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CHAPTER I
INTRODUCTION
1.1 History of the Robot System

The term "Robot" has been used as parts of the subject
in novels and movies for a long time. Under writers' and/or
film makers' description, these robots are humanoid not only
f in structure but also in capabilities; They can walk, they
: can talk, they can hear, they can see. They can help their
f masver answer the door, cleén‘the house, wash dishes, do
baby sitting, and sell goods at department stores =-- they
even can love and hate. TLike Artoo Deetoo in the movie
"Star Wars,” they even have some capabilities superior than
what human-beings have. But all these robots mentioned
above are so-called "Idealized Robots". They may be come
existence in the future, but not now.

The engineering, scientific and industrial community
. working in the area of robotics generally use the term
"robot"” to describe classes of machiqes which are capable
f of taking certain actions which were only associated with
humans. We are here more concerned about the function and
not the appearance. And what distinguishes‘a robot from

other machines is that it does not necessarily always repeat



¢
the same pattern of actions.

The development of manipulator systems started, about
fifty years ago, with the need of handling radioactive mate-
rials. In 1947, the Argonne National Laboratory initiated
a project to de#elop a device which could duplicate the hand
motions of a person at a remote control station. They built
the first manipulator with six degrees of freedom. And this
work resulted in the development of a series of mechanically
coupled "master-slave" manipulator systems. In the master-
slave system the motion of the master was duplicated by the
slave system, and the forces on the slave system were to
provide feedback to the master system. The disadvantage of
the mechanically coupled master-slave system is that the
master and slave units must be located fairly close to each
other. In order to overcome this disadvantage, later on,
Argonne National Laboratory developed electronically con-
trolled master-slave manipulator systems and Oak Ridge
National Laboratory developed hydraulic master-slave manipu-
lator systems. And several other companies produced some
of these master-slave manipulator systems including General
Electric's "Man-Mate" and La Calhene's "MA-23" in France.
Nowadays these kinds of master-slave systems allow people to
work remotely in distant, physically difficult or hazardous
environments. People use these systems in nuclear power
plants, underground, undersea, and outerspace; people even
apply these systems in micro-surgery whereby the surgeon's

precision can be increased by several orders of magnitude.



But all these master-slave manipulator systems men-
tioned above need a human operator to monitor,.make deci-
sions, and bontrol it all the time. For these reasons this
kind of systems 18 not good for tedious and repetitive
tasks or remote control at a very long distance which may
cause time delay. Sheridan described "supervisory con-
trolled manipulators"” which operated partially under com-
puter control and partially under human control, and Ernst
described automatic manipulator systems which carried out
the tasks cdmpletely under computer control, involving
sensory information about the environment in 1961. The
first generation of automatic inustrial robot was built by
Illinois Institute of Technology Research Institute in 1971.
Now we have thousands of first generation industrial robots
in this country. "Unimate" and "Puma" by Unimation Inc.,
"T-3" by Cincinnati Milacron, . . . etc., are the best known
modern industrial robots. They have been used in automotive
and other mass production industries for welding, painting,
assembling, . . . etc. Some other famous robot manufac-
turers in other countries are KAWASAKI in Japan, VW in West
Germany, ASEA in Sweden, COMAU (a FIAT owned company) in
Italy, RENAULT in France, . . . etc.

First generation industrial robots are controlled by
| minicomputers or microcomputers. One can either input the
coordinates of working positions and some other data to the
computer and let computer calculate the working path, or

one can teach the robot by leading it to do the work once,



the computer will memorize the whole process, and then the
robot will repeat what it did before. So this kind of
industrialyrobots are good for doing tedious and repetitive
tasks. But this can not satisfy all situations on the pro-
duction lines. For example, the robot cannot see, so it
does not know where the machine part is, it can not distin-
guish one part from another either. Because it has no force
feeling, the robot may crush the bottle which it wants to
‘pick up. This has led the robot research and design group
.to incorporate several kinds of sensors on robots. The
~second generation of industrial robots may be equipped with
vision sensors so it can see, with proximate sensors so it
knows its hand is now near some object, with the force and
torque sensors it knows how much force/torque it applies on
the object. Some of these second generation industrial
robots are already used on the assembly lines of aircraft
and auto-industries.

Now, the industrial robots are designed to do more than
humanbeing can do, and even can do something that we cannot.
Not only can the robots work three shifts a day without
coffee breaks, but also they work in noisy, hot, fumy, radi-
ative places without any complaints. They will never go on
strike; they will never ask for promotions. Their produc-
tivity and quality are quite stable These are some of the
reasons why an industry prefers the use of robots on produc-
tion lines. Especially in the last decade, when oil crises,

economic depression and high inflation have hit the whole
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world. Robot seem to be providing paratial answers to some
of the productivity problems in U.S. industries. The one
who can increase the productivity and decrease the cost at
the same time may survive. Incorporating the use of robots
on assembly line appears to be one of the best solutions.

It appears that the Robot Revolution is just begining [177].

1.2 Kinematics in Robots and

Manipulators

Robotics is a big interdisciplinary science and calls

for people with expertise in different fields of engineering.

