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PREFACE

This work is devoted to a calculation of various higher-order
processes in perturbati&e Quantum Electrodynamics (QED) and Quantum
Chromodynamics (QCD).

We have analytically determined, in sixth-order, the contributions
to the muon anomalous magnetic moment from second and proper fourth-
order electron vacuum polarization to order gﬁ . We have also analyti-
cally calculated the mass-~dependent n-bubble diagram contribution to the
muon anomaly to O(l).

An extensive review of the current experimental and theoretical
situation for the lepton anomalies is given.

We have evaluated in detail the three gluon final state produced in
the weak decay of the heavy neutral vector boson Zo and, also, in elec-
tron-positron annihilation. A detailed comparison with the more familiar
quark-antiquark-gluon final state is given.

Finally, in order for the reader to follow these calculations, some
topics in Gauge Theories are discussed.
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CHAPTER I
INTRODUCTION

The purpose of this work ‘has been to calculate certain higher-order
processes in Quantum Electrodynamics (QED) and perturbative Quantum
Chromodynamics (QCD), the latter being the candidate for the theory of
strong interactions.

They are both renormalizable gauge field theories with gauge groups
U(1) and SU(3)-color respectively.l

QED has existed for the last three decades and is now the well-
established theory of pure electromagnetic interactions. I£ consists of
massive spin-% particles, called leptons, which come in three different
varieties: electron, muon and tauon, denoted e, u and T. They interact
electromagnetically via the Abelian spin-1 photon field. This theory
has had tremendous success over the years, particularly in predicting the
gyromagnetic ratios of the electron and muon.2 For the electron, the
experiments are now so precise,3 (performed on a single electron in a
Penning-trap), that we can actually test the anomalous magnetic moment of

g -2
the electron a, = ; in sixth-order rigorously. At the present stage,

theory and experiment for ge agree to 10 significant figures. The theo-
retical uncertainty is due to the experimental error in the fine struc-
ture constant o and errors coming from numerical integration of certain
sixth-order diagrams, which have not yet been analytically evaluated.

Finally, the contribution from the eighth-order term is not yet known



although an attempt to numerically evaluate this contribution from the
891 diagrams is under way,4 and a result is anticipated within the next
year.

The situation for the muon magnetic moment is almost as impres-
sive.5 However, since the muon is much heavier than the electron, the
situation is complicated by the fact, that strong interaction effects
are significant. The hadronic contribution is calculable only as a
spectral integral over the experimental cross section for e+e— annihila-
tion into hadrons and the experimental error here dominates the errors.
Since the weak interaction effects are calculable in the Weinberg-Salam
model,6 we would be able to isolate these (therefore serving as an inde-
pendent check of W-S model), by an improvement in the measurement of

-2
gU

H 2

In QED the only difference between the electron and muon anomalies

and a better knowledge of the strong interaction contribution.

comes from the mass-dependent diagrams, giving rise to potentially large
m
log Eg. terms. One usually calculates also the O0(l) term, but neglects

e
m
O(EEJ and lower. To remedy this, we have calculated their contribution

U
analytically in sixth-order from 17 of the 24 mass-dependent diagrams. -
To see if their effects could be large in higher order we then evaluated
analytically to O(l), the muon anomaly from the mass-dependent n-bubble
diagram.9 We found that the neglected terms are non-negligible, in fact
bigger than the sum of the terms included for n > 10.

Although pure QED has been so successful as a theory, it is now
widely believed that the electromagnetic and weak interactions can be
unified into one gauge theory, with a bigger gauge group SU(2)RU(1l), known

. . 10-1
as the Weinberg-Salam model (W-S) of electro-weak interactions. 0-11



This model, besides the massless photon, also contains three heavy vec-
tor bosons, two charged WJ_r and one neutral ZO, which mediate the
electro~-weak force.12 In addition, we have three massless neutrinos ve,
vu and vT.

The W's and ZO are very heavy, around 90 GeV, which is the reason
that they have not yet been produced in the laboratory, but one will be
able to obtain CM energies of this magnitude within the next few years
at the CERN pp collider, ISABELLE at Brookhaven and the Fermilab PP
project.13

So far, the W-S model has been successfully tested in high-energy
neutrino experiments,14 and the prediction of parity violation effects
has also been experimentally verified.15

The theory of QCD was developed by Fritzsch, Gell-Mann, Leutwyler,
Weinberg, Gross and Wilczek16 and is based on the non-Abelian Yang-Mills
(YMm) theory.l7 In a sense it is very similar to QED. It consists of
massive, fractionall§ charged spin-% particles called quarks. They come
in five flavors: up, down, strange, charm and beauty denoted u, 4, s, c
and b. A sixth flavor, top, denoted t is conjectured with a mass around
19 GeVv but has, so far, not been seen.18 The quarks are the building
blocks for the strongly interacting particles called hadrons. These can
be subdivided into two groups: baryons (like the proton and neutron) are
composed of three quarks, and mesons (like the pion and kaon) are com-
posed of a quark-antiquark pair. The quarks interact strongly via eight
non-Abelian spin-1 gluon fields. Like the photon, the gluons are mass-
less, and electrically neutral, but they carry, as do the quarks, a non-
Abelian charge called color. Each quark then comes in three colors:
"red," "green" and "blue".

The non-Abelian nature of the gluons has the consequence that they



can interact among themselves, in contrast with the photons of QED. A
further consequence of this, is that the strong coupling constant as(qz),
in the so-called Renormalization Group improved perturbation theory,
actually goes to zero for large q2 (momentum transfer), i.e., small dis-
tances, and the theory is said to be asymptotically free.19 This is
exactly the property that makes the theory tractable and enables one to
study high energy scattéring processes, like deep inelastic e_p and wN
scattering (space like qz), and, also, e+e— and pﬁ annihilation into
hadrons (time-1like qz).

A general term for quarks and gluons is the word parton. It was
originally suggested by Bjorken, Feynman and Paschos20 and motivated by
the SLAC deep inelastic e—p scattering experiments, in which the electron
was actually being scattered by pointlike (non-interacting) objects in-
side the proton. The processes were described by structure functions
depending only on the fraction x of the parton energy to the proton
energy, and not on the momentum transfer. This leads to scale invariance.
This is only approximately true; however, and QCD, in fact, predicts a
logarithmic scale violationZl, best seen in the Nachtmann moment analysis,
which seems to agree with experiment. However, there are indications that
higher twist terms (mz/qz) can modify this analysis.22

At large distances (typically of the order of 1 fm, radius of the
proton) , us becomes infinite, thus, presumably, leading to confinement of
quarks and gluons. This is known as infrared slavery, but whether or not
QCD actually leads to confinement is still an open question.

The cleanest test of QCD is electron-positron annihilation into
hadrons.23 In lowest order perturbation theory, a quark-antiquark pair
is produced, which then materializes into two jets of hadrons. The dis-

: ’ ‘ ‘ .-
tribution of jets in the angle 8 (angle between jet axis and e e beams)



is consistent with the form 1 + c0526 which is expected for the produc-
tion of a pair of spin-% pointlike quarks.

At higher CM-energies, /s > 30 Ge§, planar three jet events have
been seen at PETRA.24 They are interpreted as a quark, an antiquark and
a gluon radiated off from the quarks, and they are evidence for the
spin-1 nature of the gluon. Other sources for three jet events are e e
annihilation into quarkonia states J/¢y and Y which predominantly decay
into three gluons (one gluon forbidden by color and two gluons by charge
conjugation). For the Y the experimental data is consistent with an
angular distribution of the form 1-1/3 cosze, which is a clear indication
of the spin-l1 nature of the gluon. One problem is that the energies of
the gluons are rather low (around 3 GeV) and toponium is expected to
give us a much cleaner three jet structure.

Three gluon jets can also be produced in z° decay25 and in the con-
tinum e+e- > Yt+ggg26 in higher order. We were motivated to study this
by the expected Zo—factory at LEP.27 In contrast to the q&g process, the
three gluon decay is actually an infrared finite process. To see the
full gauge structure of QCD, i.e., the self-coupling of the gluons, one
has to study radiative corrections to q&g and, in same order, four-jet
events.28 Evidence for four-jet events has recently been reported at
PETRA.

QCD is the only field theory available for strong interactions.
This has motivated people to construct toy models with scalar gluons or
simply Monte Carlo phase space models, in order to have alternative
models to compare with QCD. But so far QCD has been successful in agree-
ing with the experimental data while these toy models have not.

Once we reach the thresholds for producing W's and Zo we should be



able to study many interesting weak and strong decay processes, thus,
hopefully, leading to a better understanding of the W-S model and QCD.
The thesis is organized as followé: In Chapter II, we give a status
report of the anomalous magnetic moments of the electron and muon and
compare the theoretical values with the experimental ones.
m

In Chapter III, we analytically calculate the order ES corrections
u

to the sixth-order muon anomaly, which arise from the proper fourth-order
electron vacuum polarization insertion into the lowest order muon vertex.
Of the 24 mass—dependent diagrams, three diagrams contribute to this
process.

Chapter IV is a continuation of this work and we calculate, also

m
analytically, the order Eg terms due to second-order electron vacuum

polarization insertion inio the fourth-order muon vertex. Fourteen
diagrams contribute to this process.

In Chapter V, we calculate analytically the muon anomaly to O(1l)
from the mass-dependent n-bubble diagram using the Borel transform tech-
nique, and we show how this expansion breaks down in high order.

Chapter VI contains the basic elements of the gauge-theories of
the electro-weak and strong interactions. We describe the experimental
and theoretical basis for color. Gauge invariance of QED and QCD are
described in detail. This is followed by a discussion of the Weinberg-
Salam model and the so-called Standard Model. We then set up the propaga-
tors and vertices using a method due to t'Hooft-Veltman. Finally, we dis-
cuss the so-called running coupling constant in QED and QCD, and what is
meant by Renormalization-Group-improved perturbation theory.‘

o
In Chapter VII, we study the three gluon decay of the Z . The process

proceeds mainly through the six box diagrams-with one heavy external leg.



This process is quite similar to photon splitting in QED, and, along
with photon-photon scattering, which so far has been tested only in the
electron and muon magnetic moments, are examples of non-linear effects
in QED and QCD.

We calculate the differential and the total decay rates, using the
standard W~-S model and QCD.

In Chapter VIII, we present the differential and the total cross
sections for the process e+e_ - ggg mediated by a virtual photon in the
continuum. A detailed comparison with e+e- g qag is given.

Finally, Chapter IX contains a summary of the obtained results and

conclusions.
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CHAPTER II

STATUS OF THE ANOMALOUS MAGNETIC

MOMENTS OF THE LEPTONS
Introduction

In this chapter we will review the experimental-as well as the
theoretical situation for the electron, positron and the positive and
negative muon magnetic moments.

From atomic spectroscopy the term g-factor or Landé-factor is
well-known, and we shall adopt the same definition for the gﬁ—factors of
the leptons. These are dimensionless numbers which relate their magnetic

dipole moments to their intrinsic angular momentum (spin). We can there-

e . . .
o = gl(ch)' and if the leptons obey the Dirac equation,

fore write u
then gg=2 exactly.l
An eventual substructure would lead to a deviation from the point-

like structure, implied by the Dirac equation, and therefore to a 9,
value different from two. For other spin-% particles such as the proton
and neutron, the substructure leads to a substantial change in their
magnetic moments, namely gp = 2.79 and 9, = -1.91. Based on the present
(5 x 10°°) fermionic

substructure could occur only at distances smaller than 2 x lO_16 cm,2

The Experiment
level of agreement between 9 °tY and 9e perimen

which is roughly a factor lO_5 smaller than the Compton wave length of

the electron.

11
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However, even in the absence of an intrinsic structure of ﬁhe
leptons, the electromagnetic interaction leads to a modification of the
-3
gg—factor of the order 10 ~. One then defines the so called anomalous

magnetic moment a,, in such a way, that gz = 2(l+a2) or a, = %(gz—Z)

L L

and, hence, the name "g-2 experiments".
Experimental Status

When leptons are placed in a circular orbit in a plane perpendicular
to a uniform static magnetic field, the spin will rotate faster than the

momentum vector with a relative frequency (anomaly frequency) Ga = aL -

B B - g, (2
L~ 9% omc’ 'S

B - B . -
w = a (E—). Here w = 9—-15 the cyclotron frequency and w
2 ‘'mc c mc

the Larmor spin frequency. In principle, by measuring v, and Vc' we can

Va VL"Ve
determine the anomaly a, = — = .
2 vc vc

We shall begin by describing the latest g-2 experiment of the elec-
tron, which is basically a radiofrequency experiment.3 A non-relativistic
electron (1 meV) is stored and kept in a so-called Penning trap. The
axial oscillatory resonance frequency v, = 60 MHZ is easily detected.

The electron is bound to the earth, (through the axial magnetic field
and the electric quadrupole field) in a superheavy atom called "Geonium".
The Breit-Rabi energy levels are given as (m = * %, n,k,q = 0,1,2,...)

l = ) 1 - 1 - 1 -
o Emnkq m vs + (n+»5)(vc 6e) +  (k+%) vz (q+2)vm . (1-1)

Due to the electric field, the cyclotron frequency has been changed to
2
bt = L -_ 3 .
Vo Se where 6e 5 VZ/(\)C Ge). v, is the magnetron frequency, which for

ideal axial symmetry is equal to Ge.

Spin flips at the anomaly frequency and excitation of the cyclotron
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resonance are detected by making vz slightly dependent on m and n. Use
of a magnetic bottle leads to 6vz(m,n) = (m+n+l)Hz.

Now by monitoring the axial frequéncy the‘cyclotron resonance is mea-
sured via excitation to n>>1, while spin-flips and therefore va is
measured as changes sz = * 1.0 HZ when Am = = 1 (n=0) occur.

This leads to the incredibly precise value

1159 652 200(40) x 10 2

jo1]
Il

and, hence,

2.002319304400(80)

Q
It

which is one of the most accurate measurements of any physical quantity
ever determined.

This experimental set up can also be used to determine the positron
anomaly ae+ very acqurately. A preliminary result for ae+ has recently

4
been obtained, with the value

a, = 1159 652 222(50) x 10 = .

Together with ae_ this give a weighted average value

a_, = 1159 652 211(32) x 10712,

This gives an extremely good test of the CPT-theorem, which states

-9
that ge+ = ge_. From above follows ae_ - ae+|/ae >~ 19 x 10 or
~-12, . . . +3
ge_ - ge+|/ge ~ 11 x 10 ! This is an improvement of a factor 10
. . . . 5 .
compared with an earlier Russian experiment which gave Ige_ - ge+

/9, = 12 x 1077,
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Next we describe the latest CERN muon (g-2) experiment,6 which pro-
vides us also with a test of Einstein's theory of special felativity
(time dilation), and the CPT-theorem.

First we notice that the anomaly frequency is unaffected by time

2. -
dilation. Consider namely a high energy muon with vy = (1-8") l"$>>]..
The cyclotron frequency is Bc = 553 . The circular motion of the parti-

cle leads to a relativistic effect in which the particle rest frame

. . - 1, eB
appears to rotate with precession frequency W, = (1 - ;Jﬁz'(Thomas Pre-

7 L -
cession). The net angular rotation frequency of the spin is ws =
- - B - B )
w., - w_ = (a +-l) eB and therefore » = a_ = . Indeed v_ is unaffected
L T u Y mcC a H mc a

by time-dilation.

If we add a transverse electric field E, (to provide vertical

focusiné), we find

= = e
- au)BxE e (1-2)

w ' = aa + ( =
y -1

%

However, by choosing a vy = (1 + 1/au) ~ 29.3, or equivalently, a momen-
tum 3.094 GeV/c, the effect of E can be reduced to zero, leaving aa
unchanged.

The anomaly frequency is determined by looking at the observed

electron counting rate as a function of time

N(t) = No exp{-t/t}{1 - A[cos(wat + ¢) ]} (1-3)

where t = YTO is the dilated muon lifetime.
In the same experiment the effective mean proton resonance frequency
wé is determined leading to a known ratio R = wa/wp'. If this is com-

bined with measurements of A = wu-/wp- = (gp/gp) of muon to proton



15

. \ . s .. 8 : . :
frequencies in liquid Bromid, the anomaly can be determined from

au = R(R—A)_l. This leads to

a, = 1165 936(12) x 1077,
= 1165 1 =9
au+ = 1165 910(12) x 10
with an overall weighted value
-9
au = 116 5923(9) x 10 .

The CPT-theorem is tested very accurately by [g

-8
- = 2.6 x 10 .
u- gu+|/gu

Since the counting rate is damped exponentially we can also determine
+
the lifetimes of u . 1In this experiment y = 29.326, and using the best
value of muon life time at rest TO = 2.1 9711 us, yields a "theoretical"
. . . . exp
lifetime T = 64.435 us. From the counting rate it was found T =
64.378 us, thus leading to an accuracy of order 10-'3 of the time trans-
formation. The CPT theorem was tested by measuring Tp_ and Tu+. It was

found Tu_ - Tu+l/Tu s 3.0 x 10“3 giving a stronger limit on any possible

CPT violation.
Theoretical Status

First, we would like to show how the anomaly can be obtained formally
in Quantum field theory. We shall restrict ourselves to QED, and we

will show that the anomaly a = FZ(O)/FI(O)' where F (qz) are the elec-

10

1,2

tric and magnetic form factors respectively.

Let Ju(x) be the current operator. By definition the charge operator

A

Q and the magnetic moment operators ﬁé are:
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~ 3~ -

Q0 = Jfdr Jo(r,t)
and ' (1-4)
2 3- 1 - - -
M, = J[d'r Zrx J(r,t).
If we let ¢(x) be a "one electron" state, then the charge and the mag-
netic moment are the expectation values

e' = <o|Q|e>

and (1-5)

ng o= <M fe> .

Next we expand ¢(x) on a complete set of states with a given momen-

tum p and spin o:

o(x) = L ¢ U- e F'X (1-6)
po po  po
where U§0 are bispinors satisfying the Dirac equation
- = Q. (1—7)
(B m)Upo

The problem is then reduced to evaluating the matrix element <p'|Ju|p>.
Using gauge invariance, parity and charge conjugation conservation, the

most general matrix element is of the form

(pt+p'")

= : 2 il 2 =
p'la lp> = el O [F (@H4F, (@] - —5— Fyla) ) U, (1-8)

where g = p'~p is the momentum transfer.
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For the charge, one finds easily:

<p'|0lp> = eF, (o) <p'c'|po> (1-9)

and therefore e' = eFl(o).

That is,the charge is defined at zero momentum transfer. This is
the so-called Thompson limit. For QCD this limit does not exist and one
will instead have to define a "running coupling constant" e'(q2). We
shall return to this point in Chapter VI.

To obtain the interpretation of F2(q2) we will consider the non-

2
relativistic limit g »o. Then we can write
r
2x) = (¢ (1-10)
where X(r) is an ordinary spinor. After a tedious calculation one ends
up with

_ eFl(o) B e _
s —m— <L> + — 2 +F <S>
) >m > ™ [Fl(o) 2(o)] S

where the orbital angular momentum

<G> = ra’r x® (fx%%)X(f) (1-11)

and the spin angular momentum

- - .+ _ - -
<S> = fd3r X (¥) %-c X(r)
. eF_ (o)
i the Bohr magneton now is - -}———-we have
Since om m
_' el —_ el — 2
= — <L> + — g .- <S> -
Mo 2m <b> 2m 9g S (1-12)
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where the gz—factor is 2(l+a£) with a, = FZ(O)/Fl(O)'

I1f we switch off the EM interactions, then FZ(O) = O and the g-fac-
tor is indeed equal to two. The reasoﬂ a0 in field theory is due to
quantum fluctuations in the field associated with emission and absorp-
tion of virtual photons and the polarization of the vacuum by these
photons into virtual particle~antiparticle pairs.

This self interaction between the particle and its field leads to
infinities in QED. However, these infinities are less severe (diverges
at most logarithmically), than the ones in classical EM.

There are two types of infinities in QED. Ultraviolet divergencies
(UV) due to large momenta in the loop integrals, and infrared divergen-
cies (iR) due to the vanishing mass of the photon. The UV-divergencies
can be removed, order by order in perturbation theory, by adding
appropriate counter terms, such that the charge e'=e(Fl(o)=l) and
therefore a, = FZ(O)f This is known as renormalization. To handle the
IR-divergencies one gives the photon a fictitious mass A<<m, and drops
terms of order % and smaller. For each gauge invariant set of diagrams
and, in particular, in each order of perturbation theory, the diver-
gencies cancel, leaving a finite answer.

