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CHAPTER 1

INTRODUCTION

Background

The term "web" refers to any material in a continuous flexible strip
form which is either endless or very long compared to its width, and very
wide compared to its thickness. There are, however, a host of other terms
for a web in common use, e.g., film, belt, foil, strip, thread, fabric, etc.

Many types of material are most economically manufactured or
processed in the form of a web, e.g., paper, plastic film, textiles, thin
metals, etc. Figure 1 shows schematically a web processing line in an
Oklahoma plant that involves slitting and electrical treating of a
polypropylene web. A thick polypropylene web is formed upstream, and is
stretched in the lateral direction (cross-machine direction, CMD) and
longitudinal direction ( machine direction, MD) before it reaches the
entering section shown in Figure 1. The web is slitted in half and trimmed
at roller #4, and electrically treated at rollers #10, #11, and #11A
respectively. Rollers #1, #5, #10, #11A, and the mill rolls are driven by
motors in order to control the velocity/torque of the rollers/rolls for the

control of longitudinal tension in the various web spans. Rollers #2, #8,



#9A, #16 and #18A are equipped with tension measuring devices (load
cells) to facilitate the accurate measurement and control of longitudinal

tension in the corresponding web spans.

OVERHEAD
TRANSPORT

VACUUM /45 (#2 TREATER) MILL ROLL

TDO CHAIN ROLLER

ENTERING 4
SECTION (TRIMMING
AND
WEB SLITTING) #10

(#1 TREATER)

MILL ROLL

#2, #8, #9A, #16 and #18A are rollers
equipped for tension measurement (load cell)

Figure 1. Slitting and Electrical Treating of a Polypropylene Web
with Tension Control



A multi-span web transport system (e.g., Figurel) consists of several
types of mechanical components (e.g., rollers, rolls, measuring devices,
driving motors, etc.) and web spans. The dynamic characteristics of the
mechanical components and the physical properties of the web material
affect the steady-state and dynamic behavior of the web in the longitudinal
(MD) direction. Tension variations in the web in the longitudinal (MD)
direction are common. Variations in the physical characteristics of the web
material in the longitudinal direction (MD) and in the transverse direction
(CMD), and the high sensitivity of the web material characteristics to
environmental changes (e.g., temperature, moisture, etc.), make accurate
control of tension in a moving web more difficult. The trend toward
thinner webs of material being handled at higher speeds makes problems
associated with tension variations more critical.

The web material may have to pass through several consecutive
processing sections (e.g., cleaning, coating, drying, etc.) in the manufacture
of an intermediate or final product. An example structure of a multi-span
web transport system which has three different processing sections is
shown schematically in Figure 2. Different web tension levels and
accuracies may be required in the different processing sections. If severe
tension variations occur, rupture of the material during processing or
degradation of product quality may occur, resulting in significant economic
losses due to machine damage and slowed production. Therefore, in order
to minimize these losses, it is very important to monitor and control the

1 . e a1
tension within the desired limit within each span.

1. Unless stated otherwise throu ghout this thesis, the term "tension" refers to the

longitudinal tension in a web span.



CLEANING COATING DRYING

Figure 2. A Multi-Span Web Transport System with Several
Consecutive Processing Sections

The advantages of accurate tension control within a moving web
include [1]:

(1) avoidance of wrinkles, slack regions, breakage, and lateral
movement, especially with thin webs and low tension levels,

(2) minimization of knitting together of two rolls wound from a slit
web,

" (3) elimination of air pockets under the web entering blade coaters,

(4) maintenance of good web contact with dryer drums,

(5) avoidance of slippage resulting from excess tension at pull rolls
feeding a web cutter,

(6) maintenance of proper hardness of wound-up rolls.

There are two control schemes in general use: the centralized control
scheme and the distributed (or decentralized) control scheme. In the
centralized control scheme, all the information about the system model
("off line" or priori information) and the system response ("'on line" or

measured/estimated information ) are used in the design of a control



system. In the distributed control scheme, a subset of the information about
the system model and the system response is used in the design of a control
system.

As the number of processing sections increases, the order of the
overall system mathematical model increases rapidly. For the high order
system with a structure which is a cascade of interconnected web spans, the
distributed control scheme is easy to implement compared to the
centralized control scheme [25][26]. In this study, the distributed control
scheme will be adopted in the development of a design method of a tension

control system for a multi-span web transport system.
Previous Studies

A thorough understanding of longitudinal dynamics, as well as the
structure of the mathematical model of the system, are crucial to designing
a distributed control system for the control of tension in a multi-span web
transport system.

There is quite an extensive literature concerning web tension control
and mathematical models of web transport systems for tension control [1] -
[4], [35], [36], [54]-[59], [66], [67]. Brandenburg [2], Campbell [3], King
[4], and Shelton [66] conducted fundamental background studies of the
longitudinal dynamics of a moving web. Working early in the field,
Campbell did not consider the tension of the web in the entering span when
he developed his mathematical model for a web transport system. Thus, his

model could not predict "tension transfer". In contrast, King,
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Brandenburg, and Shelton considered the tension of the web in the entering
span when they developed mathematical models for web tension.
Brandenburg and Shelton assumed that the strain in the web is very small,
but, King did not. Campbell, King, and Shelton did not take into account
"non-ideal effects” (e.g., changes in cross-sectional area, temperature, and
moisture in the web; viscoelastic characteristics of the web; slippage
between the web and rollers, etc.) on tension variations in the development
of the mathematical models. Brandenburg considered the effects of area-
change resulting from strain change, the effect of temperature change, and
the effect of register error on strain change.

Literature concerning the control of web tension includes [5], [26],
[37], [59] - [61], [66]. The most relevant study related to tension control in
a multi-span web transport system was reported by W. Wolfermann and D.
Schroder [5] in 1987. In their technique, optimal output feedback was
applied to control the speed of driven rollers in a multi-span system. A
decentral observer which is able to decouple the drives from the web
forces was designed. This observer reconstructs the web forces acting on
the driven rollers. The reconstructed web forces are used to improve the
speed control of the driven rollers. This method leads to considerable
improvement in the speed responses of the driven rollers in multi-span web
traﬁsport systems [5]. However, Wolfermann and Schroder used the desired
"speeds of the driven rollers"” rather than the desired "tensions” in the web
spans for reference inputs in their control system. That is, the web tensions
were controlled in open loop by the relation of the speeds of the driven
rollers. This control method cannot reject disturbances due to "tension

transfer” from adjacent web spans and due to interactions between adjacent



web spans through an intermediate driven roller.

Studies related to the stabilization of an overall distributed closed-
loop control system were conducted by various researchers including M.
Aoki [6], S. H. Wang and E. J. Davision [7], D. D. Siljak and M. B.
Vukcevic [8], B. S. Chen and H. C. Lu [9], and M. E. Sezer and O. Huseyn
[10]. In each study, local constant or dynamic output feedback or state
feedback was used to stabilize a certain class of interconnected systems.
This class of interconnected systems has a particular structure in a manner
of interconnections of subsystems and providing inputs to subsystems. But
the structure of interconnections in web transport systems is different from
those classes of problems studied by [6], [7], [8], [9], [10], and these
previous methods do not apply.

In summary, a review of the literature cited above revealed that:

(1) Mathematical models are needed for certain primitive elements
and subsystems found in web transport systems which describe the effects
of moisture, viscoelastic properties of web materials, slippage between the
web and the roller etc. on tension variation. The availability of these
models facilitates the design of a distributed system for tension control in
multi-span systems.

(2) The fundamental behavior of the web in the multi-span system
(e.g., tension transfer, interaction between adjacent web spans) was not
considered in the design of distributed control systems [5].

(3) No study on the stability of an overall web transport system with

closed-loop control has been reported.



The Tension Control Problem

An important control problem in a multi-span web transport system is
maintaining the precise longitudinal tension level required in each
processing section, and at same time stabilizing the overall web handling
system. Two primary techniques are commonly used in web processing
industries for tension control; they are either open-loop "draw control” or
closed-loop tension control based on a "progressive set-point coordination"
scheme.

