rational Approach 

A theoretical motion simulation model for a kinematically constrain

ed elastic system consisting of N rigid bodies subjected to a set of ex

ternally applied static loads was developed in section 5.1. This section 
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presents a methodology developed for the purpose of adapting this gener

alized motion simulation model to the biological system of a human spine 

consisting of intervertebral joints. 

As explained at the beginning of this chapter, the role played by 

facet joints in controlling the pattern of motion of intervertebral 

joints is analogous to the function of kinematic pairs in the kinematic

ally constrained elastic system of section 5.1. The orientation of the 

facet joint at each vertebral level, the geometric characteristics of 

the surface of contact and type of contact govern the components of 

motion at each intervertebral joint, the functional relationships be

tween these components of motion, and the overall pattern of the inter

vertebral motion of a human spine subjected to static loads. The total 

intervertebral motion, however, is a function of the disc, ligaments, 

muscles, and facet joint geometry. 

In order to formulate the motion simulation model of the spine, it 

is therefore necessary to arrive at the kinematically equivalent inter

vertebral joint which can be used in the generalized motion simulation 

model developed in section 5.1. A rational approach developed in the 

present work for the purpose of arriving at the kinematically equivalent 

intervertebral joint is based upon the set of physically realizable 

kinematic pairs. 

There are twelve physically realizable kinematic pairs. Each of 

these kinematic pairs must be examined critically before arriving at the 

kinematically equivalent intervertebral joint. These kinematic pairs 

are classified according to their degrees of freedom and the components 

of relative motion permitted at each pair. Table VII·· presents this 



TABLE VII 

CLASSIFICATION OF PHYSICALLY REALIZABLE KINEMATIC PAIRS AND THEIR PARAMETERS 

Class of K.P. D. F. Name and Form-Closed Generalized Parameter Coordinates 

(a) ql = ~ = e 

1 1 
Revolute Prismatic Helical 

(b) ql = 
<1rl 

= T (a) (b) (c) 

(c) ql = q ; 
r 

p T/8 

(a) ql = e, q2 = q, 

2 2 Slotted-Sphere Cylinder Cam 
(b) e, 

(a) (b) (c) ql q2 = T 

(c) ql e, q2 = T 

(a) ql = e, q2 = $, q3 = 1jJ 

Sphere 
Sphere Slotted-

Plane 3 3 
(a) 

Cylinder 
(c) 

(b) ql e, q2 q,, q3 = T 
(b) 

(c) ql = e I q2 = T 1 I q3 = T2 

(a) ql = e I q2 = q, I q3 = $1 q4 = T 
Sphere Groove Cylinder Plane 4 4 

(a) (b) 
(b) ql = e I q2 = ¢I q3 = T I q4 = T 

(a) ql = e 1 q2 = ¢I q3 $1 q4 = T 

5 5 
Sphere-Plane 

(a) q5 T2 
t-' 
N 
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classification along with the characteristic (or principal) set of axes 

and generalized coordinates for each kinematic pair. 

The identification of the characteristic or principal set of axes 

and the generalized coordinates for each kinematic pair provide suffi-

cient information to define completely the kinematic constraints of a 

kinematic pair. However, when such a kinematic pair is used in the the-

oretical simulation model developed in section 5.1, the parametric vee-

tor of the kinematic pair includes: 

+ 
1. The vector r1 locating the center of the kinematic pair. 

i 
2. The direction cosines of the axes X'Y'Z' referred to the refer-

ence system (XYZ)(i-l): L(i-l)~,' M(i-l)~,' and N(i-l)~,. 

3. The generalized coordinates (q's) of the kinematic pair. 

+ 
The data describing the vector r1 and the direction cosines 

i 
L (i-l) ~,, M(i-l) ~,, and N (i-l) r,;, are obtained as explained in the chap-

ter on experimental data collection. 

Using the parametric vector defined above, the kinematic constraints 

of each of the twelve physically realizable kinematic pairs shown in 

Table IX can be incorporated in the theoretical simulation model along 

with stiffness data describing the elastic properties of each interverte-

bral joint. 

Thus, by replacing the actual intervertebral joints by the equiva-

lent kinematic pairs selected one at a time from the set shown in Table 

VII it becomes possible to study the response of the human spine subject-

ed to external static loads. Such a study will yield twelve different 

sets of motion responses for the same set of external static loads. In 

order to arrive at a kinematic pair best describing the kinematic con-

straints of the actual intervertebral joints, it is therefore necessary 
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to formulate a criterion to evaluate the relative merits of each kine-

matte pair. One such criterion is based upon the comparison of the 

axodes generated by the motion simulation model with the axodes gener-, 

ated by the actual spine specimen subjected to the same set of external 

static loads. 

This evaluation procedure forms the quantitative basis for select-

ing from the set of twelve physically realizable pairs the kinematic 

pair which best describes the kinematic constraints of the actual inter-

vertebral joint. Thus, having arrived at the kinematic equivalent of 

the intervertebral joint, the theoretical motion simulation model devel-

oped in section 5.1 now becomes the motion simulation model for the 

human spine subjected to external static loads. 

The methodology developed in sections 5.1 and 5.3.1 for the purpose 

of developing a simulation model for the human spine is now applied to 

the experimental data collected in section 3.2. The results of this 

analysis are presented in the next section. 

5.3.2 Simulation Studies of the Human Spine 

Using Experimental Data 

In order to apply the theoretical motion simulation model to the 

biological system of intervertebral joints, the following assumptions 

are made: 

1. The coefficients of the equivalent stiffness matrix between a 

pair of vertebrae are assumed constant over the entire range of inter-

vertebral motion. 

2. The equivalent kinematic pair representing the kinematic con-

straints of an intervertebral joint is assumed to be a spherical joint, 
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thus simulating only the rotational motion components at the interverte-

bral joint. 

The data required by the theoretical motion simulation model to 

simulate a kinematically constrained elastic system must be prepared as 

demonst~ated in section 5.2. The data describing the geometric para-

meters and the stiffness properties of the biological system consisting 

of intervertebral joints must, however, be prepared by processing the 

raw experimental data. A stepwise procedure to set up such data for the 

theoretical motion simulation model is demonstrated in the following by 

taking an example case of the intervertebral joint, L2-L3 (specimen 4), 

subjected to a load applied along the -X direction: 
0 

1. NBODY, TOL, NSTEP: 

2, 0.001, 100 

2, RRl(I), ELIRRl(I), E~1IRRl(I), ENIRRl(I): As explained earlier, 

+ 
the vector r 1 defines, in the body reference (XYZ)i of body i, the loca-

i 
tion of the kinematic pair between bodies i and (i-1). Since the kine-

matic pair between a pair of vertebrae is assumed to be a spherical 

joint, the center of this spherical joint must be first located with re-

spect to the body reference of one of the vertebrae. Since the load is 

applied along the -X direction, vertebra L2 is flexed with respect to 
0 

vertebra L3. Table VIII shows the parameters of instantaneous screws 

of motion of vertebra L2 with respect to L3 as the intervertebral joint 

.executed motion in the flexion mode during the kinematic data collection. 

These screw data were calculated with respect to the neutral position of 

vertebra L2. The parameters of the screw axes are defined in the fixed 

reference system X Y Z. Using the least square technique (Appendix B), 
0 0 0 

a cone can be fitted to these screw data. The spherical joint which 



TABLE VIII 

LOCATION OF SPHERICAL JOINT USING LEAST SQUARE CONE FIT 

u u u p p p 
X y z X y z 

0.3540262 -0.4313658 -0.8298127 -0.9334235 1.0971191 1.0759394 

o. 4677333 -0.6779525 -0.5671032 -0.1825692 0.9851212 1. 9507478 

0.4304682 -0.6984427 -0.5717298 -0.0830322 0.9.929570 1. 9243803 

0.3758692 -0.7384927 -0.5597750 -0.2616016 0.9472326 2.1703959 

Coordinates of apex of cone in X Y Z -1.2248426 2.3365725 3.1341664 
0 0 0 

Coordinates of apex of cone in (XYZ) 2 0.5226054 0.2206634 -0.0151808 



125 

represents the equivalent kinematic pair for the intervertebral joint 

12-13 is located at the apex of the least square cone. Table VIII 

shows the coordinates of this apex in the fixed reference system X Y Z 
0 0 0 

attached to the fixed vertebra 13. In order to find the coordinates of 

the apex of the cone in the body reference x2Y2z2 of vertebra 12, a 

transformation matrix between coordinate systems (X2Y2z2) and (X0 Y0 Z0 ) 

must be evaluated first. This can be achieved by using the voltage data 

from the linkage transducer corresponding to the neutral position of 

vertebra 12. The linkage transducer is connected between the coordinate 

systems x2Y2z2 and x1Y1z1• Using the terminology of Chapter IV, the 

transformation from x2Y2z2 to x1Y1z1 in the neutral position is given by 

the transformation matrix [B']. In addition, if the transformation from 

. x1Y1z1 to the fixed (or anatomical) coordinate system X0 Y0 Z0 is given by 

the transformation matrix [F], then the resultant transformation is 

given by: 

[TR] • [F] [B'] 

so that the coordinates of the apex of the least square cone in the 

reference system x2Y2z2 can be calculated using the following equation: 

X X c 

[[F] [B']]-l 

c 
+ 

[rl] = y = y 

(X2Y2Z2) 
c c 

z z c c 

(X2Y2Z2) (X Y Z ) 
0 0 0 

+ 
For the intervertebral joint 12-13, the components of vector r 1 as cal-

culated from the above equation are given in Table VIII. 
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3. V(I), ELIV(I), EMIV(I), ENIV(I): 
+ 

Vector Vi defines, 1.n the 

reference system x2Y2z2 of vertebra L2, the point of application of the 

internal elastic reactions due to the relative motion at the interverte-

bral joint L2-L3. Since the kinematic pair used in the simulation of 

intervertebral motion permits only the rotational components of motion, 

the internal elastic reactions will consist of only the resistive moments 

at the intervertebral joint. Hence in the case of a spherical joint, the 

+ + 
vector Vi is the same as the vector r 1 • 

i 
4. NROTL, IROTDR, ELUR, EMUR, ENUR: Because of the nature of the 

spherical joint, the choice of the characteristic axes is completely 

arbitrary, and for convenience axes X Y Z are made parallel to axes 
p p p . 

X Y Z , respectively. Since the motion component to be simulated is the 
0 0 0 

rotation about the-Y axis (flexion angle), we can write the following 
0 

data: 

1, 2, o.o, 1.0, 0.0 

5. NTRAN: 

0 

6. ITAUDR: 

0 

7. ELIMUT, EMIMUT, ENIMUT: 

o.o, 0.0, 0.0 

8. IOPLN, IPPLN: 

0, 0 
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9. ELIMXP, EMIMXP, ENIMXP: 

1.0, 0.0, 0.0 

10. ELIMYP, EMIMYP, ENIMYP: 

0.0, 1.0, o.o 

11. E1IMZP, EMIMZP, ENIMZP: 

o.o, 0.0, 1.0 

12. AK(I, J, K): Data describing the elastic (or stiffness) prop-

erties of the intervertebral joint are obtained by processing the experi-

mental data collected during the load test of the intervertebral joint 

12-13 with the facet joints totally destroyed. Parameters of the instan-

taneous screws of motion due to the applied load are first calculated 

with respect to the fixed reference system X Y Z • A least square cone 
0 0 0 

is then fitted to these screw data to calculate the location of the 

equivalent spherical joint in the reference system X Y Z • Figure 16 
0 0 0 

shows the relative location of the point of application of load (during 

the load test) and the location of the equivalent spherical joint with 

respect to the fixed reference X Y Z • The location of the point of 
0 0 0 

application of the load is measured with respect to the reference X Y Z 
0 0 0 

during the experiment. Using the notation consistent with the coordi-

nate system X Y Z , the coefficients of the stiffness matrix needed to 
0 0 0 

simulate intervertebral motion due to load along the Y 0 axis are calcu-

lated using the following equations: 

a... Rotational stiffness ·about the axis X : 
0 



I 
I 
I 

ha1 
I 
I 
I 

Zo 

F • 4.0 Lbs • h1• 3.32 in 
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h2 • I 0.25 in. 

ez.• -2.2 deg. 

in-lb . · in-lb in·lb 
Kexy= 9 2 3.39 .....,-acr ; KelCx• 37l25 rad • Keu • 721.93 rad 

Figure 16. Calculation of Stiffness Coefficients 
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b. Rotational stiffness about the Y axis due to coupling be
o 

tween the X and Y axis: 
0 0 

·~· • [F(h2 - h1) /ey ] in.-lb/rad 
xy o 

c. Rotational stiffness about the Z axis due to coupling be
o 

tween the Z and X axis: 
0 0 

Ke • [F(h2 - h1)/ez ] in.-lb/rad 
xz 0 

13. Coupling data: 

ICOUP1E • 0: No coupling effect 

1: Coupled motion 

ICOUP1El • 1: Coupling due to M 
X 

0 

2: Coupling due to M 
yo 

3: Coupling due to M 
z 

0 

ICOUP1E2 = 1: Coupled motion about the X axis 
0 

2: Coupled motion about the Y axis 
0 

3: Coupled motion about the z axis 
0 

Since the component of motion to be simulated is rotation about the 

axis due to moment M ' we can write the following data: 
Yo 

0, 0, 0 

14. NP, NT: 

1, 0 

15. PF, E11P, EMlP, ENlP: The intervertebral joint 12-13 was sub-

jected to a load of four pounds (applied in increments of one pound) 

along the -X axis. Hence we have the following data: 
0 
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kinematic pair between Li and Li+l (the vertebra above L1). Using the 

procedure described earlier, the location of equivalent spherical joints 

can be calculated for the intervertebral joints (1i+l - 1i) and (11 -

1i-l) with respect to the fixed reference X Y Z • The transformation 
0 0 0 

matrix [F]i between the coordinate system (XYZ)i of vertebra 11 and the 

fixed reference X Y Z can then be used to calculate the components of 
0 0 0 

-+ 
the vector r 2 • However, .since in this example problem the interverte-

i 
bral motion is being simulated only at the L2-13 joint, we have the 

following data: 

o.o, 0.0, 0.0, 0.0 

21. ELIMXI, EMIMXI, ENIMXI: These define the direction cosines of 

the axis Xi (of the coordinate system XiYiZi) of vertebra 1i with re

spect to the coordinate system (XYZ)i-l of vertebra 1(1-l)' In the exam

ple case of the intervertebral joint 12-13, the fixed reference X Y Z 
0 0 0 

is attached to the vertebra 13. The direction cosines of the axis x2 

with respect to the X Y Z system are calculated using the following 
0 0 0 

equations: 

R, =X -X 
0 cz cl x2 

m - y - y 
0 cz cl xz 

n - z - z 
0 c2 cl x2 

where 
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X X 1.0 0.0 c2 cl 

y y ~ [TR] 0.0 0.0 c2 cl 

z z 0.0 0.0 c2 cl 

For the intervertebral joint 12-13, we have the following data: 

0.2739471, -0.9595212, -0.0653601 

In the same manner the following data are calculated: 

22. E1IMYI, EMIMYI, ENIMYI: 

0.1053506, 0.0974901, -0.9896449 

23. E1IMZI, EMIMZI, ENIMZI: 

0.9559573, 0.2642246, 0.1277932 

24. QR, QTRANl, QTRAN2: 

0.0, o.o, 0.0 

The above data are used in the theoretical motion simulation model 

to predict the successive equilibrium configuration of vertebra 12 with 

respect to vertebra 13 as the body of 12 is subjected to external static 

load along the -X direction. The results of this simulation analysis 
0 

are presented in Figure 17(~) and (b); which show the applied load versus 

angular rotation curves for the flexion angle, lateral rotation, and 

axial twist of vertebra 12 with respect to 13 in the X Y Z (or anatomi
o 0 0 

cal) frame of reference. 