The anomaly can now be written formally as a power series expansion

2
in o = e /4w

4

(1-13)
) I "

(2) «a (4)
a, = By

o, 2 (6)
(;? + A2 - A

(7 + &3 4 al®

o
£ (Tl') 2 (;

and a, arises only from vertex diagrams. Unfortunately, not only does
the number of diagrams go like N!, in N'th order, but each

diagram leads to a (N+1)-dimensional parametric integral. These are

usually very singular along the edgesAof the integration region, and
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great care must be taken if one is doing numerical integration.
In lowest order (N=2) there is only one diagram (Figure 1). This

o1
was first calculated by Schwinger in 1948 ! with the result

(2) (2) Ly, (1-14)
m

In fourth order (N=4) there are seven mass-independent diagrams

(Figure 2). Here the contribution is also known exactlyl
(4) 197 i 1 2 3 a 2
= ———— — e + = O, . _
%e [t m-2m g2+ @10 (1-15)

In this order {(and higher) there are also mass dependent diagrams (Fig-
ure 3) due to vacuum polarization insertions. Usually the contribution

from muon vacuum polarization insertion into the electron vertex is

negligible. One has

m 2 2
4 ey L ey g
m 45 'm ™
H u
and (1-16)
m 2 m m m m 2 2
(4)( p) - El log u _ 25 + X e _ 4 e) 1 Mo, 134 ( e) ](9%
3 m 36 4 m m 45 m m
e e u U e
o 2
= 1.094 (=)
w

It is customary to quote the difference between au and a, which in general

is much easier to evaluate.
a -—a = a(h -a® =aY . (1-17)
e m m m

In sixth-order (N=6) we have 72 mass-independent diagrams (Figure 4),



Figure 1. Second-Order Contribution to the Lepton
Anomaly

Figure 2. Mass-Independent Fourth-Order Con-
tributions to the Lepton Anomaly

IANAN

Figure 3. Mass-Dependent Fourth-Order Contri-
bution to the Lepton Anomaly

20
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of which 51 diagrams are known exactly and the rest are known numerically

. 1
with the answer

3
(1) = [1.184(7)](%) )

However an alternate but uncorroborated calculation of the photon-photon

6)

scattering contribution to a; yields

(6) o 3
a,  (ID) = [1.213(14)](;).

There are 24 mass-dependent diagrams also. (Figure 5). Of these,
the six light by light diagrams are known numerically to O(1), and

. . . 1
account for the biggest contribution

2 m 3 3

(6) 27 U o o :
= — —_— - . —_ = 2]. — . -
a,” () [55- 1og — - 13.68] () 1.32() (1-18)
e
17 e
The other 18 diagrams are known analytically to O(;rﬂ.
u
m 2 m

2 2 Ty 31 kil 2m u 1075 25 2
— — — — oy S— — + ———— oy —
[9 log n_ + (27 + 5 3 log 2 + £ (3)) log m (216 18 m

5ﬂ2 11 4 2 2 2 1 4 8

= - — - = - =1 - = -
+ 3 log 2 3 ¢(3) + 216 ™ 5 7 log 2 5 og 2 3 a4) (1-19)

m 3 3
3199 2 16 2 13 3 eq,0 _ a
Goao ™ -9 " log2-15m) - ](n) = 1.92(7 .
Therefore
3
al® ©) _ 23.24¢% .
H e T

(6)

o
Since a, = (;) we see clearly the importance of the mass-dependent

diagrams.
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Figure 5.

‘Mass-Dependent Sixth-Order
to the Muon Anomaly

Contributions
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In eighth-order (N=8) there are altogether 891 mass independent
diagrams (not shown). These can be classified into five different
groups.14 The first group (25 diagramé) consists of second-order ver-
tex diagrams with second, fourth and sixth-order vacuum polarization
insertions. Numerical integration gives ai = 0.08(%04. The second
group (54 diagrams) contains fourth-order vertex diagrams with fourth-

IT a4
order vacuum polarization insertions. Numerically a, =- 0.52 (;0 .
The other three groups: (III) sixth-order vertex diagrams with second-
order vacuum polarization insertions (150 diagrams, (IV) vertex dia-
grams with photon-photon scattering sub-diagrams (144 diagrams) and (V)
diagrams containing no vacuum polarization loops (518 diagrams) are
unknown yet. However an answer 1is expected within the next year.

There are 469 mass-dependent diagrams (Figure 6). Of these, 304
diagrams (group A to F') give contributions, which can be obtained by

m
. . n
renormalization group techniques. The contribution to the log EE

e
18
terms (n =1,2,3) is
m m m 4 4
(8) _ _ 2 ¥ 3 M1y - o -
g = [Clog =+ D log” ==+ E log” —=J(0) =17.2(0) . (1-20)
e e e
. . 19
The group G contains 18 diagrams
3 m m 4 4
(8) _ r2rm 2. 1 TS I a -
ag = [ 3 log” — 15.1 log me](“) = 117.5() (1-21)

The groups H (18 diagrams) and J (3 diagrams) have been shown to not have
m
11
any log EE' The last three groups I (18 diagrams), K(48 diagrams) and
e 11
K' (60 diagrams) can be estimated to give

o 4
T+ 63(;0. .
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Figure 6. Mass-Dependent Eighth-Order
Contributions to the Muon
Anomaly

Figure 7. The Weak Contribution to the
Muon Anomaly
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This yields an estimate

4
a8 a8 L 135 s 63 (Y = (3.7 % 2.1) x 1072 .
M e m

Notice again the very large coefficient! This is due to the fact that

the main contribution arises from diagrams with electron insertion, in
m

which the expansion parameter is o log ;E rather than o itself.
) e

Also since the muon is fairly heavy, hadronic and weak contributions

will add to a .
H 2

The dominant part (order (%0 ) of the hadronic contribution

(Figure 8) comes from hadronic vacuum polarization insertion into the

2 .
lowest-order muon vertex. The muon anomaly is expressed as a spectral

: : + - A . .
integral over the total cross section for e e annihilation into hadrons

GH(s), where s is the CM-energy.

2
m
o 2
a(H) = —EE'f4n12 ds OH(S) K( )(s)
H 4T m H
where (1-22)
(2) 1 x2(1- ) 1
K (s) = [ ax X > =— for S - ®
H °© xm + (l-x)s
u
One finds
a® = (70.2 % 8.0) x 1077 .

3
In higher order (%) (Figure 9) one obtains

aéH) = (- 3.5+ 1.4) x 102

giving a total
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Figure 8. Hadronic Vacuum Polari-
zation Correction to
Lowest-Order Contri-

bution to au
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Figure 9. Hadronic Contributions

to au of Order (%0
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(H) _

a, = (66.7 + 9.4) x 10 °.

(1)

The contribution to ae is indeed very small since

0.2) x 10°°

o))
]
Y
=
I+

and

0.05 x 10" %2 .

v}
1R

1
1

In Table I and II we have given the different contributions to ae
and au using the latest value of a~l = 137.035963(15) (obtained from the
Josephson effect).22~ By comparison with the experimental values we see
that, in the case of the muon, theory and experiment agree beautifully.

In the case of the electron, there is a fair agreement (2.4 0)

6)

provided one uses a( (I). If, however aZ(II) is correct, there is a 3.3
e

standard deviation discrepancy between theory and experiment. Assuming

(8)
a
e

4 -
(%0 = 29 x 10 12, this could mean a breakdown of pure QED. But

(6)

before drawing such a conclusion, we must, of course, know the ae term

analytically, in particular the light by light contribution. This would

(6)
e

(I) and a (II) is correct.

also determine which of the two a ;6)
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TABLE I

CONTRIBUTIONS TO aZHEORY AND COMPRISON WITH azXPERIMENT
a;2) | (1161410039 + 130) x 10 -2
aé4) (=1772303 *+ 1) x 10 2
aé6)(1) (14838 + 88) x 10 2
a;6)(II) (15202 * 176) x 10 12
a:” | ‘ ? (29) x 10712
a(i4) (muon) 2.8 x 10—-12
aé‘l)(tauon) 0.01 x 10 12
ae(4) (hadron) l..6 x 10—12
ae(z)(weak) 0.05 x 10 12
azheory(l) (1159652567 + 150) x 10 12
azheory(II) (1159652931 + 220) x 10 12
gPHporinent (1159652200 *+ 40) x 10 +2

e
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TABLE II
CONTRIBUTIONS TO aiHEORY AND COMPARISON WITH aFoRIMENT
aéz) ~ (1161410.0 % 1.3) x 102
aﬁ4) (-1772.3) x 107>
aé6) (306.3 * 0.8) x 10>
%?) | (3.7 + 2.1) x 10 °
ali4) (electron) (5904.1) x 10_9
a:4) (tauon) 0.4 x lO'-9
aé4)(hadron) (70.2 % 8.0) x 10 °
aé6)(hadron) (-3.5 £ 1.4) x 10—9
aéz) (weak) (2.1 £ 0.2) x 10_9
azheory (1165920.0 * 13.8) x 10 °
Jbxperiment (1165923 + 12) x 10 °

M
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CHAPTER III

CORRECTIONS TO THE SIXTH-ORDER ANOMALOUS

MAGNETIC MOMENT OF THE MUON
Introduction

In sixth-order, the difference between the muon and electron mag-

netic moments can be expressed, for mu/me > 1, as

3
(6) () _ a7 2
a, - a = (ﬂ) {aln (mu/me) + Bln(mu/me) + C + D(me/mu)

2. 2 '
+ O[(me/mp) 1n (mu/me)]} . (3-1)

. 1,2
A and B are completely known analytically.”’

A = 2/9.

2
B = 31/27 + 71°/9 - 3%— 1n2 + z(3). (3-2)

All contributions to C, except the light-by-light contribution C(YY),

(yy) 4,5

3 .
are also known analytically. (C is known numerically. '7)

2 2 .
_ 1075 257 57 _ (YY)
= = -+ 23— 1n2 - 30(3) + 3¢, + C
where
11 4 2 2 .2 1 .4 8
C4 = gag ™ "3 " Im2-zln2-ga
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and

-

(3-3)

)
il
8

[3S]
o]

=}
>N

The only contribution to D which is known analytically is the double-
6
bubble contribution (diagram (d) of Figure 10)
@ = _4r?/s5 (3-4)
The contribution to D due to the other diagrams of Figure 10 'is known

numerically,

platbre) 5 6776256

pletf)  _ 4. : (3-5)

In this paper we present an analytic calculation of D , the contri-

(a+btc)

bution to D from fourth-order electron vacuum polarization (the proper

diagrams a, b and c of Figure 10).

7,8
This quantity is given by the following expression. '
(a+b+c) m 1 dxx 1 *(4) 1 *(4) o 2
D - - 2T fo ?I:;§;§7§ [; Imm (x) - ;-Imﬂ (l)]/(;?
(3-6)
where
= S IRC A SO S U L R SR
e =1 8 8 2 6 " 2.3 16 = 24
(1-x)
2 4 3 2 4
7 4 1+x 1 x  x (1+x) 1+x 1 x X
gg X )In() + G+ 3 - P IInE) - G-

8x

[40 (- 2% + 20 &% « ﬁ]} ' | (3-7)
1+x 1+x 2



a Cc

/ ; ; ;; WM / E ; ; ; N WL / ; ; ; ;j:\u
e e e M U e
(d) ' (e) '

e (f)

/ i X H / i YH / ;Z; N M
e e e
(a) (b) (c)

Figure 10. Feynman Diagrams Representing the Fourth-Order Vacuum Polarization
Contribution to the Sixth-Order Muon Anomaly

13
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and

1 mn*(4) ). (3-8)

So we can write

(atbtc) T ' 1.1 dxx
- —_ - + + + - - —_— -
D 5 211[Rl R2 + R3 R4 R5 2 fo (l—x2)3/2] (3-9)

where the five Ri correspond to the five terms in Egn. (3-7). It is

easy to see that R2 + R3, R4 and R5 are finite and the combination

1 .1 X
R'!' = R -—/[ (3-10)
2 2
1 4 "o (1-x )3/
is also finite.
We now evaluate the integrals. Our results are as follows:
1 m
v = e e —— -
Rl 2" 33 (3-11)
211w
R2 + R3 = 7mln2 - 588 (3-12)
and
l37r2 il 151w
4 = —— i — - -
R4 R5 36 5 1n2 516 (3-13)

Adding the terms in Egns. (3-11), (3-12) and (3-13) and substituting into

Egn. (3-9), we obtain our result.

3 2 2
(atbtc) 13w 16w 791
D = 18 5 In2 + ST = 5.6776257 (3-14)

This is in excellent agreement with the numerical value in Egn. (3-5):
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Interestingly, although the term proportional to T cancels out, there
remains a ﬂ3 term. This is.the first time an odd power of T occurs in
a g-2 contribution.

Using Egns. (3-4), (3-5) and (3-14), the contribution to D from all

the graphs of Figure 10 can be written,

l3'rr3 _ l67r2 1n2 + 3837r2
18 9 135

+ +

D(a bre) D(d) + D(e f). . (3-15)
We would like to mention that the above result in Egn. (3-15) can be

also obtained from the vacuum polarization potential of muonic atoms in

2 . .
order o (Za). For more on this point see Reference 9.
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CHAPTER IV

MORE CORRECTIONS TO THE SIXTH-ORDER ANOMALOUS

MAGNETIC MOMENT OF THE MUON

Introduction
6) _ _(6) a >
The contributions to au - ae (in units of (;) ) from the graphs
in Figures 11 and 12 are respectively:l
_ o at 1 (2) (4)
;L = 2 f4m2 t n'Im“e (t) Lu (t),
_ © dt 1 (2) (4) _
IM = 2 f4m§ T 7 Im1Te (t) Mu (t) (4-1)
with the total given by
L, a1l (2) (4)
I, =2 I4m2 T g T (t) Ku (t)
where
4 4
K(4) (4) (4)

(t) ELU (t) + MU ().

(2)

1 . .
Here~; Imﬂe (t) is the second-order spectral function

B ¢ SR R - am 2
T Imwe (t) = x(2 3 X ) 6(t 4me )

39



AN AR, A
AVat
ANYA AN

Figure 11.

%>%%3>

1
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Figure 12.
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Sixth-Order Vertex Graphs With Mixed Fourth-Order Vacuum
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with

dm 1/2
x = (1 -—3 (4-2)

while K£4)(t) and L:4)(t) are one half of the fourth-order anomaly, with

a heavy photon of mass /E; with and without vacuum polarization inser-

tions, respectively.

For b = _EE > 4 we havel
m
U
(4) 139 115 19 7 23 .2 1
= - == 4 = - = Lo 4 —
K, @) ast 7y PTGy 3gbt P tpog) logb
4 127 115 . 2 log y 9 5 1.2 2
+[-=+=—Dbp-="1Dp" + = =2 Y 4 4+ —=Db-=0b" -2
] Vb (b-4) T+ 22 2 b £(2)

3 36 72 144

24 48 Vb (b-4)
19 53 1 2 2
Qg 48b— b "3 a9
D (b)
17 .2 7 .3 p
+ (- 2b+——-b - =
12 )/b(b-4)
) (lé__ 1., EE__ 23.— 4 D_ (b)
3 T 6 4 6 b-4" /b(b-4)
17 1.2
- - = + = -
+ G 6b 2b)T(b) (4-3)
and
35 8 5,2
wPm = B Spe 2207 1090

M 36 9 9 18



2
19 4p 5.3 logy
+ (-2 =2 p 4+ e 2pY) =
9 18 Vb (b-4)
2 2
2 1 b b
+ (1 + G b)C(Z) + (2 + e~ 13 " 3b) log'y

+ —— oy e— ot ——— ——
3 3 3 3 Vb (b-4)
with
_ Vb -V/b4
Vb + Vb-4 '
. 1 2
Dp(b) = L12(y) + log y log(l-y) - 2 log'y - z(2),
. 1 2 .1
Dm(b) = L12(—y) + 2 log'y + 2 z(2)
and
. . 2
T(b) = -6L13(y) - 3L13(—y) + log v log(l-y)

2
+ 2 [1og”y + 62(2)] Log(1+y)

+ 2 log y [Li,(-y) + 2L12(y)] .

Outline of Calculation

The integral IK in Egqn. (4-1) can be written as follows:

_ 2 (2) oy 2 at _ (4)
e = 7 Imvre () f4m2 T K (t)
e
(4) o at rl (2) _ 1 (2) -
+ AZKU (o) f4mez T .[ﬂ Imﬂe' (t) e ImTre ( )] + R

K

43

(4-4)

(4-5)
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= QK+RK+SK (4-6)
wherel
2 m
_ 197 | w_ 2ﬂ -E
o = G+ log 2 + z(3)] log
e
2861 77 2  5n° 11 4 2n° 2
s et gleg 2 -5 (3 4 g’ - Z log2
1 4 8
- gl2-3al
® 1
2, = 2 Tha
2 n
~ » dt gl (2, _ 1. ( (4 (4)
R.K = 2f@ﬂ [ﬂImr (t) - (M]k gl(oﬂ
and
4m 2
_ 2 (), e dt r (4, _ (4
Sg = = T Imm (=) S &' (v) K, (o) ] .

We will show in Appendix A that, in the limit b - O,

4 1 .
Kﬁ )(b) = K£4)(o) - %’/E-— E-b log b + 0(b)

with the fourth-order result having been verified to be

(@) 197 12 n°

(o) = —-——-+————-—log2+—§(3) (4-7)

U 144 12 2

Since the result in Egn. (4-7) plays a crucial role in our calcula-

tion, we have performed a numerical check. The results of our numerical
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computations are shown in Figures 13 and 14. In Figure 13 we have
plotted K;4)(o) - K(4)(b) —‘g-log b versus Yb. One can see that in

the limit b - O, the computed points asymptotically approach a straight
line through the origin of slope .39 = 7/8, in agreement with the result

of Egn. (4-7). 1In Figure 14 we have a semi-log plot of b versus

Lk - x@

5 0 y (o) + g-/g‘]. Again, in the limit b > O, the com-

puted points asymptotically approach a straight line. The line inter-

cepts the vertical axis at b = 1 (log b = 0). The slope is - 1.15,

which becomes on conversion to the natural log, - 1.15/log 10 = - 1.15/
2.30 = - .50, in agreement with the result of Egn. (4-7).
Te
- Using Egns. (4-6) and (4-7) one finds to order o
u
i ﬂz Te
= 3rsd o
U
and
r Te
k T 3 m
u
or
ﬂ2 Mo
Re*S¢ = § @ - (4-8)
U
Similarly, we have
I = + R + S
M QM M

with2
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Figure 13. Ké4)(o) - Ké4)(b)'—~g log b Plotted Versus Vb x 102. The Fact That

the Computed Points Approach A Straight Line Through the Origin

With the Correct Slope Provides a Numerical Verification of Eqgn.
(4-7)
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slope=-1.15
4/

= —log 10
2
102
10~ | l 1 —>
0 1 2 3 4 5

1@ by = k(4 8t

Sk (o) — kDo) +5 Vb
Figure 14. Semi-Log Plot of b Versue % [Ké4)(b) - Ké4)(o)

m
+-§ /gh]. The Fact That the Computed Points

Approach a Straight Line With the Correct Slope
and the Vertical Intercept a b=1 Provides a
Numerical Verification of Eqn. (4-7)
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2 m C2
119 4 u m 61
== - — —+ [=-—=] .
o [557 - 51 oo m_ 57 - 162
3 m 2
RM + SM is known numerically to be of order (Eg) .
U
We find easily, in the limit b - O,
P m = v+ [1Ls _ 5—2—]' b+ 072
M U 108 9
with
(4) 119 12
M]J (o) = =6 "3 ¢ | (4-9)
m 2
Egn. (4-9) now shows that only the order (Eg) term is present in RM +
U
SM.
Summary of Results for a&6) - aé6)

The total contribution from all graphs in sixth order, to the dif-
ference between the muon and electron magnetic moments, for mu/me >> 1,

is given by

3 m m
a(6) - a(6) = (90 [a 1092-—E + B log L ic
u e m m m
e e
m me 2 5 mu
e
+ — + — —E
D — O((m) log m)]
U U e

- . 4
All coefficients are now completely known analytically except for the

. . . . Yy
light-by-1light contributions to C and D, denoted by C( ) and D(YY),

re-
. . . . . . . 5
spectively. (The light-by-light contribution is known numerically ).

The results are:
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2
A = '5 ’
2 2
31 VEis 27
= == 4 —_—— - ——
B 57 5 3 log 2 + £(3),
1075 25 2 51r2 (YY)
= — - == —_— - + +
C 516 1s T + 3 log 2 3 z(3) 3C4 C
with
11 4 2 2 2 1 4 8
€4 = Gag™ ~ 7T lg2-g7lg2-ga,
and
3199 2 16 2 13 3 (YY)
= — - —— ——— + . -
Toa0 " 5 " log 2 8" D (4-10)
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CHAPTER V

BOREL TRANSFORM TECHNIQUE AND THE n-BUBBLE DIAGRAM

CONTRIBUTION TO THE LETPON ANCMALY
Introduction

In calculating the mass~-dependent contribution to the muon g-2, it
has been customary for many years to use the large mass ratio mu/me ~ 207

. 1,2
as a good expansion parameter.

We restrict ourselves to the class of
diagrams with electron vacuum polarizétion insertions into the lowest
order muon vertex (see Figure 15).

