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SOME GENERALIZATIONS OP KUMMER'S THEOREM 

(HILBERT'S THEOREM 90)

CHAPTER I  

INTRODUCTION

In  th e  s tudy  o f  f i e l d s ,  two su b je c ts  f o r  s tudy  a re  

th e  r e l a t i o n s h i p s  between a  f i e l d  and I t s  e x ten s io n s  and the 

r e l a t i o n s h i p s  between a f i e l d  and I t s  s u b f ie ld s .  One to p ic  

f o r  I n v e s t i g a t i o n  which Is  common to  bo th  I s  th e  group o f  

automorphisms of some f i e l d  E which leave f ix e d  th e  elements 

o f  P, a  s u b f ie ld  o f  E. I f  a f i e l d  P Is  extended to  a f i e l d  E, 

one c o n s id e rs  th e  group G o f  a l l  automorphisms o f  E which 

leav e  f ix e d  th e  elem ents o f  P. One may a l s o  s t a r t  w ith  a 

f i e l d  E and th e  group o f  a l l  automorphisms o f  E, th en  con­

s id e r  th e  s u b f ie ld  F o f  a l l  elem ents o f  E l e f t  f ix e d  by a 

subgroup G o f  .

In  t h i s  paper "group" w i l l  always mean " f i n i t e  group".

The fo llow ing  d e f i n i t i o n  I s  from f l ]  page 92.

D e f in i t io n  1 .1 ; G I s  the  group o f  E/P ( read  E over 

P) means t h a t  G I s  th e  group o f  a l l  àutomorphlsms o f  the  

f i e l d  E which leave  f ix e d  th e  elem ents o f  P, a subifleld  of E.

N o ta t io n ; I f  G Is  th e  group o f  E /P , b £ E, b ^  0, and 

creG, th e n ,  as In  [ l3 ,  by d e f i n i t i o n

b^“^ =  b < r ( b - i ) .

The fo llow ing  d e f i n i t i o n  I s  from f l l ,  page 128.

D e f in i t io n  1 .2 :  Let G be th e  group o f  E/P,
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G = ; . . .  and a G E, then  th e  norm of  a ,  N (a), i s

defined  by N(a) -  OJ^(a)*** oj^(a).

The fo llow ing  q u e s t io n  a r i s e s .  Which elem ents x 

o f  E s a t i s f y  N(x) s- 1, the  m u l t i p l i c a t i v e  i d e n t i t y  o f  E?

In  th e  fo llow ing  theorem, which i s  sometimes c a l le d  

H i l b e r t ' s  Theorem 90# Kummer answered t h i s  q u e s t io n  f o r  the  

case  in  which G i s  c y c l ic  [ l ] ,  page 129.

Theorem 1.1  ( Kummer ) ; I f  the  group G o f  E/P i s

c y c l ic  w ith  g e n e ra to r  CT, then  th e  elem ents a in  E w ith  norm 

1 a re  p r e c i s e ly  those  which can be w r i t t e n  in  the  form 

a = b^“ ^  I  th e  i d e n t i t y  o f  G.

Kummer's Theorem d is c lo s e s  a  g r e a t  d ea l about the  

r e l a t i o n s h i p  between th e  s t r u c t u r e s  o f  E and F. In  f a c t ,  

Kummer's Theorem i s  u s e fu l  in  proving  the  fo llow ing  s t r u c ­

tu re  theorem from [ l3 ,  page 135.

Theorem 1 .2 ; Let F be a f i e l d  co n ta in in g  a p r im it iv e  

n - th  ro o t  o f  u n i ty ,  then  E i s  a f i e l d  ex ten s io n  o f  F such 

th a t  the  group G o f  E/P i s  c y c l ic  o f  o rd e r  n i f  and on ly  i f  

E i s  th e  ex ten s io n  o f  F by means o f  a  s in g le  a d ju n c t io n .

On page 130 o f  [ l ]  i t  i s  s t a t e d  th a t  i t  i s  extrem ely 

u s e fu l  to  know th e  s e t  o f  e lem ents a f o r  which N(a) = 1 

and th a t  though many a t tem p ts  have been made to  g e n e ra l iz e  

Kummer's Theorem to  a r b i t r a r y  g roups , no answer to  the  

problem has been prov ided .

The l i t e r a t u r e  has been searched  fo r  g e n e ra l iz a t io n s  

o f  Kummer' s Theorem, and th e re  seems to  be no th ing  on the



3

s u b je c t .  As f a r  as th e  au tho r  knows, a l l  th e  concep ts  and 

r e s u l t s  In  t h i s  paper a re  new w ith  th e  excep tion  o f  the  

d e f i n i t i o n s ,  lemmas, and theorems which have re fe re n c e s  c i t e d .

This paper w i l l  be concerned w ith  a c h a r a c te r i z a t io n  

of the  elem ents of E o f  norm 1 fo r  th e  case in  which G i s  

commutative, and w ith  o th e r  g e n e ra l i z a t io n s .

In  Chapter I I ,  w ith  G a r b i t r a r y ,  th e re  i s  a c h a r a c te r ­

i z a t i o n  of the  elem ents a o f  E fo r  which a =  b^”^  fo r  some 

b £ E  and tf'EG, and a c h a r a c te r i z a t io n  o f  th e  elem ents a o f E 

w ith  norm 1, b o th  in  terms o f  subgroups o f  G.

In  Chapter I I I ,  w ith  G s o lv a b le ,  a n ec e ssa ry  c o n d i t io n  

fo r  a g E  to  be o f  norm 1 w i l l  be proved. Since commutative 

groups a re  so lv a b le ,  t h i s  r e s u l t  w i l l  be a p p l ic a b le  to  com­

m uta tive  groups. The concept o f  a pseudo-decomposable group 

w i l l  be in tro d u ce d . Then, the  n ecessa ry  c o n d i t io n  proven fo r  

so lv a b le  groups w i l l  be shown to  be s u f f i c i e n t  f o r  some cases 

w ith  G pseudo-decomposable. In  p a r t i c u l a r ,  th e  c o n d i t io n  i s  

bo th  n ec essa ry  and s u f f i c i e n t  w ith  G commutative. I t  i s  then  

shown th a t  Kummer' s Theorem i s  a s p e c ia l  case  o f  Theorems 3 .1  

and 3 .2 .

In  Chapter 17 th e  concept o f a  f a c to ra b le  group w i l l  

be in tro d u ce d . With G f a c to ra b le  a n ec essa ry  c o n d i t io n  fo r  

aG E to  be o f  norm 1 w i l l  be proved. This n ec essa ry  con­

d i t i o n  w i l l  be shown to  be s u f f i c i e n t  fo r  some cases  w ith  

G f a c to r a b le .  Then, th e  n ecessa ry  c o n d i t io n  w i l l  be 

s tren g th en ed .



CHAPTER I I  

THE GROUP G OP E/F  ARBITRARY,

Kummer's Theorem g ives  a necessa ry  and s u f f i c i e n t  con­

d i t i o n  f o r  aCE to  be o f  norm 1 fo r  the  case in  which G i s  

c y c l i c .  I t  i s  proved th a t  N(a) = l  i f  and only i f  a=b^“^ f o r  

some b SE and O' a  g e n e ra to r  o f  G. Theorem 2 . 1 ,  a  g e n e r a l i ­

z a t io n  o f  Kummer' s Theorem, d ea ls  w ith  an a r b i t r a r y  group G.

A n e c e ssa ry  and s u f f i c i e n t  c o n d i t io n  i s  g iven  to  g u aran tee  

t h a t  N(a) = 1. I t  happens th a t  a sb ^“^  fo r  some b € E  and creG 

f o r  s p e c ia l  cases w ith  G a r b i t r a r y .

D e f in i t io n  2 . 1 : I f  G i s  th e  group o f  E/P and H i s  a

subgroup o f G, H •  { l ,  . . . ,  , then

Njj(x) = X <T^(x). • f o r  x S E .

Lemma 2 . 1 ; I f  H i s  a subgroup o f  G and x ,y  6 E, then  

% (x y )  = % (x )  Njj(y).

P roof; Njj(xy) = xy <7^(xy) • •• o^(xy)

= xy <J^(x) cr^(y) •

=  [ x  c T ^ (x )* '*  ^ ( x ) ]  [ y c r ^ ( y )  • • • c T j ^ ( y ) ]  

= % (x )  Njj(y).

Lemma 2 . 2 : I f  H i s  a subgroup of G, o^GH, and x 8 E ,

then  I ^ [ ( r ( x ) ]  = Njj(x).

P ro o f : Since CTeH, HCT=H. Then,

%  [<3'(x)]=0'(x)C^ [cT(x)] * • * 0[g|^(x)]

= x G ^(x ) '"< r^ (x )

= % ( x ) .
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Lemma 2 .3 : I f  H i s  a subgroup o f  G and x ÇE, xf&O,

th e n  Njj[(x”^ ) ]  r [N j j (x ) ]" ^ .