In the "draw control” scheme, tension in a web span is controlled in
an open-loop fashion by controlling the velocities of rollers at either end of
a free web span. Tension variation is very sensitive to the velocity
difference between the ends of the web span. For example, a velocity
difference of 0.1 % of the nominal velocity for a Polypropylene web
(Young's modulus = 350,000 Ibs/in2, thickness = 0.001 inch, width = 120
inch) results in a tension variation of 42 Ibs. Indeed, control of web tension
using the draw control requires extremely accurate control of the velocities
of the driven rollers, a requirement which may be very difficult or
expensive. Also, it will be shown in a later section that when open-loop
draw control is used, a disturbance from the adjacent web spans cannot be
rejected.

In order to illustrate the difficulties of open-loop draw control of
tension in a multi-span web transport system, consider the two-span system
shown in Figure 3 below. By assuming no slip between the web and the

rollers, a linearized mathematical model for the tension T, and T; can be



written as shown in equations (1) and (2) (see Chapter 2 for a detailed

derivation).

Figure 3. A Two-Span Web Transport System

All variables shown in Figure 3 are changes from the initial steady-state

operating conditions. That is,

where
tn = tno + Tn, Vn = VnO + Vn

and

t. : Web tension, v, Web velocity

to: Steady-state operating value for web tension

vﬁo : Steady-state operating value for web velocity

T, : Change in web tension from a steady-state operating value

V,, : Change in web velocity from a steady-state operating value.
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dTy _ Voo, V1o T, + AE(v,- V). 1
dt L2 2 L2 1 L2( 2 1) ()
dTs _ _vaor, 4 V2o T, 4+ AE(v,.-V),). (2)
dt L3 L3 L3

In equation (1), the tension change T, is function of T, V,, V,. That is, a
change in the tension in the entering span (e.g., T, in Figure 3) affects the
tension in the following span (e.g., T, in Figure 3). This behavior is called
"tension transfer". No matter how accurately the velocities of the rollers
can be controlled, open-loop draw control cannot provide accurate control
of tension in a span because of "tension transfer" from the upstream span to
the downstream span.

A numerical example will illustrate the effect of tension transfer in
open-loop draw control. Consider the simple two-span web transport
system shown in Figure 3. The tangential velocities of the rollers (V , n=
1, 2, 3) are assumed to be controlled. Suppose the control purpose is to
maintain ty at a certain tension level lower than the initial operating tension
(t3y) by providing the velocity difference, (V5 - V,) = - 0.06 ft/min. With
V,=V; =0, equations (1) and (2) were solved with V, = 0.06 ft/min as a
step input to the second roller in Figure 3. The operating conditions and
parameter values in Table 1 were used for computer simulation. Computer
simulation results are shown in Figure 4. The tension t; could not be
maintained at a certain level below the initial operating tension even though
the negative velocity difference ( V5 - V, = - 0.06 ft/min) was provided. T;

returned to zero due to the tension transfer from the entering span.
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TABLE 1

PARAMETER VALUES AND SYSTEM CONDITIONS
FOR SIMULATION IN SECTION 1.3

System Conditions
T, (0)= 0.0 (Ibf), n = 1,...,.4
V,(0)= 0.0 (ft/sec), n = 0,...,4

Parameter Values
A =0.12 (in?)
E = 350,000 (Ibf/in?)
J = 94.0 (Ibf in sec?), n=0,...,4

n

L = 120 (in), n=1,...,2

n

vo = 1,000 (ft/min), n=0,...,3
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vn‘_""nO'*'Vn
Vn=0,n=1,3

v2(o+) = 0.06 fymin, V,(0") =0

Tension Variaiton T3 [nomalized]
S
ESN

Figure 4. Tension Variation: T,

In a multi-span web transport system, driven rollers are
interconnected through a continuous web span. Interaction occurs between
adjacent web spans. Equations (1) and (2) indicate that a velocity change in
a particular driven roller (say V, in Figure 3) changes not only the tension
in the upstream span (T, in Figure 3) but also the tension in the
downstream span (T;) with respect to that roller. In order to compensate
for the unwanted tension change (T;) in the downstream span, "progressive

set point coordination” control scheme is commonly used. For example,
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once an input is provided to an upstream driven roller, an input of the
same magnitude is automatically provided to each of the driven rollers
which follow downstream.

The progressive set-point coordination control scheme is effective for
the start-up or shut-down of a system. But this is not a desirable scheme for
a normal operation since it forces tensions in the downstream web spans to
be automatically changed when the tension only in the upstream web span
needs to be changed. That is, it is impossible to control the tension in each
web span independently in a multi-span web transport system using
progressive set-point coordination.

Following conclusions were drawn from the study.

(1) A disturbance in an upstream span is propagated into the
downstream span; i.e., tension is transferred. Open-loop draw control may
not be sufficient in a multi-span system, even with extremely accurate
control of the tangential velocities of the rollers, because of tension
transfer.

(2) Interaction occurs between adjacent web spans. It is impossible to
control the tension in each web span independently in a multi-span web

transport system using progressive set-point coordination.

Objectives

The objectives of this study were:

(1) to develop models for the "primitive elements" and "subsystems"
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that occur in multi-span web transport systems,

(2) to develop a control algorithm that allows precise control of
tension in multi-span web transport systems, and

(3) to develop a computer-based analysis and design program for

multi-span web transport systems (WTS).
Principal Results

This thesis concems itself with aspects of the longitudinal dynamic
behavior of a straight moving web between parallel cylindrical
rollers/rolls. |

The concept of a "primitive element” and a "subsystem" was
introduced to facilitate the modeling and the analysis of web transport
systems. Steady-state and dynamic models for important primitive elements
or combinations of primitive elements (subsystems) were also developed.
The derivation of open-loop mathematical models for longitudinal
dynamics and the analysis of non-ideal effects on tension variation were
carried out. Fundamental analyses of interactions between adjacent web
spans and between the web and mechanical components were emphasized,
so that these analysis results can be used in the design of closed-loop
control systems for multi-span web transport systems. Various non-ideal
effects (e.g., temperature change, moisture change, viscoelastic properties
of the web material) on tension variation and the effect of slippage between
the web and rollers on tension variation were investigated. Results |

indicated that the effect of temperature change on tension variation is
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significant in plastic film and the effect of moisture change is significant in
paper. The effects of the viscoelastic properties of the web material on
tension variation were shown to be relatively insignificant if the duration
time of the web in a processing section is very short (a few seconds). The
effect of slippage between the web and the roller on tension variation was
found to be significant.

The mathematical model for a free span was validated through
experiments on a production system in an Oklahoma plant. The significant
effects of slippage between the web and the roller and the effect of
temperature on tension variation in plastic film were also confirmed
through experimentation. "Tension transfer" in a multi-span system was
confirmed through simulation of the derived mathematical model and
through experiments.

The derivation of a "unified" open-loop dynamic model for an
important sub-system which includes a dancer is also a significant result. It
was assumed that there is no slippage between the web and the dancer roll.
This model includes the combined effects of slippage, temperature
variation, and moisture variation. Using the model, a dancer subsystem was
evaluated as a tension measuring system and as a disturbance minimizing
system. Typical web material (Polypropylene) characteristics and typical
web transport system operating conditions were used for the evaluation.
Conclusions from the evaluation are as follows:

(a) When the dancer is to be used for tension measurement, the dancer

should be designed such that:

o, > 30 and ®; > 3wq
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where

oy is the natural frequency associated with the rotational inertia
of the dancer roll and the effective elastic spring constant of
the web entering and exiting the dancer roll,

®; is the natural frequency of the web transport system without
the dancer,

. is the natural frequency associated with the translational inertfa
of the dancer roll and the dancer system spring.

(b) When the dancer is to be used for minimizing the effects of

disturbances, the dancer should be designed such that:

If wg<ws, then W > 3ws, O < %md

If wg> 0, then o> 30y, O < %—ms

where

wq is the frequency of the disturbance.

The most significant contribution of this thesis was the development
of a method for the design of a distributed tension control system for a
multi-span web transport system (see Chapter VII). It was demonstrated
that the asymptotic stability of an overall closed-loop distributed control
system depends on the gains of the local controllers, the magnitude of the
local inputs, and the degree of interconnections between subsystems. In
multi-span web transport systems, a disturbance in an upstream is

propagated into the downstream span (i.e., tension is transferred), and
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interactions occur between adjacent web spans. The distributed control
system designed by using the method developed in this study can reject
disturbances due to the tension transfer and interactions of web spans.