One considers the asymptotic part of the photon's self-energy
d:(q2/m2), that is, terms of order O(mi/qz) are neglected.3 From this
one can, in principle, calculate the anomaly to O(l). Another possibility
is to use the Kinoshita—-method.4 For low order perturbation theory this
approximation seems to'work very well. The question is whether this will
be valid in high order n>>1, and héw strongly the approximation depends
on mu/me.

It is the purpose of this paper to investigate this question for a
simple class of diag?ams, namely the mass-dependent n-bubble diagram (see
Figure 16).

- Our analysis shows that the expansion breaks down for n > n_s where
n, is dependent on the mass ratio mu/me. In particular we show that the

answer starts oscillating like (—1)n in disagreement with the exact anomaly

which is positive for all n.

51
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W

Figure 15. Electron Vacuum Polari-
zation Insertion Into
the Lowest-Order Muon
Vertex

i

Figure 16. The Mass-Dependent n-Bubble
Diagram Contributing to
g-2 of the Muon
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It is possible to explain why this so-called "false expansidn"
breaks down. We have neglected terms like mz/qz. Now to gét the full
anomaly one must integrate dR(qz/mz) with q2 = - mi x2/(l—x) over the
range O < x £>l. Clearly, the term mz/q2 contains a singularity at x=0,
and so the neglected terms may become important! The full anomaly does
not have such a problem since dR goes to zero for x - O.

It has been shown earlier that d: satisfies a homogenous Callan-
Symanzik equation,3 and since the asymptotic anomaly is a linear functional
of d;, it itself satisfies a CS-equation. This equation is then solved
to all orders, but in view of the above, one might question the validity
of this. That is, one can not neglect the right-hand side function
A(qz/mz) in the CS equation even if A(qz/mz) »> 0.

Downstairs we calculate the anomaly exactly for all n, in the
limit mu/me >> 1, by making use of the Borel transform technique.5 For
large n an approximate expression is obtained. The exact anomaly is eval-
uated numerically and is compared to the above mentioned anomaly for dif-

ferent mass ratios. We also compare with Lautrup's asymptotic estimate.
Muon Anomaly From the Mass-Dependent n-Bubble Diagram

The exact muon anomaly from the mass-dependent n-bubble diagram is

n+1l
o where
a (=)
nw
2
2 m n
.1 (2) X u
a = fo dx(1-x)[- = ( e ——50] (5-1)
m .
e
n(z) being the standard second order vacuum polarization function6 given
by
2 2
(2) , t _ 8 § 1 s §-1
T (m 2) = 53 +,(2 6‘)6 log 51
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and

§ = (1 - 4m§/t)l/2 .
The anomaly (evaluated in the limit mu/me >> 1) is denoted bn and uses

the asymptotic vacuum polarization function

5 2 u 1
== - = - - = 1o =¥— . 5=2
9 3 tog m 3 g ( )

(2)

Furthermore, let c stand for the anomaly with the x2 in m_~° replaced

by 1. c, represents the true asymptotic value of a for large n.

. 5 2
In the following let L stand for log mu/me, a = 3" §-L and b = -

Wl

In order to evaluate bn we will consider the Borel transform B(k) of the

series
® n
z 5-3
n=0 an ( )
. . . 5
which is defined as
b °n 0 (5-4)
B(k) = nZo nt < -
Using Egns. (5-1), (5-2) and (5-4) one finds
_ -Ka (1+kb) T (1+kb) T (1-2kb)
Blk) = e (2-xb) (1-xb) T (1-cb) - (5-5)
To obtain bn one now differentiates B(x) n times with respect to k:
n
p = 4B} o gy (5-6)

n n
dk K=
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Since it is easier to differentiate log TI'(Z), we find it convenient to

define G(k) = log B(k). Using the fact that the Euler-function Y(Z) sat-

isfies
¥E) = £ log I(2)
(5-7)
o™ (z) = 1™z
7=1 '
we find
(1) _ S, _ 2. _2
GO = -a+zb = FL-g
¢ (0) = bn(n-l)!{(—l)n_l + 4
21‘1
+ @[+ 2" - 1]}, n 2 2. (5-8)
Asymptotically for large n, G(n)(o) approaches
c™ o) = (2b)*(n-1)! (5-9)

To obtain bn we first notice that the following recursion formula holds

(easily proved by differentiation of B(x) = exp{G(k)}):

(n) _onolone1l (n-k) (k)
B (k) = kéo ( X )G (x)B () (5-10)

and, therefore,

n-1 1.1 (n-k)

LT ko X G (o)bk . (5-11)

If we further write



56

. n m
= Z L -
bn m=0 bn,m ! (5-12)
Egn. (5-11) gives easily
L - 2 _ 25
n,m 3 n-1,m-1 18 n-1,m
+ 32 5heR o) (5-13)
k= k k,m
with the requirement b = %-60 o We now have a recursion relation
r 14
allowing us to calculate the coefficients bn of Lm for arbitrary n.
’

. 7
Using "REDUCE", we have calculated bn n 9P to n=18. Table III shows the
r
1,2,3,4
results up to n=5. The n=0,1,2,3 values are well-known.
To get an asymptotic estimate for bﬁ for n>>1, we go back to Eqgn.
(5-2). We notice that the singularity at x=0 is stronger than the x=1

singularity. Putting x=0, and using the Method of Steepest Descents we

obtain for large n

m
(—If) , n>>1 . (5-14)
u

n e5/6

Notice that the answer is of O(me/mu) and so is comparable with the
neglected terms. For a mass ratio mu/me = 10, we checked that this esti-
mate was good to within 2% for n > 6 (see Table IV). To see how good bn
approximates a we evaluated a by numerical integration. The results

6
for a , b and ¢ where
n n n

(;rﬁ (5-15)

are shown in Tables V and VI for the mass ratios mu/me = 207 and mu/me 10.



TABLE III

THE COEFFICIENTS bn

’

UP TO n=5
m

57

T 27

o

1
2
_ 25
36
1
3
2 317
5 22 + 337
_ 25
27
2
9
2 25 8609
2 =5 83 - 55 e2) - g
4 317
5 22+ 755
_ 23
27
4
27
16 8 2 100
: = 0 (4) + 57 c (2) + o1 z(3)
16 200 8602
- 57 503 - g7 2 - 5757
16 634
27 22+ 553
200
243
8
81

634

+ ——= 7 (2)

243

64613

26244



TABLE III (Continued)
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.

:——S'IC(?))

40

80
- 57 500) - g7 5(3)

43

6561

160
81

80

160
243

1000 500 _2

3170

£(2) - 55 t(4) - == ¢ (2) - 555 t(3)

243 243

045 _ 2182775

£(2)

£(4) + —2—‘% % (2)

1000
243

6340

¢(2) + o787

500

72

16
243

9

- 5= t(2) -

472392

1000 6340
+ 543 z(3) + 755 z(2)

43045
6561

729

323065

39366
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TABLE IV
m
CHECK OF ASYMPTOTIC EXPRESSION FOR bn FOR THE MASS RATIO l’_('l-H = 10
e

n bn bn (Asympt)
0 0.500 0.230

1 0.072 - 0.153

2 0.390 0.205

3 - 0.180 - 0.409

4 1.36 1.09

5 - 3.23 - 3.64

6 1.51 x 10t 1.45 x 10"
7 - 6.70 x 10" - 6.78 x 10T
8 3.64 x 10° 3.62 x 10°
9 - 2.17 x 10° - 2.17 x 10°
10 1.45 x 10° 1.45 x 10
11 - 1.06 x 10° - 1.06 x 10°
12 £.52 x 10° 8.49 x 10°
13 - 7.38 x 10° - 7.36 x 10°
14 6.89 x 10 6.87 x 10’
15 - 6.89 x 10° - 6.87 x 10°




TABLE V

THE QUANTITIES a_, b_AND c_UP TO n = 15 FOR THE
m
PHYSICAL MASS RATIO r—nﬁ = 207

e
n b
n
7
0 0.500 0.5 3.27 10
6
1 1.09 1.08 5.45 10
6
2 2.72 2.72 1.82 10
5
3 7.23 7.19 9.10 10
4 2.02 lOl 2.02 10l 6.06 105
5 5.85 lOl 5.81 lO1 5.05 lO5
6 1.75 102 1.75 lO2 5.05 lO5
7 5.40 lO2 5.34 lO2 5.90 105
8 1.71 lO3 1.71 lO3 7.86 lO6
9 5.53 103 5.40 lO3 1.18 lO6
10 1.83 lO4 1.89 104 1.97 lO6
11 6.20 104 5.65 lO4 3.60 106
12 2.14 x 105 2.54 lO5 7.21 lO6
13 7.55 105 3.96 lO5 1.56 lO7
6
14 2.71 106 6.06 10 3.64 lO7
15 9.93 106 - 2.36 lO7 9.11 lO7




TABLE VI

THE QUANTITIES a bn AND ¢, UP TO n = 20

n'

m
FOR THE MASS RATIO —I-n—E- = 10

e

n a bn

0 0.500 0.500 1.78 x lO2
1 0.248 0.072 2.97 x 10
2 0.217 0.390 9.90

3 0.236 0.180 4.95

4 0.293 1.36 3.30

5 0.405 3.23 2.75

6 0.610 1.51 lOl 2.75

7 0.990 6.70 lOl 3.21

8 1.72 3.64 lO2 4.28

9 3.19 2.17 x lO3 6.42

10 6.30 1.45 lO4 1.07 lOl
11 1.31 lOl 1.06 lO5 1.96 lOl
12 2.92 lOl 8.52 lO5 3.93 lO1
13 6.84 lOl 7.38 lO6 8.50 lO1
14 1.69 102 6.69 lO7 1.98 lO2
15 4.42 lO2 6.89 lO8 4.96 102
16 1.21 lO3 7.35 109 1.32 lO3
17 3.54 103 8.33 10lO 3.75 lO3
18 1.08 104 9.99 lO]'l 1.12 lO4
1° 3.45 lO4 1.27 1013 3.56 lO4
20 1.15 lO5 1.69 lO14 1.17 lO5
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We see that for the physical mass ratio mu/me = 207 the approxima-
tion a_ = b is good up to n = 10, while for the ratio mu/me = 10, the
approximation is totally wrong for all n 2 1. That is, in the latter
case, the neglected terms of O(me/mu) are now bigger than the logarithmic
terms and the O(l) term together! On the other hand for n > 18, the
approximation an = cn is very good.

To summarize, for very large mass ratios, bn provides a good approxi-
mation for low n, while c is good for very large n. In the region in
between, neither is valid, and one must, therefore, use the full anomaly.
This might have some relevance for the t1-lepton anomaly with muon bubble

insertions since (mT/mu) = 16.9.
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CHAPTER VI
ELEMENTS OF GAUGE THEORIES
The Need for Color

Soon after the quark model was introduced by Gell-Mann and Zweig in
1964,1 an apparent paradox arose concerning the properties of the
quarks. We recall from Chapter I that the baryons are three quark states
Iqqq> and the mesons are quark-antiquark pairs, |q§>. These quarks come
in 5(6) different flavors denoted u,d,s,c,b(t). The problem has to do
with the spin-statistics theorem. Consider the A++ made of three u-quarks
or @ made of three s-quarks. Now, since the spin of the quarks is J=%,
and A++, Q have J =-%, they should satisfy Fermi-Dirac statistics.
However, in the ground state (S-wave), the A++ and Q are totally symme-
tric in interchanging the quarks.

The easiest way éut of this puzzle, is to introduce a new quantum
number called “color".2 Each quark flavor now comes in three varieties
"red", "green" or "blue." We shall later see that "color" is the non-
Abelian counterpart of electric charge. The wave function is now made
totally antisymmetrie in the color indices (ijk).

1

|A g=2> = = z € |u > .
! 2 Y6 i=R,G,B “ijk ''i jlﬁ(

In group theoretical language, this state now forms a singlet under

SU(3) -color, which is easily seen from the decomposition

64
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]
-

8 % 10 .

4+
[o0]
TN

3 k3 'x 3
Similarly for the mesons |q§>, we have the decomposition
3 {X. 3 = 1 {4 8.

Notice, however, that a diquark |gg> can not exist in a singlet

state:
3 (x' 3 = 6@3;{31.

We have chosen three colors, for which there is good experimental evi-
dence. If we had chosen, say, four colors, the lowest singlet state
would have been a four quark state qqqq>3. This "exotic" state has
not been seen in nature. |

We could have chosen instead an SO(3)-color group. However, this
would have allowed a diquark, and moreover, it would lead to no asymp-
totic freedom for Nf > 2, and we know already that Nf > 5.

The reason we choose the color singlet state, is that free quarks have
not been ébserved in any high energy experiment, and it is natural to
postulate "colox" confinement. However, there is an experiment by Fair-
bank et al., in which they claim to see fractional charges of * 1/3 e.
Whether these charges can be identified with quarks is too early to say,
and if it does, would it mean that QCD is wrong? Clearly other experiments
would be important to confirm Fairbank's experiment.

There is additional experimental evidence for N=3 colors. First con-
sider the decay no+yy. Using PCAC,5 one can relate this decay to the axial
vector coupling to two photons, which in lowest order proceeds via a
virtual quark loop (VVA - triangle diagram).

The decay rate is then given as:
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™ (r%yy) = 52 0.89 eV = 8.01 ev
for N = 3 colors. The experimental value is

rEXP (%syy) = (7.95 + 0.55) ev

This is clearly an indication of N = 3 colors.
Evidence for N = .3 colors is also obtained by considering the so-
called R value, which is defined in electron-positron annihilation into

hadrons as:

4+ -
OT(e e - hadrons)
R = .
+ - + -
o (ee >yuu)

In the asymptotic high-energy region one has

= z 2
= N % q.
R ;9

where qQ is the quark charge. Below "charm", one has experimentally

R=z=2-2.5 (ud,s), while RTH = 3-% = 2(N=3). Above the "charm" thresh-

hold, R = 4.5-5. Now, allowing one unit of REXP for 1 lepton production,

TH .. . EXP .
the value R = lg is in good agreement with R X . For CM energies
above 13 GeV, the data shows R to be constant with <R> = 3.94. With five

TH . . . R . R
flavors R = 3.7. Including radiative corrections, this value is

TH
actually lifted to R = 3.92.

The last reason we give for color is of a theoretical nature, and has
to do with cancellation of the Adler-Bell-Jackiw anomalies (VVA triangle
diagrams).7 It is required, that these anomalies, which are independent
of the masses of the leptons and quarks, cancel in order to have a renormali-

. 8 - ~ . .
zation theory. In the Standard Model of electro-weak and strong interactions,
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A

the condition reads Tr[éiep'+ Q

_ 3,9 Soa s
] = 0, where Qlep and Q are the

had had

charge matrices for leptons and quarks.
We shall assume lepton-hadron universality, so that to each weak-

isospin doublet corresponds a gquark doublet:

and
u c t
d s b
Since Q(v ) =0, Q(e,u,7) =1, Q(u,c,t) = 2 ana Q(d,s,b) = - L e
e,u,T ’ r M ’ AN 3 =P 3
find
Tr[Qlep * Qhad] =-3+N

In order for this to vanish, we must have precisely N=3. We shall dis-

cuss the Standard-Model later.
Gauge Invariance of Abelian QED and Non-Abelian QCD

We begin with the free field Lagrangian for a massive fermionic

field (x):2"10

L, = V(%) (iy-m)y (6-1)

where the slashed notation # = auyu, YU being the usual gamma matrices.

Clearly LF is invariant under the global transformation

P(x) > P'(x) = exp{-ib }p(x)
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and leads to a conserved current ju(x) = @(x)yuw(x).

This is not very exciting, since we are just multiplying the wave-
function by a phase factor, which is a non-observable. So let us instead
try to make LF invariant under a local transformation Y(x) > U(X)y(X) =
exp {-i6 (x) }Y(x) .

However, we discover that since

auw(x) > U(x) {auw - i aue} (6=2)

LF is no longer invariant. The way to remedy this, is to introduce an
Abelian gauge field AU' and define a covariant derivative Du =3 p igAu,

and require Au to transform as

A, >l = UAHU—l - % (auu)u"l - a, -é 2,0 - (6-3)
A little algebra now shows that Duw transforms as
(D) > @' = (2 ~igal)y"
= (au—igAu + iBue)U(x)w(x) = U(x)(Duw)._ (6-4)
and the Lagrangian
L, = J»(i;zsu-m)lp (6-5)

is indeed invariant. pNotice that we have introduced the minimal coupling
to the electromagnetic field: LI = gju(x)Au(x).

To get the total QED Lagrangian, we must add the kinetic term:

_o_lg W
L = 2 F F
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i i =93 A - 03 A is clearl
where the electromagnetic field tensor Fuv 2By NS i Yy

invariant. To summarize, the QED Lagrangian is

'-
it

QED LF * LI * Lesn
(6-6)
Y

T (x) (iP-m) ¥ (x) - Ilf N

with one conserved current. This is the Abelian U(l) symmetry.

We will now try to generalize QED by imposing an SU(N) symmetry

3,9,10

instead. Each fermion (quark) is now represented as a (Nigfl)

color matrix (wi)i and the fermion Lagrangian is

=1,2,...,N

- . A
LF = wi(lﬁsij - Mij)wj (6~7)

A, ' .
where Mij is the mass matrix.

Again we will consider the local transformation
' = = '—'
wi(X) > wi(X) U(X)wi(X) exp{.l Taea(x)}W(X) .

2
Notice that since we require SU(N) symmetry, we need N -1 generators Ta

2
and, therefore, N -1 parameters Ga(x).

1 . . . .
E‘Ta, Ta being the ordinary Pauli-matrices,

For N=2, we have Ta
1 .
and for N=3 we have Ta = 3~Xa, Aa being the Gell-Mann matrices.

isf T =1if
The generators Ta no longer commute, but satisfy [Ta, b] i abc Tc

are the structure constants of SU(N). For N=2, f = g

where fa abe abe”

bc
Ta now represents the non-Abelian charge.

. . . a .
For each generator, we introduce a Non-Abelian field Au and define

the covariant derivative D;J = ¢*J &u— ig(Ta)lJ Az, with Az transforming

as

vrta?dut - & Myyut. (6-8)
u g

a8 (TaAa),
H H
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Then we find again (Dijw)' = U(Dijw). If Ga(x) is infinitesimal, we
obtain
(2t = [1 - itPe®]r®a%[1+11%°] - L 1% 62
U U g U
(6-9)
= 122 ¢ 1082 [12,1°] - L 1 62 .
u U g U
Using [Ta,Tb] = lfabc Té yields
[}
A% = A% 4 AP Pt L1 42 (6-10)
H H H g U

The second term represents an isospin rotation. Egn. (6-10) also shows

a . . .
that the transformation of Ap is representation independent.

How should we define Fiv this time. It must transform as

a
P >uTrt v
uv

-1 (6-11)
HV ’

which, for infinitesimal transformations, reads

(1 - ineb]TaFiv[l + i1%°] (6-12)

and, using the technique as above, we find

¥
P2 > Fd = > 4 o2f%PC g€ | (6-13)
uv uv uv uv

which is an isospin rotation. Clearly.

] 1
Fa Fauv - Fa Fauv + 26bfacha Fcuv
uv uv uv
auv
= g poH (6-14)
uv

due to the antisymmetry of £



We claim that

P2 = 5 2% -3 a% 4+ g £3PC pPaC
HV BV v [TURY
will do the job.
After some trivial algebra one finds
1
Fa _ Fa. + fabc eb (3 Ac -3 AC)
HY Hv (TR v
+ gfabc ed (fbde AaAe + fade AeAb).
TRV TRV

The last parenthesis can be written as

d
g(fabd faec + fabe fadc)ebAuAi

-~ g fabc fcde eb Ad Ae
H oV

where we have used the Jacobi identity

([r o lx 1+ [lr,,7 1o 1+ [[r 17 1=0

and [Ta,Tb] =if, T.
]

It follows that Fiv can be written as in Egn. (6-13)

]
Fa _ Fa + ebfabc Fc
uv HV uv

The QCD Lagrangian is then

-, A 1l _a auv
= - -—=F F .
LQCD 1pi(lwij Mij)lpj 4 pv
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(6-15)

(6-16)

(6-17)

(6-18)

(6-19)
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The Standard Model

For completeness we would like to describe the Weinberg-Salam model
of the electro-weak interactions. The gauge group is here SU(Z)L{XEU(I)
where SU(2) is the weak isospin group.g-'lo If we also include quarks
with the gauge group SU(B)C,‘we call this the Standard Model.

We begin with the W-S model, which consists of a weak isospin

doublet of a left-handed electron and neutrino

1
where eI‘E §%l+y5)e, and also a right handed electron (singlet)

1
ep = E(l—YS)e' We shall assume that these particles are massless from

the beginning.
Let the generator for the U(l) symmetry be denoted weak hyper-

1
charge Y, so that the charge Q = T3 + E-Y. Clearly Y(eL) = Y(vL) = =1

and Y(eR) = -2,

Assuming the SU(2)L X' U(l) symmetry, the fermion Lagrangian must

be invariant under the combined transformations.

