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CHAPTER 1
INTRODUCTION

It is not an exaggeration to state that one of the
most fruitful methods in the study of 3-manifolds has
been to study embeddings of surfaces in 3—-manifolds.
Results obtained from the study of incompressible
surfaces and Heegaard surfaces as well as the ubiquitous
use of the loop theorem bear witness to this especially
in the case of compact 3—manifolds. One often uses
special surfaces in oraer to split a 3—manifold into
pieces that are in some sense less complicated than the
original manifold. Some notable examples of this are:

{1) The factorization of a compact 3—manifold into
prime factors by Kneser (a version of which may be found
in [61);

(2) The splitting of a Haken 3-manifold M into
pieces which are either simple or Seifert fibered by
Jaco—Shalen [7] and Joharmson [9].

Both of these examples are nice since in each case
the pieces are unique; case (2) is especially nice since
the pieces are unique upto an ambient isctopy of M. One
can obtain a proof in either (1) or (2) by splitting the

manifold along a maximal set of special surfaces



(2—-spheres in (1) and tori in (2)) and analyzing the
pieces.

In this tradition, I propose to make a study of
noncompact surfaces in noncompact 3-manifolds. In

particular, I plan to restrict my attention to planes
embedded in 3-manifolds so that they are proper (that is,

meet every compact set compactly) in the ambient

3—manifold and nontrivial (that is, bound no proper

submanifold homeomorphic to R*x[@, ® ). It is my aim to
prove that a "sufficiently nice" noncompact 3—manifold V
can be split into pieces in a way analogous to example
(2) above. To make this more precise, I need to define
some terms.

When V is a noncompact 3-manifold, we often find it
convenient to write it as a union of compact

3—-manifolds, say V=WV, In@¥, where V cint(V ., ) for
na. { The notation int(Vn+‘) denotes the interior of

v in the space V.) We say that {V_.3} is an exhausting

n+1
sequence for V. 0One can define special properties of V

in terms of an exhausting sequence. Some examples are:

(a) If Fr(V,) is incompressible in V for nl@, we
say that V is end—irreducible.
{b) If Fr(Vn) is incompressible in cl(V—VO) for

n2d, we say that V is eventually end—-irreducible.



{c) If g is a nonmegative integer and for n@
Fr(vn) is a cornnected, closed surface such that the
genus(Fri(V,)) g, then we say that V is of finite genus at
infinity; if g is the least such number, we say that V is
of genus Q.

By taking V, to be empty, we can see that if V is

end—irreducible, then V is eventually end-irreducible.
E. M. Brown has shown in [1]1 that a commected, open
3-manifold M of finite genus k)@ at infinity having just
one end and finitely generated first homology is
eventually end—-irreducible.

Suppose that N is a noncompact 3-manifold with an
exhausting sequence {C,¥ such that C, is a 3-cell and
ChMC, 4+, is a union of disks LKDn’illéisv} for n0,

:) for nt@ and 1£ifv. Then we say

where Dn,iCint(Dn+s,1

that N is a nearnode with v faces. We say that a

noncompact 3-manifold V is R%*-irreducible provided V is

irreducible and each nontrivial, proper plane in V is

parallel to a plane in N.

It is my aim to prove:

Main Theorem. Let V be a contractible, open, irreducible

3-manifold with finite genus g2 at infinity. Then V can

be split into a finite number of pieces each of which is
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either a nearnode or R*-irreducible. Furthermore, these

pieces are unique up to ambient isotopy.

In order to prove the above theorem, we introduce
the idea of the "characteristic pair of an end” in
analogy to the characteristic pair for sufficiently
large, irreducible manifolds given in [7]. One makes
extensive use of the Characteristic Pair Theorem proved
in [7) in developing this idea.

In chapters II and II1 the idea of a strongly
essential 2-manifold is introduced. Conditions are
found for putting a strongly éssential 2-manifold into
"normal” form with respect to an exhausting sequence and
recovering a strongly essential 2-manifold from a
2-manifold in normai form.

In chapter IV some lemmés‘are proven about compact
2-manifolds which will be used later in complexity
arguments while in chapter V some properties of seifert
pairs are introduced that will be of use in chapter VI.

Chapter V1 is used to contruct a noncompact seifert pair
which engulfs strongly essential copies of §'x5!, 5'xI,

SixR, and S!x[®,®. In chapter VII, further properties
of noncompact seifert pairs are developed.

In chapter VIII, the engulfing seifert pair of
chapter VI is extended toc a seifert pair which engulfs

all "nicely embedded" seifert pairs. In chapter IX, some



properties of this seifert pair are investigated for
Whitehead manifolds, and in particular, Whitehead
manifolds of finite genus at infinity.

Many of the previous results are brought together
in chapter X to prove properties of nontrivial planes in
noncompact 3-manifolds. The class of 3—-manifolds known
as nearncdes is defined at this point.

In chapter XI, the Main Theorem is proved, and
chapter XII provides some examples. The reader who is
daunted by the length of this work may be best served by
reading the chapters in reverse order.

The following lemma is lemma 3.4 of [153]1 and is
referred to quite frequently in the sequel. I reproduce

it here for the conmvenience of the reader.

Lemma I.1. Let F be a compact Z2-manifold which is
neither a 2—sphere nor a projective plane. Let M be an

orientable I-bundle over F and let ﬁ be the associated

&I-bundle. Let G be a 2-manifold in M such that each

component of G is either a disk which intersects cl (5M-F)

in two vertical arcs or an incompressible anmulus whose

boundary in contained in F but is not parallel into F.
Then there is an isotopy which makes G vertical. In the

case that M is a product bundle, this isotopy may be

taken to be constant on one component of F.

Proof:



Waldhausen only proves this for orientable F3
however, the conscientious reader will find little

difficulty in extending the methods of [151. 1

All 3—manifolds will be assumed to be orientable

unless specificly stated to the contrary.



CHAPTER 11
EXHAUSTING SERUENCES AND PROPERLY
EMBEDDED 2-MANIFOLDS

In that which follows, we will let the notation
#{X) denote the number of components of X, where X is a

topological space that is understood from context.

If f:X-3Y is a continuous map such that f !{(C) is a
compact subset of X whenever C is a compact subset of Y,

then we say that f is a proper map. If X is a subset of

Y and the inclusion map X—Y is proper,; then we say that

X is proper in Y.

Let F be a 2-manifold and let M be a 3—manifold.
Suppose that f:F—-9M is a proper map such that

{a) f is a homeomorphism onto f{F),

(b) f(F-&F) is contained in M-M,
(c) f(FF) is contained in M, and
(d) the surface f(F) meets M transversely in M.

Then we say that f is a proper embedding. If F is

contained in W and f is inclusion, then we say that F is

properly embedded in M.

Let X and Y be topological spaces with YcX. Then



a
the notation Fr(Y;X) will denote the frontier of ¥ in X.

When the ambient space X is clear, this will be dencted
simply by Fr(Y). We will use the symbol int(Y) to

denote the topological interior of the space Y in X.
Note that int{Y)=Y-Fr(Y). We will let cl(Y) be the

closure of the space Y in X.

Let W be a noncompact 3—manifold. Suppose that {W,:
n=@,...,0> is a set of compact 3-dimensional submanifolds
of W such that W, is contained in int M, ), FriW ) is
properly embedded in W, and W=U W, . He write W, > in
place of {W, :n=0,...,wr and say that {Nn} is an

exhausting sequence for W.

If W is a noncompact 3—manifold with an exhausting

sequence {W_, > such that Fr(W,) is incompressible in W

for ntd@, then we say that W is end-irreducible.

Suppose that » and X are integers with u}X and
suppose that W is a noncompact 3-manifold with a

specified exhausting sequence {C_ Z. We then write
C[ﬁ,h3=c1(CP—Ck). For convenience put ACh=C[n;n—1] for
ntli. We shall follow the convention that

aC =C _=Cfe,—-11. By further abuse of notation, we will
let CLo,nl=cl{W-C,). Observe that Fr(C )=cl{(&C —aW).
In cases where W is compact and contained in C_, we

will let Fr(C_‘)=9H for the sake of convenience. (The



author realizes that this is repugnant since C_, does

1
not exist.) If F is a commected 2-manifold that is
properly embedded in CIL[X, p] and is such that FIFr(C,)

and FrFr(CF) are both nonempty, then we say that F spans

CLx nl.

Let W be a 3—manifold, let T be a 2-manifold in &W.
and let F be a commected 2-—manifold that is properly

embedded in W. We say that F is parallel in W to a

surface in T provided either

{(a) &F is empty and there is a product Fxl
embedded in W with Fx&I=FLF?, where F' is a component of
Ty or

{b) I is nonempty and there is a product Fxl
embedded in W with Fx@ equal to F and {(Fx3I)U{Fx1)

contained in T.

Let W be a 3—manifocld and let T be a 2—manifold

that is proper in . Then (W,T) is a 3-manifold pair.
If W is irreducible and T is incompressible, then we say
(as in [71) that (W, T) is an irreducible pair. We say
that (W, T) is a compact (noncompact) pair provided that
W is compact {(noncompact). In the sequel, T will always

be assumed to be compact.

Let (W, T) be a 3—manifold pair. Let F be a



i@
connected 2-manifold that is proper in W with &FcT. We

say that F is essential in (W,T) provided F is

incompressible in W and F is not parallel in (W, T) to a

2-manifold in T. We say that F is strongly essential in

{W, T) provided that F is essential in (W,T) and there is
a compact subset C of W such that F cannot be isotoped
to be disjoint from C. Note that if F is connected and
essential and SF is nonempty, then F is strongly
essential.

If F is a 2-manifold that is proper in W, then we

say that F is essential (strongly essential) in (W, T)

provided each component of F is essential (strongly
essential) in (W, T).
Let W be a noncompact n—manifold and let ¥ be a

positive integer. We say that W has ¥ ends provided
that there exists a compact subset M of W such that if N

is any compact subset of W with McN, then cl{(W-N) has ¥

noncompact components.

Lemma II. 1. Suppose that W is a noncompact 3-manifold

with exhausting sequence {W, 3. Suppose that F is a

2-manifold which is homecmorphic to either S!xI[0, ® or
SixR and is properly embedded in W. Suppose that F, is

an annulus in F with each component of & , noncontract-—



ible in F and SFCFO. Suppose that Foeint (W, ). Let F,
be an anmulus in F such that FiMW, cint(F,) and each
component of &, is noncontractble in F. If min,
FiCint(wm) and if A is a component of cl(F-F ), then

exactly one component C of AMWImgnl spans Wim,nl.
Proof:

Since A is noncompact and FoW,, there is a com-

ponent C of AMWIm;nl which spans WIm,nl. We claim that
C is the only such component of AfWIm,nl. Note that

CFrW ) cint(F,) and that CiFr(W,) is contained in
(F-F )MA. Therefore, C must contain the single

component of aF,rn. This completes the proof.

Lemma 1I.2. Let W be a connected, orientable,
noncompact 3—-manifold which is irreducible and
end—-irreducible. Let T be a compact 2-manifold in SW.
Let {W,3} be an exhausting sequence for W such that

(1) T is contained in W;

(2) W, is conmected for ni@;

n
(3) Fr (W) is incompressible in W for nia.

Let F be an incompressible 2-manifold in W with

T which is properly embedded in W. RAlso suppose that
each component of F is homeomorphic to Sixil, Sixs?,

Six[@,w), or S'xR. Then F is ambient isotopic to a

11



surface F! such that F'Fr(W,) consists of simple closed
curves that are noncontractible in both F' and Fr(wn)
for all ni@.

Proof:
As in (4.2) of [3]1 and (2.4) of [1]1, we may assume

that F is transverse to Fr(wn) for all n@. Let {Fn} be

an exhausting sequence for F such that for n2@ each

component of Fn is an annulus or a torus, each component

of FEaoy,nl is either noncompact or closed, and & is

contained in Fo' Note that FO contains each arnmulus

component of F.

Put n{@)=0. Since F is properly embedded in W, we
may assume that FiW, is contained in int(F_;). Choose
n{1)>@ so that F _cint(W,(4,).

Suppose that, for k21, n{i@d) (. . . {n{k) have been

chosen. We may assume that

(I1.2.1) FW,, () Sint (Fp).

Choose n{k+1)>n(k) so that

(I1.2.2) FlCint (W, (je1)?-

Note that by choice of exhausting sequence {Fn} and

iz
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(II.2.2) any compact component of F meets Fr(wn(k)) for

at most one value of k.
Let p be a positive even integer. We construct an
isotopy of W that is fixed off int(WIin(p+1),n{(p—-1)1).

Suppose that J is a simple closed curve component of
FrFr(wn‘p)) which is contractible on either F or

Fr(uw Since both F and Fr (W )) are

n(p))' nip

incompressible in W, we may assume that there is a disk
D in F with &D=J and DFFr(wn(p))=QD. Since Fr(wn(p)) is

incompressible in W, there is a disk D? in Fr(Nn(p))

with dD'=5D. Since W is irreducible, there is a 3-cell
B in W with &8=DWD’. We can use B to isoctop F and reduce

#(FMFr (W y??- To show that this isotopy is fixed off

ni{p
of the set int(WIn(p+1),n{(p—-121), it suffices to show
that Bcint (WIn(p+1),n{(p—121). Since Fr{Win{(p+1i) ,ni{p-1)1
is incompressible in W, it suffices to show that the set
DIFr(Win({p+1),n{p—1)1) is empty.

To get a contradiction, suppose that the set

DfFr (W y)#9. Since DIFr(W y)ceint(F,_ ) and

n{p—1 n{p—1 P

since SDCFv(Nn(p))CF—F D must contain a component L

p—a?
of SFp_‘. Since L is noncontractible in D, this is

absurd. That DFFr(Nn(p+‘))=¢ may be proved similarly.

Note that this isotopy preserves (I11I.2.1) and

(Il.2.2). Therefore, we may repeat this process at most



14

#(FFFr(Nn(p))) times until each component of FFFr(un(p))

is noncontractible in both F and Fr(wn(p)).

We may similarly construct an isotopy of W fixed

off int{W, (1)) so that each component of FIFr(W, (@)? is
noncontractible on both F and Fr(wn(a)).

Since these isotopies are "pairwise disjoint,” we

have constructed an isctopy of F in W so that

Y i

(II.2.3) for even p each component of FFFr(Hn(p) is

nontrival in both F and Fr(W ) I

rni{p)

and so that (II.2.1) and (II.2.2) hold.

For even p2@, let Hp=wx1—9w'be an isotopy with
Hp(x,ﬂ)=x which is fixed off int{Win{(p+2),n{p)l) and

such that

(I1I.2.4) #(Hp(F,l)ﬂ(LKFP(Ni)lﬁ(p)(i(n(p+1)}))

is minimal. We claim that each component of
Hp(F,l)FFr(Ni) is noncontractible on both Hp(F,l) and
FriuW;) for nip) fiin(p+l). To get a contradiction,
suppose that there is a disk D in F with DFFr(Ni)=3D for

some nip) {ini{p+l). Then there is a disk D’ in Fr(W;)

with ID*=5D. As before, it suffices to show that
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DMFr(Wn{p+2),n(p)]) is empty to show that we can reduce

(I1.2.4) by an isotopy fixed of int(WIn(p+2),ni{p)1). By
(II.2.3) we are done.

By piecing together these isotopies, we are done. B

lemma 1I.3. Let W be a connected, orientable,
noncompact 3-manifold which is irreducible and

end—irreducible. Let T be a (possibly empty) compact
2-manifold in SW. Suppose that {W,3* is an exhausting
sequence for W such that for nia

(1) Tcint(W);

(2) FrW,) is incompressible in W;

(3) W, is conﬁected.

Suppose that F is a 2-manifold in W with SFCT which

is strongly essential in (W,T). Also suppose that each
component of F is homeomorphic to SixI, S!x5!, Sx[0, o,

or SixR. Then F is ambient isotopic to a 2—manifold F?

such that for ni@ each component of F'Nal, is an annulus
or torus. Furthermore, each annulus component of F? Nal,
is essential in (&W ,Fr(ad ).

Proof:

By lemma II.Z2, we may assume that for n2@ F is

transverse to Fr(W,) and each component of FFFr(Nn) is

noncontractible on both F and Fr(un). Therefore each



component of FMNaW, is either an annulus or a torus.
Let {F_ 3> be an exhausting sequence for F such that
for n2@ SFcint(F,), each component of F, is either a

torus or an annulus whose core is noncontractible on F,
each component of FLao,nl is noncompact or closed, and if

F? is a cdmponent of F, then F'I'Fn is connected.

Put n{@)=0@. We may assume that FW cint (F ).
Choose n(1)In(@) so that F _cint(W,(;,) and so that if F?
is a component of F with F'iW_#@, then F' cannot be
isotoped to be disjoint from W, (y,-

Suppose that, for k2l, a sequence of integers

n{@d) (... (n{k) has been chosen. We may assume that

Choose n{k+1))»n{k) so that

Since F is proper only finitely many components of F

meet W, (.,» SO we may assume

(1I.3.3) if F’ is a component of F with F*IW, (., %

then F' cannot be isotoped to be disjeint from

16
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Winik+1) -

Let p be an integer for the form 3k+2 where ki@ is
an integer. We will construct an isotopy of
Wn{pt+1),n{p—2)1 which is fixed off

int{Wn(p+l),n(p—2)1. Suppose that A is an annulus

component of Frun(p, which is parallel in ”n(p) into

Fr(W We claim that AMFr (W ))=9.

n(p))' nip—2

Suppose that ﬁFFr(Hn(p_a))#Q. Let F* be the

component of F which contains A. Let Fb—x=Fp—1rF"

Then Fb_‘ is cormected. Since Fb—nci"t(un(p)) and

FACFr (W ), F? must be contained in int(A). In

nip) p—1

particular, A is the only component of F'(W y which

ni{p

meets W Since A is parallel intoc Fr(Nn(p)), F?

ni{p—1)"~

can be isotoped to be disjoint from ”n(p—l)' But this

contradicts (I11.3.3).

Let AxI be the product between A and Frtwh(p)).

Isotop F by pushing along AxI. This reduces

#{(FMFr (W y??- This isotopy may be made to be fixed

ni{p

of f int (WIn(p+i),ni{p-231) if AxIcint (WIni{p+l) , ni{p—-2)1).

This follows since Fr{(Win{p+1l),n(p—2)1) is

incompressible and disjoint from RLFr(Hn(p)). This

isotopy preserves (II.3.1) and does not introduce any

components of FFNn(p) which meet ”n(p—l)'



Suppose that A is a component of FiMLa,n(p)l which

is parallel in WLao,n(p)] intoc Fr(W We claim that

n(p))'

))Cint(F ) and

QFFF(Hn(p+1))=ﬁ. Now JRA=ArFr (W p

ni{p

AFriuW y =F-F Let F' be the component of F which

nip =

contains A. Then cl(F’-Fp)Cn and is compact which
contradicts that each component of FLw, pl must be

noncompact. So we must conclude that QFFr(Nn(p+1))=Q.
Let AxI be the product in Wloyn{(p)l between A and

Fr (W Use AxI to isotop F and reduce

n(p))'
#(FFFr(Nh(p))). As before, this isotopy can be made to
be fixed off int{(WIn(p+i),n{p—2)1).

By piecing these isotopies topether, we may assume
that if A is an annulus component of
FIHIN(3k+3) , n(3k+2)1, then A is essential in
(WIN(3k+S5)  n(3k+2) I, Fr(WIn{(3k+3),n(3k+2)1). And if A is

an anmulus component of Fr“n(E)’ then A is essential in

(Hn(e),Fr(Nn(E))).

By performing an isotopy fixed off int (WIn(3k+5),

n(3k+2)1 so that #H(FALMKFr (W) |3k+2<(i (3k+53]1) is minimal
for k2@ and an isotopy fixed off int (W, (o)) so that

#FMHFr(W;) 1i{n(2) ¥) is minimal, we are done. §

18



CHAPTER I11I
CONSTRUCTING STRONGLY ESSENTIAL 2-MANIFOLDS

Lemma III. 1. Let W be a connected 3-manifold which is

irreducible and end-irreducible. Let F be a compact
2-manifold in 3W. Let T be a commected, closed
2—manifold that is essential in (W,F). Then T is
strongly essential iff there is novproper map
f:Tx[@, @ —>W such that

(a) f is an embedding;

(b)) fF(Tx@)=T.
Proof:

If there is a proper map f:TxL[@, ©) —2>W that
satisfies (a) and (b), then we may construct an isctopy
toc move T off any compact subset of W.

Now suppose that T is not strongly essential. Let
{W,> be an exhausting sequence for W such that Fri(W,) is
incompressible in W for n2@, W, is connected for nieo,

each component of WLoy,nl is noncompact for ni@, and

Tcint(W,). We claim that T is parallel to a component
of Fr(W,) for each ni@. Assume that n2@. Let H_ :TxI-—W
be an isotopy of T in W such that H_ (T,@)=T and

H, (T, 1) MW, =0. Let TL=H_(T,1). Then T and T} are

19
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homotopic in W. Since TCint(HQ), TFW% is empty.

Therefore, since both T and Th are incompressible, we
may apply proposition 5.4 of [15] to obtain that T and
T are parallel in W. Let Th¥1 be a product which is
properly embedded in W so that TAx0=TA And ThHX1=T.
Since TCUn and T%FNH is empty, there is a component Th
of Fri(W,) which is contained in Thyxl. Since T, is
incompressible in T} xI, there is a product @, of TixI
such that Fr(Q, )=TUT .

We claim that T separates W. To get a

contradiction, suppose that there is a simple closed
curve J in V which meets T in precisely one point.

Since T can be isotoped off of any compact subset of W,
T must have an intersection number of zero with J which
is a contradiction. Let V be a closure of the component

of W-T which contains infinitely many of the T,. There
is a sequence of integers n{d) (n(l1) (... such that @,.,
is contained in V for ki2B. Since Fri(W,,.,? and
Fr(ﬂn(k+1)) are incompressible in W, we may apply lemma
I1.7.1 of [71 to see that

(€140 (k+1) B (1) 2 s Friel 0y, (e 1) "B 1) )

is homecmorphic as a pair to TxLk+l,k+21 for k208. Let

h:Q, (g)—>Tx(B,11 be a homeomorphism. Observe the h may

be extended a level at a time to to a homeomorphism from
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V to Tx[@, @w). Therefore, we are done.

Lemma 111.2. Let W be a 3—manifold. Suppose that F is

incompressible in W. If h:FxI—3W if a continuous
function such that h|Fx@ is an embedding, then
hy:m (FxI)—n (W) is monic.

Proof:

Let i:Fx@—FxI and k:F—2W be inclusion maps. Then

kth IFx@)=hi. Hence, k,(h|Fx@) =h,i,. 8Since i, is an
isomorphism,

(I11.2.1) hye=k, (h IFx@®) (i)~ ! Since the
factors of the right hand side of the equal sign in

(I1I.2.1) are monic, h, is monic. B

Lemma 111.3. Let W be a connected, irreducible,
noncompact, end—-irreducible 3—manifold. Let T be a

compact 2-manifold in &W. Let F be an embedding of S'xR
which is proper and essential in W. Then F is strongly
essential in (W, T) iff there is no proper map
f:FxL[@, @) —>W such that

{a) f is arn embedding;

(b) Ff(Fx@)=F.
Proof:

Suppose that there is a proper map f which satifies
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{(a) and (b). Define hﬁzFxI—QN by h,(xs £)=F{x,nt). Then

h, is a proper isotopy for nil. Furthermore, since f is
proper, h_ (Fx1) misses any fixed compact set for n))e.

Suppose that F is not strongly essential. Then for

any compact subset C of W there is an isotopy h sUWxI—>W
such that h _(Fx@)=F and h_(Fx1) does not intersect C.

By lemma 11.2, we may assume that there is an exhausting
sequence {W,} for W such that Fr(W,) is incompressible
in W and FIFr(W,) consists of simple closed curves that
are noncontractible on both F and Fr(W,) for nie@.

We claim that F separates W. To get a contra-
diction, suppose that there is a simple closed curve J
in W which meets F at precisely one point. This implies

that F has a Z, intersection number of one with J. By

hypothesis we may perform an isotopy of F so that F no

longer intersects J. This implies that F has a Z,

intersection number of zero with J. We have, therefore,
produced a contradiction.
Let W' and W" be the closures of the components of

W-F. Let Wl =W MW and let Wi =W_MW". Then {W} 3> and {W_ 3
exhaust W' and W', respectively. Since FiFri{W,)
consists of curves which are noncontractible in both F
and Fr(W,) and since Fr(W,) is incompressible in W,

Fr(Wl) and Fr(Wp) are incompressible in W' and W",
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respectively. Therefore, W' and W" are both

end—-irreducible. Since W' and W" are each conmected,

for each n2@ we may choose a component vi, of Wi and a
component Vo of Wp such that (V] 3} exhausts W' and {vp?
exhausts W".