P ro o f ; Njj(x"^) = x"^ ^]^(x”^)*«‘ (Ti^̂ x”^)

= x - i

-  [x  Oi(x)"-(Ti^x)]"^

= [ h„ ( x ) ] -1  .

The fo llow ing  lemma i s  knownr as the  Fundamental 

Theorem o f  G alo is  Theory, and appears  as C o ro lla ry  2 on 

page 92 o f  [ l ] .

Lemma 2 . 4 : I f  G i s  th e  group o f  E/P, th en  th e re  i s  a

o n e - to -o n e  correspondence between th e  subgroups o f  G and the  

s u b f i e ld s  o f  E which c o n ta in  P; S i s  a subgroup o f  G i f  and 

on ly  i f  th e re  e x i s t s  a  s u b f ie ld  F ' o f  E such th a t  F C P 'C E  

and S i s  th e  group o f  E /F ' .

Theorem 2 . 1 : Let G be the  group o f  E/P. I f  a 6 E,

th e n  N(a) = 1 i f  and only  i f  th e re  e x i s t s  a subgroup H o f  G 

such t h a t  Njj(a) = 1. A lso, th e re  e x i s t  b C E  and O"6 G such 

t h a t  a = b^“^  i f  and on ly  i f  th e re  e x i s t s  a c y c l ic  subgroup 

H o f  G, gen e ra ted  by o' , such th a t  Ny(a) = 1.

P ro o f : I f  N(a) = 1, then  G i s  a subgroup o f G such

t h a t  Ng(a) = N(a) = 1.

Suppose th a t  th e re  i s  a subgroup H = { l , 0 ^ , . . .  o f  

G such  th a t  Ny(a) = 1. Let denote the  l e f t  c o se ts

o f  H in  G; then  I s  a p a r t i t i o n  o f  G. For every

i ,  1 5 i £ m ,  th e re  i s  a t 6 G such th a t

^ i  ~ * ' • *^i^kl*



Now,

1 = t ( 1 ) = '^ i [ % ( a ) ]  =: • •• ,  and

N(a) = T T ^ i [ % ( a ) ]  = 1.

Suppose th a t  th e re  e x i s t s  h 6 E and (TEG such th a t
I —a = h . Let H he th e  c y c l ic  subgroup of G g en e ra ted  by 

V , th en  <r EH, and by th e  p reced ing  lemmas,

% ( a )  = N j j [ b ^ '^ ]  = Njj[bcr(b’ ^)] = % (b )  -  1.

Suppose th a t  th e re  e x i s t s  a c y c l ic  subgroup H o f  G, 

w ith  g e n e ra to r  cr, such th a t  N^(a) = 1 .  To H corresponds a 

s u b f ie ld  P ' o f  E such th a t  P c P 'C E  and H i s  the  group o f  

E /P ' .  By Kummer' s Theorem, Njj(a) = 1 im plies  t h a t  th e re  

e x i s t s  b £ E such th a t  a = b^"^ .

A lthough Theorem 2 .1  c h a ra c te r iz e s  th e  elem ents o f  E o f  

norm 1, th e s e  c h a r a c te r i z a t io n s  may only be in  terms of sub­

groups o f  G. I t  would be p r e f e r a b le  to  c h a ra c te r i z e  the  e l e ­

ments a EE Of Mrm 1 in  terms o f elemehts Of E s6 th a t  ah 

e x p l i c i t  r e l a t i o n  s a t i s f i e d  by a could be o b ta in e d .

There appears to  be a  p o s s i b i l i t y  th a t  a c h a r a c t e r i ­

z a t io n  o f  th e  elem ents o f  norm 1 in  terms o f  elem ents o f  E 

has been ach ieved . That i s ,  i f  fo r  each a E E o f  norm 1 th e re  

i s  a c y c l i c  subgroup H of G, genera ted  by such th a t

Njj(a) z  1, then  a l l  th e  elem ents o f  E of norm 1 would be o f  
l - t*th e  form b , fo r  some b E E and T E G . The fo llo w in g  example 

shows th a t  t h i s  i s  no t the  ca se .

Let R be th e  r a t i o n a l  numbers, and R ( f 2 , ( 3 )  be the



f i e l d  o f  r a t i o n a l  numbers extended by p" and f3 , t h a t  i s ,  the  

s e t  o f  r e a l  numbers o f  the form

a f  blfo" -h o f S  + â i S f  a , b , c , d  r a t i o n a l  numbers. The group o f  

R(/2#lf3)/R i s  where th e  ^  a re  g iven  by:

I 5 Î «"2 O3
Ï2 —y n - n #2 - f2

Ï 3 — » if3 Ï3 -<3 - €
The elem ent 1 *f if2 o f  R (Ï2 ,<3) i s  o f  norm 1, bu t f o r  no

c y c l ic  subgroup H o f  G i s  Ny(1 + (2) = 1.



CHAPTER I I I  

THE GROUP G OP E/F  SOLVABLE

In  t h i s  ch a p te r  the  group G o f  E/P w i l l  be assumed 

to  be s o lv a b le .  The reason  fo r  the  assum ption o f  s o lv ­

a b i l i t y  w i l l  be f u l l y  understood fo llow ing  Lemma 3 .1 .  With 

G so lv a b le  the  norm N can be expressed  in  terms o f  and

Ng 3 norms w ith  r e sp e c t  to  c y c l ic  groups H  ̂ and Hg, r e s p e c ­

t i v e l y .  A fte r  Lemma 3 .1 ,  i t  w i l l  be seen  th a t  w ith  G 

s o lv a b le ,  N(x) = %[Ng(x)J fo r  x SE. I f  a 6 E i s  o f  norm 1, 

th en  N^^Ng(a)J = 1 ,  and by Theorem 2 .1 ,  Ng(a) = b ^ " ^  f o r  

some b^6  E and CT̂ a  g en e ra to r  o f  H^. The problem i s  th en  

to  "remove" Ng and o b ta in  an e x p re s s io n  f o r  a .  S ince b ^ " ^  

need no t be 1, Theorem 2 .1  does not ap p ly . Follow ing 

Theorem 3 .1 ,  i t  w i l l  be seen th a t  a^2 = b ^ ' ^ b g " ^ ,  b^ € E, 

where i s  a  g e n e ra to r  o f  Ĥ ,̂ and kg i s  th e  o rd e r  o f  Hg.

D e f in i t io n  3 . 1 : A group G i s  so lv a b le  i f  and on ly

i f  th e re  e x i s t s  a sequence o f  subgroups o f  G 

G -  G^DGgO "  "JDG^O ^n+1 ” ^ such t h a t  G^^^ normal in

Gj ,̂ and I s  c y c l ic  of o rd e r  h^ , l é i i n .

A so lv a b le  group G i s  sometimes defined  as above 

w ith  th e  ex cep tio n  th a t  on ly  be commutative.

A lso, a  so lv a b le  group G i s  sometimes d efined  such t h a t  the  

a re  prim e. As s t a t e d  on page 15 o f  ^2*], i f  G i s  f i n i t e ,  

th en  th e se  d e f in i t i o n s  a re  e q u iv a le n t .  I t  th en  fo llow s 

th a t  D e f in i t io n  3 .1  i s  e q u iv a le n t  to  th e  u su a l d e f i n i t i o n s

8
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o f  s o l v a b i l i t y .  A fte r  Theorem 3 .1 ,  I t  w i l l  be seen th a t  I t  

I s  advantageous not to  re q u ire  th a t  the  h^ be prime.

I f  th e  group G o f  E/P I s  so lv a b le  w ith  th e  sequence 

o f  subgroups G = ®i ^ ^ 2 ”̂  * ‘ ®n+l -  then  th e re  Is

a  sequence o f  s u b f le ld s  of E,

F r  * • * ^  ^  ^n+1 ”  such th a t  I s  the  sub-

f i e l d  o f  E w ith  th e  p ro p e r ty  th a t  G^ I s  the group o f  E/P^. 

Let denote th e  group of c o n s is t s  o f  the

r e s t r i c t i o n s  o f  the  elements o f  Ĝ  ̂ to  A lso, as

proved on page 30 of [ s j ,  the  group o f  I s  I s o ­

morphic to  0^/0^+]^, and, hence. I s  c y c l i c .

The fo llow ing  r e s u l t  I s  ob ta ined  from a more g e n e ra l

r e s u l t  appearing  on page 66 o f  [3] .

Let G be th e  group o f  E/P and G^ a normal subgroup 

o f  G, th en  th e re  Is  a s u b f ie ld  such th a t  P C P ^C E

and G^ I s  th e  group o f  E/P^. A lso, the  group o f  P^/P

I s  Isomorphic to  G/G^. Then, fo r  a E E,

N(a) r  Ngyp(a) = N p^/p[N E/p^(a)], where 

N„/n (x) = TT< t^ (x ) fo r  X EE, and

The fo llow ing  lemma Is  a g e n e r a l i z a t io n  o f  the  above.