L ~>1L

exp {- %-Taea(x)}L
and (6-20)

R > R' exp{- 1 6" (x) IR

a A
and we must add four gauge bosons Au (a=1,2,3) and Bu giving the

Lagrangian

L, = Lay+ % g 1% - % g'B)L + R(12- g'B)R

along with the kinetic term
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LKln = - —-F“V F 2 Gpv G (6-21)
where
Fiv =3 Ai -3 vAi‘ + g e:bc AﬁAg
and (6-22)
GUV = Bqu —BvBu
The ra's are the usual Pauli matrices
e $h P ThaaT 0D (6-23)

. 2 + -
The first step is to change (A&, AH) to two other fields (Wu,Wu)

(charged vector bosons):

1 1 + -
A = = (W + W
u /2(11 u)
(6-24)
. + _
22 = X w-w).
U Y2 M "
. .+ R
We also introduce the "charge currents" Ju = (ju)
Jy = vpYpen T VY, e (6-25)

where the last equality follows from the fact that Y5 anticommutes with
1 . . . . S
Yu and P =-5(l + ys) is a projection operator. It follows easily from

Egns. (6-23) and (6-25) that

(6-26)
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. .. 1 2 .
and, therefore, the part of the Lagrangian containing Au and Au is

g - M, 1 2 2 g .= tH .+ -H
ZIY (1A + A7) L =% W+ W (6-27
2 ( u u V2 [ju Iy ] )

The rest of the Lagrangian is

1 H 3.3 = U .3 3u 1 n_u
— LY T A -g'B )L-g'RY' B R]| = A + =g’ B 6-28
> [V "9'B,)L-g ' 1= g 3 59" 3, (6-28)
where we defined
3 1 - 3 1,- -
1T =1, Y = =Y - eY
Ju 5 L uT L 2(v uvL e ue)
and the "neutral current" (6-29)

.
=
1]

- g'LY L - 2g'RY R
I J u

=

- g' (VY +e Y +2e_ Y
g' (v uvL e y e ex y eR)

It is convenient to introduce the electromagnetic current

.e.m. .3

1l .n -
= + = = -eY e (6-30)
Iy T2 '
so that Egn. (6-28) becomes
.3_3u .e.m, .3, _H
AT + g'( - )BT . (6-31
cEM g' (G 3, )

. . 3 .
We then introduce a rotation of (AU'BU) > (AH'ZU)' in such a way so

that the "photon field" Au couples only to the electromagnetic current:

B (cos®  -sinb A
- w w H (6-32)
A ) sinb cosf 12 )
w w

= W¥E
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with

Bw is called the Weinberg angle.

We find easily from Egns. (6-31) and (6-32)

g'cosﬁw je'm‘ Au + g M

Therefore, we can identify the electric charge e = g sinew = g'cosew.
. .n
We have also defined the neutral current ju as

n 3 2 e.m 1l - - 2 -
no_ .3 . . -1 _ + si Y . B
3j ju sin ewju 2(\)YuvL eYueL) sin ew(e ue) (6-33)

The fermion Lagrangian'reads

TR
=== (jJ W H + qu

H g .n U e m. U
+ z" o+ A" . -34
) cosew Ju Ju ‘ (6-34)

Next, how do we include quarks? We will assume again a lefthanded

doublet

and, in this case, two right-handed singlets (uR) and (dR). Since Q(u) =

2 1

3 and Q(d) = -3 the hypercharges in this case are Y(uL) = Y(dL) =‘%,
4

Y(UR) = S-and Y(dR) = - %—. The Lagrangian is written in exactly the

ks .
same way. The Wu now changes a u-quark into a d-quark and vice versa.

H L

.n 1,- = ' 2 2 - 1 -

i = Zuy -4avy + ; = -=dy a. -
Ju 2(u y u y dL) e sin ew (3 u Yuu 3 YU ) (6-35)
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This is the Standard Model.
The next question is how do we generate the mass of the electron
while keeping the neutrino massless? This is done through a mechanism
) 11
known as spontaneous symmetry breaking (SBB).

We introduce an SU(2) doublet of complex scalar fields (all toget-

her four fields).

o= |1
¢o_
The scalar Lagrangian is
i a_a i 2 +
= + = + =g - -3
La = 130+ 59020 +59'B0|" -V 9 (6-36)

where the scalar potential is assumed to be (u2< 0)
+ 2, + +, .2
V(o ¢) = u (¢ 9) + A(d ) . (6-37)
The Yukawa interaction must be SU(2)L<§\U(1) invariant and reads

- + -
LY'u = - Ge(R¢ L + (L$)R) . (6-38)

+ 2
The potential V(¢ ¢) has a minimum at |¢| = (-u /ZA)%. Due to the
SU(2) symmetry we can choose this minimum such that only the neutral

component ¢o has a non-vanishing expectation value.

- L -
¢, =<ol¢|o> == W (6-39)

with
L

v o= (s,

Instead of expanding ¢ = ¢o + ¢l we will parametrize ¢ in terms of
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4 new fields Eo(a=l,2,3) and n which for infinitesimal fields reduces

a.a
_ ol t & (X)}
U(g) = expl v
-1 1
¢ = U (&) - ( © )I
/2 v+n
to ;L-(v+n+i£). This eliminates unwanted massless Goldstone Bosons.

Since we have SU(2) symmetry we can transform

V- _1 (o -
P = U b= ) (6-40)
while changing Ai
a_a' a_a -1 i -1
T Au = U(&)t AMU (&) - g (aLlU(i))U g .

The quadratic part of the. scalar Lagrangian becomes simply

2
1 2 22 v° 20102 2.2 3 L2
3 (3 %+ un +—é-{g[(ALl) + @) ]+<gAp"ng)} (6-41a)

while the quadratic part of the kinetic Lagrangian is
1 + +,2 1 2 1 2
- =93 w -3 - =(3 2 - 7 - =(92 A -2 A -41
2| N W)wul 4( " Bv u) 4( WPy % U) (6 b)

+
Introducing (W , Z, A) we obtain for the quadratic part of the total
Lagrangian

1 + +2 1 2y 42
L, =- Zlauw\) —a\)wu] + Z(gv) [Wul

2

-1 2 v 2 2 2
- = 7 -3 7 + — ' ! 6-42
203 W2 N u) g (g +3') (Zu) ( )
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1 2 1 2 2 2
- = A - A - = -
2 ( 3“ v 3v u) 5 (3u7ﬂ +un (6-42)

From this we see that three of the gauge bosons have acquired

masses, while the photon remains massless:
1
M4+ = EgV,

v, 2 12,1/2

M = —(g + g , M =0 (6-43)

with

Eﬂ cosf
MZ W

The last term; in Eqgn. (6-42) represents a heavy scalar particle
célled the "Higgs" boson with mass m, = lul2%.

What has happened is that three of the originally four massless
"Goldstone" Bosons have been eaten up by giving longitudinal terms
to the three vector bosons, which then acquire masses. One of the
left-over bo;ons has also acquired mass.

Finally, we would like to relate the coupling constants (g,g') to

-2

-5
the four fermion coupling constant G = 1.2 x 10 GeV .,

. 2, . . .
Since the W propagator for small g is simply g this give an

1
2 “uv
M

effective Lagrangian

1l g9 2 +.-q
E(MW) (]uj )

u

+.-
while the four fermion Lagrangian is Z/E'G(juj ). It follows

2
S = ~§L§-= ~l5 and therefore
V2 8MW 2v

M, = ) siie = 3?‘3 ~ 78 GeV (6-44)
/7 G W sinf

Y oo 37.3

M = = .
Z cosew cosew-s1n6w

=~ 90 GeV
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using the value sin ew = 0.23 obtained from experiment. Wwe also find

= 1 - (= . . 1
LYu = - E-v ue(ee) which gives a mass m, = E-Gev, while the neutrino

remains massless.

Propagators and Vertices

Once the Lagrangian is given the socalled propagators and vertices
can be found. This can be done rigorously using Feynman path integral
fbrmalism or canonical quantization. Here we shall adopt a method by
t'Hooft and Veltman, from which we can read off the propagators and
vertices in a very simple way.

Consider any field ¢i and look at the bilinear part of the

Lagrangian

L = ¢,T

i ij

¥

The propagator Gij is then defined as
F 8
i3 5% ik

if it exists, always considered in momentum space. That is, a deriva-
tive Buis replaced by -iku, for example.

The vertices are defined as the trilinear or guartic terms in
L=29¢.0¢. F..,.-

¢l¢]¢k ijk

Consider QED first and recall that

- _ 1 _ V2 L Tadl 7 U -
L = - ¢ a“Av avAu) + P(ig-m)y + ewvuwA (6-45)

The fermion propagater is simply given by

S S S _
S(K) = im  Fem (6-46)
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and the vertex is FU = eYu,

The photon propagater is tricky, since the inverse does not exist!

We can avoid this problem, however, by adding a gauge-breaking term

u.2,3,10,13 s

- L (3. A7) o that
20, u
l ¥, 2> 3 1<« > V
N = - [ - + -
Lein > A58 g ﬁvu IR
where we have defined ‘ (6-47)
<~
£35g = (3 flgand £3 g = £(39).
ﬁg u 9 ug Ug
. . 2
The term in the bracket (in momentum space) reads Fuv = -k guv
+ (1 - l)k k .
(VAR VIRV
Due to gauge invariance the propagater must have the form
G = A + B k k By solving T le = A we find easil
" guv uye Y g v gu Y
g v k kv
G, = - 52+ (1-a) (6-48)
¥ k k

The case a=1 gives the Feynman gauge, &=0 the Landau gauge, and finally
o> corresponds to the unitary gauge.

Although we have spoiled the gauge invariance, it turns out to be
harmless, sinceauAu is a free field. This property allows one to show
that the unphysical degree of polarization of the photon, decouples from
the theory and the g-matrix is gauge invariant and unitary.

We can also find the Wir and ZO propagators quite easily. Recall

the bilinear part of the Lagrangian Lo in Egn. (6-42) is

1 + + 2 2 2
- =0 W -3 W
2 Py, = AT+ e
(6-49)
’ - 2 <> <+ > +V
= - W i +73 -3 9
i u{( - aa)guv i V}W
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2 2
ivi = M " - + .
giving va ( v k )guv kukv

Following steps as above, we obtain

- g N + k kV/M 2
= H U w | (6-50)

and similarly for the Zo—propagator. Notice, we do not have to add

gauge breaking terms, since we already have longitudinal terms in the

Lagrangian.

Now let us go to QCD.

1

M, 2
20 :

Again we must break the gauge invarian?e by adding a term - (Q%Aa)
Except for color factors, the fermion and gluon propagator and, also,

the quark-quark-gluon vertex are the same as in QED. However, in this
case, there are self-couplings among the gluons.

For the trilinear terms, a typical term is

g(au A3)fabc AbuAcv

Now, due to Bose-Einstein

ivi ili 1 f .
giving a trilinear coupling abe klu gvk A

statistics, the trilinear coupling must be symmetric under interchanging
the three gluons. By correct symmetrization we find the triple-gluon

coupling:

abc _ abe
PwA = g f {(-kl k), Iy * (%, kB)u g T kgk) gux} (6-51)

There is also a quartic term

2 _abc _ade [VERY}
f f A, A A_A
9 bucv'd e

2
giving quartic coupling g fabc fade guv ng. By symmetrization, we

obtain



82

g {fabc fcde (guo gvp - gup gvo)
- -52
+ face fbde (guv gop gup gvo) (6-52)
+ -
Cade che (guc gvp guv gcp)}

4+ -
These are exactly the same as the corresponding couplings YW W and
+ - . , . .
YYW W in W-S model. There is just one problem with this procedure,

H is no longer a free field, and the unphysical

namely, the field auAa
degrees of freedom do not cancel, and therefore unitarity and gauge
invariance are no longer preserved. In order to restore the unitarity,
one adds two new fields: the Faddeev-Popov ghosts, na and wa. These

are anticommuting objects and appear only in closed loops.

One considers the additional Lagrangian

b b
L = ¥ y® p?
Fp A o) " w
where ‘ (6-53)
Dab - 6ab8 +g fabc Ac
U u
, 1 &b .
This leads to a ghost propagator, ) §77, and a coupling to gluons
k
g fabc ku.

Qualitative Difference Between QED and QCD

The essential difference between QED and QCD lies in the behavior
of the renormalized coupling constant. It is well-known that the
physical coupling constant e in QED, defined at large distances
(Thomson 1limit), is smaller than the effective coupling.constant e fgr

which one would measure at smaller distances, due to the presence of

vacuum polarization effects. The "bare" electron is surrounded by a
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cloud of virtual e+e- pairs, and will attract the virtual positrons and,
thus, shield part of'its electric éharge. Hence the vacuum behaves as
a dielectric.

In lowest-order perturbation theory (Figure 17) the asymptotic

behavior of the effective coupling constant is

2 2 o 2) 2
al@) = aw) 0+ =L log(- Ll (6-54)
H
. 2 2 . Cs
We have renormalized at g = -p , to prevent any I.R. singularities.

Adding "bubbles" yields a geometrical series, which can be summed

up to give,

2
alq’) = — — . (6-55)

H

2

The coupling constant does indeed grow with increasing g , that
is, smaller distances.

In QCD, the behavior is different. This is due to the self interac-
tion of the gluons. We will separate the contributions due to transverse
gluonic degrees of freedom (Figure 18) and "Coulomb" degrees of freedom,

. . 14
(Figure 19), using the Coulomb gauge.
The contribution of the transverse gluons leads to color charge

4+ -
screening, like e e . contributions in QED
2 2
| 2 2 o
a (@) = o) {1+ —i%;L log (- g—é-)}, (6-56)
u

while the "Coulomb" gluons lead to an anti-screening, which is twelve

times 1arger than the screening due to transverse gluons:



Figure 17.

Figure 18.

e

Vacuum Polarization in QED

Vacuum Polarization in QCD
Due to Transverse Gluons
(Dashed Lines)

Figure 19.

Vacuum Polarization in QCD
Due to a Transverse and
a "Coulomb" Gluon

84



85

c, 2 2: a(uz) gii
as(q ) = a@){1 - ;2 T log (- ‘2)} . (6-57)
.y
Each quark flavor contributes
2 2
2 2, 2 - a?) a
= SN, ——— - 391 . -58
a (aM) a(u’) {1 + 3 Ne 5 log( uz)} (6-58)
Altogether
2 2 2 a(uz) 12_
ds(q ) = o) {1 - (11 - E‘Nf) —ZE—_ log (- uz)} (6-59)
and summing the "bubbles" gives
2
o (%) = au ) (6-60)
S oc(uz) 3_2_
1+ Bo an log (- uz)

2 .
where we have defined Bo = 11 - E-Nf. We see that, if Nf < 16, then

' 2 C
Bo > 0 and the coupling constant tends to zero for g~ - -x. This is
the so-called asymptotic freedom.
Since the effective coupling constant can not depend on the renor-
. . . 2 .
malization point U we can write
4T

2 2 2
a (@) = 5 la”| >> A (6-61)

.
Bo log( N 2)

where the constant A = 500 MeV, has been determined in scaling violations
in deep inelastic scattering processes. If we put ’qzl =A 2 in eqg. (6-61)
the effective coupling constant becomes singular. This occurs at dis-
tances around 0.5 fm, which is about the size of the hadrons. We shall
see in the next section that it is poésible to do perturbation theory

. 2 . 2 . . . .
in us(q ), rather than using a(py”) which is of order unity. This is
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known as renormalization group improved perturbation theory and leads
' N TP
to satisfactory predictions in e e annihilation into hadrons and also

for deep inelastic processes.

Renormalization Group Equation for Massless

QED and QCD

Before we introduce the Renormalization.Group Equation (RGE), we
would like to remind ourselves of what is meant by multiplicative re-
normalization.3'13

Consider for simplicity the Lagrangian for massless QED:

L = —l(a A -3 A)2+@(ip)¢+e$yw1\“. (6-62)

e} 4 v v U

In the tree approximation, there are no loop integrals and every-
thing is finite. But in the 1l-loop approximation and higher infinities
arise due to divergent loop integrals. These can be regulated by intro-
ducing a momentum cut-off A .

The infinities are then cancelled by adding a suitable counter term
LC to the old Lagrangian Lo.

Now, since QED is renormalizable, LC will take the form:

__ 1. _ 2 1T (4 el H _
L, =- 3, l)(auA\) avau) + (2, 1)w<15)w+(zl Dedy ya"  (6-63)

where the Zi's are dependent on the cut-off A .
If we do a rescaling (renormalization) of the photon field Au, the

fermion field and the charge e in the following way,

-1/2 B
Au = Z3 AU ’

22'1/2 wB (6-64)
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and

[\S)

e = —— Z§/2 eB (6-64)

N

then LO + Lc is simply equal to the o0ld Lagrangian, now evaluated using
. B B . B .

the "bare" fields Au, Y and coupling e . This process can now be

repeated to any finite order and we say that QED is renormalizable to

any finite order. We would like to mention here that the so-called

. . . 1/2
Ward identity exists, namely that Zl = Z2 and therefore e = Z eB.

In connection with the QCD Lagrangian, we shall later define the
renormalization constants uniquely.

A necessary condition for a theory to be renormalizable follows.
Consider the mass dimension d of the coupling constant g, which we de-
note [g].

If 4 > 0, the theory is renormalizable and it is non-renormaliza-
ble if d < 0. Example: QED. Since [L] = 4 we find easily that [Au] = 1

3 3 .
and [w] = 5 and, therefore, [e] =4 - 2 5" 1 = 0; and QED has a dimen-
sion less coupling constant and is, hence, renormalizable. QCD and
the W-S also have dimensionless couplings and are renormalizable.
Examples of non-renormalizable theories are the old 4-fermion theory

and gravity since [GF] = - 2 and the Newtonian constant [GN] = - 2.

For QCD, we write the counter terms as follows:

1= =wy g = = I (% wx 22
-7 =G - - = . r - = <A
34 uv G Z1 2 Guv (AUYA ) Z4 4 (Au v)
1 T2 o Gz = o MR e
- 9 A - Z_9 -3 -2 . -
7 y ) 39N uw 19 (Auxw) (6-65)

2, BEHY + g 2," TR

We have introduced the notation Ga =3 A a_ ] Aa with G ’éuv =
. . v H Vv v u HV



e8

- - . a b
c® c@"V ang also (A x A )2 = £3PC aPaC,
v VRN RTINS

Adding LO and LC, and writing it as the old Lagrangian in the

"bare" fields, gives us the scale transformations:

A = z2Y/23B,
v 3 u
- - ~~-1/2 -B -B
(n,w) = Z3 / (n,0),
i 2 i
3/2
g = %3 o8
- 7
Zl
z. 2
23 Z3
and
-1
[o ] = Z3 CIB

F F. - 1
(z_7) 1 Z /2 gB, as in QED,

=7z
so that g 1 3

2

. . . 3
The renormalization constants are now defined as follows (U refers
to unrenormalized and u is the renormalization point).

The gluon propagator {(transverse):

: k k
U_ab(Txr i v, ab
Duv( Yo = 250, t 58
2 u u
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The ghost propagator:

-1 ab
(k)l = =76
2
k - 2 u 3
The fermion propagator:
U_ij _ i _F . ij
s™(x) | s = ¥ 2, 8
k =-u
The triple-gluon vertex:
Up abc Y abc
A )kz k3) ke 2oy 2oy 2o 2= % u oA (ko k3)
1 %2 T3 T
(6~-67)
The ghost-ghost-gluon vertex:
U abc ~-1 abc
Uy oKy k3)k2_ 2 2.2 "M Ky £
172 T3 T
and finally the quark-quark-gluon vertex
-1
F a
= Y
Upa (kl,k2 k3) (Zl ) uT .
K 2oy 20, 2.2
1 T TRy T
3,13,15

We are now ready to discuss the Renormalization Group equation’
Consider first a renormalized one-particle irreducible Greens function

(all external propagators removed) (n)(ki), with n external gluons.

(n)

. . . .. R .
Inclusion of fermions is trivial. T (ki) can be obtained from the

unrenormalized amplitude UF(n)(ki) via multiplicative renormalization.

The unrenormalized amplitude depends on the cut off A, the bare coupling
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constant gB and the gauge parameter o_, while the renormalized amplitude

B

'depends on the renormalization point u, the renormalized coupling con-
stant g and the gauge parameter a.

We now suppress the external momenta ki and write

R 9,00 = z n/Z(A,ugB,aB)UF e, g

3 ,aB). (6-68)

B

Z3 depends on A and p through the combinationft .