:It needs a kinematician to study the geometry and classi-

fication ¢f robots, needs dynamics and control people to
study the forces and control the motion of robots. It needs
people to develop different kinds of sensors to make the
robot see the object and feel the forces/torques applied on
it. Computer specialists are trying to develop new high
level robot languages and increase the intelligence of
robots. New computers with high computing speed, large
memory storage but with a small size are in need for de-
veloping robots of new generation.

This study will concentrate on the kinematics of

robots and manipulators only. Some of the significant

“problems solved in this area are:

1. Clasgification of robots and manipulators.
2. Joint displacement analysis.

3. Extreme distances.
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.  Reachable working space.
Performance .

. Path synthesis.

~J N U &

. Link parameter synthesis.

1.2.1 Classification:

Most robots/manipulators can be represented by an open
loop chain. Theoretically, kinematic pairs such as revolute
pair (R pair), prismatic pair (P pair), cylindrical pair
(C pair), spherical pair (S pair), helical pair (H pair), .
. . etc. , can be used for conhecting links. But from a
practical point of view R and P pairs have proved to be most
useful. The C or S pailr may be made kinematically equiva-
lent to the combinations of R and P pairs. The type of
pairs and non-zero link parameters cah be used to classify
the manipulators [36]. Degrees of freedom of the last link
(end effector) can be used to ciassify a robot also. When
the number of degrees-of-freedom of the last link is less

than the number of joints we call it dege@éracy. A robot

with zero link parameters may cause degeneracy. Duffy list-
ed all possible spatial mechanisms with R, P, and C pairs
having one overall degree of freedom [11,13]. Pieper and
Roth examined the solvability and orientation restrictions
in 6R manipulators {36, 39]. Because R pairs describe the
orientation of the robot hand (end effector) and P pair
cannot, Makino used the rank as a function of the number of

R pairs of a robot, to classify the robot [287.



1.2.2 Joint Displacement Analysis

Given the displacements at each joint, finding the
location and orientation of the last link (end effector) of
a given robot/manipulator is a quite straight forward work.
It just involves the multiplication of displacement matri-
bes. But given the locations and orientations of the last
link, finding the displacements of each joint is quite dif-
ferent from the first kind of problems. The latter problem
involves solving complex simultaneous algebric equations.
Analysis of a single-loop spatial mechanism becomes a diffi-
cult subject when the mechanism has more than four links,
 some problems are yet to be solved [36]. Analysis of spa-
tial five link mechanisms have been done by several authors
like Duffy [6-87, Soni [447, Yang [537], and Yuan [5&].
Duffy [14] finally worked out the displacement analysis of
general spatial 7-1ink, 7R mechanisms. All of these are
helpful for joint displacement analysis of robots and mani-
pulators.

Pieper [36] used (4 x 4) matrices to solve the joint
displacement of 6R manipulator containing three intersecting
revolute axes. He also presented analytical solutions for
manipulators with any three prismatic joints. Numerical
methods can also be used to solve thé robot joint displace-
ment problem when explicit solutions are difficult to get.
vPieper [36] developed a procedure based on velocity methods

which proved to be superior +to the widely used Newton-



Raphson technique. Melendovic [30] divided the robot into
two parts: "major mechanism” and "wrist mechanism”. 'Major
mechanism provides the "gross motion” of the robot, and
wrist mechanism, having rotary joints, provides the orien-
tation and local motion of the robot hand. He also develop-
ed a rapidly converging iterative procedure, that is needed
only during off-line editing of input data and can do real

time motion synthesis employing closed-form solutions.

1.2.3 Extreme Distances

A study of extreme distances of the joints and hand of
a robot is important. It will help us to understand how the
types and number of joints, and dimensions of linkage are
related to the work spaces of robots. Shimano and Roth [ 42,
437, using Plucker line coordinates, developed an iterative
method for determining extreme distances between axes of a
robot. Sugimoto and Duffy [47,48] presented an iterative
method for searching eitreme distances between a base point
and the center point of the robot hand or extreme distances
between the center point of robot hand and the first joint

axis of the robot.

1.2.4 Reachable Working Space

The reachable working space is defined as the region
(or volume) within which every point can be reached by a
reference point on the robot (manipulator) hand. Sometimes

the working spaces are assoclated with the specified orien-



tation‘of the robot (manipulator) hand. The working space
of a robot is one of the most important specifications to
either robot designer or user. 6£e must arrange the pro-
duction line properly such that the working processes are
within the working spaces of robots. And the working space
can be used to measure the efficiency of a designed robot
mechanism..

Roth [39] presented the working spaces of some robot
mechanisms. Tsail and Soni [ 50] solved the accessible re-

j gions of rébot arms for planar case in closed-form and
provided design charts. Kumar and Waldron [ 25-26] has pre-
sented a numerical method to trace the bounded surface of
the working space of manipulator with ideal R pairs. They
applied a force to the robot hand and moved it. The method

is also applied to a manipulator having prismatic joints

with motion limits.

1.2.5 Performance

There are some criteria for judging the performance of
robots/manipulators. If two manipulators have the same
scales after normalization, the one with larger working
space is superior [517]. Besides working space, the dex-
terity quotient and approach angle are also very important
measures [347]. Some other promigsing measures are number of
possible different configurations [407, quality index or

service coefficient and volume of motion [18,207].
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1.2.6 Path Synthesis

When we use a robot to do welding work, the welding
path defines the path and orientation of the robot hand.
But in many cases when a robot moves from one working
station to next working station, there are no special
requirements on the location and orientation of the robot
hand between working statiops. Therefore one could let the
robot move arbitrarily between working stations, or let it
mbve in some special manner such that it will satisfy one
or some of the following criteria:

1. Minimum energy consumption [ 527 .

. Minimum time (maximum rate of speed) [ 18,52] .