Fix n2@8. There is an isotopy h:WxI—W such that
h(Fx@)=F and h(Fx1)iMW, is empty. Let A be a compact

connected 2-—manifold in F such that AxI contains

h_‘(wn). Let N be a regular neighborhood of h{(AxI). By

the Isotopy Extension Theorem (see 4.24 of [121), there
is an isotopy g:WxI-—3W such that gi{w,t)=w for w in

cl{W-N) and t in I and g iAxI=h |AxI. Choose m)n so that
Ncint (W ). Let T be the component of FiW, which contains
A. Then g(TxI) W, and g(ITxI)=T. Let To=g(TxG)=T and
let T, be a 2-manifold that is parallel in W, to g(Tx1)
such that 3T =87, and T T, consists of pairwise
disjoint simple closed curves. Now isotop T, in

W= (VIWZ) with T, fixed so that #(T (T ) is minimal.
By proposition 5.4 of [15]1, there is a surface &
contained in T, and an embedding GxI—2W, such that Gx@
is contained in T, and (36xI)U(Gx1) is contained in T,.

We claim that we may assume that GxI contains

either VI or V.. First suppose that
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#(int (T ) Nint (T ))=0. Since g(Tx1)rW,=8, T,W =0. Since

V2

nhoand Vo meet T, on opposite sides, one of Vi or Vo

must be contained in GxI. Now suppose that
#UNE (T D Nint (T )0, If neither V! nor VQ is contained
in GxI, we may isotop T, in W, and reduce #(T AT ).

Let Vn=GxI. By taking a subsequence, we may assume
that {V_.3} exhausts V, where V is one of W or W". Since

Vit 49 V),) is homeomorphic as a pair to
(V¢ JFI L0, n+21, (V, F)x[@,n+11)

for n2@, it follows that V is homeomorphic to Fx[@, o . 1

Lemma II1.4. Suppose that W is a noncompact 3-manifold
which has an exhausting sequence {(W_}. Let T be a

compact Z2-manifold in SW. Suppose that F is a cormected
2—-manifold which is properly embedded in W, and suppose

that for each n@, FlaW, consists of a collection of

pairwise disjoint arnnuli that are properly embedded in

(o, T). Then

{a) if F is compact and & is rionempty, then F is
an arnnulus;
{b) if F is closed, then F is a torus or a Klein

bottles
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{c) if F is noncompact and & is nonempty, then F

is homeomorphic to Six[@, ®) ;

(d) if F is open, then F is homeomorphic to SixR.
In cases (a), {(c), and (d), F is incompressible.
Furthermore, if W is orientable and irreducible, if

each annulus of FleW, is essential in (&l ,Fr(al,)) for
ntd, and if Fr(W,) is incompressible in W for ni@, then
F is strongly essential in (W, T).

Proof:

Suppose that A and A? are components of FlaW, and
FMaW,, respectively, where n and m are not necessarily

distinct, but A and A' are distinct. Let us assume that
n#m; then AMA? is either empty or consists of the
boundary components that A and A' have in common. Let G

= U,Q,, where for each integer ni@ @, is the set of
components of Flial,.

It is easy to prove parts {(a)—-{(d) of the conclu-
sion.

Observe that in cases (a), {(c), and {(d), any
oriented component of WAA:ASEF represents a generator

of ni(F).

We will first show that F is incompressible in W.
Suppose that D is a disk in W with DIfF=5D. In cases
{a), (c), and (d), &D is either contractible in F or is

isotopic in F to a generator of n,(F); in these cases,
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assume that GDCint(aNn) for some ni@A. We may suppose

that D is transverse to Fr(W,) for n2@ and that

#(DN(U Fr(W,))) has the fewest components of any disk D
which satisfies the above. Since #(DN(U Fr(W, 1)) is
minimal and Fr(wn) is incompressible in W for all n, we
may deduce that DM(U Fr({W )) contains no simple closed

curves, S0 in cases (a), (c), and (d) we are done.

Now we assume that for each nt@ each component of
FNalW, is essential in (oUW ,Fr(ad, )). HWe will now
endeavor to show that DU FrW,)) contains no arcs.

Suppose that o is an arc of Dﬂ(UhFr(Nn)). Without

loss of generality, we may assume that o is an arc of

DFFr(Nn) for some fixed n and that there is an arc g in

dD and a disk D' in D such that aop=8c=&p, FD'=alp, and

int (DY) MU Fr(W,)) is empty. By choice of a the arc g
must be properly embedded in a component A of &l , where
m is either n or nt+l. We claim that if g is a
separating arc of A, then it is possible to reduce
#(Dﬂ(UkFr(Nk))). Suppose that D" is the disk separated
off of A by B. Then we can use D" to push g through
Fr(W, ). This removes arcs from DA(Y Fr(W, )) but perhaps
introduces simple closed curves which can be removed.

So we may assume that g is a sparming arc of A.
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There is an embedded product D'x[-1,11 in aW,, such that

0 xL—1, 11 =(D*x[-1,11) N{ALFr(W_)) and D’ x@=D’; we may

assume that N=(D'x[-1,1]J)MA is a regular neighborhood of
B in A. Let E be equal to cl{RA-N). Then E is a disk

and EU{(D*x2[—1,11) is a disk in oW, whose boundary is
contained in Fr(W, ). Since Fr(W,.) is incompressible in
W, there is a disk E' in Fr(W,) that shares its boundary

with EW(D x2f—-1,11). So E' WEWD'x8L[-1,11) is a 2-sphere
which must, since W is irreducible, bound a 3—cell B in

W. Since Fr(aW,) is incompressible in W, B must be
contained in 4aW,.

We claim that (D*"x[-1,11)MB=(D*x[-1,11)N8B.
Otherwise, D'"x[—-1,11cB which implies that A is contained

in B3 this contradicts that A is incompressible in aW,.

Hernce, note that BU(D'x[-1,11) is either a solid torus
or a solid klein bottle since BMN{(D'x[-1,1]1) can be shown
to be equal to D'"x&[—-1,11. But BU(D*x[—-1,13) must be a
solid torus since W is orientable. This solid torus is
a product with A at one end since D' is a S—compressing
disk for A. Consequently A is not essential in

(W, Fr(aW )) and that is a contradiction. So we may
assume that D is contained in oW, for some m. Thus D
bounds a disk in anum since each component of Fﬂéwm is

incompressible.

Suppose that F is parallel to a surface in T. Then



28
there is an embedding f:F—3W such that f(Fx@)=F and

fi{Fx1l) is contained in W. Let s=f‘*(|_1n|=r(wn)). Then S

is incompressible and properly embedded in FxI. Since

f{Fx1) does not intersect U FrW,), each component of §

is paréllel in FxI to a surface in Fx@. Let S' be a
component of § that is irnmermost in FxI. Then there is
an embedding g:5'xI—-3FxI such that g(5'x@)=5" and
gL{(S'x2I)U(S5"x1)] is contained in Fx@. So fg(S'x@) is

contained in Fr(W, ) for some n and fgL(5'x2I)U(5x1)1] is
a component of Frmum for m=n or ntl. Now fg(S'xI) must
be contained in al, and so fgl{(S§*x3I)U(5'x1)] is not
essential in (aum,Fr(éNm)) which is a contradiction.

If there is no proper embedding f:Fx[@, o) —2W with
f(Fx@)=F, then we are done by lemma III.3. To get a
contradiction, suppose that Fx[@, o) is proper in W with

Fx@=F. Choose n so that Fr(W ) IF is nonempty. Then
Fr(Nn)ﬂ(Fx[w,m)) is a compact incompressible Z2-manifold

that is properly embedded in FxI[®,w). Let S be a

component of Fr(W ) MN{Fxf@, o). Then S is annulus which

is parallel into F. By choosing S inmnermost in Fxil@, o),

we may assume that S is a component of Fflald, for some n.

This is a contradiction. i



CHAPTER 1V
SOME PROPERTIES OF COMPACT
2-MANIFOLDS

Lemma IV.1l. Let 5 be a compact, orientable 2—-manifold
and suppose that J is a simple closed curve that is
nontrivial in 8. Suppose that KiseeaaK, is a collection
of pairwise disjoint simple closed curves which are
noncontractible in 5. If J meets Ui Ky transversely, if
JN(U;K;) is nonempty, and if J can be isotoped to miss
UjK, then there is avdiék DS such that db=alpg, where g
is an arc in J and « is an arc in K; for some i.
Proof:

We may assume that JIiK , #0. Since J may be isotoped
to be disjoint from K, there is a map f:51'-38 such that
fIS!x® is an embedding, f(S'x@)=J, f(S'x1)MK_ =0, and

such that f is is in general position with respect to

K Now f—‘(KO) consists of arcs and simple closed

o-

curves. Since K, is nontrivial in 5, we may modify f

of f S1x31 so that each simple closed curve of f—‘(Ko) is

29
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noncontractible in S!xI.

Since JMK_ #2, there is an arc component a of
FTHK ). Since F(S'x1)MK =8, « must be a separating arc
of SixI. Let D be the disk separated off S'xI by « Let

F=Dr(S'x@). Put p=F(P) and a=F(x®. Then B is an arc in
J since fIS'x@® is an embedding, and « is an arc in Ko

since aﬂJ=f(Eﬂ(S’xG))=9§. Now alUp is contractible in S.

Therefore oUp bounds a disk D in S and we are done. §

Suppose that § is a compact 2-manifold and suppose
that F is a compact 2-manifold contained in int{(S5). We

say that F is hard in S provided the inclusion induced
map n,{(F?)—n, (8) is monic and nontrivial for each

component F? of 8. (This implies that F' is not a disk
and that no component of cl{(S5-F') is a disk.) By
convention, we will insist that the empty set be hard in

S.

Lemma IV.2. Suppose that S5 is a compact, orientable {(rnot
necessarily connected) 2-manifold. Suppose that {6,F is
a sequence of compact Z-manifcolds in § such that

(a) G,cint(G,,.,) for ni,

(b)Y 6, is hard in 5, and
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() if A and A' are components of G,, which are
annuli, then the core of A is not parallel to a the core

of A' in S.

Then there is an N such that G, is a regular
neighborhood of Gy for all niN+l.

Furthermore, if {(a) is replaced by

(a’) 6 Cint (G,) for nil, then there is an N such

nti

that Gy is a regular neighborhood of 6, for all n2N+i.

Proof:

Note that
(IV.2.13a) %(Gh+1)=ﬂtﬁn)+ﬂ(c1(Gn+1—6n)) and
(IV.2.1.b) R(S)=ﬂ(6n)+%(c1(8—6n)

for nil. By part (b) of the hypothesis

(IV.2.2a) *(cl (6, ,—6,) $@ and

(IV. 2. 2b) X(el ((S5-6,,) $@

for nil. By combining (IV.Z2.1a,b) with (IV.2.2a,b), we

obtain

(IV. 2. 3a) K(B,,, ) $%(G,) and

(IV. 2. 3b) KB) £XK(G,)
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for n2l. Therefore, for n’)l, %(Gn) is constant since

it is bounded below by (IV.2.3b) and nonincreasing by
(IV.2. 3a). We may deduce from (IV.2.1a) that

K(el (G, ,—6,))=8 for n¥>l. Since S is compact, no
component of cl(G,, ,—6,) is closed for n)>1. By
condition (b) of the hypothesis and the fact that S is
orientable, each component of CI(Gn+g-Gn) is an annulus

for n»>l. By condition (c) of the hypothesis, no

component of cl(G,, —6,) is a component of G, , , for

nr>l. So, for n¥>1, G is a regular neighborhood of

nti
Gn.
If we replace condition (a) by (a') , then
(IV.2.4) KB =K(B 4 I +XK(C1 (G G, ,)

for ntl. And

(IV.2.5) %(c1 (6,6, ,)) 5O

for n2l. This leads to

(IV.2.6) KB KB, )

for n2l. But by condition (b) G, contains no disks or
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2-spheres and since S is orientable Gn contains no

projective plane. So

(IV.2.7) ®K(G,) s@

for all n. Therefore, the sequence {X(B,) In21} is
bounded above and nondecreasing and, accordingly, is

eventually constant. The rest of the proof follows as

before. B

Definition IV.3. Suppose that S is a compact, orientable

2-manifold. Let F and G be compact 2-manifolds that are
hard in S. Suppose that H is a compact 2-manifold such
that

(a) H is isotopic in 8 into F and H is isotopic in
S into Gj

{b) if A and A are distinct components of H and A
is an annulus, then the core of A is not parallel in S
to a component of SA?;

(c) H is hard in Sj;

{d) if J is an noncontratible simple closed curve
in S that is isotopic by separate isotopies in S into F

and G, then J is isotopic in S into H.

6 in S. We abbreviate this by writing H is a eclb(F,G;S).
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If in addition to conditions (a)—(d) H satisfies

condition

(e) if H? is a clb(F,G63;5), then H is isotopic in S
into H?,
then we say that H is the least common lower bound of F

and 6 in S. (In lemma IV.6 we will justify our use of

the definite article in the preciding sentence.) In this

last case we write H=1lclb(F,G6:;5).

Lemma IV.4. Let S be a compact orientable Z—-manifold.
Let F and 6 be compact 2-manifclds in S which are hard

in 5. Then there exists a common lower bound of F and G
in S.
Proof:

We may assume that & is transverse to 365 and that

#(FNI) is minimal. Let H =FMG. Then H; is a compact

2-manifold which satisfies condition (a) of definition
Iv. 3.

Suppaose that J is a simple closed curve that
satisfies the hypothesis of condition (d) of definition
IV.3. We may assume that J is contained in int{(F). Let
us isotop J in §-8F so that #(JN5G) is minimal.

We claim that JNSG is empty. Suppose that JN96 is
nonempty in order to get a contradiction. Then by lemma
IV.1 there is a disk D in S with &=aUp where a and p are

arcs in J and 86, respectively. We may assume that
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int (o) NFG=2. If DNoF is empty, then we may push along D

to reduce #{(JNSG) by an isotopy of J in S-SF. 5o we
must assume that DNSF is nonempty. Since F is hard in
S, no component of &F is contained in D. So &FNED is
nonempty. Since JN&F=0, SFNID is contained in p. Let ¥
be a component of &FID. Then ¥ is an arc with &¥cg.
There is a disk D? in D with dD?=¥U§, where § is an arc
in g. We may use D' to push ¥ through § and reduce
#(HFNI) which is a contradiction. So we must conclude
that JNoG=2.

So either J is contained in Ho or J is contained in

int(F-G).

{IV.4.1) Let us assume that J is not isotopic in S into

Hg.

Since J is isotopic into G, J must be parallel to a
component K of 86. Let A be an amulus in S with
MA=TLK.

We claim that KNéF=&. To get a contradiction,
assume that KNoF=8. Then there is an arc component o of
SFfA. Since J is contained in int(F), o must be a
separating arc of A. Let D be the disk separated off A
by . We can isotop along D and reduce #(5FNIE) which
is a contradiction.

We claim that A contains a component K! of &F. To
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get a contradiction, suppose that A contains no

component of SF. Then since J is contained in F, A is
contained in F. 8o K must be contained in F. In fact,
there must be a regular neighborhood N of K in 6 which

is contained in F. Then N is contained in FFB=H°. But
J is isotopic into N and this gives us a contradiction

of (IV.4.1).

We may now draw the conclusion

(IV.4.2) if J i

isotopic in S into F and 6 but is not

isotopic into H,, then J is parallel in S to a component

of &F and J is parallel in S to a component of &G.

Let &={LJ]1|such that J is a simple closed curve which

satisfies the hypothesis of (IV.4.2)3}, where [J] denotes
the isotopy class of J in S. By (IV.4.2) we may choose a
set ¥ such that ¥ contains exactly one simple closed
curve from each isotopy class of & and such that if J

and J' are distinct elements of ¥, then such that

JAr=@. And if J=F, then JIH =92. Also note that the
cardinality of & and therefore ¥, is at most
min{#{(F) , #{(3G) }. For each J=¥, let N, be a regular
neighborhood of J which misses H,. We may assume that

NN =2 for JaKel.
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Put H =H U[WN_1JeF3]. Then by (IV.4.2) H,

satisfies (a) and (d).

By removing the "redundant" annular comporents of
H, we may obtain an H, which satisfies (a), (b), and (d)
of definition IV.3.

Let T=WKCI|C is a component of Hz with WI(C)—én‘(S)
trivial¥. Put H3=H2—T. Then H; satisfies (a), (b)), and
{d) and n‘(C)—éni(S) is nontrivial for each compornent C
of H,.

Suppose that C is a component of H3 where
n,(C)—n (8) fails to be monic. Then there is a
component X of SC which bounds a disk D in S. Since
n, (C')—>1 (5) is nontrivial for each component C' of H 5,
D contains no component €' of H,. Since F (respectively
G) is hard in §, FDF (respectively FDGE) implies that
DcF (respectively DcBG). So H,UD satisfies (a), (b), and
{d) of definition 1IV.3. By adding all such disks to H3
to obtain H,, we see that H, satisfies (a), (b), (o),

and (d). B

Lemma IV.S5. Let S be a compact orientable Z-—manifold.
Let F and 6 be compact 2-manifolds in S which are hard

in S. Suppose that H and H! are common lower bounds for
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F and G in S. Then a common lower bound of H and H? in

S is a common lower bound for F and G in 5.

Proof:

Let H" be‘a clb{F,635). Suppose that J is a
noncontracible simple closed curve that is isotopic in S
into F and G. So J is isotopic in 8§ into H and H?.

Therefore J is isotopic into H". B

Lemma IV.6. Suppose that 5 is a compact, orientable

2—manifold. Suppose that F and 6 are compact
2-manifolds which are hard in S. Then there is a
2-manifold H which is a least common lower bound for F
and 6 in 5. Furthermore H is unique up to an ambient
isotopy of S5, i.e. H=1lclb{(F,63;5).
Proof:

We will apply Zorn's Lemma.

Let £T,] and L[T,] be the isotopy classes of
2-manifolds in S. We define the notation ! by saying
[T,12LT,1 iff there is a T ,&LT 1 and T, €[T, 1 such that
T,Cint(T,).

Suppose that for v2@ H,6 is a clb(F,6535). And
suppose that [H_ J2[H,J2... . Then we may assume that for
vz@ that Hv+1cint(Hv). So by lemma IV.Z2 there is an N
such that H 6 is a regular neighborhood of Hy in S for

v}N. Therefore, [H_ 1=[Hyl for viIN. By Zorn’s Lemma,



39
there is an H which is a clb(F,G3;5) such that if H' is a

clb(F,G5;5) and [HI2LH'1, then [HI=L[H'].

Suppose that H' is a clb(F,G35) such that if H" is
a ¢clb(F,635) and [H'12[H"]1, then [H?1=[H"]. We claim
that [H'1=[H]. Let L be a clb(H,H*3S). Then by lemma
IV.5, L is a clb(F,6355). So [HI2[L] and [H']2([L].

Therefore [Hl1=L[LI=[H'31. B

Definition IV.7. Suppose that p:&—éF is a comected

2-fold covering, where F is a connected, compact

2-manifold and let T:F—>F be the covering translation.
Suppose that there is a compact 2-manifold G contained
in F which is hard in F. Suppose H is a compact
2-manifold contained in F such that

(a) H is hard in F,
(b) if A and A are distinct components of H and A
is an annulus, then the core of A is not parallel in S

to a component of &A7,

{c) H is isotopic in F into G,

(d) H=1H, and

(e) if J is an noncontractible simple closed curve
in F such that JNtJ=@ and JUTJ is isotopic in F into G,
then J is isotopic into H.

Then we say that H is a T invariant lower bound for G.
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We abbreviate this by writing H is an ilb(G;T).

Lemma IV.8. Suppose that p:E—éF is a connected Z2—-fold

covering, where F is a connected, compact 2-manifold and
Ne Ny Ny

F is neither a torus nor a klein bottle. Let 7:F—3F be
the covering translation. Suppose that there is a
compact 2Z-manifold G contained in F which is hard in F.

Thern there is a T—invariant lower bound for G.

Proof:

Put H=1clb(G, 76;F). We claim that H is an

ilb(G3;7). Conditions (a), (b)), and {(c) follow quickly
from definition IV.3. Suppose that J is a simple closed
curve which satisfies the hypothesis of (IV.7(e)).

Suppose that L:FxI-3F is an isotopy of the identity with

L{JUrJ,1)5. Then L(J,1) is contained in G and

T {(mxid) (J,1)c1G. BSo J must be isotopic intoc H.

It remains for us to isotop H in F so that +H=H.
We will first show that ™ is isotopic in F to H. Since
T{T1H) is equal to H, it suffices to show that 1H is a
Clb(B,Tﬁ;&) suppose that J is a noncontractible simple
closed curve which is isotopic in F intoc 6 and is

isotopic in F into 16. It suffices to show that J is

isotopic in F into 7H. There are isotopies K,L:FxI->F
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of the identity with K(J,1)h5 and L{J,1)cT6. Observe

that TK{mxid) (1tJ,1)c16 and T (T™xid) {(7J,1)B. Sc by TJ
is isotopic in F into H. Let Q:Exl—%& be an isotopy of
the identity with Q(1J,1)cH. Then TR{(mxid) (J, 1) cTH.
That is, J is isotopic in F into TH.

Let P be a riemarmian metric for F such that & is

smooth and convex and so that T is an isometry of (?,P).

Then a shortest length representative exists for each
nontrivial element o of nt(ﬁ).

For each compornent J of 5H, let X{(J) be the shortest
length representative in the free homotopy class of J.
Then by theorem 2.1 of [5] A{(J) is a simple closed curve,
and by corollary 3.4 of the same source if J and J* are
comporients of 8H, then either A(I)=X{(J") or X {(IJ)MA((I’)=0.

Let &={n(J) |J is a component of &HI}. Since X(J) is

homotopic to J, TX(J) is homotopic to T3 for each
component J of 8H. Since TH is isotopic in F to Hy, 7J
is homotopic to some component J' of &H. So T™I(J) is
homotopic to J'. Since 7T is an isometry of (E,P), TA(T)

is shortest length. Therefore, TX(I)=X{(J'). So T
induces a permutation of 5.
If LeS and there are distinct components J and J?

of 4 with MNI)=X{(J'")=L, we say that L is bad. Let

B={L=S|L is bad). Note that if LB and J and J' are
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distinct components of 8H with X(J)=X(J")=L, then there

is an annulus A(L) with MNLI=TUI?, Since E is neither

a torus nor a klein bottle, A(L) is the unique such
annulus.

By part (b)) of definition IV.3, there are exactly
two components J of 8H with X{(J) for each LeB. For each

L&3 such that 1LfL=9¢, let N _ be a regular neighborhood
of L such that N MK=2 for each K&S—{L) and such that
NLﬁ'rNL=Q. For each LeB such that T1i=L, let Nn. be a
regular neighborhood of L such that N, MK=@ for KeS—{LY%
and N =7N,. By being careful, we may assume that
N,MN =9 for distinct K,LsB.

For each LEG, let XN (L) and X" (L) be distinct
components of N . Let & =(X (L) |LsBY and let
B"={2"(L) IL=B}. Let S=(S-®UB'UB". Let & be the set of
components of 8H. Then there is a one—to—one
correspondence ‘P:C—--)% such that PLII=A{T) whenever
AJ) s8-8 and such that 9(J) is a unique choice of
AT (X{(T)) and A" (X{(J)) when X(J)eB. Observe that ¥(J) is
isotopic in F to J for each J=t, Therefore U% is

isotopic in F to 8H. So we may as well assume that

We now claim that H=1H. To get an contradiction,

suppose that H, is a component of H such that TH, is not
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a component of H. Since GH=TH=1H, ™, contains no

component of H. Therefore, TH_ must be a component of

o
c1(F-H). Since TH is isotopie to H and since no anmulus
compornent A of H has its core parallel to a component of
&(H-A), there exists an annulus componrnent H‘ of H such

that H, and 71H, share at least one boundary component.

Since F is not a torus or a klein bottle, H, and THO

1

share at most one boundary component. But this

contradicts (IV.3¢(b)). This ends ocur proof.



CHAPTER V
SOME PROPERTIES OF COMPACT
SEIFERT PARIRS

Then author’s main reference on the subject of
seifert pairs has been [7]. The author’s view is
slightly more general since he is interested in
noncompact manifolds. However, we will not apply the
noncompact case until chapter VI. We shall attempt to
mimic the notation and terminology found in [7].