In a production plant, the tension in a given web span often is
controlled by using a fixed-gain PID controller. Such a controller fails
when the system has time-varying parameters, and when certain types of
disturbances are present. It was demonstrated that a variable-gain PID
controller would produce an "optimum" solution for a system with time-
varying parameters (i.e., a winding roll with increasing radius). Further it
was demonstrated that feedforward control could reject some types of
disturbances and improve the dynamic performance of the closed-loop
control system.

This thesis is also concerned with the development of a computer-
based program for the analysis and design of a web transport system
(WTS). The functions of WTS include (1) automatic assembly of primitive
elements into a web transport system (configuration of the system), (2)
automatic generation of the mathematical model for the configured system,
(3) steady-state analysis, and (4) dynamic analysis of the configured

(assembled) system.



CHAPTER 1II

ANALYSES OF PRIMITIVE ELEMENTS

To facilitate the modeling and analysis of web transport systems, the
concept of a "primitive element” was established. Examples of primitive
elements are a free web span, various types of rollers and rolls, a web
interacting with roller, etc., as shown in Figure 5. A web transport system
can be thought of as a combination of primitive elements.

In this chapter, mathematical models will be derived for a free web
span, a roller, and a web interacting with a roller. Then, non-ideal effects
(change in cross-sectional area, temperature, and moisture of the web;
viscoelastic properties of the web; slippage between the web and a roller)
on tension variation will be investigated by using the mathematical models

developed.

Analysis of a Free Web Span

Strain -Web Velocity Relationship

The free web span shown in Figure 6 is the most fundamental

primitive element found in web processing systems. This element is

18



19

n-1 n
tn—l < > tn

Free Span

Vn vn
r—» |——>>
.

tn’\tn tn_1’

Idle Roller Driven Roller
v n v n
—>t, t, <—
Unwinding Roll Winding Roll

Figure 5. Some Primitive Elements
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A : Cross-sectional area of web E : Young's modulus
L :Length of web t : Tension in web

v : Tangential velocity of roller € : Strain in web

p : Mass density of web o : Stress in web
Subscripts:

u : Designates unstretched condition

X : Distance measured from section 1

0 : Initial value of variable

1,2 : Conditions at section 1 and 2.

Figure 6. A Free Web Span
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terminated by a roller(s) (or roll) at each end of the span. A mathematical

model for the longitudinal dynamic behavior of a free web span is

developed in this section. The web is assumed to be a continuum. Other

assumptions are as follows:

(1)

(2)

(3)
(4)

(5)
(6)
(7)
(&)
%)

(10)

(11)

The length of contact region between the web material and a
roller is negligible compared to the length of free web span
between the rollers (i.e., the strain variations in the contact
region are negligible),

The thickness of the web is very small compared with the radius
of rollers over which the web is wrapped,

There is no slippage between the web material and the rollers,
There is no mass transfer between the web material and the
environment (i.e., no humidification or evaporation),

The strain in the web is small (much less than unity),

The strain is uniform within the web span,

o S e T T

The web cross-section in the unstretched state does not vary
along the web,

The density and the modulus of elasticity of the web in the
unstretched state are constant over the cross-section,

The web is perfectly elastic,

The web maferial is isotropic, so that (MD) stress prevails. That
18,

ox#20,0y=0,=0,

The web properties do not change with temperature or

humidity.
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Under assumption (1), a control volume can be drawn as shown in
Figure 6. Under the assumption (4), the law of conservation of mass for

the control volume shown in the Figure 6 can be written as follows:
x2
ad;U p(x,t)A(x,t)dX} = p1(A1(B)V1(1) - p2(DA2(H)v2(D).(3)
x

Considerable mathematical simplification can be achieved if the mass
terms (e.g., p(x,t)A(x,t)dx ) in equation (3) can be described in the
unstretched web condition. The web is considered to be unstretched when it
is free from external forces. From the definition of strain, the relationship
between the stretched length and unstretched length of the element shown

in Figure 7 can be written as follows:

dx = (1 +&¢) dx,, 4)
d= (1 +,) du, )
h = (1 +&;) hy, (6)

where the subscript u indicates the unstretched state of the web.

In the infinitesimal element shown in Figure 7, the mass of the
infinitesimal element is constant. Thus, the following relationship can be

written.



A
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Figure 7. An Infinitesimal Element out of
a Web Span

dm=p dhdx =p,dyh,dx,. 7

Combining equations (4) and (7) gives

pdh —dxy _ dxy =_1 (8)
oudiy  dx (1 +e0dx, 1+6

orsinccedxXxh=A and dyxh,=A,,

p(X,t) A(X,t) — 1 (9)
Pu(x,t) Au(x,t) 1+ ex(x,t)

23
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With assumption (10), the subscript x in the strain!, ex,which means x-
coordinate will be dropped for simplicity from this point on. Combining

equations (3) and (9) gives

a | [ puled A 4 | _prulet) And Vi) _ pautx) Azuat) va)
dt x 1+£§x,t) 1+ €1(x,t) 1+ e3(x,t)

1

(10)

~ Under assumptions (7), (8), and (11), equation (10) can be written as

A d 1 d _Pu Ay vi(t) _Pu Ay vo(t) 11
Pu udtUo1+e2(x,t) * (1D

1+ g1(x,t) 1+ e(x,t)

or

d 1 dx|= vi() va(b) . a2
dt| | 1+e®) T+ ek 1+ ea(x0) -

With assumption (6), equation (12) can be written as

_vi()  va(b) ‘\‘3 (13)
1+ €1(t) 1+ &x(t)

L_d_[ 1
dt [1+ €(t)

By using assumption (5), i.e. for small €:

1l _=1-¢ (14)
1+¢

1. Unless stated otherwise throughout this thesis, the term "strain" refers to the

longitudinal strain (x-coordinate in Figure 6) in a web span.
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Considerable mathematical simplification’can be obtained by using equation

(14) in equation (13) as follows:

L L1 -] = [1-e1®] i - [1 - £20] v2(0. (15)

Rearranging equation (15) gives

L %[ez(t)] =-vi(t) +v2(t) + €1(t) vi(t) - €2(t) v2(t).  (16)

The mathematical model represented by equation (16) is nonlinear.

The nonlinear equation can be linearized by using the perturbation method.
Let e=€e-gyand V=v-vy. (17)

Equation (16) must be satisfied at the initial steady-state operating

condition, 1.e.,
0=-vio + V20 + €10 V1o - €20 V20 (18)

The following linearized model results from applying equations (17) and

(18) with equation (16), and dropping second order terms:

L fea(0] = - Poeo() + Yoe ) - L2B0l v, + L E2l vy,

(19)
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Since € 190 << 1 and, €3¢ << 1, equation (19) can be written as:

d - .V V10 Vi |, Va@®)
p [e2(1)] IQez(t) + i 1(t) 3 + L (20)

Equation (20) represents a linearized dynamic relationship between the
| changes in the web strain within the control volume, €,(t), and the changes

in the velocities at the ends of the web span, V1(t) and V(t).

Tension - Web Velocity Relationship

With assumptions (5) through (11), the force-deformation relations

(Hooke's law) can be written as [14]:
T; = AEe; and T; = AEe,, (21)
where A and E are constants, and T; and T, are changes in tension from an
initial steady-state operating value.
Combining equations (20) and (21) gives:

% [Ta(t)] = -%sz(o + V—ﬁQT«t) + ALE— (Va(t) - Vi(D) . (22)

Equation (22) is the linearized dynamic model for the free web span.
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Effect of Slippage between a Web and a Roller

A web is transported by virtue of the traction between the web and
driven rollers. When there is enough traction between the web and a driven
roller or idler, such that there is no slippage, the velocity of the web at the
point of contact with the roller and the tangential velocity of the roller are
identical. But, when there is slippage, the velocity of web and the tangential

velocity of the roller are generally not equal.