. Minimum total joint displacement [ 18] .

5. Minimize the maximum joint force .

2

3

L. Smooth curve [20,30] .

5

6. Obstacle avoidance £18,27,36] .
7

. Compromise of 1 and 2 [18,52].

1.2.7 Link Parameter Synthesis

Shimano [ 43] has derived equations to synthesize link
parameters for two and three link mechanisms with R joints
when one or more extreme distances between axes of rotation
are specified. He also extended his work to N-link mecha-
nism. Tsai and Soni [ 50] has presented the synthesis of
two and three link robot arms when working stations and

approaching angles are specified.
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Synthesis of link parameters of robots and manipulators
is a very practical problem. It will help the robot and
manipulator designer to design a more efficient and more
versatile robot for complicated performance requirements.

We need more work to be done on this area. A general algo-
rithm for synthesizing 1link parameters of general robot
mechanisms is not developed yet.

Table I is a brief survey of the kinematics in robots

and manipulators.
1.3 Present Study

The objectives of the present study are to develop
synthesis procedﬁres to synthesize the link parameters of
industrial robots from the simplest 2R planar case up to
the most versatile 6R spatial cases for a prescribed working
space. In general, the synthesis problems of robots/manipu-
lators may consist of three levels, they are:

1. Link position analysis: Given all link parameters
and joint displacements of a robot/manipulator, find the
locations and directions of the end link or/and other links
and joints.

2. Joint displacement analysis (synthesis): Given all
link parameters of the robot/manipulator and the position
and direction of the robot hand, find all joint displace-
ments.
| 3. Link parameter synthesis: Given the directions

and/or locations of the robot hand (or the working space



TABLE T

A BRIEF SURVEY OF KINEMATICS IN ROBOTS AND MANIPULATORS

Category Author Remark
Pieper,Roth Present a robot by the types of kinematic pair and
non-zero link parameters.
Classification of Robots Duffy List all possible spatial mechanisms which can be
and Manipulators converted to robots and manipulators.
Makineo Classify the robots by the rank (the number of R

joints) and the degrees-of-freedom.

Joint Displacement Analysis

Yang, Yuan, Duffy
Soni, ... et al.

Duffy

Pieper, Roth

Milenkovic

Analysis of spatial five-link mechanisms

Displacement analysis of general 7-1ink, 7R
mechanisms.,

Joint displacement of 6R manipulators containing three
intersecting revolute axes, and numerical solution for
general 6R robots.

Consider the robot as two parts, major mechanism and
wrist mechanism. Solve for the displacement by using
a partially iterative procedure and partially in a
close-form.

Extreme Distances

Shimano, Roth

Using Plucker coordinates, developed an iterative
method for determing extreme distances between axes
of a robot.

A



TABLE I (Continued)

Category

Author

Remark

Extreme Distances (cont.)

Sugimoto, Duffy

Tterative methods for:

1. BExtreme distances between a base point and the

center point of the robot hand.

2., Extreme distances between the center point of

robot hand and the first joint axis of the
robot.

Working Spaces

Roth

Kumar, Waldron

Tsal, Soni

Some observations about the working spaces of
manipulators.

1.

By applying a virtual force at the robot hand,
plot the boundary contour of the working spaces
on a Pplane containing the base axis of the robot.
(Iterative method.)

Restricted to manipulators having ideal revolute
joints or prismatic Joints with motion limits.

Closed~-form equations and design charts for work-
ing spaces of 2R robot arms (planar case).
Will be extended to 6R general robots.

Performance

Vertut

Flatau

Roth

Evaluate the performance of a robot by its working
space.

Evaluate the performance of a robot by its dexterity
angle.

Evaluate the performance of a robot by its number of
possible different configurations.

€T



TABLE I (Continued)

Category Author Remark
Performance (cont.) Kobrinsky Evaluate the performance of a robot by its service
coefficient and volume of motion.
Vukobratovic Synthesize the path by,

Path Synthesis

Frolov, Kobrinsky

Mikenkovic
Pieper, Roth

Loeff, Soni

1. Minimum energy consumption.
2. Minimum time or maximum rate of speed.
3. Compromise of 1 and 2.

Synthesize the path by,

1. Maximum rate of speed.

2,  Minimum volume of motion.

3. Compromise of 1 and 2.

4, Obstacle avoidance.
Use curve fitting method to generate the path.
Obstacle avoidance path synthesis.

Obstacle avoidance path synthesis.

Link Parameter Synthesis

Vukobratovic

Pieper, Roth

Tsai, Soni

Synthesize the 1link parameters for a given path.

Synthesize the link parameters for given extreme
distances.

Synthesize the 1link parameters for given working
stations.

#1
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which is accessible by the robot hand), find all link para-
meters of the robot/manipulator to be designed.