Lemma 3 . 1 : I f  th e  group G o f E/P Is  so lv a b le  w ith

th e  sequence o f  subgroups G = G^CG^C • • '  CG^C = I ,  

and P^ I s  th e  s u b f le ld  o f  E co rrespond ing  to  Ĝ ,̂ then  

f o r  a HE,
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N(a) = (a )  =  [%3/P2{ ‘ *• 1 '

N o ta t io n ; In  th e  rem aining work N™ /n w i l l  be
-------------  ■^i+l/'^i

denoted by , 1<  i  f  n . A lso, where th e re  i s  no ambi­

g u i ty ,  th e  p a re n th e se s ,  b ra c e s ,  and b rack e ts  w i l l  be 

o m itted .

P ro o f : Let a EE; then  Ng/g, (a)  = N̂ _̂̂  [N^(a)] .
n —1

Suppose t h a t  fo r  i ,  l ^ i ^ n - l ,

= N „_^[...N j^ (a )l . Then,

= ^ n - i- lC ^ n - if*  “  conc lu s ion
fo llow s by in d u c tio n .

In  th e  fo llow ing  two lemmas G, E, and F w i l l  aga in

be a r b i t r a r y .  Lemma 3 .2  i s  from page 128 of [ l ] .

Lemma 3 . 2 : I f  G i s  the  group o f  E/P and a £ E,

then  N(a) 6 P.

In  p a r t i c u l a r ,  w ith  G so lv ab le

^E /P^(^) -  ^ i  k + l ' " ^ n ( ^ ) ]  ^ ^ i '

The fo llow ing  lemma i s  ob ta ined  by app ly ing  a more 

g e n e ra l  r e s u l t  from page 66 o f  [3] to  the  f a c t  t h a t  N ( a ) 6 F.

Lemma 3 . 3 ; I f  th e  group G of E/P i s  o f  o rder  k 

and a EE, then  N[N(a)] ~ [N(a)]^.

The fo llow ing  theorem g iv es  a n ecessa ry  c o n d it io n  

fo r  a  EE to  be of norm 1 fo r  th e  case  in  which G i s  so lv a b le .

• • Theorem 3 .1 : Let th e  group G o f  E/P be so lv ab le

w ith  the  sequence of subgroups
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G “ * ^ ^ n ^ ® n + l “ ®l-fl in  G^, I f  i  f  n.

Let be the s u b f ie ld  o f  E co rrespond ing  to  G^. I f  a 6E 

i s  of norm 1, then

a^/^1  — 'T T'bî” ^  , where ^ f 1 - m é n ,  CET i s  a
i= l  ^ i= l   ̂ M

g e n e ra to r  o f  Q^, th e  group o f  i s  the  o rder  o f

Q^, and g = h^ h g ' * « h^ i s  the  o rder  o f  G.

Proof t The p roof w i l l  be an in d u c t io n  on n.

For th e  case in  which n = 1 ,  g = h^, and th e  ex­

ponent o f  a i s  1. Also, i s  G so th a t  CT̂  i s  a g e n e r­

a t o r  o f  G. Hence, the  theorem reduces to  Kummer's Theorem.

Suppose th a t  fo r  n -  k -1 , 1 g k-1,

Ni»«*Nk-i(a) = 1 im plies  th a t

a ^ l ’ " \ - l / ^ l  = T H 'b î '^ i  , where T ^ b î ' ^ i e P  l i m i k - 1 .
i = l  ^ i = l  ^

I f  N^*«*Nj^(a) = 1 ,  then  %  *' ’^ . ^ [ ^ ( a ) " ]  s i ,  and

by the in d u c t io n  hypo thesis

N j a )  r T ^ b h '^ l  , where A b î ' ' ^ e P _ + i .K 1-1 1 1-1 ^

l ^ m $ k - l .  Let z E be such th a t

a ^ l * “ ^ - l ^ k / ^ l  = z y T b ^ " ^  . Then
1=1

Njç(a) ^ l * “ V l \ / ^ l  r  N^(z)

= N ^ ( z )  \  [ N ^ ( a )  ^ l * * * \ - l / ^ l ]  

- N j ^ ( z )  N ^ ( a )  ^ l " ' ^ - l \ / ^ l  ,  b y
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Lemmas 3 .2  and 3 .3 .  This im p lies  t h a t  = 1, and s in c e

the group o f  i s  c y c l ic  j th e re  i s  a  E ^k+1

th a t  z = , Ojç a  g en e ra to r  o f  Q^. Hence,

a h l — = A b î ' ’̂ i .  T ^ b ^ - ^ l g p  cPv+i«  andi = l  i s l  K K ±

^  ^ c m  so t h a t  e R , . The co n c lu s io n= V  80 t h a t  l e P k + l '

fo llow s by in d u c t io n .

I t  should  be no ted  th a t  i f  n > 1 , th e n  th e  exponent 

o f  a  i s  h g ' " hy .̂ S ince h^ does n o t ap p e a r ,  i t  i s  advan­

tageous to  have h^ as  la rg e  as p o s s i b le .  Hence, th e  r e ­

quirem ent t h a t  th e  ĥ  ̂ be prime was d e le te d .

I f  G i s  c y c l i c ,  th en  Q has a  sequence o f  subgroups 

G = G^DGg = I ,  w ith  Gg normal in  G^. Then, n = 1, and 

Theorem 3 .1  reduces t o  Kummer' s Theorem.

C o ro l la ry  3 . 1 : I f  m i s  th e  l e a s t  p o s i t iv e  in te g e r
n

T T i
ia l

f o r  which N(a) = 1 im p lies  th a t  a”̂  =  T T b î " ^  ,  th en  m
4 - 1  1

d iv id e s  g/h^.'

P ro o f ; Let g /h ^  =  h , and l e t  r  be th e  In te g e r  

such t h a t  h z  sm +  r ,  0 ( r < m .  I f  N(a) = 1, then

a^ r  ' r T b î “^  and a"̂  = T T o î “^  . A lso ,
1=1 ^ 1=1 ^

a'™  = T ^ (o:® )^ -'^ . Hence, a" = a"'®” ='rh'(b,o-® )^''^ .
1=1 ^ 1=1  ̂ 1

Since r  <m, and r  s a t i s f i e s  the  same c o n d i t io n  as m, then  

r  = 0. The c o n c lu s io n  fo llo w s .

The fo l lo w in g  c o r o l l a r y . i s  a  p a r t i a l  converse  to
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Theorem 3 .1 .

C o ro lla ry  3 . 2 : I f  a SE Is  such th a t

then  |N (a)J® /^ l = 1 and N[N(a)] = 1.

P ro o f : Q,  ̂ c o n s i s t s  o f  th e  d i s t i n c t  r e s t r i c t i o n s  to

^i+1 t:he elem ents o f  . Since niay be

cons idered  as an element o f  G a p p l ie d  to  an element o f  E.

The f a c t  t h a t  N(b^“^  ) = 1 th en  fo llow s by app ly ing  Lemmas 

2 .1 ,  2 .2 ,  and 2 .3  w ith  H = G. Then,

[N (a)]® /^ 1 -  N (a^ /^ 1) =  N f r ^ b î ' ^ i ]  -  f ? N ( b ^ " ^ )  =  1 ,
Li=l ^ J i = l  1 

A lso , i f  z g P ,  then  N(z) = z® , S ince N (a )S P ,  

N ^ ( a ) ]  = [N (a)]®  r  [N(a) s A l j ^ l  = i ^ l  = i .

The fo llo w in g  in d ic a te s  the  need fo r  r e s t r i c t i o n s  on

th e  hĵ  In  o rder  to  guaran tee  the  converse  o f  Theorem 3 .1 .

Let th e  group G o f  E/P be such t h a t  Gg i s  a normal

c y c l ic  subgroup o f  G o f  o rder  hg f o r  which G/Gg i s  c y c l ic  o f

o rd e r  h^. Then, G i s  so lv a b le  w ith  th e  sequence o f  sub­

groups G = G^^ Gg DGg = I .  Corresponding to  t h i s  sequence 

o f  groups i s  the  sequence o f  f i e l d s  F s rP ^ C P g C P ^  -  E.

I f  a £ E  i s  o f  norm 1, th en , by Theorem 3 .1 ,

= b ^ " ^  b g " ^  , where b ^ " ^  ^ ^ 2 '  ^  ^ g en e ra to r  o f  Q^, 

the  group o f  . Suppose th a t  a^2 bg“^  ,

b J " ^ £ P g ,  then

Ng (a )  ^ z N g ( a ' ^ )  = N g ( b J - ^ )  Ng(b^’ °2) = ( b ^ - ^ l ) ’̂ 2. Hence, 

Ng(a) c b j " ^  , where c gPg and c ^  = 1. Then,

N(a) = N ^ ^ g (a ) ]  = N^^Cb^"^) N]^(c) = N ^fc). I f  c e P, then  

N^(c) = c ^ l .  In  t h i s  c a se ,  N(a) = c ^ l .  I f  hg does no t
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d iv id e  , then  c ^ l  need no t be 1. For t h i s  reaso n , 

r e s t r i c t i o n s  w i l l  be p laced  on the  h^.

