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CHAPTER I 

INTRODUCTION 

To predict system performance to a higher degree of accuracy so 

that energy saving could be achieved on account of the required size of 

a mechanism means that an improved mathematical model of the system is 

needed. Nobody is interested in a mechanism that either vibrates or is 

too heavy in accordance to its need, reliability, failure, and perfor

mance. With a more precise mechanism the phenomenon could be better 

understood and quality predicted. 

The demand for higher speeds in production and execution procedure 

in mechinery has created greater problems for designers. The elastic 

deformations of the machine components cause inaccuracies in position, 

fatigue, failure, and noise. Special effects are produced when a mechan

ism is driven at resonant speed of its spring and mass. The performance 

of mechanisms at high speeds cannot yet be determined accurately in the 

design stage because there is not sufficient knowledge yet about the 

elastic properties of the links and effect of backlash in the bearing 

(22). 

A study of the dynamic behavior of a mechanism may begin logically 

with an investigation of its pr0perties which relate deflections to iner

tial and applied forces. Force-deflection properties based on the static 

or vibrating equilibrium statesar.enot necessarily applicable to the same 

mechanism in the dynamic state. In mechanisms which transmit relatively 
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large forces or move at high speeds, there are often.considerable differ-

ences between the theoretical and actual motions. For this reason, it 

wou 1 d be des·i rab 1 e not on 1 y to. take into cons i de ration the e 1 ast i c prop-

erties of individual links but also to attempt a kinematic synthesis in-

"' eluding the effects of elastic deformations. The magnitude of the iner-

tia forces may be seve.ral times.as large as the static forces, and may, 

in addition, possess quite different directions. The term "inertia 

force 11 denotes a force which is equal in magnitude to the product of 

mass and acceleration of the body, and opposite in direction to the 

acceleration vector (1, 2, 22). Presently, experimental measurements of 

dynamic effects are particularly important because of the influences men-

tioned previously, which cannot yet be adequately taken ioto considera-

tion at the design stage. Dynamic investigations of mechanisms, taking 

into account the effects of inertia forces, are very time-consuming since 

not only the deformations, displacements, velocities, and accelerations, 

but also the static forces in a mechanism must be taken into considera-

tion. The total load on a machine element is due to the combined effects 

of static and dynamic forces. 

A general approach for the dimensional synthesis with or without 

optimization of rigid mechanisms would be very advantcigeous to the de-

signer. The existing methods, especially for planar or spherical mechan-

isms, are useful for the synthesis of particular cases. In linkage de-

sign, constraints are necessary to insure closure and to make sure that 

the mechanism will operate. For this reason, unconstrained minimization 

techniques are of no use to the designer. With the availability of opti-

mization methods which could handle inequality, parameter or function 

constraints, such as the penalty function approach of Fiacco and McCormick 
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(56), Marquardt's Algorithm (53), Gauss-Newton method, and Kubicek's 

algorithm (58), mechanism optimization became feasible. A method is 

needed to optimize the dimensional synthesis of mechanisms. Such consid

erations require decisions to ·be made concerning the exact form of _the 

input motion, the form of the output motion, and the criteria for judg

ing what constitutes an optimum configuration. Hence, the Variability 

of the number of parameters that take place is considerable according to 

every design requirement. 

The study of the dynamics of a systemofinterconnectedrigidbodies, 

that is, higher-order effect caused by the elasticity of individual mem

bers is neglected, has been carried out by different approaches such 

as the joint force method (48), vector calculus, d 1 Alembert 1 s principle 

and the principle of virtual work (57), and Lagrange's equation. S.ince 

the advent of the finite element method, there have been great changes 

in providing versatile mathematical models in every area of science. 

The study of the dynamics of rigid bodies has not been approached yet by 

the finite element scheme. By this approach, it is believed that classi

cal dynamics could wel I be revolutionized. 

The increasing use of digital computers and its time-saving ability 

to apply numerical techniques encouraged the development and application 

of finite element techniques. They can be formulated for almost any type 

of engineering problem, and solutions by classical methods that were con

sidered impossible in the past years can now be obtained. In general, 

the finite element method provides the most efficient procedure for ex

pressing the displacements of arbitrary mechanism configurations by means 

of a discrete set of coordinates. Better accuracy can be achieved in a 

dynamic analysis for a given number of degrees of freedom by using the 
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shape function method of idealization than by the lumped mass approach 

( 3} . 

Objectives 

The main objective of this study was to develop mathematical models 

for analysis of rigid link and elastic link mechanisms. There is a be

lief that the models developed represent the phenomena with versatility, 

applicability, and reality. The major objective of this study can be 

broken down into the following categories: 

1. Development of a method for the synthesis of planar and spheri

cal mechanisms with rigid links. The method is based upon solving a sys

tem of nonlinear equations which represents the configurations of the 

mechanisms. The system of equations could be either solved iteratively, 

or by using Marquardt's algorithm, or the Gauss-Newton method. Optimiza

tion is also obtained by using the former methods. 

2. Development of a mathematical model approached by finite ele

ment analysis, to perform dynamic analysis of mechanisms with rigid links. 

3. Development of a general formulation of kineto-elasto-dynamic 

analysis which is applicable to study planar and space mechanisms with 

elastic links. The development of the mathematical model is based on 

finite element formulation and Hamilton's principle. 

4. Development of a new approach for performing stress analysis, 

length determination, and plotting of the deformed links of the mechan

ism. The approach is b~sed upon the shape functions which represent the 

deformation behavior of the elements of the mechanism. 

5. An experimental analysis was conducted to select representative 

information to establish comparisons w1th analytical results. 
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The problem analysis is demonstrated by analyzing a four-link-crank

rocker mechanism. The synthesis of rigid links might be extended up to 

spherical mechanisms. 



CHAPTER I I 

LITERATURE REVIEW 

The 1 iterature in kinematics and dynamics of mechanisms has grown . 

so rapidly within the past decades that it is not possible to attempt to 

review all of them or even the major contributions in the field. In order 

to provide some focus, however, a few references in the areas related to 

this study are presented. 

The four-bar 1 i nkage is chosen as the mechanism to va 1 i date the 

applicability of the mathematical models developed because it is a com

mon element in many engineering mechanisms and studied extens·ively. Al

though its kinematics have been investigated widely, its dynamics--rigid 

or not--have been found less amenable to general treatment, possibly be

cause of the length and complexity of the governing transcendental equa

tions. However, now that the use of digital computers is routine, it is 

a simple matter to solve a variety of hitherto intractable dynamical 

problems by numerical means. 

There are various principles and techniques available for formulat-

ing mathematical models for the analysis of rigid mechanisms. Paul (72) 

reviews various principles and techniques available for formulating the 

equations of motion. Among those techniques are the vector methods, 

joint force analysis, d'Alembert's Principle, Lagrange's equations, and 

Hamilton's equations. Smith's (66) method reduces the calculation of re

action forces for multi-degree of freedom, constrained, mechanical, 

6 
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dynamic systems based on Lagrange 1 s equations with constraints. Yang 

(67) formulates a dynamlc equation, where bearing reactions and inertia 

torques are obtained, based on dual vector and screw calculus. Andrews 

and Kesavan (68) describe a procedure for applying graph theory which is 

based on vector mechanics to the analysis of general, dynamic, lumped 

mechanical systems. Bagci (69) uses the joint force method for the anal

ysis of planar mechanisms with Coulomb and viscous damping. Smith and 

Maunder (70) and Suh (48) also use the joint force method for the dynamic 

analysis of planar mechanisms. Woo and Freudenstein (71) use screw coor

dinates for the dynamic analysis of planar or space mechanisms. 

A survey of literature which describes the kineto-elasto-dynamic be

havior of mechanisms is discussed to present the state-of-the-art and 

establish comparisons. A supplementary bibliography that presents a sur

vey of investigations in this area performed by Lowen and Jandrasits (94) 

and Erdman and Sandor (102) is recommended. 

In their analysis or synthesis, most of the works reviewed do not 

consider axial deformation due to known problems of instability. Several 

researchers have introduced this intrinsic phenomenon. Eringen and 

Woinowsky (28, 29) consider the effect of axial forces on bhe vibration 

of elastic bars. It was observed that axial stress increases rapidly 

with the decrease of the ratio of a nonlinear period over a 1 inear period 

or with the increase of frequency ratios. The vibration of an extensible 

bar, carrying no transverse load and having the ends fixed at the sup

ports, causes axial tensile force with a period equal to the half-period 

of the vibration of the bar. Axial buckling is important and axial de

formations should not be neglected in a stability analysis. 

The study of partially elastic mechanisms from a linear point of 
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view has been approached by several researchers. Broniareck and Sandor 

(100) studied the dynamics of a four-bar 1 inkage with massless elastic 

coupler and rigid cranks, connecting two rotating masses mounted on elas

tic shafts by examining Mathieuts equation. Stability conditions of the 

system are determined with the use of the stability chart. 

Sadler and Sandor (64) use harmonic analysis for the study of mechan

isms whereby one 1 ink is regarded as elastic. The equation of motion is 

derived by using Newton's second law and Lagrange's equation. Finally, 

employing harmonic analysis, the steady-state solution of the differen

tial equation is obtained, and the dynamic coupler point path is deter

mined for various speeds and damping ratios. 

Gandhi and Thompson (59) developed a finite element equation appro

priate for the analysis of a flexible planar mechanical system using a 

mixed variational principle. The element is defined with four degrees 

of freedom to represent transverse deformation and rotation at the nodes. 

The inertial loading from the rigid body analysis is.used to continuously 

update the right-hand side of the following equation: 

[ M] ( s) . + [ K] ( S) = ( Q) • ( 2. 1 ) 

In their application they consider only one link to be flexible. The 

Newmark method was used to solve the system of linear differential equa

tions. 

Gayfer and Mil ls (95) made a theoretical study of the small ampl i

tude vibrations of a four-bar linkage. The mechanism considered has two 

flexible 1 inks and a rigid coupler; all members are of uniform cross sec

tion. The natural frequencies are calculated by receptance methods and 

showed positive agreement with experimental results. The theoretical 

work is based on the assumption that only flexural vibrations are 



important. The theory deals with small amplitude, undamped flexural 

vibrations of the linkage by means. of receptance methods and it is 

assumed that changes in potential energy due to gravity are negligible. 

9 

Badlani and Kleinhenz (90) conducted a study of the dynamic stabil

ity of a slider-crank mechanism with an undamped elastic connecting rod. 

The analysis is done by·application of the Euler-Bernoulli andTimoshenko 

beam theories. It is concluded that regions of instability exist when 

rotary inertia and shear deformation effects are included in the analy

sis. Seveers and Yanz (103) also studied the dynamic stability of the 

slider-crank mechanism. 

Jandrasits and Lowen (33) performed a theoretical analysis of 

elastic-dynar;1ic behavior of a counter-weighted four-bar linkage rocker 

link which carries an overhanging mass. The equations of motion are ob

tained using Hamilton's integral and Kantorovich's method. Hill's equa

tions were used to furnish the time portions of the solutions and the 

Floquet theory is adopted for stability considerations. In general,good 

qualitative and quantitative agreement between analytical and experimen

tal results was found. The Runge-Kutta method was used to solve the sys

tem of differential equations. 

The methods used for the quasi-static.and vibrational analysis of 

structures have been extended to study mechanisms with elastic links by 

considering them as instantaneous structures. Ashok et al. (35) derive 

an iterative technique for analysis of elastk deformation of mechanisms 

which provides an approximate particular solution. The algorithm is time

step size independent. The total system mass and system stiffness ma

trices are constructed by utilizing the permutation vector method of 



structural analysis. The mechanism is regarded as an instantaneous 

structure at every position. 

10 

Smith and Maunder (79) determined the stability boundaries of the 

coupler of a four-bar linkage using a two-parameter perturbation method. 

Later, Smith (80) proposed a three-parameter perturbation method for the 

same problem. Starting from partial differential equations and assuming 

the shape function of the coupler to be a first mode sine function, they 

obtained a single undamped Hill's equation as the basis for the stability 

analysis. 

Iman, Sandor, and Kramer (37) extended the permutation method of 

structural analysis to obtain linkage mass and stiffness matrices for the 

determination of deflection and rotation equations at the nodal points. 

They introduced the rate of change of the eigenvalues with respect to the 

motion of mechanisms. The rate of change of the eigensystems with re

spect to time has also been used for time efficiency (the modal analysis 

method was used to solve the system of differential equations) (61). The 

linkages are regarded as an instantaneous structure at every position. 

The equations of motion can be written as 

[M](s) + [D](s) + [K](S) = o (2. 2) 

where 

[M],[D],[K] =system mass, damping, and stiffness matrices; 

(Q) = inertia forces due to the gross rigid body motion of 

the mechanism plus external forces; and 

(S) =unknown generalized coordinates. 

Bagel and Kalaycioglu developed a method for the elasto-dynamic 

analysis of planar mechanisms. The finite element method and lumped 

mass system are used to formulate the equations of motion of a mechanism: 
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(S) = [F ][ (Q) - [M] (S) - [D] (s)] 
s 

(2.3) 

where 

(S) ,(S),(S) =generalized coordinate displacement vectors and its 

first and second time derivatives, respectively; 

[F] =generalized coordinate external flexibility matrix; s 

[M] = diagonal mass matrix consisting of the mass~s and 

mass moments of inertia lumped to the generalized 

coordinates; 

[D] damping matrix; and 

(Q) = forcing vector which consists of any time dependent 

externally applied force components in the directions 

of the generalized coordinates. 

The method also includes inertial forces and inertial torques due to kine-

matic gross motion of the mechanisms. Axial deformation of link members 

is neglected. The system of differential equations is solved by the 

matrix exponent i a 1 method. 

Sandor (63) develops a method whereby the kineto-elasto dynamic 

analysis of mechanisms is approached by the lumped parameter technique. 

The system of differential equations obtained is solved by the Runge-

Kutta method. 

Syed and Soni (19) conduct the static elastic analysis of a path-

generating four-bar and its cognate mechanism. The flexibility method 

of structural analysis is employed to determine the elastic displacements 

of the coupler polnt. The deflections were observed to be nearly doubled 

when the speed was increased from 300 to 400 rpm. 

( S) = [b] T [ F ][b ]( Q) 
s 
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where [F] is the flexibility matrix. (Q) is the system force vector, and 
s 

[b] is the force-transfer matrix. 

Erdman (17) demonstrates how a flexibility matrix may be employed in 

setting up a system of coupled differential equations describing the vib-

rational behavior of a 1 inkage. The link deformations are represented 

mathematically by an operator. Each element consists of six degrees of 

freedom. The· different i a 1 equations of mot ion used a re formed by intro-

ducing a mass matrix, based on the lumped method and a damping matrix: 

[M] (S) + [D] (S) + [K] (S) = (Q) (2. 4) 

The Runge-Kutta method was used to solve the system of differential equa-

tions. Erdman et al. (17, 32, 60, 90) develop a kineto-elasto dynamic 

equivalence approach using the flexibi 1 ity matrix methods. Erdman,. Sandor, 

and Oakberg (60) first applied the flexibility approach of structural 

analysis to a quasi-static deflection investigation of mechanisms. The 

method was extended to spatial mechanisms. 

Ashok, Erdman, and Frohrib (39) develop a numerical closed-form algo-

rithm applicable to the design of elastic-link mechanisms. During each 

time step, the system parameter.s (mass, damping,end stiffness) are assum-

ed to remain constant in solving the equations of motion. The displace-

ment finite element is used to develop the mas~ and stiffness matrices of 

the linkage. The Wilson method (18) is used to construct the damping 

matrix. 

Alexander and Lawrence (30, 31) analyze two planar mechanisms with 

a mathematical model based upon the stiffness method of structural analy-

sis, and obtain an analytical coupler and output 1 ink strain variation. 

The axial strains are determined to be less than five percent of the bend-

ing strains in a four-bar planar mechanism. The obtained results matched 
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the experimental results. The Runge-Kutta method was used to solve the. 

system of differential equations. 

Midha et al. (23) demonstrate the effects of a multi-element ideal-

ization of the links of an elastic planar crank-rocker mechanism on 

modal frequencies. One-, two-, and four-element idealizations were used. 

Their method is based upon the stiffness method of matrix structural 

analysis, and determines the natural frequendes and normalized mode 

shapes of beam structures. A six-degree-of-freedom element was used. 

The undamped structural equations of motion are written as 

(Q) = [K] - w2[M](S) (2. 5) 

where 

[K] =structural stiffness matrix; 

[M] = structural mass matrix; 

(S) = vector of unknown displacements; 

w = undamped natural frequency; and 

(Q) =vector of applied forces on the structure. 

Midha et al. conclude that a multi-element idealization of the 1 inkage 

members was desirable. 

Winfrey (25, 62) uses the stiffness approach of structur~l analysis 

to perform the analysis of elastic planar and spatial linkages. He also 

utilizes the reduction of coordinate techniques for determining a parti-

cular deflection in a mechanism (26). Elements with six degrees of free-

dom are considered. The equations of motion are· 

[M ](S) + [ K] ( s) = ( Q) (2.6) 

where 

[m] .. = J1 m(x)•. (x)•.(x)dx 
I J 0 I J (2.7) 
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(2. 8) 

where (Q) is the vector of inertial forces computed previously from the 

gross rigid motion. The modal analysis method was applied to solve the 

system of equations, and was extended to the analysis of the Bennett 

mechanism. 

Midha et al. (18) presented a general approach for deriving the equa-

tions of motion of planar 1 inkages. The finite element method by way of 

Lagrange's equations is employed to devel·op the mass and stiffness proper-

ties of an elastic linkage. Each element consists of six degrees of free-

dom. The equations are expressed as 

[M](S) + [D](s) + [K](S) = - [M](Sr) (2. 9) 

where (Sr) is the rigid body acceleration vector. 

Nath and Ghosh (54) developed a method for the vibrational analysis 

of planar mechanisms. The equations of motion are developed by determin-

ing the element stiffness matrix, mass matrix, and load vector from the 

fol lowing equations (55): 

[K] T = f b xbdv, v 
(2.10) 

[M] T = f pa adv 
v 

(2. II) 

( cj>) 
T = f a qdv v 

(2. I 2) 

where 

b =matrix of strains due to unit displacements; 

x = component of the matrix of stress; 

p = density; 

a= matrix function of the position coordinate {in general, one 



can expect only approximate expressions for a); and 

Q = load vector. 

Several examples were worked out but no comparisons were establ is.hed. 

15 

Bahgat and Willmert (15) present the vibrational analysis of general 

planar mechanisms using a finite e.lement approach. The analysis consid

ers both axial and lateral vibrations using a high order Hermite poly

nomial approximation. The result is a system of 1 inear ordinary dLffer

ential equations expressed as 

[M] (S) + .[D] (S) + [K] (s) = (Q) (2. 13) 

where the mass, the stiffness and damping matrices, and the force func

tion are all functions of the rigid body motion of the mechanism; there

fore, the rigid body dynamics must be solved first. They consider eight 

degrees of freedom per element. 

Boronkay and Mei (101) analyze a multiple flexible 1 ink mechanism 

using the finite element method in which the revolute joints are replaced 

by flexible joints. 

Maha 1 i ngam (96) attempts to imp rove the res u 1 ts of Gayfe r and Mi 11 s 

(97). He believes that the solution of the receptance equation for the 

entire range of configurations was tedious. He demonstrates that config

urations in which natural frequencies are stationary are independent of 

the elastic characteristics of the input and output 1 inks, and depend 

only on the geometry of the system and mass distribution of the coupler. 

Kohli et al. (93) consider the effects of elastic links, elastic 

supports, and elastic shafts of a slider-crank mechanism by elasto

dynamic analysis. The rigid displacements of the mechanism links due to 

deformations in the support are evaluated by the Taylor series approxima

tion. The deformations of the links are approximated by using a finite 
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number of terms in a Fourier series employing the Raleigh-Ritz method. 

The equations of motion of the slider-'crank rocker are obtained by 

Lagrange equations. A set of linear ordinary differential equations is 

obtained. It is assumed that axial load does not vary over the length 

of the 1 ink: 

(2. 14) 

where matrices [Mb], [Mc], [Mk], and vector (Q) are functions of the 

time-dependent rigid body motion and the inertia and stiffness properties 

of the mechanism 1 inks and shafts. The Runge-Kutta method was used to 

solve the system of equations. 

The nonlinear analysis of elastic mechanisms has been approached by 

several researchers. Sadler and Sandor (38, 88, 89) develop an analyti

cal lumped-parameter model. for the nonlinear vibration analysis of mechan

isms. Application of finite difference approximations to the Euler

Bernoull i beam theory leads to a system of coupled, damped, ordinary non

linear differential equations. Axial deformations were ignored. The 

model is applicable for both periodic and nonperiodic mechanism motion 

and for both uniform and nonuniform cross-sectional links. The model is 

used to determine the bending deflections, dynamic stresses and strains 

of a four-bar-planar 1 inkage. 

Koh 1 i and Sandor (92) extend the 1 umped parameter approach for 

kineto-elasto dynamic analysis of planar mechanisms to the analysis of 

elastic spatial mechanisms. The Runge-Kutta method is used to solve the 

system of equations. 

Jasinski, Lee, and Sandor (82) derive the equations of motion of a 

slider-crank mechanism considering its connecting rod to be elastic. 

They neglect the nonlinear coupling term. The ratio of the length of the 
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crank to the length of the connecting rod is considered to be less than 

one. Longitudinal and transverse vibrations are considered. Two simul

taneous nonlinear periodically time-variant partial differential equa

tions represent the model. 

Chu and Pan (78) derive the equations of motion of a slider-crank 

mechanism with an elastic connecting rod. Assuming finst mode sinusoid

al shape functions, they use the method of Kantorovich and the method of 

weighted residuals. Stability criteria are presented based on the 

Floquet theory. The resulting equations are solved numerically by use 

of the piecewise pol ynomi a 1 method and the fourth-order Runge-Kutta 

method. 

Viscomi and Ayre (83) study the nonlinear dynamic response of an 

elastic slider crank mechanism by assuming small displacements and ne

glecting axial deformation. The energy method is used to develop the equa

tion of motion which is solved by using Hemming 1 s modified predictor

corrector method. 

Neubauer, Cohen, and Hall (81) examine the vibrations of the connect

ing rod of the slider-crank. Longitudinal deformations, Coriolis, and 

relative tangential and relative normal components of acceleration are 

neglected. The equations of motion are derived by making use of the 

D'Alembert principle and the Euler-Bernoulli equation. Leibnitz's rule 

is used for differentiation of the obtained integral. The fourth-order 

partial differential equations are solved by the finite-difference meth

od. The equations are also linearized and solved using the Runge-Kutta 

method. The periodic coefficient was approximated by a cosine term. 

Dressing (14) processes an algorithm to determine the periodic co

efficients of the linear differential equations which describe the 
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relations between dynamic forces and motions in planar me.chanisms. The 

algorithm allows for calculations of vibrations in mechanisms with n de

grees of freedom. The algorithm is represented by a system of nonlinear 

differential equations which are approached by means of a system of 

linear differential equations with periodic coefficients. 

Sutherland (77), using a mode analysis approach, presents the deriv

ation of equations of motion of a fully elastic four-bar linkage. The 

problem is approached by forming the Euler-Lagrange equations of motion 

for the system in a manner similar to that which would be used for a com

plex rigid body dynamic problem. A set of partial coupled ordinary dif

ferential equations is produced. Joint reaction forces are automatical

ly eliminated because the Lagrange approach is used to determine the 

equations of motion. The effect of axial forces on the lateral deflec

tions of each member is considered, but the actual axial equilibrium con

ditions for the members are not. The Runge-Kutta method is used to solve 

the system of equations. The validity of the mathematical model is then 

confirmed by the results of a physical experimentation. 

Variational calculus has also been used by several researchers to 

approach the elastic study of mechanisms. Thompson et al. (59, 97) devel

op a variational approach whereby the physical system characteristics are 

embodied in a functional. The first variation of the functional yields 

the equations of motion of the complete mechanism. 

Cleghorn, Fenton, and Tabarrok (13) obtained a procedure for deter

mining the equations of motion of a mechanism with flexible links. The 

governjng equations are derived using Hamilton's principle. The equa

tions are discretized by the finite element method. The procedure con

siders a flexible-axially~rigid beam subjected to prescribed translations 
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and rotations. Seven degrees of freedom are considered for the element. 

The equations obtained are: 

[M](S0
) - 28 [B](S) + [[K] - 92 [M] - e0 [B] + p [A*] 

0 

+ Pl [ B 1~] + P 2 [ D] ] ( S) = ( Q) ( 2. 15) 

where the mass, gyroscopic, and stiffness matrices are observed. The 

different values of P represent the coefficients of a second degree poly-

nomial that represent the distribution of longitudinal load for rigid 

motion. 

There is a wide interest in the synthesis of elastic mechanisms. 

Many approaches that present several models have been published. In 

general, the approaches discuss the difficulty of taking the inertia 

forces into consideration in the synthesis of a mechanism. The mechanism 

should first of all be designed by considering its members rigid in order 

to determine the distribution of mass among the various members. If un-

favorable characteristics result, improvements can be made by changing 

the link dimensions (22). 

Patwardhan and Soni ·(20) present a method for synthesizing a planar 

crank-rocker mechanism with elastic links. Synthesis equations are 

developed, and the equations of motion are determined by obtaining the 

mass matrix and stiffness matrix separately. The mass matrix is obtained 

by application of the stiffness method. Six degrees of freedom are con-

sidered for each element. The equations obtained are: 

[M] (S0

) + [D] (S) + [K] (S) = (Q) (2. 16) 

The synthesis equations are represented by three nonlinear algebraic 

equations .in three unknown link proportions. The unknowns involve 
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unknown deflections and their time rate of change. No calculated exam

ples have been presented. 

Khan and Willmert (21, 24, 27) introduce the concept of a constant 

length finite element technique for vibrational analysis of planar mechan

isms. The technique can also be applied to links of a mechanism which 

have variable cross-sectional sizes along their lengths. They consider 

each element to be axially rigid. A six-degrees-of-freedom element is 

used with vertical deformation, slope, and curvature at each node. The 

resulting form of the differential equations describing the vibrational 

motion is 

[M](S0
) + [K](S) = (Q) (2. 17) 

The solutions of these equations give the vibrational deformation, slope, 

and bending moment as functions of time at the ends of the finite element. 

The method determines the optimal cross-sectional size of the elements, 

and minimizes the total weight of the mechanism subjected to limitations 

on the stresses in the links using an optimality criterion technique. 

