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A THEORY OF E L E C T R O L Y T E  SOLUTIONS

C H A PTE R  I

INTRODUCTION _

F o r  m an y  y e a r s  the  in te r io n ic  a t t r a c t io n  th e o ry  of Debye and 

H uckel (1) h a s  p ro v id ed  the  a cc e p ted  d e sc r ip t io n  of the  b eh av io r  of e l e c ­

t ro ly te  so lu tions  a t  low c o n c e n tra t io n s .  Although p re c e d e d  by the w ork  

of M iln e r  (2), the  co m p lex  n a tu re  of the r e s u l t  ob ta ined  in  th is  e a r l i e r  

a n a ly s is  o b sc u re d  the  c o n cen tra t io n  dependence of the solution p r o p e r ­

t ie s ,  i. e. the  so lu tion  p r o p e r t i e s  dependent on a f r a c t io n a l  pow er of the 

c o n ce n tra t io n  a t  h igh  dilu tion.

D e ta i ls  and d is c u s s io n s  of the th e o ry  of Debye and Huckel a r e  

re a d i ly  ava ilab le , so only the  m o s t  g e n e ra l  c o n s id e ra t io n s  w ill be d i s ­

c u ss e d  h e re .  T h e ir  m o d e l of a solution of a co m p le te ly  d is so c ia te d  e l e c ­

t ro ly te  c o n s is ts  of a s y s te m  of rig id , s p h e r ic a l  ions in  a hom ogeneous, 

continuous m ed iu m  w hose d ie le c t r ic  constan t i s  unaffec ted  by the  p r e s ­

ence of ions . The d i s o r d e r  p re v a i l in g  am ong the ions is  m odif ied  by 

the s p h e r ic a l ly  s y m m e tr ic a l  e le c t r i c a l  in te ra c t io n s  with a chosen  c e n tra l  

ion. The P o is s o n  equation of e le c t r o s ta t i c s  is  com bined  v/ith the s ta t i s t ic a l



d is t r ib u t io n  function  of B o ltzm ann  to give an equation  fo r the  a v e ra g e  

e le c t ro s ta t i c  p o ten tia l .  The l im it in g  fo r m  of the  in te r io n ic  a t t r a c t io n  

th e o ry  w as ob ta ined  by re ta in in g  only th e  l in e a r  t e r m  in the  expansion  

of the  P o is  so n -B o ltzm an n  equation. The a s su m p tio n s  and  a p p ro x im a ­

t ions  involved  in  th is  deve lopm en t a r e  c o v e re d  in  a  n u m b e r  of s o u rc e s ,  

e. g. K irkw ood (3), Robinson and Stokes (4)* In the  y e a r s  im m e d ia te ly  

following, a n u m b e r  of in v e s t ig a to r s  inc lud ing  G ronw all  (5), G ronw all,

L a  M e r  and Sandved (6) and M u lle r  (7), u n d e r to o k  the  so lu tion  of the  c o m ­

p le te  P o is  so n -B o ltz m an n  equation in  o r d e r  to extend th e  ra n g e  of a p p l ic a ­

b i l i ty  of the in te r io n ic  a t t r a c t io n  th eo ry .  E va lua tion  of the  c o m p le te  eq u a ­

tion  by the  m e th o d  of M u lle r  h a s  been  r e c e n t ly  re e x a m in e d  by G uggen­

h e im  (8) u t i l iz in g  the cap a b i l i ty  of m o d e rn  h ig h -s p e e d  c o m p u te rs .  H ow ­

e v e r ,  the  ap p lic ab le  c o n ce n tra t io n  ra n g e  h a s  no t been  s ig n if ican tly  e x ­

ten d ed  by th is  app roach , and, in  fact, th e  in te rn a l  c o n s is te n c y  of the 

P o is  so n -B o ltzm an n  equation a t  h ig h e r  c o n c e n tra t io n s  and fo r  u n sy m - 

m e t r i c a l  e le c t ro ly te s  h a s  been  q u es t io n ed  by Robinson  and Stokes (4).

I t  is  g e n e ra l ly  a s s u m e d  th a t  the  ap p licab le  c o n cen tra t io n  ran g e  c e r ta in ly  

cannot extend p a s t  0, IM  even fo r  1-1 e le c t ro ly te s .  The deve lopm ent 

and  app lica t io n  of m o r e  r ig o ro u s  s t a t i s t i c a l  t r e a tm e n ts  (9-12) a p p a re n t ly  

co n f irm  the l im it in g  fo rm  of the  D ebye-H ucke l theo ry .

A n u m b e r  of s e m i - e m p i r i c a l  c o r r e c t io n  t e r m s  have been  p r o ­

p o sed  to extend the range  of v a lid ity  of the  in te r io n ic  a t t r a c t io n  th eo ry .  

S e v e ra l  in v e s t ig a to r s  h ave  a t te m p te d  to c o r r e c t  fo r  the  change in  the



d ie le c t r i c  co n s tan t of the  m ed iu m  as  the  e le c t ro ly te  c o n ce n tra t io n  i n ­

c re a s e d ,  e .g .  H uckel (13) and  Jo n es  and B ick fo rd  (14). Sho r tly  a f te r  the  

p u b lica t io n  of the D ebye-H ucke l th eo ry ,  B je r r u m  (15) su g g es ted  th a t  the 

h ig h e r  o r d e r  t e r m s  in  the  expansion  cou ld  be c o n s id e re d  a s  a  c o r r e c t io n  

a r i s in g  f ro m  the fo rm a tio n  of c a t io n -an io n  p a i r s .  T h is  a p p ro a ch  i s  a 

c o r r e c t io n  in the  d i re c t io n  of w eak  e le c t ro ly te s  to the in te r io n ic  a t t r a c t io n  

th e o ry  of s tro n g  e le c t ro ly te s .  Many w o r k e r s ,  inc lud ing  B je r r u m  (16), 

S c a tc h a rd  (17), R ob inson  and  Stokes (4) and  G lueckauf (18), h ave  p ro p o s e d  

c o r r e c t io n  t e r m s  a r i s in g  f ro m  ion h y d ra t io n  w hich  s e r v e s  to re m o v e  

" f r e e "  so lv en t f ro m  th e  so lu tion . U tiliz ing  h y d ra t io n  n u m b e r  a s  an  a d d i ­

t io n a l  p a r a m e te r ,  e x p e r im e n ta l  da ta  a r e  fit to h igh  c o n c e n tra t io n s .  E x ­

c luded  volum e e ffec ts  a r i s in g  f ro m  the  f in i te  s ize  of the  ions  (o r h y d ra te d  

ions) have  been  c o n s id e re d  by  Van R y ss e lb e rg h e  and  E is e n b e rg  (19) and 

E igen  and Wicke (20); the  l a t t e r  t r e a tm e n t  h a s  m e t  w ith  c r i t i c i s m  on lo g ­

ic a l  g rounds (21 ).

I t  h as  long been  o b s e rv e d  th a t  the  p r o p e r t i e s  of s tro n g  e l e c t r o ­

ly te  so lu tions  d isp lay  a long s eg m en t of l in e a r  dependence  on the cube 

ro o t  of co n cen tra t io n ,  in  fact, K o h ira u sch  (22) u s e d  cube = root=of=con = 

c e n tra t io n  p lo ts  fo r  conductance  da ta  fo r  m an y  y e a r s  b e fo re  adopting the  

s q u a re  roo t dependence. S e v e ra l  y e a r s  b e fo re  the  th e o ry  of Debye and 

Huckel, B je r ru m  (23) p ro p o se d  a c u b e - ro o t -o f - c o n c e n t r a t io n  dependence  

fo r  d ilu te  e le c t ro ly te  so lu tions  and l a t e r  ex tended  th is  to inc lude  c o n c e n ­

t r a t e d  so lu tions  (16). M ore  recen tly ,  R obinson  and Stokes (4) have  aga in



c o m m e n ted  on the  long l in e a r  s eg m en t in  p lo ts  of log v e r s u s  the cube 

ro o t  of c o n ce n tra t io n  beginning a t  about 0. 001M. P ro c e e d in g  f ro m  th e se  

o b s e rv a t io n s ,  F r a n k  and T hom pson (24) exam ined  the th e o ry  of Debye 

and H uckel and  concluded  th a t  the  s q u a r e - r o o t -o f - c o n c e n t r a t io n  d epend­

ence is  l im i te d  to a  range  be tw een  z e ro  and som e c r i t i c a l  value of the 

c o n ce n tra t io n  w h e re  the  a s su m p tio n s  a r e  no lo n g e r  va lid . F r o m  th e i r  

c a lc u la t io n s  they  found th is  ’’b reak d o w n ” to o c cu r  in  the  v ic in ity  of 0. 001M 

fo r  1-1 e le c t ro ly te s ,  and, a t  even lo w er c o n cen tra t io n s ,  fo r  e le c t ro ly te s

of h ig h e r  v a len ce .  B ased  on th e s e  r e s u l t s ,  a  "d iffuse  l a t t i c e ” p ic tu re

1/3w as  p o s tu la ted  a s  a  p o ss ib le  exp lana tion  fo r  the  o b se rv e d  M d ep en d ­

ence  of e le c t ro ly te  so lu tion  p r o p e r t i e s  in  the e x p e r im en ta l ly  convenient 

c o n ce n tra t io n  ran g e . F u o s s  and O n sa g e r  (26) have  a lso  d is c u s s e d  the

p o s s ib i l i ty  th a t  the  th e o ry  of e le c t ro ly te  so lu tions  should  contain  a t e r m

1/3
w hich  would r e f le c t  the s im p le  M dependence  of so lu tions  of m o d e ra te  

to h igh c o n c e n tra t io n s .  In 1918, Ghosh (25) a t te m p ted  to d e s c r ib e  e l e c ­

t ro ly te  so lu tions  in t e r m s  of an ionic  la t t ic e ;  how ever, h is  la ck  of c o n ­

s id e ra t io n  of the p r o p e r  s t a t i s t i c a l  t r e a tm e n t  r e s u l te d  in the invalida tion  

of the  ap p ro ach  (1), U nfortunately , the  c r i t i c i s m  of th is  t r e a tm e n t  led  

to th e  exc lus ion  of the c u b e - ro o t -o f - c o n c e n t ra t io n  dependence of e l e c ­

t ro ly te  so lu tion  p r o p e r t i e s  f ro m  th e o re t ic a l  in v es t ig a t io n  fo r  m any  y e a r s .

The in te r io n ic  a t t r a c t io n  th eo ry  of Debye and H uckel w as d e r iv ed  

fo r  d ilu te  e le c t ro ly te  so lu tions  and, even in the m o s t  fav o rab le  c a se  (1-1 

e le c t ro ly te s ) ,  the  underly ing  a ssu m p tio n s  becom e inva lid  a t c o n cen tra t io n s
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h ig h e r  than about Ü. OOl m o la r  (24). At l e a s t  in  the  ran g e  above th is  

" c r i t i c a l "  reg ion  to m o d e ra te  co n cen tra t io n s ,  the co ll iga tive  p r o p e r t ie s  

can  be r e p r e s e n te d  by an e x p re s s io n  involving a s im p le  c u b e - ro o t -o f -  

co n cen tra t io n  dependence . By a ssu m in g  a  m o r e  r e s t r i c t e d  m o d e l  fo r  an 

e le c t ro ly te  so lu tion  than  w as adopted  by Debye and Hiîckel, m a th e m a t ic a l  

e x p re s s io n s  d e sc r ib in g  e le c t ro ly te  so lu tion  p r o p e r t i e s  can be d e r iv e d  

w hich  have  a s im p le  cube - r o o t -o f  - cone e n t r  a tion  dependence  a t  low e le c ­

t ro ly te  c o n ce n tra t io n s ,  v/hile, in  h ig h e r  co n ce n tra t io n  reg io n s ,  the p r o p ­

e r t i e s  a r e  d e s c r ib e d  by a s e r i e s  in ascend ing  p o w ers  of the cube ro o t  of 

c o n cen tra t io n .  Sm ith  (27) adopted  a  m o d e l  w h e re in  the  co u n te r  ion ( in i ­

t ia l ly  co n s id e r in g  a  s y m m e tr ic a l  e le c tro ly te )  w as r e s t r i c t e d  to a " c e l l"  

of ra d iu s  R d e te rm in e d  by the so lu te  c o n ce n tra t io n  (4irR^/3 = 1000/N qM), 

w h e re  Nq i s  A v o g a d ro 's  n u m b e r  and  M the  m o la r  co ncen tra tion , and 

w as ab le  to a p p ro x im a te  1-1 e le c t ro ly te  so lu tion  da ta  o v e r  r a th e r  e x te n ­

sive c o n ce n tra t io n  ra n g e s .  F o r  e le c t ro ly te s  of the n-1 type. Sm ith  a s ­

sum ed  the  co u n te r  ions to bo eq u id is tan t f ro m  the c e n t r a l  ion and f ro m  

each  ocher. C o n s id e r in g  the m uch  o v e rs im p l i f ie d  n a tu re  of h is  m odel, 

the r e s u l t s  w e re  quite  encourag ing  in  the sen s e  tha t a p p ro x im a te  f i ts  to 

e x p e r im en ta l  da ta  w e re  ob ta ined  ove r  su b s ta n t ia l  c o n cen tra t io n  ran g e s ,  

and the c o r r e c t  shape  for a c t iv i ty  coeff ic ien t c u rv e s  w as p re d ic te d .  In 

the p r e s e n t  approach , a r a th e r  l e s s  r e s t r i c t e d  m ode l is  chosen  re su l t in g  

in  an in c r e a s e  in m a th e m a t ic a l  com plex ity  but o ffering  an ex ce llen t  fit  

to e x p e r im e n ta l  r e s u l t s  o v e r  a s u rp r is in g ly  wide c o n cen tra t io n  range .



R ecen tly , M urphy  and  W eissen b o ck  (28), us ing  the  c o n s tan t  p r e s s u r e  

(TPN) e n sem b le  (29), have  im p ro v e d  the  s t a t i s t i c a l  foundation of the p a i r  

d is t r ib u t io n  function  ob ta ined  in  th is  w ork . T h e ir  t r e a tm e n t  c o n s id e rs  

a g e n e ra l  p o ten tia l  e n e rg y  function r a th e r  than the  spec if ic  c a se  of co u ­

lo m b  in te ra c t io n  u sed  h e r e .



C H A PTE R  II

MATHEMATICAL, D E V E LO PM EN T

D evelopm en t of the  Unit P a r t i t io n  F u n c tio n  

The adop ted  m o d e l  of an  e le c t ro ly te  so lu tion  a s s u m e s  that, a t  

any  in s tan t ,  th e  so lu te  ions  can be g ro u p ed  in to  e le c t r i c a l ly - n e u t r a l ,  

c h em ica l  fo rm u la  u n i ts .  The in te r a c t io n s  be tw een  u n it  m e m b e r s  a r e  

ob ta ined  by f i r s t  choosing  a c e n t r a l  ion a s  th e  c e n te r  of c o o rd in a te s ,  

w ith  the  r e s t r i c t i o n  th a t  |z ^ |>  jz^ |, w h e re  z^ i s  the  c h a rg e  of the  c e n t r a l  

ion  and Zg the  ind iv idua l c h a rg e  of the  co u n te r  ion(s) . C o n s id e r in g  only 

the  in te r a c t io n s  betw een  op p o s ite ly  c h a rg e d  ions , th e  p a i r in g  p ro c e e d s  

s tep w ise  un til  a l l  un it  m e m b e r s  have  been  inc luded . Of c o u rs e ,  fo r  

s y m m e tr ic a l  e le c t ro ly te s ,  t h e r e  i s  a  s ing le  p a i r  of ions  p e r  ch em ica l  

fo rm u la  (and e le c t r i c a l ly - n e u t r a l )  un it.  F o r  e le c t ro ly te s  of the  n-1 type , 

th e re  a r e  n p a i r s  of e l e c t r o s ta t ic  intersections betw een  "oppositely c h a rg e d  

sp ec ie s  p e r  unit.  In the  c o n s id e ra t io n  of e le c t ro ly te  so lu tions , the  s p e ­

cific  a s s u m p t io n s  invo lved  a re :

(1) The s ta t i s t i c a l  m e c h a n ic a l  en se m b le  c o n s is t s  of e l e c t r i c a l l y - 

n e u t ra l ,  c h em ica l  fo rm u la  u n its  of ions  con tain ing  p m e m b e r s  

\l/ — the n u m b e r  of ions  in to  which the  e le c t ro ly te  d is so c ia te ? ) .



(2) The m otion  of the  c e n te r  of m a s s  of th e se  u n its  can be t r e a te d  

independen tly  of the  re la t iv e  m o tion  of the  co ns ti tuen t ions; 

e le c t ro s ta t ic  in te ra c t io n s  a r e  p a r t  of the  l a t t e r  t r e a tm e n t  

and  a r e  c o n s id e re d  to be a n g u la r ly  independen t ( sm e a r in g  a p ­

p ro x im atio n ) .

(3) Only p a i rw is e  in te ra c t io n s  be tw een  o ppos ite ly  ch arg ed  ions  

a r e  co n s id e re d ;  fo r  un its  contain ing  m o r e  than a single 

c o u n te r  ion, p a i r in g  p ro c e e d s  in  a  s tep w ise  m a n n e r  f ro m  

the  chosen  c e n t r a l  ion ( |z g |>  l^gD'

(4) O th e r  than  e le c t r o s ta t i c  in te ra c t io n ,  the  only n o n -id ea l  gas 

con tr ib u tio n  c o n s id e re d  i s  h a r d  c o re  re p u ls io n .