Since commutative groups a re  so lv a b le ,  page 14 o f  [g ] .  

Theorem 3 .1  w i l l  apply  to  th e  case i n  which G i s  commutative. 

Commutative groups s a t i s f y  more p r o p e r t ie s  th an  s o l v a b i l i t y .  

With some o f  th e se  p r o p e r t i e s ,  soon to  be enumerated, i t  w i l l  

be shown th a t  no t on ly  i s  th e  converse o f  Theorem 3 .1  t r u e ,  

b u t  a l s o ,  th e  exponent o f  a  in  Theorem 3 .1  can be reduced 

to  a low est v a lu e .

The fo llow ing  lemmas a re  from [2] ,  pages 12 and 13.

In  th e se  lemmas and i n  a l l  the  fo llow ing  work, th e  n o t io n  

o f  a  d i r e c t  p roduct i s  t h a t  which some au th o rs  r e f e r  to  as 

an i n t e r n a l  d i r e c t  p ro d u c t.  Here, p roduc ts  o f  elem ents o f  

th e  group a re  invo lved . In  what i s  termed an e x te r n a l  

d i r e c t  p ro d u c t,  one d ea ls  w ith  m -tuples o f  elem ents o f  

th e  group.

Lemma 3 .4 : Every commutative group G i s  th e  d i r e c t

p ro d u c t  subgroups G^, K ifm , such th a t  each

G i s  an indecomposable c y c l ic  group o f  prime power o rd e r  

p ^ i ,  a i > 0 .

The c o l l e c t io n  o f  o rders  con­

s t i t u t e  the  elem entary  d iv i s o r s  o f  G, They a re  un ique ly  

determ ined by G, i . e .  independent of the  choice or a r ra n g e ­

ment o f  th e  G^, The prime p^ need no t be d i s t i n c t  as  seen 

in  th e  fo llow ing  lemma.

Lemma 3 . 5 : A d i r e c t  product Ĥ X o f  c y c l ic

groups whose o rders  a re  powers o f  d i s t i n c t  primes
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I s  c y c l i c .  Conversely, any c y c l ic  group I s  so ex p res ­

s i b l e .

As p re v io u s ly  m entioned, th e  re d u c t io n  o f  th e  

exponent .of a depends on having th e  h ig h e s t  p o s s ib le  

f a c t o r  appear w ith  N^. The fo llow ing  lemma g u a ran tees  

a  decom position  o f  a  commutative group G in  such a  way 

th a t  th e  h ig h e s t  p o s s ib le  f a c t o r  w i l l  appear w ith  N^,

A lso, w ith  t h i s  decom position th e  converse o f  Theorem 3 .1  

w i l l  be shown to  be t r u e .  This lemma appears on page 12 

o f  [2]  as  Theorem 4 ,5 .  I t  should  be noted t h a t  th e  a r ­

rangement o f  th e  in  Lemma 3 .6  i s  th e  re v e rse  o f  the  

arrangem ent o f  the  as  th e y  appear in  Theorem 4 .5 .

Lemma 3 . 6 : Every commutative group G i s  th e  d i r e c t

p roduct H^X***XH^of c y c l ic  subgroups H^whose o rd e rs  

have th e  p ro p e r ty  t h a t  k^^^d iv ides  k^ , f o r  a l l  i ,  K i 3 n - 1 ,  

The k^ a re  sometimes c a l l e d  the  in v a r i a n t s  o f  G.

The fo llow ing  i s  an o u t l in e  o f  th e  p ro o f  o f  

Theorem 4 .5  i n ( g j .  I t  i s  reproduced here  in  o rd e r  to  

i l l u s t r a t e  th e  f a c t  th a t  th e re  i s  no f a c t o r i z a t i o n  o f  G

in  term s o f  c y c l ic  subgroups, J  , such th a t  the1 s
o rd e r  o f  exceeds k^.

S t a r t  w ith  th e  decom position  as in  Lemma 3 .4 .  For

each p^ d iv id in g  th e  o rd e r  o f  G, l e t  p ^ i  be th e  h ig h e s t

power o f  which occurs among th e  e lem entary  d iv i s o r s  o f

G. Then, fo r  each i ,  some one o f  the  groups G has o rder

p f i  , say , th e  group G . Set H. =  T ^ G  . By Lemma 3 .5 ,  i  raĵ  1 1 m̂
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H-, i s  o y c l lc  o f  o rder T T p^m i . Apply the  same c o n s tru e --L ni^
t l o n  to  th e  rem aining G , o b ta in in g  a c y c l ic  f a c to r  o f

o rd e r  kg, w ith  kg jk^ . Continuing in  t h i s  way, the  decomposi­

t i o n  o f  Lemma 3 .6  i s  o b ta in ed .  I t  th en  fo llow s th a t  i s

th e  l e a s t  common m u lt ip le  o f  the  e lem entary  d iv i s o r s .  A lso , 

kg i s  th e  l e a s t  common m u l t ip le  o f  the  remaining e lem entary  

d iv i s o r s  a f t e r  th e  h ig h e s t  power o f  each prime i s  removed, 

and so on. Hence, has th e  h ig h e s t  p o s s ib le  o rd e r .

Let G be a  commutative group and th e

decom position  guaran teed  by Lemma 3 .6 .  This decom position 

g iv e s  r i s e  to  th e  fo llow ing  sequence o f  subgroups,

G = H.X " - " X H  :> “ OH DH = I•i- n n j  n n n+i
such th a t  H. . .X » "  i s  normal in  H.X » ' « XH and1+1 n i n
(H^X * ‘ i s  c y c l i c  o f  o rder k^,, fo r  a l l

i ,  1 ( i f  n .

Corresponding to  t h i s  sequence o f  subgroups o f  G i s  

th e  fo l lo w in g  sequence o f  s u b f ie ld s  o f  E,

P = F ^ C P g C  ’ * * ^ ^ n ^ ^ n + l  " where th e  group of 

P i41 /Pj^ i s  isomorphic to  (Hj_X • * • XH^)/(Hjl^^X • * • XH^).

From the  p reced ing  work, i t  i s  apparen t th a t  

Theorem 3 .1  w i l l  app ly .

In  Theorem 3 .1  f a c t o r s  b j^ " ^  appear , where 

i s  a g e n e ra to r  o f  The fo llo w in g  lemma shows th a t

in  u s in g  th e  decom position o f  a commutative group, th e  

^  ap p ear in g  in  Theorem 3 .1  a re  s p e c i f i c  elements i n  G, 

namely, g e n e ra to r s  o f  the  H^.
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As a m a tte r  o f  f a c t ,  th e re  a re  non-conmiutatlve groups 

having e s s e n t i a l l y  t h i s  same p ro p e r ty .  These groups w i l l  be 

i l l u s t r a t e d  in  th e  fo llow ing  d e f i n i t i o n  and the  example 

p reced ing  Lemma 3 .7 .

D e f in i t io n  3 . 2 ; A so lv ab le  group G i s  s a id  to  be 

pseudo-decomposable i f  and on ly  i f  th e re  a re  c y c l ic  sub­

groups K  i< :n ,  o f  G such th a t  every  ?" SG i s  un iquely  

e x p re s s ib le  as a p roduct , w ith  This w i l l

be denoted by G = . F u r th e r ,  f o r  a l l  i ,  l ^ i ^ n ,

H_, •••H  i s  a normal subgroup o f  H . « ‘H , where H _ = I .i+1 n i n  n+1
Hence, a pseudo-decomposable group G g ives  r i s e  to  

th e  fo llow ing  sequence o f  subgroups,

(1) G -  H ' .  ' H ^  "  H D •••  DH O H _ = I ,  where each1 n 2 n n n+1
subgroup i s  normal in  the  p reced ing  subgroup. Corresponding 

to  t h i s  sequence o f  subgroups i s  th e  sequence o f  s u b f ie ld s  

o f  E,

(2) F = F , c  '  "  CF C P  = E.1 n n+1
Non-commutative pseudo-decomposable groups e x i s t ;  

the  fo llow ing  i s  an example.