Now since the unrenormalized Greens function does not depend on Y,
any variation with respect to u must vanish, i.e.,
r(n)

d
U —

au (A,gB.aB) = 0. (6-69)

We are now interested in the influence of this variation on the renorma-

lized Greens function. We have

a 9 3 N i}
— = —_— 4 —— —_— . -
e Ly B(g,a) 59 + 8(g,a) o (6-70)
where the B-function:
- g - 3 3/2_-1
B(g,a) = u 3y 9 ST Tog log(z3 2, ),
A9 i0p
the anomalous dimension v:
(g,0) = L 1 Z
Y98 = =5 Sioga 99 %3 N
lgBl B

and

S§(g,a) = - 2a Y(g,a).
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Notice that in the Landau gauge, a=0, and, therefore, §(g,a) vanishes.
One can prove that B and Y depends only on g, and we have

)

[u é%—-+ B(q) 5%—-- n (@) IFr ™ (g, = o. (6-71)

To "solve" this equation, we perform a scaling of all momenta ki+
in and write t = log A. We also define the "running coupling constant"

g(g,t) with initial value g(g,o)=g through g% = B(g).

One finds3'l3'15

R, (n) R (n) - 4-n g y(g"

T A 9 = 19 A - ‘1. o)
( ki g,u) T (kl g,u) exp {-n fg Eah) dg'}. (6-72)

Now we see that the large momentum (A = «) behavior is governed by the
amplitude with g replaced by the running coupling constant g. The B
function and the anomalous dimension can both be calculated in pertur-

bation theory and, hence, g can be obtained.

3 + 5
B(g) = - B g + B9 + -e
(6-73)
(@ = cg”+cg’+
v(g) = c9 c,9
In the l-loop approximation, the renormalization constants a;el6 .
(Figure 20)
YM 13 8 /
z. = 1+ -—3— {(=—- a)C,(G) - = T(N)}1og 2,
3 2 3 2 3 u
16m
M g 17 30 8 N
z = + = (== - = - =T =
1 1 5 {(6 7)€, (G) = = T(N) }log 0 (6-74)

loem



(c)

b
RO ;S\

Figure 20. Feynman Diagrams Contrikuting
the g° Corrections to (a)

Zy, (b), 2,5, () 2;F and

(d) Zl
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2
z 1+-ﬁ——2(§-%)c2(c)log/—\ .
lem. ’ . H

g = 7 - -9 A
Z 1 5 aCz(G)log L

F 9

2
2 lew

N
(2a)C2(N)log y

2
Fo_ .9 3,4 A
zl = 1 16112 {(2 + 2)C2(G) + (20t)C2(N) }1log y

where C2(G) = N is the Quadratic Casimir invariant for the adjoint

2
-1
2N

. . N 1 L.
representation of G, while C2(N) = and T(N) = 5 are the Casimir

invariants for the fundamental fermionic representation.

C (68 = Za faca Thea
TO)S . = Tr(rT) = X6 (6-75)
ab . ab 2 ab
= T .
CZ(N) Ta a

2
Notice that the Slavnov-Taylor identities are satisfied to order g .

We are now ready to calculate the lowest order B function. We find

z. 32 2
; = 1+ 2 [%— c, () - —fj— 7 (N) J1og & (6-76)
1 167 H
and therefore, B(g) = - B 3 ives B = ll-C (G) - il-T(N) =11 - = N
r P o? 9 o 372 3 3 E

This is the famous one-loop B-function, which was first obtained by

Gross, Wilczek and Politzer in 1973.17

This is the same function as the one found in the previous section.
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To summarize, we have seen _that the large momentum behavior of the
Greensfunction is governed by the running coupling constant, and that
OCD leads to an asymptotically-free field theory, provided the number

of flavors Nf < 1le6.
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CHAPTER VII

o

Z DECAY INTO THREE GLUONS
Introduction

The next generation of electron-positron colliders is expected to
achieve c.m. energies comparable to the mass of the weak intermediate
neutral vector boson ZO. In the standard Weinberg-Salam model, this
mass is around 90 Gev/c2 and the SLAC single pass collider, the Cornell
e e ring, and LEP are all projected to reach or exceed this energy.

The purpose is to take advantage of the very large resonant cross section
at Vs = Mz and study rare decays of the Zo.

Calculation52'3'4'5 have been reported on several decay modes: QZ,
2EY, q&, an, qag, HY, etc. Here we report on a new decay channel,
namely Zo -+ ggg, and also discuss ZO-+ggY and Zo > YYY. One of the
reasons to study these processes is that the corresponding two body decay
modes z° > Yy, gY¥ and gg vanish (Figure 21): the first by Yang's
theorem,6 the second by color conservations (Tr[Ta]=o), and the third
because the two gluons have to carry the same color (T?[TaTb] = %'6a,b)'
and, therefore, Yang's theorem again applies. As usual Ta = % Aa where
Aa is the Gell-Mann SU(3) color matrices.

a 3

This three-gluon decay is a high-order QCD process of order (;§0 P 10_4

relative to the q& decay mode, and with such a small ratio one might worry

about the experimental significance. However, with a proposed luminosity

32 -1

-2 ) . 5 -
L=10""cm “s at LEP, one can expect approximately 1.5 x 10 gqg events per

. . . . 7 =
day, so that in a typical experiment one can obtain some 10 qg events.

Therefore, we should expect a significant number of ggg events, thus providing

97
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a test of higher-order perturbative QCD.

Our caléulations.are based on fhe sténdard W-S model and QCD.
Furthermore, to simplify our results, we will consider only the limit
of vanishing quark masses, i.e. mq/MZ+O.

The Feynman diagrams can be divided into two sets: box diagrams
(Figure 22a), and triangle diagrams (Figure 22b). One must, of course,
sum over colors as well as flavors in the quark loops of Figure 22.
Then we easily find that the triangle diagrams sum up to zero, because

each diagram is found explicitly to be free of any mass singularities;

m
i.e., there are no log ﬁg-terms and is proportional to the axial coupling
Z

b of the z° to qi&i' Thus with ph = I3l (weak isospin) in the standard
. . . u d c s
model, the sum within each SU(2) doublet vanishes (b = -b =Db = =-b =
t
b = -bb = 1/2). Needless to say, the vector part of the triangle

diagrams vanishes identically due to charge conjugation symmetry.
We are left with the box diagrams which contain both vector and
axial vector couplings. The VVVV(AVVV) diagrams involve the symmetric

(antisymmetric) part da (f

) of the trace over the color matrices:
bc ' abc

Tc] = %{dab + if ), since they have charge conjugation C = even (odd)

TrlT T
r[ ab C abc

respectively. Again the sum over quark flavors eliminates the AVVV box
diagrams by the above argument, and therefore, in the limit of equal

masses within each doublet, the decay z° > ggg is proportional to the

i -t 1 4 2 d
vector couplings al, where aa = aC =a =3 - §-sin Gw and a = aS = ab =
1 2 .2 .
- §-+ 3-51n ew in the standard model.

Since we need the box diagram with only one massive external leg,
we start with the expressions given by Costantini, De Tollis and
Pistoni7 for photon splitting and take the limit of vanishing fermion
mass.

In going from photon splitting to the decay, we have analytical con-



Figure 22.

(a) | | (b)

Feynman Diagrams for the Decay z° > ggg. Permutations Must be Added.
For Doublets With Massless Quarks Only the VVVV Part of the Box
Diagrams (a) Contribute

00T
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tinued from a space-like photon to a time-like Zo. Normally threshold
effects might occur,.however, Costaﬁtini et al. have shown that their
expressions hold for time-like particles also.

Though separate parts of the amplitude contain divergences, the
final answer is free of any mass singularity, and can be written as a
function of the dimensionless scaling variables x = 2Ea/MZ, y = 2Eb/MZ
and = 2 Ec/MZ' where the E's refer to the gluon energies in the ZO
rest frame. Only two are independent, since x + y + z = 2. We also
found, to our surprise, that the imaginary parts add up to zero: there
are twenty-four helicity amplitudes and they are all real. A similar
result was obtained by Fabricius et al.8 in their calculation of order

2 - + -
as correction to ggg-jets in e e annihilation.
o
Forbidden Decays Z = gg(YY)

We briefly show why the amplitudes for the two decay modes
z° > gg (YY) vanish. As mentioned in the beginning, the two gluons must
be identical, and the two deeay modes are proportional to each other.
We show that they are forbidden follows from a classical symmetry
argument, as well as by an explicit calculation, at least in lowest-
order perturbation theory, where the decays take place via a virtual
triangular quark loop, with only two diagrams contributing (Figure 21).
First the classical symmetry argument.

Let the two photons (gluons) have polarization vectors € and

1'2
let the relative momentum of them be k. Any possible final state will

be a linear combination in El and 22 and transform as a vector, if the

total final state has spin 1. Only three possibilities exists:
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(ii) (e.-e )k (7-1)
and
(iii) k x (El X 52) .

The first two possibilities can be ruled out due to antisymmetry in
1 > 2, The last possibility satisfies Bose-Einstein statistics, but it
can also be ruled out because of the transversality condition, k-e=0

Therefore the two photon(gluon) annihilation is forbidden.

1
More explicitly, we find for the amplitude M(ZO > gqg) : 0

o A v
7-2
M(Z -+ gg) a Sluv(kl'kZ) € €5 E, ( )

' o
where ex, eu and ev are the polarization vectors for the Z and gluons

1 2

(photons) respectively, and the tensor Skuv is:

B
= +
SypvKyrka) = T k) e g K 2(k %0

o B 2 o
+
* 9501 K0k, ){E vag®1%s Koy R & 00k)

o B 2 o
+
Oll(kl'kZ){EXuaBklkzkzv k) Exuvakl}’ (7-3)

with the integrals Jrst(kl'kz) defined as:

1
J st(kl k)Y = - ﬂz fdalda2du36(l al—az u3)

a. o, o
X l 2 3 3 . (7-4)
+
[a o, (k +k ) +alu3kl a2a3k2 m ]

r s t
3

The integration is over the three-dimensional hypercube. For details leading

to the above expressions see Appendix B.

2 2 .
Now for real gluons (kl = k2 = 0), satisfying the transversality con-
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ditions kl-el = k2°e2 and also using (k1+k2)'s=0, it follows from Egns.

. . ' o '
(8-2) and (8-3) that the two gluon (photon) amplitude M(Z - gg) vanishes.
Kinematics and the Three Gluon Decay

7
We shall follow the notation of Costantini et al. , with the excep-

. . . . .11
tion that we have used the covariant metric instead of the Pauli metric.

Let the 4-momentum of the decaying z° be denoted kl, and the 4-momenta

of the three outgoing gluons be ki(i=2,3,4). Since all four particles
2

2
are real (on-shell), we have kl =M = =4y

2 .
7 1 and ki =0 (i=2,3,4).

Define three scalar quantities:

1 2
r = 4(kl k2)

1 2
s = -4-(k1-k3) . - (7-5)
t = -l—(k -k )2

41 4

with the restriction:

Il
o]

r + s+ t + ul

Except for a trivial factor 1/4, r, s and t .are the usual Mgller-Mandel-
stam variables s, t and u respectively. Since we have a three-body decay,
two of these three variables are sufficient to describe the process. We

also define r, = THL and similarly for slrand t-

We shall of course work in the rest frame of the decaying particle

o . . . .
Z . It is customary to introduce the so-called scaling variables:

. k.*k 2Ei
=) = —= (i = 2,3,4) (7-6)
2 I 14
+ x My

The range of X, is O £ X, < 1, since each gluon can carry at most half the
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o . .
enexrgy of the Z , and energy-conservation is then expressed as X, + X5 +

x, = 2. For convenience, we rename (x., X

4 5 37 x4) + (x, y, 2) in the

following.

The variables (r, s, t) now becomes:

luy | (1-x)

r =
s = Iull(l—y) (7-7)
t = |u|a-2).

Let each of the outgoing gluons have helicity Ai =+ (i =2,3,4)
and let EE be the polarization vector of the Zo. The matrix element,
for the box diagram with one massive external leg, for a given

helicity state is:

(AA_A)
Moy, (1230) = G 234 (1234)e§, (7-8)
2"3"4 Lo
where the vacuum polarization tensor:
(A A_A) (A )
¢ 23% (123a) = 2—xr 234 (1239
H V324 M
(2)
+ B (1234) x_ (1234)} (7-9)
2"3%4 H
with
(A A A)
Z, 234 (1034) = E;l; , (1234)N (1234) - E;li , (1243)N (1243),
2"3%4 H 243 H
(7-10)
k "k,
= — 7“11
Nu(l234) k3u T kzu, ) ( )
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3 V. p. 0
x, (1234) = €vp k ko kg

and
A = rst .

The tensor Gu is essentially the one used in photonsplitting. As
mentioned in the introduction, we have performed an analytical continu-
ation from a space-like Yy (ul> 0) to a timelike Zo(ul <0). We see

that all the tensor structure is present in the Nu and Xu terms, while

the real "dynamics" is hidden in the sixteen amplitudes E;1; A (i=1,2).
2 34

Of these sixteen amplitudes, only four are really independent, namely:

(i) ,.

E (i = 1,2), or equivalently, of the eight amplitudes M

t+ ¢+ only

>\2>\3)\4
two: Mi++ are independent.

The remaining six amplitudes can be obtained from M+++(1234) by using

the following general symmetry-properties of Gu:

(A A2 ) (=2 =-2_X) (-X3—A -A.)

c 23% 123y =c % 23 (1423) = ¢ (1342) =
u u "
(AAAL) (A=A ) (=X A=2_)
-6 243 (1243) = -¢ 3 2% (329 =-¢ 43 2 (1430.
u " b
(7-12)
These symmetry relations then yield
M__, (1239) = - M__ (1324),
M, (1234) = - M (1432),
M, (1234) = - M___(1324) (7-13)

and

M, (1234) =

M (1432).
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We also have

(D _
—A -2 =2 (1234) = E (1234)

2 '3 4 727374
and

e2 . azsey = 52 (7-14)
2 3 4

For the decay, we shall see that

2 2
|

M = M (7-15)
- - -\ ’
AZ A3 4 A2A3A4

so that, indeed, only M+++ are independent amplitudes.

We will not give the exact expressions for the four amplitudes

(1)

+++( i=1,2) here. They are cumbersome and are stated in Appendix C.

We are now ready to evaluate the matrix element squared. Consider

first (X2A3A4) = (+++). Wherever possible, we shall drop the (1234)

notation.
. . . *u v uv f
Using the polarization sum el 157 g + klkl/MZ , the condition
for gauge invariance kliGu = 0, and also ngu = O we obtain:
2 * *
M |° = 6 6 e el = -ca" =
+++ B ov 1 1 H
1 .. % (2) 2,2
- —_ . X -
32A {€+++ C+++ I +++l b (7-16)

Remember the amplitudes, in general, are complex, therefore, the asterix

2
on £&. From Egns. (7-14) and (7-16) it follows easily that |M+++| =
2
|M___| as promised.
The reduction of E+++£+++ is straightforward, and using Egns. (7-10)
and (7-11), we obtain
*
3 3 = -4t [E(l)(1234)| l (1)(1243)]

+H+ T+
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Xrr_-—Ss A

()

-4E———~——l———l]R [E(l)(1234)E (1243)] (7-17)
]
2
For the X -part we use:
st st &t
p T S
_ikim B O s
prsm p (7-18)
st st st
p T s
. . . 2
yielding easily X = - 16A.

It turns out to be convenient to define the following dimensionless

quantities:

80 aza - gelasy (7-19)
and

£ 1230 = 252 a2,

Introducing the scaling variables (x,y,z) we arrive at the exact

expression:
2 _ y (1- z (l) z(l—z) A(1) 2

2(1-y) (1-2) (1)
x (1-x)

(x Y,z )E( )

(X Z y) + [E (XIYIZ)] }
(7-20)

The helicity averaged matrix element squared is then

2
|M (1234) |
1A,
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=2 {|u (x,y,2) |} (7-21)

4+

(x,y,Z)I2 + (x> y) + x>z) + M

We are now ready to discuss the double differential decay rate.

In the rest frame of the decaying ZO, the differential decay rate

. 12
1S

1 d3k. 4 -2

S 0L ——— (2m "8 (k ~k,kyok ) IT| (7-22)
My 152 (o 2E, i

ar =

=L

=, 2 - .
where lTl refers to the helicity-averaged matrix element squared.

Performing three angular integrations, we obtain:

2 M 3G Q 3
a’T _ 7 E s4 (Za')2 999 |P71
dxdy 512/2 7% id

(7-23)

2
|

-2 .
where [M[ is given in Eqgn. (7-21). We have used the strong coupling

- . 1
constant gs for each qiqig vertex, and the coupling 21/4MZGF/2ai for
- 4
each qiqizo vertex. A factor 1/(4m) has been included, since Costantini

4 4 .
et al. use a loop momentum d4k/'n2 instead of d k/(27) . Finally ngg

is the group factor obtained by summing over gluon colors.

2 2
ggg _ 1 % . N-1)w-4) _ 10
¢ 4 a,b,c dabc dabc 4N 3 (N=3 colors)
(7-24)
. o - . 4
The corresponding decay Z - gq has a width
o - /E'MZGF 2 2
= 2I'(z2~ » q.q, = ——— I(a, + b, 7-25
I‘o i ( qlql) 4n i(al 1) ’ ( )
which we use for normalization:
2
2 e} o . ( ai)
AdT@E >g999) _ 1 s7.999 1 !M]Z
r_ dxdy 256 (7-26)

2
T(a. + b?)
ii i
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= 2 2
In the limit mq -+ 0, we find for |M| = d F/dxdy, using Egns.

(7-20) and (8-21) and Appendices C and D,

2
dF _ 16 r-y) [h(l) (X.y.Z)] o 2iimz) [E(l) (x,z y)]

dxdy B % (1-x) x(l -x)

%,v,2) 1%} (7-27)

1

2(1-vy) (1-2) (l)(x, ,Z)E( )(x z,y) + [E+

x(1-x) By ++

4+ (x> y) 4 (x> z) +§3é
where
5 (1) - oz -1 l-yy | d=x -
By (oyiz) = 2007 + [3- 2260 2(y2 ) 1109 (1-y)
1 1-z
+ [-1+ =+ 2(-1—_;)]log(l-z) (7-28a)
v (2 BBy 0
(1-x)
and
ﬁ(z)(x z) = [1-1/y + 2(1- )/(l—x)]Qn(l— )
RS A Y Y Y
+ [1-1/z + 2(1-2)/(1-x) ]an(1-z2) (7-28b)
+ [x/(1-x) + 2(l—y)(l-z)/(l-x)z]G(y,z)

~(1) _ ~(2) _
We have also used E_ o O and E " o 2.
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The function G(y,z) is:

2

G(y,z) = log(l-y)log(l-z) + Li (y) + Li (2) - fé—- (7-29)
where
. - _ (Xxat -
L12(x) = fo T log (1-t).

Results

The function d2F/dxdy is clearly symmetric under x <> y, x <> z,
or y <> z, so that it is enough to know the function in one of the six
small triangles, shown in Figure 23. Normally we would like to show d2F/dxdy
as a Dalitz plot, but our computations show that the function changes by
only a factor two, in going from the center of gravity (x =y =z = %),
where sz/dxdy reaches its minimum, to say x = .99. This, of course,
would make it difficult to see. Instead we decided to plot sz/dxdy as
a function of x for several values of y. This is done in Figure 24.

The range shown is 1.0l <x + y <1.98, or equivalently .02 <z < .99.
We characterize the divergence near z - O as infrared and near z > 1 as
collinear. Both are logarithmic and integrable, sz/dxdy - é% log2z and
d2F/dxdy > E% logz(l—z) as z > 0 and z - 1 respectively.

In finding, the asymptotic behavior above, we used the important
property G(y,z) > O for x +'l. For details see Appendix E. The
analytic and numerical results agree withiﬂ 5%.