The simulation studies were conducted on the intervertebral joints 

using experimental data collected by testing four human lumbar spine 
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seg~ents. The results of this simulation analysis are presented in the 

following Figure a. 7(a) through. (k) . 

An examination of the above results show that the theoretical 

motion simulation model of the spine predicts, within reasonable limits, 

the response of the intervertebral joints of a human spine subjected to 

external static loads. In general, it was observed that: 

1. The predicted response was closer to the observed response in 

the case of direct rotational components as compared to the coupled 

rotational components. 

2. The response of the intervertebral joints as predicted by the 

theoretical motion simulation model was very sensitive to the stiffness 

properties of the intervertebral joint. 

3. Since the physiological properties of the spine specimens varied 

over a wide range (due to the differences in age, degenerative problems 

in the case of some specimens, and structural problems in some speci

mens), the stiffness properties of the intervertebral joints may vary 

considerably from one specimen to the other. Hence the stiffness values 

from one specimen could not be used in the simulation of other specimens. 

4. Stiffness values were in general affected by the removal of 

facet joints for a pair of vertebrae. 

5. The predicted response was a strong function of the location of 

the equivalent kinematic pair. 

The deviation of the predicted response from the observed response 

of intervertebral joints subjected to external forces can be explained 

by examining the different sources of errors. The observed response of 

the intervertebral joint is calculated using the voltage data describing 
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the equilibrium configuration of the intervertebral joints. The sources 

of errors in the observed response are: 

1. Limited resolution of the rotary potentiometers to measure 

small rotations. 

2. Errors in measuring the parameters (ai, ai, Si) of the trans

ducers. 

3. Error in applying the external force in the desired direction. 

4. Interference to the normal motion of the spine due to the link-

age transducer and restraints of the loading fixture. 

5. Frictional effects in the loading fixture. 

6. Error in locating the anatomical frame of reference. 

In predicting the response of the intervertebral joints to the ex

ternal static loads, the theoretical motion simulation model uses the 

voltage data describing the stiffness properties of the intervertebral 

joint, the geometric parameters of the loading system, and the initial 

configuration of the intervertebral joints. The sources of errors in 

the predicted response are: 

1. Limited resolution of the rotary potentiometers to measure 

small rotations. 

2. Error in measuring the parameters (ai, ai, Si) of the linkage 

transducer. 

3. Error in locating the anatomical frame of reference. 

4. Error in measuring the coordinates of the point of application 

of external forces. 

5. Error in calculating the true stiffness properties of the inter

vertebral joints. 1'his may b.e attributed to the following: 
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a. Error in applying the external forces in the desired direc

tion. 

b. Frictional effects in the loading fixture. 

c. Interference to the normal motion of the spine due to the 

linkage transducer and restraints of the loading fixture. 

d. Inability to eliminate completely the governing effect of 

facet joints on the intervertebral motion. 

e. The assumption of constant stiffness coefficients for the 

entire range of mobility of the intervertebral joints. 

f. Error in measuring the initial configuration of the inter

vertebral joints. 

g. Error in locating the equivalent kinematic pair--the spheri

cal joint--in the body reference of the moving vertebra. 

As mentioned earlier, the spherical joint is located at the 

apex of the least square cone which approximates the true 

axode of motion of the intervertebral joint. Even though 

the translational component of the intervertebral motion is 

negligibly small, the shortest distances from the apex of 

the least square cone to the actual screws of motion are, 

in general, large. The approximation involved in locating 

the spherical joint affects the predicted response of the 

intervertebral joint. 

h. Numerical error introduced due to manipulating small quan

tities through a large number of matrix operations and 

transformations. 

i. Error due to the iterative nature of the theoretical motion 

simulation model. The tolerance parameter of the simulation 
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model governs the number of iterations at each incremental 

load, thus governing the accuracy of the overall response. 

The results of the simulation analysis performed in the present 

study are very encouraging even though they are subject to some limita

tions of the theoretical motion simulation model. These limitations are: 

1. The motion simulation model simulates only the rotational motion 

components at the intervertebral joint. 

2. The coefficients of the equivalent stiffness matrix between a 

pair of vertebrae are assumed constant over the entire range of interver

tebral motion~ 

3. The theoretical motion simulation model in its present form can 

simulate the intervertebral joint with only one equivalent kinematic 

pair. 

In spite of the above limitations of the present work, the basic 

methodology developed in this dissertation for the purpose of simulating 

the intervertebral relative motion of a spine subjected to external loads 

contributes significantly to the state-of-the-art in the kineto-elasto

static analysis of the human spine. The significance and potential 

applications of the present work are discussed in the next chapter. 



CHAPTER VI 

CONCLUSIONS, APPLICATIONS, AND SCOPE 

FOR FURTHER WORK 

The present study combines the advanced kin~matic theories of rigid 

bOdy motion with the principles of mechanics to arrive at a rational 

approach to study the intervertebral motion of a human spine. The scope 

of the present work involved: 

1. Kinematic analysis of the intervertebral relative motion, and 

2. Simulation of intervertebral motion of a spine subjected to ex

ternal static loads. 

The kinematic analysis of intervertebral motion involved developing 

mathematical theories for calculating the parameters of the instantane

ous screw axes of motion, the formulation of a mathematical ruled sur

face approximating the axode of motion, and interpolation using the 

axode approximation. 

The simulation study involved development of a theoretical motion 

simulation model of a kinematically constrained elastic system, and 

development of a methodology to apply the theoretical model to the bio

logical system of a human spine consisting of intervertebral joints. 

The mathematical tools developed for the kineto-elasto-static analy

sis of intervertebral motion were then applied to the experimental data 

collected by testing four lumbar spine specimens consisting of vertebrae 

Ll-L5. Ati. experimental setup cor1sisting of a spine fixture and 
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instrumented linkage transducers was used to collect the necessary data 

under controlled sets of conditions. 

The results of this analysis have proved the validity of the the

ories developed in this dissertation. The present study contributes 

significantly to the state-of-the-art in studying the intervertebral 

motion of a human spine. Some of the major contributions of the present 

work are: 

1. Development of instrumentation for collecting data describing 

the true three-dimensional motion of intervertebral joints. 

2. Development of mathematical procedures to describe in a quanti

tative manner the three-dimensional motion of intervertebral joints us

ing axode approximation. 

3. Development of mathematical procedures to interpolate on the 

parameters of screw axes of motion using axode approximation. 

4. Study of the range and pattern of motion of intervertebral 

joints of the human lumbar spine segment. 

5. Development of a theoretical motion simulation model of a kine

matically constrained open-loop elastic system. 

6. Development of a rational approach to simulate the interverte

bral motion of a human spine subjected to external static loads. 

The methodology developed in this dissertation will permit one to: 

1. Conduct a comparative study involving range and pattern of 

motion by age, sex, race, etc. The axode representation of the three

dimensional intervertebral motion of the human spine as developed in 

this work provides an absolute frame of reference for describing the 

intervertebral motion. The characteristic parameters of such an axode 
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may be used as a basis for comparison of motion characteristics of dif

ferent intervertebral joints (cervical, thoracic, lumbar). 

2. Study the effect of fusion of one or more intervertebral joints 

on the gross motion of the human spine. Since the simulation model 

developed in this dissertation isolates the motion characteristics of 

the actual joint by an equivalent kinematic pair, the parameters of this 

equivalent kinematic pair can be varied to simulate fusion of joints. 

In order to demonstrate the potential application of the theoretical 

motion simulation model as a research tool for studying the phenomenon 

of fusion, an example problem was used. Figure 18(a) shows a lumbar 

segment of the spine consisting of vertebral bodies Ll-L5 connected to 

each other by spherical joints. For the purpose of demonstration, only 

the planar motion in the XY plane is considered. The lumbar spine seg

ment is subjected to two external forces (simulating traction and weight 

of the upper body) applied to the vertebra Ll. Figure 18(b) shows the 

successive equilibrium configuration of the lumbar segment as the spine 

achieves the final equilibrium configuration. Figure 18(c) through (f) 

shows the successive equilibrium configurations of the lumbar spine seg

ment under the same loading conditions with one pair of vertebrae total

ly fused. The effect of fusing intervertebral joints at different 

levels on the gross motion of the spine segment is quite apparent from 

these figures. This example problem demonstrates the potential applica

tion of the present work in studying the abnormal motion of the human 

spine. 

3. Study and evaluate the effectiveness of various corrective 

devices such as the Harington rod, the Dwyer cable, the Luque rod, or ex

ternal braces in correcting the structural deformities of a scoliotic 
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spine. Such an evaluation procedure may involve experimental data col

lection, using the instrumentation developed in the present work, of 

data describing the restricted mobility of the spine due to insertion 

of one of the corrective devices mentioned above. The evaluation may 

also be done by studying the effect on the gross motion of the spine 

due to the different systems of forces applied by the various correc

tive devices. This study can be performed with the help of the motion 

simulation model of the spine developed in the present work. 

4. Synthesize a surrogate (substitute) spine which can be used in 

a dummy for studying the behavior of a human body involved in a crash 

situation. The highway safety research institute and other research in

stitutions involved in the "automobile-crash" study are developing tre

mendous amounts of data on the motion of the human spine using cadaver 

specimens. Such data can be used to synthesize a surrogate spine for a 

95 percentile dummy. The need for the development of such a surrogate 

spine has been emphasized in the literature. One possible configuration 

of such a surrogate spine is shown in Figure 19. The present work of 

simulating the human spine using one equivalent kinematic pair for an 

intervertebral joint is a step towards the synthesis of such a surro

gate spine. 

Apart fromthe application of the present work, there is tremendous 

scope for doing basic research in investigating the intervertebral mo

tion of the human spine. For example: 

1. The present methodology of data collection and analysis can be 

extended to study the range and pattern of motion of cervical and thora

cic segments of the human spine in a truly three-dimensional sense. 

(The methodology is quite general and can be applied to study other 
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synovial joints such as the human knee joint, elbow joint, human jaw, 

etc.) 
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2. The existing motion simulation model of the spine can be modi

fied to incorporate a spherical pair in combination with one or more 

slider pairs to simulate the true three-dimensional motion (rotational 

as well as translational components) of intervertebral joints. 

3. The intervertebral motion of a spine can be simulated using 

nonlinear stiffness properties of intervertebral joints. 

4. A study of different kinds of linkage transducers may be per

formed to investigate the sensitivity of each linkage transducer to 

different components of motion. The linkage transducer used in this 

work consisted of six rotary potentiometers. A potentiometer can be 

used either to measure linear displacements or angular displacements. 

The corresponding kinematic pairs executing linear or angular displace

ments are, respectively, the s.lider or the revolute pair. Using the 

criterion that the sum of the degrees of freedom of the kinematic pairs 

of the linkage transducer is six and that the intervertebral joint will 

at each instant contribute one helical pair, we find a total of 22 link

age transducers with rotary and linear potentiometers. These are 

schematically shown in Figure 20(a) through (v). The advantage of 

enumerating all possible linkage transducers is that it becomes possible 

to systematically search within the enumerated group for a linkage trans

ducer which is most sensitive to a certain combination of motion compo

nents. Such a study will involve development of a rational approach and 

a criterion to perform the sensitivity analysis. 

Some of the areas mentioned above are yet to be explored by re

searchers equipped with the knowledge of advanced kinematic theories. 
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The basic and applied research activities in investigating the human 

spine motion will provide a better understanding of the normal as well 

as abnormal motion of intervertebral joints and thus will help provide 

better health care for every individual. 
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Category 
Spinal 

Segment 

Cervical 

TABLE IX 

CLASSIFICATION OF REFERENCES 

A 

6*, 11*, 12*, 16* 

B 

3*, 4*, 5*, 9*, 13*, 
14, 15*, 17*, 21, 
29, 30* 
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c 

Thoracic ------------------------------~~L-~~L-~~-----------------------
18*, 19* 

---------------------------------------------------------------
Lumbar 

Total 
Spine 

*In vivo study. 

2*, 10*, 20*, 26, 28 
40, 42 

7*, 8*, 31, 34, 35 23, 27 

Category A: Gross motion measurement with external instrumentation. 

Category B: Inter-vertebral motion study: 

(i) 
(ii) 

(iii) 
(iv) 

(v) 
(vi) 

Range 
Pattern of motion--qualitative and quantitative 
Instantaneous center of rotation--location 
Screw axis representation of three-dimensional 

motion 
Spinal segmental and gross curvature 
Pattern of mo.tion under non-normal conditions. 

Category C: Mobility analysis and synthesis of motion. 



166 

TABLE X 

METHODOLOGY OF EXPERIMENTAL DATA COLLECTION: 
ANALYSIS AND COMPARATIVE STUDY 

Investigator: Tanz (1953). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: Intersegmental angular motion of lumbar spine in 
to-and-fro and lateral bending. 