Let H = { l , ( r , ? 2 ^ g - 3 , t , i ; = {1,^^}, and 

Eg = {l,cr,?^,<r3^. Hence, H = H^ H^. The mixed p roducts  

a re  g iven  by th e  ru lesfO " = 0 ' ^ z , x ^ =  and

These r u le s  show t h a t  H i s  no t commutative. B ut, H  ̂ i s  a 

normal subgroup o f  H, and so H g iv e s  r i s e  to  th e  sequence 

o f  subgroups H I ,  each subgroup normal in  the  p r e ­

ceding subgroup.
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N ote; There i s  no lo ss  in  g e n e r a l i t y  in  assuming th a t

H • • •H  i s  a normal subgroup of H ..»H , a s  opposed to  th eJ *•-*- n j  n
assum ption th a t  H * • ' H , s af i s  a normal sub-J s—1 s+1 n f
group o f  H • • *H ,

J n
I f  H _H ..H  i s  a normal subgroup o f  ,j  s -1  s+1 n j  n

then  H H . . .H  _H . . .  « H c H , . . .  H . E q u a l i ty  w i l l  be proved s J s - l  s+1 n j  n
i f  i t  can be shown th a t  th e re  a re  as many elem ents in

H H • “ H H • • . H as in  ••H . This i s  e q u iv a le n t  to  thes J s - l  8+1 n J n
showing th a t  the  r e p re s e n ta t io n s  o f  the elem ents o f

H H •••H  H a re  unique. Suppose th a ts j  s - l  s+1 n

cr^'bj^ • .CT^ll (^+l"'<yn^ =  Gg <^•••0̂3-1 < ^ + l" 'D n  '  where
Then,

Since i s  a subgroup, the  r i g h t  s id e  of theJ s - l  s+1 n
e q u a l i ty  i s  in  ,• • • H . But, . y  ̂  € H , so th a tj  s - l  s+1 n s ^  s s
t h i s  c o n t r a d ic t s  the  uniqueness o f  the  r e p r e s e n ta t io n s  in  G, 

u n le ss  z  I .  In  t h i s  ca se , = q^ ,  and

Cj " '  'O g-l o s+ l"  "  On' = 0 j '  " " ^ - 1  °S+1' '  ' ° n  '

O j' =  O j  %'-l = % _ ! '  Oi+1 =  (Ts+i ' • • • ’ <  =  (T„ -,
The co n c lu s io n  fo llow s by rea r ra n g in g  and renumbering the

Lemma 3 . 7 : I f  G i s  pseudo-decomposable, g iv in g  r i s e , t o

the  sequences ( l )  and ( 2 ) ,  then  th e  group o f  i s

H^, 1 i  $  n .

P ro o f : I t  i s  known th a t  Q^, the  group o f  i s

the r e s t r i c t i o n  o f  Ĝ  =  to  P , . The elem ents o fi  i  n i+1
F. a re  in v a r ia n t  under the  elements o f  G,  ̂ z H " H  . i+1 i+1 i+1 n

Let xcP^^^ and then  <X z ' t i  T i + i "  '
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i  ^  J ^  n , and

<r(x) = . .r„ (x )  = • • \ ( ^ ) ]  = \ M .

Hence, to  eachO"£Q^, th e re  corresponds a Con­

v e r s e ly ,  to  each th e re  corresponds a v*eQ^. Sup­

pose f o r  T;^(x) = fo r  a l l  ^ ^ i+ i°  Then,

"tr"^ = X, fo r  a l l  , and so,

'^ ïM ^ ® l+ l  ~ ^ i + l  * ‘ V  B u t / f - l  ir^'eH^; h e n c e / t -1  c  I ,  

and X ^  = X ^ ’ Thus, the  d i s t i n c t  r e s t r i c t i o n s  o f

G. = to  P . a re  p r e c i s e ly  th e  elem ents o f  .i  i  n i+1 i
The fo llow ing  Lemma 3 .8  w i l l  not be used, a l though  

a p o r t io n  o f  the  p roof w i l l  be used in  the  p ro o f  o f  Lemma 3 .9 .  

Lemma 3 .8  could w ell  be c a l le d  a theorem s in c e  i t  of 

i n t e r e s t  in  i t s  own r i g h t .  In  t h i s  paper i t  on ly  se rves  

as a  s te p  toward the  p ro o f  o f  a p a r t i a l  converse of 

Theorem 3 .1 ;  hence, i t  w i l l  be c a l le d  a lemma.

Lemma 3 . 8 ; I f  t ,  d, and m a re  p o s i t iv e  in te g e r s  

such t h a t  t ^  5  l(mod m) and djm, then  

d | t d - l  ^ t^"2+ . . , + t  + 1.

P ro o f : I f  t^  = l(mod m) and djm, then

t ^  5  l(mod d ) .  Hence, d | ( t - l ) ( t ^ " ^  +  t^ " ^ +  . “  + t  + l ) .

Let d = p% l...p% v, where the  p^ a re  d i s t i n c t  p r im es . I f  

( p ^ , t - l )  = 1 ,  then  p % i | t d - l .+  td -2 +  ' . ,  + t  + 1 ,  s in ce  

p % i | ( t - l ) ( t d - l +  . . . f t  + 1) ,

Suppose t h a t  ( p ^ , t - 1 )  jjé'I j  then  p ^ | ( t - l ) , Hence,

■ t  =  1 -#■ sp^ , fo r  some in te g e r  s .  Then,
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1 =  1

t  = 1 +  (sE^)

t ^  =1 + 2 (sp^ )  4- (sp ^ )2

t d - 1  =• 1 + ’( d - l ) ( s p ^ )  + • • • + ( s p ^ ) ^ " l .

The c o e f f i c i e n t  o f  (sp  in  t^ - ^ +  • * • + t  + 1

i s  z  p  y
k= n - l  Vn-1/ 

/ b + l \  f h \  I h \
Using th e  i d e n t i t y  I 1=1 | + I j,

□ • a - ( ! ) - “ ■*
d - l  /  k \  d-1 / k f l \  d-1 / k \

^ h - l \ n - l l  l ^ - l \  n J  ^ h - l \ n  /

\ n  / k = n - l \  n I k -n \n  I  \ n  i

- O g O ' Ï I ) ' »

' ( ! ) •
Hence, the  n - th  term  o f  t ^ “l +  • ••-t-t + 1  expressed

as a polynom ial i n  ( sp ,  ) i s  I Ifsp» ) n - l .  Let the  in te g e r  
/ d - l \  1 \ n  /  1

r  = I I . Then, then  n - t h  term may be w r i t t e n  as 
\ n - l /

( d r ) / n  ( s p ^ ) n - i ,  w ith  ( d r ) / n  i n t e g r a l .

I f  (p ^ ,n )  =  1, then  p X i | ( d r ) / n  ( s p ^ ) n - l .  I f  

(p ^ ,n )  1, then  n  =  p ^ ,  where

To show th a t  m é n -1 ,  suppose to  the  c o n t ra ry  t h a t  

m > n - l .  Then, m&n. Since p ^ > l ;  p^>m . Hence, p ^ > m > n .
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a  c o n t r a d ic t i o n .  Thus, n -1 , and

( d r ) / n  (sp  = ( d r ) /g  where p ^ -m -l
1 1 1

i n t e g r a l .  S ince P j [  S> p ^ i | ( d r  ) /g  Hence, p ^ i ,

1 6  i  (  w, d iv id e s  each term o f  t^ " ^ + * * * * f t  +  1 expressed  

as a polynom ial in  ( sp ^ ) .  The co n c lu s io n  fo llow s.

The fo llow ing  lemma w i l l  be the  key s tep  in  the  p roof 

o f  the converse  o f  Theorem 3 .1  f o r  the  case in  which G i s  

commutative. This lemma w i l l  app ly  to  c e r t a in  o th e r  cases  

w ith  G so lv a b le  bu t not commutative. According to  

Theorem 2 .1 ,  i f  H i s  a subgroup o f  G and N ^ a )  = 1, then  

N(a) =  1. I f  H i s  a Sylow subgroup o f  G, then H i s  o f  prime 

o rd e r  p®. I t  i s  known th a t  i f  H i s  a group of prime power 

o rd e r  p®, then  H i s  so lv a b le  w ith  a sequence of subgroups 

H = • •• 3H DH = I  such th a t  H /H i s  c y c l ic
Jl C, S Ŝ -L 1 iT j.

o f  prime o rd e r  p ,  l ü ^ a .  Hence, i f  a £E is  o f  norm 1 such

t h a t  N (a )  =  1 where H i s  a Sylow subgroup, then  the  f o l -  rl
lowing lemma w i l l  app ly . I t  w i l l  a l s o  apply  to  groups G of

prime power o rd e r .

Lemma 3 . 9 : Let the  group G o f E/P be so lv ab le  w ith

the  sequence o f  subgroups G = G , ! ^ ‘ * * 3 G D G  = 1 ,  each
„. »  ̂ n n 1

subgroup normal in  th e  p reced ing  subgroup. Let denote 

th e  s u b f ie ld  co rresponding  to  G^. Let Q^, the group o f  

F /P  , be of o rd e r  h , K  i  $ n ,  such th a t  h Ih . I f
J. X X X ^ X I  X

c i s  a  h^_^^-th ro o t  o f  1 in  then  N^(c) ?  1.