(5) The so lven t i s  a  s t r u c tu r e l e s s  d ie le c t r ic  m ed ium ; the  bulk 

d ie le c t r ic  c o n s ta n t  of the  p u re  so lven t i s  u s e d  a t  a l l  so lu te  

c o n ce n tra t io n s .

It i s  a s s u m e d  th a t  each  p a i r  (unit) i s  independent, i. e . , th e re  i s  no p o te n ­

t ia l  en e rg y  of in te ra c t io n  betw een u n its .  The un it i s  thus d e sc r ib a b le  in 

t e r m s  of a u n it  p a r t i t io n  function q in m uch  the sam e  way as  the  m o le ­

cu les  in an id ea l  gas . The un it p a r t i t io n  function i s  r e la te d  to the c an o n ­

ic a l  p a r t i t io n  function Q of the  sy s te m  by the  equation

In Q = N [ ln (q /N )+  1] ( l )

w h e re  N is  the  n u m b e r  of u n its  in the  en sem b le .

F o r  R vm m etr iea l  e le c t ro lv te s  the  un it  n a r t i t io n  function is

Q -

N

2TT(m+ T m _ ) k T ^ ^ [ 2Trm+m_kT

h^ J L(m^ + m  )h^J ^

c e n te r  of m a s s  in te rn a l
t r a n s la t io n  t r a n s la t io n s



w h e re  and  m _  a r e  the m a s s e s  of the  ca tion  and anion, re sp e c t iv e ly ,

T i s  the  ab so lu te  te m p e ra tu re ,  k  is  B o ltz m an n 's  co n s tan t  and h is  P la n c k 's

constan t.  Equation  2 can  be s im p lif ied  to y ie ld
3Zirm^kT

and

1/1 jj 1/%/
m ^  = (m^ m_[") (4)

The p a i r  con figu ra tion  in te g ra l  i s  given by

CO

Ç = J  expj^-iSu(r) - •yv^j4'n'r^dr ( 6 )

w h e re

(8 = 1 /k T  (7)

Y = 1 /v ^  (8)

= V - b = (1000/NM ) - 4Tra^/3 (9)

v^ = 4iT(r^ - a ^ ) /3  (10)

a i s  the d is ta n ce  be tw een  c e n te rs ,  c a t io n -an io n  con tac t .

M is  the so lu te  c o n cen tra t io n  in m o le s / l i t e r ,  

and  u (r)  is  the a p p ro p r ia te  p o ten tia l  en erg y  function. In e s se n c e ,  th is  

d e r iv a t io n  in c lu d es  the  c o n s t r a in t  of constan t f r e e  volum e in add ition  to 

co n s tan t e n erg y  and  constan t n u m b e r  of independent p a i r s  when tre a t in g  

p a i rw is e  in te ra c t io n s .  This exp lic it  inc lu s ion  of constan t f r e e  volum e
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r e s u l t s  in  a m o d if ied  M ax w e ll-B o ltzm an n  d is t r ib u t io n  fo r  independen t 

p a i r s  a s  given by the  exponentia l t e r m s  in  the  in te g ra n d  of E quation  6. 

That is ,  the  second  exponentia l,  expC-yv^), m o d if ie s  the  d is t r ib u t io n  of 

en erg y  s ta te s  g iven by the  r e g u la r  M ax w e ll-B o ltzm an n  te rm ,  e x p [-^ u ( r ) ] ,  

with the  a p p r o p r ia te  e x p re s s io n  fo r  the  p o te n t ia l  en e rg y  u (r) .  R ad ia l  

s y m m e try  of a  c o u n te r  ion  abou t a chosen  c e n t r a l  ion  is  a s su m e d ;  t h e r e ­

fo re , the  p ro b a b i l i ty  of a  c o u n te r  ion being be tw een  r  and  r t  d r  is  p r o p o r ­

tiona l to the  in te g ra n d  in  E quation  6.

E x ten s io n  of the  a p p ro a ch  to  d e s c r ib e  u n its  c o m p o sed  of m o r e  

than a  s in g le  p a i r  r e q u i r e s  c a re fu l  c o n s id e ra t io n  of the  adop ted  m o d e l.  

F o r  a  t h r e e  p a r t i c l e  u n it  (c o r re sp o n d in g  to  a 2-1 e le c t ro ly te  such  a s  

CaClg), two ind iv idua l p a i r  in te ra c t io n s  a r e  involved , when includ ing  

only th o se  p a i r s  m a d e  up of opposite ly  c h a rg e d  io n s .  Such a u n it  can  be 

p ic tu re d  a s  shown in  F ig u r e  la . A d o u b ly -c h a rg e d  ca tion  is  tak en  a s  the  

c e n t r a l  ion  and  the  re m a in in g  m e m b e r s  of th is  independent, c h em ica l  

fo rm u la  un it  a r e  two c o u n te r  ions . The p a i r in g  p ro c e e d s  ou tw ard ly  f ro m  

the c e n t r a l  ion. The in te ra c t io n  of the  c lo s e s t  c o u n te r  ion w ith  the  c e n ­

t r a l  ion c o n s t i tu te s  w hat is  t e r m e d  an  " in n e r  ion  p a i r " ;  the  n e t  e l e c t r o ­

s ta t ic  r e s u l t  i s  to g ive a v i r tu a l  c e n t r a l  ion  w ith  a c h a rg e  c o r re sp o n d in g  

to th e  c h a rg e  of the  c e n t r a l  ion m inus  the  c h a rg e  of the  " p a i r e d "  co u n te r  

ion. F o r  a  2-1 e le c t ro ly te ,  the  fina l p a i r ,  t e r m e d  an  "o u te r  p a i r " ,  is  

fo rm e d  by in te r a c t io n  of the  rem a in in g  co u n te r  ion  w ith  the  v i r tu a l  c e n ­

t r a l  ion, F ig u r e  lb. The e le c t ro s ta t ic  r e s u l t  i s  to give an  e l e c t r i c a l ly
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(a)

(b)

F ig u r e  L P a i r in g  Sequence, 2-1 E le c t ro ly te s ,  (a) In n e r  ion p a i r  fo rm e d  
f ro m  c e n t r a l  ion  and  co u n te r  ion a t  r^. (b) O u te r  ion  p a i r
fo rm e d  f ro m  v i r tu a l  c e n t r a l  ion (of ra d iu s  r-| ) and c o u n te r  ion
a t  r-



1 ? .

n e u t r a l  unit a s  seen  by a d jac e n t  u n its .

The unit p a r t i t io n  function fo r  a  2-1 e le c t ro ly te  is

a  =
N

■2ir(m^-f 2m _)kT ' * 2Trm^m_kT ' ■2Tr(m^.+ m _)m _kT"

h^ - (mq. + m_)h^- , (mq.+ 2m_)h^

3 /2

?12

c e n te r  of m a s s in te rn a l  t r a n s -  in te rn a l  t r a n s l a -  
la tion , in n e r  tion, o u te r  ion
ion p a i r  p a i r

with the un it configura tion  in te g ra l  being given by

“  eo

exp j -̂|8u( rj )̂ - y^vj" j  4irr^ dr^ J  exp  j -̂)8u( ^^2 ^

'1
_ fw h e re  v (given by Equation  9) i s  the  f r e e  volum e t e r m  a s s o c ia te d  w ith

the co n tr ib u tio n  f ro m  the  c e n te r  of m a s s  t e rm ,  and

1Vi = l / v f

- b = 4Tr{r^ - a ^ ) /3

v^ = av  - b

1 / - f
y z  =

V 2  =  V 2  -  V f  =  4 i r ( r 2  -  r p / 3

V£ = v ( l  - a)

(13)

(14)

(15)

( 16 )

(17)

(18)

It is  a s s u m e d  th a t  the  a v e ra g e  f r e e  volum e of an in n e r  ion p a i r  i s  som e 

frac t io n  of the  a v e ra g e  volum e a v a ilab le  p e r  unit. Since the fracLiona.1 

value a t  fin ite  c o n cen tra t io n s  is  a s  yet unknown, a is  taken  a s  a second
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fitting  p a r a m e te r .  A m o r e  r ig o ro u s  t r e a tm e n t  would a t te m p t  to e x p re s s  

a a s  a function, of co n cen tra t io n .  A ssu m in g  a to be co n s tan t w ith  c o n ce n ­

t r a t io n  and using  i t  a s  a  fit ting  p a r a m e t e r  g ives  a  value, r e su l t in g  f ro m  

fitting e x p e r im e n ta l  data, which i s  so m e  type of a v e ra g e  fo r  th is  p a r a m ­

e te r  over  the  c o n cen tra t io n  ran g e  w hich  can  be re p ro d u ced .

Using  the  defin ition  em ployed  fo r  s y m m e tr ic a l  e le c t ro ly te s  to 

give a s im p lif ied  e x p re s s io n  fo r  the unit p a r t i t io n  function, the  p a r t i t io n  

function fo r  a 2-1 e le c t ro ly te  (E quation  11) b e co m es

q /N  = C^2/A^ (19)

E va lua tion  of the C onfigura tion  In te g ra l  

The p a i r  configura tion  in te g ra ls ,  E quations  6 and  12, cannot 

be solved in  c lo se d  fo rm ,b u t  can be in te g ra te d  n u m e r ic a l ly .  The fo llow ­

ing d im e n s io n le s s  v a r ia b le s  a r e  adop ted  fo r  t r a n s fo rm a t io n  of the p a i r  

con figu ra tion  in te g ra l  fo r  s y m m e tr ic a l  e le c t ro ly te s :

X = v / 'v ^  = 4iTr^/3 v^ (20)

$  = b /  v^ (21)

B = z^z^e^^^^ '^/DkTa (22)

Substitu tion  into Equation  6 y ie lds
CO

Ç = (v^) e ^ j  exp  (B/x^^ ) - x jdx = (v^) e ^ I  (23)

The function in  Equation 23 is  t r a n s f o r m e d  into a function  of
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w hich  is  m o r e  d i r e c t ly  r e la te d  to r, the  d is ta n c e  of s e p a ra t io n  of 

p a i r  m e m b e r s ,  to give
CO

Ç = ( v ^ ) ^ 3 e ^ J '  exp |^(B /x^^^)-xjx^^^ d(x^^^) (24)

1/3
The in te g ra n d  in  E quation  24 i s  p lo t ted  vs  x  in  F ig u r e  2 fo r  a s e r i e s

of c o n c e n tra t io n s  a t  a  c o n s ta n t  va lue  of a, the  ion  s iz e  p a r a m e te r .  The

lo w es t  c o n ce n tra t io n  c o n s id e re d  c o r r e s p o n d s  a p p ro x im a te ly  to the  lo w er

l im i t  of the  e x p e r im e n ta l ly  a c c e s s ib le  reg ion , i .  e . , 0. OOlM. In F ig u r e

1/3
2, the  lo w e r  l im i t  of in te g ra t io n  ($  ) fa l ls  a t  s e p a ra t io n  d is ta n ce s

above the  lo ca t io n  of th e  m in im u m  in  the  function . S ince the  a r e a  u n d e r

1/3the  c u rv e  be tw een  the  lo w e r  l im i t  and  som e va lue  of x  i s  p ro p o r t io n a l  

to the  p ro b a b i l i ty  of find ing  the  c o u n te r  ion a t  a  d is ta n c e  x^^^ ( p r o p o r ­

t iona l to  r)  f ro m  the c e n t r a l  ion, the  p lo t fo r  the  lo w es t  co n ce n tra t io n  in 

F ig u r e  2 shows th a t  t h e r e  i s  a  v e ry  s m a l l  p ro b a b i l i ty  of the  co u n te r  ion  

being lo c a te d  c lo se  to the  c e n t r a l  ion fo r  an  e le c t ro ly te  d isp lay ing  th is  

a va lue  (3, 5A). Th is  s i tu a t io n  c o r re sp o n d s  to  the d e sc r ip t io n  of a  s tro n g  

e le c tro ly te ;  i. e= , c o m p le te  d is so c ia t io n .  A s the  c o n ce n tra t io n  in c r e a s e s ,  

the  m in im u m  in the  c u rv e  m o v es  u p w ard  an d  g ra d u a l ly  b lends  in with 

the  m a x im u m  in  the function  c o r re sp o n d in g  to the  in c r e a s e d  p ro b a b i l i ty  

of finding the  c o u n te r  ion c lo se  to the c e n t r a l  ion.

F o r  a co n s tan t  low concen tra t io n ,  the  function  p lo tted  in  F ig u r e  

2 r e m a in s  e s s e n t ia l ly  un a ffec ted  a s  the  a va lue  d e c r e a s e s .  The only 

e ffect i s  th a t  the  lo w er  l im i t  of in te g ra t io n  m o v es  to lo w er  x^^^
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(1. 3)

(1. 0 )

0.5

(0. 5)

(0 . 1)

0 0. 5 1 , 0.1/3 1. 5

F ig u r e  2. F a m i lv  of C u rv e s ,  exo f (B /x ^ ^^ )-x  1 vs. x1/3exp [(B/x'^'"^l-x ] vs. X * ' fo r  V ario u s  
V alues  of the  C o n ce n tra t io n  (M^*^^), a  = 3. 5À. <D : the low er 
l im i t  of the  function  fo r  th e  p a r t i c u l a r  a va lue  and co n cen tra -  
tion.
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v a lu es  and, a t  su ffic ien tly  low a va lues , m o v es  below the m in im u m  into 

the reg io n  w h e re  the  va lue  of the  function  is  ra p id ly  in c re a s in g .  T h e r e ­

fo re ,  an  e le c t ro ly te  re q u ir in g  a  low a  va lue  fo r  a f i t  of the  ca lc u la te d  

b eh av io r  to so lu tion  data, would be an e le c t ro ly te  w hich  h a s  been  t e r m e d

c la s s ic a l ly  a s  in te r m e d ia te  o r  weak, depending on the a  va lue  re q u i re d .
1 / "a

The in c r e a s e d  a r e a  a t  low va lues  fo r  such  types  w ould c o r r e s p o n d  

to an  in c r e a s e d  p ro b a b i l i ty  of the  e x is ten c e  of i o n - p a i r s  in  the  s e n se  of 

in co m p le te  d is so c ia t io n .  A ll e le c t ro ly te  ty p es  could  be  in c o rp o ra te d  into 

the p ro p o se d  a p p ro ach ;  how ever , the  ion s iz e  p a r a m e te r  w ould be r e ­

la te d  to a c tu a l  ion, o r  so lv a ted  ion, r a d i i  only in  the  c a s e  of s tro n g  e le c ­

t ro ly te s  w h e re  p a i r  m e m b e r s  a r e  c le a r ly  s e p a ra te d .  T h e re  i s  a  sm ooth  

t r a n s i t io n  f ro m  " s t ro n g "  to "w eak" e le c t ro ly te s .

The l im it in g  b eh av io r  of E quation  23 can be  d e te rm in e d  by e x ­

panding the f i r s t  exponentia l

00

Ç = (v^ )~  e^J  ĵ l + (B /x ^^ '')+  ( B ^ /2 x ' ' '  ) + • * * J e  dx (25)

*
w hich gives, co n s id e r in g  each  t e r m  a s  $  0.

r 2 2
C / ( T ' }  = i -f B r ( 2 / 3 ) r  B r ( l / 3 ) / 2 +  . . .  (26)

w h e re  the  second  and  th i r d  t e r m s  on the  r ig h t  a r e  given by the  a p p r o ­

p r ia te  gam m a function.

The u n it  con figu ra tion  in te g ra l  fo r  a 2-1 e le c t ro ly te .  Equation  

12, i s  t r a n s f o r m e d  us ing  the  d im e n s io n le s s  v a r ia b le s

/ — f / “3 '7 \y = V|/ V \^ ‘ I
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2^1 /3  
= z^Zge /D kT a

Z  =  V g / V g

* 9  = b ? /

2 .1 / 3
Bg = Zĵ 2^2® / D k T

(28)

(29)

(30)

(31)

(32)

w h e re  z^ is  the  c h a rg e  on the  c e n t r a l  ion, Zg is  th e  c h a rg e  of a  co u n te r  

ion and  z^g Is  the  c h a rg e  of th e  v i r tu a l  c e n t r a l  ion. T h e se  v a r ia b le s  give

CO 00

Jexp j^(Bj/y^^^) - y j d y j v g e * ^ exp [^(Bg/z^'^^) - z j d z

A

(33)

The l im it in g  fo rm  of E quation  33 i s  ob ta ined  by expanding the f i r s t  expon­

en tia l t e r m  in each  in te g ra n d  to yield , a s  M -» 0,

*12
 £  £  £
V"* Vi v7

-11+ B ĵ T(2 / 3 ) +  _ i _ r ( l / 3 ) +  . . .

1 ' '2

1 +  B ,  r  + f i .  f i ü â î  + . . .
2 J  1/3 2 J  2 /3

(34)

with

A = a / ( l  - a) (35)

The l im it in g  b eh av io r  fo r  a 2-1 e le c t ro ly te  i s  a function  of the  f ra c t io n
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of the  a v e r a g e  vo lum e a v a i lab le  p e r  un it  w hich  i s  occupied , on the  a v e r ­

age, by an  in n e r  ion p a i r .  The in te g r a l s  a p p e a r in g  in  the  seco n d  t e r m  

of E quation  34 hav e  been  eva lu a ted  u s in g  a  c o m p u te r  p r o g r a m  given  in 

the  Appendix ,

The u n it  co n fig u ra t io n  in te g ra ls ,  E q u a tio n s  24 an d  33, a r e  e v a l ­

u a ted  by n u m e r ic a l  in te g ra t io n  us ing  a  h ig h - s p e e d  c o m p u te r .  E quation  

33 is  t r a n s f o r m e d  in to  a func tion  of y^^^ an d  fo r  the  n u m e r ic a l  i n t e ­

g ra t io n .  B e c a u se  of the  in f in ite  u p p e r  l im i t s ,  the  in te g ra t io n s  a r e  p e r ­

fo rm e d  o v e r  su b in te rv a l s  (us ing  S im p so n 's  m ethod) to a  p r e s e le c te d  

le v e l  of p r e c i s io n .  The co m p le te  c o m p u te r  p r o g r a m s  a r e  l i s t e d  in  the 

Appendix.