Number of Specimens or Subjects: 10 children and 45 adults chosen at 
random. Subjects with low back pain and suspected discs excluded. 

Planes of Measurement: Sagittal and frontal plane studied. 

Special Treatment of Specimen Prior to Measurement: Not stated. 

Description of Apparatus: Not stated. 

Location of Reference System: Not stated. 

Positioning of Specimen or Subject During Measurement: Tube was center
ed over the fourth lumbar vertebra. 

Procedure for Measurement: Roentgenograms taken in recumbent positions 
for to-and-fro and lateral bending. 

Parameter Measured: Angle between successive vertebrae~ 

Sources of Error: Not stated. 

Converting Measured Parameters Into Desired Data: Film in flexion and 
extension was superimposed to match the outline of the sacrum. In 
this position, a reference line was drawn. Then the two films were 
adjusted to match the shadows of L5. Another baseline was drawn. 
Repeat for all vertebrae. Angle between successive lines is inter
segmental motion. 

Accuracy: Results of repeated observations agreed within 2 degrees. 

Hazardous Side Effects: Not stated. 
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TABLE X (Continued) 

Investigator: Aho, Vartiainen, and Sale (1955). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: Intersegmental angular measurements in flexion
extension for Cl/2 - C6/7. 

Number of Specimens or Subjects: 48 cervical spines were examined. 

Planes of Measurement: Sagittal plane. 

Special Treatment of Specimens Prior to Measurement: Patients were sub
jected to conventional radiography in A-P, oblique, lateral posi
tions for radiological diagnosis of pathological symptoms. Inter
vertebral chondrosis was diagnosed in conjunction with functional 
radiography. 

Description of Apparatus: Not stated. 

Location of Reference System: Not stated. 

Positioning of Specimen or Subject During Measurements: x-ray tube was 
directed invariably towards the fifth cervical vertebra. 

Procedure for Measurement: Lateral x-rays taken in maximum flexion and 
extension. 

Parameter Measured: Intersegmental angle. 

Converting Measured Parameters to the_Desired Data: For Cl/2 segment 
angle measured was formed by two lines--one running from odontoid 
process along inferior articular surface of atlas and the other 
along superior articular surface of axis. Mobility of Cl/2 deter
mined by subtracting the smaller angle from the larger angle. 

Sources of Error: Not stated. 

Accuracy: Not stated. 

Hazardous Side Effects: Not Stated. 
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TABLE X (Continued) 

Investigator: Kottke and Mundale (1959). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: Intersegmental angular displacements from the 
neutral position of the neck in fully flexed and extended postures. 

Number of Specimens or Subjects: 87 normal males, 15 to 30 years of age. 

Planes of Measurement: Sagittal plane motion. 

Special Treatment of Specimens Prior to Measurement: Not stated. 

Description of Apparatus: Not described. 

Location of Reference System: Line of atlas from base of the tubercle 
anteriorly through base of the neural arch used as reference. 

Positioning of Specimen or Subject During Measurements: Subject's neck 
positioned in (1) normal erect, (2) fully flexed, and (3) fully ex
tended postures. 

Procedure for Measurement: X-rays taken in three static postures. 
Lines drawn through the bases of vertebral bodies. 

Parameter Measured: Intersegmental angle. 

Converting Measured Parameters Into Desired Data: Angles formed by lines 
through the bases of bodies of lower six cervical vertebrae and the 
line of reference measured in flexion and extension. 

Sources of Error: Not stated. 

Accuracy: Intersegmental motion should and must be studied by x-rays. 
There is inaccuracy in the method of measurement by goniometers since 
the line of reference shifts giving the wong values of flexion and 
extension. 

Hazardous Side Effects: Not stated. 



TABLE X (Continued) 

Investigator: Ball and ~ieijers (1964). 

In Vivo or In Vitro: In vitro study. 

Type of Data Desired: Intersegmental angular motion in flexion
extension. 

169 

Number of Specimens or Subjects: 21 autopsy specimens of cervical spine. 

Planes of Measurement: Sagittal plane. 

Special Treatment of Specimen Prior to Measurement: Spines were removed 
by separating occipital condyles from the skull with a chisel and 
transecting between D2 and D3. Measurements on fresh specimens 
were kept moist by saline. Steel pins were inserted into the an
terior surface of the vertebrae bodies from C2-Dl. Lines tied to 
arches of atlas. 

Description of Apparatus: Lines attached to atlas led over a pully 
attached to a horizontal table. Pulley could be swung through near
ly 360 degrees to change direction of load from flexion to exten
sion. 

Location of Reference System: Pin inserted into Dl was taken as refer
ence for angular measurements. 

Positioning of Specimen or Subject During Measurements: Bodies of Dl 
and D2 fixed in clamps so that the spine and pins lay in a horizon
tal plane about one inch above the surface of the table covered 
with graph paper. 

Procedure for Measurement: Static load applied in sagittal plane. X
rays taken when spine was in extreme flexion-extension. Process of 
loading--x-rays done in duplicate. 

Parameter Measured: Intersegmental angle. 

Sources of Error: Not stated. 

Converting Measured Parameters Into Desired Data: Angle subtended by a 
pin (say) in C6 vertebra with reference pin measured. Difference 
between this angle and that calculated for C7 gave movement of C6 
on C7 and so on. 

~ccuracy: Not stated. 

Hazardous Side Effects: Not stated. 
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TABLE X (Continued) 

Investigator: Colachis and Strohm (1965). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: Angular displacements of cervical spine from the 
neutral position. 

' 
Number of Specimens or Subjects: Ten normal subjects, age 23 to 34, 

with no history of neck trauma or cervical complaints. 

Planes of Measurement: Sagittal plane. 

Special Treatment of Specimens Prior to Measurement: Not stated. 

Description of Apparatus: X-ray unit used is Swedish Dynamax 50 used 
only for head and neck studies. 

Location of Reference System: Anterior superior apex of Tl chosen as 
origin. 

Position of Specimen or Subject During Measurements: Subjects were seat
ed with head at a distance of 72 inches from the unit. 

Procedure for Measurement: Radiographs taken in neutral, fully flexed, 
and fully extended positions of the neck. 

Parameters Measured: Flexion angle. 

Converting Measured Parameters to the Desired Data: Each radiograph was 
marked with a line joining anterior inferior apex of C2 to the an
terior superior apex of Tl. Three radiographs were superimposed so 
that the three lines pivot at the reference point. Angles between 
lines were measured. 

Sources of Error: Not stated. 

Accuracy: More objective and precise method of intersegmental and gross 
motion measurement than the existing cineradiography technique. 

Hazardous Side Effects: Not stated. 
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TABLE X (Continued) 

Investigator: Gergersen and Lucas (1967). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: Maximum axial rotation at each level of thoraco
lumbar spine during standing, sitting, walkine, and lateral bending. 

Number of Specimens or Subjects: Seven males, age 21 to 26; no structur
ally fixed scoliotic curve; 34 pin studies on 17 vertebral levels. 

Planes of Measurement: Horizontal plane. 

Special Treatment of Specimen Prior to Measurement: Specially tip
threaded Steinmann pins, ~ = 33 sec of an inch, length= 3.0 to 4.5 
inch, inserted into spinous process by a hand drill. Lateral roent
genograms taken to confirm level of pins. 

Description of Apparatus: Pelvic fixation device to secure feet, upper 
extremeties. Axial angular displacement transmitted to a relative 
rotation transducer (accurate to ±0.1 degrees), then to a Honeywell 
1508 visicorder to be traced on a linagraph paper to give total ro
tation at the pin level. 

Location of Reference System: Not stated. 

Position of Specimen or Subject During Measurements: During standing-
placed in pelvic fixation device in erect position; bicycle seat 
held tightly against peninium. During sitting--placed in seated 
position; trunk-thigh angle = 90 degrees. During lateral bending-
subject placed standing in pelvic fixation device. 

Procedure for Measurement: Subject rotated several times to right and 
left with maximum effort. Rotation performed as in standing posi
tion. During walking subject walked on a treadmill at 4.30 kmph. 
Each experiment repeated several times. 

Parameters Measured: Total angular rotation only in horizontal plane 
measured at each pin level. 

Sources of Error: (1) Steinmann pins can become loose during lateral 
bending. (2) Individual effort is involved in the maneuvers. (3) 
A question arises if the motion is normal after pins are inserted. 

Converting Measured Parameters Into the Desired Data: Not stated; 

Accuracy: Accuracy of results to one degree. Major limitation--motion 
at only a few vertebrae levels was measured in any one subject. 

Hazardous Side Effects: Discomfort to subject. More lasting side 
effects not stated. 
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TABLE X (Continued) 

Investigator: Loeb1 (1967). 

In Vivo or In Vitro: In vivo study. 

TyPe of Data Desired: A quantitative measure of the curvature of a seg
ment of the spine. Studies on dorsal and lumbar spines. 

Number of Specimens or Subjects: 176 normal adults, age 15 to 84. 

Planes of Measurement: Sagittal plane flexion-extension. 

Special Treatment of Specimens Prior to Measurement: None. 

Description of Apparatus: An inclinometer consisting of a dial marked 
in degrees and fixed to two buttons 9 ern apart. 

Location of Reference System: Not stated. 

Positioning of Specimen or Subject During Measurements: Subject stand
ing, sitting with spine flexed maximally, and lying prone supported 
on elbows with spine maximally extended. 

Procedure for Measurement: Skin was marked over spinal processes. When 
two buttons of inclinometer are held against spine markings, weighed 
needle remains vertical indicating the angle of spinal incline. 

Parameters Measured: For a spine segment AB, the angle of spinal incline 
a (at A) and S (at B) were measured. These angles are formed by 
tangents at A and B with the vertical. 

Converting Measured Parameters to Desired Data: The curvature (y) of the 
spinal segment AB is calculated by: y = a - S. 

Sources of Error: (1) Inaccuracy in marking the spinous process; (2) in
accuracy in.reading the inclinometer; and (3) variation in spinal 
flexibility and subject cooperation. 

Accuracy: In the great majority of subjects, the method is accurate to 
within 10 percent of the total range of movement. 

Hazardous Side Effects: Not stated. 
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TABLE X (Continued) 

Investigator: Lysell (1969). 

In Vivo or In Vitro: In vitro study. 

Type of Data Desired: x, y, and z coordinates of the four balls in each 
vertebra of the spine specimen at each increment of the motion. 

Number of Specimens or Subjects: 28 cervical spines (C2 - Th 2 or 3), 
age 11 to 67 years. Specimens with malignant diseases and past 
traumatic changes excluded. 

Planes of Measurement: Sagittal, frontal, and horizontal planes. 

Special Treatment of·specimens Prior to Measurements: Specimen freed 
from surrounding musculature keeping ligaments, capsules intact, 
placed in air tight plastic bags and stored at -25°C. Tested at 
room temperature (22°C) with 100 percent R.H. In each vertebra, 
four steel balls (¢ = 0.8 mm) were tested.· 

Description of Apparatus: Object table and Roenteg tube fixed to stand. 
Object table rotates about a vertical axis. Specimen can be mounted 
on object table in front of film holder. Two exposures can be made 
of the specimen in two preset positions without disturbing the film 
or specimen between exposures. 

Location of Reference System: The two bottom vertebrae were fixed in a 
brass cup with plastic padding and inserted into the cavity of the 
object table. 

Positioning of Specimen or Subject During Measurement: The sagittal 
plane of the specimen was made to coincide as closely to that of the 
primary measurement system. The specimen was in a resting position 
and was not affected by any loading. 

Procedure for Measurement: In the sagittal plane, the specimen was moved 
from extreme extension to extreme flexion in ten steps and then re
versed. Two exposures were made at each step. In the frontal plane, 
thirteen steps were required and in the horizontal plane seven steps 
were required. 

Parameters Measured: Distances x', x", andy' (y") were measured on the 
film using a detailed coordinatograph and steroautograph. 

Converting Measured Parameters to Desired Data: Based on geometry of the 
apparatus: 

a+b/cosu 
a-z/cosu 

x' = L; 
x-z tanu y 

a+b/cosu _ x" 
a-z/cosu - x+z tanu 

y" 
=-

y 

a, b, and tJ are the known geometric parameters. Coordinates x, y, and z 
are to be calculated. 



Sources of Error: 
image due to 
tograph. ( 3) 
(4) Error in 
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TABLE X (Continued) 

(1) Center of ball did not correspond to center of 
diffusion. (2) Measuring error of the detail coordina
Linear error due to dimensional instability of film. 
geometry of apparatus. 

Accuracy: (!)Discrepancy did not exceed 0.01 mm. (2) Max ±0.05 mm. 
(3) Max ±0.15 mm. (4) Insignificant. 

Hazardous Side Effects: Not stated. 



TABLE X (Continued) 

Investigator: McNeice (1975). 

In Vivo or In Vitro: In vivo study. 

T¥Pe of Data Desired: Spatial coordinates of each vertebral centroid 
from LS to Tl. Cervical spine is not included. 

Number of Specimens or Subjects: Not stated. 

Planes of Measurement: Sagittal and frontal planes. 

Special Treatment of Specimens Prior to Measurement: None. 
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Description of Apparatus: In order to control the taking of radiographs, 
a special seat was constructed which has back and knee control fix
tures. 

Location of Reference System: No.t stated. 

Positioning of Specimen or Subject During Measurement: The subject is 
secured to the seat to provide proper positioning of pelvis while 
allowing a typical orientation of the spine. 

Procedure for Measurement: The subject is seated on the seat as discuss
ed and for any configuration the A.P. and lateral radiographs are 
taken. 

Parameters Measured: x, y, and z coordinates of the centroids. The z 
(along the vertical axis) is measured from the lateral radiograph. 

Converting Measured Parameters to Desired Data: Not stated. 

Sources of Error: (1) there is a possibility of distortion error. 
(2) Inaccuracy in measurement from x-ray radiographs. (3) Inaccu
racy in locating the actual centroid or reference point on the 
radiographs. 

Accuracy: Accuracy* of 1/1000 of an inch in reading from radiographs. 
Quantitative results on accuracy of this method compared to in vitro 
method are not available. 

Hazardous Side Effects: Not stated. 