Based on the Kuhn-Tucker conditions for an optimal solution, a recursion 

relation is derived which is used to change the values of the design vari

ables from one iteration to the next. 

Erdman et al. (17, 32, 60, 91) present a synthesis method based on 

the Burmester theory, the complex number method, and the stretch rotation 

operator in an iterative synthesis-analysis-resynthesis algorithm. 

Sandler and Sandor (38) introduce a scheme for minimizing the maxi

mum stress level in an elastic member of a given length without increas

ing the total mass. The procedure is based on an iterative technique for 

finding the uniform strength shape where depth is the only variable. 



21 

Physical experimental studies have been performed by several re

searchers with the main objective of establishing comparisons with the 

analytical results. The following works have been reviewed and are pre~ 

sented according to the publishing date. 

Gayfer and Mi 1 ls (95) perform an experimental study ofsmal 1 amplitude 

vibrations of a four-bar linkage. The fundamental natural frequencies 

of the linkage ar:e examined by free vibration tests, and fundamental re

sonant response curves are obtained under conditions of forcing. The in

put was a mechanical scotch yoke driven when links were flexible and an 

electromagnetic exciter operated when links were rigid. The two forms 

of instrumentation used were long exposure photography which give a blur

red image of the amplitudes, and electrical capacitance gages whose sig

nals were recorded through a multi-channel camera. 

Alexander and Lawrence (30, 31) present experimental results of 

strain histories of coupler and rocker midpoints of a four-bar linkage 

containing three elastic links. Strain gages were mounted at three 

points on both the coupler and output links of the four-bar mechanism 

experimental model. At each point, the gages were mounted on both upper 

and lower surfaces of the beam so that bending and axial strains could 

be recorded separately. A photocell was employed to obtain cycle timing 

data. Strain data were recorded using an oscilloscope equipped with a 

type Q transducer and strain gage preamp] ifier plug-in unit and a camera. 

Sutherland (77) investigates experimentally a constant speed elastic 

four-bar function generator. The prime mover was a master 1/3 hp ac in

duct ion motor with an integral 7.5-60:1 variable speed reduction unit. A 

five-step cone sheave V-belt drive (for course speed range changes) was 

used to drive a shaft which was connected by timing belts to the split 



22 

crank. Each crank shaft had an 8 x 3/4 in. cast steel disk flywheel 

attached to reduce crank speed fluctuations. To obtain the angular posi

t ion of the crank and follower shafts, 321 Servo Gamewell precision con

ductive plastic single turn continuous rotation potentiometers were used. 

The shaft potentiometers were charged by an SCR variable potential de 

power supply, and output was observed on a Tektronix 502A oscilloscope. 

The recording was made on a Brush 1 i ght-beam osci l lograph. Good results 

were obtained by taking high speed 16mm motion pictures (1000 and 2000 

frames per second). 

Jandrasits and Lowen (33), in their experimental investigation, use 

a four-bar linkage consisting of rigid aluminum coupler and a thin brass 

rocker 1 ink with a counterweight m and end mass M. The crank is combined 

with the flywheel. The rocker link thickness and sizes of the.end mass 

and counterweight represent the tradeoffs to obtain sufficient deflection 

in the experiment without exceeding the elastic limit. Strain gages 

(SR-4 350 ohm foil) ane located at the top continuation of the rocker and 

middle of the rocker. The mechanism is directly driven by a variable 

speed 1/6 hp de motor, and its speed is monitored by a tachometer genera

tor with a 60 cycle/resolution ac output. The zero angle of the input 

is determined with the aid of a photoelectric transducer and a reflecting 

tape attached to the flywheel. The range of speed was between 110 and 

200 rpm. 

Bagci and Kelaycioglu (34) use a full scale model to perform their 

experiment. The response of the model is tested by measuring normal 

strain at certain joint locations on the output link with strain gages 

fixed at the center of the output 1 ink. Normal strains are recorded 

using a Tektronix cathode ray oscilloscope equipped with a type Q 
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transducer, a strain gage amplifier plug-in unit, and a Polaroid camera. 

Different input crank speeds are used ranging from 85 rpm to 430 rpm. 



CHAPTER I 11 

SYNTHESIS OF-PLANAR MECHANISMS WITH RIGID 

LINKS BY A GEOMETRIC ANALYTIC METHOD 

The approach to be followed will be based upon the method developed 

in Reference (52) that was introduced for the design of_ spherical double 

rockers- class I and class 11 1 inkages. The method consists in solving, 

either iteratively or by Marquardt and Gauss-Newton techniques, a set of 

trigonometric equations obtained from the triangular configurations that 

the mechanism forms at certain steps.· The set of equations is also opti

mized by application of Marquardt 1 s method and Gauss-Newton 1 s technique 

(53). The triangular configurations for a four-bar planar mechanism are 

shown in Figure 1. 

The existing methods consist in giving solutions to specific prob

lems with specific conditions (50, 84, 86, 87). The problems they pre

sented can be solved and, furthermore, optimized by the method presented 

here. 

To develop the method, one has first of all to consider that there 

is a total of seventeen unknowns. Sixteen of the unknowns are obtained 

from the -configurations of Figure 1 and one more that represents the 

oscillation angle of the output link c. It is only possible to obtain 

three independent trigonometric equations from each configuration, plus 

the equation that relates the two limit positions of the output link and 

its oscillation angle. Therefore, a total of thirteen independent 
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equations is obtained which means that four unknowns at least have to be 

prescribed so that the system of trigonometric equations might be solved. 

It has been found that the number of trigonometric equations had to 

be equal to the number of unknowns so that a solution might be obtained. 

By Taylor series, every continuous and differentiable function may be ex-

pressed in a polynomial form; on the other hand, by Fourier series, any 

polynomial function may be expressed in terms of trigonometric functions. 

Therefore, the set of equations to be used depends upon the pre-

scribed conditions or assumptions for the problems to be either solved 

or optimized. The named thirteen equations could be used to define the 

complete synthesis of the four-bar planar mechanism, and the prescribed 

parameters might be chosen according to the designer's requirements. If 

optimization is required, then several different problems might be set 

up accordingly. Two cases are presented here in accordance with the 

needs of this study and to show the applicability of the method. 

The optimization of the two cases presented is carried out either 

by assigning a range of variability to the maximum transmission angle in 

the Marquardt's algorithm or by introducing the following expression. 

Min ~ Tr ~ Max (3. 1} 

Max - Min Tr= 2 sine +Mn (3. 2) 

where Tr represents the parameter upon which the optimization is based, 

Max and Min represent the 1 imits of variation of Tr, Mn is normally 

equal to the positive difference between Max and Min, and e is a new 

variable to be found. 
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Case Study I 

The oscillation angle A• and one limit position of the output link, 

the minimum transmission angle µ 1, and the fixed link length are pre

scribed. 

The system of equations to be used has to be obtained from Configu-

rations I, 11, and IV of Figure 1. Hence, a total of six independent 

equations is sufficient and necessary to design the mechanism. The vec-

tor of unknowns is represented by: 

and the system of equations is represented by: 

- T . 
Fl (X) = •4 - •2 + A. 

F2 (i)T = µ 2 + e 1 + • 2 + 180 

F3(i)T = c sinµ 2 - d sine 1 

1 2 2 1/2 = b - Z (c + d - 2cd cos.2) 

2 2 1 /2 + (c + d - 2cd cos.4) ) 

- T 2 2 1/2 F5 (x) =a - d + (b + c - 2bc cosµ 1) 

- T F6 (x) = 0 1 - arcos ((d - c cos.2)/(b +a)). 

Case Study 11 

(3.3) 

(3.4) 

(3.5) 

(3. 6) 

(3. 7) 

(3. 8) 

(3. 9) 

The oscillation angle A• of the output link, the limit positions 

0 1, and e3 of the input link and the fixed link are prescribed. 

The system of equat i ens to be used has to be obtained from Confi gu-

rations 11 and IV of Figure 1. A total of seven independent equations 
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is sufficient and necessary to design the mechanism. The vector of un-

knowns Is represented by: 

and the system of equations is represented by: 

G2(X)T 

G3(X)T = µ - e + e - ~¢ - µ 
4 l 3 2 

- T G4 (x) = c sinµ 4 - d sine 3 

G5(x) 1 = b - ~ c (~in¢2/sine 1 + sin¢4/sine 3) 

G6 (x)T a - (d - c cos¢2 - b cose 1)/cose 1 

G7(x)T = sin¢4 - ((b - a) siin8/c). 

Results and Discussion 

(3. 10) 

(3.11) 

(3.12) 

(3. 13) 

(3. 14) 

(3.15) 

(3.16) 

(3.17) 

Two computing programs in FORTRAN were written to solve iteratively 

the system of equations for Case Study I and 11, respectively. For the 

optimization procedure, Marquardt's method and Gauss-Newton 1 s technique 

were used together so that a much more accurate solution could be ob-

tained (see Appendix G). The checking out of the solutions was carried 

out by using Grashof 1 s criteria (85). 

Figures 2 and 3 show the design charts for the two cases presented. 

The solutions are optimized based on the transmission angle to range be-

tween 30 and 90 degrees. The two examples show ·the versatility and 

generality of the presented method, especially in the area of 



18 ..--~~~~~~~~~~~~~~~~~~~~--, 180 

16 160 

14 r "'-.... c I 140 · 

b 
~ 12 

...,..- -j 120 _..,.... CJ) 
Ql 

U) ~ Ql 
Q) H 

.-c: bD 
0 10 100 Q) 

i::: 
02 

Q 
H 

~ 
~ 

i::: .,-j 

·rl 
80 8 

~ ..........._ (\j 

0 ;:l 

,.a 6 ~ µ,~· ~ 1 60 C\J 
'& 

L-

ITT 

4~ ~ ·~ - I 40 r-1 
CD 

----------:r Gl ==:] 20 

I I I I I 0 
20 JJ 40 50 60 70 80 90 

M Degrees 

Figure 2. Design Chart for a Four-Bar Planar Mechanism, Given µl, ~~' o/4, and d N 
\.0 



U1 
Q) 

..c: 
u 
s::: 

H 

s::: 
·r-l 

u 

<t1 

7 

l 

0 
20 

----
YJ 

Figure 3. 

40 

b 

c 

0 --3--- ---- ____..; 

---- µ2 
--:::____ 

---- 0 -----= 4 ----- ----
' 50 60 70 80 9J 

.6.cp Degrees 
100 

Design Chart of a Four-Bar 
Given .6.c)>, e1, e3, and d 

Planar Mechanism, 

200 

100 

80 

60 

40 

20 

0 

(JJ 
()) 
Q) 

I-< 
t.O 
QJ 
Ci 

..;t 
'& 

l\J 
'& 

.. 
N 

;:I. . 
~ ..... 

;:I. 

w 
0 



optimization which could be done by using every type of constraints, 

whether it is either a parameter or a function constraint of any type. 
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CHAPTER IV 

DYNAMIC MODEL FOR RIGID-LINK PLANAR MECHANISMS 

BY A FINITE ELEMENT APPROACH 

To carry out the kineto-elasto-dynamic study of planar mechanisms 

it is necessary to have some general information concerning the rigid 

body motion. A finite element approach based on a variable cross-

sectional element is introduced. This method is believed to be applied 

here for the first time in the area of rigid linkage design. The ele-

ment has six degrees of freedom which represent forces and moments at 

the extreme nodes. The element is defined to have at its center of mass 

linear acceleration in the x and y directions, angular acceleration, ex-

ternal moment, and gravity force (see Figure 4). By analyzing such a 

figure, one can show the following relations to exist: 

T . 
(F) = (Fl f 2 F3 F4 F5 F6) 

(P) T = <Ci. G. 0. ET. MG.) 
JX JY J J J 

(R)T = ((Xk - Xi)/2 (Yk - Yi)/2) 

T 
(H) = ((Xk=-Xi)/2 (Yk - Yi)/2) 

( 4. l) 

(4.2) 

( 4. 3) 

(4.4) 

where for a constant cross-sectional element vectors (R) T and (H) T are 

equa 1. 

A crank-rocker-four-bar planar mechanism has one degree of freedom 

for motion. Therefore, only one torque is necessary to put the mechan-

ism into motion. Let us choose node M in Figure 5 to be the one where 
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torque is applied. Hence, the torques at A, B, and Qare assumed to be 

zero since the revol.ute pairs are assumed to be frictionless. According 

to the general equations of motion for a rigid body in planar motion, we 

have (6, 8, 48) : 

l:F = m a 

.. 
l:M = 8 

The general equations of motion for the element are 

-F + F4 = m G I n nx 

-F2 + F5 = m G + MG n ny n 
.. 

-F R + F2R + F - F4s + F S - F6 = I 8 I ny nx 3 ny 5 nx n n 

given 

- ET n 

by 

(4.5) 

(4.6) 

(4. 7) 

( 4. 8) 

(4.9) 

These equations are expressed in matrix form by Equation (4.10). There, 

n is the number of elements that form the mechanism; matrix [d] is the 

instantaneous geometric matrix; and vector (f) is the force vector and 
• 

vector (e) is the inertial vector of the element. 

Fl 

-I 0 0 0 0 
F2 

G m 
F3 

n nx 

0 -1 0 0 0 = m G + MG 
F4 

n ny n 

-R R -s s -1 I e ET 

(4. 10) 

ny nx ny nx 
F5 

n n n 

F6 

[d] ( f) = (e) ( 4. 1 Oa) 

To apply Equation (11. JO) to any planar mechanism, the assembling 

procedure will be shown through the dynamic study of a four-bar planar 

mechanism (see Figure 5). 
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One, two, and three elements per link are considered (see Figures 

6, 7, and 8). The global instantaneous geometric matrix [D] for the 

mechanism is obtained by using the assembling Equation (4.11): 

d 

d 

d 
[D] = 
LxK 

L x M 

where 

L = 3 x n 

M = 6 x n 

K = 3 x n + 3 

and the assembling matrix [a] 

0 0 0 

0 0 0 

[a] 0 0 0 
= 

0 0 0 

0 0 0 0 

0 0 0 0 

d 

is 

0 0 

0 0 

0 0 

0 0 

1 0 

0 1 

a 

a 

a 

M x K 

given by 

a 

(4.11) 

(4. 12) 

(4.13) 

(4. 14) 

(4. 15) 

which has been obtained and generalized through the use of Figures 6, 7, 

·and8. When boundary conditions are applied, then matrix [D] isa square 

matrix. The global equations of motion for the mechanism are structured; 

therefore, the force vector can be found at any step of the mechanism 

position. The vector of boundary conditions always eliminates the mo-

ments at the pin joints, except at the input pin joint. Finally, Equa-

tion (4.16) is obtained. 
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[D] (F) = (E) (4.16) 

LxL L L 

The information needed for the global inertial vector (E) of the 

mechanism is also needed in the kineto-elasto-dynamic study. To obtain 

this information, one starts first of all with Freudenstein's equation 

to determine the direction angle for each link (49, 50): 

where 

Kl = d/a 

K2 = d/c 

(a2 - b2 2 2 
K3 = + c + d )/2ac 

By letting 

we have: 

K4 = d/b 

K = (c2 d2 - a2 - b2)/2ab 
5 

K = ...:2 sine 1 7 . 

e3 ·= 2 arctan((-K7 ± (K~ - 4K6K8) 112 )/2K6) 

e2 = 2 arc tan ( (-K7 ± (K~ - 4K9K10 ) l /2) /2K9) 

(4. 17) 

(4.18) 

(4. 19) 

(4.20) 

(4.21) 

(4.22) 

(4. 23) 

( 4. 24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 



41 

The angular velocities and accelerations for the coupler and output 

links are given by (49): 

. 
(ae 1sin(8 3 - e 1 ) ) I ( bs in ( 8 2 - 8 ) 82 = 

3 
(4.30) 

. 
( ae 2 s i n ( 8 2 - 83))/(csin(8 3 - e ) 83 = 2 (4.31) 

82 = (H1H2 - H3H4)/(H3H5 - H6H2) (4.32) 

8 = 
3 (HlH5 - H6H4)/(H3H5 - H6H2) (4. 33) 

where 

·2 ·2 ·2 
Hl = ae 1s i n8 1 + a8 1 cos8 1 + be 2cose 2 - c8 3cos8 3 (4.34) 

Hz = c cos8 3 (4.35) 

H = 
3 

c s i n8 3 (4.36) 

• 2 . •2 • 2 . 
H4 = a8 1cos8 1 - .a8 1sine 1 b8 2sine 2 + cs 3s in8 3 (4.37) 

H5 = b cos82 ( 4. 38) 

H6 = b s i n8 2 (4.39) 

The angular accelerations for nodes and center of mass are given by 

the following equations: 

8182c2 - s;cl 

8le3c3 - e~c2 

e~cl + 8183c3 

8~c2 + ele2c1 

(4.40) 

where S. represents the points whose accelerations are to be found. T. 
· I I 

represents a point where the accelerations are known. The position vec-

+c • · b tor 1s given y: 
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+ + + 
C = S - T (4. 41 ) 

where l and l are the position vector of points S and T, respectively. 

The transformation equations to be used are as follows: 

A = a coss 1 (4.42) 
x 

A = a sins 1 (4.43) y 

B = Q + c coss 3 (4.44) 
x x 

B = y ~ + c sine 3 (4.45) 

G = 
lx 

(M 
x 

+A )/2 
x 

(4.46) 

G = (M + A )/2 (4.47) ly y y 

G = (A + B ) /2 (4.48) 2x x x 

G2y = (A + B ) /2 (4.49) y y 

G = (B + Q )/2 ( 4 .so) 
3x x x 

G3y = (B + ~)/2 (4. 51) y 

where symbols A, B, Q, and M represent the nodes of the ideal mechanism 

of Figure 5. The center of mass of each mechanism is represented by G. 

Subscripts x and y represent the coordinate direction. 

Results and Discussion 

The mechanism of Figure 5 was analyzed for one, two, and three ele-

ments per link. Figures 9, 10, and 11 show the results when the input 

angle is zero. The analysis was carried out through 360 degrees of 

rotation of the input link. The results obtained showed a pattern of 

behavior similar to the one shown '·il'I Figures 12, 13, aAd·.14. Fi.gure 
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14 presents the results for the moments at the center of the links. The 

greatest peak values are observed at the center of the input link. Fig

ures 13 and 14 show the results of the forces at the center of the coup

ler and output links. The gteatest peak values are observed at the cen

ter of the output link. The results showed that the maximum inertial 

forces take place about -60 and 50 degrees of the input link motion. The 

biggest forces take place at -10 degrees of the input link. 



CHAPTER V 

SHAPE FUNCTIONS FOR THE ELEMENT 

The line element has eight degrees of freedom, four per node (see 

Figure 15). Two shape functions are used with a total of eight unknown 

coefficients or a total of eight generalized coordinates~ A fifth de-

gree polynomial is used to represent the transverse deflection, rotation 

or slope and curvature. A first degree polynomial is used to represent 

the axial deflection. The strain energy due to transverse shear is neg-

ligible compared to the strain energy due to bending and axial deforma-

tions. Hence the effect of shear deformation is neglected. Rotary iner-

tia and frictional forces at the joints are also neglected. 

w(x) (5. 1) 

(5.2) 

I n mat r i x form : 

BO 

AO 

Al 

w(x) (0 2 
0 3 4 x5) 

A2 
(5.3) = x x x x 

Bl 

A3 
A4 

A5 
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or 

w(x) = (X)T (A) 

and 

BO 
. AO 

u(x) = (1 0 0 0 x 0 0 0) 

Al 

A2 

Bl 

A3 
A4 
A5 

or 

T u (x) = (x) (A) 

The deformation vector (S) is defined to be: 

whose dimensions are: 

ql Unit 1 ength 

q2 Unit length 

q3 Radians 

(S) q4 Radians/Unit length 
= 

q5 Unit 1 ength 

q6 Unit length · 

q7 Radians 

q8 Radians/Unit length 

The vectors (A) and (S) are related by the boundary conditions: 

At x = 0: 

52 

(5.4) 

(5. 5) 

(5.6) 

(5,7) 

(5.8) 
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q = w(O) = A 2 0 (5. 9) 

q3 = dw(O)/dx = A1 (5. 10) 

2 2 q4 = d w(O)/dx = 2A2 (5. 11) 

At x = L: 

(5. 12) 

2 3 4 5 q6 = w(L) =AO+ A1L + A2L + A3L + A4L + A5L (5. 13) 

2 3 4 ql = dw(L)/dx = A1 +2A2L + 3A3L + 4A4L + 5A5L. (5.14) 

2 2 qB = d w(L)/dx = 2A2 + 6A3L + 12A4L2 + 20A5L3 ( 5. 1 5) 

In matrix form we would have: 

(S) = [C] (A) (5. 16) 

(A) = [C]-1 (S) (5. 17) 

where 

ql 0 0 0 0 0 0 0 BO 
q2 0 1 0 0 0 0 0 0 AO 
q3 0 0 1 0 0 0 0 0 Al 
q4 0 0 . 0 2 0 0 0 0 A2 = 
q5 0 0 0 L 0 0 0 Bl 
q6 0 1 L L2 0 L3 L4 L5 A3 

0 0 1 2L 0 3L 2 4L 3 5L4 A4 
0 0 0 2 0 6L 12L2 20L3 A5 

(5.18) 

The matrix [C]-l is obtained by partitioning and is shown by Matrix 

(6.23). From Equations (6.4), (6.6), and (6.17) we have: 
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w(x) = (X) T [C(l (S) (5. 19) 

u (x) = (X) T [C(l (S) (5.20) 

~(x) = (X)T [C]-1 <s> (5. 21 ) 

~(x) = (x)T [C(l (s) (5.22) 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 

0 0 0 1 /2 0 0 0 0 

-l/L 0 0 0 1/L 0 0 0 (5.23) 

0 -10/LJ -6/L2 -3/2L 0 10/L3 -4/L2 1/2L 

0 15/L 4 8/L3 3/2L 2 0 -15/L4 7/L3 -1/L2 

0 -6/L5 -3/L 4 -1/2L3 0 6/LS -3/LS 1/2L3 



CHAPTER VI 

KINETIC AND POTENTIAL ENERGY OF AN ELASTIC LINK 

It is to be understood that there are significant differences be

tween a mechanism and a structure from an analysis standpoint. As far 

as the synthesis of el~astic mechanisms is concerned, these differences 

are wid.er. The concept of instantaneous structure considers the mechan

ism as a structure with different mass, stiffness, and force matrices. 

The rigid body inertia forces due to gross motion of the mechanism which 

change in successive iterations due to elastic changes of the links, 

affect the deflection and stress characteristics of the mechanism. The 

rotation of the link about a principal axis produces an angular momentum 

which will keep the link rotating about that axis with constant angular 

velocity. If the torque on the link is not zero, the angular momentum 

experiences a change with respect to time which causes a procession of. 

the instantaneous axis of rotation. This is known as the gyroscopic 

motion whose effect on the link's elastic behavior has been coined in 

this study as the gyroscopic effect. In the case of a structure, any 

increase in the areas of cross-section of members would generally reduce 

the deflections. In the case of a mechanism, however, increase of area 

increases the rigid body inertia forces and the gyroscopic effect, and 

therefore may increase the deflections (16). 
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Planar Displacement of an Elastic Link 

Deformations such as transverse and axial deformations, rotation or 

slope and curvature characterize the deformation of a bar in planar mo-

tion. It is possible to observe in Figure 16 that the deformation of 

-
differential element Q represented by differential element Q in the de.:. 

formed bar can be represented by vector~ in local coordinates, that is: 

-+ (l 1) (x + u{x)) r = 
w(x) 

(6. 1) 

(:) [cosa -s i na] ( x + u {x)) + cl) ~ = = 
sine case w(x) v1 

(6.2) 

and 

' . 

-+ ct ( xcosa + u{x)cosa - w{x)sina + x1) 
R = J) 

xsinB + u(x)sinB + w(x)cosB + v1 

(6.3) 

-+ 
Vector R is very important, since it will be later used to deter-

mine the limits of integration to find the length of the deformed ele-

ment, and, furthermore, to determine the new position of the nodes in 

motion of the mechanism at any time (see Figure 17). 

To obtain the velocity of any differential element of the deformed 

element, it is done by differentiation of the displacement vector R (see 

Equation (6.4) on page 59). By rotation of the velocity vector R, we 

have Equations (6.5) and (6.6) (see page 59). By simplification, 

-; (~ (x) 
R = . 

xB + 
(6. 7) 

and by letting 
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-+ • -+ + 
R = (I J) (-~8sin8 + 0 ~(x)cose - u(x'.8sine -.~(x)sine - w(x'.icose +

0

X1\ 

xecase + u(x)sine + u(x)ecase + w(x)case - w(x)esine + v 1 ~ 

"!" [ case 
Rl = 

-sine 

sine] 

case 
(-x~s i nB 

xecase + ~(x)sine + u(x)ecase + ~(x)case - w(x)~sine 

+ ~]) 
+ yl 

+ ~(x)cose - u(x)esine - ~(x)sine - w(x)ecase 

+ . 
R = l 

• • 2 • • • 2 • 
-x8sin8cas8 + u(x)cas 8 - u(x)8sinecas8 - w(x)sin8cos8 - w(x)ecos 8 + X1cos8 

• • 2 • • • 2 • 
+ x8cas8sin8 + u(x)sin e + u(x)ecosesine + w(x)cos8sin8 - w(x)8sin 8 + v1sine 

. 2 • • 2 • 2 • • 
xBsin 8 - u(x)cos8sin8 + u(x)Bsin 8 + w(x)sin 9 + w(x)8cos8sin8 - x1sine 

•• 2. • 2. 2 • • 
+ x8cos e + u(x)sin8cos8 + u(x)8cos 8 + w(x)cos 8 - w(x)esin8cos8 + v1cose 

. (6. 4) 

(6. 5) 

(6.6) 

\J1 
\..0 



hence, 

. 
x1 = X1cos8 + v1sin8 

-+ . 

. . 
-X 1sin8 + v1cos8 

+ ~(x) - 9w(x). ·) 

+ xe + eu(x) + w(x) 

Kinetic Energy of Elastic Links 

60 

( 6. 8) 

( 6. l 0) 

·The kinetic energy of a differential element is obtained from the 

following equation: 

L _,. 