Let M be a 3—manifold and let F be a compact

2-manifold in M. We say that (M,F) is a 3-manifold
air. In the case that M is compact, we say that (M,F)
is a compact 3—-manifold pair. When M is irreducible and
F is incompressible in M; we say that (M,F) is an
irreducible 3—manifold pair.
Let X be a conmmected 1-manifold.

Suppose that X is not homeomorphic to S!. A

3-manifold pair (8,9) is said to be an X—pair if there

exists a homeomorphism h of § onto the total space of an
X—-bundle over a 2—-manifold with compact components such

that h(Y)) is the associated 8X-bundle. (This differs from

Ly
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[7] which considers only the case X=I.)

We say that (8,0 is an S‘—Qair if there is a

homeomorphism h of § onto the total space of a (not
necessarily compact) Seifert fibered space such that
h(Y) is a saturated subset of h(S5). (This differs from
[7] where (5,9 is required to be compact.)

A 3—manifold pair (5,9) is said to be a Seifert pair

if for each compornent (o, 1) of (8,7 there is a connected
1-manifold X such that (o, 7T) is an X—-pair.
Let X be a connected i1—manifold. We say that the

3—manifold pair (5,9 is an X—shell provided (&, is

homeomorphic to (S'xIxX,S'xIxaX).

If (W, T) and (V,S8) are 3-manifold pairs with WV
and TcS, then we may write (W, T)c(V,5) to facilitate
exposition.

Let (W,T) be a 3—manifold pair. Suppose that (V,8)
is a 3-manifold pair contained in (W,T). Let U=c1 (W—V)
and let R=cl(aW-8). Put (U, R)=WH €uyr) j{uy,r) is a

compornent of (ﬁ,ﬁ) and r is contained in T>. Then we
say that (U,R) is the complementary pair to (V,5) in

(W, T).

Let (M,F) be a 3-manifold pair such that M is proper
in W and Fr(M) meets W transversely. We say that (M,F)

is well-embedded in W provided Fr(M) is incompressible in

W and MNW=F.
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Let (W, T) be a 3-manifold pair. Let (I, % be a

Seifert pair contained in (W, T) and let (A, F) be
the complementary pair to (L, F) in (W,T). We say that

(Z, ¥#) is perfectly embedded in (W, T) provided

(i) (Z, #) is well-embedded in W;
{(ii) each component of Fr(IZ) is essential in (W, T);

(iii) if (6,9 is a component of (I, #) which is an
X—shell for X which is homeomorphic to either I or S!,

then there is no component (X, 4¥) of (A, ¥) which is
homeomorphic to (o, ¥ and meets both (o, ) and

(Z—cy 9.

Suppose that (M,F) is a compact, irreducible
3—manifold pair. In [7]1 it is proved that there
exists a a compact seifert pair (@Q;H) which is perfectly
embedded in (M,F) and islsuch that if A is a compact
2-manifold each component of which is an anmulus or a
torus and if A is essential in (M,F), then A is isotopic
in (M,F) into (G;,H). If (@;H) is "maximal" with respect
to the above properties, it is unique up to ambient

isotopy, and it is called the characteristic pair of
(M,F)3; in this case, we will write char{(M,F)=(Q,H) in

the sequel.
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Lemma VY.1. Let F be a connected, compact, orientable

2-manifold. Consider Fxl. Suppose that for i=@,1 Ti is
a compact 2-—manifold that is hard in Fxi. Let p:sFxI—-3F

be the natural projection. If A is an armulus which is

essential in (FxI,Fx2I) and A is isotopic in (FxI,Fx3&I1)
into ToUT3’ then A is isotopic in (FxI,Fx&I) into
lclb(p(To),p(T‘);F)xI.

Proof:

Since A is essential in (FxI,Fx&I), by lemma 1.1 we
may assume that there is a simple closed curve J
contained in F with A=JxI. Since A is isotopic into

T TUT,, Jxi is isotopic in Fxi into T; for i=a, 1.
Consequently, J is isotopic in F into
lelb(p(T ), p(T ) 3F). This implies that A is isotopic into

1clb(p(T ), p(T ) :;F)xI. B
(=] 1

Lemma V.2. Let F be a compact 2-manifold, let M be a
twisted I-bundle over F, and let F be the associated

dl-bundle. Let p:M—>F be the natural projection and let
T be the covering translation associated with plﬁ.
Suppose that F is orientable and is not a 2—sphere, a
disk, or a torus. Suppose that G is a compact Z2-manifold

in & that is hard in ﬁ. Let H=ilb(G;1). If A is an
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amnulus which is essential in (M,E) and &R is isotopic
in F into G, then R is isotopic in (M,g) to a saturated

annulus of p~ p(H).

Proof:

Since A is essential in (M,ﬁ), we may, by lemma 1.1,
assume that A is saturated with respect to p. Say that J
is a component of 8A. Then A=JUrI, where T:F-3F is the
covering translation associated to plﬁ. Then JNTJ=@ and
JUTJ is isotopic in F to noncontractible simple closed

Nr

curves in G. So we may assume that J is isotopic in F
into H.

We will first assume that JH is empty. Then TJMH
will be empty since H is equal to 1H. By lemma 2.4 of
[2] there is an annulus B in cl(F-H) such that 6§=JLK,
where K is a component of &H. We claim that it can be
assumed that BnB is empty. Since TIMN{HUJ) is empty,
then either 7J is contained in int(B) or 7J is contained
in F—(HUB).

Let us first assume that TJ is contained in int (B).
Then there is an annulus B' in B-J such that &8 =TJWK.
Observe that &(TH')=JUrK. Say 7K=K. Then tH'=H or F is
a torus or F is a klein bottle since oTB'=5B. So by

hypothesis TH'=B. But then B'=1B which implies that
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TBcB, and leads us to the contradiction that B=1B=BR’.

Now say that 1K#K. Since H is invariant under T, K
is a component of 8H. Therefore, T is not contained in
No Ne e
int(B'), and 1B' is contained in cl{(F-H). So either
'l N Ny Ny Ny fa'd
B'Cint(7B?) or 1B'MB' is empty. Note that B'cint (1B?)
e o Ny Ne
implies ™B'Crint(TB')cCint(B?)Cint (1B?) which is a
contradiction. So TB'MB' is empty. So in this case (by
N N e Nr
taking B=B') we may assume that BMmB is empty.
Let us now assume that 7J is contained in F— (HUB) .
Then there is an annulus 7B in cl(F-H) such that
6§’=TJUTK, and 17K is a component of oH. If B is
contained in int(wﬁ), then we reach a contradiction as
in the case above. So we may assume that BB is empty.
b d b d bl
Let B=p(B). Since BMMB is empty, B is an annulus,
and p~ !(B) is homeomorphic to BxI. Therefore, we may
use p '(B) to perform an isotopy of M which takes A to a

saturated annulus of p p(H).

Now let us assume that JMH is not empty. It can be
assumed that J meets &H transversally. Since J is
isotopic to a curve in int(H), by lemma VI.1 there is a
disk D such that dD=alUp, where o« is an arc in SH and B
is an arc in J. We may assume that int (D) M(JUSH) is
empty. We claim that dDN@(TD) is empty. Note that T«

is contained in 84 and that Tp is contained in TJ. So
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ANTID) ={aiTa) U{pNrTa) W aliTR) W(BNTE) is equal to aflita.

To get a contradiction, suppose that alra is not empty.
Note that D is contained in H iff 1D is contained in H.

Since T8 is comected and

TBNFD={ TaMNax) U{ TENB) =TeMNa=3TB,

this implies that T is contained in D-a, and this
implies that either 1D is contained D-x or F is a
2—-sphere. Since G is hard in E, F is not a &—sphere.

So 1D is contained in D—-a. Therefore T has a fixed
point by the Brouwer fixed point theorem which is a
contradiction. Soc alra is empty, and therefore SDNSZ{(TD)
is empty.

Since INS{TD) is empty, there are only three
possibilities: one of D and 1™ contains the other, F is
homeomorphic to §%, or DM1D is empty. The first would
imply that T has a fixed point which is a contradiction.
The second possibility contradicts the fact that G is
hard in F. So DMD is empty. Therefore p(D) is a disk,
and p !p(D) is homecomorphic to DxI. We can therefore
use p p(D) to isotop A in M to a saturated annulus

which meets p !p(&H) in fewer components. Thus we can
assume that JMNGH is empty and we have reduced to the

previous case. i



S1

Lemma V.3. Suppose that M is a an irreducible
3—-manifold. Suppose that N is a connected 3—manifold
such that each compornent of &N is a torus. Suppose that
N is contained in M in such a way that NMoM is a compact

2-manifold that is incompressible in M and Fr(N) meets
M transversely. Let V be a regular neighborhood in N
of some compornents of NMM. If Fr(N) is incompressible
in M, then either Fr{cl{(N-V)) is incompressible in M or
cl(N-V) is a solid torus.
Proof:

Let N'=cl(N-V). Suppose that there is a component
F of Fr(N') which is compressible in M. Then there is a
disk D in M such that DIF=dDh and D is noncontractible
in F. We may assume that DFr(N?) is contained in F.
Hence either D is contained in cl{M-N?) or D is
contained in N?.

To get a contradiction, suppose that D is contained
in cl(iM-N'). Let A=VIFr(N). Then A is a disjoint union

of annuli that are incompressible in cl{(M-N'). We may
assume that D meets A transversally and that #(DMA) is
minimal.

Suppose that #(DMR). Let o be a component of
DM. Since A is incompressible and since #(DMA) is

minimal, « is not a simple closed curve. So o must be
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an arc. Since 9D is contained in F, o must be a
separating arc for a component A, of A. Let E be the
unique disk separated off R, by . We may assume that

there is a disk D* in D such that D'MA=a. Let p=D'"(F and
let V=EfF. Since #(DfAR) is minimal, the simple closed

curve BUY is noncontractible in F. But by pushing D' LE
off A,, we obtain a disk which contradicts the

minimality of D. Therefore we may assume that #(DMR)=@.
So either D is contained in V or D is contained in

cl {(M—-N). In either case we can use D to construct a
compressing disk for A which is a contradiction since
Fr{(N) is incompressible.

We may now assume that D is contained in N'. Since
each compornent of 9N is a torus, each compornent of IN?
must be a torus, and therefore the compornent T of &N?
which contains F must be a torus. Let U be a regular
neighborhood of D in N'. Let N"=cl(N'-U) and let § be
the component of SN" which meets U. Then S is a
2-sphere which must bound a 3-cell in M by the
irreducibility of M. To show that N' is a solid torus,
it suffices to show that B=N". Suppose that BaN'. Then
U is contained in B. Since Fr{N) is incompressible in
M, DIV must be nonempty. This implies that V must be
contained in B as well. But this contradicts the fact

that the map m, (V')—2n (M) is nontrivial for each
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component V' of V. So B=N" and therefore N' is a solid

torus. B

Lemma V.4. Suppose that (M,F) is an irreducible,
compact 3-manifold pair such that F contains no tori and

suppose that (N,B)=char(M,F) is the characteristic pair
of (M,F). Suppose that R is a compact Z2-manifold that is
hard in F. Then there is a Seifert pair
{2, H)=char (M, F3;R) such that

(a) (Q,H) is contained in (N,G);

(b)) H is isotopic into Rj;

{(c) if A is an annulus or a torus which is
essential in (M,F) and &R is isotopic intoc R, then A is
isotopic in (MF) into (@,H);

(d) no component (@*,H’) of (@,H) which is
homeomorphic as a pair to (SixIxI,S!xIx8I) is isotopic

in (M,F) into a component of (@-Q',H-H');
(e) (Q,H) is well-embedded in {M,F);

{(f) each compornent of Fr(l) is essential in (M,F).

Proof:

Let (N',G') be a component of (N,B). Consider the
following set of operations on (N',G67).

{(V.4.1) Suppose that (N',G6') contains no

2-manifold A satisfying the hypothesis of part {(c) from

above. Replace (N',G’) by the empty pair.
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(V.4.2) Suppose that (N',6’) is an S!-pair and is

not covered by (V.4.1). Let V be a fibered regular
neighborhocod of the components of G' which are not

isotopic into R. Since no component of F is a torus, V
is a disjoint union of a finite number of solid tori.
Put (N",G“) equal to (cl(N?-V),G6?'MNcl (N'-V)) énd replace
(N",G5?) by (N",B"). Note that if A is a compact
2-manifold that satisfies the hypothesis of part (c) and
is contained in (N?,B6?), then A is isotopic into (N",G")
since V can be isotoped small enocugh to miss A after &A
has been isotoped into R.

Suppose that‘K is a component of Fr(N"). Then by

lemma V.3 either K is incompressible or (N",G") is

homeomorphic as a pair to (SixD%,9). Therefore, we may

apply (V.4.1) and assume K must be incompressible. It
is not difficult to see that K must also be essential in
(M, F) since otherwise some compornent of Fr(N') would be
forced to be parallel into F and that would contradict
the fact that (N,G) is perfectly embedded in (M,F).
{(V.4.3) Suppose that (N',G') is a product I-pair
which is not considered by any previous case. We make

the identification (N',B?)=(XxI,Xx2I) where X is a

compact, conmmected 2-manifold. Let p:XxI-2>X be the

natural projection. Put G =lclb(Xx@,R3F) and put
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Gq=lc1b(Xx1,R;F). Let N"=1c1b(p(Gg),p(G:);X)xI and let

G"=N"fF. Replace (N',G') by (N",G"). Note that if A is

a compact Z2—manifold that satisfies the hypothesis of

part (c) and is contained in (N?,G'), then by lemma V.1
(A, IA) is isotopic in (M,F) intc (N",G").

Suppose that K is a component of Fr(N"). Then K is
isotopic to a verticle annulus in XxI. So K is
incompressible in XxI and therefore in M. It follows
similarly that K is essential in (M,F).

(V.4.4) Suppose that (N?,B') is a twisted I-pair

that is covered by no previous case. Say that 6" is the

compact commected 2-—manifold over which N is an

I-bundle, p=N’—9§’ is the wnatural projection, and

T:6'—96" is the covering translation of piG?’. Let
6,=1clb(G’,R;F) and assume G_,' to be contained in BG'.

Let G6"=ilb(6%;5;7). Put N"=p~ !p(G"). Replace (N'G') by

{(N",6"). Note that if A is a compact 2-manifold that
satisfies the hypothesis of part (c) and is contained in
(N?*,5'), then by lemma V.2 (R, 58) is isotopic in (M,F)
into (N",G").

Suppose that K is a component of Fr(N"). Then K is
isotopic to a 2—manifold which is saturated with respect
to p. Therefore K is incompressible in N' and therefore

in M. It follows similarly that K is essential in (M,F).
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Let (Q,H) be the 3—manifold pair obtained from

(N, 5) by performing the above cperations.

(V. 4.5) If (*',H') is a component of (Q,H) which
is homeomorphic as a pair to (S¥xIxI,SxIx&I) and is

isotopic in (M,F) into (@-Q?,H-H'), then delete (Q*',H?)
from (@Q,H), but retain the label (Q,H) for the result.
It is easy to see that (@,H) still satisfies (a), (b),
and (c).

It is clear that (@,H) satisfies (a), (b)), (c),

(d), (e), and (f) of the conclusion. B’

Lemma V.5. Let (M,F) be an irreducible, compact
3—manifold pair. Suppose that (B,H) is a Seifert pair

in (M,F) such that

{1) (B, H) is well-embedded in (M,F);
{(2) no component of Fr(R) is parallel into F.
Then there is a Seifert pair (G,H) such that
{a) (a,ﬁ) contains (Q,H);

P
{b) {(Q,H) is well—-embedded in (M,F);

{c) no component of Fr(@) is parallel into Fj;

{(d) the union of the components of (Q,H) which are
not S!-pairs is precisely equal to the union of the

components of (&,ﬁ) which are not S!-pairs.
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(e) if A is an armular component of cl(F—ﬁ), then
at most one compornent of A is contained in an annular

component of f.
Proof:
Suppose that A is a compornent of cl{(F-H) which is

an annulus. Say that J, and J, are the simple closed
curves that are the components of &A. For i=@,1, let
(@;,H;) be the component of (D,H) such that J; is a
component of SHi. Suppose that the component of H; that
contains J; is an annulus for i=@,1. Let V be a regular
neighborhood of A in cl{(M-B). Then V is a sclid torus
which meets FP(QI)UFr(Qz) in two anmmuli for i=0@,1. Then
Q.U W has a natural Seifert fibering.

Let K be the component of FP(QOLQ‘LN) which meets
V. Then K is either an annulus or a torus. If there is
a product KxI such that Kx@=K and (Kx1)U{(KxI) is

contained in F, then let =0 _,UR,INU(KxI) and let H=GIF

so that (OuR,HWH) satisfies (a), (b), (c), and (d). So

we may assume that K is not parallel into F.
If K is an annulus, then K is incompressible in M.
So we may assume that K is a torus. If K is

compressible, we may apply lemma V.3 by putting

N=cl (M-Q) to show that K must bound a solid torus Uu.



S8
Now 6=Q°UQ!UVUU admits a natural Seifert fibering. Let

H=OrF so that (GuR,HW) satisfies (a), (b), {(c), and
{(d). This process reduces either #(Q) or #{(cl(M-Q).

By repeating the procedures described above, we
eventually obtain a pair (ﬁ,ﬁ) which satisfies

conditions (a)—{(e). i

Lemma V.6. Suppose that (M,F) is an irreducible,
compact 3—-manifold pair such that no component of F is a

torus. Say that (@;H) is a Seifert pair that is
well-embedded in (M,F). Let R be a 2-manifold contained
in F that is the union of H with a finite set of

pairwise disjoint annuli none of which meets H and each
of which is incompressible in M. Then there is a

Seifert pair (O,H)=gde(@,H;R) contained in (M,F) such

that
Pl e ]
(a) (Q,H) is contained in (Q,H);
(b) the union of components of (Q,H) which are not
Si-pairs is precisely equal to the union of components

of (6,ﬁ) which are not S!-pairsj;
{(c) if A is an arnmulus which is essential in (M,F)
and contained in (int{(@),int{H)), and if the isotopy

class in F of one component J of &R has members which
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are contained in two different components of R, then
there is an S'-pair component (G',H") of (8, such that
(A, A) is isotopic in (M,F) into (87,H");

(d) noc two components of H which are ammuli have

cores which are parallel in F.
Proof:

Suppose that there is an armulus A in M which
satisfies the hypothesis of (c), but there is no S!-pair

component (Q',H’) such that (A, 8R) is isotopic in (M, F)
into (R ,H’). Let (@",H") be the component of (G,H)
which contains A. Since a component of SR is isctopic in

F into two different components of R, proposition 5.4 of
[15] gives us that A must be parallel in Q" to a
component of Fr(@"). Let <E,ﬁ) be a 3—manifold pair
embedded in (M-Q,F—-H) which is homeomorphic as a pair to
(SixIxI,S!xIxPI) in such a way that S!xIx@ is parallel in

M tc A. Note that (BUR,HUH) satisfies (a) and (b).
Since this process need be done at most once for each

component of Fr(@) after a finite number of repetitions
of this process, we obtain a pair (ﬁ,ﬁ) which satisfies

(a)—(c). By applying lemma V.5 we may assume that (ﬁ,ﬁ)

also satisfies {(d). B



CHARTER VI
ENGULFING NONCOMPACT 2-MANIFOLDS
OF ZERO EULER CHARACTERISTIC

Let W be a noncoﬁpact, orientable, irreducible
3—manifold with a compact E—manifold'T contained in W
which is incompressible in W. We say that the

exhausting sequence {W,> for W is good with respect to
(Q,T) provided

(1) FriW) is incompressible in W for ni@,

(2) no component of Fr(W,. ) is a torus, a &-sphere,
or a disk for n2@, and

(3) Tcint(W)).

If there is an exhausting sequence for W which is

good with respect to (W,T), we say that (W, T) is pood.
Observe that if:(w,T) is a good 3—manifold pair, then W

is end—-irreducible.
We will follow the convention that Fr(w_x)=T and

that Fr(ad )=TUFr(W).

Lemma VI. 1. Let W be a noncompact, orientable,

60
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irreducible 3-—manifold and let T be a compact 2-manifold

contained in W which is incompressible in W. Suppose

that (W, T) is good with good exhausting sequence W, >
for W. Suppose that (G, In2@}) is a set of 2-manifolds
ordered by the nomnegative integers such that 6, is
compact, hard in Fr(ad,) for nt@, and contained in H,
where (Q ,H, )=char(ad ,Fr(dd,)) for n2@. Then there is a
set of Seifert pairs PG, In2@¥={((M,F.) In2@} such that

for n2@

(a) M,.,F,) is well embedded in (Awn,Fr(ANn));

(b) each component of Fr(M,) is essential in
(A ,Frial . ));

(c) F FriW, ) is isotopic in Fr(W,) into both
G, FriW,) and Gt JFr(W, ), and F"+‘ﬂFr(wn) is isotopic
in Fr(W,) into both G, MFr(W,) and Gt JFr (W )5

(d) if A is an anmmulus or a torus and is essential
in (oW ,Fr(ad. 1), and if &R is isotopic in Fr(ad,) into
both G, and (G, MFrid,_ NUGE,,  MFriW)) or
TU(GxFFr(NO)) for n2l or n=0, respectively, then A is
isotopic in (aun,Fr(ANn)) into (M ,F. )3

{e) F,. is hard in Fr(nun).

n
Proof:

Let R°=(G°ﬁT)U(61FFr(N°)). Now put
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(MO,F°)=char(AN°,Fr(AN°);Ro).

For nii, let Rn=(6n_1FFr(wn_‘))U(Bn+1rFr(Nn)). Now put

(M, F ) =char (sl ,Fr(sd );R,).

By lemma V.4, M,.,F,) satisfies conditions (a)—(e) of

the conclusion for n20. B

Lemma VI.2. Let W be a noncompact, orientable,
irreducible 3-manifcld and let T be a compact 2-manifold

contained in W which is incompressible in W. Suppose

that (W,T) is good with good exhausting sequence {W,>.
Say that {((M,F,) In2@} is a set of Seifert pairs ordered

by the nonmmegative integers such that for n@

(1) M,,F,,) is well embedded in (aW ,Fr(al . ));

(2) each component of Fri(M,) is essential in
(AW FriaW, ));

(3) the union of the components of F_FrW,) which
are not annuli is isotopic in Fr(W,) to the union of
components of F_, MFr(W,.) which are not annuli.

Then there there is a set ¥ (M ,F.) In2@)=

{ (N, G,,) In2@} of Seifert pairs ordered by the nonnegative
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integers such that for n@

(a) (N,,G,) is well embedded in (AW L, Fr(a )) 3

(b)) each component of Fr(Nn) is essential in
(A, Fr(ad, ));

{(c) (N,,6,) contains M.,F. )3

{d) the union of the components of (N,,G,) which
are not S!-pairs is precisely equal to the union of the

components of (M_,F.) which are not S!-pairs;
(e) if A, is an annulus which is essential in
(W ,Fr(ad,.)) and contained in (M ,F.), and if there are
disjoint simple closed curves in
(F— JJFrdW, _ VWF  (FrdW,)) which are isotopic in

Fr(ad, ) to a component of &R, but are not parallel in
(anirFr(wn_‘)U(Fn+‘FFr(Nn)), then there is an S!-pair

component (NA,G%) of (N,,G,) such that A, is isotopic in
(W ,Fr(ad,)) into (N}, G}) 3

(f) no two éomponents of Gn which are annuli have
cores which are parallel in Fr(ad ).

Proof:

Let

(N, G )=nde (M, F 5 (TIF ) UFr )IF 1),



64
and for nil let

(N, B, )=gde (M ,F ;(F,_ (Frid,_ YUF, MFr,)).