*Personal communication with the author. 
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TABLE X (Continued) 

Investigator: Panjabi, White, Keller, Southwick, and Friedlaender (1975). 

In Vivo or In Vitro: In vivo study. 

Type of Data Desired: (1) Angles between two vertebrae. (2) Anterior 
and superior distances between two vertebrae at each load increment. 

Number of Specimens or Subjects: Two cervical spines consisting of 
eight motion segments. 

Planes of Measurement: Sagittal plane testing. 

Special Treatment of Specimens Prior to Measurements: Spines were seal
ed in plastic bags and stored at -20°C. Thawed in water at 37°C 
for two hours before testing in a Plexiglas chamber with hear 100 
percent R.H. at 20°C. All but a thin layer of musculature removed. 
Needles and balls were attached in each vertebra to serve as well 
defined markers for measurement. 

Description of Apparatus: X-rays taken by a portable unit placed two 
meters away to give a magnification of 3.2 percent. 

Location of Reference System: The base of the spine. 

Positioning of Specimen or Subject During Measurement: Not stated. 

Procedure for Measurement: The motion segments were loaded one at a time 
axially and x-rays were taken at each load increment after a four
minute delay to allow for creep. 

Parameters Measured: Parameters mentioned in section 3 measured directly 
on the roentgenographs using simple tools like ruler, protractor, 
dial caliper, etc. 

Converting Measured Parameters to Desired Data: Not stated. 

Sources of Error: Not stated. 

Accuracy: Sufficiently accurate measurements for clinical purposes. 

Hazardous Side Effects: Not stated. 
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Investigator: Panjabi, White, and Johnson (1975). 

In Vivo or In Vitro: In vitro study. 

Type of Data Desired: (1) Rotation of the upper vertebra; (2) horizontal 
translation of its anterior inferior tip. 

Number of Specimens or Subjects: Seventeen motion segments from eight 
cervical spines. Spines from patients with fractures, metabolic 
diseases, or tumors excluded. 

Planes of Measurement:. Sagittal plane. 

Special Treatment of Specimens Prior to Measurements: Spine cleaned of 
all musculature except for small intracervical group. Sealed in 
plastic bag and stored at -20°C. For testing, kept in bag and thaw
ed at 20°C, dissected into three motion segments, each tested at 
20°C with 98 percent R.H. Three balls attached to upper vertebra 
and one ball to lower vertebra. 

Description of Apparatus: Loading done by a cord going over a pulley 
and attached to upper vertebra. The displacements were measured by 
gauges with flat contacts and a least count of 0.01 mm. The pulley 
arrangement can be turned 180° to simulate flexion~extension. 

Location of Reference System: Lower vertebrae of motion segment as origin. 

Positioning of Specimen or Subject During Measurement: Lower vertebra 
moulded into a quick setting resin and the cast fixed to loading 
frame. A cord was used to apply loads perpendicular to axis of 
spine to create flexion-extension. 

Procedure for Measurement: Load applied to upper vertebra for four min
utes to achieve repeatability and a sufficient time interval permit
ted to allow for creep. Measurements at each stage of component 
transection. 

Parameters Measured: Two vertical displacements and one horizontal dis
placement measured from three top balls. Horizontal displacement 
of lower ball to check rigidity of fixation. 

Converting Measured Parameters to Desired Data: Rotation 8 in degrees. 

e = arc sin (~/A + sin a) - a 
~ = difference in two vertical gauge readings 

A and a are known geometric parameters. 

Sources of Error: (l) Error in displacement gauge reading due to rota
tion of vertebra. Eliminated due to flat contacLs with balls. 
(2) Effect of any movement between lower vertebra and test stand on 
the readings eliminated. 
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Accuracy: Not stated. 

Hazardous Side Effects: Not stated. 



Investiqator 

Abo et al. 
(1955) 

Boclt et u. 
(1959) 

J:Ottlul et al. 
(1959) 

JOnes 
(1960) 

Ferlic 
(1962) 

TABLE XI 

SUMMARY OF EXPERIMENTAL INVESTIGATION INTO MOBILITY OF HUMAN SPINE 
(LAST TWO DECADES) 

!!!!!!!:• of !lotion ec-nt 
!!!!li ttal Pnmt&l Boz:baat&l 'Range of 

l!lethodalogy !'lexioa Extension Total Ri9ht lat. Left lat. Total Right Rot. -Left Bot. ""tal !lotion 

48 patients were sub- Between Cl-<:7: 101. s•. 15 noz:.al. apU.s 
jected to coav.,tion- CS/6 shows aax. .ati.on. In all cases of 
a1 and flmctiaaal chondrosis and 
racliograpby in A-P, osteoc:hondz:o5ia 
oblique, and lateral .ability redUced 
poaitiOIIS. lateral 
vi- taken for -zi-
- flezion aDd ax-
teDsioa 

Direct -=-t on 69±10 81±9 150 73±6 74±4 147 !'.ale 
live Stlbjecta uaing 66±8 73±9 139 72±5 74±4 146 llale 
bubble ~tez: •. lleutral position 

iclentified .. 
Datura! poaitial 
of bead. Gross 
-ucm studied. 

In vivo study. x- so• 45* 95° Motioa in inter-
rays of e~ posi- space between 
tion. Total range beboeen Cl- vertebrae ..a-

C7 vertebrae. RaDge of !lUred. 'ftle 
atlantoocc:ipital .,tion greatest -.ant 
is 20-35 degrees. in f .e. occurs 

beboeen C5-C6. 

Cine radingraphic Greater flexion in tbe Chin 1110tion I 
studies of normal lower cervical region. Chin 1110tion II 
cervical spine on Flexion in lower cervi-
live s'*>jects. cal region leas than 

that for 1110tion I. 

Direct aeaaure.ent 127 73 142 Range of 1110tion 
on live subjects :!;19.5 ±15.6 ;1:17.1 decreases with 
usinq shadow tech- 21\ 35\ 20\ age. Percent 
nique to measure decrease with 
angles between ex- age. 
treae pasitioaa. 

Pattez:n of 
Jlotioa 

llo pathological 
sliding va.s detect-
ed be~ verte-
brae. 

In uqitt&l pl&De 
sliding and rota-
tion is coupled be-
CilUH of diagonal 
inclinatioa of ape-
physeal facets. 
lateral beDding is 
coupled with azial 
rotation. 

Studied for flexion 
on extension for 2 
different chin .a-
tiona. In flezian, 
rotation is coupled 
vi th forward gliCie. 

t-' 
-..J 

"' 



Investigator 

Bennett 
et al. 
(1963) 

Scboening 
et al. 
(1964) 

llall and 
llaijers 
(1964) 

TABLE XI (Continued) 

R!Dge of Motion 
S!!littal Froatal 

Flexion Exteftsion 'IOtal Right Lat. Left Lat. Total 

Bubble gonic.eter u!Md 
for in viwo -.easure
-t. 

54.4 
:!;7.8 
25.7 
;!:6.9 
27.2 
:!;7.2 

93.2 
±11.6 
66.3 

±15.3 
63.5 

;!:14.0 

147.6 
±12.2 

92.0 
±18.6 
90.7 

:!;17.8 

A ~ter uaed to 37.1 
-...:-e ang1ea dascril>- 42.0 
ed h7 a ..nd fU.d to 

41.6 
48.7 

78.7 
90.7 

the occiput of lbe 
nbject:a. 

Aua.p.y MI)M!It C2-Dl 
... loaded in f ••. 
Jtadio9r.P.. taken in 
extr- position. 
AniJlM ~ed on 
radiogr.p.& between 
pins inserted in ver
tebrae bodies. 

A considerable ranqe 
(65.5-110.5) encountered 
in healthy speciaena. 

liability increased after 
r_,a1 of p.e. 

Anqul.ar IIIDbill ty great
est between cs-c6. 

34.9 
38.5 

36.9 
40.8 

71.8 
79.3 

Right Rot. LeU Rot. 'IOtal. 

ec-nt 
Ranqe of 
lloticm 

76.0 
;!:3.5 

56.6 
S1.7 

75.0 
;!:4.1 

57.1 
60.1 

151.0 
;!:6.1 

.u.o ugi ttal plane 

.ot:icll lObUe neclt 
- in• (1) .ax rt. 
rot., (2) aaz left 
rot. ~re is no 
correlation be~ 
total. fiui
•i.oA and total rota
ticxl. 

114.7 llala 
121.8 "-1-e 

A statiatical study 
.as to correlate 
t:be r...- to fac
tors like ~e, in
juzy, sports ability, 
interspace .u-nsion, 
etc. 

~ borbontal CQIIIIIO
nent of ~tin 
fluioa-extension-• 
DOt altered after re
.oval of p.e. 

Pattun of 
llotial 

1-" 
00 
0 



I~tigator 

Bud and 
Jones 
(1964) 

Colacb.is 
and 
Strobn 
(1965) 

LyAll 
(1969) 

Methodology 

CiDerlldioqraphic study. 
Each patient received 
30 pounds of traction 
ill sitting position to 
pn>duce appa>:odAately 
10 degr- of flexion 
ill llicJcerrl.C.U. spi.De. 

IIAdioqraphs of live 
Stbjects for DeUtral, 
fully eztaade4, and 
fully flexed positiaa. 
tlbile -ted. Anqles 
calculated by super
position. 

Four liteel balls were 
iDsert:ed _in each body 
of auto~ cervical 
aeg11011t. Radiographs 
taken for incr~tal 
110tion ill saqtt:tal, 
frontal, and horizon
tal planes. 

TABLE XI (Continued) 

l!!!!!le of Motion 
S&gittal Frontal. 

Flexion Extension Total !light Lat. Left Lat. Total 

(1) Increased .:>bility 
in 16 (out of 20) pa
tients vas evident. 

(2) Slight separation of 
vertebrae and facets at 
c4-c5 and cs-c6 levels -· 
abaerved =-iat:eatly. 

24° 
21.5 -27.5 -

16° 
38.0 -18.5 -

40" 
16.5 -9.0 -(1) Greater 110tion ill 

flerim than in -ion. 
(2) Greatest total110tion 

occurs at C5-c6 inter
apace and least at C7-Tl 
interspace. 

40 
t6 

24 
±24 

64. 

±10 

'!he aeries included vari
ous degrees of deqenera
tion. 

49° 
±14 

COIIbined rotation at 28° t 8 

!light Rot. Left llot. Total 

45° 
H8 

COIIbi.Ded lat. flex. at 24" 
tlO 

er-nt 
bDI)e of 

Motion 

Aftlrage illter
vert.bral .,._ 
tioD. Anterior 
dist. c:hanqe. 
-terior dist. 
c:buqe. 

Large iodivi
dual varia
tion in all 
planes. Later 
~ted..,

tion distri
butim stud
ied. 

Pattern of 
Motion 

UDder traction, in
creased glidi.Dq was 
d~strated be-.. 
the vertebral bodi .. 
ill all patients. 

'!be difference in 
anterior and pos
terior heights of 
disc is the pri...ry 
rea.oo for the curve 
of the cervic.U. spine. 

Canter: of ..,tion ob
tained for two~ 
sional notions in all 
3 planes. Calculated 
top (T) angles tlbich 
are a -•sure of shape 
of course of 110tion of 
vertebrae. 



Investigator 

Panjllbi. 
11hite, and 
Johnaln 
(1975) 

Panjllbi 
et al. 
(1975) 

Cervical .,ti011 seq
llellts CDDSi.st:inq of 2 
adjacent vertebrae 
and .aft u.- were 
loaded in f.e. usinq 
25\ body veitjht. 

lfeedles· and balla 
were attacbed to -ch 
vertebra of autopsy 
cerrtcal specUm1. 
Spine .... :to.aed 
azial.ly iD Nqittal, 
pl.aDe Vith load in
cr-t:s. x-rays 
talt1!111 ·at -.:h load 
incr-nt. PrOced
ure repeated with one 
CIQIIPOMIIt u.-ected 
at a tt.e. 

TABLE XI (Continued) 

l!aDge of Motion 
Saqitt&l Frontal Horizontal 

Flexion ·Extension Total Ritjht r...t. Left Lat. Total Riqht Rot. Left Rot. Total 

Rotation: 7.03":!;2.28 
Translatior.: 1.61:!; 0.66-

Rotation: ll.oo• ± 2. 9& 
Translation: 3. 34 ± 0.93-

o-nt 
bnqe of 
Motion 

Initial dt.place
....,t with intact 
~t. Prior 
to failure. 

Pattern of 
Motion 

Anqular and trans
latory displace
.-nt pattern· stud
ieJI as a fu:netion 
of sequence of 
transection of 
~inq CCliiPO"" 
.-nt:s. 

Anqular chanqe and anterior and pos
terior distance cbaDqes -.:a -sur-d 
as a function of increasinq u:ial load 
and tran.ection of <=mectinq CCIIIpO

neut:s. 

1-' 
CXl 
N 



:Imrestigator 

111i.te (1969) 
'hlo-Di.Euioll41 

White (1969) 
Tbree-DiAeosional 

Loebl (1967) 

Each ~ consist
ed of boo 'Nrtebrae. 
Ribs ....t -cles re
..,ed. tiDder control
led~t. the 
Hglllllllt loaiSed to 
si..ulate flexi.OD, .,... 
tensiOil, lateral beDd
iDg. aad axial rot.li
tion 1llldi!!r staDClardiz
ed lO<Ida. ('!boracic 
spine.) 

&pee;- consisted of 
6ms~-vith 

ribs ADd .-:les re
-=>Yed. Four steel 
balls ~• iDserted 
into each ho4y speci

- ..,.,..ted Oil appa
ratus aDd --.! in 
IA'.Jittal, fr:ontal, 
ADd borhxmtal plane 
in iner-t&. '!Wo 
x-ray radiogr.pbs 
taken· at each i.Dcre-t. ('!boracic 
spine.) 

In vi'IO study on 176 
subjects, age 15-84, 
using' inclU.O..ter. 
'1'be .. tbod ia accu
rate within 10\ of 
total range of .ave- · 

. IM!lt. ("l.'boracic and 
lUIIIbar spines. ) 

Sagittal 

lleaDs of CCIIbineCI 
sagittal .,tion 
increases at .,re 
caudal levels. 

a.o.ral of ~
terior ele.ents 
ca~ -.ore ex
~011 par unit 
force. 