Concept of Slippage within the Region of Wrap  foun €
N y Al ‘ Aref e Ca
JEOSTRE S &\M M o cﬁg{g{*} .
- (/W“%A N

W S G . T
o Qy.‘ a,}(;.’«\ it é, %""{n’ K‘i’»“'&*\t ”;. Koz,_g [v8i
,{Qw"»"’é b 5 Wo o \W{ A0,

4 - . . . .
> Consider the region of wrap on a roller as shown in Figure 8.a. If a

1§ s fvue

Mngmed at the beginning part of the region of wrap; this is o0 web handvg

ot

followed by a region(6s) of sliding or slipping [2]. The tension is constar%td zf{ cars 4,
)7

Iweb has the region (8y,) of wrap on a roller, a region (0,) of adhesion is

. . o . pelln &
throughout the region of adhesion, and the web velocity is equal to the ce w&;&m cth)

pr/*ro\ bR
U

tension varies in the transport direction, and the web velocity differs from

tangential velocity of the surface of the roller. In the region of slip, the

the tangential velocity of the surface of the roller. Slip (creep) occurs in
this region until the tension of the entering span gradually change to the
tension of the exiting span.

It can be shown that in the limit as the region of adhesion approaches

zero [2],
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Figure 8.a. Concept of Slippage within the Region of Wrap
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K : Friction coefficient.
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At this limiting value of tension ratio, the web adheres only at one point at
the beginning part in the region of wrap on the roller. A further increase
in the tension ratio will make the web slip throughout the region of wrap

on the roller.

Relation between Velocity of a Web and the Tangential Velocity of a
Roller

When the web slips throughout the region of wrap, the forces and
velocities are as shown in the free body diagram of Figure 8.b. Using the
free body diagram for the web, the force balance equations in the region of

wrap lead to the following relations:
Fp = -& (1-e 101y, fort,>t,. (25)!

Factors affecting the traction between the web and the rollers include
web velocity, web tension, wrap angle, roller diameter, web width, web
porosity, web moisture, web thickness, etc. [54][55]. But the mechanism of
traction between a web and a roller is not well understood and is beyond
the scope of this study. One possible model of traction between a web and a
roller combines stiction, Coulomb friction, and viscous friction as shown in

Figure 92,

1.
2.

See Appendix A for derivation
See Appendix B for case with Coulomb friction only
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F;, - Effective frictional force v, - Web velocity
F,, - Effective normal force t. - Web tension
w, - Tangential velocity of roller

Figure 8.b. Forces and Velocities When Slippage
Occurs Throughout the Region of Wrap
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Figure 9. One Model of Friction between a Web
and a Roller

The model of friction shown in Figure 9 can be expressed as:

, © o
v, A Vi
. /
Fp = Froo sign(wz - v2) + (w2 - v2) + Fo (w2 - v2),  (26)
where
Cy : Slope of friction characteristics

Fo = W0 Fn2 : Coulomb frictional force

Fro = 1o Fna  : Stiction force

for wy-v2>0
sign(wy - vp) = 0 for wp-v2=0

-1 | for wjy-v2<0

31
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1 for wy-vo=0
(w2 -v2) = 0 for wp-v2>0-
0 for wy -vy <0

Combining equations (24), (25), and (26) gives the following relation

between the velocity of the web and the tangential velocity of the roller:

vz=wz-g; 1-ky(1 - e r0v) -%3-t2, (27)
2

for t,>t; and w, > v,

where

Analysis of a Single-Span System with Slippage Between the Web and a
Roller

Consider the single-span system shown in Figure 10. It is assumed

that there is slippage between the web and the downstream roller, i.e.:

Vi =W, and v, # wy. (28)

Equation (16) describes the longitudinal dynamics of the free span. The

force - deformation relations can be written as:

t; = AEg,. | (29)



33

Control Volume

82, t 2

21 |83 t3

Figure 10. A Single-Span System

tr = AEg,. (30)

From equation (27), the slip relation for the case when v, # w, and t, > t,

is:

V2=W2——Clz— 1-Kky(1 - e 10w —%tz. (31)
2

Equations (16) and (28) through (31) describe the dynamic behavior of the
single-span system in Figure 10 with slippage between the web and

downstream roller. When there is slippage between the web and the

downstream roller, the tension t, is function of t;, t;, w;, and w,. That is,
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the tension not only is transferred from an upstream span to a downstream
span, but also from a downstream span to an upstream span when there is
slippage between the web and the downstream roller.

Equations (16), (29), and (30) describe the dynamic behavior of the
single-span system without slippage between the web and the downstream
roller (i.e., if v, = w, ). When there is no slippage between the web and the
downstream roller, the tension t, is function of t;, w,, and w,. That is, the

- tension is only transferred from an upstream span to a downstream span.

Numerical Examples

Several examples were solved to illustrate the effect of slippage in

single-span and two-span systems.

Example 1-A : Effect of % Slip on Web Tension in a Single-Span System

The % slip is defined as:

tangential velocity of roller - web velocity % 100

% slip =
o oP web velocity

(32)

Consider the single-span system shown in Figure 11. It is assumed

that there is slippage only at the downstream roller; that is, v; = w; and v,

# W,. The dynamic behavior of the system can be described by equations
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(16), and (28) through (31). The response of t, to a step change in w, for

different values of % slip is shown in Figure 12. Parameter values and

system conditions for simulation are given in Table 2.

When there is slippage between the web and the downstream

TABLE 2

PARAMETER VALUES AND SYSTEM CONDITIONS
FOR SIMULATION IN SECTION 2.2

Parameter Values

E = 350,000 1bf/in2,
L =10 ft

1) =0.1

Moo  =0.033

System Conditions
t; = 42.0 Ibf
t,(0-) =42.0 Ibf
t5(0-) =42.0 Ibf

Cy = 2300 Ibf-sec/ft,
d =120 in

h = (0.001 in

Ow = 3.14 rad

v, =w; = 1000 ft/min
w>(0)) = 1001 ft/min
w2(0%) = 1002 ft/min
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Figure 11. A Single-Span System: Example 1-A

roller and the tangential velocity of the roller w, is greater than the web
velocity v,, a change in the tangential velocity of the downstream roller

produces a smaller change in the tension t, than would occur with no-

slippage.

Example 1-B : Effect of Wrap Angle on Tension t, in the Single-Span
System

Figure 13 shows the response of t, to a step change in w, for the same
system as that of example 1-A but with different wrap angles. Parameter
values and system conditions for simulation are given in Table 2. The
example was solved for the ratio t3/t, = 0.9. As the wrap angle gets
smaller, the % slip between the web and the downstream roller increases
(see equation (32)). And thus, a change in the tangential velocity of the
roller produces a smaller change in the tension t, as the wrap angle gets

smaller.
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Example 2-A : Eff f Sli e on Web Tension in a Two-Span System
with Step Input at Wy

Consider a two-span system as shown in Figure 14. It is assumed that
there is slippage at roller 2.The two-span system shown in Figure 14 can be

described by equations (34) through (38) as follows:
L adt—[ez(t)] =-vi(t) + va(t) + €1(t) vi(t) - &(t) vat) . (34)
L dit[83(t)] = - vo(t) + v3(t) + €2(t) va(t) -€3(t) v3(t). (35)
Vi) = wi(®),  v3(0) = wy(0). (36)

va(t) = wa(t) 612_[1 ~ky(1 - e Hoty) t_z_% t(t). (37)

t1(t) = AEei(t), ta(t) = AEey(t), t3(t) = AEes(t). (38)

Responses of t, and tyto a step change in w, are shown in Figure 15.
Parameter values and system conditions are given in Table 2. Figure 15
shows that a change in the tangential velocity of the roller w, produces

smaller tension variations, t, and t; than would occur with no-slippage.
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Figure 12. Response of t, to a Step Change in w, for

Different % Slip

38



100 |l i U 1

T
1

90

TENSION [Lbf] t,

TIME [Sec]

Parameter values and system conditions: t;/t, = 0.9
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Vi=W;=1000, W,(0)=1001,  Wo(0") =1002 fymin

Figure 13. Response of t, to a Step Change in w, for
Different Wrap Angles
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Figure 14. A Two-Span System

Example 2-B : Effect of Slippage on Web Tension in a Two-Span System
with Step Input at w,

Responses of t, and tyto a step change in w5 are shown in Figure 16.
Figure 16 shows that a change in the tangential velocity of the roller w,
produces not only a change in tension t; but also a change in tension t,,
which would not occur with the case of no slippage at roller #2. This
means that there is a "tension transfer " from downstream to upstream

when there is slippage between the web and the intermediate roller.