Then for n@ (Nn,Bn) satisfies (a)—(f) by lemma V.6. 1

Lemma VI.3. Let W be a noncompact, orientable,
irreducible 3-manifold and let T be a compact 2—manifold

contained in W which is incompressible in W. Suppose

that (W, T) is good with good exhausting sequence W, >
Suppose that A is a 2-manifold in W such that
AfT=ANSW=3R, AMNa4, is compact for n2@, and each
component Qn of nrmun is an armulus or a torus and is
essential in (aW ,Fr(ad, )) for n2@d. Then there is a set
{(Mn,Fn)lngt} of Seifert pairs ordered by the
nonnegative integers such that for n2@

(a) (M ,F,) is well embedded in (aW,,Fr(ad ));

(b) each component of Fr(Mn) is essential in
(AW, . Fr(aW, ));

{c) if Qn is a component of ANaW, , then Qn is
isotopic in (ANn,Fr(ANn)) into (M ,F. )3

(d) F, is hard in Fr(ad,);

i

(e) the union of components of F_ Fr(W,) which are
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not annuli are isotopic in Fr(wn) to the union of

components of F_  (Fr(W, ) which are not annulij

(f) if A, is an annulus which is essential in
(aun,Fr(aun)) and contained in M ,F,)y, and if there are
diéjoint simple closed curves in
(F— JJFrl,_  DYUWF, , MFrW,)) which are isotopic in

Fr(aW,) to a component of &R, but are not parallel in
(Fie JFrW, _ DUF [ Fr(W,))), then there is an Si-pair

component (MR,Fl) of (M_,F.) such that A, is isotopic in
(AW ,Fr{aW )) into (M},F});

(g) no two components of F, which are arnnmuli have
cores which are parallel in Fr(ad, ).

Proof:

For an set {((N_,,G,) In2@} of 3-manifold pairs
ordered by the nonnegative integers, define
YL (N,,G,) In2@} to be the ordered set (G, In2@} of
2-manifolds, and when k2@ define L (N, G In2@) to be
the 3-manifold pair (N, ,6,). For an ordered set of
2-manifolds {6, In2@} and k2@ define M, {6, In2@}) to be
equal to G.

Let the notation p be as in lemma VI.1l. Define

G°=P{Fr(aun)ln;ﬂ}. By lemma VI.1 the 3-manifold pair
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“nao satisfies conditions (a)—(d) of the conclusion for

n2@. For k20 define G+ =PHA5, recursively. So by lemma
VI.1 and induction, »&, satisfies conditions (a)—-(d) of
the conclusion.

Fix n2@. For k@, define U, to be equal to the
union of components of (ﬁn¢G§)rFP(Nn) which are not
armuli and define Ly to be the union of components of
(M4 95,) which are not annuli. By part (c) of lemma
vVi.1, U4, is isotopic in Fr(W,) into Lo and L, is
isotopic in Fr(W,) into Uy—, for kii. Without loss of
generality, we may assume that Lk_icint(uk) and
Ugcint (L, ) for nil. By lemma IV.2, there is an integer
vin) such that L, is isotopic in Fr(W, ) to U, for all
k2vi(n). We may assume that vin) fv(n+l) for nA.

Now for n2@, define (N_,G.)=p G

v(n)- So by choice

of vin), the union of the components of BnFFr(wn) which
are not amnuli is isotopic in Fr(W,) to the union of
components of G, ,(Fr(W,) which are not amnuli. So
(N, G,) satisfies condition (a)—-(e) of the conclusion.
Let H°={(Nn,Gn)ln§ﬁ}. Lef the notation ¥ be as in
lemma VI.2. For k2@ défine Hee ,=¥H,.- Using parts (o)
and (d) of lemma VI.2, we can deduce that the union of

the armuli of nh¥#k is contained in the union of the



67
arnmuli of "nq*k+1 for k2@, and by part (f) of that lemma

we can see that for k2@ no two arnmmular components of
n,¥H, have cores which are parallel in Fr(W, ). So since
Fr(ad,) is compact, there is an integer A(n) such that
nn¥#h is isotopic in Fr(ad,) to nﬂ*”%(h) for kixin).
Choose (M, ,F )=n_%H, (,) For ni2d. By lemma VI.2 and
induction, (M_,F,) satisfies conditions (a)-(g) of the

conclusion. B

Lemma VI.4. Let W be a noncompact, orientable,
irreducible 3-manifold and let T be a compact 2-manifold

contained in W which is incompressible in W. Suppose
that (W,T) is good with good exhausting sequence {W_J.
Say that A is a 2-manifold that is proper in W and
suppose that for n2@ each component of AMNaW, is either
an armulus or a torus that is essential in
(AW sFriad )). Let £ be a 3—manifold in W with ZNoW
contained in T. Put M =ZNad, and F =M_Fr(ad,) for ni@.
Suppose that

(1) M, is compact for nid;

(2) F,FrW)=F_, MFr) for nid;

(3) M, ,F,) is a Seifert pair that is

well-embedded in (aW ,Fr(ad.)) for n2d;
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(4) if (M%,F%) is a component of (Mn’Fn) that is

not an S‘—pair, then each component of Fr(MA) is

essential in (Aun,Fr(aun)) for nid;

{3) each component Qn of anun is isotopic in
(AW ,Fr(ad,)) into (M_,F. )3

(6) if A, is an ammulus which is essential in
(o, ,Fr{al )) and contained in M, .F,)s, and if there are
disjoint simple closed curves in
(Fn—szr(un—a)U(Fn+1rFr(“n)) which are isotopic in

Fr(aun) to a component of &R, but are not parallel in
(Fo— JFr(d, _ YWF_ TFrW ), then there is an Sl-pair

component (M2,Fi) of (M_,F.) such that A, is isotopic in
(&  Fr{ad,)) into (M},Fp);

(7)) no two armuli of Fn have cores which are
parallel in Fr(al ).

Then
(a) ¥ is proper in Wjs
(b) A is isotopic in W into Zj
(c) if M is a component of Z;, then
(i) M is Seifert fibered,
(ii) TN is an X-bundle over a compact,
cormected 2-—manifold, where X is I,

[, ), or R,
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or

(iii) there is a connected 2-manifold F in T
such that each component of G(";E) is a

twisted I-bundle over a compact

connected 2-—manifold and E is the

associated ZI-bundle.

(iv) W is an F-bundle over S!, where F is a
conmected, compact 2-manifold.

Proof:

Observe that ZM =M, |@snsk). By condition (1),
M, is compact for n2@ and so ZIMW, is compact.
Therefore, (a) is proved.

For nt@, let U, be a regular neighborhood of Fri(W,)
in W such that AMY, is a collection of disjoint annuli

each of which meets Frtwn) transversally in a single

simple closed curve and such that (U, NI Fr(U )N is a
product I-pair. Let ol =cl(aW —(U, W )). Let

A- Fay A_A Fa ) e e

Mn—MnnANn and let Fn—MhﬂFrtéwn). By condition (5) of the
hypothesis, ANal, is isotopic in (&, ,Fr(ad )) inte
(ﬁh,ﬁn). So we have an isotopy defined on U{Aﬁnlngﬁ}

such that nn(uxaﬁn|n;0}) is contained in LKﬁnlngﬂ}. We

may extend this isotopy to WU, In28). We are done if
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each annulus ﬂa of nrun is isotopic rel an% in

U, Frd,))) into (Zru,, ZFrU,)) for all n20. We will
perform isotopies to make this situation occur.

Suppose that Qh is a component of ANy, such that AL

is not isotopic rel(&R) in (Un,Fr(Un)) into ZfU,.. Then

there is a component 3n of nrmﬁn and a component ﬁn+ of

1

nrmﬁn+x which satisfy the hypothesis of (6). So there

are S!-pair components (M2, F1) and M2 F1 ) of
N’ n n+1?’ N+

o

(M, F,) and My, ,Fy, ), respectively, such that A, is

isotopic into (ﬁ%,ﬁa), ﬁn+1 is isotopic into

(ﬁ%+z’ﬁﬁ+x)’ and there are annular components B, and

B of ?% and ?%+‘ respectively such that SR} is

N+
isotopic in Fr(U,) into B, UB_, .. By condition (7)),

there is a component V of ZfU_ with VIFr(U, )=B_LB_, ..
Isotop A} in (U,.Friu, ) so that A} is contained in V.

We may do this for each such component A} of AU, for

all n28. Now extend this isotqpy of WU, In2@) to an
isotopy of W. By performing one final isotopy of

UCald, In2@> that is fixed on WFr(U,) In2@} and pushes
each component ﬁh of nrmﬁn into (M ,F.) for all n@, we

have verified (b).
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Let T be a component of Z. Let Mb be a component

T =MmM? 9 ? 2
of zrmup and let Fp MpﬂFr(ANp). If (Mp,Fp) is an
S’—pair, it follows that 1T must be Seifert fibered since
it is the union of Seifert fibered spaces which meet

along saturated annuli. So we may assume that (MB,FB) is
an I-pair that is not an S!'-pair. We construct a graph

" corresponding to N in the following way. For each n20@
and each component Mk of M, which is contained in T,
choose a point v(M%)Eint(MA) to be a vertex. For each

n2@ and each component E, of MI M

7 7
ey wWhere ML and M{,

are components of IZINaW, and ZfNaW respectively, let

nt+1?

e(M,.Ml, .E,) be an arc in ML LM}

h+4 Which pierces E, at

precisely one point. These v(_)'s and e(_,_,_)"s will
be the vertices and edges of Iy, respectively. Observe

that any vertex v of I has index less than or equal to
two. So I is either a singleton or a 1—manifold. If r
is a singleton, then one of the desired conclusions

follows. So we may assume that I” is homeomorphié to one
of the following: I, S!, [@0,m), and R

If I is homeomorphic to S!, then M is an F-bundle
over S! for some compact, connected 2-manifold F. Hence

Mis Seifert fibered. Similarly, it is clear that if I

is homeomorphic to R, then 1l is homeomorphic to FxR for
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some compact, cornnected 2-manifold F.

Now suppose that ' is homeomorphic to [@, @). In
this case each vertex of M except for 5 corresponds to
a product. So if I corresponds to a product, T is
homeomorphic to Fxl@, ®) for some compact, connected
2-manifold F; otherwise, T must be a twisted R-bundle
over a compact, conmected 2-manifold.

We may now suppose that I© is homeomorphic to the
closed unit interval 1. Let a and b be the points of
. If both a and b correspond to products, that 1 is
homeomorphic toc Fx1 for some compact, connmected
2-manifold F. If a corresponds to a product and b
corresponds to a twisted bundle, then 1l is a twisted
I-bundle. So we may assume that both a and b correspond

to twisted I-bundles. Since M is homeomorphic to I,
there is an edge E contained in I'. So there is a
compact, conmected 2-manifold F contained in T such that
G(",E) consists of two components each of which

corresponding to a unique component of c(r;ﬁ). By a

previous case, this implies that 1l fits (ciii). B

Theorem V1I.5. Let W be a noncompact, orientable,
irreducible 3—manifold and let T be a compact 2-—manifold

contained in W which is incompressible in W. Suppose

that (W,T) is good with good exhausting sequence (W, 3.
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Then there exists a 3-manifold Z such that

(a) Z is proper in W and ZNGWCT;
(b) if A is a 2-manifold whose components are
homeomorpgic to elements of the set
{s‘xl,s‘xs‘,S‘xm, ®),S*xR> and which is
proper, properly embedded, and strongly essential in W,

thern A is isotopic in W into I3
{c) if M is a component of I, then either
(i) M is seifert fibered or
(ii) M is an X—-bundle over a compact
2-manifold where X is I, [B,® or R;

(d) if T is a component of X that is not Seifert
fibered and K is a component of Fr(X), then K is
strongly essential in W.

Proof:

Suppose that A is a 2-manifold which satisfies the
hypothesis of (b). Then by part (4) and lemma 1I1.3, we
may assume that for ni@ a component A, of nrmun is
either an anmulus which is essential in (Aun,Fr(éun)) or
a torus which is essential in (H . Fr(ad, )). By lemma
5.3 there is an ordered set {(Mn,Fn)lngﬁ} of Seifert
pairs such that for n@

(VI.S.1) (M, ,F.) is well embedded in (aW ,Fr(ad ));

(VI.S.2) each component of Fr(M,) is essential in
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(ok, Fr(ah,));

(VI.S3.3) if A, is a component of ANcW,., then A, is
isotopic in (éun,Fr(aNn)) into (M ,F. )3

(VI.5.3) F,, is hard in Fr(ald,);

(VI.3.6) the union of components of F_ Fr(W,) which
are not aﬁnuli are isotopic in Fr(wn) to the union of
components of Foe JFrW) whichbare not annulis

(VI.5.7) if A, is an annulus which is essential in
(Aun,Fr(aNn)) and contained in M.,F,)s and if there are
disjoint simple closed curves in
(Fope JFr W, _ YUWF,  (Fr{W )) which are isotopic in

Fr(ad,) to a component of &7, but are not parallel in
(Fo— JFr(W,_ YUWF MFr(W,)), then there is an S'-pair

component (M} ,F}) of (Mn,Fn) such that A, is isotopic in
(oW, ,Fr(aW, )) into (M],Fl);

(VI.35.8) no two components of F, which are annuli
have cores which are parallel in Fr(ad. ).

By an isotopy of UKMzklkgﬁ}, we may assume that for
n@ the union of nonarnular components of FnFF(Nn) is
actually equal to the union of nonanmmular components of
Fre  Friu), and if an annulus B of F is isotopic in

Fr(W,) to annulus B' of F_ .., then B=B'. If B is an
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annular component of Fanr(Nn) which is not isotopic in

Fr(wn) to an annular component of Fn+1FFr(wn), then
modify (M ,F,) by removing the interior of a regular
neighborhood of B in M,. Let Z=LKM,In2@}. Then by
conditions (VI.S.1-8) T satisfies the hypothesis of lemma

Vi.4. Let T be a component of s that is neither seifert
fibered nor a product. Then ﬁnau=g. So T is either an
S!-bundle over F or an F-bundle over S!, where F is a
compact, cormmected Z2-manifold. Let‘n=ehar(ﬁ;ﬁ). Then T
is Seifert fibered and any essential torus isotopic into
T is isotopic into TL Replace all such ﬁ by the

corresponding M in this way to obtain Z Note that =
satisfies (a)—(c).

By part (d) of lemma I1l1.4, Z satisfies (d).



CHAPTER VII
SOME PROPERTIES OF NONCOMPACT
SEIFERT PAIRS

Let (W,T) be a 3—manifold pair. Let (Z,#) be a
Seifert pair contained in (W, T) and let (A, T) be the

complementary pair to (L, ®) in (W,T). We say that (I, ¥
is strongly perfectly embedded in (W, T) provided

(i) (Z,#) is perfectly embedded (W,T):
(ii) each component of Fr(X) is strongly essential

in (W, T);

Lemma VII.1. Suppose that W is a noncompact Seifert
fibered manifold. Then W is irreducible.

Proof:
Let S be a 2-sphere that is contained in W. We
wish to show that S bounds a 3-cell in W. This will

follow if there exists an exhausting sequence W,> for W
such that W, is irreducible for n2@. Let F be the orbit

manifold for W and let p:W-9F be the associated quotient
map. Let {F_ 3 be an exhausting sequence for F, and for

each n2@ put Hn=p_‘(Fn). Then {W_. 3> is an exhausting

76
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sequence for W, and each W, is Seifert fibered and

compact for n2@. Now awn is nonempty for n2@8, and so in
particular, no W, is homeomorphic to either S%*xS! or

P*#P*. Therefore, by lemma VI.7 of [8], W, is

irreducible for n2a. B

Lemma VII.2. Let W be a conmmected, noncompact Seifert
fibered manifold that is not homeomorphic to R*xS?i.
Then there is an exhausting sequence {W,3 for W such

that W, is saturated with respect to the given fibering
of W and Fr(W,) is incompressible in W for all n2@. In

particular, W is end-irreducible.
Proof:

Let F be the orbit manifold for W and let p:W->F be
the quotient map. Suppose first that F is homeomorphic

to R%Z. Let {F,> be an exhausting sequence of disks for
F. For each n2@ put W =p '(F,). Since W is not

homeomorphic to RZxS!, W has at least two exceptional
fibers J, and J,. We may assume that Fo contains
p(Ji)Lp(Jz). Therefore, Fr(W,) is incompressible in W,
for n2@. Suppose that D is a disk that is properly

embedded in WLwo,nl] such that 3D is noncontractible in
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Fr(W,). Let U be a regular neighborhood of D in Wlwoy,nl

such that UMFr(W,) is an anmulus A. Then

Fr(U-A) Ucl (Fr(W )—-A) is a 2-sphere which must bound a
3-cell B in WIn+l,nl] since WIn+i,nl is irreducible by
VI.7 of [81. Now BM(UWM,)=5B. So W=BUWW_ W. But this

contradicts the fact that W is noncompact. Therefore,

we may assume that F is not homeomorphic to RZ2.

Since F is not R%, there is an exhausting sequence

{F,¥ for F such that each simple closed curve of Fr(F,)
is noncontractible in F for each n28. Therefore, by
observation IV.2.3 of [7]1 any torus of Fr(W,) is
incompressible in W. Since each ammulus of Fri(W,) is

incompressible in W for each n2@, we are done. i

Lemma VII. 3. Suppose that (W, T) is a noncompact X—pair
for some connected 1-manifold X with W is nonempty.
(Note X is not the closed unit interval.) Suppose that A
is a 2-manifold whose components are copies of S!xS!,
Sixl, Sixf@,®, and S'xR. Assume further that A is
strongly essential in (W, T). (a) If (W, T) is
homeomorphic to (Fx[@, o) ,Fx@) for some compact,
connected 2-manifold F which is neither S% nor RPZ%, then

each component A’ of A is homeomorphic to Six[@,® and A



79
is isotopic rel 8A to a 2-manifold which is saturated in

the product structure of FxI[@,om. (b) If (W, T) is

either an R-pair or a [0, ®)-pair, then A is saturated in
the bundle structure of W. () FIf (W, T) is an S!-pair

and if F is an orbit manifold for W and p:W—F is the
quotient map, then A is saturated in some seifert

fibration of W. Furthermore, if (W,T) is not
homeomorphic to (S!'xS'x[0,®),S5!xS!x@), then A is

isotopic in (W, T) to a 2—manifold which is saturated
with respect to p.
Proof:

Let us first consider case (a). In this case,
{Fx[@,nl In21) is an exhausting sequence for W. Let A?
be a component of A.

Suppose that A' is either a torus or an annulus.
Then we may choose n large enocugh so that A' is contained
in Fx[@,nl. If A" is an annulus, the &A? is contained in
Fx@ and so A? is parallel to a 2-manifold in Fx@ by
corocllary 3.2 of [151. So we may assume that A' is a
torus. By corollary 3.2 of [15], we may isotop A' in W
so as to no longer meet Fx[@,nl. Since n may be as large
as we please, A' is not strongly essential, and we have a

contradiction.
Suppose that A? is homeomorphic to S!xR. By lemma

I11.3, we may assume for n2l that each component A, of



80
A" M{Fx[B,n]) is an anmulus which is essential in

(Fx[@,nl,Fx{B,n3). But since AN{Fx@)=0, A, Fxn. So we
may obtain a contradiction of the essentiality of A, by
an application of corollary 3.2 of [15].

We have thus far proved that each component of A is

homeomorphic to S!x[@,w). Since A is proper in FxL[O, @,

there is a compactification of Fx[@, o) to Fx[@,1]1 in
which A compactifies to a 2—manifold i such that each
component of 6 is an ammulus. By lemma 1.1, there is an

isotopy rel SAMN(Fx@) of Fx[@,1]1 scuh that A is saturated
in Fxl[@a,131. By restricting this isotopy to Fx[@, o), we
have isotoped A rel &8A to a saturated 2—manifold.

Let us now consider case (b). There is an

exhausting sequence {W,} for W such that W, is an
I-bundle over some compact, connected 2-manifold F and
Fr(W,) is the corresponding &I-bundle and such that
(WL, nl,FriW,)) is homeomorphic to Fr(W, ) x[@,®. By
lemma I11.3, we may assume that AfWILwo, 11 is strongly
essential in (WLw,13,Fr(W,)) and AW, is essential in
(W, TUFr (W, )). By part (a), AMWLw, 11 may be isotoped

rel Z(AMWLw,11) to be saturated in WLay,1l. By lemma 1.1,

we may isotop AW, rel oA to be saturated in W,. This

finishes the proof of part (b).

Finally, let us consider case (c). By case (a), we
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may assume that (W, T)#(S!xS5!x[0, ®),S!xS!x@). By lemma

vii.2, there is an exhausting sequence W, r for W which
is saturated with respect to p and such that Fr(W,) is

incompressible in W for n2@. By lemma 1I1.3, we may

assume that each component Qn of nrmun is either an
anmmulus which is essential in (aun,Fr(éwn)) or a torus

which is incompressible in al,.

Since (W, T) is not homeomorphic to

(SxSix[Q, ©),5!x5'x@), we may by taking a sub sequence
of {W,¥ if necessary assume that (NO,TLFr(No)) is not

homeomorphic to (S!'xS!xI,5!'xS5'x31).

By V1. 18 of [8]1, only three seifert fibered space

with boundary have seifert fibration which are not unique

up to ambient isotopy: DZ*x8!, S!xS!xI, and a twisted

I-bundle over the klein bottle. Observe that TLFr(NO)
has at least two components. So if W, is a solid torus

or a twisted I-bundle over the klein bottle, each

component of TUFr(W_ ) must be an annulus which is

saturated with respect to p.

By VI. 19 of [8], we may assume that if q:W_ —>q(W,)
is a quotient map for some seifert fibration of W, such
that T is saturated with respect q, then g is isotopic

to plW,. Consequently, by VI.34 of [81, AW, is
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isotopic in (W, TWFr{W)) to a 2-manifold which is

saturated with respect to piW,. So we may isotop SR in
TWrW,) to regular fibers of p.

Suppose that for @fkin—1 AFr(W ) is isotopic to a
set of fibers of p:W-3>F. Let J be a component of
AfFr(W,. ). Then J is a component of oA, for some annulus
component A, of AfdW, . Suppose that A, —-J is contained
in Fr(W,_,). By the induction hypothesis, &R —J is
isotopic to a fiber and so by VI.25 of [81] A, is isotopic
to a 2-manifold which is saturated with respect to plal,..
So J is isotopic to a fiber of p.

Now suppose that ann is contained in Frtwn). Then

&, is homeomorphic to SixSixI only if each component of

"
Fri{W,) is an annulus which is saturated with respect to
Plad,.. So we may isotop AM(Y FriW.)) in UFriW,) to a
set of fibers of p:W-IF.

By VI.25 we may isotop nrmun to a 2—manifold which
is saturated with respect to p by an isotopy which is

fixed on Fr{(ad ). This ends the proof.

We say that (X} is a nice exhaustion for a
noncompact cormmected 2-manifold X provided

(i) X, is connected for ni@;
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{ii) Fr(xn) is noncontirractible in X[Lo, @1 for na;

(iii) no component of X[{w, @] is compact;

(iv) if a is an arc of Fr(X,), then each
component of da is contained in a noncompact component

of .

Lemmas VII.4—6 are obtained by extending the proofs

found in chapter VI of [8].

Lemma VII.4. Let M and N be connected, noncompact

Seifert fibered manifolds and let f:M—3N be a
homeomorphism. Suppose that M#3. Suppose that for some
fiber T in M, f(1) is a fiber in N. Then f is isotopic
(rel T) to a fiber—preserving homeomorphism.
Proof:

Let S and T be the orbit manifolds of M and N,
respectively. Let p:M—3S and v:N—-2>T be the induced

quotient maps.

Let {S,.¥ and {T,3} be nice exhaustions for S and T,
respectively. Let Cn=p—‘(8n) and Dn=v-’(Tn) for nl0.

By taking subsequences, we may assume that f(Fr(Cn)) is

contained in aD that T is contained in Cg,s and that

nt+1?

f(Fr(C,)) is incompressible in aD_, .. Let F be a

component of f(Fr(C,.)). Then F is either an annulus or
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a torus. In the case that F is a torus, we may assume
that F is saturated with respect to vIADn+ because

1

4D, ., has boundary. In the case that F is an annulus,

we may assume that F is saturated since & is isotopic
to a union of regular fibers by part (iv) of the
definition of nice exhaustion. This may

be extended to an isotopy of f so that f(Fri(C,)) is
saturated with respect to v for every n2@. Hence f(C))
is saturated with respect to v for every ni@.

By VI.19 of [81, there is an isotopy of fiIC A to a
fiber preserving homeomorphism for each ni@. In
particular, there is an isotopy of f|Fr(C,) to a fiber
preserving homeomorphism for each ni@. So let us assume
that fIWFr(C) In2@} is fiber preserving. By applying
VI.19 of [8]1 to flaC, for n2@, we see that f is isotopic

to a fiber preserving homeomorphism. B

Lemma VII.S5. Let f:M-2N be a_homeomorphism, where N is a

connected, noncompact Seifert fibered manifold which has

nonempty boundary. Suppose that M is not homemorphic to
SixSix[@,w). Let T be a component of M. Then up to

ambient isotopy of M there is a unique simple closed
curve in T which is mapped by f to a fiber of N.