Total 34.4° 
A tendeocy for 
greater saqittal 
.,tion at lover 
189els. 

TABLE XI (Continued) 

Ra!!geofMotion 
hall tal 

More frontal .,tion 
at the l~st seq
-nt than at inter-
-u.aao ievels. 

Total 52.0° 
Bo particular pat
tern for cephalo
caucal variation. 

Axial rotation de
creases at .ore 
caudal levels. 

~ of P.E. 

.,...._. -- axial 
rotation per unit 
-t. 

Total 41.1° 
Less axial rot.li
tion at the lover 
vertebral levels. 

c:c-nt on 
Range of Motion 

llaD;Je of .,tioo studied 
at each thoracic level 
uncJer a force of 6 ltp/ 
ca2 or a ..,.nt of 20 
q>/ ..... 

Range of .,uon studied 
at each thoracic level. 

Patt:erft of 
Motion 

1. ICR for all planes wr:e 
clustered in o.s - ci.rcle. 

2. ~al of P.E. cawoes 
a shift in the clustered •t 
of ICR's • 

3. ICII for flexion locate~ 
below thoM for ezteusioa. 

4. ICJl for left lateral 
!oeDIUng cluster.a to ri<Jbt 
of llidlina IUIIl Yice ftrA. 

Coupling exists as rotatiaa 
of body into the CODC&Yiq 
of lateral curw. Calcula
tion of helical scr- axis 
of .atioo ~ated. 

s.-ry of results of vork on thoracic spina prior to 111i.te (1969) is reported in a tabular fora in his thesis. 

In lu.bar spine 
J0W19 .. les -an 
flezion;extanaion 
total is 66° and 
in thoracic spine 
is 35° • 

A-P .,E!IIellt at dorso
lu.bar junction in 
younq adults averaged 
25°. 

Mean standing dorHl curva
ture of young .. les i& 37". 
Mean saxiJDal curvature in 
extension of lu.bar spine of 
younq males is 38°. 



x ...... stigator 

cassette et a.l. 
(1971) 

MethodolOCJY 

~n consi.ated of 
L3 to LS with joints 
intact. ~~~bedded. in 
_,14 f:r:<a inferi« ooe
balf of IA and below. 
Torque applied to the 
free L3 'N11:8bra in 
bori-tal plalle. Pour 
CJuide vires iDserted in 
L3 boclr boriZIOiltall:r. 
PictlJA& Uken at uch 
in=-t of torque. 

~ ~ine. 
Spec~ coaaisted of 
boo ...rtebrae vith 
interMdiata cU.ac and 
li..-ent:a intact. llus
cles and fat re.ored. 
Botto. half of inferior 
body put in .:>ld. Loads 
applied tn aag'ittal, 
frontal planes. Dis
pla~nt -ed by 
gauqes. l'uaioa sial
latad. 

Saqittal 

LaztJeat c::bang'e in 
aDCJle of intact 
~: 

Flex.: .ax+ 7.5• 
llin + 1.1" 

Ext.: .ax-6.3° 
llin - 1.s• 

TABLE XI (Continued) 

R!nqe of Motion 
Frontal 

largest ch&DCJe in 
aDCJle of intact 
specia!n: 

Ri')tot: ..X + 7.6° 
:ai.n + 1.1• 

Left: llllX - 6.6° 
llin - 1.2° 

BoriZlODtal 
c-ent on 

RADCJe of !lotion 
Pattern of 

Motion 

1. Center of rotation found 
anterior to facet joint in the 
region of posterior auclsua and 
annulus. 

2. c.o.a . ..,.....,. to tba side to 
'Obich rotation ... forced. 

3. In tbe whole joint, c.o.a. 
found to be ~e pocteriorl:r lo
cated than in bolatad di.ec. 

1. Posterior fusion prori.das st:llbilizing effect OG the 
involved .apent. 

2. In case of spect.ens COIIpria:Lng of severAl ~u. 
affect of fusion is noticaable in adjaceht seo~J~MDt:a. 

3. Healthy disc:~~ IIbov a c<mcentration of I.C.It. for ven
troflexion in dorsal part of disc and vice vera. 

4. ~ borizontal displac-nt in intact ~ci-.. 

- lass than :!:2 -· 
5. Rotation in sagittal and frontal plane is nonlinear 

(s-sbaped) function of -=-ent and also a function of verti
cal force. 



one-, Two-, or 
Investi'J'ltA:>r 1'bree-DJ..ensiOilU 

SCbultz and 
Gaante 
(1970) 

llclleice 
et al. 
(1975) 

Panjabi ud 
.. ita 
(1.9711 

1'bree-<U.ensiona1 
analysis 

TABLE XII 

SUMMARY OF EXISTING MATHEMATICAL APPROACHES 
FOR KINEMATIC ANALYSIS OF HUMAN SPINE 

Purpo&e of 1:M Study 

'fo st:ody the -try of 
-iooU 80tiaD 
of the api.De in flexioa
ezteaaioo.~ l&teral ~ 
i.D9, and azia1 rotatiOG 

'fo describe the thr..
.u..ilsiODal qeoooetry of 
the spine 

'fo clescribe tbe relative 
110tion ancl transla tiDo 
of each vertebra vi th re
spect to subjacent verte
br& due to each. incr..ant 
of .,uon 

TJpe of Data ReqUired 

SpatUl cocmtiDatas of silt 
poiats Oil <)lCOWliSed wert.e
bl::aa, boQr c:oacdiJiabls of 
'*-~- poia.ts Oll·eaclo
PI) _,_._, - boQr ...... 
ordiaat:aa of six points Oil 

tbe last vertebra iD tbe 
~ies ud tbe -t<:aical 
~-poiat 
pairs 

~~ OCJ<>rdi
D&tas of all ~ae 
CMlt:zol.ds ud ref~ 
poia.b. Cl>tail>od direct
ly fr<a A-P - lateral 
radiographs 

Pour steel balla inserted 
in each Vltrtebra. ~ 
apine is ...-d in three 
planes in illcr..ents. co
orclinates of then refer
eDCe points ill all ~ 
brae are obtainecl by biD 
x-r&ys &t each incr-nt 

!letbodolO<fl' 

AWf biD adjacent vertebrae 
are =-cted by six .,.._ 
t<:aical poaition 1-t:blo. 
If the -tiAl ~iptioo 
of the bott<a wertebca ia 

- - the six leD<J1;hs 
be- points pairs Are 
!ll*'ified, tbe -tial de
IIC:riptioll of tbe t!ql -.rer
blbra can be obtai.-i us
iDg the leASt 11q1ared 
enor technique 

A cabic spliJie functioo ia 
fitted be~ biD adja
cent centroids. ~is pro
vides the continuity re
~ts of both the 

nrst: - -- deriva
tiYU at the l:vo junctiOtla 
ud also only the local 
-itivity tA:> c:oordiDate 
perturbation 

A nc:tA:>r method basecl on 
the us-tion of infini
tesmal rotation i~ "a
scribed which is less sen
sitive to the errors in 
the experl.Mntal clata than 
are other exis tinq methods 
like Euler's Mthod 

Gefaetric par-ter• 
like C'dlb -tial -le • 
-tal kypbotic indo:. 
etc. are defiDad .micb 
baYe c:'li.llical .SiCJDifi
cence :Ill trea-t of 
scol:l.oolia 

Alloo pr-ntecl is the 
concept of ec:r.., axia 
of .ation to describe a 
general body IIC)tion 
.mic:h is incl~ent of 
the -y sb&pe or -a
suring points. 'l'his is 
proposed as a means to 
CQ~~PUe two spinal .o
tions 



Instrumentation 
Technique 

Bubble Goniometer 
[1] 

Cineradiography 
[16] 

Bi-Planar X-rays 
[4, 5, 6] 

Externally Applied 
Electronic Trans
ducer [7, 8] 

TABLE XIII 

COMPARISON OF AVAILABLE INSTRUMENTATION TECHNIQUES TO MEASURE 
IN-VITRO RELATIVE MOTION OF SYNOVIAL JOINTS 

Components 
of Motion 

Intersegmental angu
lar measurement, 
planar, not suitable 
for 3-D motion cam
ponent measurement. 

Qualitative descrip
tion of the planar 
.otion. 

Measures all six 
COIIIpOnents of 3-D 
space motion. 

Total angular rota
tion oniy in horizon
tal plane measured 
at each pin level-
single component of 
motion measurement. 

Accuracy 

Inaccuracy in the 
method of measure
ment since the line 
of reference shifts 
giving wrong values 
of flexion, exten
sion. 

Poor resolution and 
accuracy in identify
ing the body poillts · 

·on film. 

Graphical inaccura
cies and distortion 
errors. 

(1) Accuracy to one 
degree. (2) Inter
ference with normal 
mode of motion. (3) 
Steinmann pins can 
become loose during 
lateral bending • ( 4) 
Individual effort 
involved makes the 
measurement subjec
tive. 

Cost 
Dynamic Motion 

Measurement 

Not sui table. 

can be used for 
measurement of · 
planar motion • 

Not ecol'l08lical fo.r Not suitable. 
measurement of con-
tinuous aotion 
where: large number 
of x-rays are need-
ed. 

. Dynamic loads can 
loosen the Stein
mann pins, causing 
inaccuracies in 
the measurement of 
axial rotation. 

Remarks 

Needs an elaborate 
setup. 

Pelvic fixation 
devices neces
sary. 



Instrumentation 
Technique 

Electra.echanical 
Motion Transducer 
[9] 

Linkaqe Transducers 
[lQ-16] 

Components 
of Motion 

Measures all six 
components o.f mo
tion. 

Measures all six 
COilpOilents of 1110-

tion. 

TABLE XIII (Continued) 

Accuracy 

(1) Reported errors 
due to long-term 
drift of transducer 
circuitry. (2) Most 
susceptible to 
errors in measure
ment of axial rota
tion and A-P dis
placement. 

(1) Repetitive re
sults can be obtain
ed. (2) Accurate to 
the resolution of 
rotary potentiomet
ers. (3) Rigid 
mounting can be 
achieved with ease. 
(4) Lightweight and 
no interference with 
the normal mode of 
motion. (5) Continu
ous data can be ob
tained on the rela
tive motion. 

Cost 

Less expensive 
than the x-ray 
measurements. 

Dynamic Motion 
Measurement 

Not sui table due to 
inertia of the fluid 
columns. 

Most suitable for 
dynamic motion mea
surement. The link
deflections due to 
dynamic loads are 
order of magnitude 
less than the re
sulting interverte
bral displacements. 

Ralarks 

uses large liquid 
mercury filled 
tubes as strain 
ele.ents. 

Needs a aulti
c:bannel vol tlleter 
for static aea
surements and a 
voltage recorder 
for dynamic mea
surement. 



Data 

St.ll&tion 
Procedure 

Validation/ 
saul&tion 
Study 

TABLE XIV 

BRIEF ANALYSIS OF THE MOTION SIMULATION MODELS 
FOR A SPINE SUBJECTED TO STATIC LOADS 

klytschko [52j 

-3-D elast:o-stati:: 8Ddel 
of tborao:o-lUIIbar sp,ine 

~cb disc: axial, shear, 
beDdi.Dq aDd torsiOG 
stiff..,.._ Each liqa
JMnt: ui.•l stiffness 

(1) F.quilibri,. Config
uration fOUDd using ia

. cr..ental stiffness 
-tri.s _.,t1 
( 2) COnsiders nonlin
eariti.es due tc hrqe 
displace.ents 

(1) Reapoase to l.&teral 
loads 
(2) St.llbility under 
coaopressi,.. loads. Ver
t.llbral rotations .,.,.__ 
po.red with roported re
sults 

Stiff elements placed 
at contact points of 
adjacent vertebrae to 
prl!vent mtions incon
sistent with facet 
qe,_try 

Seireg (53] P'..on.g {54] 

3-o IIDdel to calculate 3-D easto-static -1 
forces in •~cles aDd of cervical spil'le 
reactions at interver-
tebral joints in sta-
tic postores 

Relative fOSitions of 
&1.1 vertebrae in a 
g-iven static posture 

Equations of equili
bri.a vrittan in -
of rel& ti ve posi tioo. 
of vertebrae, -..cle 
forces aDd joint reac
tions, aDd aobed us
ing lineAr optiaiza
tion by lliniaising 

u-z =~!: + 4t =~on 

+ 2E ~~~~!!on 

Reaction forces at 
disc L3-L4 calculated 
for 52° forward tilt 
and ""!"PUed with 
those of :t.adleason 

Model does not con
sider the role of 
articular facet joints 
in controlling the in
tervertebral motion 

Eiqht reference points 
for a vertebr•e• 126 
spriDg el-ts for 8 
discs, liqa!!~ents, fa
cets 

Sis _tion,. of sta
tic equilibri.a Yor 
eo.ch body 1lllder the 
action of external aDd 
intarnal forces, uaiDq 
finite dispu.c-nt 
matrices. Group ~n-

tial -- ased 

FW1ctiona of individual 
cervical auscles ana
lyzed to study their 
effectiveness in pro
ducing specified bead 
motion 

Joints between skull
atlas, Atlu-A.xis, and 
AXis-c modeled using 
nonlinear springs. 
Assumption of spherical 
motion aade for articu
lar facet joints 

Andriacchi [55 1 

3-0 el.asto-static .odel 
siloulating tboraco-
1.-ba.r spine with SAc

rlar ste.rma, and ribs 

(1) -try of verte
briae, sternua, rLlo)s, 
aDd location of cr aDd 
C'l articulo.tions 
(2) Liq-nts and Clf 
Artieulation-spriDg 
el-.:~.t discs, costal 
cartilao;e, C'l' Articu
l.&ti.on-"-:11 eleMDt 

3-D .,tion of 39 rigid 
bodies with 234 degrees 
of freedca is repre
•ntecl br C~C~qpled liD
eAr -tions. Model 
deweloped by Belytschko 

(1) Response of rib 
cage to l.&ter&l aDd 
~resaive loads caa
pAred with reported 
results 
(2) Additiond studies 
on role of rib cage i.D 
bending response al)d 
st.llbilizing the verte
bral colm~n 