T = ~ J JR J 2 dx 
2 0 l 

(6.ll) 

where rotational kinetic energy has been neglected, hence 

L 
T = ~ ~ [(~l + ~(x) - ew(x)) 2 

(6.12) 

and by squaring, adding~ arranging, and integrating, we have from Appen-

.dices A and B: 

+ e2 (s)T[M](S) + 2yle(E)T(S) + 2yl(G)T(S) 

+ 28 2 (N)T(S) + 2e(L)T(S) + e2 (s)T[B](S) 

(6. 13) 
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Potential Energy of an Elastic Link 

·.The potential energy of an elastic element is due to its spring be-

havior and gravitational position. The potential energy due to the elas-

tic. behavior of the element is given by: 

L L 
= EA/2 J (ou(x,t)/ox) 2dx + El/2 J 2 2 2 

(o w(x,t)/ox ) dx 
0 0 

(6.14) 

The potential energy due to the element gravitational position is given 

by: 

v2 (t) = mg/2 (2Y 1 + Lsine) ( 6. 15) 

To determine v1(t) one needs to know the mode functions for trans

verse and axial deformation. We will start first with axial deformation. 

In Figure 18, we can observe the axial nodal deformations q1(t) and q5 (t) 

subject to the joint forces F1(t) and F5 (t). The axial displacement at 

any point x of the rod can be expressed as: 

(6. 16) 

where ~I (x) and ~ 5 (x) are the mode functions that must satisfy given boun

dary conditions but are otherwise arbitrary. From Appendix C, we have: 

~ 1 (x) = - x/L ( 6. 1 7) 

~5 (x) = x/L (6.18) 

hence: 

u(x,t) = ( 1 - x/L) q1(t) + xq5 (t)/L (6.19) 

and 



y 

/ 
F1 (t) 
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Figure 18. Graphical Representation of Mode Functions for Axial Deformation 
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L 2 L 2 
EA/2 J (ou(x,t)/ox) dx = EA/2 J (-q 1(t)/L + q5 (t)/L) dx 

0 0 

(6.20) 

integrating: 

L · 2 . 2 . 2 
EA/2 J (ou(x,t)/ox) dx = EA/2L (q 1(t) - 2q 1(t) q5 (t) + q5 (t)) 

0 

(6.21) 

For the case of transverse deformation, a given node can undergo 

translational and rotational deformation and curvature (see Figure 19). 

The displacement at any point in the element is given by: 

w(x,t) = ¢2 (x) q2(t) + ¢3(x) q3(t) + ¢4 (x) q4{t) 

+ ¢6(x) q6(t) + <P7(x) q7(t) + ¢s(x) q8{t) (6.22) 

where <ji. (x) (i = 2, 3, 4, 6, 7, 8) are the mode functions that must satisfy 
I 

given boundary conditions (see Figure i9). From Appendix C we have: 

¢2 ( x) = 1 - TOx3!L3 + 1Sx4!L4 - 6x5/LS (6.23) 

¢3 (x) = x - 6x3/L2 + 8x4!L 3 - 3x5!L4 ( 6. 24) 

<P 4 ( x) = x2/2 - 3x2/2L + 3x4/2L2 - x5/2L3 (6.25) 

¢6 (x) = 10x3!L 3 - 1Sx4!L4 + 6x5/LS ( 6. 26) 

<P 7 ( x) = -4x3/L2 + 7x4;L3 - 3x5!L4 (6. 2 7) 

<P 8 ( x) = x3/2L - x2/L2 + x5/2L 3 (6.28) 

Equations (5.23) through (5.28) are introduced into Equation (6. 14). The 

integration is carried out to obtain: 
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L 2 22 2 3 4 
El/2 f (o w(x,t)/ox) dx = El/2(D0L+D 1L /2+D2L /3+D3L /4 

0 

where the coefficients D. (i = O~ 1, 2, 3, 4, 5, 6) are shown in Appendix D. 
I 

Hence: 

2 . 2 
V(t) = EA/2L (ql(t) - 2ql(t) qs(t) + q5(t)) 

+El/] (D0L + o1t 2/2 + o2L3/3 + o3L4!4 

+ o4L5/S + o5L6/6 + o6L7/7) 

+ mg/2 (2v 1 + Lsine) (6. 30) 

Equation (6.30) has to be expressed as a function of the displace

ment vector (S). This might be done by application of the Taylor expari-

sion, ignoring terms of order three and higher. Therefore, see Appendix 

D: 

V(t) T 1 T 1 = (S) z [K1](S) + (S) z [K2](S) + mg/2 (2Y 1 + Lsin8) 

(6.31) 

or 

V(t) = (S)T ~ [K](S) + mg/2 (2Y 1 + Lsin8) (6.32) 

where 

(6.33) 



CHAPTER V 11 

EQUATIONS OF MOTION OF AN ELASTIC ELEMENT 

The calculus of variations (6, 9, 10, 11, 12, 65) is a vastly important 

area of classical mathematics with applications in science and engineer-

ing. The earliest work of what is currently named variational calculus 

was an attempt to extend the concepts of the calculus of Newton and 

Leibniz .to the problem of finding the minimum of a functional. It has 

been observed that many of the laws which govern the phenomena of nature 

emanate from the principle of a path minimum time between two points. 

Problems of this class are of the following general form (6). Find y(x) 

such that: 

x2 
g = f x ¢[x, y(x), y' (x)] dx 

1 
(7. 1) 

is a minimum. Hamilton's principle (1805-1865) is one of these princi-

ples. Hamilton's principle is a cornerstone to the variational approach 

to mechanics. It is a unifying influence on analytical thought and pro-

vides such a powerfully elegant tie between the mathematics of variation-

al calculus and physics of natural systems (6). 

The equations of motion are to be obtained by application of 

Hamilton's principle. In the discussion to follow, the variational prob-

lem will be supplied by what is known in classical mechanics as Hamilton's 

principle. Our system may be considered to be conservative; that is, each 

force that acts is derivable from a potential. Let T and V denote the 
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total kinetic and potential energies, respectively. Introducing the 

Lagrangian function (6-12): 

LF = T - V (7.2) 

Hamilton's principle states that the actual motion connecting two 

known states of the system, say at times t 1 and t 2 , is the one that mini-·. 

mizes the integral (6, 7, 8): 

(7. 3) 

The general type of the Lagrangian has the form: 

(7.4) 

it fo 11 ows that 

t2 
LF (ql' ... 'qn; t) 

t2 
(T - V) (7.5) Jt q 1 ' . ' q ; dt = It dt 

l n 1 

has an extreme value, or: 

t2 
a ( LF ( q 1 , ... , qn; q 1 , .. • t)) (7. 6) Jt . ' q ; dt = 0 

1 n 

where we denote by a(LF) the variation in LF from its value in the actu-

al motion at the instant t to its value at the same instant in the var-

iedpath (8,10,11,12). 

From previous chapters one knows T and V, and LF is obtained by 

subtraction: 

l •2 •2 2· • 3•2 • T • 
L F = 2 m ( Lx 1 + Ly 1 + L y le + L e I 3 + 2 x l ( E) ( s) 



+ e2 (s) T [M] (S) + 2yla (E) T (S) + 2yl (G) T (S) 

+ 2e 2 (N)T(S) + 2a(L)T(S) + e2 (s)T[B](S) 

+ 2e(s)T[A](S) + (S)T[M](S)) ~ ~ (S)T[K](S) 

1 . . - 2 mg {2y 1 + Ls i ne) 

Taking variation with respect to (S): 

a (LF) = } m (2~ 1 (E) Ta (s) + (s) T [B]a (s) + a (s) T [B] (s) 

- 2e(s)T[AJa(s) - 2ea(s)T[AJ(s) - 2~ 1 e(G)Ta(s) 

+ e2 (S) T [B]a (S) + e2a(S)T[B] (S) + 2e (S) T[A]a (S) 

+ 2ea (s) T [A](s) + (s)T [M]a (s) + a (s) T[M] (s)) 

- } ( s) T [ K] a ( s) - ~ a ( s) T [ K] ( s) 

Adding equal terms and arranging, we have: 

1 • T • •T • ••T 
a (LF) = 2 m (2xl (E) a (S) + 2 (S) [B]a (S) - 28 (S) [A]a (S) 

- 2e(s)T[A]Ta(s) - 2~ 1 a(G)Ta(s) + 2e 2 (s)T[M]a(s)· 

+ 2e(L)Ta(s) + 2e 2 (s)T[BJa(s) + 2e(s)T[A]a(s) 
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(7. 7) 

(7. 8) 

+ 2e(s)T[A]Ta(s) + 2(S)T[M]a(s)) - (S)T[K]a{S) (7.9) 

The term a(S) has to be eliminated so that Hamilton's integral might 
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be applied. To do that, integration by part has to.be carried out by 

using the following ~quationf 

d[(u)T(v)]/dt = d[(u)T(v)]/dt + (u)T[d(v)/dt] 

or 

d[(u)T(v)]/dt - [d(u)T/dt](v) = (u)T[d(v)/dt] 

By integration, we have: 

J((u)T(d(u)/dt))dt = (u)T(v) - J(d((u)T(v))/dt)dt (7 .·10) 

Hence, by application of this equation to those"terrns with a(s),we,have: 

( T • T 
u) = 2x 1 (E) ,, (v) = a (S) 

(7.11) 

(u)T = 2(S)T[B], (V) = a(s) 

(7.12) 
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(u)T = 2S(S)T[A]T, (v) = a(s) 

Jtt2 2S(S)T[A]Ta(S)dt = 2e(S)T(A]Ta·(s) t 2 -/2 (iti(S)T[A]T 
1 t 1 t 1 

(7.13) 

T • T (u) = 2y 1 (G) , (v) = a(s) 

(7.14) 

(u)T = 2S(L)T, (v) = a(s) 

(7.15) 

t 
6. ft 2 2e(s)T[A]a(~)dt 

1 . 

(u)T = 2e(s)T[A], (v) = a(s) 
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t2 T T t2 t2 T ft 28 (s) (A]a (s)dt "" 28 (s) [a]a (s) - f (2e0 (s) [A] 
1 t 1 t 1 

+ 2s(s)T[A])a(s)dt 

t . t I/ 28(s)r[A]a(s)dt = -ft2 (2i:i(s)r[A] + 2e(s)r[AJ)a(s)dt (7:16) 
1 l 

T • T (u) = 2(5) [M], (v) = a(s) 

Since all of the terms with a(s) have been transformed to terms 

with a(s), Hamilton's integral might be applied. 

+ 2; 1s(E)ra(s) + 2; 1(G)Ta(s) + 28 2 (N)Ta(s) 

+ 2S(L)Ta(S) + 2e 2 (s)T[B]a(s) + 2S(S)T[A]a(s) 

+ 2S(S)T(AJTa(s) + 2{S)T[M]a(S)) 

- (S)T[K]a(s))dt = 0 

t2 I •• T T T 
ft C2m(-2x1(E) a(s) - 2(S) [B]a(s) - 28(s) [A]a(s) 

1 

( 7 ! 17) 

{7.18) 



+ 2e 2 (s)T[M]a(S) + 2yle(E)Ta(S) - 2yl (G)Ta(S) 

+ 2e 2 (N)Ta(s) - 2~(L)Ta(s) + 28 2 (s)T[B]a(s) 

- 2Ei(s) T [A]a (S) - 2e (S) T [A]a (S) + 2e (S) T [A] T3 (S) 

- 2(S)T[M]3(S)) - (S)T[K]a(s))dt = 0 

- 2El(S)T[A] - 2e(s)T[A] + 2S(S)T[A]T - 2(S)T[M]) 

- {S)T[K])a(S)dt = 0 
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(7.19) 

(7.20) 

Applying Hamilton 1 s integral, we have: 

Ordering: 

•• T ••T • • T •• T T • • T T -mxl (E) - m(S) [B] - me (S) [A] + me (S) [A] + me (S) [A] 

• • . T ·2 T • • T •· T •2 T - mx 1 e ( G) + me ( s) [ M] + my 1 e ( E) - my 1 ( G) + me ( N) 

- me" ( L) T + me 2 ( S ) T [ B ] - mt) ( S) T [A] - mB ( S ) T [A] 

+ me(S)T[A]T - m(S)T[M] - (S)T[K] = 0 

m(S) T [M] + m(s) T [B] + me (S) T [A] - me (S) T [A] T + m8 (S) T [A] 

- me (S) T [A] T - mS0 (S) T [A] T - me 2 (S) T [M] - me 2 (S) T [B] 

•• T T •• T •• T + me (S) [A] + (S) [K] = my 1e (E) - mx1 (E) 

• • T •• T •2 T •• T - mx 1 e ( G) - my 1 ( G) + me ( N) - me ( L) 

(7.21) 

(7. 22) 



Let 

Hence 
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(S0 )T(m[M] + m[B]) + (S)T(me[A] - me[A]T +~[A] - me[A]T) · 

+ (S) T ( [K) - mB0 [A] T - m0 2 [M] - me 2 [B] + rne0 [A]) 

• • T •• T • • T •• T •2 T = my 1e (E) - mx1 (E) - mx 1e (G) - my 1 (G) +.me (N) 

•• T 
- me (L) 

[MD] = m[M] + m[B] 

T 
[AD] = m[A] - m[A] 

T •• T •• T •• T •• T ( Q) = my 1 e ( E) - mx 1 ( E) - mx 1 e ( G) - my 1 ( G) 

• 2 T •• . T + me (N) - me (L) 

(7 .23) 

(7.24) 

(7.25) 

(7.26) 

(7. 27) 

By taking the transpose, we have finally the equations of motion of an 

elastic element. 

(Q) (7.28) 

where 

Matrices [MD]' [AD]' and [KD] are shown in Appendix G. Matrix [MD] 

is called the total translational mass matrix, matrix [KD] is called the 

total translational stiffness matrix, and matrix [AD] is called the total 

trans 1 at i ona 1 gyroscopic matrix. The transformations to gl oba 1 coordinates 
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are also carried out. See Appendices E and F. Those transformations 

are carried out based on the assumption that we are only dealing with 

small deformations of the element. It can be observed that it is not 

necessary to solve the rigid body dynamics to find the answers to Equa

tion (7.28). 



CHAPTER VI I I 

ASSEMBLING AND CONDENSING PROCEDURE LENGTH AND 

STRESS OF THE DEFORMED ELEMENT 

Assemb 1 ing 

Since the equations of motion of ah elastic element in planar motion 

have been defined, it is now ne'cessary to present the procedure of how to 

assemble those elements so that a mechanism could be studied. The pro-

cedure to follow is developed based on the analysis of a four-bar planar 

mechanism by considering each 1 ink as one element. However, the proce-

dure could easily be extended to as many elements per link as necessary 

so that accuracy could be achieved. Figure 20 shows a four-bar-planar 

mechanism defined by 20 degrees of freedom of deformation. These degrees 

of freedom have to be assembled from the element's degrees of freedom. 

The procedure to achieve the-assembling is based: on forming matrix [Z] which 

is obtained by using Figure 21. The Matrix [Z] -is shown in Appendix E. 

The assembling procedure is then carried out by using the following 

equation which is appli~d to the stiffness matrix expres~ed in global 

coordinates, but it is valid also for the other matrices forming the 

equations of motion: 

[Kl] 0 0 

[K] = [Z) T 0 [K2] 0 [Z] (8. 1) 
20x20 20x24 24x20 

0 0 [K3] 
24x24 
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where [K.] is the stiffness matrix for each element (i = 1, n), and n is 
I 

the number of elements of the mechanism. The number of second order 

1 inear differential equations to describe the motion of the mechanism is 

obtained by using the following relation: 

Ne = 4 x Nd - 5 (8. 2) 

where Ne is the number of second order linear differential equations, and 

Nd is the number of nodes of the mechanism after. division into the number 

of elements required. 

The global matrices of the equations of motion of the mechanism have 

to be reduced according to the boundary conditions. This is done in the 

way shown in Figure 22. If it is necessary to carry out a reduction 

of the number of degrees of freedom, the procedure is shown in Appendix E. 

Length Strains and Stresses 

When the equations of motion are solved, the deformation vector (S) 

in generalized coordinates of the mechanism is obtained. To obtain the 

deformation vector (s) and the coefficient vector (A) of each element 
e e 

in local coordinates, the following procedure is·.used: 

(S~) = [Z] (Se) 
24xl 24x20 20x1 

(8. 3) 

Then the deformation vector (s') of the elements of the mechanism is par
e 

titioned to obtain the deformation vector (S11
) of each element in global 

ei 
coordinates: 

( Sii) = ( s I ) 

e. e 
I 

Hence, 

by pa rt i t ion 
i = 1 , n 

(8.4) 



6 

2 11 I 

1 

Figure 22. 

7 

"" v 
3 

~ 

~/~5 \ L ~2 l~ ~o 1 

19 

(B) =· (1 2 8 10 14 16 17 18 20) 

Vector of Boundary Conditions for the Four-Bar Mechanism. One Element 
Per Unk · 

17 

-.....J 
l...O 



80 

(s ) 
e . 

= [T ]T (S 11 ) 
e . e . (8.5) 

I I I 

where (s ) is the deformation vector for each element in local coordi
e i 

nates, and [T ] ·is the transformation matrix for each .element shown in 
. . e. i 

Appendix E. The coefficient vector (A) of each element can now be ob-
e i . 

tained: 

(A ) 
e . 

I 

= [C ( 1 {s ) 
e . e 

I 

(8.6) 

To obtain the strains and stresses of each element, it is known that 

2 2 
a= Eh(d w(x)/dx ) + Edu(x)/dx (8. 7) 

where h is the cross-sectional depth, E is the modulus of elasticity, and 

w(x) and u(x) are shape functions. In matrix form: 

/Bo\ 
I A0 I .. 

(:~)=E[: 0 h 2h 0 6hx 12hx2 3]1 Al \ 20hx , A2 \ 

0 0 0 0 0 0 l 61 f 

\ A3 i 
A4 I 

\As/ 

( 8. 8) 

a=a + 
1 02 (8. 9) 

The positions of the joints of the mechanism that are in motion are 

obtained by using Equation (5.3) of Chapter V. Then the lengths of the de-

formed elements or links may be found. The lengths of the elements or 

links due to transverse or axial deformations are obtained by using the 

fo 11 owing eq ua t ion : 
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(8.10) 

where ~(x) repr~sents the shape functions. 



CHAPTER IX 

EXPERIMENTAL ANALYSIS 

Since linearization and approximations are introduced in the equa

tion derivations, it is desirable to have some means of comparisons. Due 

to the difficulty of obtaining results i.n the desired forms from other 

research experiences, a suitable physical model of a four-bar planar me

chanism has been designed, constructed, and tested. The experimental 

work was carried out according to the available instrumentation. 

It is of basic importance, if economy is to be obtained, to design 

mechanisms so that the full strength of the engineering materials is 

utilized within the margins of safety in order that waste resulting from 

inefficient design be reduced to a minimum. Many machines and mechanisms 

are constructed too heavy; in some there is a waste of considerable 

amounts of essential materials and space. An exact determination of the 

forces to which a mechanism is subjected, together with a rational analy

sis of the stresses and strains caused by these forces, wil I lead to a 

lighter design. This will not only s~ve materials, but will reduce the 

cost of the product and may improve its performance. Such a rational 

consideration of actual service conditions will put strength where it is 

needed and will eliminate material where it does not serve a useful pur

pose. 

The principle of the strain gage is based on the physical property, 

called strain sensitivity, of certain metallic alloys and carbon 

82 
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compounds to change their electrical resistance when subjected to strain. 

The ratio of unit resistance change to unit strain for the material is 

known as the strain-sensitivity factor. 

Experimental Model 

An in-line four-bar crank-rocker mechanism was designed and built . 

• 
Its synthesis and dynamic analysis were carried out by the analytical 

methods introduced in this study. The mechanism was built with split 

I inks to maintain as much as possible an in-line motion. Figures 23 

through 27 show the characteristics of the mechanism a~d its installa-

tion. The mechanism had the following physical characteristics: 

Minimum transmission angle 17.76 degrees 

Fixed link 11. 00 i n. 

Input Ii nk 7.00 in. 

Coupler link 10.00 in. 

Output l ink 12.00 in. 

Density 5.292 slugs/ft 3 

Total width I. 00 in. 

Thickness 1/8 in. 

Modulus of elasticity 10. 3 106 lb/in. 
2 

The mechanism was belt-driven by a variable speed 1/2 horsepower de 

motor. Two belts were used for input motion placed on either side of the 

plane of the coupler link. This arrangement was used to ensure symmetry 

of input loading and thus maintain planar motion of the mechanism. Each 

crank shaft had 6 x 12/16 in. aluminum disk flywheel attached to reduce 

crank speed fluctuations. Aluminum shafts were used to reduce inertia. 

Fafnir PSD l/2 power transmission units with eccentric collar· number 
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Figure 24. Side View of the Mechanism Setup 
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S1D08K were used for support of the shafts. Fafnir MSlK ball bearing 

units were used as the floating bearings. The total weight of the bear

ings with sleeves at each end of the coupler was 0. 13128 lbf. 

·Inst rumen tat ion Setup 

Figure 28 shows the instrumentation setup used in the experiment. 

Micromeasurements type ED-DY-375BG-350 strain gages were mounted at one 

point on both the coupler and output links, as shown in Figure 29. At 

each point the gages were mounted on both the upper and lower su.rfaces 

of the beam so that bending and axial strains could be recorded separate

ly. The zero angle of the input link and the triggering system for the 

wave recorder were determined with the help of a magnetic sensor, which 

is a non-contact transducer which converts mechanical motion into electri

cal energy. The period of the mecha~ism was recorded by a universal coun

ter. Strain data were registered and amplified by using bridge amplifier 

meter model BAM-1. ·The data were recorded in a wave recorder. The out

put was observed on a Tektronix 502A dual beam oscilloscope. Representa

tive traces were then recorded on an X-Y recorder. 

Results and Discussion 

The first natural frequencies of the input, coupler, and output links, 

when considered as nonrotating uniform pinned end beams, were calculated 

to be 304.25 Hz of lateral vibration and 28697.58 Hz of longitudinal 

vibration for the input link, 124.73 Hz of lateral vibration and 5022.10 

Hz of longitudinal vibration for the coupler, and 79.07 Hz of lateral 

vibrat~on and 4185.08 Hz of longitudinal vibration for the output l i~k. 

The mechanism was operated at three different crank speeds controlled 
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by a motor control, and experimental data were taken using the apparatus 

previously described. Experimentally, the natural frequencies of lateral 

vibration were found to be 125.0 Hz for the coupler and 78.13 Hz for the 

output l i lik. Typical records a re shown in Figures 30 th rough 41 , where 

the bending and axial strains at gages A and B (middle p6sition of the 

links; see Figure 29) are presented for input link spe~ds of 95, 241, and 

373 rpm. The frequency component of the wave form shown for gages A and 

B extends from about -60° to 50°. Peak values are observed at about be

tween 25° and 40°, and between -25° and -40° of the input link position 

angle. Figures 30, 31, 36, and 37 show the presence of noise in the out7 

put and coupler link records. This is mainly due to settings of the 

bridge amplifier meters and the wave recorder so that an enlarged figure 

could. have been obtained. Figures 32 and 38 show al so the presence of 

noise but at a lower rate than the previous observation. 

A sweep of 0.2048 s/in. was used during the experimentation. The 

experimentally determined response frequencies shown in Figures 31, 33, 

and 35 resulted in about 78. 125 Hz. Therefore, the first natural fre

quency of the output link was excited by the high acceleration of the 

link at the limit position in which the input link position angle is 

44.66°. The beating effect is believed to be due to the small minimum 

transmission angle used. It is known that if the transmission angle be

comes less than 40°, the linkage tends to bind because of friction in the 

joints; also, the coupler and output link tend to align and may lock. 

The experimentally determined response frequencies for the coupler result

ed in the same effect as previously discussed. 

Table I shows the average peak values of strains in µin./in. and per

centage obtained for the output and coupler links of the four-bar planar 
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TABLE I 

AVERAGE PEAK VALUES OF STRAINS IN µIN./IN. AND PERCENTAGE 
OBTAINED EXPERIMENTALLY FOR THE OUTPUT AND COUPLER 

LINKS OF A FOUR-BAR-PLANAR MECHANISM 

ouq~ut 
Speed (+) (-) (+) 

rpm Strain µin.fin. Percent µin.fin. Percent µin.fin .. Percent 

95 
Bending 80.788 100.00 16.214 100.00 12.381 100.00 

Axial 9.359 11 . 59 6.568 40.51 28.583 230.86 

Bending 281. 541 100.00 
241 

118.407 100.00 66.284 100.00 

Axial 12.601 4.48 18.012 15.21 33.349 50.312 

Bending 509.222 100.00 191. 322 100.00 79.343 100.00 
373 

Axial 23.030 4.52 37.056 19.368 38.458 48.47 

Coueler 
(-) 

µin.fin. 

50.613 

16.660 

104. 186 

20.079 

135.372 

30.301 

Percent 

100.00 

32.92 

100.00 

19.27 

100.00 

22.38 

0 
~ 
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mechanism model. It can be observed that a tendency of the bending 

strains is to increase very rapidly with respect to the axial strains as 

the speed of the mechanism increases. 

The general effects of linkage ~eometry, which is intimately related 

to the minimum transmission angle and the operating speed, are clearly 

demonstrated. The wave forms ref.Ject the fact that the natural frequency 

characteristics of the mechanisms change with crank position .. The follow

ing observed characteristics are believed to directly or indirectly influ

ence the results: 

1. The arrangement of split links caused a counter-vibration pheno

menon in the I inks. 

2. The support system of_ the mode 1. 

3. The minimum transmission angle was too small (17.76°) and cre

ated vibrational reactions in the system. 

4. The wire system of the strain gages--a slow rotation of the me

chanism produced small but measurable bending strains due to flexure of 

the strain gage wires acting as a torsional spring between the coupler 

and output links. 

5. The effect of gravity. 

6. The frictional moments in the journal bearings. 

7. The enlargements at the bearing locations, which influence both 

the frequency and mass of the 1 inks. 
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Figure 41. Bending Strains of the Coupler Link at 373 rpm of the Input Link. 
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CHAPTER .x. 

RESULTS AND DISCUSSION FOR THE KINETO-ELASTO

DYNAM IC STUDY OF A FOUR-BAR-PLANAR MECHANISM 

The finite element model developed in this study for the analysis of 

elastic mechanisms has been applied in the elastic analysis of the four

bar-planar mechanism that has been rigidly and experimentally analyzed. 

The solution of Equation (7.28) might consist of: (1) solution of 

the eigenvalue problem, (2) transformation into a set of uncoupled equa

tions, and (3) determination of the transient response of the system by a 

direct integration method. The third approach has been carried out in 

this study by utilizing numerical procedures. The use of numerical meth

ods for solving differential equations generally yields solutions which 

differ from the true solutions. The difference between the numerical 

solution and the true solution, at any given step, is known as the total 

error at that step. 