Proof:
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First consider the case that T is noncompact. Then

T is homeomorphic to S!xR, and the conclusion follows
because every noncontractible simple close curve in T is

isotopic to S'xe@.
Now suppose that T is compact. Let p:M—3>S be the

quotient map, where 5 is orbit manifold associated to M.

Let {S,} be a nice exhaustion of 8. Let Cn=»—’(5n). We
may assume that T is contained in C,. Since M is not
homeomorphic to S!xS5!x[0@, ), we may assume that Cy is
not homeomorphic to S!x8!xI. Since T is compact and

therefore contained in C_,, T must be a component of 8C .
Since M is noncompact, Fr(C)) is nonempty and disjoint

from T. Therefore €, has at least two components. So
we may assume that C, is not homeomorphic to D*x5' or a

twisted I-bundle over the klein bottle. Consequently,
by a lemma VI.2@ of [8] upto an ambient isotopy of C,
there is a unique simple closed curve in T which is

mapped to a fiber. This isotopy may be extended to M. B

Lemma VII.&. Let M and N be conmnmected noncompact Seifert

fibered manifolds, and let f:M—N be a homeomorphism.

Suppose that M has nonempty boundary and is not

homeomorphic to S!x5!x[@,®. Then f is isotopic to a
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fiber preserving homeomorphism.
Proof:

If follows from lemma VII.S that, up to ambient
isotopy of M, thefe is a unique fiber T in &M that maps
to a fiber f(7) of N. Therefore, by lemma VII.S5, f is

isotopic to a fiber preserving homeomorphism. B

Definition VII.7. Let W be a noncompact, irreducible,

end—-irreducible 3-manifold and let T be a compact
2-manifold contained in SW that is incompressible in W.
Suppose that (I, ®#) is a Seifert pair that is contained
in (W, T) and that (A, ¥ is its complementary pair in
(W, T). Suppose that (&, # and (A, ¥ satisfy the
following conditions
(a) (%, ® is strongly perfectly embedded in (W, T) 3
{b) if (¥) is a component of (A, ) which is an
X—pair for some connected 1-manifold X, then () %) is a
Y-shell for some connected 1-manifold Y3

(c) if (%) is a component of (A, ¥) which is an
X-shell for some X*S!, then exactly one component of
Fr()\) is contained in an S!-pair;

(d) if (N ¥) is a component of (A, ¥) which is an
S!-shell and if (6,4 ¥,) and (c,,?,) (which are possibly
equal) are the components of (X, # which meet ()\,4¥),

then (oc,Uc U, $,UP,) cannot be fibered as an Si-pair;
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{(e) every Z2-manifold that is proper, strongly

essential in W,T), and whose components are copies of
Sixs!, SixI, S!x[0Q,w, and S’xR is isotopic in (W, T)

into (I, ®).

Then we say that (I, #) is a weak characteristic

pair of (W, T).

Lemma VII.8. Let W be a noncompact, irreducible,

end—-irreducible 3-manifold and let T be a compact
2-manifold contained in W that is incompressible in W.
Suppose that (I, ®) is a weak characteristic pair of

W, T). If (MN,QYD is a Seifert pair in (W, T) such that
each component of Fr(l) is strongly essential in (W,T),
then (M, is isotopic in (W, T) into (I, #F).

Proof:

By condition (5), we may assume that Fr(M is
contained in int(Z) and Fr(M is contained in F We
may assume that there is a component (m, o) of (N, Q) that
contains a component (M%) of (A, . Now (mw is an
X—pair for some conmected 1-manifold X. By lemma VII.3
as well as more classical results, we may assume that
Fr()\) is saturated in the X—pair structure of (nm,w. So
(¥ is an X—pair. By condition (2), (N YY) is a Y—-shell
for some connected 1-manifold Y.

For each component K of Fr(iD, let @, be the
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component of TINZ which contains K. It may be that

(@,,Q3,0T is a Z-shell for some commected 1-manifold Z.
In this case, use QK to isotop K to Fr(QK)—K. Then use
the component (X',%') of (A, ¥) which contains FP(GK)—K

to isotop K so that (n, o) no longer contains (A\',47).

If this process is infinite, we may construct a product
Kx[@, ®) with K=Kx@ which is proper in W since it is the
union of components of A and Z; So since K is strongly
essential in (W, T), this process eventually terminates.
Do this for each component of Fr(lll. Since the tracks
of the indicated isotopies are disjoint, we may assume
that (QK,QKFW) is not a Z-shell for any connected
l-manifold Z.

Let (oc,,%,) and (c,,¥,) be (possibly caoincident)
components of (I, # which meet (>, ¥). We may assume
that (o fm, ¥;MNw) is an X;-pair, where (c;,%;) is an
Xj—pair. By the preceding paragraph, (c;flm, ?;Mw) is a
is

Z-shell for some connected l1-manifold Z only if oy

contained in n. Therefore, we may assume that X=X!=Xz.
Now (X ¥) is a Y—-shell for some connected 1-manifold Y.
Suppose Y=S83!. Since (cyfm, #;fM) has a unique fibering
for i=1,2 by lemma VII.&, (o, Uc,UN ¥ UP,) is an S'-pair

and this contradicts condition (4). So suppose that
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Yasi, Thern the fact that X‘=X2 contradicts condition

(3). Therefore, () ¥) carmot be contained in (m, w).

This ends the proof.

Lemma VII.9. Let W be a noncompact 3-manifold and let T
be a compact 2-manifold in W which is incompressible in

W. Suppose that (W, T) is good. Then a weak
characteristic pair exists for (W,T).

Proof:

By theorem VI.S there is a Seifert pair (%,%) in
(W, T) which satisfies condition (35) of lemma VI1.7 such
that if (5,9 is a component of (£, ® that is not an
S!-pair, then each component of Fr(® is strongly
essential in (W, T) and (G,@) contains a strongly
essential S!x8%, S!xI, S!x[@,w), or S!xR. Say that a
compornent K of Fr(X) is not strongly essential in (W,T).
Let (3;%) be be the component of (%,%) that contains K.

Then (G,%) is an S!-pair. If there is a product pair

(KxI, (KxI)U{Kx1)) contained in (W, T) with Kx@=K, then

(GUKXI) , PUCSKXI) U(Kx1)) is an Si-pair; modify (5% by

attaching (KxI, (SKxI)U(Kx1)). If there is a product
Kx[@, @ with Kx@=K, then (CU(Kx[@,m,9 is an Sl-pair;

modify (%,3) by attaching (Kx[@, o) ,9). Perform these
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operations globally to obtain a Seifert pair (I, # such

that each component of Fr(IZ) is strongly essential in
(W, T). (This follows from lemma I1I.1 and theorem
I11.3.)

Let (A, ) be the complementary pair to (I, ®).
Suppose that these are distinct components (o, ¥) and
{c?', ) and (L, F) and a component (>, %) of (A, ¥ such
that (\¥) and (o, ¥) are X—shells and (o, ¥) and (¢, 9 )
each contain one component of Fr(i). Modify (I, &F (and
therefore (A, ¥)) by replacing (I, ) with (ZUx, #M). By
applying this operation globally, we obtain a seifert
pair that is strongly perfectly embedded in (W, T).

Now suppose that there is a component (X, ¥) of
(A, ¥) that is an X—pair for some corrected 1-manifold X.
If (9 is a Y—-shell for some Y, no operation is
performed. Suppose that (), %) is not a Y-shell for any
Y. Then (X %) has a unique fiber structure. Let W be a

saturated regular neighborhood of Fr(x) in X Let
o=cl(XN) and let ?=c,M. Now modify (L, #) by
attaching (o, %)) The net induced change in (A, ¥ will

be in removing (X, ¥) and attaching (N;NM¥). Rpplying
this glcbally results in complementary pairs (A, ®) and
(L, #) which satisfies conditions (1) and (2) of lemma
VIIi.7.

Now suppose that (N %) is a component of (A, ¥) that

is a Y-shell for some cormmected 1-manifold Y. Let
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(c,,%) and (c,, ¢,) be the components of (I, #) that meet

Fr{i). (It may be that (o ¥ )=(c , ¥ ).) If neither
(6,3 %,) nor (c,,%,) is an S'-pair, the (c,Us,Ux ¢, UP, LY
is an X—pair for some X#5!; in this case, modify (I, #)
by attaching (X %) and make the corresponding adjustment
to (A, D). If both (&,,%,) and (c,,¥,) are S!-—pairs and

(c,Us,Ux, ¢ U, 4 is an S'-pair, then modify (I, # by
attaching (MY and modify (X %) as required. Applying
these operations globally, we obtain (I, #) and (A, P

that satify (1)—(4) of lemma VII.7. Since (£, ®c(g,®,

(Z, #) also satisfies (5). We are done by applying lemma

VII.7. 8



CHAPTER VIII

WEAKLY CHARACTERISTIC SERUENCES

Lemma VIII. 1. Suppose that (W,T) is a cormected S!-pair,

W is noncompact and T is compact. Let F be a compact,
where commected 2—manifold in (W, cl(5W-T)) that is
incompressible in W. If F is no parallel in W to a
2-manifold in cl(-T), then F is an armulus or torus.
In fact F is isotopic in (W, T) to a saturated armmulus or
torus.
Proof:

Suppose that S is the orbit manifold for W and that

p:W-38 is the associated guotient map. Let {Sn} be an
exhausting sequence for S and put Nh=p_‘(Sn) for each

n@. By taking a subsequence of {W,}, we may assume that
F is contained in W,. 8Since FIFr(W,) is empty, (pIF) is
not a covering map onto S,. Since F is not parallel

into cl{aW-T), it follows from VI.34 of [B1 that F is an

anmmulus or torus which is isotopic to a saturated amnulus

or torus.

Lemma VIII.2. Suppose that (W,T) is a comected X-—pair

92
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that is not an S!-pair, where W is noncompact and T is
compact. Let F be a compact, commected 2-manifold in
(W, cl{M-T)) which is incompressible in W. If F is not
parallel in W to a 2-manifold in cl(8W-T), then F is
isotopic in (W, T) to a 2Z—manifold which is transverse to
the X-bundle structure of W.

Proof:

There exists an exhausting sequence {(W_,J} for W such
that W, is an I-bundle and (aW ,Fr(ad . )) is homecmorphic
to (Frtwo)xI,Fr(No)xal) for nti. By taking a
subsequence, we may assume that F is contained in W,.
Hence, by I1.7.1 of [71 F is isotopic in W, to a
2-manifold that is transverse toc the I-bundle structure
of W, . This isotopy may be extended to an isotopy of

W. B

Lemma VIII.3. Suppose that (W,T) is a good 3-—manifold
pair. And suppose that (W_.} is a good exhausting sequence

for W. Let (1,2 be a Seifert pair in (W, T) such that
Fr(Th is strongly essential in (W, T). Then there is an
isotopy H:WxI—W with H{x,@)=x far all x&W such that

(H(TL, 1D MWEa, pl, HI{TL 1) MFr(W_)) is a Seifert pair in

P

(w[m,pJ,Fr(Np)) s Fr(H(T, 1)MWLo, pljWLio, pl) is strongly

essential in (w[m,p],Fr(wp)), and no component of
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Fr(H(ﬂ;i))FMNp is parallel in aup to a 2-manifold in

Fr(aup) for po.

Proof:

By lemma 1I1.3, we may perform an isotopy of Fr(M in

(W, T) so that Fr(ﬂ)ﬂFr(Hp) consist of simple closed
curves that are incompressible in both Fr (M and Fr(wp)
for all p2@ and such that no component of Fr(ﬂ)ﬂoup is

parallel in alW

p to a 2-manifold in Fr(éup) for any p20.

Consequently, each component of Fr(wp)ﬂﬂ is

incompressible in N for p2@ and no component of Fr(Np)ﬂﬂ

is parallel in T to a 2-manifold in cl(Fr-(M-Q). If

(M, is an S'-pair, lemma VIII.1 gives us that TFr W)

is saturated in M, so (MWlwo,pl, MMFrW_)) is an S!-pair.

P

If (M, is not an S!-pair, then lemma VIII.2 gives us

that UﬂFr(up) is transverse to the bundle structure of 1.

We may assume that (MMWlo, pl, MFrW_)) is a Seifert pair

p
for all p2@. Since each component of Fr(Tl) is strongly
essential in (W, T) and no component of Fr(ﬂ)néun is

parallel in aW, to a 2-manifold in Fr(ald,)) for any nie,
we may conclude that Fr(TDMWlo,pl is strdngly essential

in (WLloy,pl,Fri(W_)) for all pia. 8

P

Let V be an orientable, irreducible, noncompact
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3-manifold. We say that V is eventually good provided

there is a compact 3-manifold Vo in V such that

(cl(V-V ) ,Fr(V.)) is a good 3-manifold pair.

Definition VIII.4. Suppose that V is an eventually good
3—manifq1d. Let Vo be a compact 3-manifold in V such
that Fr(V,) is incompressible in cl(v-V)) and
(cl (V—Vo),Fr(Vo)) is good. Let {V,, In2@) be an exhausting
sequence for V such that {cl(vn—v°>|n;1} is a good
exhausting sequence for (cl(V—Vo),Fr(Vo)). Suppose for
q28 there is a Seifert pair (Zﬁ,!a) such that

(a) (Eh,ih) is a weak characteristic pair of

(VLoy, ql,Fr(V_J);

q

{b) if (M, QD is a Seifert pair in (V[dqu,Fr(Vq))

such that Fr(M is strongly essential in (VLoy,ql,Fr(V_),

qQ

then (M, Q) is isotopic in (VLoy,ql,Fr(V_)) into (Zh,ia);

q
(c) for p2qi@, Fr(zh)ndvp is composed of annuli
and tori which are not parallel into 2-—manifolds in
Fr(avp);
(d) for p2q, (ZqﬂV[apr,ZHFFr(Vp)) is a strong
Seifert pair such that FrtgqﬂV[m,pJ;V[m,pJ) is strongly

essential in (V[m,pJ,Fr(Vp));

(e) for pq, (IhrN[cgp],EhrFr(Vp)) is isotopic in
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(V[m,p],Fr(Vp)) a saturated submanifold of

(inttzb),inttib)).
Then we say that {(Zh,ia)lqgﬂ} is a weakly

characteristic sequence for (V,{Vq}).

Let W be a noncompact 3-manifold. Suppose that P

is a plane that is proper in W. We say that P is

nontrivial if there is no proper embedding f:RZx[@, o) —W

with F{RZx@)=pP.

Lemma VIII.5. Suppose that V is an eventually good
3—-manifold. Let V, be a compact 3-manifold in V such
that Fri(V,) is incompressible in cl(V-V ) and
(Ccl(V=-V ) ,Fr(vV.))) is good. Let {V,in2@8) be an exhausting
sequence for V such that {cl(Vn—Vo)lnal} is a good
exhausting sequence for (cl(V—Vo),Fr(Vo)). Then there
exists a weakly characteristic seifert sequence for

(V, (V.3

Furthermore, if P is a finite set of pairwise
disjoint planes that are essential and proper in V, then

there is an m such that for each P& the noncompact

component Rp of PVLw,ml] is an incompressible copy of

S'x[@,®) and an isotopy H:VxI-3V fixed on V_, with
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H{x,@)=x for all x&V and H(W-VY,,1) contained in I,

Proof:
We proceed inductively. By lemma VII.9, there

exists a seifert pair (£,, #,) which satisfies (a) of
VIII.4 and therefore (b) of VIII.4 by lemma VII.8. By

lemma VIII. 3, we may assume that (20,50) satisfies (c)

and (d) of VIII.4. By lemma VII.9, there exists a

seifert pair (Z ,#,) which satisfies (a) of VIII.4 and
therefore (b) of VIII.4 by lemma VII.8. Since (I, %))
satisfies (b) of VIII.4, we may assume that
(E,MWVLoy 11, ZFriV,)) is contained in (Z ,#®,) by
performing the reverse of the given isotopy. Since
(Eo,io) satisfies (a) of VIII.4, we may isotop

Fr(Z, ;Vlw,11) in VIiwo, 1] without moving Fr(Z, ;Vlo,1]) so
that (21,§‘) satisfies (c) of VIII.4 as well as (a) and

{(b) of VIII.4. By repeating this inductively, we have
verified (a)—(e) of definition VIII. 4.

Now suppose that P is a finite set of pairwise
disjoint planes that are essential and proper in V.
Choose m2l1 to be large enough so that for each PSP only
one component of VIim, 1P spans VIm,81 and such that if

D is a disk in P with Pf¥V, contained in D, fhen D is
not homotopic in VLo,ml to a point.

Choose nXm so that (LFBFNM is contained in int(vn).
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Isotop (LP) by an isotopy fixed on VIiwy,nl so that

#UP)YFr(V D)) is minimal. The choice of m implies that
#(PMFr(v )) 21 for every PEP. Suppose that J is a
component of (UPIMF. There is a PSP and a disk ECP with

J=E. By the minimality of #((UP)IMF) and the

irreducibility of Viw,@81, we may conclude that Efv, is
nonempty. By the fact that a component‘ of EfVIm, @]
spans VIim, 8] and the choice of m, we may deduce that any
two distinct components of PrFr(Vm) are parallel in P.
For each P&pP, let Ap be the noncompact component of
P(NLw,ml. Then for each PsP, Ap of PIVLlo,ml is
homeomorphic to S!xI[0, .

To see that ﬂp is incompressible in Vio,ml, suppose
that D is a disk in VLoy,ml with Dmp=9!) and JD
noncontractible in Ap. Now there is a disk D? in P with
&D'=5D. Note that PrV, is contained in D'. So 3* is

not homotopic in VLoe,ml to a point. But this
contradicts that fact that 8D'=3D and D is contained in
VLioyml.

Since ﬂp is incompressible in VEio,ml for each P&,
Ap is strongly essential in (Viwoyml,Fr(V ) for each
PepP. Therefore there is an isotopy H:VLioy,mIxI-—3VIiwo, ml

with H(x,@®)=x for each x&VL[wmyml such that H(URp, 1)CcX, .
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We may extend this to an isotopy H:VxI—9V which is fixed

off a regular neighborhood of Vio,ml. R



CHAPTER IX
WHITEHEAD MANIFOLDS OF
FINITE GENUS

Let V be an irreducible, contractible, open

3—manifold. Then we say that V is a Whitehead manifold.

Lemma IX.1l. Suppose that V is a Whitehead manifold with
finite genus g2 at infinity. Let V_, be a compact
3-manifold in V such that Fr(v,) is incompressible in
cl(v-v. ), Fr(V,) has genus g, and every torus in cl(V-V )

bounds a compact 3-manifold in cl(V-V ). Let (7,2 be a

commected, noncompact S!-pair with Q%0 and incompressible

in cl(V—Vo) which is proper in (cl(V—Vo),Fr(VO)) and such

that any component of Fr () which is not a torus is
incompressible in cl(V-V ). Then there is an S'-pair
(ﬁ,ﬁ) which contains (M, Q), is proper in

(el (V-V ),Fr(v,)), and is such that Fr(T is strongly
essential in (cl(V-V )),Fr(V_>); in particular, T is the

union of 1T with some comp-nents of cl(cltv—vo)—n). In
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addition if T is a torus in Fr(M, then either T is

essential in (cl(V—VO),VO) or T bounds a solid torus in
cl(V-v .

Proof:
Suppose that T is a component of Fr(l which fails

to be strongly essential in <c1(v—v°>,Fr(v°)). Then T
is not homeomorphic to S!x[@, ®) since in that case one

could not isotop T to be disjoint from Fr(V ).

With the above case eliminated, we will now proceed

to show that in the remaining situations

(IX.1.1) there is a component W of cl V-V ) —int (1D with
WNN=T and (MW, QU(WFr(V ))) an S'-pair.

Suppose that T is homeomorphic to S!'xR. Then by

lemma I11.3 the closure W of one component of cl(V—VO)—T
is homecomorphic S!xRx[@,®w). Since Q is not empty, T is

not contained in W. So W is a component of
cl V-V )—int () which satisfies (IX.1.1).

Suppose that T is an ammulus. Then there is a

product TxI in cl(V-V ) such that Tx@=T and (Tx1)U(ITxI)
is contained in Fr(V, ). Since TxI is compact and T is
noncompact and proper, TxI is a component of

cl{V-V )—-int (M. Put W=TxI. Then W satisfies (IX.1.1).
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Suppose that T is a torus. We claim that T is

compressible. To get a contradiction, we assume that T
is incompressible. Since T is not strongly essential,

either T is parallel to a 2-manifold in Fr(vo) or, by
lemma III1.1, there is a properly embedded TxI[B, o in
cl(V-V,) with Tx@=T. Since Fr(V,) has genus at least 2,
T carmot be parallel in cl(V—Vo) toc a 2-manifold in
Fr(V, ). Since V is of genus at least 2, there is a
compact 3-manifold X in V such that TW, is contained in
int(X) and &X has genus g and is incompressible in
cl{V-V ). Since Tx[@,w® is proper in cl(v-v ), TxL[B, @

must contain IX. Now X must be incompressible in
Tx[@, @), and therefore X must be parallel to Tx@ in
TxL@, o). This contradicts the fact that the gernus of X
is at least 2. Therefore, T must be compressible in
cl(v-=v .

By choice of V_, there is a compact 3-manifold W in
cl{v-V,) with T=8W. Since A is proper and noncompact,
MMW=T. Let D be a disk in cl(V-V ) with DMT=5D and &D

nontrivial in T. Since all non—torus components of

Fr(Th are incompressible, we may assume that DfFr (M =35D.
We claim that D is contained in W. Assume that D is
contained in 11 in order to get a contradiction. Let

Dx[—-1,1] be a regular neighborhcod of D in N with Dx@=D.
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Let A be the arnmulus cl(T-{(3Dx[-1,11)). Then

{(Dx{—-1,13» A is a 2-sphere which, by lemma VII.1, bounds
a 3—cell B in Nl. Since BM{Dx[-1,11)=Dx{-1,1¥, B cannot
contain Dx@. Therefore, N=BU(DxI[-1,1]1) which contradicts
the fact that N is noncompact. Therefore, D must be
contained in W.

Let Dx[—-1,13 be a regular neighborhood of D in W3
let A be the armulus cl(T-(5Dx[-1,13)). Then

AU(Dx{-1,13) is a 2-sphere which bounds a 3-cell B in
cl{V-V ). Since &cl(V-V ) #8, B must be contained in W.
Since B does not contain Dx@, W=BU(Dx[-1,11).

Therefore, since V is orientable, W must be a solid

torus. Since Q is incompressible in cl(V-V ) no fiber
of M is trivial in n (cl(V-V )). So no fiber of T

bounds a disk in W. So W satisfies (IX.1.1). 8

Lemma IX.2. Suppose that V is a Whitehead manifold
finite genus g22 at infinity. Let (V3 be an exhausting
sequence for V such that for ni@

1) vV, is connected;

(2) FriV,) is connected;

(3) Fri(V,)) is incompressible in VIiw,@1;

{4) genus (Fr(V, ))=g;

(§) VILwoynl is connected. Let {(Eh,ih)lngm} be a
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weakly characteristic sequence for (V,{Vn}). For each
n20, let (£,%)=0((N, D (N, D is a noncompact S'-pair
component of (X ,2.) with Q#&7F. If nX>@ and p>)n, then

no component of cl(Fr(Vp)—Eh) is an annulus.

Proof:
Since V is contractible and has genus at least 2 at
infinity, for n>>@ every torus T in VLwy,nl bounds a

compact 3-manifold My in VIo,nlj; from this point in the

proof we will assume n to be at least this large.

Choose p large enough so that each amnulus of Fr(zh) is
contained in int(vp). Suppose that there is a component
A of cl(Fr(Vp)—Eh) which is an annulus.