3. See Chapter 4
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Parameter values and system conditions: see Table 2
Vi=W;=1000, W,(0)=1001, W,(0")=1002, V3=W;=1001 f/min

Figure 15. Responses of t, and t; to a Step Change in w,
for the Two-Span System
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Parameter values and system conditions: see Table 2
Vi=W{=1000, W,=1001, V3=Ws3, W3(0)=1001, W3(0*)=1002 ft/min

Figure 16. Responses of t, and t; to a Step Change in w;
for the Two-Span System
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Analysis of a Roller

Tension -Tangential Velocity of Roller Relationship

Another important primitive element is a roller. It is assumed that the
rollers at both ends of the free span in Figure 6 are driven by motors and
there is no change in the moment of inertia of any of the rollers. The
dynamics of the driving motor generally are negligible compared to those
of the rollers. A relationship between the tension in the web and the
tangential velocity of the roller at position 2 in Figure 6 can be obtained

from a torque balance on the roller as follows:

2
__dW2 = - _BQ.WZ + I—{z- (T3 - T2) + &KZUZ, (38)
dt Iy 2 I

where
By, :Rotary friction constant of bearing
] : Polar moment of inertia of roll
K> : Motor constant
R, :Radius of roller
U, : Change in input to the motor driving the roller at position 2

W, : Change in tangential velocity of the roller.

The change in the velocity (V,) of the web in equation (22) and the change
in tangential velocity of the roller (W,) in equation (38) are identical when

no slip occurs between the web and the roller (i.e, V, = W,).
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Effect of Web Cross-Sectional Area Change on Change in Tension

As the strain varies in the web material, the cross-sectional area of the
web may vary from one web span to the next due to Poisson's ratio. The
importance of this effect is considered below. Assuming that the material is
isotropic and does not experience temperature changes, the stress-strain

relationships can be written as [14]:

€y = i{f Oxs (39)
ey=-évcx, (40)
€,=-Lvao,, (41)
E .
where
E : Young's modulus c : Stress
\Y : Poisson's ratio € : Strain.

Now, consider an infinitesimal element of the web as shown in Figure

17. The cross-sectional area of the web in the stretched condition is

A =dxh=[(i+ey)du][(1+ez)hu]

=dyhy(l+ey+e,+€y€,). (42)
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Stretched web element

Figure 17. A Mass Element out of a Web Span in the
Unstretched and Stretched Conditions
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Since €y € ; = 0, equation (42) can be written as:

A=dihy (1 +ey+ey). (43)
Using equations (40) and (41), equation (43) can be written as:

Az=zdyhy(1-2vey)=A(1-2vVvey). (44)

The longitudinal tension in the web can be written as:

Tx(t) = AE ey (45)
Combining equations (44) and (45) gives:

Tx() = AE ex(t) = Ay [1-2vex®)]E ext). (46)

By using equation (20) in section 2.1, the relationship between the

strain in a web span and web velocities at the ends of the span (see Figure

6) can be written as:

d ) Vi Vo(t) Vi)
i [€2(D)] i—zQez(t) + EZQE 1(t) + L, L, 47)

The algebraic equation (46) can be solved simultaneously with the
differential equation (47) to evaluate the tension variation in a span when

the change in the cross-sectional area is taken into consideration.
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A numerical example is solved to show the effect of a change in the
éross-sectional area of the web on the tension variation. Consider a two-
span web transport system as shown in Figure 18. The cross-sectional areas
A, and A, change with the change in strains € and €3. By using equations
(46) and (47), the dynamic eqﬁations for the two-span system can be

written as:

e = - Ve Tea() + Y @+ 20 Vi (g

L, L, L,
Ta(t) = Agy [1 -2V €2(t) E e(t). (49)
Vo Vi) _ Va(t)
[e 3(D] = L Ve 3(t) + —Qe 2(t) + L, Ly (50)
T3(t) = Asy [1 -2 v e3(t)] E es(t). (51)

It is assumed that tangential velocities of rollers (V,, V,, V,) are perfectly
controlled. Equations (48) through (51) were solved for the conditions and
parameters shown in Table 3 for v=0.2 and v=0.4.

In the steady-state, equations (48) through (51) becomes:

= -V €2+Vlo€1+V2 V]. (52)
Ty = Ay [1-2V62]E62=A2E€2. (53)

0=-V30€3+V20€2+V3-V2. (54)
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V1 V2 V3
T1 T2 ' T3 Ty
A e A, €2 ‘ Az €3 A4 €4
L, L3
< > >
tn=tn0+Tn’ vnzvnO"'Vn

Figure 18. A Two-Span Web Transport System

T3=A3u [1-2V€3]E€3=A3E€3. (55)

And, Ty = A; E €1 in the steady state. Solving equations (52) through (55)

for T, and T; gives:

— A2 Vio A2E (v, _
T, Al Voo T + Va0 (V2 V]). (56)
=A3vo T, L A3E (v, . 57
T3 A Va0 Tp + 52 =(V3 - Vo) (57)
Aj=Ap [1-2ve,y (58)
Ar=Ay [1-2Vvey) (59)

A=Az [1-2ves) (60)
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TABLE 3

PARAMETER VALUES AND SYSTEM CONDITIONS
FOR SIMULATION IN SECTION 2.4

Conditions
Initial steady-state operating tension ts, = 42 (Lbf)
Initial steady-state operating velocity v, = 1,000 (ft/min),
n=1,2,3
V3 =0.06 (ft/min), @ t=0%; V3=0, @ t=0

Parameter Values
A, =012 (in?),n=2,3
d =120 (in)
E  =350,000 (Lbf/in®)
L, =120 (in),n =1, 2, 3‘
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Combining equations (56) and (57) gives:

Ty= eV Aavieq  MaBry oyl AE gy
Ay va| Ap vy V20 V30

(61)
Assuming T, =0, and V, =V, = 0, equation (61) can be written as:

T3 =838 (v3-vy) (62)

where A3 = A3y [1 - 2V €3] from equation (60).

Results for the steady-state analysis for two different values of Poisson's

Ratio are as follows:

Cross-sectional area Tension Variation ,T,, (Ibf)

Poisson's Ratio (V)
v =0.2, v=04

Constant 2.5199 2.5199

Varied 2.5189 2.5178

(Ay= A5, (1-2vey))

Figure 19 shows the results of a dynamic analysis for two values of
Poisson's ratio computed using equations (48) - (51). A step input (i.e.,

V3 =0.06 (ft/min), @ t= 0*; V3 =0, @ t= 0") was provided to the two
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span system.

In conclusion, the effect of area change on the tension variation is not

significant if the magnitude of the tension variation is small.

Tension'T3 [Ibf]

1 . Vn=0,n=1,2

V3(0') =0, V3(0") = 0,06 ft/min

Time [sec]

Figure 19. Effect of Web Cross-sectional Area Change on
Dynamic Tension Variation
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Effect of Temperature Change on Change in Tension

It is very common for the temperature conditions to differ in the
various processing sections in a web transport line. Changes in temperature
affect the strain in the web in two ways [14]: first, by directly producing a
strain even in the absence of stress (thermal-strain) and, second, by causing

a modification in the value of the Young's modulus.

Effect of a Change in Temperature on Strain

The thermal strain is almost linear in the temperature change of 100 -
200 (OF). For an isotropic material, there is no shear-strain due to thermal
expansion (contraction), but only pure elongation or contraction [14].
Thus, the thermal-strain due to the temperature change, 6, can be written

as (see Figure 6):

€x=€Ey=€,= 00, (63)
’Y%(y = ’Y§'z = 'Y%x =0, (64)
where

o is the coefficient of linear expansion

e'is the thermal strain
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Yyt is the thermal shear strain

The subscripts indicate the coordinate.
The total strain in a rigid body is the sum of the strain due to the stress and
the temperature. Let €°® be the elastic-strain and €' be the thermal- strain.
Then, the total strain can be written as [14]:

e =e®+e. (65)
It is assumed that uniaxial (MD) stress prevails, that is, 6x # 0, 6y =06, =0
(see Figure 6). Assuming there are changes in the temperature within the
web material, the stress-strain-temperature relationships can be written as
[14]:

€2(t) =L 02(0) + @ 61 (66)
The stress-tension relationship is:

Ta(t) = A o2(1). (67)
Combining equations (66) and (67) gives:

Ta0) = A E fead) - obr) ). (68)

Recall equation (20) which shows the relationship between the longitudinal

strain and web velocity for the web span shown in Figure 6.
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V1(t) + Va(t)
£

4 [e20] = -Rex) + We1(9- (69)
Equations (68) and (69) can be used to illustrate the effect of a change in
temperature on tension variation.