The total error at any step results from: (1) a roundoff error which 

is due to a 1 imited number of significant digits, (2) a truncation err~r 

due to the use of approximate formulas, and (3) an error is present at a 

given step because of errors introduced in preceding steps. The roundoff 

error introduced at each step is generally very small for most methods .. 

However, if an unstable method is used and if the integration involves a 

large number of steps, the cumulative effect can lead to serious total 

error. The use of higher precision is an effective means of controlling 

107 
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total roundoff error. The truncation error at each step is minimum in 

methods which employ formulas having truncation errors of higher order. 

Thi.scan be reduced, in any method, by reducing the step size. However, 

in reducing the per-step truncation error by decreasing the size, a limit 

is reached at whi~h further reduction in step size increases the total 

number of steps to a point where roundoff error becomes dominant, and the 

total error will increase with further reducti6n in step size. The cumu-

lative effect of small per-step truncation errors and their magnification 

in 6alculating subsequent steps can lead to serious total errors. 

The resulting coupled second order ordinary differential equations 

of this study are very unstable. Unconditionally stable integration· 

schemes 1 ike the Wilson e method and the Newmark method were used. Condi-

tionally stable integration schemes like the Gears method and the Runge-

Kutta-Verner fifth and sixth order method were also employed. The system 

of equations with its eleven degrees of freedom could not be solved by 

the named methods due to roundoff error and an instability problem. A 

reduction of coordinates was carried out to eliminate axial deformation 

that represented the high frequency parameters. The resulting coupled 

1 inear second order ordinary differential equations with eight degrees of 

freedom were finally solved numerically by use of the Runge-Kutta-Verner 

method. 

First, the problem was solved without taking into account the end 

masses of joints in motion due to the bearing system. The results showed 

good solutions as far as the coupler 1 ink was concerned. However, the 

solutions for the output were too small. The problem was then solved by 

considering the masses of the joints as lumped masses and added to the 

system. The step size used wa~ 0. 16 degrees or 7, 14924 10;_5 seconds of 
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the input link. Two computing programs in FORTRAN were written to deter

mine the deformations, strains, stresses, lengths of links, and deformed 

positions of the nonrigid joints of the mechanism. The results obtained 

are shown in Tables I through VI and Figures 42 throug~ 44. 

Table I I presents the bending strains at the center of the links of 

the m~chanis~ at 373 rpm of the input link. Figures 42, 43, and 44 show 

the graphs of the bending strains of the mechanism determined at the cen

ter of the 1 inks. The pattern fol lowed by the curves Is similar to those 

obtained experimentally. The response curves obtained analytically and 

experimentally are out of phase. This disagreement is not too detrimental 

from a design standpoint since the amplitudes and their positions corre

spond fairly well. The experimental and analytical response curve for 

the coupler link shows a fair similarity in peak values. However, a wide 

difference·in the positive peak value between the experimental and analy

tical r~sponse curves is observed. The difference can be explained 

through the conclusions of the experimental analysis (Chapter IX). The 

analytical results show peak values around 350 degrees of the crank. 

Tables I I I and IV show ho~ the joints that connect the input link 

with the coupler and the coupler with the output link move with respect 

to the rigid position due to the degrees of freedom of deformation of the 

mechanism. Axial rigidity of the input link can be observed at 180 and 

360 degrees of the position of the crank. 

Table V shows the eight degrees of freedom of deformations in global 

coordinates of the mechanism at 373 rpm of the input 1 ink. The deforma

tions are presented with respect to the position angle of the crank link. 

It could be observed that the largest values of most degrees of freedom 
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TABLE 11 

BENDING STRAINS AT THE CENTER OF THE LINKS 
OF THE FOUR-BAR-PLANAR MECHANISM 

AT 373 RPM OF THE CRANK 

Crank Input Link Coupler Link Output Link 
· (Degrees) (µ in./in.) (µin./in.) (µin.Jin.) 

0 277 .072 -132.519 261.481 
8 . 197.584 -113.038 75.360 

.16 29.568 -21. 284 -174.031 
24 -155.690 56.253 -265.965 
32 -279.064 81.629 -238.412 
40 -269.612 63.081 -188.416 
48 -140.062 27.265 -136. 177 
56 3.211 2. 175 -91 .227 
64 96. 397 -7.803 -64. 847 

I 

72 94.334 -9.898 -50.927 
80 75.256 -10.189 -43.504 
88 . 83.260 -23.851 -58.333 
96 -2. 198 0.530 -9.668 

104 -38.356 4.435 -23.905 
112 -70.001 -1. 929 -18.604 
120 -32. 130 0.031 1.253 
128 32.281 -0. 185 5. 329 
136 -15.443 -0.465 6.812 

1'•4 -17.933 -0.773 10.206 
152 -24.223 -1. 374 13. 709 
160 -34. 199 -2.217 16.888 
168 -43.226 -3.341 19.617 
176 -51.507 -4.661 21 . 878 
184 -58.500 -6. 100 23.302 
192 -64.867 -7.621 23. 752 
200 -69.273 -9.090 23. 432 
208 -72. 072 -10.304 22.486 
216 -73.473 - l I. 292 21 . 032 
224 -73. 629 -12.039 19.379 
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TABLE 11 (Continued) 

Crank Input Link Coupler Link Output Link 
(Degrees) (µ in./in.) (µin.fin.) ( in.fin.) 

232 -72. 367 -12.430 17.799 
240 -70.424 -12.58.5 16.365 
248 -69. 271 -12. 775 15. 218 

256 -72.273 -13. 676 14.481 
264 -75. 113 -19.464 14.337 
272 . -38. 151 -44.667 10.805 
280 -32.492 26.802 14. 186 
288 218. 182 1. 690 16. 712 
296 -68.759 -1. 188 20.287 
304 42 .275 2.537 25.842 
312 28.986 3.451 34.695 
320 53. 470 1 4.340 49. 181 
328 88.416 3.607 73.216 
336 137.909 -3. 551 113.341 
344 203.977 -27.739 177. 209 
352 265.292 -79.748 255.296 
360 277. 072 -132.519 261. 481 
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TABLE 111 

COORDINATES OF JOINT "A" OF THE FOUR-BAR-PLANAR MECHANISM 
IN RIGID AND DEFORMED STATES AT 373 RPM OF THE CRANK 

Crank Rigid Deformed Rigid Deformed 
Pas i .ti on Abs~} ssa Abs~} ssa Ord i4nate Ordi4nate 
(Degrees) oo- ft) (lo- ft) (10- . ft) ( 10- ft) 

0 5833.330 5833.330 0.000 -52. 965 
8 5776. 560 5782.107 811. 843 772.375 

16 5607.360 5609. 803 1607.880 1599,359 
24 5329.020 5318.071 2372.630 2397. 222 

32 4946.950 4919.242. 3091. 200 3135.543 
40 4468.590 4434.386 3749.590 3790.353 
48 3903. 260 2881.542 4335.010 4354.565 
56 3261. 960 3261.249 4836.050 4836.529 
64 2557. 170 2573. 301 5242. 970 5235. 102 

72 1802.600 1859.294 5547.830 5539. 157 
80 1012.950 1049.732 5744.710 5738.224 
88 203. 580 215.535 5829.780 5825.870 
96 -609.749 -619.291 5801.380 5800. 377 

104 -1411.210 -1407.071 5660.060 5661.092 
112 -2185.210 -2185.572 ·5408.570 5408.424 
120 -2916. 670 -2916.844 5051.810 5051.710 
128 -3591. 360 -3591.671 4796.730 4596.487 
136 -4196. 150 -4197.191 4052.170 4051.092 

1'•4 -4719. 270 -4720.991 3428.750 3426.381 
152 -5150. 530 -5152.658 2738. 580 2734.579 
160 -5481.540 -5483.664 1995. 120 1989.284 
168 -5737,500 -5738.998 1053.030 1044.866 
176 -5819.120 -5819.785 406. 913 397.401 
184 -5819.120 -5818.360 -406.913 -417.780 
192 -5705. 860 -5703.345 -1212.820 -1224.652 
200 -5481.540 -5477.077 -1995. 120 -2007,381 
208 -5150.530 -5144. 144 -2738. 580 -2750.591 
216 -4719. 270 -4711 .099 -3428.750 -3439,996 
224 -4196. 150 -4186.415 -4052. 170 -4062.251 
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TABLE I I I (Continued) 

Crank Rigid Deformed Rigid Deformed 
Position Abscissa Abscissa Ordinate Ordinate 
(Degrees) (10-4 ft) (10-4 ft) ( 10-4 ft) ( 10-4 ft) 

232 -3591. 360 -3580. 457 -4596. 730 -4605.249 

240 -2916.670 -2904.952 -5051.810 -5058.575 
248 -2185.210 -2172.804 -5408. 570 -5413.582 

.256 -1411.210 -1397.567. -5660.060 -6553.462 

264 -609.749 -590. 161 -5801. 380 -5803.439 

272 203. 580 198.033 -5829.780 -5830.672 

280 1012.950 1006.357 -5744. 710 -5745.873 

288 1802.600 1801. 4 75 -5547.830 -5548. 195 

296 2557. 170 2555.909 -5242.970 -5243.585 

304 3261 . 960 3259. 320 -4836. 050 -4837.831 

312 3903. 260 3898.983 -4335.010 -4338.861 

320 4468.590 4462.410 -3749.590 -3756.955 

328 4946.950 4938.683 -3091.200 -3104.429 

336 5329.020 5318.969 -2372.630 -2395.205 

344 5607.360 5597. 164 -1607.880 -1643.437 

352 5776. 560 5769. 729 -811 . 84 3 -860.446 

360 5833.330 5833.330 0.000 -52. 965 
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TABLE IV 

COORDINATES OF JOINT 11611 OF THE FOUR-BAR-PLANAR MECHANISM 
IN RIGID AND DEFORMED STATES AT 373 RPM OF THE CRANK 

Ci rank Rigid Deformed Rigid Deformed 
Pos i<t ion Abscissa Abscissa Ordinate Ordinate 
(Degrees) (1 o-4 ft) . (10-4 ft) (1 o-4 ft) · ( 10-4 ft) 

0 2916. 670 . 2771.600 7806.250 7699.081 
8 5050.570 4942.647 9113. 470 9064.097 

16 7156.710 7148.941 9795,920 9789,329 
24 8709.420 8756.732 9989.540 9988. 277 
32 9621.990 9670 .671 9989.630 9982.211 
40 10021. 300 10046.222 9963.410 9951. 360 . 
48 10051.000 10057. 863 9960.820 9949. 141 
56 9819.230 9827. 774 9978.690 9967.360 
64 9401.230 9417.663 9997.250 9988.958 
72 8850. 100 8872. 364 9994.990 9993, 331 
80 8205.240 8234. 492 9953, 680 9960.058 
88 7497.680 7596. 196 9859.740 9880. 150 
96 6753.080 6724.236 9704.360 9739. 761 

104 5993.400 5992.028 9483. 160 9494.878 
112 5237,790 5224.530 9195.860 9220.986 
120 4502.880 4490. 156 8845. 850 8870.290 
128 3802.910 3789.578 8439.800 8464.613 
136 3149.610 3134.839 7987. 180 8011. 726 
144 2552.010 2536. 170 7499,750 7522. 584 
152 2016.260 1999.576 6990.830 7011. 354 
160 1545.550 1528.436 6424.450 6492.135 
168 1066.650 1049.576 5864.270 5878. 128 
176 797. 375 780.792 5473, 110 5484.394 
184 512.701 497.053 5010.880 5019. 189 
192 279. 796 265.356 4585. 140 4590.813 
200 91.611 78.701 4200.400 4203.763 
208 -58. 979 -70.206 3858.430 3860.013 
216 -178.619 -188. 146 3558. 880 3559. 131 
224 -273.142 -280.834 3300.000 3299.221 
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TABLE IV (Continued) 

Crank Rigid Deformed Rigid. Deformed 
Position Abscissa Abscissa Ordinate Ordinate 
(Degrees} (10-4 ft) (lo-4 ft) (lo-4 ft) (10-4 ft) . 

232 -347.425 -353,356 3079. 290 . 3077. 888 
240 -405.380 -409.472 2894. 120 2892.355 
248 -450.029 -452.289 2742.110 2740.220 

256 -483.608 -483.558 2621. 490 2619.606 
264 -507.648 -502. 797 2531. 330 2529.449 
272 -523.025 -536. 118 2471.820 2460. 635 
280 -529.941 -499.000 2444.550 2450.456 
288 -527. 799 -532.000 2453.030 2451. 763 
296 -514.902 -519.572 2503.·440 2501. 469 
304 -487.810 -489.889 2605. 97'0 2604. 4 72 
312 -440.019 -444.624 2776. 980 2772.926 
320 -359. 140 -367.687 3042.860 3033.819 
328 -220.687 -236.419 3446.390 3427.251 
336 25.990 -3.603 4055.620 4016.917 
344 487.585 430.698 4967. 250 4895.337 
352 1368. 650 1264.247 6260.270 . 6150. 851 
360 2916.670 2771. 600 7806.250 7699. 0.81 



TABLE V 

DEFORMATIONS IN GLOBAL COORDINATES OF THE FOUR-BAR-PLANAR MECHANISM 
AT 373 RPM OF THE INPUT LINK 

Crank ql q2 q3 q4 q5 q6 q7 q8 
(Degrees) (Rad) (Rad/ft) (Ft) (Rad) (Rad) (Rad) (Rad) (Rad) 

0 -0.8444E-2 -0.9481E-5 -0.5297E-2 -0.9801E-2 -o.3366E-l -o.4485E-2 -0.2727E-2 0.3256E-1 
8 -0.6968E-2· 0.3731E-4 -0.3947E-2 -0.6665E-2 0.2660E-1 0.4144E-3 0. 1254E-1 0.1382E-1 

16 -0.2376E-2 0.2470E-4 -0.8521E-3 -0.5345E-3 0.3654E-2 0.2584E-2 0.2294E-1 -0. 1463E-1 
24 0.3446E-2 0.2140E-4 0.2459E-2 0.5957E-2 -0. 1378E-1 0.1535E-2 0.2251E-l -0.2654E-1 
32 0.8024E-2 . -0.2045E-4 0.4434E-2 0. l004E-1 -0.2058E-1 0 .1988E-2 0.1951E-1 -0.2401E-1 
40 0.9001E-2 -0.3248E-4 0.4076E-2 0.9264E-2 -0. 1705E-1 0.3291E-2 0. 1845E-1 -0. 1797E-l 
48 0.5428E-2 -0. 10l2E-4 0. 1955E-2 0.4546E-2 -0.8335E-2 0.3266E-2 O. 1534E-I -0. 1232E-l 
56 0.5919E-3 -0.2195E-5 0.4793E-4 -0.3559E-3 -0.2148E-2 0.2883E-2 0.9930E-2 -0.8367E-2 
64 -0.2722E-2 0.6170E-5 -0.7868E-3 -0. 3485E-2 0.9069E-3 0.1959E-2 0.5376E-2 -0.6568E-2 
72 -0.4560E-2 0.1219E-4 -0.8673E-3 -0.5115E-2 0.2580E-2 0.5473E-3 0.2343E-2 -0.5738E-2 
80 -0.6223E-2 0.4008E-4 -0.6486E-3 -0.6640E-2 0.378lE-2 -0.7800E-3 -0. 1399E-5 -0.5569E-2 
88 0. 3638E-2 -0. 1010E+O 0.1527E-4 0.1016E-2- 0.2982E-2 -0.5056E-2 0.4767E-2 0.2005E-2 
96 O. 3198E-2 -0.3320E-1 -0. 1463E-4 0.3756E-3 0. 4772E-2 -0.5675E-2 0.8334E-3 "."0.2104E-2 

104 0. 9211 E-3 -0. 3366E-2 -0. 1316E04 0. 1101E02 0.5553E-2 -0.5867E02 -0.7922E-5 -0.1017E-2 
112 0.2392E02 -0. 1049E01 -0. 1004E-4 0. 1861 E02 0.5907E02 -0.5511E-2 0.2472E-3 0.2428E-3 
120 0.4569E-3 0.5246E-2 -0.9202E-5 0.6073E-3 0.5683E-2 -0.5708E-2 0.1806E-3 0.5065E-3 
128 -0.7248E-3 -0. 1759E•2 -0.2431E-4 -0.6290E-3 0.5929E-2 -0.5641E-2 -o.3006E'.-3 0.5819E-3 
136 0.2393E-3 0. 1160E-2 -0. 1078E-3 0.479/iE..:.3 0.6054E-2 -0.5767E-2 .-0. 5000E-3 0.7053E-3 
1'•4 0.4096E-3 0.3391E-3 -0.2369E-3 0.6452E-3 0.6087E-2 -0.5646E-2 -0.7199E-3 0.1067E-2 
152 0. 6303E-3 -0.2529E-4 -0.4001E-3 0. 9072E-3 0.6058E-2 -0.5441E-2 -0.9036E-3 0. 1454E-2 
160 0.9108E-3 -0. 1967E-4 -0.5836E-3 0. I 253E-2 0.5990E-2 -0.5125E-2 -o. 1068E-2 0. 1858E-2 
168 0.1177E-2 -0.5071E-5 -0. 7780E-3 0.1578E-2 0.5910E-2 -0.4727E-2 -0. 1214E-2 0.2106E-2 
176 0. 14 35E-2 -0.4355E-5 -0.9512E-3 0. 1868E-2 0.5790E-2 -0.4251E-2 -0. 1368E-2 0.2345E-2 
184 0. 1660E-2 0.2686E-4 -0. 1087E-2 0.2109E-2 0.5663E-2 -0.3754E-2 -0. 1993E-2 0.2485E-2 
192 0.1852E-2 0.2165E-4 -0. 1183E-2 0. 2334E-2 0.5548E-2 -0.3257E-2 -0.1552E-2 0.2523E-2 
200 0.2016E-2 -0.1657E-4 -0. 1226E-2 0.2486E-2 0.5392E-2 -0.2748E-2 -0.1571E-2 0.2476E-2 
208 0.2124E-2 0.6818E-5 -0. 1201E-2 0. 2573E-2 0.5195E-2 -0.2270E-2 -Q. 1562E-2 0.2358E-2 \.D 



Crank ql q2 
(Degrees) (Rad) (Rad/ft) 

216 0.2178E-2 0. 1737E-4 
224 0.2224E-2 0.7921E-6 
232 0.2217E-2 -0.1950E-5 
240 0.2190E-2 -0.3428E-5 
248 0.2190E-2 -0.5024E-5 
256 0.2337E-2 -0. 1063E-4 
264 O. 3323E-2 -0.5523E-4 
272 0.3880E-2 -0.7580E-4 
280 -0.7601E-2 0.7851E-1 
288 -0.3502E-2 -0.1822E-1 
296 0.2171E-2 -0.5751E-2 
304 -0.8658E-3 -0. 1142E-2 
312 -0.7456E-3 0.7596E-3 
320 -0. 1297E-2 0. 1260E-3 
328 -0.2152E-2 -0.7790E-4 
336 -0.3444E-2 -0.2863E-4 
344 -0.5310E-2 -0.2685E-4 
352 -0.7354E-2 -0.8469E-5 
360 -0.8444E-2 -0.9481E-5 

TABLE V (Continued) 

q3 q4 q5 q6 q7 
(Ft) (Rad) (Rad) (Rad) (Rad) 

-0.1125E-2 0.2618E-2 0.4971E-2 -0. 1839E-2 -0. 1510E-2 
-0. 1008E-2 0.2610E-2 0.4701E-2 -0.1423E-2 -0.1445E-2 
-0.8519E-3 0.2554E-2 0.4366£-2 · -0.1038E-2 -0. 1390E-2 
-0.6766E-3 0.2474E-2 0.4003E-2 -0.6862E-3 -0. 1343E-2 
-0.5013E-3 0.2420E-2 0.3640E-2 -0.3316E-3 -0. 1313E-2 
-0.3402E-3 0.2507E-2 0.3361E-2 0.1045E-3. -0.1306E-2 
-0.2059E-3 0.3454E-2 0. 3653E-2 0. 1059E-2 -0. 1305E-2 
-0.6059E-3 0.8065E-2 0.7565E-2 0. 1056E-2 -0.2025E-2 
-0.1163E-3 -0.6278E-5 0.5090E-2 0.6297E-2 -0. 1924E-2 
-0.3654E-4 -0.4937E-2 O. 1034E-2 -0.8792E-:-3 -0. 1983E-2 
-0.6148E-4 0. 1521E-2 -0.8817E-3 -0.9997E-3 -0.2263E-2 
-0. 1781E-3 -0. 1781E-3 -0.3202E-3 -0.4355E-3 -0.2818E-2 
-0.3851E-3 -0. 1161E-2 -0.6450E-3 -0.9691E-3 -0.3678E-2 
-0.7365E-3 -0.2024E-2 -0.5597E-3 -0. 1795E-2 -0.4952E-2 
-0. 1323E-2 -0. 3302E-2- 0. 3297E-3 -0.3124E-2 -o.6766E-2 
-0.2258E-2 -0.5141E-2 0.3012E-2 -0.5083E-2 -0.9065E-2 
-0.3556E-2 -0.7527E-2 0.9751E-2 ~O. 7188E-2 -0. 111 SE-1 
-0.4860E-2 -0.9635E-2 0.2239E-1 -0.7809E-2 -0. 1062E-1 
-0.5297E-2 -0.9801E-2 0.3366E-l -0.4485E-2 -0.2727E-2 

q8 
(Rad) 

0.2189E-2 
0. 1999E-2 
0. 1815E-2 
0.1647E-2 
0.1510E-2 
0.1418E-2 
0.1400E-2 
0.1405E-2 
0.1175E-2 
0.1478E-2 
0.1842E-2 
0.2368E-2 
0.3215E-2 
0.4644E-2 
0.7117E-2 
0.1149E-1 
O. l897E-1 
0.2914E-1 
0.3256E-1 

N 
0 
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TABLE VI 

VARl-ATl-ON ,;OF THE POSIT.I ON ·ANGl.:.E. O.F- THE INPUT 
. ..· .. - "' 

LINK OF THE FOUR-BAR-PLANAR MECli.AN I SM AT 
373 RPM OF THE CRANK 

,. 

Rigid Actual ~igid Actual 
·. Degrees Degrees Degrees Degrees 

0.00 -o.48 8.00 7.60 

16.00 15.86 24.00 24.20 

32.00 32.46 40.00 40.52 

'48.00 48.31 56.00 56.03 

64.00 63.84 72.00 71.74 

80.00 79.64 8~.00 88~21 

96.00 96. 18 104.00 104.05 

112. 00 112.14 120.00 120.03 

128.00 127 .96. }36.00 136.01 

144.00 144.02 152 .00 152.04 

160.00 160.05 176. 00 176.08 

184.oo 184. 10 192.00 192. 11 

200.00 200.12 208.00 208~ 12 

216.00 216.12 224.00 224.13 
232.00 232. 13 240.00 240. 13 

248.00 248. 13 256.00 256.13 
264.00 264. 19 272. 00 272.22 

280.00 279. 56 288.00 287.80 

296.00 296.12 304.00 303.95 
312.00 311. 96 320.00 319.93 
328.00 327.88 336.00 335.80 

344.00 343.70 352.00 351.58 
360.00 359.52 
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occur between about -30 and 30 degrees of the input link. This pattern 

of behavior is confirmed by the rigid and experimental analysis. 

Table VI shows the elastic variation of the position angle of the 

input link. The variation of the position ~ng1e of the· crank, as ever~ 

other degree of freedom, is measured from the rigid position of the links 

and joints. The input link moves from its rigid position up to almost 

one degree from i ts r i g i d pos i t ion. 



CHAPTER XI 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

Summary and Cone 1 us ions . 

An investigation was undertaken to develop simplified, advanced, and 

genera 1 procedures for the synthesis and opt i mi zat ion of a rigid 1 ink me ch-

anism and the application of the finite element method to the analysis of 

either rigid or elastic 1 ink mechanisms. The accomplishments of this in-

vestigation may be summarized as follows: 
I 

1. An analytic model consisting of a system of equations that repre-

sents the geometric configurations a mechanism forms during its motion is 

introduced for the synthesis of rigid-link-planar linkages. The method 

~ould be applied with or without optimization. The optimization con-

straints could be either functions, parameters, or inequalities. The 

geometric-analytic method that was introduced was successful by means of 

the ca 1 cul ated examp 1 es. I ts app 1icabi1 i ty could be so extended to a 11 

planar and spherical mechanisms that general procedures might be estab-

1 ished for their synthesis. 

2. The dynamic analysis of rigid link mechanisms has been, for the 

first time, approached by the finite element method. A dynamic-rigid-

planar element with nonuniform cross-sectional area was defined and proved 

to be suitable for the analysis of planar mechanisms. The investigation 

of a four-bar-planar mechanism was analyzed by considering its links to 

be formed by one, two, and three elements, respectively. An assembling 
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procedure for the elements of the mechanism is introduced and generalized. 

The method proved to be successful and it is believed that by defining 

other planar elements, the study of planar rigid link mechanisms could be 

·dynamically studied by a ~eneral finite element approach. The method 

could we 11 be extended to the analysis of space mechan i snis. 

3. The finite element method and Hamilton•s principle were employed 

to derive a mathematical model of a dynamic planar element in motion, for 

the study of planar mechanisms. The model proved to be an effective and 

evolved tool in determining the deformations and elastic characteristics 

of mechanisms. The defined dynamic vibrating element, according to the 

literature reviewed, is shown to be the most advanced mathematical algo-

rithm in comparison to the existing ones. It was also evidenced that 

solving the system of differential equatio~s that results from the finite 
I 

element method is a separate problem that deserves more investigation. 

The elastic responses of the mechanism with it:s eleven degrees of freedom 

element may be determined by direct numerical integration by using either 

higher computational precision like quadruple precision or by decoupling 

the system of linear second order ordinary differential equations or by 

employing a piecewise po lynomi a 1 approach. The four-bar-p 1 ana r mechanism 

was analyzed by conducting a reduction of coordinates to eliminate the 

high frequency motions associated with axial vibration of the links. The 

analytical results compared to the experimental results showed good com-

patibility which asseverates the validity of the analytical model. How-

ever, further refinements in the experimental model and in solving the 

system of differential equations are necessary to broaden and extend these 

conclusions. 

4. A new procedure for determining strains, stress, and length of 
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the deformed element is introduced. This is achieved through the use of 

Equations (5.3), (6. 17), and (8.8). Their applicability and versatility 

were demonstrated by means of the calculated example. 