Let (11,,Q,) and (71,,RQ,) be the components of

(Eh,ih) which contain the components of &A. (It may be

that (n‘,Q‘)=(ﬂz,Qz).) Let N be a regular neighborhood
of A in cl1(VIloy,nl-%,) such that NFr(%) is a regular

neighborhood of R in Fr(fh). By lemma VIII.1 and part
(4) of the hypothesis on {V_,}, each component of
Fr (v )ﬂ%h is an annulus which is isotopic in E% to a

P

saturated armulus. So 9A is isoctopic in FF(E%) to a

union of two fibers in E%. Therefore, the fibering of
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m,uUn, extends to T UM, N. So (M UM, N, Q UQ)) is a

noncompact S!-pair. By lemma IX.1, there is an Si-pair
(M, D containing (ﬂ‘UﬂéLN,Q‘UQZ) such that Fr(l is

strongly essential in (V[agnJ,Fr(Vn)); in addition if T
is a compressible torus in Fr(T UM, UN), then T bounds a

solid torus in Viao,nl.
By lemma VII.7, there is an isotopy
H:VEoy nIxI—2VLoy,nl with Hi{x,B)=x for all xsVLaoy,nl such

that H{(M, 1) is contained in int(Z).
Let us first assume that a component of A is

contained in a compact component F of Fr(Eh). Then F is
a torus which must bound a compact 3-manifold M in
Viw, nl. Since A is contained in cl(V[m,nJ—Eh), A must

be contained in M. Therefore, R is contained in F=M,
and M,=M,. Let A and A" be the annuli in F with
oA'=3A"=5A. Let T' and T" be the components of Fr (1T LN)
which meet A' and A", respectively. Then T? and T" are

tori which are isotopic in VEo,nl tc AUA and A"LA,
respectively. We claim that both T' and T" are
compressible. To get a contradiction, suppose that orne
of these tori, say T', is incompressible. Then A'LA is
incompressible. Since M is compact, since H{(M,1) is
noncompact and proper, and since H(M,1)IF=9, it follows

that H(N,1) is contained in VIio,nl-M. Sc by proposition
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5.4 [15] there is a product (A?UAIXI such that

(A LR x@=A LA and (AU x1=H{A'UAR,1). Since H(A'UA,1) is
contained in VIiwynl—-M, (A?LUA)XI must contain M. So A"
is an incompressible 2-manifold in (AUA)xI with A"
contained in (A'UAx@. Since VILoy,nl is noﬁcompact, A"
must be parallel in (A’UAIxI to A. However, this would

imply that, for some m)n, a component of ANV, is is
parallel to a 2-manifold in Fr(aV) which contradicts
part {(c) of definition VIII.4. So we must assume that

both T* and T" are compressible.
By lemma IX.1, T' and T" bound solid tori U’ and U",
respectively, in VIiao,nl. Now both W' and U" meet F in

an annulus which is saturated in M,. Since M=U? LN, it
follows that (1T, LM, Q) is an S!-pair. Therefore, we have

contradicted part (d) of definition VII.7 via part (a) of

definition VIII1. 4.

Now suppose that A is contained in a single

noncompact component F of Fr(Eh). Then n‘=n2 and F is
homeomorphic to either S!xR or S!x[@,w). Let A be the

unique arnnulus in F with 2A'=8A. Let T be the component
of Fr(Nl,UN) which meets A'. Then T is a torus which is

isotopic in VIie,nl to ALAR'. By choice of n, T=aM for
some compact 3—manifold M contained in VIioy,nl. Let

Fl=cl{(F-A)LA'. Then F? is homeomorphic to F and is
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incompressible in VIo,nl. Let T’ be a torus in M which

istparallel in M ta T. Now H(M,1) is contained in
VLo, n1-M as before.

To get a contradiction, suppose that T is
incompressible in VLwoy,nl So there is a product Tx[—-1,11]
such that Tx1=T', Tx@=T, and Tx{—-1)=H(T,1). Now since
A'CT, it follows that (Tx[—-1,11)(F is nonempty. We may
assume that (Tx[-1,11)MF is nonempty. Since F is proper
and (Tx&L-1,11)(F is empty, each component of
{(TxL—1,13)7F is a closed 2-—manifold. But F contains no
closed 2—-manifolds. So T must be compressible.
Therefore, M must be a soclid torus which is contained in

M. Let X be a loop in M which generates n (MWN). Since
H({M, 1) is contained in VILo,nl-M, there is a map

f:SixI-9WILamy,nl such that F(S!x@) =X and F(S'x1l) is
contained in V[wo,nl-M. Therefore, either f~ ' (F) or
fT(F') is nonempty. By symmetry, we may assume that
fT1(F) is nonempty. We may modify f so that f '(F)
consists of simple closed curves that are nontrivial in
in S'xI. Hence, there is a map g:S!'xI-9VILa,nl] such that
g{Six@)=X, gi(S!x1) is a nontrivial loop on F, and

g !(F)=5!x1. Since F is éither SixR or 5!x[0, ®), we may
assume that g{(Six1) does not meet SA. We may modify g

so that g~ !(F') consists of simple closed curves that
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are nontrivial in S!xI. Hence, there is a map
h:S!xI-9WIlwo,nl {(which is perhaps equal to g) such that
h™ ' (FLF')=81x1, h(S5!x@)=X, and h(S!x1) is contained in
either F or F'. By symmetry, we may assume that h(Sx1)
is contained in F'. Note that we may assume that
h(S!x1) is a loop in A'MNSM and that h(S!xI) is contained
in MUIN. Let a« be the generator of n,(R'). Then >=va’
for some u2l. But o'=xupul for some ptl. Hence >»>=Xupl.

Therefore |uvnl=13 in particulaf, lvi=1. So A? is

parallel in VLoynl to A. This implies that for some mn
a component of A&V, is parallel in &V, to a 2—-manifold
in Fr(aV ) which contradicts part (c) of definition

VIII.A.

Now suppose that each compornent of &R is contained

in a different component of Fr(fh). Call these
components F, and Fz. Suppose that F, is homeomorphic

to S!xR. Then there is a 3-manifold W that is the
closure of a component of V[m,n]—F‘ which does not meet
Fr(V,). So neither T, nor I, is contained in W since
both Q, and Qz are nonempty. So A must be contained in

W. But this implies that SACMF , which contradicts our

assumption that F, and F, are distinct. Consequently,
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each of F, and F, is homeomorphic to S'x[0, ©).

With this one case left to consider, let us assume

that there are arbitrarily large values of p for which

there exists an amnulus compornent of cl(Fr(Vp)-Eh).
Since there are only finitely many components Fr(%ﬁ)
which are homeomorphic to S!xI[@, w0, there is a sequence

of integers p(@) (p{1) (... such that for i20 there exists

an annulus component A; of cl(Fr(Vp(i))—Eh) with F, and

F, each containing a component of &A;.

Let A be the component of cl(V[m,nJ—Eh) which meets
F,.F, and therefore contains WA, |i2@3.

For k=1,2, let B; be the annulus in F; with
SBk=SFkU(ﬂOFFk). Put G=Q°LB‘LBZ. By applying
proposition 5.4 of [15]1, it may be argued that there is a

product GxI with x@=Q, &@xI contained in Fr(V,) and such

that either Gx1 is a component of Fr(%,) or Gx1 is
contained in Fri(V, ).

By taking a subsequence of {p(i) |i2@) if necessary,

we may assume that A;fF, lies between &, and A, F
for i@ and k=1,2. For i20 and k=1,2, let Ck,i be the
annulus in F, with SCk,i={ﬂiﬂFk)U(Qi+‘rFk). Let
Ti=A;UR; . WC, jUC,,

i for 1i0. Then Ti is a torus and
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must bound a compact 3-manifold M; in VIwo,nl for i20.

Note that A=(axI)U[UtM; |i2@3]. Observe that either

M; is &-irreducible or M; is a solid torus. We may
argue as in previous cases that M; is not

incompressible in VLo, n]. We are therefore able to
conclude that A is seifert fibered. It follows that

n‘unzun is seifert fiberable. This contradicts VIII1.4(a)

by contradicting VII.7(d).

After considering all cases, we may conclude that

the armulus A carmmot exist. B

Lemma IX.3. Suppose that V is a Whitehead manifold with
finite genus g22 at infinity. Let {V_ > be an exhausting

sequence for V such that for ni@

(1) V_ is cornected;

n
(8) Fri(v,) is connected;
(3) Friv,) is incompressible in Vim, @13
(4) genus (Fr(V, ) )=g;
(5) VIoynl is connected.
Let {(X.,%) In2@) be a weakly characteristic
sequence. If (N, QY is a noncompact S!-pair component of

(Z,+ ¥,), then
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(a) for m)@, CNNM is homeomorphic to S!xR, where C

is the éomponent of cl(V-M which contains Vs
(b) if O=@, then T has at most 3g-3 ends;
(c) there is an exhausting sequence {Cv} for T
such that
(i) C 6 is saturated in T for v2@ and
({ii) each component of Fr(Cv;ﬂ) is an annulus
A such that each component of 9A is

contained in a noncompact component of
Fr(TT3VELoy, nl) ;
{(d) the orbit manifold of T is planar.

Proof:

To prove (a) by contradiction, suppose that there

is a sequence of integers n(d) (n{1) (... such that for

i2@, there exists a noncompact S!-pair component (T4 95)

of (Zh(i)’ih(i)) with the property that GCi is a torus,
where Ci is the component of cl(V-ﬁi) which contains

v Since V is contractible, there is a compact

n{id-
3-manifold B; in V with B;=8C; for i2@. Since 0 is
proper and noncompact, B; cammot contain N; for any ij
therefore B; must contain V,(;), for i208. By taking a

subsequence, we may assume that {(B;} is an exhausting

sequence for V. But the genus of SBi is equal to 1 for
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i28. Then contradicts the fact that V has genus at

least 2.

To prove (b) by contradiction, suppose that there

is an S!-pair component (1, D of (Z%,i%) which has more

than 3g—3 ends. Let K be a compact subset of T such

that cl (1K) has at least 3g—2 noncompact component.

Choose p to be largé enough, in the sense of lemma IX.2,
for cl(Fr(Vp)—n) to contain no anmuli and int(vp) to

contain K. Then ﬂﬂFr(Vp) is the disjoint union of at

least 3g—2 anmuli each of which is injective in Fr(vp)
and no two of which are parallel. But Fr(vp) cammot

contain more than 3g—3 pairwise disjoint nonparallel

nontrivial simple closed curves, and soc we have a
contradiction.

To prove (c), let us take {(C}} to be a saturated
exhausting sequence for M. By taking a subsequence of
{CL}, we may assume that Fr(CL;ﬂ) is contained in
VLo, nl. Since g2, we may assume that for v)?>0, each
torus component T of Fr(C} ;T bounds a compact
3—-manifold My which is contained in VLo, nl. Put
Ny=M Nl Let C;=CLU(U(NTIT is a torus component of
Fr(CL;ﬂ)}). Note that C] is saturated in T and that

each component of Fr(Cl3M is an annulus. It may be
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that some component of SFr(Cl;M is contained in a torus
component of Fr(M;VLo,nl). By taking C, to be a fibered
regular neighborhood of CJ, it will follow that each
component aFr(Cv;ﬂ) is contained in a noncompact
component of Fr(M;VLoy,nl).

Now let S be the orbit manifold for T and let
n: 2S5 be the associtated quotient map. To prove (d),
it suffices to show that each simple closed curve in §

separates. Suppose that J is a simple closed curve in S
which does not separate. Then N !(J) is a torus in V

which does not separate. But this contradicts the fact

that V is contractible. i

Lemma IX.4. Let S be a closed, orientable, connected
2—-manifold of genus giZ. Suppose that {G 11sikin} is a
set of compact 2—-manifolds such that

(a) Gpcint (G, ) for 1ikin—13;

(b) 6, is hard in S for 1£fkins

{c) if A and A’ are components of G, which are
annuli, then the core of A is not parallel in § to the

core of A for 1£kin;

(d) 6,,, is not a regular neighborhood of G, for
1skin—1.

Then n$6ég%-7g+3. Proof:
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Observe that

n—1

(IX. 4. 1) KB =H(B D+ 3 K(CLBy, ,~6)))
k=1

and note that

(IX.4.2) R(5) $X(B,) .

By condition (b) we may deduce

(IX.4.3) K{cl (G ,—56,) ) s@

for 1fkin—1.

Condition (d) implies that if X(cl(G, , , —-G,) is
equal to zero, the some component of G4+, is an annulus
which is not contained in 6,. Therefore if
Kl (6, ,—6)=0 for vikiv+tp—1, then u components of G, ,
are annuli. By part (c) of the hypothesis, we must

assume

(IX.4.4) n$3g-3.

By part (a), X{(G,()£8. Combining this with (IX.4.1)

we have
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n—1
(IX.4.5) ﬂ(Gn)skzlﬂ(cl(Ek+’—Gk)).

By the division algorithm, put (n—1)=m{(3g—-2)+r, where

r{3g—2. Then (IX.4.2) gives us

(IX. 4.6) KB, $—m

which implies

(IX.4.7) (n—1) £(3g—2) (1-X(B)).
By (IX.4.2) we may write

(IX.4.9) {(n—1) $6g 2-7g+2
which leads to the desired conclusion. i

Lemma IX.D5. Suppose that 8 and T are planar, connected,

noncompact 2-manifolds each having one end such that the
inclusiocin map T-9S is proper in 5, and 85 and &T each
have exactly one noncompact component called K and L,
respectively. Suppose that I5MT=KML. and that KL is
compact with each component an arc. Then

(a) cl{L-K) has exactly twoc noncompact components
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called L, and L, each of which is homeomorphic to [@, w©);

(b) there exist connected 1-manifolds K, and K, in
K with K, MK =90 and such that, for i=1,2, aK;=8L; and K;
is homeomorphic to [@, ©);

{c) ¢cl{(S5-T) has exactly two noncompact components

which we will call F, and F,a and KiLLi is the unique
noncompact component of oF; for i=1,2;

(d) for any compact subset C' of S, there is a

compact 2-manifold C containing C* such that

(1) Fr(C;38) is an arc a with K, and K,
each containing one point of daj
(ii) ol is an arc with L, and L, each

containing one point of &(aT);

(iii) for i=1,2, oF; is an arc with K; and
L; each containing one point of
S alF ;).

Proof:
Since L has twoc ends and KL is compact, cl{(L-K)

has precisely two noncompact components, say L, and L,
each homeomorphic to [B,®). This proves (a).
Now &, U3, separates K into precisely three

components. Precisely two of these components have

closures, say K, and K, which are noncompact. Choose
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notation so that HKi=d.; for i=1,2. Note that K‘FK2=G,

and for i=1,2, Ki is homeomorphic to [@, ®). This proves

(b).
Since 5 is planar, L,WL, separates S into three
components with closures F,, F,, and F ;. Choose

notation soc that F; contains L1LL2, and for i=1,2, Fj

contains only L;. Then, for i=1,2, KjWw,; is the unique
noncompact component of &, since FiMcl(5-F;)=L;.
Note that F; contains T since T is connected.

Therefore, for i=i,2, F; is a component of cl(5-T).

Since F; is noncompact for i=1,2, to prove (c) it
suffices to show that any nonompact component of c1(5-T)
must contain either L, orL,. Suppose that N is a
noncmopact component of cl(5-T). Since § is comnected,

N must contain a compornent J of Fr(T;5). To get a
contradiction, suppose that J is compact. Then J is
either an arc or a simple cldsed curve.

Suppose that J is an arc. Then &J is contained in
K. Since S is planar and has only one end, there is a
compact 2-manifold F in 8 with FIcl(S—F)=J. GSince T is
proper in 5, F carnnot contain T. So F must contain N3
but this is a contradiction since N is noncompact and
proper in S.

Now suppose that J is a simple closed curve. Since
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S is planar and has only one end, there is a compact

2-manifold F in 8 such that FMrl1l(5-F)=J. Since T is
proper in §, F carmnot contain T. So F must contain N.
But this is a contradiction as above.

From the above, we may conclude that N contains

either L, or L,. Sa (c) is proved.

Let €' be a compact subset of §. Then, for i=1, 2,

3, FirE’ is compact since F; is proper in S. Since F;
is a planar 2-manifold with one end and one noncompact

boundary component for i=i, 2, 3, there is an arc «; in

F; such that the component of Fi;—a; with compact closure

contains F;;NICY UW(KML)1. Furthermore, we may assume that

L, and L, each contain a point of &«,, and for i=1, &,

K; and L; each contain a point of aai. Without loss of

generality, we may assume that c:iﬂL‘=Ct3ﬂL1 and
a,lM =a,flL,. Now put oc=a, Ua, Uax,.

Observe that da is contained in K. Since S is
planar and has only one end, there is a compact
2-manifold C in S such that Cihel(S-C)=c It is not
difficult to see that C satisfies conditions (i), (ii),
and (iii) of (d). It remains only to show that C? is

contained in C. Observe that CIK must contain LK.
Therefore, by choice of «;, CfF; contains C'(F; for i=1,

2y, 3. This ends the proof.



119

Lemma IX.6. Let V be a Whitehead manifold finite genus
g2 at infinity. Let {V_ 3} be an exhausting sequence for
V such that for ni@

(1 v,

is connected;
(2) Fri(V,) is connected;

(3) Fr(vn) is incompressible in Viw,@1;

(4) genus [Fr(V )l=g; Let {(%,, 9 In20) be a weakly
characteristic sequence for (V,{V,¥). For n20, put

(f%,g%)=LK(n;Q)l(ﬂ,Q) is a noncompact component of
(Z,: %) with Q=2}. Then for n?)>@ and for all m}n, there

are qXpm and an isotopy G:VIiwm, pIxI—3VILm, p]1 such that
{(a) G(x,@)=x for every xeViwm, pl;

{b) Gi{x,t)=x for every xeFri(V_);

p

(c) if =W, IN, is a noncompact component of
Eﬁf”[m,p]} and U is a regular neighborhood of I, then

Gix,t)=x for every xeVlLo, pl\U;j
(d) if T is defined as in (c), then G(ZIVMI[ax,ql, 1)

is contained in Eh.
Proof:

For p,ni@, let Fn,p=§%FFr(V )3 note that Fn,p=ﬁ for

p

pi{n. For n2d, let ;ﬁ={Fn,p|p30}' Then by definition
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VIII. 4 F‘,,,,p is contained in Fn+x,p for pintl. Given m)n,

define ¥, (¥, if F is not a regular neighborhood in

m, p

Fr(Vp) of Fn,p for p>}@. We claim that any chain

?%(G)(¥h(1)("' must be of finite length. To get a

contradiction, suppose that there is an infinite squence

of integers n{@) (n(1) (... with ;h(i)(;h(i+1) for 1i20.

Let an integer M be given. By lemma IX.2, there is an
integer p such that no two amuli components of
Eh(i)rFr(Vp) have cores which are parallel for @f£ifM.

Now Fn(i+1),p contains F in its interior but is not

n{id), p

a regular neighborhood thereof. This contradicts lemma

IX.4 since M may be chosen to be greater than 692—79—2.

Therefore, for n}>@ and m)n, there exist'arbitrarily

large values of p for which EhFFr(V ) is isotopic in

p

P
Fr(Vp) to IhFFr(Vp).

Henceforth, though we may change the values of n,

m, and p, we will always maintain the relation pXm>n and

insist that fhﬂFr(Vp) is a regular neighborhood of

E%FFP(V ) in Fr(Vp). By lemma IX.3 and part {(4) of the

p
hypothesis, %V has at most 3g—3 ends for v»2>8. So if

v})>@ and n) v, %v must have the some number of ends as

%ﬂ. We will assume that n is large enocugh for this to
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happen. Choose p to be large enough for each noncompact
component of ghrwtahpl and each noncompact component of
ﬁmﬂVEm,pJ to have exactly one end. Since fh and gﬁ each
have the same finite number of endé and since %hﬂV[m,mJ
is contained in fh, there is a one—-to-one correspondence
between the noncompact compornents of %hﬂV[m,pJ and the

noncompact components of ghFFr(V ) with each noncompact

]

component T, of gﬁﬂvtm,p] containing a unique
noncompact component T, of %hﬂvtm,pl.

Suppose that (T, M, MFr(V_ )) is not an Sil-pair.

p

Then (ﬂﬁ,ﬂhFFr(Vp)) is a [@, ®)—-pair rather than an

R-pair since ﬂhﬂFr(Vp)ﬂ%L Since (ﬂn,nhFFr(Vp)) is a

[0, ® —pair which is not an S'-pair, (M, T MFr(/y)) must

be a [B, ®—pair. Since N, fFr(V)) and ﬂhFFr(Vp) are

P

commected and since EhrFr(Vp) is a regular neighborhood

of B MFrvy), T Frv

p) must be a regular neighborhood

of nhrFr(Vp) in Fr(Vp). Since I, is saturated in T, T
must be a regular neighborhood of T, in Viw, pl. Say

that U is a regular neighborhood of T, in VI« pl. Then

there is an isotopy B:V[m,p]xl—%Fr(Vp) which satisfies
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{a) and (b)), is fixed on VIim,pl-U, and is such that

G(ﬂﬁﬂV[m,p+1],1) is contained in M-

Now suppose that (ﬂh,nﬁrFr(V )) is an S'-pair.

P

Then each component of ﬂhrFr(Vp) is an anmulus. Let A,

be a component of T Fr(V,); let A, be the component of

p

nﬁrFr(V ) which contains nn. Since EhFFr(V ) is a

p p

regular neighborhood of f%rFr(V )y A, must be an

P

annulus. Therefore, (M, M, FrV,)) is an Sl-pair.

{(IX.6.1) Suppose that T is a torus which is

incompressible in ﬂh—f%. We claim that T is parallel in

VEoy,nl to a_torus i ?h.

Let ﬂ=ﬂhU[U{alc is a component of %hfﬁ[p,n] which
meets ﬂh}]. This T is seifert fibered. Let Q=TIFr(V ).
By lemma IX.1, there is an Si-pair (ﬁ,ﬁ) which contains
(N, D and is such that Fr(ﬁ) is strongly essential in
(VLaynl, Fr(V,)). By lemma VIi.7, there is an isctopy
H:VLoy, nIxI—3VILwo,nl with H{(x,B)=x for each x=VLo;,nl and
H(T, 1) contained in %, . Since T is contained in W%, T

and H(T,1) are disjoint. Therefore, by proposition 5.4
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of [151, there is a product TxI in VIiw,nl with Tx@=T and

Txil=H{(T,1). So (IX.6.1) is proved.

Let B be the orbit manifold for T, and let n: m,—>B
be the quotient map. We may assume that M, is saturated
with respect to n. By lemma IX.3, B and ﬂ(ﬂh) are
planar. Since M, and T, have one end, B and n(mn,) each
have only one end. Hence, 58 and on(m,) have unique
noncompact components K and L, respectively. By part
{c) of lemma IX.3, we see that FBIGN(T I =KIML.. Since

N, Nem, is contained in Fr(V,), KL is compact with each

<

component an arc. Let F, and F, be the twoc noncompact
components of cl(B-n(T,)) given by part (c) of lemma
IX.5. For i=1, 2, put L;=F;M and K;=F;MK.

Since n is a proper map, there is a set C' in B

such that n” '(C') contains all of the compact components

oflﬁhﬂﬂﬁ and all of the compact components of cl(ﬂm—ﬂh)

which meet Fr(Vp). By part (d) of lemma IX.35, there is a

compact 2-manifold € in B which contains C’ such that

Fr(C3;B) is an arc a« with K, and K, each containing one

point of &Za. Furthermore, aﬂn(ﬂﬁ) is an arc with L, and

L, each containing a point of Slanon(T, )y, and for i=1,

E, d‘F'

i is an arc with L; and K; each containing a point

of F(afF;).
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For i=i, 2, put Ej=cl(F;-C). Fix i to be either

one or two. We claim that n '(E;) contains no
incompressible tori. To get a contradiction, suppose
that T is an incompressible torus in nf’(Ei). Then by
(IX.6.1) there is a product TxI in VLmnl with Tx@=T and
Tl contained in int(fh). Since N (C) contains all the
compact components of %hnﬂh, (TxI)ﬂaﬂ_’(Ei) is nonempty.
Since each torus of an-‘(Ei) bounds a compact 3-—manifold
in Vlo,nl and since f% is noncompact and proper, (TxI)MA
nonempty for some compornent A of an_‘(Ei) which is

homeomorphic to S!xR. Since (Tx&I)MA is empty, each
component of (TxI)MA is a closed Z2-manifocld; but this is

a contradiction since A contains no closed 2—manifold.

Therefore nf‘(Ei) contains rno incompressible torus for
i=1, E.

Since nf‘(Ei) contains noc incompressible torus, no

component of anf*(eix is a torus; hence, nc component of

FE .

i is a simple closed curve. Since F; is planar and

i is planar and has exactly one

has exactly one end, E
end. Since E; has one end, since is planar, and since

GEi is nonempty, E; is homeomorphic to the halfplane.
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Since ﬂf‘(Ei) contains no incompressible torus,
n"!'(F;) contains (at most) a finite number of

exceptional fibers. Therefore, we may assume that n (C)

contains all of the exceptional fibers of n—’(FzLFz).
Therefore, (N~ '(E;), N YEH MSEN NIM), N~ *(a;)) is
homeomorphic to (Six[@, ©)xI,S!x[B, ®)x31,S5IxOxI) for i=1,

2.
Since F1 and Fz are the only noncompact components

of cl(B-n(M,)), n *(E,) and N '(E,) are the only
noncompact components of cl((T, -n" ' (C))—(M,—n" '(e))).