Articular facet joints 
!!lOde led by bil ineu 
spring elements 

Rol>erts aDd Chen [ 561 

Elas+-.o-abr.tic fi.Lite ele
MDt -•1 to i.Dclude stu
nta, riba, costal cart~ l.aqe, 
and ""rtebral col.-> 

!ll COOEdinataa of 169 ao
d&l ;>oints to define thor
atic caqe 
(2) cross sectional proper
ties of bones COI'lSiderin; 
elliptic IOIICtion aDd ide&l
ly elAstic, ~· 
aDd isotropi<: .. t<-.rial 

Equatioos of equi!ibrila 
for.ulated using atiffDeSS 
-trix app!:OACh. El_,t 
atiffM•s •tri.s considers 
axial, bending, and tor
sional strain enerqy 

1-' 
CXl 
CXl 



APPENDIX B 

DERIVATION OF SOME RELATIONSHIPS USED 

IN CHAPTER V 

189 
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B.l Components of a Vector Quantity Along the Axes 

of the (XYZ)(i-l) Coordinate System 

+ Consider a vector quantity V defined in a coordinate System (XYZ) .• 
1 

Let the direction cosines of the axes oixi, OiYi, oizi referred to the 

fixed frame of reference X Y Z be (t0 , mo , n0 ), (t0 y , may.' 
o o o xi xi xi i 1 

+ 
n0 y ), (t0 z , moz , n0 z ). If Xi , Yi , Zi are the components of V 

i i i i v v v 
referred to (XYZ)i, then 

+ "' " " v = xi u + yi u + zi u i xi v yi zi v v 

" "' k) = X (t i+m j +n i 0 0 0 v xi xi xi 

" " k) + yi (t i + m j +n 
0 0 0 v yi yi yi 

" "' "' + zi (t i + m j +n k) 
0 0 0 v zi zi zi 

"' "' " where i, j' k are the unit vectors along the axes 0 X , 0 Y , and 0 Z • 
0 0 0 0 0 0 

If (tox(i-1)' mox(i-1)' nox(i-1)), (~0Y(i-l)' moY(i-1)' noY(i-1)), 

and (toz(i-l)' moz(i-l)' n0 Z(i-l)) are the direction cosines of the axes 

OX(i-l)' OY(i-l)' and dZ(i-l) referred to the fixed frame of reference 

X Y Z , then 
0 0 0 

y (i-1) 
vi 

z(i-1) 
vi 

"' + "" u • v 
x(i-1) i 

.. u . v 
y(i-1) i 

" + - u • v 
z(i-1) i 

which yield the following equation: 
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z;;(i-1) = 9. (Xi R, + yi 9. + z. 9. ) 
0 0 0 1 0 

vi z;;(i-1) v xi v yi v z. 
1 

+m (Xi m + yi m + z. m ) 
0 0 0 1 0 

z;;(i-1) v xi v yi v z. 
1 

+n (Xi n + yi n + z. n ) 
0 0 0 1 0 

z;;(i-1) v xi v yi v z. 
1 

where the dummy variable r; can be replaced by X, Y, and Z successively 

-+ 
to obtain the components of the vector quantity Vi about the axes of the 

coordinate system (XYZ)(i-1). 

Using the above equation, the quantities appearing in equilibrium 

Equations (22) through (27) of Chapter V can be expressed in terms of 

the direction cosines of the axes of coordinate systems (XYZ). and 
1 

(XYZ)(i-1) referred to the fixed frame of reference X0 Y0 Z0 • 

"' 

B.2 Relationship Between the Direction Cosines of 

the Axes of Coordinate Systems (XYZ)i and 

(XYZ)(i-l) Referred to the 

Fixed Reference X Y Z 
0 0 0 

Let Ur; be a unit vector along the axis r;i whose direction cosines 
i 

referred to the fixed frame of reference are R-or;i' mosi' and nosi· Then, 

"' u == 9. 
l;i 01; 

i 

" i + m 
Or; 

i 

"' " j + n k 
Oz;; 

i 

(46) 

where i, j, k are the unit vectors along the axes OX , OY , OZ , respec
o 0 0 

tive1y. The unit vector Ur; can also be represented by its direction 
i 

cosines along the axes of the coordinate system (XYZ)(i-l) by the follow-

ing relationship. 



192 

(47) 

A A A 

where U , U , and U are the unit vectors along the axes 
x(i-1) Y(i-1) z(i-1) 

of the (XYZ)(i-l) reference system and satisfy the following equations. 

" " A " u = fl. i + m j +n k 
x(i-1) 0 0 0 

x(i-1) x(i-1) x(i-1) 

(48a) 

" A " " u .. fl. i + m j + n k 
y (i-1) 0 0 0 

y (i-1) y (i-1) y(i-1) 

(48b) 

A "' " A 

u Ill fl. i+m j +n k 
z (1-1) 0 0 0 

z(i-1) z (i-1) z(i-1) 

(48c) 

Equations (46) through (48) yield the following relationship. 

fl. .. fl.(i-1)1',; f/.0 + m(i-1) fl. 
01',; 0 

i i x(i-1) r,;i y (i-1) 

+ n(i-1) .Q,o 
r,;i z(i-1) 

(49a) 

m = fl.(i-1)1',; m + m(i-1) m 
ol; 0 0 

i i x(i-1) l;i Y(i-1) 

+ n(i-1) m 
0 

z;i z (i-1) 

(49b) 

n - r,;(i-l)z; n + m(i-1) n 
oz; 0 0 

i i x(i-1) z;i y (i-1) 

+ n(i-1) n 
0 

z;i z(i-1) 

(49c) 

The dummy variable l; in Equation (49) can be replaced successively by 

X, Y, and Z to obtain the relationshps between the axes of the coordi-

nate system (XYZ) 1 and (XYZ)(i-l) referred to the fixed frame of refer

ence X Y Z • 
0 0 0 
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B.3 Variation in the Direction Cosines of a Line 

as a Function of Rotation About 
,.. 

a Unit Vector U 

Consider a unit vector R(r , r , r ) passing through the origin of 
X y Z 

" a rectangular coordinate system OXYZ. If vector R is rotated through an 

angle $ about another unit vector U(U , U , U ) which also passes through 
X y Z 

the origin 0, then the components of the resultant vector R' (r', r' r') 
X y' Z 

can be expressed as [82]: 

~r' r 
X X 

r' .. [DISP] r y 3x3 y 

r' r z z 

'where the displacement matrix is given by the matrix below. This yields 

the following relationships: 

r' = [(1- cos<j>) u2 + cos<j>]•r + [(1- cos<j>) U U - U sin<j>]•r 
X X X X y Z y 

+ [(1- cos<j>) U U + U sin<j>]•r 
X Z y Z 

(50) 

r' c [(1- cos$) U U + U sin<j>]•r + [(1- cos<j>) u2 + cos<j>]•r y X y Z X y y 

+ [(1- cos<j>) U U - U sin<j>]•r 
y Z X Z 

(51) 

r' • [(1- cos<j>) U U - U sin$]•r + [(1- cos<j>) U U 
Z X Z y X y Z 

2 + U sin$] •r + [ (1 - cos<j>) U + cos<j>] •r 
X y Z Z 

(52) 

Taking variations, with respect to </>, of the quantities on both sides of 

the equal sign in Equation (50) yields 



vers cj> • u2 + cos cj> vers cj> • u u - u Sin cj> vers cj> uu +U sin cj> 
X xy z X Z y 

[DISP] = vers <1> uu +U sin cj> vers <1> u2 + cos cj> vers cj> uu u sin cj> 
xy z y y z X 

vers cj> u u u sin cj> vers cj> uu +U sin cj> vers c!>. u2 + cos cj> 
X Z y y z X z 

where vers cj> (1- cos cj>). 
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~r' - [sin<P • 6<1> • u2 - sin<j>• ~<P] ·r 
X . X X 

+ [sin<P·~<P·U •U - U •cos<P·~<P] r 
X y Z y 

+ [sin<P·~<P·U •U + U •cos<P·~<Pl r 
X Z y Z 

For the limiting case when <P + 0, 

~r a /!.r' .. -u • r • 6<1> + u • r • ~<P 
X X Z y y Z 

In the same manner, Equations (51) and (52) yield 

!::,.r • U • r 6<1> - U • r l:::,.tfi 
y Z X X Z 

!::,.r • -u • r 6cp + U • r 6<1> 
Z y X X y 

" Since R is a unit vector, the components rx' ry' and rz are the 

direction cosines i, m, and n. Hence, 

/:,.i = (-U • m + U • n) 
z y 

l:::,.<j> (53a) 

!::,.m ,., (U • R. - U • n) !::,.cp 
Z X 

(53b) 

!::,.n = (-U • 2 + U • m) !::,.cp 
y X 

(53c) 

Equation (53) is an expression of the variations in the direction cosines 

" of a line as a function of rotation about a unit vector U. 

B.4 Location of the Apex of a Least Square 

Cone Fitted to a Set of Screw Axes 

Let Si, i = 1, n be the set of screw axes to which a least square 

cone is to be fitted. Let (R.i, mi, ni) be the direction cosines of the 

ith screw axis, and (Xi' Yi' Zi) be the coordinates of a point Pi on the 

ith screw axis. Let P* (X*, Y*, Z*) be the apex of the least square 

+ 
cone. A perpendicular line drawn from point P* to the axis S. will meet 

l. 
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the axis in a point Pi (Xi+ ~iri' Yi + miri, z1 + niri), where ri is 

the measure PiP~ • The distance IP* Pil between the apex P* and the 

screw axis Si is the shortest distance between the apex and the screw 

axis. 
-+ 

The fitting of the least square cone to the set of screw axes S., 
1 

i ~ 1, n is done in such a manner as to minimize the sum (E) of the 

squares of the shortest distances IP* Pll for i = 1, n. Thus, the cri

terion for locating the apex of the least square cone is to minimize: 

(54) 

----+-
Let ~!' m!, n! be the direction cosines of the perpendicular P* Pi drawn 

-+ 
from the apex P* to the screw axis si. Then 

m* ex 
i 

n* ex 
i 

Since P* Pi is prependicular to the axis Si, the direction cosines satis

fy the following relationships 

i = 1, n 

This yields 

(55) 

The squared error e:, as defined in Equation (54), is a function of the 
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variables X*t Y*, Z*. In order to minimize the squared error c, the 

following conditions must be satisfied • 

.1£_ = 0 
ax* (56) 

ae: 
ay* .. o (57) 

ae: 
az* .. 0 (58) . 

Equations (54) through (58) yield the following relationships: 

(59) 
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The coordinates X*, Y*, Z* of the apex P* of the least square cone can 

be obtained by solving Equations (59) through (61) simultaneously. 



APPENDIX C 

DEFINITION OF COEFFICIENTS IN THE 

EQUILIBRIUM EQUATION (42) 
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The force equilibrium of a body i in contact with bodies (i + 1) and 

(i- 1) as described in Chapte:c V can be expressed in terms of the follow-

ing six equations. 

cjl ~Rl + cj2 ~R2 + cj3 ~R3 + c.4 
i (i-1) i (i-1) i (i-1) J i 

+ cjS ~Rs + cj6 ~R6 + cj· 7 
i (i-1) i (i-1) i 

ilq 
r(i-1) 

+ L cj8 ~q = cj9 
k i T(i-1) i 

j = 1, 6 

k k 

~R 
4(i-l) 

The subscript i denotes the ith body. The definitions of the coeffi-

cients in the above equations are presented below. 

Equation 1: I:F ., 0: 
x(i-1) 

• •. ell • 1. o 
i 

cl7 "" -A s + (-R + 81 )(R.o BB +m DD 
0 0 0 i 1 (i-1) 

li 
i x(i-1) x. x(i-1) x .. 

+n FF ) 
0 0 

x(i-1) xi 

+m 
0 

x(i-1) 

+ n 
0 

x(i-1) 

+ 

+n 

l. 

(-R2 + S 2 ) (R, o 
i i x(i-1) 

0 
x(i-1) 

+m 
0 

x(i-1) 

l. 

BB 
0 
yi 
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-c = (R. 19 0 
i x(i-1) 

+m 
0 
x(i-1) 

+ n ) [- R 
0 11.. 
x(i-1) 

+ (As L\q 
1 ri 

i 

+m m +n n ) [ -.1R2 + AS .1q 
0 0 0 0 r. 
x(i-1) yi x(i-1) yi i 2. 1. 

1. 

+I (BS L\qT ) ] + (Q, Q, +m m 
k 0 0 0 0 

2k k i 

+n n 
0 

x(i-1) 

+n 
0 

x(i-1) 

+Am 
0 

x(i-1) 

+ AR. 
0 

x(i-1) 

+An 
0 

x(i-1) 

+m 
0 

x(i-1) 

x(i-1) zi x(i-1) zi 

) [-AR3 +AS .1q + I (Bs .1q ) 
0 ri k 3 Tk i 3i zi k 

+ m 
0 

x(i-1) 

<l: pk R.o ) + Am <I pk mo 0 
k pk x(i-1) k pk 

(L pk no ) + (-Rl + sl ) (£, 
0 

k pk i i x(i-1) 

+ n 
0 

x(i-1) 

+m 
0 

x(i-1) 

cc 
0 
y. 

1. 

AA 

i 

0 x. 
l 



+ n EE ) + (-R3 + 83 )(.ll.o AA 
0 0 0 

x(i-1) yi i i x(i-1) z. 
l. 

+ m cc + n EE ) 
0 0 0 0 

x(i-1) zi x(i-1) z. 
l. 