An example is solved to illustrate the effect of a change in
temperature on tension in the steady state. In the steady state, assuming

€1 = 0, the equation (69) can be written as:

Vo-V; V1
er=Y2- (70)

Combining equations (68) and (70) gives:
T,=AE[Y2- Ovl-aeT. (71)
Example:

Conditions: web material is polypropylene
A (cross-sectional area of web ) = 0.12 in?
E (Young's modulus of web material) = 350,000 psi
voo ( average web transport speed) = 400 ft/min
V3 - Vi (velocity difference) = 1 ft/min (0.25 % of vyp)
6 (temperature change ) = 18.5 °C ( 33.4 OF)
o (thermal expansion coeff.) = 1.35 x 10"% 0C"!

(in the temperature range of 200 - 80° C) [15].
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For these conditions,

V-V, _

Vo

o0,

, i.e., velocity difference effect is of the same order as the thermal
effect.
In conclusion, change of temperature in a polypropylene web

significantly affects tension.

The Effect of a Change in Temperature on Young's Modulus

For many materials (e.g., steel ), temperature changes of a few
hundreds degrees Fahrenheit result in very small changes in Young's
modulus [14]. But, for some materials (e.g., polypropylene), the Young's
modulus is reduced‘ by half for temperature increases of less than one
hundred degrees Fahrenheit (see Figure 11). In order to study the effect of
Young's modulus for materials on tension variation, recall the
mathematical model for a web span as shown in equations (68) and (69).
Once Young's modulus is determined experimentally or statistically as a
function of temperature for a given web material, equations (68) and (69)
can be used to predict the change in web tension when there is a

temperature change within the web span.
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Effect of Moisture Change on Change in Tension

Some web processes (e.g., drying, printing) significantly change the
moisture content of the web material. The effect of moisture on strain in
the elastic region appears in two ways: (1) by directly producing a strain
even in the absence of stress (hygroscopic strain), and (2), by causing a

modification in the values of Young's modulus.

Thickness : 0.001457 inch
Machine Direction Extension : 5.5 inch

400

300

200

100

Young's Modulus (1000 psi)

0 M ¥ v I M I ' 1

0 20 40 60 80 100

Bulk Temperature (Degree, Centigrade)

Figure 20. Temperature Effect on Young's
Modulus for Polypropylene
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The Effect of a Change in Moisture on Strain

The change in strain due to moisture change is approximately
proportional (linear) with small changes of moisture in a web material (4 -
5 %). For an isotropic material, there is no shear-strain due to hygroscopic
effect; there is only pure elongation or contraction. Without considering
temperature effects, and with the assumption that MD stress prevails, the

stress-strain-moisture relationship can be written as:

62=%02+€m, (72)
where €™ is longitudinal strain due to moisture absorption (hygroscopic

strain).

The total strain in a rigid body at a constant temperature is assumed to be

the sum of the elastic strain and hygroscopic strain as follows:

e =e®+e", (73)
where
e°® : Elastic strain

€™ : Hygroscopic strain.
The stress-tension relationship can be written as [14]:

T, = A o,. (74)
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Combining equations (72) through (74) gives the tension - strain

relationship:
Ta(t) = A Ex(t) {e2(t) - €™(®) ). (75)

Equations (69) and (75) can be solved simultaneously to obtain the tension
variation, T,, when there is a moisture change within a web span shown.

An example is solved to illustrate the effect of moisture change on
tension variation in a web span. In the steady state, assuming € =0,
combining equations (70) and (75) gives:

T,=AE Y_2v.2.0_‘.’_1 em}. (76)

Example:
Conditions: web material is fine paper
voo ( average web transport speed) = 400 ft/min
V3 - Vi (velocity difference) = 1 ft/min (0.25 % of va0)
Moisture change = 3.8 % [32].

b

. V,-V m
For these conditions 2 l-¢
| V20

i.e., velocity difference effect is of the same order as the hygroscopic strain
effect.
In conclusion, moisture absorption in a fine paper web significantly

affects strain, and thus the tension.
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The Eff fa Ch in Moisture on Young's Modul

The effect on the elastic constants for many materials (e.g., steel )
may be small for moisture changes. But for some material (e.g., paper),
the modulus of elasticity is very sensitive to the moisture change. Once
Young's modulus is determined experimentally or statistically as a function
of moisture, equations (69) and (75) can be used to predict the change in

web tension when there is a change in the moisture within a web span.
Effect of Viscoelastic Properties on Change in Tension

The degree of change in viscoelastic properties varies from one web
material to another material, and depends highly on the state of the
material (e.g., degree of moisture content in the material, the temperature
of material). The viscoelastic properties of a web may be very important
for both the process operation and the properties of the final product. For
example, the output rate of a paper machine in general, and newsprint, in
particular, is most heavily dependent on the viscoelastic properties of the
wet web under dynamic condition [16]. The stress relaxation in the web due
to the viscoelastic property of web in the longitudinal direction may élso
affect the tension control in the web transport systems. In this section, the
effect of viscoelastic properties of web on the longitudinal tension variation
will be investigated. But the effect of temperature and moisture in material

on viscoelastic properties of web will not be included in the investigation.
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Consider a free web span fixed at one end and subjected to a motion
(elongation) in the direction of the axis at the other end as shown in Figure
21. Let the elongation at time t be u(t) and the total tension in the web span
be T(t). It will be assumed that web material retains linearity between load
and elongation, but the linear relationship depends on a third parameter,
time also.

For this class of material, the present state of deformation cannot be
determined completely unless the entire history of loading (elongation) is
known [17]. The tension T(t) is caused by the total history of the loading up

(elongation instead of applied force) to the time t. If the function u(t) is

Displacement

Figure 21. A Free Web Span Subject to
Motion (Elongation)

continuous and differentiable, then in a small interval dt at time T the
increment of elongation is (du/dt)dt. This increment continues to act on the

free web span and contributes an element dT(t) to the tension in the web
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span at the time t, with a proportionality constant k depending on the time

interval t - T. Hence, a tension dT(t) at the time t can be written [17]:
dT(t) = k(t-1) %(T) dr. - (77)

Let the origin of the time be taken at the beginning of loading. On

summing over the entire history,

T(t) = f K(t-1) (clle(T) dr, (78)

where

%{1:) means the value of du/dt evaluated at the t = 7.

A similar argument, with the role of u and T interchanged, gives:

u(t) = f c(t-1) d(%('c) dr, (79)

where

dd—rf—('t) means the value of dT/dt evaluated at the t = T.

Equations (78) and (79). are the forms of Boltzmann's formulation of the
constitutive equation [17], in the case of a simple bar, for a material which
has a linear load-deflection relationship. The function k(t) is called the
"relaxation function". The function c(t) is called the "creep function”.

These are characteristic functions of the material. Physically, k(t) is the
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force that must be applied in order to produce an elongation which changes
at t = 0 from zero to unity and remains unity thereafter. Similarly, c(t) is
the elongation produced by a sudden application at t = 0 of a constant force
of magnitude unity; i.e., a unit-step fbrcing function.

Three models for the viscoelastic material have been introduced [17],
namely, the Maxwell model, the Voigt model, and the "standard linear"
model, all of which are composed of combinations of linear springs with
spring constant k, and dashpots with coefficient of viscosity b

(see Figure 22).

b k U b U b ksl U
S
HEwW— - M
ks kg
(a) (b) ()

Figure 22. Models of Linear Viscoelasticity: (a) Maxwell,
(b) Voigt, (c) Standard Linear Model

The load-deflection relationship for these models are

Maxwell model: u = T +IL u(0) = T—(Q (80)

ks b kS

Voigt model: T=ksu+bu , u0)=0. (81)
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Standard linear model:

T+1T=Er (u+1Ts1) , T T(0) = Er T u(0), (82)
where
1e . time of relaxation of load under the condition of constant
deflection.
Ts . time of relaxation of deflection under condition of constant
load.
Er : relaxed elastic modulus (load-deflection relation of spring as

t — o0).