The first level of the link position analysis problems
is a pretty straightforward work; the second level of the
joint displacement analysis is not so easy when the robot
consists of more than four joint in general case. _The joint
‘displacement analysis of a general 6R robot in closed-form
was believed to be impossible for several decades. Only
“recently, Duffy [147] presented the solution for general
7-link, 7R closed loop spatial mechanisms. The lasf level
of link parameter synthesis problems is even more difficult
than other levels that could be expected in'general case.

A n-R robot/manipulater has 3n time-independent link
parameters (ai, oy and S: i=1,2, . ., n) and n time-de-
pendent joint displacements (ei, i=1,2, .. ,'n). For a
6R robot it contains 24 parameters, but for a rigid-body
motion it has only six degrees of freedom. In other words
to syntheize a robot for a prescribed working space may be-
come gﬁoptimization problem. One may solve this problem by.
optimizing all the parameters at the same time. But one
may solve the problem in an alternative way, study the
effects of the link parameters on the sub—étrﬁctures of the
robot first and arrive at the optimal values of some link
parameters or some relationships among link parameters. In
this way one may reduce the number of parameters in the.
final optimization problem and may simplify the original

‘problem of synthesis significantly.
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In order to achieve the final objectives, the present
study:

1. develops algorithms to plot the contours of the
working spaces of robots/manipulators which may
consist of two, three or any number of revolute
joints with or without limitations on the ranges of
joint motions.

2., studies the effects of 1link parameters on the
working space and dexterity of the regional struc-
ture and orientational structure of robots/manipu-
lators.

3. develops the link parameter synthesis procedures
for 2R, 3R, 4R, 5R and 6R robots.

Chapter II develops the algorithms to plot the contours
of working spaces of 2R, 3R and nR (in general case)
robots/manipulators. The revolute joints may have limita-
tions on range of motion. The contour may be plotted on an
arbitrary plane. The robot hand can be treated as a point,
a line or a rigid-body. Chapter III presents the effects
of the link parameters of general 3R robots on theilr work-
spaces and dexterities. Chapter IV develops the synthesis
procedures for 2R, 3R, 4R, 5R and 6R robots. Finally,
Chapter V presents summary and conclusions of present

study.



CHAPTER II
WORKSPACES OF ROBOTS/MANIPULATORS

The workspace (accessible region) of a robot/manipula-
tor is defined as the region (area or volume) within which
every point can be reached by a reference point on the
brobot/manipuiator hand (see Figure 1). Sometimes the work-
spaces of robots/manipulatofs are associated with the speci-
fied orientation of the robot hand. In other words, the
robot hand not only can reach every point within its work-
space, but also can reach these points in a specified
direction. The workspace is one of the most important
specifications of a robot/manipulator. One must arrange.
the production line properly such that the working stations
are within the workspaces of robots. And the workspace can
Dbe used to measure the efficiency of a designed robot/

manipulator mechanism.
2.1 Workspaces of 2R Robot Arms

The planar 2R robots/manipulators are very useful in
the packaging industries due to their simplicity, low price,
and capability of doing high speed jobs. Figure 2 shows a
2R robot arm in a X-Z reference frame. The coordinates of

point B can be written as

17



Figure 1. The Workspace of a
Robot

B(x, z)

Figure 2. The Workspace of
a 2R Robot
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= p Sin(e, + o

1

-
1

1Sln61 + 22

zlcosel + BZCos(e1 + 62)

N
I

From Equation (2.1) and (2.2), one can get the

following equations:

2

. 2 , 2 _ \
(x - % Slnel) + (g - £1Cosel) = 2, (2.3)

1

X2 + z2 = £ 2 4 £ 2 4 28

> £2Cose

(2.4)

1 2

Obviously, -both Equation (2.3) and Equation (2.4)

; represent loci of circles. More important, 91 and © are

2
not interrelated, i.e. 61 only appears in Equation (2.3)
and 6, in Equation (2.4). From Figure 7, it is easy to find
that Equation (2.3) describes the circular arcs DF and EB,

and Equation (2.4) describes the circular arcs<§§/and_ﬁﬁ.'
Extending these results, one can use Equation (2.3) and
Equation (2.4) to construct charts for general workspaces of
2R robots/manipulators. Figure 3 through Figure 5 demon-
strate the workspaces of 2R robots with different link
ratios. And one can easily get the workspace of a 2R robot
, (6,)

are specified. The shaded region in Figure 3

when the ranges of motion (61) (o , and

(

demonstrates the workspace of a 2R robot with 61 varying from

min max ’ Z)min

eZ)max

0° to 60° and o, varying from 30° to 120°.

2
The workspaces of spatial 2R manipulators will be torus

surfaces [ 15].
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Figure 3. The Accessible Region
of the 2R Robot arm

(;zz/zl»‘ = 1.0)
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Figure 4.