P ro o f ; I f  c = 1 ,  then  N^(c) =  1. Suppose th a t  

c f& l .  Let be a g e n e ra to r  o f  Q^, and suppose th a t  c i s
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a p r im i t iv e  m -th ro o t  o f  1. Then, Let J ^ ( c )  = x;

th en , = 0̂ (0"̂ ) =  or^(l) = 1. Hence, x i s  an m-th ro o t  

o f 1 , and 0^(c) = c^ . Suppose th a t  ( t ,m )  = s ^ 1 ;  th e n ,  

th e re  a re  p o s i t iv e  in te g e r s  u and v such th a t  um = t v ,  

w ith  V <"m. Then, (o = c^^  =  c^^  = 1, and so c^  = 1. 

This c o n t r a d ic t s  th e  assum ption th a t  c i s  a  p r im i t iv e  m -th 

ro o t  o f  1. Hence, ( t ,m )  = 1. Furtherm ore ,

2 j
0̂ ( c )  -  c^ , cr ^( c ) -  c^ , and c r^ i(c )  =  l ( c )  =  c .

Let d he th e  l e a s t  p o s i t i v e  in te g e r  f o r  which

c^^ = c ; th en  t*̂  = l(mod m).

I f  t  =  1, then  cr^(c) = c and c gP ^ . Since m|h^^^ 

and N^(c) =• c ^ l  = 1.

Suppose th a t  t  ^  1; then  t  belongs to  the  exponent 

d modulo m. I f  t ^  5  l(mod m), then  d |k .  Hence, d |h ^ .

Let h^ =  p ^ l . . .PgS , and ^^4.̂  -  P ^ l '^ 'P g S ,  where the  p^ a re  

d i s t i n c t  p rim es; th en  a ^ ^ b ^ ,  1 ë i  ^ s . Since d |h ^ ,  

d -  p^]" ' 'P g ^ ' O éX j^éa^ , l é i é s .  S ince 

m = p ^ l . . .  p ^ s , 0 b^ , l é i ^ s .  Now,

M jo )  =[o .o^c*^^.

-  J^l+t+t®+ • •

Since t^ - 1  5  0(mod m), p p  j ( t - l ) ( t ^ - ^ +  . • » + 1 + 1 ) ,  

fo r  a l l  J ,  1 ^  8.

The c o n c lu s io n ,  N^(c) = 1, w i l l  fo llow  i f  i t  can be 

shown th a t
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. . . + t  + 1) f o r  a l l  J ,  l ^ J ^ s .J I 1=1 1

I f  ( P j , t - 1 )  = 1 ,  th e n  P j j | ( t d - l + . . . + t  + l ) .  Suppose then  

th a t  P j j ( t - l ) .  From the p ro o f  o f  Lemma 3 ,8 ,

( t ^ “ l-f . . . -#-t + 1 ) .  Hence, f o r  a l l  J ,  l i j i s ,
, n 8

( t “ “ ^ + * * » + t  + 1) . S ince a . à y . ,  the
1=1 1 J J

co n c lu s io n  fo llo w s.

The fo llow ing  theorem I s  a p a r t i a l  converse of 

Theorem 3 .1 .

Theorem 3 . 2 ; Let th e  group G o f  E/P be so lv a b le  w ith

th e  sequence o f  subgroups G =  G .^  • * *DG_0 G_^, = I ,  each  sub-1 rl xiTl
group normal In th e  p reced ing  subgroup. Let F^ be th e  sub­

f i e l d  o f  E corresponding  to  G^, and l e t  , the  group o f  

F f ^ l / P l ,  be o f  o rder  h^ such th a t

I f  a ^ / ^ i z T l 'b ^ " ^ , where T T b J " ^  £ F , ,  l é m é n ,  cf. I s  a  
1=1  ̂ 1=1 ^ 1 

g e n e ra to r  o f  Q^, and g Is  th e  o rd e r  o f  G, then  N(a) =  1.

P ro o f ; The p roo f  w i l l  be an In d u c tio n  on n .

For th e  case  In  which n = 1 ,  g = h^, and th e  ex­

ponent o f  a I s  1. A lso, I s  G so th a t  I s  a g e n e r ­

a t o r  o f  G. Hence, th e  theorem reduces to  Kummer's Theorem. 

Suppose th a t  f o r  n = k -1 , K k - 1 ,

a ^ l ' • * ^ l c - l A l  =  where T ^ b J " ^  e F , ,  l é m é k y l ,
1=1  ̂ 1=1 

Im plies  t h a t  (a ) =  1.

Let where g , , ,
1=1 ^ 1=1 ^

1 < m ^ k .  Then,

N ( a j ^ l ' " '  
k



k ^ ï  \
Thus, Nj^a) ^1* * * ^ k - l /^ l  where c i s  a  k - t h

ro o t  o f  1 In  P^. By Lemma 3 .9 ,  ^(c) =  1; hence,
TC = d ^ ] ^ k - l  f o r  some d^_^E P^ . Then,

N j a ) ‘' l " ' * ' k - l A i  s r ^ d ' î - ' ^  , where 7® T<J'î- '^£P„.v
K i z i  1 1=1 1

l ^ m $ k - l .  By th e  in d u c tio n  h y p o th e s is ,  ^ ^ ( a )  = 1.

The c o n c lu s io n  fo llow s by in d u c t io n .

The fo llo w in g  i s  an example o f  a non-commutative 

s o lv a b le  group fo r  which Theorem 3 .2  a p p l ie s .

Let G be th e  q u a te rn io n  group; then  th e re  a re  f i e l d s  

E and P such t h a t  G i s  th e  group o f  E/P. G i s  g en era ted  

by CT and T ,  which a re  su b je c t  to  th e  r e l a t i o n s  =: I ,

O*  ̂ =  and TO" = C f^. Let G^ = { l , 0 ^  Then, G g iv es  

r i s e  to  th e  sequence of subgroups G = G G G ^ = 1 ,  each 

subgroup normal in  the  p reced ing  subgroup. Let P^^be th e  

s u b f ie ld  o f  E corresponding  to  G , th e  group o f  P g /P ^

i s  o f  o rd e r  4 .  Qg , the  group o f  F y P g ,  i s  o f  o rder  2 .

I f  a C E  i s  o f  norm 1, then  Theorem 3 .1  g u aran tees  t h a t  

a ^  =  b ^ " ^  b g “®2, b ^ " ^ £ P g ,  and a g e n e ra to r  o f  

Since hg jh^ . Theorem 3 .2  g u a ran tees  th a t  every a E E 

s a t i s f y i n g  th e  above form i s  o f  norm 1.

With G commutative and a  £E o f  norm 1, a case  in  

which th e  exponent o f  a i s  1 may a r i s e .  The fo llow ing  

c o r o l l a r y  examines t h i s  case  and shows p r e c i s e ly  when i t  

w i l l  o ccu r .

C o ro l la ry  3 . 3 : I f  G i s  commutative, then  th e  ex­

ponent o f  a  guaran teed  by Theorem 3 .1  i s  equal to  1 i f  and
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only  I f  G I s  c y c l i c .

P ro o f ; The exponent o f a guaran teed  by Theorem 3.1 

Is  g /h ^ '  This exponent Is  equal to  1 i f  and only i f  g = h^. 

This i s  th e  case  i f  and only i f  G -  Since i s  c y c l i c ,

th e  co n c lu s io n  fo llow s.

The fo llow ing  q u es tio n  a r i s e s .  For the  case in
n Y

which G i s  commutative but not c y c l i c ,  i s  a = T T ct” 1 ?
i= l

The fo llo w in g  example shows th a t  in  g en e ra l  t h i s  i s  no t 

the  c a se .

In  th e  example on page 6 o f  Chapter I I ,  i t  was 

mentioned t h a t  N(l + = 1. Since G ^

Theorem 3 .1  im p lies  th a t  ( l  4- )(2)‘̂  = b ^ " ^  b g " ^ .  I t  

be shown t h a t  (1 +  Vs) ^ c ^  ^ Cg fo r  a l l  nonzero 

Ci,C2 £ R(Vi, NJ). This can be shown by assuming to  th e  con­

t r a r y  t h a t  f o r  some nonzero c i ,C 2 G R(T2,(3 ) ,
I-CÇ

( l  + Y2) = c% C2 • I'Gt N] denote the  norm w ith  r e ­

spec t to  th e  subgroup Then,, . .