The relaxation function can be derived by solving equations (80) -
(82) for T(t) when an elongation u(t) is a unit-step function 1(t) as follows
[17].

Maxwell solid: k(t) = kg e- &) t 1(¢), (83)
Voigt solid: k(t) = b &(t) + ks 1(1), (84)
Standard linear solid: k(t) = Ex [1 - ( 1- %@) e We] 1), (85)
€
where
o(t) indicates the unit-impulse function.
The function k(t) is illustrated in Figure 23.

For the Maxwell solid, a sudden deformation produces an immediate

reaction by the spring, which is followed by stress relaxation according to
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an exponential law expressed by equation (83). The factor b/k , with
dimension of time, may be called a relaxation time: it characterizes the rate
of force decay. |
For the standard linear solid, a similar interpretation is applicable.
The constant T is the time constant of load relaxation under the condition
of constant deflection (see equation (85)). As t — oo, the dashpot is
completely relaxed, and the load-deflection relation becomes that of the
. springs, as is characterized by the constant Eg, "relaxed elastic modulus”.
It is highly possible for a web span to be exposed to the harmonic
disturbances due to the imperfect roller/roll conditions. It might be

interesting to obtain the steady-state relationship between load and

TENSION A TENSION TENSION
b &(t-tg)
> >
A A A
DEFORMATION DEFORMATION DEFORMATION
' P »
TIME TIME TIME
(a) (b) (c)

Figure 23. Relaxation Functions of (a) Maxwell, (b) Voigt,
(c) Standard Linear Model
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deflection when the web span is forced to perform simple harmonic
oscillations. It will be convenient to put the beginning of motion at time
- oo since the lower limit of equation (78) can be replaced by - o. Using

complex representation for sinusoidal oscillations, let

u(t) = ug elot . (86)
And let
t-1=E&. (87)

Using equation (87) in equation (78) gives:

T(t) = f k(&) %;a - &) dt. (88)

Using equation (86) in equation (88) gives:

T(t) = f k(E) i @ ug ei0®D dE, (89)

or

T(t) = i o ug eiot f k(E) e-iof dE. (90)

0

Since k(t) = 0 when t < 0, the lower limit of the integral in equation (90)

can be replaced by - oo, then the integration part in equation (90) can be



written in the conventional form of Fourier transformation :

k(o) = f k(1) e-ior dr. (91)

Assuming that the Fourier integral exists, T(t) can be written as:

W

i uo k(w) elot, £(92)

T(t)

i, ¥

»

Under a periodic forcing function the tension T(t) is also periodic. Let

T(t) = To €', (93)

then the following input-output ratio can be obtained:

To_iwk

=i k(w). (94)
The ratio Tg / ug is a complex number, which may be written as

%()Q =y =ioko)=|o ko) ed, (95)
where

y is called the 'complex modulus' of a viscoelastic material [17].
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The angle 0 is of particular interest. It represents the phase angle by which

the stress lags the strain. The tangent of & is often used as a measure of

'internal friction' (viscoelasticity) of a linear viscoelastic material.
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Since
tan & = imaginary part of v (96)
real part of y

the internal friction can be easily computed when the Fourier transform of
the relaxation function is known.

It might be interesting to investigate the viscoelastic effect on
longitudinal tension variation. Even though the relaxation curve of web
material is considered to be exponential from the investigation (see
equations from (83) to (85)), it can be considered to be linear for some
web material (e.g., Newsprint, Polypropylene) in order of half a minute
(see Figures 24 and 25). For example, the relaxation characteristic of

newsprint was given as follows in [18]:

T=A(E e -Eyet), 97
where

E; : Young's modulus, E;=5.12X% 10° psi

3.
E, : Viscosity factor, E,=7.11x10 psi- sec-

In equation (97), the magnitude of the viscosity term is only a few percent
of that of elastic term, because the running time of the web in rotary press
is usually a few seconds. Thus, the newsprint can be practically dealt with
as elastic during the transport of the web.

As shown in this example, when the web transport speed is getting
higher, the effect of viscoelastic properties on tension variation is

negligible, and the web material can be considered as being linear.
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Figure 24. Measured Results of
Relaxation of Newsprint [18]
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Figure 25. Stress Relaxation of Crystalline
Polypropylene [20] (Extended
5 %/min. to a Total Strain of
0.5 % on Instron Tester)
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CHAPTER III

ANALYSIS OF A MULTI-SPAN SYSTEM

WITH A DANCER

Primitive elements can be combined into subsystems as illustrated in
Figure 26. Examples of subsystems are an idle roller with two free spans,
an unwinding roll with a free span, and a winding roll with a free span,
etc.. Systems can be configured using primitive elements and subsystems.

An example system is shown in Figure 27.

Derivation of a Unified Model for A Multi-Span System

In this section, a "unified" open-loop dynamic model will be derived
for an important multi-span system which includes a dancer as shown in
Figure 27. This model includes the combined effects of slippage,
temperature variation, and moisture variation. The model will be evaluated
for a typical web material (Polypropylene) and typical web transport
system operating conditions. The following assumptions were made in the
derivation of the unified model:

(1) The vertical displacement of the dancer roll is very small

69
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v n-1

(a) Idle Roller with Two Free Spans

v Va
W (O
< —>
(b) Driven Roller g tn+1
with a Free Span
A Vi
> <
t th

(c) Unwinding Roll with a Free Span (d)Winding Roll with a Free Span

Figure 26. Some Subsystems
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Driven Roller Driven Roller

T, Vi Ts V3 Ty
—>
Dancer Subsystem
T, :Change in web tension; i=1, 2, 3, 4
V; :Change in web velocity;i=1, 2, 3
W, : Change in tangential velocity of rollers; i =1, 2, 3

X, : Vertical displacement of dancer subsystem

Figure 27. A Multi-Span System Which Includes a Dancer Subsystem
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compared to the length of the web span,

(2) The change in the wrap angle of the web on the dancer roll due
to the vertical displacement of the roll is negligible,

(3) No slippage occurs between the web and the dancer roll,

(4) The total elastic strain in the web is a linear combination of (a)
the elastic strain due to the velocity difference between the two
ends of the web, (b) the elastic strain due to the vertical
displacement of the dancer roll, and (c) the elastic strain due to
the angular displacement of dancer roll,

(5) The total strain in the web is the linear combination of the total
elastic strain, the thermal strain, and the hygroscopic strain.

By using assumption (5), the total strain variations in the web spans

of the system shown in'Figure 27 can be written as:
e2(t) = €5(t) + €5(t) + €3V, (98)

€3 = €5 + €30 + ), (99)
where

€i(t) : Total change in strain

e{(t) : Total change in elastic strain

e l(t) : Total change in thermal strain

e(t) : Total change in hygroscopic strain
andi=2, 3.

The total change in elastic strains in the web spans are written as :

€3(t) = €Zu(t) + € 3u(t) + €5a(0). (100)



e§( =€ + 5 (D) + €5a(D), (101)
where
€ §(t) : Change in elastic strain due to the velocity difference
| € §y(t) : Change in elastic strain due to the vertical displacement of
the dancer roll
€ "@(t) : Elastic strain due to the angular displacement of the dancer
roll
andi =2, 3.