The Accessible Region
of the 2R Robot arm

(22/'21 = 0.5)



Figure 35,

The Accessible Region of
the 2R Robot arm

(zz/zil= 2.0)
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2.2 Workspaces of 3R Robots

2.2.1 The Most Popular 3R Industrial

Robots

Figure 6 shows the most popular 3R robot. The coordin-

ates of the robot end can be expressed as,

X = CoseO[zlsinel + ZZSin(el + 92)] (2.5)
y = Sineo[zlSinel + £,8in(e, + 92)] (2.6)
z = b +7[£1Cos61 + 22008(61 + 92)] (2.7)

The contour of the robot/manipulator can be described

by following equations:

X = yCoté , 2.8
[(x% + y2)% _ 5.5ine. 1% + (2 - 2.Cose, )%= 2.2
1 1 A 1 1 2
(2.9)
2 2 2 _ 2 2
x° + y© o+ (z—zo) = 8,7+ 4,7+ 28,4,C086,
(2.10)

When 0= 0, i.e. on a cross-section plane containning
Z axis, the contour of the workspace of the 3R robot will be
the rsame as that of a 2R robot. In other words, the work-

space of the 3R robot mentioned above can be obtained by

simply rotating the workspade’df the 2R robot about the Z



(x,y,2)

/ ~

Figure 6. The Most Popular 3R Robot
Mechanism
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"Figure 7. The Workspace of a 3R Industrial
Robot
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axi . i
Xxis through a range from (eo)mln to (eo)maX (see Figure 7).

2.2.2 General 3R Robots/Manipulators

The workspace of a general 3R robot (see Figure 8) is
difficult to be described by simple equations. It is con-
venient to plot the workspace on a plane containing the
first joint axis. And then rotate the plane about the
first joint axis througth the entire range of motion to get
the workspace of the 3R robot/manipulator in the space.

From Kinematic points of view, links and their asso-

ciated joints can be defined by four parameters ajr Q398

it
and 6. as shown in Figure 9. {
aj The length of the common normal between two joint
axes Z.l and Zi+1‘
;e The angle between axes Zi and Zi+1 measured in al
right-handed sense, along the axis Xi+1' This
is called the skew angle or the twist angle of the
i 1ink,
S;% The distance along the joint axis Zi from the
common normal between X, , and X,. |
ei: The angle measured, in a right-handed sense along

Z. axis, from ai_l'to aj - This is the angle of

1
rotation of the i link with respect to the

(i-1)"" 1ink,
The relative change in the orientation and positibn from

(X Y (X.

50 Yoo Zi) due to the joint i can

1417 Ti41r Zieq) tO



X

Figure 8.

The CGeneral 3R Robot
Mechanism
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Figure 9. Link Parameters of Joints
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be stated as:

{'&l} = Ai {_}Eiﬂ}
where: '
Kiagd = Egagr Yiago
~and
@ose. -Siné. Cosa.
i i i
Sinéo, Cos6. Cosa.
1 i i
A, =
1 0 Sina,
i
0 0

i+1’

1)7

Slnei Slnai
-—Cos@.l Slnai
Cosa.

i

0

29

(2.11)

N

a. Cosb,
i i
a. Sind.
i i

S.
1

For n link robot or minaipulator, the coordinate systems

will be:

(%, = &, {X,,)

where

1n 172 " " "n

(2.12)

Using Equation (2.11) and Equation (2.12), one can get

the coordinates of the end point of the third link in (X

Y., Zi) reference frame,

1’

. X, = a3 Cose2 Cose3 - a3 Sln92 Cosa2 Sln93

1
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Coso, +

+ . .
S3 Sln62 Slna2 + a o al

2
(2.13)

yq = aBCosalslnGZCOSQ3 + aBCOSQ1COSGZCOSQZSln93
--;aBSileSinchSine3 - SBCosalCosez‘Sina2

- SBSinalcosa2 + aZCosaISinezr— SZSinGL1
(2.14)

zl‘=‘a381na181n62Cose3 + aBSlnalCose_ZCosa2 Sln93
+ aBCosalsiHQZSinQB— SBSlnoclcoselena2

+ 5 Cosalcosa2 + aZSinoclSlne2 + 8281na1 + S1

3
(2.15)
The polar projection of (Xl, Yy Zl) on to the X, - Z,
% ,'*' * ’ 1
plane will be (x1 s, O, zq ), where Xy = (X12 + y12)2
¥*
and Zy = Ly o

By increasing 0, and 63 a small quantity at a time

through the entire ranges of motions, one can get the work-

el

space of the 3R robot on Xl—Z1 plane. One must note that
the cross-s%otion area of the workspace obtained by this
method is correct only when the cutting plane is away from
the motion limits of the first joint. This method will be
used in Chapter III to study the effects of the link parame-
ters on the workspaces of 3R regional structure of robot/

manipulators,
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2.3 Workspaces of n-R Robots

The boundary contour of the workspaces of some robots/
manipulators having three or less links may be described by
explicit equations [50].~ But in general case, the boundaries
of workspaces of n-link robots are very difficult to be des-
cribed by equations in an explicit way. It is convenient to
use an arbitrary plane which cut the workspace and plot the
boundary contour on this specified plane (see Figure10). By
rotating or moving the plane, one can determine the three
dimensional workspace of the robot. In practical applica-
tion, the workspace on a specified plane is very important
when the robot works on an inclined working surface as shown
in Figure 11.

In order to plot the contour of the workspace on an
arbitrarily specified plane, the following steps have been
used :

1. Locate the robot hand on the specified plane.

2. Move the robot hand on the specified plane until it
reaches the boundary of the workspace.

3. Move the robot hand on the'specified plane from one

position to its neighboring position along the boundary of

the workspace.