-1 = Ni ( l  •+• {2) = N%(c2 ^ ) .  Let eg = a + b f i  + c(3  4  d'fô, 

w ith  a , b , c , d  eR. Compete Nifcg in  terms of a ,  b ,  c ,

and d. By eq u a tin g  t h i s  to  -1 ,  th e  equa tion
2 2 2 2 a 4  3c -  2b - 6d -  0 i s  o b ta in ed . I t  can be shown th a t

t h i s  eq u a tio n  has only  the s o lu t io n  a = b = c = d  = 0. B ut,
I - %

t h i s  i s  a c o n t r a d ic t io n  since  Cg i s  not d e f in ed .

can



CHAPTER IV 

THE GROUP G OF E/P FACTORABLE

In  Chapter I I I  w ith  G so lv a b le  i t  was shown th a t  i f  

N(a) = Ij, then  some power o f  a i s  e x p re s s ib le  as a p roduct 

o f  elem ents o f  E. The purpose o f  t h i s  chap te r  i s  to  o b ta in  

a p o s s ib le  r e d u c t io n  in  t h i s  exponent. This exponent might 

be r e d u c ib le  i f  G has ano ther  sequence o f  subgroups 

G = G^> * each subgroup normal in  th e  p r e ­

ceding subgroup w ith  G^/G^^^^cyelic o f  o rd e r  1 g i  ^  n .

I f  6% ̂  g th en  by app ly ing  Theorem 3-1  to  G using  t h i s  

sequence o f  subgroups the  exponent o f  a  i s  reduced. B ut, 

one could as w ell  assume th a t  th e  sequence o f  subgroups of 

G used in  Theorem 3 .1  i s  such th a t  th e  o rder  h^ o f  G^/Gg 

i s  th e  l a r g e s t  p o s s ib le .  For t h i s  re a so n ,  one i s  lead  to  

examine the  case  i n  which G i s  pseudo-decomposable, .As seen 

in  Theorem 3 .1 ,  th e  o rder  of f i r s t  subgroup does not appear 

in  the  exponent o f  a in  t h i s  ca se .  B u t, one could as w ell  

assume th a t  th e  pseudo-decom position o f  6 i s  such t h a t  the  

o rder  o f  th e  f i r s t  subgroup i s  the  l a r g e s t  p o s s ib le .  This 

i s  the  case  w ith  G commutativej as m entioned, th e  decom­

p o s i t io n  o f  G guaran teed  by Lemma 3 .5  i s  such th a t  th e  ex­

ponent o f  a in  Theorem 3 .1  can not be reduced by any o th e r  

decom position o f  G. Hence, one i s  le a d  to  co n s id e r  a  f ix e d  

pseudo-decom position  of G and to  a ttem p t to  reduce the  ex­

ponent o f  a by working on ly  w ith  t h i s  pseudo-decom position .

26
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I f  G = and fo r  some p erm uta tion  P o f  n symbols,

G = % ( ! ) •  *’ % ( n ) '  then  p o s s ib ly  a re d u c t io n  of th e  ex­

ponent o f  a  may be ob ta ined  by ap p ly ing  Theorem 3 .1  to  

H p(i) . • • Hp(n) . A problem may a r i s e .  The pseudo-decom­

p o s i t io n  g ives  r i s e  to  the  sequence of subgroups

G = Hg. * 3  . = I .  I t  may be th a t

even though G = % ( i ) * * * % ( n ) ^  % ( 2 ) * * ' % ( n )  ^ sub­
group o f  G. I f  t h i s  I s  th e  c a se ,  then  Theorem 3 .1  w i l l

not app ly . For t h i s  reason  Theorem 4 .1  w i l l  be proved

w ithou t th e  use o f  s o l v a b i l i t y .  This f i r s t  r e q u ire s  th a t  

the  r e s t r i c t i o n  In  D e f in i t io n  3 .2  p e r t a in in g  to  th e  

sequence o f  subgroups be removed.

D e f in i t io n  4 . 1 ; A group G I s  f a c to ra b le  I f  and on ly  

I f  th e re  a r e  c y c l ic  subgroups 1 s  1 6 n ,  of G such t h a t  

every  (TCG I s  un iq u e ly  e x p r e s s ib le  as a product 

C-H .̂ This w i l l  be denoted by G

Lemma 4 . 1 ; Let G be the  group o f E/P. I f

G = • 'H^, then

N(x) fo r  every  x £E .

N o ta t io n ; In  a l l  th e  fo llow ing  work, w i l l  be

denoted by N^, 1 6 1 6  n , and, where th e re  I s  no am bigu ity , the

p a re n th e s e s ,  b r a c e s ,  and b ra c k e ts  w i l l  be om itted .

P ro o f ; Let x tE ;  then

N(x) = T n t r ( x )  =  o; ' " ( ^ ( x ) .
0<EG 05 e n /  *

l i l* n ^
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B ut, t h i s  I s  equal to

The c o n c lu s io n  fo l lo w s .

In  a l l  th e  fo llow ing  work w i l l  denote the  sub- 

f i e l d  o f  E co rresponding  to

Lemma 4 . 2 : I f  a € E, then  • •*Nj^(a) € P^,

P ro o f ; N^+i*'••Njj(a) 6 E and I s  th e  group o f  E/P^;

hence, by Lemma 3 .2 ,  • *Nj^(a) E P̂ ĵ .

Theorem 4 . 1 : Let G be the  group o f  E/P and a  £ E

have norm 1. I f  G = * «H^, then
er A \ n  T y  m Y

aS/^1 = n b i  1, where P^+l =

(7  ̂ I s  a  g e n e ra to r  o f  H^, h^ I s  the  o rd e r  o f  H^, and

g = h^* **hj  ̂ I s  th e  o rd e r  o f  G.

P ro o f : The p ro o f  o f  Theorem 3 .2 ,  page 10, makes use

o f  Kummer's Theorem, This p ro o f  w i l l  ap p ly  t o  the  p ro o f  o f  

Theorem 4 .1  I f  Kummer's Theorem Is  r e p la c e d  by Theorem 2 .1 ,  

page 5 .

The fo llow ing  example I l l u s t r a t e s  th e  use of 

Theorem 4 .1 .

Let G be th e  d ih e d ra l  group. G I s  g en e ra ted  by o ' 

and T ,  s u b je c t  to  th e  r e l a t i o n s  0*̂  =  I  and TfTss cr^T.

Now, l e t  H ^ z ( l , b ^ ] ,  Hg = { l , t } ,  and H3 = { l ,V t%

G z  î î p ( i ) % (2 ) % (3 ) every  p e rm u ta tio n  P o f  th re e  symbols, 

b u t n e i th e r  HgH  ̂ nor I s  a subgroup o f  G. Hence,

n e i th e r  H^HgH^ nor H^H^Hg Is  a  pseudo-decom position  o f  G. 

T h e re fo re ,  Theorem 3 .1  does no t ap p ly . Theorem 4 .1  

a p p l ie s  in  b o th  o f  th e  above c a se s .
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While i t  might appear th a t  Theorem 3 .1  i s  a s p e c ia l  

case  o f  Theorem 4 .1 ,  such i s  no t th e  case . The q u a te rn io n  

group i s  an example o f  a group to  which Theorem 3 .1  a p p l ie s

b u t Theorem 4 .1  does not app ly .

A n ec e ssa ry  c o n d it io n  f o r  elements to  have norm 1 

has been o b ta in ed  fo r  th e  case  in  which G i s  f a c to r a b le .

I t  i s  w orthwhile to  d ig re s s  from th e  course  o f  t h i s  c h a p te r  

i n  th e  i n t e r e s t  o f  o b ta in in g  a  p a r t i a l  converse of 

Theorem 4 .1 .

Lemma 4 . 3 : Let G = * '^ n ' ^^®re i s  o f  o rd e r

h^ such t h a t  l i i $ n - l .  I f  c i s  an h ^ ^ ^ - th  ro o t

o f  1 in  E, th en  N^(c) = 1.

P ro o f ; The p ro o f  o f  Lemma 3 .9  on page 21 w i l l  app ly .

The fo llo w in g  i s  a p a r t i a l  converse o f  Theorem 4 .1 .

Theorem 4 . 2 : Let G = be th e  group o f  E/P,

where i s  o f  o rd er  ĥ  ̂ such t h a t  1 6 i ^  n -1 .  I f

a®/^l r T ^ b J “ ®i, where l é m f n ,  P^+l =

a g e n e ra to r  o f  and g = h^' "  h^ th e  o rder o f  G, 

then  N(a) = 1.

P ro o f : The p roo f o f  Theorem 3 .2  on page 23 w i l l

app ly .

C o ro l la ry  4 . 1 : I f  G s  and a i s  o f  norm 1,

then  a^P(2) ’ **^P(n) z  T T c ? ~ ^  f o r  every  perm u ta tion  P
i = l  ^

fo r  which z

N o ta t io n :  In  t h i s  c o r o l l a r y  and i n  a l l  th e  f o l ­

lowing work th e  exponent o f  a  guaran teed  by Theorem 4 .1  

w i l l  be w r i t t e n  as hg- I f  n = 1, th e  exponent o f  a
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in  Theorem 4 .1  i s  a l re a d y  1, Hence, th e re  i s  no need In

a t te m p tin g  a re d u c t io n  in  the  exponent o f  a .