Since we have highly divergent (x>1) terms of the form 1/(l—x)2
multiplying G(y,z), we found it necessary in our numerical work to calcu-
iate the dilog function and. therefore G(y,z) very accurately, in order
to see this cancelation. We used the routine "VAC4" developed by Chlouber

13
and Samuel to evaluate Li2(x) to 13 significant figures. This routine

makes use of Padé type II approximants.
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X

Figure 23. The Dalitz Triangle. The Range of x and y is Such
That O £ X, y £ 1and O £ x + y < 1. The Dashed
Lines Divides the Triangle Into Six Symmetric
Regions. The Roman Numerals I, II and III Refer
to the Three Edges Where x, y and z > 1
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500
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300

d2F
dx dy

200

100

Figure 24. The Double Differential Decay Spectrum
d2F/dxdy, as a Function of x, for Several
Values of y, in the Physical Region 1.01
£ x+y < 1.98



Though not necessary, we introduce a cut-off parameter & in the
14 ' . . \ + - e . .
standard manner of treating 3-jet events in e e collisions. Experi-
mental cuts will require that each gluon carry a minimum energy of
1 .
E 2 eMZ for some O < ¢ 5-5. Following ref. 14 (see also ref. 5) we

introduce this cut symmetrically and calculate

2
%E = st gy 3 g (7-30)
x l-xte xdy
and
- a
Fle) = /fifaxE . (7-31)
2e dx

The upper limits guarantee that the opening angle 6 between any two

. .8 _27/e
- >
gluons satisfies sin 2 2 Tte

In Figure 25 we show dF/dx for several values of €. Clearly for
x = 2e, dF/dx = O due to vanishing phase space, and for x + 1, dF/dx
diverges 1like logz(l—x). In Figure 26 we plot F(e). At e = %,
F(%) = 0, again due to vanishing phase space, and for € - 0, F(g)
approaches a finite value, but with an infinite slope. Analytically one
finds (see Appendix F) F(g) - F(o) = - 128(1 + &(2) - 2£(3)e log 28
= ~ 30¢ logze. We have therefore plotted F(eg) as a function of
€ logzg (see Figure 27). Clearly, as € > 0, F(e) approaches a straight
line with slope dF/de = -30 and intercept F(0) = 80. We have used the
Monte Carlo integration routine "VEGAS" developed by Lepage.15

The value of the constant multiplying dZF/dxdy in Egn. (7-26) 1is
2.3 x lO_7 in the standard model with 3 gquark doublets,l6 and, therefore,

the branching ratio T (z° - 999) /T = 1.8 x 107>, wWith 1.5 x 10° aq

events per day, hence, we expect approximately 3 ggg events per day.
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Figure 25. The Single Differential Decay Spectrum dF/dx,
as a Function of x, for the Three Values
of the Cut-off Parameter ¢



115

80

1-¢

2 1
Lospe @y @°F/dxdy. F(3)=0

Figure 26. The Function F(g) = I;;E ax [
and F(0O) = 80
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2
Figure 27. The Function F(e) Vs. €log € From € = 10 to € =

5x10—4. It Approaches a Straight Line With Slope
dF/de = -30 and Interxcept F(o) = 80

o1t
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For the Zo + ggY decay, we need only change the value of the constant

2 . .
multiplying d F/dxdy in Egn. (7-26). It becomes

2
o 2 (Za.q.)
D) Gt L

™ ™

—_ 5 * 6.1 x 10°°
L(a, + b,)
1 1 1

256

. . . Y
where a, is the electric charge of gquark i and the color factor ng =

1 2 .
= Iz 8§ § N -1 = 8. We obtain a relatively large branching ratio
4 a,b ab ab Y d 9

rz° > gg" /I,

4.9 x 10_6, corresponding to one event per day. This

is an interesting process because all three interactions, weak, strong
and electromagnetic, are involved.

This process may be easier to handle experimentally, since we can
detect the photon directly and accurately measure its energy, and the
process is then only a quasi-two-jet event.

The Zo > YYY decay channel has a very small branching ratio as ex-

pected. The constant factor in Egn. (8-26) becomes (N=3)

3 3.2
+ z
1 (gj 4(3§ aiqi leptons azqz)

256 7

~ 5.8 x 10 't

)} (a? + b?)
i i i

where we have included both quark loops and lepton loops. In addition, a
third class of diagrams should be added in this case, namely W-loop dia-
grams which contribute coherently to the ZO > yyy amplitude. We have

not calculated these diagrams, but we see no reason to suspect that W-loop
contributions are much larger than fermion-loop contributions. They

should be smaller. Our estimate, based on fermion-loops and including

10

the statistical factor 1/3! is I‘(Zo > YYY)/FO =~ 7.7 x 10
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Remarks

(a) With the flourishing of jet-physics, particularly in e+e_
collisions, it is hoped that it will be possible to distinguish gluon
jets from quark or antiguark jets.17 Clearly, such distinction will
be very helpful in separating the ggg from the more common qag final
state.

(b) We found earlier, that the decay Zo - ggg is an infrared
finite process, since d2F/dxdy behaves like 1og22 for z »- 0. Usually,
infrared divergences come from terms like 1/z, and they are related to
the fact that the gluon is massless. In addition, the collinear diver-
gences arise when mq -+ 0.

Let us first comment on the box diagrams. That these give an
infrared finite answer follows from a general result proven by Yennie,
Frautschi and Suura18 for QED, that infrared logarithms come from
externél bremsstrahlung only, and not from inner bremsstrahlung. In
particularly for four or more photons (gluons) attached to a closed
fermion loop, we have a finite answer. This last statement follows, if
we notice in the limit k4 -+ O, the expressions for the box diagrams
can be obtained by differentiating the lower order expressions (triangle)
with respect to the loop momentum zp. We then have an integral of a

perfect derivative, and the result is zero.

Explicitly, consider the derivative &~ of the two photon
L

(gluon) expression:

3
Te[Y
- el

(€ - x,mm Y e TN k,rm T, (7-32)
30 H v

A 2

Using
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i B e e A (7-33)

g

we find three terms, one of which is

1

) _l ._l — _l
- “k - - : - : - . 7-3
Tr[YA(l,k2 m) Yp(% m) Yv(€4k3 m) Yp(£+k3 m) ) ( 4)

But this term is simply the corresponding expression for one of the box
diagrams (VVVV) in the limit k4 + O:

-1
-1 -1 -1
Tr[yk(ﬁwkz-m) Yu(l-m) Y, (£+k -m) Yp(££k3fk4—m) 1. (7-35)

The other two terms correspond to the remaining two box diagrams, and
we obtain the statement above. Similarly this also applies to the AVVV
box diagrams.

For the triangle diagrams, we also explicitly found an infrared
finite ‘answer (see Appendix B for details). However, in this case, we
have external bremsstrahlung. We can use the Bléch—Nordsiecklg formalism
or, more generally, the Kinoshita-Lee-Nauenberg theorem,20 which states
that if we also include virtual corrections to the two-gluon process,
the answer must be finite. Since this last process vanishes, the triangle
diagrams are finite.

This is contrary to the q&g decay (Figure 28b), where we find an
infrared divergence (the gluon attachéd to an external leg). However,
by adding the contribution from the interference between the q& state
(Figure 28a) and its virtual corrections (Figure 28c), a finite answer
is obtained.

(c) It is interesting that the imaginary part of the amplitude for
Zo + ggg vanishes, but we can offer no physical explanation. However,

we feel that it is connected with the absence of mass singularities in



° Z°
z° - + -

.Ql@

q .
(a) (b)

. . o - o -
Figure 28. Feynman Diagrams for: (a) Lowest Order Decay Z - qq, (b) Z - gqg + Gluon
Bremsstrahlung and (c) 2z° + g + Virtual Corrections

0oct
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each amplitude. This conjecture is based on the relationship between
mass divergences and imaginary parts of certain diagrams, as pointed
o . 22
out by Fabricius and Schmitt.
Consider first the box-diagram with scalar particles. One finds,

that in n = 4-¢ dimensions and with mq -+ O, the amplitude M(eg) is of

the form:

Mie) = Lo+ §+ y (7-36)
€

and that the imaginary part

T Be% | ReB} (7-37)

Im M(g)

™ .
— lim Re M
2 (e ) e (E) 2 €

with Im o = O, Im B = g-Rea and Imy = g-ReB. The important point is
that we are considering a decay process. Here the l/e2 term corresponds
to a linear divergence, the l/mq and the 1/¢ terms to a logarithmic
divergence log mq' In our case, we also have a ﬁensor structure, so
that o, B and Yy become tensors, however the form must still hold.

Since we have no mass singularities, we must have 0=B=0 and there-
fore Im M(g) = O according to Egn. (7-37).

(d) Finally, we point out that the pure 3-gluon state can also be
produced in e+e_ collisions through the decay of a virtual photon, even
before the Zo resonance is reached, énd is, therefore, accessible in the

energy region presently covered by PEP and PETRA.

+—
Calculations on e e =+ ggg will be given in Chapter VIII.
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CHAPTER VIII
ELECTRON-POSITRON ANNIHILATION INTO THREE GLUONS

Introduction

The study of three-jet final states in electron-positron collisions
has flourished both in experiment and in theory over the past several
years. ' Experiments1 at PETRA reveal that three jets constitute a sub-
stantial fraction of hadronic events, which can be analyzed in terms of
thrust, spherocity, etc. This is in accordance with theory2 based on
Quantum Chromodynamics, thus providing a firm basis for the existence of
the gluon and, indeed, for QCD as a whole. To lowest order in QCD, the
experimental results are interpreted to be electron-positron annihilation
into a gquark, an antiquark, and a gluoﬁ, all three particles then mater-
ializing as jets of hadrons. Energy and angular distributionslhave been
examined in detail, and the above interpretatio; seems to be amply
justified.

The only other three-jet final state accessible in e+e— annihila-
tions is a state of three gluons. We have studied the reaction (in the
continuum) .

e++e—+g+g+g
and present the results here. As a corollary, we also discuss

+ -—
e +e >g+g+Y.

We study three gluon states as a test of higher-order perturbative
OCD. The reaction proceeds via virtual quark loops, in particular, via

the box diagram shown in Figure 29a. The triangle diagram, Figure 29D,

124
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(b)

Figure 29. Feynman Diagrams for e+e— > ggg.
Permutations Must be Added.
Only Box Diagrams (a) Contri-
bute. Triangle Diagrams (b)
Vanish by Charge Conjugation
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vanishes, essentially because of charge conjugation symmetry. For the same
reason, e+e- ahnihilatién into two glﬁons is forbidden to lowest order,
e+e_ > y* > gg, but allowed in higher order, e+e— > y*y* > gg.

We should mention, of course, that the three gluon state ggg can also
be produced, from the Quarkonia states J/Y and T (Figure 30). However, even
at the T resonance, the energy of the proposed gluon jets is still very
low (about 3GeV/jet).

It is natural to compare ggg to q&g, and we do so consistently through-

o
out this chapter. Since o(ggg)/c(qqg) ~ (jfﬁz, we expect very few ggg
events at PEP and PETRA, though they are energetically accessible. We
hope‘that the results presented here will encourage hunting for such events,

3.4 (for example

which will require reliable identification of gluon jets
by the fatness of the jets or their charge multiplicity). One might havé
to wait for a higher energy machine like LEP, not because of some
intrinsic scale (there are no thresholds to be crossed), but because
of the identification problem.

Here we consider the limit of massless quarks only. We use the work

c . 5 s . .
of Costantini et al.  on photon splitting, and the calculation is very

similar to the decay z° > ggg (see Chapter VII).
. . + - *
Kinematics and e e = Yy - ggg

The kinematics for e+e— -+ ggg and'qag being identical, we follow the
conventions of Ellis et al.6 The three final state gluons will lie in a
plane, as indicated in Figure 31.

Let the e; momenta be denoted ql an q2 respectively. In the "CM"
frame we have qlo=q20=E = 1/2Q and &l = - a2, E being the beam energy.

It is convenient here to let the virtual photon y* have momentum k,6 =

4
(Q,B) = (2 /lull,é), while the three outgoing gluons have momenta ki(i=l,2,3),
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Formation of Quarkonia States in e+e— Annihilation and Its
Decay Into Three Gluons
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Figure 31. Kinematical Variables for Three-Jet Final States
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This corresponds to the permutation (1234) - (4123) in the expression

for G (see Eqn. (7-9)).

: E, 2E,
Introducing scaling variables x5 = E&-= —ai (i =1,2,3), energy con-
servation is expressed as Xy + X, + X, = 2, and the three scalar quanties

2
(r,s,t) = %— (1-x l—x2, 1—x3) (see Egqn. (8-7)).

17
Let 6 denote the angle between the positron momentum q, and its pro-
jection in the plane containing the three final jets. In this plane ¢l,
¢2 and ¢3 are the angles between jets 1, 2 and 3 respectively and this
projection axis, measured counterclockwise when seen along the direction

of the positron, with ¢l > ¢2 > ¢ The ¢i range between O and 2w, and

3
6 between -w/2 and +7/2. The Euler angle X denotes the angle between the
projection axis and an arbitrary axis in the three-jet plane. Finally ¢

denotes the azimuth angle around the beam axis.

With these definitions we have (i = 1,2,3):

2
Sk = - = -2
a; ki = EEi cos¢icose = 2 xi cos¢ico$6
and
q2'ki = - ql°ki = 2 Xi cos¢icose (8-1)

and for the angle ¢ij = ¢i - ¢j between any two of the three ¢i's:

E.'E. 1-x
cosé = 1 3 @ _ -2 k
13 Ik, |1k, | XX
i 3 1] -
and (8~2)
2e, |,
. = X - _ _ 1/2
sln¢ij 3 {@ xi) (1 xj) (1 xk)}

where eij =*1if i 2 j. We have assumed, of course, mq = 0.
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The differential cross section is

. 3-
3 d k.,
1 i 4 2
do = I (2m) "~ 8(q,+a, - k.-k_-k,)|T|%, (8-3)
2Q2 i=1 (2m) 2 1 72 123
where the invariant matrix element squared
2 23 2 dgg z 12
|T|® = 47 a"a (X q,)" ¢ |M 8-4
sy i A1A2A3 A1A2A3 ( )
and
(A A N)
1 - U 123 ¢ ’
M = —=V(g,)Y U(q,)G (4123) . 8-5
AlA2A3 Q2 2 1"y ( )

The hadronic tensor Gu was described in the previous chapter. Here ay is
the electric charge of quark i in units of e. We have summed over colors
as well as helicity states (A1A2A3).

Averaging over elL polarizations we find for a given helicity state

(Allzk3) (in the limit me=O):

Hy o Hyo g5 (yAoR,)

2 _ 1 z 2 1 1
N B T L v R A [ 6
klAZAB 4 spin A1A2A3 4Q4 1 2 My H,
(A2 X)) (A A N)
1l -1 2 = 2 3 - =123
-5 50°G 1?7 )2-2@a,-C )2}, (8-6)
Q‘
where we have used Go = O (since O = (ql+q2)-G = QGo implies Go = 0).
If we write
(A A X)) (A A_AL) (A_AZXL)
123 123 123
G =
. (4123) Glu (4123) + qu (4123), (8-7)

with
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6, 172737 4193y = =L 12737 (4909
u V328 "
and (8-8)
(ALAAL)
G, 1273 (4123 = =L Eizi y, (41230, (4123)
U VY3280 17273 H

we find using Egn. (9-6)

IM I2 2
A1A2A3

(ALALNL) (A_A_AL) (A_A_ X))
1,20 - "1%2%3 = 717273 - = 17273
—Q4 {0 [(c;l )2+ (G, )2] - 4(q; G, )2

(A A Xx)) 2
- =123

As expected, the cross-terms cancel out (no asymmetries). From

Chapter VII, we know that only the helicitystates (A1A2A3) = (x++) are

independent, so let us concentrate on these in the following.

=2 =2
The Gl' and G, parts are known from the decay Zo -+ ggg: (see Egns.

2
(7-17) through (7-19):

_L (+4) 2 IEREH) 2
BuppGpexoexa) 5 9 (G ) = ey (mx ) (B L (%) 0x,,%0)) -+ x5 (1-x,)
. A(L) 2 _ _ (1) A(1)
(B pp Bprxgpx)) =20 x2)(1'X3)§+++(xl’xz’x3)E+++(x1’x3’Xz)}/xl(l'xl)’
and (8-10)

%(Eé++f))2 = [E? x,x,x1%, (8-11)

B =
CIRLOYESY it Fpr¥gr¥g

++ 1" 2
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while for the corresponding (-++) state A__++ = 0 and B_++ = 4. Here

(see Egns. (7-28a) and (7-28b)):

A (1),
E+++(xl,x2,x3)

2(l-x3)/x2 + [3 - l/x2 + 2(l—x2)/(l-xl)

2
2(l—xl)/x2]2n(l—x2)

+

(1-x3)[1/x3 + 2/(l—xl)]£n(l-x3)

b= [x - xs +2(1x) (1=x) / (1-x ) J6 (x, %)

(1-x_) 2
1 (8-12a)
and
ﬁz (x.,%x_,x.) = [1 - 1/x_ + 2(1-x_)/(1-x ) Fen(1-x.)
+H+ 71'72'73 2 2 1 2
# (1173 + 2(1-x)/(1-x) Jin (1-x) (8-12b)
1
+ T) [xl + 2(1-x)) (1=x)/ (1-x ) Je (x %)
The function G is (Egn. (7-29)):
G(x,y) = 2n(l1-x) n(l-y) + Li2(x) + Li2(y) - ﬂ2/6 (8-13)

x dt

where le (x) = - fO —t':— Q,n(lft) .
Using Egns. (7-10) and (7-11)
= .ﬁ(4123) = q.°'k - fféifgi._ .E
94 9% T Tk k) 9T
4 1
Q2
= Z—-x2[cos¢2—cos¢1]cos8 (8-14)
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and

- - 3 V. p. 0
9 x(4123) = 91;i ®ivpo "4 lk2
s, L
= -Qq; (k;xk)) = g= x;x, sing,, sin® - (8-15)
we obtain
- —(4+4).2 o2 1
(ql'Gl )T = 5—.(l-xl)(l-x2)(l-x3) {[cos¢2—cos¢l]c+++(xl,xz,x3)
- [cos¢, - cos¢.lc, . (x.,x_,x )}2c0526 (8-16)
3 17 7+4++ 71773772

with

_ _ A (1)
C+++(xl,x2,x3) = x2(l x2) E+++(xl,x2,x3) . (8-17)
For the (-++) state C_++ = 0.
Finally
= = (++4) .2 2 .2
(ql G2 ) = 20 B+++(xl,x2,x3) sin” 0 (8-18)

Using Eqns. (8-16) and (8-18) for the four-fold differential cross

section, (after a trivial integration over ¢) can be written

3
4  + - 2 4
dolee” >999) _ (o,° % 999 ;. 2__dF (8-19)
dXd51n6dxldx2 | 8m Q2 i1 dxd51n6dxldx2
where
4 2
d F = Q- 5 IM |2
dXd51n6dxldx2 am A1A2A3 A1A2A3
= -%'LA (x.,x_,x.) + B (x.,%_,%.) 26
T 4+ 177273 g R r X3/ COS



134

1
4 (l-xl,) (l—xz) (l—x3)

Lcose(cos¢2v— cos¢l)C+++(xl,x ,x )

- cose(cos¢3 - cos¢l) C+++(X1,X 1%, )]

+ (1+2) + (1=>3)} + % cosze. (8-20)

The function d4F/ddein9 dxldx2 is defined, in such a way, that after
integration over the angles ¥ and 6 it becomes equal to the one used in

o
the Z~ - ggg decay.

For the q&g result one has2

2 q

4 + - -
d ole e - ggg) o S 27 2 2 2 2 2 2 2
= & 5 +x5+
X dsinfdx dx, 2r () [x] x5 +cos”6 (x] cos™¢, +x)cos™¢ ) ]
X (l—xl)(l—xz) ) _ (8-21)

The complete differential cross section in Egn. (8-20), contains too
many variables to be useful. We will integrate it step by step, beginning
with the variable X, until we get to the total cross section.

Using the integral

2m
= 8-22
fo cos¢i cosd)j dy =7 cos¢ij, ( )

and Egn. (8-2) we obtain easily

21 2 : 1-x4
fo [cos¢2—cos¢l] dy = 2w[l-cos¢2l] = 4m Xlxz, (8-23a)
1-x
2m - 259y = - - 2 (8-23b)
fo [coszb3 cos¢lj ax = 2n[1 cos¢31] = 47 %%,

and

fiﬂ[cos¢2-cos¢l][cos¢3—cos¢l]dx = ﬂ[cos¢32—cos¢3l—cos¢21+l]



) 2"[l—xz . l-x3 ) 1—xl]
XX . , (8-23c)

Using Egn. (8-20) and Egns. (8-23a) through (8-23c), several simpli-

fications take place, and the result can be written in the compact form:

2 3

3 .+ - o 3

do(e e g9y _ S 999 (34,7 dF (8-24)
i i d
d51n8dxld52 (8w)2Q2 ii d51n8dxl X,
with
3
—4dF = 2{(l+sin26)A (s.,x x ) + 2cos 6 B (x.,x x )
dsinedxldx2 4t 010 o Ry ¥y
+ (1¢92) + (1+>3)} + 16cos’8 ‘ (8-25)

For the q&g result we have2

3 + - - uza (x2 + x2)
d g(e e - ggg s 2 1 2 2
= (2q)) — — (2 + cos ™ 9) (8-26)
dSLnedxldx2 2Q2 i*i® (1 xl)(l x2) ,

In Figure 32, we plot the triple-differential cross section:

3+ - 3
1 dole e = gg9) _ 1 dF
OT(ggg) d51n8dxldx2 F (0) d31n6dxldx2
as a function of sin6® for xl = x2 = 0.9.

We have normalized against the total cross section OT(ggg), which we

find below to be finite (F(0O) = 80).

The magnitude of the curve is different for other values of xi, but

the shape does not change much.

Integrating over 6 we obtain the energy distributions of the final jets.

2 + - a2a3 2
dg(e e > ggg) _ S c999 (34 y2 4F (8-27)
dxldx2 (8n)2 2 1% dxldx2



1.6 T T =<

1.0

1 d30(ggg)

— ~299° _ {x, =x, =0.9)
o dsin(?dx.l dx2 1 2

05

1 do(ggg)
dsin 0

ot

-1.0 -0.5 0 0.5 1.0
Sin 8

Figure 32. The Triple and Single Differential
Angular Distributions for the

+ -

Process e e - ggg. The Dashed
Curve is Included for Comparison
With e'e - qqg
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with
sz 16
——————-—Xmdxz = ) {A+++(xl,X2,x3) + B+++(xl,x2,x3) + (1¢>2)
+ (1+3)} + §—;-1- (8-28)
and
2, + = = 2 o
do(e e > qq9) Sa s 2. 2 2 _
= ) + - - (8-29)
dx dx, 3 Q2 (Eqi)(xl x,)/ (1 Xl)(l x,)

2
Comparing Egns. (7-27), (8-10), (8-11) and (8-28), we see that d F/dxldx2
is indeed equal to the corresponding one used in the ZO <+ ggg decay.