2.3.1 Tocate the Robot Hand on the

Specified Plane

To locate the robot hand on the specified plane belongs



X Yo
Ly /

Figure 10. The Workspace on an Arbitrary Plane
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X

Figure 11.

An Example of the Workspace on an
Arbitrary Plane
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to a joint displacement analysis problem. When two subse-
quential rigid-body positions of the robotvhand of a 6R
robot are given, one can use either Newton-Raphson method
or velocity method [36] to solve the joint displacements of
the robot. But when the robot hand is treated as a point
or a line, or when the robot{consists of more than six
revolute joints, then the number of unknowns (joint dis-

- placements) will be more than the number of independent

* equations. In this case one may need to find some other

methods.
Now consider there is a small increment on the ith
joint displacement,
0. = 6. + 56. (2.16)

1 10 1

where eio is the old joint displacement and 691 is the small
increment. Substitute Equation (2.16) into (2.11), and ex-
pand the terms Sin (eio + sei) and Cos (eio + Gei). For

small 691, let Sin Gei =/Oyand Cos 69i =‘1, it yields:

S @, - S
_ ,0 o)
Ai = Ai + aei Bi (2.17)
where:

7 - . . N
Cose:.LO —Slneio Cosoci Slneio Sln&i a; Coseio
Slneio Coseio Cosai —Coseio Slnai ai Slneio

o)
Ai =
0 Slnoc.l Cosai Si
. 0 0 0 1 )




and
g
-3ing. -Cos6. Cosa.
io io i
Cose.lO —Sineio Cosai
o)
B. =
i
0 0
0 0

S
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CosH. Sina. =-a. Sind.
io i i io
Sinfd. Sina. a. Coso.
io i i io
0] 0
0 0

If one is interested in coordinates {xo} on an arbitrarily

specified plane (see Figure 10) rather than {Xl} on the

base joint of robot.

as,
{&o} = AOn £Xn+1}
where:
Aon = AO Al AZ .
4 xﬁHﬂﬁ,‘ """
e Viof%;M> dordy
Ao i | A Y
koody  Eoody
0 0

\

Equation (2.16) should be modified

(2.18)
i N
- (€]
e
(@]
dotky Yy
(s, ( 2 . 1 9 )
v 0 Je
k .k ~-Z N ree
O 1 C {‘_i»'l ‘v'\z{j
0 1

Substitute Equation (2.17) into (2.18) and simplify, to

get
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(2.20)

(2.21)



37

Where 8L oL 6L &M ON 6N2, and 6N3 are

1! 2’ 3’ 1’ 3’ 1,
referred to the change of orientation of the last coordinate

6M2, &M

from {§n+1} with respect to the reference frame {&o}. And

6X oY and 6Zo are referred to the change of position.

o’ o’

Since there are only six degrees of freedom for a rigid
body motion, one can get only six independent equations from
twelve nontrivial equations in Equation (2.20). One can

choose the following combination without losing the giner-

ality,
“6X_ = £. (s0,, 66 50 ) (2.23)
w o "1 1’ 2! " n -23
ot Sey = £, (80, 86,, 80, ) (2.24)
8%, = o (864, 865, + . . 80 ) (2.25)
6Ly = £, (66, 86,, 80 ) (2.26)
oMy = £, (66, 665, « « . 86 ) (2.27)
6Ny = T (60,, 665, + . . 80 ) (2.28)

Of course it is not necessary to choose 6L3, 6M1, and
6N3 in Equation (2.26), (2.27) and (2.28) all the time.
One may choose some other combinations, according to his

convenience, like

l

1. 6L3,-6M and 6N, when the robot hand is perpen-

1 1
dicular to the axis of last joint axis and it (the robot

hand) is treated as a rigid-body.

2. ©ON 6L1 and 6M1 when the robot hand is along the

3’
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axis of the last joint axis and it is treated as a rigid-
body.

3. 6L3, 6L, (6L2) when the robot hand is perpendicu-
lar to the axis of last joint axis and it is treated as a
line.

L., &N

&N (6N ) when the robot hand is along the

3’ 1
Wt
axis of the last joint axis and it is treated as a-wigid=

body
Because Equation (2.23) through (2.28) held only when
66

&6 aen are small, one must put upper and lower

1’ 2’
bounds to them. In this way it makes sure that every 5ei
will be small and every ei + 5ei will be within the limit
positions of that joint. But-at the same time we want the
robot hand move to the specified plane as fast as possible.

This leads to a linear programming problem with equality

constraints and bounded variables. It may be stated as,

maximize (or mlnlmlze)réiL —‘f3 (661 8651 « + . aen)
subject to: Tern it TLiec
61!3 = fL‘/ (691’ 562, . . . ’ 691’1) (2-29)
6M1 = f5 (661, 662’ . . . y éen) (2.30)
6N3 = f6 (691, 592) . . . 9 59n) (2-31)
and
(691)m1n - 69i = (661)max (2.32)



/
SAGITTAL PLANE

J-—X|

HORIZONTAL PLANE

Figure 12, Typical Plane for Plotting
Workspace
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where 6L 8M, and 6N, are the required changes in orien-

3’ 1 3

tations of the robot hand from some’initial state to the
specified state. If the required changes in the orien-
tations are big, it may lead the problem to have no feasi-
ble solution. In this case one should break 1t into some
intermediate steps and make 6L3, 6M1, and 6N3 small., If

the robot hand is treated as a point, the equality con-

straints (2.29), (2.30) and (2.31) should be deleted.