5. An experiment was conducted to obtain axial and bending strains 

at the middle of the coupler and output links of a four-bar-planar mechan

ism model. The general effects of linkage geometry, which is intimately 

related to the minimum transmission angle, the operating speeds, and the 

bearing system .of the joints in motion, are clearly demonstrated. The 

experimental results show a poor correlation with those presented by the 

proposed theory. This poor correlation is attributed to the physical 

parameters that govern the behavior system, to a possible oversimplifica

tion in the mathematical model, and computational difficulties in obtain

ing a reasonably acceptable solution of the governing equations. 

Recommendations 

Based on the observations made during the course of this study, the 

following recommendations are made: 

l. The procedure developed in the present study for the synthesis 

of rigid mechanisms should be extended so that a general method, with 

optimization, can be produced for the synthesis of planar and spherical 

mechanisms. The input method of constraints should provide facilities 

for those constraints to be parameters, functions, or inequalities. 

2. The results of the previous recommendation will be useful in 

developing design charts for various situations which will eventually 

replace the existing ones that are based upon direct synthesis without 

optimization. 
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3. The application of the finite element method which has been in

troduced into the analysis of rigid mechanisms should be extended to the 

analysis of all planar and space mechanisms. This could be achieved by 

defining more appropriate elements and the generalization of assembling 

procedures. ·Methods like the Lagran9e 1 s equations, Hamilton 1 s principle, 

dual numbers, and screw calculus may be employ~d for defining advanced 

elements. 

4. The finite element technique described in this study for the 

analysis of elastic-element mechanisms should be extended to the analysis 

of space mechanisms. Elements with nonuniform cross-sectional area and 

more degrees of freedom should be defined. Among those degrees of free

dom ·there should be included rotary inertia, shear deformation, and bear

ing friction. Gravity, external forces, and moments should be physical 

characteristics of the element. 

5. It has been i 11 ustrated by the 1 i terature review and observations made 

in this study that solving the system of differential equations resulting 

from the finite element technique is a distinct topic. Therefore, it is 

highly recommended that investigations should be conducted to determine 

better methods or to improve and adjust existing ones. It should be taken 

into account that instability due to truncation and roundoff errors is the 

main problem, and it increases with the increase of degrees of freedom. 

Higher order computational precision is advised. The step size along the 

X or Y axis might have to be replaced by a step size along the curve. 

6. The results of the previous recommendation will be useful in ex-

tending the finite element technique to the variable length element so 

that accuracy can be achieved efficiently. It will also facilitate the 
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extension of the method to the analysis of space mechani$ms and the syn

thesis of elastic 1 ink mechanisms. 

7. The synthesis of elastic link mechanisms by an iterative proce

dure might be established without much handicap via the use of the equa

t·ions obtained in this study. However, this is a very costly and time 

consuming procedure. Instead, it is possible to use Equations (6.20) and 

(7.28) for optimization procedures. 

8. More experimental work should be conducted. The conclusions gen

erated in this study should be considered. Experimental equations could 

be developed that would serve for design purposes and for establishing 

comparisons with analytical models. The investigation should be extended 

to space mechanisms. 
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We have that: 

• • • 2 • • 2 • • • 
[(xi +u(x)) -w(x)e] =(xi +u(x)) -2w(x) e(xl +u(x)) 

+ (w(x)) 2 62 

·2 • • • 2 = x1 + 2x1u(x) + (u(x)) 

- 2w(x) 6~ 1 - 26~(x) w(x) 

+ (w(x)) 2 82 (A.I) 

[{y 1 +xe) + (u(x)e + ~(x))] 2 = (y 1 +xe) 2 + 2(y 1 +xe) (u(x)a 

' • • 2 
+ w(x)) + (u(x)e + w(x)) 

•2 • • 2•2 = y1 + 2y 1xa + x a 

+!wy 1u(x)· + 2y 1 ~(x) 

•2 ~-+ 2xu(x)e + 2xew(x) 

2•2 •• + (u(x)) a + 2u(x)e w(x) 

• 2 
+ (w(x)) (A.2) 

Hence: 

' 1 fl ·2 ·2 ' • • 2•2 • • • 2 
T = 2m O (x1 + yl + 2y 1xa + x a + 2x1u(x) + (u(x)) 

•• • • 2•2 • • 
- 28u(x) w(x) - 2w(x)e x1 + (w(x)) a + 2y 1u(x)e 

• • ' ·2 • 2•2 
+ 2ylw(x) + 2xu(x)e + 2xew(x) + (u(x)} a 

•• • 2 
+ 2u(x}ew(x} + (w(x}) ]dx (A. 3) 

Carrying out the integration of each term, we have 

(A.4) 



138 

(A.5) 

(A.6) 

JL • 2 2 3• 2 . e x dx = L e /3 
0 . 

(A. 7) 

L • • T • J0 2x1u(x)dx = f 2x1 (x) [D] (S)dx (A. 8) 

L • .2 L T • 2 J (u (x)) dx = f ( (x) [D] (S)) dx 
0 0 

JL (((x)T [D] (S))T ((x)T [D] 
0 . . (s)))dx 

f L ( (S) T [D] (x) (x) T [D] (S)) dx (A. 9) 
0 

JL 2e~(x) w(x)dx = JL (2e(x) T [D~ (S) (X) T [D] (S))dx 
0 0 

i 

JL 2e [ (x) T [D] (S)] T (x) T [D] (S) dx 
0 

/L 2e(s)r [olr (x)(x)r Col (s)dx 
0 

. L • L • • T J0 2x1ew(x)dx = f0 2x1e(X) [D] (S)dx 

. JL e2 (w(x)) 2dx =IL e2 [(X)T [D] (S)] 2dx 
0 0 

JL e2 [ (X)T [D] (S)] T (X) T [D] (S) dx 
0 

JL e2 (S) T [D] T (X) (X) T [D] (S) dx 
0 

JL • • L • • T 
0 2y 1eu(x)dx = f0 2y 1e (x) [D] (S)dx 

JOL 2ylw(x)dx =fol 2y1 (X) T [D] (S)dx 

JL •2 L •2 T 
. 2e xu(x) dx = J 2e x(x) [D] (S) dx 

0 . 0 . 

L • • L • T J zexw(x)dx = f 2ex(X) [D] (S)dx 
0 0 

(A.10) 

(A. 11 ) 

(A. 12) 

(A. 13) 

(A. 14) 

(A. 15) 

(A. 16) 
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L. • L. T T • J 20u(x) w(x)dx"" J 28 (x) [D] (S) (X) [D] (S)dx 
0 0 

fl 2~(S)T [D]T (x)(X)T [D] {~)dx. (A.18) 
. 0 . . . . . 

fl (~(x)) 2 dx =fl (§)T [D]T (X)(X)T [D] (~)dx · (A.19) 
0 0 . 
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From Appendix A we have the following integrals: 

l 
(E)T = f (x)T [D]dx (B. 1) 

0 

l 
[B] = f [D] T (x) (x)T [D]dx (B.2) 

0 

l 
[A] = J [D]T (x)(X)T [D]dx (B. 3) 

0 

L 
(G)T = J (X)T [D]dx (B.4) 

0 

L 
[M] = J [D] T (X) (X) T [D]dx (B. 5) 

0 

T L T 
(N) = J x(x) [D]dx (B. 6) 

0 

L 
(L)T = J x(X)T [D]dx (B. 7) 

0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 F 0 0 0 0 
[DJ = (B.8) 

-G 0 0 0 G 0 0 0 

0 -H -J -K 0 H -z 8 

0 c D u 0 -c I -P 

0 -M -Q -N 0 M -Q N 

F 1 G = 1/L H = 10/L3 J = 6/L2 K = 3/2L = -2 

z = 4/L2 B = 1/2L C = 15/L4 D .., 8/L3 U=3/2L2 

I = 7/L3 p = 1/L 2 Q = 3/L 4 N = 1/2L3 M = 6/LS 



0 0 0 0 0 CD Q.. 
I 

0 0 0 0 0 N 
I 

0 0 0 0 0 :I: u - I 
I.LI - 0 0 O· 0 (!J 0 0 x 
I-.. 0 0 0 LI.. 0 :..:::: :::> 
IU I 

::::c 
0 0 o· 0 ..., 0 

I 

0 0 0 0 :I: u 
I 

0 0 0 CJ 0 0 

-0 

0 

0 

x 

0 

0 

0 

-
II 

I--I I.LI -

-0 

CD -

z 

cl 
I 

: ::::c 

0 

z 
I 

cl 
I -0 

::::c 
I 0 

0 0 

-' ....... 
x 

0 

0 

0 

.......... 
....J 
....... 
x 

--
II 

I--I I.LI 

-

x 
"O 

I--I I.LI 

....J ..._o 
II 

I--I.LI -

N 

CD -

.......... 
0 

0 

0 

N ....... 
-' 

0 

0 

0 

N ....... 
-' 

II 

I--I.LI 

142 



143 

'-'"" 
0 II· 

0 0 0 0 0 0 CQ Q.. :z: 
I 

0 
d 0 0 0 0 0 N 

I I x 
0 0 0 0 0 :c u :::c 

0 I 

0 0 0 0 0 c.!l 0 0 0 

0 
0 0 0 LI.. 0 ::.::: ::::> :z: 

I I 

0 0 0 0 ..., 0 d 
I I 

........ ...J 0 0 0 0 :c u :::c 
CQ ....... ...J I. I ......... x 0 0 0 ....... 0. 0 0 

I x x 0 0 0 c.!l 0 0 0 

L. 
,j..J 

l\'I + :::c 0 0 0 0 0 0 0 0 

0 0 0 x 0 0 0 0 0 0 0 0 0 

d 
0 0 0 0 0 0 0 0 

0 :::c z 0 :::c d z 
I I I I 

...J 
0 u 0 ::::> 0 u Q.. ....... ...J 

I I N 0 0 0 ....... 0 0 0 )( NX I 
0 :c ..., ~ 0 :c N m x 

I I I I 

t!J 0 0 0 t!J 0 0 0 0 0 0 0 0 0 0 0 
I 

0 0 0 LI.. 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 ...J 
....... ...J x 0 0 0 ....... 0 0 0 

I x 
0 0 0 0. 0 0 0 

II t ........ 
I al ....... 



,/ 
//!! 

0 

0 

0 

-N _.. 
....... 

N x 
_.. 
....... 
x 

0 

0 

0 

-N _.. 
....... 

N x 
+ _.. 

....... 
x 

N 

-

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

N _.. 
....... 0 0 0 

N x 

0 0 0 0 

0 0 0 0 

0 0 0 0 

-N _.. 
....... 

N x 0 0 0 
I _.. 

....... x -
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I 

I lo I 
0 0 0 0 0, 0 0 

I 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

'° I"'\ 
....... 0 0 0 ....... 0 0 0 _.. _.. 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

I"'\ '° ....... 0 0 0 ....... 0 0 0 _.. _.. 

E 

II 

x 
'"O 

la:! ...... 
_.. 
~o 

II 

a::i ...... 



Matrix [A] 

0 0 0 -G 0 0 0 1-x/L 

0 1 0 0 0 -H c -M 0 

0 0 1 0 0 -J 0 -Q 0 

- Io 0 0 F 0 -K u -N 0 0 I co 2 3 4 xs) -+ [A] = 1 x x 0 x x 
0 0 0 0 G 0 0 0 x x/L 

0 0 0 0 0 H -c M 0 

0 0 0 0 0 -z I -Q 0 

0 0 0 0 0 B -P N 0 
I 

0 
2 2 3 (1-x/L) (x-x /L) (x -x /L) 0 

34 45- 56 
(x -x /L) (x -x /L) (x -x /L) I I 1 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 F 0 0 0 0 

0 x/L x2 /L x3/L 0 x4/L x5/L x6/L -G 0 0 0 G 0 0 0 

0 0 0 0 0 0 0 0 0 -H -J -K 0 H · -z B 

0 0 0 0 0 0 0 0 0 c D u 0 -c I -P 

0 0 0 0 0 0 (j 0 0 -M -Q -N 0 M -Q N 

-.i::-
U"1 



0 Vl V2 V3 0 V4 vs Y6 Vl = I - x/L - 10 x3tL3 + 25 x4!L4 - 21 xS/LS + 6 x6/L6 
0 0 Q g 0 0 0 0 V2 = x - x2/L - 6 x3/L2 + 14 x4tL3 - 11 xS/L4 + 3 x6/LS 
0 Q 0 0 0 0 0 0 2 3 ' 4 2 ' ' s 3 6 4 

·Q 0 0 0 0 0 0 0 V3 = x /2 - 2 x /L + 3 x /L - 2 x /L + x /2L 
0 Zl Z2 Z3 0 Z4 . ZS Z6 V4 = 10 x3tL3 - 25 x4n 4 + 21 xS/LS - 6 x61L6 
0 0 0 0 0 0 0 0 

VS= -4 x31L2 + .11 x4tL3 - 10 xS/L4 + 3 xS/LS 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 3 4 2 s 3 6 4 V6 = x /2L - 3x /2L + 3 x /2L - x /2L 

4 4 s 6 6 ZI = x/L - 10 x /L + lS x /L5 - 6 x /L Z2 = x2/L - 6 x4tL3 + 8 xS/L4 - 3 x6/LS 

Z3 = x3/2L - 3 x4/2L2 + 3 x5/2L3 - x612L4 Z4 = 10 x4!L4 - IS x5/LS + 6 x6tL6 

ZS= -4 x4tL3 + 7 x5tL4 - 3 x6/LS Z6 = x4/2L2 - xS/L3 + x6/2L4 

0 · 5 L/14 13 L2/210 t 31210 0 L/7 -4 L2/105 L3/280 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

L 0 0 0 0 0 0 0 0 [A] = f [A]dx = 
4 L2/280 L3/280 0 5Lll4--13L2/210 L31210 

I (B.14) 
0 0 L/7 

0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 .. ..... 

.i:-
O'\ 
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0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

Lt\ 0 
0 0 0 

co ..:;i- N 
........ N ........ N 

N ........ ........ N ........ 
0 0 -' ('t'\ 0 -' -' ('t'\ 

-' -' 
..:;i- Lt\ ('t'\ 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 LI\ 
0 0 0 

..:r N co 
........ N ...... ........ N 

0 ........ N ........ 0 ........ N ........ 
-' -' ('t'\ -' ....J ('t'\ 

-' -' 
I.I'\ ('t'\ ..:r 

I 

II 

I-,...., 
<( ...... 



0 

0 

4 s I o (G)T = (o 2 x3 1 x x 0 x x ) -G 

0 

0 

0 

= (0 XJ X2 X3 0 X4 XS X6) 

XJ = 1 - 10 x3tL3 + 15 x4tL4 - 6 xS/LS 

. 2 3 4 2 . s 3 X3 = x /2 - 3 x /2L + 3 x /2L - x /2L 

XS= -4 x3/L2 + 7 x4tL 3 - 3 xS/L4 

0 

1 

0 

0 

0 

-H 

c 
-M 

Matrix (G) 

0 0 0 0 0 o· 
0 0 0 0 0 0 

0 0 0 0 0 

0 F 0 0 0 0 

0 0 G 0 0 0 

-J -K 0 H -z B 

D u 0 -c I -P 

-Q -N 0 M -Q N· 

. 3 2 4 3 s 4 
X2 = x - 6 x /L + 8 x /L - 3 x /L 

X4 = 10 x3tL 3 - lS x4tL4 + 6 x5/LS 

X6 = x3/2L - x4tL2 + xS/2L3 

L 
(G)T = f (G}Tdx = (0 L/2 

0 
L2/10 L3/120 0 L/2 -L 2 /10 L3I120) . (B. 16) 

g; 



Matrix [H] 

0 0 0 -G 0 0 o I l o 
0 1 0 0 0 -H c -M 

0 0 1 0 0 -J .D -Q x 

[M] = I 0 0 0 F 0 -K u -N 2 x 
I-+ 

0 0 0 0 G 0 0 0 0 

0 0 0 0 0 H -c M x3 

0 0 0 0 0 -z I -Q 4 x 

0 0 0 0 0 B -P N x5 

0 

1 - 10 x3tL3 + 15 x4tL4 - 6 x5tL5 

x - 6 x3/L2 + 8 x4tL3 - 3 x5JL4 

x212 - 3 x3/2L + 3 x4!2L2 - x5/2L3 

I (0 1 
2 

0 3 4 xs) ""'" 
0 x x x x 

10 x3tL3 - 15 x4tL4 + 6 x5tL5 

-4 xJIL2 + 7 x4JL3 ~ 3 x5tt4 

x3/2L - x4tL2 + x5/2L3 , -~ 
l..O 



0 0 0 0 0 0 0 

0 Tl T2 T3 0 T4 TS 
0 Sl 52 53 0 s4 SS 

-+ Io Rl R2 R3 0 R4 RS 
0 0 0 0 0 0 0 

0 11 12 13 0 14 IS 
0 Jl J2 J3 0 J4 JS . 

0 Kl K2 K3 0 K4 K5 

0 0 0 0 0 0 0 

0 Yl Y2 Y3 0 Y4 vs 
0 Xl X2 X3 0 X4 XS 

.o Zl Z2 Z3 -0 Z4 ZS = 
0 0 0 0 0 0 0 

0 Al A2 A3 0 A4 AS 
o· Bl 82 B3 0 84 BS 
0 Cl C2 C3 0 C4 cs 

0 1 0 0 0 

T6 0 1 0 0 

s6 0 0 1 .. 0 

R6 0 0 0 F 

0 -G 0 0 0 

16 0 -H -J -K 

J6 0 c D u 
K6 0 -M -Q -N 

0 

Y6 

X6 

Z6 I = [M] 
0 

A6 
. 86 

C6 

0 0 

0 0 

0 0 

0 0 

G 0 

0 H 

0 -c 
0 M 

0 

0 

0 

0 

0 

-z 
I 

-Q 

0 

0 

0 

0 

0 

B 

-P 

N 

\Tl 
0 



Tl = l - 10 ~3;t 3 + lS x4!L4 - 6 xS/LS 

T2 = x - 10 x4!L3 + lS xS!L4 - 6 x6/LS 

T3 = x2 -
T4 = x3 -

4 TS = x -

l 0 XS /L 3 + J s x6 /L4 - 6 x7 /Ls 

JO x6!L3 + lS x7!L4 - 6 x8/LS 

10 x7!L3 + lS x8!L4 - 6 x9/LS 

T6 = x5 - 10 x8!L3 +IS x9!L4 - 6 x10tLS 

3 2 4 3 s 4 SI = x - 6 x /L + 8 x /L - 3 x /L 

2 4 . 2 5 3 6 4 
S2 = x - 6 x /L + 8 x /L - 3 x /L 

S3 = x3 - 6 xS/L2 + 8 x6!L3 - 3 x7!L4 

4 6 2 7 3 8 4 S4 = x - 6 x /L + 8 x /L - 3.x /L 

SS = x5 - 6 x7!L2 + 8 x8!L3 - 3 x9!L4 

S6 = x6 - 6 x8!L2 + 8 x9!L3 - 3 x10;L4 

RI = x2/2 - 3 x3/2L + 3 x4/2L2 - x5/2L3 

R2 = x3/2 - 3 x4/2L + 3 x5/2L2 - x6/2L3 

R3 = x4/2 - 3 xS/2L + 3 x6/2L2 - x7/2L3 

R4 = x512 - 3 x6/2L + 3 x7/2L2 - x8/2L 3 

6 7 8 2 9 3 R5 = x /2 - 3 x /2L + 3 x /2L - x /2L 

7 8 9 2 10 3 R6 = x /2 - 3 x /2L + 3 x /2L - x /2L 

11 = 10 x3!L3 - IS x4!L4 + 6 xS/LS 

I 2 = l 0 x 4 IL 3 "". 15 x5 IL 4 + 6 x 6 IL 5 

13 = 10 xS/L3 - IS x6!L4 + 6. x7/LS 

14 = 10 x6!L3 - lS x7!L4 + 6 x8/LS 

IS= 10 x7!L3 - IS x8!L4 + 6 x9/LS 

16 ~ 10 x8!L3 - 15 x9!L4 + 6 x 10;L5 

3 2 4 3 s 4 Jl = -4 x /L + 7 x /L - 3 x /L 
4 2 5 3 . 6 4 J2 = -4 x /L + 7 x /L - 3 x /L 

J3 = -4 x5/L2 + 7 x6!L3 - 3 x7!L4 

6 2 7 3 8 4 J4 = -4 x /L + 7 x /L - 3 x /L 

7 2 8 3 9 4 JS = -4 x /L + 7 x /L - 3 x /L 

J6 = -4 x8!L2 + 7 x9;L3 - 3 x10;L4 

Kl = x3/2L - x4!L2 + x5/2L3 

K2 = x4/2L - x5!L2 + x6/2L3 

K3 = x5 /2L - x6 /L 2 + x7!2LJ 

6 7 2 8 3 K4 = x /2L - x /L + x /2L 

K5 = ~7!2L - x81L2 + x9/2L 3 

K6 = x8/2L - x9!L2 + x1012L3 
V1 



Yl = 1-20x3tL3 +30x4tL4 -12xS/LS+ 100x6tL6 "". 300x7tL7 +34Sx8tL8 -18ox9!L9 +36x 10tL 10 

Y2 = x-6x3tL2 -2x4tL3 +12xS/L4 +S4x6/LS-170/1L6 +186x81L7 -93x9tL8 +18x10tL9 

Y3 = x212 - 3x3 /2L + 3x 4 /2L 2 - 11 xS /2L J + 4Sx6 /2L 4 - 81 x7 /2LS + 73x8 /2L 6 - 33x9 /2L] + 3x l O /LS 

Y4 = 1 Ox3 /L 3 - 1Sx4 /L 4 + 6xS /LS - 100x6 /L 6 + 300x7 /L l - 34Sx8 /LS+ 180x9 /L9 - 36x l O /L l O 

YS = -4x3/L2 +7x4tL 3 -3xS/L4 +40x6/LS-130x7!L6 +159x8tL7 -87x9tL8 +18x10tL9 

Y6 = x3 /2L - x 4/L 2 + xS /2L 3 - Sx6 /L 4 + 3Sx7 /2LS - 23x8 /L 6 + 27x9 !2L7 - 3x10 /L 8 

Xl = x-6x3tL2 -2x4tL3 +12xS/L4 +S4x6/LS-17ox7!L6 +186x81L7 -93x9!L8 +18x101L9 

X2 = x2-12x4/L2 +16xS/L3 +30x6!L4 -96x7/LS+100x8tL6 -48x9!L7 +9x101L8 · 

X3 = x3/2- 3x4/2L- 3xS/2L2 +2Sx6!2L3 - 4Sx7!2L4 + 39x8/2LS - 17x9!2L6 + 3x 1012L7 

X4=10x4tL 3 -1SxS/L4 -54x6/LS+170x7tL6 -186x8tL7 +93x9tL8 -t8x10tL9 . 

XS= -4x4/L2 +7xS/L3 +21x6tL4 -74x7/LS+86x8/L6 -4sx9/L7 +9x_101L8 

X6 = x 4 /2L - xS /L 2 - Sx6 /2L 3 + 20x7 /2L4 - 2Sx8 /2LS + 14x9 /2L 6 "" 3x lO /2L7 

Zl = x212- 3x3/2L+ 3x4/2L2 -11x5/2L 3 +4Sx6!2L4 -81x7!2LS + 73x8!2L6 - 33x9/2L] +6x1012L8 

Z2 = x3/2 - 3x4/2L - 3x5!2L2 +2Sx6/2L 3 - 4Sx7/2L4 + 39x8/2LS-17x9/2L6 + 3x1012L7 

Z 3 = x 4 I 4 - 6 .XS I 4 L + 1 S x 6 I 4 L 2 - 2 Ox l I 4 L 3 + 1 S x BI 4 L 4 - 6 x9 I 4L S + x 1 O/ 4 L 6 

Z4 = lOxS /2L 3 - 4Sx6 /2L 4 + 81 x7 /2LS - 73} /2L 6 + 33x9 /2Ll - 6x lO /2L S 

ZS = -4xS /2L 2 + 19x6 /2L3 - 36x7 /2L 4 + 34x8 /2LS - 16x9 /2L 6 +3x10 /2L 7 

Z6 = xS /4L - Sx6 /4L 2 + 10x7/4L 3 - 10x8 /4L 4 + sx9 /4LS - x lO /4L 6 V1 
N 



Al= lOx3!L3 -1sx4!L4 +6xS/LS-100x6/L6 +300x7!L7 -34Sx8!L8 +18ox9!L9 -36xlO/LlO 

A2 = lOx4!L3 -1SxS/L4 -S4x6/LS + 170x7!L6 -186x8!L7 +93x9!L8 - 18x101L9 

A3 = lOxS /2L3 - 4Sx6 /2L 4 + 81 x7 /2LS - 73x8 /2L6 + 33x9 /2L] - 6x lO /2L S 

A4 = 100x6/L 6 - 300x7 /L] + 34Sx8 /LB - 180x9 /L9 + 36x lO /L lO 

AS = -4ox6 /LS+ l 30x7 /L 6 - 1 S9x8 /L] + 87x9 /LS - 18x lO /L9 

A6 = 10x6 /2L 4 - 3Sx7 /2LS + 46x8 /2L 6 - 27x9 /2L7 + 6x lO /2L B 

Bl= -4x3/L2 +7x4!L3 -3xS/L4 +4ox6/LS-130x7!L6 +1S9x8!L7 -B1x9!L8 +18x101L9 

82 = -4x 4 /L 2 + 7xS /L 3 + 2 lx6 /L 4 - 74x7 /LS+ 86x8 /L 6 - 4Sx9 /L 7 + 9x lO /L 8 

B3 = -4xS /2L 2 + 19x6 /2L 3 - 36x7 /2L 4 + 34x8 /2LS - 16x9 /2L 6 + 3x l O /2L] 

B4 = -40x6/LS+130x7!L6 -1S9x8!L7 +87x9/L8 -18x101L9 

BS = 16x6 /L4 -S6x7/LS + 73x8/L6 - 42x9 /L] + 9xlO /La 

86 = -4x6 /2L3 + 1Sx7!2L 4 - 21x8/2LS + 13x912L6 ... 3x10 /2L7 

Cl = x3 /2L - x 4!L2 + xS /2L 3 - 10x6 /2L 4 + 3Sx7 /2L5 - 46x~/2L6 + 2 7x9 /2L 7 - 6x lO /2L 8 

C2 = x4/2L- x5!L2 -sx6!2L3 +2ox7/2L4 -2sx8!2LS + 14x9/2L6 - 3x1012L7 

C3 = x5!4L-Sx6/4L2 +10x7/4L 3 -1ox8/4L4 +Sx9/4L5 -x10/4L6 

C4 ,.; 10x6 /2L 4 - 35/ /2LS + 46x8 !iL 6 - 27x9 /2L] + 6x lO /2L S 

CS= -4x6/2L3 +1Sx7/2L4 -21x812L5 +13x9/2L6 -3x1012L7 

C6 = x6/4L2 -2x7!2L3 +6x8/4L4 -2x9/2LS+x10/4L6 \Tl 
w 



L 
[M] = I [M]dx 

0 

-0 0 0 0 0 0 

0 A B c 0 D 

0 B G I 0 E 

[M] = m I 0 c I H 0 F 

0 0 0 0 0 0 

0 o· E F 0 A 

0 -E -K -L 0 -B 

0 F L J 0 c 

A = 181 L/462 B = 311 L 2 I 4620 

F = 181 L3/55440 G = 52 L3/3465 

L = 13 Llt/13860 J = LS /11088 

0 0 

-E F 

-K L 

-L J I 
0 0 

-B c 
G -I 

-I H .. 