C H A P T E R  III

COMPARISON OF THEORY AND E X P ER IM EN T

A c tiv i ty C o eff ic ien ts  

T he  H e lm h o ltz  f r e e  e n e rg y  i s  given by the  s t a t i s t i c a l  th e r m o ­

dynam ic  e x p re s s io n

A = - R T  In Q (36)

In the  l a t e r  d ev e lopm en t by M urphy  and  W eissen b o ck  (28) u s in g  th e  co n ­

s tan t  p r e s s u r e  en sem b le ,  th e  p a r t i t io n  function  i s  r e la te d  d i r e c t ly  to 

the  Gibbs f r e e  en erg y . F o r  a n o n - id e a l  so lu tion , the  c h em ica l  p o ten tia l  

of the  so lu te  is

fj, = -r RT In (37)

w h e re  /j,^ i s  the  c h e m ic a l  p o te n t ia l  of the  s ta n d a rd  s ta te  and  ag the ac t iv i ty  

of the  so lu te .  U tiliz ing the  good a p p ro x im a tio n  th a t  the  G ib b ’s f r e e  e n ­

e rg y  can  be  r e p la c e d  by the  H e lm h o ltz  f r e e  e n e rg y  fo r  a so lu tion . E q u a ­

tions  36 an d  37 y ie ld

- RT In (q /N ) = + p R T  In a+

w h e re  a^ i s  the  m e a n  ion ic  a c t iv i ty  of the  so lu te  (a^ = a^ ). A ssu m in g  

th a t  the n o n - id e a l i ty  d isp la y ed  by an  e le c t ro ly te  so lu tion  a r i s e s  solely  

f ro m  the  cou lom b in te r a c t io n  be tw een  p a i r  m e m b e r s  c o m p ris in g  a

19
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fo rm u la  unit, and  inc luding  a l l  c o n cen tra t io n  independen t t e r m s  in  /i°,

gives

w h ere

i / y ±  = <C±/ÿ±)‘' (38)

(q/N) (39)

a^  = (40)

= 1/Mj. = 1/WM = v /W  (41)

W = (42)

U sing  th e se  re la t io n s  with E quation  23, the  a c t iv i ty  coeff ic ien t 

fo r  s y m m e tr ic a l  e le c t ro ly te s  i s  g iven by

1/y^ = (1 + <b) e ^ I  (43)

C om bination  of the  l im it in g  e x p re s s io n  fo r  the p a i r  co n fig u ra t io n  in te g ra l  

fo r  s y m m e tr ic a l  e le c t ro ly te s  (E quation  26) with Equation  43, g ives  the 

l im it ing  r e la t io n  fo r  the  ac t iv i ty  coeffic ien t;

In V = - 0. 6771
DkT I  3000

\
JJKT o u u u j ;

The low c o n cen tra t io n  l im it in g  slope depends only on the  v a len ce  of the 

ions and, co n s id e r in g  only the lead ing  te rm ,  the cube ro o t  of the  co n cen ­

t ra t io n ,  In the l im it ,  th e re  is  no dependence on sp ec if ic  c h a r a c t e r i s t i c s  

such a s  ion s ize . C on v ers io n  to com m on lo g a r i th m s  (co n s id e r in g  the 

lead ing  t e r m  only) y ie lds , fo r  the l im it in g  slope of 1-1 e le c t ro ly te s :
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1/3
log = - 0. 286 M (45)

The e ffect of v a ry ing  a  on log ŷ _ (for 1-1 e le c tro ly te s ) ,  a s  c a l ­

c u la ted  us ing  E quation  43, i s  dep ic ted  in  F ig u r e  3. The l im it in g  line  

shows th a t  e le c t ro ly te s  d isp lay ing  an  a p p a r e n t  n eg a tiv e  dev ia tion  f ro m  

the l im it in g  s lope  a t  low c o n c e n tra t io n s  could  be re p ro d u c e d  us ing  a p p r o ­

p r ia te  a values» The a v a lu es  giving the  b e s t  rep ro d u c t io n  of e x p e r im e n ­

ta l data  fo r  KCl (30, 31), N aCl (32, 33) an d  H C L (34) a r e  shown in  F ig u r e  

4. In a l l  t h r e e  c a s e s  the  e x p e r im e n ta l  da ta  a r e  p re d ic te d  to h igh  co n ce n ­

t ra t io n s  fo r  r e a so n a b le  v a lu es  of a, and  the  th e o r e t ic a l  l im it in g  s lope  is  

co n s is te n t  w ith  the  data  a t  low c o n c e n tra t io n s .  A lthough the  e x p re s s io n  

fo r  the  l im it in g  s lope  fo r  1-1 e le c t ro ly te s  (E quation  45) con ta in s  only 

the  lead ing  te r m ,  i t  d e s c r ib e s  th e se  e x p e r im e n ta l  da ta  to r e la t iv e ly  high 

c o n ce n tra t io n s .  T h e o re t ic a l  c u rv e s  a r e  f it  to a c t iv i ty  coeffic ien t data  

fo r  HI (35), H B r an d  HNO^ (36) in F ig u r e  5; again , the  e x p e r im en ta l  

data a r e  d e sc r ib e d ,  a t  l e a s t  to the  reg io n  of the  m in im um , us ing  r e a ­

sonable  a v a lu es ,  a s  c o m p a re d  v/ith the  HCl r e s u l t s  dep ic ted  in F ig u re  

4. T abu la ted  data  a t  round  c o n c e n tra t io n s  fo r  L iC l, RbCl and  C sC l 

(36), and low co n ce n tra t io n  data  fo r  C sC l (37), a r e  fit  w ith  th e o re t ic a l  

c u rv e s  in F ig u r e  6. F o r  the  rub id ium  and c e s iu m  ch lo r id e s ,  the  a 

va lues  r e q u i r e d  fo r  a c a lc u la te d  f i t  a r e  in  the  r e v e r s e  o r d e r  expec ted  

f ro m  th e i r  c ry s ta l lo g ra p h ic  ra d i i .  In addition , th e s e  a r e  the only c a s e s  

en co u n te red  w h e re  the  th e o re t ic a l  c u rv e  a p p ro p r ia te  fo r  the  low c o n ce n ­

t ra t io n  data  goes below the  e x p e r im e n ta l  da ta  a t  the  h ig h e r  c o n ce n tra t io n s .
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- 0.1

- 0.2

0. 75

0. 5 1. 00 1 .

F ig u r e  3. T h e o re t ic a l  B eh av io r  of log ŷ _ fo r  V a r io u s  V alues  of the^ 
Ion Size  P a r a m e t e r  (in  a n g s tro m s) ,  1-1 E le c t ro ly te s ,  25̂  ̂
- - t h e o r e t ic a l  l im it in g  b ehav io r .
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1 . 9 0 -1. 14

HCl, 4.80A
-1 .0 61 .9 8

- 1.01

-1 . 34 0 .9 8

NaCl, 3.67A
-0 .9 6-1 . 30

KCl, 3 .23A

1.00 .5 1/30 1. 5

F ig u r e  4. A c tiv i ty  C o eff ic ien t  D ata  fo r  T h r e e  1 -1 C h lo r id e s  C o m p a red
w ith  B e s t - F i t  T h e o re t ic a l  C u rv e s ,  25° . - -  th e o re t ic a l
l im it in g  b e h av io r .



24

IOi

W)o

0

0

0 O —
HI, 5. 58A

H B r, 5. 23A

HNOcj, 4. 33A / O
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0 0. 5 1 . 01/3 1. 5

F ig u r e  5. A ctiv ity  C oeffic ien t Data fo r  T h re e  S trong A cids C o m p ared
w ith  B e s t - F i t  T h e o re t ic a l  C u rv e s ,  25°.
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L iC l,  4 .62A
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^  RbCl, 3 .10A

C sC l, 2 .80A

= 0. 02

0 1.0 1. 50 .1/3

F ig u r e  6. A ctiv ity  C oeffic ien t D ata  fo r  T h ree  A lkali M eta l ^ h l o r i d e s  
C o m p a red  w ith  B e s t - F i t  T h e o re t ic a l  C u rv es ,  25 .
Ç: Diffusion da ta  f ro m  H a rn ed  and  Owen (37).
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T h ese  o b s e rv a t io n s  a r e  m o r e  fu lly  d i s c u s s e d  in  the  following ch ap te r ,  

but a r e  c o n s is te n t  w ith  the  o r d e r  ob ta ined  us ing  ex tended  fo rm s  of the  

D ebye-H uckel th e o ry  (4). E x p e r im e n ta l  da ta  a t  round  c o n c e n tra t io n s  

fo r  N aF  an d  N a B r  (36) and  N al (38) a r e  c o m p a re d  w ith  the  b e s t  f it  t h e ­

o r e t i c a l  c u rv e s  in  F ig u r e  7. The a  v a lu e s  ob ta ined  fo r  the  sod ium  h a l ­

id e s  a r e  in  th e  o r d e r  to  be  ex p ec ted  f ro m  the  c ry s ta l lo g ra p h ic  r a d i i .  

S im ila r ly  c o m p iled  da ta  fo r  NaNOg and  NH^Cl (36) an d  NaOH (39) a r e  

shown in  F ig u r e  8, A s  in p re v io u s  c a s e s ,  the  e x p e r im e n ta l  a c t iv i ty  

co eff ic ien t da ta  a r e  f i t  to  r e la t iv e ly  high  c o n c e n tra t io n s .  The i s o p ie s t ic  

da ta  of B ow er and  R ob inson  (40) and  L in d en b au m  and  Boyd (41) fo r  t e t r a -  

e th y lam m o n iu m  iod ide  hav e  been  c o n v e r te d  to th e  m o la r  s c a le  us ing  

the  d en s i ty  data  ta b u la te d  in  Conway (39), an d  a r e  shown w ith  the  b e s t  

f i t  th e o r e t ic a l  c u rv e  in  F ig u r e  9. The v e r y  low a c t iv i ty  co eff ic ien ts  

d isp lay ed  by th is  s a l t  can be  w ell r e p r e s e n t e d  by  th e  p r e s e n t  ap p ro ach , 

but a  v e ry  low a  va lue  is  r e q u ire d .

Solu tions of 2 -2  e le c t ro ly te s  a r e  d e s c r ib e d  by the equations

u t i l iz e d  fo r  the  1-1 c a s e  w ith the  a p p ro p r ia te  change of the  va lency

1/3
t e r m s .  The b e h a v io r  of log yx vs M fo r  a s e r i e s  of a v a lu es  is  shown 

in F ig u r e  10; in c luded  is  the  l im it in g  b eh av io r  co n s id e r in g  only the 

t e r m .  F o r  th is  h ig h e r  c h a rg e  type of s y m m e t r ic a l  e lec tro ly te ,  t e r m s  

of h ig h e r  o r d e r  than  the  cube ro o t  p lay  a  s ig n if ican t  ro le  a t  v e ry  low 

c o n c e n tra t io n s .  T ab u la ted  e x p e r im e n ta l  da ta  fo r  ZnSO^ (38, 42) a r e  

c o m p a re d  w ith  the  b e s t  f i t  th e o re t ic a l  c u rv e  and  the l im it in g  line
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F ig u r e  7, A ctiv ity  C oeff ic ien t Data fo r  S e v e ra l  Sodium H alides
C o m p a red  w ith B e s t - F i t  T h e o re t ic a l  C u rv es ,  25°
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F ig u r e  8. A ctiv ity  C oeffic ien t Data fo r  T h re e  1-1 E lec tro ly te s
C o m p a red  w ith  B e s t - F i t  T h e o re t ic a l  C u rv es ,  25°.
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F ig u r e  9. A ctiv ity  C oeffic ien t D ata  fo r  T e trae thy lam nion iunc  
Iod ide  C o m p a red  w ith  B e s t - F i t  T h e o re t ic a l  C urve , 
25°. O: da ta  of L indenbaum  and Boyd (41); □ ;  da ta  
of Bow ar and Robinson (40), a  = 0. 75A,
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F ig u r e  10, T h e o re t ic a l  B eh av io r  of log fo r  V a r io u s  V alues  of the
Ion Size  P a r a m e t e r  (in a n g s tro m s) ,  2 -2  E le c t ro ly te s ;  25 .
- - th e o re t ic a l  l im it in g  b eh av io r .
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(c o n s id e r in g  only the  t e r m )  fo r  2 -2  e le c t ro ly te s  in  F ig u r e  11. The

low c o n c e n tra t io n  data  fa l l  on the  th e o re t ic a l  c u rv e  co rre sp o n d in g  to a

r e a so n a b le  a  va lue . D ev ia tion  of the  da ta  f ro m  the  th e o re t ic a l  cu rv e  a t

r e la t iv e ly  low c o n c e n tra t io n s  is  no t s u r p r i s in g  b e c a u se  of the  tendency

1/3of th is  s a l t  to h y d ro ly z e  (43), The s im p le  M lim it in g  l ine  would r e ­

p ro d u c e  e x p e r im e n ta l  d a ta  only  a t  van ish in g ly  sm a l l  c o n ce n tra t io n s .  In 

the  p a s t  few y e a r s  a  c la s s  of a p p a re n t ly  w e l l -b e h av e d  2-2  e le c t ro ly te s ,  

the  s a l t s  of b en ezen ed isu lfo n ic  a c id s ,  h a s  been  in v e s t ig a te d  and  the i s o ­

p ie s t ic  da ta  of B ru b a k e r  an d  R a s m u s s e n  (44) fo r  the  Mn(II), Cu(II) and 

Zn(II) s a l t s  a r e  c o m p a re d  w ith  th e o re t ic a l  c u rv e s  in  F ig u r e  12. U n fo r­

tuna te ly , no d e n s i ty  da ta  fo r  th e se  so lu tions  could  be found, so the 

m o la l  a c t iv i ty  c o e f f ic ien ts  r e p o r te d  by th e s e  w o rk e r s  have  been  c o r r e c t e d  

only by the  so lv en t  d e n s i ty  fo r  th e s e  p lo ts .  H ow ever, the  low c o n c e n t r a ­

tion da ta  w ould  be  l i t t l e  a f fe c ted  by th is  c o r r e c t io n  e r r o r ,  and, a s  can 

be seen  in  F ig u r e  12, th e s e  po in ts  a r e  w ell re p ro d u c ed  by the  th e o re t ic a l  

c u rv e s .  O nce d e n s ity  da ta  fo r  th e se  so lu tions  beco m e  a v a i lab le ,  the  a 

v a lu es  r e q u i r e d  fo r  the  b e s t  f i ts  o v e r  a  w id e r  c o n cen tra t io n  range  can be 

led .

F o r  a  2-1 e le c t ro ly te ,  the  m e an  ion ic  a c t iv i ty  coeffic ien t is

given by

II'"
CO

,r
LV1/3r v dy

rB-

1/3
-  z

_ \ I 3
d s r (46)

u ti l iz in g  E qua tion  33 and  the  re la t io n s  given a t  the  beginning of th is
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F ig u r e  11, A c tiv ity  C oeffic ien t D ata fo r  Z inc Sulfate  C o m p ared  with
B e s t " F i t  T h e o re t ic a l  C urve , 25 . - - th e o re t ic a l
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Figu] 1 ? A ctiid ty  C o eff ic ien t  D ata  of B ru b a k e r  and  R a s m u s s e n  (44) f o r  S e v e ra l  m -Ber.zen» 
D isu lfo n a tes  [BDS) C o m p a re d  w ith  T h e o re t ic a l  C u rv e s ,  25 .
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sec tio n .  The l im it in g  r e la t io n  fo r  the  a c t iv i ty  co e ff ic ien t  of a 2-1 e l e c ­

t ro ly te  i s  o b ta ined  us in g  the  l im it in g  e x p re s s io n  (E quation  34) fo r  the  

co m p le te  in te g r a l  in  E qua tion  46. C o n s id e r in g  th e  cube ro o t  t e r m s  only, 

and  n o rm a l iz in g  so th a t  the  a c t iv i ty  co ef f ic ien t  equa ls  un ity  a t  in f in ite  

dilution, g ives
00

0 .4 5 1 4  z,Zo6^
In y = - r # N M l  .  ° - 3 î3 3  (47)

UoOO J D k T d  - J
A

B e c a u se  a i s  u s e d  a s  a  f i t t in g  p a r a m e te r  in  the  p r e s e n t  developm ent,  the 

l im it in g  s lo p es  of log  y^ fo r  v a r io u s  a  v a lu es  a r e  given in  T ab le  I. The

TA B LE I

TH EO RETIC A L LIMITING VALUES F O R  2-1 
E L E C T R O L Y T E S  AS A FUNCTION OF a

a
-d  log y^ K X 10 c m '^

dM^/S M^/S

0 .2 0 .8 1 0 3 .919
.3 , 722 3 .495
.3 3 .7 0 3 3 .403
,3 5 - 691 3. 347
. 4 , 665 3 .217
. 5 .6 2 6 3. 032

in te g ra l  a p p ea r in g  in  the  second  t e r m  of E quation  47 is  ev a lu a ted  by e x ­

p an s io n  of the  exponen tia l  and  t e r m - b y - t e r m  in te g ra t io n .  The p ro g r a m  

em ployed  fo r  tliis in te g ra t io n  is  given in  the  A ppendix .
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The b e h av io r  of E quation  46 fo r  a s e r i e s  of a  va lues , a t  a 

sp ec if ic  va lue  of a, i s  shown in F ig u r e  13; fo r  a  s e r i e s  of a  va lues  a t  a 

c o n s ta n t  a  va lue  in  F ig u r e  14. T he b e s t  f it  th e o re t ic a l  cu rv e  fo r  C aC l 2  

e x p e r im e n ta l  da ta  (32, 45) i s  shown in  F ig u r e  15. T h e re  is  a unique 

p a i r  of a  a n d  a v a lu es  (a = 4. 85A, a = 0. 33) w hich re p ro d u c e s  the  e x p e r i ­

m e n ta l  a c t iv i ty  co e f f ic ien t  da ta  th ro u g h  the  o b se rv e d  m in im u m . The 

e x p e r im e n ta l  da ta  d iv e rg e  f ro m  th e  th e o re t ic a l  l im it in g  l ine  ( c o r r e s p o n d ­

ing  to  the  b e s t - f i t  va lue  of a) a t  the  lo w es t  c o n ce n tra t io n s  fo r  w hich a c t iv ­

i ty  co e f f ic ien t  d a ta  a r e  a v a i la b le .  This  d iv e rg en ce  shows th a t  t e r m s  of 

h ig h e r  o r d e r  than  a n d  sp ec if ic  c h a r a c t e r i s t i c s  of the  e le c t ro ly te  b e ­

c o m e  s ig n if ic a n t  a t  m uch  lo w er  co n ce n tra t io n s  than is  the  c a s e  fo r  1-1 

e le c t r o ly te s .