2.3.2 Move the Robot Hand to the

Boundary of the Workspace

After moving the robot hand on the specified plane,
the next step is to move the robot hand on the plane along
XO axis. It means 6Yb = GZO = 0, If the orientation of
the robot hand 1s kept unchanged also, then 6L3 = éMl =
6N3 = 0. Of course we also want the robot hénd to move

toward the boundary of the workspace as fasf as possible

while all 661 are kept small., It yields,

maximize 8X_ = f, (691, 505, « o 6en)
subject to:
\\
oA
T, (864, 865, « . . 86 ) = 8Y ="0 (_\) (2.33)
£y (80,5 86,, . 86 ) = 82, = 0 (2.34)
fu_(éey 86,5 « .+ . 5en) = 8Ly = 0 (2.35)
= =0 .
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T¢ (60 865, + o & 5en) = 5N3

]
o

L (2.37)

and

(86 86. < (2.38)

OL IV R Uy ) .
i = 1, 2, T ¢ ] L,,/%\Mg, éél \\‘9' "‘:59'“‘,,\,“
Vi _89‘;\”‘," i (8@;>W\l’\

In case the orientation of the robot hand is not required

to be held constant, the constraint Equations (2.35), (2.36)

- I - Z :;: 3 "4
and (2.37) should be deleted. 5 # ”#‘ - e
5\ s ere
- _ vz T AP
2.3.3 Trace the Contour of the o5
Workspace

Once the robot hand has reached the boundary of the
workspace, the last step is to trace the contour of the
workspace. One may use Mason's contour method [297] or its
modified method by Cordray (Appexdix B) to plot the contour.

Before one can apply COrdfay's méthod he needs to
detect if a adjacent meshpoint is inside or outside the
boundary. Let X, Y, Z, L3’ M,, and N3 are the position and
orientation of the robot hand which is inside the boundary
in the last step. And the robot hand wants to move to the
adjacent position (X+8X, Y+8Y, Z) without changing its
orientation. From Equation (2.23) through (2.28), we get

£, (864, 865, « v ., 66.) = 86X (2.39)
T, (860, 665, « o o, 5en) = 8Y, (2.40)



be

£, (60, 80, . . ., 80) = 0 a1 (2.41)
£, (804, 865, « o ., 80 ) =0 "7 (2.42)
£, (804, 80, « . ., 68,) =0 N (2.43)
£, (80, 805, + . ., 80 ) =0 5V (2.44)

If the robot consists of six revolute joints, i.e.
n = 6, then there are six unknowns and six independent

equations. One can solve 661, 66 , 696 and check

2, . .

0, + 606 0, + 662, e e ey 66 + 696 if all of them are

1 1’ 72
within their motion ranges. In this way one can tell if
the robot hand can move to this adjacent point or not.

But in general case the number of unknowns may be more than
the number of independent equations. For example, 1if the
robot hand of a 6R robot is treated as a point then there
are six unknowns 691, 662, e e 666, and only three

independent equations, Equation (2.39), .(2.40) and (2.41).

It leads to an optimization problem. In general case, 1t

yields
maximize the objective function af1 + bf2
subject to:
o
£, (804, 865, « o v, 5en) =8X_ (2.45)
O
T, (691, 8505, < 5en) = 8Y (2.46)
T (591, 8655 « v, 66n) =0 (2.47)



Ty (691, 66,5, . ’ 5en) = 0

fS (661, 665, « .+ v, éen) =0

f6 (691, 692, e ey aen) =0
and

(6ei)min < 66, < (éei)max

i=1, 2, . , N

a, b are constants.

43

- (2.48)

(2.49)

(2.50)

(2.51)

If the adjacent position (X+6X, Y+8Y, 0) is inside the

boundary and &X,

§Y are small then the above equations

should have feasible solutions.

solution exists.

position inside or outside the contour.

Otherwise no feasible

In this way one can tell if the adjacent

Then apply

Cordray's method (see Appendix B) to plot the contour of

the accessible workspace.

2.4 Verification and Limitation

A popular 6R robot has following kinematic parameters,

a4

I

1}

n
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0.0
0.0
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-90°
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0.0 a6
0.0 83
0.0 86
0o a3
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0.0
0.12
oo
0°)



Ll

ar)
i

1 -120° to 120°
’62 = 0° <o 90¢°
93 = =120° +to o°
94 = -120° to 120°
95 = =30° to 210°
96 = -240° +to 240°

Computerize the algorithm developed in Section 2.3 and
plot the workspace of this robot on following planes,
1. The sagittal plane of the robot, i.e. the X1—~21
plane of the robot.
2. A Horizontal plane at the base joint, i.e. the
Xl— Yl plane of the robot.
Figure 13 shows the accessible workspace of this robot at

these planes}

The algorithm developed in Section 2.3 is based upon
the hypothesis of small increment of joint displacement at
each joint. This leads to the following limitations:

1. In order to get good results, one should select

$6 60
n

1° [~ I R
For a normalized robot, like the robot in the above example

small step size for &X, 8Y, 8Z, &6

which has unit total 1link length, one can choose 6x, 8y, 6z

equal to 0.002 and 661, 56 5en equal to 2.5° as the

2’
starting values and make adjustment later on if necessary.
2. If the robot consists of joints which can rotate

from negative range of motion to positive range of motion,
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the workspace of this robot will probably consist of several

sub-workspaces corresponding to different configurations of
joint motions. Figure 14 shows a 2R robot of this case.