In Figure 33, we show these energy distributions,

~

Z
+
1 dogee) L 1 1 T
O dxldx2 10 (1—xl)(1—x2)

as functions of xl for two values of x2. Comparing the ggg distributions
with those for q&g, we see that they are substantially different, particu-

larly around the region xl +x_ =1, i.e., x3 = 1. In ggg we find an

2
2
integrable log (l-xi) divergence (for details see Appendix E) as any one

-+ 1 and/or x_. -~ 1, and is

of the X -+ 1, while q&g diverges only when xl 5

non~-integrable unless one introduces a cut-off, as discussed below. The
same comments apply also to infrared divergences Xf+o :+ the ggg is integrable
while qag is not.7 The\absence of the l/xi infrared divergence in the
reaction e+e_ -+ ggg can be understood because there is no "bremsstrahlung"
from external legs.

To obtain the angular distributions, as well as the total cross sec-
tions, we go back to Egn. (8-20) and integrate over x, and x. after intro-

1 2

ducing a cut-off parameter e, as was done by Ellis et al.
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8 T I l ’ =
1 d20(ggg) ,l |
o dx, dx |
. T 9% 9% I I
_ x$+x% ” :
10(1 - x4 (1 - x,) | |
i .
II
51 /
4
3
2 L
1=
0
0
X
1 a%(gq9)
Figure 33. The Energy Distribution g—-—5§—§§g~
T 1772

as$ a Function of x) for x5 = 0.5
and X5 = 0.9 (Continuous Curves).
The Dashed Curves are Included
for Comparison With ete™ - qqg
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1 do(ggg) _ _1 drF ()
OT(e) dsinb -F(e) dsinbd
F_(e) + 2F_(g) 2F _(g) = F_ ()
_ 3.1 2 T2 . 2
= 5l F(c) 1l 2F (&) + F (&) o 6] (8-27)
where F(e) = Fl(e) + F2(e),
F,(e) = ig fége x| ST LA (A (kX% 4 (102)+(13))
1
(8-28a)
and
_ le . l-e 1-¢ ’
F2(€) = 3 f2€ dxl fl—x e dx2{ +++(xl,xz,x ) + (122)+ (1+>3)

1

B ++(x1’X2'X )} (8-28b)

. . . 8 . .
We perform a two-dimensional numerical integration and in Figure 34 we
show Fl(ep F2(€)as functions of €. For € = O we find Fl(o) = 33,

F2(O) = 47 and F(0O) = 80. Notice if Fl = F2 we would obtain an angular

2 - -
dependence 1 - %-sin 6, as in the ggg case or the decay QQ - ggg. For

. . 2
€ = 0, we find an angular distribution %~' é%é%ggl = 0.6 {1 - 0.48 sin 9}

which is shown in Figure 32. For € = 0.1 and € = 0.05, the angular de-
2 . 2 .
pendences are 1 - 0.55 sin 6 and 1 - 0.52 sin 8, respectively. In the
. ’ . . . 1 2
same Figure 32, we have shown the angular distribution 1 + E-cos 6
. 1 .2 -
(equivalent to 1 - 3 sin 0) for ggg.

For the total cross sections, we find

+ - o 2 ai ggg 2
GT(e e = ggg) = (5;0 —C (Eqi) F(e) (8-29)
Q
and9
2
+ - - 16
OT(e e ~ qqg) = 2 s (Zq ){ln (-**)

Q2 ii
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100 T T T | T |

% 0.1 oz 02

€

Pigure 34. The Functions Fi(e), Fy(e) and
F(e) Vs. €. For e=0, Fi(0) =
33, F,(0) = 47 and F(0) = 80
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€
l-2§

+2 (1-20) an(cS0) - w6

and (8-30)

€
+ 4 (5+3 1-3 + 2Li —
1/4 (5+3¢) (1-3¢) i, (00}
. . . 2
which diverges like log € for small €.
. . . 10 2 2
Numerically F(O) = 80, which, using as = 0.21 at Q9 = 1600 GeV ,
. + - -38 2 .
gives oT(e e > ggg) = 4.8 x 10 cm . In Figure 35, we plot the total
+ - + - - .
cross sections for e e > ggg and e e > qqg, as functions of €. From
this figure we expect one ggg event for roughly every one or two thousand
q&g events.

+ - . :
For the process e e ~ ggY, we need only replace the factor occurring

in Egn (9-29) by

o 2 a az gqY 5 2
(=) ——cC (& g.)
8t 2 :t
0 i
where the color factor ngY = 8. Hence the branching ratio o(ggY)/c (ggqg)

= 200/3a = 23%.
s
Note that the Feynman diagrams for this process, with the external

+
photon radiated off the e, vanishes identically.
Remarks

(i) We find that all of our helicity amplitudes are real, even though
we are above the q& threshold. The vanishing of the imaginary parts, true
only in the limit mq/Q+o, is connected with the absence of mass singulari-
tiesll, but we have no physical explanation. Of course, the box diagram
does have imaginary parts in other channels like YY - gg.

(ii) Egn. (8-19) averages/sums over.all helicities. The result for

. Lo + - . . . . 1
polarized colliding e e beams can be derived using the recipe of Bjorken, 3



Total cross sections

10

B \ ete” - qgg [1073° cm?]

Figure 35. The Total Cross Sections for

e+e— -+ ggg and e+e— -> qc-gg

as Functions of the Cut-Off

Parameter € at Q = 40 GeV,

Assuming Three Generations
. of "Massless" Quarks
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as was done by Ellis et al.2 for q&g. Gluon helicities are a separate and
non-trivial prbblem, to.be studied eléewhere.13

(iii) Substantial enhancement in three-gluon final states is expected
near ggq resonances, since quarkonia, like ¢ and T, decay predominantly into
three gluons. The continuum contribution we have calculated is, of course,
very interesting and important as a test of high-order QCD, but also very
small. Identification of gluon jets will be necessary to separate the ggg
state from the more common q&g events.

(iv) Other applications of the box diagram in QED like photon splitting
or Delbriick scattering also have their analogs in QCD, when some of the photons
are replaced by gluons: e.g., photon scattering and photon conversion into
one or two gluons in the color field of a target. The calculations are
fairly straightforward, but what is needed is a good experimental technique

to separate them from the background.
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CHAPTER IX
SUMMARY AND CONCLUSIONS

In this work, we have analytically determined several higher-order
correctiéns to the anomalous magnetic moment of the muon. We have also
studied, within the framework of the standard Weinberg-Salam model and
Quantum Chromodynamics three-gluon jets from the Zo decay, as well as
in e+e- annihilation.

Chapter II was devoted to a review of lepton anomalous magnetic
moments.

In Chapter III, we determined the O(me/mu) contribution to the sixth-
order muon anomaly from proper fourth—o;der electron vacuum polarization
insertion into the lowest-~order muon vertex. Inciuding the diagrams

with improper fourth-order electron vac-pol. insertion we obtained:

m 3 m 3
13 3 16 2 383 2, e _ e
- 18 - log 2 + 135 ™} mu(“) = 6.56 - (ﬂ) .

We mentioned that this contribution could also be obtained for the
order o (Za) vacuum polarization potential in muonic atoms. Interestingly,
. 3 C .
the result above contains a 7™ term. This is the first, and so far, the

only place in QED where an odd power of T occurs.
n
In Chapter IV, we continued to determine the O(;gﬂ corrections from
H
the second-order electron vacuum polarization insertion into the fourth-
order muon vertex. This required knowiedge of the full fourth-order

(4)

muon anomaly with one heavy photon Ku (b). From this, we extracted its
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asymptotic expression in the limit where b-0. We also checked this
numerically by constructing an integration subroutine for accurate eval-

uation of the trilog function. We found a contribution

1T2 m 4 3 me o 3
e 7 = 1.23 = (=)
m b m T
u u
m
To summarize: the 0(59) contribution from 18 of the 24 mass-dependent
u

diagrams in sixth-order is:

m o 3 o 3 _
-5.33-£ (%) = -0.026 (&) = - 0.29 x 10
l’l'l“l i s X

This corresponds to a 1.5% correction to the sum of the logarithmic and

3
0(1) terms, which is 1.944 () .
m
To see if the O(Hg) terms and lower are really negligible in higher
U

order, we calculated, analytically to 0O(1l), the muon anomaly from the
mass—dependent n-bubble diagram. Using the Borel transform technique,

a recursion relation was establsihed to give the coefficients bn n in

14

for arbitrary n. The exact anomaly a  was evaluated numerically by
Gaussian quadrature. Using the method of steepest descents, we found

asymptotically for large n:

n m
b o= (- 2) n1e/fe
n 3

m
u

)

clearly leading to a breakdown in the "false expansion" since a is
n

positive, while the true asymptotic limit c of a is
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We compared an, bn and cn for two different mass ratios = 207

mB!tE

=

(physical) and ;E-= 10. Based on this, we found that, in the former
e

case, the bn would approximate a very well up to n § 10, while in the
latter case this approximation would fail even for n = 1. Therefore

even for moderately high mass ratios the calculation requires knowledge

m
of O(Eg) and lower terms. We conclude, therefore, that the neglected

U
terms are indeed large.

Chapter VI contained some topics in Gauge theories, such as gauge
invariance of QED and QCD, the Weinberg-Salam model, the running coupling
constant and the Renormalization Group equation.

In Chapter VII, we studied three-gluon jets from the z° decay. We
argued and showed, by an explicit calculation of the VVA-triangle diagram,
that the two-gluon decay of ZO is forbidden. Next, we showed that the
axial part (in the three-gluon case) cancels totally, within each doublet,
in the limit mq/MZ -+ O, thus leaving us with only the pure vector part.

It also eliminates the diagrams with triple-gluon couplings.

Starting from the exact expressions for photon splitting, we found,
after performing an analytical continuation of the amplitudes, the double
differential decay rate sz/dxdy. We extracted the analytical behavior
dzr/dxdy ~ logz(l-x) and'logzx for x >+ 1 and x = O respectively, leading
to an infrared finite process, in accordance with the Kinoshita-Lee-
Nauenberg theorem. This was also checked numerically using the "VAC4"

subroutine to evaluate G(x,y) very accurately. The numerical integration

was done using the program "VEGAS", and we found a branching-ratio

5

(@]
I(z_ > gg9) ‘1.8 x 10

s -
?T(Z > qiqi)
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Although the rate is small, with the proposed LEP machine, we expect
approximately 3 events per day. |

We found, surprisingly, that the imaginary part of the full amplitude
vanishes in the limit mq/MZ - O.

This is related to the infrared finiteness of the process, but we
are unable to give a physical explanation. A similar result was later
obtained by Schierholtz et al. for the O(as) radiative corrections to
q&g jets, and it would be very interesting to know if this result is also
valid in higher order.

In Chapter VIII, we continued the jet analysis by considering e+e— >
Y* + ggg in the continuum. We presented the four-fold differential cross
section and integrated it step by step until we got to the total cross
section OT(ggg) = 4.8 x lO_‘38 cm . This is very small indeed, and we

expect only one event per one or two thousand q&g events. We found that the

d? - has the form 1-0.48 sin29 for €=0, which should
dsinb

angular distribution
. 1 . 2 : , + - -
be compared with 1 - 5—51n 6 for both the T-decay and e e - ggg.

Since the q&g rate is much higher than the ggg rate it is, of course,
very important that we can distinguish between gluon and quark jets.
Several papers in the literature are concerned with this question, and
it is our hope that the experimentalist, with more statistics will be

able to identify gluon and quark jets.
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APPENDIX A

ASYMPTOTIC EXPANSION OF K£4)(b) AND

M:'“ (b) FOR b ~ O

Below we give some of the detailed steps leading to Egn. (4-7).

' First we perform an analytical continuation of K;4)(b) and Mé4)(b) for
b < 4. If we write T = %y we can define y = el¢, - T < ¢ < 0 with
¢ = - 2 Arccos V1 . (a-1)
From Egn. (A-1) follows
1 i
log(l-y) = log 2 + E-log(l—T) + 5‘(¢+ﬂ)
and . (a-2)
1 : i
log(l+y) = log 2 + 3-109 T + 3~¢ .
Using6
Li (eie) = GL_(6) + iCL_(8)
2 T2 2
with
2
L o 1 .2
= — - = + =90
GL, () = 2 > lo] :
and (A-3)
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‘ _ 2 sin(nb)
CLz(e) - n£1 2
n
we find easily:
2
L m 1 2
. _r__= + 1 .
Li, (y) = ¢ > | o] 7 ¢+ icL,(9)
and (a-4)
2 2
Li_(-y) =-1T——+i>——+ iCL, (¢+m)
2 12 4 2

Similarly, using

. ie, |
L13(e ) = 1GL3(6) + CL3(6)

with
ﬂ2 m™ 63
GL3(9) ='€_ 6 - Z 9|6| + -1—2'
and (a-5)
CL_(8) = cL_(0) - f° cL_(6)as
3 T3 o 2
cos (nb)
=1 3 !
n
we find:

2 3
Li (y) = ilg— ¢ —% olo] + %—2—] + CL,(9)

and A (A-6)
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2 3
n

. _p Tt ¢
Liy(-y) = if[- 35 ¢+ 12]A+ CL, (¢+m) .

Using Egns. (4-5), (aA-1), (A-2), (A-4) and (A-6) we arrive at

Dp(T) = i[¢ log 2 + %— log(l-1) + CL2(¢)] ’

Dm(T) = iCLZ(dJ-HT)
and (A-7)
T(1) = - 6CL3(¢) - 3CL3(¢+1T) - 2¢ CL2(¢+n) - 4¢ CL2(¢)
+ (gf'- 2%30 log 2 - %i log(1l-T1) +-%(n2—¢2) log T .

Notice now, that Dm and Dp are purely imaginary while T is purely real.

Egn. (4-3) now reads (b < 4):

(4) 139 | 115 19 7 23 2 1 1
K = - ===+ [T+ = - = =
w (0 st ettt ST -5 1l e 4
L 2 127 115 2 _ 46 31 Arccosv/t

T
3 18 ° 2 VT (1-1)

9 5 2 1
+ [4+6T—8T —2T] £(2)
3
e 50 105% av s [1 - AL (2, 14T ArccosVt 159 41
6 3 3 V1 (1-1)
19 53 58 2 1 2 2
- [ et 3T 3" T3t l_T](ArccosV;3 (a-8)
' Im D (1)
+ [- 2t + é%-rz - 2%-13 —
VT (1-1)
P Eol.2 82,1 1y ol
12 6 3 4 1-T1 T(l"T)
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%-— lg'T + 812] Re T(1), (a-8)

while Eqn. (4-4) reads:

(4) 35 32 4 4 40 2
= =4+ =T+ |=T-=T1T-—
Mu (1) 36 5 T 3 5 T 5 7] log 41
+ 2 38 . _ 32 T2 + 20 33 ArccosvT
3 9 9 9 Y1 (1-1)
4 8 2 1
+ [1+ 3T -3°7 - 2T] z(2) (a-9)

+ [-2- 8. 382, -;—T—][Arccos/”c—]z

3 3
4 4 16 2 16 3, ™D, (P
+ -1 -=1" + =1 —_—
3 3 3 3 YT (1-1)
We now go to the limit T - O. We have
. 3/2
¢ = -7+ 211/2 + = + O(TS/Z) . (A-10)
By Taylor-series expansion of CL2(¢) around ¢ = -7, together with
dacrL, (¢)
T = = log 2, we find
¢ = -m
CL2(¢) = =~ 2(log 2)’r1/2 + o(1) . (A-11)
6
For 6 - O we use the expansion
Bl'62 B2-64
CL, (6 = 0|1 -1 0] + + N -
2 (%) [1 - tegl6] + s+ g+ -] (A-12)

where Bl = 1/6 and B2 = 1/32 are the first and second Bernoulli Numbers.



154

From Egns. (A-10) and (A-12) follows

3/2 3/2

172 172 3 log 41 + i

CL,(¢+m) = 2t7° - 7/ log 4t - !

+ 0(t?) . (a-13)

Finally using Egns. (A-5), (A-11) and (A-12) we find

CL3(¢) = CL3(~W) + O(T)

and (a-14)

CL3(¢+n) = CL3(O) + T log T + O(1T) .

From Egns. (A-7) and (A-10) through (A-14) we arrive at

Im DP(T) = -1 log 2 + O(T) ,
3/2 3/2
Im Dm(T) = 2Tl/2 - T1/2 log 41 - ! log 4t + “ + O(T2) (A-15)
Re T(T) = §-§(3) - ﬂ2 log 2 + [4 - 6 log 2 - log T]Tl/z + O(T1) .

Use of Egns. (A-7), (A-8), (A-10) and (A-15) now easily leads to

(4) _ oL@ 12
Ku (t) = Ku (o) 2 T 2T log T + o(T1)
and
(4) (4) 115 4n° 3/2
M (1) = M (o) + [——-27 -5 Jt+o00t™% , (A-16)

(4)

with K (4)
n

(o) and Mu (o) as in Egns. (4-7) and (4-8), respectively.



APPENDIX B
CALCULATION OF THE VVA AMPLITUDE S)\U\) (kl'k2)

Using the well-known Feynman rules, one finds for the triangular
fermion loop with two vector vertices and one axial vector vertex

(va) :

d 2
en? [k >0’ 1’1 (2+k,) *-n’]

4 Tr[Y Yy (F-K Hm) Yu (Z4m) Y (F+K+m) ]

Sl k) = 2 S (B-1)
The factor two, in front of the Feynman integral, comes from the fact
that both diagrams (Figure 21) contribute equally. Needless to say,
the VVV-part vanishes due to charge conjugation qonservation.

To do the integral, we shall use the standard technique of Feynman
parametrization. The three terms in the denominator are combined via

the following triple integral:

-3
—a3)[alu +a_a_ta_a ] . (B-2)

= ' - -
2' f dalduzda3 §(1 al o praetase,

2

The integration is over the 3-dimensional hypercube.

We obtain easily:

a.a, +aa  + a.o

2 2 2 2 2 2
1%1 2%, 303 al[(z—kl) -m ] + az[(£+k2) ~m ] + a3[2 -m ]

i

2 .
(R-QO) + D(kl'kz) .
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with

L = ak, - ok (B-3)

2 2 2 2
D(kl'kz) = alaz(kl+k2) + ala3kl + a2a3k2 -m .

Next we would like to shift the variable % +—£+20, but simple
power counting, reveals that the integral contains a linearly divergent
part, so that shifting this variable is in fact illegal. However, it
is sufficient here to know only the “leadingh terms, i.e. terms of
the form:

B
2

k . (B-4)

€ kak
AuaB 1 2v

They are all finite and the only ones unambiguously defined. For these
terms, the shift 2 - £+20 is permitted.
The correct tensor is then determined by the requirement of gauge
invaraince (vector current conservation):
M

v
kl Skuv(kl'k2) = k2 Skuv(kl'kz) =0 . (B-5)

This method, equivalent to any regularization scheme, determines the

finite "subleading" terms uniquely. It was introduced by Karplus and

Neumann7 in their first calculation of light by light-scattering.
Performing the trace in Egn. (B-1l) and integrating over 2, we

obtain for the "leading" part of the tensor:
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; _ L | R TV
SAuv(kl’kZ) = ﬂ2 J daldazda3 §(1 a -a = 3) Dk k2)
with
3 - a B _ _ a, B
N = 9 3me) 5006 K kzkl oy (1-a )€, aeX 1KoKy
o B
- a0, {e - € k. }_k (B-6)

AucB 1v AvaB 2uT1 2
Now writing the correct tensor (Cl and C2 constants) :

~ o o
= + k. + k B-7
Nluv Nluv Cl Ekuva 1 C2 Ekuva 2 ( )

and imposing gauge invariance we obtain:

{a (1-a )k +a.a. k. °k }e - {a (l—a )k +o.0. k. *k_}e K

Nluv 11 121 2 va 2 17271 727 "Apva 1

k. -a_(l-a_)e k%P %

B
2 1y 2 2" AuaB 12 T2v

+

o
al(l—al)EA Bklk

o B

I {EA uap lv - AvaB k2u}kl 2° (B-8)
Finally, using the identity:
+ + = -
Yaf “bede T Fof fcdea T Yof fgead T Yar feabc t Jef Fabca - O (B9
and, also defining the integrals Jrst(kl,kz):
J (k..k.) = - L J do_da_do_ §(l-a.-a_-o_)
rst 1772 ﬂ2 1l 2 3 1 2 3
Y s t
0. o o
x’ 12 3 (8-10)
[a. o, (k. +k )2 + o alR2 + a.a k2-m2]
172172 173%™ 27372 g



we arrive at:

il

(k. .,k )a k

a
v(kl'k2) 110 1’72 af 1

3 G.B + 2 o
10l(k1'k2){ Ava6k1k2k1u k1 ekuva kz}

+

k. x){e. k% x 2 x*}

+ . -
011 1’72 AHaB 1 272v k2 ekuva 1 (B-11)

2 2 .
We notice, that even for real gluons (k1 = k2 = 0), the axial cur-

rent is not conserved

o B

A
(kl+k2) quv(kl’kz) = (k.,k.) € 2(k +k ) # 0, (B-12)

110 172 uvaB

. 10
which is the famous result on triangle anomalies.