T a b u la te d  da ta  fo r  o th e r  a lk a l in e  e a r th  c h lo r id e s  have  been  

exam ined , but the  e x p e r im e n ta l  da ta  fo r  M gCl 2  and  SrC l^  do no t extend  

to su ff ic ien tly  low c o n c e n tra t io n s  to be co n s id e re d .  The tab u la ted  data 

fo r  R aC l-  (36) a r e  c o m p a re d  w ith  the  b e s t - f i t  th e o re t ic a l  c u rv e  in F ig u re  

16. The a  an d  a  v a lu e s  r e q u i r e d  to b e s t  re p ro d u c e  th e se  data  a r e  0. 27 

and  4. 26A, re sp ec tiv e ly ^  As w as  the c a s e  with the a lk a l i  m e ta l  c h lo ­

r id e s ,  the  a  v a lu es  ob ta ined  fo r  th e s e  two a lk a l in e  e a r th  ch lo r id e s  a r e  

in  the  o p p o s ite  o r d e r  of the  sum  of th e i r  un iva len t ra d i i .  The s c a rc i ty  

of low c o n c e n tra t io n  a c t iv i ty  coeffic ien t data  fo r  m o s t  of the  a lka line  

e a r th  s a l t s  (with un iv a len t an ions) m a k e s  i t  im p o s s ib le  to com ple te  any 

s o r t  of ex ten s iv e  c o m p a r iso n  of th e o re t ic a l  p re d ic t io n s  w ith e x p e r im en ta l
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F ig u r e  13. T h e o re t ic a l  B eh av io r  of log fo r  V arious  V alues  of 
the  Ion Size  P a r a m e t e r  (in a n g s tro m s) ,  a = 0, 33,
2-1 E le c t ro ly te s ,  25°
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F ig u r e  14. T h e o re t ic a l  B eh av io r  of log fo r  V a r io u s  V alues  of a, 
a = 4. 80 A, 2-1 E le c t ro ly te s ,  2 5 .  - - - : a = 0 .  33;
 : a  = 0. 4 0 ; ------------- : a  = 0. 50.



3 8

g4->
CO

§o

ÜOo

0

0. 1

. 2

.3

. 4
0 0. 5 1. 01 / 3

M '

F ig u r e  15, A ctiv ity  C oeffic ien t D ata  fo r  C a lc ium  C h lo r id e  C o m p ared  
with B e s t - F i t  T h e o re t ic a l  C u rv e  (a = 4. 85A, a = 0, 33), ZS*” 
- - - : th e o re t ic a l  l im it in g  behav io r ,  a = 0. 33.
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'ig u r e  16. A ctiv ity  C oeffic ien t Data fo r  Bariui~n C h lo ride  C o m ­
p a r e d  w ith B e s t - F i t  T h e o re t ic a l  C urve  (a = 4. 26A, 
a -  0. 27), 25°.
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data .

The c a lc u la te d  a c t iv i ty  coeff ic ien t data fo r  the v a r io u s  e le c t ro -  

ly te s  which have been  exam ined  a r e  tab u la ted  in  round  va lues  of the cube 

ro o t  of co n ce n tra t io n  ( m o le / l i t e r )  in  the Appendix.

Conductance

In the  l im it in g  ca se ,  th e  a v e r a g e  ra d iu s  of the volum e occupied  

by a  u n it  can  be c a lc u la te d  by equating the  l im it in g  e x p re s s io n  fo r  the 

a c t iv i ty  coeff ic ien t to  the  cou lom bic  en erg y . The a v e r a g e  r e c ip r o c a l  

r a d iu s  (K) can  be d e te rm in e d  f ro m

jykT In y^ = - jz^z^| e^K/D (48)

us ing  the  a p p ro p r ia te  l im it in g  e x p re s s io n  fo r  In y^.. The K ob ta ined  in 

th is  m a n n e r  can  be r e l a t e d  to th e  c o rre sp o n d in g  a v e ra g e  r e c ip ro c a l  

r a d iu s  of the  ion a tm o s p h e re  (K ) a r i s in g  f ro m  the  D ebye-H uckel t r e a t ­

m e n t .  Having d e te rm in e d  th is  re la t io n sh ip ,  the  O n sa g e r  equation fo r  

l im it in g  conductance  can be u se d  to c o m p are  th e o re t ic a l  l im it ing  l in es  

f ro m  the  p r e s e n t  t r e a tm e n t  w ith  e x p e r im en ta l  conductance  data.

The l im it in g  e x p re s s io n  fo r  the  ra t io n a l  a c t iv i ty  coeffic ient, a s  

given by the  D ebye-H uckel app ro ach , is

In _ J l l _  (49)
2DkT 1+ K'-a

' I '

A t low co n cen tra t io n s  y^ = f̂ . and K a « l ,  th e re fo re ,  c o m p ar iso n  of 

E quations  48 and 49 y ie lds

k* /K  = 2/y  (50)
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U sing r e l i a b le  v a lu es  fo r  the  d ie le c t r ic  c o n s ta n t  (46) and  v i s ­

co s i ty  (47) of w a te r  a t  25 C, the  O n sa g e r  equation  fo r  l im it in g  conduc 

tan ce  b e co m e s

A = A °  - {7. 1356 X 10 ^ I z^^z^lCq/d + q  ̂ )]A

+ 2. 7634 X 10"" ( j z j  + jzgPJK /3  (51)

w h e re
2=1̂ 21

q = + | z 2 i )  ( | z 2 h i +

and tj^ and  a r e  the  l im it in g  t r a n s f e r e n c e  n u m b e r s  of the  r e s p e c t iv e  

ions . In the  c a s e  of s y m m e t r i c a l  e le c t ro ly te s  q / ( l +  = 0 ,2 9 2 9 . F o r

1-1 e le c t ro ly te s ,  E quation  51 b e co m e s

A = A° - (2 . 0 9 0 0  X 10” V  + 5. 5268 x  lO"^) K*/3 (52)

Using E qua tions  45 and  48, the  va lue  of K fo r  1 - 1  e le c t ro ly te s  i s  given 

by

K c m ‘  ̂ = 1 = 8435 X 10*̂  (53)
1 - 1

The l im it in g  conductance , a s  obtained f ro m  the  O n sa g e r  equation  us ing  

K a s  c a lc u la te d  f ro m  the  p r e s e n t  ap p ro ach , i s  c o m p a re d  with e x p e r im e n ­

ta l d a ta  fo r  HCl (48) in  F ig u r e  17; the  re la t io n  giving the  b e s t  f i t  to the 

e x p e r im e n ta l  da ta  is

1/3
^ H C l  " 431. 0 - 89. 3 M (54)

Inc luded  in F ig u r e  17 is  the  l im it in g  conductance  c u rv e  ob ta ined  us ing  
11

the D ebye-H ucke l t r e a tm e n t .  The p r e s e n t  a p p ro a c h  g ives  the  b e t te r
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F ig u r t  17. Equi.valent C o n d u c tan ce  D a ta  fo r  H y d ro c h lo r ic  A c id  C o m p a re d  w ith  th e  L im it in g  
B eh a v io r  JPredi.cted t y  th e  T h e o ry  {- - -)  and  b y  th e  D eb y e-H u ck e l  T r e a tm e n t  
( ------ ). 25".
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ap p ro x im a tio n  of the  e x p e r im e n ta l  conductance  data ove r  a  w id e r  c o n ce n ­

t r a t io n  ran g e .

F o r  2-1 e le c t ro ly te s  th e  l im it in g  e x p re s s io n  fo r  In i s  d e p en ­

dent on a, th e re fo re ,  j depends on the va lue  of th is  p a r a m e te r .  In 

o r d e r  to c o m p a re  the l im it in g  conductance  p re d ic te d  f ro m  the  p r e s e n t  

a p p ro ach  to low co n cen tra t io n  data, one can e i th e r  u se  the  va lue  of a o b ­

ta in ed  f ro m  the  b e s t  f i t  to a c t iv i ty  coeff ic ien t data, o r , a  can be d e t e r ­

m in e d  by fit t ing  the  conductance  da ta . The b e s t  f i t  to the  low c o n c e n t r a ­

t ion  conductance  data  fo r  C aC l 2  (49) i s  ob ta ined  w ith  a = 0. 5 (the c o r ­

respond ing  va lue  of K i s  g iven in  T able  I). F o r  2-1 e le c t ro ly te s  th e  On- 

s a g e r  equation  fo r  l im it in g  conductance

A= A° - (1 .2283 X 10‘ ®A°+ 2 . 7634 x 1 0 "^) K* (55)

b eco m es , fo r  CaClg (with the K va lue  fo r  a = 0 . 5),

Ar- r'l = 137. 6  - 90. 0 (56)
C a C l g

T his  r e la t io n  is  c o m p ared  w ith  the  l im it in g  equation f ro m  the  D ebye- 

H uckel t r e a tm e n t  and the  low c o n ce n tra t io n  conductance  data fo r  CaCl^ 

in  F ig u r e  18. Using the  K value  co rre sp o n d in g  to the  a v/hich gave the 

b e s t  fit  to C aC l 2  a c t i \d ty  co eff ic ien t data  g ives

^ C a C l 2  = 138. 0 - lO l. 1  (a = 0. 33) (57)

The two l im it in g  conductance  e x p re s s io n s .  Equations  56 and  57, a r e

I I

c o m p a re d  w ith the D ebye-H uckel l im it in g  cu rv e  and the e x p e r im en ta l

Cl ■f’o  i  VI TZ* n r m T * o  i Q



135

cr
0)

g
N

S 130u

<

0. 05 0 . 100 .1/3

4̂

F ig u r e  18, Low Cor.c entratio:-! E q u iv a le n t  C onductance  D ata  fo r  C a lc iu m  C h lo r id e  C o m p a re d  w ith  
the  L im it in g  B eh a v io r  P r e d ic t e d  by the  T h e o ry  a  = 0. 50) an d  by  th e  D eb y e -
H u ck e l  T re a tm e n t  (-
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F ig u r e  19. E q u iv a len t  C onductance  D ata  fo r  C a lc iu m  C h lo r id e  C o m p a re d  w ith  the  L im it in g
B eh a v io r  P r e d ic te d  by the  T h e o ry  ( -------------- , a = 0. 5 0 ; --------, a = 0, 33) and  by the
D e b y e -H u c k t l  T r e a tm e n t  (----- ), 25°.
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H e a t  of D ilu tion

A t  p r e s e n t  only the  in te r p r e ta t io n  of low c o n ce n tra t io n  l im it in g  

c a s e s  can  be c o n s id e re d .  The p a r t i a l  m o la r  en thalpy  of the  e le c t ro ly te  

i s  given by

I 2  = - v R T ^ O l n  y ^ /9 T )  (58)

w h e re  R is  the  gas  co n s tan t .  F  ro m  the  l im it in g  e x p re s s io n  fo r  In y^.

E quation  58 b e c o m e s

L ^ =  - R T ^ { ( ô ln V /ô ln T ) /3 +  O  In D /a  InT) + 1] ( ) | e^K/DkT) (59)

T he  re la t iv e  a p p a r e n t  m o la r  en thalpy , • i s  m o r e  d i r e c t ly  c o m p a ra b le

w ith  e x p e r im e n ta l  da ta  s in ce  i t  d i f fe r s  f ro m  the  in te g ra l  h e a t  of dilu tion

only by a  c o n s tan t .  can  be o b ta in ed  f ro m  L1 2  by the  re la t io n

M

= (1/M) f  L ^dM  = (3 /4 ) Ë 2  (60)

U se of the  l im it in g  e x p re s s io n  fo r  K an d  E qua tions  59 and  60 y ie ld s  the  

th e o re t ic a l  e x p re s s io n  fo r  1 : 1  e le c t ro ly te s :
1/3

, c a i /m o ie  = 198. 5 M (6 i)

V a lues  fo r  the t e r m s  in s id e  the b r a c k e t s  in E quation  59 w e re  ob ta ined  

f ro m  H a rn e d  and  Owen (50). The th e o r e t ic a l  l in e  c lo se ly  m a tc h e s  the  

l im it in g  s lope  of the  e x p e r im e n ta l  da ta  fo r  NaCl (51 ), F ig u r e  20, and 

a p p ro x im a te s  the  data  o v e r  a w ide c o n ce n tra t io n  range .

The re la t iv e  a p p a re n t  m o la r  en thalpy  fo r  a 2-1 e le c t ro ly te  is ,

L i iC  v c b x u .c :  V./X x  x  x w  vx — v ,

1 / 3
: c a l /m o le  = 653. 0 M (62)
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F ig u r e  20. Low C o n cen tra t io n  H ea t  of D ilution Data fo r  Sodium 
C h lo rid e  and C a lc ium  C h lo rid e  C o m p a red  w ith the 
L im itin g  B ehav io r  P r e d ic te d  by the  T h eo ry  {- - - ; a = 0. 50 
fo r  CaCl^) and by the D ebye-H uckel T r e a tm e u t  (----- ). 25^.
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The th e o re t ic a l  l im it in g  b e h av io r  i s  c o m p a re d  w ith e x p e r im e n ta l  h e a t  

of d ilu tion  data fo r  CaCl^ (52) in  F ig u r e  20. The th e o re t ic a l  l in e  r e p r o ­

duces  the  e x p e r im e n ta l  da ta  a t  the  low er c o n c e n tra t io n s .  B ec a u se  the  

e x p e r im e n ta l  da ta  a t  the  lo w es t  c o n c e n tra t io n s  a r e  too l im i te d  to d i s t in ­

g u ish  betw een a v a lues , only the  va lue  giving the  b e s t  f it  to low c o n c e n ­

t r a t io n  conductance  data  i s  c o n s id e re d .



C H A PTE R  IV 

DISCUSSION OF RESULTS

A c tiv i ty  C oeff ic ien ts  

F o r  the  n u m e ro u s  e le c t ro ly te s  exam in ed  in  the p re c e d in g  

c h a p te r ,  the  th e o ry  d i s c u s s e d  in  C h ap te r  II r e p ro d u c e s  the e x p e r im e n ta l  

d a ta  to r e la t iv e ly  h igh  c o n c e n tra t io n s  and  p r e d ic t s  the  c o r r e c t  b e h av io r  

in  the  h ig h e r  c o n ce n tra t io n  reg io n . A s u m m a ry  of the  a  va lu es  r e q u i r e d  

to  f it  the  e x p e r im e n ta l  data  i s  g iven in  T able  11; inc luded  a r e  v a lu es  o b ­

ta in e d  using  m o d if ied  fo r m s  of the  Debye -H uckel t r e a tm e n t .  One m e th o d  

in v o lv es  the  in c lu s io n  of t e r m s  of h ig h e r  o r d e r  in co n ce n tra t io n  than

(53); the  o th e r  c o n s id e r s  h y d ra t io n  n u m b e r  a s  an  add it io n a l  p a r a m ­

e t e r  (18, 54). T ab le  11 a lso  con ta in s  the su m s  of the  v a r io u s  u n iva len t 

r a d i i  a s  c a lc u la te d  f ro m  c ry s ta l lo g ra p h ic  data  by P au lin g  (55), an d  the 

m o r e  r e c e n t  e x p e r im e n ta l  da ta  of G o u ra ry  and A d r ia n  (56).