P ro o f ; In  apply ing  Theorem 4 .1  to  G = ' ' B p ( n ) '
^ 1—9%

i= l
th e  r e s u l t  i s  a ^ P ( 2 ) " ' ' b p ( n )  Since P i s  a

p e rm u ta tio n  o f  n  symbols.

i .  The co n c lu s io n  fo llow s.
i = l  I / i * l

I f  n è 2 ,  then  th e re  e x i s t s  a t  l e a s t  one n o n - id e n t i ty

-1
p erm u ta tio n  P o f  n symbols f o r  which

-  ^ p ( i ) ’ ° 'B p (n ) '  mapping x — »x"^ , x 6 G ,  g ives

a  o n e- to -o n e  correspondence from G to  G. Since

Q .= «nH n-r Hi

The exponent o f  a might be reduced by some o th e r

arrangem ent o f  th e  Ĥ  as i n  C o ro lla ry  4 .1 .  Even more can

be done. The next lemma w i l l  be u s e fu l  in  showing th a t  a

w ith  exponent the  g r e a t e s t  common d iv i s o r  of th e  exponents

o b ta in ed  from C o ro lla ry  4 .1  i s  a l s o  o f  th e  form 
n

i s l
SE.

n I-OTLemma 4 . 4 : I f  Xj = T T * f c > 1 ^ J ^ m, b^^j S E,

and s .  a r e  i n t e g e r s ,  then  th e re  a re  b^ 6 E such th a t  
m J n T cr

r T x p  = 1.
j = l  i = l  m m fl-

P roo f: T ^ x ^ J  -  ITl'b^ 1 1
“  j= i  ^ j= iL i= i  ^  J

n

- - u n f ë ' " ' ) * '

i= l

= f r
i= l

m
Let b . z  r T ’b?i 

j = l  ^
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C o ro l la ry  4 . 2 : I f  G I s  f a c to r a b le  and a £ E  I f  o f  norm

1, th e n  a^ = where d Is  the  g r e a t e s t  common
1=1 1

d iv i s o r  o f  th e  p o s i t iv e  In te g e rs  In

■{'hp(2 )*. . hp(n) j P a p e rm u ta tio n  o f  n symbols such th a t

P ro o f : Apply Lemma 4 .4  to  C o ro lla ry  4 .1  w ith

X ST a ^ P j(2 )  • * *^Pj (n) ,  1 ^  J ^ m ,  m th e  number o f  d i s t i n c t
V

Pj s a t i s f y i n g  =: and , 1 3  j  3 m,

s a t i s f y i n g  d -  s j * h p j ( g ) « . .  h p j ( ^ ) .
J=1

C o ro l la ry  4 . 3 : I f  m Is  the  l e a s t  p o s i t iv e  In te g e r  f o r

which N(a) = 1 Im plies t h a t  a”̂  =  T T ^ i  then  mid.
1=1 '

P ro o f : The p ro o f  o f  C o ro l la ry  3 .1 ,  page 12, w i l l  app ly .
d ^  I-<^

C o ro l la ry  4 . 4 : I f  a = T ^ b ^  b^ e E, then

[N(a)]'^ = 1 and N[N(a)] =  1.

P ro o f : The p ro o f  o f  C o ro l la ry  3 .2 ,  page 13, w i l l  ap p ly .

Of c o u rse .  I f  G Is  such t h a t  d -  1, then  t h i s  c o r o l ­

l a r y  se rv e s  as th e  converse o f  Theorem 4 .1 ,

As seen  by C o ro lla ry  3 .3 ,  page 24, fo r  the  case In  which 

G I s  commutative, the  exponent o f  a I s  1 I f  and only I f  G 

Is  c y c l i c .  The fo llow ing  example shows th a t  t h i s  I s  not the

case  w ith  G f a c to ra b le  b u t non-commutatlve.

Let G = "^I,Cr,0^,T,o'%O^T^, where the  mixed p roduc ts  

a r e  g iv e n  by = I,O''V='îf0"^, andTG^ = (r^ t.  Hence,

G I s  no t c y c l i c .  But, G = =  HgHi, where

Hi -  ■^I,cr,o^J and Hg = { l ,T ^ .  For f i e l d s  E and F f o r  which

G I s  the  group o f  E/P and a eE  o f  norm 1, C o ro lla ry  4 .2
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g u a ra n tee s  th a t  a  = £E.

The fo llow ing  work dem onstrates th a t  i f  G s a t i s f i e s

th e  h y p o th es is  o f  Theorem 3 .2  and i s  pseudo-decomposable,

th e n  C o ro lla ry  4 .2  does no t reduce the  exponent o f  a .

I f  G i s  such t h a t  1 ^ i  6 n -1 , th en  h^^jh^, fo r

a l l  i ,  l ^ i ^ n .  Theorem 3 .1  g u aran tees  t h a t  a o f norm 1

s a t i s f i e s  a ^  *‘*^n = : ’) ^ b î ~ ^ ,  b ^ t E .  C o ro l la ry  4 .2
i = l  .  n T c r

a s s e r t s  t h a t  t h i s  same a s a t i s f i e s  a =  TTc^ " e E,
i= l

where d i s  the  g r e a t e s t  common d iv is o r  o f  th e  p o s i t iv e  

in te g e r s  o f  S = ( h p ( g ) - • • h p ( „ )  | = » P ( 1 ) - " % ( » ) } -

S ince hg» "  h^ S 8, djh^»**h^. Let ^^p(2)“ * ^p (n )  ^

E i th e r  '  •*^p(n) ~ o?

h p (2 )*« *hp(n) = -̂1* * th e  form er,

hg* ••h^ |hp^2)’ **^P(n)* the  l a t t e r ,  a l l  th e  f a c to r s  o f  

h g ' ""h^ and hp^g)* ’ *^p(n) th e  same w ith  th e  excep tion

o f  h^ in  the  f i r s t  and h^ in  the  second. B u t ,  h^ jh^ , and 

so  h2 ' " h ^ j h p (2 ) ' " ' h p ( n ) .  Hence, h2 ***hj^|d, and 

d =  ^2" ' ' h ^ .  Thus, C o ro lla ry  4 .2  does n o t  reduce th e  ex­

ponent o f  a .

As a m a tte r  o f  f a c t ,  i n  th e  case  in  which Q i s  com­

m u ta t iv e ,  th e  decom position  o f  G, G =  G^X * *'XG^, in  

Lemma 3 .3  could  have been used in  Theorem 4 .1 .  Moreover, 

®P( l )^* *‘̂ ®P(n) ^  '"X G ^  fo r  a l l  P. In  app ly ing

C o ro l la ry  4 .2 ,  d tu rn s  out to  be no th in g  more than  h2* *'h ^ ,  

th e  exponent o b ta in ed  by th e  use o f  th e  decom position  

o f  G in  Lemma 3 .6 .
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Examples have been given to  in d ic a te  d i f f e re n c e s  in  

a p p l ic a t io n s  o f  Theorems 3 .1  and 4 .1 .  But, f o r  G pseudo- 

decomposable bo th  o f  th ese  theorems may be a p p l ie d .  I t  

might appear th a t  th e  r e s u l t s  would be i d e n t i c a l .  A lso , 

w ith  G pseudo-decomposable i t  might appear t h a t  a p p l ic a ­

t io n s  o f  b o th  Theorems 3 .2  and 4.2 would lead  to  the  same 

r e s u l t s .  With G pseudo-decomposable and n > 1 ,  the  fo llo w ­

ing diagrams i l l u s t r a t e  the  d i f fe re n c e s  in  th e  above p a i r s  

of theorem s.

G,

V V

H

G
r
® n.l

= Hn

n

®  T O'
r î b î  1 £ p.
i= l  ^

PSEUDO-DECOMPOSABLE GROUPS

, l ^ m ^ n ,  i f

m y ç r  
and only  i f  ' T l ' h . '  1 i s  

i= l  1
in v a r ia n t  under every 
element o f  »

m+1 
m

FACTORABLE GROUPS

H1

m  T 1(1 T
r ^ b .  ~  ̂ G Pm+i f l ^ m é n ,  i f  and only i f  f T b .  " 1 i s  
i= l  1 i= l  1

in v a r ia n t  under every  element o f
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As a f i n a l  n o te ,  i t  should be observed th a t  the 

g e n e r a l i ty  o f  th e  p receding  r e s u l t s  may be extended 

somewhat. In  a l l  o f  the  p receding  work, co n d i t io n s  were 

p laced  on the  group 0 . In  some oases th e se  c o n d it io n s  may 

be removed from G and p laced  on a p roper  subgroup o f G. In 

the  l i g h t  o f  Theorem 2 ,1 ,  w ith  a  o f  norm 1, th e re  may be 

a p roper subgroup H o f G fo r  which N^(a) *  1, I f  H s a t i s ­

f i e s  the  c o n d i t io n s  assumed o f  0 in  the  p reced ing  work, 

then  th e  a p p ro p r ia te  theorems w i l l  app ly  to  a and H,
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