C = 281 L3/55lt40 

H = LS/9240 

D = 25 L/231 E = 151 L2/4620 

I = 2 3 L 4 /18480 K = 19 L 3I19 80 

(B.17) 

V'I 
.i:-



Matrix (N) 

T L - L · 2 2 
(N) = J x(E)dx = J ((x - x /L) 0 0 0 x /L 0 0 0) dx 

0 0 

(N)T = (L2/6 0 0 0 L2/3 0 0 0) 

L T L 
(L) = J x(G), dx =J 

0 0 

Matrix ( L) 

0 

4 3 5 4 6 x - 10x /L + 15x /L - 6x /L5 

x2 - 6x4/L2 + 8x5tL3 - 3x6tL4 

x3/2 - 3x4/2L + Jx5/2L2 - x6/2L3 

0 

10x4tL3 - 15x5tL4 + 6x6tL5 

-4x4/L2 + 7x5tL 3 - 3x6tL4 

x4/2L - x5tL2 + x6/2L3 

dx 

(L)T = (0 L2/7 4L 3/105 L4/280 0 5L2/14 -13L3/210 L4/210) 

(B. 18a) 

(B.18b) 

(B.19) 
V1 
V1 
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Since: 

hence: 

Axial Deformation 

.·u(O,t) = q1(t) at x=O 

u(L,t) = q5 (t) at x = L 

4>1(0) = 1 

cJ> 1(L) = 0 

cj> 5(o) = O at x = O 

cj> 5(L)=l atx=L 

From Equation (6.2), we have 

where, by inse~ting the boundary conditions, it gives: 

cf> (0) = B = l 
1 0 

cf> (L) = B = B L = 0 
1 O I 

hence: 

hence: 

cj> 1 ( x) = l - xi L 

For mode function cj> 5 (x), we have: 

cj> (0) = B = 0 5 0 

cj> 5 (L) = B0 + B1L = 
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( C. I) 

(C.2) 

(c.3) 

(C.4) 

( c. 5) 

(C.6) 

( c. 7) 

( c. 8) 

(C. 9) 

(C. 10) 

(C.11) 

(C. 12) 



<Ps (x) = x/L 

Transverse Deformations 

From Figure 9 (page 43), we have: 

w(O,t) = q2(t) 

w(L,t) = q6(t) 

ow(L,t)/ox = q7(t) 

ow(O,t)/ox = q3(t) 

2 2 . 
ow (O,t)/ox = q4(t) 

2 2 ow (L,t)/ox = q8(t) 
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(C. 13) 

(C. 14) 

Hence, the mode function <P 2 (x) must satisfy the boundary conditions: 

<P2(0) = 1 

<P 2 (L) = 0 

dcp 2 (0)/dx = 0 

dcp 2 (L)/dx = 0 

icp~ (0) /dx2 = 0 

icp2 (L)/dx2 = 0 

Introducing this information into the following equation: 

and by solving the system of six equations, we have: 

The mode function cp 3(x) must also satisfy the boundary conditions: 

<P3(0) = 0 

cp 3 (L) = 0 

dcp 3(0)/dx = 1. 

dcp 3(L)/dx = 0 

i<1>3(0)/dx2 = 0 

i<t> 3(L)/d} = 0 

hence, from the system of six equations, we have: 

(C.15) 

(C. 16) 



3 2 4 3 5 4 
ct> 3 (x) = x - 6 x /L + 8 x /L - 3 x /L 

The mode function cf> 4 (x) must a 1 so satisfy the boundary conditions: 

and 

The mode 

and 

<1>4(0) = 0 

<t> 4 (L) = 0 

d<f> 4 ( o) I dx = o 

d<t> 4(L)/dx = 0 

2 2 
d <1> 4(0)/dx = 1 

i¢ 4 (L)/dx2 = 0 

2 . 3 4 2 5 3 
ct> 4 (x) = x /2 - 3 x /2L + 3 x /2L - x /2L 

fun ct ion ct> 6 (x) must also satisfy the boundary conditions: 

<1>6(0) = 0 d<t> 6 (O) /dx = o 
2 2 

d <1> 6 (0)/dx = 0 

cf>6 (L) = 1 dct>6 (L)/dx = 0 
2 2 

d <t>6 (L)/dx = 0 

The mode function <1> 7 (x) must also satisfy the boundary conditions: 

and 

<1>7(0) = 0 

<1> 7 (L) = 0 

d<f> 7 (o)/dx = 0 

d<f> 7 (L)/dx= 1 

i<1> 7 (o)/dx2 = 0 

d2<1> 7 (L)/dx2 = 0 

The mode function ct> 8 (x) must also satisfy the boundary conditions: 

cp 8 (o) = 0 

•s<L) = o 

dcf> 8 (o)/dx = o 

def> 8 ( L) I dx = o 

2 2 
d ct> 8 (o)/dx = o 

2 2 
d <1> 8 (L)/dx = 1 
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( c. 17) 

(C.18) 

(C.19) 

(C.20) 



------ -- ----- ---
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and 

(C.21) 
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POTENTIAL ENERGY FOR TRANSVERSE DEFORMATION 
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We have that: 

w(x,t) = (1 - 10x3JL3 + 15x4JL4 - 6x5JL5) q2(t) + (x - 6x3JL2 + 8x4JL3 - 3x5JL4) q3(t) 

+ (x2/2 - 3x3/2L + 3x4/2L2 - x5/2L3) q4(t) + (10x3JL3 - 15x4;L4 - 6x5;L5) q6(t) 

+ (-4x3JL2 + 7x4tL3 - 3x5JL4) q7(t) + (x3/2L - x4!L2 + x5!2L3) q8(t) (D. 1) 

Differentiating with respect to x, we have: 

cw{x,t)/ox = (-30x2/L3 +. 6ox3JL4 - 30x4tL5) q2(t) + (1 - 18x2/L2 + 32x3tL3 - 15x4tL4) q3(t) 

+ (x - 9x2/2L + 12x3/2L2 - Sx4/2L3) q4(t) + (30x2!L3 - 6ox3JL4 + 30x4!L5) q6(t) 

+ (-12x2/L2 + 28x3!L3 - 15x4tL4) q7(t) + (3x2/2L - 4x3tL2 + 5x4!2L3) q8(t) (D.2) 

2 2 3 24 35 2 23 34 . 
ow (x,t)/cx = (-60x/L + 180x /L - 120x /L ) q2(t) + (-36x/L + 96x /L - 60x /L ) q3(t) 

+ (1 - 9x/L + 1sx21L2 - 10x3tL3) q 2 (t~- + (60x/L 3 - 180x2tL4 + 120x3!L5). q6(t) 

+ (-24x/L2 + 84x2tL3 - 6ox31L4) q7(t) + {3x/L - 12x21L2 + 10x3tL3) qs(t) (D.3) 

Ordering it gives: 

2 2 3 2 3 2 
cw (x,t)/ox = q4(t) + (-60 q2(t)/L - 36 q3{t)JL - 9 q4(t)/L + 60 q6(t)/L - 24 q7(t)/L 

4 2 . 4 
+ 3 qa{t)/L)x + (180 q2(t)/L + 96 q3{t)/L3 + 18 q4(t)/L - 180 ~6(t)/L 

+ 84 q7(t)!L3 - 12 q8(t)/L2)x2 + (-120 q2(t)/LS - 60 q3(t)/L4 - 10 q4(t)/L3 

+ 120 q6(t)/LS - 60 q7(t)/L4 + 10 q8(t)/L3)x3 {D.4) 

Cl' 
N 



Let 

ao = q4 

3 2 a1 = -60 q2/L - 36 q3/L - 9 q4/L + 60 3 2 
q6/L - 24 q 7/L + 3 q8/L 

4 3 2 a2 = 180 q2/L + 96 q3/L + 18 q4/L 180 q 6/L4 + 84 q 7!L3 - 12 

5 4 3 5 4 a3 = -120 q2/L - 60 q3/L - 10 q4/L + 120 q6/L - 60 q7/L + 10 

The coefficients of the product of two· polynomials are: 

2 
DO = aO 

o1 = 2a0a 1 

2 o2 = 2a0a2 + a 1 

o3 = 2a0a 3 + 2a 1a2 

2 o4 = 2a 1a 3 + a2 

o5 = 2a2a 3 

2 
06 = a3 

Hence: 

DO = q~(t) 

q /L2 
8 

q /L3 
8 

(D.5) 

( D. 6) 

( D. 7) 

( D. 8) 

. (D. 9) 

(D.10) _ 

( D. 11) 

( D. 12) 

(D.13) 

(D.14) 

(D.15) 

( D. 16) O' 
w 



3 2 2 3 2 . o1 = -120 q2q4/L - 72 q3q4/L - 18 q4/L + 120 q4q6/L - 48 q4q/L + 6 q4q8/L 

2 6 2 4 2 2 . 2 6 2 4 2 2 5 o2 = 3600 q2/L + 1296 q3/L + 117 q4/L + 3600 q6/L + 576 q7/L + 9 q8/L + 4320 q2q3/L 

4 6 5 4 . 3 . 5 
+ 1440 q2q4/L - 7200 q2q6/L + 2880 q2q7/L - 360 q2q8/L + 840 q3q4/L - 4320 q3q6/L 

4 3 4 3 2 ·5 
+ 1728 q3q7/L - 216 q3q8/L - 1440 q4q6/L + 600 q4q7/L - 78 q4q8/L - 2880 q6q7/L 

4 3 + 360 q6q8/L - 144 q7q8/L 

o3 = -21600 q~/L 7 - 6912 q~/L5 - 344 q:/L3 - 21600 q~/L 7 - 4032 q~/L5 - 72 q~/L 3 

6 5 7 6 5 
- 24480 q2q3/L - 5640 q2q4/L + 43200 q2q6/L - 18720 q2q7/L + 2520 q2q8/L 

. 4 6 5 . 4 5 
- 3144 q3q4/L + 24480 q3q6/L - 10565 q3qlL :'" 1440 q3q8/L + 5640 q4q6/L 

- 2496 q4q/L 4 + 344 q4q8/L 3 + 18720 q6q/L 6 - -2520 q6q8!L5 + 1080 q7q8/L 4 . 

2 8 2 6 2 4 2 8 2 6 2 4 o4 = 46800 q2/L + 13536 q3/L + 504 q4/L + 46800 q6/L + 9936 q7/L + 204 q8/L 

7 6 8 7 . 6 
+ 50400 q2q3/L + 9840 q2q4/L - 93600 q2q6/L + 43200 q2q7/L - 6240 q 2q 8/~ . 

5 7 . 6 5 . 6 
+ 5256 q3q4/L - 50400 q3q6/L + 23328 q3q7/L - 3384 q3q8/L - 9840 q4q6/L 

5 . 4 7 6 5 
+ 4584 q4q7/L - 672 q4q8/L - 43200 q6q7/L - 6240 q6q8/L - 2856 q7q8/L 

o5 = -43200 q~/L9 - 11520 q~/L7 - 360 q~/L5 - 43200 q~/L9 - 10080 q~/Ll - 240 q~/L5 

( 0. 17) 

( D. 18) 

(0.19) 

(0.20) 

O'\ 
~ 



. 8 7 9 8 7 
44640 q2q3/L - 7920 q2q4/L + 86400 q2q6/L - 41760 q2q7/L + 6480 q2q8/L 

. . 6 8 7 6 7 
- 4080 q3q4/L + 44640 q3q6/L - 21600 q3q7/L + 3360 q3q8/L + 7920 q4q6/L 

6 5 8 7 6 - 3840 q7q7/L + 600 q4qg/L + 41760 q8q7/L ~ 6480 q6q8/L + 3120 qlqB/L 

2 lci 2 8 2 6 . 2 10 2 8 2 6 
06 = 14400 q2/L + 3600 a3/L + 100 q4/L + 14400 q6/L + 3600 q7/L + 100 q8/L 

9 8 10 9 . 8 
+ 14400 q2q3/L + 2400 q2q4/L - 28800 qq2G/L + 14400 q 2q7/L - 2400 q2q8/L 

7 . 9 8 7 8 + 1200 q3q_4/L - 14400 q3q6/L + 7200 q3qJ'L - l200 q3q8/L - 2400 q4q6/L 

7 6 . . 9 8 7 
+ 1200 q4q7/L - 200 q4q8/L - 14400 q6q7/L + 2400 q6q8/L - 1200 q7q8/L 

Hence, the resulting polynomial is: 

2 3 4 5 6 D(x) = o0 + o1x + o2x + o3x + d4x + o5x + o6x 

and 

2 2 2 . 
(o w(x, t) /ox ) = D(x) 

Introducing D(x) into the equation of the potential energy, we have: 

1 L . 2 2 2 
v2 (t) = 2 J El (o w(x,t)/ox) dx 

0 

(D.21) 

(D.22) 

(D.23) 

(D.24) 

· (D.25) 
"' V1 



1 L 2 3 4 5 6 
(D.26) v (t) =-El I (D0 + o1x + o2x + o3x + o4x + o5x + o6x )dx 

2 2 0 

Integrating: 

V2 (t) = t El (D0 L + D1L2/2 + D2 L3/3 + o3L4/4 + D4 L5/5 + o5L6/6 + o6 L7/7) (D.27) 

-x 0 0 0 -x 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

(s)r .!. I o 0 0 0 0 0 0 
0 I ( S) , (S) T i [Kl] (S) or: 

2 -x 0 0 0 x 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 B c F 0 -B c -F 

0 c G J 0 -c N -M 

(S)T ~ I 0 
F J H 0 -F M 

p I (S) ' (S) T i [K2 ](S) or: 
. 0 0 0 0 0 0 0 0 

0 -B -c -F 0 8 -c F 

0 c N M 0 -c G -J 

0 -F -M p 0 F -J H I °' °' 



Where: 

X = EA/L B = 120 El/7L3 C = 60 EI /7L 2 F = 3 El/7L 

G = 192 El/35L H = 3 El L/35 J = 11 El/35 N = 108 El/35L 

M = 4 El/35 P = EI L/70 

From matrix [K1] and [K2], one obtains matrix [K] which is shown by Equation (D.28): 

x 0 0 -F -x 0 0 0 

0 B c F 0 -B c -F 

0 c G J 0 -c N -M 

0 F J H 0 -F M P I [K] = I 
-x 0 0 0 x 0 0 0 

0 -B -c -F 0 B -c F 

0 c N M 0 -c G -J 

0 -F -M p 0 F -J H 

(D.28) 

. O' 
-...J 
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Transformation Matrix 

let [t] denote the transformation matrix to be used in this study. 

It should be understood that there are different transformation matrices 

[t] for different elements. If the elements have some of their general-

ized coordinates in the same orientation in space, then the local coor-

dinates corresponding to these orientations are parallel. Hence, in 

this case we have that 

cose 

s i n8 
[ t) = 

0 

0 

x 

y 

= [ t] 
z 

w 

x cose 

y sine 
= 

z 0 

w 0 

( 43' 44) : 

-sine 

cose 

0 

0 

xl 

Y1 

zl 

wl 

-sine 

cose 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I 

( E. 1) 

(E. 2) 

0 

0 
(E. 3) 

0 

Fiqure 45 shows the graphical representation used in this study. 

The above equations might be combined so as to apply it to the entire 

element by writing simply: 



Y2 
y x2 

~l 

A 
1: Zz 

zl 

w 

z/ 
Figure 45. Graphical R~presentation of the Transformation Used in This Study 

x 

"'-.I 
0 



J 71 

x cose -sine 0 0 0 0 0 0 xl 

y sine cose 0 0 0 0 0 0 Y1 

z 0 0 0 0 0 0 0 zl 

w 0 0 0 . 1 0 0 0 0 wl 
= (E. 4) 

x 0 0 0 0 cose -sine 0 0 x2 

y 0 0 0 0 sine cose 0 0 Y2 

0 0 0 0 0 0 ·O z2 

0 0 0 0 0 0 0 w2 

or 

(U) = [T] (u) (E. 5) 

where 

[T] = [: :J. (E.6) 

Transformation of the Kinetic and Potential Energy 

(S) = [T] (s) (E. 7) 

where (S) and (s) represent the global and local deformation vectors, 

respectively (43, 44). The kinetic energy T(t) might be written in the 

form of: 

l T 
T(t) = '2 (s) [m](s) ( E. 8) 

where 

(s) = [T] T(S) (E. 9) 

hence 



where 

T(t) = ~ (S)T[T][m)[T]T(S) 

T(t) = ~ (S)T[M](S) 

[M] = [T] [m] [T] T 

The potentlal energy can be written as: 

where 

hence 

where 

V(t) = ~ (s) 1 [k](s) · 

T (s) = [T] (s) 

V(t) = ~ (S)T[T][k]{T]1 (S) 

V(t) = ~ (s) 1 [K](S) 

[K] = [T] [k] [T] T 
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(E. 10) 

(E.11) 

(E. 12) 

(E. 13) 

(E. 14} 

( E. 15) 

(E. 16) 

(E. 17) 

For the right-hand side vector or force vector, we know that the 

virtual work has the expression: 

hence 

where 

T oW = (s) (q) 

oW = (s) 1[T](q) 

(Q) = [T] (q) 

(E.18) 

(E. 19) 

( E. 20) 
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is recognized as the vector of the joint forces in terms of the global 

components. 

Reduction of Degrees of Freedom 

The applications for analyses of computerized finite-element methods 

have evolved to a high level of sophistication and accuracy and are now 

accepted as necessary tools in the analysis of extremely complex struc-

tures and mechanisms. The current state-of-the-art is such that system 

idealizations with many degrees of freedom may be systematically assem

bled by programming techniques based on linear matrix analysis (75, 76). 

At the same time, the extension of these analyses to solve mechanism 

dynamical problems for natural vibration modes, or transient responses 

by modal techniques, has been hampered by ~ifficulties in accurately and 

efficiently handling eigenvalue problems or degrees of freedom of compar

able large size. 

A typical structure or mechanism may have too many degrees of free-

dom for economical treatment. Bagci and Kalaycioglu (34), working on 

kineto-elastodynamic analysis of mechanisms experienced that for four 

cycles at 125 rpm, using a step size h = O.OOOOls and ten terms in the 

matrix exponential series, the Xerox Sigma 6 digital computer required 

18.11 hours CPU time. Accordingly, we call on the eigenvalue economizer 

(73, 74, 75, 76) to eliminate many or most degrees of freedom from the 

problem. Let: 

( D) = (T] (D ) 
r 

(E.21) 
nxl nxm mxl 

where 

n = total degrees of freedom; 

m = reduced degrees of freedom; 

(D) = complete set of n degrees of freedom; 



(D ) = condensed set of m degrees of freedom; and · 
r 

[T] =condensing matrix. 

we have ( l): 

([K].:. c./[M])(D) = 0 

From Equations (E. 1) and (E.2) 

([K] - c/[M])[T](D) = 0 
r 

multiplying by [T]T 

[T]T([K] - w2 [M]) [T] (D ) = 0 
r 

{[T]T[K][T] - w2 [T]T[M][T])(D) = 0 
r 

hence 

[K] = [T]T[K] [T] 
r 

mxm mxn nxn nxm 

[M] = [T]T[M][T] 
r 

mxm nxn 

In the same way, it could be shown that: 

[A ] = [T] T [A] [T] 
r 

mxm nxn 

(Qr) = [T] T (Q) . 

.mxl nxl 

It has been shown (26, 73, 74, 98) that matrix [T] has the form 

where 
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(E.22) 

(E.23) 

(E.24) 

(E.25) 

(E. 26) 

(E. 2 7) 

(E. 28) 

(E.29) 



where 

hence 

[I]= identity matrix; 

[CI] 

[ c ] 
D 

For 

= matrix of 

= matrix of 

the four-bar 

u = 0 
2 

-u = 0 
3 

u4 = 0 

independent coordinates; 

dependent coordinates. 

mechanism of Figure 46, 

sin 

cos 

sin 

cos 

cos 92 (::) 

~ ~:) [ c~s a 
sin a 

] (::) -sin a cos a 

u2 = q3 cos e 1 + q4 sin e 1 

v2 = -q sin e 1 + q4 cos e 1 3 
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and 

we have: 

(E . 30) 

(E • 31 ) 

(E. 32) 

(E.33) 

(E. 34) 

(E. 35) 



V~ 
c 

o, 
" t 

a-· 
".) 

Ti 
V-;, 

L_ 

l.t -z 

ll 

v7 
;; 

G , 

<fffeq, 
q, 

v,+ 
1; 

u -7 

.) 

q7 

CJ_ ::: ~ I l C'J 

~-q,, 

Figure 46. Graphical Representation of the Independent and Dependent Generalized 
Coordinates in the Condensation Procedure 

......... 
O' 
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(E.36) 

(E.37) 

(E.38) 

(E. 39) . 

and 

q3 cos 8 1 + q4 sin 8 1 = 0 (E.40) 

q3 cos 82 + q4 sin 8 = 2 q7 cos 82 + q8 sin 82 (E. 41) 

q7 cos 83 + q8 sin 8 = o 
3 

(E.42) 

If q4 is chosen as the independent generalized coordinate, we obtain the 

constraint relation: 

From Equation (E.40) 

q = 
3 

-q4 tan 8 1 (E.43) · 

From Equations (E. 40) , (E.41), and (E.42) 

-q 
4 tan el cos e2 + q4 sin e2 = q7 cos e2 + q8 sin e2 

-q4 tan el cos 82 + q4 sin e2 = q7 cos e2 

cos 83 
sin e3 

sin 82 

or 

cos e3 
q = (q4 sin e2 - q4 tan 8 1 cos 82)/(cos e - sin e2) 7 2 sin 83 

q = 
7 (q4 sin 82 sin e 3 - q4 tan e 1 cos e2 sin e3)/sin(8 3 - 8 ) 2 

(E . 44) 

and 



or 
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q8 = (q4 tan el cos e2 cos e3 - q4 sin e2 cos e3)/sin (e3 - e2) 

(E.45) 

in matrix form: 

q3 -tan el 

q4 

= q4 (E. 46) 
q7 x 

q8 y 

where 

x = (sine 2 sin e 3 - . tan el cos e 21 s i n e 3) Is i n (a 3 - e 2) 

y = (tan el cos 82 <?OS 8 3 - sin e 2 cos e 3) Is in ( e 3 - e 2) 

and matrix [T] could be constructed (see Equation (E.47) below). 
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0 
N ...::3" 1..1'\ "° O"\ 

C" C" C" C" C" C" 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

,......, 
~ 
'--' 

0 0 0 0 0 0 0 0 0 0 

CD 
0 0 c: 0 0 x > 0 0 0 

co ...., 
I 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

II 

0 
N M ...::3" Lt\ "° I"--. 00 O"\ 

C" er C" er er er er er er C" C" --- ---



-co 
.::r . 
LI.I -
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APPENDIX F I 

MATRICES [M0], [MT], [A0], [AT], 

(K0], [KT], {Q), AND {QT) 
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[MD] = ( [M] + [B]) m 

-A 0 0 0 B 0 0 0 
0 D E F 0 G -H J 

0 E L M 0 H -N p 

0 F M Q 0 J -P WI ( F. 1} [MD] = I B 0 0 0 A 0 0 0 
0 G H J 0 · D -E F 
0 -H -N -P 0 -E L -M 

0 J p w 0 F -M Q 

A = (L/3) m B = (L/6) m 

D = (181 L/462) m E = (311 L2/4620) m 

F = (281 L3/55440) m G = (25 L/231) m 

H = (151 L2/4620) m J = (181 L3/55440) m 

L = (52 L3/3465) m M = (23 L4/18480) m 

N = (19 L3/J980} m P = (13 L4/13860) m 

Q = (LS /9240) m W = (LS/11088) m 

...... 
CX> 
N 



c -s 0 0 0 0 0 0 

s c 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 

0 0 0 1 0 0 0 0 

0 0 0 0 c -s 0 0 

0 0 0 0 s c 0 0 

0 0 0 0 0 0 l 0 

0 0 0 0 0 0 0 1 

AC -OS -ES -FS BC -GS HS -JS 

AS DC EC FC BS GC -HC JC 

0 E L M 0 H -N p 

0 F M Q 0 J -P w 
BC -GS -HS -JS AC -OS ES -FS 

BS GC HC JC AS . DC -EC FC 

0 -H -N -P 0 -E L -M 

0 J p w 0 F -M Q. 

A 0 0 0 B 

0 0 E F 0 

0 E L M 0 

0 F M Q 0 

B 0 0 0 A 

0 G H J 0 

0 -H -N -P 0 

0 J p w 0 

c s 0 0 0 

-s c 0 0 0 

0 0 1 0 0 

0 0 0 1 0 

0 0 0 0 c 
0 0 0 0 -s 
0 0 0 0 0 

0 0 0 0 0 

0 0 

G -H 

H -N 

J -P 

0 0 

0 -E 

-E L 

F -M 

0 0 

0 0 

O· 0 

.0 0 

s 0 

c 0 

0 1 

0 0 

0 

J 

p 

w, 
0 

F 

-M 

Q 

0 

0 

0 

0 
I 

0 

0 

0 

1 

-+ 

= 

00 
w 



AC2 + os2 ACS - DCS -ES -FS 

ACS - DCS AS2 + oc2 EC FC 

-ES EC L M 

[MT] = I -FS FC M Q 

BC2 + GS2 BCS - GCS -HS -JS 

BCS - GCS BS2 + GC2 HC JC 

HS -HC -N -P 

-JS JC p w -

where 

C = cose 

s = sine 

BC2 + GS2 BCS - GCS 

BCS - GCS BS2 + GC2 

-HS HC 

-JS JC 

AC2 + os2 ACS - DCS 

ACS - DCS AS2 + oc2 

ES -EC 

-FS FC 

HS 

-HC 

-N 

-P 

ES 

-EC 

L 

-M 

-JS 

JC 

p 

w I 
-FS 

FC 

-M 

Q 

(F.2) 