As a consequence of Egn. (B-11), we show that the triangle diagrams
(Figure 22b) are infrared finite, and free of mass singularities.
The amplitude is proportional to the two-gluon amplitude
2 ,
v(kl’kZ) with one real gluon (say kl = 0) and one virtual gluon, and
. . v
the triple gluon coupling rpo (k3,k4).
1 Y A

—_— P
Ma N > Skuv(kl’kZ)ch (k ,k ) € a 3

2

g
4" (B-13)'

Here k2 = k3 + k4 is the momentum of the virtual gluon, which splits

into two real gluons with momenta k3 and k4 respectively. The triple

gluon coupling is:

I (k,,k,) = - (2k_+k,) g - v v
po K37k, 3tk gp (k3 k4) gpo + (k3+2k4)PgO . (B-14)

2
Now using k. = O, k. €

1 161 0, (kl+k2)-e = 0, and also current con-
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Vv
. r - .
se?vatlon k2v po (k3,k4) 0, we ob?aln

o v
Mo - JOll(kl'kz)ekuvakl Fpo (k3,k4) . (B-15)

Notice that the term l/kg has cancelled away, suggesting infrared

finiteness.

=k, e, =0

. Cs > . .
Consider now the limit where k4 o, and.u51ng k3 €3 4" €4

we arrive at

(k.,k )e. k> {2k, g; + k;g } (B-16)

Mo JOll 174" "Apva' 1 po

with

duzdu3 §(1-a_-a —a3)

1 2

1
Jor1 KKy = - 2 S day

%%

2 2
[alazMz + 2kytk, 00l mq]

x . (B-17)

,a3) > (xy,x(1l-y),1-x). J

011

Let mq -+ 0, and change variables (al,a2

then reduces to

1 -
- i%-f xdx fl dy 1-x . (B-18)
o o

2
m Xy MZ + 2k3'k4(l—x)

This integral is now trivial, and we obtain easily, using

by E-l k.°k, and M2 = Iu
2 Z

3 4 ll'

(<]
|

r
= . 109!-4, (B-19)
2 2
011 Mz" ul

which is indeed free of any mass singularity. The other diagrams, of
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t
course, have a similar form (logl:s—l and _logl—u-——l) .
. 1 1



APPENDIX C

(1) E(2)

THE EXACT EXPRESSIONS FOR E+ y
T+ T+

AND THEIR

ASYMPTOTIC VALUES FOR mq/MZ > 0

We begin by giving the exact expressions for the four basic ampli-
tude E(i)(l234)(i—l 2)
S Pt Tl

These are as follows:

' 2 4u_st 2
LW goagy oo 28t g 88t 128 35 4 (A8t 2Stygy,
8 T+++ s rs 2 s r t
1 1 s 1 1
1
4u_st 4u_st 2U.s 2u.s
ple— 1 o1 Iapuy + - Sirn
rs 2 s t 1 r t
1 s 1 1
1
2s (s-t) 4 2't 3 2st
(2sls st_3s_ 2t _ S _ gyp
o r2 Sl 52
1
+-{2s(s—t) s t . s _ S1p(t)
r 2 t r
r 1
2s(s-t) 4s t . 3s _ s, 2st S ., Sy.,_
+ 4 r + 2 s t + 2 + r + t}T( ul)
r 1 1 s
1
rl(r-t) rls
- _—;ET__-IO(I'S'ul) + ;Ef'lo(r,t,ul)
2s(s-t) 432t s 3s
+ {- T + 5~ E‘ + ;-' + 2}IO(S,t,Ul) ' (C-1a)
r
1_(1); s s 1
= E 234) = {= - = +T (s)+T(t) =T (- + = -
(1234) = {5 r}[T(r) T (s)+T(t)-T( “1)] == T (x,s,u)) (C-1b)

8 —++

lel
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tl
- ;f'IO(Sltlul)l : . (C~1b)
4u 2u 2u
2 4 2
lE( )(1234) = {22 + ZE)ip(s) + {—4—E+ —Z-E}B(t) + { L, L, l}B(-u )
4 T4+ s r t r s t 1
1 1l 1 1
1 1 1 4 3
+{-=-=-= yr(r) + {- 2254 4 I 3y
r s t 2 r s.t r
r 1
2r 2r r
+ {- dst +—L 4 £ é}T(t) {——4St .
2 r st r 2 r st
r 1 r
e —tl;— + ZIT-n))
51 1
s t
t 1 1 s 1 1
+ {rs rt * rs}Io(r’s'ul) + {rt - rs * rt}Io(r't'ul)
2y r
dst 1 1 5 1 .
+ {r2 " el St}lo(s,t,ul), (C-1c)
and
1._(2) - i_1_1
2B, (1234) = -2+ {- === - S Tx) + T(s) + T(R) - T(-n))]

1 1 1 1
=4+ = + {(=+ =
+ {t rs}Io(rlSlul) {S rt}IO(r’t'Ul)
R R (C-1d)
st o 'L

The functions B(r), T(r) and Io(r,s,ul) appearing in Eqns. (C-1la)

through (C-1d) read:

: ~ _ b(x) b(r)+1
Re{B(r)} = Re{-1 + > ln(b(r)-l)} .
Im{B(r)} = - 3‘2- b(r)6 (r-1) (c-2a)
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. . 2
_ 1 b(r)+1
Re{T(r)} = Re[2 ln(b(r)—l)] .
Im{T(r)} = - m arcosh vr 0(r-1), (C-2b)
and
Io(rlslul) = F(r:a) + F(s,a) - F(" Ul,a)
with
ool 2.2 atl, atl
Re{F(r,a)} = Re{za[ln{r(a b” (x)) Mn(=]) N vy
. a-1 oo a+l . a-1
+ L:L2(a+b(r)) le(a-b(r)) + Ll2(a—b(r))]}'
_om a~-b(r) . _
Im{F(r,a)} = > ln(gIETET)G(r 1) (C-2¢)
Finally,
: . 12
a = (1 +—) , {C-24)
rs
b(r) = (1 - l>1/2
r = T .

and the dilog-function is defined as

. _ X log (1-t)
-L12(x) = fo dt —t -

The above expressions are all exact for any vaiue of r,s,t and ul. From
now on, we will only consider the limit where r,s,t,—ul -+ o, which is

equivalent to letting the quarkmass go to zero. It turns out then, to

be convenient to write:



2 (1) - 1 _(1)
+++(l234) = 35 +++(1234)
and
~(2) B )
+++(1234) = 2 +++(1234) .
Keeping only terms of 0(20 several simplifications occur.
From Egns. (C-la) and (C-3) we obtain:
4qu_t
1 2t - 4
( )(1234) = - —+ {- f - 12 }B(s) + {———- ——}B(t)
1 1 s °1 1
1
du_t 4u_t 2u 2u
+ {- ri+ 12+S1 L}B (-u.)
1 s 1 1
1
2st s-t
+ { 2 - r }G(Srtlul)
r:
with
G(s,t,u.) = 2{I_(s,t,u;) - T(s)-T(t) + T(-u,)}
1 o 1 1
Using the old trick of writing:
B(s) = [B(s) - B(-up] + B(-n))

and similarly for B(t) Egn. (C-4) can be written as:

4du_t
(1)(1234) - -2y {- st L1, 25}[13(5) - B(- p,)]
s rs 2 s 1
1 1 s 1
1
{——— - ——-}[B(t) - B+ (25 - Y6 (s,e,u)).
1 r

164

(C-3)

(c-4)

(c-5)

(C-6)
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Finally, introducing scaling variables x, y and z and using the

following asymptotic expressions (see Egns. (D-la) and (D-9))

1 1
B(s) = B(-ul) = 3 log]ul = 3 log(1-y),
1 t 1
B(t) - B(-u,) = = log|—| = = log(l-z) (c-7)
1 2 ul 2

and
2

F(s,t,ul) = G(y,z) = 1lgo(l-y)log(l-z) + L12(y) + le(z) - 7;
we arrive at:

(1) - oz -1 Iy, o, A=x -

LEyiz) = 2000 + [3 - 24200 - 2657 Jleg (1)
Y
1 1-z
+ [ 1+ =+ 23 Jlog1-2)

b [E2 4 o A0 A2 gy (c-8)
1-x 2
(1-x)
The E( )(1234) is trivial and gives zero:
£ ey, = 0. (c-9)
A similar analysis can be performed for E( )(1234) for which we
find:
£ (1230) = (25 + 281 g(s) - B(- Hy )]+ {——+ ——}[B(t) -B(-u )]
+++ r s
1 l
+ {25 l}G(s,t,ul) | (C-10)

2
r



166

or, in terms of scaling variables:

82 ey = [1- 1y + 209/ 10 Ten(1-y)
+ [1-1/z + 2(1-2)/ (1-x) Jan(1-2)
+ [x/(-x) + 2(1-y) (1-2)/(1-x) 2J6(y,2) .  (c-11)
Finally:
£y = -2 (c-12)

(2)

+++

As can be easily seen from Egns. (C-9) .and (C-11), the E -func-

(1)

tion is symmetric in interchanging y <> z, while ﬁ+++ does not have

this property.



APPENDIX D
DERIVATION OF THE FUNCTION G(x,y)

Here we will give the asymptotic expressions for B(r), T(r) and
G(r,s,ui) in the limits r,s,t,-ul > o,

7
For the B and T functions one has (r - «) :

Re{B(r)} = - 1 + %-log(4r),
Im{B(r)} = - % (D-1a)
and
1 2 “2
Re{T(r)} = 2 log (4r) - 4—,4
Im{T(r)} = - % log (4r) . (D-1b)

So the only function left to study is G(r,s,ul). We recall from Egns.

(C~2¢c) and (C-5):

G(r,s,u;) é{xo(r,s,ul) - T(x) - T(s) - T(-up)}

2{[F(r,a) - T(x)] + [F(s,a) - T(s)]

il

[F(-ul)a) - T(- ul)]} (D-2a)

where the exact expression for F(r,a) is:

167
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Re{F(r,a)} = 7 RelZ 1oé[r(a2—b2(r)>hog(§}%)
-2 v 2 - Liz(ﬁ%r—)')
+ Liz(af;%r))} (D-2b)
and
In{F(r,a)} = —2-“; 109(55%;—)
Also
a = [1 + gé]l/z
and (D-2c)
1/2
b(r) = [1- %] .

Let u collectively stand for r,s,t or —ul. Expanding a and b(r)

to lowest nontrivial order, Egn. (D-2b) with r=u reduces to:

: 1 ut+rs 4rs
Re1lF (u, = =

e{F(u,a)} 3 Re{log( s ) 1og =)

4urs ut ﬂ2

- le(ut+rs) * Ll2(ut+rs) - E_}

and (D-3)

m ut+rs
Im{F(u,a)} = > log(4urs )

23
The following three equations from Lewins book ~ prove to be useful



in the further reduction of F(u,a):

1 1 2 ﬂz
L12(v) + L12(;0 = - 5—1og v + 3T imlogv, v > 1 (D-4a)
“'2
Liz(v) + Li2(l-v) = - log v-log(l-v) + T O<v<1 (D-4b)
and Abel's relation:
. A=V 1-w . L 1-v . L l-w
LlZ( w v ) Ll2( w ) Ll2(_V )
= - Liz(l—v) - Liz(l—w) - log v-log w . (D-4c)
Now using Egn. (D-4a) with
v 4durs o>
ut+rs
and Egn. (D-4b) with:
ut
ut+rs
Egn. (D-3) reduces to
: 1 2 ﬂ2 1 2, rs 1 rs
Re{F(u,a)} = Z—log (4a) - 6 4 log (ut+rs) - E‘LlZ(ut+rs) - (D=5)

Finally, using the asymptotic expression for T(r), Eqn. (D-6),

with r=u, can be written as:

2
1 2  rs 1. rs m
Re{F(u,a) - T(w)} = - 4 log (ut+rs) 2 LlZ(ut+rs) T 12
and (b-6)
In{F(u,a) - T(W} = I 10g@EES)
2 rs
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Notice that all the arguments in the above equation are dimensionless.
We have therefore proven that there are no quark mass singularities,
which otherwise would show up in terms such as log r.

We are now ready to attack the function G(r,s,ul) itself.  Using

the fact that: (t+r) (t+s) = - ult + rs one finds for the imaginary
part:
M. t+rs
t+r t+s 1
= — )+ =) - -—)} =0 . -
Im{G(r,s,ul)} m{log ( = ) +1og ( 3 ) —1og ( TS ) } (D-7)

That is, the amplitude G(r,s,ul) is purely real in the limit of vanish-
ing quark mass!

Using Egns. (D-2a) and (D-6), the real part reads:

2
r S i
Re{G(r,s,u))} = log(F)log () + ¢
. rs . 4 ‘ S
+ le(-u1t+rs)~ Li, G~ M)

2
1-x. 1-vy i . o l-x l-y
e ———— _—.+ ———
log( v ) 1log ( " ) + A L12( - = )

codsxy _opy Loy -
L12( - ) L12( - ) . (D-8)

The last equation has been re-expressed in the convenient scaling
variables x and y, defined in the main text.
Using Abel's relation Egn. (D-4c) and Egn. (D-4b) once more, we

obtain G(x,y) in its final form:

2
Log (1-x) *1og (1-y) + Li(x) + Li,(y) - %—

]

Re{G(x,y) }
and (D-9)

‘In{G(x,y)}

il
(@)
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This is really a remarkably simple function. Notice that all the
divergences at, say x‘= 0O or x = 1, have now been tranéformed into the
log function.

An interesting property of G(x,y), is that it vanishes identically

for y = 1-x, according to Egn. (D-4b):
2

G(x,1-x) = 1log x log(l-x) + Liz(x) + Li2(l—x) - %— = 0. (D-10)

This identity proves important to show that the decay process is finite,

that is, no infrared singularities are present.



APPENDIX E

2
ANALYTICAL EXPRESSIONS FOR d F/dxdy ALONG
THE THREE EDGES (I, II AND III)

OF THE PHASE SPACE

In this appendix, we will first determine the asymptotic expression

2 .
for lM (x,y,z)l close to the three edges I, II and III in the phase-

+++
space (see Figure 23 in main text). Then d2F/dxdy follows automatically.
Since the y <>z symmetry is satisfied, it is sufficient to find |M|2 in
the region y—+1 (denoted II) and also in the region x-1 (denoted I).
First let y = l-e and therefore z = l+e-x. We shall determine:

ﬁ(l)

+++(x’y’z)’

1)

++(X,Z,Y)

ﬁ(
+
and (E-1)

ﬁ(2)

+++(X.y,Z)

in the limit where e -+o.

Using the fact that the leading expression for G(y,z) (see Eqn.

(c-8)) is
G(l-e, l+e-x) =~ log € * log x (E-2)

it now follows easily from Egns. (C-9) and (C-11) that
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1)

~ : N x
h+++(x,l g,1+ex) = [Zx + 1w log x]log €
and (E-3)
~(1) ~(2) X
- p— [ . + - = - cm— . .
E+++(x,l+e x,1-¢) E+++(x,l €,1+e-x) To= log x log ¢

Inserting Egn. (E-3) into Egn. (8-20) yields

(1) 2 ~(2) 2
+++(Xl) + e—“,l-e)] + [E+++(xll—e,l+s—x)] }

It

| M (x,l-e,1+e—x)|2 s{[E

+++

2 2
16(i§;) log’x log’e . (E-4)

From Egqn. (E-4), we see that [M|2 vanishes for x—+o, and for x->1 it

diverges only as logze. Therefore, in region II and III IMI% is inte-

grable. We show below that this statement holds also for the region I.
Next let x = l-e and z = l+e-y. This time we must be more careful

. . 2 . :
with the expansion of G(y,z), simply because |M|° contains terms like

1
(1—x)2

Using

1T2
G(y,l+e-y) = log(l-y)log(y-€) + Li2(y) + Liz(l+y—€) i (E-5)

with the asymptotic expansions for € - o:

2
1 (_)glo _E_l‘._e__
Og\l\y-¢€ gy v 2 2
Y
and
L (l+e-y) * Li_(1-y) - 29Y
L:L2 e-y) = L1, Yy I-y

(E-6)

1 1 log yq 2
= + €
2 [y(l-y) _ 2]
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and also Egn. (D-46), we obtain:

[log v log(l—y)] l[ log v _ 1og(1—y)]€2.

- 2
-y y y(1 y) (1-y) y2

G(y,l+e-y) =

(E-7)
Substituting Egn. (E-7) into Egns. (C-9) and (C-11) gives after a

trivial, but tedious calculation, the simple answer:

(l)

(1 €,y,1+e-y) (1-e,l+e~y,y) =

E
+++

5(2)

log Y, log(1l-y) (E-8)
By

1-y y

(1-¢,y,1l+e-y) 1+

Inserting Eqn. (E-8) into Egn. (8-20) yields

(1-¢,y,1+e-y) |° 8'{[ﬁiii(l—€,y.l+e-y)]? + [E, (2 )(1 ey, 1+e-y) 1°)

| M

2
log vy + log(l-y)}
1-y y

16{1 + (E-9)

1l

The above expression, at first glance, does not look symmetric in y<*z,
however, since x>1 we have y*l-z, so that log(l-y)/y = log z/(1-z).
Therefore, let us use the symmetrical form:

log y
1-y 1-=z

(x,y,z)l = 16{1 + (E-10)

| Myt

2 2
for x>1. 1If also g?»o, then IM[ = 16 log g. This is the infrared
divergence.
. : . 2
We are now ready to give the asymptotic expressions for d F/dxdy

in the three regions. Using the fact that the asymptotic expression

2, . . 2, .
for |Ml(y,x,z)| in region II is the same as lM(x,y,z)| in region I

2
and similarly for IM(z,y,x)l , we obtain in region I:
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2 2 2 2

_ 32 log vy, log z 32 y 2 z 2 2
Txdy 3 {1+ 1oy t 1 }o+ 3 {(1_y) log'y + (;=) log z}log” (1-x)
(E-11)

The expressions for the other two regions are easily obtained by the
interchanges x<»>y and x<>z.
In the infrared limit, 2z>o and therefore x = g - 1, we obtain from

Eqn. (E-11)

2
a°F _ 64 2
axdy - 3 o9’y - (E-12)

To summarize, we have shown that in the infrared region z-o
2 2
d F/dxdy behaves like log z, while in the case of collinear gluons, z>1l,
2 2
d"F/dxdy behaves like log (1-z). We conclude that this process is

infrared finite and is free of any mass singularities.



APPENDIX F
EVALUATION OF THE SLOPE dF/de

Here we shall give an expression for F(e)-F(o) in the limit e-o.

Assuming F(e) is a well-behaved function, we can expand it around e=o0:

Fle) = Flo) + (2L ¢4 .- (F-1)

de
€0

The leading term dF/de is the only part which we will be concerned about.

Now, for any function f(x,y), let us define the following double

integral:
Fle) = /1% ax F, (x,e) (F-2)
&= 2e 17
where
1-¢
Fl(x,e) = fl+€_x dy f(x,y)

Using the well-known differentiation rule:

a4 ble) _ b(e) . dg(x,e)
de fa(e) dx glx,e) = Ia(e) dx d¢e
+gbie),e) B - ga(e),o) 22LEL (F-3)

o€

we easily obtain:
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OF_ (x,¢€)
dr(e) _ _ (l-e _ : l-¢ 1
e - "l dy fley) + o 7 dx
1l-¢ 1-¢ l1-¢
= - -€, - s L= - dx f ,l+ - .
IZe dy f(l-e,y) f2€ dx f(x,1l-€) f2€ (x,1+e-x)

(F-4)

These three integrals represent precisely integrations in the
regions I, II and III, respectively. 1In particular, if f(x,y) is the
double-differential function d2F/dxdy, we can use the asymptotic expres-
sions in Egn. (E-11). Each of the integrals then give the same contri-

bution, and changing y»x in the first integral, we obtain from Egn.

(E-11)
dr (€) 64 1 x 2 2 2
—-a‘E—' = -3 - —3— fO dX('i—_;) log x-log ¢
2
= - 128{¢(2) + 1 - 2z(3)}log ¢ (F-5)

. . . 2 .
To summarize, the function F(e) behaves like €log € around e€=o with

a coefficient: -128{g(2) + 1 - 2¢(3)} = - 30.
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