Dynamic models for web spans 2 and 3 are derived in Appendix

C!. For web span 2, the model is:

i{ez(tn--iﬂe 20+ Y1) - Vilt) , Vo) (102)
L, L,
sin 822 sin 9wz sin Sx1
+ —2 ><21(t)+V2 2 xo(t) - sy x1(t)
2 L3 1Lo

R2 ya1 10 + V20R2 y2 2(t) - V10R1 y1 (t)
L L2 L1L2

+ o L{F(0)} + 20 {Fa(t) - Fao} - Y0 {Fy(t) - Fio)
dt L, L,

+ B A {Ha(t)} + Y2OB{Hy(t) - Hao) -VIOB{Hl(o Ho}.
dt L,

1 Web span 2 is the web between the driven roller 1 and the dancer roll 2. Web span 3 is

the web between the dancer roll 2 and the driven roller 3.
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and, for web span 3 the model is:

Liesv) = - Yes0) + e ) - Va(t) | V3® (103)
L3 L3 L3
. sin 9wz 2 (t) N V3 sinezL2 (t) \'0) sin-e-é'ﬂ— (t)
s X21 L% Xa(l) - L2L3 X2

B2 yor(t) - Ya0R2 yo(p) - Y2OR2 )
L L3 L2L3

+ o L {Fs(t)} + Y300 (F3(t) - F30} - Y200 {Fy(t) - Fyo)
dt L3 L3

+P adE{H3(t)} + XIEQB{H3(t) - H3o} - %B{Hz(t) - Hyo}.

where

b, : Damping constant in dancer subsystem

F,(t) : Temperature of web

F,o  :Initial temperature of web

H (t) : Moisture of web

H, :Initial moisture of web

kg, : Spring constant in dancer subsystem
: Length of web span |
M, : Mass of dancer roll
R, : Radii of roller/roller
T, : Change in web tension from a steady-state operating value

Vv, : Change in web velocity from a steady-state operating value
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Vo :Steady-state operating value for web velocity

X, : Vertical displacement of dancer roll

X91 : Vertical velocity of dancer roll; x2; = X3

Yo : Angular displacement of dancer roll

yo; - Angular velocity of dancer roll; y1 = y»

o : Coefficient of expansion of web with temperature
B : Coefficient of expansion of web with moisture
Own : Wrap angle of web on dancer roll

and the subscript n is integer number,

and where
X2 = X21, (104)
y2 = y21. (105)

A force balance on the dancer roll taken in the vertical direction gives:

dxp = - 22—)(21 - kSZXQ_ - Tp + T3 sinewz. ’ (106)
t M, 2

dt M, M,

A torque balance on the dancer roll gives:

dy2n _ _Bp, o Roer, o T 107
" J2y:z1 —J;( 3 - T2), (107)

where
By, :Rotary friction constant of bearing in dancer roll

J, : Polar moment of inertia of dancer roll.



Torque balances on the driven rollers results in the following

equations:

2
diw,®) = -Baw, @) + R (1,0 - Ti)) + BiK,UL), (108)
dt J1 J1 J1

4 (Wa®) = - BBWs0 + B (Tu@) - T3} + REKUs(0), (109)
dt I3 I3 J3

where
B, : Rotary friction constant of bearing in dancer roll

J

n

U

n

: Polar moment of inertia of dancer roll

: Change in input to motors driving rollers 1 and 3.

From equation (28), the relationships between the motions of the

T et

web and rollers can be written as follows:
Vi) = Wi(t) - %;EI‘ [{1 ky(1 - eob) - e§p}e§(t) - € foel(t)]. (110)
Vi(t) = Wi(t) - -’%— [{1 k(1 - eoO3) - efp}ei(®) - €5oef(®)]. (111)

Since it assumed that there is no slippage between the dancer roll and the

web (assumption (3)),
Va(t) = Wa(t) . (112)

A: xmption (4) results in the following relations for the total elastic
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strains:

e5(t) = eo(t) - o {Fa(t) - Fo} - B {Ha(t) - Hyp}. (113)
e5(t) = e3(t) - o {Fa(t) - F3o} - B {Hs(t) - H3o}. (114)

From Hooke's law,

Ta(t) = AE€5(1), (115)
Ts(t) = AEe5(1). (116)

The unified model for the multi-span system in Figure 27 comprises
equations (102) through (116). This unified model can be used to develop a
mathematical model for a high order multi-span system which has more
than one dancer. The following sections summarize results of analyses of
systems which incorporate a dancer (1) for tension measurement and (2)

for minimizing disturbances.

Analysis of a Multi-Span System Incorporating

a Dancer Subsystem for Tension Measurement

The purpose of this section is to find guidelines for the selection or

design of the dancer for tension measurement. The study is focused on how
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much the dancer disturbs the system in which tension is to be measured.
Consider a multi-span system which incorporates a dancer subsystem for
tension measurement as shown in Figure 27. The following assumptions
were made for the analysis.

(1) No variation of web temperature or moisture,
(2) No slippage between the web and the rollers,
(3) No change in the tangential velocity of driven roller 1
(ie., W, =0.0).
Natural frequencies due to the translational inertia (@) and the

rotational inertia (®,) are as follows!:

W = ﬁi (117)
\/Aﬂz(_l_ 1y . (118)
L, L,

Dynamic Model

With assumption (3), the change in tangential velocity of roller 1 is:

W,(t) = 0.0 or w; = constant. (119)

The tangential velocity of roller 2 is:

Wa(t) = Rayai(1). (120)

1

See Appendix D for the derivation
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Equation (109) can be used for the tangential velocity of roller 3.
With assumption (2), the relations between the web velocities and

roller velocities are:

Vi) = Wi, (121)
Va(t) = Wa(t) , (122)
Vi(t) = Wi(t) . (123)

With assumption (1), equations (102) and (107) reduce to the

following:

(124)

d _ _ V2 V10 _ Vi) |, Vo)
dt{ez(t)} E—ez(t) + L—Ze 1(t) L, + L

in Qw2 nsin =22 Bw2 sin Qw1

iy Xo1(t) + _2_ Xa(t) - 2 2 x)(t)
L2 L2 Ll 2

+ Ry + Y20R2 oy - VI0RL gy,
L L3 LiL,

and

i{es(t)}—-ﬁﬂe 30+ Y20 - Valt) , Vs(t) (125)
L3 L3

sin &2 V3gsin &2 Voosin &2

+ —2 x91(t) + 2 x(t) - 2 xo(t)
L3 L3 2L3

-R2 g1 - YIR2 yy (1) - Y2OR2 g ),
L3 L3 LoL3
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Equations (113) and (114) for the total elastic strains reduce to:

e5(t) = e(t). (126)
e§(t) = e;(t). (127)

Equations (115) and (116) can be used to calculate tensions T, and
T;. The dynamic model for the analysis of the multi-span system using a
dancer subsystem for tension measurement comprises equations (103)

through (106), (109), (115), (116), (119), and (120) through (127).

Examples

The dynamic model for the multi-span system shown in Figure 27
was simulated with:step input to the motor driving roller 3 and with |
different combinations of @; (frequency due to the translational inertia of 4% 1{3
the dancer) and @; (frequency due to the rotational inertia of the dancer). v
A typical web material (polypropylene) and typical web transport system
operating conditions were used for the simulation (see Table 4). The
conditions were chosen such that the natural frequency and the open-loop
damping coefficient of the system without a dancer subsystem were g =
6.5 rad/sec and § = 0.2 respectively.

Typical results of the simulation are shown in Figures 28, 29, and
30. Figure 28 shows a case when ®; = 10 rad/sec and ®, = 60 rad/sec. In

this case, the dynamic tensions T, and T, are lightly damped without the

dancer subsystem, and are well damped with the dancer subsystem in
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operation. Figures 29 and 30 shows cases when o > 3w and ®; > 3w;. In
these cases, the presence (or absence) of the dancer subsystem has little
effect on the step responses T, and T;. That is, the dancer subsystem is
effective for tension measurement.

Based on a number of simulations, it was concluded that the dancer

subsystem is useful for tension measurement, if it is designed such that:

o> 3ws and o, > 3w;,

2
where @ = vioBs , AERS . jatural frequency of the
(La+L3)Js  (La+L3)J3

system without a dancer subsystem.

Analysis of a Multi-Span System Incorporating a

Dancer Subsystem for Minimizing Disturbances

The purpose of this section is to find guidelines for the selection or
design of the dancer for minimizing disturbances. The study is focused on
how much the dancer reduces the effect of disturbances in the system.
Consider the multi-span system in Figure 31 which incorporates a dancer
subsystem for disturbance minimization. The following assumptions are
made for the analysis:

(1) No variation of web temperature or moisture,

(2) No slippage between the web and the rollers,

(3) No change in the tangential velocity of driven roller 1

(ie., W; =0.0).



TABLE 4

PARAMETER VALUES AND SYSTEM CONDITIONS
FOR SIMULATIONS IN SECTION 3.3

Parameter Values

A =0.12in? c,  =2300 Ibf-sec/ft

d =120 in E = 350,000 1bf/in?,

h =0.001 in K, =04 Ibf-ft/volt,i=1,3
L, =10fti=2,3 R, =50in,i=1,2,3

Vo =1000 ft/min,i=1,2,3 pu =0.1

upo =0.033 w2 =3.14Rad

where
L, : Web span between roller 1 and dancer roll

L, : Web span between dancer roll and roller 3

System Condition<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>