C o m p a r iso n  of the a v a lues  fo r  the s tro n g  a c id s  ob ta ined  f ro m  

th e  p r e s e n t  a p p ro a ch  w ith  those  f ro m  extended  fo r m s  of the  D ebye- 

H uckel th e o ry  shows both ra n k  the  a c id s  in  the  sam e  o r d e r  of the  ion 

s iz e  p a r a m e te r .  In addition , the th e o ry  p re d ic t s  the th re e  ha logen  ac id s  

to  be c lo s e r  in s iz e  than  is  p re d ic te d  by o th e r  a p p ro a c h e s ,  i. e. , v a r io u s

49
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TA B LE II

ION SIZE PA R A M E TE R  VALUES REQUIRED TO F IT  
EX PER IM EN TA L ACTIVITY C O E FF IC IE N T  DATA

1-1 E le c t ro ly te s ,  25°

E le c t ro ly te

a  value, a n g s t r o m s

This
T h eo ry

D ebye-H uckel + r
S and  R^ R and H^ P au lin g ° G and A^

HNO 3 4. 33
HCl 4. 80 4. 47 4. 3
H B r 5. 23 5. 18
HI 5. 58 5. 69 5. 5

L iC l 4. 62 4. 32 4. 25 2.41 2. 58
N aCl 3. 67 3 .97 4. 20 2. 76 2 . 81
KCl 3. 23 3. 63 3. 85 3. 14 3. 13
RbCl 3. 10 3. 49 3. 2 3. 29 3. 27
C sC l 2 . 80 2. 5 3. 46 3. 50

N aF 2 . 59 2.31 2. 33
N aCl 3. 67 3. 97 4. 2 2. 76 2 . 81
N a B r 4. 00 4. 24 4. 2 2.91 2 .9 7
N al 4. 47 4. 47 4. 2 3. 13 3. 22
NaOH 3.89
NaNOg 2. 52

NM r.i 3, 2 5---- ^ --- 3. 29
'C 2 H s i .N i 0. 75

^E x ten d ed  fo rm  co n s id e r in g  ion hydra tion , Stokes and  Robinson (54). 
^ E x ten d ed  fo rm  using  h ig h e r  o r d e r  te rm s ,  Robinson and H a rn ed  (53). 
‘“T ab u la ted  un iva len t ra d i i  of P au ling  (55).
^ E x p e r im e n ta l  un iva len t ra d i i  of G o u ra ry  and  A drian  (56).
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fo r m s  of the D ebye-H uckel t r e a tm e n t .  A lthough the  d if fe ren c es  betw een 

the  ha lide  ions in  th e se  ac id s ,  a s  d e te rm in e d  by the  p r e s e n t  th eo ry ,  a r e  

l a r g e r  than  th o se  c a lc u la te d  u s in g  P a u l in g 's  (univalent) rad ii ,  the  a value 

d if fe re n c e s  ob ta ined  f ro m  the th e o ry  a r e  c lo s e r  to the  un iva len t r a d i i  d if­

f e r e n c e s  than  th o se  ob ta ined  f r o m  the ex tended  fo rm s  of the  D ebye-H uckel 

equation . F o r  the  a lk a l i  m e ta l  c h lo r id e s ,  both g e n e ra l  a p p ro a ch e s  o rd e r  

the  s a l t s  in  the  opposite  d i re c t io n  expec ted  f ro m  th e i r  un iva len t ra d i i .

T h is  can  be exp la ined  by c o n s id e r in g  h y d ra t io n  to o c c u r  in  the  c a s e  of 

the  s m a l l e r  ca tions , l i th iu m  and  sodium , while , fo r  the  l a r g e s t  ca tions , 

ru b id iu m  and  ces iu m , th e i r  l a r g e  a r e a  and  sm a l l  c h a rg e  could a llow  

in te rp e n e t r a t io n  on co n tac t  lead in g  to an  a va lue  s m a l l e r  than  the  sum  

of th e i r  r e s p e c t iv e  un iva len t ra d i i .  T h e re  is  a lso  the  p o s s ib i l i ty  tha t 

th e  rub id ium  and c e s iu m  c h lo r id e s  m ig h t be a s s o c ia te d  to a v e ry  s ligh t 

ex ten t (53). The a  value  ob ta ined  fo r  p o ta s s iu m  ch lo r id e  is  quite  c lo se  

to the  sum  of the  u n iv a len t ra d i i .

Am ong the sod ium  h a l id e s ,  Table  II, the o r d e r  of the  a v a lues  

is  a s  would be expec ted  f ro m  the  co rre sp o n d in g  urJ.valent ra d i i .  The 

va lue  of the  ion s iz e  p a r a m e te r  fo r  sodium  hydrox ide  is  s ligh tly  l a r g e r  

than  the  a  value fo r  sod ium  ch lo r id e .  This su g g es ts  tha t the hydroxyl 

ion  cannot be ex ten s iv e ly  h y d ra te d  o r  en trap p ed  in  any w a te r  s t ru c tu re  

th a t  might, be p re s e n t :  th is  fo llows f ro m  e s t im a tio n s  of ion ii : hyd ra t io n  

d is c u s s e d  in l a t e r  p a ra g ra p h s .  The r e la t iv e ly  low a va lues  ob ta ined  f ; r  

sod ium  flu o r id e  and n i t r a t e  could  be the  result, of a sm a l l  deerrrr- of
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a s s o c ia t io n  in so lu tion . In the c a s e  of sodium  n i t r a te ,  the  sm a l l  a  value 

m ig h t  r e s u l t  f ro m  a s ign if ican t n u m b e r  of c lo se  a p p ro a c h e s  of the  p la n a r  

n i t r a t e  ion in  a  sp ec if ic  o r ie n ta t io n  w h e re  the  p lane  of the  ion i s  m o r e  

o r  l e s s  p e rp e n d ic u la r  to the  c a t io n -n i t ro g e n  l in e  of c e n te r s .

The i s o p ie s t ic  a c t iv i ty  co eff ic ien t  data  fo r  am m o n iu m  c h lo r id e  

a r e  w e ll  r e p r e s e n te d  by the  th e o ry  and  the a  va lue  o b ta ined  i s  quite  c lo se  

to the  sum  of the  un iv a len t rad ii ,  T ab le  II. The low c o n ce n tra t io n  data  

fo r  th is  sa lt ,  a s  d e te rm in e d  by f re e z in g  po in t d e p re s s io n  m e a s u r e m e n ts  

(57), dev ia te  f ro m  the  D eb ye-H ucke l l im it in g  law in  the  n eg a tiv e  d i r e c ­

tion. H ow ever, F r a n k  (58) h a s  shown th a t  th e se  da ta  a r e  l in e a r  in  the 

cube ro o t  of c o n cen tra t io n .  The a c t iv i ty  co eff ic ien t da ta  fo r  t e t r a e th y l -  

a m m o n iu m  iod ide  a lso  d ev ia te  in  the  n eg a tiv e  d i re c t io n  f ro m  the D ebye- 

H uckel l im it in g  law ,b u t can  be r e p ro d u c e d  w ith  the  p r e s e n t  th e o ry  us ing  

a low value  of the  ion s iz e  p a r a m e t e r .  The v e ry  low a va lue  re q u ire d ,  

T ab le  II, su g g es ts  th a t  a  s ig n if ican t  am oun t of a s s o c ia t io n  is  o c c u r r in g ;  

i t  i s  qu ite  l ik e ly  th a t  h igh o r d e r  a g g re g a te s  of s ig n if ican t  l i f e t im e  are. 

being fo rm e d  in such so lu tions . Th is  exp lanation  would be c o n s is te n t  

w ith  the  r e la t iv e ly  high v i s c o s i t i e s  d isp lay ed  by th e s e  so lu tions  (59).

The low a  va lue  d e te rm in e d  fo r  te t ra e th y la m m o n iu m  iod ide  is  c o n s is te n t  

with the va lues  found fo r  s e v e r a l  q u a te r n a r y  h a l id e s  by E vans  and  Kay 

(60) us ing  p r e c i s e  conductance  da ta  and  an ex tended fo rm  of the  F u c s s -  

O n sa g e r  conductance  equation.

I t  i s  of p a r t i c u la r  i n t e r e s t  to no te  tha t the a value ob ta ined  fo r
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p o ta s s iu m  c h lo r id e  us ing  the  th e o ry  i s  quite  c lo se  to the  sum  of the  u n i ­

v a len t  ra d i i .  This  su g g es ts  th a t  the ind iv idua l ions  a r e  e s s e n t ia l ly  unhy­

d ra te d ;  th e re fo re ,  th e i r  ind iv idua l ra d i i  could  be u s e d  to e s t im a te  the  d e ­

g r e e  of h y d ra t io n  of o th e r  e le c t ro ly te s  contain ing  one of th e s e  io n s .  H ow ­

ev e r ,  the  ind iv idua l u n iv a len t r a d i i  of and  Cl a s  d e te rm in e d  by P a u l ­

ing do no t a p p e a r  to be c o n s is te n t  w ith  l im it in g  t r a n s f e r e n c e  n u m b e r  data  

(38), a s s u m in g  th a t  both ions  a r e  e s s e n t ia l ly  u n h y d ra ted .  The l im it in g  

t r a n s f e r e n c e  n u m b e r  da ta  h ave  been  used , in  con junction  w ith  th e  a  va lue  

d e te r m in e d  by fit t ing  a c t iv i ty  c o e ff ic ien t  da ta  w ith  th e  p r e s e n t  th eo ry ,  to 

d e te r m in e  th e  ion ic  ra d i i .  T h e se  r e s u l t s  h ave  been  c o m p a r e d  w ith  the 

r a d i i  c a lc u la te d  f ro m  Stokes law  u s in g  the  l im it in g  ion ic  m o b i l i t ie s  of 

a n d  C l~ .  H ow ever, S tokes law

u = l /b i r t j r  (63)

w h e re  u is  the ion ic  m o b il i ty  an d  the  v is c o s i ty  of the  solvent, w a s  d e ­

r iv e d  fo r  the  m o tion  of a s p h e re  th ro u g h  a continuous m e d iu m . This  is  

obv ious ly  no t the e a s e  fo r  the  m o tio n  of an  ion th rough  a so lv en t such 

a s  w a te r ,  i f  the m ed iu m  is  not continuons, the  co n s ta n t  in  the  d e n o m i­

n a to r  of Equation  63 i s  so m eth ing  l e s s  than 6 ir bu t i t s  ex ac t  v a lu e  i s  un ­

c e r ta in .  In view of th is  co m plica tion , the r e s u l t s  o b ta ined  u s ing  the  ion 

s iz e  p a r a m e te r  a r e  c o m p a re d  w ith  r e s u l t s  c a lc u la te d  u s ing  two d if fe ren t  

f a c to r s  in  the d en o m in a to r  of E quation  63. The u n iv a len t  r a d i i  of P a u l in g  

and  the m o r e  r e c e n t  e x p e r im e n ta l  d e te rm in a t io n s  of G o u ra ry  an d  A d r ia n  

a r e  in c lu d ed  with the  above r e s u l t s  in  Table  III.
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T A B LE III 

COMPARISON OF ION RADII, KCl

F  ro m
T r a n s p o r t
Data

Stokes Law U nivalent R ad ii

6 i t 4 i t P au lin g ^  G and  A^

R ad ius  of K*̂ , A 1. 65 1. 25 1 . 8 8 1 .33  1 .49

R ad ius  of Cl~, A 1. 58 1 . 2 1 1 . 81 1.81 1 .6 4

C a lcu la ted  using  l im it ing  t r a n s f e r e n c e  n u m b e rs  and a  = 3. 23A.
T abu la ted  u n iva len t ra d i i  of P a u l in g  (55). 

'E x p e r im e n ta l  da ta  of G o u ra ry  and  A d ria n  (56).

The r e s u l t s  ob ta ined  u s ing  the  ion  s ize  p a r a m e te r  va lue  fo r  KCl, 

a s  d e te rm in e d  by the  theory , w ith  the l im it in g  t r a n s f e r e n c e  n u m b e rs ,  

a g r e e  quite  w e ll  w ith the  u n iv a len t ra d i i  d e te rm in e d  by G o u ra ry  and  A d rian .  

The r e s u l t s  a r e  a lso  c o n s is te n t  w ith  a  fo rm  of Stokes law contain ing  a 

som ew hat re d u ced  value fo r  the  n u m e r ic a l  co n s tan t in  the  den o m in a to r .

The ind iv idual ion ic  ra d i i  do )t con fo rm  to the  va lues  of P au lin g ;  howev

the  m o re  r e c e n t  ex p e r im en ta l  va lu es  of G o u ra ry  and Adrian should be 

the  m o r e  r e l ia b le  fo r  ab so lu te  c o m p a r iso n s .

The c h lo r id e  ion rad iu s ,  a s  d e te rm in e d  f ro m  t r a n s p o r t  da ta  and 

the  ion s ize  p a r a m e te r ,  can be u se d  to e s t im a te  the  d e g re e  of h y d ra t io n  

of o th e r  c h lo r id e -co n ta in in g  e le c t ro ly te s ,  re m e m b e r in g  the underly ing  

a ssu m p tio n  th a t  the  ch lo r id e  ion is  e s s e n t ia l ly  unhydra ted . Two spec if ic  

ex am p les  have  been  calcu la ted , sod ium  ch lo r ide  and  h y d ro c h lo r ic  ac id .
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In ca lcu la t in g  the h y d ra t io n  n u m b e r  of the  sodium  ion, i t  w as a s s u m e d  

th a t  i t s  u n h y d ra ted  ra d iu s  w as in  the  sam e  p ro p o r t io n  to i t s  u n iv a len t  

ra d iu s  (Pau ling) a s  the  ra t io  of the  ca lc u la te d  ra d iu s  of the  p o ta s s iu m  

ion to i t s  u n iva len t rad iu s ,  T ab le  III. P a u l in g 's  ra d i i  w e re  u se d  in  th e se  

ca lc u la t io n s  b e c a u se  of the  m o r e  e x ten s iv e  tab u la tio n s  which a r e  a v a i l ­

ab le .  Once the  vo lum e of th e  so lva t ion  sh e ll  i s  ca lcu la ted ,  one m u s t  

decide  which va lue  fo r  the  vo lum e of a  w a te r  m o le c u le  i s  to be adopted .
3

Stokes and  R obinson  (54) and  G lueckauf (18) u sed  the va lue  of 30 A c o r ­

re spond ing  to the  a p p a re n t  vo lum e occup ied  by each  m o le c u le  in  one 

m o le  of w a te r .  H ow ever, i f  one a s s u m e s  a so lva tion  shea th  w ith  a  s i g ­

n if ican t  t im e  of occupancy  by sp ec if ic  m o le c u le s ,  then the  value  of 1 1 . 5A^ 

adop ted  by B e rn a l  and  F o w le r  (61) a p p e a r s  to be the  m o r e  a p p ro p r ia te .  

T h is  vo lum e c o r re s p o n d s  to the  a c tu a l  vo lum e of the w a te r  m o le c u le  a s  

a p p ro x im a te d  f ro m  s t r u c tu r e  da ta .  Upon the adoption  of a va lue  f o r  the  

volum e of a  w a te r  m o lecu le ,  the  ca lcu la t io n s  a r e  s t r a ig h t fo rw a rd  and  

le ad  to the  r e s u l t s  com piled  in T ab le  IV; inc luded  a r e  the  sodium  ion 

ra d iu s  and  ex ten t of h y d ra t io n  e s t im a te d  using  the l im it in g  t r a n s f e r e n c e  

n u m b e rs  of N aCl (38) in  con junction  w ith  the  c h lo r id e  ion ra d iu s  d e t e r ­

m in e d  f ro m  the p o ta s s iu m  c h lo r id e  data. T ab le  III.