Let @ be a compact component of

el ((M,-n" *(C)) — (M, - *(C))).

Since N '(C) contains all of the compact components of

cl(ﬂh—ﬂh) which meet Fr(vV_) each component of

p
Fr(Q;VLw,pl) is a torus. Since T, is connected,
Fr(Q;VLwo, p]) N, must contain a torus, say A. Then A=dM
for some compact 3-manifold M in Vio,pl. Since T, is

proper, M must contain @. By part (a) of lemma VIII.4,

we can argue that M must contain a component T of

Fr(M,;Vlo, pl). Since M is compact, we may argue using
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(IX.6.1) that T must be parallel in M to M. Since 53 is

incompressible, it follows that @ is homeomorphic to
MxI.
Choose q so that N '(C) is contained in int(Vg_ ).

Then there is an isotopy G:VILa pIxI—VILw, pl which

satisfies {(a) and (b)), is fixed of VILwm,pl-U, and is such

that 6(MN,WLwoy,ql, 1) is contained in 1.

This ends the proof. B



CHAPTER X
NONTRIVIAL PLANES AND NEARNODES
Lemma X.1. Let V be a cormmected, irreducible,
eventually end—irreducible 3-manifold which is not

homeomorphic to R3. Let {V,,+ be an exhausting sequence
for V such that for nl@

(1) V_ is connected;

n

(2) Fr(vn) is incompressible in VIio, 013

{(3) VI[w,B] is irreducible. Let P be a finite
collection of pairwise disjoint nontrivial planes in V.
Then there is a collection P of planes and an integer
n{l) such that WP is ambient isotopic to P and each

component of (WP')NaV, is an annulus and is not parallel
into Fr(avy) for min(l).

Proof:
Since P is finite and since each P& is nontrivial

in V, we may choose n(@) 28 so that PV, (q) is nonempty
for PP, and so that if E is a disk in PSP with V()P
contained in int(E), then & is nontrivial in Viwn,@].

Choose n(1)>ni{d) sc that for each P there is a disk Ep

127
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in i“t(vn(l)) with Vn(a)cint(Ep). Hence for each Pgp

precisely one component of PMVWIn(1),n{(@)] spans

VIin{1),n{@)1.
Let H:VxI-3V be an isotopy with H(x,t)=x for each

(X, )V (q)yxI. For each PaP, put P'=H(P,1) and

P ={P |PgP}. Then WWP'=H{(UP,1). Among all such
isotopies, choose H so that #((LF”)FFr(Vn(G))) is
minimal. Since H is fixed on Vihia)? PV, is
nonempty for each P'&P, and precisely one component

P'IWNIn{(1),n{(@)] spans VIin(1),n(@)1 for each P'g7.

Suppose that J is a component of P'(Fri(V, (a,) for
some P'€. Then there is a disk E in P' with J=8E. We
claim that EfV, (g) is nonempty. Without loss of
generality, we may assume that int(E)(Fr(V_ (5,)=@. By
part (2) of the hypothesis, there is a disk E' in
Fr(V,(1)? so that SE'=5E. By conditions (3) and (1)

there is a 3—cell B in VLo,n(@)1 with B=E'"LE. We can

use B to isotop W' leaving V,(g) fixed and reducing
HUP?)MFr(V, 4y)). This is a contradiction.
Therefore, E must meet V_(g,-

We may conclude from the above paragraph that any

two components of P'(Fri(V, (,;,) are parallel in P for

each P'sP. Therefore each component of (UWP')NLaoy,n(l)]
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is either an annulus or is homeomorphic to S!xI[@, o .
Suppose that A is a component of (UP')MNVNLoy,n(l1)].
To get a contradiction, suppose that D is a disk in
VEoyn(i)l with 3D nontrivial in A. Let D' be the disk
in P with dD'=3D. Note that D' must contain the
unique componeﬁt of P'ITVNIn{1),n(@)] spans, where P' is

the member of P with AP, So Vn(a)Cint(D'). But this
contradicts the choice of n{@). Therefore A is

incompressible in Vio,n(1l)1].
We nay now apply lemma I1I.3 to obtain the conclusion

of our lemma. B

Lemma X.2. Let V be an irreducible, connected,
eventually end—irreducible 3-manifold that is not

homeomorphic to R3. Suppose that there is a finite
collection P of pairwise disjoint nontrivial planes in
V. Then there is an exhausting sequence {Vﬁ} for V and
a collection of pairwise disjoint planes P' with WP

isotopic to W' such that for n@

{a) V., is connected;

n
(b) Fri(V,) is incompressible in Vio,01;

(c) PV, is a single disk such that &(P'IV,) is

nontrivial in Vion, @1 for each P! sf.

Proof:
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Let {W_.}> be an exhausting sequence for V such that,

for ni@, W, is connected, Fr(W, ) is incompressible in
Wlw, @1, and Wloy,nl is irreducible. By lemma X.1 there
is an isotopy H:VxI—V and an integer n{(1))@ such that

H(LF%l)FMNm consists of arnmuli which are incompressible

in oW, and not parallel in éum into Fr(aum) for mdn(l).
Define hy:V-—2V by h (x)=H(x,t), and define G:VxI—3V by

G(x,t)=h:jt(x) for all (x,t)eVxI. Then esach component
of (PMMG(sH,,1) is an incompressible anmulus which is
not parallel into Fr(G(aW,,1)) for min(1), and {G(W_,1)3
exhausts V.

By taking a subsequence of {B(Nn,l)}, we may assume
that each component of (UP)IMG(aH, ,1) is an
incompressible annulus which is not parallel into
Fri(G(aW ,1)) for n@, and we may assume that exactly one
component of PME(alW, ,1) spans G(al,,1) for each P& and
n2@.

For n21, let A, be the union of components of

(UP)NG(aW,,1) whose boundary is contained in Fr(W ),

n—1
and let U, be the regular neighborhcod of A, in

B(alW,,1). For nil put VI=G(W.,1)W,, .. Then (V5>

exhausts V.
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Choose n(@)>@ so that Vh(a) contains W,. It may

very well be that there exists a disk D in V? Lo, @1 such
that DIFr(V} .5,)=8D, and 3D is nontrivial in Fr(V%(a)).
Choose such a D so that #(DMN(WP)) is minimal. We claim

that DMLP) is empty. To get a contradiction, suppose
that o is a component of DA(UP).

By the usual arguments, we may assume that a is not
a simple closed curve. So suppose that o is an arc.
Without loss of generality, we may assume that there is
a disk D? in D such that int(D')M{UP)=0 and FD=alps,
where B is an arc in D with pMN(UP)=8p=Fa. There is a

disk D" in (UP) such that D"=al¥, where ¥ is an arc in
(UP) MFr(Vi(a))- By the minimality of #(DN(UP), ¥Up
does not bound a disk in Fri(V} (g,). So D'WD" is a
compressing disk of Fri(V,  g,) with
#((DTLD") NCLP) ) (H(DIMFr(V, (a,)) which is a contradiction.
So we may assume that DMN(WP) is empty.

Compress Fr (V3 (a)) in WLlao,@1 in the complement of
(LFP). Repeat inductively to obtain an exhausting
sequence {V} ) which satisfies (b) and (c). Since V is
connected, we can pick a component V  of VO to get an

exhaustion which satisfies (a), (b)), and {(c). B

Lemma X.3. Let V be an eventually end-irreducible
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Whitehead which is not homeomorphic to R Suppose that
there exist disjoint nontrivial planes P, and P, and a

map f:RZxI-9V such that
(1) f is propers;

(2) fIR*x31 is an embedding which takes R%*x{j} to

pj for j=@,1.

Then P, and P, are parallel in V.
Proof:

By lemma X.2, there is an exhausting sequence {V 3
for V such that, for ni@ and j=1,2, Fr(vn) and Pj

intersect transversally and VHFPJ is a disk with
9(VHFPJ) nontrivial in Vlw,@1. Since V is contractible,

V—(Po—Pl) has three components with closures No, N and

17

N. Choose notation so that Fr(N)=P°LP‘ and Fr(Nj)=Pj

for j=1,2.
We wish to show that N is contained in f{R%*xI) and

that NFr(V ) is an ammulus for n2l. We will then
combine these two facts to show that N is homeomorphic

to R%xI. If N is not contained in f(R%*xI) we may assume
that there is an xeN-f(RZxI). This implies that there
is an open set U in V such that UcN—f (R*xI).

Since f is proper, there is a disk D in R?% such
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that f(cl{(R*-D)xI) is contained in VIw,@1. We may

choose a subsequence for {Vn} such that f(dDxI) is
contained in &V .. Let A=cl(R*-D) and let g=f|AxI. Then

g:AxI—3VIiw,@].

Suppose that n2l. Without loss of generality, we

may assume that x is contained in int(vV, ). Since f is
transverse to Fr(V,), there is a homotopy of f rel R2x 31
so that f is transverse to Fr(Vﬁ) and so that x is still
not contained in f(R%xI). Observe that g is also

transverse to Fr(V, ). Since VIiwo, 81 is irreducible and
m,(VLlw,81) is infinite, VIiw,@1 is aspherical. Since
Fr(v,) is incompressible in VLiw, @1, né(V[m,GJ—Fr(Vn))
and ker(n, (Fr(V )-2n (Via,@1)) are both trivial.
Therefore, there is a homotopy of g fixed on S{(AxI) so
that g~ '*(Fr(V,)) is incompressible in AxI. We may
extend this homotopy to a homotopy of f sa that x is
still not contained in f(R%*xI). We may assume that

-— . -~ 1
g" Y(Fr(v,)) is equal to f (Fr(v)).

Let A be a component of g~ *(Fr(V,)). Then A is

incompressible in AxI. It is not difficult to see that

A must be either a disk or an annulus since n‘(AxI)=Z.
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To get a contradiction, suppose that A is a disk. Then

g(&ﬁ)=PjFFr(Vn) for some j. This is a contradiction
since PJFFP(Vn) is nontrivial in Vlw, @] by our choice of

exhausting sequence. So A must be an amnmulus. Since

gliAx2l is an embedding, g_‘(Fr(Vn))ntﬂxal) contains
exactly two simple closed curves. Therefore,

A=g~ Y (Frv ) =Ff" Y(Fr(v,)).

For k=@,1, put J =P Fri(v, ). Then f|A takes each
component of SR to a different component of J _UJ..
Therefore, by lemma 2.4 of [4] there is an armulus A? in
Fr(V,) with 8R'=J UJ ..

Since A'MN(P UP )=8A" and since A' meets both P, and

P A' must be contained in N. For i=0,1, let D;=P;/V,.

17
Let S be the 2-sphere D WD UA’ and let C be the 3-cell

in V with S=8C. Since Fri(V,) is incompressible in

Viw, @1, C must be contained in V.. Since
Cn(poﬂpt)=DoLD‘, C must equal NfV,.. Therefore, if N is

not contained in f(R?*xI), there is a point x in C which
is not contained in fF(RZ*xI). Now the relative homotopy
classes D, and D1 are equal in nz(Vn,Fr(Vn)), but one

may calculate using the homotopy sequence of the pair

that the relative homotopy classes of D, and D, are not
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equal in nz(Vh—x,Fr(Vn)). For i=@,1, let E; be the disk

with boundary AN(RZxi). Then EOLE‘LD is a 2-sphere in
R2x1I which bounds a 3-cell B in R%xI. Now f(B) is

contained in V. —x, f(E;)=D; for i=@,1, and f(A) is
contained in Fr(V ). So the relative homotopy class of

D, must be equal to that of D, in m (V-x,Fri(V, )). This

is a contradiction. So we may no assume that N is

contained in fF{R*xI).

For n2l, put A =Fr(V_ )MN. Then

A, = (P MFr (v, ))YUP MFr(V,)).

Since NoﬂN1=Q& A, must be the unique annulus in Fri(Vv,)
which joins (P (Fri(V )) to (P*FFr(Vn)) in Fr(v,).

For ntl, let Di, be the disk P;Fri(V) for i=i,c.

n
For ntl, let Sn=D°,nLD’,nUHn. Then S, is a 2-sphere in
V,, for nil. Let C, be the 3-cell in V with 5,=8C,. Then
C,, must be contained in V, since Fri(V,) is
incompressible in VIio,@]. Therefore C =V IMN and {C,3

exhausts N.

To be done, it suffices to show that (eC ,Fr(eC,))

is homeomorphic as a pair to (SxIxI,S!xIx3I).
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Let n22 be given. It is easy to see that either

oC, is S-irreducible or that &L, is a solid torus. To
get a contradiction, suppose that aC,. is &-irreducible.
Let T be a torus in &C, that is parallel in &C, to &eC,.
Then T is incompressible in aC,. Since Fr(acn;évn) is
the union of two disjoint incompressible anrnuli, T is

incompressible in &aV,.. Therefore T must be

incompressible in Vion,®1l1. As before, we may perform a

homotopy of g fixed on &(AxI) so that g~ «(T) is

incompressible in AxI. Since T is contained in int{N),
each component of g~ '(T) is closed. Since n,(AxI)=Z,
AxI contains no closed incompressible 2-manifolds.

Therefore, g~ (T) must be empty. On the other hand, the
homotopy of g fixed on &(AxI) extends toc a homotopy of f
fixed on R%*x3I. So T must be contained in f(R*xI).
Since n22, T must be contained in g{(AxI). So be have a
contradiction and must‘assume that «C, is a solid torus.

Let (X, n) be a longitude—meridian pair for &aC,.
Let a be the generator of nw,(A,_ ). Then =xPud in

nl(ACn) for some integers p and q. We will be done if
we can show that |pi=1. Now n’(acn)=(kl—). Since o is

trivial in C Van Kampen'’s Theorem gives us

n—1?
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n (C)=(XINP=1). Since C, is a ball, Ipi=1. This ends

the proof.

Lemma X.4. Let P be an nontrivial plane in R*xI. Then

P is parallel in R2xI to each component of R%*x&I.

Proof:z

Let (D3 be an exhausting sequence of disks for R2.

Let C =D, xI for n2@. By lemma I11.3, we may assume that
for n2i, each component of PfeC, is an annulus which is
essential in (&C_,Fr(eC.)), and precisely one of

component of PMNaC, spans spans <C,.
Since (ACn,Ff(Dn)) is homeomorphic to

(SixIxI,SxIx&I), the only essential annulus in

(aC s Fr(eC)) spans &C, for nil. So PIL, is a disk for
n2li. Therefore splitting along P yeilds two copies of

R2xI, and we are done. B

Let N be a noncompact 3—manifold which has an

exhausting sequence {C_} such that

(i) C, is a 3—cell for n20, and

(ii) C,nec,,, is a set of disks {Dn'ilnzﬁ,lsiév}

1

such that for n2@ and 1£ifv, Dn,ici"t‘Dn+x,i)' Then we
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say that N is a nearnode with v faces, that each

component of 9N is a face of N, that {Cn} is a defining
sequence for N, and that {Dn,ilnzﬁ,lsisv} is the system
of disks for {C,J.

At this point we point out that it is not difficult
to show that (by using the lamp cord trick, for

instance) R%*x[@,® is the unique nearnode with one face.

Lemma X.5. Let V be a noncompact 3-manifold. Let N and
N' be nearnodes that are proper in V with NMN' a single

plane P. Then NWN' is a nearnode.
Pyroof:

Let {(C_. ¥ and {C]} be defining sequences for N and

N', respectively. Let (D In2@, 1£ifvy and {DA, In2@,

ne i i

1£i$v” 3> be the systems of disk for {(C_ ¥ and {C}J,

respectively. By choosing subsequences of {C_J} and

{CA}, if necessary, we may assume that for ni@a

Dn, kCint (Dn, K? ) and D"," K? cint (Dn-i- 1, k) s+ wWhere k and k?

have been chosen so that (D, [} and (D] k* + exhaust P.
3 k]

Let BﬂSCnLEn’. Then Bn is a 3—cell and BHFEBH+‘

={Dn ili#k}U{D% ili#k'}. So NUN? is a nearncde. B
L ] 3

Lemma X.6. Let N be a nearnode with v22 faces. Let M
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be a 3—manifold such that

(i) M is proper in N and

(ii) 6M=LKDi|1§i§v}, where Pi is and nontrivial
plane in N.

Then M is a nearnode.
Proofs

Let {(C. ¥ be a defining sequence for N and let
{Dn,ilnga,léisv} be the system of disks of {C,¥. By
lemma X.1 and choosing a subsequence of {C_} via lemma
I11.1, we may assume that PiNeC, consists of anmuli that
are essential in (&C ,Fr(aC.)), for 1£ifuy and nili,

precisely one of which spans &C,

Suppose that A is an annulus that is essential in

(CLo,nl,Fri(C,)) for some niB. Let U(A) be a regular
neighborhood of A in CLo,nl. Let C;=CnLU(Q). Note that
Fr(C,) is a connected, compact, planar 2—-manifold.

Since A is incompressible in Clw, @], each curve of &A is
nontrivial in Fr(C.).

Say that aA=J UJ,, where J; is a simple closed
curve for i=1,2. Since Fr(C,) is planar, J U,
separates Fr(C,) into three pieces with closures F,, F_,
and F, each of which is a planar 2-manifold.

We claim that at most two of F , F and F, contain

z7
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components of SFr(C.). To get a contradiction, suppose

that all three contain components of FrC,). Let &

and &, be disjoint disks in C, with fa;=J; for i=i1,2.

Then A‘Unz separates C, into three components with

closures B,, B “and B;. Now each Bj must contain some

27

D y for j=1,2,3. Choose notation so that B MB,=a

Ny i) ]

and B,MB ,=& There is an arec a« in C, which joins

2"

D y to Dn,i(3) and meets &, in precisely one point.

nyi(l 1

Let 5=AUs Ua,. Now S is a 2-sphere in N-C, and so must
bound a 3-cell B in N-C_,. However, since of5 contains

precisely one point we have a contradiction.

Let F,, F and F, denote the closures of the

27
components of Fr(C,)-U(A). Choose notation so that F,
contains no component of SFr(C,). Then F, is an
annulus. Let A, and A, be the components of
Fr(U{A)3;CLoy,nl).

Since A is incompressible in Clw,nl, both F, and F,
must contain components of Fri(C.). Let
F=F‘LFzLF3Lnanz. Then either F is a connected planar
2—-manifold dr has two components, namely FiLqun‘ and
F;UA, such that F,UF . URA, is a cornnmected planar

2-manifold. In the first case, Fr(Cl)=F; put C/=Cl. In

the latter case, le.nz is a torus which must bound a
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compact 3-manifold K in CLoynl; put Cl=ClLK. Then

Fr(C;)=F‘LFan‘.
So Cn is contained in a 3—cell C; such that
C;FEN=CHHGN and such that A is contained in int(C;).

We may repeat the above procedure for every

nonsparming component of UKPillsisp}nACn and every nil
to obtain an exhausting sequence {C;} of N such that
PiMCL is a single disk for 1fifp. Let M =MC; for ni0.
Then M, is a 3—-cell with M_ NoM a disjoint union of a

finite number of disks. Therefore M is a nearnode. B



CHAPTER XI

THE HANGAR THEOREM

Definition XI.1. Let W be a Whitehead manifold.
Suppose that H is a proper submanifold of W such that

(a) each component of H is a nearnode with a
finite number of faces,

{b) no component of cl{W-H) is a nearnode, and

{(c) if P is an essential proper plane in V-H, then

P is parallel to a plane in H. Then we say that H is a

hangar for W.

Lemma XI.2. Let W be an eventually end—-irreducible
Whitehead manifold. Suppose that H and H! are hangars

for W and suppose that the union of any finite
collection of pairwise disjoint nontrivial proper planes
in W is isotopic into H. Then H is ambient isotopic in W
to H'.
Proof:

From the hypothesis, we may assume that aH' is
contained in int (H). Let N? be a component of H'. We
claim that N' is contained in int(H).

To get a contradiction, suppose that N? is not
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contained in H. Then N? must contain some component M

of cl{(W-H). By lemma X.6, this implies that M is a

nearnode which contradicts the fact that H is a hangar

by being in conflict with part (b) of the definition.
Let N be a component of H. We claim that there is

a component N of H' which is contained in int(N) and
such that cl(N—-N') is the disjoint union of copies of

R2x1 each of which connects a component of SN to a
component of SN'.

Let P be a component of N. Then by lemma X.3
there is a product PxI which is proper in W such that

Px@=P and Px1 is a component of SN} for some component
N} of H'. We may assume by lemma X.4 that (PxI)iH'=Pxl.

Since no component of cl(W-H) is a nearncde, PxI must be

contained in M. Hence N} is contained in N. At this
point, we have proved that N contains a component of N;
for each component P of &N.

We are done if we show that N} is the some for each
component P of GN. Let N'=WKNLIP is a component of oNJ.
If N} is not the same for each component P of 8N, then
there is a component M? of cl(N-N') which is contained

in int(N). Now M? is a nearnode by lemma X.6 which

contradicts the fact that H' is a hangar.



144
Theorem XI.3. Let V be a Whitehead manifold of genus g2

at infinity. Then there is a hangar H for V V such that

(a) H has a finite number of components:

{b) if P is a finite set of pairwise disjoint
planes that are proper and essential in W, then W is
isotopiec into Hj

{c) if H' is a hangar for V; then H' is ambient
isotopic to H.

Proof:

Let {V,_ 3 be an exhausting sequence for V such that,
whenever ni@, Fr(V,) is incompressible in View,@l, V,  is
connected, Fri(V,) is connected and of genus g, and each
torus in VIoy,nl bounds in VIio,nl.

Let {(fh,ih)ln>0} be the sequernce of seifert pairs

defined in lemma IX.6. By lemma IX.6 and taking a

subsequence of {V_ 3 by forgetting finitely many terms, we

may assume that

(X1.3.1) for m}@ there are integers q)p’m and an
isotopy G:VILw, pIxI-3VL[w, p] such that
(a) G6B(x,@8)=x for every (x,t)sVILao,plxls

(b) G(x,t)=x for every (x,t)sFr(V IxI;
{c) if [p=WTNIN is a noncompact component of

ghrw[m,p]} and U is a regular neighborhood of 2, then
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G{xy,t)=x for every (x,t)&e(VLim,pl-U)xI;

{(d) if 3 is as in (c), then G(xZ,MVILw,ql, 1) is
contained in %o'

By lemma IX.Z2 and the fact that Fr(v,)} is of genus g
for all n, there is an r large enocugh so that each
noncompact component 1T of %oﬁvtm,r] has only one end.

By lemmas IX.3 and VIII.Z2 either

(XI.3.2) (M, MMFr(V,.)) is homeomorhic to (Fx[@, ®),Fx8)

for some compact, conmnected 2-manifold F or

(XI.3.3) M has an orbit manifold S which is planar, has
only one end, and precisely one component of 358 is

noncompact.

Let us first suppose that (XI.3.2) holds. By abuse of

notation, put T=Fx[@, x). Then 2T=(Fx@) U(5FxL[@, ®)) and
sO n‘(aﬂ) is finitely generated. Since 2N is
incompressible in 1T and since n (3N is finitely
generated, by attaching a finite number of 2-handles and

3—-handles in V, we may obtain a 3-manifold C() from N
such that 8C(M is incompressible in V. Since V is
simply comnected, irreducible, and open, each component

of SC(IN is a plane.
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We claim that F must be a planar 2-manifold. To

get a contradiction, suppose there exists a nonseparting
simple closed curve J in F. Then Jx[@, ®) does not
separate 7. Let A be a regular neighborhood of J in F.

Then Ax[B, ®) is a regular neighborhood of JIx(@,® in T
Now &(Ax[@, ®)) is homeomorphic to S!xR. By a little

push, we may assume that 2(Ax[@,w®)) is contained in
int(C(M). Since SC(M is incompressible in V and since
V is simply cormected, C(M is simply cornnected.
Therefore, there is a 2-handle DxI in C(TM such that
IDOx@ is a nontrivial simple closed curve on Z{Ax[G, o) ).

Since &(Ax[B, ®)) is incompressible in Ax[O, ©),
(DxI)U(AXL@, ) is homeomorphic toc RZxI. More to the

point, each component of 9[(DxI)U(ﬂx[0,m))] is a proper

plane which fails to separate V and this contradicts the

fact that V is simply connected. Sa F must be a planar
2-manifold and therefore C(I) is a nearnode.