00 
~ 



T 
[A0J =[[A] - [A] J m 

-0 A B H 0 D -E F 

-A 0 0 0 -D 0 0 0 

-B 0 0 0 -E 0 0 0 

[A J = 
-H 0 0 0 -F 0 0 o I ( F. 3) I o D D E F 0 A · -B H 

-D 0 0 0 -A 0 0 0 

E 0 0 0 B 0 0 0 

-F 0 0 0 -H 0 0 0 -
A = (5 L/14) m 

B = (13 L2/210) m 

H = (L3/210) m 

D = (L/7) m 
2 

E = (4 L /105) m 

F = (L 3/280) m 

_. 
00 
\.M 



c -s 0 0 0 0 0 

s c 0 0 0 0 ' 0 

0 0 1 0 0 0 0 

0 0 0 l 0 0 0 

0 0 0 0 c -s 0 

·O 0 0 0 s c 0 

0 0 0 0 0 0 I 

0 0 0 0 0 0 0 

AS AC BC HC OS DC -EC 

-AC AS BS HS -DC OS -ES 

-B 0 0 0 -E 0 0 

-H 0 0 0 -F 0 0 

OS DC EC FC AS AC -BC 

-DC OS ES FS -AC AS -BS 

E 0 0 0 B 0 0 

-F 0 0 0 -H 0 0 

0 0 A B H 

0 -A 0 0 0 

0 -B 0 0 0 

0 -H 0 0 0 

0 0 D E F 

0 -D 0 0 0 

0 E 0 0 0 

1 -F 0 0 0 

FC c s 0 0 

FS -s c 0 0 

0 0 0 I 0 

0 0 0 0 1 

HC 0 0 0 0 

HS 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 D 

-D 0 

-E 0 

-F 0 

0 A 

-A 0 

B 0 

-H 0 

0 0 

0 0 

0 0 

0 0 

c s 
-s c 

0 0 

0 0 

-E 

0 

0 

0 

-B 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I 

0 

F 

0 

0 

0 

H 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I -+ 

I = 

00 
O" 



0 AS 2 + AC2 BC 

-AC2 - AS 2 0 BS 

-BC -BS 0 

[AT]= I -HC -HS 0 

DS2 + DC2 0 EC 

-os2 - DC2 0 ES 

EC ES 0 

-FC -FS 0 -
where 

C = cos8 

s = sine 

HC 0 DS 2 + DC2 

HS -oc2 - DS 2 0 

0 .:.Ee -ES 

0 -FC -FS 

FC 0 AS2 + AC2 

FC -AC2 - AS 2 0 

0 BC BS 

0 -HC -HS 

-EC 

-ES 

0 

0 

-BC 

-BS 

0 

0 

FC 

FS 

0 

o I 
HC 

HS 

0 

0 

(F.4) 

CX> 
-....J 



[K0] = [K] - e2 [MD] - 6 [AD] 

A -B -D -E -F -H I -J 

B K L M H -N p -Q 

D L R u I -P v -z 
E M u x J -Q z y 

[Ko]= I -F -H -1 -J A -B D -E 

H -N -P -Q B K -L M 

- I p v z -o -L R -u 
J -Q -z y E M -u x 

•2 A = EA/L ~ {e L/3) m J = (a L 3 I 2 80) m 

B = ( 5 e L/ 14) m K = 120 El/7L3 - (181 e2L/462) m 

D = (13 eL2/210) m L = 60 El/7L2 - (311 e2L2/4620) m 

E = (eL3/210) m M = 3 El/7L ~ (281 e2L3/55440) m 

·2 F = EA/L + (e L/6) m N = 120 El/7L3 + (25 e2L/231) m 
.. 

P = 60 El/7L2 + (151 e2L2/4620) m H = (eL/7) m 

I = (4 eL2/105) m Q = 3 El/7L + (181 e2L3/55440) m 

( F. 5) 

R = 192 El/35L - (52 e2L3/3465) m 

U = 11 El/35 - (23 e2L4/18480) m 

V = 108 El/35L + (19 e2L3/1980) m 

Z = 4 El/35_+ (13 e2L4/13860) m 

X = 3 LEl/35 + (e2 L5/9240) m 

Y = LEl/70 - (e 2L5;11088) m 

00 
00 



c -s 0 0 0 0 0 0 A 

s c 0 O· 0 0 0 0 B 

0 0 1 0 0 0 0 0 D 
0 0 0 1 0 0 0 0 E 

0 0 0 0 c -s 0 0 -F 

0 0 0 0 s c 0 0 H 

0 0 0 0 0 0 1 0 -I 

0 0 0 0 0 0 0 1 J 

AC-BS -BC-KS -DC-LS -EC-MS -FC-HS -HC+NS IC-PS 
AS+BC -BS+KC -DS+LC -ES+MC -FS+HC -HS+NC IS+PC 

D L R u I -P v 
E M u x J -Q z 

-FC-HS -HC+NS -IC+PS -JC+QS AC-BS -BC-KS DC+LS 
-FS+HC -HS-NC -1s:..pc -JS-QC AS+BC ""BS+KC DS-LC 

-I p v z -D -L R 

J -Q -z y E M -u 

-B -D -E -F -H 

K L M H -N 

L R u I -P 

M u x J -Q 

-H -1 -J A -B 

-N -P -Q B K 
p v z -D -L 

-Q -z y E M 

-JC+QS c s 0 

-JS+QC -s c 0 

-z 0 0 1 

y 0 0 0 

-EC-MS 0 0 0 

-ES+MC 0 0 0 

-u 0 0 0 

x 0 0 0 

. I 

p 

v 
z 
D 

-L 

R 

-u 

0 0 

0 0 

0 0 

1 0 

0 c 
0 -s 
0 0 

0 0 

-J 

-Q 

-z 
y 

-E 

M 

-u 
x 

0 

0 

0 

0 

s 
c 
0 

0 

I --+ 

0 

0 

0 

0 

.o 
0 

. 1 

0 

0 

0 

0 

0 

0 

0 

0 

I 

I = 

00 
l..O 



Matrix [KT] 

AC2 + KS 2 ACS - B - KCS -DC - LS -EC - MS -FC2 - NS2 

ACS + B - KCS AS2 + KC2 -OS + LC -ES + MC -FCS + H + NCS 

DC - LS OS + LC R u IC + PS 

EC - HS · ES + MC u x JC + QS 

-Fc2 - NS2 -FCS - H + NCS -IC+ PS -JC + QS AC2 + KS2 

-FCS + H + NCS -FS2 - NC2 -IS - PC -JS - QC ACS + B - KCS 

-- - - --
-IC - PS -IS + PC v z -DC + LS 

JC + QS JS - QC -z y EC - MS 

where 

C = case 

s = sine 

-FCS-+-NCS IC - PS 

-Fs2 - NC2 IS + PC 

IS - PC v 

JS - QC z 

ACS - B - KCS DC + LS 

AS2 + KC2 OS - LC 

-OS - LC R 

ES + MC -u 

-JC + QS 

-JS - QC 

-z 
y 

-EC - MS 

-ES + MC 

-u 

x 

(F.6) 

l..D 
0 



Y le L 

z-
xl S L 
-2-

X e L 2 
1 

10 

X e L3 
1 
120 

Y 1a L 
-2-

xle L 
-2-

X a L 2 
1 

10 

X a L3 
1 
120 

+ 

.. 
X1L 

2 
.. 
Y1L 
-2-

.. 2 
Y1L 

10 

.. J 
Y1L 

120 
.. 
X1L 

T---
••' 
v1L 

2 

.. 2 
Y1L 

10 

.. 3 
Y1L 

120 

+ 

+ 

+ 

• 2 2 e L 
-r 
.• 2 
e L 
-7-

4 a L3 
165 

.. 4 
e L 
280 

e2 L 2 

3 

5 e L 2 

--w 

13 e L3 
210 

.. 4 
e L 
210 

(F.7) 

\.0 



c -s 0 0 0 0 0 

s c 0 0 0 0 0 

0 0 I 0 0 0 0 

0 0 0 I 0 0 0 
(QT) = I 

0 0 0 0 c -s 0 

0 0 0 0 s c 0 

0 0 0 0 0 0 I 

0 0 0 0 0 0 0 

A= (YleL/2 - XIL/2 + e2L2/6) m 
• • .. .. 2 

B = (-xleL/2 - YIL/2 - el /7) m 

C = cose 

D = (-XleL2/10 - Y1L2/10 - 4eL31105) m 

E = (-xleL31120 - YIL31120 - eL4/280) m 

0 

0 

0 

0 

0 

0 

0 

I 

A AC - BS 

B AS + BC 

D D 

E E 
I 

F FC - GS 

G FS + GC 

H H 

I I 
I 

F = (Y 1eL/2 - i 1L/2 + e2L2/3) m 
• • .. .. 2 

G = (-XleL/2 - YIL/2 - Sel /14) m 

H = (XleL2/JO + YIL2/JO + 13SL31210) m 

I = (-xleL31120 - YIL31120 - eL41210) m 

s = sine 

(F.8) 

l..O 
N 
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• suePLIES T~E INITIAL V•L~E • Ch OUTPUT • IS REPLACED 
• ITt- XENO 

c CEPE~DENT Y•RIAeLE I~ $UEACUTl~E OVEA« • ON INPUT 
~ SUPPLIES INITIAL YAL\.ES o .Ct; OLTPUJ Y SUDPL ll"S A .. 
APPf:CXIMAlE SCLUTIO" '1 "•E•O o Yl142MJ 

• ~AL.UE OF X AT "HICh SCl.U11C1' IS CESJs;.Eo 
& TCLE.l'ANCE FOR EPS:OR ccn ~C:.L I" 0\IEli!( 
~ sua~·cuTtf\E Fero: EVlt.l..lJATIP-tG •u· .. CTICNS ..... OVEQK 
...... OICAT'ow FOD SUE~CUT lft.E D,,£CI( 
c -QQKSPACf MAT"IX FOR C\'E~K • wr•c~.9) 

s E~ACJ: FAm-•·•ETfF FO~ overac 
l=>PI Nll NG ~AOAWETE:> • !TEFS CHCSEP. F0'10 ·op Jh"T ING OJT P~T 
~UMBER Cf STem:;s IN SCL~JhG SYSlEN CF EQUATIONS 
~ .. E .. tJSI .. G THE ·suSl'Cut l .. E JC DC so 

s PQfNllN~ ~A~41f~TER • !1E~S CHC!E~ FO~ ~Rl"'TlNG aJTPUl 
~ htJ"BER OF FIRSt tl>OER L1"E•R DIFFERENTIAL EQUATIO .. S 
': "'"MBf'q OF n.c:.r. IN LC(AL CCCRCl,,.A.1ES ,, 
., £1'RQt:; ,-LAC FCS: SuR.-OU1 INE ·[Vf'QI( 
• CCUhlE~ FCq l~F USE CF s~e~CLTJNE· FC~I 

,,.PL.IC IT REAL•at A-H, c-z.) 
OJME~SICh 1Wk(201 , wK:£2D1 
OJ•ENSJC .. Xlf.t!LCl·.st. CYf:.C(8eB) • STIFLtB.ai .• Frr:vE(ISJ 
Dl"'fNSICN PPX( 7t • S:FYt 7) , ACX( 7) e· AC~: 7t 
DlME"'SICh XL1{3) t, Xflll5t3) , TH!i:3J , 0"5t3J , AL~C!) , CSAC3t , 

I Ell(:!t , ¥111;[3) • VY(3t • C.AJl(:?t • C"Yf.31 , .ll.,1~(3t 
ot11E111.s10 .. e1:3.e.·e1 • E"2t:?.e,a1, E3tJ.e.e> 
OlNEh.!IC~ ITC20J ,·JE(ZOJ • A14E(~4e24J e $9tA<2•e20t , 

I J!:lil'A-$6( I092Ct • GYQOG(20e201 • STIFGl2f),20I , 
2 FCS:VEGl20J , trr.eCllNIH20J • Nf'C\JNC(2CI , Y(22) 

OJ MEtrtSIGflli FCA'IEI C2&J .. CC2L I e •( lt:.9J 
DJMEN!trNFCJ;VER-(111 • JCJf'·ASGR:llellJ, G'U~;JCG~;11,111 • 

I SllF-Gj;(ll•ll} e LS:(fl J •LC( Ill , 122(!) 

I 

OIME~!ICN &X,&(21 • EXYB(~t 
01-eNS l'J" x••!Gc:e,e, , cvRcc.c.ui.e1 • ~TtFGCt.t:t.9> ,. Fa-11e-ct.e> 

•tte.11> : · 
COM'4n'-i1SUB l/O"fl:i ,~TD, lt-t l~ ,c; l JC ,g tY·, S:2X .11:1!2Y •r:;3x ,c:!.., ef:4X .~•Y, l'HZD, 1..,~0 
CCMN'Jh,SUE2/t~l.ALl.c-?,&l~.c~~.•L? 
C Oll»C f\ ,SUP.12 I jA, £8 ,c C. eOC, TH I • f .. 2, l t-3 
CCMfl90N,SUB3,R J ,A.£ 
CC~VC~IBl2/~f0J,.~~M2~ 

CC lf'MC .. 181 4/J'WA°SG C .ST IF i:iC • GY'=" <Y-iC eF CS:VEC ,t 22 ,';':AS JC e tr7 
CC~MCf\ICSPEC,\L(e,e•.•x:~,.Lfli'ET~ 
CC-VCh1hED,F2Z,FJl:JC,F~Y 

EXTE=>N&L FCNI 
EXT E"'i'- IL F C".J 
OAT& I .. ,LF/5 •6.1' 

c 
c 
c 
c 
c 

c 

qFAO ... AND wrtt·l'E CUT Tt-E C.IVEN •~Fos;w1i11c ... 10 CARRY ClJT ALL OF 
THE Rf,UIREO.CALCULAlJC~S 

O£AD tl~1l~OI .. UlfEL 
190 FC~MAT (41&:·.?DlOeOI 

A£-AO ( It... I !3 l •I .. , 
I NU .. 51 

1!3 Fc~••T ce1•.2c10.01 

• ~U~! e NuP e ~UV£L• • STEDCf e XMA e X•l 

•• ., • ""'U"9LU • lfrtD", LIL e. h2,. • .11.J 
X., TOL 

q£AO CJ..,,l~!I AA •FE • CC • 00 '· TtitO • t::•,l , ALI 
l!! FOF•&.t l•020.o • .1,301t:.o• . 

oc· l L.:t, ... UMfLlll 
RfAO (l,..el~'J 'IM5(LI • CSA:Lt e E-fl ... ) e XVISCL) 

l~e FC~•A1 [4015.0I 
I CCP..Tlfll.\.E 

:::t:FAO ( ta..i1lfDJ ll'J'(LJ •l-st,"'2"1 
RfAC :JN·,·t~OJ (l'!!(t.,l,L•1,tt2WJ 

tell FC""Al 120121 
ac 3 L• 1,,,..1,;Mecu 
J;;EAD t l"-,ll3) LRCLJ , LClL J 

lf3 FO~MA1 (21.•• 
3 CCNllNUE 

RE &.O ( JJl.,165) (Y(Ll •Lat •LIL) 

tt! ~OPMAl t•o20.o.1,•02·c~'•'•~~20.o., •• 02t.01 

•C:ITE CLFe25CJ 
l'!O f:OctMAT t I t·U I 

wo11e tLJ:.2fl I 
2!1 FC~"Al ,,,.,, 

llfQ I TE [LP •·2.!2) 
11'!2 FCFfl'Al (60X,.•h.i_P-\,;T O'l••t 

WC: I T'E" (LC ,2~3 t 
2!'3 fOJ;:MAT :bOX,'JIXJIJC.XXJCJl):X' 1 

WRITE (Le_ _ _,251) 
WOtTE CL"•2~f:I 

256 FOJOMAT c19x, • NJMEL'. 11x, • twuMS.',, 1 •, • ... u~ •., 10)[, • ... u,.a. .. •, ex. •sTEPOE • 
lel1JC,•JJ14A•et2Xe 1 JCtll 1 •') . 

WAITE (LP12S7) M .. MEl. • h&.i,,S , MJP , "U•EL" ·• STEJ=OE ,· XNA , X.Ml 
2!7 FD~ .. Al (17X115e10JC.el5el0Xef51.IOX,J~,!Fl5.4) 

WCITE CLP,CSll 
•OITE :u=.2se J 

Z!I! FCF:MA.1 c1aJ1.•J111J11•, 7x,•11t2"•· s.x.•,.t.wecu•., tx,•1t11c•, 7x, •LIL'• 7x. 
t•N2N•, 7Xe'..ll.J'• f,X,'"'J•s1•. 6)C.•)•, f,),•TCL•1/) . 