A s r e g a r d s  the Na data  in Table  IV, the b a re  ion ra d iu s  i s  co n ­

s is te n t  w ith the  r e s u l t s  of G o u ra ry  and  A d rian ,  and  the  a p p a re n t  ra d iu s  

c o m p a re s  w ell w ith  the value ob ta ined  us ing  the  l im it in g  t r a n s f e r e n c e  

n u m b e rs  of NaCl with the c h lo r id e  ion ra d iu s  d e te rm in e d  f ro m  the  KCl
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T A B L E  IV

CALCULATION OF RADIUS AND EX TEN T OF 
HYDRATION O F Na^ and H^

R adius , a n g s t r o m s

F  ro m  Ion Size 
P a r a m e t e r  (ISP)

T r a n s p o r t  No. 
and - f ro m  
KCl da ta  (TN)

U nivalent
H y d ra tio n
N u m b e r

Ion B a r e A p p a ren t P a u l in g ”" G and  A"^ IS P  TN

Na^ 1 . 18 2 . 09 2. 37 0 .9 5  1 .17 2. 8  4. 2

H+ c 3. 22 _d - 1 2

^ T a b u la te d  u n iv a len t r a d i i  of P a u l in g  (55)
^V a lu es  of G o u ra ry  and  A d r ia n  (56).
^ A ssu m e d  the  b a re  p ro to n  to be  of in s ig n if ic a n t  s ize .
^ B e c a u se  of un u su a l  t r a n s p o r t  m e c h a n is m  of the  p ro ton , cannot u se  

l im it in g  t r a n s f e r e n c e  n u m b e r s  to e s t im a te  s ize .

da ta  (T ab le  II, f i r s t  co lum n). The h y d ra t io n  n u m b e rs  v a ry  a c c o rd in g  to 

th e  m e th o d  of c a lcu la t in g  the r a d iu s  (ap p a ren t)  of the sod ium  ion bu t a r e  

c o m p a ra b le  to the  va lue  ob ta in ed  by  G lueckauf (18) fo r  the h y d ra t io n  

n u m b e r  of the m o lecu le ,  i. e . , 3. 60. H ow ever, i t  m u s t  be r e m e m b e r e d  

th a t  G lueckauf did no t a s s u m e  th a t  the  c h lo r id e  ion i s  unhydra ted , and, 

th e  vo lum e of the w a te r  m o le c u le  w hich  he adop ted  fo r  h is  c a lcu la t io n s  

i s  m uch  d if fe re n t  than  the va lue  u s e d  in  th e se  d e te rm in a t io n s .  Both the 

b a r e  ion ra d iu s  and  the  h y d ra t io n  n u m b e r  ob ta ined  us ing  the  ion s ize  

p a r a m e t e r  f ro m  th is  th e o ry  a r e  r e a s o n a b le  c o m p a re d  with the  e x p e r im e n ­

ta l  u n iv a len t r a d iu s  and  v a r io u s  h y d ra t io n  n u m b e rs  which have been  r e ­

p o r te d  (62) fo r  the  sod ium  ion.
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The h y d ra t io n  n u m b e r  fo r  the  p ro to n  in  so lu tion  (T ab le  IV) is  a 

m a x im u m  va lue  w ith  no c o n s id e ra t io n  of the  packing  of w a te r  m o le c u le s  

abou t the  b a r e  p ro to n .  I t  i s  of i n t e r e s t  to n o te  th a t  the  vo lum e c o r r e ­

sponding to the  a p p a r e n t  r a d iu s  of the  p ro to n  (140A^) a p p ro x im a te s  the 

vo lum e o ccu p ied  by a  r e g u la r  p en tagona l d o decahed ron  ( 1 6 1 A ) w ith  an 

edge leng th  of 2. 7bA, the O -H  • • • O bond d is ta n ce  in  w a te r ,  w ith  no v o l­

u m e  c o r r e c t io n s  fo r  the  a to m s  c o m p r is in g  the  f r a m e w o rk .  The d o d ec ­

a h e d r a l  s t r u c tu r e  h a s  been  found fo r  the  c ry s ta l l in e  c la th r a t e  com pound 

c h lo r in e  h y d r a te  (63), The p o s tu la te d  fo r m  of the  p ro to n  in  w a te r ,  

m ig h t  e i th e r  be  con ta in ed  in  such  a  c la th r a t e  s t r u c tu r e  o r  be the  p r i m a r y  

f r a g m e n t  of such  a  s t r u c tu r e .  The r e p e a te d  fo rm in g  and  re fo rm in g  of 

the  s t r u c tu r e  to v a r io u s  d e g re e s  of p e r fe c t io n  could  acco u n t  fo r  the  m in o r  

d i f fe ren c e  be tw een  th e  two v o lu m es , i. e . , the  a p p a re n t  vo lum e of the  

p ro to n  o b ta in ed  by f i t t ing  a c t iv i ty  co e ff ic ien t  da ta  w ith  the  th e o ry  and 

the  vo lum e of the  r e g u la r  p en tagona l dodecahed ron . Of c o u rs e ,  th e re  

i s  a lw ay s  the  p o s s ib i l i ty  tha t  a so m ew h a t d if fe ren t  po ly h ed ro n  i s  the  p r i ­

m a r y  s t r u c tu r e .

The s a m e  ca lcu la t io n s  could be a,pplied to the o th e r  e le c t ro ly te s  

con ta in ing  the  a p p r o p r ia te  ions  in  o r d e r  to e s t im a te  the  ex ten t of h y d r a ­

tion . H ow ever, in  the  a b se n c e  of good h y d ra t io n  n u m b e r  data  fo r  c o m ­

p a r is o n ,  th e s e  c a lc u la t io n s  a r e  a t  p r e s e n t  su p erf luous .

The v a lu es  of the  ion  s ize  p a r a m e t e r  r e q u i re d  by the  th e o ry  to 

f i t  e x p e r im e n ta l  a c t iv i ty  co ef f ic ien t  da ta  fo r  s e v e ra l  2 - 2  e le c t ro ly te s  a r e
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s u m m a r iz e d  in  T ab le  V; in c lu d ed  a r e  a  v a lu es  ob ta in ed  by o th e r  w o rk e r s

T A B L E  V

ION SIZE PA R A M E TE R  VALUES REQUIRED TO F IT  
EX PER IM EN TA L ACTIVITY C O E F F IC IE N T  DATA

2-2  E le c t ro ly te s ,  25°

E le c t ro ly te

a va lue, a n g s t r o m s

This
T h e o ry

D ebye-H ucke l
M odifica tions

r+ + r _ ,  
P au lin g

ZnSO^ 3 .3 0 3. 64^ 3. 83 (max)

MnBDS^ 6 . 1 5. 71^ -

ZnBDS^ 6 . 0 5. 22^ -

CuBDS^ 5 .8 4 .9 7 ^ -

EDS: m -b e n z en e d isu lfo n a te  
^V alue  ob ta ined  by C ow perthw aite  and  L a M e r  (64). 
^V alues  ob ta ined  by B ru b a k e r  and  R a s m u s s e n  (44).

u s ing  v a r ia t io n s  of the  Debye -H uckel a p p ro a ch .  At low concentrations,,  

the  data fo r  zinc Sulfate a r e  re p ro d u c e d  by the th e o ry  w ith a  re a so n a b le  

a  value, w hich  i s  som ew hat iov /er than  the  va lue  d e te rm in e d  by C ow per-
I I

thw aite  and  L a M e r  using  a fo rm  of the  D ebye-H ucke l equation. Both a 

v a lu es  d e te rm in e d  by f it ting  a c t iv i ty  co eff ic ien t da ta  a r e  low er than  the 

m ax im u m  a va lue  fo r  zinc su lfa te  c a lc u la te d  us ing  P a u l in g 's  univalent, 

r a d i i .  The th e o re t ic a l  c u rv e  and  the e x p e r im e n ta l  da ta  begin to d iv e rg e  

a t  r e la t iv e ly  low co n cen tra t io n s ,  bu t th is  s a l t  is  known to h y d ro ly ze  (42).
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The m -b e n z e n e d isu lfo n a te s  a p p e a r  to be v e ry  w e l l-b e h av e d  2-2  e l e c t r o ­

ly te s  w hich  could  be re a d i ly  f i t  by the th e o ry .  H ow ever, the la c k  of a c ­

c u ra te  d en s ity  da ta  p re c lu d e s  fit t ing  in to  the  h igh co n ce n tra t io n  re g io n  

a t  the  p r e s e n t  t im e .  The a  v a lu es  o b ta ined  by the  th eo ry ,  c o n s id e r in g  

only  the  low c o n ce n tra t io n  data, a r e  of c o m p a ra b le  s iz e  w ith  th o se  d e t e r ­

m in e d  by B ru b a k e r  and  R a s m u s s e n  us ing  an  ex tended  fo rm  of th e  D ebye- 

H uckel equation . The p r e s e n t  th e o ry  g ives  som ew hat h ig h e r  v a lu e s  of 

th e  ion s iz e  p a r a m e t e r  an d  the  ra n g e  of va lues  i s  l e s s  fo r  the  v a r io u s  

d isu lfo n a te s  than  r e p o r te d  by B ru b a k e r  and  R a s m u s s e n .

The a  v a lu es  fo r  two 2-1 e le c t ro ly te s  ob ta ined  w ith  th is  th e o ry  

a r e  c o m p a re d  w ith  the  r e s u l t s  of o th e r  w o rk e r s ,  u s ing  m o d if ied  fo rm s  

of the  D ebye-H ucke l equation, an d  w ith  the  sum  of th e i r  u n iv a len t  rad i i ,  

in  T ab le  VI. The th e o ry  ra n k s  the  ion  s iz e  p a r a m e t e r s  of the  two a l k a ­

l in e  e a r th  c h lo r id e s  in  the  s a m e  o r d e r  a s  the  two fo rm s  of the D ebye- 

H uckel ap p ro ach , and, a s  w as  th e  c a s e  fo r  the  a lk a l i  m e ta l  c h lo r id e s ,  

in  the  op p o s ite  o r d e r  ex pec ted  f ro m  the  un iva len t ra d i i .  In both c a s e s ,  

th e  th e o ry  g ives  m uch  l a r g e r  a  va lu es  than  the  sum  of the  u n iv a len t  rad i i ,  

th u s  showing the l a r g e  ex ten t of h y d ra t io n  of th e s e  sm a l l ,  d o u b ly -c h a rg e d  

ca t io n s .  The span  of a  va lu es  o b ta ined  f ro m  the  th e o ry  is  s l ig h tly  g r e a t e r  

than  the  ran g e  d isp lay ed  by the D ebye-H uckel m od if ica tion  co n s id e r in g  

h y d ra tio n ,  and  som ew hat s m a l l e r  than  the  ran g e  re su l t in g  f ro m  the  m o d i ­

f ica tion  inc luding  h ig h e r  o r d e r  t e r m s .  The a v a lues  r e q u i r e d  fo r  th e se  

f i ts ,  T ab le  VI, v a ry  a c c o rd in g  to  the  e lec tro ly te ,  and  in c r e a s e  w ith  the
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TA B L E  VI

ION SIZE P A R A M E T E R  VALUES REQUIRED TO F IT  
EX PER IM EN TA L ACTIVITY C O E F F IC IE N T  DATA

2-1 E le c t ro ly te s ,  25°

a  value, a n g s t r o m s

E le c t ro ly te
T h is
T h e o ry

D ebye-H ucke l 

S and  R^ R an d  H^
r f  4- r _ ,  
P au ling^

C aClg

BaClg

4 .8 5  (0 .3 3 )^  

4 .2 6  (0 .2 7 )d

4. 73 5. 2 

4. 45 4. 1

2 . 80 

3. 16

^•Extended fo r m  c o n s id e r in g  ion  h y d ra tio n ,  S tokes and  R obinson  (54). 
^E x ten d ed  fo r m  u s in g  h ig h e r  o r d e r  t e r m s ,  R obinson  and  H a rn e d  (53). 
^ T ab u la ted  u n iv a len t  ra d i i  of P a u l in g  (55).
^T he a value  r e q u i r e d  fo r  the  b e s t  f i t  to e x p e r im e n ta l  data.

a  va lue . This  m a y  o r  m a y  no t be  s ig n if ican t b e c a u se  th e re  a r e  in s u f f i ­

c ien t  low c o n ce n tra t io n  da ta  to give an  unequ ivoca l f it  to  a p a r t i c u la r  

va lue  of a. With p r e s e n t ly  a v a i la b le  data, a can e a s i ly  v a ry  by a s  m uch  

a s  0. 02. A sh o r ta g e  of low c o n ce n tra t io n  da ta  p re v e n ts  ex am in a tio n  of 

m o s t  2 - 1  e le c t ro ly te s .

C onductance

Using th e  l im it in g  fo rm  of the  th e o r e t ic a l  equation fo r  1-1 e l e c ­

t ro ly te s ,  in  com bina tion  w ith the  O n sa g e r  equation  fo r  l im it in g  c o n d u c ­

tance , r e s u l t s  in a re la t io n  giving a good ap p r ox i m a t ion of the  e x p e r i -  

m e n ta l  conductance  data  fo r  HCl o v e r  a  w ide c o n ce n tra t io n  ran g e .  A t
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th e  lo w e s t  c o n ce n tra t io n s ,  the e x p e r im e n ta l  da ta  a p p e a r  to d iv e rg e  f ro m  

the  th e o re t ic a l  l im it in g  conductance  in  the d ire c t io n  of the D ebye-H uckel 

p re d ic t io n .  The low c o n ce n tra t io n  data  a r e  in su ff ic ien t  in  n u m b e r  to 

d e fin ite ly  decide  w h e th e r  o r  no t th is  d iv e rg e n ce  i s  r e a l .  In the c a s e  of

2 - 1  e le c t ro ly te s ,  i t  is  found tha t  the low co n cen tra t io n  data a r e  b e s t  

r e p r e s e n t e d  (fo r C aC l 2 ) by an  a va lue  of 0. 5, w hile  the  ac t iv i ty  c o e f f i­

c ien t  da ta  r e q u i r e  a  va lue  of 0. 33; the  lo w er  va lue  a lso  b e t te r  a p p ro x i ­

m a te s  th e  conductance  da ta  o v e r  a w id e r  c o n cen tra t io n  ran g e . A value 

of 0. 5 w ould  be  ex p ec ted  a s  the  c o n cen tra t io n  a p p ro a c h e s  ze ro  fo r  then 

each  p a i r  w ould  occupy  one h a lf  of the  un it  vo lum e. The lo w er  va lue  

found fo r  a c t iv i ty  coeff ic ien t da ta  is  a  r e s u l t  of f it ting  a t  h ig h e r  co n ce n ­

t r a t io n s ,  Being r e s t r i c t e d  to c o n s id e ra t io n  of the  l im it in g  conductance  

a t  the  p r e s e n t  s tag e  of developm ent, only the two e le c t ro ly te s  h ave  been 

exam ined .

H ea t  of Dilution

Only the  l im it in g  c a s e s  can  be co n s id e red ,  but the  h e a t  of d i lu ­

tion  data  fo r  sod ium  c h lo r id e  a r e  w ell a p p ro x im a te d  by the th e o ry  ove r  

a  r e la t iv e ly  w ide co n ce n tra t io n  ran g e . The lo w es t  co n cen tra t io n  data 

fo r  c a lc iu m  c h lo r id e  a r e  fit by the  th e o ry  using  an  a va lue  of 0. 5. T h e re  

a r e  in su ff ic ien t  data  to decide  betw een a va lues .

G e n e ra l  C o n s id e ra t io n s  

In a l l  c a s e s ,  p a r t i c u la r ly  fo r  s y m m e tr ic a l  e le c t ro ly te s  w h e re
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e x ten s iv e  data  a r e  av a ilab le ,  the  th e o ry  re p ro d u c e s  the da ta  o v e r  a  wide 

co n ce n tra t io n  range ; the  low c o n cen tra t io n  data a r e  a lso  g e n e ra l ly  w e ll-  

r e p re s e n te d .  I t m u s t  be r e m e m b e r e d  that, fo r  s y m m e tr ic a l  e le c t ro ly te s ,  

the  th e o re t ic a l  equations  con ta in  a  s ing le  ad ju s tab le  p a r a m e te r .  H ow ­

e v e r ,  th e re  a r e  so m e  in d ica tions , co n s id e r in g  both conductance  and  

a c t iv i ty  coeff ic ien t data, th a t  the  data  a t  the lo w es t  co n ce n tra t io n s  a r e  

dev ia ting  f ro m  the  th e o re t ic a l  l im it in g  line  in  the  d ire c t io n  of the  D ebye- 

H uckel l im it in g  c u rv e  (on an  plot) . U nfortunate ly , data  a t  v e r y  low

co n c e n tra t io n s  a r e  no t only s c a r c e  bu t the  m o s t  im p r e c i s e ,  thus m ak ing  

a defin ite  co nc lu s ion  d iff icu lt.  H ow ever, th is  p o s s ib le  dev ia tion  f ro m  

l in e a r i ty  in  the  cube ro o t  of co n ce n tra t io n  in  the  d i re c t io n  of the D ebye- 

H uckel s q u a r e - r o o t -o f - c o n c e n t r a t io n  dependence  a t  v e ry  low c o n c e n t r a ­

t ions , would be c o n s is te n t  w ith  the  specu la tions  of F r a n k  and Thom pson  

(24) and  F r a n k  (58). T h e se  in v e s t ig a to r s  su g g es ted  tha t  the  th e o ry  of
i / o

Debye and  H uckel m ig h t  t r a n s f o r m  into an  M dependence  a t  f in i te  c o n ­

c e n t r a t io n s .  T h e ir  c a lc u la t io n s  showed th a t  the D ebye-H uckel a s s u m p ­

tio n s  and  a p p ro x im a tio n s  a r e  v a l id  only a t  c o n cen tra t io n s  below 0. OOlM 

fo r  1 - 1  e le c t ro ly te s  (a t s t i l l  lo w er co n ce n tra t io n s  fo r  h ig h e r  c h a rg e  types) .  

This  t r a n s i t io n  f ro m  a s q u a r e - r o o t -  to a c u b e - ro o t -o f - c o n c e n t ra t io n  d e ­

pendence  m ig h t  w ell c o r re s p o n d  to the  c o n cen tra t io n  w h e re  the two th e ­

o r e t ic a l  l im it in g  c u rv e s  co incide  (F ig u re s  17, 18, 2 0 ). A lthough th is  is  

in te re s t in g  specu la tion , i t s  c o n f irm a tio n  aw aits  defin itive  low c o n c e n t r a ­

tion  data.



C H A PT E R  V

By co n s id e r in g  an  e le c t ro ly te  so lu tion  to be a  s y s te m  of c h e m i­

c a l  fo rm u la  un its  w hose  m e m b e r s  can  be p a i r e d  in  a s tep w ise  fa sh io n  to 

g ive  an  e le c t r i c a l ly  n e u t r a l  un it  (a s  see n  by n e ig h b o rin g  un its) ,  a  m o d i ­

f ie d  fo rm  of the  M ax w e ll-B o ltzm an n  equation  i s  o b ta ined  w hich  can  be 

u s e d  to c a lc u la te  so lu tion  p r o p e r t i e s .  The th e o ry  p r e d ic t s  a  l in e a r i ty  in 

the  cube ro o t  of c o n ce n tra t io n  fo r  so lu tion  p r o p e r t i e s ,  e. g . , the ac t iv i ty  

c o eff ic ien t of the  solute , a t  low c o n c e n tra t io n s .