Equation 2: L:F "" 0: 
y (i-1) 

+ C 6R + C 6R + C 6q 
25i s(i-1) 26i 6(1-1) 27i r(i-1) 

+ I (c28 6qT ) = c29 
k ki k(i-1) i 

c21 = o.o, c22 = 1.0, c23 = o.o, 
i i i 

c24 = o.o, c25 = o.o, c26 = o.o 
i i i 

+ n FF ) + (-R + 

+m 
0 

BB 82 )(.11.0 0 0 2i 
y (i-1) xi i y (i-1) 

+ m DD + n FF ) 
0 0 0 0 

y (i-1) yi y (i-1) yi 

+ (-R3 + 83 )(.11.0 BB +m DD 
0 0 0 i i y (i-1) zi y (i-1) 

+n FF ) 
0 0 

y (i-1) zi 

y(i-1) 

0 
yi 

zi 
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DD 
0 

X. 
l. 



-c -
29i 

(R. 
0 

y (i-1) 

+ n 
0 

y (i-1) 

+m 
0 

y (i-1) 

+ (9., 
0 

R, 

y (i-1) 

+n 
0 

+ m 
0 

y (i-1) 

y (i-1) 

+ m m 
0 0 0 
xi y (i-1) xi 

no )(-~R1 + ~s1.) + (R. 9., 
0 0 

xi i 1 y (i-1) yi 

m + n n o )(-~R2. + ~ 82.> 
0 0 y. 1 1 yi y (i-1) 

+ m 
0 

+n 
0 

y (i-1) 

y (i-1) 

1 

(-R3 + S3 ) + ~mo 
i i y(i-1) 

[mo (-R1 + S1 ) 
X. i i 

+ ~m 
0 

+ n 
0 

y (i-1) 

y (i-1) 

+ m 
0 

y (i-1) 

1 

+m 
0 

Y(i-1) 

EEo ) + (-R2 + S2 )(to 
xi i i Y(i-1) 

+ n 
0 

y (i-1) 

cc 
0 

X. 
1 
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Equation 3: 

+n 
C) 

y (i-1) 

EF .. 0: 
z (i-1) 

c31 = o, c32 E o, c33 = 1.0, 
i i 1 

c34 = o, c35 = o, c36 = o 
1 i i 

+m 
0 

y (i-1) 

BB +m 

+ n 
0 

+ m 
0 

+ n 
0 

z(i..:1) 

z (i-1) 

z (i-1) 

0 
x. 

l 

FFo ) + (-R2 + 82 )(R,o 
x1 i i z (i-1) 

+ n 
0 

z(i-1) 

+ m 
0 

z (i-1) 

DD 

0 

z(i-1) 

0 
z. 

l 
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DD 
0 

X. 
l 



-c • 
391 
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(R. R. +m m +n n o ) (-AR1 
0 0 0 0 0 

z (i-1) xi z (i-1) xi z (i-1) x1 i 

+ !!81 ) + (R. jl, +m m 
0 0 0 0 

i z(i-1) yi z (i-1) yi 

+n n0 )(-AR2 + 682 .> + (R. jl, 
0 0 0 

yi i 1 

+ m 
0 

z (i-1) 

z (i-1) 

+ 6.!1, 
0 
. z(i-1) 

z (i-1) 

+m 
0 

z (i-1) 

(-R + 81 ) + R. 
1i i 0 

yi 

+ n 
0 

z. 
1 

z (i-1) 

[m0 · (-Rl. + 81.) 
x. 1 1 

+ 6,!1, 
0 

+m 
0 

z (i-1) 

z (i-1) 

1 

+ n 
0 
z(i-1) 

+ (-R + 82 )(R. 0 AA0 + m0 cc0 
21 i z(i-1) Yi z(i-1) Yi 

+ n 
0 

z (i-1) 

AA 
0 

X. 
1 



where 

+m 
0 

z (i-1) 

+ n(i-1) 
z;;i 

/),9., 
0 

+n 

z (i-1) 

+ 9.-o c(i-1)z;; 
z(i-1) i 

0 

z(i-1) 

EE. ) 
0 
zi 

/),9., 
0 

llm 
0 

y(i-1) 

ccor = 9., (i-1) r llmo + m(i-1) 
~i ~i x(i-1) z;;i y(i-1) 

Equation 4: 

+ n(i-1) 
z;;i 

llm 
0 

lln 
0 

z(i-1) 

+ n(i-1) 
i z (i-1) 

+no c(i-1)r 
z (i-1) "'i 

!J.M = 0: 
x(i-1) 

c41 =- o.o 
i 

lln 
0 

y (i-1) 
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c43 .. Y(i-1) 
i r 1 

c44 • 1. o 
i 

c45 - o.o 
i 

c46 • o.o 
i 

i 

- Y(i-1) As +I (Pi 

- S BB 
3(i-1) 0 v. 

1 
y 

BB ) 
0 
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v 3 k k 
i (i-1) z (i-1) ak 

i 
y 

- L (P 
k ~ 

y(i-1) 

- R 
i 
y(i-1). 

+ y(i-1) 
. r 

ti 

-A s 
4(!-1) 

BB 
0 

BB 

r2 

0 

i 
z 

ak 
i 

z 

) + R BB 
3(!-1) or1 

i 
y 

+ y(i-1) 
r2 

i 

- 2 (i-l) 
. r 

BB 
oR. 

1 
y 

+ S, BB 
1 0 

z(i-1) rt. 
1 

y 
2i 

- s i BB 
0 

y(i-1) r 
ti 

z 

- z (i-1) 
r 
t. 

1 

BB 
OS. 

1 
y 



- B s 
4(i-1)k 

-c = s AA - s AA 
491 2(i-1) 0 3 (i-1) 0 

vi vi 
z y 

+ L (Y (i-1) l'!Pi +I (Pi AA ) 
0 

k ak k k k ~-i z(i-1) z (i-1) ]_ 
y 

- I (Z (i-1) l'IP i ) - I (Pi AA ) 
k k 0 

~ k k 
i y (i-1) 

+ R AA 
3(i-1) or1 

i 
y 

- R AA 
2(i-1) or1 

+ y (i-1) 
r2 

i 

+ si 
z(i-1) 

- z (i-1) 
r 
ti 

Equation 5: EM "" 0: 
y (i-1) 

c51 = z(i-1) 
i r 1 

c52 .. o.o 
i 

i 

AA 
0 
rt. 

l. 
y 

- R 
i 

y (i-1) 

+ y (i-1) 
r 
ti 

AA + L l'!Ti 
0 S k k 

iy . x(i-1) 

i 
z 

ak. 
y (i-1) ]_ 

+ R. 
]_ 

z(i-1) 

- z (i-1) 
r2. 

]_ 

z 

- s AA 
i 0 

y(i-1) r 

+AA 
OR 

5. 
]_ 
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t. 
l. 

z 

X 



c54 ... o.o 
i 

c56 .. o.o 
i 

209 

C s -S BB - Z A 
571 1(i-1 ) ovi (i-1) S 

+ S BB 
3 (i-1) 0 v. 

1 
X 

+ R1 
(i-1) 

- s i 

BB 
0 

BB 

BB 

vi 1 (i-1) 
z 

BB 
0 

ak 

- I p 
k 1k 

BB 
0 

ak 

i z 

z (i-1) 

- R BB 
3 (i-1) 0 rl. 

1 
X 

BB 
0 

r1 
i z 

+ Ri 
z(i-1) r2. 

1 
X 

0 
r2 

i 
z 

+ z(i-1) 
r2 

i 

i 
X 

+ s. 
0 1 

BB 

BB 

BB 
0 

oR. 
1 

z 

os. 
1 

z 

z (i-1) rt 
i 

X 

+ z(i-1) 
r 
ti x(i-1) r 

ti 
z 

-A + BB + BB + BB + BB s 0 .. OR OR OS 
5 (i-1) R4 

si 6. 4i i 1 
y y y y 

+ BB + BB 
OS 

si 
OS 

6i 
y y 

C58 a -z(i-1) BS + x(i-1) Bs - B s k1 v1 1 (i-1)k vi 3(i-1)k 5 (i-1) 
k 



-c = -s AA + s AA 
59i l(i-1) ovi 3(i-l) ovi 

Z X 

- x(i-1) AA - s AA 
OS i 0 

rt i z(i-1) 
i z 

+ si AA + ~ L'IT~ 0 

x(i-1) rt 
y (i-1) i z 

rt 
i 

AA 
0 

AA 
0 

ak. 
l. 

X 

ak. 
l. 

z 

+ Ri 
z(i-1) 

+ z (i-1) 
rt. 

l. 
X 
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AA 
oS. 

l. 
X 

+AA +AA 
OR 

4. 
oR 

5. 
l. l. 

y y 

+AA +AA +AA +AA 
OR 

6i 
y 

Equation 6: Z::M = 0: 
z (i-1) 

c61 ... -Y(i-1) 
i r 1 

c63 • o.o 
i 

c64 - o.o 
i 

i 

OS OS OS 
4i si 6. 

l. 
y y y 



c65 ... o.o 
i 

- S BB 
2 (i-1) 0 v. 

1 
X 

- x(i-1) As + L Pi BB 
v 2 k k 

i (i-1) y(i-1) 

BB 
0 
ai 

k 
y 

- R BB + Ri BB 
1 (i-1) 0 0 

r1 
i y 

- R BB 
i 0 

x(i-1) r2 
i 

y 

+ si BB 
0 

y (i-1) rt 
i 

X 

-A s 
+ BB 

6 (i-1) 

+I pi 
k k 

y (i-1) 

oR 
41 

Y(i-1) r2 
i 

- y (i-1) BB 
oR r2 

i 

- y(i-1) BB 
OS r 

ti 

+ BB + BB 
OR 

si 
z z 

-I Yc1-1) 
k a. 

1k 

0 a. 
1k 

X 

+ x(i-1) 
. r2. 

1 
X 

+X(i-1) 
i rt. 

X 1 

- s. 
1 

x(i-1) i 
X 

+ BB 
oR 

6. 
OS 

4. 
1 1 

z 

BB 

BB 

BB 

z 

- B s 
6 (i-1) 

k 
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oR. 
1 

y 

oS. 
1 y 

0 r t. 
1 y 



where 

As 
r 

- R 
i 
x(i-1) 

+ si 
y (i-1) 

- S AA 
i 0 

+ Ri 

y(i-1) 

- y (i-1) 

- y (i-1) 

r2 
i 

rt 
i 
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+AA +AA 

x(i-1) rt 
i 

y 

OR 
4. 

l 
z 

oR 
5. 

l 
z 

.. k (m(i-1) r1 u 
i r 

+ k (n(i-1) r2 
i 

(J/,(i-1) +k 
r3 

i 

+ k (11, (i-1) 
r4 

i 

+AA 
OS 

6. 
l 

z 

• z (j) 
(i-1) - n(i-1) 

• y (j)) 
(i-1) 

ci u c. 
r l 

• X (j) 
- 1/, (i-1) 

• z (j)) 
(i-1) (i-1) 

u ci u c. 
r r l 

• y (j) (") 
- m(i-1) • x(i-1) J ) (i-1) 

u ci u c. 
r r l 

) + k (m(i-1) ) +k (n (i-1) 
u rs u r6. 

r i r l 

) 
u 

r 
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X (j) ~ -X (j) + X (j) 
(i-1) (i-1) (i-1) 

ci rl vi 
i 

Then 

AA = 69., (Xi 9., + yi 9., + z. 9., ) 
0 0 0 0 ]. 0 

vi z;(i-1) v xi v yi v z. 
]. 

z; 

+ D.m (Xi m + yi m + z. m ) 
0 0 0 ]. 0 

z;(i-1) v xi v yi v z. 
]. 

+ D.n (Xi n + yi n + z. n· ) 
0 0 0 ]. 0 

z;(i-1) v xi v yi v z. 
]. 

+ 9., (Xi AA + yi AA + z. AA ) 
0 0 0 ]. 0 

z; (i-1) v xi v yi v z. 
]. 

+m (Xi cc + yi cc + zi cc ) 
0 0 0 0 

r,;(i-1) v xi v yi v z. 
]. 

+n (Xi EE + yi EE + z. EE ) 
0 0 0 ]. 0 

l;(i-1) v xi v yi v z. 
]. 

+m (Xi DD + yi DD + z. DD ) 
0 0 0 ]. 0 

z;(i-1) v xi v yi v z. 
l 

+n (Xi FF + yi FF + z. FF ) 
0 0 0 ]. 0 

z; (i-1) v xi v yi v z. 
]. 



Then 

f:..r,(i-1) 
. v 

i 

[R. 
0 

p~ 

R, 
0 

L\q 
r 

r,(i-1) 

+m 
0 

+ n n ] + Pi 
0 0 
pi r,(i-1) k 

k 

+ m f:..m 
0 0 
pi r; (i-1) 

k 

p~ 

m 
0 

r,(i-1) 

f:..n ] 
0 

1'; (i-1) 
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.+ The direction cosines of Pi , referred to the fixed frame of reference 
k 

X Y Z , are assumed to be invariant. 
0 0 0 

AA = M .. c1 0 0 

~r; r;(i-1) ak 
i 

+ R, c4 0 

r; (i-1) ~i 

where 

c1 "' X R, + yi i 0 
ak 

i 
ak xi ak 

c2 • X. m + yi 
l. 0 

~i ak xi ak 

c3 .. X n + yi i 0 

~i ak xi ak 

+ f:..m cz + f:..n c3 0 0 

r;(i-1) ak. r;(i-1) ak. 
1 1 

+m cs +n c6 0 0 

r; (i-1) ak. r; (i-1) ak. 
1 1 

.R, + zi t 
0 0 
yi ak zi 

m + zi m 
0 0 
yi ak zi 

n + zi n 
0 0 
yi ak zi 
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c4 = X AA + yi AA + zi AA i 0 0 0 
ak 

i 
ak xi ak yi ak zi 

cs =X cc + Y. cc + z. cc 
i 0 ]. 0 ]. 0 

ak ~ xi ak yi ak z. 
i 

]. 

c6 =X EE + yi EE + zi EE 
i 0 0 0 

ak ak xi ~ yi ak z. 
i 

]. 

c7 .. X BB + yi BB + zi BB i 0 0 0 
ak 

i 
ak xi ~ yi ak zi 

cs ""X DD + yi DD + zi DD 
i 0 0 0 

ak ak xi ak yi ak z. 
i 

]. 

cg ID X FF + yi FF + zi FF i 0 0 0 
ak 

i ~ xi ak yi ak zi 

Then 

Al; (i-1) -AA + BB • Aq 
0 0 r 

ak ak ak 
i l; l; 

AA .,. A'}, c1 +Am c2 0 0 0 
r1 l;(i-1) r1 l;(i-1) rl. 

l; . i ]. 

+ An c3 + 'X, c4 0 0 

l;(i-1) r1 l;(i-1) r1 
i i 

+m cs +n c6 0 0 

l;(i-1) r1 l;(i-1) rl. 
i ]. 