•l=ITE (LFe2S.:;) WI"'• ~:? .. , "!J .. 80U , INC • LIL , ,.2N •· Jl.J , 
I h\-NSI , 'x • TOL 

~~~ FD~~A1 :1oa,e110,F10.1,012.~·J 

Ws:illE ::LDe251) 
wOJ·TE (LPe2f:CI 

2~0 FC~lo!AT :28)(, ••••• 1ox; ,•ne• .1~x. •cc •,IQJ1;,•Co•;10)., '1Hl0 1 • ·8)[.,•0111111'. 
19X,•A.Ll'.,I 

•CITE" (LP • .CflJ A~, EE a CC •DO • lf'ilC , Clll e •Lt 
~ea FO~~AT f21X,7Ft2.&) 

WAil£ lLFe2'!-I) 
wo11e (LS:e2t2) 

NI 
NI 
Vl 



c 
c 
c 
c 
c 

2e.2 F'OPMAT (3CM• •• Ut!•.1211.•cs.A•.12x,•flf'•• ::!•·· ... ,tl!t. ,,, 

20 
:!O 

2t!5 

2~7 

zte 

zee 

ze9 ,, 

2;2 

2i3 
:6 

00 30 Lat ,hU.,FL" 

wPl1[ (L~•2t:!J '"~(L..J , C!•CLt , fll(LJ e X"l~ll I 

F0~MA1 :~3x,4c1~.~) 

CD .. Tlhl.E 
wP l TE (LP.Z!.l I 

wPITE (LPeZf'~l 

FQqMAT (58Jl,•T~E •tT• VE(TC~ 1 ell 

WOITE (LP.~ft) (IT(Lt1L=1.uz11t 

•l!ll'IE U .. F,2!1 t 
wR I TE CLP t26? I 
FC~~AT :58X, 1 1HE "18• vec10~··'' 

WAITE (LP.2t:f. t ( letL I •L:icl •"'~-'> 
FQIUll'A1 ( ~ll.2Clf I 

WA I TE (LP, 2!10 l 

WP11E (LPe2~11 

~ ITE CL~ e261! I 

FCQ~AT :5!SX1 •eOUh.CAQY l'.:CP-OIT 10"'15 1 ,~.~9-, ".Lf:', EJl,•l...C' •'' 

00 33 l =l •"'U"P.CU 
lff~ITE' CLP,2f~J Ls:'ltLI , t.C:LJ 
FC~MAJ t~OX,2ftCJ 

COHl"l.E 
WRITE (L.Pe25t) 

WQ I TE (L.P ,z7z) 

FIJ0'4AT <•e••'"ECTOP 'r(!...1 c~ l~ITl-L cc .. ::tTtc ... s•.,) 

CO 36 Lei 1Lll· 
W"JlE l·Ll',Z7!l .. ILi 
FD~~AT (55XeDl5.41 
CCNTl .. LE 

IhT~OOUCE CC~ST•~T l~FC~MATION 

~t ~ •.coc • CATAN~1.cno1 

OTP• P1,1eo.ooo 

RTD = l~0.000-'PI 

NUVS£L a NU~EL • 2 
M.A~ls:; 11 1112W - h.UWBCIJ 

•ASIC : WA.SI r; - 3 
XLTtlt a AA 
XLllU • ee 
XL1C3) • CC 
00 SO L=1tiNZW 

NBC\.INR CLJ· z C 

N8C'Ul\IC (L 1 z C 

50 cr· ... ;1 lNLE 

DD 95 Lst 9 H .. WF0t. 

NROUNQCLD(LI) a LS?(L :t 

NBCU,.C a.c (L,, ~ L.C (L) 

~5 CONTINL.E 

00 60'Lclefll2M 

~o &o •=• •"2" 
X•AS~tleltl • OeOCO 

G~QOGCL,MJ c C.OCO 

c 
c 
c 

c 
r 
c 
c 
c 
c 

c 

Sl IFGlleMt • C.OCO 
e,c C"C .. llNl[ 

UNI s C•I • 2.oo~•Pi1~1~oco 
XENC2 • tSJfPDE o OTRllC~I 
00 70 L•le•I• . 

DO '10 lt:steMJll' 

A .. E (Le W J • OeODO 
70 CO .. TUu.e . 

00.71 L•l•t; 

CCLI a OeODO 

71 CONTl .. ll! 

INFCP•ITIC~ FCA OGEAP 

HG s i .oc-·09 
TOLG s I• OC;~CS 
MET .. : ~ 

MJTE~ a I 
·INDEX : 1 

INJTl-L17~ CC-LCCP TH~J~~r ·~TEDOt• CF l~PLT Ll~k MOTJO~ 

00 100 t•I •NCJlllS 

XENOI • XE,..DZ • IJIFLOA 1[ l J 
xEP..D • xe,_,ca-
c ... LL. L•RGC 
i:tPJC(11 s RIX 

PPYC 1.) z s;1·y 

ACX(l J = C.OOC 

ACY( I I ~ Ce CCC 
CALL PIEOI .. 
TH!( I I • THl 
TH~U.l. • ·y_,z 
TH5(3t· z TH3 4 Fl 

O•~(IJ = Ottl 

o•sce> • C•? 
CN~(31 = C•3 
A.L5(1J•ALI 
AL5(2J . AL~ 
-L~Cll = Al3 

Wt :i= OaOC.0 

.. = 0 
00 II~ J=l.~~~SEL 

K, ~ K t & 

Q2 : JI: .A - J; J 
Al a XIII + s; 1· 

c ALL A CCI=' -ex CK' ,ACY 'K, • t 11 l • AL I • ~ lX. ~I y. s:o2x. R2' y ,.PPir:. (Ii<: J. 0P'r ( K J • 

·1 PPX( JC+ I I t PPY ( K+ 1 t 1 AC JI (I(+ 1 ) •-'CY ( 1(-f J JI 

115 CONTlhlE 
AJCYA(I) • F~xuc:"+1 J 

AXYA(2) s PCY(l(+t.J 

"' "' \CT.\ 



c 

c 

<: 

c 
c 
c 
c 

c 

RI • O.OCO 
~O II~ J•l•~~•SEL 

K s K t I 

A2 a ••a - Al 
R.t • a•I· + Jil 
CALL ACCPtACX(KJeACY(kJeCW~ 1 AL2 1 ~~-.~2' 1 ~3)1~3~.~~X(kl1PPY(Kl1 

IPDX(K+ll 1PPYCK+l l1AC)((K+ll1ACY (I(+ 111 
llf COfrtilfhlE 

IJJllYB( I) :s DDX(ll:;+ II 
9XY9C21 a FPY[K+I) 

qi • o.ooc 
00 117 .J2l1hU~S£L 
K : IC • I 
11;.2 • Xlfi'A· - A I 
RI s X•J ·+ S:OI 
CALL A (('P ( AC JI' (KI 1 ACY I KI 1 C tr.13 1 AL3 1 t:; ~ X 1S::·JY 1 1:4. JI, CiO Y, i: FX ( flC I 1 opy (KI 1 
lPPX:K+J),~l=Y(IC+l l1ACJ:IK+l l14CY(k+J ti 

117 CO~Tl .... E 

Ori 120 .J:&l1fllUfllEL" 
CALL 1us.iiA 1 fXL 1 ..... ,. Tt-5 ( j) ... JifSf J 1 ~ )Ut•SL I 
CALL !KE• (XL'TC.Jt 1 TH~(.J-J,(111~(.Jl1JU·~-( .JI ,c;YJOCJ 
CALL STIFF [XLTCJJ 1 Tt-~LlltX:11115(J11CS•C.J>.EWCJJ1Xw1~:JJ,O"'S(J)1 

l AL5C.111SllFLI 
DO IZl LL•l1f 
DO 121 Jl'll:sl .e 
EtlJ1LL,M~I :s X¥ASL(Ll1¥~I 

E2C.J1LL1•M) •·GY~OCLL1~¥J 
E3CJ1LL1~~J s S11FL(LL.~W1 

l~I CONTlfrrt4..E 
120 co .. 11 .. 1.E 

CALL A!SEWB CHU"EL"·"'ll(ll·•2'•.El .IT .1e.A•E·S"'•·x•ASGJ 
CALL A!SEfllB (NUWEL"'•"l"e·lril2WeE2.ITelBeA .. EeSfrAec:;YQCGi 
CALL A!SE~P (~U~£L~.~1w.w2W.E3.tT.1~.-~E.S.,&.5TIFGJ 

JN l T IAL tze THE F Cl:tlll.\ T ICN CF TH£ F c~ e 'I.EC lC .. FCR EACH 
ELEMEhT A~O FCR THE •EC~A~JSM 

Viti I I 
VX(21 
VXl31 
VYC II 
VV(2J 
VYl31 
CAX(l I 
CAJl21 
CAXC31 
CAVCll 
C:AYC21 
CAY(3) 

" • 0 

• c.coc 
s -.a•C"l*C!ll\.,lt-2-Tt:"I) 
% c.ooo 
• :>.ooo 
a AA*C"l•DCOS(lr~-THll 

• - CC•CM3 
s o.oco 
s ACJi:(3i•!>CC:SClH21 + ACY(3J•OSl,,..(Tt·~J 

= - A(JC(~l•DCC!";TH3» -· '-C'WC!'J•O!th:1H3J 
= o. 000 
:r - ACJC.C3t·•DSlfl.(lH21 • ACY(~1•DCCS(TJi21 

s ACJC:C !I •CSIN t lH-3) - .ACY~ 5 t•DCC!C 11-t~ J 

DC 123 J•leN~WEL• 

c 

c 
c 
c 
<: 
c 
c 

c 

c 

c 
c 
c 
c 

CALL F°Cl:iCE (KLT(J lt1H!tJJ.C1115(.lleAL~st.J te."Xt.Jl.VYl.H .C'AX(JJ •. 

:>O 12• L•lel! 
I( I: Ill • ' 

C AV( Jt tll'WIS.( J) tfC'"UYE I 

.FOAYEICKI • F~\IECLJ 

12• CO""Tl ... l.E 
12! CONT I hl.£ 

CALL F C'~CE l C F C'!HiEI eFO'Hf'EGeFOr: VE CI 

CALL ... ~ED c~2•.••s1~.~~cu~~.N~GU~c •. xw•5(.J1:~•SGPI 
C•LL ~•~ED l~2•eWASl~.~BC~~.NSOU~c.cvco,.GY~OGRI 
CALL ~•~ED ,,.2 ... •ASI ,::,flofl!C\.!'.~s:; .... eouhC.ST IF"(.ST 1FGS:C I 

l.NlTl•t..IZE CC .. Of .. SAT ICN 
FltlriD_ CC .... OE .. !lhG .FA,.•WFTEIOiS FZZ " fXX Al'C FYY • 
CCNOEN~E VECTO~ f(W;.CE Fn-.~E~ TC FC'CVEC 

FZZ z - OTANI THI J 
FX:W s rC-5tN:Tt-:2)•0Sl,_..[TH31-01Ah:lt-ll•OCCS:TH21•:.>~JN( lH3JI' 

I CSlhlT~3-1H2'1 

FYY = (01A~[1Hll•DCOS[TH2J•DCOS{lt-~l-O~JfloflH2J•OCCSCl~311/ 
I CSl~tTH3-TH21 

FOr::\rECllJ s f(IOi\IESO(l I 
FO~VECC21 z FCRVER[2) 
FOS:YEC C3J s FCQVfl:i"(:! t•FZZ•F~fiiVER t. J+For:veqc7 ••FX" +FGS:.VEIH e t•FYY 
FORVEC(4 J • FCQ"EACS I 
F~r:vECC!I s FC~VER[6J 

FORVEC(61: FCAVERl91 
FOD..,EC(7) ~ F~qy£Q(I OJ 
FC~YEC :s) = FORVER( I l J 

CALL. REDUCE (w-.~1,..~A. tC.JIVA.SGF:tX.,ASGC.e•ll 
CALL S:f'CUCE [lf•SIRe .. ._ JCeCY~GGF<eG'WROGC.Wll 
CALL RfDlCE CWASl~eM• IC.STIFG~.SllFGCe•IJ 

1(7 z 0 
CALL OEE-C-lllP C••stc •. • .. •SGC.111ASIC1UL.MASICJ 
CALL OVERK CLIL.eFCNleJle'WeJIENOeTCLel ... DeCtLILe••IEf;J 
IF (lE~ .GT. 1281 GO TO 89~ 
IF (11'0 eLTe C .cq. IE~ eGT._ 0 I GC TC eee 

INITIALIZE THE ~OINTI~~ Cl1 0: THF OUTFUT 

IF Cl ehE • .Jl.JI GC TC ~Ill 
. .Jl.J z .JIJ + h2~ 
llCOITE [LFt2'!:11 
•Pl1E(LPt511j.t;) 

5~c; F"QS'UCAT CS6Jr.·•Jt•e 17Jte •THlO•' 
wS:-lTF tLPef:OCI XE,..Cl • THlO 

6CC FC~~•1 (~3~eCl~e!tFICe3e~I 
'llP JTE (LPe E:O I) 

:!>Ol FCl:.,AT r27x.•TH1C•. ex.•1.-.20•. sx.•1 .. 3c•. ex.••LL'• 9x. ••L3•. -. ••• 
JOllli•• tiJCe •cw?•• 

N 
N 
"-J 



c 
c 

e•ltt (LP.tOZI 1Hl0 e 1'H2'C • Tt-1.JD • AL& • AL.3 • (9'2 • 0•3 
6C2 FOSOlllAT l 20lle ?Fl Z •~ •-' ) 

c 
c 
c Wlf-ltE ILP.elOI 

t:lO FORMA.l c•ox.•ACC!:LERAllC~ CF SClllE ~C:IN1S ... THE' ,, A.NC.,. DIPECT lC ... c 

61Z 

I I . C 

wfll1£ ILP.t121 (&C•(tttrKl.ll'KK•l.NU~t 

lfRJ1'E. (LP.t121 lAC\'lllWKt.KIC.K•leNUJlll 
FO~MAT czea.7F10.21 
llAlll! CLP ,ea fl 

c 
c 
c 
c 

616 Ff"'IS:•Al t3aa.•PC'!ITIC'"' Y'F.CTrf;. OF SClfE PCl"l! ,.., Tt-E • "ND '\' DIREC11 c 
1()111~• I C 

Wllltt (LPetl'JJ CS:PX(tctc.KJ.~f"K•l .... U~) C 
·wfillE 'LP,(17l (Dpy;KICK),k.Kic;=l•tllUP) C 

e17 ,-0RlfA1 (~&R.7Fl0.2J ( 
wOITE (LClef2~t C 

629 FORMAT (JJe•tx.•INEi=lTl ... L•-,12.x.•OEfCR•ATIC~•, 9ll.•VE:LOCITY') (: 
DO !00- .Jlll•l eW&SIC ( 
WllUIE (LPef~C t FORVE(CJKl • YC • .IKJ • "fl .,,K+WASICJ ( 

e30 ~CP•AT (33X.3020.e1 t 
3110 CO'<ll ,.t.£ C · 

STC~E !0~£ C•lA CN DISC TC e£ 
USED el' ANCT~£H cs;(Gf:.IU 
wP1TE t10,2ccct ,.,,, en.1e1z1,e1 

2000 FO~MAT :ac1~.EJ 

c 
c 
c 

WR.fTE( ti .20011 C1H5f Jet J ,ISl=l e3J 
2001 FO~MAT (30l~•el 

Wl:JTf ( 12e2002 I AllYA( I, • .. XYAC21 
WPI TE I u-.2cc21.BUAi11 • EXYe121 

2002 FOlii•.AT t~Cl~•C!• 
~10 C:OHl .. l.E 

c 

c 
c 

c c 
c c 

c 
c 

c 

T~IO ~ SlEPDE • CFLD-t:IJ 
I CO CON°T I NLE 

..- ni; 11 • .>.2so• 
STCI' 

eee CO"TI "lE 

c HANOL~ f~o eLT. 0 eOJO. tEM .GT. 0 
C JTEW.S THAT ~AY ~ELP CllG~CSE T~E ~S<CEL~W S~OULC EE 

C OUTPJ.T "'ERE < 
c JND.TCL .M2•·• .v t ••• x. .. ec.ci IE' 

c 

wq I TE (LI='. ee~, l ND • IEA 
889·FO~MAT c1ox.211ot 

Ws:l'ITE CLPe2!0 I 
STOP 
END C 

c c. 
c )(JUl)IJlX )X.-JCJl.ll' Jl' J(J( XX.X>CJ' , ... XXX1' JI JO X:ll:X ... x.x.x Jf)C)l)',.X )rJ()O( ):XJlJ( JI( XXJ(Jl xx•x XXJ: )l)r c 
c 
c 

XJt))rX~~X)l:JIJl.Jl))XJIX):)l)())IX))l~):JfIXJ(XJtJl.)rXXX>XX~XX)l:Jl')l·~·x.xxXX(X.XXXXX.XX•~ 

SUEAOt.TINE LA~Gt 

THIS Sl.IJPOUTINE DETE~•l"E~ THE Dll'ECTICh A•GLES FOR 
COU,EA LIN« AND CUTP\JT Ll""K· CA~f;.1£5 cut -TStANSFCS<JllllATIDN· 
OF -REVCl..UTE S:CSITICN! • DE1Ef:;•INE~ PCS IT ICP,. VECTCRS OF POINTS 

NOTATIChS 

A • I-UT Ll"IC Ll! .... 1H 
B • COUPLEI Llh• LE .. GT"' 
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CF T~E l .... lEGJ.AL PEING CC114PU1!D. I,_, MAtii.Y CASES .IT IS 
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SUFl~TE~~AL BEGJ~S 41 THIS POIN1e 
to STEF : ED"' - eE~ 

A.STEP s OAB~(Stt:P.1 

IF CAS1EP .LTa STEP14ti.) GC TO 205 
H~ER~ * STEF-~•+A!TEP 
IF tHR(RJ; .Ea. STEPNlf' Gt 10 'zos 
T( I •l J ~ FBEC + FEt.I> 
TABS = OABStFBEGJ + CABS(FE..,,01 

N 
~ 
\n 



c 
c 
c 
c 

c 
c 
c 
c 

c 
c 

L • I 

" • I 
H?CC"-1# • eF AL !Ee 

AtTKE~ :m: .FALSE. 
1!5 L .. I : L 

L .. L + I 

... ? • h•I\. 
Fflo. • .._. 

!STEP • (IEH - IBECI/"' 
lF (l!lEP eGl. 11 GO 10 2! 
11 -= I f .. O 
IEWO = re .. o ... 

CALCt..LATE Tt'!E titEXl lJ'<A.PElOIO SUM• 

T(L.J It lllt-1Ct4 I~ EA5£0 ON •h2• + I 
EOLISPACEC 1'01 .. lSo HF~E. 

N?· • h• i ~ 2• •( L- I). 

Jwr t IEP.=> .Gt·e .. A..'CTSt GC 1C <OO 
HOVP.. r STEF,Fftt. 

Ill~ lf:f".O 

F"I = CH 
DC ?O Jzl ... 2 12 

1 SI 111 t c 1 S (I I I 
TS{Jll-lt = f~EO~ - Fl • Hr.VNJ 
Fl a_FJ•T•C 

lll=ill-2 
f I 1: J 1-1 

~C COfrrr.l" I hlE 

ISlEP % I 
2~ I STEP2 z I BEG + ISlE F!-1'2 

suw r ZEQO 

SUlllAB~ z Z fQC 

oc 30 Jsts1e~2.1END1ISTEP 
SUM: su~ + l~(lt 

su11111es = SVlllASS + t•PS:TS(J J) 

!C COPHtpr,,\.f' 

Ttl1I) & TIL-t.lt• ... ALF+SUflll'Ft.. 
r•·es :& TABS•t-ALF+SlJVAES/FI\. 
..... "42 

IT z l 
YIN1 z SlEP•11Leil 
TAP.TL .. : T olPS•TE ~ 

GET r:.-E'Ll"lfloA.f;y VALl.E fCI: •VINT• 

F~C• ~A!T T~APElOIO suu ANC U~OATE 
THE E~~CF QfQ\.l~E•ENT •E~5C~L• 

FO~ T~I! ~UEJ~TE~~Al..• 

F~SIZE : CWAJfl(FNSIZEe!>Ae!tTILel I JI 
ElfGL :::. ·•5TEP4FfrrfS lZE•tEN 

EPGCAL t S1-GE•t¥AXltE~~A.[~~R•CA~S((Ul=EST•VJN111 

FEXTRP s c ... e 
00 35 l•leL-'1 

FEXl~P a FfXT~P•FCL~ 

.CCvPL.ETE f:.C• l .lht CCLUMt..i L. CF *14 
olJ:O-JO .. Y. 

T<l.LI ~ 1fLel1 - l(L-1.11 
T<Ltl+l) a TlLel, "t:t.Lt,(FEJl'1RF-C"-El 

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 

c 

c 
c 
c 
c 

~• (~~TlhlE 

.EA~E~ : AS1E~•CAEStT(~~LJJ 

tF fL .Gt. 21 GC TD 40 
f4:lEQQ • tAeS+Dl•DABSCl: l1ill 

PP~Ll~l~A~Y OECISIO~ P~OCE9'J~E 

If L c C ANC T.t 2, l l s 1 ( I• I I, 
G( TC. I?! TC F-OLLC• UP THE 

l JIJ:l=f: 5.S IC~ lHAT I"" TE~ <:iQANO IS .. 

Sll=,IGl-1 LI"£• 

IF IHf'EQA .ec. , .. BS) cc TC 135 

GC TC I !I 

410 D~ 45 1=2.LWI 
DIFF .s: 2Ef;C 

CACUL.ITE ~E)~ R~TlCS FO~ 

CC ... UMhS I•••• ,L-2 CF T-TABLE 
~AflC l ~ !:El lG Zt;;PO IF OIFFE~E"CI 

lN LAST TWO E~T~IE~ OF COL~NN I~ 

A&Cl.iT ZE~C 

HR:Es:o s 1olETL.,+OAE!tT(l-l •Ll 1 

IF :HS:EPR· eNEe TA8TLV' DtFF = 1U-1.LMl).fl:t-l.L! 
T~t~t.Ltf'll ¥ OIFF 

-~ (.n...,1 JNl'E 
IF ~CAfS(FCUJ:O-T( 1.L"41JI •LE• H2fCL> GC TC t:::> 
IF CT( I .LWJ I 1EC. ZE~Cl GC TC ~5 
IF {D.t.es:T-C-CABS(-J(l.L"'llll .t.t. Jt; .. P1L> ~c TC 1::?0 
IF CL eEc;. 31 G.C. lC I~ 

t12CC.hV ::z: .F,L!Ee 

IF :OAE5Ctt:.1,LlllltJ-,.(l,L-21ll'TCt.L~-l>J •U:. ~ITTCL1 GC TO 7$ 
~o lF (~EC:LAJ:I' (( tc 55 

IF (L eECe • t GC 1C I! 

~q~~~ % E~GL•f~~E~ 

s .. If" lfPJ;ER eGT • t:FOGO•L eA"C.• Mrc-ERt:i •""'E• F~~L I GC TC 175 

GO 10 1•~ 

(C JF , ... 2~c ... v1 GC TC 6-5 

AITKE~ • eFALSE• 

t12CChV • • TCl.E• 
f! FE'JCT~P ~ FOuJ; 

70 IT s. 11 + I 

Vl~T = 51EF~1CL1ITJ 

CALflC~5 ~cveER( EXl~APCLATJCh 

E~gER ~ OAl!ISCST£~1'lFE);TQP-C"'-El•l( 11-1.Ll l 

IF :E"~E~ .LE• EhGCALJ GC ~C ltO 
HqE~~ s E~•L•E~~E~ 

IF tHf"ff:iJ; .ec.. ERG...• c;o TC If~· 
IF ll1 eECe Lfft J GC TC 125 
IF lTC ll1l.lil I .ec. ZE~C~ Gr TO 70 

l'F (T( IT1LMI a eLE.e FEJTQP1 CC TO I~~ 

JF (QAESCTClt,L~ll,FCl.CO-FEXTJ:;.PJl'FEXTr:;.~ ,LT. 'JTTCL1 

1 FEXlCD • FE~T~~•FOUD 

GO 10 70 
l~TE~~-~D NAY ~~VE ~••4LPHA TYPE 

S J1'(ULAJ; JlY. 

QESLLTl~G l~ ol PATIO CF •Sl~G•· 

Z••(ALPt-A + I 1 

i!o If" Cltt.Llllt .L'I. AITLC111 GC TC.17'! 
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c 
c 
c 
c 
c 
c 
c 

IF (AllKE~• cc 1( en 
~2C0""Y ':" eFAL $F.:• 
AJ1KEN_:s .TRVE• 

tC ffJ'lRP c T(L-2el"l) 
IF" (FEJr.lRP eGle FCt.F~!J GC TC C5 

IF tfElllfJ;:P ell• AllL.C.•) GC. TC 175 

... 

IF (DAeS(FEJC1Q0-1tL-3.Llfl lt,1'( l•L'"ll eCT. t-2,.CLI GC TC 17~ 

Sl~G • F£X'Jr:;P 
FE-XTlll t [,.._[, CFEllCTQo - Cf..E I 

AJT(lt a ZEAC 
OC !5 Js2' 1L 

AllCll :i: 'T(l,lt + ('TC1.1J-T(l-l1l lJ•FEXlllll 
PC It= TC lel-1) 
::::tFCll 1:r A..lTCII - #JT:J-1) 

E~ COJl.ll ""-\.f 
IT s 2 

~C Vl~t z ~lEF•-IlCLI 

EDC'Et ~ €RREC•FE~T~1 

~QE~~ ~ ERCL4fRRE~ 

It= (EJa.ei:; .GT. EJ;UCAL ... ._.t. KCEs;.f; ·""E· ES:GLI GC. TC ;;5 
[Ct z: ll.\X0(1~0 1 t-~J 

GC 10 1!>0 
<C.JTc11+1 

IF :11 .eo. l.Ml I GC TC 12~ 

IF Cll .GT.~) C:C 1\J 100 
H?NE.X 1 : FCl..:C' 
SJNGNX % Sl~G•Sl~G 

ICC IF (H2"'EX1 1Lle Slf\G"){) GC T( 105 
FFXJ::;o = SING"'-'X 
Sl~GNX s Sl"~~X+Sl~G,.._){ 

GO 10 110 
lCS fEJ'TCOC: H2 .... f):l 

H2~fX1 = FCL~•H2~EXT 
I 1 O 00 l l 5 1=111 l, ... 

s:::J+I) • 2fQ( 
~s;E~Q s 1AETL"•C•f5(CJF(l+t )J 

Jr: (t;qERC •""'E • TA S1LJO I:(: I+ I) 
1 l!i CC>-Tlf'lll.E 

HlTFEX = -H21CL•FEJT~t 
OIFrt•,CIFCl+·a> 

IF ~qtLJ - FfJCTPl:I aLle H21F-E>O GC 1C. IC~ 

JF ;:'"°~L-1 J-f.EXTl!IF .LTe l-'21fFX) GC TC lC~, 

Et:Hol:f'P c .\ST£S:•CABSl::>JFtL) J 

FEXl~J = ONE/:~exrpo - C"'E) 
::>C"' 120 l=ITel 

4lltlt = "IT(tl + EIF:Il*'FEXTJllll 

DI F \I I = • IT ( I ) - I IT: I- I t 
lLO CCN1J P.,,l£ 

Gt TO "iO 
cu~~E~T 1~APE2CJC s~~ ·~c RE5ULTlhG 

EXl~A~CLAlEt ~ALUES 010 ~OT GIYE 
A ~~ALL E~C~G~ •~F~EP•e 

•r 

f .A""( (C,._l~CL C"F. N(ISE SHOVLC 

( ~ECI~ HE~E. 

I~! FEJIJQP = r>MAXl!F~f"Y[t./:::.;:p ... AJTLC'lii"I 
PPf'VECI: = [:i-t:Fo 

IF (L .a....te !') GC TC l~ 

IF _(L-11 .Gle 2 .. A.hD. JS'TliGE .LT. fll'XST (EI GC TC. 170 
ERQET • ERREQi'(FEXl~C••C•A>iTBt...-l.J t 
HPF.~R • ERGL•ERAfT 
IF tEi:iS:E1 .Gl • E~GC4L .•fll.[e ~fPi:: .1':E. ECOGL I GC lC 170 
GO 10 I!> 

C l~,.E!~Af>..C ..... S J\..MI= (~EE NOTES-I 
I !O J-IQf"t::) = E~GL+f~QEC 

JF tE~J:f;;::: .G1. E::WGC-L ~A"'C· "'1Qf::~J: .... E. ERGLI GC lC 17C 

C "IClE 1r•T ~*f"" z: 2•11l.. 

c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c· 
c 

OIFF = DA.BS(lft.lt1•(t=",.,.•F="') 

GC 1!:l l~O 

l:!~ SLOPE" (FE~t-F~FGl•l"') 

~aEG2 ~ FBEG•FBEG 
DO 140 I=t •• 

(f"-Tf(~AP.D !S :5;TJ:.AJG~l LINE 
TF~l lHIS AS.SLa.4~1JCN BY CC..,PARJP.,,G 

Tt-1: \l'LlJf OF 1HE Jt-.TEG~At-.tO AT 
FO~~ •~~ ... CC~L~ CHrSE~• DQJNTS all~ 

T-Hf. VAL.1..F Of- lt1f ~TRA JGHT LINE 

l"lfi=;FCLATlhG Tt-:E. INT£GRANC -.r Tf'IE 
l•( E~D PCJ~l~ CF T~C SUB-lt-.TE~~•l• 

IF 1£5T rs f:A!;SEr'),. ACCEPT •VINT• 

Olf·F = OAeS(F[6EG+=- .... tI l•STECI - FeFc2.:..i;p.[ ll•SLCPE) 
~ec;q : TAeTLflil+OtFF 
IFl~~E~~ .~E. T-~Tl~J (r. TC l~~ 

140 ·CON11Nl.E 
C.C 10 lbO 

NCISE ~AY ee CC~l~Ahl FEATU~E 
ESlJWAlt: ... Cl.SE L'5\l'EL ev (.("fl'PAAJfli,G 

Tt-E V""'-l..E OF lhE. IP..TEGJ;AND ,.,. 

FO\..~ •Pl~CC~LY CHCSEN• cc1~1s •11~ 

ThE \I' •L...\.E OF lHE !lRA IGHT L lfllE 
tP..1f::FcLAT1-...G Tt->E INTe~qA.NC Al Tt-E 
T•~ EhOPOl~~S. l~ SMALL ENCUGH, 

C AC(£P1 •V.tNT• 

145 SLCS:E c (FE~C-FEEGJ•1&0 

F~E~2 : F8E~tFBEC 

I = I 
150 OIFF = C.AeS:ftBEC+QJ-4:1J•S1EDI - FFEu;-s;p,,tt>•5LCC>EI 
1 ~~ EPqes:? ~ o"'.1i•1 CERJOE~, ·~TEP•CIFF, 

..,.qEq~ : EPGL+~::u;E~ 

IF (Es:;;:CEF eGTe E~G-CAL ·.•t..O., t-kERS: .f'll[. E~GLJ GC TC l 7~ 
1 :: I+ t 
IF ( J •LE• 4 I GC TC 1 ! ") 
l€R ;; t6 

NCTE - HIVIN~ F:;:fYEJ; eLT. EHQEt;- C. I~lE~~~-TJC~ CVE~ CL~?E~T SUE-
IS AP.. Alfll'(Sl CEf:Tlll,._ SIGfrril C.F C 
RECl~hJ~G T~OUBL~ •IT~ JN ThE FUhC- .c· 
TJC~ ~ALUESe ~E~CEe A •ATC~ FC~• C 

c 

JNTEJ:VAL SUC.CES~F"Ul' 

AC[ •~l~T• lC •CCIORE• AN~ •ERqER4 

TC •EF~r~·- T~~ ... SET u~ NE~T sue
tNlEFVAL. If" AhiYe 
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c 
c 
c 

1ro caCIOE • c.t.ci:::~ • "'"' 
-:'APC'- : EF;s:iC50 + fRf.E i: 

JF (~ ICHT I GO TO lf.5 
ISTAGE z ISTACE - 1 

IF CI~ lAGE .EC.• CI GC ,.~ 22CJ 
RE'Gl..Af', s .s;fGl...SVt IS1ACE > 
BEG: EEGl~[ISTAGEl 
ED""' z: FJ~l5f I !TAGE t 
CUl;ES1 s CUJ:EST - ES1:1'5TAG£+1) + 'Vl,_,T 
IE"'D • IBEG - 1 
rE"«l .- TS( IENO) 
l~EG = IP.ECSCI5TAGE1 
GC 10 l!!C 

I(~ CUS:EST = Cl..RfST • ~l,,_l 

STAGE = ~lAGF+SlAGf 
lEt-:!> z: IBEG 
lBEG: IEECSCISTAGEl 
E'O"' = EEG 
BEG= BEGJpr,.(JSTAGEJ 
FENO : FaEC: 

F8EG IS 151JBEG> 
Ge TO ! 

l 7C c;E"GLAQ • • T::;o\..Ee 

lP..TECFATJCl'I. C\l'E~ CIJ:;.Ji:Ef\ol StJ-tI"-Tf?.VAL 
IS \..~SUC.CES!~t.L. ,_A::t.C ~~elNTE"".Y'L 

FCF Fl.P1HER SLeCI\ 15JC.t.. SET JP 
NE')l:"l ~\,IEI .. TERVAL• .. 

175 IF (151.t.Ge .tc. WXST{E) cc TC 205 
IF (AIGHl) CC TC te~ 

RE"GLSVllSTAGE•l I = QE<;LAR 
BFGIN( IST AGE) :s B"EC::. 
IBE'C5115TAGE) ~ IBEG 
STAGE c STA~E•~.t.LF 

1 EC QIG ... T • .• Ts;t..e. 
BEG" z: (8EG+ECfi'l.•M4LF 

19EG z tleEC•IE~Ol/2 

TSllBEGt z 1!119EGl•~'LF 
F!!IEG : TS: I BEGI 
IOO TC 10· 

If~ hNLEF1 =c- IeEG - 18EG!(l51.t.G£) 
tF (IE,,.'l+~P.,.LEFT eGE. WAJl"l!l GC TC :::oc 
11·1 = JEEG!( I STAGE» 
II -= IE'«> 
D~ 190 l=IIl.JBEE 

I I s 11 + I 
TS( JI > z 1 SC 1) 

Jc;C CChllNUE 
~o •~s i=teeG.11 

TSt It l) .:z lS( 1 t 
111 s 11 t + l 

I~! CO"'-Tl~U.E 

IE~t s ll!fl.O t I 
IBEG z IE~C - ~~LEFT 

FENO a F"AEG 
FREG &" lS(Jeeca 

FINHd ISTACEI • fO" 
1:.0,_ = FEC". 

sec:-. fEGlh:JSTAGEI 
?\E"Gl"'C ISTAGF) :. ED,._ 
Cf"GLS'V(ISTAGE I 11: Qf;LAC 
ISTACE s ISTA(E + l 
R~GL&A s REGLS~flSTACEJ 
ESl(ISTAGE> K Vl~T 

CUS:FST z Cl.:J:EST t E51(1'51AC:F I 
CC TO ~ 

C ~AILLJ:.£ TC HA ... DLE GIVE"" 1""1TEGJ:i.t.-
C TIC~ ~~fELEW 

2CC 

2 {'!: 

z'" 
21~ 

2CO 
c;c cc 

JEO :. 131 
GC' TC ii~ 

IE~ = 13? 
GC Tn 21~ 

IEQ = 133 
C.t.Oi:oE : CU~E~l + " ..... , 
cc .. ni=.E : CACCE 
CO~l.l rr.LE 

IF (IEJ: .NE• Ot CALL lE~15T (1£~.f~DC.t.C~EI 
90 CS QE TU~N 

Ef\:O 

9'!"-'CLlST 
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