E x p e r im e n ta l  a c t iv i ty  co e ff ic ien t  data  fo r  a  l a r g e  n u m b e r  of 

e le c t ro ly te s  a r e  r e p ro d u c e d  by the  th e o ry  to h igh c o n ce n tra t io n s  ( ty p i­

c a l ly  above 1 m o la r ) .  F o r  s y m m e t r ic a l  e le c t ro ly te s ,  a  s ing le  p a r a m ­

e te r  (a, the  ion s iz e  p a r a m e te r )  i s  su ffic ien t to d e s c r ib e  so lu tion  behav ­

io r  o v e r  an  ex ten s iv e  c o n c e n tra t io n  ran g e .  Two p a r a m e t e r s  a r e  r e q u i r e d  

fo r  the d e sc r ip t io n  of the  so lu tion  p r o p e r t i e s  of 2 - 1  e le c t ro ly te s ,  the  ion 

s iz e  p a r a m e te r  and  a, the  f r a c t io n  of the  a v e r a g e  un it  vo lum e occupied  

by the  p a i r  fo rm e d  f ro m  the  d o u b ly -c h a rg e d  c e n t r a l  ion and  the i n n e r ­

m o s t  co u n te r  ion, in the  c a s e  of w e ll -b e h a v e d  e le c t ro ly te s ,  the ion s ize  

p a r a m e t e r  a p p e a rs  to be p h y s ic a l ly  s ig n if ican t  and  h a s  been  u s e d  to
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e s t i m a t e  t h e  e x t e n t  of  h y d r a t i o n  of  s e v e r a l  i o n s .

T h e  l i m i t i n g  e x p r e s s i o n  f o r  t h e  a p p r o p r i a t e  u n i t  c o n f i g u r a t i o n  

i n t e g r a l  c a n  be  u s e d  to p r e d i c t  l i m i t i n g  c o n d u c t a n c e  a n d  h e a t  of d i l u t i o n  

d a t a .  T h e s e  d a t a  a r e  a p p r o x i m a t e d  to  r e l a t i v e l y  h i g h  c o n c e n t r a t i o n s  i n  

t h e  c a s e  of  1 -1 e l e c t r o l y t e s .

T h e  t h e o r y ,  a t  i t s  p r e s e n t  s t a g e  of  d e v e l o p m e n t ,  c o u l d  b e  e x ­

t e n d e d  b y  c o n s i d e r a t i o n  o f  s u c h  e f f e c t s  a s  a  c h a n g e  in  i on  s i z e  w i t h  i n ­

c r e a s i n g  c o n c e n t r a t i o n ,  t h e  o v e r l a p  of  u n i t  v o l u m e s  a t  h i g h  c o n c e n t r a ­

t i o n s ,  a n d  t h e  c h a n g e  i n  d i e l e c t r i c  c o n s t a n t  o f  t h e  s o l u t i o n  w i t h  i n c r e a s ­

i n g  s o l u t e  c o n c e n t r a t i o n .  D e r i v a t i o n  of  a n  e x p r e s s i o n  d e s c r i b i n g  t h e  

c h a n g e  in a w i t h  c o n c e n t r a t i o n  w o u l d  a l l o w  t h e  e l i m i n a t i o n  of t h e  s e c o n d  

p a r a m e t e r  in  t h e  f i t t i n g  of  2 -1  e l e c t r o l y t e  d a t a .  A t  t h e  p r e s e n t  t i m e ,  

w i t h o u t  a n  e x p r e s s i o n  r e l a t i n g  a w i t h  c o n c e n t r a t i o n ,  i t  w o u l d  b e  q u i t e  

d i f f i c u l t  to  c o n s i d e r  h i g h e r  c h a r g e  t y p e s  of  e l e c t r o l y t e s  i n  v i e w  o f  t h e  

l a r g e  a m o u n t s  of  c o m p u t e r  t i m e  t h a t  w o u l d  b e  r e q u i r e d .  Of  c o u r s e ,  t h e  

d e v e l o p m e n t  o f  a  c o m p u t e r  p r o g r a m  w i t h  m u c h  i m p r o v e d  e f f i c i e n c y  w o u l d  

c h a n g e  t h e  s i t u a t i o n  c o n c e r n i n g  t h e  h i g h e r  c h a r g e  t y p e s .

F i t t i n g  a v a i l a b l e  e x p e r i m e n t a l  d a t a  w i t h  t h e o r e t i c a l l y  c a l c u l a t e d  

c u r v e s  h a s  d r a m a t i c a l l y  d e m o n s t r a t e d  t h e  n e e d  f o r  a d d i t i o n a l  l o w  c o n ­

c e n t r a t i o n  d a t a  of  i m p r o v e d  p r e c i s i o n ,  a n d  f o r  e x p e r i m e n t s  w h i c h  w i l l  

d e t e r m i n e  s u c h  p a r a m e t e r s  a s  i o n  s i z e  a n d  h y d r a t i o n  w i t h  i n c r e a s e d  

s u r e t y .
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A PP E N D IX

CO M PUTER PROGRAMS

All p r o g r a m s  u s e d  in  the  c o u rs e  of th is  r e s e a r c h  w e re  w r i t te n  

in  a m odif ied  fo rm  of Algol 60 fo r  u s e  on the  OSAGE co m p u te r  of the 

U n iv e rs i ty  of O klahom a. Fo llow ing  a r e  co m p le te  l i s t in g s ,  and  n e c e s s k r y  

docum entation , fo r  the  th re e  p r o g r a m s  u t i l iz ed .

P r o g r a m  202;

Begin  C om m en t N u m e r ic a l  eva lua tion  of in te g ra l  fo r  1:1 e le c t ro ly te s  using  

S im p so n 's  Method;

R ea l  A, PR EC , DELTA, THETA, VOL, C l 3, VE, INTGRL, SIMPSON, VA, 

PH I2 , PH I2I3 , F  UNMULT, BETA, LOLIM, LOLIMSQ, L Y l 6 , MIN, 

I'wlAX, DEL CON;

In te g e r  N, LOOPS;

R ea l  A r r a y  F  [0:3];

F o r m a t  01 (J7, F 6 . 4, '= A \ R5, ' = P R E C ,  F 5. 4, ' = DELTA% F 5 . 4, '-M IN ',

F 5 .  4, '= M A X ',F 5 . 4, ' = D ELCQN', 2(J1), S2, 'PH I 2 ' ,  84, 'PH Ï213 ',

S5, 'SIMPSON', S9, '12(2)', S5, 'LO G  Y l 6 ', S3, 'C l3 ' ,  S3, 'LO O PS ,

J l ) ,  02(J1, S5, 'VA IS NEGATIVE, '0 1 3 = ' ,  F 5 .  2),

69
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03(J1, 2(F9. 6 ), R9. 8 , F 9 . 6 , F 4 .  2, 14);

L5: READPT(DECIM AL, A);

^ A = 0  Then Goto L35;

RE A D PT (PR EC , DELTA, MIN, MAX, DELCON);

PRINT(01, A, PR EC , DELTA, MIN, MAX,  DELCON);

THETA - 7 .  135761/A;

VOL <- 4. 1887902*A»A*A*lD-24;

L12: F o r  C13 -  MIN Step DELCON Until MAX Do

Begin

VE -  1. 65963D-21/(C13*C13»C13); 

INTGRL SIMPSON -  0. ;

VA V E-V O L;

K V A < 0 .  Then Begin  PRINT(02, C l 3);

Goto L5 End;

PH12 -  V O L /VA;

PHI213 -  PH12 33333333333333 I ;  

F  UNMULT -  (VA/VE) ;

B ETA  -  THETA^PHI213;

LOLIM  -  P H I2 13-D ELTA ;

N -  0; LOOPS -  0;

C om m ent C a lcu la tion  of F  unc tion  va lues  a t  th r e e  X va lues ;

L15: IfN < ”3 Then Begin N — N+l;TjOLTM — LOLIM  + DELTA;

Goto L 20 End:
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E lse  Goto L25;

L20: LOLIMSQ LOLIM  * LOLIM;

F [N ] -L 0 L IM S Q 'K E X P (B E T A /L 0 L IM )-1 .  )*1. /{EXP(LOLIM SQ* 

LOLIM));

Goto L I 5;

C o m m en t In te g ra t io n  of S u b in te rv a l  by S im psons  Method;

L25: S IM P S O N - (D E L T A /3 . )*(F [1]+ 4. *F [ 2 ] + F  [3 ]  );

U SIMPSON < P R E C  Then Goto L30

E ls e  INTGRL -  INTGRL + SIMPSON;

F  [ 1 ] - F [ 3 ] ;

N - 1 ;

LO O PS -  LOOPS + 1;

Goto L I 5;

L30: LY16 -  5*(LOG(FUNMULT+3. *(EXP)PHI2))*FUNM ULT*INTGRL));

PRINT(03, PHI2, PHI213, SIMPSON, INTGRL, L Y l 6 , C13, L O O P S )^ .d

C om m ent C om ple tion  of evalua tion  fo r  a given A value  o v e r  the  co m p le te  

co n ce n tra t io n  range ;

Goto L5;

L35: End P r o g r a m  202;

Input:

A, the ion s ize  p a r a m e te r ,  in a n g s t ro m s .

P R E C , the  d e s i r e d  le v e l  of p r e c i s io n  in  the  in te g ra t io n  

DELTA, the  in te rv a l  s iz e  u s e d  in  the in te g ra t io n

i -  ^  •*" 4  -  T T—~. / - . - f  \  A  ^V ... L* L.' W.J. .tfU.
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MAX, the  u p p e rm o s t  value to be ca lcu la ted

DELCON, the ^ in c re m e n t  in advancing  f ro m  MIN to MAX 

P r o g r a m  202 c a lc u la te s  the in te g ra l  by evaluating  su b in te rv a ls  of th re e  

po in ts  each. The r e s u l t s  of the in te g ra t io n  a r e  u sed  in s id e  the p ro g r a m  

to c a lc u la te  -log a t  the v a r io u s  co n cen tra t io n s .  The p ro g r a m  can be 

u s e d  fo r  2 - 2  e le c t ro ly te s  by s im p ly  m ultip ly ing  the p ro g r a m  v a r ia b le  

BETA  by 4. C alcu la tion  s topped by MAX o r  when the  f r e e  vo lum e te rm ,

VA. <0 .

The un it configu ra tion  in te g ra l  fo r  2-1 e le c t ro ly te s  i s  eva lua ted  

by  the  following p ro g ra m ;

P r o g r a m  207;

B egin  C om m en t N u m e r ic a l  evalua tion  of double in te g ra l  fo r  2-1 e lec tro ly tes  

R ea l  VOLMOL, P R E T H E T , Al, A2, PRECOUT, PRECIN, DELW, DELZ, DEL, 

INCON, DELCON, FINCON, CONCOR, PIMUL, CRPIMUL, WVOL,

C13, TIME, VBAR, V BARF CM, VBARFl, ATOT, VBARF2, XPHI,

WPHI, WMUL, Bl, W. W2, Rl, BTOT, RIVAR, R1A2, YPHI, ZPHI, B2 

Z, Z2, D, ZMUL, AVOLl, SUMW, SUMZ, DTOT, SUMZMAX, ZPHIOLD, 

LOGY213;

In te g e r  DATE, PROGRAM, M, STEPS, N, J  ;

R ea l  A r r a y  PREFU N W [0:3]. FUNZ[0; 3] , FUNW[0:3];

F o r m a t  01(J7, F 6 . 4, ■=A1',F6. 4, = A 2 ',R 5 , ' = PR E C O U T ', R5, ' = PRECIN%

F 5 . 4, - D E L W \  2(J1), F 5 . 4, ' = D E L Z ',  F7 . 6 , '=INCON\ F7 . 6 ,

' = DELCON = , F 7 . 6 , =FINCON% F5. 4, '=AVOLL, 2(J1), F 6 . 4,
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' = CONCOR', 16, ' = DATE>, 16, '=PROGRAM NO. 2(J1), S7, 'X -P H I ',

S7, 'O U T -IN T ',  S 6 , 'LOGY213', S7. ’C l /3 ' ,  S9, 'T IM E ',  S5. 'S T E P S ',

2(JD),

02(85, 'V BA RFl IS NEGATIVE, €1 /3= ',  F 7 . 5, J l),

03(R6. SI. R8. 32. R8. F 8 . 6 , 55, F 5 . 3, 5 2 ,16, J l),

04(55, 'VBARF2 IS NEGATIVE, STEPS= ', 16, Jl);

R ea l P r o c e d u r e  SIMPSON (B, C, D, E);

R ea l B, C, D. E;

Begin  SIMPSON - ( B / 3 .  )*(C+4. *D +E);End;

PIM U L -4 .1887902047864 ;

V O LM O L^1 0 0 0 .  / 6 . 02252D23;

P R E T H E T - ( 4 .  80298D-10*4. 80298D-10)/(78. 54*1. 38054D -l6*298 . l 6 ); 

CRPIM UL -  GUBRT(PIM UL);

L5; READPT(Al);

n  Al = 0. Then Goto L50;

READPT(A2, PRECOUT, PRECIN, DELW, DELZ, INCON, DELCON.

FINCON. AVOLl, CONCOR, DATE, PROGRAM):

PRINT(01, A l ,  A2, PRECO U T, PRECIN, DELW, DELS, INCON, DELCON, 

FINCON, AVOLl, CONCOR, DATE, PROGRAM);

A1-A1*1. D - 8 ;

A2 — AI*i, D - 8 ;

WVOL -  PIMUL*A1*A1*A1 :

L12; F o r  C13 -  INCON Step DELCON Until FINCON Do
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B eg in

TIM E -  CLOCK;

VBAR -  V O L M O L /C i3»C 13»C 13);

A T O T  -  A1+ A2;

V BARF CM V B AR-PIM U L»(A TOT»A TO T*A TOT); 

V B A R F l -  VBAR* AVOLl - WVOL ;

U  V B A R Fl < 0. Then Begin  PR IN T  (02, C l 3);

Goto L5  E n d ;

R l -  CUBRT(VBAR*AVOLl) /  CRPIM UL ;

B T O T - R l  + A2;

V BARF2«-V BA R-PIM UL*(BTO T*BTOT*BTO T); 

K V B A R F 2 < 0 .  Then Begin  P R IN T (04. C l 3);

Goto L5  End;

X P H I-W V O L /V B A R F l;

W P H I- CUBRT(XPHI);

W M UL- 3. *(EXP(XPHI))*(VBARFCM /VBAR)»(VBARF1/VBAR):

Bl-(PRETHET/A1)*V/PHI=^‘2. ;

C om m en t In i t ia l iz a t io n  fo r  in te g ra t io n s ;

S T E P S -  J -  M - 0 ;

S U M W -0 . ;

W -W PH I-D E L W ;

L I  5: F  o r  M—M+1 Step 1 Until 3 Do Begin  

W -W +D ELW ;
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S T E P S '-S T E P S  + 1;

W Z-W ^W ;

R IV A R '-CÜ BRT(V BA RF1)*W /CRPIM U L;

R1A2^ RIVAR + A2;

YPHI (PIMUL*RIA2*R1A2*R1A2 ) /  VBARF 2 ;

Z P H I-C U B R T {  YPHI);

B 2 -  P R E T H E T *C R P IM U L  /  CUBRT( VBARF2 ) ; 

PR EFU N W  [M] W 2»EXP(B1/W )»EXP(-W 2*W ); 

ZMUL -  3 .*V B A R F 2/V B A R ;

U  J=0 Then Begin  D EL -  D E L Z ;N - 0;

Z P H IO L D -Z P H I;

Z -Z P H I-D E L ;

SUMZ—0. ; Goto L25  End 

EIpe D E L - (Z P H I-Z P H IO L D ) /2 .  ;

Z - Z P H I O L D -D E L ;

Z P H IO L D -Z P H I;

L25: F o r  N — N+1 Step 1 U ntil 3 Do Begin

Z -  Z + DEL;

Z2 -  Z -Z ;

F U N Z [ N ] -Z 2 * E X P (B 2 /Z )* E X P ( -Z 2 * Z )  E n d ; 

D -SIM P SO N (D E L , F U N Z [1], FU N Z [2], F U N Z [3 ]) ;  

D T O T -Z M U L *D ;

^ J = 0  Then Begin If P R E C IN  < DTOT Then Begin
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SUMZ -  SUMZ+ DTOT;

F U N Z [ l ] - [ 3 ] ;

N -  1;

Goto L25 End 

E ls e  S U M Z M A X -S U M Z ;J-l;N -0 ;G o to  L30;

-  ——* ^  V V % #  f  Aü<ncl Jiiise ùuxviZi •“ oum^ijiviAA-j-» JL

^  S U M Z < 0 . Then Begin  FU N Z [l ] *-FUNZ[3]; 

Z P H IO L D -Z P H I;

SUM ZM A X -SU M Z;

N -1; End 

E ls e  S U M Z -0 ;

If 165. <YPHI Then PR IN T  (04, STEPS);

L30: F U N W [M ]-P R E F U N W [M ] *SUMZ * EXP(YPHI) E nd ;

D -SIM PSO N (D ELW , FUNW [1], FUNW [2], FUNW [3]); 

D T O T -W M U L *D ;

^ P R E C O U T  < DTOT T hen B e j in  

SUM W-SUM W  + DTOT;

F U N W [1 ]-F U N W [3 ];

M — 1 ;

Goto L I  5;

End;

L O G Y 213- _LOG(SUMW»CONCOR)/3. ;

T IM E -(C L O C K -T IM E ) /1000. ;
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PRINT(03, XPHI, SUMW, LOGY213, C13, TIME, STEPS);

End;

Goto L5;

L50; End P r o g r a m  207;

Inpuf-1':

Al, the  ion s ize  p a r a m e t e r  fo r  an  in n e r  ion p a i r ,  in  a n g s t r o m s  

A2, the  ion s iz e  p a r a m e te r  fo r  an o u te r  ion p a i r ,  in  a n g s t r o m s  

(not u se d  a s  fit t ing  p a r a m e te r ,  a lw ays  taken  a s  zero ) 

PRECOUT, p r e s e le c te d  le v e l  of p re c is io n  fo r  in te g ra t io n  of o u te r  

function

PRECIN, p r e s e le c te d  le v e l  of p re c is io n  fo r  in te g ra t io n  of in n e r

function, PR EC IN <PR EC O U T

DELW, s tep  s ize , o u te r  function

DELZ, s tep  s ize , in n e r  function 

1/3INCON, in i t ia l  M va lue  to be ca lcu la ted  

DELCON, M in c re m e n t

1/3
FINCON, the m ax im u m  value  of M to be ca lcu la ted  

AVOLl, the value of the  p a r a m e te r  a

CONCOR, the va lue  of the  n o rm a l iz a t io n  c o n s tan t  to give log 

0 a s  0; CONCOR = l / a ( l - a )

DATE

PROGRAM, the p ro g r a m  n u m b er  

In the following variable' defin itions , o u te r  in te g ra l  deno tes  the  in te g ra l
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involving y and  in n e r  in te g ra l  den o tes  the  in te g ra l  involving z in  E q u a ­

tion 33, re sp e c t iv e ly .