. In order to move from one sub-workspace to the other one,
the robot links should be fully extend out then fold into
other configurations. In other words, the joint displace-
ments change from some negative values to zero first, then
to positive values. This also true for a n-R robot. It is
suggested to plot the contour of workspace from fully
extended position in counter clockwise direction first then
in clockwise direction. Combine these two sub-workspaces
to get the werkspace of the robot. For more complicated
cases it also suggested to asign different values (say 1,
0, -1,) to the constants a and b of the objective function
in Section 2.3.3. 1In this way one could hope to find the
entire workspace of a given robot with complicated joint

displacements.
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(a) On the Horizontal Plane (as a Point)

Figure 13. The Workspace of 6R Robot on the
Specified Plane
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Figure 13. (Continued)
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CHAPTER III

EFFECTS OF LINK PARAMETERS ON THE
WORKSPACES AND DEXTERITIES
OF ROBOTS/MANIPULATORS

From a kinematics point of view, each revolute joint
has three time-independent link parameters (a, a; and s) and
. one time-dependent joint variable 6. For the general rdbot
shaving six revolute joints, it has 18 link parameters and 6
joint variables. Because the workspace is affected by so
many parameters and variables, it is very difficﬁlt to
analyze the effects of all link parameters on the workspaces
at the same time. Fortunately, the structures of industrial
robots can be divided into two parts: "regional structure"”
and "orientational structure.” The regional structure, con-
sisting of shoulder and arms, contributes the gross motion
to the robot hand. The orientational structure, consisting
of-the wrist and hand, contributes thé orientation to the
robot hand. When there 1is a load appiied on the robot hand,
the torques existing on the joints near to the shoulder
(base joint) are much larger than that on the joints near
to the hand most of the time. From minimum energy consump-
"tion point of view, one wants the joint displacements of the

regional structure as small as possible when the robot

50
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hand works around some working stations. So it is better to
have a large regional structure and small orientational
structure. Considering the primary and secondary working
space of robots, Gupta and Roth [19] also point out the
same conclusion. The working space of a robot, with a large
regional structure and small orientational structure, is
‘dominated by the regional structure. In other words one may
almost understand the characteristiés of the workspace of

1

"the robot by studying the workspace of its regional struc-

ture. And onhe can check the dexterity, the capability of
reach the working station in any direction, of the robot by

studying its orientational structure.

3.1 Effects of Link Parameters on the

Workspaces of Robots/Manipulators

In order to study the effects of link parameters on the
workspaces 6f general 3R regional structures of robots, one
may compare the shapes and volumes of workspaces of robots
with different link paremeters. Before comparing two
robots, one should let these robots have the same total 1link
length and same joint displacements. TFor convenience let
the total of lengths Of,a{;NFngligkﬁmbgwgggal,ig¢mmi, and
let all the joints make a complete rotation. Using the
method described in Section 2.2, one can write computer
programs to plot the contours of the workspaces and calcu-

late the volumes of the workspaces of general 3R regional

structures of robots/manipulators.
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The effects of link parameters (a, o and s) on the
workspaces of spatial 3R robots have been studied in the

following sections.

3.,1.1 The Effect of Link Parameters

2y 2 and a3

Tables II, III and IV show the effect of ags Ay and

a5 on shapes of the workspace, and Figure 15, 16, and 17

present some illustrative plots of the normalized volume of
workspace (volume of workspace'of a robot with unit total
link length) ag a function of a;s a,, and ay.

From Table II and Figure 15, the following results are
observed:

1. The link ratio a3/a2 equals to one is the necessary
condition for 3R robot arms to get workspaces without voids.

2. Let (a3/a2)1 = K1(> 1) and (aB/az)2 = K2(< 1), If
K1 K2 = 1 then the volumes and shapes of the workspaces of
both cases are equal.

3. When ay = 0, and a, = ag the working space will

be maximum.

3.1.2 The Effect of Link Parameters

al and az

The effect of ay and A, on the shape of workspace 1is
shown in Table III through Table VI. For different combi-

nations of aq and a, one may get working spaces with or
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without voids as shown in Table III. Figure 16 to 20 show
how the a4 and az affect the volume of workspace of the 3R
robot arms. Following observations are made.

1. In order to get the maximum working space and a
workspace without voids, it is better to choose a2=O° or
+180° and ay = + 9009,

2., When a2=a3 and S2=83=o’ the shapes and volumes of
workspaces are symmetrical about a1=O°, 90° and a2=O°, 909,

3. When a,=ag, 8,85=0, a;=90° and (al/z) < %, the
value of as does not affect the shape and volume of the
workspace (see Table V and Figure 16).

L, For 3R robot arms with a,=0, L 82=SB=O and
alzéo; the volume of the workspace does not change much when
oy changes (see Figurev19 and 20).

5. When a1=O and a1=0, the 3R robot arms will be
degenerated. The working space of such a robot will become
a torus similar to that genérated by a sp<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>