Now suppose that (XI.3.3) holds. Since precisely
one component of &5 is noncompact, precisely one

component of &1 is noncompact. For each torus componet
T of 3N, let My be the compact 3-manifold in VIiw,nl with
My=T. Put C’(ﬂ)=ﬂU[U{MTIT is a torus compornent of

9n}]. Then 8C' (MM is homeomorphic to SixR.

Since 3C' (1) separates and since
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ker(m (3CY (M), (V)) is nontrivial, there is a disk D

in M such that D is nontrivial on €' (D and such that
DNSC? (THh=3D. To get a contradiction, suppose that D is

contained in C'{MM. Now 3D separates 8C'"{(MN. Let A be
the closure of one component of ' (MN-3D. Then A is

homeomorphic to S!x[@,w). So AW is a proper plane in
V. Since V is simply cornnected, AW must separate V.
Therefore D must separate C?' (). But this is a
contradiction since C* (TN has only one end.
Consequently, D must be contained in cl(V-C'"{M).

Let DxI be a regular neighborhood of D in
cl{V-C* (M ). Put C(M=C? {MU(DxI). Observe that 3C(M
has two components each of which is a plane. We claim
that C(T is a nearnode. Recall that 5 is the orbit

manifold of Tl; let p:7-35 be the quotient map. Let (S}

be an exhausting sequence for S such that Fr(5,;5) is an
arc whose boundary is contained in the noncompact

component of &5 and such that p—‘(So) contains dDxl1.

Let 7, be the unique component of GSh which meets
=1
Fr(S,3;S8) for ni@. For ni@ put T, =p “(1.)). Then each T,

is a torus.
By the irreducibility of V, cl(T —(5DxI))UW(DxaI)
bounds a 3-cell Bn for nio. It is not difficult to see

that {Bn} exhausts C(TD. Note that each component of
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B,MNoB,, ., is a disk and that B,NdB,,, has two components.

1

Therefore, C(IN is a nearnode with two faces.
Since %o has only a finite number of ends,

%oﬂV[m,rJ has only a finite number of components, say
ﬂ‘,...,nﬁ. We claim that the set {C(T;) |1£i$x) may be
assumed to be pairwise disjoint. Recall that, for
1£ifpn, C(T;) is obtained from M by attéching 2-handles
to obtain say 1} and by attaching a compact 3-manifold
My such that M=T to each compact component T of 2aM;.
Suppose that for ij, C(ﬂi)ﬂC(ﬂj) is nonempty. Suppose
that a 2-handle which has been attached to T; meets
C(ﬂj). Since each component of SC(T;) is a plane, the
core of DxI may be chosen to be disjoint from C(ﬂj).

Suppose that My is a compact 3—-manifold in V which
has been attached to a component T of 2M}. Since
3Mﬂ&C(ﬂ5)=Q, either MFB(H5)=6 or C(ﬂj)CM. The former
must hold since C(ﬂj) is proper in V. Therefore, we may
assume that C(ﬂi)ﬂctﬂj)=0 for i#j.

Let H =W(C(M; I1£idnl. Now H, has only a finite

number of components and so cl(V-H,) has only a finite
number of components. Let H=H°U[U{MIM is a component of

cl(V—Ho) such that M is a nearnode}]. Thenn each
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component of H is a nearncde by lemma X.5. Since Hj has
only a finite number of components, H has only a finite

number of components.

We claim that H is a hangar. By construction, H
must satisfy (a) and (b) of the definition of hangar.
To show that H satisfies part (c), let P be a finite set
of pairwise disjoint planes that are essential and

proper in V. By lemma VIII.S5, there is an m>@, a compact

set CcV, and an isotopy F:VxI-3V such that F((lP)-C, 1)
is contained in fh. We may extend the isotopy G given in

(XI.3.1) to an isotopy B:UxI-3V. We may assume that,
for some compact subset K of V, (UP)-K is contained in
WM I11£ifp)y and therefore in H. Now #{(UP)NSH) is
finite. Let v be chosen so that int(V ) contains

(UP) NSH. Isotop (P by an isotopy fixed off V 6 so that

#((LP)NSH) is minimal. Since V is irreducible,
#{(UP)NH)=@B. So WP is contained in H. Therefore H
satisfies condition (b) of the conclusion.

By lemma X.3, H satisfies condition (c) of

definition XI.1. 8



CHAPTER XII
EXAMPLES

In this section, we will have occasion to refer to
a number of figures in order to illustrate our examples.
These figures will be found in an appendix.

The following lemma is taken from lemma 2.7 of

Myers’s [111.

Lemma XII. 1. {Myers) If W is a Whitehead manifold of
genus one at infinity, then there is an exhausting
sequence {W_ 3} for W such that

(1) W, is a solid torus for ni@;

(2) FriW,) is incompressible in WLo, @] for ni0;

(3) there is no incompressible anmulus A in W

which spans oW, for nitl. N

The following proposition is originally due to

Kinoshita [1@1].

Proposition XII.Z2. {(Kinoshita) If W is a Whitehead

manifold of genus one at infinity, then W contains no
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nontrivial planes. (That is W has an empty hangar.)

Proof:
To get a contradiction, suppose that P is a
nontrivial plane in W. By lemma VIII.S5 and an isotopy,

there must be an annmulus component of PNad,,. However, by
lemma XII.1, there is an exhausting sequenée W, > for W
such that oW, contains no incompressible spanning annuli

for n2l. We have reached our contradiction. B

We will use the following lemma in two of the

examples in the sequel.

Lemma XII1.3. Let U be a noncompact 3—manifold with an
exhaust ing sequencé {C,¥. For n2@, let D =8C_N3C,,,-

Suppose that for ni@

(1) €, is irreducible;

(2) D, is a single disk;

n
(3) D cint(D,, ).
Suppose that P is a nontrivial plane in U with the

noncompact component A of PMClLw, @1 homeomorphic to SixR,

incompressible in Clo,®]1 and such that AMNC, is an
armmulus which is parallel in &L to EI(Dn_Dn—:) for nil.

Then P is parallel in U to &J.
Proofs

There is a regular neighborhood UxI of 3 such
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that (8UxIDIC, is a regular neighborhood of D, in C, for

na. It is not difficult to construct an isotopy of U
which takes A into 8UxI since nruch is parallel in aC.,
to cl(Dn—Dn_‘) for nl. Since C, is irreducible for n2@

and since Fr(duxI) is incompressible in U, we may isotop

P into &UxI. By lemma 9.4, P must be parallel toc &u. B

Let VoV as indicated in figure 1. The following

lemma is drawn from lemma 6.1 of Myers’'s [12].

Lemma XI1I.A4. (Myers) (M,aVUN?) is an irreducible
3—manifold pair which contains no essential annuli or

tori. B

Let F be a connected, compact planar 2-manifold with

three boundary components J,, J and J.,. Consider FxI.

27

: 1 : P 1 1
Let «, be an arc in FxZ which joins J_ x4 to J.x3. Let U

be a regular neighborhood of «, in FxI. Let

G=cl({(FxI)-U).

Lemma XII.S. Let A be an annulus in 6 and let J and K be

the components of &A. Suppose that A is incompressible
in 6 and that J is contained in Fx&2I and parallel in Fx3I

to a component of J‘xal. Then K is not contained in
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(J,UJ ) xI. Furthermore, if A is essential in

(G, (Fx2IWFrU)), then A is isoctopic in G to JIxI.
Proof:

Since J is parallel in Fx21 to a component of J %31
and since J x&1 is incompressible in FxI, A is
incompressible in Fxl.

To get a contradiction, suppose that K is contained

in J; for i=2 or 3. B8ince A is incompressible in FxI, K

must be isotopic in J;xI to Jix%u On the other hand

since J, is not freely homotopic in F to J; for i=2,3, K

is not isotopic in JixI to Jix% for i=2,3. This is our

contradiction.
Now suppose that A is essential in (G, (FxZI)WFr()).

Since Qﬂa°=£L A is essential in (FxI,Fx2I). Therefore,

by lemma 1.1, A is isotopic to IxI. N

Let « be the arc in M from &' to & indicated in
figure 2. Let N be a regular neighborhood of a in M.
Let E be a regular neighborhocod of NV in MN. Put
A=cl{(E-N). Let M'=cl{M-N). Let T be the component of
cl(5M*'—-A) which is contained in &V and let

T'=cl(M'-A)-T.

Lemma XII.&6. A is incompressible in M.
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Proof:

Suppose D is a disk in M with DMA=5D which is
noncontractible in A. Let E’ be a disk in NV with
FD=E'. Then aVE' since D is noncontractible in A.
Note that DUE' bounds a 3—cell in M' so #(aN(DLE’)) must
be even. Since oE'=8adE', DMNa#@. Therefore D is not
contained in M'. We must conclude that A is

incompressible in M. R

Lemma XII.7. (M, TUT?) is an irreducible 3—manifold
pair.

Proof:

Let S be a 2-sphere in M'. Since M is irreducible,
there is a 3-cell B in M with 5=5B. We may assume that
SNaM=43a. Since SAM?', Slic=3. Since dacdM and since a is
connected, accM?’-B. So B is contained in M?.

Therefore, M' is irreducible.

Let D be a disk in M? with D(TUT? )=8D. We may
assume that 9D is contained in M. To get a
contradiction, assume that 3 is noncontractible in
TUT. Since &M is incompressible in M, D must be
contractible in M. So we may assume that dD is
parallel in TUT' to a component of 9A. Since AR is

incompressible in M', this is a contradiction. B

Lemma XI1.8. If A' is an armulus which is essential in
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(M?, TUT?), then A' is parallel to A.

Proof:

Let J be a component of SR'. We claim that J is
parallel in TUT? to a component of &R; that is we claim
that J is contractible in M. To get a contradiction,
suppose that J is noncotractible in M. Since M is
F—irreducible, A' is incompressible in M. By lemma
XI11.4, A" is parallel in M into M. Let Q@ be the
required parallelism. Note that oB=@ since oR'=90 and
a meets both NV and N'. Therefore, @ is contained in
M? which contradicts the assumption that A? is essential
in (M, TUTY).

Let F, and F, be the Z-manifolds homeomorphic to

disks with two holes in figure 3 which split M' into R?

and R" as indicated in figures 4{(a) and 4(b),
respectively. Since M is &-irreducible, F; is
incompressible in M in and therefore M’ for i=1,2.
Isotop A? in (M, TUT?) so that &R’ is contained in R"
and so that #(A'M(F F )) is minimal. We claim that

A NKF (LF ) =2.

To get a contradiction, suppose that K is a

component of A'M(F WF ). Then K is a simple closed
curve since SA'(F ;=@ for i=1,2. By the minimaliy of
# (A N(F UF ), the incompressibility of F F_, and the

irreducibilty of M?, K is noncontractible on both F LF,
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and A'. So we may assume that there is an annulus

component A" of A'MR" with SA"=JK. But by lemma XII.S
this carnmot happen. So ﬂ’ﬂ(F‘LFz)=Q.

Since A' is essential in (M'",TUT?'), A’ must be

essential in (R",9R"M(TUT')). Therefore, by lemma XII. 4

A'! is parallel to A. B

Let W=LHW_, In2@), where W, is a solid torus embedded

in W,,, as shown in figure 5 for ni@. Note that

M N

" h+y 1S @ disk so &M is a plane.

Proposition XII.9. If P is a nontrivial plane in W, then
P is parallel in W to SW.

Proof:
By applying lemma VIII.S
and forgetting finitely many

of the initial terms of {W,}, we may assume that the
noncompact component R of PiWLw, @81 is homeomorphic to
Sixf@, ® and incompressible in WLw,@]. By lemma I1I.3, we
may assume that for nil each component of Al is an
ammulus which is essential in (aW ,Fr(al )). So by

lemma XII1.8 each component of ANaW, must be parallel to

the annulus cl{(M N, VW, _ ) for n2l. Since A has
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only one end, ANcW,, has exactly one component.

Therefore, by lemma XII.3, we are done. B

In the sequel, the definition of property A and
lemma 11.10 have been taken from $3 of Myers’s [12].
Let (M,F) be a compact, orientable 3-manifold pair.

We say that (M,F) has property A if

(1) (M, F) and (M,cl(3M-F)) are irreducible
3—-manifold pairs;

(2) no component of F is a disk or a 2-sphere;

(3) every properly embedded disk D in M with DIF a

single arc is boundary parallel.

Now suppose that M=M°UM’, where M, and M, are
compact orientable 3-manifolds and F=M_ M =M _NM, K6 is a

compact 2-manifold.

Lemma XII.1@. (Myers) If (M_,F) and (M,,F) have property
A, then M is irreducible and &-irreducible and F is

incompressible and &-incompressible. B

Lemma XII.11. Let F be a compact, orientable 2-manifold
which is neither a 2-sphere nor a disk. Let M=FxI. Then

M, FxI) and (M,Fx3I) have property A.
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Proof:

Since F is not 8%, M is irreducible. Note that

each component of SFxl is an armmulus and that no
component of Fx&1 is a disk. Also note that FxI and
Fx2I are incompressible in M.

Suppose that D is a disk in M with DN(SFxI) a single
arc. Then DM{5FxI) must be a separating arc of SFxl
since —-{(DMN(FxI)) is connected. Hence, by an ambient
isotopy of M isotop D is contained in Fx2l. Therefore,
D must be parallel into M by corollary 3.2 of
[153.

Now suppose that D is a disk in M with DMN(Fx3I) a
single arc. Therefore DMN{&Fx1) is a single arc. So by

the preceding paragraph, D must be parallel intoc M. B

Lemma XII.12. Let D be a disk and let a« be a compact

1-manifold in 8D. Put M=DxS! and F=axS!. Let n be the
number of components of o If E is a properly embedded
disk in M such that #{(EfF) tn—1, then E is parallel into
M. Consequently, if ni2, then (M;F) hés property A.
Proof:

Note that M is irreducible and that F and cl (M-F)
are incompressible in M.

Since #(EMF) $n—1, there is a component a, of a such

that En(aoxS‘)=2L So € is contained in the annulus
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=c1(6M—(c°xS’)). Since the core of A is parallel in oM
to the core of aoxS‘, A is incompressible in M.

Therefore, E is parallel into M since M is irreducible. B

Let M be the 3-manifold in R?* shown in figure 6.

Note that aM=T  UT LA, where A, is an annulus, T; is a
once—-punctured torus for i=@,1, T, =9, and TiM =T,
for i=0,1. Let T=T UT,.

Let A; be the annulus indicated in figure 7 for

i=1,2,3. Put G=A,UA,LA,.

Lemma XII.13. Let M, and M, be the closures of the
components of M—-Q. Then

{a) (M,, @ is homeomorphic as a pair to
(D*xS !, oxS!), where a is a compact 1-manifold in D2
with three components;

{(b) M,,@® is homeomorphic as a pair to
(FxI, & x1), where F is a compact planar 2-manifold with

two boundary components.
Proof:
This may be seen most readily by splitting first

along A, as indicated in figure 8 and then along A, UA,

as in figure 9. 18
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Lemma XII.14. M is irreducible and & irreducible and Q
is incompressible and &-incompressible. Proof:

By lemmas XII.11 and XII.2 respectively, (M, ,@® and
(M‘,G) have property A. So by lemma XII. 10, we are

done. B

Lemma XII. 15. If A is an anulus which is essential in
M, T) then A is isotopic in M, T) into (MO,U‘LuzLL‘LLz),
where the u; and L; are as indicated in figure 9. Proof:

Isotop A in M so that #(AN@) is minimal. We claim
that AN is empty. To get a contradiction, we assume
that J is a component of AMNQ.

In the case that J is a simple closed curve, the
standard arguments give us that J is noncontracible in
both A and G

In the case that J is an arc, the essentiality of
A and @ in (M,T) implies that J is a spanning arc of
both A and @ via lemma 2.1 of [i2].

Note that the components of AMNQ are homeomorphic
to one another.

First suppose that J is an arc. Since @ separates

M, there is a disk component D of AM  which meets Q in
twoc arcs. By lemma XII.12, D is parallel in to M, We

are therefore able to reduce #{(AM@® by an isotopy which
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pushes D through G along the parallelism.

Now suppose that J is a simple closed curve. Then

there is an annulus component A' of AM,. We may assume
that J is a component of &GA?. Choosé i so that J is
contained in Qi. By lemma XII.13, M,@ is homemorphic
to (FxI, & xI), where F is a compact, planar 2-manifold

with two boundary components. Therefore, 9A'-J is

parallel in GM‘ to a component of SR;. Consequently, A?
is parallel into 8M,. Therefore we may reduce #(RNW.

We conclude that AMNQ must be empty. So A is

essential in either (M,F_ LF ) or (MO,U:LUzLLiLLz),
where the F; are as in figure 9. By noting that any
annulus which is essential in (M‘,FOUFx) is parallel to

a component of 1, we are done. il

Lemma XII.16. Let A be an annulus which is essential in
(MO,U:UUzUL‘LLz). Then

{a) each component of SR is contained in a
different component of U*UuzLL!LLz;

(b) if the components of A are contained in
u,uL,, then A is parallel to A,

Proof:
Part (a) follows from corollary 3.2 of [15].

Part (b) follows from part (a) and lemma I.1.1
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We shall now describe the construction of a rather
interesting noncowmpact 3-manifold which is originally
due toc T. Tucker [14].

Let V=WV, In2@}, where V,, is a solid torus and Vi

is embedded in V,, .  as shown in figure 1@. Note that &

1

is a plarne. Tucker showed that V-8 is homeomorphic to

R3, but that V is not homeomorphic to RZx[@, o).

Proposition XII.17. If P is a nontrivial plane in
int(V), then p is parallel in V to &N. Proof:
By lemma VIII.S, we may assume that the noncompact

component A of P(VL[w, @1 is homeomorphic to SixI[8, o,
incompressible in VLw, 8] and therefore strongly

essential in (V[ayGJ,Fr(VO)). By lemma 11.3, we may
assume that each component of AfMkY, is an annulus which
is essential in (aV_ ,Fr(sV )) for nil.

For k21, there is a homeomorphism of triads

and T

hps (AVLL Fr(V ), Fr(v, _ ))-3(M, T ,,T ), where M, T, o

are as in figure 6. Furthermore, if (2,,m ) and (@ ,m))
are pairs of simple closed curves as indicated in figure
6 and {(X,,x,) In2@} is the sequence of curve pairs

indicated in figure 1@, then we may stipulate that
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hps (e )2 (0 ,m ) and h (N 3,08, )2 (2 ,m,). Note

that 90 is isotopic to the core of Lz and m, is isotopic

to the core of Uz. Let bo and b1 be the cores of Lx and

u respectively. Then b,

i is parallel in T; to 2 P

17

Let n22 be given. Let A, be a component of ANaV .
Then A, is essential in (oMn,Fr(an)). Suppose that J
is a component of ann. By lemma 11.16,‘hk(J) is

isotopic in T to one of the simple closed curves

(X11.17.1) b 2 m or bz'

o? o? 17

Suppose that J is contained in Fr(V ). Then there

is an annulus component A, ., of ANaV, ., which is

1

essential in (aV , ,Fr(av , . )) with J a component of

=2

n+4- By lemma XII.16, h,, (J) is isotopic to either b,

or ¢,. Since hnh;j’(9°)=9‘ which is not among the

simple closed curves listed in (XII.17.1), h,, (J) must
be isotopic to bo' Therefore, J must be parallel in Vn to
Friv, ).

If J is contained in Fr(V_ _ . ), we may by reasoning

1

as in the preceding paragraph show that J is parallel in

Friv, ,) to &Fr(v,_).
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Since A, is essential in (aMn,Fr(AMn)), it follows

by lemma XII.16 that A, must be parallel to
c1((avnnavh+,)—vn_,). Consequently, by lemma XII1.3, P

must be parallel to N. B

Let B be a 3-ball. Let {E; 118i$n) be a set of
pairwise disjoint disks which are contained in B with

ni2. Let ' be a connected 1-complex embedded in B which
has at most one normanifold point and such that ar

consists ni2 distinct points x,...,x%x, with x; contained

n 1

in E; for 1£iin. Let N be a regular rneighborhood of I" in
B such that NNEBAKint(E;) |[1§idin}. Let B=cl1(B-N). For

1£ifn, let A;=cl(E;-N). Put GFLHA; |1£ifnl.

Lemma XII.18. (ﬁ,G) has property A.

Proofs

Since I is commected and meets 88 and since B is

irreducible, B is irreducible.
Suppose that D is a disk in B with DNG=3D and

noncontractible in G Choose i so that 8D is contained
in Ei' There is a disk E? in Ei with dD=5E". Since D
is noncontractible in G, int(E') contains x;. Now DLE?

1

bounds a 3-ball B? in B. Since n22, there is a j such
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that 3 is not contained in E'. Therefore, MD#@ since

I iis connected. Hence, D is not contained in B.
Let B=58-Q Suppose that D is a disk in B with

DMB=3D and noncontractible in &
Suppose that 8D is contained in 8. Then there is
a disk E? in B with GE'=8D. Since 3D is

noncontractible in B, there exist i and j so that E?

contains X and B-E' contains xj. Therefore DI =3, So

D is not contained in ﬁ which is a contradiction.

Now suppose that 9D is contained in FriN). There
is a disk E? in N so that SE'=5D. Since dD is

noncontractible in B, there exist i and j such that x;
is contained in E' and X j is contained in SN-E'. Now
DLE' bounds a 3-ball B! in B. Since D=2 and xiGE’, r
is contained in B'. On the other hand, since X j is
contained in SN-E' " is not contained in B? ; hence we
have achieved a contradiction. Therefore, we conclude
that cl(aﬁ—G) is ihcompressible in B.

Suppose that D is a disk in B such that DNQ is a

single arc, say o« Let pg=cl{(dD-a). Observe that both
points of &g are contained in the same component of Q.

Therefore, o is a separating arc of @& So D is

isotopic to a curve in cltaﬁ—a). Because cl(aﬁ—G) is
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incompressible in B and since B is irreducible, D is

parallel into 8. This ends the proof. B

Example XII.13. Let X=X, In20), where X 6 is a genus 3

handlebody and xncx as shown in figure 11. For ni@,

nta

let (E ,E},E.) be the triad of disks in X,, shown in

figure 11. Note that (E,,  ,MX ,El, X, E}, X, )=(E ,El,EM)

for n2@. For n2@, let C, be the unique 3-ball in X
which is a closure of a component of Xn—(EnLEAUE;). Let
Y,=cl(X —-C. ). Let Z =cliY ~Y _.) for n2l. Note that by

lemmas XII1.6, XII.7, and XII.14 each comporent of

(Z,,Z,.C,) has property A. By lemma XII. 18

(cl(Cn—Cn_‘),ZnﬂDn) has property A. Therefore by lemma

XII.1@, {X,.¥ is a good exhausting sequence for X.

Let C=WKC,In2@8). Then C is a nearnode. By

propositions XII.9 and XI11.17, C is a hangar for X. By
theorem XI.3, if P is a rnontrivial plane in X, then P is
isotopic into C.

It is clear how to extend this example to manifolds

of genus g at infinity.

Example X11.2@. (Myers) Let U=WU, In2@F, where U, is a

genus & handlebody and U, is embedded in U,+, as shown

in figure 12. According to Robert Myers, cl(Un—Un_‘)
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contains an annulus A, which is unique uptoc ambient

isotopy. Furthermore nanr(un_z) separates Fr(U,_,) and
Q"FFr(Un) does not separate Fri(u,). Therefore, by lemma

VIII.6, U contains no nontrivial planes.
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M

Figure 1. The 3-manifold pair (M,3VUaV').
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Figure 2. The 3-manifold pair (M,eéVUdV')
with the arc ¢ indicated.
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i

Figure 3. The 3-manifold pair (M',T'UT).
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(e )

Figure 4. The pieces of M' obtained by splitting
along F1UF2.
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\’*/m k

Figure 5. The manifold W oas it is embedded
in Woyqe
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Figure 6. The manifold pair with
the curve pairs (1 ,mo)
and (ll’ml) indica%ed?
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Figure 7. The 2-manifold AlﬂAZUA3 in the 3-manifold
pair (M'TOUTl) .
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T(MA)

Figure 8. The 3-manifold obtained by
splitting M along Aqe
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Figure 9. The 3-manifolds M, and M obtained by
splitting along A UAZU 3 with important
surfaces indicatea.
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Figure 10. The 3-manifold V

embedded in Vn+1

with the curve pair
(ﬂ“ ,}4“) indicated.
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Figure 11. The 3-manifold X, embedded in Xovqe
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uv\ l\J\ Ny

Figure 12. The 3-manifold Un
embedded in Uvt®
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