The in te g ra n d s  in  E quation  33 w e r e  t r a n s f o r m e d  into functions  

of and b e fo re  p ro g ra m m in g .  The in n e r  in te g ra l  w as  ev a lua ted  

for each  va lue  of y^^^ and u se d  to  w eigh t the  va lue  of f(y^^^) fo r  each  

poin t u s e d  to c a lc u la te  the  c o m p le te  in te g ra l .  The in n e r  in te g ra l  w as 

evalua ted  o v e r  the  co m p le te  r a n g e  of in te g ra t io n  fo r  the  m in im u m  value 

of i ts  lo w e r  l im i t  and  th is  va lue  s to r e d  in  the  m a ch in e .  F o r  each  s u b s e ­

quent s tep  of y^^^, the  in te g ra l  b e tw een  the  new y^^^ and  the  p re v io u s  

• /3
y' w as  ev a lu a ted  and  th is  a m o u n t  s u b t ra c te d  f ro m  the to ta l  va lue  of the

in n e r  in te g ra l .  T h is  p r o c e d u re  m in im iz e d  the  c o m p u te r  t im e  re q u i r e d

s ince  i t  obv ia ted  re p e a te d  in te g ra t io n  of th e  in n e r  function  o v e r  the  e n t i re

ran g e .  The ca lcu la t io n s  a r e  s topped  by having  c o m p le ted  a l l  d e s i r e d

co m p u ta t io n s  o r  by having  a f r e e  vo lum e t e r m  equal z e ro  o r  go n ega tive .

-1/3
The l a s t  p ro g r a m  e v a lu a te s  the  in te g ra l  con tain ing  z in  E qua-

t i n  34 to d e te rm in e  the  l im it in g  behavnor of ,  fo r  v a r io u s  va lu es  of a.

The p r o g r a m  is  b a se d  on the following deriva tion :

CO œ  A
i ft ^dz _ f e "dz  f e~^dz

J  J .1/3 - J  ^1/3
A O  0

A
r  ^n

r u / 3 )  - f  ( - i r ' l  ", " i /  3 dzI ni z 
n -0  J  

0
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A

TU.'V - f  LIÉ r
^  n; f

n=0 J

r u / ’ ) - Ê  ^

0

W l L _ .  , (n + (2 /3 ) )  
(u + 2 / \ '  ■■

’I- 0

P r o g r a m  211 ;

B egin  C o m m en t S e r ie s  t:va luation  of second and  th i r d  in te g ra ls  ap p ea r in g  

in  the  expansion  of the in n e r  in te g ra l  in the  2 - 1  e le c t ro ly te s  c ase ,

Roai GAMM^, LOLIM, FRAC, P R E C . TEST, CONST, ST EP, N, SUM, PR ETER M , 

TERM, INT;

F o r m a t  0 ](J7 ,  J3, F 6 . 4, ' = GAMM,^', Ffo. 4, Rh, ' - P R E C ,  21X 187

•LOLIM ', S7, T N T ', 57, 'N ',

02(72, Rb, SI, R 8 , SlO, F 5 .  0);

L5: READPTtGAM M A);

K G A M M A -0. J he.n Goto L2;y

READPT{LOLI.M, FRAC, P R E , TEST, CONST, STEP,),

P R IN K O l,  GAMMA, FRAC, P R E ( ',‘:

L 8 : N -  0 . SUM 0 , ,

P R E T E R M - LOLiM-^

SUM - SUM4 : , CON ST ;-PRETE RM ;

L9: +

PR E T E R M  • -C . 'N P R E T E R M '" l A )LIM ;

: URM :  . PR E T E R M ;
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H I TERM} < P R E C  Then Goto L I  5;

SU M -SU M + TERM;

Goto L9;

L I  5: IN T-G A M M A -SU M ;

PRINT(02, LOLIM, INT. N);

If LOLIM < TEST Then B egin  L O L IM -L O L IM + S T E P ;

Goto L 8  E n d ;

Goto L5;

L25: End P r o g r a m  211;

Input: GAMMA, the  value  of the  a p p ro p r ia te  gam m a function

LOLIM , the lo w er l im i t  of in te g ra t io n  (A in p re c ed in g  d e r iva tion )  

FRAG, the com p lem en t of the  exponent of Z in  the in te g ra l  to be 

eva lua ted

PR E C , p r e s e le c te d  p r e c i s io n  lev e l  fo r  te rm in a t in g  s e r i e s  

CONST, n u m e ra to r  of the f ra c t io n  c o rre sp o n d in g  to the a p p r o ­

p r ia te  g am m a function, e .g .  fo r  r ( 2 / 3 ) ;  CONST-2.

ST EP, the va lue  of  the in c re m e n ta l  change in LOLIM  if the  in te g ra l  

fo r  a n u m b e r  of v a lu es  of the lo w er l im i t  is  d e s i r e d .

The p ro g r a m  is  w r i t ten  in such a m a n n e r  th a t  any in te g ra l  

involving a f r a c t io n a l  exponent of z which is  a m u lt ip le  of -1/3 can be 

c a lcu la ted . The r e s u l t s  for the in te g ra l s  involving and z

(for s e v e ra l  va lues  of the low er l im it ,  A) a r e  l i s te d  below.
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C o m p u te r  output fo r r  e “^dz 
/ T Î 7 3 - = INT:

J
A

1.3541 = GAMMA , 6 6 6 6  = 1-N

LOLIM  

. 2 0  

. 22  

.2 4  

.2 6  

.2 8  

.3 0  

.3 2  

. 34 

.3 6  

. 38 

.4 0  

. 42 

.4 4  

.4 6  

.4 8  

. 50 

. 52 

. 54

. 56

. 58

INT 

.87971924  

.85243837  

.82649725  

.80176742 

.77814169 

.75552925  

.73385216  

.71304276  

.69304176  

.67379678  

.65526113  

. 63739299 

- 6 ? 0 l 5 4 6 1  

.60351178  

.58743332 

.57189071

,55685771

.54231017 

.52822570  

.51456555

lOOOOD-9 = P R E C  

N 

8 

8

8

8

8

9

9

9

9

9

9

ID 

1 0  

10 

10 

10  

1 0 . 

1 0 . 

1 0 ,
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LO LIM INT N

.6 0 .5 0136440 1 1 .

. 62 .48855021 1 1 .

. 6 4 .4 7612414 1 1 .

. 6 6 .46407037 1 1 .

. 6 8 .45237404 1 1 .

. 70 .44102120 1 1 .

.7 2 .42999865 1 1 .

. 7 4 .41929396 1 1 .

. 7 6 .40889537 1 1 .

.7 8 .39879171 1 2 .

.8 0 .38897242 1 2 .

.8 2 .37942745 1 2 .

,8 4 ,37014725 1 2 .

. 8 6 .36112273 1 2 .

= 8 8 ,35234522 1 2 .

.9 0 .34380647 1 2 .

.9 2 .33549857 1 2 .

.9 4 .32741398 1 2 .

. 9 6 .31954548 1 2 .

.9 8 .31188618 13.

1 . 0 0 .30442944 13.
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C o m p u te r  output fo r  j "^ _ jjyjj.

J  ^
A

2. 6789 = GAMMA . 3333 = 1-N . lOOOOD-9 = P R E C

LO LIM  INT N

.2 0  1 .0074610 8 .

.2 2  .96154992 8 .

. 2 4  .91919944  8 .

. 2 6  .87993455 8 .

. 2 8  .84337384  8 .

. 3 0  .80920564  9.

.3 2  .77717150  9.

. 3 4  .74705435  9.

.3 6  .71866980  9.

.3 8  .69185968  9.

.4 0  .66648716 9 =

.4 6  , 59787224 10.

.4 8  .57719097 10.

. 50 . 55747482 10.

. 52 . 53865783 10.

.5 4  .52068054  10.

. 56 .50348916 10.

.5 8  .48703479 10.
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LOLIM INT N

.6 0 .47127290 1 1 .

.6 2 .45616276 1 1 .

. 6 4 .44166702 1 1 .

« 6 6 .42775135 1 1 .

. 6 8 .41438409 1 1 .

,7 0 .40153600 1 1 .

.7 2 .38917997 1 1 .

.7 4 .37729088 1 1 .

.7 6 .36584535 1 1 .

.7 8 .35482159 1 2 .

.8 0 .34419930 1 2 .

.8 2 .33395947 1 2 .

, 8 4 .32408431 1 2 .

. 8 6 .31455715 1 2 .

c 8 8 .30536233 1 2 .

.9 0 .29648513 1 2 .

.9 2 .28791168 1 2 =

.9 4 .27962893 1 2 .

.9 6 .27162456 13.

.9 8 .26388691 13.

1 . 0 0 .25640498 13.

The r ig h tm o s t  co lum n in  the output l is t in g  denotes  the n u m b e r  of t e r m s  

in  the  s e r i e s  r e q u i r e d  to re a c h  the l i s te d  lev e l  of p re c is io n .



TABLE A -I

CA LC U LA TE D  A CTIV ITY  C O E F F IC IE N T  DATA,
1-1 E L E C T R O L Y T E S , 25°

- lo g  Yj., v a r io u s  a  v a lu es ,  a n g s t r o m s

0. 75 2. 52 2 . 59 2 .8 0 3. 10 3 .2 3 3 .2 5 3. 67

0 . 1 0 .0 3 2 6 0. 0295 0. 0295 0. 0294 0. 0294 0. 0294 0. 0294 0 .0293
. 2 . 0748 . 0603 . 0602 .0 6 0 0 . 0597 .0 5 9 4 .0 5 9 5 . 0591
. 3. . 1275 . 0916 . 0914 . 0907 . 0898 .0 8 9 3 . 0893 . 0879
• 4: . 1885 . 1225 . 1 2 2 0 . 1206 . 1186 . 1177 . 1176 . 1147
. 5, . 2536 . 1523 , 1514 . 1490 . 1455 . 1440 . 1438 . 1387
. (> . 3193 . 1803 . 1791 . 1753 . 1700 . 1676 . 1672 . 1594
. 7 . 3832 .2 0 6 5 .2 0 4 7 . 1993 . 1916 . 1882 . 1877 . 1762
.El . 4442 . 2304 . 2280 .2 2 0 7 .2 1 0 3 .2 0 5 6 . 2049 . 1888
.9 . 5017 .2 5 2 0 . 2489 .2 3 9 4 .2 2 5 7 .2 1 9 5 . 2185 . 1969

1 . 0 . 5557 . 2712 . 2673 . 2552 .2 3 7 7 .2 2 9 7 .2 2 8 4 . 1999
1 . 1 . 6063 .2 8 7 9 . 2831 . 2680 . 2461 .2 3 5 8 . 2342 . 1972
1 . 2 . 6537 . 3020 .2 9 6 2 . 2777 . 2504 .2 3 7 5 . 2355 . 1879
1 .. 21 . 6981 . 3134 . 3065 . 2839 . 2505 .2343 . 2317 . 1706
1. 4 . 7399 . 3221 . 3138 . 2865 .2 4 5 7 .2 2 5 5 . 2 2 2 2 . 1435
1 .5 . 7792 . 3278 . 3181 . 2850 . 2353 . 2 1 0 0 .2059 . 1034
1 . 6 . 8163 . 3304 , 3189 . 2790 . 2183 . 1864 . 1813 . 0451

E le c t r o ly te (C g H g ^ N I NaNOg N aF C sC l RbCl KCl N H 4 CI N aC l

COiU>



TABLE A -I--(C on tin u ed )

C A LC U LA TE D  ACTIVITY C O E F F IC IE N T  DATA,
1 - 1  E L E C T R O L Y T E S , 25°

- lo g  y ± , v a r io u s  a  v a lu es ,  a n g s t r o m s

3 .8 9 4 . 0 0 4 .3 3 4. 47 4. 62 4 .8 0 5 .2 3 5. 58

0 . 1 0. 0293 0 .0 2 9 2 0. 0292 0 . 0 2 9 2 0 . 0291 0.0291 0 . 0 2 9 0 0 .0289
. 2 . 0588 .0 5 8 7 . 0583 . 0581 . 0580 . 0 5 7 7 .0571 . 0566
. 3 . 0872 . 0 8 6 8 .0 8 5 6 . 0851 . 0846 .0839 . 0821 . 0805
. 4 . 1132 .1 1 2 4 . 1099 . 1088 .1 0 7 6 . 1 0 6 1 . 1 0 2 2 . 0988
. 5 . 1360 . 1346 . 1301 . 1281 . 1259 . 1232 . 1 1 6 2 . 1099
. 6 . 1550 . 1527 . 1456 . 1424 . 1388 . 1344 . 1228 . 1 1 2 2

. 7 . 1697 „ 1664 . 1556 . 1508 . 1454 . 1386 . 1205 . 1039

. 3 . 1797 . 1749 . 1595 . 1525 . 1446 . 1346 . 1075 . 0819

.9 . 1843 . 1779 . 1563 . 1463 . 1351 . 1207 . 0806 . 0415
1 . 0 . 1830 . 1743 . 1446 . 1307 .1 1 4 9 . 0941 . 0347 - .0 2 6 4
1 . 1 . 1748 . 1631 . 1225 . 1030 . 0806 . 0506 - .  0401 - .  1418
1 . 2 . 1582 . 1426 . 0867 . 0591 . 0266 - .0 1 8 2 -. 1923 - .  3668
1. 3 . 1312 . 1 1 0 2 . 0317 - .  0089 - .  058.1 - .  1294 - .4 1 8 0
1. 4 . 0904 . 0 6 1 6 - .  0532 - .1 1 7 2 - .  1993 - .3 3 1 5
1. 5 . 0298 - .  0 1 1 0 - .  1932 - .3 1 2 8
1 . 6 - .  0624 1242 -. 4808

E le c t ro ly te NaOH N a B r HNO 3 N al L iC l HCl H B r HI

00
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TABLE A -H

CALCULATED ACTIVITY C O E FF IC IE N T  DATA,
2 -2  E L EC TR O LY T ES, 25°

-log  v a r io u s  a va lues . a n g s t r o m s

3 .3 0 5. 80 6 . 0 0 6 . 1 0

0 . 1 0 . 1 6 8 1 0. 1328 0. 1320 0. 1317
. 2 . 3937 . 2769 . 2736 0.2721
.3 . 5868 . 4011 . 3948 0. 3919
.4 .7401 . 5000 .4 9 0 6 0 .4860
.5 . 8634 . 5756 . 5627 0. 5565
. 6 .9 6 4 8 . 6303 . 6133 0 . 6049
.7 1 .0494 . 6649 . 6426 0. 6315
. 8 1.1207 . 6781 . 6486 0. 6334
.9 1.1810 . 6656 . 6247 0. 6029

1 . 0 1.2319 .6 1 6 3 . 5549 0. 5200
U  1 1.2743 . 5006 . 3894 0. 3150
1 . 2 1.3088 . 1944 - .  2244
1 .3 1 ,3355
1 .4 1.3542
1 .5 1.3643
1 . 6 1.3645

E le c t ro ly te ZnSO^ CuBDS^ ZnBDS®  ̂ MnBDS^

^BDS: m -b en zen ed isu lfo n a te
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T A B L E A -III

CALCULATED ACTIVITY C O E FF IC IE N T  DATA,
2-1 EL EC T R O L Y T E S, 25°

“log  , two a  va lues , a n g s t r o m s

4 .2 6 4 .8 5
(a = 0 .2 7 ) (a = 0. 33)

0. 05 0. 0413 0. 0379
. 1 0 .0 8 2 9 . 0768
.1 5 . 1250 .1157
. 2 0 . 1660 . 1534
.2 5 .2 0 4 8 . 1889
.3 0 .2 4 1 0 .2 2 1 8
.3 5 .2 7 4 3 .2517
.4 0 . 3046 .2 7 8 6
.4 5 .3 3 1 9 .3 0 2 4
. 50 . 3562 . 3231
. 55 . 3777 .3 4 0 6
.6 0 . 3961 . 3548
. 65 .4 1 1 6 . 3656
.7 0 .4 2 3 8 . 3724
.7 5 .4 3 2 6 . 3748
.8 0 .4 3 7 5 .3718
.8 5 . 4375 .3 6 1 5
.9 0 . 4315 . 3407
.9 5 . 4167 . 3015

1 . 0 0 . 3873 .2173
1= 05 . 3265
1 . 1 0 . 0764

E le c tro ly te B a C L C aC L
6 6