BB "' 'X, c7 +m c8 +n c9 0 0 0 0 
r1 l; (i-1) r1 l;(i-1) rl. l;;(i-1) rl. 

l; i ]. ]. 

where 
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cl .. X 9, + yi 9, + z· 9, 
i 0 0 i 0 

rl rl xi r1 yi r1 zi 
i i i i 

c2 = X m + yi m + zi m i 0 0 0 
rl r1 xi r1 yi rl. z. 

1. i i i 1. 

c3 .. X n + yi n + zi n 
i 0 0 0 

rl rl xi r1 yi r1 z. 
i i i i 1. 

c4 ,. X AA + yi AA + zi AA 
i 0 0 0 

rl rl xi r1 yi rl. z. 
1. i i i 1. 

cs • X cc + yi cc + zi cc 
i 0 0 0 

rl rl xi rl yi rl. z. 
1. i i i 1. 

c6 .. X EE + yi EE + z. EE 
i 0 0 1. 0 

rl rl xi rl yi rl. z. 
1. i i i 1. 

c7 • X BB + yi BB + z. BB i 0 0 1. 0 
rl rl xi r1 yi rl. z. 

1. i i i 1. 

cs a X DD + yi DD + zi DD 
i 0 0 0 

rl rl xi rl yi rl z. 
i i i i 1. 

c9 "" X FF + yi FF + zi FF 
i 0. 0 0 

r1 rl xi rl yi rl. z. 
1. i i i 1. 

Then, 

llr, (i-1) aAA + BB • llq 
0 0 r 

rl rl rl 
i z; r, 

AA .. llR. cl + llm c2 + lln c3 oR 0 0 0 

z;(i-1) Ri r, (i-1) Ri z;(i-1) R. 
ir, 1. 

+ 9, c4 +m cs +n c6 0 0 0 

r, €!-1) Ri z;(i-1) Ri z;(i-1) R. 
1. 

+ llRl c10 + llR2 ell + !lR3 . c12 
i Ri i Ri 1. Ri 

z; z; z; 



217 

BB = i c7 +m cs +n c9 
OR 0 0 0 

z;(i-1) Ri z;(i-1) R. z;(i-1) R. 
ir; ]_ ]_ 

where 

cl = -R i - R i - R i 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c2 = -R m - R m - R m 
li 0 2i 0 3i 0 

Ri xi yi zi 

c3 = -R n - R n - R n 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c4 • -R AA - R AA - R AA 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

cs ,., -R cc - R cc - R cc 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c6 = -R EE - R EE - R EE 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c7 • -R BB - R BB - R BB 
li 0 2! 0 3i 0 

Ri xi yi zi 

CB .. -R DD - R DD - R DD 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c9 = -R FF - R FF - R FF 
li 0 2i 0 3i 0 

Ri xi yi z. 
]_ 

c10 Ill -i i - m m - n n 
0 0 0 0 0 0 

Ri xi z;(i-1) xi r;(i-1) . x. r;(i-1) 
r; 

]_ 

ell - -i i - m m - n n 
0 0 0 0 0 0 

Ri yi z;(i-1) yi z;(i-1) yi r;(i-1) 
z; 

c12 - -i i - m m - n n 
0 0 0 0 0 0 

Ri zi z; (i-1) zi r;(i-1) z. r; (i-1) 
I; 

]_ 

Then, 
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t.Ri =AA + BB • t.q 
. oR OR r 

r; (i-1) ir; ir; 

AA Ill t.R. cl + t.m c2 + t.n c3 OS 0 0 0 

I; (i-1) si r; (i-1) si r;(i-1) s. i . 1 r; 

+ R, c4 +m cs +n c6 0 0 0 

r;(i-1) si r;(i-1) si r;(i-1) s. 1 

+ t.Sl ClO + t.S2 ell + t.S3 c12 
i s1 i s1 i s. 

r; r; 1r; 

BB 
- R, c7 +m ca +n cg 

OS 0 0 0 

l';(i-1) si r;(i-1) s. r;(i-1) s. 
ir; 1 1 

where 

cl - s R, + s2 2 o + 83 R, 
li 0 0 

si xi i yi i zi 

c2 - s m + s2 m o + 83 m 
li 0 0 

si xi i yi i zi 

c3 - s n + s2 n 0 + s3 n 
li 0 0 

si xi i yi i zi 

c4 = s AA + s2 AA o + 83 AA 
li 0 0 

si xi i yi i zi 

cs = s cc + s2 cc + s3. cc 
li 0 0 0 

si xi i yi 1 z. 1 

c6 .. s EE + s2 EE + s3 EE 
li 0 0 0 

si xi i yi i zi 

c7 - s BB + 82 BB 
0 + 83 BB 

1 0 0 
si i xi i yi i z. 1 

ca .. s DD + s2 DD0 + s3 DD 
li 0 0 

si xi i yi i zi 

Cg - s FF + s2 FF + s3 FF 
li 0 0 0 

si xi i yi i zi 



Then, 

C.Ti 
k 

c10 
si 

r;; 

ell 
si 

r;; 

c12 
si 

r;; 

1; (i-1) 

= R. R. 
0 0 
xi 

• R. R. 
0 0 
yi 

::I R. R. 
0 0 
zi 

r;;(i-1) 

z;(i-1) 

z; (i-1) 

+m 
0 
xi 

+m 
0 
yi 

+m 
0 
zi 

• C.q 
r 

• R. 
0 

l;(i-1) 

m 
0 

m 
0 

m 
0 

+ n n ] + Ti 
0 0 
Ti l;(i-1) k 

k 

C.m 
0 

l;(i-1) 

r;; (i-1) 

z;(i-1) 

l;(i-1) 

+n 

+ n 

+n 

m 
0 

0 

0 

0 

n 
x. 

1 

n 
yi 

n 
z. 

1 

r;;(i-1) 

• C.R. 
0 

0 

r;;(i-1) 

0 

r;;(i-1) 

0 

r;;(i-1) 

r;; (i-1) 

C.n ] 
0 

l;(i-1) 
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The direction cosines of Ti , referred to the fixed frame of reference 
k 

X Y Z , are assumed to be invariant. 
0 0 0 

- R (R. C.R. + m 
4i 0 

xi 
0 0 

1; (i-1) xi 

C.m o_ 
1; (i-1) 

+ CC m 
0 0 
xi r;;(i-1) 

R.o 
z-;(i-1) 

n ) 
0 

r;; (i-1) 

"' - R4 (BB R. + DD m + FF 
0 0 0 0 0 

i xi r;; (i-1) xi r;; (i-1) xi 
n ) 

0 

r;; (i-1) 



where 

c1 
R4 

il; 

Then, 

6R4 
i 
l;(i-1) 

AA 
oR 

si 
r;; 

BB 
oR 

si 
z;; 

where 

c1 
Rs 

ir;; 

Then, 

- t t +m m +n n 
0 0 0 0 0 0 
xi r;;(i-1) xi r;;(i-1) xi 

•AA + BB • 6q 
oR oR r 

4i 4i 
I; z;; 

= -R C 
5i 1R 

5i 
z;; 

- R (t M +m 6m 
si o 0 0 0 

yi l;(i-1) yi z;;(i-1) 

+ n 6n ) - R (AA t 
0 0 0 si o 

yi l;(i-1) yi z;; (i-1) 

+ cc m + EE n ) 
0 0 0 0 
yi z;;(i-1) yi l;(i-1) 

= -R (BB t + DD m 
si o 0 0 0 

yi l;(i-1) yi z;;(i-1) 

+ FF n ) 
0 0 
yi z;;(i-1) 

.. t t +m m +n 
0 0 0 0 0 
yi z;;(i-1) yi l;(i-1) yi 

• 6q 
r 

n 
0 
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z;;(i-1) 

z;;(i-1) 



where 

Then, 

t.m 
0 

r; (i-1) 

t.n ) - R (AA £, 
0 0 6i 0 

r;(i-1) zi r; (i-1) 

m 
0 

r;(i-1) 

n ) 
0 

z 
r; (i-1) 

£ 
0 

+ DD m 

r;(i-1) 

+ FF n ) 
0 0 
zi r; (i-1) 

£, 
0 

r; (i-1) 

•t.q 
r 

m 
0 

t.no ) + s4 
r; (i-1) i 

m 
0 

r;(i-1) 

0 0 
zi r;(i-1) 

r;(i-1) 
+ n 

0 

t.m 
0 

z. 
1 

r; (i-1) 

(AA 
0 
x. 

1 

n ) 
0 

r;(i-1) 

n 
0 
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r;(i-1) 
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BB • s4 (BB R, + DD m 
OS 0 0 0 0 

41 
i xi r;(i-1) xi I; (i-1) 

I; 

+ FF n ) 
0 0 
xi z;(i-1) 

where 

c1 ,.. R, R, +m m + n n 
0 0 0 0 0 0 

s4 xi l;(i-1) xi r;(i-1) x. l;(i-1) 
is 

]_ 

Then, 

M4 •AA + BB •llq 
i OS OS r 

z;; (i-1) 41 41 
r; r; 

AA .. l!Ss c1 
OS 1 s5 51 

r; ir; 

+ ss (R, fiR. +m lim 
0 0 0 0 i yi r; (i-1) yi l; (i-1) 

+ n fin ) + ss (AA R, 
0 0 0 0 
yi r; (i-1) i yi z;;(i-1) 

+ cc m + EE n ) 
0 0 0 0 
yi r; (i-1) yi r;(i-1) 

BB =- s (BB £ + DD m 
OS 5i 0 0 0 0 

si yi z; (i-1) yi z;; (i-1) 
I; 

+ FF n ) 
0 0 
yi z;(i-1) 

where 

c1 = R, R, +m m +n n 
0 0 0 0 0 0 

ss yi l;(i-1) yi z;(i-1) yi z;; (i-1) 
iz; 



Then, 

where 

Then, 

!.ISS 
i 

r; (i-1) 

AA 
OS 

6i 
r; 

BB 
OS 

61 
z;; 

!.IS6 
i 

r; (i-1) 

•AA + BB •llq 
OS OS r 

si si 
r; r; 

"" S •C 
6i 1s 

6i 
r,; 

+ s6 (R. llR. +m lim 
0 0 0 0 

+n 
0 

+ cc 

• s6 
i 

+ FF 

i 

zi 

0 
zi 

(BB 

0 
zi 

R. 
0 

zi r; (i-1) zi z;; (i-1) 

!.In ) + s6 (AA R. 
0 0 0 

r; (i-1) i zi z;; (i-1) 

m + EE n ) 
0 0 0 

r; (i-1) zi z;; (i-1) 

R. + DD m 
0 0 0 0 
zi z;;(i-1) zi 

n 
0 

z;; (i-1) 

r; (i-1) 

) 

+ lim 
0 

m 
0 

z;; (i-1) 

r,;(i-1) 

z;; (i-1) 

+ n 
0 z. 

1. 

+ 

n 
0 
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z;; (i-1) 
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+m cs +n c6 0 0 

z;(i-1) r z;(i-1) r2 
2i i 

+ I cc Aq 
0 Ti k r 2 k 

iz; 

BB .. R- c7 +m ca +n c9 0 0 0 0 
r2 z;(i-1) r2 z; (i-1) r2 z; (i-1) r2. 

iz; i 1 1 

cc = c10 ti + ell m. + c12 . n. 
0 1 1 

r2 r2 u r2 u r2 u 
't'i Ti T • 

iz; iz; k iz; k iz; 1k 

where 

cl • X R- + yi t + zi R-
i 0 0 0 

r2 r2 xi r2 yi r2 zi 
i i i i 

c2 • X m + yi m + zi m i 0 0 0 
r2 r2 xi r2 yi r2 z. 

i i i i 1 

c3 • X n + yi n + zi n 
i 0 0 0 

r2 r2 xi r2 yi r2 zi 
i i i i 

c4 • X AA + yi AA + zi AA i 0 0 0 
r2 r2 xi r2 yi r2. z. 

1 i i i 1 

cs • X cc + yi cc + zi cc i 0 0 0 
r2 r2 xi r2 yi r2 z. 

i i i i 1 

c6 • X EE + yi EE + zi EE i 0 0 0 
r2 

i 
r2 

i 
xi r2 

i 
yi r2 

i 
zi 

c7 • X BB + yi BB + zi BB i 0 0 0 
r2 r2 xi r2 yi r2. zi 

i i i 1 

ca • X DD + yi DD + zi DD i 0 0 0 
r2 r2 xi r2 yi r2 zi 

i i i i 
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c9 • X FF + yi FF. + z. FF 
i 0 0 1 0 

r2 r2 xi r2 yi r2 z. 
i i i i 1 

c10 - g. g. +m m +n n 
0 0 0 0 0 0 

r2 xi r,;(i-1) xi l;;(i-1) x. r;;(i-1) 
i 1 

ell - g. g. +m m +n n 
0 0 o· 0 0 0 

r2 yi l;;(i-1) yi l;;(i-1) yi r;;(i-1) 
i 

c12 - g. 
g. +rn m +n n 

0 0 0 0 0 0 
r2 zi r,;(i-1) zi r; (i-1) z· l;;(i-1) 

i i 

Then, 

t:.r;(i-1) •AA + BB • 8q 
0 0 r 

r2 r2 r2 
i il;; il;; 

AA IIIAA - 81;;(i-1) + 61;;(i-1) 0 0 
rt r2 r v(i+l) 

ir; il;; 1 (i+l) 

BB • BB 
0 0 
rt 

ir; 
r2 

ir;: 

where 

8r;: (i-1) .. 8i cl + 8m c2 0 0 r r,;(i-1) r l;;(i-1) r 
1 (i+l) 1 (i+l) 1 (i+l) 

+ An c3 + g. c4 0 0 

r;:(i-1) r l;(i-1) r 
1 (i+l) 1 (i+l) 

+m cs +n c6 0 0 

r,;(i-1) r l;;(i-1) r 
1 (i+l) 1 (i+l) 

81;; (i-1) .. 8i cl + 6m c2 0 0 
v(i+l) r; (i-1) v(i+l) r;;(i-1) v (i+l) 
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+ Ano C3 + ~o c4 
~(i-1) v(i+l) ~(i-1) v(i+l) 

+ mo CS + no C6 
~(i-1) v(i+l) ~(i-1) v(i+l) 

The dummy variable ~ in all the above equations can be successively 

replaced by X, Y, and Z to obtain the X, Y, and Z components, respec-

tive1y. 
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